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ABSTRACT

This thesis presents controller designs for a balancing robot. The dynamic model of
the balancing robot is derived based on the inverted pendulum model and subsequently
linearized to obtain the linear equation. Proportional-Derivative (PD) and Linear Quadratic
Regulator (LQR) controllers are designed and employed to control the balancing robot.
Experimental and simulation results show that in the presence of large deviation angles the
LQR controller can stabilize the balancing robot with a better performance than its PD

counterpart.
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2.1.3 9Unsalivousie

'
oS a

S A 1 ° ' v 4 o Jd w '
aunsali¥ende siimiii Andeszriluniesneui A8 AU UBUAAAENIN
4 [ =3 [~ @ an ..
Usznoudle ginsainlasdyyiveuiaenitludyyIiATaea (analog to digital converter)
Cd o aa [~ o/ [~ =, C4
uaz gUnsaindasdyanuadaeadudyyiaeuiaen (digital to analog converter) 9Un3ol
[ I~ a @ aa ° £ a o @ [ d @
ndasdyrmewaemiludyyinadaea imim sudyaradayuangdnsaiiayuinas
[ @ Y 1 o J ' o ' LY 4 a 4
Sudyanuianiumsnnglnsai ianuswenjusuagasnmaaliiuiniesnouiiaimes
4 @ aa I~ @ I 0 Y A v o A
gilnsalmlasdyyruasaeaiudyniveuiaen MM AIdyyIUAIVANIINIATEY
aeuiaaes i sd T suazanlu dwaaaluzii 23 (n) 29958 Tsuazan)u (zero and
° H [ s ' U Y LY 4
span circuit) 11N Ysudaswmonssau Iihaeudeludaesduvemes Mihnaznaasa

' L4 @ =
YOI UIUAAAINIW AdaAdlugln 2.3 (V)
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Jd @ ] % an
(n Miamasdyaruemnasniludyynadinea (¥) 2995% Tsnazanlu

o

@ aa < @ =]
nazmlasdyyrvavaeaitudynveuiasn

d‘ o d‘ ' ' 4
311 2.3 gUns e uAR UUARAIN N

° a 4 d
2.2 mJ‘iJi]1aﬂdﬂmﬂﬂ1ﬁﬂ§‘lﬁ’)~iﬁuﬂuﬂﬁlﬁﬂﬂ1‘ﬂ

° =Y I'd ' Jd w d' '
HuuvNIaInMAfIaTAIvRIiHIUARasnIw [5] [7] [8] mgﬂw 2.4 1aguuanis
¥
wmmnguﬂuﬁﬂaﬂmw panitlu 3 AU Al
1. warans IMfnsguanss
Y Y ' o
2. 09 0IRDVDIYUIUAADUNIN

a J @
3. 9UNBINIWUAAY

31U 2.4 nuudraenjusudgasn



a I'd @
iiie 6,  :YNUBIBUNOTNMNUGAN (rad)
° ] a o [
. - AUNUIUDIBUNIBTUNUGAY (m)
g - AT URs Iiun9veslan /sec)
r - Fatiueade (m)
M,  :wnvesde (ke)
M,  :WInvewduneInInugaN (k)
J & a o a 2.
I,  :TuwudaauResueddue Snmugan (kgm’)
5 .
1, :Tumudanuilesvesds (kem’)
[ IBUEIEMINAMAUAUgUENIeN IR e SINUQAN(m)
K, :fmiadinsidaveinemes (N-m/A)
k, :amsimseiullihdeundunemes (v-siad)
v o a o P o
R, C AIATINATUNIUNUATINDITINIVDTUDINDINDI ()

2.2.1 BYVU1ADINDIND ﬂﬂ‘ﬂ]ﬂizl!ﬁﬂ EN

Tumstuindeuusuagasminlasusiaes IMAinszuaasnedd uyudiaeives

4 a @ P
vames IMihnszuaassaunsofinnsanas 31 2.5

L
a .
+__/W\/_Ja_mm;YL woOns @ 71,00,
A A

51 2.5 nuudaesweme Ifhnszuaasse



a o o [ [y @ o
ussaufherfiuees v, midunasiuveanssdu lihuudadiuniu vessrs-

o 3 ° 4 4 Y
mved R anumiioniiihveserfiees L, uazusundeouldihdoundu (back emf) ¥,

A9aUNTN 2.1

v :iaRa+La-c%ia+Ve 2.1)

d’ 97 s 4 I'4 o a a
u‘s&maau‘lﬂﬂwauﬂanmmmimmamzuﬂiwumnmm!‘n!‘munmmmm o,

AITUNITN 2.2

V=Ko (2.2)

e m

° ]

Tasmarms aFamduius sudunniaudsaumsi 2.3

= =0, (2.3)

