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Research Title: Some properties of (1, k) -prime ideals
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Department: Mathematics
ABSTRACT

In this paper, we study a generalization of prime ideal of a ring R. Let kbe a natural number. A

proper ideal [ of R is called a (l,k) -prime ideal of Rif for every left ideal A of R and right ideal B of
1 o

R, ARB* C I implies AC Jor BC ¥ Notethat [* = {r €R|z* € I}. Our inspiration come from an

observation that a prime number in a ting of integers is equivalent to a prime ideal in a ring. We use only

basic knowledge in ring theory 1o obtain that a prime number power of kin a ring of integers is equivalent

with respect to a (l,k) -prime ideal in a ring.

Keywords : (1,Ic) -primeideals, (R,S)-modules, (l,k)-fully prime (R,S)-submodules, (l,k)-fully

multiplication systems
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Abstract : In this paper, we study a generalization of prime-ideal of a ring R. Let k be a natural number. A
proper ideal 7 of R is called a (1,k)-prime ideal of Rif for every left.ideal A of R and right ideal B of R,

1 1 :
ARB* C I implies AC Tor BCI*. Note that I* = {z eR|zte I} . OQur inspiration come from an

observation that a prime number in a ring of integers is equivalent-to a prime ideal in a ring. We use only basic
knowledge in ring theory to obtain-that a prime number power of k in-a ring of integers is equivalent with

respect to a (1, k) -prime ideal in-aring.

Keywords : (1‘ k) -printe ideals, (R,S)—modules, (1‘ k) -fully  prime (R, S) -submodules, (1, k) -fully
multiplication systems
2010 Mathematics Subject Classification : 13C05, 13C13.

1 Introduction

!

Let R be aring and [ be an ideal of R. For each a natural number ki, we define a set/* = {z €R| e I} .
\ A

It is clearly to see that [+ C J*

Example 1.1. We have (SZ)% < {.E €7Z]|8]| x’} and (SZ)% 2 {x EZ|8] za}. Hence (SZ)% C (SZ)%
because of 2 € (SZ)% but 2 & (SZ)%.
1 1

In general, I*isa proper subset of I¥' | We show by given the following example.

1 1

Example 1.2. Let a,n€Z*. We observe that ae(a"HZ)"“but a¢(a"“Z)". This means that
i !

(Q"HZ)" C ((I."“Z)"“ .

Proposition 1.3. Let R be a ring and I be an ideal of R. For a fixed natural number k, if I satisfies
the condition that for all a,b € R,

ab* €I implies a€ or b* €17, (1.1)
1 i
then I* = [,
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Lo s
Proof. It is clear that I* C I**' Assume that the condition (1.1) holds. Next, let z € I**!. Then

' €. Since zz* = z**' € I and our assumption, we have z € Jor z* € I. All of cases implies that

1
z¥ €. Thatis z € I*.

For each ideal I of aring R, Rad(l) = {x € R|z" €I for some n € Z"}.

{ 1
Proposition 1.4. Let R be a ring and I be an ideal of R. Then ﬂ I" =] and U I" =Rad(I).

ne’ nel’

1 1
Moreover, if  is a prime ideal of R, then n I"=]=Rad(l) = U I,

neZ’ neZ’

Proof. It is clear.

Proposition 1.5. Let R be a ring, / be-an ideal of R and k-be a natural number. Consider the

following conditions
1
(i) For all a,b € R, ab* €1 implies a € Tor b€ I*

1
(ii) For all ideals A and B of R, ABt C'Iimplies AC T or BC Ik,

Then (i) implies (ii). Moreover, if R isa commutative ring, then (i) is equivalent to (it).
t

4
Proof. Assume (i) holds. Let' A and B be ideals of K such that AB*CI and B'¢ I*. Let a € A and

be B\I%. Then b€ Boand b* ¢ 7. We will see that ab' € AB* C . By our assumption, we have
a€l.Hence ACI.

Next, assume that R is a commutative ring and (ii) holds. Let a,b'€ R be such that ab* € I .Then
(a), ()} = (Za + Ra)(Zd +Rb} CZab* + Rab S 1.

