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ABSTRACT

This dissertation concerns with the development of computer program based on an

" unstructured triangular finite volume method for the analysis of steady laminar two-dimensional

conjugate heat transfer. The conjugate heat transfer problems are the problems that heat
conduction in a solid is coupled with the heat convection in viscous fluid flow. The viscous thermal
flow in the fluid region is calculated by the unstructured finite volume formulation with a streamline
upwind technique which similar to the Streamline Upwind Petrov-Galerkin that was mostly used in
the finite element formulation.  The heat conduction in the solid region is calculated by the
unstructured finite volume formulation which is derived from the sub-dpmain weigh.ted residual

method.  The solution algorithm presented in this dissertation uses equal order interpolation

functions for the velocity, pressure and temperature. This approach can reduce the complexity in

deriving the finite volume equations. A segregated solution algorithm is also employed to increase
the computational efficiency by computing the velocities, pressure and temperature separately. A
finite volume computer program was developed and verified by using the examples that have exact
solutions before it is used in solving the conjugate heat transfer problems. Conjugate heat transfer
solutions of the selected problems illustrate the predictive capability of the unstructured finite volume
in conjugate heat transfer analysis, i.e. heat transfer in counter-flow heat exchanger, free convection

in a square enclosure with a vertical conducting wall and free convection in a cavity between a

" circular cylinder and a square enclosure with a horizontal conducting wall.
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aumsh (2.25) awseaagilasld ZomsIFaunsvesmseysny Tunmdusiaeamaunu 1

4
-

=
dU

117114
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(ai+ 6i+ ai)_ i (kaT)+ a (kar)
P\ot " %ox T Yay) T ax\ ox) T ay\ By
du av ov

—_ — — 2.26
ayH"yaxJ”’yay (2.26)

du
‘o, % + Tyx

v Y
AAA

o o { v o Jdo Py o
wdsuneluduwizves Inafilfludiiifinnuduiuisugungivesves Inadsaunts
i =g+ c(T = Ta) (2.27)

Qs o 4 ~ 5 A ] {

Tae iy unuwdsaumelusumzvesves Inafigungiimae diinne
a o £ a o
T, Wnuguuglindsvesesva Felinin

¢ unumanuganudausumizvesues InadiedTinasnsi

[ 3 @ o o o [ A
J ﬂﬂuuﬁuﬂ'ﬁﬂ'l«‘liwu’ﬁﬂ'ﬂﬂﬁ'l‘ﬂ5‘1Jﬂ']"iﬂu5ﬂEWﬁQ\?'l‘l«!‘llfJ\iﬂ'lilllﬁﬁﬁﬂ

( BT) d (k 6T) ou u av av

P 3% + 0, 7 ==+ Ty 37 + Ty % T O’-y@ (2.28)

Q.)IQ)

tu—+v =

(BT aT 6T)
Pe\ar " ax TV ay

Saunuawesnnudumsafites3luaunisil 2.94) 89 @.9¢) asliluaumsh 2.28) a2 18

(6T+ 6T+ 67')__ d (kar)+ a (kaT) (au+6v)+ @ 299
Pe\at " “ox ”ay 2 / ay dox dy f (2.29)

k4
A

Jao 1 @
Tas @ unuieandumsnszarununila (Viscous dissipation function) %liuﬂi ANTMAIANNTS

o= z(au)2 R
— " \ox

Tunsdins Inasada i lfuszanneasis aunseySndndenumusaidoulnidu

2 (av)z + (au + av)z 2.30
ay dy Ox (2.30)

( 6T+ ar) d (kar)+ d (kar)+ ® (231)
clu—+v—|==—lk=)+—k5 .
Pe\"ox ”ay dx oy\ dy #

d 9/ Y =} P o A& &
walgamemenuynlovesaumsn (2.31) unumsnsznereswasnunnuwiiadailuman
nanwvilnvesveslna fmidRamsn/fewutlasnsanmsgapdendenunaluidi

T g k4
wiamaudeu  dmiumsvaanudi waiifisdesannsoosfisld Mldaumsvems

v o
syinindinuaunseaagilasiddu
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pc( éz+v-a—T)=—a—(kg)+a—i(k-aa—;) (2.32)

2.2 aumsiBeyRustsoadmSunsnemanuiouluvads

= 3 o 1 ] 3
melutSuasveadelins nadwaseenvsmdssummizauvesnnudeuriu
] o 4 [Y) A o 3 v ¢ o : Y]
Taifindsnunalaqdwiferdedsgii 2.6 Fuiungoydnindsradlungieaiildfiums
) < 3 aw g a ) o )
gramanudeuluveswds  wenninilluauITeillauyagiun msihanudeuilumsoiem
[ P 1 3 o a .3’ <1 9 ] o - 3 g/
anvdounuudeniniuifetuluvewds M9 avesanudouriulsuasvsniuage
L) ] 7y { <] 3 =
SumslvavesnnudourudSinasvediva  sndunsaifvoswduinenamuisanaaanuiou
9 9 ~ v & & ) a
Tawadernn § Inaneritieaviulelsuing

w &1 o [ ' =] s ¥
fmmiaq‘wuﬁﬂaﬂﬂminmimﬂmmm%’aumeﬂuﬂlmummmm@ﬂu"lﬁ'mﬁ

aT 9q, dqy A
pcadxdy = q,dy — (qx + VT3 dx) dy + q,dx — (qy + _6y dx + Qdxdy (2.33)
=4
NNNQUBIYiS3
aT
qy = —ka (234(1)
oT
=—k— 2.34
qy k 3y . (2.34b)
P a 4 ¥
deunuaumsi (2.34a) uag (2.34p) asluaunsd (2.33) 121d
aT 8 ¢ aT\ @y 0T\ . '
—=—tk— —|k— 2.35
A at 6x(k 6x)+6y(k 6y)+Q ( )

{ @ o <1
ﬁﬂm’szmm ﬁﬂﬂ15ﬂ15u'lﬂ'nlle:!ﬂutlu‘Uﬂ\n!‘iNﬂ'ﬂJ'liﬂﬁﬂzﬂﬁﬂﬁJ']lﬂu

d ¢ aT a/ Ty
V(= = 2.36
ax(k ax)+6y(k 6y)+Q 0 (2.36)



aqy
(qy * W”) =

P
Gedy =——>{dy > (Qx + —a‘;—" dx) dy

)

dx

)
2 qydx

{ ’ 1 ~ 3
51 2.6 Mssemanuiourulsinasaruguluvends
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UM 3
=4 Y- & é
LiguIsUTINasaTUIBY

o (%) v - 24 &
dwmdvigmmassmanudeuluveauds

anudhlalumsilseAudaums discretized nsefiousilSinasAuifesdmsuilam
msthamudeuluniisda ﬁm’i‘luﬁugmﬁ1ﬁ’iga1mmsﬁﬁmmﬁ]fgw1mi131mm%'au°luﬁmuaz
aadadell dufuluiidedt 31 sznandsilgmmshnmudeoulunilsifuasnssums
maqlumsmdmeuiaduey uazluideii 3.2 Shuitovvesnsi§indeaums discretized
i)1ﬂmsﬂszqﬂﬁizsﬁﬂv’ﬁﬂ?umaﬁmﬁm"ﬁ'imﬁau dwfvilgmmsthanudeunuuaeda

3 3 ]
'i'mﬁamswmsmﬁﬂu'1%%1% Llﬁ%’aﬂ'ﬁltﬁi%‘,ﬂﬂﬂﬂﬂ’ﬁkﬁﬂﬂﬁW'\ﬁ'lﬁﬂ‘l.lt‘lﬂﬂ’&&ﬁ‘u

3.1 mahanudeulunilania
o o by 2 [ A as 9 g
ﬁuﬂ'ﬁfh'ﬂ‘iUﬂiyﬁ'lﬂ'ﬁu'lﬂ'l‘miﬂuﬁiﬂﬂTillWiﬂi%"‘Mﬂiuﬂuﬂﬂﬂ klﬂll'ﬁ]'lﬂﬂ'ﬁﬁz'ﬂﬂ

P ? ) o = Al A
| RNIUNTITI w'nuﬂ'lmwmszim“luuﬂu y 49ITdUNIIN (2.36) NUNN 2 Nﬁ‘}’l'lﬁﬂi’)

f g (kgz) dv + f gdv =0 (3.1)

ox\" ox

¥ 4
freonquiunveumd mld@ouaums (3.1) Tnaldasi

or P
f k—n,dA + f Qdv =0 (3.2)
dx
w e E
""""""""" 3
+ WE - .._{ _____ Je +
le |
| ! 5x,.p Sxp, | 4
I Oxipp Oxpz |

3 ey A aa o 4 4 ¥ V
gl 3.1 WSwasmugunidadmiveade P luilgmimsunsnszee
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5 3 o = A aa é’ a 1 4 Y &
wingilft 3.1 fiufwesSiasaugunitadiall 2 udaldud Wuda w uas e i o,

Ed
L wifu-1 wag 1 iRy Ay

ar

(k %;)e - (k a)w + 0pAVp =0 (33)

~ {4 Qs 1 4 1 =
Tat Qp Lmuﬂ?mmﬂ'nu%’auwmmﬁmmmm‘lﬁ'ma‘lmaaﬁaﬁuwmﬂﬂimm
(=) 23 1 o’ o
AVp memﬂ@umﬂsmﬂimquaﬁﬁumﬂn Oxyp + 6xp, YUNUANUIN 1 HuwIae

=) ]
AN 1 HUW

1 A aad a Q 1 .
flgmvesnuninsznowmildaninnfinsanie mahawisuiy Composite
. =) - d?’ o u ] n:';dw ~
wall  Composite wall fie miisfilszneudunnnsdeunuvesiagnaesila luitiliiagie
a v v 3 d
2 yiialfuA 4 uag B 521919999 Composite wall uaae13lugih 3.2 () NCHERL LI
i 4 ¥ ¥
FreeniinameuaasiifiudsmsudtlamiFeiuaadiossdioniBusnasiuilowuy  Cell-
centered IR Vertex-centered  131105AILANAMIUIT Cell-centered HAY Vertex-centered (AAY
$ o Ty g 2 4
Blugdit 3.200) uae 320 awddy  FFUFinasFuileauun Cell-centered 1nsnanasad
Y a o Aad 1o A ) ¢
hgeaddsvesmsdnnn TusasitfiFinasfuiiouyy Vertex-centered 133agaavaad
ifhugadrsBevesmsdnn
Qd‘ﬁ' @ o s 9 | - o 9
gamgiinduenuazdn luvosniadmualdlisuidy  100°c uag 20°C mwdny
U/ 1 o LK. = Ad 9 r
anunuvesiag A uaz B Wiy 0.5 was  adulsznmsihnanieuvesig A uas B
AU 1 uaz 0.5 w/mecawdry  hilimswaandsnunrudountelumis (@ = 0)

¥
fmouiuassdmsuilgniiife

_ {100 — (160/3)x ;0<x<05
W= { 20+ (320/3)(1 —%) ;05<x<1 34
&
nmsdufinsaaumseyinindanuseuiufnifnasniuguuesya P i
ar aT
2N —(kaL) = 3.5
(k35), - (ka53), =0 G

P Y o ¥

o v
Tae 4 unufiuinindavesntaunsnseneanuion lullgmila, =4, = 4
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T, (36)

key

kg

S

e

(M

2'3‘4
olo o]

[RS—

1
T, Ie)

)5 Wrbeizii+
RN

[« 025 4—‘- ’i—~ 025 —»fe— 0.25 —> ’1' 0.25 "" 025 “." 0.25 ‘l‘ 0.25

() (M)
Q125 025 01875 0125 0125 0.125 0.0625 0125 = 025 01875 0125 0125 0.125 thogzs
T b Pl 1T 1T T 1
: T T ¥y 1
T ] ] 1.1 .1 1}
© , © A { }©, ©;9;0,0, 07
| i 1 L0 1 3
L i &b doedicd
925 0.25 0125 0.125 0.125 0.125 0.25 025 0125 0125 0125 0.125
) ¥
H ' A
51 32 (m) gUsnuaziteulvveuvAYe Composite wall

(¥) Cell-centered mesh (yaAnn s luiagisdealiszoeviaiiu) (A) Vertex-centered

k-
mesh (yagomoluiagiaaeaiiszozvianmiiu (1) Celi-centered mesh (asBN18 1Y

3 4
Fagiaaeafiszozyia hinifiu) (9) Vertex-centered mesh (yadnmuluTagiaaea

szazv limiu)
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1435 Cell-centered mmwm?‘fwnmmwﬁagﬂuﬂaaamﬂu 4 s iueug ox =
0.25 m Taedl 2 wndogmeluiag 4 uazdn 2 wadegmeluiag B sovdvsznieiag Auazlag
B Wufufofiaonndosfuini e voulSinasmuguuneny 2 ez w venlfings
AGUUIAY 3 c‘x’}a‘lziﬂ1u1mszu°lﬁ'i1ﬁlm‘fuﬁaﬁﬂasﬂz‘l‘i’ﬁ1ﬁnﬂszﬁm§dﬂ1sﬁm'nu%'amm
Faglalumsimnom Fofusufufiesdosldmssznamdnlszdnimahanuiounion

E
' . @ A ° 1o
SDEABAIUTUNS Harmonic mean fiano 1o lid1nou9103% Cell-centered inuusué
kap = 2kpkg/ (ks + kp) 3.7)

b4 »
quns discretised AM3UYAADNI 4 91D 143% Cell-centered AiD

k, 2k
—A(T1 -T) —"Ef'(To _T1) =0

ox

k k

BTy —Ts) — 2 (T —=T) =0

ox Sx

k, o (38)
E;(Ts _T4) —E(Tz o Ta) =0

2k

ks

5 LT -5 0 -T)=0

133 Vertex-centered szozneseningadediss ulanndivng ox = 025m 1sias
mugudmiugadenineny 1 agmeludag 4 etwmnsel  dSnasmugudmivgade

1 o (] o ] ] o ' 1 &
mneia 3 egmoluSag B otwauysel  dumissesrefiodumisvosgadovIneny 2 ¥l
ng a L1 w 4 a 1 @ 3 1o [] % ] []
i wogluag A uaziuia e ofluian B i liduiludeclde k,, iloamniilidulaves
F-4 [) b4
#ufiriidiusesdoveisaesig
. . o ' > v A &
AUMS discretised dM3UARDING 3 9AA0LiiB197T Vertex-centered 7D

k k

6-_:(7'1 = Tz) _ﬁ(To = T1) =0

k k

2 -T)——= (T —-T) =0 (3.9)
ox ox

k k
2 —T) — 5 (T, ~T) =0

quyigfifid1a 1801033 Cell-centered uae3E Vertex-centered Tinanuninuéiunn ie
o o o i [-] 1 -4 5 ¢§ 1 i
ihlnRenfeufugungii Bvindasumiuase dwnsiedl 3.1 dieszezrinvesgadieluaes
Faqiivmawiiu  urguvgiiifnms1dnndt Cell-centered TANIAAADUIINAIABLLIUAT

1 ad ] \J Y T e W d'
ANATT3E Vertex-Centered szeevinnvosgano luaesTag hinhiudwansliluansiei 3.2
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mseh 31 manBoudeuszningamgd co fldnadeeuuiunsuasdmoudsiuavinld

4 , v & - ,
91035 Cell-centered 14ag Vertex-centered mﬂqﬂmma‘lmﬂqmﬂawuﬂﬁﬁsazma

A
fMasuInIT fMaeunnds
x(m) AMADUUNUATI Cell-centered Vertex-centered
GUitz2@) | @fisz@)
0.125 93.3333 93.3333 -
0.25 86.6667 - 86.6667
0.375 80.0000 80.0000 -
0.5 73.3333 > 733333
0.625 60.0000 60.0000 -
0.75 46.6667 ’ 46.6667
0.875 33.3333 333333 -

mawi 3.2 msufsudisusznnegangil (°c) #ldnndmousiuasuasfmomdsiauavii 14

. -4 .
9133 Cell-centered 4182 Vertex-centered (ilngarameluagisaasriialissazvin

Talhiu
MADUINIT AMABLINIT
x(m) AADUUNUATY Cell-centered Vertex-centered
@iiz2@) | @fi2m)
0.125 93.3333 93.4694 -
0.25 86.6667 = 86.6667
0375 80.0000 80.4082 -
0.5 73.3333 - 73.3333
0.625 60.0000 - 60.0000
0.6875 53.3333 52.6531 -
0.75 46.6667 - 46.6667
0.8125 40.0000 39.5918 -
0.875 33.3333 - 33.3333
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32 mshanudeulugedin

&t @nan g luiaded 3.1 AnfusiiavessudeoniiuSmasduilosdmivilam
msthadeulunilsiiadiled 2 silalus sufendsuSnasfuiloany Cell-centered uaz
Vertex-centered masmnadeszdenitilfinesfuifeuufnaiusad (Cell-centered)

@ aa ‘o ] o vl b 4 o 1
dmsuilymansda fidwmiwesgadnnuegiininanveusad dwaadlugilii 33 win

a ] 1 o o a -
fasanmamisglineesilymeenuihnsaddngdmaumnn arensanInuuusiioy

| (structured orthogonal grid) A3zl 3.3(n) wraduazlSinasauguiigilsafentufe Hmaey

<

' =y 3 1 Qo ] 1 Q@ v
| yuRn WSnasmugulugdliifianunhariiy ax wiie usslinnuenisinny Ay wide

74 ] 2 = - [ 3 o ﬂ A 4
!ﬁuﬂﬁ'&'ﬂ'luﬂﬂﬂﬁn‘11801]3ll'lﬂﬁﬂ'J‘lJﬂﬂﬂ'N"'ﬂuﬂﬁﬂ'N x llag y A P 1UUIAMINONYDIYIA

[]
P

ueztliinasmugy  omimvavenlSunasauguiihidiiivisanfousuidm uasll 4 9a

2.