SA 1 9

.:'{ 1 P o d' I'4 =&
fissnnainnumienildihersuseilianiosnintsannsadszinm L, =0

. (Y .
Inaun1sa 2.1 gnsoeuaums lnu Tdduaunisi 2.4

V,=i,R +V,

Ry <
[ =—a ¢ 2.4
xR 24)

.& = . P I'4 I'd o 9 =Y o o v

Welinszue i fe13mnens uameitzadussila ¢, Tasszuilsiunvaivesnszua
i A9OUNIIN 2.5
. =K, i, (2.5)
A A 4 4 a1t v oa a A a = a

uradinfiensnneefezlinuminunaswveanselia NINAINANMTIAMIUTIA 7,
= { ) g’/ \ s o Q‘ ‘é s g d‘
Taoussbafimasnanusamusainiy seiisdulszdnsanunila b, Fuiaduvuzh
a v R ) f & H a ] a o
ey uazussdaimiderfueefFedia Tumudainnies 1, NAAUITITIY A

-
qUNTN 2.6

t =1, +b o, +16, (2.6)



v 7 a .g =} A Y =< =
Awesiulsziinsanumila b Ianfesnndsansnlszanm b ~ 0 mwsnvey
AU 1RAIaNNITN 2.7

t =7, +1 6 (2.7)

a1 2.2 unueasluaunish 2.4 9218 aun1sh 2.8 uaziheaumsa 2.5 unua

adluaumsi 2.7 9218 aun1shn 2.9
(2.8)

Kj=z,+1I06, (2.9)

° § ] { a v @ a £ o
u’lﬂllﬂ'ﬁ"ﬁ 2.8 !muﬂmﬂuﬁumsﬁ 2.9 !!ﬂZW‘inim'lﬂ'ﬁl?J\iﬁlll]?%ﬂ'ﬂﬁiﬂ!ilﬂ@lﬂ')'lll

Regueires I << 7, ddwald I~ 0 vldaunisi 2.10

o W Imee O (2.10)

a



2.2.2 nuudransdeaesioveariunudinanniv

2

NYIN

= o v Y : s
3'1]7] 2.6 HUU10BIRBADINBVIH UG UAATININ

kS
s

yuiidensaesnyy 9z Idnasanvewsslunuunuueu diaunsi 2.11

M =H, < H; (2.11)
Taoii Tumudsanse yagudnmevesdes Aeaunisii 2.12
INGEC s . (2.12)

o A ra g T (s ¥ A9
l!ﬂuﬂllﬁ]\ﬁlﬂmE)illw‘w']ﬂ'izllﬁﬂi\iﬂﬂﬂ@Elﬂllﬁ'ﬂ‘llﬂ\iﬁ‘L!Ell!ﬁﬂﬁﬂﬂ"l‘w ﬂgvlﬂlﬁ\?‘ﬂﬁi’)‘llﬂ\i

a 9 L]

Wusudaasnm vinaunsi 210 de 6, =6, awnsaileuauns Tnild deaunish 2.13

(2.13)
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Waunsn 2.13 unuadduaunisd 2.12 o218 asaunish 2.14

1 g K KK

w Yw R R Hpyr

KK, 6y KV, 1,6,
. +—2 e 2.14
TL R r R r v ( )

T v ' A H 14
msndteuivesjusudgasmwannsaasulvegluglvesmsndeuiinuuiFadulddsi

.- - . x

Owr=x = HW =-—

f

/g \ ¥ \ £

Op 1 =X) 04500 ==

4

° o P o A ¥y o =
haunsh 2.14 imuasluaunisi 2.11 e ldaumsgudu dsaun1sh 2.15
M, x=-tmSeX, Pnla wX g (2.15)

A sy o ) A1 1w w Y R v
!u@\jﬂ'lﬂjillnuﬁaf’)cﬁ']mlﬁzﬂi’)‘il')'luﬂ']n’l’]ﬂu @NuuNﬁ53N1Nlnuﬂﬂ9°ﬁ1ﬂlla$ﬁﬂm31

TsoeuaunT I AU 2.16

R Rr

a a

2(MW +%’)5c _ 2K.K x 2KV, (H, +H,) (2.16)
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2.2.3 W UE188I0 MR SN UGN

YR
4
(o > P
L8>
(P, +P,)

31 2.7 npusnesuneimugdy
pas e IdInuuuaewesdunesmmugduluiiannuuey (2] feaunsi 2.17
M, x=(H, +H,)~M,L0,cos0, + M,L, sin6, (2.17)
wa:nusumun"luuu'Jénzammmé‘una%'wmuﬂﬁn feaun1si 2.18
M, cos0,x=(H, +H,)LcosB,+ (P, +P,)Lsin6, - M,gsin6,-M,LO,  (2.18)
wasanves TumudnmResseu aguenalavedunes MmUYy Areun1sd 2.19
I,0p =—(H, + H,)Lcos8, — (P, + P,)Lsin6, - (C, + C) (2.19)

