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ABSTRACT

This thesis presents the applicability of linear model predictive control for an
inverted pendulum on cart system and observes its parameters tuning effects. Sampling
period and upper prediction horizon are varied for investigating their influences to the
system’s stability and performance. The comparison of the control systems using the
model predictive control and servo LQR with the equivalent weighting matrices is
additionally studied.

As can be observed from the simulations and experimental results, the
adjustment of the upper prediction horizon influences the system’s stability and
performance. It must be in a proper range which is not too small and not too large to
ensure the stability. Within the stable range, if the upper prediction horizon is small,
the cart position response exhibits an oscillatory behavior. When the upper prediction
horizon is increased, the cart position response becomes smooth and pendulum angle
response exhibits less deviation from its upright position; however, the response is
slower. The comparison result between using slow sample rate and fast sample rate is
that the performance of the system using the fast sample rate achieves shorter settling
time than the one using the slow sample rate. However, the upper prediction horizon
range for the fast sample rate case is much higher than that for the slow sample rate
case; therefore, it requires a better controller hardware. In comparison between the
MPC controller and servo LQR controller, both controllers result in the systems with
similar performance; however, the system using the MPC controller can track a

time-varying reference signal better than the one using the servo LQR controller.
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Tunawwan n

wauraen uaznisalaulannes

A H ' 1 o v - o
JUN 2.3 dusUsvausenineinmuANUBR IMNYALIUNINT

a [ 4 4 o
2.2 u.u*u{haaemqnmnmanwaqs:vuﬁunasmmugauuusnsﬂa
3 - A J - L
msmu'u'ui)maqmanmmﬂam‘n%'aaun'ﬁn'mﬂaaummszuuaunas'wquqauuu
- - « LY 4:7 v oA Ve al L 4 - e' U 1 s ]
sasaludngrinusavuil ‘lmaan'l'mﬁ'uaamnswaéma'lmauumg'lum'lumtwugauuﬁa‘lu
v <l a N o . -l v Tl e - U J
aunsnenle warauduaniuan (Static friction) dardssuinaulifisndnanessuu %4
A1SANUINUNAANENSUBIAINGNY (Lagrangian mechanics) #1491NNISAUINUNAANEAST VDY
f76u (Newtonian mechanics) Tnaldndsnulunisdinandundn fausenaulumemey
o < % s [ o & 1 -t ° v ¢
YBINA1UIAY (Kinetic energy) waznatauding (Potential energy) Favinlnariansves
« o N vV @ d‘ n‘ J a‘d L 1 4 v 1
a'lnswwmmsnuﬂdﬂssqnm’lﬁnumsmaauw'luuuuma 9 nilanududeuladnenia

el

nafansvetiafu lasteudiatiun1sainsed £ (Lagrangian operator) fail

o a

s L A9 M dun15aIns e

D
- o g

AnamIluvesseuy (Generalized coordinate)

2

s L3

?
A9 NANUIAUTINNIMUAVDITTUY
?

A9 NANUANGTIUNIMUAVDITEUU



aumsveInssLarnainlulaasHamnauiie g, awnsaldsusiuslalay

4foL —a—‘c—=u. (2.2)
dt\og,) oq

oy o, AeusefinseyfuRiaiiluil i uas g, Aofifaluf i dwiui=1,2,3, .., nule nfe
PINDa5Y (Degree of freedom) Yad3¥UVY
wuustaemAdaransTesEUUBUE MINUgAIUUsAT AN SIRINSINTINGUT
24 o M waz m AoNavedsnsn wasnaveunugdl f uas I AeAnduuszAndus
\Buan1uent uazssesangamuiagaduinanalavsanugdy F Asussilddusasng

4 d ° ' Y
WRABUN X WAy 6 ADAUMUNTATI Uastnuna

ol ° - & [
EUVI 2.4 WUUNaBIUDIBULIDIN INUAANUUINTN

- o

dwiusruvduneiminugauuusasaunsafinsuiiamlulsaesidnfe #ia

o 1 o -

AUMULTATN X UarAnayuinugdl 8 TasaunAdndusanssvitnuiidndumissnsex diu
<l

Ainssnwugdu g Lifiusela q uanseyin Faduaanannish (2.2) awnsalisuaunisves

ansvatsEUUBULeIMINUgANUNTaT A mRianIlunsaesladiil

d (ac) oL
ox

~—=F~fi
(2.3)

0

d (az:)_ac _
a0

dt 6

TAINANIUAUSILVINUATDISTUU T LaENAINUANSSININUATITEUU Y d1115095U1e

tlllu n‘l’

NAIU



T =%Mj¢2 +%m>22 —mliécos(9)+-§m1292 (2.9)

V =mg(l +1cos(8)) (2.5)

d 1 -« :’l a ) 5
HIDUNUAIMNENIULAUSTIUMIVNAVDITEUU T LATNANUANGTIUMINUATBISEUL V. aelu

aumsh (2.1) algmsnfiunisainsies £ il
1 .2 + A 2 22
L= E(M +m)x* — mlx6 cos(6) + -é-ml 6* —mg(l +1cos(0)) (2.6)

d o v o a «l al o
WiovAveswauiiunisainsed £ luaunasn (2.6) unuasluaunish (2.3) wazin

4 4 a Y -1
3Uﬁuﬂ’ﬁ’ﬂ¥15€’luﬂ'ﬁﬂ’ﬁI.ﬂa’i)uVl‘UE]\ﬁzUU'ﬂuL’JS%VILWU@JﬁIJUU?ﬂ'i'NﬂQU

Fifi+ %mg cos(6)sin(8) — ml€? sin(6)

= 3
(M +m)- chos2 ()
(2.7)
P (mgsin(6) + m(F — fx)cos(8)—m’16” cos(6)sin(6))
| 4 m?*lcos?(6)
[ TR e~ S
3 (M +m)

- a a ¢ o - al
Iﬂﬂﬂllﬂ'liﬂ’ﬁl.ﬂﬂi)'u‘ﬂ‘ﬂ’tNiS‘UUEJUL’]Gi'VILWUQ&NUUSQTN'lUGIJﬂ'ﬁ'W (2.7) ausadsulu

sUwuvauNsanIue (State equation) ladail

X =%,

. _ (M +m)mgsin(x,) + m(u— fi,) cos(x,) — m’Ix,’? cos(x,)sin(x,)

2
M+ m)gml —m?lcos®(x,)

(2.8)

X3 =Xy

u— fx, + %mg cos(x, ) sin(x,) — mlx,” sin(x,)

X, = 3
M +m)—zmcos2(x,)

dedwueld x=[x x, x x]'=[6 6 x JZ?]T Way u=F



8/
2.3 MsUTENIULBLEY
Y P f a o v ' P
wdrnliaunsnsiedsuivessuuduesINUANUNTHTUE SwuiEuntsh
[y ' a . | e o o
Iaduaunsanusuuvliifududulugy x = fx,1) windnnisaruauue s Rdmitane
v o o - a 2/ o 5 3/ o < <
A fBuuUIaIlIflianusuuuBady anlunswinnsussinaanish (2.8) Wuaunis

Uigiianzuuuidadulugy
x=Fx+Gu (2.9)

4 g - - } 24
FaannsaAnnuuning Fuas G 9ann1suszanandadulag

y = L0 (2.10)
ox X=X, U=y

G= of(x,u) (2.11)
ou

X=X 1=ty

rANAaveIsTULBUIBINNANUNIn I NI UaBAReYRaNnad 1N (6 =7, S¥UUl

P Y 1o = Y <
l@diesnn) Augaannauu (8 = 0, sxuuliiitatissnm) uaniagui 2.5

4 0 lrad] 0 [rad]
i
|
i
¥ 77 [rad] i mirad]
(n) raugaaw (v) YaufauY

< a o
JUTN 2.5 QaaufavedszuUBUID INUGaY

ertinusatuiifansanmsuseanaiduduresruuduna Mnugaiuusnsn o

a A 4 © ° - o] -
RANAAUUAIFUT 2.5(1) ieuruuudrassigliaouswuuidadululdlunisesnuuu
“ J o h? v o 5 kg L
fauaielinugdufiadosniwausanssiaegld o geangauy fauannsaimualv

yraunavesulsaaunidu x, =0 uazvesdunalu u = 0 vilanusauszanandadu
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o P - ¢ -l <
agunsanIuTaNNITy (2.8) wenuunsng F waz G luaunis (2.10) wazdun1sn (2.11) ¥99

e < ¥ o vo &
Vigfianwsuuvudaduluaunisin (2.9) lagail

0 1 0 0
3(M +m)mg 0 0 =3mf
AmI(M +m)—3m*] 4ml(M +m)—3m’l
F= 0 00 1 (2.12)
3mg T 00 o 3
4((M+m)-——m) (M+m)——m
ay
- - K
3m
4ml (M + m) —3m*l
G= 0 (2.13)
Z _PJLP=.
M +m)— ) m
L 4 _