1 2
By (i), we have (a), & I or (b), CI*. Hence a €l or be*,

Example 1.6. Let R be the ring of 2 x 2 matrices with real number entries and ] the singleton set of

2
1 00

2x2 zero matrix. Then | is an ideal of R. Moreover, we observe that 00 = 00 and
2 2 2

00 OTht' OIOOI%S_ 01+00_01__10 h

1ol =lo ofThet B g by of €T 3R Yo o[ Tl1 of] Taoof Tlo 1 V¢ P

0 i {0 O 1 1

00 + 10 ¢ I?. Therefore I? may be not close under addition in general.

l?roposition 1.7. Let I be an ideal of a ring R and k be a natural number. Then

1 1
(i) If z € I*, then —z € I*,
1 '
(ii)If R is a commutative ring and = € I*, then rz € I* forall r€R.
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! ¢, if kis even,

Proof. (i) Let z € I Then z* € I. The first thing we note here is that (-z)° = e . .
—z" , if kisodd.

1
. Then (—-z)k €. Hence —z€l*,

1
(ii) Assume that R is a commutative ring and z € I*. Let T € R.

i
Since I is an ideal of a commutative ring R, (rz)* = r*z* € I. Hence rz € I*.

Let / be an ideal of a ring R and a€ R\J. Fix a natural number &k, we define a set
(;1), = {z € R |az* € I}.

Proposition 1.8, Let / be an ideal of a ring R, a.€ R\ I and k be a natural number. If / satisfies

]
the condition (i) of Proposition 1.5, then (a;1), =[*.
Proof. Assume that / satisfies the condition (i) of Propesition.1.5. Firstly, let x € (a;]),. Then

az* € I. Since I .satisfies the condition (i) of Proposition 1.5 and a¢ ], we have z* € I. Hence
1 RS
z € I*, Conversely, let' z € /¥, Then zf € I. Since I is an ideal of a ring R, az* € I. Therefore

x € (a3 1),

1
Let / be an ideal of a ring R. Fix a natural number k and a€ R\I¥, we define sets
[¢*;I)= {z € R |o*z € IYand (o*;]) = {z € R |za" €1}.

1
Proposition 1.9. Let [ be an ideal of a ring R, & be a natural number and a € R\ I*, Then

() If R is a commutative ring, then [a*;T} is an ideal of R.

(i) If I satisfies the condition {i) of Proposition 1.5, then (e n=T.

Proof. (i) It is clear that Q&[a*;]]« Hence [a";]] is not -a empty set. Let z,y € [a*;7]. Then
a*z,0fy € I. This implies that a*(z=y) = a‘z - a*y el Hence z -y ela’;l]. Next, let T€R and
z € [a*;I]. Then a‘z €. Since I is an-ideal of a-commutative ring R, we have a‘rz € I . Hence
rz € [a*;]]. This shows that [o*;]] is an ideal of R.

(i) Assume that  satisfies the condition (i) of Proposition 1.5. Let x € (a*;I). Then za* € I. Since
I satisfies the condition (i) of Proposition 1.5 and o* € /', we have z € I. Conversely, let z€1T.

Since / is an ideal of R, za* € I. Hence z € (a*;1). This implies that (a*;/) = 1.
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2 (1,k)-Prime ideals

In this section, we introduce a generalization of prime ideals which is called a (l,k) -prime ideal of R
where k is a natural number. Four equivalent statments are given as the definition of (1, lc) -prime
ideals. Characterization of: (l,k) -prime ideals of Z in Proposition 2.4 obtains examples of (1,lc) -prime
ideals that are not prime ideals. Also, (l,lc) -multiplication system is presented as a necessary and
sufficient conditions for a proper ideal to be (1, k) -prime ideals.

Lemma 2.1. Let | be an ideal of a ring R and k be a natural number. The following statements

hold.

(i) For all left ideals A and B of R, ARB* C I implies AR(B)! C I.

(ii) For all right ideals A of R and left ideal B of R, ARB* €I implies (A)RB* CI.
(iii) For all right ideals A and B of R, ARB* CI implies AR(B); C /.

(iv) For all left ideals A of R and'right ideal B of R, ARB* C I implies (4) RB* C 1.