Jousouin P ufimile 14 aziusonuazazunnldunea N, 5, £ wasw muddy A
. b4 ]
oureszringg P uazgans 4 hdefuldun », s e uoz w mudiay  Tuvaish msuis

J a 4 -1 o 1w [ 4
siswvesilamdreniaammouuuy 13szdounannsoi e dwaaslugilii 3.3() 99

ﬂ 2 ' S A = ' 4 a

P lugannanveuwad  wadwiviRinasnuguitsanemaenmelulanuiign 3 9n

| s 9 -

. dousougn P lRud Ny, N uez N, dufifuszudiege P uasyaviveuldud £, £, ues £
oo LY =) 9 A & o @ a A 2

awddy dulszRaduiiiuganinausaraanMmainisan ¥iega P UAsyANINGNYBY

4 g A s
raansauiiagdousou

I
L
!
1
-
L -
|
}
I :
L O

|2

e
m ¢)

51t 33 MsfnIaULD cell-centered TaaldiTINasAugURTizIlse

9

(m) MnReuynIn () unney
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° a A
amsfnadsuiionissnasduilsuuyaveavousad  (Vertex-centered) 1
o \ o ) 4 =) J
fumiswesgadnuegiigaseavourad  USinasmugugnaiiudeuseugaseavourai
o § ] < ° '
Fuaaugldl 340 Tauuvesilymgniniseemnithuradidngdnam 16 wad  usaz
- ' - ' 1 & )
agdanun iy Ax wiie uazenedy ay wibe  duilszinunanasvenlinas
v = o ] 2 a vl
muguag Tufirme x uag y - dumisvesga p vieganinasvelsmasniuquegiiyaven
a . a { 4 '
vouwad  oruvaveslTinasmugulugiliife vsnadm fignlladeudaduilszdmandn
o 2 s & a =4 o
vInMsfnausfnmawad SesnuaveslSinasamugugniadesdioduay  S1uduga
o 4 U =3 N ' W é " ] o
uazdnnuduiiegdenseurSinasmuguiinwiiny 8 uag 8 FwhnuasuivesiivIugauaz
13 Y = ° 2 4 Y o o @ ° J:l’d
snudnnlFlumsdsnnanuuinaared  Jedunadmivmsfinnuuuuyaseawadiine
4 e o v o o oA Y o U
W P unzyalayanindeuseusz lifidw nfunarserindu dusunlsingliueds
o -3 A T ¥ = 4 L3
Faulumssnnamuunnaused astiagliiedonian¥sudieuaunsildde

el i o i o : °o_ w
waammaui liluSoadawimaey A3 3.4 () uag 3.4 () MUAIAY

i I I i
R
LS S LA NE )
R i I
I R« Bl Y 4
LW w! P !e E I
I ]
I I i i y:
T ST AR A ] o
| | | I
jsvr l s lL se |
LI Jd_ 1 1IN K
T i N\ 9
i 1 1 i
b—ar
(M (W) (M)

; ; - 4
gl 3.4 MRV Vertex-centered Taoldi)Smasniuguéaasionn

(n) waddmasuyuRIn (V) wadamasniall (A) sadaumasy

1 3.4 @) uamsmsiisglsuilymesnfumaddimasuinou 4 wadn1¥sudioy

= y & 2 s A 4o & ¢
Usmasmuqugnainiunn msmnduilsznnianarduvsasaduuipusenuninausan
Amdoumeqfidousenya P adglsuammasuiidonsenga P Tugilil 3.4 () aunso

a @ l v @ ' 4 4 o o
ahaSinasmugulddondnmsisudeduiumadgliedimas fdnuraa
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- @ oy

Y o [ 3/ = 5 1
AUIDUIA P UATUIUINN mmugmmzmumﬂm‘umﬂu%ﬂ P 3zumunuu um’hrﬂums

° & ¢ o A4 9
MUIUUVUNINA WY AR ﬂ‘]u?u%ﬁllﬁzﬁ‘]uﬂlﬂﬂj

[y A A ] 1 A 9 P’
foauga P fmfuiven ndfe flfwed
P s 9 J 3 a4 s (-9 o
davasuezd 3 gauaz3 amuviniuiinevesfumImuInIeIga P
& a . oa 2\ o A - o -
dlosnnineniinudi 1dden 1505 nas fuilounnigaseaveusad  fumialdly
o -3 v & 4?’ a & v g £ Y 1 o o
msfwmduminnaesiud  Fweameluradaumasulagiideuseugadsiiiin
a = 3 9 A =) ] 2 Ul
fosan  USnasmuguiavuagauaas13lugild 3.50)  dSnasmugudiunilsegmely
] E4
Tanwosilym fumaslugilii 3.5@)  YsnasmuguilizgnGeninlSinasaiugudmauge
d g Ly T é (-3 s ' QI
domelulawy  TwvasfilSinsmugudnmitiengadmualiiunielaaldesdndany
' o & o et a A a g
fou  shemanuioudionam uieonngnivualiliguvgliaeh  dSwesaiuguitesgn
v oal

Benh Snasmugudmivgaseiivemua it 3.5() uaelTnasnugudmiugaded

VDULUA
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1 3.5 Wnasagudmivitisnesdumiewnvynseavousad
() Fredrvesilymuazlsnasaugy (@) Wsuasmugudmiugadenelulanm
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: 9 1
o o ] aa ey 4
aunmsdmivilgmmaunsaszneluaesiia ldinnn  nmsasfiaonaimsmyesaumsi

E
(3.2) Asil

f{a(kar)+ a(kaT)}dV+f‘dV—0 510
ax\“ax) T ay\“ 3y Qdv = (3:10)
Srumguiunveumd mldnnimsundnszneluradutinmdndedievesaunsii (.10) du

f {5 (k?fi) ¥ @(" 5;)} = f {(" _x) P+ (k ;—,;) ny} dA (311)

S ¢ ¢ & ] '3 @ A =)
Tag n, uag n, unuiitnalanevewmmesnilsnieidemnduiveslSuasasugua
UHAMNY x LA y AR

AAINNUNUANNS (3.11) asluaums (3.10) wld

j {(k Z—Z) et (k g_;) ny} dA + f Qdv =0 (3.12)
3 1w

a0 a d 1 0o & A A A ~ — 0 )
DITUYAIN mﬁmjia:ﬂ'n‘.ﬁ‘umw%mmmmmﬂumm‘n Hio Q=S 'Vl'ﬂﬂ

aT aT |
f {(k ﬁ) A4 (k 5) ny} dA+ S,AV, = 0 (3.13)

Taw AV, unuaLIAYe51NASAILGNIBUIAAN |

£
v o

fafuztaumsin lvesdlgmmsunsnssaiefie

Mz

aT aT _
k—)n +(k—)n} A4, + 5AV; = 0 (3.14)
{( ax) ¥ ay) ), Q\

&
[}

1

é’l’ A lJ 9 =y
Tawaa wnuvnaiuiinuiazA1uelsunsaIugu
o dy Aea d 3 ﬂ Ty N
as unuSuRuiRRdsznovIuilulTnasnIugy
1 o - Ao ] 4 A & & 113'
amsdsznmmvesiusgangl T Hdwmislan melugadmumbsunilsgwans

Tugalii 3.6 sunsenseii 18 Taeldilsigugalire (Shape function) [16]

T(x,y) = Ny(x, y)T; + N (6, )T, + N3(x,y)T3 (3.15)



4
(x,y) meluaad udrdnsdeaunisduanil
1
N (x,y) = '2—9'(01 + byx + ¢,y)
1
Ny(x,y) = 'z—ﬂ(az + byx + ¢3y)

1
Ny(x,y) = 'Z—Q‘(aa + b3x + c3y)

L & o o d 1 | <] =
wiadmiuglan 3.6 Aevanemuvsdgade  FosABRUNLLNIUANUIINN

P
ﬁ'ﬂJlWﬁle‘Hﬂﬂ

+ .
Q= "Z'[xz(ys =y + 5,72 — y3) + %30 — 32)]

] v g
Amafianen Tuaunsh (3.162) 1 (3.16¢) eansafudiegasae i

a; = X2Y3 — X3Ya by =y; - ys €1 = X3 — X3
Az = X3y, — X1Y3 by =y3 -0 C2 =X — X3
Qs = X1Y2 — X201 bs =y, -y, C3 =Xz~ X

30

o i o o I i o 4 XY
log N(xy)i=123 wnuilndugilssdminmadammion annsesualafioszyiiia

(3.16a)

(3.16b)

(3.16c)

. . F
Tas o unuvmamadaumasy aunsodnou ldmnmsainavesgadenmy deduna

WPAVDUHDT

(3.17)

(3.18a)
(3.18b)

(3.18¢)

o n a o ] '4 4
anwaaduvesgangl 7 luiirme x uag y o dwmislegnelumadamumaoy mldnn

8T @aN,  dN,  @8Ns 1
a - _a—x_ 1 +ETZ +-67T3 = ‘ZE(bITl + b2T2 + b3T3)

aT 8N, aNy . 9N,

1
= 4 —_—a = T.
3y = dy T+ 3y T+ 3y T3 20 (¢, Ty + Ty + c3T3)

(3.19a)

(3.19h)
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(x3, 73 T3)

{(x,v.T)

Y

{xlf }'1) 7&)

(x2,y2, T2)

(m )

4 < 4 v ¥
51 3.6 wademAsIMUBEgAde () Mmedszinamnieluwad

@) dumivesgaitlFlumssufinsanieluwad

v 3 o o = 4 o
uihmsdssanaivessamgiitazanuaaduvesgangiimeliurad  deiladdy
' i a 1 o o = = 4
silswiifiewaesunsii (3.16) B (3.18) szndondmiunsdseaufiiulilsunsuneuiiunes
v 4
aswimvegurgivesarumaduvswuvginlsngegluaitell  ildldaumsdndn
¥ S w Y o o oo
ue 181 s2gnAndnn13veY isoparametric element [17, 18] iodse Tewllums Fnusuyadndl
' v o .3’ 1 o & t 'i‘_] 9/ 5 o
sisazduduiivannanoiniuluewiag wu wadauvfounngans Wuau  awvanns
H J v &

409 isoparametric clement myssganginyalan luwadamumdevaunsadnoldnnms
. T J A ) L Y9 a o aw o gy CY &
mapping S NuvA MM AsUN 1198 198afuina x — y NUIrAaAURIIY (Master element) 39
Y a v aw @ = ] do 1 XY 8 o o
Sradedufife & - 7 dagUit 3.7 afleddugilseuuiida £ 7 uszmmnumeduvesdleidy

silswideuduiifa ¢ ez puaas3lumsn 3.2
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51 3.7 (m) wadaumdesiall () wadduadiu

1 o as ] Yo 49 o 3 a o = o
ﬂwmﬂeﬂwgﬂSNmmsmnsm"lﬂwu'nmmﬂuﬂmmmwnﬂ £ Lmzq“lummzwmmmmmu

J o 1 = [ ° vy 1
- wpeilandugilnedisuiuuny x uaz y arnsaduanladinggnld

|

aNi aNi ox aNt ay
P& T Bx 08 dy O

ON;, _aN 9x 0N dy

dn ox 6ﬂ+ ay an

a o o 3
dutoulugiuuumaindag 1addl

oN; dx dy
ot | _og o
aN; dx dy
an) lan an

Ul

(3.20)
(321)

oNy

af’,f,i _ (3.22)

B3y

§ . & v a a a e
1118 [J] 4Nt Jacobian matrix  FHeveAszneudmgmelummIndiInniiig x — y uazanu

v ¥
amFua1q lumsieh 3.2 dearumsde T

ax =aN, 3y aN,

e — e Xi» A = 4
B Lo ® L

2\ aN,
= g
i=1

= 9N,

- Vi
i=1 on

(3.23)
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N, N
| x| _ e ) 98
’ an (= U1 N, (324)
3y an
d' ¢ o [ ] Qs o o v = @ A
manh 32 Hadugliuesmanyameduvesifandugilaunsuduing & uagy
1 1-E-7 -1 -1
2 4 1 0
3 7 0 1
) £(x)
a b X a b X
m ()

it 3.8 mIdufnsafledan () vuszeema x (n) Audesavesduiinda’

(@) MyUsemnmua1veIdufiniad s Midpoint rule

v J s w a w ° o g a =) o
MIMIAveINILBUInsad e nFeaay dmsuyniurvenlSinasaiugunssilag
aci
75

o/

v 4
9310 3.8 Aduninsamusallszunms lddeaumsedisidsil

£
Midpoint rule  A20819a8 lUHiRemsmSinaveduninsavesladduFaduvuszoens x

L  rdx ~ f (“2;”) b — a) (3.25)
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Qo o o a y v a 1 a a o
dilardu Foo) SuiledFuudadu wiiuldh hiflanwRanarlumalssinamsuiinga

a . a . . ) 10 4 S 3 9 o
91037 Midpoint rule 08 33 Midpoint rule Zinannindraansdioeddu £(x) 'l laandu

Fudu

= a a w é 1 o/ U o 2y . N §
mnfinsanmsnduiiniauudunsidudseiegluaealiid o3 Midpoint rle 9o

f a a ' ' £ A { & ' ' 1
WumsaduiuiveSmsauqudetlduie o Fulufinanduiidoudesznirgade

2 4 4 P C p!

winemy 1 uag 2 98 b Fuflufenarsduiidoudesenigadenuieny 2 uaz 3 A c Fuihy
] A A ¥ ' 1 £ ﬂ & 4
fenasdniidendeseningaseneluninuay 3 uaz 1 uazye o Fulugannmwan

A ] Yo P A o e
(VIS RRT Y ﬁ‘unﬁﬂﬂ“'Tlvlé'“‘]f)QWﬁ'ﬂﬂ'qu‘]ﬂﬂ'mw%ﬂmﬂﬂ\’ﬁﬂulﬂu

+ +
(Xai¥a) = (x1 Sl 2) (3.26a)
2 2
X, + X +
" (%0, ) =( AV A7 a) (3.26b)
2 2
+ +
(o ¥e) = (——x3 2 A e . y‘) (3.26¢)
Xy +x3 + X +y. +
(%0,75) = ( 1 32 3'}’1 3;2 }’3) (3.26d)
o @ o 1 Hq 9o o ¥ a a e 4 g
dmiudunisvesgailddmiumsmdaesdufinialiunyar, s uaz e n1lann
+ +
(xryr) = (x" > Ly S 2 “) (3.27a)
+x +
(x5 ¥5) = (x" LI L y”) (3.27b)
2 2
Xe+ X +
(X, ye) = ( = 3,4 2 y") (3.27¢)
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v 4 ™
71 3.9 USmsmuguiestaziuriMife oy

(1) YARBHILIAY 1 (V) JAABNINSIAY 2 (A) JARBHINUIAY 3

1 ¥
nngilil 3.9 mlanlsznavesduiinfavuiiuiineg dmsulsnasaiuquiesseuya

aomelunuomy 1 vousadmurasuAe

f of (A)dA = f(x, yr)AAge (3.28a)
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[4
[ reavaa = ey (3:28b)
o
dmiuSinasniugudesssuyademeluvaneny 2 veusadaumnuuAe
! o
| [ riraa = fexe st (3:299)
b
a
[ riran~ 13840 (3:295)
o
dmiulSinnsaruautesseugadenislumineay 3 veuwadaumasoude
o i
[ rena = reyonte, (3:300)
c

b
f f(A)dA = f (x5, Y )DAop (3.30b)

¥ N
Ta8 ad,, HAZAA,, UNBVIAVBINUTN a0, Adg0 = Aoy = /s — %) + o — Yo)°

Vv v
AA,, WOE AA,, UNUVNAYBIRUN bo, Ady, = Ad,y, = (ko — %)% + 3o — Yb)?

F [
AA,, UAZAA,, UNUIHIAUBINUTN co, A4, = Ay, = /K, — %)2 + (3o — Yo)?

wenvIntiy guif 39 BaniaiumiinedesinlfnasnigueesseuqarorbmY
1, 2 Uz 3 s'sm'ly'mﬁﬂmﬂma‘?ﬁﬁwﬁqwmﬁﬂ’uﬁmuﬂ?mmmuqmiaumrhifu Joduna
niladmiugilii 3.6 e mandndduRdmiusasSasmugudes w4 femeniundy
Wik HaYe

v
- a a ] ° @ 1 4
ﬂ'lﬂWil'ﬁm'lmW'l%ﬁ‘uN'J'Uuﬂill'mﬁﬂ'J'UﬂﬂJﬂfJﬂff'lﬂﬁ‘ﬂ@ﬁﬂﬂﬁM'lUm‘ﬂ 1 yostaa [17] 92

Téa
L ’ {(k g—z) n, + (k Z—D ny} dA ~ (k %E—)M O = ¥a) + (k %) (o — %5) (3:31a)
fo : {(k g;) ne + (k %;) ny} dA =~ (k ‘;—:)oc O — ¥5) + (k %)oc (X, — %) (3.31b)

A ° k4 a an
o n, uazn, A ldnnes Inulia
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FmTuNuA ao
!
.’ n Yo—Ya n, = Xqg — Xp
! T Mg, AA,,
|
4‘ o o dy o

TINITUNUAT oc :

n =yc—y0 n =xo_xc
* AA,c ' Y AA,,

o [ a 1 [ J 4
dniulsnesaiuquesedmsuganenineay 2 veurna

J;o [(k%;) n, + (kg—;)ny}d/l = (kg—:)bo v =) + (k%) (xp — x,)

bo

j;a {(x g;) n+ (k g;) n,}aa = (k %;)M Ga =70+ (K g—;) o\,

oa

A ° a Aa
o n, uaz n, S8 1A010AT InaidiA

(-] L g ]
MATUNUND bo
n =Yo"}'b =xb_xo
i AAbo : AAbo
o . o A& a
HINITUNUKE oa :
yﬂ. o yO xo - xa
n, =

o o a [} ° o 1 d
’ﬂ'ﬁ‘ﬁ‘1J‘l.|ﬁJWI'iﬂ’)'ﬂﬂﬂﬂﬂﬂﬁ'mi'ﬂﬁﬂﬂﬂﬁﬂ'lﬂm‘u 3 493 aa

J:{(kg_:) n, + (kg—;) ny} dA = (k-g—;)m (Vo —¥e) + (k%;) (. — x,)

co

f: {(kgg) ny + (k-g—;-) ny}da = (kg—:)” G = 70) + (K g—;) (x, — %)

ob

é -3 4 =) an
119 n, uag n, SRS Inaidin
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(332)