- P a o a v a ¢ o «l
Vﬁaa']ll'ﬁﬂL'Uﬂuallﬂqiusﬂuaﬂquxl‘uﬂl'ﬁu’uaﬂi:UU'ﬂunaiﬂlwuqauuuiﬂiq\ﬂUﬁNﬂq5w (2.9)

o a Yo dv
VIV €U Qﬂﬁﬂﬁ]‘ﬂUu‘lﬂﬂdu

0 1 0 0 0
. 3(M + m)mg =3mf 3m
X, 5 0 0 5 & 5
i Aml(M + m)—-3m~I| 4mi(M + m)—3m~l Y. 4ml(M+m)—3m {
2 2
. | 0 00 1 + 0 u
X, X3
i, 3mg — 00 ;ff X, 1
4((M+m)—zm) (M+m)—zm (M+m)—%m
(2.14)
uasaumﬂa'wfwgmmminL%au‘le'ﬁ'f]u

TasIngrdnusaduiiuvinisfiorsaunesinen y senduasinsd nsdlusniarsuianis

° 1 I < at o 4 [ o &
AUNUITO X LUUI.EJ’]C"W!C‘) AMNUANNNDST C 1TUNIU
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c=[0 0 1 0] (2.16)
Faru
%
y=[o 0 1 o] ® (2.17)
%
X4

ad - & Y] ° ' a o
warlunsdiil 2 Rorsamiaamugdu o wavdwniesa xlueding Jadmuanninesc

2l
0
c=1 0 ) (2.18)
0 01 0
fathu
X
1 0 0 O}
yi £ (2.19)
00 1 0] x
X4

- A (4 <
aun1sUigiiantuzuazaunisienanaluaunisn (2.14) uag (2.19) awisan

L3
-l

wuudnaedluguveaileiduaislou (Transfer function) 1inail

Y6) _ o1 - T
U(s)—C(sI F)'G (2.20)

9INNITRIITAUNRIUMIITO X (5) uazyuiwugd o(s) {Wueinn Y(s) wazusanlddusasna

A ﬁl - } 4 [ 74 U o -4
\wdeud F(s) \Wudunn U(s) axlifandudngloudail

X _ 4ls* -3g (2.21)
F(s) (4M + m) Is* +4f1s* ~-3g(M +m)s® -3 fgs )
o) _ s (2.22)

F(s) (4M +m)is® +4fls* —3g(M +m)s—3fg
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ynnsfaiminvessasuasnugdl Inssezangavyuigagudnatangan
WazMATAFEAVIUIINNTIVIAGEY dnTauaniAITiiinesvessuudueiminugituy

e
sasnlalunisan 2.1

d s = o’
A5 2.1 Wﬁ'mmai“ﬂﬂﬁzUUBUL’l’rJ%ﬂlWUC:]ﬁJJUUiﬂ‘J"N

foydnual AB5U"Y A miy
M 1BUDITOTN 1.752 kg
m UIRVBANUGAY 0.178 kg

TUENYAVYUTIRAAUENAN

! ] 0.206 m
e LRITGHT

f Ardulssdvsusaudenniueay 3.795 N/m

g AMLRIINUIlNgvedlan 9.8 m/ sec?

i e At ot LY < o/ °
BnrseenuuuinuauduiFderadurgluuni 3 azerdunuudtaesluguaunis
- < <2l L 3 ° i a ' 7| o~ <
Uigllanusiawianin dsiunuuitaedlujlaumsiatianiusiaideliiowisaunsn (2.14)
waz (2.17) w38 (2.19) desgnuiatuaunisyigfiannznaifanialugy

x(k +1) = Ax(k) + Bu(k) (2.23)

y(k) = Cx(k) (2.24)

T,
4| - Y 1
We A=¢"uay B =(J‘e”d&)G oy T, ApA1UN13tniIng
0



o
unn 3

NQEANITAIVANLUUYIUNEUUUTIADY

Y 1 -t d&’ o 4 o il
Tuuniiaznannfimguiugiuluni1seeniuuiiAIuANLUUYIIUIBLUUIIEEY Y30
fmuanduid Tasudinisedurseeniliuassdiu druusnedursfslguinisatuns
b4 o 5 A U o/ A ar J
wuwimneuuudiass funsumsuidgwiiemadnsnisisunuatuedygyiuniugun

A o o - ar t A -
zaNgn Au(k),, SM3UAMUANSTUUBUIDININURSNUUTATI drunassedurenisly

opt

& o ) s e A al 1) g
fdanmannuy (State observer) saufudanauAudNAFlunsdinwUsaansliaunsoiald

3.1 Ugywinsaruuuuuinunguuudnaed
- b4 o J ‘J lll o
TuA%8uAE szuumuaudesi linylanssous g lAesngn lasnaludvil
aussaur 7 Aenasiniminveddelianainiinnrsarvauiaydnsnisivasuulasves

dayeyrnumruaNeninaIae vl

H, H,-1
T = ; |9t + iy =7k + i)"sz + ; adice+ i k)||fw) (3.1)

\fle 5 Ao waiinnmaviung Az AedasiniswAsuulaeadyynnIuguiinInmg
Yiune 7 ABlduni18198e (Reference trajectory) & Ainiatagiu H, uas H, Asvauiun
NISYUNERBUUY WazuBulRMIYTIUEnoua (Lower prediction horizon) H, Asvaulwm
n1sAuANLAY O() Wie i=H,,...H,uay R() o i=0,.,H, ~1 AoArdad minuea
FefianarnainnisaunuuarsnsnIsUAsuLawed Y INAIUANENMATEEY A 1A
wedl k+i amddy

TunsdivaluArreuinnisinnensuuy H,asidenlviaenndesiuidunnewda
Fananouauss & LaNgATng vieTnan k+H, awnsaguing Ak + H) Tilunan
93¢ vouamsYueneua 2, annsauiuiitshifisnsananufiawaaiuduvesueuiun
nsviunsludviiaussous 7 daudrmeuanisaauau H, \udissyveuivanissenl
Fyyrumuguiinisdsunlas Falasundudrfioudvun H, < H, Welhinanniends
vaulansmuau A, Bifinsiasuuladygrauauauenmsinng 4 wie Aj Wugud

Jymdrsivannsadalvegluguuminduazianines Tneduilaussousluaunisi

(3.1) @ansadoulvaladadl
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T =|Y®) - T @, +|auw)], (3.2)
a
(%]
jz(k+Hw|k) F(k+Hw|k)
V)= : T (k)= :
Fk+H, k) Pk +H, k)
Au(k| k)
AUK) = :

Adik + H, —1]k)

- <l «

wazumindumdn @ uar R HUnuudail

dis o AT

off 3 GPEEYINY 4 (53)
o VErr] B o
RO NN

= Y\"2 X0 ° (3.4)
00 - REH,-

° n o ° o i
NTVABIANAINNITVIY (k) WeldlunisAnnudviianssauy 7 awaunsi
¥ - a < A o J
(3.2) awrsaerdvannisuigianiuzaidaainndnalaluaunisn (2.23) uay (2.29)
o 'o' 3 J ) at ° o - ~ [ %
dregwsaadlufivveuunmsvinnegnsuuu H, dufeauis jk+H,) lnsdmiunsd

H,= 1 sgldaudunuseiail

Pk +1| k) =C- (Ax(k) + B[Ai(k | k) +u(k —1)]) (3.5)

Plk+21k)=C-| A%x(k) + AB[Ad(k | k) +u(k —1)]+ B[AG(K +1| k) + Ad(k | k) + u(k ~1)]

a(k+1k)