Proof. (i) Let A and B be left ideals of R/such that ARB® C /. Then
AR(BY = AR(B % BR)" C AR(B* + B'R)C ARB*+ ARB*R C\I\
(ii) Let A be a right ideal of R and B be a left ideal of R such that ARB* CI. Then
(A),RB* = (A+ RA)RB* C ARB* + RARB* C ..
(ii) Let A and B be right ideals of R such that ARB* C [.Then
AR(B)} = AR(B + RB) CAR(B' +RB") CARB' + ARRB* C I.

(iv) Let A be a left ideal’ of R land B be a right ideal of R such’ that ARB* CI. Then
(A),RB* = (A+ AR)RB* C ARB' + ARRB* CI.

Theorem 2.2. Let I be an ideal of & ring R and k be 2 natural number. The followirg statements

are equivalent.

. . ,

(i) For all left ideals A of R and right ideals B ‘of R; ARB* CI impliess ACI or BCI*.
: 1

(i) For all left ideals A and Bof R, ARB* C T implies AC T or BCI*.

(iii) For all right ideals A of R and left ideals B of R, ARB* C I implies ACT or BC I".

(iv) For all right ideals A and B of R, ARB* C I implies AC/ or BC I*

Proof. (i) — (ii) Assume that (i) holds’and let A and B left ideals of R such that ARB*C1I.
1
Lemma 2.1 (i) implies that AR(B)* C J. By assumption (i), AC I or (B), S I*. Therefore AC T

1
or BCI*,
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(i) — (i) Assume that (i) holds and let A be a right ideal of R and Bbe a left ideal of R such
1
that ARB* CI. Lemma 2.1 (ii) obtains that (A4)RB* CI. By (ii), (4), S/ or BCI*. That is

1
ACI or BCI*.

(iii) — (iv) Assume that (iii) holds and let A and B be right ideals of R such that ARB*C 1.

4 l

Lemma 2.1 (iii) yields again that AR(B); C /. By (iii), we have AC 7 or (B), CI*. Hence ACI or
1

BCIx,

(iv) — (i) Assume that (iv) holds and let A be a left ideal of R and B be a right ideal of R such
that ARB* CJ. We use Lemma 2.1 (iv) to obtain that (A),RB*'g I. By (iv), we conclude that

1 1
(A), €1 or B C I*. Therefore ACT or BCI*.

Recall & basic definition that'a proper ideal P of R is called a prime ideal of R if for every left ideal
A and B of R such that ABC P we have AC P or BC P . Next, we give the notion of (1, k)-

prime ideal of R which is a generalization of prime ideals.

Definition 2.3. For a fix natural number k. A proper ideal I of a ring R is called (1, lc) -prime ideal

of R if I satisfies one of the conditions in Theorem 2.2.

In particular, if k =1, then prime ideals and (1, 1) -prime ideals coincide. Moreover; every (1, lc) -prime

ideal is a (l,lc + 1) -prime ideal. Notation that for each natural number klet N, = {1,2,....k}.

Lemma 2.4. Let ¢ be a prime number and 7 be a natural number. For all integers ¢ and b, if
q" | ab”,then ¢ | a or ¢" | b7.

Proof. Let a and b be integers such that ¢” | ab” and ¢ {a. Then ¢'t = ab” for some integer ¢.
Since ¢ is a prime number , g a._or ‘g b./ Ifg} b, then ¢ b". Assume that qg|a. Let
w=maz{k € N, | ¢" | a}. There exists an integer f-such-that ¢“f=a and ¢t f. Then
¢t =ab” = g¢"fb". Hence ¢'""t = fb". This implies that ¢ | b. Hence ¢" | b".

Lemma 2.5. Let ¢ be a prime number and 7 be a natural number. Then ¢'Z is a (1, r) -prime ideal of

Z.

Proof. This follows immediately from Lemma 2.4.
We recall the following result from [2].

Proposition 2.6. [2] Let p be an integer. Then pZ is a (1, 2)-prime ideal of Z if and only if p =0 or

p is a prime integer or p = q* where ¢ is a prime integer.
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Now, we show character of (1, k) -prime ideals of Z where k is an arbitrary integer. Notation that for

each integer p,,p,,.-.,p,, let

plpﬂu'pl—lpu-l'“pkv 1f]-< t <k

plpz...p‘...pk = plpz---pk_“ lft=k
Dy Py ift=1

Proposition 2.7. Let p and k be natural numbers. Then pZ is a (1, k) -prime ideal of Z if and only. if
p=0 or p=g" where ¢ is a prime number and r € N, .