(3.33)

(3.34a)

(3.34b)

(3.35)

(336)

(3.37a)

(3.37b)



38

v & a
AMTUNUAT co
Yo = Yc Xe — Xp )
- R 3.38
™="aa, 0 =, (338)
o o dy )
TINITUNUNT 0b :
Yoo Xo — Xp
= , = 39
Mz AAnb ny AAob (3 )

9
msdnamduiniameqmatiannsansei 1d Tavedesing £ — » AdUNINTA

- ¥ ]
dnquesdaziuivenlnasaiugudselauaas 13 lugin 3.10 uozansei 3.3

1 2 [ v ]
51 3.10 yeduTnsauuAuFINdeusoy (n) yaded 1 (v) yadoh 2

(A) ypADd 3 FWmTuradAuUL

1 1 ]
@31 3.3 yeduiitnsauuiuiiideuseuyadoneuuiiia & — »

Face\Node 1 2 3

S (5/12,1/6) | (5/12,5/12) | (1/6,5/12)

S, (1/6,5/12) | (5/12,1/6) | (5/12,5/12)

a ‘ & a Y a ' 4
amdan  BSnesauquuilafiannnissauduveslfinasatuguass  nwaa
aumaouan daaadluglfl 31)  wieinsenluswasBeaudaziiFinasaugudesh

1 ar ) { 1 ] a a o d 1 o [
Aodestuudosmadlugli - 3.11@) wuh  ArveduiiniavesmelnIsUNINIENEHIY
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= 3 4 1w 1 a a o g = ' 1 4 a
| WSinasmuguseugade i TR whfunaswssnieduiinfoun 12 Aufaen 6 wad Taud Ui

4 a a o f a ' a a o 4 =
co UBE ob YOUTAR ¢, DURNTALURUAT bo 1A oa VBUTAR c;  BURNTAUUNURAT co UDT ob

a & o & = 4 s o o 4 a 4
‘U’EN!"lmﬁ C3 auwnsauuﬁum ao 8% oc YOUHAE ¢4 Bu“flﬂiﬁﬂu'ﬁuﬂ% ao 110 oc YOUYAR

a a o 4 a 4 3 7 A
¢ BuRinSauUNUA co Uaz ob YBuwAR ¢ 31l 3.11 (1) uammIBIYYAdEMETLERASN

E 4 ] '
mn 1 8t 3 doiulumsdusdmmnonvgadeveilygmaniiuidedimsaiegmudeyanld
A U 1 ]
@ouTssnnuduiusseninnnonusadvesilym vnenvgasevesilym uazmnomuga
] I'd ad & Y 1 1 s an L= [ o o Y
asmeluwad Fmstignidenaumsnmeluszdien s W ludwdwudluirdeiiheaiy

Node-Element Connectivity

v

51 311 () USinasaruguIsugede i (v) USinasnlugudessn 6 wadneydenseuyade i
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o H o o
wodusnlududreiiovesaunisfi (3.14) mursanszaesenin naeii

> (e mme+ (x33)ms) 2
ax) ™= dy Mty . K
k=1
a a a d a L
= {(teg) e+ (gp)ms)_ a2+ (k) met (k) mo) 2
a d @ ) d @
(kg )ne+ (g 243+ {(kgp)met () m)_ ot
a My 1° . e ) 8 I
(g e (kgp)m) 0z + {(gg)met (k35 ) a4,
(k) e+ (2 " aaz - {(c D), + (15) )" aa
o) ™ (E)"y.ao ao * 1\ ¥ 9x) "= T\ Gy ™, O
e s Y (S R (ST g
ax) ™ dy n”lao as, ox) = y Mty e L
? 9 ¢ a 2 %
+{(ka)nx+(k$)ny} Mﬁg+{(k-é—;)nx+(k-@)ny} bAAz% (3.40)
co 0

mﬂ;ﬂﬁ

] 4 o o
mingavyaren e luwadde 3,2, 3,1, 1 uas 3 USUARYD ¢y, 3, Ca) €4, Cs UAT Co

fnrsanaunisi (3.192) dmsuanumatuvesduds 7 lusirmie x

] / ¥
311 () wuhyese @ ngedredshihmanenvgadevesilymiiunssiy

v & A
ANUUID

aumsy (3.19b) M5V

o s = 1 ar g a ad o 9
aruaaduvesdauds 7 lufienis y  qumsanadmiy n, uag o, vesiud N e ld

1 Qs < g Y i ] 1 y
annsadsusndurlsedninihdunls T figade i Wnnaumsdelalil

—¥e) + cax,
2Q

a'l’: =k {(ba 6 T xo))

(bz(}’o yb) + Cz (xp — xo))

(ba(J’o yc) + Cs(xc ))

(bl(J’o )'a)+ca(xa xa))

(bB(J/b — o) +¢3(x, — xb))

20

1

+ (bz()’a = ¥o) + €2(Xo — Xa)

20

+ (bS(yb yo) + c3(xo - xb))

+ (bl(:}'c yo) + Cl(xa - xc))
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(bl(yo - ya) + cl(xa - xo)) + (bl(yc - yo) + Cl(xo - xc))

24 ; 20 .
ba(}'o - yc) + Cs(xc - xo) b3 (yb - yo) +c3 (xo - xb)
( 70 )c6 + ( 0 )CJ (341)

wailBuiinfavesmasiuiiadmiviSinasaiuquisuyade i Iawhiu

Wi}

SAV, = = (&V,, + AV, + AV, + AV, + AV, +AV,,) (3.42)

disannunalSinasveusadeumion dmiumsdinneilymlusedia fnwhduwage
sennennanuindnvssudazsadinzammin 1 niae lunsdimsimneiigmaeda
ﬁ'qguﬁ?mmmmwaﬁmmgmia i frunaig Tnvendoaums i (3.17) ildarmsodsuguns
(3.42) 185e

Sav, = = (Q, +Qc, + Qg + 0, + 0y + Q) (3.43)

nianpimssusuivewniduindameqvinadunisil (3.40) uaz 343)  dagll

i
|
| ~ a o o ' 1 o 9 =) ~ a o ' L

qumsfisadadmivgade : Indwhldmusodeuaumsiivadadmiugade @ Tulamuld

Qs

v
MU

6
alT, = Z al}T; + b7 (3.44)
=1
J=

| @ a o o P @ ' A ' '
Tag of, unuimduilsz@ngudhdanls 7, dmdugadevinsay j Feegiouseuganovinumy i
gl ] o a ar A 14 -
b7 unuwnin W lAdludulse@ndvesdaunls 7, #«luiiliae —5av,
° a o Iy tg = ° A s =)
mMsmimmeuFidamvasanadu lddinsdmuatou lvvouva uazlamatiams
(-3 ~ 4 ¥ 1 y
MAMDLUBANATNY Fesznadeae 1T
ivoulvvsuwadmiuilgmmsihanudeumisesn lait 3 sz ldun

1. guvgiineh

T=T (3.45)
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2. Wdndanudounsi
(kaT 1L )—~ 3.46
PP ayny =q (3.46)
3. NIIWIANTBY
/ aT aT
(kg-;n,, + k-é;ny) = h(T —Ty) (347)

]
el o

Tao 7 unumgamgindmualdunveuavesilgm
. 3 @ 3/ Ao Pl ~ ~ ~
q wnuamdndanudoufidmus Bveuwavesilym, § = g, + gy,
o o &
r unudulsz@nsmsnnuiou
T,, unugavgiivewes Inaneduinden Tawuvesilgm
0 4 4 4 . ) ood o 2y e A
nsfmuaien luindisnsei lddrensdmua o igadetiulivindy 1 uaserfiog
Auunvesaunmsil 3.44) fawiriu 7 310 3.2 uaeslFinasaiuguiiveuadlssan
o d 4 Y o 4 3 ’ 3 4
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YA 4y < a 4
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] 9
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=3 o o o Y o
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4 4 o 4 1
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51 3.13 Sou lvvoummlszianmsmanuiou

A v P a o @ v ' 4 da a
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- b % .
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g 4

4 da z "
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Y o N TS it § B o
(Gauss Elimination method) finanmsnidiaeueg 2 ¥uaeu [18] sl Tuaeuivnily iimsiagy
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ay1%; + Q12X + @y3%3 = by a3, Gz @3] (%1 b,
1%y + Ap2Xy + Ay3X3 = bz —_— Qy1 Az Q3|3X2t = bz
az1X%; + azyXx; + azzx; = by a3 Q32 QA33l\Xs by

31 3.14 szvuAUMsLATIIAS YYB AT



[ Q33 @13 @3] b1
Q1 Q33 Q33| b,
| @31 G32 Qasl bs)

l

- a ] s
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0 azz a23 bz
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3
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4 Y ) o a o
g'l.h’dl 3.15 MIMIBUBIM AT IV TUUATAFYUIN 3x3

3 d LY = o’ " AJ T L T
ud i1 dmanumasnadudssansuunaunins  wazllannes ua ldmuzeay
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[ gl [ S o[ 2

a1 o { { v a
waifiegluraudillnmdudneliovesaunisin (42)  unuddndnswIgns  (Net
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a =1 coth(Pe) —pe 0.001 < Pe < 100 : (4.49)
1 Pe > 100
[ LY) 4 & P Aa t
Aunnaniuiues (pe) Fevzgnldluaumsi @.49) fidiewn
plUIR disuauns Tuuuay
={ 2 4.50
Pe pclUlh (4.50)
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aenileddumstlszinaneluvesdunls ¢ uazanuamaduvesduals ¢ Tuuuauny

t

x uag y unuasluaumsi 4.45) @
[4¢]{¢} = R? (451)

i J A A Qs =) '
Tae (¢} ununaneiues ¢ IngadedufsdesiniSnasaruguuuiony i

[4%] = ) (Ufn.+2n,) B4, (452)
k , '

aN; N, oN;

— 25,0 o, 2
| Jx =pu [N; k(u T 3y )] To 5 (4.53)

aN, aN N |

5 =pv [N;“k ( Tx L+ 6}'])] Ty 6yj (4.54)
R? = (1 -5V, (4.55)

9 v [
funsuganelunsmidmendsiuay  ds  admualeuluidfugadefiagusin

youwavesilgm  uazldimsmeneSadlumsufssuuaumsi lasuonssdouisiSuas

N - ¥ ) d' ) 1 é 1] 4
Fullesdmivgadedrean lunswads 1dndnldudluuni 3

4.2 Yaymmstamadeunazms lnakisamuuuviia

-

aumafeyRusdesdmiums lnalusadwuumilafianzegdy  asouaguilems

b

demmwieunialuveslua awsaagl 1ddsdl

1. gumsmsivadedio

du Odv
a-i'-a—:;—o (4.56)
2. AU TUUAY
8, duy, 8/ du
o (o) + o cpuv) -2 +5:(155) + 55 (k35) + P81 =BT -T) @57

dp 9, on 8/ @
(pvu)+—(pw) az a—(u%)+—;( 5;—)+pgy(1—B(T—To)) (458)
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3. dUMINAINY

, ar ar a s oT o0/ aT
| pc(ua+v5;) —a;(k'a—x)'i-'a—y'(ké;) (4.59)

4.2.1 aum3 CVFEM dm¥umseydndlannsiaumouny x

amsilssAugaums CVFEM dwfunseayiod Tuaudulunuauou x aszihldlaens

[ 4 ]
qaanns Tusuduuuuunu » #reflensusimin w wafildde

; f W{%(puu)+a—i;-(pu)+a—a( g—;‘) a( g;) pgx(1 - BT - To))}dn 0 (460)

t

wenld w = 1 dmSunnivssanuniia ualuvazmedulddenld w = 1 — y Swmsunnisu

uﬂﬂlﬁﬁﬂ‘iﬂﬂﬂ%ﬁﬂﬂﬂﬂ’ﬂllﬂﬁﬂ

Ja-n {5 eu+ 5w + 32 - pou( - B ~T)}an

d s ou ou
_“b?( )+ay( H 3y )}‘m 0 (4-61)
&
1199910
du  oN du N, '
XU, WEZ \d .
ZNjuj Y 9x Ladx Y3 Z y % (4.62)
j=1 Jj=1 Jj=1

LA J r } y r r
uaziieldmquiunvsumdnfeu volume integral 1¥u surface integral w1z luduiifade

Y s ] o R . Y o I S a g
DUWNIUNITHWILASNITLNT ‘Hﬂ‘}ﬂﬁﬂﬂﬂ‘l‘i discretized TMTUANMNII u ‘1unﬂqmawmmmm

9

fulSaasnruquuanenas i el
[4¥](u)} = RY (4.63)

Tag

(el =Y ({tn, + fim),a4,) (464)
k

o, aNf)] L (4.65)

U I —1
Jx pu[N? k( ox T+ dy " ox




. [ 8N; ON; aN;
Jy =pvN; - kluz= —Z+v by ]— a _ (4.66)
dp _
Ri=(1-7) {— ‘ P ’ +pg.(1-B(T - To))} Q (4-67)

op o = o o & a o

o) wuanumadumbsvesn iy lufiems x Fldnnngadudinge

T unuguvgiimien ldnngamgiivesgaduiiinsaseuluasarugu i
diedhinmstenaiin lifeadestunnusiy, senlSinasarugu i T 3%dwenves

v Ed
aums sgasadagyvesaunsi (4.63) Tnladsii

lzul Z Auuj + fl (—z) ((1 - Y)-Qi) (4-68)

jai

Tag

=1; — dt (2:’: ) (4.69)

£ =pg(1-B(T - T))(1 - (4.70)
u U .

g, = 2 ity + 17 (471)
Ah‘

di = .(]'_—ﬁ (4.72)

m
ii

o . @ q S N Sl
Aaals o, uaz df ezilsngdnasemilsluaumsvesanudu luiadeh 4.3.3

4.2.2 auM3 CVFEM ihwiumseyindlumndaluannm y

dums CVFEM dmSumseydadlumudnlufioms y awseilseAngldludnvae

v W 3 { ’ A d o g o o v d

wetuiuruaeud ldna 1 Bdedu sudunmnaguilnduiminduaumseying
Q 5 s dy
Tumdulusiema y asil

f {ax(” )+ay @WHZ;’ aax( %)— a‘:,( 3;’) pgy(1-B(T - r,,))}dn 0 (473)
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o Iy d Y] o 4
@onld w=1 dmiunnivesnnunila luvae@erduldifonld w=1-y dmiunnion

! Hﬂﬂlﬂﬁﬂmﬂﬂ‘ﬂﬁ‘uﬂﬂﬂ’ﬂﬂﬂﬁﬂ

7 d )
Ja-nl5em + 5 0m + - pay (1 - B - 1)} a0

adfdvy a8y Ov
B f {b; (ﬂ 5;) + ay( 6y)} =0 (4.74)
4
1199910
ZN 0N, av_ialv, .
= jv]' ax ax 17}, P = v 17]' ( . )
Jj=1 J=1

iay mﬂl‘ﬂ Gauss’s Theorem 1ummJauu volume integral rﬂu surface integral MWL °lumu°n
moadesiumnimswmaznsuns  hlf18auns discretized dmsuaimd » luyngaded

= 14 v <) ] :iy
mm‘uaaﬂ‘uﬂsmmsmuawmmam i NY

[4"H{v} = RY (4.76)
Taw
1= ({zn +J3m, ), 04, (4.77)
.k

JZ=pu [N,- - E( i/ e ZI;’)] %% | (4.78)
Iy = [N—IZ- aN+ | I | (4.79)

y = PV N ay u 3y .

op

RY=(1- y){ (:) +pgy(1~B(T - To))} o (4.80)

3—1) @ o a & 4 a o

35) wnumumeduvesanudulufieme y s lfinnngaduiing

- = d' d‘ = = = d' 1 = N

T unuguugimdsiildningavgiivesgaduiinsaiieglasseuilsinasaugu
dishmstenwnii linedesiunmusa v veulSuesatugu i T B3Adwenves

] F4
auns szansadaglvesaunisn (4.76) vyladail
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Ay, = —ZA;’,v, +fP - (;—39 (1-pa) (4.81)

j#i

Tae

a
v = 9[ - d:’ (g) (4.82)

7= pgy(1 = B(T - Tp)) A - Oy (4.83)
v’ = 1-r (4.85)

v

it

g v P} n’/’ & o v g
aunls o, uae a7 sxilningdnasimialuaunmsvesnaudu Tuiaden 4.3.3

4.2.3 auM3 CVFEM fH3UMImINanagveInINgy

a 4§ o o a = o
M3dszAngaums CVFEM iedmnmnnudy Gudneinnisdunmsaaumseying

¥ i 4
U3 HIAUNISN (4.56) AnealSanasaaugu o Aeil

f(%+g—;)dﬂ ) (4.86)

9 a 4 I ~ 9 a a o ‘, a o dy
Timgugunvesmdihduaunisf 4.86) ¢ ldaumsduiiniaseufuianiugu r el
] (un, +vn,)dl =0 (4.87)
x , 24
MY Surface integral TugilusswmunInnURInILYN 9218

X{uenﬁ +v,nk}A4, =0 (4.88)
3

4 a o @ ¥ Ty [
108 u, 10T v, uNUANWISY u AR v wAsaERY  melundazalSasnluguoen (e)

A & Il @ oy H ° ° o o S -~
'nsamuwuwmwaamﬂm'ﬁmﬂuﬂsumm’mquuu AUNTIMUIUAIHIUAIUIIITNTDIND

ue = (2), — (@), (—g%) (4.89)

e
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ve = (9), — (@¥), (gf;) (4.90)

-3

Faunaufiuld11eun1sfl (4.89) uag (4.90) Sanundienasiuaunsf (4.69) uaz (4.82) NN

Qe

] 9
Wy ldunuem u, uae », asluaumsn (4.88) dsil

Z {(d")" (g;)e nk + (dv)* (Z—s)e n_l,‘,} A, = Z{akn',: + D*nk} Ad, (4.91)

k

" anumeduvssanuau lufianie x uag y luaumsi @on fdmaalden

| | (Z_Z)e < ia—':ip ' (g%) = i%vlpi (4.92)

nasnaumuaunsi 492 asluaunmsf (4.91) ufafagling ez ldaumsanududmsy

UTanasarugui dait
[47}{p} = RY (4.93)
 Tng
[47] =§{%% (@t + S @ s (49%)
RP = Z{akn’; + 0%nk} Ady (4.95)
. k