(3.6)
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A x()+ (A" ...+ A+ DBAG(k | k)
Jh+H, |k)=C| ...+(A" ™™ + .+ A+ DBA(k + H, -1| k)
+A%" ™ 4.+ A+ DBu(k-1)

(3.7)

- P o ° a
MNnaunnshl (3.5) i (3.7) nned Y(k) vesdyyranerdwnsinmsiue § aunsaudadly

sUnninesladil

V(k) = ¥x(k) + Yu(k —1) + OAUK) (3.8)
dlowming ¥, Yuar® lunsdi g, = 1 ﬁ;sﬂuuuﬁqﬁ
CA CB CB N 0
VY C(AB+B) C(AB+B) 0
w=| T2 /= o=| :
) H,-1 H,-l H,-H,
CA™ > CA'B > CA'B > CA'B
| i=0 | L =0 i=0 J
Tunsdl H,> 1 annsamavisnd 2, Y uas O laludnwazifeaiu
Hyrunsndg £k) oy
E(k) =T (k)—¥x(k)—Yu(k-1) (3.9)

LIN3NG £>k) 219a11150 RSN ETDULUNINGANMUARNATN 1aEUSENBUAIUNARIITDY
¢ 3 1 3 - (. o Ky
NNABSIEUNTD1D T (k) f'u nanevduesdass (Free response) U845UU wnliuiisnsn
< o o a o
nswdsulUasresdygruniuny viesnsamsivdsuulasdyniuniuni AU(k) = 0
d o < ) a o
Wedhaunish (3.8) uas (3.9) unuludviianssousluaunisy (3.2) awnsaldoudvil

aussous 7 Twi ldu
T =|@atik) - £k, +|AU®)];,
=[AUK)" O — E(k)" 1IQ[OAU(K) - E(k)] + AU(K)” RAU(K)

= E(k) QE(k) — AUK) 20T QE(k) + AUK) [07QO + RIAU(K) (3.10)
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wivaglugy

J =const — AUk)" G + AUk)T HAU(k) (3.11)
e

G=20"QE(k)

H=0"QO0+R

-t o ' °
way const = E(k)" QE(k) WilAA ol UAazn1IAUIN
4 o b A J v A
AmevreIn1svivdrliaussous 7 luaunisi (3.10) dadesngnaslianines
1 1Y < o
AU(K),, Towpsrdsznauusneeaaniaes AU),, gnldidudasinmsiasuulatvesdyyiu

=l | [ <
AIUANTIAZENNER Au(k),, ABTUELALaNN1TN (3.12)

opt

Au(k) 0, 0, 0 [ALK)

opt = IP P P

(3.12)

opt
(H,-1) times

lng 1 Aeumindiandnwal (Identity matrix) Yumpxp uag 0, RBLv3indeud (Zero matrix)

o P ¢ - ° v ° e/
YU pXxp LUHD pABTUINYBIINLABIDUNR LATUT Au(k) mﬂU'lﬂ'm'JmﬁiyiUv'\mﬂ')Uﬂu

14
]

u(k) dAmsunseuaun1sasalanatl

opt

u(k) = u(k —1) + Au(k) (3.13)

opt
dl 4 o A 1 A o
nsvnaRasdailvdiaussaus 7 luaunisi (3.10) IAnlesiign uaznsAtuIn
- A kd o :’ d 5 d" " w |
wmingnsuduszgnirgamnseunisdiuin lnsdunsunisninainasJuegiviniing

s nludguinsdifidesiAa (Constrained problems) n3atdgyninsdilifidadnin

(Unconstrained problems) swazldaiuerslulumidetoy
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3.1.1 Ugymnsdllifidesnina
Tunsedllaifidedain Avgavesdudiaussaus J aunsadunandsiiaseils lnglv

insiiust (Gradient) ves 7 luannisit (3.11) Wueud Tneinaifioudves 7 mildweid
V gy T =G + 2HAUK) (3.14)

v & o - 'y P < v
AusnsINTsasuWaeadyamuaninzaungn AU(k), , 916

opt

UK. =L3g (3.15)

opt — E

P ' 2 i P - ' °
wilun1sveaseadanuinnisuityw Al(k),, Aniisaungaluaunisn (3.15) ldainin

opt

a ° a - M v a '
unsnd H'urlddura (e rnunsnd Olagnalvudlianiqelidivunsay

v -l -

(1Ll conditioned) duwnalumsng 2 Sanmzlivnzaudie fsdneuiildasiimiuianain

A o -:l [ c‘: = [ I e 0 @ v J
wnflevinnislaawing deunisuitdamltisailasnisussutumisideaeniosngn
(Least-squares)

v

P a ° o o Y a 4
Wesnnuvisnguavin Q>0 uwas R 20 AU NSaNIUNSNG S Wav Sg U
558, =9 SeSz =R (3.16)

$1Quas R JumIndnuea (Diagonal matrix) S, Waz S, annsamisifisdldnniaes
uAazesrUsEnauTsIduNELsaRIviY uidh Quar R Lifuumindnusam S, uas S,
annsamlalaglidunaniBues Cholesky (Harfdu chol Tulusunsuusmuay) dwmsuumng
vInulueu (Positive definite matrices) nislddunaudasuidulaadi (Singular value
decomposition: SVD) dAmulm3indAsuanuiney (Semi positive definite matrices)

o a « Y vo &
nsvdianssous J luaunisi (3.10) annsodngulniladed

T =[AUK)" O — (k) 1STS[OALU(K) - E(k)] + AUK)T ST, S, AUU(K)

(3.17)

Se{oaum -em}
SgAU(K)

v O Y ad o @ [ | - -
muuaumSV.ﬂ'ULLﬂ{]iyvﬂ‘vm'l%‘ma\iamuaﬂ‘mm INaN AU(k)op, Y

139436
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&
iesen-ao
Ve
5,0 _[SoEk)
[ s, ]AL((k)—[ 0 ] (3.19)

= P 1ad - v 1 v g v
aun1sil (3.19) egluguuy 49 =b Filifinataasigndeudarunsauidgyminly

ast 0 W& ¥

a <l =« - P
A ufianaatieafganieisiidasissngalagleisiaetd (OR) Flulvsunsuuunuay

awsawidgvvailfiedldida g, = 4\b lagnrsuntymdananilasidmileuiunis

kg
Yo «

146, =(4" A)_] A7b Tuaunsii (3.15) fau ALU(K), annsawildsad]

op! opt

AUK),, =[?®]\[S°‘§(k)] (3.20)
R

P =Y o w ° Ve
nnantymnsdihifidedinamnsadni@oulnilugudentaunsulasgy

< P v
71 3.1 devden K, suyleidu

S, ©® S,
Kﬁdl =|:; ]\[ (;2:] (3.21)
K, =K (1:p,) (3.22)

- a
dle pAsruInTBINIABIBUNN

Voo i

] 1

P T (k) ER) | g Au(k) 1 u(k)i‘ . P®,
i e > — WA

! -+ — -z i »>
e :

1 1

i s [

a il X9

1 1

i i

a + b e

P faATuR i

1

] 1% ey o w
UM 3.1 Tassadvesszuumvauduidnsallifidedain
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3.1.2 Uggmnsaliidading

v ] ) Y o w1 v
ﬂ"i'ﬂ"lﬂ']u@ﬂﬂq@]'ﬂa\’ﬂ'ﬁﬁanisﬂutﬁ J 1013057491993 1NAN N VYo

<

Y d @ o
AUAN u(k) BNTINTIWATULURITRITYYIMNAIUAN Au(k) uazdwlTan Uy x(k) unly
a P - v a a ¢ o & a -l Sy o W
wmsmmAu(k)op,wmmvaquﬂh INYIUNUTAUUUITNIITUUNLINTULVDINAVDI U

el V

way Au Wil wansallivesnnavesulsaniusaiuisaruniarsailuniimaieaiu

4 o - 1 2/ ° a a

nsdififediinvesdunn eaunisudtesnluasnila laun dedrinvesdnsinig

Q)

A L4 L4 a ol « - o
Waguulasesdygiauniuau Au wazdednfnd mivdygrudunn e lagdnsinisg

L

< Y] Y e Va1 v - ' al
wasuulaswesdygrumuguazdedidbilfudAniosngs Au,, uasANgn Au,, u

