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Chapter 1

Introduction

1.1 Inception and importance

In mathernatical analysis, convolution is an operation assigned to each pair of
{Rierann) integrable real-valued functions f and g given by

(f*g)t) = ] fOglt—ndr,  t>0.

Convolution turns out to be important in many areas of mathematics, such as, differ-
ential equations and probability. It was remarkable that convolution has applications -
in various scientific fields that include control and system theory, image and signal
processing, mathernatical physics, etc.

On the other hand in linear and multilinear algebra, there are many kinds of
matrix products which are of interest in both theory and apptications. Recall that the
Kronecker product of two real matrices 4 = [a;;] and B is defined by

A® B = [ai; Bjy;,

that is, each (3, j)-th block of A ® B is given by ay; B.
The Tracy-Singh product, introduced by [14], is defined for two partitioned matrices
A= [A,'j]ij and B = [Bia] i by

AR B = [[Ay; @ Buutliy.

Note that if 4 has one block, their Tracy-Singh product is reduced to the so-called
block Kronecker product [8]. When both factors have only one block, A ® B reduces
to A® B. See more information about Tracy-Singh product and related topics in
[10, 11, 13, 15].

In the last decade, Kilicman and Al Zhour developed further kinds of matrix
convolution products for matrix-valued functions. These include Kronecker convo-
lution product [5], Hadamard convolution product [6] and box convolution product
[15]. In [1], systems of linear matrix convolution equations can be reduced to a simple
matrix convolution equation by using Kronecker convolution product, and then such
systems can be solved by using Laplace transform. Itrative procedures for linear matrix
convolution equations are proposed in [15, 1].

In this research, we extend the notion of Kronecker convolution product to the
Tracy-Singh convolution product of integrable matrix-valued functions. We investigate
its algebraic properties involving certain algebraic operations. We also discuss convo-
lution (anti)commutators and Tracy-Singh convolution powers. Moreover, we apply
the Tracy-Singh convolution product for solving linear matrix convolution equations.



1.2 Objectives

1) To investigate algebraic properties of Tracy-Singh convolution product for matrix-
valued functions.

2} To apply algebraic properties of Tracy-Singh convolution product for solving linear
matrix convolution equations.

1.3 Scopes of the study

First, we define the Tracy-Singh convolution product of integrable matrix-valued
functions. Then we investigate its algebraic properties involving certain algebraic op-
erations. We also define convolution (antilcommutators and Tracy-Singh convolution
powers, and deduce their algebraic properties. Finally, we apply the Tracy-Singh con-
volution product for solving linear matrix convolution equations.

1.4 Benefits

To obtain a tool for solving linear matrix convolution equations.

1.5 Research methodology

1) Study convolutions for real-valued functions from textbooks.

2) Study convolution product of integrable matrix-valued functions from research

papers.
3) Study Tracy-Singh product of matrices from research papers.
4} Determine objectives and scope of the research.

5) Define the Tracy-Singh product and investigate algebraic properties involving cer-
tain algebraic operations.

6) Define convolution (antilcommutators and Tracy-Singh convolution powers and
deduce their algebraic properties.

7) Apply the Tracy-Singh convolution product for solving linear matrix convolution

equation.

8) Conclude the results, make suggestions for further works and write the thesis.
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Chapter 2
Preliminaries

The purpose of this chapter is to provide basic concept and tools in matrix
theory and used in the research.

The first and the second sections deal with preliminaries in matrix theory. We
collect fundamental properties of the convolution product of real-valued functions,
Kronecker product of complex matrices and the Tracy-Singh product, as a generalized
Tracy-Singh convolution product for Riemann or continuous matrix-valued functions.

2.1  Convolution of real-valued functions

In what follows, let £ = [0,0c} or = [0,8] for some b > 0. Denote by M., (R) the
set of m-by-n real matrices. When m = n, we abbreviate M, .(R) to M,{R). Recall
that a matrix-valued function 4 : @ — M, .(R), A{) = [a:;(2)] is said to be integrable
(continuous) if the real-valued function a; is integrable {continuous, respectively) for
eachi=1,...,m and j = 1,...,n. Denote by Z(Q, M, .(R)) and C(Q, My, .(R)) the set
of integrable (continuous, resp.) matrix-valued functions form Q to M., »(R).

For any integrable functions f,g,A: Q - R and « € R, the following properties
are straightforward to verify:

Frlg+h) = frg+ f=h, - (2.1
(f+g)xh = fxh+4gxh, (2.2)
a(f+g) = (af)xg = fx{ag). (2.3)

If, in addition, f, g,~ are continuous, then by changing variables we have

frg = gx*f (2.4)
(frg)xh = fx(gxh). (2.5)



Example 2.1. Consider f(t) =t* and g(t) = ¢, ¢t > 0 where a,b € N.

(F*9)(®) = fo 2%(t - z)°da

b . ti+a+1
1yt tb-—z
(=1) (z) i+ae+1

. a+-b+1
(—1)1(?)73———-—.
ijidta+l

M- 10~ £
l

i=0

Example 2.2, Consider f(t} = cosat and g(t) = sinbt, ¢t > 0 where a,b € N — {0}.
case a#b
(F+g)(t) = fotcos ez Sinb(t — x)dx
By using Trigonometric identity, we obtain
1 /*sinu 1 % sinu
D e f,,t atb

_lcosu o  1cCOSu .,
2a—b " "2a+p '

t
f Cosax SiNb(t — z)dr =
0

—1 1
= ———(Cosat — COSbt) + —————(COS at — COS bt
2(a__b)(co a )+2(a+b)( oSa )
—~b
= e — Cos bt).
a2+b2(cosat COS bt)

casea=b C
{(fxg)t) = f Cos ax sina(t — z)dz
0

By using Trigonometric identity, we obtain

’ . 1 f* LR
f Cosazsina(t —x)dx = uf sin atd:c:——f sina(2x — t)dz
0 2 Jo 2 Jo

1 0. 1

= jesinat 4 +-€0S a2z —t) |§
1 . 1

= —{5In — -
stsinat + - (cosat — cosat)
tsinat

2




Convolutions of elementary functions can be obtained via integration by parts
and changes of variables. The following table illustrates the resulting convolutions.

Table 2.1: The table of convolution product

f(t) g(t) (f*9)(t)
b b b tb+a+1
A t o {—=1)H%) < ,beN
E;-—D( ) (1)1+G-+1 a 5
. . —asinbt i
sinat sin bt Zasinbi + bsinb¢ e#b
B2 — g2
—btCcosbt + bsinat a=b#0
2b
; —b(Cos bt — Cos at)
sinat cos bt Ry a#b
tSinbt a=b£0
2
y ebth — bcosat + asinat
sinat gbt o a? +b2#£0
bsin bt — asinat
Cosat cos bt —2—-—5,,—6 a#b
a*® — b2
bt COs bt + sin bt a=b£0
2b
bt H
b e'h—bcosatl +asingt 2, g2
cosal bt R a* + b6 #0
bt ai
at bl e —¢
e e p— aF#b
ebtt a=>»

2.2 Convolution of matrix-valued functions

Definition 2.3, The convolution product between an integrable function f: § = R
and an integrable matrix-valued function A : @ — M., .(R) is defined to be the function
fxA:Q = My o (R), (fxA)(t) = [f(2) *ai;(t)]. For convenience, we may write F(£)« A(t)

instead of (f * A)(z).
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Definition 2.4. The (usual) convolution product of two integrable matrix-valued func-
tions A : Q = Mma(R), At) = [ai;(8)] and B : @ — M, ,(R), B{t) = [b;;(t)] is defined to
be the matrix-valued function 4+ B : Q — M, ,(R),

(A=B)(t) = [Zn: ai(t) * bkj(t)} € Mnp(R) foreach teq.
k=1

For convenience, we may write A(t)  B(t) instead of (A x B)(¢).