HATINVBANT IR ARV UBUARAEN T Asaunsh 213 aunsanfdsuldedluzilves

. ) - . X g . : ) v
mamdeuinuuFady 6, == vimiuunumiasluaunisii 219 awnsa@euaunisluild
r

AaunTN 2.20
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—(H, +H,)LcosB, —(P, + P)Lsin6, =1,6,+ 2KV, 2K, K.x

(2.20)

a a

1 d' ] d' ° 3’; 9 9 d'
UNUATUNITN 2.18 asluaunisn 2.20 uaziit —L AUTUNITINITDIUI i)%lllﬂﬁnﬂﬁ‘ﬂ 2.21

2KV, 2K, K.x .

1,6,+
PPORr R r

M,gLsin6, + M, I*8, =—M ,Lcos6,x (2.21)

oo [ 4 v =
MIfiee (H, + H,) 88091052 UUNIAv04181A03 1AsMIUNUAANNIN 2.16 a9

Tuaunsdn 2.17 92'ld

(2MW +@+M,,J5c
r

ex 2 i 2si
:_212']]:2 x+ I]im:/a _MPLQPCOSHP+MPL6PZSIHQP (222)

2.3 M35z anoul e

a 3/ ] o ] g 1 1 o
nsszinaFuduvesiusudgasniwniisesmiiuaesdau Tasludiunsmilums
N ! a ° [ 1 ) 4 o v
YsznanFauduifioisun o dunlaauaad s s uouagaonw e unismia
q a 4 o J y a i a
TuwudanuineovsBunesmmugdn (1,) nazdruhasaiiunisiszmanduduninorsan
° [ 1 s 4' ° ° a sa d o 97
a duisgeauaauLYsIusuAnasnIn IRe Iy Dsmesadamaasmilugaudu 1114w

* ¥
mseenuuumnunuiielFlumsiadesnmue sjusudqaonindail

2.3.1 M3 szanauBadu a1 gaanaanig

asdsznuauFaduvesaunisdsgliaoiug Taenisdsznnld 6, =z +4, iile

[ 4 19 H @ [y 4
#, Sluyunnaiag fAeglunnunuds munsadszinudunlsman ldasil

2
40 Lo
cos@, =—1,sin6, =—¢, oy dt

(Y

% g’/ 9 ,& d' o 9 d' [ d' dy
mumz"lﬂﬂums NITIABUNUULIFUAUIINTUNITN 2.21 PVAUNITN 2.22 AU



_ M,Lx , 2K.K, x 2KV, Mgl
o R ra R ra a

br

D_2KV, 2K.K, x LML by
RrB  RrB B

a=L,+ M2 |, f=2M,+2 4 M,

2
r
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(2.23)

(2.24)

Waunsh 2.23 mmuasluannisi 2.24 uazihaunisn 2.24 unuasluaunisn 2.23

3’; ° v A as = o 3 = = 9 .
AINUUUITUNITUIIALTUINY Tﬂﬂmaw‘mmmz”lﬁ'gﬂuummﬂiQuﬁmuzﬁmmu (linear

state space) X = AX + Bu A3dun13N 2.25

- \\¥
1o 1 0 O] e
x| {0 0
x 1 Ap Ay x £ B, v,
y 0 0O 0 1|i¢s 0
¢p
|, 0 Ay A43 0 ¢ B41
\_¢P A

A& b ML) 2K K 2K K,
e 4, fo e
p R ra Rrp

(M PL)Z 8
af

d ML) 2K K,| 2K K
A42 flo o ml e n m_ e
a Rrp R ra

M,Lg
o

A M,L 2K, 2K,
B, nv - +
' ) Ryra ) Rrp
B, e MpLY 2K, | 2K,
o Rrp ) Rra

u 7o v,

(2.25)
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2.3.2 mstszanauBaudy o gaangauy
v A a 4 Id
msdsznuanFuduvesaunsifsglidous Tasmsiszinald 6, =0 iile 6, dlu

o = v 2 @ 9 o 2!’
yuvwIamng feglunuinnua annsadssuudusman lddail

2
cosf, =1,sin6, =6, uaz (%epjzo

[

o & Y A A a g < o o &
ﬂﬁuui)zllﬂﬂilﬂﬁ ATIAGDUNUUVINFUTURINTUNITN 2.21 AUTUNITN 2.22 AU

_M,Lx L 2KK, x 2KV, M,glo,
a R ra Rra a

p = (2.26)

