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Research Title: Simulation model for distribution of Herpes zoster in Thailand.
Researcher: Assoc.Prof Dr.Puntani Pongsumpun
Faculty: Faculty of Science Department: Department of Mathematics

King Mongkut’s Institute of Technology Ladkrabang

ABSTRACT

Herpes zoster is occurred from the stimulation of Varicella-zoster (VZV) virus. Generally, this
disease is not found in children. This disease is usually found in elder human because of less imnunity.
After each human is infected with herpes zoster, VZV is dormant in their body. Stimulation of VZV
virus can occur the transmission of herpes zoster. Usually, this disease is occurred when each person
has wrong immunity. The pain and rash most commonly occurs on the torso. The trend of herpes zoster
is increasing with age of each person. The chance of general people may be infected with Herpes zoster
is 1.2-4.8/1,000 populations per year. The person who is older than 60 ycars old has the chance of
infected about 7.2-11.8/1,000 populations per year, The transmission of this disease is studied by
constructing the mathematical model. The human population is considered with age group. After that
we use standard dynamical modeling to analyze our mathematical model. Condition for local stability
of steady state is shown. Numerical solutions are used to support the theoretical prediction. The way

for reducing outbreak of this disease is suggested in this study.

Keywords : Standard dynamical modeling, equilibrium point, mathematical model, Herpes zoster
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Al. Theoretical Background

Many biological problems can be explained mathematically by a set of differential
equation, which may be nonlinear. In many situations, it is possible to replace the nonlinear
differential equation by a set of related linear differential equation that approximates the real
nonlinear equation close enough to give useful effects. The method of “linearization” may not
always be appropriated. Then the original nonlinear differential equation must be considered. The
study of nonlinear differential equation is usually confined to a variety of special cases and we
have to use various approximation methods. In this part, we shall give an introduction to the
method which we use in this research.

Definition A.1 A point X, € R" is an equilibrium point (or stationary point, singular

point, critical point or rest point) of

dX
— = f(t, X Al
i (t, X) (A1)

*

if f(t, Xg) = 0 forall t 2t
If X, is an equilibrium point of (A.1yat t, then it is an equilibrium point forall T > t
Definition A.2 The equilibrium point X = 0 of (A.1) is stable if for every O >0and any t,
e RT thereisa 0(5, tg) > O such that
Iu(t,to,'y)l < b for every t > tp
whenever | Y | < ofd,tg) where u(t,y) isthesolution of (A.1).
Definition A.3 The equilibrium point X = 0 of (A.1) is asymptotically stable if
1) itis stable and
2) foreveryt, = O there is an €(t)) > 0 such that
fim u(t,tg,y) = 0 whenever |yl < g [54] (A.2)
t—o

Definition A.4 The equilibrium point X = 0 of (A.1) is unstable if it is not stable. In this
case there is a t; = 0 and a sequence Y, —> 0 of initial points and a sequence t, such that
|u (to +tm. to,Ym) I > y foreverym,t, > 0.

For more general setting, consider a system of two autonomous first-order differential

equations :
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dX

A A3
pm 91(X, Y) (A3)
dy
Y g (X Ad
q = 92X Y (A4)
where g4 and g are nonlinear functions. We let (X, Y') is the equilibrium point, then
g1(X V) = g2(XV) = o (A.5)
Setting the solution at any time in the form
X® = X+ x(t) (A.6)
and
Y@y = Y + y(t). (A.7)

This method is called perturbation of the equilibrium point. We substitute X(t) and Y(t) from

(A.6) and (A.7) into (A.3) and (A.4),

adt—()_(+x)=g1(')—(+x,\_(+y) (A.8)
%(Y’+y)=gz(7(+x,‘_(+y) (A9)

On the left hand side, we expand the derivatives and on the right hand side, we expand g4

and Qo in a Taylor series about the equilibrium point (-)_(,\_f ). Then we obtain

dX  dx Al Lo £
'a' + E g1(X.Y)+g1x(X,Y)X+g1y(X.Y)y
(A.10)
+ terms of order x2, y2, xy and higher,
dY dy v =S oy
—_— 4+ = = X, X Y)x+ X,
o g2(X. ) + g2, (X, Y)x + g2, (X, V)y
(A1)

+ terms of order x2, y2, xy and higher,

where g1x()_(,V) is %gx—l calculated  at (X,Y)and similarly for

g1y()_(,V), gzx (2 V), gzy (>—(, ?) and other terms.