Proof. Assume that pZ is a (1, k) -prime ideal of Zsuch that p =0 and p is not prime. Hence for
each integers a and b, if p |ab*, then p|a or p| b*. Let p = p,p,-p, for some integer 122
and p,,p,,...,p, are prime numbers. Let ¢ &N, - We can-see that pp, P, Iplpz---pf---p,. Then

-~ S

pp, D, | DBy BB, OF BB B | Bl SInCe By By > mPy P By We have By, | o
This means p,p,"P, | pf for all ie'N,. It implies thatp, lp, forall i,j€ N,. Therefore
p=p, = =1, Hence' p = ¢' whereq is a prime number. Suppose that [ > k. Then p > ¢"* and

p>q*. Since p | g'*q*, we have p | ¢ or‘p | ¢" whichis a contradiction. Hence ! < k. Therefore

p=q where ¢ is a prime number and re N,

Theorem 2.8. Let | hejan ideal of a ring R and k be a natural number. The following statements

are equivalent.

1
(i) For all left ideals A-of R and right ideal B of R, ARB* C I implies AC I or BQI*.

!
(ii) For all a,b € R, (a), R(®)5.C I impliesia € Ilor bel~.

Proof. The proof of (i) — (ii) is clear. Next, assume that-(ii) holds. Let A be a'left ideal of R and B
1
be a right ideal of R such that ARB*C I and B¢ I*. Then there is an element b € B such that
3
b ¢ I*. This means b ¢ I . If a € A, then (a), R(b)"'C ARB* C I-Hence a € I.

Corollary 2.9. Let I be an ideal of a ring R and k be a natural number. The following statements

are equivalent.

(i) For all a,b € R, (a),R(b); €I implies ¢ € Torbe I%.
(ii) For all a,b € R, (a),R(b); C I implies ¢ € ITorbe Ii.
(iii) For all a,b € R, (a) R(b); C I implies a € Torbe Ii.

1
(iv) For all a,b € R, (a),R(b); C I 'implies a € Iorbelr.

Proof. This follows from Theorem 2.2 and the analogously proof of Theorem 2.8.
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Corollary 2.10. Let / be an ideal of a ring R and k be a natural number. The following statements

are equivalent.
1
(i) For all a,b € R, aR(b): C I implies a €/ or be I*.

1
(ii) For all a,b € R, aR(b); C [ implies a €] or bel*.

Proof. It is easy to see that (i) is equivalent to Corollary 2.9 (i) and the result (ii) is equivalent to
Corollary 2.9 (ii).

Theorem 2.11. Let [ be a proper ideal of R and k be a natural number. The following statements
are equivalent.

!
(i) Forall a€ R\I*, I ={z € R| aRa* C I}.
(ii) I isa (l,k)-prime ideal of R.

1
Proof. Assume that ['={z € R | zRa*C I} forall a€ R\ [*. Let A and B be left ideals of R such

1
that ARB* CT and B¢ I*. If b€ B and b' ¢, then aRb C ARB* C1 for all a € A. This implies
that AC .

Conversely, assume that / is a (l,k) -prime ideal of R and let a € R\Ii. If €1, then zRa* CTI.
It is clear that {z.€ R |zRae* CJ} contains J. Next, let" = €R  with zRa“ CI. Then
2R(a)} = 2R(Za + Ra) C zR(Za" + Ra*) € Z(zRa") +zRa* C 1.

This follows from Corollary 2.10 (ii) that = € I.. The proof is complete.

Theorem 2.12. Let J be'a proper ideal of ‘R and k be a natural-number. Consider the following

statements.

!
(i) For all a € R\ I*, (a*:I)=T.
(i) 7 isa (1, lc) -prime ideal of R.

Then (i) implies (ii). Furthermore, if R is commutative, then the converse holds.