<

aun1sh (3.23)

Au,,, <Au(k+ j)<Au,,, Vj=0,....H (3.23)

m u

a v % " ies ' ¥
vaulunves A @ursatfouusaunisiiadu (Linear inequalities) dalull ile N, 1Ty

wvisndlenanwal (Identity matrix)
N,, -Au<ph, (3.24)
-N,, -Au<pl, (3.25)
s p waz pl. fvualddal

Ph =[Atpy . Aumx]T Ph =[-Atyy - —Aum]r

o o’ o o J A' o o o v o a
TunnmsAnnadyyiumua e sxgnitfaiissnanuduivesihdus dediin
mananuanalanatl
u,, <u(k+j)<u_, Vj=0,...,H, (3.26)
< Y a o o - v o -
\Weanndulsdassvesdudaussousluaunisn (3.11) fie Au dsliuaunisi (3.26) axsiaagn

wUaatueaunmadaduues Au Sadyaraumuanuc+ j) awnsauansliitu

uk+ j)=uk—1)+ zj:Au(k +1) (3.27)

i=0
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o 1 48 a v o 1 o
Wenswa u(k -1) ATunouian & saun1siBaduvesaunisi (3.26) awnsadsulnliiven

' < vo o
ANINSANNAR Au LAGRY

Zj:Au(k+i) <u,, —uk-1) (3.28)
—i Au(k +i)<—u, +u(k—1) (3.29)
i=0

o v a o
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3 0
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< o Y o v a Vv o w
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(Quadratic programming) sigluil

min J subjectto N -Au<P (3.32)
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y(klk-1)=Cx(k|k-1)
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v.1 Heidudnadyguasuauiinziigavesisniuauisuid
(Wsunsuwmuay)

n13d1a0901WeBxded (Simulink) Tulusunsuuamuayufigud v.1 wie 4.2 Fsende
LuU1aBITBIsTUUBUNDIMINIINUNSaT 1R U 1.3 AunsrinnuresiaruRuEuRg
a1fudonfandu Interpreted MATLAB Lﬁa‘l%ﬁﬁmmﬁmmwmuauﬁmmzauﬁqﬂ JCY

garndadmiuudanileidunanasail

function Uk = CountU(Ts,Hp,Hu,xkold1,xkold2,xkold3 xkold4,ukold)
% WIS ADTVBITTUUBULIDIMNURENVUTOTN
M = 1.7520;
m = 0.178;
| = 0.206;
f = 3.7950;
g=98

% WUUT1ADNSHIIANULIBITEUUBUN D IMINURANUUIDTN

al = 4*m*(*(M+m)- 3*(mA2)*; a2 = (M+m) - (3/47*m ;
a=|[ 0 1 0 0 ;
(3*(M+m)*m*g)/al 0O 0 -3*m*f/al;
0 0 0 1 ’
3*m*g/(4*a2) 0 0 f/a2 5
b=[ 0 ;
(3*m)/ai;
0 ;
1/a2];
c=[0010]
d = [0];

sysc = ss(a,b,c,d,'statename’ {'theta’,x','theta_dot','x_dot);

sys = c2d(sysc,Ts,'zoh"); %UUUTIADWIANAAA
A = sys.a; B = sys.b;
C = sys.c; D = sys.d;



Stuvi3ndrimiin

Q = 1.0*eye(Hp); R = 1.0*eye(Hu);
Sq = chol(Q); Sr = chol(R);
%MInUsan UL

xkold = [xkold1;xkold2;xkold3;xkold4];

% LWUN3INFRTYUIUB D
T = 1.0*ones(Hp,1);
[rC,cC] = size(C);
[rB,cB] = size(B);

%uming PSI TglunisAuinimsviauneves MPC
Psi_temp = [J;
fori=1:Hp
Psi_temp = [Psi_temp;C*AAI];
end

Psi = Psi_temp;

%uuv3ng Upsilon TlunisAmnaunisviuiguss MPC

[ny,nu] = size(C*B);
row_temp = zeros(ny,nu);
Upsilon_temp = [];
for i = O:Hp-1
row_temp = row_temp + C*AN()*B;
Upsilon_temp = [Upsilon_temp;row_temp];
end

Upsilon = Upsilon_temp;

%Wn3ng Theta TdlunisAuiainisvituneves MPC
Theta_temp = [];

Su_temp = Upsilon_temp;
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fori = 0:Hu-1

Su_temp = circshift(Su_temp,i*ny);

%i = 0, first row isn't zero

if(i>0)

Su_temp(1:i*ny,:) = 0;

end

Theta_temp = [Theta_temp Su_temp];
end

Theta = Theta_temp;

% WySngamSuNISATUI
E =T - Psi*xkold - Upsilon*ukold; H = Theta"Q*Theta + R;
f = -Theta™Q*E; G = 2*Theta' * Q * E;

% nsdilaiiitasain
[rSq,cSq] = size(Sq);
[rSr,cSr] = size(Sr);
Kfull = [Sg*Theta;Sr\[Sq;zeros(cSr,cSq)l;
Kmpc = Kfull(1,:);
DelU = Kmpc*E;
Uk = DelU + ukold;

% NSUBINA
DelUmin = [-inf];  DelUmax = [inf]’;
Umin = [-3]% Umax = [3]}
NdelU = eye(Hu); NU = tril(ones(Hu,Hu),0);
GdelU = DelUmax™ones(Hu,1);  GdelL = -DelUmin*ones(Hu,1);
Gu = (Umax - ukold)*ones(Hu,1); Gl = (-Umin + ukold)*ones(Hu,1);
N = [NdelU ; -NdelU ; NU; -NU ], ¢ =[GdelU ; Gdell ; Gu ; GU;
[Deluopt,fval,exitflag] = quadprog(H,f,N,g); % QP program
DelU = Deluopt(1:cB,1);
Uk = DelU + ukold;
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1.2 Tsunsummniiinesvasinnruauigaslouaadaot’
(Wsunsuuamuay)
Wsunsuwmuavdmsumamniinesvesmurieeslineaines uansyads

Tuhiell ieAmsfive Ml uayAdlunamuay fzud va
% AMTITABSVBITTUUBULIBIINUGAIUUTTN

M =1.7520;

m = 0.178;

= 0.206;

f =3.7950;

g =98

cycle = 11;

Ts = 0.00091*cycle; %AUNSTNAIBEN

% WUUNaBNE AN LYBITLUUBUND IMINUAANUUTOITN
al = (@*m**(M+m)) - (3¥(mA2)*L);
a2 = (M+m) - (3/4*m) ;

ac=[ 0 1 0 0 ;
(3*(M+m)*m*g)/al 0 0 -3*m*f/al
0 0 0 1 ,
3*m*g/(4*a2) 0 0 fa2 I
bc=[ 0 ;
(3*m)/al;
0
1/a21];
cc=[0010]
dc = [0];

sysc = ss(ac,bc,cc,dc,'statename’,{'th_1'/th 1 d''x,x_d'});

% WUUSIaDIIAREAIN

sysd = c2d(sysc,Ts,’zoh"),
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%umindfifuduiinsines

[rA,cA] = size(sysd.a); [rB,cB] = size(sysd.b); [rC,cC] = size(sysd.c);
A = [sysd.a zeros(rA,cB);-sysd.c ones(rC,cB)];

B = [sysd.b ; zeros(cB,rC)];

C = [sysd.c zeros(rC,cB)];

D=0

states = {'th_1''th_1_d''X','x_d'xi'};

sys = ss(A,B,C,D,Ts,'statename’ states);

%um3ndiwninues LQR
Q = diag([0,0,0,0,1); R=1/Ts;

%AUIUAT K 183 LOR
[K,S,e] = dlgr(A,B,Q,R0);
Kf = K(1,(1:4)); Ki = K(1,5);
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A.1 TUSUNTUAUANTEUUBULID S INURRIUNTOTIS
(Usunsun1wd)

Wsunsunmddmiumuauszuuduisininugduuusesn leeatslulusunsy
Usznausheyadduiteldnuiniuaueeilueafiiets uasyadduieldudaun