X _, oY
dt dt
o (X,Y)= Oand gz ()_(,V) = 0. We consider only linear term. Thus from (A.10) and

= 0,

By the definition of the equilibrium point, we have

(A.11), we obtain

v o - ’ a o
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X _ aqx+a y
-d—y = agqX + 0oy
dt 21 22
We denote J as the Jacobian matrix of equations (A.3) and (A.4) and is given by
o091 991
- = a a
JXY) = |21 2 ox oy
Agq A2 092 0ga
x % lxv
Letting o =daqq + a2
B = a11822 ~ 812821
and v =02 4B is called the discriminant,

Then the characteristic cquation is A2 — ok + =0

The eigenvalues are obtained from:

ai\/;

A =
1.2 2

A linear system can have at most one equilibrium point, (0,0) if B =detJ= 0.

Theorem A.l The equilibrium point X = 0 of (A.1) is stable if all eigenvalues of ] have
negative real parts and every eigenvalues of J which has a zero real part is a simple zero of the
characteristic polynomial of J.

The behavior of the equilibrium points of the system of equations (A.3) and (A.4) can be
determined by considering the different kinds of eigenvalues of the Jacobian matrix.

The different behavior of equilibrium points are determined from the characteristics of
eigenvalues of J.

i) The eigenvalues of J are real and distinct.
ii) The eigenvalues of J are real and repeated.
iii) The eigenvalues of J are complex.
The behaviors of the equilibrium points for all three cases are described as follows.

Case I The eigenvalues of J are real and distinct. There are three possible behaviors.

o w ] 3 a o
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a. If both eigenvalues of J are negative, the equilibrium point will be a stable-two tangent

node (Figure A.1).

1

Figure A.1 A stable two-tangent node.

.

b. If both eigenvalues of J are positive, the equilibrium point will be an unstable

two - tangent node(Figure A.2).

Figure A.2 An unstable two-tangent node.
c. If the eigenvalues of J have opposite signs, the critical point will be a saddle

point (Figure A.3).
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Figure A3 A saddle point.

ii) The eigenvalues of J are real and repeated. There are two possible behaviors.

A0
a.If J isdiagonaland J is similarto the matrix as Jz[o 7&] , then the

critical point is called a stellar node which be stable if A < O and unstable if

A >0 (Figure A .4).

~ ]
A P5e

(a) Stable (b) Unstable
Figure A.4 A stellar node.
b. If J is not diagonal , then it is not similar to a diagonal matrix. The critical
point is called astable one-tangent node if A < 0, and an unstable one-tangent

node if A > O (Figure A.5).

J J
F Y
)
* x
L
(a) Stable (b) Unstable

Figure A.5 The one-tangent node.

iii) The eigenvalues of J are complex.

It is necessary and sufficient that y = a? - 48 is negative and then

There are six possible behaviors as follows.

4 o - dao o o
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a. lf G.>0 and B >0, then the equilibrium point will be unstable node.
b.If Ol <0and [3 > 0, then the equilibrium point will be stable node.

c.If OL <0 then the equilibrium point will be a saddle point.

a1 o? < 4B and OL>0 , then the equilibrium point will be an unstable spiral
node (Figure A.6).
J
L
x
Figure A.6 An unstable spiral node.
e If OL2 < 4B and X <0,then the equilibrium point will be a stable spiral node
Figure A.7 A stable spiral node.
£1f o < 4B and (X'= 0 mean that the eigenvalues of J are purely imaginary, then the

critical point will be a center (Figure A.8).

o [ ) 3 [V
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Figure A.8 A center.

In this section, we use the above ideas to apply for systems of n > 2 cquations.

Consider
% = fj(X1 v X, Xg)  wherej=12,...k (A.12)
or in the form of vector notation
%_)t( = F(X) (A.13)

for X = (X, X,...X,) and F= (f, f,,..., ) where each function f; depend on all or some
Y, Y ..., Y,. The equilibrium point Y is obtained by solving F(Y) = 0. The next step is to
determine stability properties of this equilibrium point.

When we linearlize equation (A.13), the Jacobian is obtained by setting

a —_—
—F A.l4
X (Y) (A.14)

where J is a kXk matrix. The eigenvalues A of the matrix satisfy det(J— Al) =0. We obtain a

J =

characteristic equation in the form
A +b1?~k_1 +.-+by = 0 (A.15)
The stability of the equilibrium point can be determined without solving the actual values of
eigenvalues by using the Routh-Hurwitz criteria.