J_2KV, 2K.K, x ML,

= : (2.27)
RrB  Rrp £

21
a=I,+M, [’ , p=2M,+— L +M,

2
7

Waun1s 2.26 unvadluaunish 2.27 uaziaunisyn 2.27 unuadluaunisi 2.26

Z’/ o o a =1 o 9 =Y a a 9/ R
nnduhaumsniaisesnu Taentsfisadiae: IdzduunvesS pliaomziBudy (linear

state space) X = AX +Bu f9aun13A 2.28

Lo 10 0l o
0 A. O B
X_ Ay Ay X - v, (2.28)
G 0 0 0 116, 0
P
. 0 4, A43 0 9 B,
7 - -

4  MLL\(2K,K.\ 2K,K,
Y] R ra R B
(M,L)'g
af

d ( ML\ 2K K, ) 2K K,
A4, A9 - —— |+
o4 Rrp R ra
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4, fo _Mplg
a

” M,L 2K, | 2K,
B, n9 - - +
B Rra) Rrp
[_M,,Lj 2K, | 2K,
a N\Rrf) Rra

P
u A9 Vv,

1 o

o d’l’ 9 a a g o dy aq Y9 1A
1unnuua1aaqtuamumaqmmuwumuuu ﬁnm‘lwaemamuﬂumaﬂmw"luums
A a & a a o v g o &
ﬂu"lﬂﬁ Tﬂm:‘wmmnguiumsmaaummaunmmwu@auLﬂunmummnq ‘lumsm

9

0¥

uminvesusudgasnmiaz inszeyseniegavyuiuyagudnaunueduie S nmy-

Q

A uazw1A1 TuUAAI N AR IYBIY UDUAAAININUAD T IW1TDTIVTINAIAINUD

W3 iine A1 veuusuanasnmasnaaslua1sie 2.1

M1319 2.1 AneRveImimesaeg

ussianifivesuames (K.) 0.3674 (N-m/A)
usssu Tfhdeundunemes () 0.7661 (V-s/rad)
WIRVOIBUNIBS TINUGHY (M) 1.5 (kg)
WInvesde (M,,) 0.2 (kg)
mme’ﬁumuﬁmmﬂaﬁmmai’mamama%’ (R) 14 (Q)
Sanvede (r) ' 0.06 (m)

2023 ENINANUAUEUINNLIAUBIBUNIBI MNUGAN(L) | 0.05 (m)

anuiseveuseliunlsveslan (g) 9.81 (m/sec’)
Tumudanuidesvesde (I,,) 0.00036 (kg-m’)
Tnmuﬁmmuﬁaﬂmmﬁuna%ﬂmu@ﬁ'n (Ip) . 0.003278 (kg-mz)

v b4
nsdszmanFauduvesfusudaasniwifioswt o dunusgaaugauy Hull

€

andsemdifiotmyuinesndamanii ldnnnsdszuafadulilIdesnuvvds
] 4 1 =3 s 9 4
AVgUITHos MMYBIUsUARaN N BInHuinusIsiimesuaadluaisen 2.1 agdy

] 1 . ' v
aumsd 2.28 auiuansa@ouauns i Idduaunsi 2.29
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- o
“ITo 1 o o~ 0
x| |0 -2.6304 29515 0 -3.0925
= an v, (2.29)
G0 o 0o 1|6, 0
d 0 30.4676 82.6407 0| - 101.7638
. 91)
65| S
1 0 00 . .
y{o 01 0}[36 x 6, 6,1 (2.30)
uaztiansun1e 18y (transfer function) #ail
9e5) _ c(s1- "B+ D (2.31)
V.(s)
s -1 0 0
0 s+2.6304 -29515 O
sI—A=
0 0 Ky -1
0 -30.4676 -82.6407 s |
TS S AR Rdas AT T 232 ”qﬁ
1
sI— A ' =———— adi(sI - 4 2.32
( ) dotel — A) I ( ) (2.32)
S -1 0 0
0 s+26304 29515 O
det(sI — 4) =
0 0 Ky -1

0 -30.4676 -—82.6407 s

=s5*+2.6304s> —82.64s* —307.3s
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adj(sl — A) =
s*+2.63s —82.64s* —307.3s s° —82.64 2.95s 2.95
0 s —82.64s 2.95s” 2.95s
0 30.46s s*+2.63s° s* +2.63s
0 30.46s”  82.64s> +307.3s s’ +2.63s”

Dnunuaadluaunsn 2.31 1214

0
-3.0925
%O 1o o 1 offfet—ageiza)] +[0]
V.(s) det(sl — A) J 0
101.7638
3‘; 9 d @ ' [ .3’
mmm:u‘u%"lﬂﬂdﬂ‘numﬂaumu
Hp(s): 3 1012.8s+173.5 (2.33)
V.(s) 5" +2.63s” —82.645—307.3

Tumsnilansumeleuvesdumisivhludnyaz@erduiunisuwledsudioTeuve s

0
~3.0925
X() o Vo 0] | =S (T - 4) +[0]
V.(s) det(sI — A) 0
101.7638
= 2
X(s) 30935 +5559 | (2.34)
V.(s) s'+2.63s —82.64s —307.3s