& el o YV A Vo & aal o & d au o a ¢y o
LOUNY ‘?Nﬂ"llaaﬂ'l?m')ﬂ'JUﬂ.lJlﬂlIW‘U ‘QWFH?NlW@IﬁQﬁUC‘I')ﬂ')UﬂNWﬁﬂ"JLlaaﬂqaqimaﬂﬂﬂﬂqi

#include <stdio.h> // for encoder
#include <bios.h> // for encoder
#include <conio.h>  // for encoder
#include <stdlbbh> //forDto A
#include <string.h> //forDto A
#include <time.h> // for D to A

#include <dos.h> // forDto A

#include <process.h> //for D to A
#include <math.h>  //forDto A
#include "DA.H" // forD to A
#include "GETBARH" // for encoder

void interrupt (*oldirg3)(void),

void interrupt countToggle(void);

#define drive_port 0x378 // 3UYeN drive port

#define file_out "c:\\data.m" // Ualnd @e datam )

#define cls(U); { short i; for(i=l; i<25; i++) lineclr(i); } // forDto A
#define Locate(x,y) printf("x1b[%d;%dH", (y)+1, (x)+1) // forDto A
#define lineclr(l) printf("\x1b[s\x1b[%d; 1H\x1b[0OK\x1b[u", 1+1) //for D to A
#define range DA 10V //forDto A
#define IRQ3 Ox0B /* IRQ3 address */

PCI_CONFIG PciData; // for encoder

DASMPLCHREQ SmplChReq[2]; //for Dto A

DABOARDSPEC BoardSpec; // for D to A

HANDLE OpenBoard(void); // forDto A

void INITIAL_DTOA(void); // for D to A



void CLOSE_DTOA(void); //forDto A
int hexout = 2047;

float volt = 0.0;

WORD DaDatal[1];

int swith = 1;

int key = 0;

long count = 0;

float time_r = 0.0;

HANDLE hDevice;

int adr0,adrl1,bus_info = 0.0;

int Byte = 0.0;
int mByte = 0.0;
int hByte = 0.0;

long dwCounteri = 0.0;
long dwCounter2 = 0.0;
long dwCounter3 = 0.0;
int direction 1 = 0.0;
int direction_2 = 0.0;
int direction = 1;

//ANvauBnsAduaniu
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o - A | - o - o
//we fs ﬂalliﬁlaﬂﬂw'\ueﬂmgiﬂiqqagﬂUﬂ 1ag fc ABLSIAYANIUTULIDTNIAADUN

float f_hat = 0.0;

float fs2 = 2.6; //2 e firuan (ins'n?;q‘hlmmﬂ)

float fc2 = 1.7;

float fs1 = 2.5; //1 fe firau (sa57938lumadie)

float fcl = 1.1;

7/ wisniiwesvesiamunuduid (4Rersauntas Hp 200 fia 300)
#define MAX_Hp 10 // @1 Hp Aildviuneausiae 200
#define MAX_Hu 5

int Hp = 210; // @1 Hp iy

int Hu = MAX_Hu;

int cycle = 11; //(sampling of external interrupt 0.00091)*(100 cycle) = 0.091 sec
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float SP x =0.5; // &y mé’wﬁasﬂ%’uﬁu"tﬂ

int period = 10; // Eganeudnedaguenent

float amp = 0.2;

// #n Kmpc

float Kmpc1[11[100] ={ 7 /A deyantsAannivsunsunumuay
float Kmpc2[1][100] ={ 17 //oayanisAnnannlusunsutumuay
float Kmpc3[1][MAX_Hp] = { I3 /tayanisAnnnnnlusunsuuamiay

// winniimesvasiamuaugeshiueafiens
float K[1][5] = {67.85703, 11.14561, -14.848699, -15.57587, 0.0930834}; // for cycle 11
float setpoint = 0.5; // éi'tyzgﬁmé'wﬁqﬂf?uﬁu‘lm
int period = 10; // Eyeyreudndagueen
// aumsUiglidanusianiianin il cycle = 11 w3n Audndaadn T, = 10 msec -~
float Al4]{4] = {1.0019, 0.0100, 0.0000, -0.0004,

0.3837, 1.0019, 0.0000, -0.0762,

0.0000, 0.0000, 1.0000, 0.0099,

0.0072, 0.0000, 0.0000, 0.9791}
float B[4][1] = {0.0001, 0.0201, 0.000, 0.0055};
float C[1][4] ={0.0,0.0,1.0,0.0%;
// AGudu
float distance = 0.0;
float th_1 = 0.00;
float th_1_dot = 0.00;
float x = 0.00;
float x_dot = 0.00;
float th_1 old = 0.00;
float x_old = 0.00;

int ij,p,k,s;

intn=0;

float SP1[100][1];
float SP2[100][1];
float SP3IMAX_HpI[1];

float step_time;



float PSI_1[100]{4] = {0};
float PSI_2[100][4] = {0};
float PSI_3[MAX_Hpl[4] = {0};
float Upsilon_1[100][1] = {0};
float Upsilon_2[100][1] = {0};
float Upsilon_3[MAX_Hp](1] = {0};
float sum = 0.0;

float sum1 = 0.0;

float sum2 = 0.0;

float ans1 = 0.0;

float ans2 = 0.0;

float ans3 = 0.0;

float xk[4][1];

float uk_old = 0.0;

float delUk = 0.0;

float u = 0.0;

float loop = 0.0;
float u = 0.00;
float ui = 0.00;
float ui_old = 0.00;
float err = 0.0;

//

int main(void){

// Ualwa

FILE *data_fout;

clrscr();

data_fout = fopen(file_out,"wt+");

//fprintf(data_fout,"sm = [\n");

// Initial value of Digital to Analog PCl Card (PCI-3345A)

INITIAL_DTOA();

hDevice = OpenBoard();
DaGetDevicelnfo(hDevice, &BoardSpec);
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SmplChReq[0].ulChNo = 1;
SmplChReq[0].ulRange = range;

// Initial Encoder PCl Card (PCI-6201E)
PciGetConfigRegEx(1, 0x1147, 6201, 0x1147, 0x0011,&bus_info, &PciData);
adr0=PciData.BaseAddresses[0]&0xfffc;
adrl=PciData.BaseAddresses[1]&0xfffc;

outp(adr0+0x08,0x06);  // time of encoder 1

outp(adr0+0x09,0x06);  // time of encoder 2

outp(adr0+0x0A,0x06);  // time of encoder 3

outp(adr0+0x0d,0x01);  // reset counter
//aunstniegn T,

step_time = cycle * 0.00091,

// asrauvisndgdmsulavinuae

// AuInIng ¥ (PS)
for(i = O; i < Hp; i++)
{ if(i < 100)
{ for(j =0; j<4; j++X
PSI_1[il[j] = 0.0;
if(i < 1)
for (k = 0; k<4; k++) {
PSI_1[[] = PSI_1{il[j] + (C[O](K] * ALKIGI;1
else
for (k = 0; k<d; k++)
PSI_1[] = PSI_LI[j] + (PSI_1[i-1](k] * AIKIGI;} } // PSI_1 matrix
}
else if (i >= 100 && i < 200)
{ for(j =0; j<4; j++)}
PSI_2[i-100][j] = 0.0;
if(i < (100)+1)X
for(k = 0; k<d; k++X
PSI_2[i-100](j] = PSI_2[i-100][] + (PSI_1[i-1](K] * ALKI[]);} }
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else {
for(k = 0; k<d; k++X
PSI_2[i-100](j] = PSI_2[i-100](j] + (PSI_2[(i-100)-1][k] * AIKI[j1);} } } }
else
{ for(j =0; j<4; j++X
PSI_3[i-200](j] = 0.0;
if(i <(200+1))
{for (k = 0; k<4; k++)
PSI_3[i-200][j] = PSI_3[i-200][j] + (PSI_2[(i-100)-1][k] * ALKI[jD);
1}
else{
for (k = 0; k<4; k++){
PSI_3[i-200][j] = PSI_3[i-200](j] + (PSI_3((i-200)-1](k] * ALKI[j]); }}
)
}
//Annaiaming Y (Upsilon)
for(i = 0; i < Hp; i++)
{
if (i < 100)
{
Upsilon_1[i][0] = 0.0;
ifi< 1{ for (k = 0; k<4; k++)
{ Upsilon_1[il{0] = Upsilon_1[il[0] + (C[0](k] * BIK][O]);