Example 2.5. Consider

"

sintg 2

| =0
-1 t-1

I
—
= @

v

L |

3
[

Aft)y = [
The convelution product of A and B is

[ sint+e? +#2#1 SINE *SiNE + 22 x ¢
(AxB)(t) =

—lwel +(t—1)%1 —ls=sint+(t—~1) L
i . B.1 ) tt
l(e‘f—cost—sm-t——) S(—tcost+sint+ —)
=2 2 3 2 p 1t2
t
—et—t4 -1 =4 —.
I l—et—~t+ 3 +Cost— < + X

Theorem 2.6. Let A, B and C be n x n integrable matrix-valued functions on Q. Then

for any scalar o and g
({ad + 8B) x C)(t) = a(A * C)(t) + B(B » C)(¢).
Theorem 2.7, Let 4, B be n x n continucus matrix-valued functions on 9. Then
((A* B) = C)(t) = (A= (B*C)(),
(Ax B)T(#) = BT(t) « AT(p).
2,3 Kronecker convolution product

Definition 2.8. Let A = (a;;] € Mmn and B = [b;;] € M, . The Kronecker product define
by

A®B= [a,'jB],'j < Mmq,np

Example 2.9. Consider



The Kronecker product of 4 and B is

1B 2B
A@B =
~1B 4B

-3
—4

-2 12
-1 16

B 00 b

Definition 2.10. The Kronecker convolution product of two integrable matrix-valued
functions A : Q = Mp . (R), 4(t) = [ay(t)) and B : Q — M, 4(R), is defined to be the
function 4 ® B : Q — My ne(R),

(A® B)(t) =lay;(t) « B(t)];; foreach teQ

That is, each (i, j)-th block of (A ® B)(t) is given by a;;(t) » B(t). For convenience, we
may write A(t) ® B(t) for (A ® B)(L).
J [e‘ $in t}
. B =
1 1 t

The Kronecker convolution product of 4 and B is

, et sint NN
SNt % £ ®
1 t 1 t

et sint et sint
{(t—1)%
t 1 t

Example 2.11, Consider

Alt) = [sint #2

(A® B)(t) =

—1=*

1

Fsint*e" sine # sint 2 et 2 %sint
sintx1  sings*l 2 %1 2xt
—1lxet  ~1=8in{ (t—1)xe' (t—1)«sint
—1s1 —1xt (t-1)x1 (E—1)=t
_E(e’S —Cost—sint) é(—tcost+ sint) —2+2ef—2t—-¢>  —14+¢%>42cost
. 13 i
_ 1 —cost t—Ssint 3 ﬁ .
1—et —14cost —t —1+4+t+cost—sint
_t2 t2 _t2 t3
— —_— _t R —_ i
- ¢ 2 +2 2 +6



Lemma 2.12 {[5]). Let A, B and ¢ be compatibly integrable matrix-valued functions
on 2. Then for any ;calars o, 3 we have

() Ag (B+C) = (A®@B)+(A®C),
(i) (A+B)aC = (A®C)+ (Ba ),
(i) (cd)® B = o{A®B) = A® (aB).

Lemma 2.13 ([5]). Let 4, B and C be compatibly continuous matrix-valued functions
on © and for any integrable function ¢: Q — R, we have

(A®B)®C = A®(Be (), (2.6)
(¢+A)®@B = ¢+ (A®B) = A® (¢ B), (2.7
(A@ B)T = AT @ BY. (2.8)

Theorem 2.14 ([5]). Let A, B and C be n x n continucus integrable matrices on .
Then
(A(t) ® B(@)) » (C(t} @ D(1)) = (A(t) = C(t)) ® (B(¢) = D(t)).

2.4  Tracy-Singh product of complex matrices

Definition 2.15 ([11]). Consider matrices A and B of order m xn and px ¢, respectively.
Let A = [4;;] be partitioned with 4;; of order m; x n; as the (3, 7)th submatrix and let
B = [By] be partitioned with By of order p;, x g, as the (k,1)th submatrix where
T 8 t u
oF B/ n? X R =Lt LT AL BN L ) Nt
=l i=1 k=1 =1

The Tracy-Singh product of A and B, denoted as AR B, is defined by

ARB

[[4s ® Bualy],; » (2.9)
where AR B is of order mp x ng.

Example 2.16., Consider

where

and




where
Bn=[1], B12=[4 7], By = l:;}, By =

The Tracy-Singh product of 4 and B is

FAu @B An®Biz Anp®Bn A @B
ARE = An®By An®Ban A2®Ban A ® B
A @By A2 ®Biz Ax®Bn An® B
[A21 @ Bor A1 ®@Bay A ®Ba1 A2 ® B
1 2] [4 7 8 1] [3] [
4 5 16 28 20 35 ] 24
[ 2 4 1 [ 5 8 10 16- i 6 ] -15
3 6 6 9 12 18 g 18
= 8 10 20 32 25 40 12 30
_12 15 _24 36 30 45_ _lSJ ‘36
|7 8] [ 40 32 56| [o] [s6
14 16| a5 s6 40 64| [18] as
|21 24] |42 63 48 72| |27] [54
f 1 2 4 7 8 14 3 12 21-
4 b 16 28 20 256 6 24 42
2 4 5 8 10 16 6 15 24
3 6 6 9 12 18 9 18 27
= [8 10 21 32 25 40 12 30 48|.
12 15 24 36 30 45 18 36 54
7 8B 28 49 32 56 9 36 63
14 16 35 56 40 64 18 45 72
_21 24 42 63 48 72 27 54 SIJ
Example 2.17. Consider
4= An Am}
Az Asp
where
An = [1] , o A = [2 3] y An {4 y  Am o=
7
and

42
24
27
48
54_
63-
72
81
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where

Bn=[2l 45] Bu=m, Bn=[3 6|, Bn=[o]

The Tracy-Singh product of 4 and B is

-Au @By An®Brp A12@Bn Az ® B
A13®By An®Ba A3 @B Az ® B
A21® By An®Bia A ®Byy An® By
[ An @ Byy An®Bzz A ®Ba A»®Ban|

ARB =

[[1 4] [7] [2 8 3 12] [1a 21]]
2 5] [8] |4 206 15} 16 2

3 6] [o] [6 12 9 1 18 27]

4 18] [28] [5 20 6 24| [35 a2

= |18 20| |s2| |10 25 12 30| |40 4s
7 28| la9| |8 32 9 36| |56 63

14 35 56 16 40 12 45 64 T2

12 24 36 15 30 18 36 45 54
21 42 63 24 48 27 54 72 81

1 4 7 2 8 3 12 14 21
2 5 4 20 6 15 16 24
3 6 9 6 12 9 18 18 27
4 16 28 5 20 6 24 35 42
8
7

20 32 10 25 12 30 40 48(.
28 49 8 32 9 36 56 63
14 35 56 16 40 12 45 64 72
12 24 36 15 30 18 36 45 54
21 42 63 24 48 27 54 72 81

Proposition 2.18. Let A4,B,C and D be compatibly partitioned matrices and « € C.
Then

() (0d)RB = AR (aB) = a(ARB),

(i) (A+C)RB = ARB+CRB,

(i) AX(B+D) = ARB+ AR D,

(v} (AR B)* = A*R B~
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2.5 Vector operator

Definition 2.19. For each matrix A = [a;;] € Mm o(C) we associate the vector vec(4) €
Cmn and rvec(4) € C™* respectively defined by

VeC(A) = [alls vy Grnly @124 000y Bm2y ooy Gny,y "-}amn]T

and

NEC(A) = [a'lla ooy Blmy G215 oeey B2my ooy 2275 ERTIN amn]T-

1 5 3
A=
2 4 86

Example 2.20. Consider

Then

vec(A) = and  rvec(A) =

Theorem 2.21 ([5]). Let 4, X, and B be n x n integrable matrix-valued functions on £
Then

(i) VeclA(t) » X(t) * B(t)] = [BT(t) ® A(2)] * VecX (1),

(i) Vec[Alt)X (t) = B(t)] = [BT(£) @ A(t)] » VecX (t),



Chapter 3
Tracy-Singh Convolution Products

In this chapter, we introduce the notion of Tracy-Singh convolution product for
matrix-valued functions and investigate its algebraic properties. This kind of convolu-
tion product is associative and compatible with certain algebraic operations, namely,
the addition, scalar multiplication, scalar convolution product, usual convolution prod-
uct and transposition.

3.1 Tracy-Singh convolution product of matrix-valued functions

Definition 3.1. Let A € C(Q, Mn(R)) and B € C(Q, M, ,(R)). We partition A(t) =
[4i;(8)]i5 and B(t) = [Bu{t)lu, for all £ € Q. Here each Ay;(t) is of order m; x n; and
By(t) is of order py x g, where

domi=m, Y mi=n, > m=p  d.a=g
We define the Tracy-Singh convolution product A® B : Q — My, ne(R) by
| (A@ B)(t) = [[4i;(t) ® Bu(t)u);; foreach te
For convenience, we write A(8) ® B{t) for (A ® B)(f).

