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Chapter 1

Introduction

1.1  Research Motivation

Kernels methods are fundamental tools for statistical data analysis and ma-
chine learning [5, 6]. Considering the data set as a subset R* one can use an em-
bedding into a higher dimensional Hilbert space where the problem becomes linear
and hence easy to solve. Even though the data is usually regarded as lying on the
Euclidean space, in many cases, one needs to work with data sitting in more general
type of spaces, in particular data lying on spaces that are not necessarily flat. Exam-
ples include data analysis for computer vision, where rotation matrices belong to the
Lie group SO(3), normalized histograms from the unit n-sphere §* and other type of
data that belong to smooth manifolds, as Riemannian and Finsler manifolds.

Such manifolds lack a vector space structure and hence, popular algorithms
or methods, like support vector machine (SVM), principal component analysis (PCA)
or other clustering methods cannot be put in practical use [6].

The positive definiteness of a kernel is essential for the use of kernel methods
as support vector machines or kernel PCA. Indeed, the bandwidth parameters can be
learned from data only if the kernel is positive definite (PD).

There are several approaches to this problem. The simplest and most widely
used method is to ignore the curvature of the manifold including the data, that is to
work only with data extracted from an Euclidean space R™. This approach is generally
good from the methodolosical point of view, but gives results of poor accuracy and
undesirable effects for data that should be regarded to sit on curved manifolds, like
sm.

Another approach is to consider only data defined on Riemannian manifolds
that can be regarded as inner product spaces, for instance Sym7, the space of d x d
symmetric positive definite matrices, or the Grassmann manifold &7, the space of =
dimensional linear subspace of an n-dimensicnal Euclidean space, provided r < n.[6].

In this research we will extend the theory of kernels using the geodesic dis-
tance from Euclidean and Riemannian setting to the much general case of a weighted
quasi-distance. It is known that this kind of distance naturally appears in the case of
a special Finsler manifold called Randers space [7].

In particular, we are interested in answering to the following question. "is it
possible to use (non-symmetric) kernel methods in order to analyze the data on a
curve manifold as §"?” It is clear that the answer to this question is NO for the sym-

metric kernels case.



1.2 Objectives of the study

1) To define non-symmetric kernels and investigate their properties.

2} To study in particular non-symmetric geodesic kernels induced by weighted-quasi

distance functions.

3) To show that the positive definiteness of a weighted quasi-metric geodesic kernel
do not impose that the data space must be flat.

1.3 Scope of the study

We investigate the algebraic, geometrical and analytical properties of symmet-
ric and non-symmetric kernels. In particular, the kernels investigated in the research
are Gaussian kernels induced by classical distance functions and weighted-quasi dis-
tances. The general theory makes use of complex and real Hilbert spaces. In the
applications using geodesic kernels data can live on any topological manifold, includ-
ing Euclidean space, spheres, or some matrices Lie groups.

1.4  Benefits of the Study

1} Develop a new mathematical theory of weighted-quasi metric spaces.

2) Show that using weighted quasi-metric distances we can use kernel methods for

data analysis even in the case when data space is not flat.

3) Provide mathematical work frame for developing algorithms and programs for
SVM and other kernel based clustering methods. These clustering methods and
atgorithms can be applied to any kind of data sets from Physics, Biology, Eco-

nomics, etc.

1.5 Research methodology

1) Study advanced topics in complex matrix theory.
2) Study advanced topics in linear algebra.
3) Study the geometry of metric spaces.

4) Study the algebraic and geometrical meaning of positive definite (PD) and condi-
tionally negative definite (CND) kernels.

5} Define geodesic distance kernels using weighted quasi distance.



6) Prove that PD of the geodesic distance kernel induced by a weighted quasi dis-
tance do not necessarily impose the flatness of the data space.

7) Conclude that we have solved the problem that motivates this research, make
suggestions for further works and write the thesis.

Table 1.1; The Research Schedule

Time frame {month of year)
Activity 2015 2016 2017
g|l9(10 |11 ;121 |2|3|a|5]|6|7 (8910|121 |12|1]|2|3(4]|5

Step 1

Step 2

Step 3

Step 4

Step 5

Step 6

Step 7




Chapter 2
Preliminaries

The purpose of this chapter is to provide basic concepts and tools as weighted
quasi-metric spaces, Hilbert spaces and symmetric kernels used in the research.

2.1 Weighted quasi-metric spaces

In this section, we recall the main geometrical results of weighted quasi-
metrics (see [7] and [9]). In special we call the attention to the bundle representation
of weighted guasi-metric, a fundamental notion for the generalization following.

Definition 2.1. Let X be a non-empty set and d a real-valued function d: X x X - R
that satisfies

(i) Positiveness: d(z,y) = 0 and d(z,y) = 0 if and only if z = y.
(i} Symmetry: d{z,y) = d(y, z).
(i) Triangle inequality: d(z,y) < d(z, z) + d(z,3)

for any z,y,z € X, then (X, d) is called a metric space.

Example 2.2. (i) The function d : R* x R* — R given by

P .;_ I W
d(x,y)=[Z(xf—yf)2} X=1: ly=1|: 2.1)

Ty Un

for any n- dimensional vectors in a metric on R" called the Euclidean metric on

R™.

(i) Let (X, g} be an n- dimensional Riemannian manifold. Then the function
dy: X x X — R given by
1

, 1
dto)i=_inf [ oty 5000 e 22

is a metric on X, where Iy, := {7 : [a,0] = X | v ({piecewise) C*-curve, y(a) =
z,v(b) =y} is the set of (piecewise) C>-curves joining points z and y, ¥(t) := 28

the tangent vector to v at (t).



Definition 2.3. Let X be an arbitrary set. A function p: X x X — R is called a quasi-
metric on X if the following conditions are satisfied for all z,y,z € X :

(i} Positiveness : p(z,y) > 0 if 2 # y, p(z,z) = 0.
(i) Triangte inequality : p(z, 2)<p(z, ¥) + p(y, 2).
(i) Separation axiom : p(w,y) = ply,z) =0 = z = 1.

Then (X, p) is called a quasi-metric space.

Example 2.4. () The « - distance in R is defined as
ul  R™ x R" = R, u” := max{z —y,0}.

Clearly this is a quasi - metric because
u%(1,2) := max{~1,0} = 0, while »#(2,1) := max{1,0} = 1.

(i) Let (X, F) be on n-dimensional Finsler metric. Then the function dr : X x X = R,
given by
b
de@a) = nf [ Fow) 4@ (2.3)
1€l J,
is @ quasi-metric on X, where T';,,, 7,4 have the same méanings as in the Rieman-

nian case.

Moreover, an important class of guasi-metric space are the so-called weighted

quasi-metric space
Definition 2.5. A weighted quasi-metric space is a triple (X, p,w), where X is a non-
empty set, p: X' x X — [0,00) and w: X — [0, o0} satisfying the following conditions
(i) plz,z) =0foreveryze X
(i) o(z,2) < plz,y) + ply, z) for every @, 9,2 € X
(i} if p{z,y) = p(y,x) =0, thenz =y
(V) p(z,y) + w(z) = ply, z) +w(y) for every z,y € X.

The function p is called quasi-metric, and w is the weight function.

Example 2.6. (i} The u* metric restricted to [0, ), i.e.

y—z ,fzx<y

Wb 000 X [Goo) 5B, u(zy) = {
0 My<ax

We can see that this metric u” is a quasi-metric, with the weight function w(z) := z.
Indeed, one can easily see that if z <y, then u®(z,y) # u*(y,z) and



uP(e,y) +w(z) =y—z+z=y
wl(y.2) +w(y) =0+y=y.

(i) The metric induced by a Finsler metric of Randers type F =a + 3,
where a(z,y) := /ai;(z)y'y?, a(z,y) Riemannian metric on X, B(z,y) := bi(x) - o
an exact linear 1-form on X ( see [2] for details).

(iii} Distances in the geometry of sequence comparison in bicinformatics.

Definition 2.7. If (X, p) is a quasi-metric space then the function d : X x X — [0,c0)
given by
1

is called the symmetrization of p.

Lemma 2.8, If (X, p} is a quasi-metric space and d is symmetrization of p, then (X, d)
is a metric space.

Proof. Let z,y,z € X. We verify the conditions in definition 2.1.

(i) Positiveness:

d(2,y) = 3 [p(z, y) + ply, )]
Since, p(z,y) = 0 and p(y,z) > 0, it is clear that d{z,y) > 0.
Hence, p(z,z} =0, 5O

8(0,) = 5 lolw, ) + p(z,2)] = plar ) = 0
(i) Symmetry:
d(z,y) = % (o(z,y) + oy, )]
= 5 1p(w:9) + pla, )] = o)
(if)) The triangle inequality:

dlz,y) = % [o(z,y) + ply, z)]

IA
| = o = o] —

[o{z, 2) + p(z, ¥) + p(y, 2) + p(2, z)]

lo(z,2) + plz.2)] + 3 lo(2:9) + oy, )]

Il
>V N

(z,2) +d(z, y).

Therefore, (X, d) Is metric space. ]



Proposition 2.9. Using the symmetrization d of weight of quasi-metric p with the weight

function w : X — [0, co} we have
1
P(-’E, y) = d(a:,'y) -+ 5[10(3{) - w(m)]vvx1y €X.

Moreover, we have
1
§|w(x) - w(y)l <d{z,y)Vr,y € X.

Indeed, we have
olz,y) +wlz) = ply, ) + wly)
plz.y) — p(y, %) = w(y) — w(=)
20{(z,y) — (p(z,y) + p(y, 2)) = w(y) — w(z)
o9y = 310(e,0)+ o5 )] + 5 oly) ~ (o)

d(o9) = p(2,4) + () — wlal)

Proposition 2.10. If (X, p,w) is a weighted quasi-metric space, then the perimeter
length of any geodesic triangle on X does not depend on the orientation, that is

p(2,y) + oy, z) + p(z,2) = p(z, 2) + pl2,¥) + Ay, z)s Va,y,z € X. (2.5)

Figure 2.1: The perimeter of the triangle A=zyz is independent of the orientation.

Proof, Let z,y,z € X and w be weigth function.
From a weightability, we have

p(w,y) +w(m) = p(y,z) +w(y) (26)
Py, z) +uwly) = plzy) +w(z) (2.7)
plz,z) +w(z) = plz,2)+w(x). (2.8)

Then (2.6)+(2.7)+(2.8), we have
Pz y) + ply, 2} + plz, T) = p(z, 2) + p(2, ) + p(y, T).

Therefore, the proof is complete. [
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Remark 2.11. It should be clear that not any quasi-metric space is weightable. In fact,
it can be shown that the class of weightable quasi-metric spaces are exactly those
quasi-metric spaces that satisfy relation (2.5) (see [71).

If (X,p,w) and (Y,p,u) are two weighted quasi-metric spaces, the mapping
@ : X = Y with the properties

ple(z), (1)) o(z,y), Ve,yeX (2.9
ule(z)) € wix), VeelX (2.10)

IA

is called a morphism of weighted quasi-metric spaces.
In the case we have equality in relation (2.9), then the morphism ¢ is called
an isometric morphism. In this case w and u o ¢ differ by a constant only.
Moreover, an isomorphism of the weighted quasi-metric spaces (X, ¢, w) and
(Y,p,u) is a bijective function ¢ : X — Y that preserves both the quasi-metric and the
weight function, i.e.

ple()oly) = plz.y)y  Yo,ye X {(2.11)
ulp(z)) = w(z), VrelX. (2.12}

Finally, an embedding of (X, p,w) into (G, Q, W) is an isomorphism of (X, p, w)
onto a subspace of (G, @, W). Here, a subspace (Y, p,u) of a weighted quasi-metric
space (G, @, W) is a subset Y c G, the function p and u are the restriction of @ and W
to Y x ¥ and Y, respectively.

Example 2.12 (The product of a metric space with a half ray). Consider a metric space
(X,d) and the half ray I := [0, co}. Then the product space G := X x I inherits a natural
structure of {generalized) weighted quasi-metric space (G, @, W), where
Q:GxG—[0,00),  Quv):=d(z,y)+1-§ (2.13)
W:G = [0,00), Wlu):=2¢ Vu=(@E,v=>HnecXxL
That is, let (z,£), (y,7), (2,¢) € X % [0,c0), then
(i) It is clear that
Q(=,8),(z.6)) =d(z,z)+{-£=0
(i) From (2.13), we have
Q(z, &), (z, () =d(z, 2} + (¢
<dl@y)+dly, 2} + (= ¢
= QU &),y +{—n+ Q.. (5N +n-¢+{~¢
= Q((%,£), (y.m) + (v, m), (2, )

50, Q((=,£),{(z,()) £ Q{z, &), (w, ) + Q(w, 1), (2. €))



(i) Suppose that Q((x, £), (v, 7)) = 0 and Q((,7), (z,£)) = 0, that is

Q{x, ), (v, 77)) = d(ﬂ’,‘, yy+n—£=0 (2.14)
Q{y,m), (z,8)) =d{y,z) +&{—n=0 (2.15)

by adding these two equality we get, 2d(z,y) = 0, whence = =y, so that £ =7,
(iv) Let W((z, &) = 2-(x,€) = 2¢, we have
Q(z. &), (v m) + W{(2,8)) = d(z,y) +n — £+ 26
= d(xa y) +n+¢&
=d(y,x) +E—n+29
= Q({y,7), (=.8)) + W((y, m))-

Therefore, (G, Q,W) is a generalized weighted quasi-metric space.

Remark 2.13. The generalized weighted quasi-metric space (G, @, W) constructed in
Example 2.12 is sornetimes called the bundle over (X, d) {(see [7]).

Example 2.14 (The Graph of a function). We consider the case of the graph of a
non-negative valued function f: X — [0, co0) defined on a metric space (X,d).
Indeed, if we denote the graph of f by

Gy:={(z, f(z)) : 2 € X}, (2.16)

then (G, @, W) is a naturally induced weighted quasi-metric space structure defined
by
Q:GrxGr—[0,00),  Quv)i=dlzy) + fly) - f(2),
W:Gp—[0,00), W(u):=2f(z), Vus=(a flz)}v=_{,f() <0

(2.17)
Based on these, one has

Theorem 2.15 ([7]). Every weighted quasi-metric space (Y,p,u) is embeddable in a
bundle over a suitable metric space (X, d).

