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Abstract

Clustering is the task of partitioning the points into natural eroups called

clusters. The partitions of n points into & clusters will find k-center points of each

cluster with the cover set. In this thesis, we present how to find the center points and

the covering number by giving e-cover for a covering space § where § ¢ R? with metric

Ly, Ly and L. We present the formula for the covering number in metric space and

define the quasi-metric space by giving metric space. We obtain the formula for the

covering number in a quasi-metric space.
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Chapter 1

Introduction

1.1 Research Motivation

A clustering algorithm is to cluster data points. Data peints within the same
cluster are similar to each other but data points in different clusters are dissimilar.
Depending on the data and desired cluster characteristics, there are many types of
clustering paradigms such as representative-based, hierarchical, density-based, graph-
based, and spectral clustering. Clustering has been applied in a wide variety of fields:
psychology, social, sciences, biology, statistics, pattern recognition, information re-
trieval, machine learning, and data mining. Distance measures are use in many clus-
tering methods. The popular distance measure is metric space. In a typical clustering
problem, we have a set of » input points and then partition the points into & clusters
by the metric. We select a center point for each cluster. The distance is considered
from each point to the center of belonging cluster. Then we minimize the maximum
of these distances. The problem is called the k-center problem of clustering. The
problem is corresponding with the e-cover problem or the covering number. The cov-
ering number is the number of the point with distances of the covering number at the
center point of a set equal to e. Therefore, the covering number can confirm that &
center point minimizes a maximum of distances which is equal to e. Normally, metric
space is used to measure the distance but the problem in the real world is asymmetry
so quasi-metric is used instead of metric. In this thesis, we focus on the probtem of
the covering number and find the formula in metric space and quasi-metric space.

1.2 Objectives of the study

1) To study the step for finding the center point or the covering number of a set in
metric space.

2) To show a form of the covering number in metric L), Ls and Le.
3} To define quasi-metric space by using metric space.

4} To describe the covering number in quasi-metric space.

1.3 Scope of the study

Clustering is a common problem in the analysis of large data sets. Approxi-
mation of k-center and asymmetric k-center are NP-hard. We describe the basic idea
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of the covering number in metric Ly, Lz and Lo, and explain the covering number in
guasi-metric by using some conditions to defined a quasi-metric by using a metric.

1.4 Benefits of the study
1) To provide the further mathematical method for clustering.
2) To fine form of the covering number in metric space Ly, L, and Ly, with e-cover.
3) To explain the covering nt;lmber in guasi-metric distances.

4) To apply the covering number in Minimax Facility Location problems

1.5 Research Methodology
1) Study data mining and data analysis.
2) Study research papers and textbooks on metric space and guasi-metric space.
3) Study research papers of clustering in metric space.
4) Determine the goals and the scope of this research.
5) Study clustering in quasi-metric space.

6} Conclude the results and write the thesis.

Table 1.1: Research Methodology

Activity Time frame
2015 2016 2017
91011 |12]1|2|3|4|5|6|7([8|0f10(11|12|1{23|a]|5|6|7

step 1

step 2

step 3

step 4

step 5

step 6




Chapter 2
Preliminaies

Many mathematical issues need manipulating and dominant collections of ran-
dom variables indexed by sets with an associated infinite. Any finite set can be mea-
sured in terms of its cardinality. The size of a group of infinitely several components
is called covering numbers. Covering numbers are number of center points of a set
which data point takes group nearest the center point. Set of each group is called the
cluster. The k-center problem is a problem of clustering. The goal of the k-center
problem is to choose a set of k points to serve as centers and to assign all the points
to the centers. Then the maximum distance of any point in its center is small as
possible. The e-cover problem is to find a number of centers that make the cluster to
cover all the points when the maximum distance is ¢

Clustering or cluster analysis is the task of grouping a set of objects (clusters).
The object of a group is similar to another group and different from the objects in
other groups. Formally, the clustering structure is represented by a set of subsets C;
of § where § is a set of objects and C; is cluster such that S§=UE ,C; and C;NC; =10
for i # j. Consequently, any instance in § belongs to exactly one and only one subset
).

Many clustering methods use distance measures to determine the distance
between two instances »; and x; denote by d(z;, z;). We have to describe the kind of
space in which the data contains many distance functions in metric space.

2.1 Metric space

Definition 2.1. [3] A metric on a nonempty set X is a function d: X x X — R for any
z,y,7 € X if it has the following properties:

s Positiveness: d(z,y) 2 0 and d(z,y) = 0 if and only if z =y.
e Symmetry: d(z,y) = d(y, ).
¢ Triangle inequality: d{z,y) < d{z, 2} + d{z,v).

The mapping d is called metric on X or distance function on X and (X, d) is called a

metric space.

Example 2.1, The function d: R x R — R* defined by d(z,y} = |z ~ y| is a metricon R.
To show that d is a metric space on R, we verify only triangle inequality, while the
other properties are chviously satisfied. For any z,y,z € R, we obtain d(z, 2} = |z — 2| =
lz—y+y— 2 <)z —y|+y— 2| = d(z,y) + d(y, z). Therefore, (X,d) is a metric space.



The distance function or Metric which we used in this research:
o L, (Taxicab): d(z,y) = |z —yll, = > |z: — vil,
i=1

n

e L, (Euclidean): d(z,y) = |z — yll, = Z (z; — yi)z,

=1
o Lo, (Supremum): d(z,y) = ||z = yll,, = max|z; — uil,

where n is a dimension of space. All above distance functions are metric on R”

such that (R, L,), (R*, Ls) and (R", L) are metric space.

The open and closed set is to provide basic concepts about cover set.

Definition 2.2, Open and closed Set (4] Let (X, d) be a metric space, zp € X and r > 0.
The open ball with center z, and radius r is the set B(z,r) = {z € X : d(zg,x) < r}.
The closed ball with-center x, and radius r is the set B(zg,r) ={z € X : d(xo,x) < r}.

Definition 2.3. [4] Let (X,d) be a metric space. The unit ball around some point
z € X is the set of points with the distance at most 1 from &, {y € X :d(a,y) < 1}.

The unit ball is a set of points in‘which the distance less than or equal to one
with a fixed center point. The center point in space R? and the unit ball with metric
Ly, L and L, on R%are shown in figure 2.1 .

}-——>
e
—

re

Unit ball l[l lLt lL

—

Figure 2.1: The unit balls B((0,0),1) on &>

Notice that the characteristic shape of the L, metric is a box, while the char-
acteristic shape of the L, metric is a diamond. Similarly, the characteristic shape of

the L, metric is the sphere.

Some distance metrics does not satisfy the symmetry property which called

asymmetry distances or quasi-metric.



2.2 Quasi-metric space

Definition 2.4. [3] A guasi-metric on a set X is a function d : X x X — R* such that for
all 2,3,z € X if it has the following properties:

e d(z,y) = d(y,z) = 0 if and only if z = 5.
o d(z,y) < dz, z) + d{z, ).

The mapping 4 is called a guasi-metric on X. A pair (X,d) is called a quasi-metric

space.
Example 2.2. Leta > 0. If d: R x R — BRY U {0} is defined by

T-Wr 2y
d(xly) = {
aly—zhy >z

then d Is an quasi-metric.
For z,7,z € R. We consider the properties:

1. It is clear that d{z, ¥) > 0 thus d satisfies the positiveness.

2. We will show that d satisfies the asymmetry.
(ase l: z > .
We get d(z,y) =z — v d(y, z) = a(z —y). Thus d is asymmetric.
Case 2: y > .
We get d{x,y) = aly —z) d(y, ) = y — 2. Thus d is asymmetry.

3. We will show that d satisfies the triangle inequality.
Case l: <y <z
We get diz,z) = z — z = (2 — y) + (y — 2)= d(z, y)+ d(v, 2).
Case 2. y<z< 2.
Wegetd(z,z) =z —z2<z—y+a(z—y) = dzy)t dy, 2).
Case3iy<r<z
We get d(z, 2} = oz —z) € (z—y) + & (z - y)= d{z, 1)+ d(y, 2).
Cased: z<z <y
We get d(z,2) =z —z < e ({y—2)+ (y—=2) = diz,y)+ dy, 2).
Case sz <z<y.
We get d{z,z) = ¢ (z—2) S a (y—2) + (y— 2) = d(z,y)+ d(y, 2).
Case b 2 <y <z
We get d(z,2) = a (2—2) = alz—z)+ oy —y)= aly - z) + a(z —y) = d(z, )+ d(y, 2}

Therefore, (R, d) is a quasi-metric space.



The symmetry property can be added in guasi-metric with the definition of
symmetrization and weight function.

Definition 2.5. Symmetrization [3] Let (X,d) be a quasi-metric space. The function
f: X x X - R* while &(z,y) = 3[d(z,y) + d(y, )] is called symmetrization of 4.