Example 3.2, Consider

Adt) = A1r(t)  Aga(t)
Azl(t) Azg(t)
where
S . 3
Anft) = l:smt t} , o Anl)= [ t} v An{t) = [cost t] . An(t) = [1]
-1 ¢ 1
and
B(t} _ Bu(t) Blz(t)
Bgl(t) Bgz(t)
where

Bu(t) = [—1] . Bu(t) = [t —sin t] » Bau(t)= Lj ,  Bn(t)= [Sint t} .

cost 1
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The Tracy-Singh convolution product of A(t) and B(t) is

A(t) ® B(t)

Au(t) ® Bn(t) An(t) ® Bis (t) Alz(t) ® Bu(t) Aia (t) ® Blz(t)
_ [An(t} @ Ba1(t)  Au(t) ® Baa(t) Awa(t) ® Bault) Aia(t) ® Baa(t)
An(t) ® Bii(t) Aan(t) ® Bia(t) Ase(t) ® Bu(t) Az(t) ® Ba(t)
An(t) ® Bai(t) Azi(t) ® Baa(t) Apa(t) ® Bar(t) Aga(t) ® Baa(t)
_;3 4 2 _43 7
[—1 + cost =t t — sint -l-(tcost — sint) L 2 —#% — 2cost Ly - t — sint
E = 2 i7 z g
t —- —_— 1 — cost e t — sint -t - -1+ cost
t% 1 2 6 ¢l —t? 2 -t
t— sint 3 (—tiast + sint) t — sint ~2 - t2 4 2cost @ - it sint —-é—z-
0 0 —tsint 1 — cost 2{t — zint) E—— 0 —1+cost =
_ 2 3 2 -2 ' 53 2 t%.
= - 5 —1 - cost = t = sind E 7 1 —~ cost E-
0 0 —sint -t 1~ cosi % 0 sint i
. —t? 1. £ . t2
—gint —_— 1 — cost —=tsint — ~t 4 gint -t — ~1 4 cost
t% 1 4 . £ t? 2 12
1 — cost 4 Etsint 1 — cost t— sint E 3 1 — cost 3
0 0 %{tcost + sint) stnt 1 — cost % 0 stnt t

Theorem 3.3. Let A, B,C and D be compatibly partitioned integrable matrix-valued
functicns on Q. Then

(} AR(B+C) = (AR B) +{A®C),
(D (A+B)BC = (AmC)+ (AmC),
(i) (0d)BB = Am(aB) = a(AB B) forany a eR.

Moreover, if A and B are continuous, then for any continuous function ¢: © = R, we
have

qb*(AE]B):(qS*A)EiB:AE](d)*B), (3.1)
(AmB)f = ATm BT. (3.2)

Proof. Write A(t) = [A(£)y], B(t) = [B(t)u] and C(¢) = [C(t)x), for each ¢ € . By using
Lemma 2.12, we have

(AB(B+CON() = [[Ai{t) ® (Bu(t) + Curl(t))]atlis
= [[Ai(t) ® Br(t) + Ai(8) ® Cra()]at]is
= [[Ai(2) @ Bra()]ar - [Aij () ® Cra{t)ial i
= [[4i;() ® Bre(@)]ulis + [[A(2) ® Cra(t)]malys
= (A8 B)(t) + (A & C)(1),
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((A+B)@OYE) = [[(Ay(t) + By (1) ® Cra(t)]wthi

= [[(A55(#) ® Cua(t) + Bi(t) ® Cra()]w)is
= [[(A5(2) @ Cra()ut + [Biz (1) ® Cra(8)]wales
= [[(4:;(£) ® Car(W)ralis + [[Bi (£) ® Crat)ualis
= (ABC)(t) + (B& C)(t),

((cd) B B)(&) = [lady(t) ® Bu(t)]ulis
= [[4; () ® aBu(t)luly; = (A8 (aB))(t)
= [[Ai{t) ® aBu(t)]wi]is
= [{o(As; () ® Bu(t)]uli;
= [ofAi(t) ® Bu()]ulis
= af[4;(t)} ® Bu(t)uliy = a(A @ B)(1).

Hence, we obtain the propertias (i-iii).
Property (3.1) and (3.2) can be proved by using (2,7) and (2.8} as follows:

(¢ + (AB B))(8) = [[¢* (Ai;(t) ® Bralt))re)is
= [[(#* 4i5(1) @ Bu(®)uly = ((¢+ 4) = B)(2)
= [[A; () ® (¢ * Bu()luls = (AB (¢ = B) (),
(A B B®)T = [[Ai;(t) @ Bult)ull;
= [[4;i(t) ® Bu(t)]i)is
= ([A5:(8) ® BE@®)lwlss
= [[[45 )" @ [Bru(®) Jilis
= AT() ® BT().

Hence, we obtain the properties (3.1) and (3.2). O
Lemma 3.4. Let A € Z(Q, M o(R)) and B € Z(Q, M, ,(B)). Then

An(t)BB(t) - Awn(t)8B(t)
Aty m B(t) = [Ai(t) B B(R)];; = - :
Ami{) BB(t) -+  Ama(t) ®B(t)
That is, each (i, 7)-th block of A(t) m B(¢) is given by A;(t) ® B{¢), regardiess of how to
partition Afz).
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Progf. By Definition of the Tracy-Singh convolution product, we have

Alt) ® B()
i An@ ®Bul(t) - An(l) ® By(t) An@) ®Bi(t) - Aw(t) ® Byg(t) ]
A (t) ® Bpa(t) -+ Ap(t) ® Bpe(l) An(t) ® Bpu(t) -+ Ain(t) ® Byy(t)
Ami(®) ® Bu(t) - Ami(t) ® By(t) [Amn(8) @ By (t) ++  Amn(t) ® By, (t)

I Am1(t) ® Bpi(t) -+ Ami(t) @ Bpy(t) _Amn(t) @ Bpi(t) -+ Amnlt) @ Bp(t) |
[ [Bi) - Bi®)] [Bu(t) - By®)]]
Ap(t) : : s Ap(tyE ; ) :
| Bp1{t) <o+ Byg(t)] | Bp1(t) -+ Byg(t)]
[Bn(t) .. qu(t)- _Bll(t) e qu(t)-
Ami(t) v Amn(t) @ : ’
L _Bpl (t) i qu(t)_ _Bpl (t) i qu(t)_ J
[An@® BB - A& B()
_Aml(t) BB(t) o Ama(t)® B(t)

Example 3.5. Consider

Anft) Ap (t)]

Alt) =
[AZI () Az(t)

where

. Py E
An(t) = [Smt tJ , o Ap(t) = [ t} v An()) = [COSt t] , o Age(t) = [1]
i 1

-1

and

B(t) = Bua(t) Bia{t)
Boi{t) Baal?)

where

Bu(t) = [—-1] v Bua(t) = [t —Sint] s Baft)= [:}] . Bam(t)= [sint t:l .

cost 1
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By Example 3.2 and Lemma 3.4, we have
An(t)@ B(t) Auna(t)® B(¢
A(t)m B(t) = ®) ®)
An(t)® B() As(t)® B(t)
—t8 1 ! , 2 _43
|-—1 +cost — t — sint —(teost — sint) — 2 -1t — 2cost s =
3 2 1‘? 2 %’
~t2 —12 ¥ ) t
t — —_— 1 — cost - L — sint -t -
t% 1 2 6 14 +3 2
t — sint —  —(—tcost + sint) t — sint —2 4+ ¢2 4 2cost — — —t+ sint
12 2 ' %g‘. 6
0 0 Etsint 1 — cost 2(t — sint) — 0 -1+ cost
—t? t3 —? y t:§" t#
= —_ — —1 + cost —_— t — sint - —_ 1 — cost
2 6 2 2
i
0 0 —sint =t 1 — cost — 0 sint
2
) —t? 1. £ ) ¢
—sint —_ 1 —cost ——tsint 3 —t + sint —t 5
t%' 15 ) 3 t2
1 — cost - —tsint 1 - cost t — sint — — 1 — cost
i3 8 e
0 0 i(tCOSt + sint) sint 1 — cost = 0 sint

Theorem 3.6. Let A € C(Q, My, 1 (R)), B € C(Q, M, o(R)) and C € C(4 M, .,(R)). Then
(AEB)WC = Am(BEC). (3.3)
Proof. We have by using Lemma 2.13 that for each t € Q,

(AQBB)BC(H) = [Ai;(t) ® Bu(t)luli; @ C(t)
= [[[(Ai;(t) ® Brr(t)) ® Cru(t)eulialis
= [{[4:5(t) ® (Bru(t) ® Cou()sulral i
A(t) 8 [[Bri(t) @ Cru(t)]eu] ki
A(t) ® (B(t) mC(2)).

Hence, we obtain the associativity property (3:3). C]

Recall that the direct sum of matrix-valued functions 4; : @ — M, » (R), i =
L,...,k, is defined by

Ai(t) 0 0
k k
DA Qo Mua®), DA = Azl(t) !
i=] =1
0 0 Ag(t)

Here, m =Y. m; and n =3 n;.

078287

t — sint

—1 + cost

- MIBW|JEC)|‘EE:

—1 + cost
12

2
3
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Example 3.7. Consider

sint cost
ettt
Aty=1 1 et |,  At)=
cost 1 —1
t -1
Then
(sint cost 0 0 0-
. I ¢ 0 0 0
Ai(t) 0
D4i= =|t -1 0 0 0|E€DMsg.
= 0 A0 0 0 e & ¢
0 0 cost 1 —1J

Proposition 3.8. For each i = 1,...,%, let A; and B be integrable matrix-valued func-

tions on 0. Then

(éAa‘)B = é(A,-rﬂB).

i=1 i=1

Proof. By induction, we may assume that k = 2. By Lemma 3.4, we have that for each
t e,
Ait) 0

0 A()

_[am=Be 0
0 As(t) @ B(2)

(A1 (8) © A2(8) B B(t) = [ } ® B(t)

= (A4;(¢) B B(t)) @ (A2(t) ® B(£)). ]

The next property, called the mixed product property, shows that the Tracy-
Singh convolution product is compatible with the usual convolution product.