Definition A.S (Routh-Hurwitz criteria for focal asymptotical stability)

4 ar - ‘o o &
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Take the characteristic equation {A.15), define k matrices as follows:

H[=[b|]a
by 1
SN
3 b2
by 1 0
Hy=|bz bz by
bs by by
by 1 0o 0 0
Hio bj bo b4 1 0
"l bs by by by .. 0
boj1 Dbpj_a Dbaj_3 Daj_a bj
by 1 0 - 0
H,= :3 2 :1 0
(0 0 by

where the (l,m) term in the matrix H;is

b for 0 < 2IF-m < k

Um

1 for 21 = m

0 for 2l < m or 21 > k+m.

Then all eigenvalues have negative real part. This means that the equilibrium point X is

stable if and only if the determination of all Hurwitz matrices are positive which is

DetH, > 0 for j = L2,3,.,k
Next, we show conditions of Routh-Hurwitz criteria for case k = 3 and 5 which are appeared

in the thesis.
Fork=13;
We need to show that DetH; > 0 for j 1,2 and 3.
H, = [bl; DetH, =b,,
= [b1 ! ]; DetH,=bb,- b
2 b3 b2 2 12 31
by, 1 O
H,=|bs by by| DetH,= bybobg —bZ —bZby +bsbs.
bs bsy bs

LY ']
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Since coefficients b, and b, in 3" order characteristic polynomial equation equal to zero
then we have
DetH, = b,
DetH, = bb,- b, and
DetH, = bybgbg —b3 = by(byby —bs).
So the three conditions which correspond to DetH; > 0 for j = 1,2and3are b, >
0, b, > 0 and bb, > b,
Therefore the three conditions of Routh-Hurwitz criteria for local asymptotical stability in
3" order characteristic polynomial equation are
b > 0
ii) b, > 0 and

iii) bb, > b,
Fork=35
We need to show that DetH; > 0 for § = 1,2,3,4and5.
H, = b)) DetH,=b,
B4 =
H, = |:b3 bz} DetH,=bb,- by,
by 1 0
H,=|b3 by by| DetH = bybybs b3 —biby +bsbs,
bs by b3
by 1 0 0
by by by 1
H, = :
b5 b4 b3 b2 .
b7 bg bs by

DetH, = b,b,b,b, —b2b, —b?b2 —b.blb, +b,bsb, +2b,b,b, — b2 +b2b,b, — bbb,

~b,b,b, +b,b,,

¢ - | du
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DetH,=b,b,b,b,b, —b’b,b, —b*b?b, —b,b2b? +b,b,b? +2b,b,b? ~ b3 —b b,b?b,
+b2b, +b’b,b,b, +2b2b,b,b, —3b,b,b,b, —b’bZ +b,b2bb, —b,b2b,
~bZb,b,b, —b,b,b,b, +2b,b,b, +2bb,b, ~b b2 ~bb,b,b, +b,bb,
+b3b,b, —b2b,b, +b,b,b,b, ~bZb, —b’b,b, +b,b,b,.

Since the coefficients b, b,, b, and b, in 5" order characteristic polynomial equation equal to
zero then we have

DetH, =b,,

DetH,=bb,- b,,

DetH,= b,b,b, ~b2 —b?b, +b,b,

by(b,b, —by) — by (byby —bg),

DetH,= b,b,b,b, -b2b, —b?bZ —b,b2b, +b,b,b, +2b,b,bs — b?
=b,(b;b,b, - b?- bb,)-b,(b,b2 ~b,b, —2b,b, +by),
DetH,= b,b,b,b,b, — b2b,b, ~b?b%b, —b,b2b? +b,b,bZ +2b,b,b2 —b}

= b.(b,(b,b,b, - b2- bZb,)-by(bb2 —b,b, —2b,b, +b;))

So the conditions which correspond to DetH, > 0 for j = 1,2,3,4and5.

are b, > 0,
bb, - b, > 0,
b,(b,b, —b,) - b,(b;b, - by) > 0,

b, (bbb, ~ b2- b2b,)-by(bb2=bb, —2bb, +b,) > o0
After we rearrange all above inequalities, we get the conditions of Routh-Hurwitz criteria
for local asymptotical stability in 5" order characteristic polynomial equation
iy b, > 06 =12345

ii) bbb, > bi+blb, and
iii) (0,0, ~bg)(bybyb, —b3 —bib,) > by(byb, —bs)* +b,bZ.