Proof. Let a metric space (X,d) = (¥,p) the symmetrization of (Y,p,u).
Then, a weighted quasi-metric space (7, P,U) the corresponding bundle, where T :=
Y x [0,00). Define a mapping ¢ : ¥ — T as follows:

o(a) = (2, Fu(z). (2.18)
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We want to show that this is an embedding.
Then, for any z,y € Y, we have

plz,y) =y, z)
Plz,y) + 3u(1) + 5u(e) = By 7) + u(z) + pu)
Ao 9) + guly) - 3u(e) + u(e) = 3, 3) + gu(s) — sule) +u(y)
P(e(z), oy)) + Ulp(z)) = Ploly), (=) + Ulp(y)),

- 1 1 :
where Pp(z), ¢(y)) = Pl2,y) + 5uly) — 5ul=) = p(z,y).
Clearly we also have U{p(z)) = u(z) = 2(%21;(:::)) foreachz evY,
Thus, ¢ is an embeddine. |

Theorem 2.16 ([7]). ~ (i) Let (X,d) be a metric space and f: X — [0,00) a 1-Lipschitz
function. Then the graph of £ is a weighted quasi-metric space (G4, @, W).

(i) Conversely, every weighted quasi-metric space (Y, p, ) can be constructed in this
way.
Indeed, given a weighted quasi-metric space (Y, p,u) one can construct
» a metric space (X, d) := (Y,5), where p is the symmetrization of p,
» a Lipschitz function f: X — [0, 00), f(z) == u(x).

Next, we recall the differential manifold structure of the graph of a smooth
function.

Let us consider a ¢ function f : X — [0,00), # — f{z) and the graph of
f denoted by Gy = {(z,f(z)) : 2 € X} c X xR, Then it is known that G; is a
C* submanifold of the product manifold X x R that is actually diffeomorphic to X.
lndeed, the mapping

e: X =Gy, zrez)=I(z f(z) (2.19)
with the inverse
P:Gr—= X, u=(z, flz)) -z flz) =z (2.20)

is a diffeomophism. Remark that ¢ is nothing else than the projection onto the first
factor.

Any given weighted quasi-metric space (X, p, w) that satisfies some supplemen-
tary metrizability condition induces a Finsler structure (X, F = Fp +df) on X.
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2.2 Hilbert spaces

In this section, we give definition and some properties about Hilbert spaces
(see [1]).
Let H be a vector space over C( or R) with additivity " + ” and scalar multiplication
7. ", Such a vector space H is called a Hilbert space if

(i) It is endowed with an inner product (-, ) : H xH = C
that is a hermitian form , i.e. It has the properties

(a) (aa:_l—ﬁy!z)=a.($)z)+ﬂ.(ylz)! a!ﬁeciw!y!ze’}l

(b) {z,y) = (y, =), where ~ means complex conjugate,
{©) (z,z) € (0,00) for z # 0.
(i} (H, - isa complete norm vector space, where the norm on # is induced by
the inner product {.,-), i.e. |lz|| = /{z, z),Vz € H.
Proof. If |z is a norm on H, then it is satishes three properties,

(a) By {z,z) = 0, hence ||lz| = /(z,z) > 0. Furthermore, (|z|| = 0 if and only if
{x,z) = 0, and this holds if and only if z = 0.

(b)Y Let X € R, then we have

Xz = (/(Aoz, A 2))? = (w, Az)
= Mz, ) = [A*|=]|*.
Taking the square root of both sides gives |Al[|z[.

(c) Suppose that z,y € H. Using the Cauchy-Schwartz inequality, we obtain

Jo+ v 2+l =(@+y.2+)
= {2} + (z,9) + @ W) + (W v)
< Jlell® + 2llll - il + vl

2
= (Il + 1)
Taking square root of both sides gives, ||z + ¥j| < ||z + [l¥[i.

L]

In other words, a Hilbert space is a complex {(or real) inner product space this is
also a complete metric space with respect to the distance function

d(may) = |lz -yl = v (m—y,m—y),Va:,y € H,

induced by the inner product.
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Remark 2.17. The complex inner product (-,-) is linear in the first argument, but anti-
linear on the second argument, i.e.
(x,ay+ B2) =& (x,y) + B - {z, 2), o, feC. (2.21)
Proof. Let z,y,z € H and a,8 € €. Then
{@,0y + B2) = {ay + Bz,2)
=a-(y.z)+ 8 (2,7)

=a-(y,m)+ﬁ-(z,m)

=a-(y,z)+ B {z,7)

= - ($,y)+3' (.’L‘,Z).

[]
Proposition 2.18. If (%, {-.-)) is a Hilbert space, then
|Re(z, y)| < {z. z) - v/{mny) (2.22)

(Cauchy-Schwartz ineguality)

Remark 2.19. Any complex {(or real) vector space with inner product is called a pre-
Hilbert space. If a pre-Hilbert space is complete, then it is called a Hilbert space.

Completeness means that any Cauchy sequence converges with respect to
the induced norm to an element in the space.

We recall that a vector space V over R is called a normed space if it has a
norm || - | : V = [0,00), z— ||z]| that satishes

(i) lz|| > 0 if 2 # 0, and ||0]] = 0, where 0 is zero element of V.
i) Xz =Nz, e R,z € V.
(i) flz +yl < Nl + [yl

A Hilbert space is normed space (H,|| - ||) that satisfies the following condition of
completeness. If for any sequence {z,} In V, s.t. My, nyeo | Zm — 2a|] = 0, there exists
z €V st liMuse ||z — 24|l = 0, then the normed space is called a Banach space.

Example 2.20. (i) Any finite dimensional vector space with a (real or complex) inner
product is a Hilbert space. Hence all finite dimensional vector are Banach spaces.
Recall that a real inner product space is obtained in the same way on a complex
are, except that it is a real vector space and that the inner product takes real

values, ie. () HxH—=R.



13

(i) # = C™ with inner product

n
@y =2-F=) 27, (2.23)
i=1

wherex=| ! [,y=]|: | eC.
Ln Yn
(iii) Consider 2 to be the space of all infinite sequences z = (2, 22,...) of complex

numbers s.t. the series 3 o | |z,| is convergent.
Then (lz, {- -)) is a Hilbert space with the inner product {z,w) = Yo7 | 2, W,.

2.3 Symmetric kernels

In this section, we review the main results about symmetric kernels defined
on topological spaces and recall that PD and CND properties of the symmetric kernels
imply that the base topological spaces are actually Hilbert spaces. Moreover, we
explain why the underlying metric space of a PD symmetric kernel must be flat and
hence why one cannot use PD symmetric kernels when weorking with data extracted
from spaces that are not flat (see [5] and [8]).

- A topological (X, 7) is a set X with topology r, i.e. a collection of subsets of
X with the following properties: () X, ¢ € r
(iYif A,Ber, then AnNBer
(iii) for any collection {4} if all A4 € 7, then |, A, € = {see [4]).

Definition 2.21. ([3]) A function K : X x X — C or R and a map ¢ : X — R™ satisfying,
forall z,y € X,
K(z,y) = (6(x), $(y))
is a kernel function.
In other word, kernel function is a function that take as its inputs vectors in the
original space and return the inner product between the images of two data points in
the feature space.

Definition 2.22. ([8]) A continuous function ® : X x X — C or R such that ®(z,z) =0
and &(z,y) = ®(y, z) is called a symmetric kernel on X.

We recall the following definition.

Definition 2.23. {[8]) The kernel K on the topological space X is called positive
definite (PD) if for any n € N, and elements z,,...,z, € X and any scalars ¢;,...,c, € R

we have

Zn: Zn: cici K (zi, ;) > 0. {2.24)

i=1 j=i
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Example 2.24, Let (H, (-, }) be a Hilbert space and f: X — H a continuous function.
Then the kernel ®(z,y) = {f{z), f(¥)), for any =,y € X is positive definite.

Indeed, we have

cJ mz:EJ) VZ:J € {Isan}

M: i M:

cij (F (@), Flzs))

Zczf(xi Zczf (s >

i=1 i=1

'M: i Mﬁ

o
Il

—
s,
1

—

(2.25)

il
/\

T

Eclf(zl)

i=1

=0

We will show that formula (2.25) is true for all n € N,
For n = 2, we have

CTQC T (C a3 ) (I)(mllxl) q:)(::"‘-].13:2) 5]
i B(zg,21) P(z2,22)/ \&2
_( ) (fl@), flz1))  (Flor), flza)}) [a
=€ C2
(f(z2) fl1)}  (F(m2), flza)} ] \e2
V{F(z1), flz1)) + 2618 f (z1), f(z2)) + (e2)2(f (z2), f(x2))

= (o1
(e1f(@) + eaf (@), crf(er) + caf(ws))

= H erf(z1) +cof( 3?2)“ 20

and by induction step we can easily to prove formula (2.25).
Induction step: Let k be positive integer and suppose (2.25} is true for n = k, we will
show that (2.25) is true for n = £ + 1.

Thus
O(z1,21) - Bz, T4)
=]
¢($2,$1) e Q(Emzfc)
cTHe = (Cl ces Ck) . . . Cl+ 2clak+1¢'(x1,$k+1)
: o
O(zp, 1) - Blak, zi)

+ 2008k 1 D(T2, Ty1) + -+ + 20kCh 1B (ks Trt1) + iy P(Thr 1, Thtr)

(fz) flz)) - (), flae))

(0 - ) (f(mg)’:f (1) V (“’2)’:“”’“” + 201C41 {F (1), £ (Bre1)

Ck

(flze), fle))) - {flae) flar)

+ 2eTa {(Flza), fl@eg1)) + -+ 208 {F(@h), F(@rs1)) + Gopr (F(Zrt1); F(@rr1))
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= (e1)*(f (1), f(=1)) + 2e18(f (1), £ (22)) + 218 (f{#1), f(23))

+ 2e18a{f{@1), fza)) + - -+ + 28 (), F(@0)) + () (F@r), Flzw))

+ 2e1Ce+1{f(21), f(@s1)) + - + 2668 (F (@r), F(@rr1)) + (Cra1)? (fra1)s Fl@rrn))
= <C1f($1) +eaf(@e) + -+ crarflzrer) o fzn) + co f (@) + -+ Ck+1f($k+1)>

= “le($1) +eaf(ma) +--- + ck+1f(zk+1)H2 > 0.

Thus, formula (2.25) holds forn =k + 1.

Remark 2.25. Obviously kernel &(z,y) = {z,y) is positive definite kernel.

Definition 2.26. {[8]) The kernel & on the topological space X is called conditionally
negative definite (CND) if it satisfies

() K(@,2z)=0forall ze X.
(i) K{z,y) = K(y,z) for all z,9 € X.

(i) For any n € N, any elements =,,...,z, € X, and any real numbers ¢i,. .., c, with
€1+ ca -+ e, =0, we have

iic;CjK(Zi,mj) <0 {2.26)

i=1 j=1

Example 2.27, Let (4, {,,-)) be a real Hilbert space, and letd: H x H = R,
d(z,y) = ||lz — y|| be the induced Hilbert distance. The kemel T : H x H — R,

U(z,y) = d*(z,y) = |z —y])%, Vz,y € H (2.27)
is CND.

Indeed, for any zi1,..,2, € H and ¢, ..., ¢, € R such that 31, e; = 0, we have

n n n
cToc = ZZ cicl|z: — z;)* = —2” Zcia:i
i=1

i=1 j=1

2

<0. (2.28}

We will show that formula (2.28) is true for all »n e N.
For n = 2, we have

0 Ulxy,z2)) [
cToe = (cl cz) (\Il(:cg,a:l) 0 ) (Cz)

= c165[U(a1, 22) + U(32,21)| = 162 [l = mall? + 122 ~ 21 ?]

= 2¢10p)z1 — :32”2
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Since ¢i + ¢z = 0,c160 = —¢cf. Then
<o = —2(e1)?|ler — 25> < 0.

For n = 3, we have

0 Uz, o) Tz, x3) c1
CT‘I’C=(c1 Ca c;;) U{zo, 21) 0 U(xq, x3) Co
Uz, z1) W{x3,22) 0 3

=c1es [\Il(a:l,wg) + \If(:cg,a:l)] <+ 103 {\IJ(a:l,wa) + ‘Il(m;;,zl)]
+ 0200 [ ¥(@2,0) + W(an, 23)|
= 2e1ce)|m1 — @2||® + 2c1callzy — z3]|% + 2eacal|zn - z3)?
=2 [clczllmllf2 = 2ciea{x1, T2) + c102]| 2|2
+ereslien |2 — 2e1c3(m1, 23) + crcsl|zs)|®
+ cacallaall® = 2epes (@, 20) + cacalasl|?]
E 2[(0162 + creg)ls|* + (erea + eaes)ilma® + (eres + cacs)||zs)|®

= 26162(:1:1, wz) 5 20103(.’31, :l’:-g) i 26263 (222,323)] .

Since ¢1 + e3 + ¢35 =0, we have

2
€102 = —C] — C1C3, C1Ca + C1C3 = —C%
= 2 — 2
C2C3 = —C3 — C1Ca, €1€o + Cacy = —C5
- 2 v, 2
€13 = —C3 — Cac3, cie3 + Cacg = —C3.

Then
cToc=-2 I:C%”.?Clllz + C%H:ib‘g”2 ~+ 03“5173”2 + 2e1en (.’L‘l, Zz) + 261(:3<:171,$3) + 2¢903 (5’:2, :L‘a)]
= —2||le1z1 + o + C3373“2 <0

Induction step: Let k be positive integer and suppose (2.28) is true for n = k, we will
show that (2.28) is true for n =k + 1.