4.2.4 aums CVFEM thniumseySndndeny

a ¢ o o d o a ¢ o 3 as
nsilszAugaums CVFEM dmfumseyindwdsau Sudunnnsgaiflsiduimiin

TRupaunsdmSumseyFadndenu

[loe(u3t+v3) - (3 58) + e 35) ) en =0 (496)

wenld w = 1 dwSunsivesmsunsvasnnudon luvas@eruldifenld w = 1 -y dwsy

o4 ' [y n’:
wwauuaﬂmﬁmmmﬁmmmmwwma’mﬁau AUU
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f (1-9) {pc (u% + vg—:)} 0 - f [(aix (k ’;—9 + % (k g;))} da =0 (4.97)

A
({1ea91n
3 3 3
aT ~naN, T <ooN,
=Y NT, 5= Y =11 —=Z—yjr, (4.98)
f

waz ldnquiunveamdiVentfoy volume integral 14 surface integral mwizludufineados
@ 4 ] o o Y - ’ ey
fuwadmswwmazmsuns  wf 1Rauns discretized dmTugaingl T lunnganeiineades

Fd
fuFuasarugunanemy i Al

[ATH{T} = R (4.99)
Tae
[47] = Z ({15 n, +J3ny} kAAk) (4.100)
k J ]
. o 8N, aN, aN; _
Jx = pcull; k( 5 b Y ay)] k—— (4.101)
- on; aN; onN;
Iy = pcv [Nj (u F +v 3y )] kE (4.102)
R =0 : : (4.103)
425 fovlvvenun

A ll S a ay n:iyq LY % dy
Qo lvveuanarsanluaiTelilivmednyazat
4 = @ P P g/ £ o s 4 1

1. Feuluiimudn  Tasialideulefinmiedh manefis msfmuanuafigadiequy
3 o Y . ' 4 & 9 o do a 4
@AM (Tnlet velocity profile) ARS8 lAamnnsfmusileidunisndiamans
A = o ° a a d & ) Ao 3 A o a
enfFeufieuiunamssnandsiinged vie sdlumidaldnamsnansuiiothwamash
dnunalddmiudulsiimulys swlSsudendunanmsnaansnss U0 410 uaanlSuns

a [ A 4 o g ] = as
auguiieglndfumadn Fufeadesty armsa v avndav gumgll uazariudy
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Inlet boundary inletboundary

uln
4 L
<
¥,
L:
c
% %2 % % % ) 5 5
)] )
Inlet boundary Inlet boundary
Ta 7. ':: Pua .
\’:l _/"
Ta — . P L J
¥ ¥
T_.‘ ) | 3
Il .'('Z "3 IJ Il !'I l" Y‘
(") ¥)

3 410 SeuTuiimudrdmiu (n) arws w @) anud v () gangll @) ANudy

[ d' o [-%) :5 o 9 o ) 1 ¥ Y :.?
anuduinmad p,, dmsuzii 4.10 Analadsaumsilssnumetisiie dsil

P = p(3) = PO+ () (2 =) (£:10)

X =X2

2. deulufimesen  TawndAudr  Salsdnqiinthdamsesnlilddfiannse
AmuamidfulgmidseufiesBuimadnn  uadulsmaniuszdesdnseninme
nasnnmsfam lilud Fersonilefigrelfannsotmuadifigndesliiuton Tuf
navende muyRignvesnts nauvuianndufiuf (Fully developed flow) dw$ums Inaderis

= 4 ar 5 o o d
nninamedunng  madfsuslasvesnudmTedanlsignianunTaswdnduiaves
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' g A 1w = d Ao o d A
yo4 lnaszlidunsRowivesnnud uazguuginiiugud  Tufianevesnnudaidsuduaun

Yy .a v & A . g ad A
U3 (MANNNYDI n) muunau‘lwmmmssa u AU v HAZPUHYUNNNIDNAD

ou ov 0T
=) (4.104)

Outletboundary Outletboundary

L
o Jr/’

w3 Y 51 x T3 xa = JN
(M Q)
Outletboundary ’ Cutletboundary

L2 £ ’ fonl)

—C > — £
¥ ¥y
I_i‘ L.‘
xN-S INJ xN-l XN xs.] XN.Z IN-I xN
G)) )

4 g d' o [y o o) o
51 4.11 Seulviimsssndivsy (n) Avis u (¥) A0wis » () gungll () Ay

~

i a o d o @
717 4.11 uaaalSuasaruguessnnndd w 57 v uazgungiinedlndiumseen
o H o ar o FY [ P & Aa ﬂ a =] o
ﬂlﬂﬂﬂ']ihl‘ﬁﬁ ﬂquuﬁ']‘ﬂﬁ‘l]'ﬂ']\]ﬂﬂﬂﬂﬂﬂﬂﬂﬁﬂﬁﬂﬂzﬂﬂ 4.11 FIUNANNVI n LUUNANTUAYINU
aw g q’: ad a dyé 9 & Yo
WA x mww’mmmumuﬂuuazqmﬁ{}u‘nmnmmmanum%zmmﬂumﬂuqﬂﬂﬂ'um'a'

¥
funavosdnalsitmumelulawusesilym awisadiaa ldan

u(xy, y) = u(xy-1,¥), v(xy, ¥) = v(xy-1,¥), T(xn,y) = T(xy-1,¥) (4.105)
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HUBANNUMTMHUAMATINANIL U HIATDANIHUINAN 19000 mxﬂuﬂmuauh

1 3
Tasmwizasadaluszdiouds W ludodwud gl e setisuiu
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3. eulviiunuaminas Foulvvenwaiiaunsandnidiuiiuteoulauvaany
avasvasilygmidun  vouwaf lifimslvadhwdll1d  uay  vewmvefilifividndves
a 4 o A 4 ] ) o o
Panamnars  lunmstmuateu lvveuwauunil anumsluiamedminfuveuaszgn
° Pt T o o o Y Y A 2 [] T @ ]
nua miawhduguduazimualdmvesdulsdu degusnvenwnvesilayn  tiifum
Q) g d' 1 A ¥ 2 1 ar L) L]
youlsrug igasenelu Tawudseglndfuveumaves Tawumnniiga endrodiugu uny
A L Aa ﬂ a = v o o & A <
aunaslugih 4.12 Gliannees n dufemefeniuiy y - deiudeulvwesnnuss
A v uazgangRALANAIINASAD

Bu__
By—

T

0 AN L (4.106)

~

1 =1 Ay cg’o 9 1w o ] 4
AMATINLTI u AT BUTHUNDYUUUDUVAY m’JmVlﬂmﬂmmuﬂi‘ﬂﬂgmﬂiuhmu UARANUEI v

v

E4
gafmuamifilugud deaumade 11l

uCny) =ulxy),  vley) =0,  T(xy) =T(xy,) (4.107)

Symmetry Symmetry Symmetry
boundary boundary boundary

Q) ) Q)]

v | 4 H ° o d d
51 412 SoulvRunuaunasdmsu (n) A5« @) A5 v (1) guingl

L)

N M
= o =

4. o lufimis miviluvenwaigniunlfinafigaldty  fgymivedlnarm
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u=0, v=0 T=T, (4.108)
] 3 ad d’, o 8/
B NUFTIVNADIUUUIUNU Lmzqmﬁgumem‘uﬂummmmmm“lmm

u(x'yN) =0, v(x, yN)‘= 0, T(x, yN) =T, (4.109)

Wall boundary Waliboundary Wallboundary

\ v =0 \ v=0 g \ T=T,
. ¥ O

! (M (V) G))
! d' A d o o [ < -1 =
| g 4.3 Seulvimivdmsy () avsau @) anusa v () gaingdl

4.2.6 FuneuIsdimiumsmeanmasvesymmslva

3
Taeesiudn Veymnms lnahlimsaremanuiewdatiuannsofuisuuuieniy

v

s
(segregated calculation) 1a muduneuITAAd 181 SIMPLER (Semi-Implicit Method for Pressure-

EA
Linked Equations Revised) maﬂmmua"hiﬂﬂ Patankar [27]  Judmeniinusil 1dsadaunms

finmtu'l’;mu mmmamﬁﬂmﬂuauﬂumﬂ Gl'liJﬂ’JEJﬂ']iﬂ'l‘l«!’Jm pseudo-velocities NHUNTT
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l START l

- ' Initial guess u*,v",p", T*

STEP 1: Solve temperature equation
AT, = Z AT, T + RT

vy 7

STEP 2: Calculate pseudo-velocities
A=) My +

Axp =) Ayvi +f7

| 1,9

Set .
STEP 3: Solve pressure equation

Api= ) Alypiy+ ) (Ank +om5)ad,
k

uw=uv=v

P =pT =T
! y?

STEP 4: Correct velocities

u,=ﬂ‘-d"(-—

1 3/
i 414 snufsmsuiilomauiuneuiiuuy SIMPLER
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hle TilsunsuditlssAngauiiison SUCV.f90 FeiiseazBuadsse 14l

5.1 anvazvaalisunsy SUCY

o -4 o
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CVFEM FOR CONJUGATE NATURAL CONVECTION IN A CAVITY:
Gr = 1000, Pr = 0.71, K =1

T
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gz wnevesilym wieummisiimesnldlumsdia

VI FoSenluTilsunsaiiseyda Sunugadeluvesna, i‘im'suqmiaﬁ"‘aﬂmh
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 ussiade il duavdmsudugane luueslua, ﬁm'mi;ﬂdaﬁaﬂuﬂ‘lummsﬁ«mwm
Tna, $ruumwad, é’m’;umaﬁ’ﬁagju‘?mm%aumm, IUIUTOVYDINITAMUIN
uazmmRawanTivoyiu'la

FIvY YU N_FLUID NNODE NELEM NBOUN NBPR NBSYM NITER TOL
961 1147 2160 0 0 0 2000 1.00E-04

Wnemeg: NBOUN nateds $1uauganehivenvanivesn dwiny o lidesileudeyadiui 6
NBPR wanedls S1nugadefiveuwaniadh duwiu o lidesfloudeyadaud 7

NBSYM wiefis $1uruganefivenwaaumiasduiiiu o ludesileudoyadiui 8

dnfis  auandAdeesaasiinedesfudymmsmemandeniuuneugna

TRy CIED) sosonluTlsunsufiszyBenamuifdie dmivvewdunzvodla
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AIDYIUYU; DEN VIS HCAP Ks Kf G BETA TREF QG TMIN TMAX
! 1 0.118322 5.91608 10 1 10 0.05 20 0 20 60

aneme: G i 0 vuneds lifaravesausuilesnaussTiudasueslan, BETA wiiu 0
| P a1 1. o A 1 a g
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UNAIDEUTY: NODE IBCU IBCV IBCP IBCT X Y U V P T

1 0 0 0.00 0.00 0.00 51.52339
0333333 0 0.00 0.00 -4.65E-02 50.09036

TTTF
2T TFFO.
3TTFF 0.0666667 0 0.00 0.00 -6.69E-02 48.65627

1145 T T T f -0.1 1 O.bO 0.00 O.dO 57.02897.
1146 T T T F -0.0666667 1 0.00 0.00 0.00 56.05028
1147 TT T F -0.0333333 1 0.00 0.00 0.00 55.08154
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Jd : o ¥
nsadgawadaumbsuuuuiSeutiussdony  (Structured mesh) dwmFuilywiil 14

nszidaen1sdgasuealilsunsy spreadsheet 931 Microsoft Excel  ing 195z1Fo lnddoya

E -] A d @ a ¥
#udhlAedugndes Tilsunsu suCY suaastioyaues error vBenIIG2 ATINAY HazgaIngiR

E4
Q.. 4 o o . o 4
1?31,111ﬂﬂ'liﬂ'M’Jmi‘uuﬂﬁgiﬂﬂﬂlﬂﬂﬂ'liﬂizﬂ'l"lﬂ U994 SIMPLER algorithm ﬂﬂﬁﬁ'ﬁ]ﬂﬂﬁlﬂﬂ’)!ﬂﬂi

fAez1l9 5.6

iter =

iter
iter
iter
iter

iter
iter
iter
iter
iter
iter

iter
iter
iter
iter
iter
, iter

iter
iter
iter
iter

iter
iter
iter
iter
iter

iter
iter
iter
iter
iter

CGrLdx W N

377
378
379
380
381
382

714
715
716
717
718
719

862
863
864
865

937
938
939
940
941

1010
1011
1012
1013
1014

0.4933E-04
0.3755E-04
0.5420E-04
0.7433E-04
0.9396E-04

.2266E-03
.2249E-03
.2231E-03
.2214E-03
.2197E-03
.2180E-03

[eNeNeNoNoNe

.3877E-04
.3863E~-04
.3854E-04
.3842E-04
.3831E-04
.3819E~04

0.2581E-04

0.2577E-04
0.2566E-04

[eNeoloNoNoNe

-0.2560E-04

0.2101E-04
0.2097E~-04
0.2092E-04
0.2087E-04
0.2077E-04

0.1725E-04
0.1717E-04
0.1716E-04
0.1710E-04
0.1705E-04

0.5301E-04
0.5661E-04
0.9186E-04
0.1322E-03
0.1692E-03
0.2552E-03
0.2536E-03
0.2520E-03
0.2504E~03
0.2489E-03
0.2473E-03
0.7283E-04
0.7265E-04
0.7245E-04
0.7227E-04
0.7207E-04
0.7187E-04
0.4875E-04
0.4861E-04
0.4849E-04
0.4835E-04

0.3969E-04
0.3856E-04
0.3945E-04
0.3932E-04
0.3926E-04

0.3245E-04
0.3237E-04
0.3228E-04
0.3218E-04
0.3209E-04

0.1799E-03
0.7156E-03
0.1109E-02
0.1330E-02
0.1472E-02

0.6212E-03
0.6189E-03
0.6153E~03
0.6133E-03
0.6121E-03
0.6082E-03

0.2176E-03
0.2176E-03
0.2159E-03
0.2157E-03
0.2150E-03
0.2154E-03

0.1494E-03
0.1495E-03
0.1483E-03
0.1479E-03

0.1222E-03
0.1214E-03
0.1222E-03
0.1225E-03
0.1213E-03

0.1011E-03
0.1025E-03
0.1014E-03
0.1005E-03
0.9903E-04

0.8762E-03
0.8253E-03
0.7930E-03
0.7722E-03
0.7584E-03

0.1253E-03
0.1249E-03
0.1245E-03
0.1242E-03
0.1238E-03
0.1234E-03

0.4856E-04
0.4843E-04
0.4830E-04
0.4817E-04
0.4804E-04
0.4790E-04

0.3238E-04
0.3229E-04
0.3220E-~-04
0.3211E-04

0.2636E-04
0.2629E-04
0.2622E-04
0.2615E-04
0.2608E-04

0.2159E-04
0.2154E-04
0.2148E-04
0.2142E-04
0.2135E-04

! a o Y 1 a .
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|

|

’ @ d S 3 as a v a o
ARANBYOIAMIUITIMNTOIUUANY  ATUAY uazqiuwgmlamn@ﬁmaiuiﬂmu%zgﬂwuwaﬂu

Tradnouduanslugili 5.7

! 1 0.0000000E+00 0.0000000E+00 0.0000C00E+00 58.84468

} 2 0.0000000E+00 0.0000000E+00 -6.0674373E-02 56.88665

| 3 0.0000000E+00 0.0000000E+00 -8.1321001E-02 54.93930
4 0.0000000E+00 0.0000000E+00 -4.3501735E-02 53.00924
5 0.0000000E+00 0.0000000E+00 5.0171196E-02 51.10523
266 -0.5227561 -0.1292992 1.904208 33.02788
267 -0.5013648 -0.1800765 1.997377 32.00423
268 -0.4724487 -0.2284175 2.090609 31.00219
269 -0.4364918 -0.2731324 2.181272 30.01446
270 -0.3941568 -0.3127045 2.266485 29.03463
531 3.8277473E-02 0.4947442 1.738211 55.04300
532 6.0075182E-02 0.5589727 1.730032. 53.69511
533 8.2320005E-02 0.5870638 1.708299 52.36946
534 0.1036173 0.5860558 1.674851 51.07110

| 535 0.1230346 0.5620514 1.632227 49.80377
841 7.2742842E-02 7.3596351E-02 3.455035 56.47644
842 0.1182143 8.4192418E-02 3.443070 55.52475
843 0.1680607 8.9081280E-02 3.404572 54.57891
844 0.2195084 8.9339405E-02 3.339901 53.63600
845 (0.2702420 8.5951015E~02 3.250705 52.69234
1142 0.0000000E+00 0.0000000E+00 0.0000000E+0Q0 60.00000
1143 0.0000000E+00 0.0000000E+00 0.0000000E+00 59.89524
1144 0.0000000E+00 0.0000000E+00 0.0000000E+00 59.79095
1145 0.0000000E+00 0.0000000E+00 0.0000000E+Q0 59.68774
1146 0.0000000E+00 0.0000000E+00 0.0000000E+00 59.58595
1147 0.0000000E+00 0.0000000E+00 0.0000000E+00 59.48611

510 5.7 waswsndsngeglulidnadns
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| Tuunil dumsasreuTilsunsuneuiumeiflssAudan Fuiseenl@ifuaesday
wénldud mshanudenluvewds uaznmsmaimdeuluvedina  nisasaedenludiuves
ﬂ:ﬁmmm%'eu“luﬂleau%q'lﬁ'gﬂuam"1";'67’39&'1@1’7; 6.1unz 62  msasdeaeyludiuvemsm
anudouluvesinaldgnuansi3ludediedi 63 8967 dammsdemanuiounuuasuy
nnldsunsasandeudledietisdi 6.8 1 6.10 TumsilSeufvunansnnui ldends
CVEEM fy nadwsd ldnnnisduandaeisons wie nansmansslullyvudertu wdedld