Theorem 3.9. Let 4 € C(2, Mna(R)) , B € C(Q, M, ,(R)),C € C(Q, M, ,(R)) and D ¢
C(Q, M, ~(R)). Then

(AxB)E(CxD) = (AEC)* (BE D). (3.4)

Proof. Write A(t) = [Ay(®)72, B(R) = [By(®Ity, C) = [Cu@IPi, and D) =
[Du(®)]f=;- By using Theorem 2.14 and block-matrix algebra, we have that for each
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teq,
(A(t) = B(t)) B (C(£) » D(t})
= i Au{t) * Buj(t J [Z Cra(t) * Do (t)]
Lu=1 ij ki
- [[($m0-25) o (S00-00)] ]
[ L \u=2 t=1 kid 45
= (Z(Am ) % Bui (£)) ® (Cre(t) * Dtt(t)))] J
| Lzl ktd i
- E Z(Am(t ) # B i(8) @ (Cre(t) * Du(t))J :|
L Lu=1 ¢t=1 kidiy
= [ZZ Awu(t) ® Ciu(8)) * (Bus(t) @ Du(t))} ] |
u=1 t=1 kid ig
- [[AU )@ Ckl(t)}ki]tj ) [[BTJ (2) ® Dy (t) ktleg
= (A(t) B C()) * (B{t) ® D(1)).
Hence, we arrive at the property (3.4). [

3.2 Commutator of convolution product

Definition 3.10. For 4, B € Z(Q, M,.(R)). the convolution commutator and the con-
volution anticommutator of 4 and B are respectively defined as follows:

[4,B]. = AxB-BxA,
[A,Blsy = Ax B+ Bx A,

Example 3.11, Consider

sint  ¢2 sint ¢ sint ¢ sint ¢*
[4,B). = * - %
-1 ¢ cost 1 cost 1 -1 ¢

sint *sint 4 t2  Cost sint*t+t2*1jl l:sint*sint+t*(—1) sint*t2+t*t}

—1#%siNt4+t*CO5t  —lst-+tx1 Cost*sint+1%(—1) cost*t2+1xt
[{—tcost +sint . . 13 - ing) - » #3
(—2+—)-+2(t—5|nt) t—sint4+ — g—%——}ﬁT ~2+ £ +2c0st+ =
= —2 2|7 tsint : £
—1+4+cosi+1—cost —+ — — +(-t) 20t —sint) + —
L 2 2 2 2
. t2 . 1A
2(t—s|nt)+§ t—5|nt+g+2—t2—2cost
= int . 2
—ts—+t —2(t—sint) — —

2 2
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and

sint 2 sint ¢ sint ¢ sint 2
[AtB]“u'l- = * + *
-1 ¢ cost 1 cost 1 -1 ¢

B (sint*sint+t2*cost sint*t+t2*1}+{sint*sint+t*(—1) sint*#2+txt

—1xsint4-txCcost —lxt4txl CoSt*Sint+1%(—1) COSt*t2+ 1%t
[ H 3 _ i 42 3
( tCOSt+5'nt)+2(t—sint) t-—sint+t— (-tcost+sint) —i* _2+t2+2cost+y_
= 2 3 4 2 2 , 6
-2 ¢ tsint . t
—1+4+cost+1—cost —+ = — +{-t) 2t —sint) + —
L 2 2 2 2
. 2 . s
2(1s—s;mt)--E t—sint+ - —2+1t%+2cost
T tsint . 2
5 -t 2(t—5|nt)+-2-
Corollary 3.12. Let A, B,C, D € T{§, M,{R)). Then
48 B,CaD]. = %([A, Cl. @B, Dlus + 4, Cl.+ BB, DI.), (3.5)
[A®B,C@Dl. = %([A, C). @ (B, D], + [A, Clu,+ ®[B, D)s,4). (3.6)

Proof. By using Thecrem 3.9, we obtain

[A,ClL®[B,Dlyy = (AxC~CxAYB(Bx D+ D% B)
= (AxC)HE (B+D)+{AxCY® (D % B)
—(CxA)B(B*D)—(C»A)® (D *B),
[A,Clat @ [B, D). = (AxC+CxA)B(B+D - DxB)
= (AxC)B(B* D)~ (AxC)® (D x B)
+(C*xA)m(B*D)—(Cx A ® (D xB).

Putting them together yields

[A’ C]* & [B=D]*,+ + [A’ C]*.-!- cd [B1 D]*
W(A*C)@ (B D) —(C+A) @ (D + B))

2(ABB)*(CED) - (CED)+({A&E B))
2[A®m B,C @ D..

Similarly, we arrive at the property (3.6). O
Corollary 3.13. Let 4,B,C,D € Z(Q}, M, (R)). if [4,C]. =0 and [B, D]. =0, then

[AmB,CED]. = 0. (3.7)
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Proof. Suppose A(t) = C(t) = C(t) = A(t) and B(t) = D(t) = D(t) = B(t), we have

[A() @ B(#),C() ® D{g)] = (C(t) B D(E))  (B()  C()) — (A() B B(1)) » (A{t) B B(t))
= (A(t) x C(0) B (B(1) » D(8)) — (C(t) * A1) ® (D(2) = B(t))

= (C(8) » A{)) @ (D(¢) = B(}) — (C(t) » A(2)) B (D(¢) » B(2))

=0.

Hence, we obtain the property (3.7). ]

3.3 Tracy-Singh convolution power

Definition 3.14. The k-th Tracy-Singh convolution power A=* is defined for all pos-
itive integers & by

ARV = A and  ARGHD — ABR A
Example 3.15. Consider

AQ) = [An@) An)]

LA [sint] ) A/ @ [ et ]
1 Cost

By using Definition 3.14 and Lemma 3.4, we obtain

where

AR2() = ABY (@ At = A(L)®A(L)
= [A0 = an@) 4@ e 410
= [[An(t) Alg(t)] All(t) [All(t) Alg (t)] AIZ(t)}

[An(t) ® An(t) A @Au() An() @ Ai() An()e A12(f)]

Il

sint sint et sint sint el et et
= @ & ® ®
1 1 Cost 1 1 cost cost cost
[—tsint+siné e*—cost—sint e —cost—sint . |
5 2 > ett
¢sint t _cost+sint
1 — cost —1+4et — -‘%
= . t - . .
| — cost ts;nt C14et e cos2t+5|nt
. , int
t sint sint tcos%

Corol.lar); 3.16. For any A € Z(Q, Mn o (R)) and B € (0, M, 4(R)), we have
AT« BET = (A« B)ET (3.8)

for any r € N.
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Proof. The proof is by induction on r, we have known that from Theorem 3.8 that

(A()™2  (B)™* = (A() @A)  (B() @ B() = (A(t) + B®)) @ (A() « B(2))
= (4() » B2

ie, the claim (3.8} is true for r = 2. Now, assume that the property 3.8 hold for a
positive integer . By applying the mixed product property (Theorem 3.9), we have

(A% ()« (BHHD () = (4 () @A) * (B (1) © B))
= (47" () + B (1) @ (A(t) » ()
= (A1) + BO)T ® (A1) » B®)

— (A« BO)PH,

This implies that (3.8) is true for r + 1. I
Corollary 3.17. For any A € Z(Q, M.(R)) and B € Z(Q2, M,(R)), we have

(AEB)" = A" @ B™". (3.9)
for any r € N.
Proof. The proof is by induction on r, we have known that from Theorem 3.8 that
(AMEB()™ = (ARBBM)«(AMNBB()) = (A()=AR)S(BE*B(E) = (A (£)B(B(2))

i.e., the claim (3.9) is true for r = 2. Now, assume that the property 3.9 hold for a
positive integer r. By applying the mixed product property (Theorem 3.9), we have

(Agy@ B(1))™" = (A(t) @ B(t))" * (A(t) ® B(2))
= (A7(t) B B"(2))  (A(t) B B(#))
= (A"(t) * A(W)) ® (B"(t) @ B(1))
= (A1) @ (B™(2)).

This implies that (3.9) is true for 1. ]



Chapter 4

Vector-block Operator with Tracy-Singh Convolution

Products

In this chapter, we discuss how to reduce linear matrix convolutions to simple
ones by vectorization.
4,1  Vector-block operator

Definition 4.1. Let A(t) = [Ay;(2)] where 4;; is of order m; x n; (i = 1,..,p,5 = 1,..,q) S0
A(t) is of order mp x ng, we defined vector-block column operator and vector-block
row operator by

Vech, A(t) = [veC An1(t), ., Ve Am1 (£), VEC A1z (t), -, VEC Ama(t), .., VEC A1n (£}, .., VEC A ()]T
and

Vecb, A(t) = [rvec An(t), ., IVEC Ay (L), VEC Aoy (L), .., IVEC Aspn (2), .., TVEC Ay (1), .., TVEC Amn(O]” .
respectively.