Definition 2.6. Weight function {3] Let (X,d) be a quasi-metric space. The quasi-
metric d is called weightable quasi-metric if there exists a weight function w: M —
[0, 00) that satisfies

d(z, y) +w{z) = d(y,z) +w(y) for all z,y € X.

We define quasi-metric by metric with this theorem.

Theorem 2.3. [3] Let (M, d) be any guasi-metric space. Then d is weightable if and
only if there exists w: M — [0,00) such that

d(z,y) = p(z,y) + j[w(y) — w(z)] for all 2,y € M,
where p is the symmetrized distance of 4. Moreover, we have

L [w(z) - w(y)] < plz,v) for all 2,y € M.
Example 2.4. Let M be any set and d is a quasi-metric which
4 1
dz,y) = D I(we — v9)| + 5 lwle) - (@)
i=1

Notice that the metric satisfies p(z,d) = L1 = Yl |(z: — )| and weighted function
is 1 [w(z) —w(y)] ; wz) > w(y). We will show that (M, d) is a quasi-metric space. For
z,y,2 € R, if d(z, ) is a quasi-metric then it satisfies two properties.

« First property: It is clear that d(z,y) > 0 and d(z,y) # d(», )
since {w(z) — w(y)} # L [w(y) — w(z)]) where w(z) > w(y).

» Second property: We have to show that d(z,y} is corresponding with the triangle
inequality property,

d

o) = 3 lfmt )l + Stw(z) ~ ()] u(z) > w()
d

0, 2) = 3= )1 + wle) — () () > w(2),
d

d(w,2) = 3 e — )| + Slole) = () ue) > u(z),

i=1



and

o0+ 5lue) - )]+ 3 5= 2] + Lulo) - ()]

i=1

d(z,y) +d(y,z) =

Mn. lIMn.

v

(s — 2:)| + §[w($) —w(y) + w(y) — w(z)]

-
I
-

!(wz —z)l+ 3 [w w(z)].

i
i)

Thus d{z, z) < d{z,y) + d(, 2).
Therefore, (M, d) is a quasi-metric space.

Definition 2.7. Closure [5] Let (X,d) be a quasi-metric space and y € ¥ € X. The
closure of {y} in X is defined by the set Clx{y} = {x € X : d(z,9) = 0}.

Definition 2.8. The best approximation [5] Given d(p, 1) = inf{d(p.y) ly € Y}. Let
(X,d) be a quasi-metric space. Given Y ¢ X and p € X. An element y; € ¥ such that
d(p,Y) = d(p, ) is said to be an element of the best approximation to p. Let ¥ be
a (nonempty) subset of a quasi-metric space (X,d). For each p # y, we denote Py (p)
to be the set of all the best approximation to p by elements of Y.

2.3 The k-center problem

The goal of k-center problem is to choose a set of k points to serve as centers
and to assign all the points to the centers so the maximum distance of any point to
its center is small as possible.

The k-center problem is defined as follows: given a set § of a points in a
d-dimensional metric space (R%p) and an integer k, we compute a k-clustering of
the smallest possible size. The k-center problem can be formulated as covering §
by & congruent disks (under the p-metric) of the smallest possible size. If centers of
clusters are required to be a subset of the input points, the problem is called the
discrete k-center problem. '

At any metric space (X, p). The k-center problem: given a set § and an integer
k. What is the smallest value of ¢ for which you can find an e-cover of § as size &?

The k-center problem algorithms:
Input: finite set & € X and the integer &.
Qutput: § € X with |T| =%

Goal: minimize cost(T) = mazgesp(z, T).



E

Figure 2.2: Five clusters

2.3.1 Farthest-first traversal

A basic fact about the k-center problem is-NP-hard. There is no efficient al-
gorithm that returns the correct answer, How ever, there is a good algorithm called

farthest first traversal.

Farthest-first traversal algorithms:
Input: choose any z € .5 and give set 7' = {z} .
Qutput: while'|T| < % :

1. z = aremax.esp(z;T),

2. T} iz},

Figure 2.3: |T| = 5 center points

The algorithm builds a solution T at one point at a time. It starts with any
point, and then iteratively adds in the point furthest from the ones chosen so far.

Farthest-first traversal takes time o(k|S|), which is fairly efficient. The solution
might not be perfect, but it is always close to the optimal solution.

If T is the solution returned by farthest-first traversal, and T is the optimal

solution, then cost(T) < 2cost(T*).



2.4  Covering number in metric space

Definition 2.9. [1] Let be any metric space (X,p). For any € > 0, an e-cover of a set
S c X be any set T ¢ X such that sup, .gp(z,T) < € and the cardinality of set T is
called the covering number.

Here p(z,T) is the distance from the point z to the closest point in set T, that

is p(z,T) = inferp(z, 2).
Definition 2.10. [5] Let (X,d) be a metric space and M c X. For z € X, set of best
approximation is define by

Py(z) = {z e Mvd(z,z) = d(z, M)}

where d(z, M) = inf{d(z, y);y € M}. Any z € Py(X) is called the point of the best
approximation for 2 from M.

In other words, an e-cover of § is a (typically smaller) set of peints 7" which
constitute the best approximation to § at most e away from 7. Otherwise, the e
covering number is defined as the smallest number of balls of radius ¢ whose the

union contains S.

Example 2.5. [1] In. metric space, we set up S = {-1,1]2. There are the covering

number at e-cover when e =1 by metric Ly, Ly and L.

Casel: In metric L and e = 1. The covering number has only one point as shown in
figure 2.4.

Figure 2.4: 1-cover by Les

Case2: In metric L, and ¢ = 1. The covering number has four points as shown in figure
2.5,

Figure 2.5: 1-cover by L,
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Case3: In metric L, and e = 1. The covering number does not exists at point but the
space can be covered only one point where ¢ = v/2 as shown in figure 2.6.

Figure 2.6: +/2-cover by L,

2.4.1 Computing covering numbers

In a metric space (X, p), the e-covering number of a set §.C X is the size of its
smallest e-cover. Specifically, The covering number is define by

N (8,¢) =min{|T| : T is an e-cover of S}.

Farthest-first traversal is used to approximate k-center points:
Choose any z € S and give set T'= {z}.
While maz.csp (2,T) > ¢ we have

1. z = argmazgecsp(z,T),

2. IR T U {2}

Return the value |T|.
The returned value |T| satisfies the property

N(5;eY S ITI< NS §):

This is not a strong guarantee.

2.5 Voronoi regions or the cover set

The representatives T induce a Voronoi partition of R%: a decomposition of
R? into k convex cells, each corresponding to some z € T and containing the region
of space whose the nearest representative is z. The partition induces an optimal

clustering of the data set § = U.rC., where
C. = {z € § :the closest representative zisz}.
Thus the k-means cost function can be written as

costT) = 3 T llz— 2>,

2€T x€C.
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In analyzing algorithms, we consider suboptimal partitions of S. To this end, cost func-

tion of set is define by

k
COSt(Chrv. s Oy 21 r i) = 30 2 Lz — 2%

i=1xeCy

The k-means algorithm converges to a local optimum of its cost function.



Chapter 3

Covering Number in Metric spaces

3.1 A method to find the covering number in metric spaces

We determine the covering number of set S = [-1,1]* C R? as the following

step:

(i) To create the closed ball B(z,¢) of a corner point in set . The corner point is
(1,1), (-1,-1), (1,—1) and (-1,1) as shown in figure 3.1 (left).

(i) To cover each point which the point is nearest to the other balls as shown in
figure 3.1 (right).

(iii) To iterative the step 1 and 2 if some regions are uncovered.

Figure 3.1: The closed ball of the corner point the covers each center point

|T| 7|
If we rnake cluster C; at the center pointin set 7' then |J €: > S or- U Gi ng =38
i=1

=],

|T
and area of | J Cyis more than an equal area of set §.

i=1

Suppose that Py P, ..., and P, are center points. If the union of e ball at
Py, Ps,..., and P, cover set S then the area of alt clusters covered by Pi, Py, ..., and

P, intersect space S is greater than or equal to the space .

3.1.1 1-cover

Remark 3.1. The space § = [-1,1]* and the covering number for 1-cover has the

following:
(i) Metric L..: The covering number has one point which it is an origin.
(i) Metric Ly: The covering number has four points.

(i) Metric Ly: The covering number does not exist.
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Theorem 3.2. Let (R?, L.,) be a metric space. If ¢ = 1 then the covering number has

one point which is an origin.

Proof. By definition2.9, if e = 1 then 7' = {(0,0)}. Moreover, if p(z,T) = p(z,(0,0)) < 1
for all z € § then sup, gn(z,T) < 1. Therefore, the covering number is |T| = 1 at
T ={(0,0)}.

Example 3.3. For 1-cover. Let (R? L) be metric space. We will show that the point
of set in the theorem 3.2 is cover point in the metric space at ¢ = 1. By method to
find the covering number in metric space:

First, we will find all center points, by considering each ball at point (-1,1), (1,1), (1,-1)
and (-1,-1).