Thus
0 Blz1,z2) - U(z1,28) .
1
¥(z2,21) 0 cer o W(xa, )
CT\IIC = (cl Ve ck) , . .
: : . .
Ulzp,z1) V(ze,z2) .- 0

+ e1ck+1 [‘I’($1,$k+1) + U(z541, ﬂ?k)] + -+ CrCr [‘I’(Cﬂk, Trr1) + Y(Thr1s Ik)]

= €1C2 [‘If(ml, za) + ¥ (z2, I1)] + o+ CrCry [‘I’(mk,xkﬂ) + ‘I’($k+1,$k)]

= 2e103)|z1 — z2||2 + 2erc3)|wn — @w3]|2 A -+ 2ekCri l|TE — Trgr ]
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= 2[0162”3)1 I? — 2ciea(zy, 22) + crcal|zal® + - -
+ ercra [ orl® — 2ekCht1{Th, Thr1) + ki || Trp iﬂ
= 2[(61(12 +ce3+0+ C]_Ck.»,_l)H.’Elnz + ((.'1(.'2 + Cacg + -+ + C26k+1)llx2”2 B
+ (c1ck + cack + -+ + ckerqr) | Txl|2 + (crers + cackrn + -+ - + crci1) || T |2
—2c160(x1, Z2) — - - - — 2ekCh1{Zk-1, $k>]'
Since ¢; + e +--- + ¢y =0, we have
cica+cieg+ 0o+ Cr1Cr1 = wcf
€1Ca + Cac3 + +++ + C2Crt1 = *C%
C1Ck + CaCk + *++ + CpCr = —cﬁ
C1Ck41 +CoCk L+ 11/ A ChChtr ™= *C§+1-
Then
cTwe =22 a2+ Blfeall® + < Rl ey lras |
26 @y o+ - 4 20k¢k+1($ka$k+1)]
= =2|le1x1 '+ Coa + - 4 ek A ChriZrii]l® 0.
Therefore, ¥ is CND for all n € N.
Example 2.28. Let X be a topological space, (H,(-,-)) a real Hilbert space and
[+ X — H a continuous mapping. Then the kermnel ¥:'X x X — R,
U(z,9) = d*(f(=), f@)) = | f (@)= FWI Vz{y€ X, (2.29)

is CND.

Indeed, for any z1w., 2-€ X and cy, ..., ¢, € Rsuch-that -7 ¢; = 0, we have

CTwe =303 el @) - f)IE = 2 Y et <o (2.30)

=1 j=1

We will show that formula (2.30) is true for all n € N.

For n =2, we have

0 U(ry,29) €1
cTwe = (81 cz) (\D(xg,ml) 0 ) (62)

= 165 [W(w1,22) + W, @1)| = crea 17 (1) = F(@2)I? + 1 £(22) = f(o0)]

= '?clchf(ﬂ'Jl) - .f(m2)”2

078299
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Sincee;+e =000 = —C%. Then
cToc = —2(c1)?| /(1) — flza)l* < 0.
For n = 3, we have

0 ¥(z1,22) ¥(z1,73)) [
CT@C=(CI Ca 63) ‘I’(mz,$1) 0 ‘I’(.‘Eg,ﬂﬁs) Ca
W(zs, z1) W3, z2) 0 c3

= c103 [ W(m,20) + U, 21)] + crcs[Ula, za) + W(zs, 01)]
+ e23 | W (22, 73) + V{23, 25)]
= 2e1ca)| (1) — fl@2)||® + 2ere| f (1) — f@a)l|® + 2eaea]| f(z2) — F(=3)|)°
= 2[C1cz||f($1)||2 — 2e1¢2(f (1), f(22)) + ercal| Flaa)|?
+ ercll# (@)l - 2160 (f(@1), F2a)) +ercall £ (o)
+ eacs | F(@a)IP = 2eaca (F(22), F28)) + cacsll F(3) ]
=2[(cca + cacs)Lf @I + (e102 + eaca)lf (@) + (excs + eacs) | f ()l

= 2e1e3{f(m1), f(@2)) = 2e1c(f (@1), £ (25)) ~ 2eaca{f(0), S (23))]-

Since ¢y + 3 + e3 = 0, we have

c1co = —c3 —cicy, €103 +Cic3 = —C}
BY. AV
Ca€3 = —Ch — C10Ca, €10y + CaCy = —Ca
2 _Cll
Cie3 = —C2 —CaC3, €103+ Cacy = —Ci.

Then

cTwe = =2l F(@)I? + ()| + Bl F )P +2crea(f (20), F(a2))
o+ 2e105(f(w1), F(@3)) +2eaes(f(22), £ (20))]

= —2llex f(=1) + c2f (x2) + caf (z3)[|* < 0.

Induction step: Let & be positive integer and suppose (2.30) is true for n = k, we will
show that (2.30) is true for n = k+ L.

Thus
] Uiy, z2) - Wleg,z) .
1
¥ ! ) 0 T ‘Il( 2 -)
Toe = (Cl Ck) (z;f x1 ' .'.t:z e
; : N
‘Il(xklxl) \If(a:k,zcz) PN 0

+ ¢1¢k41 [‘I’(wlaxk+1) + U(zgqe1, 95k)] st crCrt1 [‘I’(wk1$k+1) + U (@ht1, Ek)]
= [‘I’(Ehmz) + ¥{zs, 11)] 4+ epCry1 [‘I’(wk, Tr1) + U(Tey1, ﬂ?k)]

= 2¢1ca|f(z1) — Flza)||? + 2cresll F(z1) = Flza)l® + - - + 2epcpall Flzx) — Fl@er) |
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= 2[cscall )| = 2escalf(@), F@a)) + crcall @) + -
+ kel F(@)|* = 2ekcisa (f(2x), flmer)) + Ckc:k+1||f(mlc+1)”2]

= 2[(clcz +c165 + -+ o) | F) |12 + (erce + caca + -+ -+ cockrr )| F (@) + -
+{e1on + coc + - + excrr) | F(@r)I? -+ (erenas + cacrar + o + crcor )| F (@)l

— 2eace{f{x1), f(x2)) — - - — 2cpck41 {(f(@R=1), f(iﬂk))]-

Since ¢, +cg + -+ + epy1 = 0, we have

e
c1cz+ c1cg + -+ 101 = —¢3
e1cz + eacs + -+ + Cackqr = —3
CiCk + Cacp + -t Cpep = —cﬁ
2
C1Ck+1 ~F CaCh1 + 0+ F CRCELL = —Cpag.

Then

cfoc= -2 [C?Ilf(wl)ll2 + S f(E)? + - + Rl + il F(@ra) 1P
+20165(ey, f@)) + -+ Bncnrnlf (@), fora)]
= —2ller f(w1) + eaflz2) + -+ + e flan) + ek fl@rs)* < 0.
Therefore, ¥ is CND for all n e N.

For symmetric kernels the following results are fundamental.

Theorem 2.29 (The GNS construction for PD kernels, [8]). f #: X x X = Ris a PD
kernel on a topological space X, then there exist

e a Hilbert space (H, (-, )}
e a continuous function f: X =+ H

such that &(z,y) = (f(=), f(¥)}-

Proof. For every z € X, we denote by @, the continuous function

@, X oRorC, yr &,.(y):=8(z,y).

Let

V= span{@m 1T € X} = {iaﬁ)zi P01, n EROTCo2y, .., 20 € X}
i=1

be the subset of C(X), the space of continuous functions on X. For any two elements
@ of V, e,

m
p=> ad, v=Y b;ds,
i=1
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define o
{¢. ¥} = Zzaibﬂ’(l‘i,%)- {2.31)
i=1 j=1
Firstly observe that
(e dhe = ZZalb B(ws, ;) = Zb Zaﬂf’(wuz_,)
J-~1 J""l el

= Z bs Za@m (z;) = ijc,o(mj),
j=1 =1 F=1

and observe that the analogous relation

3

n

((P! ¢>‘1’ = Zza‘b @ CC;,EJ Zat qu)(Zi,Ej)
2

i=1 §=1 = j=1

= Za,, Zb Dz, 2:) = Z Z x5 (%)
= Z aip(z;).

i=1

SH

That is,
(p)e =Y bio(z;) = > aiplzs). (2.32)
i=1 i=1

The pairing (2.31) is independent of the choice of the representation of ¢ and ¢ on ¥,
i.e. independent of the choice of {(a1,...,an); (%1, ., Tn) fOr @ aNd (by, ci;bn)s (Y1, s Un)
for «, respectively.

Observe that

g = <§:ai@m“ ‘Dm> = ia,@(mi,w) = (x). (2.33)

=1 i=1

We also observe that in the case @ is symmetric, hence the Cauchy-Schwartz inequality
lo(x)? < B(z,2) - {p,0)a (2.34)

holds good for all z € X.
Taking into account that @ is PD, it follows that the pair (V, {-,-)s) is a pre-Hilbert

space.
We define now the Hilbert space (#, (-, )s) to be the completion of (V, (-, }).
In other words, the Hilbert space # is a subspace of the space of all functions ¢ on
X which are pointwise limits of Cauchy sequencesin (V|| - ||e).
Let f: X =V, f(z) := ®;. Then

(f(@), Flyhe = 2(z,v) (2.35)
and

£} — F@I3 = [ F @) — 2(F (), F@)e + I F )G
= {f(z), f(@)}e — 2(f(z), f(¥))e + {f(y), f(W))o
= ®(z,z) — 28(x,v) + By, v).
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Since @ is continuous, then £ is continuous. []

We are not going to use this result. The following result is important for appli-
cations and will be extensively used in the present research.

Theorem 2.30 (The GNS construction for CND kernels, [8]). If T : X x X - Ris a CND
kernel on a topological space X, then there exist

o a real Hilbert space (¥, {-,-})
s a continuous function f: X - X
such that (z,y) = [ f{z) — f()|>.

Proof. For every z € X, let §, : X — R be the Dirac function at z.
Let us consider the real vector space V given by
V:={<p=zc,-6:¢,. 1 ZC,':O, z; € X, CiER}.
i=1 i=1
For any two elements ¢, of V, that is
¥ = Zai(sx.- qib = ijdlwg
i=1 7=1

we define

n

i > aib;¥(ay,35), (2.36)
=15

j=1

b2l =

((ID) Tp)‘l‘ y7 <

and observe that (-, ¢ is a positive symmetric form on V.
Moreover, we consider the null space

Ny ={p eV : {p}g =0},

which obviously is a linear subspace of V.
On the quotient space V/Ny, we define the pairing

(o], e = (o, P)w,

where [p], and [¢] are the equivalence classes of v and ¥ in V. This is a well defined
scalar product in V/Ny.

We consider again the Hilbert space (#, {-,-)v) to be the completion of V/Nyg.
Let zo be any fixed point in X and let

f: X —H, f(:L‘) = [‘Sa: - 6:1::;]'
It follows
If (2} = FW)IIF = Tz, y),

for any z,y € X, since ¥(z,z) = ¥(y,y) = 0 and T(z,y) = ¥(y,z). Moreover, f is
continuous, since ¥ is continuous. ]
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The GNS construction of CND kernels allows to prove the following important result.

Theorem 2.31 (Schoenbers, [8]). If X is a topological space and ¥ : X x X —» R
continuous kernel on X such that

(i} ¥(z,z} =0, and
(i) O(z,y) = V(y,z), forall z,y e X
then the following two properties are equivalent
(A) T is CND kemel
(B} the exponential kernel K(z,y) := exp ( - X-¥(z, y)) is PD for all A > 0.

Next we will consider about the symmetric kermels induced by geodesic dis-
tance. In particular, if (X, d) is a metric space, then it is customary to consider kernels
induced by d given in the form:

- K{z,y) =exp (— A-d¥(z, y)), forany A,q > 0.
Special cases are:
o if g =1, then K{a,y) = exp (— A d(:c,y)) is called the Laplacian kernel of (X, d)
s if g=2,then K(z,y) = exp (~ /\-d2(w,y)) is called the Gaussian kernel of (X, d).

The Schoenberg theorem and GNS constructon for CND kernels imply

Theorem 2.32. If the Gaussian kerel X (z,y) = exp (—-)\-dz(m,y)) of the metric space
(X, d} is PD, then there exist

« a real Hitbert space (H, {-,-})
e a continuous function f: X - #
such that d(z,y) = ||f(z) — f(¥)||lx = du{f (=), (), where dy, is the induced distance of
(H, ()
Indeed, if
Ka(z,y) = exp ( -\ d¥z, y)) = exp ( - T(x, y))

is PD, with ¥{z,y) = d*(z,y), then Schoenberg theorem implies ¥(z,y) = d*(z,y) must

be CND.
On the other hand, if ¥ is CND, then the GNS construction implies the existence

of (H,{-,+)) and f as in hypothesis such that
Uz, y) = | f(=) = fF3 = (z,)

and hence
d(z,y) = [ f(z) = f({®)lln-
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Remark 2.33. In other words, if the geodesic Gaussian kernel is PD, then the metric
space (X, d) can be isometrically embedded in the Hilbert space (H, (-, )) constructed
in the GNS construction for CND kernels {see above).

The following result is well-known [1], [5].

Theorem 2.34. Let (X,d) be a geodesic metric space and assume that the Gaussian
kernel K(z,y) = exp(—Ad*(z,y)) is PD for all A > 0. Then (X,d) is flat in the sense of
Alexandrov, i.e. any geodesic triangle in (X,d) can be isometrically embedded in an

Euclidean space.

Theorem 2.35. Let X be a complete, smooth Riemannian manifold with Riemannian
distance function d on X. Let us assume that the Riemannian distance induced Gaus-
sian kernel K(z,y) = exp(—Ad?(z,3)) is PD for all A > 0. Then the Riemannian manifold
X s isometric to an Euclidean space.

From here it follow that the geodesic Gaussian kernel can be PD only if the
underlying space is flat. In particular, if the distance is induced by a Riemannian metric,
then the Gaussian kernel is PD if and only if the Riemannian space is flat, i.e. is an

Euclidean space.

The geometrical reason behind this unexpected result actually comes from
the injectivity of the isometric embedding. Indeed, we recall from [2] that, if (X,dx)
and (Y, dy) are metric spaces, then a map ¢ : X — Y is called isometry onto its image
if it preserves distance, that is

dY({P('T‘)! o(y)) = dx(z, v}, Va,y € X. {2.37)

Remark that the definition above autormatically implies that ¢ must be injec-
tive. Here is a simple proof of this fact.
Recall that ¢ is injective by definition if for any z1, 22 € X, 0(z1) = ¢(zs), then z; = z,.
If we assume ¢(z1) = @(x2), then formula (2.37) implies

dy (p(z1}, p(z2)) = 0 = dx(z1, 22)

and since dx is a metric, it follows z; = x5, i.e. the isometry ¢ must be an injection.
A map ¢ between two length spaces is called an arcwise isometry if

Lx(7) = Ly (sp(v)) for any path .
An injective arcwise isometry is called an isometric embedding.
Remark 2.36. (i) An isometric embedding is not the same notion as isometry onto

its image. For instance, a simple curve v : [0,1] — R?,v(t) = (cost,sint) is an
isometric embedding, but not an isometry onto its image.
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(i) The isometric embeddings of Riemannian spaces are studied in Differential Ge-
ometry and they are actually arcwise isometric embeddings.