)
LYY

/=y Ao 1 (Y a M o aaa = 4
wmswes EnanTa Wiy duiuie Tasi llassmsiime s 1Sandesldlumsinsizd
' 9 3 1 2 o v w
lgyminmsmeamanuiouszdosnannudusuausn
=Y Aaa = 4 1 J
wisiimes 1fan 14 lumsansedmsmomanudeunieluveslnaldun
o ) 4
1. 158 Tuaaifuyes (Reynolds number, Re)
[ IS "] -4
2. NTUNUNLILDS (Prandtl number, Pr)
o d
3. sfaiiuued (Rayleigh number, Ra)
v a dJa 4
4. UFIEaNWULeT (Nusselt number, Nu)
o d o a And 1 3
séluasniuwes  duwsfimes AR 192 yhns naudlums vaunuswiGey
& y 1 Y L) . o" o v =1
wouuuiluthiu lumsmianuFeunuutiady (Forced convection) 158 Ianiuuesinnurineg
MIMeMHN Wudas1adIuuesuN0e (Inertia force) HUNSUTBI9INANUHIA (Viscous force)

4
[30] Fava ldnaums

Re= —=— (6.1)

lag p UNUAMNHUILLINYBIYBY Ha
< P Y
U unuanusavesved vaninadn
L UNUAMETINMUANEME (Characteristic length) 14 Tauvesns lva
g unuanunilanamansvesesna

v unuanunilasaumansussves lua
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o da w 4 a Pl 9) t U4
‘Wi‘uﬁ!‘nﬁuﬂlﬂﬂilf"uﬂ'ﬁ1ﬂlﬂﬂiﬂ1¥5$uﬂ'31ﬂ£!ﬂﬂﬂNilﬂ\iﬂ'lﬁklﬁﬂ 1141'51ﬂ§]ﬂ15ﬂ!ﬂ15

‘vlv1mm§'auLmuﬁﬁ'szuaztmnﬁaﬁu Wuamaiuesiauen e isasidau
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q:lmmmwsnssmwﬂﬂumuﬁu (Momentum diffusivity) TUFUVOUUATONNIMGD (Velocity

| . o . g
boundary layer) fAUNISUNINTSRWUDINAIIUAINTOU (Thermal diffusivity) TuFuveuivnves

=y

QMg (Thermal boundary layer) [30] $sn1l&ninaunis

Pr= (6.2)

~I5
i
Qi<

Tae ¢ unuanuisusumzvssvesiva

K wnududsganimsthanudeuveswesiva
@ unumMswInIENeFnndey (Thermal diffusivity) veevesivaduiludasidnaes
msthanufeunazanuansalumsyaidou [30] Asauns

a=-— (6.3)

4 o o = ol v ) &
stamiuvesiiumsilimed TaRssypuuums lva NiilunsTuanunsuSeunse
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6.1 mavhanudeulunesiinveumuunegUvaundeia (Heat conduction in a

square plate) [18] -
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T(x,0) =0 (6.7¢c)
T(x,10) = 100 sin(mx/10) (6.7d)

3
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sinh(z) (68)

T(x,y) =100
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—— Analytical
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6.2 mavhanudeumealusudmasndgiadsmansondanudenlaies (1]
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—— Analytical

» CVFEM (961 Nodes)
O CVFEM (2601 Nodes)
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6.3 M3 manyauluvesd@maendnsa (Lid-driven cavity flow) [9,11]
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6.7 MIMANNToUNULTIRUINNIINITZUBNTOU (Forced convection from heated

cylinder) [32]
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wlainuTeu (Conjugate natural convection from heated cylinder in square

cavity) [39]

i’]fynnif“hﬁmﬁunﬁmﬂ1w§'auuuu8ﬂsznw"luaim’ﬂﬁ;ﬂﬁ'm?;uuﬁ'q%’ﬁ'umﬁ 1x1 HUw
fiuaras 3lugil 6.44 Hansanmevesrosdaiinssnszuenuiaduriuguenas 0.4 mieuasd
qamgliguiiu 1 mi  misddhouazynvessesdaigumgiduiiy o wiw iy
anufeuiidmunves Tamuiianumuhau 0.2 miae fMunugauazangaved Tamuiinuu
Aueg lumsdaeauuums Inaldanumnnasieanvinavesmssnmnamieni il
uanalugiiit 6.45 1sznoudan 2700 iwad 1441 gado  veslwai ¥ insuifadiuedidy

o o (4 d o oA [ & 1w ]
0.7 ﬂ’J'liJUﬂf]ﬂlﬁﬂHi\l:ﬁ'l"iljliﬂlﬁﬁuumﬂiﬂﬂ wmmmqwawaaﬂﬂmmmu 1 ¥

Solid 0.2
A/ 4 y
Fluid
Te ?
T=P
10
Ty
N Y
o R T S A ST
- >
1

3N 6.44 jssilgmmsmanwdeunuudaszsznhensenszueniuyestlagldmasy

v W

iia TasAanavoamisiunnuiou



122

3N 6.45 nuuswesvesilgmmsmanufeunuudasgssnievensenszueniusesiagl

Avnguinid lasAanansenUYBIRTIAUAINS oL

]
as g

~ 3 i 4 L%
3N 6.46 §9 6.48 namagluuums lvananidusugungindnalanssiaiives
' @ 9 v @ 1 @ a é‘ ° L
iy 10%, 10* uaz10° dmsudasidauvesduilsyanimaihnnudeuluvedeny
= a’ ] ' L
duszanimsihanudenluveslua (&) fiswiiu 0.1, 1 uag 10
a 1 d o g ' 4 A
Tumsinsangluuuns lvaft ldanediaiifuweiaieg. — nohnamesanusinld
10 Ra = 10° uag Ra = 10* Lifimsufasunlas lid & sudhuilafau nanfeiinis lvauuy
a <] a 1o v A -] 1
vy luiirmemuduninuialug$uou 2 99 tdiide Ra = 105 szifiu 1dhms lnanuy
' ya3d a "
nywmvna Inglsng Iimunsufe iy
v [l '
Tupsdsmandusuguungimelulawy  wudullemiua K gangiinely
3 a = Vo 1A Ao 4 a 4 a
voudatimsi/aeunlasednsdany nanfeilisudusugungianauilesningunginiely
4 a a o & v o a =3 '
veusiimsn/asulasnainauenniy  Asiumsnszneguugidiungsedneluves
Ina msnszaegaungineluvesivalunsdl Ra=10° uazRa=10* HanwsiwiSeuunnd

A58l Ra = 10°



123

Q
o o

/)

) )] )

o

o

~®
S o

1/

a
o

Q

-
|

K =01

(M

Q)

K =10

Q)

= 107

0.1,1 18z 10130 Ra

o
N K =

Q9

9
udusugunginelulam

Sanusua

4

3UN 6.46 NAAD



124

K =01

(M

L)

10

(M)

= 10*

1 1182 10 11/® Ra

=0.1,

Saanduiugamgiinelulawuim K

4

3N 6.47 nAweIMMITILA



125

w

=

Il

&

Q A N M T VY N RO Q @
© © © © O O © 0 0 0 =« b (e d
[ )) ) ) 22 S
: 33
4 G
S

I

i o
=} ~ =t ~ -3 ~
I & L 2 Il &
S’
£ x £ >

aavninelulawunam K

g
U

#u

<

N 6.48 NAWBIANUSIALL

il



126

Q)
ni g9 Q’I’ = =s' v |
31 6.49 1dunszuanisIva (Streamline) unzidugugamgiinielulanuina K = 0.1, 1 uag 10

(319 Ra = 10* 9MHAGWIUB9 Dong Uag Li [39]

i ’ 3 ad o ¢ ]
5117 6.49 naradunszsuams lnauazidudugargii®ldnn nadnives Dong uag Li
[39] dietiwSeuisududouazms lvauagmsnszniegungii 145391035 CVFEM

Tughit 647 agll@hmamsdmnunnds cvEEM fnnwmeandesiunadwiviniinad

Fudiouluoded



uni 7

unag dyminunazderavenus

7.1 unargyl

a =Y :{.ay 9 o - Y J =y Sy e
Iniwusiniumslszaug lsunsuneuiames  amuumevessslisydsdines
fudles Bszdendmsuianed Jgmmsnemanuiouasifuuunougnassritaveads
uazves lnaf nauvuwiialisadafianzegia  Tudwiiduvewddimmiznminiuiey
-4
iy dawilgmmsaemanudeuluveslnafeilgmaisninnude
a o T aa o 2
Tumsnsevilygmnsaemanuiounvunougnaluaeslia  desadeniisnas
4 ' < g g a o o A @ u’ll
Fuiteq1¥sedion Suiluezdeianudiugwlusesmumadoyiusifiordes dniuluum
a4 2anyg <4 a v do W o g - !
#1 2 YelAuansdaszuuaumsBeoyiuidmiuilgmmahenudeuluvewds dymmsdiem
4 ' (9 a v o [y o aaa
anufouswiums lnavesueslva aumaFeyiusdmivigmmahnnuieuludedinl
9
o/ o = o o o an
Wievua 1 aums 1dud gumseyiadwdsay  aumadseyiusdmivilyrinis lvaluaedlia
s
o ' @ w o o
fiflavun 4 sunslaud aunseyinduoa aumseyfod luauduluuuuny x waz y uas
v J oo 2 ° o 2
aumseySmindey awdify  dumseanseuagudmiunmssemadounyudasedie
& - o ! [ A da v A c; =) o &
Halunsdidsnan  usednguilsiiinademsndounvesved lnamelulawune  usasud i
(=3 3 1 o
Aty Inauanasuegamgiinelu Tawu
[ 3 A ]
Tt 3 dunsuaasiuneulumslssygadsaidionituSinasduiios¥szdovi
Y a v o . @ [ ) 4 4 2
dopndpsiuaumaieeyiuiuesmsoySanasey wenuindl unh 3 lAuaasdenny
UANA9TEWI19TT Cell-centered UAE Vertex-centered  ANENITOUBINITAIUINAWITLS WA
& Y ' H Y] Q & aa g [} o 3
fulledldgnuaas ludediunaiumsiimnudonluniielid  sausnnuuananesIsm
13 o 4 3 o A
aesldgrunas B3dosusulunsaiftlguniuiifag 2 9iia 5% Vertex-centered Huitiign
o 3 a a g Y] 3 4 & i a 2
@onldlunsdnnanimualuinoiinugil dniy dwmilsvesmi 3 TeeTedemsaiia
=y o a YU a_d < 4
315 AURUUBIIT Vertex-centereddmiuniafl 1fseifisudusuniaf ldnnadmumaey
) o { 3 (4 a 4
dwiuluund 4 dumsuaasiuseulunsdssgndszdonitiTnasduilesisadoy
{ a a Y g 9 ¢
naeandesiuaumaiFieyiuiuesilgmins vaaznssemamden  wiewialszendly
s 1 . . 3 3
FraniulaidUIudneuInsaleqy (Streamline Upwind Control Volume; SUCV)  nntiula

] ° , & { ° . o o
UszgndlFiuneumsimneesdd sIMPLER Fufludinldlumsduianimiiuazanudy



128

fsﬁav‘iﬂ?’i’ﬂmmga v e v fdanl¥nnauns ludniifinnuaeandesfuaumseyinyg
um Fumeudsnanifiuntsinnuuunendy  (Segregated method) A¥wanmld
 niwardwesneniianesuazanszezna lumsdnnuadld TaaTidsshmssnnunnda
| wlslussuvaumsunalngndoundy  Selundnfu sudleriildhanniinusioueentd
ileddalsznameluveniuds  avuduiacaamglififsusumiiild  (Bqual-order

N . . [ 3 a o a o
interpolation function) WlfazandemIlssAvgaumsuazlilsunsunoufiumes  Joild

' ] k4 ] []
azaniiezih liWenngeniSessdugedeldl  aumsinlsngegluunileglugiuuiiniewn

[ 9 s o :’ o o a o = 4
wmdneuawitnsyiduuumdleda  wazamusahhilszAugdiulilsunsunouiiunes
18Taedw

Tuundl 5 urasiefunuRnfudeyadsgitudhglibunsudnnaTasiufin131uvd
o 9 o 3 9 o o o o o
1iud1 (toput file) uazdPNATVBIMIUEANATILUNTII9ORBNANADS LAz INANadWS (Output
o o i = A
file) dwiuluunii 6 YsznoudiensasneuanugnaesvesszilioudiilSuasduiecls
Qs <] o = 4
szfeudmivilgmluvewdazvesina uasmsilssgnaszidionfnasduiios ¥sdey
fullgmmsdiemanudeunuuneupng  measvasumisesmiiiu 2 dau luduusniily
o o ° <] ° =2 o a ar
msansevilgmmahanudouluvewis  TashnsnSeufieuwansdmauduavivwg
maomiuase 2 Tlgmildun 1) dgwimsinnudeouludeslifvewiuuieglfivmasy 2) faym

1 9 ) a Y 3 1 a ﬂ = d
msunsnszneadeulaslimsnaaanuisudumelulamy  ludwaeuumsingies
HYgmmswanvunila  TesimsnSeufeusamsdnna@ansi ldduwamsfinnudany
vosatedu s flamlaun 1) Jgmmsivasazdemanuioussniauruguinuuazyesina
2) flgwimsvaludesilagitmaeniagia 3) faymmsmamdoununisdunnmsinszyen
fou 4) flgmnsmamdsunuudaszlutesingl@maendaia 5) Tammsmaruisuuuy
a ' ’ ' A 4 ' @ 3 EJ ﬂ 4
gaszluaesinsznimssnszuenilgaguanaesuiy Tudaugaietiumsiszyna
seflonTilFunasduiies1fsedienfilymivesmsdemanuiosunuunauging Tag
wisudsusamssan ldduramdmanninissou s 3 famldun v dgywins
gremanuSeunuunsugnalugilasaluanfeunudounuy Inesaumedy 2) fgmns
semanuisunnuneugna lusedlatimasudnsanfinminhanuieu 3) Jymmsdwmany

T o { { 1 w o 8/
fouuuunoupnaludestinfmdouitinsanssueniousgnmelu uaslimivharudeudw Ta
¢ 1 Y d o 1 as a a
Tullgwunaril 1dlasfnumansznuvesisdiaitiunes  Sasiduduilsz@nimsiany

Zouluveauisnsduszanimsiniudouluvedlna




129

’ 1 a a Py o a 4 g [
| nanlasagdldn  Ineniwuiiowisainedeniilsumsfuiledfssdeudmsu
X d { 1 a o ' - & o '
waamumdsnagade Anszdilgmmsaemanuiounuuneupna Fuilunsdemany
Ey ) o s o 9 [ 9 LS
Sousawfuszniemsihnnudeuluvewiwagmamanuiouluvesina Tailueded
| »

uenNil MIMUIMUULUENAY (Segregated method) @MIATIaANATUMIRIUIBILEAY
° v ° 4 a d 1 o g 4 [
Mumisanuiunissneuruseidmyanaldnng - mehauveuradammdenihld
1 a . o v 4 1 o 1
ianwazaindensdmsziilywinmsmemanuioudiizdidudeuld  Taounuezenldd

Taideelin1198 W ludeaudine

7.2 dayminuluvasidineniinug

a o o 4 o a a d’dyd o g £ &

tgmwinddgoslunsmIneiinuiife msmhnnudr lsdsanumilounazany

3 o 1A 1 ey @ o o d a o
uandvveITansu larsluauuyidnisarshutindg msvis W ludefiuud  (SUPG) uaz

= 4 [ q' I'4 4 o
seinIsUTunsduiles (SUCY) dwmsumsinseims va wodhlalumatia sucv udaee

' a o ’ ° @ A o ¥ 9 Addy o ) ¥ 3/

wUN  MIlszAygaumsdmivinneimsunsuazasaedsiamnsaii 1a lnedwden1s

A a o LY o v a 4 ° 9 | v o 9
!lmﬂlwulﬁuw%uﬂ'ﬁwum'l“llltluﬁﬁﬂ‘]iﬂ']ﬁiﬂ'JLﬂi‘lgﬁﬂ'ﬁu'lﬂTluﬁﬂu ﬂﬂ%’lﬂuul;'Uﬂ'ﬁ‘l‘lf

' §uner3s  SIMPLER Tumssnnaiymmsnelulasn®s dehignslnaduaseennn
| Tatu WomnsadmanBetegndessullymns Inalulasndalduds  Fldu
amrseves lilsunsunoufaumes ifseendidfy  aymaimsinadhuazesnainTam
édﬁﬁ‘lﬁﬂgﬁtjﬂﬁ1ﬁ§ﬁﬂﬂgﬂ’luﬂﬂ€ﬁﬂ mainiten luwenwavesdndurad Tnadhg Tawulu
druvnievesmunsanudiy Ty ludiugaiede msl5Emd ludaliinnitnsiae
R hifumsufssuuansiiimsssmienuiwesmenfianedivennn  ufiiismmd Ly
@aildte lifimafvesisensulansvennindfiegdmduiovesoumsfiuan (Matrix
free Gauss-Seidel method) taznteludag 1UsunsudosvesMsMuINm u, v, p Uae T 92UMS

Auruwad lagsouussgadelan taue

Y o (v = Q7
7.3 mmtfmmmzmmmmmﬂ"luamm

a aw 1 a = =L Yy o & - o
msaUItersnnIneinuilegnatouuanie 1dun wuameiiniisfe Ysuilg
Tilsunsuneufiunes iWaunsadinsevims lnauvviludhufianiigegds  (Steady  turbulent

A v w o 9 ' o o o v
flow) eldemnsonmadns Winullgwimsdremanufounuunougnn dmiumslnand




130

R.

[ 4 4 & d Y '
aufagetedy  FafhulseTemidemsudilguldindfesduanzvesmsaomanuioud

P a d A P a Py g
E lﬂﬂﬁlu‘ﬂiqcluﬂfuﬂ‘]ﬂ’mq@ﬁ’]ﬂﬂiﬁﬂ llu')‘l’l’]\‘]ﬂﬂﬂ\?ﬁﬂ EWNﬂQ'lllﬁ'lﬂ'ﬁﬂ‘UﬂqIﬂiuﬂiuﬂﬂu‘ﬂ?l@ﬂi

' = 4 ’ ] aad 1 @ 4

- Mawnsoansedilgmmsmemandsunuuasuyna lusuiighan1izegds wwamnmu
! o ¢ 1 o ’ q o y a d

fie Avsametvesmsilfsumlamunamesiulsdeg et llgmsdseavg Ilsunsu
: =) 4 P 3 o @ 1 ' 3 H t £ .

| aoufiamed  fiannsalddmevvesduls hinswamdmmelugrnradiegld  (Transient
: Ad A dad 1w ¢ A o o Y
problems)  UWIMWHE Ae MIdlszgnadtuSuvinaad eaaimuaalumsunilymninig

dhemanuSeunuunougne (Adaptive meshing)




B3]

[4]

(51

(6]

(7]

[8]

(91

131

YITNYATN

G.D. Raithby, “Skew upwind differencing schemes for problems involving fluid ﬁow,”
Computer Methods in Applied Mechanics and Engineering, Vol. 9, pp. 153-164, 1976.