1. At the pointe ='(-1, 1), the ball is the set
B((-1,1),1)= {y € S [d((y1,p2), (-1, 1)) = max(lys — (=), ly2 — 1) =1}

2. At the point »="(1,1), the ball'is the set
E((L 1)! 1) = {y €5 |d((y1)y2)a (1' 1)) — max(lyl . 1[| |y2 oy 1‘) = 1}

3. At the point z = (=1,-1), the ball is the set
B((~1=1),1) = {y € 8 [d((v1:¥2), (— 1, 1)) = maxiy — (=1l lve — (-1) = 1}-

4. At the point z =(1,-1), the ball is the set
B((1,~1),1) = {y eS8 |d((@,v2), (1. =1)) = max(ly — 1], lye = (=1)}) = 1}.

The set of the closet paint in the other balls is 7= {{0,0)}.

Figure 3.2: Finding the covering number of metric L

If we make cluster of set S where T = {(0,0)} with metric Lo at e = 1 then we have
one cluster, C;. We get €, = 8, so |T| = 1 is the covering number. The area of €, =4

equal the area of set 5§ =4.

Theorem 3.4. Let (R?, L) be a metric space. If ¢ = 1 then the covering number has
four points at T = {(0,1), (0 - 1), (1,0), (=1,0)}.
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Proof. By definition2.9, if e = 1 then T = {(0,1),(0 — 1),(1,0),(=1,0)}. Moreover, if
p(z,T) < 1for all z € S then sup,.¢p(z,T) < 1. Therefore, the covering number is
|T| =4 at T = {(0,1), (0 — 1), (1,0), (—1,0)}.

Example 3.5. For 1-cover. Let (R, L,) be metric space. We will show that the point
of set in the theorem 3.4 are cover points in the metric space at ¢ = 1. By method to
find the covering number in metric space:

First, we will find all center points, by considering each ball at point (-1,1), (1,1), (1, -1)
and (-1, -1).

1. At the point z = (-1,1), the ball is the set
B((-1,1),1) = {y &8 Jd((51,%2), (-1,1)) = [y1 — (1) gz = 1| = 1}.

2. At the pointaz = (1, 1), the ball is the set
B((1,1),1) = {y € S |d((y1,y2); (L. 1)) = lyn =1+ lya = 1] = 1}.

3. At the point =(—1,-1), the ball is the set
E({-lv _1)1 1) I {y €S |d((y1ay2)1 (_15 _‘1)) s ,yl == (ﬁl)l + |y2 L ¢ (_1)‘ = 1}

4. At the point z = (1,-1), the ballis the set
B((1,-1),1) = {y € 5 ld((y1, ). (L. - 1)) = 1 =1+ Jp2 = (1] = 1}.

The set of the closet point in'the other balls is T = {(0,1), (0 —1},(1,0).(-1,0)}.

A s
/ / .“’ A \‘\\ A\
‘:" '\ ! D . -2
x | N \
\ 7 e % s
i L REZ Y \J
4 s — ‘_ — AN .
i \\ p 5 o
< ;y.'\
7 L 4

Figure 3.3: Finding the covering number of metric Ly

If we make cluster of set.S where T'= {(0,1),(0 — 1), (1,0, (=1,0)} with metric L, at
e = 1 then we have four cluster, €,Cs,C5 and Cqo-We get G, UC2UC3UC = 8, SO
|T| = 4 is the covering number. The area of C; UCy U C3 U Cy = 8 more than the area

of set § =4.

Example 3.6. Let (R?, Ly) be a metric space . If e = 1 then the covering number does

not exist because we can not make cluster.
For 1-cover with metric L,. We will find all center points, by considering each ball at

point (-1,1),(1,1),(1,-1) and (-1,-1).

1. At the point z = (=1,1), the ball is the set
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2. At the point z = (1, 1), the ball is the set
B((1,1),1) = {y € S |d((y1,92), (1, 1)) = /Iy = L[+ [y2 — 1] = 1}.
3. At the point = = (~1, -1), the ball is the set
B((-1,-1),1) = {y € S |d((y1,92): (=1,=1)) = v/Iyr = (D[ + [y = (1) = 1}.

4. At the point z = (1,-1), the ball is the set
B((1,-1),1) = {y € § |d((y1,92), (1, ~1)) = V/Iy» = 1| + [y — (-1)| = 1}.

The set of the closet point in the other balls is T = {(0,1), (0 — 1),(1,0), (=1,0)}. If
we make cluster of set § where T = {(0,1),(0 — 1),(1,0), (=1,0)} with metric L, at
e = 1 then we have four cluster C;,C,,Cs,Cy and we get C; UC, UC; UCy > S but
CLNCyNC3NCy # B as shown in figure 3.4, The covering number does not exist.

Figure 3.4: i-cover does not exist but set § can be covered by e = /2

3.1.2  i-cover

Remark 3.7. The space S =[—1,1]> and the covering number for 1-cover forall n e N
and n > 1:

(i) Metric Los: The covering number is equal to n? of |T| =n?.

7 n n
(i) Metric L,: The covering number.is-equal to ¥ 4k or |T| =3 4k =4 Y k =
k=1 k=1 k=1

4{")(2""'1 =2n? +2n=2n(2n +1).

(iii) Metric Ly: The covering number does not exist.

Theorem 3.8. Let (R?, L) be a metric space. If e = 1 then the covering number are
fOU.I' pOintS at T= {(_%a %)l (—%! _%)u %\ %}1 (%v *‘é‘)}

Proof. By definition2.9, if e = § Then T = {(—l ), (-3, -4, L, G —)} If p(z,T) <

2R 9317 @ ANy BYYNEET
1 for all = € S. Then sup, gp(z, T) < 1. Therefore, the covering number is |T| = 4 = 2

atT={(-3.9.(-5.-1.G. ). 3.~}
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Example 3.9. For i-cover. Let (R? L) be a metric space. We will show that the point
of set in the theorem 3.8 are cover points in the metric space at ¢ = . By method to
find the covering number in metric space:

First, we will find all center points by considering each ball at point (-1,1), (1, 1), (1, ~1)
and (—1,-1).

1. At the point z = (-1, 1), the ball is the set
B((-1,1),3) = {y € § |d((31,92), (=1, 1)) = max(lyn — (1)l |y — 1]) = 3}.
2. At the point z = (1,1), the ball is the set
B((1,1),3) = {y € S |d((y1,92), (1,1)) = max(lyr - 1], ly2 = 1]) = 3}.
3. At the point z = (-1, —1), the ballis the set
B((-1,-1),3) = {g &8 1d((y1. y2), (=1, ~1)) = max(ly1 =(=1)}; [y — (-1)]) = 3}.
4. At the point z = (1, —1), the ball s set
B((1,-1), 3) = {y-€ 5 |d((yis y2), (1, ~1)) = maxX(|ys = 1}, yz =(~1)) = 3}-
The set of the closet paint in the other ball is T'= {(—%,% =2, -1, 5. (5, —%)}.
[T| =4 #2F.

Figure 3.5: The covering number of metric Le, (3-cover)

If we make cluster of set § where T = {(—%,é),(ué,-é), %.é),(%,~%)} with metric
Lo at e = 1 then we have four cluster C1,C»,Cs and Cy.\We get G1 UC2 UC3UCy 2 S,
so |T| = 4 is the covering'number.’ The area of C; UC;U CyUC; = 4 is equal to the

area of set § = 4.

Theorem 3.10. Let (R%, L,) be a metric space . If e = § then the covering number are
nine polnts at T= {(_%’ %)! (_§: —'%)a (%’ %)! {%a '_'%J) (07 %}a (O: 0): (_%30)1 (O _§)! (%; 0)}

Proof. By definition2.9, if e = 4 Then T = {(~,%2), (3, £3), (0, £3), (+3,0), 0, 0)}.
If p(z,T) < § forall z € S. then sup, gp(x,T) < 3. Therefore, the covering number is
TI=9=3at T = {(~2,+2), (3, £3),0,+),(+1.0), (0,0 }.

Example 3.11. For i-cover. Let (R?, L) be a metric space.We will show that the
point of set in the theorem 3.10 are cover points in the metric space at e = 3 by
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method to find the covering number in metric space:
First, we will find all center points by considering each ball at point (-1,1), (1,1), (1,-1)
and (-1,-1).