Example 2.37. Let us consider the unit sphere

§? = {(:c,y,z) cxt+y?+ 2% = 1} in RS,
Then
(i) 8% — R? can be isometrically embedded in R? as Riemannian manifold.

(i} On the other hand, there exists an embedding ¢ : $2 — R? (or R*) that would be
an isometry onto its image.

Indeed, consider the coordinate systern (8, ¢) on §? given by
z=5IN6 COSy,y =s5Nd- siny,z=Cos,

where 8 € [0,7] and ¢ € [0, 27).
We have the Riemannian isometric embedding

$:82 =R (6,0) = ¢(8,¢) = (5iNBCos g, sindsine, cosé)
and observe that this map cannot be injective. One can see for instance that
¢(0,1) ={0,0,1) forany ¢ € [0, 2x].

In general, if the manifold X, where data belongs, is compact, it is impossible
to find an isometry between X and R, therefore is impossible to obtain a PD Gaussian
kernel from the geodesic distance on a compact manifold.

Remark 2.38. It is interesting to see that actually we can embed §? as metric space
into an infinite dimensional Hilbert space [2].



Chapter 3
Non-Symmetric Kernels

In this chapter, we define for the first time non-symmetric kernels induced by
weighted guasi-metrics, study their fundamental properties and show that these can
allow using data from more general spaces than the flat ones. All the content of this
section is new and makes the core of the research.

All kernels studied up to here were symmetric kernels, and basically, induced
by Riemannian distances, which are also symmetric .

We will consider in this chapter ancther type of kernels, namely non-symmetric
kernels. In special, we are interested in non-symmetric kernels induced by weighted
quasi-metrics.

If (X, p,w) is a weighted quasi-metric, we will consider the kernels

e Gz, y) = exp(—=A- p*(z, 7)), the Gaussian kernel and
o L{z,y) = exp(~A- p(z,v)), the Laplacian kernel.

The definition of PD and CND kernels are same as for the symmetric case. We start
with two examples.

Example 3.1. Let (#, {-,-}) be a Hilbert space and f: X — H a continuous function.
Then the function

1
I((ﬁ, y) = (f(.’l?), f(y)) -+ E[w(y) = 'UJ(iE)], Vﬂﬂ,y X (31)
is a non-symmetric PD kernel, where w : X — [0, 00) is a 1-Lipschitz continuous function.

Indeed, we have

cTKe= ii cic; K(z:, z;)

i=1 j=1

= 23 e e, 1) + 3 utes) — wie)]

1—1_1 1
n

"ZZ% (Flas), F(z3)) ézz[ (25) — ()|
i=1 j=1 =1 j=1
=35 amrtad. e + 3| S wle) - $w @]

i=i j=1 J=1 i=1

=> > et {f=:), f(z5)

i=1 j=1

n 2
> eif (@)

i=1

[ =N

> 0.
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We will show that formula (3.2} is true for all n € N.

For n = 2, we have
e (o o) (1) ) 1)
= ()2 K (z1,21) + 1% [I((ml, 2) + K(z2, 21 )] + (c2) 2K (g, 3)
= (@), F@0)) + B (o), f(e2) + 5 lules) ~ w(en)]
+ (@), @) + G lwler) — w(@l] + (@) (F(@), flza))
= <61f($1) + caf(z2), 1 f(z1) + sz($2)>
= [lersCe) + czf{zg)“2 > 0.

Induction step: Let k be positive integer and suppose (3.2) is true for n = k, we will

show that (3.2) is true for n =& + 1.

Thus
K{zy,z1) - K(z1,z1)
C1
K(.’Ez,zl) K(a’.‘z,mk)
CTI(C = (Cl . C.‘..) : . ] N
p £
Klzg,z1) - K(zg z)

+ 261041 [ K (@1, 2041) + K (@11, 20)] + - + 2eat [K (B, 2h1) + K @ert, 20
+ (ck+1) K (Thorr, Tre1)
= (e1)?K (@1, 21) + 1% [ K (@1, 32) + K (32,21)| + 18 [ K (21, 30) + K (&3, 21)]
+ 12 [K(ml,:c4) + K(sc4,m1)] Y . o cllarme [K(:ck_l,a:k) + K(wk,mk_l)]
+ (c2) K (@, 2) + (ca) 2K (0, ) + -+ + (ce) 2K (21, 70
+ 201%a [K (@t 3a11) + K(@hat, 20)] + -+ + 2eaBss [ K (@, 20t) + K21, 28)|
+ (et 1)K (g 1, Tre41)
= (e1)*{(f(z1), f(21)) + e [(f(ml)s Flza)) + %[w(fz) —w(z1)] + {f(22), f(@1))
+ 5k0@) — w(E)]] +-- + aden [(Flar), Fan)) + Sholers) - wlz)]
+ (f(@et1), fze)) + ';'[w(ﬂ?k) - w($k+1)]] + (e2)?(f(@2), F(z2))

+ (ea)?{f (m3), Fl3)) + -+ + (err1) 2 {f(@rt1), F@oar )
= (le(xl) +eaf(ze) + - + e flzra), e fler) + caf(z2) + - + ck+1f(9?k+1)>

= ||01f(391) +eaf(za) + -+ Ck+1f(~’f7k+1)||2 2 0.

Thus, formula (3.2) holds for n = k + 1.
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Example 3.2, Let (%, (-,-}) be a Hilbert space and f: X — # a continuous function.
Then the function

K(o,9) = [dn(a,6) + 5 (w(s) —u(@)] (3.3)

is a non-symmetric CND kernel, where dy(z,y) = ||lz—y| = /{z — v,z — ¥} is the induced
distance function of the Hilbert space (%, (-,-)).

Indeed, for any z1,...,z, € X and ei,...,¢, € R such that 37, ¢; = 0, we com-

pute

c’Ke= iiCiCjK(zi,Ij) = -2

i=1 j=1

g %[ng(mgr <0.  (34)

n
g CiZ;
i=1

We will show that formula (3.4) is true for all n € N.
For n = 2, we have

0 K{zy,22) €1
¢ = (61 C2) (K(.'Ez,:cl) 0 ) (cz)

= cxca [K(z1,32) + K(zz, 1)

v c1c2{ [||:.sl — x| + %[w(mz) — w(ml)” : + [Ilwz —z| + %[’U)(-’El) - w(xz)]r}

— cren{ 2l - 2alf + 3 [w(er) — wle)] |
= 2¢1eg||y — 22® + %clcz [w(a:l) - w(wz)]2
Since ¢ +ca = 0,c160 = —(ey)? it follows
cTKe = ~2(c1)?|lon — 2a” — %(61)2 [w(-’ﬂl) o w(ma)r <0.

Induction step: Let k¥ be positive integer and suppose (3.4} is true for n = &, we will
show that (3.4} is true for n = k +- 1.

Thus
0 K{zy,2z) -+ K{x,ze)
C1
K(za,x1) 0 o Kz, Tk)
c'Ke= (01 Ck) : . . . :
: : .
K(zg,z1} K(og,®2) - 0

+ c1ck41 [K(m1, Trp1) + K(mk+1,m1)] + o crcpn [K(mk, Zry1) + K{zrq1, Ek}]
=10 [K(zl, z9) + K(zs, Il)] 4+ Fep_1ck [K(a:k_l, zi) + K{z, Zk—1)]

+ €1€k41 [K(-Tla-'ﬂk+l) + K(z541, 1’1)] + 4 CrCry1 [K(xk, Trp1) + KTk, -Tk)]

= 0102{2“501 ~ 2% + % ['w(xl) - 'w(:vz)r} s

1 2
+ Ck6k+1{2|l5'3k —zpa|® + 3 [’w(frk) - w($k+1)] }
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=2 [0102“-’»“1 —aol® + -+ + creparllor — -’Ek+1”2]
1 2 2

+3 [cla':g [w(ml) _ 'w(mg)] F oo+ encrat [w(mk) - w(:r:k+1)] ]
=2 [(clca +eieg + -+ ereeg)l|z

+ (c162 + G203 + -+ + Cacp41) |22 + - -

+ (C10k+1 + C2Ch41 - -+ CCrr) ||l

—2ec16p(®1, 2) — + - — QCka-f-l(mk:a:k-l-l)]

+ % [(C]_Cg + 163 + o+ o Jw(z )

+(c162 + cacg + - - + eacp Jw(@)? + -+

+ (C10k+1 + C2Ck+1 F++* + CuChr1 )W Th1 )

— 2c1cow(x)wizwe) — - = 20k0k+1w($k)w($k+l):|

Since ¢ + ¢g + -+ +cks1 = O,we have

ciCg + €163 + -+ C1Ck41 = —C%
C1Ca + ¢y + -+ CaCp1 = —C%
cicg + cacp + - -+ CpCrrr = —-C?c
2
C1Ckr1 +CaCkr1 + -+ CECri1 = —Ciy1y

it follows

T Ke==2|c1z1 + eaa + - -+ + et ||
1 2
= [clw(xl) + cow{ma) + -+ + ck+1w($k+1)] <.

Thus, formula (3.4) holds for n = &k + 1.
In order to prove this example, we get the following lemma

Lemma 3.3, [fw: X = R is a continuous function and ¢; +--- + ¢, =0, then
t n 2 L 2
33 cics [wlas) — w(z;)]” = —2[Zc,-w(m,-)] <. (3.5)
i=1 j=1 i=1

foral zy,...,z, € X.

Proof. We will show that formula (3.5} is true for all n e N.
For n =2, we have

Z > e [w(z) - w(mj)]2 = ¢ {w{z1) — w(ml)]2 + crea [wlzy) — w(mg)]2

=1 7=1
+ crea [w(za) — w(:z:1)]2 + c3 [w(ze) — w(:tcg)]2

= 2¢162 [w(ﬁl) - w(xz)]2
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Since ¢; + ¢z = 0,¢160 = —cf or —¢3. Then
ZZC;CJ w(:c_.,)] = —2c% [w(z1) — w(a:g)]2 <0.

i=1 j=1

For n = 3, we have

3 3 2 2

Z Z eic; [wizm:) — w(s\v:,-)]2 = ZZ cicy [wlz) — w(a:j)]2 + 2¢103 [w(z1) — ’w(E3)]2

i=1 j=1 i=1j=1
+ 2eses [w(zs) — w(zs)]”
= 2102 [w(o1) — w(a)]” + 20165 [w(@r) — w(ea)]”
+ 2e503 [w(zz) — wizs)]”
= 2[cicaw(er) = wen)]” + crcsw(@r) - w(z2)]”
+ eaca[u(zz) — wlas)]”|
= 2[010210(9:1)2 + ereaw(z2)? + eresw(z1)? + crcaw(zs)®
+ eacaw(wa)? + caczrw(xs)? — 2e1eaw (1 Jw(za)
~ 2eresu(e )wlzs) — 20203w(m2)w(x3)]
= 2[(0162 + ereayw(z ) + (crea + eaca)w(®a)? + (crca + cacs)w(@s)?

- 2¢icow(zy yw(ze) — 2e1caw (@ )wlxs) — 2626310(12)11)(3)3)]

Since ¢; + ¢ + c3 = 0, we have

CiCe + ¢163 = —'C%
ci1ce + cacy = —c%
c1cg + Cacy = —c%.
Then
3 3
Z Zc,cJ (2:) — w(z; )}2 £3 —Z[ﬁw(wl)z + Ew(ze)? + cw(zs)?
i=1 j=1

+ 26102’.‘.1)(.’1:1)’{1}(3122) + 2610310(:51)1”(1:3) -+ 2@03w(x2)w(:c3)]

= -3 [clw(m1) + cow(xa) + C3'UJ(:L‘3)]2 <0

Induction step: Let & be positive integers and suppose (3.5) is CND for n = k, we will
show that (3.5} is C(ND forn =k + 1.

Thus
k+1 k1 kok \ )
Z chcj w(zi) — w(w,) Z Z cici [w(zi) — wiz;)]” + 2010041 [w(z1) — w(Eks1)]
i=1 j=1 i=1 j=1

+ 2es0k 41 [w(zs) — wlzpsr)]) -

+ 2¢5Cht1 [’w(-’ﬂk) - w(:[:k+1)]2
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= 2[(0102 +ecicz+--+ Clck)w(ml)z +e
+ (c1cx +cacp + -+ Ck—lck)w(xk)z
— 2c1cow{z Jw(zg) — - — 2Ck—1ckw($k—1)w($k)]
+ 2e10p41 [wiz) — wzpe)])* + -
+ 2ck et [w(ze) — w(mk+1)]2
=2 [(61C2 +ereg+ - +ere)w(m)? + ecemw(@)® +
+ {cren + cack + -+ cr—1ce)w(zk)? + crcrrrwlzy)
+ {e16k41 + C2Cry1 -+ Ck6k+1)w($k+1)2
—2c1cw(z)wlza) — -+ - — 2Ckck+1w($k—1)w($k)]
=2 [(‘3102 Fercst o+ catrr)w(z)P A
+ (eack + cack + - + Crcrpr)wizr)*
+ (esCh1 + Cacet1 + CkCrrs)W(Trgr )

— 2ereaw(m w(ms) — - — 2ckck+1w(:ck_1)w(:ck)]

Since ¢ + ez + -+ cx = 0, we have

¢la + 163 + - Fe1e = —c?
16z + o3 + - + Cack = —C5
Ci1Ck + CaCr + - - - + Culrey1 = —c%
C1CE41 + C2Ckp1 + o+ CkCltl = —C§+1
Then
k+1k+1 )
D03 eci[wles) = w(z;)]” = -2 [wa(a;l)ﬂ + Gu(22)® + -~ G (Thr)?
=1 j=1
+ 2e1c0w(zy )wlwa) + o + 2Cka+1w($k)w($k+1)]
2
= -2 [Clw(fﬂl) + cqw(za) + -+ + Ck+1W($k+1)] <0
The proof is complete. [J

Proposition 3.4, (i) If K, and K are CND, then s- K; + ¢ - K» is also CND, for all
t,5 > 0, i.e. the set of CND kernels on X is a convex cone.

(i) If {K.}. is a family of CND kernels converging point-wise on X x X to a continuous
kernel K : X x X — R, then K is also CND, i.e. the set of CND kerels on X is

closed.