B
else  { //([i>1)
sum = 0;
for (k = 0; k<4; k++)
{ sum = sum + (PSI_1[i-11[k] * B[KI[O]);
Upsilon_1[i][0] = Upsilon_1[i-1][0] + sum;
B),

else if(i >= 100 && i < 200)
{ Upsilon_2[i-100][0] = 0.0;
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sum = 0;

for (k = 0; k<4; k++)

if(i <(100)+1)X
sum = sum + (PS!_1[i-1][k] * B[KI[O]);
Upsilon_2[i-100][0] = Upsilon_1[i-1]{0] + sum;

else{
sum = sum + (PSI_2[(i-100)-1][k] * BIK][0]);
Upsilon_2[i-100][0] = Upsilon_2[(i-100)-11[0] + sum;
1} // Upsilon_2
}
else //(i > 200)
{sum = 0;
for (k = 0; k<4; k++)
{
if(i < 200+1)
sum = sum + (PSI_2[(i-100)-1][k] * B[KI[0D);
Upsilon_3[i-200][0] = Upsilon_2[(i-100)-1][0] + sum;
}
else {
sum = sum + (PSI_3[(i-200)-1][k] * B[KJ[O]);
Upsilon_3[i-200][0] = Upsilon_3[(i-200)-1][0] + sum;}}}}// Upsilon_3

// fiouna Enter Sngusedulilitussuuunesmwugduuusasn
while( Ikbhit())
{

// in data of encoder_2 (th_1)
outp(adr0+0x0c,0xAA);
(Byte=inp(adr0+0x01);
mByte=inp(adr0+0x01);
hByte=inp(adr0+0x01);
dwCounter2= (Byte+(( long)mByte << 8)+(( long)hByte<<16);
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// in data of encoder 1 (distance)
outp(adr0+0x0c,0xAA);
(Byte=inp(adr0+0x00);
mByte=inp(adr0+0x00);
hByte=inp(adr0+0x00);
dwCounterl= [Byte+(( longImByte << 8)+(( long)hByte<<16);

// Modify data of encoder 2 (th 1)

if ( dwCounter2 > OxTfffff )
{ direction_1 = 2;
dwCounter2 = Oxffffff - dwCounter2 ;

}
else
{ direction 1 =1;
}
while ( dwCounter2 > 8000 )
{ dwCounter2 = dwCounter2 - 8000 ;
}
if ( direction_1 ==2)
{ dwCounter2 = 8000 - dwCounter?2 ;
}
dwCounter2 = dwCounter2 - 4000 ;
th_1 = dwCounter2*0.045 ; // 1 pulse is 0.045 degree
if(th 1<0)
{
//th_1 =360 +th_1;
}

th_1=th 1*0.0175; // Wasu deg ¥y rad
// Modofly data of encoder_1 (Distance)
if ( dwCounterl > OxTfffff )
{dwCounterl = Oxffffff - dwCounter1 ;
}

else
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{ dwCounterl = dwCounter1*-1 ;
}
distance = dwCounter1*0.000019;
x = distance ;
x_dot = (x - x_old )/step_time ;
th_1 dot =(th_1-th_1 old V/step time;
// UAAWAMIBTUANINUATH Wazsumiase

printf(" th_1: %3.4lf", th_1);
printf(" th_1_dot: %3.4lf ", th_1_dot);
printf(" x : %3.4lf *, distance);
printf(" x_dot: %3.4lf \n", x_dot);

// BNAMAN

x_old = x;
th_1_old =th 1;
}

oldirg3 = getvect(IRQ3); /* save the old interrupt vector */
setvect(IRQ3, countToggle); /* install the new interrupt handler */
outportb(0x21, ( inportb(0x21) & OxF7 ) ); /* Unmask (Enable) IRQ3 */
label:

// wéannna Enter (S1eussdulriiniteluaruaussuUBuID SRRV 1) reemes
while( key == 1)
{
if (n == 0)
{
// Modofly data of encoder_2 (th_1)
if ( dwCounter2 > Ox7fffff )
{

direction 1 =2;
dwCounter2 = Oxffffff - dwCounter2 ; }
else

{ direction 1 =1;



}
while ( dwCounter2 > 8000 )
{ dwCounter2 = dwCounter2 - 8000 ; }
if ( direction 1 ==2)
{ dwCounter2 = 8000 - dwCounter?2 ;
}
dwCounter2 = dwCounter2 - 4000 ;
th_1 = dwCounter2*0.045 ;
if(th 1<0)
{ // th 1=360+th_1;
}
th_1=th_1%*00175 ; // WAy deg 1Hu rad
// Modofly data of encoder_1 (Distance)
if ( dwCounterl > OX7fffff )

{ dwCounterl = Oxffffff - dwCounteri ;
}

else
{ dwCounterl = dwCounter1*-1 ;}

distance = dwCounter1*0.000019;
x = distance ;
x_dot = (x - x_old )/step time ;

th_1 _dot =(th_1-th 1 old )/step time;
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// FumiGudumaaningreusadulaii (udsnavu enter )
xk[0][0] = th_1;
xk[1][0] = th_1_dot;
xk[2][0] = x;
xk[3][0] = x_dot;

//

° o <l o < o W @ =
// MIAUINEYYINAIANNINZANNER (STUUNDAIMATUANLENNT)
//

for(i = 0; i < Hp; i++)
{if (i<100)



{ // dyyrausedeguaneyd

//SP1[i][0] = amp * sin(2.0 * 3.14/period * (loop+i)*step_time);

/! é’cynpmé’wﬁqgﬂﬁguﬁu"lﬂ
SP1[i][0] = SP_x;
}
else if (i >= 100 && i<200)
{ // SryeyreueBaguenen
//SP2[i-100][0] = amp * sin(2.0 * 3.14/period * (loop+i)*step_time);
// ﬁ'tyzgqmé'ﬁaﬁqgﬂﬂsuﬂ'ulm
SP2[i-100][0] = SP_x; }
else //i>= 200
{ // Eyoadnsaguenen
//SP3[i-200][0] = amp * sin(2.0 * 3.14/period * (loop+i)*step_time);
// é’tyty’nué’uﬁﬁiﬂﬁ"uﬁ'u”l.ﬂ
SP3[i-200]0] = SP_x;
// e Kmpe wagdnsinisiadsuulaswes "mtyﬁmmuquﬁmmsauﬁqm
ansl = 0.0;
ans2 = 0.0;
ans3 = 0.0;
for(i = 0; i< Hp ; i++)
{
sum = 0.0;
suml = 0.0;
sumz2 = 0.0;
if (i<100)
{ fork = 0; k<4 ; k++)

{ sum = sum + ( PSI_1[i][k] * xk[KI[O] );

suml = sum1 + ( PSI_2[il[k] * xk[K][0] );}

ansl = ansl + (Kmpc1[O][i] * (SP1[i][0] - sum - (Upsilon_1[i][0] * uk old )
ans2 = ans2 + (Kmpc2[0][i] * (SP2[iJ[0] - sum1 - (Upsilon_2[iJ[0] * uk_old )));
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else if (i >=100 && i<200)
{1

else //i>= 200
{ fork = 0; k<4 ; k++)
{sum2 = sum2 + ( PSI_3[i-200][k] * xk[K][O] );}
ans3 = ans3 + (Kmpc3[0][i-200]*(SP3[i-200][0] - sum2 - (Upsilon_3[i-2001[0] * uk_old )));
B
// AdmsinsAsundases "mzywmﬂ'zuva}uﬁmmzauﬁqm :

delUk = ansl + ans2 + ans3;

d L4 J J
u = delUk + uk_old; // Andygumuguieielissuy
//
/&y ndiesimuauiesliueadies
//

//&yeyrnugnBagueney

//setpoint = 0.3*sin(2*3.1416/5*time r);

// ﬁ'nnmﬁmmwmmuquﬁmmzauﬂ'qﬂ
err = setpoint - x;

if (u>=10&&err>0)

{ferr=0;
}
else if (u <= -10 && err < 0)
ferr = 0;
}
ui = ui_old + err;

// é'zy,ag'lmmuquﬁmmsauﬁqmaqssuum‘ﬁ'ﬁ’mmﬂuquaﬁ'.luaaﬁ’nms'
u = -(K[0][0] * th_1 + K[O][1] * th_1_dot + KI0][2] * x + K[0][3] * x_dot)- K[0][4] * uj;