1
Proof. Assume that (a*;I)={z € R |za* € [} =1 for all a€ R\I*. Let A and B be left ideals of R

1
such that ARB* C I and B ¢ I*. Then there exists an element b € B and b* @ I.Let a€A. Then
abb* € ARB* CI. Thus abe (b;7)=1 which leads to ab* € J. Hence a € (b*;I) = I. This means

A C I. Therefore (i) implies (ii). Conversely, assume that R is commutative and J is a (1,k) -prime

1
ideal of R. Let a€ R\I*. If z€I, then za* € /. Hence z € (a*;]). Next, let z € (a*;]). Then
za* € I. By the same proof of the previous Theorem, zR(a); C I . Corollary 2.10 (i) obtains that

z €. Hence (a“;1)=1.
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Let R be aring and & be a natural number. A subset § of R is called a (1, k.) -multiplicative system
if

(i) $ = and

(ii) For all e,b€ R,if a €S and b* € S, then there is an elememt 7 € R such that arb* € 5.

Theorem 2.13. Let R be a commutative ring with nonzero identity and I a proper ideal of R. Then
I isa (1,k) -prime ideal of R if and only if R\ isa (l,k) -multiplicative system.

Proof. Firstly, assume that 7 is a (1, k) -prime ideal of R. Let a,b € R be such that a € R\ and
b* € R\ 1. By Corollary 2.9 (i), we have (a) R(b)} € I. This implies that there is an element r € R
such that (a)r(h) € I. If arb® €I, then (a),R(b)! = (Ra)r(bR)" = R(arb*)R C I which is a
contradiction. Hence arb* ¢ I. Therefore R\/ is a (1,k) -multiplicative system. Conversely, assume
that R\ is a (l,k) -multiplicative system.Let a,b € R be-such.that (a),R(b)f C . Since R is a
commutative ring with an identity, we have aRb* 'C (Ra)R(Rb)* = (a),R(b); C /. Thus arb* @ R\ I
for all 7€ R. Since R\ [ is a (l,k) -multiplicative systen, ¢ @ R\ / or b* @ R\I. Hence a €l or
b* € I. This prove that [ is a (1,k) -prime ideal of R.



28

3 (1k)-Fully prime (R,S)-submodules

From now on, let M be an (R, S) -module, see (1], and k be a fixed natural number. A proper (R,S)-
submodule P of M is called (l,k) -jointly prime if for each left ideal I of R, right ideal J of § and
(R.S)-submodule N of M, INJ*C P implies IMJ* C P or NCP. Some properties of (1,k)-
jointly prime see in [2]. Next, we give the definition of (1, k.) -fully pr.irne (R, S ) -submodules.

Definition 3.1. A proper (R, S)-submodule P of M is called (1, k) -fully prime if for each left ideal J
of R, right ideal J of S and (R,S)-submodule N of M, )
INJ* C P implies IMS* CP or NG Por RMJ* C P

We can see that every (1, k) -fully prime (R, S)-submodule isa (1, k) -jointly prime (R,S)-submodule.
Proposition 3.2 show that (l,k)-fully prime (R,R)—submodules and (1,k)-jointly prime (R,R)-

submodules are the same.

Proposition 3.2. Let R be a ring and & a natural number. Then every (1,Ic) -jointly prime (R,R)-
submodule of R is a ‘(1,k) -fully prime (R. R)-submodule of R.

Proof. Assume that P isa (1, k) -jointly prime (R, R) -submodule of R.Let I be'a left ideal of B, N
be an (R,R)-submodule of R and J be aright ideal of R such that INJ® C P . This implies that
IRJEC P or NC P IfJRJ* C P, then R(IRR)J* = (RI)RR")J* CIRJ' G P. Hence RRJ*CP
or IRR* C P. Therefore P is (1, k) -fully prime.

The next results obtain relation between (1, k) -prime ideal and (l,k) ~fully prime (R,S) -submodule.

Proposition 3.3. Let R be a ring with nonzero identity and & a natural number. Then every (l,k)-
fully [ (l,k) -jointly | prime (R. R)-submodule of Risa (l,lc) -prime ideal of R.

Proof. Assume that P is a (1, Ic) -fully prime (R, R)-submodule of R.Let I and J be left ideals of R
such that JRJ* C P. Since P is (l,k) -fully prime and R¢ P, we have ] C P or J* C P. Hence P
is a (l,k) -prime ideal of R.