AN. Brooks and T.J.R. Hughes, “Streamline upwind/Petrov-Galerkin formulations for
convection dominated flows with particular emphasis on the incompressible Navier-
Stokes equations,” Computer Methods in Applied Mechanics and Engineering, Vol. 32, pp.
199-259, 1982.

Y.A. Hassan, J.G. Rice, and J.H. Kim, “A stable mass-flow-weighted two-dimensional skew
upwind scheme,” Numerical Heat Transfer, Vol. 6, pp. 395-408, 1983.

J.G. Rice and R.J. Schnipke, “A monotone streamline upwind finite element method
convection-dominated flows,” Computer Methods in Applied Mechanics and Engineering,
Vol. 48, pp. 313-327, 1985.

J.G. Rice and R.J. Schnipke, “An equal-order velecity-pressure formulation that does not
exhibit spurious pressure modes,” Computer Methods in Applied Mechanics and
Engineering, Vol. 58, pp. 135-149, 1986.

N. Wansophark and P. Dechaumphai, “Enhancement of streamline upwind finite element
solutions by adaptive meshing technique,” JSME International Journal Series B, Vol. 45, pp.
770-779, 2002.

N. Wansophark and P. Dechaumphai, “Combined adaptive meshing techmique and
segregated finite element algorithm for analysis of free and forced convection heat
transfer,” Finite Elements in Analysis and Design, Vol. 40, pp. 645-663, 2004.

N. Wansophark, A. Malatip, and P. Dechaumphai, “Streamline upwind finite element method
for conjugate heat transfer problems,” Acta Mech Sinika, Vol. 21, pp. 436-443, 2005.

C.R. Swaminathan, V.R. Voller, and S.V. Patankar, “A Streamline upwind control volume
finite element method for modeling fluid flow and heat transfer problems,” Finite

Elements in Analysis and Design, Vol. 13, pp. 169-184, 1993.



132

[10] ortns tlsgnuad, sedeniFlflumeguiemsinsevimadumarndoumuunougma,
f

‘ IneniinusiSgaumtuda, madndmnssueiesna  Sadiadneds  ynaensel
i UNIINNAY, 2543.

3[11] aBNIY WIaININg, 33;1‘1':1113%‘1vﬂw‘n’mﬁmm’ﬁﬁamﬁmswﬁmsdmsma1u§'auuwﬂeug
e, nenfinusilSygnumiiada, Ma3narnsnnaiesna Tudininende pmaenssl
UNTINRY, 2547. |

[12] fiwus 2ssalamad, safiswdsandylaisfiudlilludiednndsazmsuvinadmi

msimngHImiuszyidemslna gamgh uasTassads, InoriinuiiSyanquituda,

madsirnssmaiesna Tadininede gmasnssimineds, 2549,

.[13] R.W. Fox and A.T. McDonald, Introduction to fluid mechanics, Fourth edition, New York:
John Wiley & Sons, 1994.

[14] J.D. Jr. Anderson, Computational Fluid Dynamics, Singapore: McGraw-Hill, 1995.

[15] H. Schlichting, Boundary Layer Theory, Seventh edition, New York: McGraw-Hill, 1979.

[16] O.C. Zienkiewicz and R.L. Taylor, The finite element method, Fourth edition, McGraw-Hill,
1991.

[17] H.C. Huang and A.S. Usmani, Finite element analysis for heat transfer: Theory and
software, London: Springer-Verlag, 1994, -

[18] Y.W. Kwon and H. Bang, The finite element method using MATLAB, New York: CRC
Press, 1997.

[19] B.R. Baliga and S.V. Patankar, “Elliptic systems: finite element I,” Handbook of Numerical
Heat Transfer, New York: Wiley, 1988. »

[20] S.C. Chapra, Applied Numerical Methods with MATLAB For Engineers and Scientists,
Special Indian Edition, Tata McGraw-Hill, 2007.

[21] W.H. Press, S.A. Teukolsky, W.T. Vetterling, and B.P. Flannery, Numerical recipes in
FORTRAN 77: The art of science computing, Vol. 1, Second Edition, United Kingdom:
Cambridge University Press, 1996.

[22] H.K. Versteeg and W. Malalasekera, An introduction to computational fluid dynamics: The

finite volume method, London: Longman Scientific & Technical, 1995.




133

;[23] C. Masson, H.J. Saabas, and B.R. Baliga, “Co-located equal-order control-volume finite

|
f element method for two-dimensional axisymmetric incompressible flow,” Int. J. Numer.

. Methods Fluids, Vol. 18, pp. 1-26, 1994.

[24] B.R. Baliga and N. Atabaki, “Control-volume-based finite-difference and finite-element
metheds,” Handbook of Numerical Heat Transfer, 2006.

[25] G. Comini, W.J. Minkowycz, and W. Shyy, “General algorithms for the finite element

solution of incompressible flow problems using primitive variables,” Advanced in

Numerical Heat Transfer: Volume 1, Taylor & Francis, pp. 137-170, 1997.

:[26] J.C. Heinrich and C.C. Yu, “Finite element simulation of buoyancy-driven flows with

| emphasis on natural convection in a horizontal circular cylinder,” Computer Methods in
Applied Mechanics and Engineering, Vol. 69, pp. 1-27, 1988,

[27] S.V. Patankar, Numerical Heat Transfer and Fluid Flow, Hemisphere Publishing
Corporation, New York: Taylor & Francis, 1980.

[28] C. Prakash and S.V. Patankar, “A control volume-based finite element method for solving
the Navier-Stokes equations using equal-order velocity-pressure interpolation,” Numerical
Heat Transfer, Vol. 8, pp. 259-280, 1985.

[29] H.J. Saabas and B.R. Baliga, “A co-located eilual-order control-volume finite element
method for multidimensional, incompressible fluid flow, part I: formulation,” Numerical
Heat Transfer Part B, Vol. 26, pp. 381-407, 1994.

[30] F.P. Incropera and D.P. De Witt, Introduction to heat transfer, Second edition, Singapore:
John Wiley & Sons, 1990.

[31] B. Ramaswamy and T.C. Jue, “A segregated finite element formulation of Navier-Stokes
equations under laminar conditions,” Finite Elements in Analysis and Design, Vol. 9, pp.
257-270, 1991.

[32] 15805 mgeufunyy, sufi S iudioasndimiums nanuyligadavfianiiai
annzegiy, InsilwuslSygumiiuda, madwiimnssuniesna  Tadininede

aensslumIMeTds, 2541,




134

[33] J.N. Reddy and A. Satake, “A cemparison of a penalty finite element model with the stream
function-vorticity model of natural convection in enclosures,” Journal of Heat Transfer,
Vol. 102, pp. 659-666, 1980.

[34] TH. Kuehn and R.J. Goldstein, “An experimental and theoretical study of natural
convection in the annulus between horizontal concentric cylinders,” Journal of Fluid
Mechanics, Vol. 74, pp. 695-719, 1976.

[35] B. Sunden, “Conjugate heat transfer from circular cylinders in low Reynolds number
flow,” International Journal of Heat and Mass Transfer, Vol. 23, pp. 1359-1367, 1980.

[36] J.P. Holman, Heat transfer, SI Metric edition, Singapore: McGraw-Hill, 1989.

{371 X. Chan and P. Han, “A note on the solution of conjugate heat transfer problems using
SIMPLE-like algorithms,” International Journal of Heat and Fluid Flow, Vol. 21, pp. 463-467,
2000.

[38] M., Hribersek and G. Kuhn, “Conjugate heat transfer by boundary-domain integral
method,” Engineering Analysis with Boundary Elements, Vol. 24, pp. 297-305, 2000.

[39] S.F. Dong and Y.T. Li, “Conjugate of natural convection and conduction in a complicated

enclosure,” International Journal of Heat and Mass Transfer, Vol. 47, pp. 2233-2239, 2004.



135

[ o

' S & 4 Yo o v = = 7 I ) Y ¢y %
tenanstiluenansianulidmsunisldnuienisfinwivingu ldeygynlviluldusslevisunisen
' Laidnsdiles viedu Snvainudlvidaudauilon wazsasedadiadnvetenarsynasaminisuntuly

|



MANUIN A, -

seazdsavesliiunsunsuinnes SUCV

136



program

sucv

sucv

AN

UNSTRUCTURED FINITE VOLUME PROGRAM FOR

TWO-DIMENSIONAL CONJUGATE HEAT TRANSFER PROBLEMS

USE EQUAL-ORDER TRIANGULAR FORMULATION

WITH STREAMLINE UPWIND TECHNIQUE FOR CONVECTION-DOMINATED FLOWS.

D

!
1
!
!
!
!
1
!
!
!
!
]
1
1
!

COMPILED BY COMPAQ VISUAL FORTRAN V6.6
DEVELOPED BY PASSAKORN VESSAKOSOL,
EPARTMENT OF MECHANICAL ENGINEERING, FACULTY OF ENGINEERING,
KING MONGKUT’S INSTITUTE OF TECHNOLOGY LADKRABANG, THAILAND.

implicit none

integer,parameter :: maxnod = 2938, maxele = 5688, maxels=6, maxbou = 19, npe=3
!

! maxnod : MAXIMUM NUMBER OF NODES IN THE DOMAIN

! maxele : MAXIMUM NUMBER OF ELEMENTS IN THE DOMAIN

! maxels : MAXIMUM NUMBER OF SURROUNDING ELEMENTS OF EACH NODE

! maxbou : MAXIMUM NUMBER OF NODES ON THE INLET OR OUTLET BOUNDARY

!

integer,

real,parameter

parameter :: pswp=200

! iterations for pressure calculation
:: relax u=0.3, relax_ v=0.3, relax p=0.2, relax_t=0.5

23
o
=
[
5]

UNDER-RELAXATION FACTOR FOR U

UNDER-RELAXATION FACTOR FOR P

u 2
v : UNDER-RELAXATION FACTOR FOR V
p s

relax_t UNDER-RELAXATION FACTOR FOR T
integer :: nnode, nelem, nboun,niter,nbpr, nbsym, nodef, nelef
!
! nnode : TOTAL NUMBER OF NODES IN BOTH SOLID AND FLUID (SUBROUTINE INPUT)
! nodef : TOTAL NUMBER OF NODES IN FLUID ONLY (SUBROUTINE INPUT)
! nelef : TOTAL NUMBER OF ELEMENTS IN FLUID A
! nelem : TOTAL NUMBER OF ELEMENTS (SUBROUTINE INPUT)
! nboun : NUMBER OF NODES ON INPUT BOUNDARY (SUBROUTINE INPUT)
! nbpr : NUMBER OF NODES ON OUTLET BOUNDARY (SUBROUTINE INPUT)
! nbsym : NUMBER OF NODES ON SYMMETRY BOUNDARY (SUBROUTINE INPUT)
! niter : NUMBER OF ITERATIONS OF OUTER CALCULATION LOOPS
1
integer :: iter,i,Jj,count
integer :: intmat (maxele,npe) ! node~element connectivity array
integer :: ibin(maxbou), ibou (maxbou) ! a couple of nodes for outlet b.c.
integer :: ibpi (maxbou),ibpo {(maxbou) ! a couple of nodes for inlet b.c.
integer :: ibsi(maxbou),ibso(maxbou) I a couple of nodes for symm. b.c.
logical :: ibcu(maxnod), ibcv (maxnod), ibep (maxnod), ibct (maxnod), mat {maxele)
!
! ibcu : BOOLEAN VARIABLE FOR THE BOUNDARY NODES OF U (T) OR INTERNAL NODES (F)
! ibcv : BOOLEAN VARIABLE FOR THE BOUNDARY NODES OF V (T) OR INTERNAL NODES (F)
! ibcp : BOOLEAN VARIABLE FOR THE BOUNDARY NODES OF P (T) OR INTERNAL NODES({F)
! ibct : BOOLEAN VARIABLE FOR THE BOUNDARY NODES OF T (T) OR INTERNAL NODES(F}
! mat : BOOLEARN VARIABLE FOR SOLID (F)} OR FLUID (T)
1
real :: den,vis, hcap, condy, conds,gravy,beta, tref
! :
! den : DENSITY OF FLUID
! vis : KINEMATIC VISCOSITY OF FLUID
! hcap : SPECIFIC HEAT OF FLUID
! condy : THERMAL CONDUCTIVITY OF FLUID
! conds : THERMAL CONDUCTIVITY OF SOLID
! gravy : GRAVITATION ACCELERATION CONSTANT
! beta : COEFFICIENT OF THERMAL EXPANSION IN FLUID
! tref : REFERENCE TEMPERATURE FOR BOUYANT FORCE
1
real :: ggen ! heat generation per unit volume
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real :: tmax, tmin ! max and min temperature of domain
real :: erroru,errorv,errorp, errorm,errort, tol

!

! erroru : TOTAL ERROR OF U-VELOCITY

! errorv : TOTAL ERROR OF V-VELOCITY

! errorp : TOTAL ERROR OF PRESSURE

! errorm : TOTAL ERROR OF MASS FLUX

! errort : TOTAL ERROR OF TEMPERATURE

! tol : MAXTMUM TOLERANCE FOR CONVERGENCE

1

real :: u(maxnod), v(maxnod) ! u and v velocities

real :: p(maxnod),t (maxnod} ! pressure and temperature

real : 7 xcord{maxnod), ycord (maxnod) ! coordinates of each node

real :: uhat (maxnod), vhat {(maxnod) ! pseudo-velocities of u and v
real :: du(maxnod), dv{maxnod) ! coefficients of dp/dx and dp/dy
real :: diagu{maxnod),diagv(maxnod)

real :: unew{maxnod), vnew (maxnod) ! u and v velocities from correct_uv
real :: pnew(maxnod), tnew(maxnod) ! p and t from calc_temp & solve p
real :: cpx(maxnod}, cpy (maxnod) ! du*(dp/dx) and dv*{dp/dy)

real :: dtdx(maxnod), dtdy (maxnod) ! temp. gradients in x & y directions

open{unit=7,file="cn07.inp")
open{unit=8, file="cn07.0ut')

1
!
!

read data from input file (unit=7)

call input{maxnod,maxele,maxbou, npe,nnode,nelem,nboun, intmat, ibcu, ibcv, &

ibcp, ibct, heap, condy, gravy, beta, tref, xcord, ycord, den, vis, &
niter, tol,u,v,p,t,qgen, tmax, tmin, ibin, ibou, nbpr, ibpi, ibpo, nbsym, &
ibsi, ibso, nodef,nelef, conds, mat)

cpx=0.0
cpy=0.0

do iter=1,niter

!

! solve temperature
]

call calc_temp(maxele,maxnod,maxels, nnode, nelem,npe, intmat, ibct, &
den, condy, hcap, conds, ggen, mat, xcord, ycord, u, v, t, tnew)

! calculate uhat and du
H

call calc_uhat (maxele,maxnod,maxels,nodef,nelem, npe, intmat, ibcu, &
den, vis, xcord, ycord, u, v, uhat, du, cpx, diagu)

1
! calculate vhat and dv
1

call calc_vhat (maxele,maxnod,maxels,nodef, nelem,npe, intmat, ibcv, &
den, vis, xcord, ycord, beta, gravy, tref, t,u, v, vhat,dv, cpy,diagv)

! solve pressure
1

call solve_p(maxele,maxnod,maxels,nodef,nelem,npe, intmat, ibcp, &
den, xcord, ycord, pswp, maxbou, nbpr, ibpo, p, uhat, vhat, du, dv, pnew)

! correct u and v-velocities
!

call correct uv(maxele,maxnod,maxels,nodef,nelem,npe,intmat, &
ibcu, ibev, ibep, xcord, ycord, den, vis, u, v, uhat, vhat, pnew, &
diagu,diagv, unew, vnew, cpx, cpy)

if (nboun>0) then
call boundary pressure (maxnod,maxbou,nodef,nbpr, ibpi, ibpo, &
cpx, cpy, xcord, ycord, ibcp, pnew)
end if
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! calculate erroru,errorv,errorp and errort
]

call error_check(maxnod,nodef, ibcu,u,unew, erroru)
call error_check(maxnod, nodef, ibcv, v, vnew, errorv)
call error_check(maxnod,nodef, ibcp, p, pnew, errorp)
call error_ check(maxnod, nnode, ibct, t, tnew, errort)

errorm=1.0
if (nboun>0) then

write(*,10) ' iter = ',iter,erroru,errorv,errorp,errort
else if (nboun==0) then

write(*,10) ' iter = ',iter,erroru,errorv,errorp,errort
end if

10 format{a,i5,2x,4(el0.4,3x))

if (max(erroru,errorv,errorp,errort)<tol) then
write(8,'(a,i5)') ' solution converged at iter = ', iter
exit

else
1
! check mass balance (for flow in and out of the domain)
!
if (nboun>0) then

errorm=1.0

do i=1,nboun

! outlet velocity components

unew(ibou(i)) = unew{ibin(i))
u({ibou(i)) = unew{ibou(i))
vnew (ibou(i})) = vnew(ibin(i))
v(ibou(i)) = vnew (ibou(i))

! outlet temperature

tnew(ibou{i)) = tnew(ibin(i))
t(ibou(i)) = tnew(ibou{i})
end do

do i=1,nbsym
! symmetry around a line parallel to x-axis
if (ibcv(i)) unew({ibso(i)) = unew(ibsi(i))