Remark 4.2, The vector-block operator is a bijection.

Example 4.3. Consider

where
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Then, vector-block column operator and vector-block row operator of A is

[vec A1 (t)
VeC Ay (t

Vecb, A(t) = 21(t)
vec Apa(t)

vec Aag (t)

7

:C.Tlr.\:l»bb—t

Il

o~

il
:CDOO-QOBI‘.»JU!M»RH:

o> w

and

-rvecAn(t)

Aja(t
Vech, At = | o0 12(8)
rvec Az ()

rvec Asa(t)

(]

g
=

|
o wlon e
|

on-qc:wm.p.m._ﬁ]

oo -

T

]
e
L
i)
Tt

4.2 Tracy-Singh convolution product and vector-block operator

Theorem 4.4. Let A(t) = [A(t)j""“ B(t) = [B@)}] and C(t) = [C(t))7? continuous

Ly !

matrix-valued functions and X (¢) € M, ,. Then

Vech,(A(t) » X(t) » B{t)) = (B¥(t) ® A(t)) » Vechb, X(¢), (4.1)
Vech (A(t) * X (¢) * B(¢)) = (A(t) ®m BT(£)) * Vecb X (). (4.2)



Proof. To prove (4.1), consider

[ 0w (A(t)

rows(A(E))

Al = (X))« B@1) = * X(t} » B(t)

| rowm{A(t))
I-Al (®)

Az.(t) * X(t) * B(2)

| A (2)
[ Av(t) * X(8) * B(2)
As(t) * X(1) * B(2)

| An(t) X:(t) % B(t)
The row k-th of A(t) is given by
[4a) Al - Ay
We have
(A(t) = X(t) = B{t))e = Ap(t) = X (£) » B(t)

Xi(t)

sz(t) * B(t)

= |4 4@ - au0)] >
X5(6)
(Ap1(E) * X1(t) + Apa(t) % Xo(t) + - + A, () + X;(2)) « B(2)

- (E e *X_.,.(.:)) =0
=1

J
= 3" Ay ()« X;(8) » B(2).

i=1

Hence, (A(t)  X(8) + BH): = Yy Ais(t) x X5(8) % BQ).
Consider

VeC (A(t) » X (£) » B(t)), = vec (iAk,-(t) *Xj(t)*B(t))

=1

= ivec {(Ar;(t) = X;(2) = B(t))
F=1

.

= > (BT() ® Ax;(1)) x vec X;(t)
=1
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= (BT(t) ® A (8)) » vec X1(t) + (BT (2) ® Ara(t)) * veC Xat) + - -+ + (BT(t) ® Ay (t)) * vec X;(t)

= [BT(t)C’EAkl(t) BY(t) @ Apa(t) -+ BT(t)@)Akj(t)] + Vecb, X(#)
we obtain
vec(A(t) » X(t) x B(t))e = [BT(t)G‘)AIﬂ(t) BT(t) ® Apa(t) - BT(t}@Akj(t)] +Vecb, X (t)
That is
[vec(A(t) « X () » B(t)
Vech. ()« X() « B(e) = | A )‘((t) * B
| VeC(A(t) x X (t) * B(t))x A
(B2 0 4u(t) BT@eant) - BT()® )] - Vech, X1
_ (BT @ An(t) BT() @ An(t) - BT()® Ay(n) xVech, X(2)
-_[BT(t)@Akl(t) BT (1) ® Apeft) - BT(t)@aAkj(t)] *Vecb, X (t)
(BT(t) @ Au(t) BT(@)® Aun(t) - BT(H) @ Ay(t)
al BT(t)(a.aAgl(t) BT(t) @ Ags(t) -+ BT(t) ® Ag;(t) Vech, X(1)
| BT} ® A (t) BT (5)® Apa(t) -+ BT(t) @ Ak (t)

= (BT (t) m A(t)) Vecb, X(t).
Hence, Vecb (A(t) * X(£) * B(t)) = (BT (t) ® A(t)) Vech, X (t). U]
Progof. Prove of (4.2), we have by using the fact that Vech. A(t) = Vecb, A () and (4.1)

Vech,(A(t) » X(£) * B(t)) = Vecb(A(t) X(t) « B{t)T
= Vech (BT () « XT(t) » AT(1))
= (A{t)® BT(2) + Vecb, X7 (t)
= (A(t) ® BT(t)) + Vecb, X{¢).

4

Theorem 4.5. Let 4, B, C and X be compatibly partitioned continuous matrix-valued
functions on £2. Then The following statements are equivalent:

(i) A®) = X (@) » B(t) = C(t),
(i) (BT(t) @ A(t)} + Vech, X () = Vech, C(z),
(i) (A(t) ® BT(£)) * Vecb. X (t) = Vecb, C(1).

More generally, the following statements are equivalent:
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{iv) S (A(R) = X(3) % B () = Clt),
(v) (i (BT (1) m 4(t)) * Vecb, X () = Vecb, (),
(Vi) (T, (A:t) m BT (1)) * Vech, X(¢) = Vech, C().

Proof. (iv) & (v). The proof is by induction on n. We have known that from Theorem
4.4 that

2
DAty * X(2) x Bilt) = C(2)

i=1l

2 .
Vecb,. (Z A () % X (t) # Bi(t)) = Vech, C{t)

i=1

S Vech, (A:f#) * X () % Bi(t)) = Vecb, C(¢)
=1

2
> (BT () @ Ailt)) » Vech, X (1) = Vecb, C(t)

i=1
2
(Z Bf(t)m Ai(t)) xVech, X(t) = Vech, C(t)
=1
i.e., the claim (v) is true for n = 2. Now, assume that (v) hold for a positive integer n.

By applying Theorem 4.4, we have

r_lijl,q,.(ae) « X&)+ Bi(t) = C(1)
i=1
Xn:Ai(t) £ X(0) % BE) + Anp1(8) % X (@) # Bupa(t) = Ct)

i)

i=]

Vecb, (iA,—(t) *X(t)*B(t)) +Vech, (Ans1(t) ¥ X(8) * Busa () = Vechb, C(t)

(Xn: BT ® A,-(t)) *Vech, X(t) + (BT.,(t) @ Ansa () + Vech, X () = Vecb, C(t)

im=ml

(Tf BF () Ai(t)) xVech, X(t}) = Vech,C(¥)

i=1

This implies that (v} is true for n+ 1. H
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Proof. {iv) & (vi). The proof is by induction on n. We have known that from Theorem
4.4 that
2
D At)+ X(8)* Bi(t) = C(t)

i=1 .

Veck, (i A; () = X (1) * Bi(t)) = Vecb,C(t)

i=1

3 Ve, (4s(t) X () * Bi(t) = Vecb,O(2)
i=1

2
3 (At @ BT (1)) * Vech, X (1) = Vecb, C(t)
i=1

2
(Z A(tym BT (t)) *Vech, X(t) = Vech.C()

=1
i.e., the claim (vi) is true for n = 2. Now, assume that (vi) hold for a positive integer n.
By applying Thecrem 4.4, we have

n+l
D Aty * X(8) + Bi(t) = C@)
=]

i-Ai(t) *® X(t) * B(t) + An..g.](t) * X(t) * Bn.;.l(t) = C(f)

i=1

Vecb, (Zn:A,-(t)*X(t) *B(t)) + Veche(Ansa () * X(2) % Baya(t)) = Vech, C(8)

i=1

(Xn: Ait) & BY (t)) «Vecb, X () + (Anw (t) ® BI, (t)) * Vecb, X (t) = Vecb, C{t)
=1
a+1
(i A(t)® BF (t)) = Vech, X&) = Vecb,C(t)
i=1

This implies that (vi) is true forn + 1. il

Theorem 4.6. Let A(t) = [A()]7y" and B(2) = [B{t)]%:2 be given. Then

Vech (A(#) « B(t)) = (é A(t)) x Vech, B(t), (4.3)

i=1

Proof. (4.3) Let A(t) = [A(B)]73" and B(t) = [B(¢)]>+2. By Definition 4.1, we have

[(A(®) « B(H):

Vech (A(t) * B(t)) :
| (A(t) * B(t))q

[A@) o (B
o Aw - 0 (_ '
0 o . | LEON

(é A(t)) * Vach, B(2).

i=1
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[

Theorem 4.7. Let A(t) = [A@®))7y" and X (t) = [X(t)]¢. Then The following statements
are equivalent:

Ay« X(t) = Ct), (4.9)
q
(@ A(t)) « Vech, X(f) = Vecb, C(t). (a.5)
i=1
Proof. (4.4} & (4.5). Let Q; denocte the k-th block colurmnn of matrix Q. we have

[aw «x@n]  [aw«x)