= [ = 1y a ' o d o
MNANNITN 2.29 Auaumsi 233 12 1815 pilanuzveajusuagasnimuaz landu

' ] I'd d' a o ' A' o (3
foTouveausuagaon oz ul o dunisgaaugavuieni )19 unmsesnnuudd

A o = ] 4 o @ = ' ) v ~
AIVANINDT DY UADYT NINUYDIUIUAAYNINATNAIAY Favznanlavazideaae 11l luunn 4

1173933
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NYHYTIMIUNITRNUVLAINIVAN

b4
' w 1 v | v
yniinandwmgemsesnuuudiniuguyueudgasnin Taoutsesnfiuaesdau
A a = a Al 9 A Ay o Y
ADTIUUINDTUIBAINGHYNITAIUANUUVUNA YBAUBINITAIUVAVUVUNAND 'Vl'ﬂ?’iigﬂﬂ
& 3 X | 1 a ar
muauiinansuaussFIvmz 310U druNiaeseTuedmgunsesnuuuAInILANIUY

s

a 's A4 A 1 A = Jq w o o
8aaivg ‘U?Jﬂﬂi’]llﬂﬂl'lﬂﬂ\ﬁ’luﬂ’ﬂﬂTil“lJﬁﬂ‘u“ﬂﬁﬂ‘u@\‘lw'li'lillﬂ’t’)ﬂlliz‘ljmmtﬂﬂﬂ']iniﬂﬂ'Ii]ﬂ

= 9

dyanusunauimdunluszould

o a4
31 ‘ﬂqtlg]‘luﬂl‘ii’)ﬂﬂllﬂﬂﬂﬂﬂﬂﬂﬂN!!ﬂUWﬂ

o Asq Y A o v o vt
ﬂ']'ia@ﬂ!!‘u‘l]ﬂ?ﬂ?‘ﬂﬂul!ﬂuw{ﬂ 1‘”!Wﬂﬂ5u1]§ﬂ§3ﬂﬂﬂ')ﬂﬂu1’!u'(’J'llﬂﬂﬂﬂﬂ’lw 1‘”“

& Aad o ) ) AN 1o 9 v % A
Wﬁﬁﬂﬂﬁuﬂ\i‘ﬂ'}]mmSﬂﬂ‘ﬂul!ﬂzfNNTﬂSQﬁT]\?ﬂ'ﬁﬂ’]u'Jﬂlﬂllll"]fnclfﬂu ﬂ\i“”ﬂ’]iﬂ')ﬂﬂﬂ!lﬂﬂﬂﬂ

o o {
aunsaitowduvienlaezunsu Iddssin 3.1

G.(5)

R(s) g E(s) AL 2 < U(SZ 2 Y (s); 6,

- A +

R

A 9 A
3UM 3.1 Tassahessuumunuuuuig

9 A G A Y ao ™
%1nTﬂNﬁS1WENS:’,U’1Jﬂ3‘1JﬂMmJ‘lJ‘Wﬂ :l‘ug‘lh’l 3.1uu.3~| muiy'lmﬂ?i]f’lllﬂﬂ

we) =K e(t)+K, % e(t) 3.1)
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Qs

Tagh u(f) Ao dyanmumiuay

K, fio 931V IBVRIAINIUANIVUTAT I

K, #osas1uenuvesdiniunuuuueyius

e(t)  fe manwAanamszuINdyadnudyaueen

msaammuﬁamnﬂmm #in 1711‘Ifaluﬂ'liiﬂ‘y'l!ﬁﬂﬂiﬂ'lW"Ui’NﬂUEluﬂﬂﬂﬂﬂ1W ‘]N
L

ponuuyTasldisnsnalna Tnelidyanaue dnavesssuunIDANUBUARGAININAARS

Q2 a4

[ d =) =} ‘ﬁ' [ c; U Aé s d. i
fr06a5 1Ml 1uT (quarterly-decay) na1770 soandusUNTBIABTEAAAUS UNY 4N

s

AgegAvRINaABUAUBY TAsszuLAIURUUsUAaaN NIzlnTuNIIvesndudy I

o o

o a0 Vo & 4
wiwanalawhtunielua 18]

s

o o Aad o A
ﬂ1ﬂ§ﬂﬂ 3.1 %"lﬂmlﬂ'li‘lji)\i‘izunﬂ’a‘ljﬂll!!‘ijv?vﬂﬂ\iu

N, (5) )
9756 75,0

Y g’/ o o U =
aauuszuInetlauesteansunisone Toeune

T(s)= N (s)N,(s) 32)
D_(s)D,(s)+N,(s)N,(s) '

uazez ldmdulssanimpumives P(s) e
P(s)=D,(s)D,(s)+ N _(s)N,(s) (33)
mazaziy G, (s) veiifdail