A2. Numerical Solutions of Differential Equations

In this research, we use Runge-Kutta-Fehlberg’s method which is one of the most widely
used methods, and is particularly suitable in cases when the computation of higher derivatives is

complicated. It can be used for equations of arbitrary order by means of a transformation to a

Ca s <l o w o
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system of first-order equations. We shall discuss the solution of three first-order equations. Let

this system be

dx
— = f(x,vy,2zt
pm x, v,2,t)
dy
— = X vzt
pm g(x, y.z,t)
dz
— = h{x, vy, zt
p X, v,z,t)

with initial point (X4, Yo, Zg, ) and interval length h.

Runge-Kutta-Fehlberg's method for finding approximate values of x,y and z at each step is

(2375k 1 + 11264k 3 + 10985k 4 - 4104k 5
. 1 3

Xn+t = Xn 20520
y N . (2375r4 +11264r3 +10985r 4 — 4104k 5
n+1 n 20520
(2375s , + 11264s , + 10985s , — 4104s
z = 7 + 1 3 4
n g 20520
where
k, = hf(x,, ¥, Zs:1o)s
k r s h
k, = hf(x, +T’,yn +Z1,z,1 +:1-,t,, +Z)'
k, = hf(x . + (3k, +9k,) SN (3r, +9r,) i (3s, + 9s,) Tt +ﬂ),
32 32 32 8
K, = hi(x. + {1932k , — 7200k , + 7296k ,)
4 \ 2197 /
N (1922r, - 7200r, + 7296r,)
" 2197 '
2 + (1932s , - 7200s, + 72968 4) e 1—22).
2197 13
K, = hi(x . + (8341k , — 32832k , + 29440k , - 845k ,)
5 = n y

4104

N (8341r, - 32832r, + 29440r, - 854r,)
4104 '
(8341s , - 32832s , + 29440s, - 854s )
z, + ,

n

n

t

. +h),
4104

o ar - o v 7
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(-6080k , + 41040k , — 28352k, + 9295k , - 5643k ;)
20520 '

ke = hf(x, +

, (:6080r , + 41040r, — 28352, + 92951, - 5643r,)

" 20520
7 4 (-6080s , + 41040s , — 28352s , + 9296s , - 5643s ) _— E)
" 20520 o 2”

and the error for each step will be

ky 128k, 2197k, ks

Error = —
360 4275 75240 50

2 a,..., fgand the eror of y value can be evaluated from the above equations.

S$;1S;,..., Sgand the error of z value can be evaluated from the above

equations. K, K, ..., K4 and error of x by replacing function f with function g and function h.
Runge-Kutta-Fehlberge’s method can be applied directly to a system of n first-

order differential equations

Definition A probability space (Q,F,P) , a stochastic process (or random process) with state

space X is a collection of X-valued random variables indexed by a set T ("time"). That is,

a stochastic process F is a collection

{Fi:teT}

where each F, is an X~valued random variable.

o [ < o o« o
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Local Stability Analysis of Age Structural Model
for Herpes Zoster in Thailand

P. Pongsumpun

Abstract—Herpes zoster is a disease thm nmnifests as a
dermatological condition. The characteristic of this disease is an
irvitating skin rash with blisters. This is often limited to one side of
body. Frem the data of Herpes zoster cases in Thailand, we found
that age stincture effects to the transmission of this disease. In this
study, we construct the age structural model of Herpes zoster in
Thailand. The local stability analysis of this model is given. The
numerical solutions are shown to confirm the analytical results,

Keywords—Age structural model. Herpes zoster. local stability,
Numerical solution.

1. INTRODUCTION

ERPES zoster is a viral disease characterized by a painful

skin rash with blisters in a limited ar¢a on one side of the
body (left or right), often in a stripe. The inirial infection with
varicella zoster virus (VZV) causes the acute, short-lived
tllness chickenpox which generally occurs in children and
young adults. Herpes zoster is not the same disease as herpes
simplex. despite the name similarity: both the varicella zoster
virus and herpes simplex virus belong to the same viral
subfamily Aipha herpesviridae [1). This disease is also known
as shingles or zoster, is a reactivated VZV infection of the
sensory nerve ganglion and the peripheral nerve and its
branches. Inflammation of the nerve axons results in a painful.
burning sensation on the affected dermatome(s) being supplied
by the peripheral nerve. In each year. there are about 1 million
herpes zoster cases occur in the U.S. Herpes zoster more
comumonly occurs in white patients (35% higher incidence than
in black patients), elderly patients (3 to 7 times higher
incidence than in the general population). Some studies report
a higher case in women (3.8 cases per 1,000 person-years and
2.6 cases per 1,000 person-years among men) [2]. Adults aged
60 years and older are risk of infection with this disease,
Recwrent of infection with this disease increases with
advancing age. The highest case occurs benwveen 50 and 80
years old. Each person has 15-20% risk of herpes zoster
infection,