1. At the point z = (=1,1), the ball is the set

B((-1,1),4) = {y € § |d((31, 1), (-1,1)) = max(jys — (1], [z — 1) = 3}
2. At the point & = (1,1), the ball is the set

B((1,1), 1) = {y € 5 d((y, %), (1,1)) = max(lys — 1|, [y — 1)) = 5}
3. At the point z = (—1,-1), the ball is the set

B((-1,-1), 1) = {y € S |d((v1,32), (=1, =1)) = max(lys — (=1)],[y2 = (1)) = il

4. At the point z = (1, ~1), the ball is the set
B((1,-1),3) ={y.€5 |d((y1, v2), (1; ~1)) = max(lyr — 1], ly2 =(=1)[)

Il
il
‘?4-’

Wit

The set of the closet point in the other ball is 71 = {(—- SISt

Figure 3.6: First round for finding the covering number of metric Lo (3- cover)

Ty is not the covering set S. We consider another cover point from the remaining
region of set 8, Now new corner points are in set A such that

A= {(HDIE DL DL=D 58 DG 0.6 -3), 3, (L ),
(3,1), (3, D}and Bz, 3) ={y € S,z € Ald((y1, 12), 2) = 719

The set of the closet point in other balls is T, = {(0, 2),(0,0), (=3,0),(0,~3), (2,0) }

Therefore, the covering number is [T U Ta| = [3% = 9 = 445,

i

ey g I

! .
Figure 3.7: Second round for finding the covering number of metric Le (3-cover)

If we make cluster of set S where T' = {(—%,i%),(%,i%),(O,igj,(ig,o),(o,o)} with
metric Lo at e = 1 then we have nine cluster of C1.Cs, ... and Cy. We get C; UC2 U
...UCo > 8, 50 |T| = 9 is the covering number. The area of CLUC,U...UCy =415

equal to the area of set § =4.

078288
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Theorem 3.12. Let (RY, L,) be a metric space . If ¢ = } then the covering number are
12 p0|nts at T = {{_%1 1)1 (_11 %)a (_1v _%)n (_%o _1)1 (%a 1)5 (1’ %)a (17 _%)1 (%5 —1)! (Os %)1
(-3,0,0,-)3.0}.

Proof. By definition2.9, if e = 1 Then T = {(—%, +1), (=1, +1), (3, £1), (1, £1), (0, £1), (13,0)}.
If p(z,T) < 3 forall z € S. Then sup_ ¢p(z,T) < 3. Therefore, the covering number is
IT|=12=4(1)+4(2) at T = { —3, 1), (=1, £3), (3, £1),(1,£3), (0, £3), (:i:%.O)}.

Example 3.13. For i-cover. Let (R L) be a metric space. We will show that the
by

(10

point of set in the theorem 3.12 are cover points in the metric space at ¢ =
method to find the covering number in metric space:

First, we will find all center points by considering each ball.at point (-1,1), (1,1), (1, -1)
and (-1,-1).

1. At the point z = (-1, 1), the ball is the set
B((—11)i3) = {y € Sldly1,92),(~1,1)) = (la = (=) +Jy — 1)) = 3}
2. At the point z="(1,1), the ball is the set
B((1,1), 3) ={y-€ Sld((g,92), (@, 1) =y = L vz = 1) =3}
3. At the point o = (=1, —1), the ball is the set
B((-1,-1),5) ={v € Sldlyy), (=1, =)= (= (=Dl vz = (D) =3}

4. At the point z = (1, -1), the ball is the set
B((L,-1), 3).={y € Sld{ (g 2). (1, ~1)) = (g1 = U +lya = (=1)])

The set of the closet point in the other ball is
7 = {-POCED, (528,03, GO0 fEA A NG |

T

4 N |
$=H"S

Figure 3.8: First round for finding the covering number of metric L; (}-cover)

T) is not the covering set 5. We consider another cover point from the remaining region
of set §. Now new corner points are in set A such that A = {(0,1),(1,0), (-1,0),(0,-1)},
and B(z, 1) = {y € S,z € Ald((1,32),z) = 3}

The set of the closet point in other balls is 75 = {(U, 1), (-3,0), (0, —%)(%,0)}.

2
Therefore, the covering numberis [Ty UTs| = > dk=4+8=12.
k=1
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Figure 3.9: Second round for finding the covering number of metric Ly (3-cover)

If we make cluster of set Swhere T = {(%,j:l), (=1,£3), (3, 1) (1,£4), (0,%£3), (i%,o)}
with metric Ly at e = 1 then we have twelve cluster Cy,Cz, .- and Cp.. We get
CLUCsU.. UL 2 S, 50 |T| =8 covering number. The area of C1UC2U .. WUC2=6

is more than to the area of set § =4.

Theorem 3.14. Letbe (R%,L1)bea metric space. If =73 thenthe covering number are

24 points at T = {(—%, 1), (C1.3n L R2yr(13, 3N (2,1),(L, 2,08 =2), (NN (O 1),

("}3‘3 % 3 (_%) %)! (—1)0)1 (—%!—%) (_ﬂ%a F_;Lj)! (O! _1)’ (%! %)‘ (%7 %)‘ (11 0)1 (%’ _%)’ (%’ —%)' (H%’O)’
0,-3), (3.0, O},

Proof. By definition2.9, if ¢ =3 Then 7= {(-—%,il), (=143, @), @ =360,

(—%,i%),(—%,i%),(:t:l,()),(%,i%),(i%,O),(O,i%),(%,:t%)}. I p(z,T) < } forallz € 5
Then sup,csele, T) < 3 Therefore, the covering numberis |T] = 24 = 4(1)+4(2)+4(3) at
T= {()%—‘:I:l),(—1,i%),(%,:tl),(l,:l:%),(ﬂ, il).(—%d:%),(—%,i%),(ﬂ:l,o),(%,ﬂ:%),(:t%,(l),

(0,£1). (5 £}

Example 3.15. For L-cover. Let (RY, Ly) be a metric space. We will show that the
point of set in the theorem 3.14.are CoOver points in the rnetric space at e = 1. By
method to find the covering number in-metric space:

First, we will find all center points by consider each ball at point 0, A s -1)

and (-1,-1).
1. At the point = = (-1,1), the ball is the set
B((-1,1),3) ={v € Sld((y1, ), (1, 1) = Iy ~ (=Dl +ly2 — 1) = 3t
2. At the point z = (1,1), the ball is the set
B((L,1),3) = {y € Sldl(@rv2): (1, 1)) =l — U +l2 =1 = 3}
3. At the point z = (-1, —1), the ball is the set
B((-1,-1)3) =€ Sld((yr,y2), (-1, —1) = (B = (=1)| +ly2 — (=D = 5}

4. At the point z = (1,-1), the ball is the set
B((1,-1),3) ={y€ S|d((y1 ), (1L, —1) = (1 1+ o — (=D = 3}
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The set of the closet point in the other ball is
Ty = {(_%= 1)! ("1! \'2_5)' (—11 ‘%}:{"%‘r _1)5 (%’ 1)* (11 %)* (L _%)1 (%‘ _1)}'

g

Figure 3.10: First round for finding the covering number of metric L. (3-cover)

T, is not the covering set 8. We consider another cover point from the remaining
glon of set S. Now-hew corner points are in set'A such that
= {(-1, 1), (11, =30 5o <T)y )2 (3s1), (L) (1=5)e(F, — 1)}, and
-B(ﬂ?‘ ;)={yveSre Ald(yi ), 2) = 3}
The set of the the closet point in other balls is
7, = {0 D=3 HE DHOLEE = D (C55).C ©)-1), (52 (3.3 (LG —3)
3. -H}:

Figure 3.11: Second round for finding the covering number of metric L (£-cover)

T, is not the covering set 5. We consider another cover point from the remaining
region of set S.

Now new corner points are in set A’ such that 47 =4(=2,0),(0,—-3),(3,0), (0, 2)}, and
B(z,3)={yeS € A'ld((y1,92), %) = 3}

The set of the closet point in other balls is 75 = {(-3,0),(0,-3), (3,0),(0, 3)}-
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Figure 3.12: Third round for finding the covering number of metric L, (3-cover)

3
Therefore, the covering number is [Ty UT, UT;| = > 4k =4+ 8+ 12 =24,
k=1

If we make cluster of set S where T = {(—%, Tty NS, L), (1, £3), (0, £1), (-3, £3),
(=2,£1), (£1,0), (3, £4),4£3,0), (0,1%),(;&%)}. with metric'Z, at e = 1 then we have
twenty-four cluster €y, Ca,.«..and Cyy. We get C;1UC U...UCxu 2 S, 50 [T| =9 is
covering number. The area of GyUCo U ... U Cy = 2 is more than to the area of set
g =4

One center point in space S = [-1,1]*
On the other hand, we can change the e-cover problem to the k-center prob-
lem when choosing k points for cover set S and find the smallest ¢ to cover set S.

Remark 3.16. Let space 8 =[=1,1]% The covering number is equal to 1 at e-cover.
(i) Metric Ly, and k = 1 the smallest e to cover set 5'is 1.
(i) Metric Ly and k = 1: the smallest e to cover set §'is 2.

(i) Metric L, and k = 1: the smallest e to cover set S is V2.