G (s)=K;s+K,=N_(s)
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(%4 a [
3.2 ‘nqvﬁlumwammnmmmmmuuaamms

msmuguuunieaindiiuitmsaruguiiedendnnislleunduvesdygy o
anuzmeluszuuauaujuoudgasnv [4] Taglumsdumiagnsivels K ves

3 . v
doygruaruauiu dsuaalugili 3.2

u(t) x(f) y() =6,()

s B P o~ C |—

-K

- o a @
719 3.2 TAgea i eI suUALIRUILUIBARI0IS

wasseenuuyldmayiiaussous J (performance index) UAineige

J :]O(xTQx +u"Ru)dt (3.4)

a G4 { o P v .. . - :
Tag 0 1huuadndruuasiiduaifsuinutiusu (positive-semidefinite) ¥4
a o v 5: v Aa (Y u v @
Fuasadoraihmiandianudidglunisaruaudiudsantuzlunaazas naz R
I a y ] . o i g LY ar
Wumas agaunasiduyaniiuey (positive-definite) azvimhing1ahmindmiy

[

¥
dyaualuan nazdyarunlvauiignsinuald hifides19a (unconstraint)

ar

a o Y o o £y 1
ch!ﬂ']'iW"i]'lim']!lUU%']ﬁﬂ\i‘ll?]ﬂﬂ?ﬂ?ﬂﬂqﬂl!'ﬂ‘ﬂ!!f’)ﬁﬂ')f’)’liﬂzulﬂﬁﬂﬂ']iﬂ\iﬁ

X = AX + Bu (3.5)

y=Cx
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u=—-Kx (3.6)
4 A <
dle  x() Ao NAABIADIUZVEIITUY
u(t) Ao duyanuaIuAu
A a o
y(t) fis  AYNYIUBIANA
A Ao wAINFSTUV YA D X 0
B Ao weSndouUNe YUIA D x 1
o J
C flo  wAsnFOIERA 1 x n

o = a a g 9
UIUNITN 3.6 xmum“lufmm‘i‘n 3.5 !lﬁZiﬂll'lim‘Uﬂuﬂ‘JJﬂ'l'iehill‘lﬂﬂ’éJ

X = AX — BKX = (4= BK)x (3.7)

4

o o a o A A A A @ Aa 4 I
ﬂ’l‘“uﬂiﬂ!uﬁiﬂm A—BK 11d085NINUIDUAIUBINDAND ‘Vllllﬂif’)\‘lﬂll’lﬂ!ﬂua‘ll

y |2 -~ ]
Renua doumuat (@) Tuaumsaviiaussouzluannsi 3.4 0218
J=[(x"ox+ x"K”RKx ) dt (3.8)
0
:ij(Q+KTRK)xdt
0
$ 4 T T d . r
dmuald  x"(0+K RK)x:—:i—(x PX)
t
die Pilumesndauanasiauininiveinsies 1a

x"(Q+K"RK)x =x" Px—x"Px =X [(4-BK)" P+ P(4-BK)]x



22

(A—BK) P+ P(A-BK)=—(Q+K"RK) (3.9)
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Km = 0.3674,

Ke =0.7661;

Mp =1.5;

Mw=0.2;
Ip=10.003278;

Iw = 0.00036;

Ra = 14;

r=0.06;

1=0.05;

g=9.81;

Beta = (IpHMp*D"2);
Alpha = (2*Mw+(2*Iw/rA2)+Mp);

%Under%
A=[0100;

62

0 ((-Mp*l/Alpha)*(2*Km*Ke/(Ra*r*Beta)))-(2*Km*Ke/(Ra*r*2*Alpha)) (-Mp*l/Alpha)*(-

Mp*g*]/Beta) 0;
0001,

0 ((-Mp*l/Beta)*(-2*Km*Ke/(Ra*r"2*Alpha)))+(2*Km*Ke/(Ra*r*Beta)) (-Mp*g*1/Beta)

0];
B=1[0;

((-Mp*I/Alpha)*(-2*Km/(Ra*r*Beta)))+(2*Km/(Ra*r*Alpha));

0;

((-Mp*I/Beta)*(2*Km/(Ra*r*Alpha)))-2*Km/(Ra*r*Beta)];

Cc=[0010]
D =[0};
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%Upper%

A=[0100;

0 ((Mp*VAlpha)*(2*Km*Ke/(Ra*r*Beta)))-(2*Km*Ke/(Ra*r"2*Alpha))

(Mp*l/Alpha)*(Mp*g*1/Beta) 0;

0001;

0 ((Mp*1/Beta)*(-2*Km*Ke/(Ra*r"2*Alpha)))+H2*Km*Ke/(Ra*r*Beta)) (Mp*g*/Beta) 0];
B=[0;