The symptoms are usually followed by sensations of
burning pain, itching, hyperesthesia or paresthesia. The pain
may be mild to extreme in the affected dermatome, with
sensations that are often described as stinging, tingling, aching.
nunbing or throbbing, and can be mterspersed with quick

P. Pongsumpuu is with the Depantment of Mmhemancs, Faculey of
S King Monghkut's I of Technology Ladkrabang, Chalonglrung

rond, Ladkmbang. Bangkok. Thailand, 10520 (phoane: (662)-329-8400
ext.320; fax: (662)-329-8400 ex1.224, e-mail: kppman@kmitlac.th).

stabs of agonizing pain. In children, Herpes zoster is often
painless. but older people are more severe than children. After
1-2 days or sometimes 3 weeks. the initial phase of parients is
followed by the appearance of the skin rash. The pain and rash
most commonly occirs on the torso. In Thailand, Appearance
of Heipes zoster is increasing with the age. The c¢hance of
general people may be infected with Herpes zoster is 1.2-
4.8/1,000 populations per year. The person who is older than
60 years old has the chance of infected about 7.2-11.8/1.000
populations per year. The trend of Thai Herpes zoster cases is
increasing every year. The patient who is grenter than 65 years
old has the highest incidence rate [3]-[5]. Age is influence to
the transmission of Herpes zoster. Older people who greater
than 60 years has higher risk of Herpes zoster than children 5-
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Fig. 1 Incidence rate per 100,000 populatiens in Thailand, 2002-
2011
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Fig. 2 Incidence rate per 100,000 populations in Thailand by age
group, 2002-2011

The data of Herpes zoster in Thailand are shown in Figs. 1
and 2. We will see that Herpes zoster cases in Thailand are
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increasing every year. The highest incidence rate is found in
the people greater than 65 years old.

In 1998, Allen and Thrasher [6] analyzed the model for
Varicella and Herpes Zoster in United States considering
vaccination in each age group and finding the appropriated
parameters. In 2003, Schuette [7] studied the transmission of
Varicella-zoster virus by using mathematical model. We found
that basic reproductive mumber of Varicella-Zoster virus is
calculated from the swm of basic reproduction of Varicella
virns and Zoster virus. In the same year. Cwoeye and Popoola
[8] studied the relation berween the Herpes zoster and HIV in
Nigerian. They found that 50% of Herpes zoster cases are
infected with HIV. In 2008, Zaman and et al. [9] studied SIR
model by finding the equilibrium points and their stability
conditions. The numerical solutions are evaluated Ly using
Runge-Kurta method. Their results can be applied to many
diseases such as varicella, imnnps, etc. In 2010, Weinberg and
et al. [10] studied HIV patients and normal people with Herpes
zoster vaccination to study Herpes zoster infection. From the
data of Herpes zoster in Thailand, we found that age structure
effects to the transmission of this disease. In this study, we
formulare the mmthematical model of Herpes zoster in
Thailand by considering age group of human.

IL. TRANSMISSION MODEL

The wansmission model of Herpes Zoster by age structure is
considered. We are interested in the dynamical changes of
human population with the wansinission of Herpes Zoster, We
separate the hwnan population into two groups. First age
group represents the human less than 65 years old. Second age
group tepresents the human greater than 65 years old. Each
human age group is divided into 6 subgroups; susceptible,
exposed. infected, recovered. weak immunity and re-infected
groups.

We define the variables and parameters in our model as
follows:

S, () is the number of susceptible human of the first age
gronp at time t,

E, (t) is the number of exposed human of the first age
group at time t,

I, (1) is the number of infected hunan of the first age
group at time t,

R, (1) is the number of recovered humnan of the first age
group at time 1,

W, () is the number of weak immumnity human of the first
age group at time t,

Z, (1) is the number of re-infected hwuan of the first age
group at time t,

Sy () is the number of susceptible human of the second age
group at time L,

E, (1) is the nuunber of exposed human of the second group

attime ¢,

Iy (1) is the number of infected human of the second age
group at time t.