S =[-L1F

&=1 1 =2 E=""{E

Figure 3.13: The covering number is equal to 1
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3.1.3 The covering number in space S = [—a, q]?

Remark 3.17. The covering number of set § = [~1,1]. The maximum distance is equal
t0 1. The set can be covered where e =1 or e = L. Moreover, For space § = [~a,a]*.
The maximum distance is equal to a. The set can be covered where e = a or e = ¢,
where 1 < k < a ; k € N. Notice the distance between any center poinfs are less than

or equal to 2.

The set § = [—a,a]? and a-cover. There are the covering number as the follows:
e Metric Lo, The covering number is only one point at origin.
e Metric L;: The covering number has four points.
¢ Metric Lo: The covering number does not exist.
The set § = [—a,0]? and g-cover. There are the covering number as the follows:
2

s Metric L.,: The covering number is (ak)? or |T| = (ak)*.

ak ak ak
e Metric Li: The covering numberis S 45 or [T| = 3. 4j =45 4 = 4(“—"19@) =
=1 J=1 =1
2{ak)? + 2(ak) = 2ak{ak + 1).

o Metric Lo: The covering number does not exist.

The space S = [—a,q?, the covering number is equal to 1 at e-cover:
o Metric Ly, and k= 1: the smallest ¢ to cover set 5 is a.
s Metric Ly and k = 1: the smallest ¢ to cover set §'is 2a.

o Metric L, and & = 1: the smallest ¢ to cover set S is av/2.



Chapter 4
Covering Number in Quasi-metric space
Theorem 4.1. [3] Let (M, d) be any quasi-metric space. Then d is weightable if and
only if there exists w: M — [0, cc) such that
d(z,y) = p(z.y) + L[w(y) — w(z)] forall z,y € M,
where p is the symmetrized distance of d. Moreover, we have

1 fw(z) - w(y)] < pla,y)for all z,y € M.

More generally, a metric space (X, d) does not satisfies the symmetry condition called
a quasi-metric space. We consider the covering number in a quasi-metric space. Let
(M, d) be quasi-metric space defined by metric space as follows

d(z,y) = p(z,y) + 3[w(y) — wiz)].

Example 4.2. Let (M, d) be a quasi-mefric space. The function given by
d(y, z) = max|e; — 1) + § (w(@) —wE)]; w@) > wly).
where p = Lo = max|z; — y;| and max|z; — | 2 Lw(z) — w(y))-
For 2,9,z € R. We show that d is an quasi-mefric space on R. We need to verify

the asymmetry and triangle inequality, while the other properties are obviously satis-
fied.

o We will show that d is asymmetry. We have d(z,) # d(y. z) since 3jwly} —w(z)l #
Lw(z) — w(®)] ; w(@) > wy).

« We will show that 4 satisfies the triangle inequality. For all w(z) > wly) > w(z).

We have
d,) = max s — il + 31v) = w(a)} @
(g 2) = x|y — = + Shu() — ) @.2)
d@@:mmm-muémm—me . @3

Next, We consider d(z,) + d(y, 2), defined by

d(z,y) + d(y, z)

= max|z; — gl + wly) - w(z)] + maxly; - z] + 3lw(z) —wE)]
> max|z; — 2| + Slwly) — w(@) +w(z) - w)l

= max |z; — zi| + Fw(z) - w(=)].
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Thus d(z, z) < d(z, ¥} + d{y, z).

Therefore, (M, d) is a quasi-metric space,

Example 4.3, Let (M, d) be a quasi-metric space. The function given by

dfy, ) = g @ — v+ § o) — w(a)] ; wlz) > w(y).
where p = L =€, X I(m — | and 3 (as w9l 2 Jlu(e) ~ w().

For z,,z € R. We show that 4 is an quasi-metric space on R. We need to verify
the asymmetry and triangle inequality, while the other properties are obviously satis-
fied.

o We will show that d is asymmetry. We have d(z,y) # d(y, z) since [w(y) —w(z)] #
glw(z) — wly)];wiz) > wly).

» We will show that d satisfies the triangle inequality. For all w(z) > w(y) > w(z).

We have -
Aa) = Y (o1~ 90|+ 5l0) - w(a) @9
‘* 1
dly )= 37 Ifs = 2] + ol = wlo)l (.5)
d
dz,2) = 5 N - z)] + %[w(z) A1 (4.6)

i=1

Next, We consider d(z,y) + d{y, z), defined by
e )+ (0, d
= 5 It - 91+ ) = 0@ + £ e = 201+ Jiu(e) = u)]
> 3 o — )i + Hu) — v(e) + w(z) - vy)]
;
= 5 1(a1 = )]+ 3fuz) ~ u(a)
Thus d(, 2) < d(z, ) +d(y, 2).

Therefare, (M, d) is a quasi-mefric space.

4.1 1-cover in quasi-metric space.

From a quasi-metric space (M, d) and M = § = [-1,1]* c R? where w(z) > w(y),
the weight function is less than or equal to the symmetrized distance function p and
the maximum distance function which is equal to one.
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Remark 4.4.

o Casel: If the weight function 3 [w(z) — w(y)] = 0, then w(z) = w(y)
We have the covering number of 1-cover in a quasi-metric space which is equal

to 1-cover in a metric space.

o Case2: If the weight function 3 [w(z) —w(y)] # 0 and 1 w(z) —w(y)] = &, then

w(z) =w(y) + 2 and plz,y)=1-— 1
We have the covering number of 1-cover in a quasi-metric space which is equal

to (1 - %)-cover in a metric space.
Example 4.5. Let (M,d) be a quasi-metric space. The function d given by
d(y, Y =Max|z; —yil +3 B(E) © w(y)) ; w(z) >wly).

We consider 1-cover wheré M= R2, §=(=1,1] and determining 5 [w(z) — w(y)] < L.
Casel: If thee weight function 3 [w(z) — w(y)} = 5 then w(z) = wiy)+ 1.
We have
L fwly) ~w(@)] = L w(y) < (o) +1) = 1-1=3
Thus max|zi=uil = 1 We find all center points by considering each ball at radius

equal to 3 with the points (<1,1) 01 ATAN and (<1, 1)

1. At the point 2 = 1D e ball is the set
B((-1.1,3)=1W¢E Sldlgus); (=1,1)) = max(fys = (-1 vz = M) = 1)

2. At the point = = (1,1), the ball is the set
B((1,1),3) ={v € Sld((vh, %), (L) = max(|ys = s lyz = 1) = 3k

3. At the pointz =(-1,-1), the ball is the set
B((-1, -, RNYS $1d((yr, v2), (—T — 1= max(ly - (1)l lre—A=D) = 3}

4. At the point z = (L=1); the ball is set
E((lv —1)1 %) = {y € Sid((y‘l»y‘l)! (1» F_l)) - max(lyl == ll, 1'5#2 = (;1“) = %}

b=
|
=
~
—
(S
(%]
—_
—_
(&1
|
ol
—
—
o
> |
Q.

The set of the closet point in other balls is T' = {(—%, . (=
IT|=4=2%

Figure 4.1: The covering number in quasi-metric Lo (the weight function =1)
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Therefore, the covering number in a quasi-metric space is |T] =4 = 22,

Case2: If weight function 1 [w(z) — w(y)] = 1 then w(z) = w(y) + 2.
We have
3w ~w@)] = § [wy) - (@) + )] =3(-3) = F-
Thus max|z; — | = 2. We find all center points by considering each ball at radius
equal to 2 with points (—1,1),(1,1),(1,-1) and {-1,-1).
1. At the point z = (—1,1), the ball is the set
B((-1,1).3) = {y € Sla((y1,v2), (-1, 1)) = max(lyn ~ (D)l lyo — 1) = §}.
2. At the point z = (1,1), the ball is the set
B((1,1),3) = {v € Sld((y1.32). (1,1)) = max(|ys — 1], ly= — 1)) = §}.
3. At the point z = (~1,-1), the ball is the set
B((-1,-1), 3} = {v € Sld{(y1, ¥2), (=1, ~1)) = max(lys — (1)l lgo — (=D} = £}.
4. At the point z = (1, —i), the ball is set
B((1,-1), 3) = {y € Sld{(y1,92), (1, 1)) = max{lgs — 1 g2 ~ (=1)]) = 3.

=4 -G -H}

Lol

¥

ool

The set of the closet point in other balls is 7' = {(‘Tl, D

Figure 4.2: 1-cover in quasi does not exist the covering number ( the weight function =3).

Example 4.6. Let (M, d) be a quasi-metric space. The function d is defined by
d
d@.y) = 2 N =w)l + 3 [w(z) — wy))ywiz) > w(y).

We consider 1-cover where M = R?, § = [-1,1]* and determining 3 [w(z) — w(¥)] < L.
Caset: If weight function 1 [w(z) — w(y)] = 3 then w(z) = w(y) + L.
We have

L () - w(@)] = § fwy) - () +1)] = 3(-1) = 3.