// ﬁWU'Jmlﬁi]‘Uﬂl.‘Uﬂlﬁﬂlaﬂﬂﬂ"lu
if (x_dot == 0)
{if (u>0)




f hat = fs1;
else if (u < 0)
f hat = 52 ;}
else
{if (x_dot > 0 && u > 0)
f hat =fcl;
else if (x_dot > 0 && u < 0)
' f hat = fc2;
else if (x_dot < 0 && u < 0)
f_hat = -fc2;
else if (x_dot < 0 && u > 0)
f_hat = fci;
}
if (u == 0)
f_hat =0,
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// sl dnelviyaduseines
volt = u + f _hat;
volt = volt*0.36;
// Godin
if (volt > 10)
volt = 10;
if (volt < -10)
volt = -10;
hexout=((volt+10)/20)*4095;
DaData[0] = hexout;

DaOutputDA( hDevice, 1, &mplChReq[0], &DaDatal0] ); // 105w

// é’wmw%’aga

xold =x ;
th_1_old =th_1;

uk old =uy;



n=n+1;

loop = loop + 1;

// Yuiintoya
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fprintf(data_fout,"%4.5f %4.5f %4.5f %4.5f %4.5f %4.5f %4.5f %4.5f\n",time_r, th_1,

th_1_dot, x, x_dot, delUk, u, volt);
time_r = time_r + step_time ;

//

}
else if(n == (cycle - 1)X

n=n+1;}

// set key off
key = 0;
count = 0;
}// end while loop (Key == 1)
if ( count <= Oxffffff)
{ count = count + 1;
goto label; }
else
{setvect(IRQ3, oldIrg3);
outportb(0x21, (inportb(0x21) | 0x08) ); // disable IRQ3
outp(drive_port,0);
DaClose(hDevice);
CLOSE_DTOA();
}
return(0);}
// this ISR should execute each time IRQ3 goes high

void interrupt countToggle(void)
{
disable();
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// in data of encoder_2 (th 1)
outp(adr0+0x0c,0xAA);
(Byte=inp(adr0+0x01);
mByte=inp(adr0+0x01);
hByte=inp(adr0+0x01);
dwCounter2= [Byte+(( longimByte << 8)+(( long)hByte<<16);

// in data of encoder_1 (distance)
outp(adr0+0x0c,0xAA);
{Byte=inp(adr0+0x00);
mByte=inp(adr0+0x00);
hByte=inp(adr0+0x00);
dwCounterl= (Byte+(( longimByte << 8)+(( long)hByte<<16);

key = 1;
outportb(0x20, 0x20); // send EQI signal
enable(); }

// Function for D to A

HANDLE OpenBoard(void)
{HANDLE hDevice;
hDevice = DaOpen(3345, 0x0001, 0);
return hDevice; }
void CLOSE_DTOA(void)
{ char *pString;
pString = "/R";
spawnl(P_WAIT,"dadrvi.exe",pString, NULL); }
void INITIAL_DTOA(void)
{char *pString;
pString = /B=1%
spawnl(P_WAIT,"dadrvi.exe",pString,NULL); }

//
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Parameters Tuning Effects in the Model Predictive
Control of an Inverted Pendulum

Pongtom Chunhacha

Faculty of Engineering
King Mongkut’s Institute of Technology Ladkrabang
Bangkok, Thailand
ptchun_08@hotmail.com

Abstract—This paper investigates the applicability of using model
predictive control for an inverted pendulum system and observes
its parameters tuning effects. The linear model predictive control
under an input saturation constraint is applied to the nonlinear
model of the inverted pendulum on cart system. Sampling period
and prediction horizon are varied for investigating their
influences to the system’s stability and performance. The
comparison between the linear quadratic regulator and the
model predictive control with the same weighting matrices is
additionally implemented.

Keywords- inverted pendulum; model predictive control; MPC;
linear quardratic regulator; LOR

L INTRODUCTION

The inverted pendulum is popular benchmark system for
testing control techniques because of its inheriting nonlinear
and unstable nature. Many control schemes have been
proposed and applied to the inverted pendulum such as state
linear quadratic regulator [1], Fuzzy [2] and so on.

Among various control methodologies, Model Predictive
Control (MPC) has become an attractive technique for systems
with input and state constraints. MPC is an on-line open-loop
optimal control strategy, requiring a process model, any
process models, capable to predict future output signals based
on initial conditions (past input and output) and future input
signals [3], [4]. In MPC algorithm, the predicted output
signals are used to minimize the performance index and
calculate the future input signal within prediction horizon and
control horizon. The computed input is sent to the process
until a new measurement gets available. The most famous
representative of MPC is Generalized Predictive Control
(GPC). GPC has been proven to be a successful approach for
linear systems [5]. However, most of processes are nonlinear.
Various nonlinear GPC methods have then been developed
[6]. The main shortcoming of these methods is that on-line
dynamic optimization is required, which is a non-convex
problem in general.

This paper investigates the applicability of using Model
Predictive Control for the inverted pendulum system and
observes its parameters tuning effects. Particularly, the effects
of sampling time and prediction horizon to the system’s

978-1-4577-0255-6/11/$26.00 ©2011 IEEE

Taworn Benjanarasuth
Faculty of Engineering
King Mongkut’s Institute of Technology Ladkrabang
Bangkok, Thailand
kbtaworn@kmitl.ac.th

performance are numerically compared. The simulation results
when applying MPC and LQR are also compared.

II. " INVERTED PENDULUM

The inverted pendulum on cart is depicted in Fig.1 and its
dynamic behavior can be described by (1) and (2).

Figure 1. Inverted pendulum on cart structure.

F = fx—ml6® sin 6+-3imgsin Bcosp
VI 4
e 3 » (1)
(M+m)—zmcos2 ]

mcos @
(M +m)
4 m’lcos’ @
-—-m —_—
3 (M +m)

mgsin6+ [F - fi-mi6*sing |

6=

) (2

where M and m are the mass of cart and mass of pendulum,
fand [ are a kinetic friction constant and distance from the
pivot point to the center of mass of the pendulum,
respectively. F is an applied force, x and & are the position of
the cart and angular position of the pendulum.

Defining the state vector x=[¢ 6 x %] and lincarizing
(1) and (2) about the upper equilibrium point, the linear state
equation and output equation are obtained in (3) and (4),

x(1) = Gx(t) + Hu(t), 3)
y(0)=Cx(1), 4
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when the control signal u(t) is the applied force F, the
output y(¢) 1s the position of cart x and

0 10 0 0
3(M+m)ng 3nf —3m
(M +m)-3nf1 4ml(M+m)—-3nf1 Aml(M +m)—3n7'l
G= 0 00 1 H = 0
3ng 00 'l 1

4((M+m)—%m) (M+m)~%m (M +m)—%m

c=[o 0 1 o].
Discretizing (3) and (4) with a zero-order-hold method, the
discrete-time state equation and output equation are obtained
in(5) and (6),

x(k +1) = Ax(k) + Bu(k),
y(k) = Cx(k),

&)
©)

T,
where A4 =¢" and B=[_[e°‘dﬂ]H when T’ is a sampling
0

period.

III. MODEL PREDICTIVE CONTROL

The MPC problem is generally presented in discrete-time
state space models and all state variables are assumed to be
measurable. If state variables are not available, the observer
can easily be combined [7].

In MPC algorithm, the performance index of the predictive
controller must be minimized. The performance index J is
generally the weighted sum of squared control errors and
control moves as shown in (7),

Hy -1
J =Y [tk +ilk)- itk +D, + b3 Jaick +i kN,

i=H, i=0
Variables marked by " are predicted values. 7 is the reference
trajectory. k is the current time step. H, and H are upper
prediction horizon and lower horizon. H_ is control horizon.
Q(i) and R(i) are square, symmetric and positive definite

matrices. The future output can be predicted along the horizon
as given in (8),

Y (k) = WR(k) + Tu(k 1) + ©OAU (k), ®)
where
yk+H, |k) Aii(k | k)
Yk)= : , AUk = : ]
yk+H, |k) Aii(k +H, -1 k)

and the matrices ¥, Y and ©are defined as

1081

- CB B 0
s c4’B C(AB +B) - 0
¥y = ; . T= 3 " 0= b R y
H,— H,- H,-H,
ca™ > cA'B 3 cA'B 3 ca'B
1=0 =0 i=0

Equivalently, the performance index in (7) can be rewritten as

(9),

J =AU (k)" (07QO+R)AU(k)-(267Qek)) AUK). (9)
The predictive control laws can be divided as unconstrained
and constrained cases.