(i) If K is a PD kernel on X, then H(z,y) = K{(z,z) — K(z,y) is CND.
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Proof. (i) Let K; and K, are CND, then for any =z,,...,2, € X and a1, ..., cn, € R such
that ¢ +--- + ¢, = 0, we have

n

n
ZZCiCjKl(-Ti,Ej) <0,

i_lj 1

Zchng(m,,mJ

i=1 j=1

Then,

n n n n’
0>s: Z Zcichl(:c,-, )+ ZZcichz(mi, %)

i=1 j=1 i=1 j=1

n n
= ZZC,‘CJ' - (S - Kl +t- KZ)(mi’Ij)‘

=1 j=1

Therefore, the set of CND kernels on X is a convex cone.

(i) Let {K.}: is a family of CND kernels converging point-wise on X x X to a contin-
uous kernel K : X x X — R, then for any (z,¥) € X x X, we have for any £ > 0,
there exists T > 0 such that |K,(z,y) — K(=z,¥)| <¢, fort > T.

For any z1,...,z, € X we have,
—& < K(xi,m5) — Ko(2s,25) < e,

—& < Ki(zi,25) — K(zi,7;5) <¢,

and hence, for any ¢y, ...,c, € R, we obtain

n o n n n n n n n
- ZZC,‘CJ; E L chicht(mi’mj) = ZZC,’Cj.K(.’L‘{,LEj) < ZZCiCj ‘£
i=1 j=1 i=1 j=1 i=1 j=1 i=1 j=1
n n n n n n
(th) ZCJ 5<ZZC,CJIQ Ziy Tg) ZZC,C, (miyzy) < (Zci)-ch-s
i=1 i=1 5=1 i=1 j=1 i=1 J=1

and using hypothesis that 377, ¢; = 0 it follows

n n

ZZQCJ (i, 25) ZZC'CJKt By, )/ <A0.

1=1 j=1 1=l =1

Therefore, K is also CND.

(it Let K is PD kernel on X. Forany ey, ...,e, € R, suchthat 3. s =0and &1, ...z, €
X, we compute

n n n n ™ n
Z Z c,-c,-H(a:i, Sﬂj) = Z Z C-,‘ijf(ﬂ',‘i, .’L‘i) - Z Z C,'Cj.K(:E,', xj)
i=1 j=1 i=1 j=1 i=1 j=1
n n n
(Z ) . [Zc,;K(a:i,x,-)] —ZZC{CjK(SCi,CUj)
= i=1 i=1 j=1
ii soi K (24, 5) <0

Therefore, H is CND.
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Remark 3.5. Let K : X x X — R be an arbitrary non-symmetric kernel and let us

denote
H:XxX—=R, H(m,y)=%[K(m,y)+f((y,z)]

the average symmetrized kernel.

Then, an elementary computation shows that for any z1,...,z, € X and any

€1, ..., Cn € R, we have

n n it n

ZZcich(:ci,x_, ZZC,CJ (@i, 25)-

i=1 j=1 i=1 j=1

That is,
(i) K is PD if and only if H is PD.
(i) K is CND if and only it & is CND.

We obtain the following important result.

Lemma 3.6. (Fundamental Lemma)
(i) p(x,y) is PD if and only if d(z,y) is PD.
(i) p(z,y) is CND if and only if d(z, y) is CND.

The proof is trivial if we take onto account that d{z,y) = %[p(m, v) + ply, :c)].
That is,

n

izctcj d(z;, z;) ZZc,cjp N AR (3.6)

i=]lj5=1 =1 =1

for any zy,...zn € X and any ¢, ...,cn € R

Proof. We will show that formula (3.6} is true for all n e N.
For n = 2, we have

ZZc,cjd(m,,mJ chtcj[ Pz, T4 +P(%sﬂ3:)]

i=1 j=1 i=1 _',!'—1
1 2 2
=3 Z Z cicip(@i, 25) + 5 2> cicip(zs, i)
i=1 j=1 i=1 j=1
Since,
2 2
DO aciplas, 2;) = cip(x1, €1) + creap(@r, 2) + c2010(22,21) + 5p(@2, 02)
il je==1

= cZp(x1,21) + creap(a, 1) + cacy p(1, 22} + 520, 22)

2 2
=> > ciciplz;,z).

i=1 j=1
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Then,

2z 2
ZZ citid :c,,:t:_,)— ch,cjp(w,,wj)—k Zthcjpw,,a,;)
i=1 =1

1= 13 1 1—1 i=1
= ZZcicjp(xi,xj).
i=1 j=1
Induction step: Let k be positive integers and suppose (3.6} is CND for n = &, we will
show that (3.6} is CND for n = k + 1.

Thus
kep1 kel k-&-l k+1
> ez ) = 5 Z > [p(mi, z;) + p(z;, mi)]
i=1 j=1 =1 j=1
k+1 k+1 k+1 k41
-7 Z > _aiciplzszy) + 5 Z > cicipl(, z)
i=1 j=1 l=1 =1
Since,
k1 k1

Z chjp(wi,-’ﬂj) = cip(zy, 1) + ercap(@1, 3) + -+ + 101 2(%1, Tog1) + oo
i=1 j=1

- ek 1€10{Th41, ¥1) T Cht1C20(@ k1, T2} + o+ Crr1CkA( Tt The)
+ c3p(@2, 2) + 3p(33, Ta) -+ - o+ A 1 AT, Ths1)

= cip(z1, 21) + creap{@a, 1) + -+ - + C1Ckp1 A{Tpr1, T1) + o -
+ Ck+1clp(ﬂ?1,$k+1) + Ck+1€2p(312,$k+1) +oeet Ck+10k.0($k, 93k+1)

+ ciplzo, z2) + e3p(Ta, T3) + + + + Cpy1 ATkt Liot1)

k+1k+1
=YD r6:ci BT 1)
i=1 j=1
Then,
k+1k+1 k-{-l k41 k-'l-l k41
EZCICJ xz:xg ZZC:CJP mumj)"' 2 ZZCICJP(EJ)Er
i=1 j=1 1—1 =1 i=1 j=1
k+1 k+1
- ZZ“JP(“’““’J)
i=1 j=1

From remark 3.5, we can conclude that p(z,y) is PD if and only if d(z,y) is PD and
p(z,y) is CND if and only if d(z,y) is CND. []

Example 3.7. Let (%, {-,-)) be a Hilbert space. We define the following weighted quasi-
metric space (H x [0, 00), Q, W), where

Q: (M x [0,00)) x (H x [0,00)} =+ [0,00), (u,v) = Qw,v) = {2, p) + 7 — &

Where u = (z,€) and v = (y,n) are points in H x [0,c0). Obviously @ is a quasi-metric
on # x [0, c0).
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Moreover, the mapping W : (H x [0,00)) — [0,00),u — W(u) = 2¢ is a weight,
where u = (z,£) € H x [0,00).

One can see easily now that (H x [0, 00), @, W) is a weighted quasi-metric space.
We will call it the associated weighted quasi-metric space to a given Hilbert space

(Ha ('! ))

We obtain an important result.

Theorem 3.8. If the weighted quasi-metric p is PD, then there exists a continuous
function v : (G, @, W) — (H x [0,00),@, W) from the representation (Gy,Q, W) of
(X, p,w) to the weighted quasi-metric space (H x [0, 00), @, W) which Is an isomorphism
of bundles, where (H x [0,00),Q, W) is the associated weighted quasi-metric of the
Hilbert space # obtained by the GNS construction for PD kernels.

Proof. Since p is PD it follows that 4 is also PD. Hence, from the GNS construction
theorem of PD kernels it follows that it exists a Hilbert space (#, {,}) and a continuous

mapping ¥ : X — H such that
d(z,y) = (P(z),¥{), Yo,y € X.
We will extend this mapping to G := {{z, f(z) : = € X}: graph of f, thatis

Q:G; x Gy = [0,00),  Qu,v):=d{zy)+ fly)— f=z)
W:Gf— [0,00), W) :=2-fz), Yu=(zf(2)),v=f) i,

by defining
01 Gy o Hx[0,00), ur )=y, f(z)) =) ()

We will show now that this is an isomorphism of (G, @, W) with (H x [0, 00) € R™{C") x
R, @, W), where

Q((z,a), (3, b)) = {z, ) +b—a, and W(z,a)=2-a.

We compute,
Qu,v) = Q((z, f(z)), (v, F(¥))) = dlz,¥) + flw) - f(=@)
= {ih(), P()) + F¥) — f(2) = Qlep(u), ¢(v))
and similarly W) = W((z, f(2))) = 2- f(z) = W(({®(z), f(2)) = W ((u)). [

We have the following general result.

Proposition 3.9. Let ¢ : X x X — R be a (non-symmetric) kernel on X. If exp(-A-%)
is PD, then 4 is CND.
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Proof. We assume L{z,y) = exp(—X - ¥{z,y)) Is PD. Then we observe that
b=1-exp(-A-¢)=1-L

is CND.
Indeed, for any ey, ...,c, such that ¢; + -+ + ¢, = 0 we have

oD eci[l—exp(=A-d(zaz))] = =D > ciesexp(=X - (i, 2;)) <0

i=1 j=1 i=1 j=1
by hypothesis.

Using now the fact that the set of CND kernels on X is a closed set we have
that

1= £ _ iy Lo xRt d(z,9)
t—0 i

lim
i—0

is also CND kernel.
Recalling from L’Hospital’s Theorem

i 1= PP Y(z,y)
t—0 t
it follows that y{x, y) is CND kernel. U

Let us consider Laplacian kernels induced by weighted quasi-metrics. We have

Theorem 3.10. (i} The weighted quasi-metric space (X,p,w) is CND if and only i
Laplacian kernel exp(=A - p(z, )} is PD for all A > 0.

(ii) In this case we have the bundles isornorphism
W (Gf,Q, W) - (H X [0! Co)l Q: W)

where Qu,v) = /d(z,v) + f{y) — f(z), and (H x [0,00),Q, W) is the associated
weighted quasi-metric of the Hilbert space H obtained by the GNS construction
for CND kernels.

Proof. (i) We assume L(z,y) = exp(=A- p(z,y)}) is PD. Then we observe that
d=1l-exp(-A-p)=1-L

is CND.
Indeed, for any ¢y, ...,c, such that ¢y + -+ + ¢, = 0 we have

n n kil n

S S cicil—exp(—A- p(zi, z))] = — > > cicexp(—A - p(zi,z;)) < 0
i=1 j=1 i=1 j=1
by hypothesis.

Using now the fact that the set of CND kernels on X is a closed set we have that

£y 1= Pt p(,1)
t—0 t

1
lim
t—0
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is also CND kernel.
Recalling from L’Hospital’s Theorem

i L= EXP(=t - (1))

t—=0 i

it follows that p(z,y) is CND kernel.
Conversely, we assume now that (X, p) is CND. Then it follows (X, d) is CND. Form

= p(ﬂ.‘.‘, ?j)

pla,y) = d(z,y) + %[w(x) - z(y)]-
A simple computation shows that
exXp(=A - p(5,9)) = €Xp(~A- d(z,9)) - exp(~ 5 Tu(y) — w(a)])

For any zy,...,z, and any e, ...,c, We compute

S eiciexp(=Mplenz)) =Y Y cic; eXp(—hd(zi, x;))-ic exp(—%[w(xj)—w(«’ci)])

i=1 j=1 i=1 j=1
For n = 2 we have,
2 2

370D aiciexp(=h- plzs, z5))

=1 i1
= 2 exp(—A - p{z1,%1)} + c1ca €XP(—A « p(z1, 22))
+ cac1 €Xp(—A - p(za, 21)} + 2 eXP(=A - p(za, z2})
= & XD~ d{z1,21)) + eres XP(=X - dlan, ) - cseg XD~ G wle) = wlan))
+ cacs EXP(= - d{e2,21) - cicy €XD(~ S luler) — w(@)]) +FeXP(-A - (a2, 22))
= ¢l exp(—A- d(z:, 1)) + ez - €XP(—A - (1, xz)){ exp(—%[w(xg) —w(z1)])
+exp(~ S fu(er) —w(Ea)])} + Gexp(-A- d(az,22))
= cZexp(=A-d(z1,71)) + cico €XP(—X - d(z1, Z2)) + c2 eXP(—A - d{wz, 22))
+ e1s X(=A- (e, 22)){ €Xp(=F w(an) — ()} + eXp(= 5 u(en) — wlaz)}) - 1}.
Since d is CND, then exp(=X - d(z,y)) is PD, i.e.,
& exp(=A- d(z1, 1)) + c1c2 €XP(=A - d{@1,22)) + 3 eXP(=X - d(xa,z2)) 2 0. (3.7)
On the other hand, observe that

exp(—%[w(:cz) —w(m)l) + EXp(—%[w(ml) —w(2)]) — 1> 0. (3.8)

Indeed, if we denote exp(—%[w(mg) —w(z)]) =Y, then

eXp(—%[w(zz) - w(z1)]) + eXp(—%[w(ml) —w(zy)))—1=Y + % —1
Yi-vV+1
=y >0

because Y2 - Y +1 > 0,Y > 0 for any Y and from (3.7), (3.8) it results that
exp(~A - p(z,v)} is PD.
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(i) Recall that (X, p) is CND and hence (X, d) is CND. Then, by using GNS construction
for CND symmetric kernels, there exists 9 : X — (¥, {-,-)} such that

d(z,y) = d,(¥(z), ¥(¥)) = ((z) — P(y),¥(z) — V(¥ (3.9)
We will extend this mapping to Gy := {(z, f(z) : = € X}: graph of f, that is

Q:Grx Gy [0,00),  Quv) = Vilz,y) + fly) — fla),
W:Gs—[000), Wu}:=2-f(z), Vus={(zf(=)).v=_v.f)eGC,

by defining
@:Gy = Hx[0,00), u—p(u) =z, f(z)) = (¥(z), f(z))-

We will show now that this is an isomorphism of (Gy, @, W) with (H x[0, 00), @, W),
where
Q(z,a), (1, 8)) =dn(z,y)+b—a, and  W(r,a)=2-a.

We compute,

C:)(ga(u), plv)) = Q((T,b(.’l’«'}, F(z)), (w(x):f(y)))
= du(P(z) () + fly) — f(z)
= Vd(z,y) + f{y) — flz) = Qu,v)

and similarly W(u) = W((z, f(2))) = 2+ f(z) = W(((z), f(2)) = W (()).