In (1), the study of prime ideals, fully prime (R, R) -submodules and jointly prime (R, R)-submodules, .
we know that fully prime and jointly prime (R, R) -submodules of R are the same. Especially, if a ring
R contains the identity, then prime ideals, fully prime (R, R) -submodules and jointly prime (R, R)-
submodules are the same. Also, ideals of the ring R and (R, R) -submodules-of R are identical when
R is a ring with the identity. However, there are difference between (1, k) -prime ideal and (1, k) -fully

prime given by the following example.
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Example 3.4. We can see that 4Z is a (1, 2) -prime ideal of Z but 4Z is not a (1,2) -fully prime (Z,Z)
-submodules of Z.
Theorem 3.5. Let M be an (R, S)-module, k be a fixed natural number and P be a proper (R, S)-
submodule of M. The following statements are equivalent.
(iy Pisa (l,k) -fully prime (R,S)-submodule.
(ii) For all left ideals I of R, (R,S)-submodules N of M and left ideals J of S,
INJ* C P implies IMS* CP or NCP or RMJ* CP.
(iii) For all right ideals I of R, (R,S)-submodules N of M and left ideals J of §,
INJ* C P implies IMS* CP or NCP or RMJ*CP.
(iv) For all right ideals I of R, (R,S)-submodules N of M and right ideals J of S,
INJ* C P implies IMS*.C-P-or-N.CP or RMJ* CP.

Proof. (i) — (ii) Assume (i). Let / be a left ideal of R, N bean _(R,S)-submodule of M and J bea
left ideal of S such that/INJ* C P. Then I*N(J)! C P. By (i), we have I’MSECP or NCP or
RM(JY: CP. If I'MS:'C P, then I(IMS*)S* CI’MS* C'P. By (i), IMS* C P or RMS' C P. This
implies that /MS* C P or NC P or RMJ' CP:

(i) — (iii) Assume (ii). -Let 1 be a right ideal of R, N e an (R,S)-submodule. of M and J be a
left ideal of S such that: JNJ* C P, Then (I),N(J*) € P.\By (ii}, we have (I MS*CP or NCP
or RM('Y CP. If RM(J'V-C P, 'then R(RMJ*)JSCP. By (i), RMS* C Poor| (RMJ*)CP or
RMJ* C P. These leadt6 IMS* C P-or NCP or RMI* CP.

(iii) — (iv) Assume (iii).  Let- 7. be 2 righé ideal of R, N bean (R,S)-submodule of M and J bea
right .ideal of S such that "INJ* C P. Then PN(I)F G P By (iii),” I'MS*CP or NCP or
RM(J)y CP. If I*MS* C P, then  I{IMS*)S* C P. By (iii), we_have IMSS¥C P or (IMS*YCP or
RMS* C P. This shows that IMS* G.P or N/Q P or) RMI*'CP.

(iv) — (i) Assume (iv) Let | be a left ideal of R, N be an (R, S) -submodule of M and J be a right
ideal of S such that INJ* C P. Then (I)N(J'Y CP. By (iv), (H,MS*CP or NCP or
RMW'Y CP. If RM(J*Y CP, then R(RMJ')' CP. It impli.es from (iv) that RMS* CP or
(RMJ*YC P or R.MJ" C P. We conclude that IMS* CP or NC P or RMJ*CP.

Corollary 3.6. Let M be an (R,S)-module. k be a fixed natural number and P be a proper (R,S)-
submodule of M . The following statements are equivalent. '
(iy Pisa (l,k)-fully prime (R,S)-submodule.
(ii) For all left ideals I of R, z € M and right ideals J of S,
I{z)J* C P implies IMS* CP or z€P or RMJ* CP.
(iii) For all left ideals J of R, €M and left ideals JJ of S,
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Iz)J* € P implies IMS* CP or z€P or RMJ* CP.
(iv) For all right ideals [ of R, €M and left ideals J of S,

2)J* C P implies IMS* CP or z€P or RMJ* CP.
(v) For all right ideals I of R, z € M and right ideals J of 5,

I{z)J* C P implies IMS* CP or z€P or RMJ* CP.

Proof. This result follows from (i) is equivalent to Theorem 3.5 (i), (iii) is equivalent to Theorem 3.5

(ii), (iv) is equivalent to Theorem 3.5 (iii) and (v) is equivalent to Theorem 3.5 (iv).