! symmetry around a line parallel to y-axis

if (ibcu(i)) vnew(ibso(i)) = vnew(ibsi(i))
tnew(ibso({i)) = tnew(ibsi(i))
end do

end if

'
! under-relaxation for u, v, p and t {(internal nodes)
1

do i=1,nnode
if (.not.ibcu(i)) then

u{i) = (1-relax u)*unew(i)+(relax u)*u{i)
end if
if {.not.ibcv (i)} then
v(i) = (l-relax v)*vnew(i)+(relax v)*v(i)
end if
if (.not.ibcp(i)) then
p{i) = (l-relax_p)*pnew(i)+(relax p)*p(i)
end if :
if (.pot.ibct (i)} then
t(i) = (l-relax_t)*tnew(i)+(relax_t)*t(i)
end if
end do
end if
end do

do i=1,nnode

if (tnew(i)<tmin) tnew(i)=tmin

if (tnew(i)>tmax) tnew(i)=tmax

write({8,*) i,unew(i),vnew(i),pnew(i),tnew(i)
end do




! calculate the temperature gradients for Nusselt number
e

call gradient (maxele,maxnod,maxels,nodef,nelef, npe,intmat, &
ibct, xcord, ycord, tnew, dtdx, dtdy)

write(8,*) ' gradient in fluid®
write(8,*) ' i x~direction y-direction normal'

do i=1,nnode
write(8,*) i,dtdx(i),dtdy(i)
end do

write(8,*) ' temp. gradient (fluid) around circle'
! ¢cn07.inp
do 1=2642,2606,-1
write(8,*) i,dtdx(i),dtdy(i)
end do

write(8,*) ' temperature around circle’
! cn07.inp
do i=2642,2606,-1
write(8,*) i,tnew(i)
end do

stop
end program sucv

subroutine gradient (maxele,maxnod,maxels,nnode,nelem,npe,intmat, &
ibet, xcord, ycord, tnew, dtdx, dtdy)

implicit none

integer, intent (in)

integer, intent (in)

:: maxele,maxnod,maxels,nnode, nelem, npe
real, intent {(in) :

: intmat (maxele, npe)
¢ xcord (maxnod) , ycord (maxnod) , tnew (maxnod)
ibct (maxnod)

logical, intent {(in) H
: dtdx (maxnod),dtdy (maxnod)

real, intent (out)

integer :: i,ii,k,m,count,numnod, numele,ie,sl,s2

integer :: inode (maxnod,maxels), surnd(maxnod,maxels),elcou{maxnod)
real :: xil,etal,xi2,eta2, gx,gy,detJ

real :: x(npe),y{npe)

real :: shp(npe),dndx(npe),dndy (npe)

I

! inode : local node number of each global node in surrounding elements
! surnd : element number that surrounding each global node

! elcou : total number of elements that surrounding each global node

1

call surround_element (maxele,maxnod,maxels,nnode, nelem,npe, &
intmat, inode, surnd, elcou)

do m=1,nnode
gx = 0.0; gy=0.0 ! average dt/dx and dt/dy for each node
numele = elcou(m)
do k=1, numele
numnod = inode (m, k)
ie = surnd(m, k)

i
! integration points of each surrounding element
1

call check node(numnod,xil,etal,xi2,eta2,sl,s2)

do i=1,npe
ii=intmat (ie, i)
x{i)=xcord(ii)
y(i}=ycord(ii)
end do

1

! subcontrol surface no.l

!

call shapef (npe, x,y,xi1,etal, shp, dndx, dndy, detd)

do i=1,npe
ii=intmat{ie, i)
gx = gx + dndx(i)*tnew(ii)
gy = gy + dndy(i)*tnew(ii)
end do
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. integer, intent (in)

" logical, intent (in)

!
! subcontrol surface no.2
]

call shapef (npe,x,y,xi2,eta2, shp, dndx, dndy, detdJ)

do i=1,npe
ii=intmat{ie, i)
gx = gx + dndx{i)*tnew(ii)
gy = gy + dndy(i)*tnew(ii)
end do

end do ! end of element loop

dtdx(m) = gx/(2.0*numele)
dtdy(m) = gy/(2.0*numele)
end do

return
end subroutine gradient

subroutine calc_temp (maxele, maxnod,maxels, nnode,nelem,npe, intmat, &
ibct, den, condy, hcap, conds, &
qgen,mat, xcord, ycord, u, v, t, tnew)

implicit none

maxele,maxnod,maxels,nnode, nelem, npe

intmat (maxele, npe)

ibct {maxnod) ,mat (maxele)

den, condy, hcap, conds, gqgen

xcord (maxnod) , ycord (maxnod)

u (maxnod), v (maxnod), t (maxnod)

tnew (maxnod)

integer, intent (in)

real, intent {(in)
real, intent {in}
real, intent (in)
real, intent (out)

integer :: i,ii,ie,m, %k, numnod,numele,sl,s2

integer :: inode (maxnod,maxels), surnd (maxnod,maxels), elcou(maxnod)
real :: capcy,detd

real :: xil,xi2,etal,eta2,ux,uy,kbar,a,b,x1,x2,y1l,y2,vol,x3,y3
real :: diag(maxnod), rhs(maxned), x (npe),y(npe)

real :: Jx{npe), dy(npe),coef (npe)

real :: shp(npe),dndx(npe),dndy{npe)

real :: midside,midele

! capcy ==> density*heat capacity

1

! inode : local node number of each global node in surrounding elements
! surnd : element number that surrounding each global node

! elcou : total number of elements that surrounding each global node

!

call node_element (maxele,maxnod, maxels,nnode,nelem,npe, intmat, &
ibct, inode, surnd, elcou) :
do m=1,nnode
if (.not.ibct(m)) then
numele = elcou(m)
vol = 0.0 t the volume of each control volume

do k=1,numele
numnod = inode (m, k) -
ie = surnd(m,k)
coef = 0.0

! find the integration points of each surrounding element
!

call check_node (numned, xil,etal, xi2,eta2, sl,s2)

do i=1,npe
ii=intmat (ie, i)
x{i)=xcord(ii)
yv{i)=ycord(ii)
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end do

! subcontrol surface no.l
1

!
! calculate the shape functions and their derivatives
!

call shapef (npe,x,y,xil,etal, shp,dndx, dndy, detJ)

x1l=midside(sl, npe, x)
yl=midside (s1, npe,y)

x2=midele (x, npe)
y2=midele (y, npe)

]
w
I

= xcord (m)
y3 = ycord(m)
vol = vol + 0.5% (x1*(y2~y3)+x2* (y3-yl)+x3*(yl-y2))

ux

= 0.
uy =

0.0

do i=1,npe
ii=intmat(ie, i)

ux = ux + shp(i)*u(ii)

uy = uy + shp(i)*v(ii)

end do

! calculate the coefficient of the streamline upwind term (kbar)
!

call petrov(npe,ux,uy,capcy,condy,x,y, kbar)

if (mat(ie)) then !t fluid
do i=1,npe
Jx (i} = -condy*dndx (i)+capcy*ux*shp(i)- &
capcy*ux*kbar* (ux*dndx (i) +uy*dndy (i))

Jy (i) = -condy*dndy(i)+capcy*uy*shp{i)- &
capcy*uy*kbar* (ux*dndx (i) +uy*dndy (i) )
coef (i) = coef(i) + Jx(i)*a + Jy(i)*b
end do
else ! solid
do i=1,npe
Jx (i) = -conds*dndx{i)
Jy(i) = -conds*dndy (i)
coef (i) = coef(i) + Jx(i)*a + Jy(i)*b
end do

end if

1
! subcontrol surface no.2

1
! calculate the shape functions and their derivatives
X .

call shapef (npe,x,y,xi2,eta2, shp, dndx, dndy, detJ)

xl=x2
yl=y2
x2=midside{s2,npe, x)
y2=midside(s2,npe,y)

o
i

-]

iy
!

™

N

ii=intmat (ie, i)
ux = ux + shp(i)*u(ii)
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end
end do

return

uy = uy + shp(i)*v(ii)
end do
!

! calculate the coefficient of the streamline upwind term (kbar)
!

call petrov (npe,ux,uy, capcy, condy, X, y, kbar)
if (mat(ie)) then ! fluid
!

! use SUCV to solve the convective term problem
t

do i=1,npe

Jx (i) = -condy*dndx(1)+capcy*ux*shp(i)- &
capcy*ux*kbar* (ux*dndx (i) +uy*dndy (i))
Jy (i) = —condy*dndy (i)+capcy*uy*shp(i)-&
capcy*uy*kbar* (ux*dndx (i) +uy*dndy (1))
coef (i) = coef(i) + Jx(i)*a + Jy(i)*b
end do
else ! solid
do i=1,npe
Jx (i) = -conds*dndx (i)
Jy (i) = -conds*dndy (i)
coef (i) = coef(i) + Jdx(i)*a + Jy(i)*b.
end do
end if

do i=1,npe
il = intmat({ie, i)
if (m==ii) then

diag(m) = diag(m) + coef (i)
else
rhs(m) = rhs{m) - coef(i)*tnew(ii)
end if
end do
end do
rhs(m) = rhs(m) + ggen*vol

! solve temperature by using gauss~seidel method
!

if(diag(m)/=0.0) then
tnew(m) = rhs{m)/diag(m)

end if

if

end subroutine calc_temp

subroutine calc_uhat{maxele,maxnod, maxels,nnode,nelem,npe, intmat, &

ibcu,den, vis, xcord, ycord, &
u, v,uhat,du, cpx,diagu)

implicit none

integer, intent {in)
integer, intent{in)
logical, intent (in)
real,intent {in)
real, intent (in)
real, intent (in)
real,intent (in)
real, intent (out)

integer :

+ maxele,maxnod,maxels, nnode,nelem, npe
: intmat (maxele, npe)

ibcu (maxnod)

den, vis

xcord (maxnod) , ycord (maxnod)

v (maxnod) , cpx (maxnod)

u (maxnod)

uhat (maxnod) , du (maxnod) ,diagu (maxnod)

i,ii,ie,k,m, numnod,numele, sl,s2

integer inode (maxnod, maxels), surnd {maxnod, maxels), elcou (maxnod)
real :: rhs({maxnod), coef (npe)

real :: x(npe),y(npe)

real :: shp{npe),dndx(npe),dndy (npe)

real :: Jx{npe),Jy(npe)

real :: unew({maxnod)

real s xil,xi2,etal,eta2,detd

real :: x1,x2,x3,vy1,y2,v3,a,b
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real :: vol,ux,uy, kbar

real t: midside,midele

subroutine node_element apply only to the internal nodes (ibcu = false)
inode : local node number of each global node in surrounding elements
surnd : element number that surrounding each global node

elcou : total number of elements that surrounding each global node

call node_ element (maxele,maxnod,maxels,nnode,nelem,npe, intmat, &
ibcu, inode, surnd, elcou)

! initialization

[ T
uhat=0.0; du=0.0; diagu=0.0; rhs=0.0

do m=1,nnode
numele = elcou(m)
vol = 0.0

do k=1,numele
numnod = inode (m, k)
ie = surnd{m, k)
coef = 0.0

! find the integration points of each surrounding element
1

call check node(numnod, xil, etal,xi2, eta2,sl,s2)

do i=1,npe
ii=intmat (ie,i)
x({i)=xcord(ii)
y({i)=ycord(ii)
end do

1
! subcontrol surface no.l
!

call shapef (npe,x,y,xil,etal,shp,dndx,dndy,detd)

x1=midside (s1, npe, x)
yl=midside(sl,npe,y)

x2=midele (x, npe)
y2=midele (y, npe)

a=y2 -yl
b =x1 - x2

[

x3 = xcord (m)
y3 = ycord (m)
vol = vol + 0.5% (x1* (y2-y3)+x2* (y3-yl)+x3* (yl-y2))

ux =
y = 0.0

o i=1,npe
ii=intmat (ie, i)

ux = ux + shp(i)*u(ii)
uy = uy + shp(i)*v(ii)
end do

calculate the coefficient of the streamline upwind term (kbar)

call petrov(npe,ux,uy,den,vis, x,y, kbar)

do i=1,npe
Jx (i) = -vis*dndx(i}+(den*ux*shp(i))-&
den*ux*kbar* (ux*dndx (i) +uy*dndy (1))
Jy(i) = -vis*dndy(i)+ (den*uy*shp(i))-&
den*uy*kbar* (ux*dndx (i) +uy*dndy (1))
coef{i) = coef(i) + Jx(i)*a + Jy(i)*b .

end do
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! subcontrol surface no.2
1

call shapef (npe,x,y,xi2,eta2, shp,dndx, dndy, detJ)

x1l
yl

x2
y2

nou

x2=midside (s2, npe, x)
y2=midside (52, npe, y)

a=y2 -yl
b = x1 - x2

vol = vol + 0.5%(x1*(y2-y3)+x2*(y3-yl)+x3*(yl-y2))

ux = 0.0
uy = 0.0
do i=1,npe
ii=intmat{ie,i)
ux = ux + shp(i)*u(ii)
uy = uy + shp(i)*v(ii)
end do

calculate the coefficient of the streamline upwind term (kbar)

call petrov(npe,ux,uy,den,vis, x,y, kbar)

do i=1,npe

Jx(i) = -vis*dndx(i)+(den*ux*shp(i))-&
den*ux*kbar* {(ux*dndx (i) +uy*dndy (1))
Jy(i) = -vis*dndy(i)+(den*uy*shp(i))-&
den*uy*kbar* (ux*dndx (i) +uy*dndy (i) )
coef (i) = coef(i) + Jx(i)*a + Jy(i)*b
end do

il = intmat(ie,1i)
if (m==ii) then

diagu{m) = diagu{m) + coef(i)
else :
rhs(m) = rhs{m) - coef(i)*u(ii)
end if
end do

end do

if (.not.ibcu(m)) then
if (diagu(m)/=0.0) then

du (m) = yol/diagu(m)
uhat {m) = rhs(m)/diagu(m)
end if
else
dlagu(m) = 1.0
du{m) = 0.0
uhat (m) = u(m)
end if
end do
return

end subroutine calc_uhat

subroutine calc_vhat (maxele,maxnod,maxels,nnode, nelem, npe, intmat, &
ibcv,den, vis, xcord, ycord, &
beta,gravy, tref, t,u, v, vhat, dv, cpy,diagv)
implicit none
integer, intent (in)
integer, intent (in)
logical, intent (in)
real,intent (in)
real,intent {in)
real,intent (in) :
real,intent (out)

maxele,maxnod, maxels,nnode, nelem, npe
intmat (maxele,npe)

ibecv (maxnod)

den,vis,beta,gravy, tref

xcord (maxnod), ycord (maxnod}

u (maxned) , v (maxnod) , t {(maxnod) , cpy (maxnod)
vhat (maxnod), dv (maxnod) , diagv{maxnod)

integer :: i,ii,ie,k,m,numnod, numele,si,s2
integer :: inode {maxnod,maxels),surnd(maxnod,maxels),elcou{maxnod)



real :: rhs(maxnod), coef (npe)

real ¢: x(npe),y(npe)

real :: shp(npe),dndx{npe},dndy (npe}
real ¢: Jx(npe),Jy(npe)

real :: xil,xi2,etal,eta?,detd

real s x1,x2,x3,v1,y2,y3,a,b

real :: vol,ux,uy, kbar

real : tm

real :: midside,midele

!
! subroutine node element apply only to the internal nodes (ibecv = false)
! inode : local node number of each global node in surrounding elements

! surnd : element number that surrounding each global node
! elcou : total number of elements that surrounding each global node
1

call node_ element (maxele,maxnod,maxels,nnode,nelem,npe, intmat, &
ibcv, inode, surnd, elcou)

1
! initialization
1

vhat=0.0; dv=0.0; diagv=0.0; rhs=0.0

do m=1,nnode
numele = elcou(m)
vol = 0.0
tm = 0.0 ! average temperature in buoyant force
do k=1,numele
numnod = inode (m, k)
ie = surnd(m, k)
coef = 0,0

! find the integration points of each surrounding element
1

call check node{numnod, xil,etal,xi2,eta2, sl,s2)

do i=1,npe
ii=intmat {ie, i)
x(i)=xcord(ii)
y(i)=ycord(ii)
end do

! subcontrol surface no.l
1

call shapef {npe,x,y,xil,etal, shp, dndx,dndy,detJ)

do i=1,npe
ii = intmat(ie,i)
tm = tm + shp(i)*t(ii)
end do

xl=midside(sl,npe, x)
yl=midside(sl,npe,y)

x2=midele {x, npe)
y2=midele (y, npe)

a
b

y2 -yl
xl - x2

non

x3 = xcord(m)

y3 ycord (m)

vol = vol + 0.5%(x1* (y2-y3)+x2* (y3-yl)+x3* (yl-y2))
ux = 0.0

uy = 0.0

do i=1,npe

ii=intmat (ie, 1)
ux + shp(i)*u({ii)
uy + shp(i)*v(ii)

=1
E]
[}
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! calculate the coefficient of the streamline upwind term (kbar)

call petrov(npe,ux,uy,den,vis,x,y,kbar)

do i=1,npe
JIx (i) = -vis*dndx{i)+(den*ux*shp(i))-&
den*ux*kbar* (ux*dndx (i) +uy*dndy (1))
Jy(i) = =-vis*dndy(i)+(den*uy*shp(i))-~&
den*uy*kbar* (ux*dndx (i) +uy*dndy (i) )
coef (i) = coef(i) + Jx(i)*a + Jy(i)*b
end do

! subcontrol surface no.2
!

call shapef (npe,x,y,xi2,eta2, shp,dndx, dndy,detd)

do i=1,npe
ii = intmat(ie,i)
tm = tm+shp(i)*t(ii)

end do
xl = x2
yl = y2

x2=midside {s2, npe, x)
y2=midside ({s2,npe,y)

a=y2 -yl
b = x1 - x2
vol = vol + 0.5*%(x1*(y2~y3)+x2*(y3-yl})+x3*(yl-y2))
ux = 0.0
uy = 0.0 -
do i=1,npe
ii=intmat {ie, i)
ux = ux + shp(i)*u(ii)
uy = uy + shp{i)*v({ii)
end do

! calculate the coefficient of the streamline upwind term (kbar)
!

call petrov(npe,ux,uy,den,vis,x,y, kbar)

do i=1,npe

Jx (i) = —-vis*dndx({i)+ (den*ux*shp(i))-&
den*ux*kbar* (ux*dndx (i) +uy*dndy (i)
Jy (i) = -vis*dndy(i)+(den*uy*shp(i))-&
den*uy*kbar* (ux*dndx (1) +uy*dndy (i) )
coef (i) = coef(i) + Jx(i)*a + Jy(i)*b
end do
|====== assembly =========

ii = intmat(ie,i)
if (m==ii) then

diagv{m) = diagv{m) + coef(i)
else
rhs{m) = rhs(m) - coef({i)*v(ii)
end if
end do

end do
if (numele/=0,0) tm=tm/(2.0%numele)
!