((Mp*V/Alpha)*(-2*Km/(Ra*r*Beta)))+(2*Km/(Ra*r* Alpha));

0;

((Mp*1/Beta)*(2*Km/(Ra*r*Alpha))+2*Km/(Ra*r*Beta)];
C=[0010];
D =[0];
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//PD_Sim

sp=0;
fori=1:501

el =(sp - ythpd)."2;
end
for j =2:500

errl =2 *sum(el);
end
ISE=¢l(1) +errl +€1(501)
for j =1:501

func = (T.*ISE)/2;
end

plot(T,func,’b"),grid

/ILQR_Sim

sp=0;
for1=1:501

el =(sp - ythlqr)."2;
end
for j =2:500

errl = 2.*sum(el);
end
ISE=¢l(1)+emrl +el(501)
for ) =1:501

func = (T.*ISE)/2;
end

plot(T, func,’b"),grid
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//[PD_Exp

sp=0;
for 1=1:501

el =(sp-y_pd)-"2;
end
for j =2:500

errl =2 *sum(el);
end
ISE =e¢l(1) + emrl +¢1(501)
for j=1:501

func = (T.*ISE)/2;
end

plot(T,func,b"),grid

JILQR_Exp

sp=0;
fori=1:501

el = (sp - y_lqm)."2;
end
for j =2:500

errl = 2.*sum(el);
end
ISE=¢el(1)+emrl +¢1(501)
for ) =1:501

func = (T.*ISE)/2;
end

plo(T,func,'b"),grid
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sp=0;
for1=1:501
e =(sp-y_lqm)."2;
end
t=0:0.01:5.00;

plot(t,e,b"),grid

fori=1:501

i@ = y_lqrr(i)*y_lqre();
end
t=0:0.01:5.00;

plot(tj,"-r'),grid
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Abstract

The objective of this paper is to present a controller
design for balancing robot, the dynamics model of a
balancing robot was derived using a Newtonian
approach based on the inverted pendulum model
leading to the linear equations. That will be used to
design the controller and compare performance of
controller between Linear Quadratic Regulator (LQR)
and Proportional-Derivative (PD). Simulation results
show that LQR design techniques can stabilize the
balancing robot in the presence of large deviation angles
with a better performance than PD design techniques.
Keywords: Linear Quadratic Regulator (LQR),
Proportional-Derivative (PD), balancing robot

1. Introduction

Balancing robot is unstable dynamics of the
system. Such robots are characterized by the ability to
balance on its two wheels and spin on the spot. The dy-
namic model of a balancing robot was derived using a
Newtonian approach based on the inverted pendulum
model. Consider the robot’s chassis can be modeled as

Fig. 1 Physical form the balancing robot system.

an inverted pendulum [1]. Figure 1, 2 shows the free
body diagram of the chassis and the pendulum. The
dynamics of a balancing robot are nonlinear and open-

174

loop unstable. LQR (linear Quadratic Regulator)
control, seem to be the most convenient method to
design a stabilizing controller. This method is the
system stability and performance that can be guaranteed
only when the deviation angles of pendulums are small.

Fig. 2 Free body diagram of the balancing robot.

2. Modeling of the Balancing robot

From Figure 2, 0 represents the angle of pendulum
(rad). From figure 2 the equation of motion was derived
and leaded to the linear dynamic models as

T
: | — Simulation
;.| — Experiment

Time(sec)

Fig. 3 angle under pendulum for the balancing robot



Table 1. List of terms and variables
8| : Angular position of the pendulum
é : Angular velocity of the pendulum
.9. : Angular acceleration of the pendulum
x| :Position of the robot
;.\c : Velocity of the robot
.x. : Acceleration of the robot
g| :Acceleration of gravity
r | :Radius of the wheels
Mw : Mass of the wheels
Mp : Mass of the pendulum
Iw| : Wheel moment of inertia
Ip| :Pendulum moment of inertia
L | :Length to the pendulum
Kn|1 : Motor-torque constant
Ké : Back-emf constant
Ra : Motor armature resistance
x=- ZKMKeJ.c—Méc059+ i Va +MpLg'Zsin6’ )
Ray'a o Rara
g 2hmke . MpL . oso-2Km y, Mpel g6 ()
Rarp yij Rarp
Where
BEMpL +1Ip
o=2Mw+ 2—I¥ +Mp
r
That a linearized model can be obtained and linear state-
space controllers could be design and implemented.
2
cdsf =—1,sin & =-6, and ﬁ =0
' dt
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From equation (1), (2) the linear equation of motion for
the balancing system are,

_2KmKe i MpL ot 2Km Va
Rara

€)

2
Rar a a

5= 2KmKe it MpL N 2Km N MpgL
Rarp B Rarp p

By rearranging equations (3) and (4) we get the state-
space equation and transfer functions for the system.