Thus i |z — %)) = 4. We find all center points by considering each ball at points
(—1! ]jv_(ll! 1)3 (15 _1) and ("11 —'1)

1. At the point 2 = (—1,1), the ball is the set
B((-1,1),3} ={y € § |d((v1,92), (-1, 1)) = (Jyp — (=D + [y2 — 1|} = 3}
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2. At the point z = (1,1), the ball is the set
B((1,1),3) = {y € S |d((y1,92), (1, 1)) = |y = 1 + |y = 1) = 3}-

3. At the point z = (-1, 1), the ball is the set
B((-1,-1),3) = {y € § |d((y1, 32), (=1, =1)) = (I = (=D + lya = (-1))) = 3}-

4. At the point z = (1, -1), the ball is the set
B((1,-1),1) ={y € § |d((y1,32), (1,—1)) = (ly1 = 1 + |y2 = (=1)]) = 3}.

The set of the closet point in the other ball is
= {(_%' 1)' (_L %)! (k11 4%): (_%s _1)' (%s 1)' {1! %)~ (17 ﬁ%)v (%: _1)}'

SR
s g

Figure 4.3: First round for finding the covering number of quasi-metric L, (1-cover)

T, is not the covering set S. We consider another cover point from-the. remaining
region of set S. Now new corner points are in set A such that

A={(0,1),(1,0), (=L,0), (0;=1)}; and B(w, }) = (v € 5, 2. €-Ald{{y1 wa)i7) = 3}

The set of the closet point in other balls is Tz = {(0‘, ) (=3,0),(0, —%)(%,0)}.

2

Therefore, the covering number in‘a quasi-metric space is [Ty U T»| = S dk=4+8=12
k=1

L

N/

/
\NK

Figure 4.4: Second round for finding the covering number of quasi-metric at 1-coverL, (1-cover)

Case2: If weight function 1 [w(z) — w(y)] = 3 then w(z) = w(y) + 3.
We have

ot

Lw@) —w@) = § [wy) - (@) + ] =3(-5) = F

Thus max|z; — 3| = 2. We find all center points by considering each ball at radius
equal to 2 with point (-1,1),(1,1),(1,~1) and (~1,-1).
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1. At the point z = (=1,1), the ball is the set
B((=11),2) = {v € Sld((p.32). (-1, 1) = 3}

2. At the point z = (1,1), the ballis the set
BL1).3) = {v € Sld((y,32), (1L,D) = 3}-

3. At the point z = (-1, —1), the ball is the set
B((-1,-1),3) ={ve Sd{(y1, 32) (-1, —1)) = 3}

4. At the point z = (1, ~1), the ball is the set
B((1,-1),2) = {y € Sla(v1, v2), (1,-1)) = 2}.

The set of the closet point in other balls is T = {(:3—1, 1,1, 1.5 D, L (-4 -1

(—1! —%)r(%’ —1)1(11 '_']3=)}

Figure 4.5: 1-cover in quasi does not exist covering number (the weight function =4)

4.2 ecover in quasi-metric space.

From a guasi-metric space (M,d), we consider e-cover in a guasi-metric space
on M = § = [~a,a]? C R where w(z) > w(y). The maximum distance function is equal

to e

Remark 4.7.

Casel: If the weight function § [w(z) - wiy)] =0, then w(z) = w(y).

We have the covering number of e-cover in a quasi-metric space which is equal to
¢-cover in a metric space. '

Proof. Let (M,d) be any quasi-metric space which is defined by metric space. If we
have the covering number then L fwlz) —w(y)] = 0 then plz,y) = a. BY remark, We
have the e cover is equal to .

Case2: If the weight function § [w(z) — wiy)] # 0 and § fw(z) —wl(y)) = & k> 1, then
wiz) = wly) + % and plz.y) =€~ &
We have the covering number of e-cover in a quasi-metric space which is equal to

(e - i)—cover in a metric space.
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Proof. Let (M,d) be any quasi-metric space which is defined by metric space. If we

have the covering number then p(z,y) = 1 w(x) - wly))-

o If plz,y) = 3 w(@) —w(y)] then we get the maximum of the weight function
L w(e) - w(y)] to cover. Since, the set § = [—a, a)? have the maximum e Cover is
equal to a. We geta+a>all is impossible, sO the maximurn the weight function

L w(x) - w(y)) to cover is equal to 3. Therefore, p(z,y) = 5-

o If p(z,y) > § then 2p < a. By step to cover, W€ have the cover point. If B(center
point, p(z,y)) N B(center point, p(z,y)) = ¢ then the diameter of ball is equal to
2p(z,y). Thus 2p(z,y) > € =8 but 2p(z.y) < @ Since we have the cover point
where p < § itis contradietion, so the covering-number does not exist at the

weight function less than 3.

£-cover in a metric space g on
S when sup,; 0(x.¥) 15

Figure 4.6: The covering number in metric and quasi-metric space



Chapter 5

Conclusions and Suggestions

5.1 Conclusions

In a metric space, we can find the covering number by considering the ball at
e-cover. Furthermore, a quasi-metric space cannot cover. However, we can find the
covering number on a quasi-metric space by considering the condition for determining
the distance only one direction. For example, d(z,y) always more than d(y,z). We
define a quasi-metric space by using metric space.

The covering number on a quasi-metric space is.related to a metric space.
We have the covering Aumber of e-cover in a quasi-metric space which is equal to

(e - i)-cover in a metric space.

5.2 Suggestions

The covering number can be applied to the location problem such as signal,
broadcast, satellite, WIFl, etc. The current step for computing the covering number
cannot applied for solving i1 another metric space due to 2 limitation in the ggometry
of a metric. Hence,'some metric such as La; La, etc. Some metric might be used by

another step. Future study will focus on this issue.

Figure 5.1: Application of the covering number
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Abstract

In this paper, we present how to find the center points and the covering number by given
e-cover for covering space $S9Q R2 with metric L1, L5 and Leo- We found the formula
for the covering number in metric space. The paper also defines the quasi-metric space by
given metric space. We have got the formula for the covering pumber in quasi-metric space.
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1 Introduction

The many applied mathematics issues need manipulating and dominant collections of ran-
dom variables indexed by sets with an associated infinite a variety of parts. Whereas any finite
set will be measured in terms of it cardinalify, measure the size of a group of infinitely several
components, which is called covering numbers. Covering Aumbers is a number of center points
of a set which data point takes group nearest center point.and set of each group is called cluster.
The k-center problem is a problem of clustering, the goal of k-certer problem is choosing a set
of k points to serve as centers and to assign all the points to the centers, SO that the maximum
distance of any point in its center are as small as possible. The e-cover problem is to find the
number of centers that make cluster to cover all the points when the maximum distance are €.

Clustering or cluster analysis is grouping & set of objects (clusters). The object of a group
is similar to another and different from the objects in other groups. Formally, the clustering
structure is represented as a set of subsets C; of S, S is set of objects and Cj is cluster such
that § = U ,C; and c;NC; =0 fori = Consequently, any instance in S belongs to exactly
one and only one subset [2].

Many clustering methods use distance measures to determine the distance between two
instances x;, ; denote as d(x;,xzj). We need to describe the kind of space in which the data
are contained which many distance functions can be defined in metric space.

e am——

t Corresponding author.
tSpeaker.
E-mail address: supa.wan.yn@gmail.com (S. Yena), praiboon.pa@kmitl.&c.th(P. Pantaragphong)-
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9 Preliminaries

2.1 Metric space

Definition 2.1. [3] A metric on a nonempty set X is a function d : X X X — R for any
z,y,z € X if it has the properties:

e Positive definiteness: d(z,y) > 0 and d(z,y) = 0 if and only if z = y.
e Symmetry: d(z,y) = d(y, ).
e Triangle inequality: d(z,y) < d(z,z) + d(z,y)-

The mapping d is called metric on X or distance function on X and (X,d) is called metric
space.

Example 2.2. The function d : Rx R — R+ defined by d(z,y) = |z — y| is a metric on R

To show that d is a metric space on R we need verify only triangle inequality, while the other
properties are obviously satisfied. ~We have d(z,z) = |2 — z] ISy TY zl < lz—yl+
ly — 2| = d(z,y) + dly, z) forany 2,4, 2 € R. Therefore, (X,d) is a metric space.

Three metrics will be used in this research such as

e L, (Taxicab): d(&,y) = llz =@ = ; M2 7

o Lo (Euclidean) : d(zy) =llz= ylls =

u: 2
ey Yi) s
=1

o Lo (Supremum): dz, y) = Iz = Y|l g = max{zi = yil,
where n is dimension of space and all above distance functions is metric on R" that is

(R™, L), (R™, La), (R™, Loo) are metric space.