Vech (A(t)  X(t)) = : = :
L(A(t) * X{t))q A(t) = X,(t)
[A@) o
o ap Xl'(t)
00 AR X4lt)
= (A(t)® AQt) & - - @ A(t)) » Vecb, X ()
= (é A(t)) «Vech, X (t). L]

Theorem 4.8. Let A(t) = [A(#)]}; and X (t) = [X(8)]ry". Then the following statements
are equivalent:

X(t)* A(t) = C{), (4.6)

(é AT(t)) * Vecb, X(t) = Vecb, C(t). (4.7)

=1

Proof. (4.6) & (4.7) Let @, denote the k-th block column of matrix Q, and we know
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that Vech, A(t) = Vecb, A(t)T. Then
Vecb, (X (¢)  A(t)) = Vecb (X (&) = A(t))T
= Vecb, AT() » XT(t)
[(AT@ X)) | A7)« X7 ()

(AT (2) « XT(t))q AT(t) « X7 (2)

(A7) o . 0
o AT® - 0 o
0 0 .- AT() X, 0
= (AT o AT e - & AT(t)) + Vecb, X7 (1)
= (é AT(t)) « Vech, X7 (1)
=1
= (éAT(t)) « Vech, X(t). I
=1

Theorem 4.9. Let A(t) = [A(®)]{;™ and X (¢} = [X(£)]22. Then The following statements
are equivalent:

ARy« X(t) = C(2), (4.8)

(é A(t)) *Vecb, X7 (t) = Vecb, €T (t). (4.9}

i=1

Proof. (4.8) & (4.9). Taking the transpose of both side of (4.8). we obtain
(A * X)) = C7(1)
XTyx AT(t) = CT(2).

By Theorem 4.8. we have

(é A(t)) *Vech, XT(t) = Vecb, CT(t).

i=1
Hence, the equations (4.8) and (4.9) are equivalent. ]
Theorem 4.10. Let A(®) = [A(®)]}f and X(t) = [X(®)I75™ Then The following state-
ments are equivalent:

X(t) x A(t) = C(2), (4.10)

(é AT(t)) xVecb, X7 (t) = Vecb, CT{1). {(4.11)

i=1

Proof. (4.10) « (4.11). Taking the transpose of both side of (4.10). we obtain
(X))« AW)T = CT(t)
ATy =X (1) = CT ().
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By Theoram 4.7. we have
q
(EB AT(t)) *Vech, XT(t) = Vecb.CT(1).
=1

Hence, the equations (4.10) and (4.11) are equivalent. ]

Corollary 4.11. Let A(f) = [A®)]{y" and X(t) = [X(8)]74. Then The following state-
ments are equivalent:

AW = X {8+ XT @)« AT() = C(1), (4.12)
(é A(t)) «Vecb, X(¢) = %VecbcC(t), (4.13)
i=1
(é AT(t)) xVech, XT() = %Vecb,, o). (4.14)
i=1

Proof. (4.12) & (4.13). We have by using Thecrem 4.7 that

Vech.(A(t) * X (t) + XT(t) » AT(t)) = Vecb,.C(t)
Vech (A(t) * X (2) + Vech(XT(t) + AT(t)) = Vecb,C(£)

(é A(t)) ¥ Vech, X(2) + (é A(t)) *Vecb, X () = Vecb, C(t)
i=1

i=1

2 (é A(t)) *Vecb, X(t) = Vech,C(4).
i=1

(4.12) & (4.14). We have by using Theorem 4.8 that

Vech, (A(t) » X () + XT(t) « AT(t)) = Vech, C(t)
Vech, (A(t) » X (&) + Vech, (XT(t) » AT (1)) = Vecb,. C(t)

(é A(t)) «Vech, XT(t) + (é A(t)) * Vech, X7(t) = Vech, C(t)
i=1 i=1

2 (é A(t)) « Vech, XT(t) = Vecb, C(z).

i=1

Proposition 4.12. Let A{f) € Mmp, B{t) € M, 4, X{t} € RBP4, and v(t) € B™",
(BE) BAR) «z{t) = v(¢) fandonlyif (A ®BE)*zr(t) = velt).
where
z(t) = Vecb, X (t),v(t) = Vech, V(t), zr(t) = Vecb, XT(t) and  wvr(t) = Vecb, VT (2).
Proof. We have by using Theorem 4.5,
(B(t)ym A(t)) » Vecb, X (¢) = Vecb, V(t) ifand only if  B(t)* X(t) * AT(t) = V(2).

Taking the transpose of both sides, we have



A(t) « XT(t) « BT() = VT(¢).
The proof is completed by applying Theorem 4.5. Hence

(A(t) @ BY)) xzp(t) = vr(t) ifandonly if  (A@t) ®BE)*z(t) = v(t).
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Chapter 5

Conclusions and Suggestions

5.1  Conclusions

The Tracy-Singh convolution products of integrable matrix-valued functions
have the following properties:

« Right distribution over addition,

» Left distribution over addition,

» Associativity,

« Compatibility with scalar multiplication,

o Compatibility with convolution of real-valued functions,
s Compatibility with transposition,

» Compatibility with direct sum.

Tracy-Singh convolution products of integrable matrix-valued functions have
relations with (antilcommutator convolutions as follows:

o [ABB,C®EDj. = 0,

* [ABB,C®D. = 5([4,Cl.8(B, DLy +[4.Cl.., & [B,DL.).
Tracy-Singh convolution powers have the following properties:

o AE" « BE — (A x B)E",

e (ABB)'" = A" ®B".

Tracy-Singh convolution products and vector-block operators have the follewing prop-

erties:
o Vech,.(A(t)* X(t) * B(t)) = (BT(t) ® A(t)) »Vecb, X(t),
o Vecb (A(t) x X (£) » B(£)) = (A(t) ® BT(t)) » Vecb, X(t).

The vector-block operators can be apply to reduce certain linear matrix convolution

equations to simple vector-matrix convolution equations.
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5.2  Suggestions

Instead of convolutions of Riemann integrable functions, we may consider con-
volutions of another integrable functions, such as Lebesgue or Henstock integrable
functions. We may investigate the Tracy-Singh convolution product for Lebesgue/
Henstock integrable matrix-valued functions.
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Abstract

In this paper, we generalize the notion of Kronecker convo-
lution product to the Tracy-Singh convolution product for integrable
matrix-valued functions, We investigate itsalgebraic prop ies mvoly-
ing certain algebraic operations. Moreover, we apply the Tracy-Sugh

convolution product for solving linear matrix convolution equations,
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1 Infroduction

Recall that the convolution of two integrable real-valued functions f and g 15 defined:by

d
(Fealty=" [ Hate=ridr 430

Convolution shows up i many areas of mathematics, such as, differential equations, prob-
ability and Markov process. It was remarkable that convolution has applications in various
scientific fields that include control and system theory, unage and signal processing, mathe-
matical physies, etc.

O the other hand in matrix theory, there are many kinds of matrix produets which are of
interest in both theory and applications. Recall that the Kronecker product of two real matrices
A = [a;;] and B 15 defined by

A® B = [aBlij,

*Corresponding author
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that is, each (i, j)-th block of A & B is given by a;, 3. The Tracy-Singh product. introduced
by [11]. is defined for two partitioned matrices A = [A;];; and B = [ Bt by

AR B = [[A; ® Bululy-

Note that if A has one block. their Tracy-Singh convolution product is reduced to the so-called
block Kronecker product [3]. When both factors have only one block, AR B reduces to AS B,

Sea more information about Tracy-Singh product and related topies i [7.5. 10, 12].

The notion of (usual) convolution product arises naturally n Markov processes. Sumita
[9] applied the matnx Laguerre transtorm to ealculate convolution products and derived a ma-
nrix renewal function. To make a dependability analysis for semi-Markov systems with finite
state space. Lunnios [6] established certaim properties of convolution products for semi-Markov
kernel matrices. The convolution product serves as a tool for analyzmg semi-Markov chams,
e.g.[2]. In the last decade. Kilieman and Al Zhour developed further kinds of matrix con-
\'olmioui products for mawix-valued functions. These ielude Kronecker convolution product
[3]. Hadamard convolution product [4] and box eonvolution product [12]. In [1]; systems of
linear matrix convolution equations can be reduced to a simple matrix convolution equation by
using Kronecker convolution product and then such systems can be solved by using Laplace

wansform. Itrative procedures for lingar matrix convolution equations are proposed n [1,1°].

In this paper, we extend the notion of Kronecker convolution product to the Tracy-Singh
convolution produet of mtegrable matrix-valued functions. Thus kind of convolution produet
1% associatwe and compatible with certain algebraic operations, namely. the addition. scalar
multiplication, scalar convolution product. usual convolution product. transposition and di-
rect sum. Moreaver, we apply the Tracy-Smgh convolution product for solving linear matmx

convolution equations.