We turn now to Gaussian kernels G(z,y) = exp(—=X - p*(z, 7)), A > 0.
Theorem 3.11. If (X, d%) is CND then,
(i) (%, 6%) is CND, for p(z,3) = dle,) + f(@) = F(2)

(i} there exists a continuous function ¢ : (G, Q, W) = (H x (0,00}, @, W) that is an
isomorphism of bundles.

Proof. (i) Using p(z,y) = d(z,y) + fly) — f(z) we have
Pz, y) = d¥z,y) +2 - d(z,y) - [f(y) — fle)] + [f(y) - F@)].

And for any zi, ...,z, and any ¢, ...,e, such that ¢; +--- + ¢, = 0 we have

n n n n ] 2
Ti, i)+ Pz, 25
E:E :Cicjpz(xi,xj)=§:E:Cicj‘p(z J)QP(J i)

i=1j=1 i=1 j=1
= ZZ c;cjdz(zi, ;) + Z Zcicj[f(-'ﬁi) - f(ma)]z
i=1 j=1 =1 j=1

+ ii"’icﬁ -2z, ;) - flzs) — fl@:) -;—f(z,.) - fl=;)

i=1 j=1
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= ZZ c_,,d (xt,$3)+zzczcg[f($z _f(m.?')]2
= Z cicid® (2, 2;5) —2[2 th(ﬂh)]

due to lemma 3.3. Since d2 is CND it result -;-[pz(x,y) + p*(y, )] is CND and due
to lemma 3.6, p? is CND,

(i)) Since (X, d?) is CND, by the GNS construction for symmetric kernels it follows that
there exists ¢ : X — (#, {-,-)) continuous function such that

d*(2,y) = (=) — W, = di (=), $(y)), (3.10)

that is d(z, y) = du(¥{z), ¥ ().
Then, we will extend this mapping to Gy := {(z, f(z}: z € X}: graph of f, that is

Q . Gf X Gf —> [Ow 00): Q(u,'u) = d(:rw y) + f(y) = f($)1
W:Gr=[0,00), W{u):=2-Ff(z), Nu={z, f(z),v=wSf() <Gy

and defining
¢ (Gr @ W)— (Hx[0,00),@, W),  p(u) = p(z, () = ¥(z), f(x))

We will show now that this is an isornorphism of (G, Q, W) with (%% [0,c0), @, W),
where
Q(z,a), (1 0)) = du(z, ¥} +b—a, and  W(z,e)=2-a.

By computing, we get
Qfu,v) =d(z,y) + f(y) — flz) = dulp(@), 0{y)) + w(y) — wiz)
. Q({p(u)) QD(U))’

and W(w) = Wiz, £@)) =2 f(z) = W (p(x))-
]

Rernark 3.12. The natural question left is if p? is CND implies ¢2 is CND. One can see
that this is not frue in general.

Indeed, let us assume that p? is CND. Then, a computation similar to the one
in proof of theorem 3.11 gives

ZZQCJP (@i, 25) = chtca (@, 25) + ZZZC‘#CJ (i, 25)[f (25) — flw:)]

f=1 j=1 i=1 J""‘l i=l j=1

+ ZZCICJ [f(zs) = @)l

i=1 j=1
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It can be proved by induction that

3N ciesd(zi, 2)[f (25) — £ (2] = 0.

=1 j=1
Then, we get
ZZcicjpz(mi,:cj) = EZcicj (mi,25) + ZZczcj[f(m, — flz)]?
i=1 j=1 i=1 j—'l i=l j=
_Zchc,d (zi,25) — 2 [chf(ml)] .
1 j=1 i=1
and hence

n

ZZC{dez(mi)xj)=2[ZC’f l)] +ch,c3p (zi,z5). (3.11)

i=1 j=1 i=1j=
One can easily see now that the first term in the sum on right hand side is
positive and the second term is negative, that is 2 is CND do not impties ¢ is CND in

general.
Therefore, we conclude that p? is CND do not implies ¢* is CND and hence the

space is not isometric embedding to the flat case.

We recall that p : X — Y is an isomorphism, an iscmetry of the weighted
quasi metrics (X, g, w) and (¥, p,u), If (p(z), o(¥)) = p(z,y) and u(e(z)) = w(z), for any
z,y € X (see chapter 2 and [7]).

We also recall that for a weighted quasi-metric p, we have if p(z,y) = ply,z) =0,
then z =y, for any z,y € X. Indeed it is easy to see that

(e,9) = d(z, )+ 5 [w) — w(@),
ply,) = dly, 2} + 3 [w(z) — wly),

leads to p(z,v) = p(y, z) if and only if w(y) — w(z) =0,
i.e. p(z,y) = ply, z) = d(z,y). And since d is a usual distance function it follows z = y.
Let us assume (z1) = ¢(z2). From the definition of isometry we have

pli(z1), w(22)) = pla1, z2),
u(ip(z1)) = wlzr),

u(ip(z2)) = wiza),
and hence

plp(z1), p(z2)) =0 = plz1, 72),
p(ﬁo(xz}’ 99(3"1)) =0= P(CEZ, .’L'1)

Then p(z1,z2) = p(z2, 21} = 0 and therefore z; = z,.
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This shows that an isomorphism (i.e. isometry) of weighted quasi-metrics must
also be injective.

The intuition behind can conclusion is that the replacement of the metric space
(X,d) with a weighted quasi-metric space (X, p, w) leads to the de-compactification of
X.

Indeed, even though X is a compact manifold, a weighted quasi-metric on X
is actually equivalent with the weighted quasi-metric space (G, @, W), where G5 =
{{z, f(z)) : z € X} is the graph of the Lipschitz function f: X — [0,00), f(z) = %w(m). In
other words, we replace the compact manifold X with the non-compact total space
X x [0,00) of the bundle over X.

Example 3.13. Consider X = §? the unit 2-dimensional sphere in R? or R* with distance
function p, and let w : §* = R be the function w(8, y) = tand for the parametrization
(8,¢) € [0,7] x [0, 27). Clearly (S, p,w) obtained from d and w is a (generalized) weighted
guasi-metric built on the total space §* x R.



Chapter 4

Conclusions and Suggestions

4.1 Conclusions

If  is a non-symmetric kemnel, then the underlying space do not need to be
flat. In other words, the non-symmetry of the kernel is able to solve the contradiction
between the curvature and the positive definiteness of the kermnel.

The main conclusion that follows from here is that the non-symmetric kernels
allow us a good statistical analysis of sets of data obtained from other curved spaces.
The statistical analysis of this type of data is very important for mathematical mod-
elling and especially for time periodic data sets, data in computer graphics, biology,
etc.

Another important conclusion is that the real world is not a flat, Euclidean
one, but rather a quite curved one and that new mathematical tools are necessary
for exploring this world. Since locally any topological space on manifold is flat, the
analysis of curved spaces brings us from the world of local data sets to the longer
world of global data sets.

Nevertheless, our findings show that the world not need to be thought as be-
ing Euclidean or Riemannian. The real world is Finslerian, non-symmetric and curved.

The research of non-symmetric kernels do not ends here, yet this is only the
beginning. Many other statistical and geometricat properties remain to be studied.
Applications of non-symmetric kernels to SYM and other classical statistical analysis
technigues are still open and it would be very interesting to compare the results of
symmetric kernels analysis with non-symmetric kermnels analysis. My conclusion is that
further research will show in what cases symmetric kernels should be used and when
we must consider non-symmetric ones. Such methodology selection skills will be
necessary in the further for any researcher working in data analysis.

4.2 Suggestions

Our research suggests that more study concerning weighted quasi metrics and
non-symmetric kernels is necessary.

For instance, it would be very interesting and useful to have an implementa-
tion of SYM and other machine tearning algorithms using non-symmetric kernels in the
open-source statistical programming language R.

Another idea suggested by our research would be an implementation of the
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well-known k-means clustering method replacing the usual symmetric metric (Eu-
clidean, correlation, metric, etc) with a weighted quasi-metric. A comparison of clus-
tering results will point out advantages and disadvantages of both methods. We hope
to study some of these in the future.
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Geodesic Distance Kernels

Uraiwan Somboon'", Praiboon Pantaragphong' and Sorin V. Sabau’

lDepartment of Mathematics, Faculty of Science,
King Mongkut’s Institute of Technology Ladkrabang, Bangkok 10520, Thailand
*School of Biological Science, Department of Biology, Tokai University,
Sapporo Campus 5-1-1-1 Minamisawa, Minamiku, Sapporo, 005-8601 Japan

Abstract

In this paper, the authors deals with non-symmetric kernels induced by weighted quasi-metrics on
Hilbert spaces and they study their fundamental properties. These are new and original. Such kind
of metrics is obtained from Finsler metrics for example. We show that the use of such kernels may
provide a soluticn to the conflict between positive definiteness of the kernel and the curvature of
the underlying space.

Keywords:Finsler metrics, Hilbert spaces, non-symmetric kernels, weighted quasi-metric spaces

1. Introduction

Kernel methods are fundamental tools for statistical analysis and machine leamning [1, 2].

Considering the data set as a subset JR” one can use an embedding into the higher dimensional
Hilbert space where the problem becomes linear and hence easy to solve. Even though the data is
usually regarded as lying on the Euclidean space, in many cases, one needs to work with data
sitting in more general type of space, in particular data lying on spaces that are not necessarily flat.
Examples include data analysis for computer vision, where rotation metrics belong to the Lie

group SO (3), normalized histograms from the unit n-sphere §” and other type of data that belong
to smooth manifolds, as Riemannian and Finsler manifolds.

In the present paper, we will show how to extend the theory of kernels using the geodesic
distance from Euclidean and Riemannian setting to the much general case of a weighted quasi-
distance. It is known that this kind of distance naturally appears in the case of a special Finsler
manifold called Randers space [3].

In particular, we are interested in answering to the following question. “Is it possible to
use (non-symmetric) kernel methods in order to analyze the data on a curve manifolds as 5" 7" It is
clear that the answer to this question is NO for the symmetric kernels case.

However, if we consider geodesic kernel based on weighted quasi distance, then the
bundie representation [4] allows us to extend the space where the data lives. By such a
decompactification of the base manifeld it is clearly possible to use the geometry of non-

symmetric kernels for analyzing data on curved manifolds, as S*.

*Corresponding author:  Tel.: 466 91 7300313

E-mail:uraiwan.somboon@gmail.com
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Here is the structure of the paper. In section 2 (subsection 2.1), we review the main
results about symmetric kernels defined on topological spaces and recall that PD and CND
properties of the symmetric kernels imply that the base topological spaces are actually Hilbert
spaces. Moreover, we explain in subsection 2.2 why the underlying mefric space of a PD
symmetric kernel must be flat and hence why one cannot use PD symmetric kernels when working
with data extracted from spaces that are not flat.

In section 3, we recall the main geometrical results of weighted quasi-metrics (see [3] and
[4]). In special we call the attention to the bundle representation of weighted quasi-metric, a
fundamental notion for the generalizations following,

Finally, in section 4, we define for the first time non-symmetric kernels induced by
weighted quasi-metrics, study their fundamental properties and show that these can allow using
data from more general spaces than the flat ones. All the content of this section is new and makes
the core of the present paper. Further details and some concrete algorithms will be given in a
forthcoming paper.

2. Symmetric Kernels

2.1 General theory
Let X be a topological space.
Definition2.1 A continuous function ®: ¥ xX - C or R, ®(x,x) =0,

@(x, y) = ©(y,x) is called a symmetric kernel on X,

We recall the following definition,
Definition 2.2 ([5]) The kernel & on the topological space X is called positive definite (PD)
if for any # e N, and elements x,,...,x, € X and any scalars¢,,...,¢, € R we have

iic,cjl((x,.,xj)zo Y 2.1
i=l =l
Example 2.3 Let {#,(--))be a Hilbert spaceand f: X —»H acontinuous function.
Then the kernel @ (x, y} = (f (x), /(¥ }), ¥x,» € X is positive definite.
Remark 2.4 Obviously @ (x, y} = {(x,y) is positive definite kemel.
Definition 2.5 ([5]) The kemel X on the topological space X is called condifionally negative
definite (CND) if it satisfies
. K{x,x}=0 forall xe X.
2. K{xy)=K{yx) forall x,yeX.
3. Forany n e N, and elements x,,...,x, € X and any real numbersc,,...,c, with
€ +¢, +++¢, =0 we have

”

3 Y e, K (3,5, }<0. 2.2)

=l J=l
For symmetric kernels the following results are fundamental.
Theorem 2.6 ([5]) (The GNS construction for PD kernels) If &:X xX — R is a PD kernel on

a topological space X then there exist
s a Hilbert space(H,{-})
¢ g continuous function f : X > 'H

such that ®(x,y) = {f(x), f ("M
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The following resultis important for applications and will be extensively used in the
presentpaper.
Theorem 2.7 {[5]) (The GNS construction for CND kernels) ¥ X xX —> R is a CND kernel
on a topological space X, then there exist

o g real Hilbert space (H,(,7)

o continuous function {1 X =M

such thatw (%) =/ -1 ol

The GNS construction of CND kemels allows 10 prove the following important result.
Theorem 2.8 ([5]) (Schoenberg) If Xis a topologicalspace and ¥ XxX->Ris a
continuouskernel on X such that

(i) H(x, x)=0 and

(i) ¥(x, ») =¥(y, x), forall x,y € X
then the followingnvoproperties are equivalent

(A) Wis CND kernel

(B) the expanemialkernel K(x, )= exp(-A¥ (x, y)) is PD for all Az0.

2.2 Geodesic distance induced kernels
In particular, if (M ,p)is a metric space, then itis customary to consider kernels induced by p
given in the form: K(x, ¥) = exp (—ﬂ. plx, y)), A,q4>0.The Schoenberg theorem and (GNS
construction for CND kernels imply.
Theorem 2.9 If the Gaussiankernel K (x, y) =exp (—/1 (s y)) of the metric space (M, p) is PD,
then there exist

o areal Hilbert space (H, (o))

o acontinuous function f:X —H

suchthat p(%,y) =/ &)~ f M, = du (SO o),

where d,, is the induced distance of (H,44) -

Remark 2.10 In other words, if the Gaussian geodesic kernel is PD, then the metric space (M, )
can be isometrically embedded in the Hilbert spact (’H,(-,-)) constructed in the GNS construction

for CND kernels (see above).
The following resultis well-known [1,2].
Theorem 2.11 Let (X.d Ybe a geadesic metric space and assume that the Gaussian kernel

K (x,y):exp(—ﬂ-dz(x, y)) is PD on X for all A>0. Then(X,d)is flat in the sense of
Alexandrov, i.e. any geodesic trigngle in (X, d} can be isometrically embedded in an Euclidean
space.