2.2 Open and Closed Set

Definition 2.3. [4] Let (X, d) be a metric space; Lo € X and r > 0. The Open ball with center
zo and radius 1 is the set B(zg:7) = [xeXr d(mo, ) < r}. The closed ball with center o and
radius r is the set B(xo, ). ={z€ X : d(zg, z) <

Definition 2.4. (4] Let (X,d), the unit ball around some point € X is the set of point of
distance at most 1 from %, {y e X™ d(zyy) < 1}

Unit ball is a set of points is the distance less than or equal to one with fixed center point.
The figure 1 shown center point in space R2 and unit ball with metric L1, Loo; Lo on R2.

 |Unitball L, L. £

Figure 1: The unit balls B((0,0),1) on R?

Notice that the characteristic shape of the Loo metric is a box, while that of the L1 metric
is a diamond. Similarly, the characteristic shape of the Lo metric is the sphere.

Proceedings of AMM 2017 MI5-05-2
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2.3 Quasi-metric space

Definition 2.5. [3] A quasi-metric on a set X will be a function d : X x X = R* for all
z,y,z € X if it has the properties:

o d(z,y)=dly,z)=0if and only if x =¥.
o d(z,y)} < d(msz) + d(z, y)

The mapping d is called quasi-metric on X and a pair (X, d) is called quasi-metric space.

Symmetrization
[3] Let (X,d) be a quasi-metric space. The function # : X x X — R while bz, y) =
%[d(ac, y) + d(y, z)] is called symmetrization of d.

Weight function
(3] Let (X, d) bea quasi-metric space. The quasi-metric d is called weightable quasi-metric if
there exists a weight function w : M = [0, 00), satisfies

d(z,y) + wiz) = dy,z) +w(y) for all z,y € X.

Theorem 2.6. [3] Let {M, d) be any quasi-metric space. Then d is weightable if and only if
there exists w : M — [0,00) such that

i, y) = pl ) + Swly) - w@) for alie,y € M,
where p is the symmelrized distance of d. Moreover; we have
L w(z) —w()] < plz,y)for all 2,y € M.
From theorem2.5 we define quasi-metric by metric as the following example.

Example 2.7. Let M be any set and d is a quasi-metric which

d
dag) = 3 (o = 1)l + 5 bole) — w(@]wle) > ww)

i=1

By theorem2.5: metricis plz,d) = L1 = S (@i — y;)| and weighted funciion is % fw(z) — wy))]-
We will show that (M,d) is a quasi-metric space.

Let be z,y, 2 € R If d(z,y) is quasi-metric then it is satisfy two properties.

e First property: It clearly d(z,y) > 0 and d(z,y) # d(y, )
since 1[w(z) — w{y)} # Lfw(y) — w(w)] where w(z) > wy)-

e Second property: We have to show the triangle inequality property,
d 1
dw,y) = 3 (- )| + 5 w) —w@hwE > w(y)
i=1

d
2w 2) = Sl - 2|+ 3w~ w(EwE) > 6@

i=l

d
do ) =3I — ) + (@) = w(@) (@) > ()

i=1

Proceedings of AMM 2017 ‘ MIS-05-3
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and
d

d
o)+ 2) = 30 () + Slua) — 0@+ D G = 201+ 3lu0) w2
=1 i=1
d

>3 @i — 2] + 3 w(e) — wl) +w(y) ~wE)

i=1

(i — )|+ 3 0(e) — ()]

il
A_Mn‘

Il
-

s0 d(xV?‘) S d(mvy) + d(yl 2).
Since d satisfies two properties.
Therefore, (M, d) is quasi-metric space.

2.4 Covering number in metric space

Definition 2.8. [1] Let any metric-space (X, p). For any € > 0, an e=cover ofaset S C X is
defined to be any set T C X such that supze op(x,T) & ¢ and cardinality-of set T is called the
covering number.

Here p(z,T) is the distance from point & to the closest point in set T, that is plz,T) =

inf .erp(2, 2)-

Example 2.9. In metric space and set S = [~1,1]*. There are the covering number at e-cover

when € = 1 by L1, L2, Lo metric.
Casel[1] In metric Lo and e = 1. The covering number is only just one point as the figure 2.

P AL, 0)}

v
1-cover

Figure 2: 1-cover by Los

Case2(1] In metric L1 and € = 1. The covering number has four points as the figure 3.

Ll

T = {(1.0)(0.1).{-1,0).{0 -1}

Figure 3: 1-cover by Ly

Case3 In metric Ly and e = L. The covering number dose not exists any point but the space
can be covering only one point where € = /2 as the figure 4.

Proceedings of AMM 2017 MIS-05-4
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Figure 4: v/2-cover by Lo

3 Main Results
3.1 Find the covering number in metric space
We will find the covering number of set S = [—1,1)2 subset of R? as following the step

(i) Create the closed ball B(z,¢€) of corner point of set S that is point (1,1), (-1, —1), (1, —1),
(—1,1) as figure 5(left).

(ii) Cover each point which the point is the nearest the other balls as figure 5(right).

(iii) Iterative the step 1 and 2 if there are some regions uncover.

/f‘\ /'I

A 24
x .
4

d \-\Q/
S ; ,/"\,
€4 NELB
W

y

N\ 4

-
Figure 5: Show closed ball of corner point and cover in each center points

Remark 3.1. Space § = [—1, 1]?, the covering number for 1-cover with metric Lo has only one
point which it is an origin.

Remark 3.2. Space S = [—1, 1]2, the covering number for 1-cover with metric L; there are four
points (can not cover by one point).

Remark 3.3. Space S = [—1,1]2, the covering number for 1-cover with metric Ly doses not to
exist to on any point because one point must contain in only one cover but space can cover by
one point where € = /2.

Example 3.4. Give the space S = [—1,1]%, we consider 1-cover in metric space.

1. For 1-cover with metric Lao.
We find all center points, by consider each ball at point (—1,1), (1,1),(1,-1), (-1, —1).

(a) At point z = (—1,1), ball is set B((—1,1),1)
= {y € Sld((y1,92), (=1,1)) = max(jy1 — (=1)I, |32 — 1]) = 1}.
(b) At point z = (1,1), ball is set B((1,1),1)
= {y € S|d((y1,¥2), (1,1)) = max(|y1 — 1|, [y2 — 1]) = 1}.
(c) At point z = (—1,—1), ball is set B({—1,-1),1)
= {y € Sld((y1,2), (-1, -1)) = max(jyr — (=1)|, [y2 = (-1)]) = 1}.

Proceedings of AMM 2017 MIS-05-5
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(d) At point z = (1, —1), ball is
= {y € Sld((ylu y2): (17 _1))

set B((1,-1),1)

= ma.x(ly1 = 1‘1 !yz = (_l)l) =

The set of closet point in the other ball is T = {(0,0)}.

i

Figure 6: covering number of metric Ly

2. For 1-cover with metric [y

We find all center points, by consider each ball at point (—1,1),(1,1),(1,-1), (-1, -1).

(a) At point z =(—1,1), ball-is set B((=1, 1),1)
= {y € Sld((w1, v2), (-1, 1)) =Jyy —(-1)| +lag — 1| =1}
(b) At pointz= (1,1), ball is set B((1,1),1)

= {y € 5ld((y1,%2), (1,1)) =]

yu—d| 4y = =1}

(c) At point z = (=1, 1), ball is set B((—1,—1),1)

= {y € Sld((y1y92), (=1, 1)) =

(d) At point.2 = (1, 1), ball is set B((1, =1),1)

= {y € Sld((y1,92),(1,=1)) =

ly1 =~ 1|+ |ye — (=1)| = 1}.

by 7 (D) Hlya = (S1)=1}

50)’ (—170)}‘

The set of closet point in the other ball is T'= {(0,1),(0 —1),(1
" <9
% A\ O\ S
‘ i D o bt
N AN T 4
[ p '\\ \
I L Y \ ‘
\ /ﬂ(\\ // |
\.:’ WY \/

Figure 7: covering number of metric Ly

3. For 1-cover with metric Lo

We find all center points, by consider each ball at point (—1,1),(1,1), (1, -1),(-1,-1).
(a) At point z = (-1, 1) ball is set B((—1,1),1)

= {y € Sld((y1, 2), (-1,1)) =
(b) At point & = (1,1), ball is set

vy — LI+ e -1 =1}
B((1,1),1)

= {y € 8ld((y1,%2), (1, 1)) = V/ly1 — 1 + |y2 — 1| = 1}.
(c) At point z = (—1,—1), ball is set B((— 1 -1),1)

= {y € Sld((y1,92), (-1, -1))

=Vl - (Dl+ - (D=

(d) At point z = (1,—1), ball is set B((1,—1),1)

= {y € Sld((y1,92), (1,-1))

The set of closet point in the other

Proceedings of AMM 2017

=/l =1+ g2 — (1) =1}.
,0),(—1,0)}.

ball is T = {(0,1), (0 — 1), (1

1}.
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Figure 8: 1-cover dose not exist but set S can be cover by € = /2

1
Remark 3.5. The space S = [—1,1]? with metric Lo, and € = - the covering number is equal
ton? or |T| = n?.
; . il . .
Remark 3.6. The space S = [—1,1]? with metric L and € = - the covering number is equal

i3 1
to > dkor |T| = 3 4k.
k=1 k=1

1

Remark 3.7. The space S = [=1,1]? with metric Ly and € = —, the covering number is equal
n

to |T| =|95] .