The paper 1s organized as follows. In the next section. we setup notations and provide
fundamental results about convolutions and matrix convelution products. Tn section 3. we
introduce the Tracy-Singh convolution product for matrix-valued functions and mvestigate its
fundamental properties mvolving algebraic operations. Section 4. we investigate relationship
bafween certain kinds of vectorization. Tracy-Smgh and usual convolution product. In the
final Seetion. we discusses how fo reduce linear matrix convolutions fo simple ones by using

vectorization.

by
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2 Preliminaries on Convolutions and Matrix Convolution Products

In what follows. let 2 = [0, 00) or = [0. ] for some b > 0. Denote by M, . (R) the
set of 7n-by-n real matrices. When m = n. we abbreviate M., .(R) to M, (R). Recall that a
matrix-valued function A : € = M, (R)ea(t) = {ay(t)] 15 said to be integrable (continuous)

if the real-valued function a;; is integrable (confinuous. respectively) foreachi =1..... m and
j=1.....n Foranyset £, denote T(, E) and C(S2, E) the set of integrable and continuous

matrix-valued fanetions from (2 to E. respectively.
For auy integrable functions f,g.h @ {2 = R and o £ R the following properfies are

straightforward to verify:

Telg+h)y = fg+f*h (2.4
(f 4+ gyeh= [ bt g b (2.)
a(fxy) = (of)xg = S *(on). (2.3)

If 1 addition, [, g,k are continuons. then by changing variables we have

frg=g9x] (24
(f 2 gisch-= fe{gxh) (2.3)

Definition 1. The convelution product befween an integrable function f 1 @ = R and an
integrable matrix-valuad function A= M, (R) is dafed to be the function

[ A0 = MR LA = [fE)=as(t)).

For convenience. we may write f({) = A(t) instead of (f = A)(t).

Definition 2. The (usual) convolution product of two integrable matrix-valued functions A :
Q = Mpo(R), A(t) =[ay(t)] and B 1 Q.— M, 5(R). B(t).= [b;(t)] is defined to be the
matrix-valued function A =43 : = AL, ,(R) such that

(A=«B)(1) = [Zu,k(f)wbh(f)] € M, p(R) foreach &
k=1

For convenience, we may write A(f) = B(t) mstead of (A * B)(t).

Definition 3. The Kronecker convolution product of o integrable matrix-valued functions
A:Q = Mun(R). A(t) = [ay(t)] and B : @ = M,,(R) 1s defined to be the function
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A® B: Q= Mypn(R) such that

(A® B)(t) = [a;(t) * B(t));; foreach tef.
That is, each (i, j)-th block of (A® B)(t) 15 given by ai;(t) » B(t). For convenience, we may
write A(t) ® B(t) for (A® B)(t).

Lemma 1. (3] Ler A, B and C be compatibly integrable matvix-valued functions on Q. Then

for any scalars e, 8 we have

(i A®(B+C) = (A® B)+(A®C),
(i) (A+B)y®@C = (A@C)+(B@C),
i) (aA)® B = o(A®B) = A® (aB),
() (A®B)x(C&D) = (A+C) @ (B* D)
Proof. Apply properties (2-1), (2.2) and (2 3) together with matrix algebra. O

Lemma 2. For any compatibly continuous mamic-valved functions A, B, C on and for any

integrable function ¢ : { = R, we have

(AR B)®C = A®(Ba0), (2.6)

6+ 4)® B = ¢+ (A& B) = A® (44 B), en

(4@ BY = AT®B"\ (ek))

Proof. Apply properties (2 9. G 4) and (2 5) together with matrix algebra. ]

3 Tracy-Singh Convelution Product and Algebraic Operations

In his section, We introduce the notion of Tracy-Singh convolution product for matrix-
valued functions and investigate its algebraic propetties.
Definition 4. Let A &€ T(, M, ,(R)) and B-€ I(£, M, ,(R)). We partition A(t) = [Ai;(t))is
and B(t) = [Bu(t)] forallt € Q. Here each A,;(t)1s of order my X0, and Byy(t) 15 of order

Pe X g, Where 3] mi = m, Yny =n, g =pand @ = g. We define the Tracy-Singh
convolution product AE B: 2 — MgpnaR) by

(A@ BY(t)=.[4s(t) ® Bu(t)k];; foreach t€ Q. (3.1)
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For convenience, we write A(t) @ B(1) for (A E B)(1).

If both A and B have only one block, then A@ B = A® [3. When the first factor
consists of one block, their Tracy-Singh convolution product 1s reduced to the block Kronecker

convolution product.

Theorem 1. Ler A. 3. C' and D be comparibly partirioned integrable mamix-valued funcrions
on Q. Then,

) AB(B+C)

(ABB)+(ABC).

(i) (AL B)RC = (AREY+ (ABC),

(i) (A E B = A@(aB) = o(A@ B) foranya € R.
Moveovey if Aand B are conrintious, thett

i (A@ B = ATant

W ox(ABB) = (o« )@B = A& (ox B) for-aninregiable finction ¢ : 1 =+ R.
Proof. Foreach f & (2 we have by Lemumua | that

(Al) B B = (450 BBl
= [[Audt) @ Bulili;
2 (AL ® Bkl
= {4, () & (Bu(®)] Tuls
= AT B,

Properties (1)-(in) can be also proved by using Lemma 1. Property (v) can be proved by using
(2 8) as follows:

(0« (@@ B))(1) = [[o= (A(0) @ Balt)hl
= [[(o* A, (D) ® Bult)]uly = ((axA) By(t)
L 1A50) @ (0 Bullaly = (A8 (0 + BN 0

43



Annual Pure and Applied Mathematics Conference 2017 (APAM 2017)
Chutlalongkorn University, 28-30 June, 2017

Lemma 3. Ler A € Z(Q M, .(R)) and B € I(Q. M, 4(R)). Then

A B B() = [A;(1) & B)]; =

Ay @ B(t)

Ami(t) @ B(t) -

8l

Au(t) @ B(t)

Ana () @ B(1)

Thar is, each (i, j)-th block of A(t) ® B(t) is given by A,;(t) @ B(t), regardless of how o

pariition A(t).

Proof.

A(t) @ B(t)

[ Ap(ty® B(f) - Ap(h) @ By,(t)
A () @By (1) v Ap () & Byl
At () ® By (). oo A ()& By ()
| LA (1) ® Bui(t) -+ A () & B(t)
[ [Biy(t) - By(t)]
Anh@ | | 9§ Al @
| B, () B, (0]
[Bi(t) «-+ Bih)]
Hn ("-) L Amn(t)
i B, () "+t Bl
[ An(ny@ Byt () BB(1)
LAt (£ @ B{E) 52 1 As() @B

A (t) ® Byy(t) -

A () @& Bu(t) -+

EXORE
| Baft)

[Butty -+

[ Blt) =

(At ® By(t) -

LArna(t) & By (t) -+

By, (t)

Bia(t)

By,(t)

By(t)

At ® Biy(1)] |
Aun(t) @ Byoft)

Aun(t) @ By (1)

Apun(t) @ By (t)

Theorem 2. Ler A € C(SL M, (R)), B € C(Q.M, 4(R)) and C € C(2 M, (R)). Then

(ABB)EC = AB(BRC).

(3.2)

a4
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Proof. We have by using Lemmas 2 and 3 that for each ¢ € 2,

(A BB(t)@C(t) = [[A; (t) ® Bu(t)ui; BC(H)

= [[[(Ay(¢) ® Bu(t)) ® Ceul)]eulit]is
[[[A5(t) ® (Bult) ® Coult)audicli
A(t) @ [[Bu(t) ® Cru()]uuli
Aty @ (B(t) B C(t)-

I

Hence, we obtain the associativity property (3 2). ]|

Recall that the direct sum of matrix-valued functions A Q M, o (R)i=1,... 0k
1s defined by

[y 0 ... 0

k k

@ 3 M8, @A.(t] _ 0 ( Aq(t) 0

i=1 i=l : . "= :
0 0.0 ... A

Here,m = Y, m; andn=3_ .

Proposition 1, For eachi =1,.. ..k, let A and B be integrable matrix-valued functions on

). Then " A
(GB&)EB = P @ B).

i=1 i=1

Proof. By induction, we may assie {hat k = 2. By Lemma 3, we have that foreacht € §2,

NG
(A() & Axt)) @ B(t) = { 6 Aa(‘}} @ B(t)

A a B 0
i 0 As(ty B B(t)

= (Ai() @B(t)) & (A2(t) B B(t)): o

The next property, called the mixed product property, shows that the Tracy-Singh con-
volution product 15 compatible with the usnal convolution produet.
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Theorem 3. Ler A € Z(2. M, .(R)), B € T(Q M, .(R)).C € Z(S2L M, ,(R)) and D €
(. M, (R)). Then

(AxB)R(C*D) = (ABC)«(B@ D). L(3.3)
Proof. By using Lemma | and block-matrix algebra. we have that for each t € Q.