Definition 3.7. Let M be an (R,S)-module and k a natural number. A nonempty set X C M\ {0} is
called a (l,k) -fully multiplication system if for each left ideal I of R, right ideal J of S and K,L
(R.S)-submodules of M, if (K+IMS)NX %@ and (K+L)NX =@ and (K+ RMINX =@,
then (K + ILJ)N X = 3.

Theorem 3.8. Let P be a proper (R,S)-submodule of an (R,S)-module M and k£ be a natural
number. Then P is a (l,k)-fully prime (R,S)vsubmodulc M if and only if M\P is a (l,k)-fully

multiplication system,

Proof. It is straightforward.

Proposition 3.9. Let M be an (R,S)-modu]e, P he a proper (R, S) -submodule'of M and k be a
natural number. Let X = M \P. The following statements are equivalent.
(i) Pisa (l,k) -fully prim‘e (R,S)-submodule of M. .
(i) X isa (l,k)-fully multiplication system.
(iff) For all left ideals, I, of R, right ideals J of §"and L/ (R,S)-submodules of M,
IMS* NX'= Fand LN X= & and RMI* NX = @imply ILT*NX =2

(iv) For all left ideals I of R, right ideals J-of S and z€ M

IMS* N X = @ andz) N X =@ and RMI'NX =S imply M@} NX =&

Proof. The proof is obvious.

Theorem 3.10. Let M be an (R,S)-module and k be a natural number. Assume that X is a (1, k)—
fully multiplication system. If P is a maximal (R, S)-submodule of M respect to the property that
PNX =, then Pisa (1,k) -fully prime (R,S)-submodule of M.

Proof. Assume that let / be a left ideal of R, J a right ideal of S and L an (R,S)-submodule of M
such that (IMS*)N(M\P)=@&, LN(M\P)=@ and (RMJ')N(M\P)=2. Since P is a maximal
(R, S) -submodule of M respect to the property that PNX =&, we have that (P+IMS"NX =@,



31

(P+L)NX=@ and (P+RMI')\NX=@. Since X is a (l, k) -fully multiplication system,
(P +ILJ*)N X s== @. This implies that ILJ*N(M\ P)= 2.

Acknowledgement : I would like to thank the referee(s) for comments and suggestions on the

manuscript.

References

{1} T. Khumprapussorn, 8. Pianskool and M. Hall, (R,S)-modu}es and Their Fully prime and Jointly prime
Submodules, International Mathematical Forum, 7 (2012) 1631-1643.
[2] 'T. Khumprapussorn, Generalization of jointly prime (R,S)-submodules, Proceedings of 19th Annual

Meeting in Mathematics, (2014) 101-107.

(Received 11 October 2015)
(Accepted 31 January 2016)




6)

32

sy

UseiRgisu

#o - unmana (Mmwilve) wwsiudy Ausedaas
fe - uana (Mwdange) Mr. Thawatchai khumprapussorn

iU RTUsyssUsyenTy 3101203639019
ﬁaq 81/3 4DHUSIBATIWUATUNS 30 wen 10 uwistaauuns LUAETUUNI NAMWNVIILAT 10120

whomuazanuiogifndsldazain  wisuwmnaaulnsind - Insans waslUswilddiannsatind

W28 vadanendand anyinsimand aodumaluladwszeemndudnuymsaanszde
ouuRasINg lwaaansels ngummvIuAs 10520

flag 81/3 goous AT IwUATUNS 30 UGN 10 UITENLNT LWABIUUIN NTIMIIMILAT 10120

E-mail thawatchai.kh@kmitl.ac.th Way khthawat@hotmail.com

ng 0898191886

Useiimsfing
.0 (AGARIENS) PUIRINTABMINGIAY, 2555

ma (AdnmaEnd) WIAINIAINMIINETAY, 2550
M.y (pdnmand) InTinerdudavins, 2547
¢ av o d % - al )
Usvaunisaideiiendes uay/miahidusn
newuidudnavu Ussuayuiauninddelvl
J L \'/ ] - )
Gosmaalpaluues (R S)-upgatauianizylingndy
aaunw amhlasen1side

yAdslavan memans andumalilagvsvssnddinumnsaianasUs

Ussinvdaafaunindsy 12557
- - o
Fosuminglugrusnidufanguinusi

0NN WilAsINgTIve