Theorem 2,12 Let (M, g)bea complete, smooth Riemannian manifold with Riemannian distance
function d on M. Let us assume that the Riemannian disiance induced Gaussian kernel
K({x,y)=exp (-)ud2 (x, y)) is PD on X for all A>0. Then the Riemannian manifold M is

isometric to an Euclidean space.

From here it follows that the geodesic Gaussian kernel can be PD only if the underlying
spaceis flat. In particular, if the distance isinduced by 2 Riemannian metric, then the Gaussian
kemnelis PD if and only if the Riemannian space is flat, i.e. an Euclidean space.
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The geometrical reason behind this unexpected result actually comes from the injectivity of
the isometric embedding. Indeed, we recall from [6] that, if {X,d,)and (Y ) ,,) are metric spaces,
thenamap ¢ : X — Y is called isometry onlo its image if it preserves distance, that is

dy (@), o) =4y (x, y) forany x, ye X . (2.3)

Remark that the definition above automatically implies that o must be injective. Here isa
simple proof of this fact.

Recall that ¢ is injective by definition if, for any x,, ¥, € X, o(x)=0(x,), thenx, = x,.

Ifwe assume ¢(x, ) =(x, ), then formula {2.3)implies

dy ((P(xl)s ("(xz)) =0 =dy (xl; -"z)
And since d, is a metric, it follows x;, =x,, i.e. the isometry ¢ must be an injection.
A map @ betweentwolengthspacesiscalled an arcwise isomelry if

L,(y) =L, {@(r))for any pathy.
An injective arcwise isometry iscailed an isometric embedding.

Remark 2.13
1. An isometric cmbeddingis not the same notion as isometry ontoits image. For

instance, a simple curve y: [0,1] > R?, 7(t)={(cos #,sin ¢) is an isometric embedding, but not

an isometry onto its image.
2. The isometric embeddings of Riemannianspaces are studied in Differential Geometry
and they are actually arcwise isometric embeddings.
Example 2.14 Let us consider the unit sphere
s ={(xy.z2) syt =lm R
Then
1, §* > R’can be isometrically embedded in R®as Riemannian manifold.

2. On the other hand, thete exists no embedding 4: 8* — R’ (or R”) that would be an

isometry onto its image.
Indeed, consider the coordinate systetn (8,0) on §? given by

x= sind cosp, y= sinf 'sing, z= cosd,

where fe[0,7]andp e [0,27]-

We have the Riemannian isometric embedding

g: S? >R, (6,0) - (8.0} = (sin & cos ,sin &sin ,cos )
and observe that this map cannot be injective. One can see for instance that
$(0,¢) = (0,0,1)forany g [0,27].

In general, if the manifold X', where data belongs, is compact, it is impossible to find an
isometry between X and R”, therefore is impossible to obtain a PD Gaussian kernel from the
geodesic distance on a compact manifold.

Remark 2.15 It is interesting to see that actually we can embed S* as metric space into an infinite
dimensional Hilbert space [6].

3. Weighted Quasi-Metric

We recall that, if A is a non-empty set and d areal-valued function
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d:MxM —» Rihat satisfies
1. Positiveness: (%, y)20 and d(x, y)=0 ifand only if x=y

3. Symmetry: d(x, y)=dys x).

3, Triangle inequality: d(x, ysd(x, 2)+d(z, ¥)
for any x, ¥, 2 € M, then (M ) is called a metric space.

More generally, 2 metricspace (M,d ) that do not satisfy the symmetry condition
d(x,y)=4d (y,x) 18 called aquasi-netric space.

Moreover, an important class of quasi-metric space are the so-called weighted quasi-
metric space. A weighted quasi-metric P is » function @M «M —» R . This i quasi-metric and

such that there exists & weight function w: M= [O,oo) satisfying
Weightability: p(x,y)+w(x) = p(y,x)+w(y) forany X, yeM.
We can define the Symmetrization of p, where piMxM >R, isa quasi-metric.

Indeed the function d:MxM —[0, o) given by

d(x,y)= lz[p(x, N+ o0} @31

1s called the symmetrization of p foranyx,y & M.
Lemma 3.1 Observe that (M, d }is melric space.
Proposition 3.2 Using the symmelrization d of weight of quasi-metric p with the weight function

wiM =10, o) we have p(x,¥) = d(x,» +-15[w(y) - w(x)] forany %,y € M.

Moreover, we have lzlw(x) —w(y)| £ dx:¥) for any X%,y eM.

Proposition 331 (M.d, w)is a weighted quasi-metric space, then the perimeter length of any
geodesic triangle on M does not depend on the orientation, i.e.

pl )+ P2+ p(z,%) = P2+ oz, )+ pLys ) for any %Y eM. (3.2)
If (X ,q,w) and ¢ p,u)are tWo weighted quasi-metric Spaces, the mapping @: X = y with the

properties
p(o(x), (YN = g(xy), Y%.¥e X (3.3)

u(p(x)} = w(x), Vxe€ X (3.4)

Is called a morphism of weighted quasi-metric spaces.

In the case we have equality in relation (3.3), then the morphism ¢ is called an isometric
morphism. In this case wand u°@ differ by a constant only.

Moreover, an isomorphism of the weighted quasi-metric spaces (X.q: w) and (¥, p,u)is
a bijective function @: X =Y that preserves both the quasi—metric and the weight function.

Finally, an embedding of (X ,g,w) into (G,Q,W) is an isomorphism of (X ,q,w) onto
subspaceof (G,Q,W) . Here, a subspace (v, p.u) of @ weighted quasi-metric space (G,Q,W) isa
subset Y < G, the function p and #are the restriction of O and W to Yx¥ andY, respectively
Example 3.4 (The product of 2 metricspacewith 2 half ray) Consider 2 metric space (S,d) and
the half ray I:= (o, w). Then the product space G:=SxI inherits 2 natural structure of

(generalized) weighted quasi—metric space {G, Qs W), where
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Q:GxG-—>[0,oo), O, V) = d(x, ) +n-&

WG —[0,%), Wiu) = 26 vu= (x, &), V= (¥ meSxL
Remark 3.5 The generalized weighted quasi-melricspace (SxI,Q,W) constructed in example
3 4 is sometimes called the bundle over (S, d) (see [41).

Example 3.6 (The graph of a function) We consider the casé of the graph of anon-negative
valued function [ S— [O,oo) defined on a metric space (S,d). Indeed, if we denote the graph of

(3.5)

f by G = {(x, F(x) :xeS} then (GI,Q,W) s a naturally induced weighted quasi-metric
gpace structure defined by

0:G,»G; —[0,%), Q0V) = d(x, ) 1) - f(x)

WG, — [0,00), W) =21 () o= (x, f(x), V= (v, fone G,-

Based on these, on¢ has
Theorem 3.7 ([31) Every weighted quasi-metric space (X W) IS embeddable ina bundle over a

(3.6)

suitable metric space (5,d)-
Theorem 3.8 (13D

1. Let (8.d) be a metric space and f .S —[0,00) @ 1-Lipschitz function. Then the
graph of fisa weighted quasi-metric spuace (G Jf,Q,W).

n. Conversely, every weighted quasi-metric space (X ,g.w) can be constructed in this

way.

4. Non-Symmetric Kernels

All kernels studied up to here were symmetric kernels, and basically, induced by Riemannian

distances, which are also symmetric.
We will consider in this section another type of kernels, namely non-symmetric kernels.
In special, we aré interested in non-symmetric kernels induced by weighted quasi-metrics. If

(M, p,W) {s 2 weighted quasi—metric, we can consider the kernels
o Glx, ) = exp(=Ap° (%, V) the Gaussian kemnel and
o L(x, ¥} = exp(=A: p(%, ), the Laplacian kernel.

The definition of PD and CND kernels are same as for the symmetric case.
We start with two examples.
Example 4.1 Let (H, ¢ D be a Hilbert space and f:M = H a continuous function. Then the

function
Kiay) =G, FON+ —‘i[w(y)—w(x)], vx,ye M @1

is a non-symmetric PD kernel, where w: M =10, ) 152 1-Lipschitz continuous function.
Example 4.2 With same notation as in example (4.1}, the function

1 2
K(x,») :={dﬂ(x,y)+§(W(y)—w(x))] 4.2)
is a non-Symrnetric CND kernel, where dy (x, y)=\](x—y, x—y) is the induced distance

function of the Hilbert space (H, &, 0
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In order to prove this example, We need the following.
w:H — R is a continuous function and €.+ C2

" 2
= —2-[Zc,w(x,)] <0 for all X%y € H.

i=l

Lemma 4.3 If geke, =0, the

z":‘ic,.c : [w(x,) —w(x j)]z

= =1

Proof, For n=2:

"Zic,c : [w(x,) —w(x j)]z =c? [wlx) - wi,
(S1) [W(xz) = w(x,

=266, [Wlx)— wie)T -

4.3)

)]2 +e6, [win) - w(xz)]2 +

)]2 +o {wlx,) - w(x)T

Since ¢, +6 =0 66 = ~c?. Then
zﬂ;ic‘cj [w(x,) —w(x;) o2 [wlx) = wix)] <0
For n=3: 74
ggcic ; [w(xi) —w(x j)]z = 2[(0102 e, )w(n )z +(ce czc3)w(x2)1 +(ee czcl)w(xl )2
~2e,c,wlx WX}~ 20,6, w0 )W) — 2,6, W, W)

=0, we have

Since ¢, ¥ ¢ 6
+,0y =G5

Y 2 == 2
[ +06 = Cps [ +0,63 = Cys €0y

Then

33 9
Y26 [w(x,.) - W("f)]
=1 j=t

+2clczw(xl)w(x2) +2¢,6,W(%
wix,)+ c,w(x:,)]2 <0,
pose (4.3) js CND for 1= k,

-l etw(x) reiwlx) retw(x)

yw(xy) + 2e,6,w(x)W(¥s A

=2[gwlx)+e
we will show that

nduction step: let k be positive integers and sup!

(4.3)is CND for 0 =k+1.
Thus
4ot ::lc,c,,,)w(x1 )2 +(c6, + 66

)2 5 zclczw(xl)w(xz)

+---+c2ck+,)w(x1)2

%% GE) [W(x:) - W(xj)]z s 2[(016'2 + 6,6

J.-Ck+1)w(xk+|

i=l j=)
4ot {€Cn T CrCru goetC
2wl WEs) 2c,‘ck+lw(x,‘)w(x,‘+l)].
Since ¢ +¢ TG T 0, we have
2 1 2
6, TG ot GG =0 02 Feyly e F Ol T G2 oy C1Cint T C2Cknt oot CCpay = Cha1
33 2 2
Then ZZcic s [w(x,) —wix j)] = —-2[c1w(xl) +ew(E) et ckﬂw(xkﬂ)] <0,
=k J=l
Proposition 4.4
W Ik and K, are CND, then sK, + t+K, is also CND, for allt, s> 0, i.e the set of CND
Lernels on M is @ convex cone.
verging poini-wise on M x M to a continious

s on M is closed.

i) If {K.}, is a family of CND kernels con
he set of CND kernel

rernel KM xM — R, then K is also CND, i.e t
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(i) If K is a PD kernel on M , then H(x, ) =K(x,x)- K(x,») is CND.
Proof. (i) Forany Xj,... % and Gy €, Suchthat ¢ +oF6, =0, we have

iie,chl (xi,xj) <0, izn:chKz (xl,xj)s 0.

=) J=l =l j=l

Then,

Ozs-iicfcﬂ(, (x,,xj)+t->":icch,KZ (x,,:cj)

=1 j=1 =1 j=1

i=1 j=|
(ii) By hypothesis, for any (x, y)eMxM, we have for any & > 0, there exists

T > 0 such that \K, (x, y)- K(x, y)\ < g fort>T . Forany X... %, e M, we have
—e < K(x, x)-K(x X)<& TE% K, (%, %)~ K(x x)< &
and hence, for any ¢€,..¢, € ® such that ic, =0, we obtain
i=l
EINICLACE PRICTIS (%%)'ZZ@C;K (xf’xi) WL
=t =l =1 = i=l =1 =l j=l

and using hypothesis that e =0, it follows
1=l

n " i L
ZZCICJK: (x,,xj)= c,ch(x),,x,) <0.
i=l j=l f=1 j=i
(ii) For any ¢se & eR, ic,. =0, and X, X, e M , we compute
i=1
a1 L] 14 L3 n n 2 n
z:‘z;c,.ch(xf,xJ) =zl';c,ch(x,,x,)-—; 1Cic"K (x,,xj) =—;z;c,ch(x,,xJ) <0
=1 j= i<l j= = = =l j=

due to the fact that K is PD.
Remark 4.5 Let K: M x M — R be an arbitrary non-symmetric kernel and let us denote

M xM — Ry H(Y) = ‘E[K(x,yway,x)]

the average symmetrized kernel.
Then, an elementary computation shows that for any X,,...%, € M and any ¢,-.C, € R,

we have iic,ch(x,,x}) = iic,ch(xj,x,).

=1 j=L =t j=l
That is,
(@) KisPD if and only if H isPD.
(ii) K is CND if and only if H is CND.
We obtain the following important resuit.
Lemma 4.6 (F mdamental Lemma)
M plxy)is PD ifand onlyif d (x,»)is PD.

@) p(x,y) s CND if and only if d {(x,p) Is CND.

The proof is trivial if we take into account that 4 (x,y)= -15[ plny)* (¥ x):\
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Example 4.7 Let (H,(, ) bea Hilbert space. We define the foliowing weighted quasi-metric
space; (Hx[0,%0),0,/) , where
0 (Hx[0,0))x(Hx[0,00)) = [0,) , (1,v)+=> Q(u,v)={x. 2+ =

Where u = (x,&), v=_7) are points in H x[0,c0) .Obviously 0 is a quasi-metric on 1 x[0,%0).