Va 6 (4)

State-space equations

x

W7/ o 0\*| (o

x| fo —248 700 0| x| |-1.83

= Va (5)
ol 1o o 0 16

.l Lo =12.13 6539 0)] ;| (-17.99

0 e

Transfer function
B,  3.553*19 5 —185 —224s
Vae, s +24825°—65395"-77.31s

1

(6)

3. Controller Design
Consider the LQR control model in the system
equations

x=Ax+Bu (7)
Determine the matrix K of the optimal control vector
u(t) =—-Kx(t) ¢))

So as to minimize the performance index
&)

Where Q is a positive-definite Hermitian and R is a
positive-definite Hermitian. The matrix Q and R
determine the relative importance of the error and the
expenditure of this energy. We assume that the control
vector (t) is unconstrained.

The linear control law giver by Equation (9) is the
LQR control. Therefore, if the unknown elements of the
matrix K are determined so as to minimize the
performance index, then u(t) = —Kx(t)is optimal for

J= [ (x*Qx+u* Ru)dt
0

any initial state x(0). The block diagram showing the
optimal configuration is shown in figure 4.
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Fig.4 LQR control system.

x=Ax—BKx=(A-BK)x (10)
In the following derivations, we assume that the matrix

A+ BK is stable, or that the eigenvalues of 4 — BK
have negative real parts.

J = [ (x*Qx+x* K * RKx)dt
0

:Tx*(Q+K*RK)xdt

Following the discussion given in solving the
parameter-optimizing problem, we set

x*(Q+K*RK)x=——%(x*Px)

Where P is a positive-definite Hermitian. Then we
obtain

x*(Q+K*RK)x=—x*Px—x*Px=—x*[(4- BK)* P+ P(A- BK)Ix
|

Cor!nparing both sides of this last equation and noting
that! this equation must hold true for any x, we require
that

(A-BK)*P+P(A-BK)=—(Q+K*RK) (11)
Hence our procedure is to determine the elements of P
from this equation and see if it is positive definite. The
performance index J can be evaluated as

J= Ix*(Q+K*RK)xdr=—x*Px |;° =—x*(0) Px(e0)+ x *(0) Px(0)
[]

Since all eigenvalues of A — BK are assumed to have
negative real parts, we have x(c0) — 0. Therefore, we
obtain

J =x*(0)Px(0) 12)
Thus, the performance index .J can be obtained in terms
of the initial condition x(0)and P. To obtain the
solution to the LQR control, we proceed as follows:

Since R has been assumed to be a positive-definite
Henmitian or real symmetric matrix, we can write

R=T*T
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Where T is a nonsingular matrix. Then Equation (11)
can be written as

(A*—B*K*)P+P(A~BK)+Q+K *T*TK =0

Which can be rewritten as

A*P+ PA+[TK~(T%) B* PY[IK —(7%) B*P]- PBR 'B*P+0=0

The minimization of J with respect to K requires the
minimization of

x*[TK —(T*) B*PI*[TK —(T*) B*Plx

Since this last expression is nonnegative, the minimum
occurs when it is zero, or when

TK = (T*) B*P
Hence,
K=7"(r%) B*P=g 'B*P (13)

Equation (13) given the optimal matrix K. Thus,
optimal control law to the quadratic optimal control
problem when the performance index is given by
Equation (9) is linear is given by

u(t)=—Kx(t)= _p B*Px(f)

The matrix P in Equation (13) must satisfy Equation
(11) or the following reduced equation:

A*P+PA-PBR'B*P+0=0 (14)

4. Simulation Results

The LQR and the PD controller are used with
linear for the balancing robot model. Since only on the
stability of the closed-loop system are focused. The
simulations of the balancing robot, we can be design
PD controller for experiment is to the compare
performance between is angle pendulum for the
balancing robot with PD controller from simulation for
the balancing robot figure (5).

— Simulation
—— Expariment

Fig. 5 angle pendulum for the PD controller.
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The LQR controller for experiment is to the compare
performance between is angle pendulum for the
balancing robot with LQR controller from simulation
for the balancing robot figure (6).

H H imytation
H i {— Experiment

Fig! 6 angle pendulum for the LQR controller.

The PD controller for experiment is to the compare
performance between is angle pendulum for the
balancing robot with LQR controller for experiment
for the balancing robot figure (7).

— LOR conlroller
—- PD contrafier

Fig. 7 angle pendulum for the PD with LQR
controller.

5. Conclusions

In this paper, two controllers LQR and PD are
successfully designed. Based on the results and the
analysis, LQR controller and PD controller of the
pendulum’s angle for linearized for the balancing
rol}aot system. That LQR controller has better
performance compared to PD controller in control the
balancing robot.
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