Ry (1) is the number of recovered human of the second age
group at time t,

¥, (1) is the number of weak immunity human of the
second age group at time t,

Zy, (1) is the munber of re-infected human of the second age
group at time ¢,

N is the total human,

N, is the total juvenile human,

Ny is the total adult hunan,

a is the birth rate of hinnan,

cpis the rate at which susceptible human change 10 be
exposed human in the juvenile group,

¢yis the rate at which exposed lmman clange to be
infectious human in the juvenile group.

cyis the rate at which infectious human change to be
recovered buman in the juvenile group.

¢, is the rate at which recovered human change to be weak
inmnuity human in the juvenile group,

¢sis the rate at which weak immunity human change to be
re-infected htunan in the juvenile group.

¢gis the rate at which weak immunity human change to be
recovered human in the juvenile gronp,

ais the rate at which susceptible human change to be
exposed human in the adult group,

eris the rate at which exposed luman change to be
infectious lnunan in the adult group.

eyis the rate at which infectious human change to be
recovered human in the adult group,

€4 1s the rate at which recovered hunan change to be weak
inmunty human in the adult group,

e is the rate at which weak immuity human change to be
re-infected htunan in the adult group.

eg is the rate at which weak immunity hinan change to be
recovered human in the adult group,

d is the death rate.

21,18 the birth rate.

a is the proportion of juvenile hunan

The dynainical equations for juvenjle human are given by

d
‘E;Sa =ap,N - (o +d)S, )
d
'(T,'Ea =65, — (e +DE, )
d
;;Ia =B, - (3 +d)l, €}
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d d
-‘-ER,, =yl + 032, +cg, —(cy +d)R, 4) }75, =m, - (o) +d)s, (15)
d ) d
E”" =cqR, ~(c5 +c +d)F, (&) -;,-e,, =3, ~(ca +d)e, (16)
d . d . .
—2,=cV, =(c1+d)2, 6 i, =cre,—(c3+d)i, n
dt dr
where Mo =Sa s Eatlo Ko 410+ Za- S A R SR a9
The dynamical equations for adult human are given by
J %w,, =cqR, — (05 +cg +d ), (19}
s
Zsb =(l—ﬂ)/l;,a\'—(q +d)Sb (8)
, %s Q-am (e +d)1, (20}
a
(—’ﬁzb =S, ~(es +A)Ey ©)
d
d o= as (@ rdle 21
-(7,-1;, =eyLy ~(ey+d)Iy (10)
d
p P e A RN (22)
ERb=03]b+8726+86lrb—(84+ﬂ')Rb ()
d .
d ;'b =iy +ey(le 55 6 =g~ 7, = Wy ) egny « (g ~diny 23)
IWb="4Rb'("'5+"'6+d)% (12)
- -:l-,,-wb = eyRy = (o5 + e +d)wy @49
%zb = sl —(e7 +d)Zy (13)
where N=N,+Np s +e, ti, +ry+up+5=1 and
where Ny=Sy+Ep+1,+R+W,+2, . (4)  Sphep iyt tupts =1,

We suppose that the total human population and the human To find the steady states, we set the right hand side o.f eqs.
population for each group have constant sizes, Thus the rate of  (15)-(24) to zero. Thus, the positive steady state solution is
change for each human group equals to zero: i.e. defined by

An= o_iya =0.iN,, =0, (54:€4:70:75 s a1 5558+ 15,75 5 W)
dt dt di
where

Thenweobtain  d =41,. N, =aN, Ny =(l-a)N. o ai,N <

We normalize our dynamical equations by letting a= (e + )N, 9
$a =8Ny eg=EpI Ny 1y =1,1N,, . sy N o6
Ty =Ry I Nyuwig =W,y Ny 2y =ZoI N, o —L—(q 0oy + JON,
sy =Sp/ Ny ey =EyI Ny by =1y 1Ny,
=R INy W= W IN, =2, IN, i; acycs i N @

(c1+ tXea + pu)es + ju )N,
then the reduced equations become

143
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118 +cg +pty ) -quy (g (03 + 1) (g +aip JHey (03 (g +07)
’” +O7 (65 ¥y 11 MRcq (Q o) (0 +Hity) (4 +14,) N, ))
00q + 2450 (0 + iy ) (6 + 1y, ) (06 +cg + 14, ) (0 +30,)
+oy (g +oy+ )} N,)