In absence of constraints, an analytical solution exists that
provides the optimum by
AU (k) =B(efee+7z)" (ZG)TQe(k))]. (10)
The matrices Q and R are given by
Q=diag((H)....H,)). R=diag(R(O)....RH,~1).
The tracking error (k) can be represented as in (11),

e(k) = o(k) —"Pi(k) - Yu(k~1), an

where the value u(k—1) is known at time step k¥ and

Pk+H, |k)
(k)= .
Pk +H k)

The first element of AU(k) is summed with u(k—1) and
used as input signal u(k) for the real process, all other
elements are not used for control, but can serve as the initial
values for the next optimization run.

In case of constrained problem, control signal and output
are usually subjected to the inequalities constraints (12) to (14).
Vi=0,...,H,, (12)
Vi=0,...H, (13)
Vi=H,,...H, (14)

u, Sulk+i)<u,,
Au,, < Au(k+i)sSAu,
Viiw SYkADS y,.,

The minimization of the cost function (9) subjected to the
inequality constraints (12), (13) and (14) is proven to be a
standard Quadratic Programming (QP) problem [3]. The
problem can then be solved at every integration step with
several existing efficient numerical algorithms. In this paper,
Dantzig-Wolfe's algorithm is applied [8].

IV. SIMULATIONS

In the following simulations, the MPC is applied to the
model of the inverted pendulum in the laboratory [9]. Its
parameters are listed in Table I.
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TABLE L. PARAMETERS OF THE INVERTED PENDULUM
Symbols Description Values Units
M mass of cart 0.624 ke
m mass of pendulum 0.123 kg
f constant of inertia 0.165 kg /sec
gravity 9.8 m/sec’

In MPC algorithm, the weighting matrices in the

performance index (7) are selected as
Q@) = diag(1,1,1,1) Vi=H,, . . .H

e Tl
RG)=1 Vi=0,.. Mok

Normally, the prediction horizon H, can be chosen less than

100 for a stable plant. However in this case for an unstable
plant, H must be chosen suitably because of its influences to
the system’s stability and performance [10]. To illustrate the
importance of the proper choices of the prediction horizon, the
control horizon is therefore fixed at H, = 2. The nonlinear
model of the inverted pendulum on the cart system in (1) and
(2) are employed and the input saturationof 3N constraint is
added to reflect the reality of the actual system.

To observe the effects of the prediction horizon and
sampling period, the simulations are conducted by
MATLAB/Simulink in two cases. The reference trajectory in
all cases is set to be a step signal of one-meter cart position.

Case 1: 7,=10ms, H,= 211036

The simulation results of the output cart position,
pendulum angle and force control input signal are shown in
Fig. 2 and the corresponding systems’ performances are
numerated in Table II.

TABLE 1. SYSTEMS’ PERFORMANCES FOR CASE 1
Hy, | 1.620) | [uulGed) ] Jragl
21 49161 0.1200 1.6421
24 4.8848 0.0847 1.1605
27 53645 0.0644 0.8599
30 58219 0.0513 0.6634
33 62193 0.0422 05338
36 6.5407 0.0355 04417

As can be observed from the simulations, if H , is too

small, the cart position response exhibits an oscillatory
behavior. When H  is increased, the cart position responses

become smooth. However, when H, gets bigger, the response

is slower as the rise time (¢, ) and the settling time (z,) are
longer. In all cases, the cart reaches the desired position at

one meter without steady-state error and the pedulum angle
can be kept nearly at the upright position. Denote that when
H, is larger, the pedulum angle exhibits less deviation and

the supplied input force to the system gets lower.

Position (m)

02 y 9
0

0150

“r
Bl P e e ol o ol o e e -
2L
1+ H”

.
g o -
Af
2
G e 0 i e i e A
.. " " ’
0 1 2 3 4 5 6 7 8
time (sec)

Figure 2. Position, angle and input signals for Case 1.
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Case2: 7, = 1ms, H,= 18010340

In this case, the simulation results are illustrated in Fig. 3
and the corresponding performances are summarized in Table
11

7 T S B
time (sec)

Figure 3. Position, angle and input signals for Case 2.
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TABLE III. SYSTEMS’ PERFORMANCES FOR CASE 2
H, t(sec) | |0..|(rad) | |u,.]J(N)
180 3.2264 0.1387 19421
220 3.8032 0.0823 2.7489
260 44228 0.0558 3.0000
300 5.1673 0.0415 3.0000
340 5.8914 0.0325 3.0000

In the similar way to Case 1, if H, is too small, the cart

position response exhibits an oscillatory behavior. When
H is increased, the cart position responses become smooth.

However, when H, gets bigger, the response is slower as the

rise time (#,) and the settling time (2, ) are longer. The cart

reaches the desired position at one meter without steady-state
error and the pedulum angle can be maintained nearly at the
upright position in all responses. When increasing H, , the
pedulum angle exhibits less deviation from its upright position
but the system requires a higher maximum supplied input
force as it reaches the saturation limit at its initial. This also
demonstrates the superior of using MPC in that it can satisfy
the constraints successfully.

The difference between Case 1 and Case 2 is that, the
performance of the closed-loop system using a fast sample rate
(Case 2) is better than using a slow sample rate (Case 1); ie.,
the settling time is shorter and the maximum deviation
pendulum angle is smaller. However, the prediction range for
a fast sample rate case is much higher than for a slow sample
rate case and the supplied input force to the system gets higher
when a faster sample rate is chosen. Therefore, it requires a
better controller hardware (PIC, dsPIC, AVR, etc.) that is
usually more expensive.

Comparison to LOR

The comparison between utilizing the Model Predictive
Control (MPC) and Linear Quadratic Regulator (LQR) for
controlling the inverted pendulum is made in the following
simulations. The same weighting matrices, O = diag(1,1,1,1)
and R=1, are selected for designing the LQR control system.
The MPC controllers are here implemented in two cases for

Case 1: H, =23 with 7, =10 ms, and
Case 2: H, =230 with T, =1 ms.

The comparative simulation results are depicted in Fig. 4
and the systems’ performances are compared in Table IV. It is
seen that both MPC control systems cause less oscillatory
angle responses than that of the LQR control system.
Moreover, there is an overshoot in the cart position response
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of the LQR control system but this naturally speeds up the cart
to reach the set-point with a shorter rise time.

wmeme MPC with T, = 10 ms

e MPC With T, = 1 ms

02 i L ' . s " L |
0 5

1 2 3 4 € 7 8
time (sec)
015[-
wrenssnse | QR
. MPC with T‘ =10ms
o1 e MPC with T = 4.ms
0.05
% :
005
01
015 . L L i " ) 1 )
0 1 2 3 4 5 6 7 8
time (sec)
4r
9._ _________________________________
RSPy
2f e MPC WIth T; = 10 ms

s MPC with T =1 ms

Figure 4. Comparison of position, angle and input signals between LQR and
MPC control systems
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TABLEIV. COMPARATIVE SYSTEM’S PERFORMANCES
Comtroller | M,(%) | t,(sec) | |0,.|(rad) | |up|(N)
LQR 4.5149 43930 0.1200 1.7426
(m) 0.0000 4.7556 0.0938 1.2777
((gge C2) 0.0000 39320 0.0737 2.9983

V. CONCLUSION

This paper investigates the applicability of using linear
model predictive control for the inverted pendulum system
and observes its parameters tuning effects. It is found that if
prediction horizon is too short, the response exhibits an
oscillatory behavior. When prediction horizon is increased, the
responses of system become smoother but these responses will
be slower as well. Considering different sample rates, the
performance of the closed-loop system using a fast sample rate
is better than that using a slow sample rate. However, the
prediction range for a fast sample rate case is much higher
than for a slow sample rate case and the supplied input force
to the system gets higher as well. In addition, the MPC control
system yields a better response than the LQR control systems
with the same weighting matrices.
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