(A(1) * B(t)) 8 (C(£) = D(t))

= |:Z .-im(r) * Bw(”} B

u=1

> Cult)+ 1),;(”]
=1 Kt

- H(Z At B.,(t}) ® (iq.m . D.m)] }
u=1 sl ktd iy

= HZ: ( (A ()% By (1) @ (Ca(t) + Du(r))” ]
el kid iy

= HZX(.-‘L..(!) * By (1) ® (Cult) + D,,(r))} ]
kil

u=] (=1

= HZ D (Aul) @ Cu(l)) + (By(t)® D,,m)] ]
ki 5

uzl =10
=[[AiA & Cult)]stlyy * [[Bis(1) @ Di( t)faalis
= (A(H) @C(1))* (B() @D(I)):

Hence, we arrive at (3 3). N

4 Tracy-Singh Convolution Product, Usual Convolution Products, and
Vectorization

In this section. we discuss relationship between certain kinds of vectorization. Tracy-

Singh convolution products, and usual convolution product.
Definition 5. Let A = [a,,] € M, (R). Then, the vector-column operator and the vector-row
operator of A are respectively defined by
T
vec A= [u,, o et **'y Gy ﬂ,m.] .

o
I‘\'el‘l‘{=[(t” e A % L (Bl o ﬂmn] "
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Definition 6. Let A(t) = [A;;(#)] where Ajjisoforderm; xn; (i =1,...pJj =1...,q) so
that A(t) is of order mp x ng. We define the vector block-column operator and the vector

block-row operator of A respectively by

Vecb, A(t) = [vee Aus(t). ... vee Ay (t). vee Au(t)invet Ana(l), ... vee Aru(t), ... vee An(t)]”

Vecb, A(t) = [rvee Ay (t)e... rvee Ay, (1). rvee Ay (1), .., rveedg, () w,1vee A, (1), ... rvee .'!.,,,,,(f)]"'l ;

Theoremn 4. Zer A € C(, M, o(R)). B € C(Q M, (R)), € € C(Q. M, 4(R))and X &
C(S2, M,y (R)) where B(t) = {By (8]} ] for eveny t &€ Q.- Then

Ve (A(t) » X(t)+ B(t)) = (B"(t) @ A(t))» Vecb, X(¢). 4.1
Veeb, (A(t)+ X(#) # B(t)) = (B(1)@AT (1)) » Vecb, X{t). (4.3)

Proof. Foreach i = 1,..., p, denote by .\, (f), the i-th row of X A direct calculation reveals
that
[Veo(A(H) » X, (6) # By(1))
Veeb (A(t) « X () = B(t)) = :
[veelA(t) = X, (1) * Bu(h))
(B (17} w vee X, (1)

(B (1)) % vee X, (1)

[87,(1) ® Aft)

L { «Veeb, X(f)
| BlLdt) & AlL)

(B".@ A(t))y = Vacb, X(1).

The identity (4.2) follows from (4.1) and the fact that Veeb, A(t) = Vecb, AT(f). [

Theorem 5. Ler A € Z(€), M a(R)) and B-€ T(QM,, ,(R)) where B(t) = [Bu(t)}if, for
evarvt € Q. Then

nyg

Vecb(A(t) = B(1)) = (@A(r)) * Vech, B(1), (4.3)

i=1

Veeb, (A(t) + B(t)) = (é B{t)) * Vech, A(t). (4.4)
=1

a7
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Proof. By direct computation. we have

[(A(t) * B(t))1,
Vecb.(A(L) = B(t)) :

L(ALL) * B(t))n,

[A(h 0 -
0 Al 0 "f(
/7 N ;
i ' Byt
B 0T Al o)

I

(é .»l(t)) * Vecb. B(t).
=1

The identity (4.4) can be proved by using (4 3) and the fact that Vecb, A(t) = Vecb. A7(#) as
follows: ‘

Vacb.(A(t) « B
Veeb (BY(t) » AT{1))

ng
(@ B"(:)) * Vech, A"(1)

=1

(gé B"'(:)) * Vech, A(t). m|
154

Veeb, (A1) « B{H))

Il

5 Linear Matrix Convolution Equations

In this section, we discuss how to reduce linear matrix convolutions to simple ones by
vectorizanon.
Theotem 6. Len A € C(Q, M, ,(R)), B € C(80 M, ,(R)), €€ C(8. M, ,(R)) and X €
C(82, M, (R)) where B(t) = [Bu(!)]i1., for evary £ € Q. Theu the following statements are

equivalenr:

dir Alt) = X(t) = B(t) = €[t

(i) (BT(t) @ A(t)) » Veeb, X(t) = Vecb,.C'(1).
i) (A(t) @ B7 (1)) » Vecb, X (1) = Vecb, C(1).

More generally, the following equarions are equivalent for any compatibly continuous marnix-

valued functions A;, B, C. X, (i = 1....n):

48
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@ T (A« X() « Bi(1)) = O(1).
) T (BT (1) @ A(t)) » Vecb, X (1) = Vecb, (1),

te) 30 (Ai(t) @ BT(£)) = Vech, X (1) = Veeb, C(t).

Proof, Tt follows directly from Theorem < and the mjectively of Vecb, and Vecb,.. O

Theorem 7. Ler A € I(2, M (R)),C € T(Q M y(R)) and X € I(Q, M, 4(R)) where
X(t) = [X, (]2, for every t € Q. Then the following starements are equivalent:

ra=1

Al X(t) = C(1), (5.1)
(@ .-1(:)) #Vech, X(1) = VeebaC(1): (5.2)
il
(EB .-i(i}) w Veeb, X7(t) = Veeh, €T(t). (5.3)
=i

Proof. Let (), denote the k-th block column of any matrix Q. We obtan

Eait) » X (1)) Aty Xlt)

f

Veeb. (A1) = X (1)) i c
LA = X0k AW % Xl

F‘w; 0 o
0 LA -\ o (WX
= * .
? -\\D
Nt
B A oA MW (1)

(A @A) B A1) « Veeb, X({)

T
(@ .A‘:(r)) = Veeb, X(1).

a1

]

Since the vector block-column operator 1s mjechive, (5 1) and (5.2) are equivalent. (5 1) and

(5.3) can be shown to be equivalent by direct computation. O

Theorem 8. Ler A € I(Q, M, (R)),C & Z(Q My, (R)) and X € I(Q, My (R)) where
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X(t) = [X..(0)]1n, for every t € Q.Then the following statements are equivalenr:

ra=

X(t)« A@t) = C(1), (5.4)

(@ A"‘(f)) * Veeb, X (1) = Vecb, C(t). (5.5)
i=1
o

(EB A"'(r)) «Vech, X7T(f) = Vech, CT(t). (5.6)
=1

Proof. Let (. denote the k-th block column any matrix ¢). Since Vech, A(t) = Vecb, A(t)”.
1t follows that

Veeb (X (1) 4 AN = Vecb, AT (1) » X" (1)

[(AT ()« XT (1)) s ATy« X7 (1)

Veeb (X (#) * Aft))

LAY ()4 X))o AT(0) « X7 ()

[az() — ® -
| b AT e '\“_"[”
/i N VY o \,,: ;

0 Qar—nt AT RFL wl!)

(A7(0) @ A7) @ AL()'s Vet X7 (1)

(é .-l"'(t)) « Veeb, XT(H)

#

ook
(@ A"‘(r)) * Vecb, X(#). O

=l

[}

Since veetor block-column is mjective, (5 4) and (5 5) are equivalent. (5 4) and (5.6) can be

shown to be equivalent by direct commutation.

As a consequences of Theorems 7 and §. we obtaw the next corollary. Itasserts that a
linear matrix convolution equation of Lvapunov tvpe can be reduced to a sumple vector-matrix

convolution equation.

Corallary 1. Let A € T(Q, M o(R)),C-€ I(Q. M, ,(R)) and X € T(Q M, o(R)) where

8

50
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X = [X, (D] ,. Then the following starements are equivalent:

ra=1"

AR« X(H)+ X" () = AT(t) = C(t), (5.7
(Gj A(t)) # Veeb, X(t) = %wcbﬁ c(t), (5.8)

(@ A"(t)) * Veeb, XT(t) = %Vecb.. C(t): (5.9)
=1

The final result provides an alternative way to solve the equation (A(t) ® B(t))* (t) =
v(t).

Proposition 2. Ler A €-I(Q, M, (R)), B € Z(Q, M, (R)).z € I(Q,R™), and v €
L2, R™). Then the following statements are equivalent:

(i) (A(t) B B(t)) +z(t) = o(t),
(i) (B(t)&@ A(t)) «z(t) = i(t),
where z(t) = Vec, X (), v(t). = Vecb, V(t), £(f} = Vecb, XT(t) and #(t) = Vech, VT (t),
Proof. 'We have by using Theorem 6 that the equation
(A(t) @ B(t)) * Vecb, X(t) = Vecb, V(t)

1s equivalent to
B(t)» X(t)y»AT(t) = V(¢). (5.10)

(5.10) is also equivalent to the following

A(t) % XT(t)  BT(t) = VT ().

Now the proof is done by applying Theorem 6 again. [}
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