(28)

(eg Cay (egdey + i Xez + ) + ey {ex (03 +¢7)
2_terley + N+ (o) + 44,3 (cp + 1) (o3 + 1) N )
T ley + i) er + ) ey + 1) ((es Fog + a0 e FHpY

tegles +or + 1NN

(29)
op = SN (30)
ey + 1 )N
- (1—a)e jiy N 3 a1
oy + 21, )(ea + (1, )N
’b. = (l - a)elezl"hn . (32)
(ey + tip)ea + 11 e + 11y)N
(e +e,+n) (1) g (e e+ g+
G (g, (g o) DN
pr=—0 (g (e -1 g N) (33)

(e, +up) (e, ) (g, U g ~np) le; +1mp)
4o, (g +e, ) N)

((1~a) ey ey ey (ey-ep) fiyN
e +ey ez (o +.40) (ey + a4y) (e + £0) M) 14
oy + 20 ) (e + jp) (e + 115) (o5 Heg + 41y ) (27 + 147)
+ey (o5 + ey + 11 ) ND)

III. ANALYTICAL SOLUTIONS
The local stable of each steady state is determined by the
sign of eigenvalues for each steady state. If all eigenvalues
have negative real parts, then that steady state is local stable
[11]. The eigenvalues are the results of the following
characteristic equation:

del(J, —M,o) =0 (35)

where ;¢ is the identity matrix dimension 10 x 10 and J,is

the Jacobian matrix of the positive steady state. From solving
(17). the eigen values are given by

50

Ay ==y = liy.
'{3 ==Cy = j.
A3 ==c3 =1ty

)
Aas =3(“‘4 —e5=cg =7 = 2y)
i\[c'_% +(c5+cg ~(‘7)2 —2c4(c5 —c5+c7)
lg =€~ ly,
by =—ey — iy,
13 ==—ey — ty. (36)

1
410 =3(-e¢ -5 —eg =67~ 241)

+ Je} +{e5 +eg —87)2 =2e4(es —eg +e7)
We can see that all eigenvalues have negative real parts for

RE >1and RS >1where

o Caley +2c8)+ (5 +cg)’ +c7

2c4¢5 +2(e4 +o5+0g)c7
and

b eyle, +2¢5)+ (e *'96)2 +e§

2(‘405 +2(cy +C5 +f‘6)é7

Therefore. the positive state is local stable for RJ >1land

RE>1.

IV, NUMERICAL SOLUTIONS
The numerical solutions of our model are shown with the
parameters defined as follows: g, = 1/(365*70); a =04, 4=
0.6.¢2 = 1/10, e3= 1/14, ¢4= 1/(365%2), c5= 1/(365*2), ¢4
= 1114, &7= /14, = 0.6, ¢1:=V/10; ¢; =1/14: eg= 17365,
o5 =1/365, eg = l/14, e; = 1/10, Each parameters are

obtained from sinulation. R§ =1.0land R§ =1.03. Steady
state solution is given by (0.000043, 0.00026, 0.00037,
0.433348. 0.015999, 0.000065, 0.000391, 0.000547,
0.980208, 0.0184349)

From our sinmlation. we can see that the solutions converge
to the R{>1 and RE>1

corresponding to the analytical solutions.

non-trivial solution for
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Fig. 3 Numerical solutions of our dynamical equations
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Fig. 4 Time series solutions for the different basic reproductive number (8} R§ =1.01ond Rg =1.03(b) R§ =1.1 and RS =1.2
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From our analysis. we found the condition for local stabiliry. {151 R X and P. Pongsumpun, “Mathematical liug for dengue

We found fhat if R§ >land RE > lthen the positive steady
state is local stable, where

o Calcs +20)+(c5 +cg)* 4¢3

20,05+ 2(cq + 05 gy

by 2
and R6’= e (e, +2e5) +(e5 +eg)” +e7

2e 05+ 2(cq +o5 +0g)e;

We defined R§ and Rg as the basic reproductive number of

this disease, It represents the average number of secondary
cases reproduced from the primary cases [12]-[15]. From Fig.
4, we can see that the different basic reproductive nunber can
preduce the different outburst time and highest cases. The
results of this study should introduce the way for reducing the
transmission of this disease.
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