Moteover, the mapping W Hx[0,0)— [0,), u > Wu)=2-& is a weight, where
u=(x,&) e Hx[0,).

One can now easily see that (H x[O,oo),Q,M_f) is a weighted quasi-metric space. We will
call it the associated weighted quasi-metric space to a given Hilbert space (M.{, ) ]

We obtain an important result.
Theorem 4.8 If the weighted quasi-metric p is PD then there exists a continuous function

¢: (G;.0,W) - (Hx[0,2),0.7)
from the representation (GI,Q,W) of (M,p) to the weighted quasi-metric space
(’Hx[O,oo),é,W) which is an isomorphism of bundles, where (’Hx[O,oo),@,W) is the associated
weighted quasi-metric of the Hilbert space H obtained by the GNS construction for PD kernels.
Proof. Since p is PD it follows that d is also PD. Hence, from the GNS construction
theorem of PD kernels it follows that it exists a Hilbert space (H,{, ) and a continuous

mapping  : M —» Hsuch thatd(x, y) = w(x), w(), Vx,yeM.
We will extend this mapping to G by defining

0:G; = Hx[0,0), wiyo@) =l f(¥) = (w(x), f(x))-
We will show now that this is an isomorphism of (GI,Q,W) with
(’H x[0, w) o R (C" ) xR, 0, W), where
0((x, a) (¥, b)) =(X, 1) +b—a, and W(x,a)=a.
We have, Q(u,v) = Q((6, S, (1, F M) =)+ [ ()~ f(9)
= (), wON+ L= =0(e0),e0)
and similarly W (u}= W((x, f(x:))) = f(x) = (w(x), f(x))= W (@(u)).

We have the following general result.
Proposition 4.9 Lety : M xM — R be a (non-symmetric) kernel on M. If &*¥ is PD, then y

is CND.
Let us consider Laplacian kernels induced by weighted quasi-metrics. We have

Theorem 4.10
(i} The weighted quasi-metric space (M, p,w) is CND if and only if Laplacian kernel

et #%) is PD for all 4> 0.

(ii) In this case we have the bundles isomorphism ¢ :(G,,Q,W)— (Hx [0,00), 3, %)
Where Q{u,v)=Jd{xy)+(¥)-f (x), and (Hx [0,00), 0,7 is the associated weighted quasi-
metric of the Hilbert space H obtained by the GNS construction for CND kernels.
Proof. (i) We assume £{x,y)= ¢ #") i5 PD. Then we observe that

d=1-e*" =1-L isCND.
Indeed, for any ¢,,...,¢, suchthat ¢ +--+c, = 0 we have
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Zjﬁ% [1 - e—).-p(x,.x,)] = ‘ZZC;C; [e""’ ("""”] <0

i=1 f=1 pargya}

by hypothesis. Using now the fact that the set of CND kemels on M is a closed set we have that
1- £ =gty

= lim

=0 f 10 t

is aiso CND kernel. Recalling from L’Hospital’s theorem

1~ e—"P(X._V)

llir%-——-T—-— = p(x,y), it follows that p(x,y) is CND kernel.

Conversely, We assume now that (M, p)is CND. Then it follows that (M.d) is CND

and hence there exists ¢ 1 M —> (H,{, ) such thatd (x,y)=(p (x),0( ¥
A
. . T ey )
A simple computation shows thate Wp(nd) = gmH 0 N).g ploell
Remark that since (M,d,) is CND it follows thate™ ' =¢™* (620N 5 PD
by Schoenberg Lemma for symmetric kernels. For any ¥, %, and any ¢,,...,, We compute
A
LB A plx X L i) W)=
D ece R 2 NVY cee ). 3,
i=) je=l i=1 j=1
For n=2we have,

c?e‘&'P(J‘h-‘t) + clcze';"ﬂ(xl V1) + Czc‘e-;"ﬂ(lz ) == cie—;-‘ﬁ(-\'z V)

A A
" _A = ) Hutryew)]  —Slwx-wle]
=cle ) +ee i) 4 20 teicpe =) {e 2 et -1

Since d is CND, then g jg PD, i.e.
cre WS Yy e e I ) e, g rdtemd ol it 20 4.4

On the other hand, observe that
A A
Sl el g, (4.5)

—1 WX J—wix
Indeed, if we denote e il Y then

2 2 (3
\ eyl “utn-winll r'=Y+l.g

Y
Recause Y2 ~Y +1>0, Y >0 forany ¥ and from (4.4), (4.5) it results that gt ig PD,
(ii) Recall that (M, p)is CND and hence (M,d)is CND. Then, by using GNS

construction for CND symmetric kernels, there exists @: (M d} = (H.C ) such that

d(x,y) = d2@(p( = (e - o), ¢ -0 4.7
and hence, we have an isometric embedding (seec [6]) ¢ :(M ,JE ) —> ('H, dﬁ).
It follows that we can construct (x,7)=1 [d(x y)+f(»)-1 (x) and the conclusion follows

similarly with theorem 4.8.
We turn now to Gaussian kernels g(x, y) = 450,

Theorem 4.11 If (M,d*) is CND then,
O (M, p*) is CND, for plx. ) =d(x, y)+ fy)=f(x) and
(ii) there exists a continuous function qp:(Gf,Q,W)—a(H X[O, m),é,ﬁ_’) that is an

isomorphism of bundles.

1
l=Y+—-1= , 4.6
¥ (4.6)
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Proof. (i} Using p(x,») = d(x, )+ f(y)— f(x) we have
Pny) =d(6y)+ 2405 N[O~ F@FO =TT
And for any X,...%, and any ¢,...C, such that ¢, +---+c, =0 we have

] n n H 2 , + 2 ,
chicjpz(xi, xJ,) .-=Z]Z‘C‘_cj o X x}) P (x], xr)
i=1 j=

=1 =l 2

n H n " 2
=Zz.q.cjd2(x“ xj)+ZZc,cj [f(xf)—f(x‘,.)]
=l j=1

j=b =l

= iicfcde(x‘., xj)—Z-[ic,f(x,)] ,
=

= j=l

due to lemma 4.3. Since d*is CND it results é—[p’ (x,y)+ 2" (¥ x)] is CND and due to remark

4.5, p*is CND.

(ii) Since (M ,dz) is CND, by the GNS construction for symmetric kernels it follows that
there exists @1 M — (M, ¢, -)) continuous function such that

46y =@ -ef, = @0, e, 43)

that is d(x,»)=4d, (¢(@:‘P(J’))-
Then, we can extend this function to 9 (GJ,,Q,W) — (‘H %[0, 00),@, W)
by () = p(x, W) = (p(x),2f (). By computing, we get

Oe,v) =d(x, )+ F(N = f() =y (9, P())+ W) — w(x) = O(ew), ¢OD,
and W (u) =W (%, w(x))= 2f(x) = 7 {p(x)).
Remark 4.12 The natural question left is if p?is CND implies d 2is CND. One can see

that this is not true in general. Indeed, let us assume that p* is CND. Then, 2 computation similar
to the one in proof of theorem 4.11 gives

izﬂ:c,cjpz(x,., xj)=§§cic1d’(xi, x) + Z-Zl:gc,cjd(x,., xj)-[f(xf)—f(xi)]

[
AP LCARIICOE

iz j=i

It can be proved by induction thatz":ic,c (%, X )-[ flx)-f (x,.)] =0.

i=1 j=1

n n 1 n n 2
Then, we getZZc‘.cjpz(x,., %) =Zchcfd2(x,., xj)—Z-[Zc,f(xl.)] .
=1 j=l i=1

i=l =1

H [ R 2 n n
and hence > eed (%, xj)=2‘[2cff(x,)] +3 > ee,0M (% %)) 4.9
=

=1 J=l =1 j=l
One can easily see now that the first term in the sum on right hand side is positive and the second
term is negative. That is p* being CND do not imply d* is CND in general.
Therefore, we conclude that p* is CND do not imply 4 is CND and hence the space is
not isometric embedding to the flat case.
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We recall that @:.X — Yis an issmorphism, an isometry of the weighted quasi-metrics

(X’ qs w) and (Y, b, u) lfp(go(x), (D(y)) = Q(xs Y) and u{@(x)) = w(x)
for any x, y € X (see section 3 and [3]}.

We also recall that for a weighted quasi-metric p, we have
p(x,y)=p(y, x)=0=x=y,forany x, y € X.Indeed it is easy to see that

plx, ¥) =d(x, ») +%[W(y) —w(x)], p(y, x) =d{y, x)+ %[W(x) -w(y)]

leads to p(x, y) = p(y, x) & w(¥)-w(x)= 0,ie. p(x, y)=p(y, x)=d(x, )
and since 4 is a usual distance function it follows x = y. Let us assume ¢(x,)=o(x, ).
From the definition of isometry we have

P(Gp(xg)s ‘P(xz)) = Q(xl, X ) u((o(xl)) = w(x,), “(gp(-xz)) =w(x,),

and henee p(p(x,), @(x,)}=0=g(x, %) p(2(x,), ¢(x)}=0=g(x, x)
= g{x,, x,) = ¢{x,, x)= 0and thercfore, x; = x,. This shows that an isomorphism (i.e. isometry)

of weighted quasi-metrics must also be injective.
The intuition behind can conclude that the replacement of the metric space

(X.d)with a weighted quasi-metric space (X, p,w)leads to the de-compactification of X.
Indeed, even though X is a compact manifold, a weighted quasi-metric on X is actually equivalent
with the weighted quasi-metric space (GI,Q,W),where G, = {(x, f (x)) ixeX } is the graph of

the Lipschitz function fF: X —]0, ), f(x =lw x). In other words, we replace the compact
4 2

manifold X with the non-compact total space X x[0, ) of the bundle over X.

Example 4.13 Consider X = 57 the unit 2-dimensional sphere in R? or R" with distance function
d,and let w: S>> Rbe the function w(f,p) = tand for the parametrization
(8,9) €[0,7]x[0,27]. Cleatly (S,p,w)obtained from dand w is a (generalized) weighted

quasi-metric built on the total space $*xR.
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Positive Definite Matrices

1. Symmetric and Hermitian matrices

In linear algebra a real symmetric n x n matrix M = (M;;) is said to be positive
definite if the scalars

m n
T Moc=YY ciciMi; >0
i=1 j=1

o
for any non-zero column vector c= | : |, where ¢T denotes the transpose of ¢ .

Cn
The negative definite, positive semi-definite and negative semi-definite matrices are

definite in the same way accept that cTMcis < 0,2 0 and < 0, respectively.

We recall that the extension to complex matrices of a symmetric matrix is the
Hermitian matrix {we always think complex Hermitian matrices are equivalent to real
symmetric matrices).

An n x n matrix A = (ay;) with complex entries such that a;; = a;
forvi,j € {1,...,n} is called a Hermition matrix, where @ is the conjugate of the complex

numbers a.
Obviously if 4 is real matrix, then Hermitian means symmetric. If the conjugate
transpose matrix of A is denoted AT, then the Hermitian property can be written as

A=At

Properties of Hermitian matrices

(i) The entries on the main diagonal of a Hermitian matrix 4 must be real because

a=gif and only if a is real.

(i) Any Hermitian matrix A can be diagonalized by a unitary matrix, i.e. for any
Hermitian matrix 4 there exist a unitary matrix U and a diagonal real matrix P s.t.

A=U-1-P-U,

here unitary matrix means UtU = UUT = 1. Since P is real matrix it follows that
the eigenvalues of a Hermitian matrix A are real and since U is unitary it follows
A has n linearly independent eigenvectors (the eigenvectors of A are columns in
U).

For a Hermitian matrix M (i.e. equivalent of a real symmetric matrix) we can

define positive definiteness by asking
z* Mz > 0, vz € C*,

where z* is conjugate transpose of z.
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Properties of positive definite Hermitian {or symmetric real) matrices

(i) All eigenvalues are positive. Indeed, an explained above, if M is Hermitian then
there exists an eigen decomposition of M, ie. M =U~'.P.U, where U is unitary
complex and P is diagonal with real entries. The columns of U give eigenvectors
of M and diagonal elements of P give the eigenvalues of M. Moreover, if M is
positive definite, then P must be positive definite (simple calculate). But a real
diagonal matrix P is positive definite if and only if the element on the diagonal
are positive.

(i) The associated linear form is an inner product. Indeed, we associated to any
complex matrix M the linear form (also called sesquilinear form)

{,-}:C*x C" = C, {z, 9} = y" Mz,
for v,y € C*, where y* is the complex conjugate of y.

Obviously {-, ) is linear in both arguments. However (., -} is an inner product in
Cr if and only if ||z||? = (=, 2} is real and positive for ¥z € €7, and this is equivalent to
M positive definite.

Moreover, any inner product in €™ arises in this way from a Hermitian positive
definite matrix.

A Hermitian matrix is called negative-definite, negative semi-definite or positive
semi-definite if and only if its eigenvalues are negative, non-positive or hon-negative,
respectively. ‘

Indeed, we define an n x n Hermitian matrix M to be negative definite if
z* Mz < 0, for all non-zero z € C* (or all non-zero z € R* for symmetric real matrices),
where z* is the conjugate transpose of z. The definition of positive semi-definite and
negative semi-definite Hermitian matrices is the same accept that z*Mz is > 0 and <0,
respectively.

We also remark that a Hermitian matrix that is neither positive definite, negative
definite, positive semi-definite, negative semi-definite is called indefinite. Indefinite
matrices always have both positive and negative eigenvalues.

2. Non-symmetric matrices.

The notion of positive definiteness can be easily extended to non-symmetric
matrices.

A complex matrix M is called positive definite if Re(z*Mz) > 0, for all non-zero
complex z € C*, where Re(-) denotes the real part of a complex number.

This is a weaker definition and in can be used when the matrix M is non-

1 1
Hermitian, like M = for example.
-1 1
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For real matrices M, we call M positive definite if ¢” Me > 0, for all non-zero
vector ¢ € R®, even M is not symmetric matrix.

Remark 4.1. (i) Observe that for an arbitrary complex matrix M, we have Re(z*Mz) >
M4 M*

0 if and only if the symmetrized matrix M := that is a Hermitian matrix,

is positive definite as a Hermitian matrix, for any non-zero xz € C™.

(i) If M is an arbitrary real matrix then ¢"Mc > 0 if and only if the symmetrized
matrix M := é(M + M), that is a symmetric matrix, is positive definite in the
usual sense.
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