Example 3.8. Given the space S = [~1, 1], we consider e-cover in metric space where ¢ < 1

. ) r . 1
and distance between any center point are 2¢, so maximum of € is % It means e = — for all
n

n > 1.

i . .
e For E—cover with metric Lqg

1. —caver
We find all center points by consider each ball at point (—1,1), (1,1),(1,—=1), (=1, —1).
(a) At point x' = (—1,1), ball is set B((=1,1), 5)
= {y € Sld((y1,v2), (=1: 1)) = max(lys = (=1} 2 = 1) =3}
(b) At point = =(1,1); ball isset B((1;1), 1)
= {y € 8ld((y1,92); (1,1)) =max(lya= 1, [yz ~1)) = 5},
(c) At point z = (—1,—1), ballis set B((—1,~1),3)
= {y € Sld((y1, y2)5 (=1, ~1)) = max(|ya = (=1)|.dga— (-1)]) =3}
(d) At point z = (1, —1), ball is set B((1, =1), %)

4=2%

$=[-1.1]

T = {(0,0)}

Figure 9: covering number of metric Ly (% — cover)
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2.

1_cover
%Ve find all center points by consider each ball at point (—1,1),(1,1),(1,-1), (-1, —1).
(a) At point z = (—1,1), ball is set B((—1,1),})

(b) At point = (1,1), ball is set B((1,1),3)

(c) At point x = (—1,—1), ball is set B((—1,-1), 3)

(d) At point z = (1,—1), ball is set B((1,—1),31)

The set of closet point in the other ball is T'1 = {(—%, %), (—%, —%), (%, %-), (%, g%)}

Figure 10: covering number of metric Lo, (& 3= Cover)

T'1 is not covering set S. We have to consider another cover point from remain region
of set §. Now new corner points are in set A such that
A= {(_%‘ 1)\ (%! %)?(_lv %)! (_1: _%)x ("%1 _%)v (_'}jy _1)1 (%1 _1)! (%a 7%)! (1,'*%), (1! %)v (%v %)\ (%s 1}}

B(z,}) = {v € S,z € Ald((41,y2)@) = }}
The set of closet point in the other bdll {80 = {(O, 3) 0):(— % 0y, (0 M%)’ (%’ 0) }
Therefore; the covering number is 71U 72| = [3%|=9=4+5

r- * : vor- 0 ¥ -uy

L i, o L, 1 1, !

O Pl ] 3

Figure 11: covering number of metric Lec ( & — cover)

1 ’
e . For —-cover with metric L
n

1.

Lo
5 —cover

We find all center points by considereach ball at point (—1,1), (1,1), (1,-1), (-1, —1).
(a) At point z = (=1,1), ball is set B((—1,1),1)
= {y € Sld((y1,2), (-1,1)) = (lyn = (=1)| + ly2 = 1]) = 3}-
(b) At point z = (1,1), ball is set B((1, 1), )
= {y € Sld((¥1,%2), (L) = [y1 = 1| +[yo — 1)) = 3}.
(¢) At point x = (=1, —1), ball is set B((—1,-1),3)
= {y € Sld((y1,32), (-1, 1)) = (lyr = (=1 + gz = (-1)]) = 3}.
(d) At point z = (1, —1), ball is set B((1,—1), 3)
= {y € Sld((y1,92), (1L, =1)) = (lyr = 1 + ly2 = (=1)]) = 3}-
The set of closet point in the other ball is
Tl = {(_%a 1)’ (_11 %)s (_1) —’%)v ("'%; —1), (%5 1): (1? %), (1) _%)a (%‘ _1)}
T1 is not covering set S. We have to consider another cover point from remain region
of set S. Now new corner points are in set 4 such that A = {(0, 1), (1,0), (-1,0), (0, -1)}
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-3
q

G99

#1

ri-s

Figure 12: covering number of metric L, (% — cover)

B(z, %} = {y € S,z € Ald((y1,92),%) = %}
The set of closet point in the other ball is T2 = {(0, 1), (—3,0),(0, —%)(5,0)}

2
Therefore, the covering number is [T1UT2| = S 4k =4+8 =12
k=1

£
# 2
% & . X X
N 5
/ N
\\ ’ % e e
VN

Figure 13: covering number of metric Ly ( % — cover)

2. . y-—cover
We find all center points by consider each ball at point (=1,1),(1,1),(1,~1),(=1,-1).
(a) At point z = (=1, 1), ball is set B((~1,1), é)
(b) At point z = (1,1): ball is set B((1,1), 3)
(¢) At point z = (—1,=1), ball is'set B((—1,—1), %)
(d) At point z = (1,-1), ball is set B((1, —1), %}
The set of closet point in the other ball is
£l = {(_gv 1)! (—1, %)’ (_1* _%)= (—%1 _1}’ (%? 1)’ {lv %)‘ (1’ _%): (57 _1)}

Figure 14: covering number of metric L; (3 — cover)

T'1 is not covering set S. We have to consider another cover point from remain region
of set S. Now new corner points are in set A such that

A= g(_%a 1)’ ('—11 %)1 (_13 —%), (_%: _12, (%: 1), (1: %): (]-a —%): (%v _1)}

B(, E) ={yeSze Ald((ylay2)aw) = 3}

The set of closet point in the other ball is

T2 = {01, (-3, 1. (-3 ). (<10, (-4, -3 (-2 -1. 0,21, (. . (3. . 1.0, (G, - D). G. -1}
T2 is not covering set S. We have to consider another cover point from remain region

of set S.
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Figure 15: covering number of metric Ly {% — cover)

Now new corner points are in set A’ such that A’ = {(—%,0), (0, —%), (%,0}, (0,2)}
B(z,3)={y € S,z € A'ld((y1,¥2),z) = 3}
The set of closet point in the other ball is T3 = {(—3,0), (0, -3), (3,0), (0, 3)}

Figure 16: covering number of metric L (% — cover)

3
Therefore, the covering number is [T1UT2UT3| = > dk =448+ 12=24
k=1

Remark 3.9. Covering number in space S = [—a, a]?

The covering number of set § = [—1, 1] and e < 1, the € = 1 given the maximum distance and
for § = [~a,a]?, the ¢ = a given the maximum distance. The set can be cover where € = a or
€ = %, where 1 < k < a and distance between any center point is less than or equal to 2e.

The set S = [—a, a]? and a-cover. The covering number is the following

e Metric Lo: The covering number is only one point at origin,
e Metric Li: The covering number are four points,

o Metric Lo: It is not cover by e = a. This space will cover by e = av/2 and origin is only
center point.

The set S = [—a,a]?> and £-cover. The covering number is following.

e Metric Lo.: The covering number are (ak)? or |T'] = (ak)?.

ak ak
o Metric Ly: The covering number are 3 4j or |T'| = > 4j.
=1 i=1

o Metric Ly: The covering number are [T = |S]|

3.2 Covering Number in quasi metric space

Let (M,d) be quasi-metric space defined by metric space,

d(z,) = ple,y) + 3u(y) - w()] for all 2,y € M,
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l-cover in quasi-metric space
From({M, d), we consider l-cover in quasi-metric space on M = § = [-1,1]?> € R? where
w(z) > w(y), weighted function is less than or equal to symmetrized distance function and the
maximurn distance function is equal to one.

e Casel Let weighted function 1 [w(z) — w(y)] =0, so w(z) = w(y).
‘We have got the covering number of 1-cover in quasi-metric space and it is equal to 1-cover
in metric space.

e Case?2 Let weighted function 1 [w(z) — w(y)] = }L, so w(z) = w(y} + £ and symmetrized
distance function is d(z,y) =1 — L. :
We have got the covering number of l-cover in quasi-metric space and-it is equal to

1-— %)-cover in metric space.

e-cover in quasi-metric space
From (M,d) we consider e-cover in quasi-metric space on M = S = [—a,qa]> C R? where
w(z) > w(y), weighted function is less than or equal to symmetrized distance and the maximum
distance function is equal to ¢

o Casel Let weighted function £ [w(z) — w(y)] =0, so w(x) = w(y)
‘We have got the covering number of e-cover in quasi-metric space and it is equal toe-cover
in metric space.

o Case2 Let weighted function Tw(z)—w®)] = § k > 1, so w(z) = w(y) + Z and
symmetrized distance function is d{z,y) =€ — ¢.
We have got the covering number of e-cover in quasi-metric space and it is equal to

(e - %)-cover in metric space.
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