! compute the buoyant force
1

if (beta/=0.0) then
rhs(m) = rhs(m)-den*gravy*(l.0-beta*(tm-tref))*vol
end if

if (.not.ibcv(m)) then
if({diagv(m)/=0.0) then
dv{m) vol/diagv(m)
vhat (m) rhs{m)/diagv{m)

U]
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end if
else
diagv(m}=1.0
dv(m)=0.0
vhat (m) =v (m)
end if
end do

return
end subroutine calc_vhat

subroutine solve_p(maxele,maxnod,maxels,nnode,nelem, npe, intmat, ibcp, &

. den, xcord, ycord, pswp, maxbou, nbpr, ibpo, p, uhat, vhat, du, dv, pnew)
Jimplicit none
jinteger, intent (in)
jinteger, intent (in)
logical, intent (in)
real, intent (in)
real, intent {(in)
real, intent (in)
real, intent (in)
real, intent (out) :

maxele,maxnod, maxels,nnode, nelem, npe, maxbou, nbpr, pswp
intmat (maxele, npe), ibpo (maxbou)

ibcp (maxnod)

den

xcord (maxnod) , ycord (maxnod)

p (maxnod) , uhat {maxnod), vhat (maxnod)

du (maxnod) , dv {maxnod)

pnew (maxnod)

:: ibms (maxnod)
integer :: i,ii,ie,j,k,m,numnod, numele, sl,s2,iter

integer inode (maxnod, maxels), surnd(maxnod, maxels), elcou(maxnod)
real :: rhs(maxnod), coef (npe)

real :: x(npe),y(npe),shp(npe),dndx (npe) ,dndy (npe)

real :: diag(maxnod)

real :: Jx(npe),Jy(npe)

real :: uht, vht, kdu, kdv, fg

real :: x1,y1,x2,y2,x3,y3,a,b

real 3 xil,xi2,etal,eta2,detd

real : midside,midele

1

! subroutine node_element apply only to the internal nodes (ibcp = false)
! inode : local node number of each global node in surrounding elements

! surnd : element number that surrounding each global node

! elcou : total number of elements that surrounding each global node

!

call node_element (maxele,maxnod,maxels,nnode,nelem, npe,intmat, &
ibep, inode, surnd, elcou)

do m=1,nnode
pnew(m) = p(m}
end do

do iter=1,pswp
diag=0.0
rhs=0.0
ibms = .false.
do m=1,nnode

1
! find the nodes on the inlet b.c. and specify the ibms{m) to .true.

do j=1,nbpr
if (m==ibpo(j)) ibms{m)=.true.

end do

if((.not.ibcp(m}).and. (.not.ibms(m))) then
numele = elcou(m)
fg = 0.0

do k=1, numele
numnod = inode (m, k)
ie = surnd{m, k)
coef = 0.0

!
! find the integration points of each surrounding element
!

call check node (numnod, xil, etal,xi2,eta2,sl,s2)

do i=1,npe
ii=intmat (ie, i)
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x(i)=xcord(ii)
y(i)=ycord(ii)
end do

! subcontrol surface no.l
I

call shapef (npe,x,y,xil,etal, shp, dndx, dndy, detJ)

kdu=0.0; kdv=0.0
uht=0.0; vht=0.0
do i=1,npe
ii=intmat(ie, i)

kdu = kdu + shp{i)*du(ii)

kdv = kdv + shp(i)*dv{ii)

uht = uht + shp{i)*uhat(ii)

vht = vht + shp(i)*vhat(ii)
end do

xl=midside (sl, npe, x)
yl=midside(sl,npe,y)

x2=midele (x, npe)
y2=midele{y, npe)

x3 = xcord (m)
y3 = ycord(m)

do i=1,npe
Jx (i)=den*kdu*dndx (1)
Jy (i)=den*kdv*dndy (i)

coef (i)=coef (i) + (Jx(i)*a + Jy(i)*b)

end do
fg = fg + den*uht*a + den*vht*b

! subcontrol surface no.2
1

call shapef(npe,x,y,xi2,eta2, shp, dndx, dndy, detJ)

kdu=0.0; kdv=0.0

uht=0.0; vht=0.0

do i=1,npe
ii=intmat (ie, i)

kdu = kdu + shp(i)*du(ii)
kdv = kdv + shp(i)*dv(ii)
uht = uht + shp(i)*uhat (ii)
vht = vht + shp(i)*vhat(ii)
end do
x1l = x2
yl = y2

x2=midside (s2, npe, x)
y2=midside (s2, npe, y}

a=y2 -yl
b = x1 - x2
do i=1, npe
ii = intmat{ie, i)
Jx (i)=den*kdu*dndx (i)
Jy (i}=den*kdv*dndy (1)
coef (i)=coef (i) + (Jx{i)*a + Jy(i)*Db)
end do :

fg = £fg + den*uht*a + den*vht*b

I====== gssembly ===—======
do i=1,npe
ii = intmat(ie,i)
if (m==1i) then
diag(m} = diag{m) + coef(i)
else

rhs(m) = rhs(m) - coef(i)*pnew({ii)

end if
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end do
end do
|========= golve by using gauss seidel method ==s====
rhs(m) = rhs(m) + fg

if{diag(m)/=0.0) then

pnew(m) = rhs(m)/diag(m)
end ‘f
end if
end do
end do
return

end subroutine solve p

subroutine correct_uv{maxele,maxnod,maxels,nnode,nelem,npe, intmat, &
ibcu, ibev, ibep, xcord, ycord, den, vis, u, v, uhat, &
vhat, pnew,diagu,diagv, unew, vnew, cpx, cpy)
implicit none
integer, intent (in)
integer, intent {in)
logical, intent (in)
real, intent (in)
real,intent (in)
real,intent (in)
real, intent (in)
real,intent (in)
real, intent {out)
real, intent (out)

maxele,maxnod,maxels, nnode, nelem, npe
intmat (maxele, npe)

ibcu (maxnod), ibev (maxnod) , ibcp (maxnod)
xcord (maxnod) , ycord (maxnod)

uhat (maxnod), vhat (maxnod) , pnew {maxnod)
diagu{maxnod),diagv{maxnod)
u{maxnecd) , v (maxnod)

den, vis

unew (maxnod) , vnew {maxnod)

cpx (maxnod) , cpy (maxnod)

integer :: m,k,i,ii,ie,sl,s2,numele, numnod

integer :: inode (maxnod,maxels),surnd(maxnod,maxels),elcou{maxnod)

real :: wpx{maxnod) , wpy (maxnod)

real :: x(npe),y(npe),shp(npe),dndx(npe},dndy (npe}, vol {maxnod)

real :: x1,y1,x2,y2,%3,y3,a,b 2 .
real s xil,xi2,etal,eta2,detd i

real :: dpdx, dpdy, wdpdx, wdpdy

real :: kbar, ux,uy,dudx, dudy, ap

real :: midside,midele

subroutine node_element apply only to the internal nodes (ibcp = false)
inode : local node number of each global node in surrounding elements
surnd : element number that surrounding each global node

elcou : total number of elements that surrounding each global node

call node_element (maxele,maxnod,maxels,nnode,nelem,npe, intmat, &
ibcp, inode, surnd, elcou)

vol = 0.0
do m=1,nnode
if (.not.ibcp(m)) then
dpdx = 0.0; dpdy=0.0
wdpdx = 0.0; wdpdy=0.0
numele = elcou{m)

do k=1, numele
numnod = inode {m, k)
ie = surnd(m, k)

call check node(numnod, xil,etal,xi2,eta2,sl,s2)

do i=1,npe
ii=intmat (ie,i)
x(i)=xcord(ii)
y(i)=ycord(ii)
end do

! subcontrol surface no.l
1

call shapef (npe,x,y,xil,etal, shp,dndx, dndy,detd) -

xl=midside (s1, npe, x)
yl=midside(sl, npe,y)

x2=midele (x, npe)
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y2=midele (y,npe)

a=y2 -yl
b =x1 - x2
x3 = xcord (m)
y3 = ycord(m)
vol{m) = vol(m) + 0,5*(x1*{y2-y3)+x2*(y3-yl)+x3*(yl-y2))

ux=0.0; uy=0.0; dudx = 0.0; dudy = 0.0
do i=1,npe
ii=intmat (ie,i)
ux = ux + shp(i)*u(ii)
uy = uy + shp(i)*v{ii)
dudx = dudx + dndx(i)*u(ii)
dudy = dudy + dndy(i)*v(ii)
end do

!
! calculate the coefficient of the streamline upwind term (kbar)
1

call petrov(npe,ux,uy,den,vis,x,y, kbar)

ap = 1.0+kbar*{dudx+dudy) ! weighted constant
do i=1,npe
ij=intmat (ie,i)

dpdx = dpdx + dndx(i)*pnew(ii)
dpdy = dpdy + dndy(i)*pnew(ii)
wdpdx = wdpdx +dndx(i)*pnew(ii)*ap

wdpdy = wdpdy + dndy({i)*pnew(ii)*ap
end do

1

| subcontrol surface no.2
!

call shapef (npe,x,y,xi2,eta2, shp,dndx,dndy,detdJ)

x1
yl

x2
y2

x2=midside(s2,npe, x)
y2=midside (s2, npe,y)

a=y2 -yl
b =xl1 - x2
vol(m) = vol(m) + 0.5* (x1*(y2-y3)+x2*(y3-y1)+x3*{yl-y2))

ux=0.0; uy=0.0; dudx = 0.0; dudy = 0.0

do i=1,npe
ii=intmat (ie,i)
ux = ux + shp(i)*u(ii)
uy = uy + shp(i)*v(ii)
dudx = dudx + dndx({i)*u(ii)
dudy = dudy + dndy({i)*v(ii)
end do

! calculate the coefficient of the streamline upwind term (kbar)
!

call petrov(npe,ux,uy,den,vis,x,y, kbar)

ap = (1.0+kbar*(dudx+dudy)) ! weighted constant
do i=1,npe
ii=intmat (ie, i}
dpdx = dpdx + dndx (i) *pnew(ii)
dpdy = dpdy + dndy (i) *pnew(ii)

wdpdx = wdpdx +dndx(i)*pnew(ii)*ap
wdpdy = wdpdy + dndy(i)*pnew({ii) *ap
end do
end do
cpx (m) = dpdx/(2.0*numele) ! average pressure gradient in x-direction
cpy(m) = dpdy/(2.0*numele) ! average pressure gradient in y-direction
wpx (m) = wdpdx/(2.0*numele)
wpy (m) = wdpdy/ (2.0*numele)
end if

end do
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|

i

i! correct u-velocity
1

ldo m=1, nnode
X if (.not.ibcu{m)) then
1

unew(m) = uhat(m) - vol(m)*wpx(m)/diagu(m)
else
; unew (m) = u(m)
end if
rend do

!
! correct v-velocity
!

do m=1,nnode
if {.not.ibcv{m)) then

vnew{m) = vhat(m) - vol (m)*wpy(m)/diagv(m)
else
vnew(m} = v(m)
end if
end do
‘return

end subroutine correct_uv

subroutine boundary_pressure (maxnod, maxbou,nnode,nbpr, ibpi, ibpo, &
¢px, cpy, xcord, ycord, ibcp, pnew)

implicit none

integer, intent(in) :: maxnod,maxbou, nnode, nbpr

integer,intent{in) :: ibpi (maxbou), ibpo (maxbou)

logical,intent(in) :: ibcp(maxnod)

real, intent {in) ¢ : xcord{maxnod), ycord (maxnod)

real,intent (in) : cpx{maxnod), cpy (maxnod)
real, intent (inocut) :: pnew({maxnod)
integer :: i

1
! compute only the pressure on the inlet boundary
1

do i=1,nbpr
if (.not.ibcp(ibpo(i))) then
pnew (ibpo{i) )=pnew(ibpi (1) ) +cpx {ibpi (1} ) * {xcord (ibpo (1) ) ~xcord (ibpi (1))) &
+cpy {ibpi (i) ) * (ycord (ibpo (i) ) -ycord (ibpi (i) )}
end if
end do

return
end subroutine boundary_pressure

subroutine error_check(maxnod, nnode, ibcu, u, unew, error)
implicit none

integer, intent(in) :: maxnod, nnode

logical, intent{in) :: ibcu(maxnod)

real, intent{in) :: u(maxnod), unew (maxnod)

real, intent {out) error
integer :: i
real :: sum up, sum dn,small

data small/l.e-30/

sum up = 0.0
sum_dn = 0.0
do i=1,nnode
if (.not.ibcu(i)) then
sum_up = sum_up + abs(u(i)-unew(i)-small)
sum_dn = sum_dn + abs(unew(i)+small)
end if
end do

error = sum_up/sum_dn

return
end subroutine error_ check

SUBROUTINE petrov(npe,ux,uy,den,vis,x,y,kbar)
implicit none
integer, intent{in) :: npe




real,intent (in) :: ux,uy,den,vis
real,intent (in) :: x(npe),y(npe)
real, intent (out) :: kbar

' real t: d{npe)

real :: hex, hey,hnx, hny, he,hl, h2, pe

cd(1)=(x(2)~x (1)) *(x(2)-x(1})+(y(2) -y (1)) *(y(2) -y (1))
S d(2)=(x(3)-x(2) 1 *(x{3)—x(2) )+ (¥ (3)-y(2))*{¥(3)-¥(2))

d(3)=(x(1)-x(3))* (x(1)-x(3))+(y (1) -y (3) ) *(y (1) -y (3))

if (d(l)<=d(2).and.d(2)<=d(3)) then

hex = x(1)-0.5%(x(2)+x(3)
hey = y(1)-0.5*{y(2)+y(3))
hnx = x(2)-0.5*(x(3)+x(1)
hny = y(2)-0.5*(y(3)+y(1))

else if (d{2)<=d(3).and.d(3)<=d(1)) then

hex = x(2)-0.5*(x(3)+x(1))
hey = y(2)-0.5*(y(3)+y (1)}
hnx = x(3)~0.5%(x(1)+x(2))
hny = y(3)-0.5*(y(1)+y(2))

else if (d(3)<=d(1l).and.d(1l)<=d(2)) then

hex = x(3)=0.5*%(x(1)+x(2))

hey = y(3)-0.5*{y(1)+y(2))

hnx = x(1)=-0.5* (x(2)+x(3))

hny = y{1)-0.5* (y(2)}+y(3))
end if

if ((ux/=0.0).and. (uy/=0.0)) then

hl = (ux*hex + uy*hey)/sqrt (ux*ux+uy*uy)
h2 = {(ux*hnx + uy*hny)/sqgrt (ux*ux+uy*uy)
he = abs(hl)+abs (h2)

else
he = min(abs (hex),abs (hny))

endif

if (vis==0) then
kbar = 1.0

else
pe = den*sqrt (ux*ux+uy*uy)*he/ (2.0*vis)
if (abs(pe)>l.e-6) then

kbar = {(1.0/(tanh(pe)})-1.0/{pe))*he/(2.0*sqrt (ux*ux+uy*uy))

else
kbar = 0.0
end if
end if

return
END SUBROUTINE petrov

SUBROUTINE shapef {npe,x,y,xi,eta, shp, dndx,dndy,detJ)
implicit none

integer, intent (in) :: npe

real, intent (in) :: z(npe),y{npe),xi,eta

real, intent (out) :: shp(npe),dnd«(npe),dndy (npe),detd
real :: dnds (npe),dndt (npe)

integer :: i,j

real :: jacob(2,2),jinv(2,2)

shp(l) = 1.0-xi-eta

shp(2) = xi

shp(3) = eta

dnds{1l)= -1.0 ©
dnds(2)= 1.0

dnds(3)= 0.0

dndt (1)= -1.0

dndt (2)= 0.0

dndt (3)= 1.0

jacob(l,1) = x(1)*dnds(1l)+x(2)*dnds(2)+x(3)*dnds (3)
jacob(1l,2) = y(1l)*dnds(1)+y(2)*dnds(2)+y(3)*dnds(3)
jacob(2,1) = x(1)*dndt(1)+x(2)*dndt (2)+x(3)*dndt (3)
jacob(2,2) = y(1)*dndt{1)+y{2)*dndt (2)+y(3) *dndt {3)

detJ = jacob(l,1)*jacob(2,2)-jacob(l,2)*jacob(2,1)

jinv(1l,1)=jacob(2,2)/detJ
jinv(l,2)=-jacob({l,2)/detd
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! jinv(2,1)=-jacob(2,1)/detd
fjinv(2,2)=jacob(l,1)/detJ

do i=1,npe .
dndx (i)=jinv(1,1)*dnds (i)+jinv(1,2) *dndt (i)
dndy (1)=jinv(2,1) *dnds (i)+jinv (2, 2) *dndt (i)
end do

RETURN
END SUBROUTINE shapef

SUBROUTINE check node (numnod, xil,etal,xi2,eta2,sl,s2)
implicit none
integer,intent(in) :: numnod
real, intent {out) s: xil,etal,xi2,eta2
integer,intent (out) :: sl,s2

select case (numnod)

case (1)
xil= 5.0/12.0; etal= 1.0/6.0
xi2= 1.0/6.0; eta2= 5.0/12.0
sl =1; s2 =3
case (2)
xil= 5.0/12.0; etal= 5.0/12.0
xi2= 5.0/12.0; eta2= 1.0/6.0
sl =2; s2=1
case (3)

xil= 1.0/6.0; etal= 5.0/12.0
xi2= 5.0/12.0; eta2= 5.0/12.0

sl =3; s2=2
case default
write({*,*} 'wrong number of node (max = 3)°'
end select

RETURN
END SUBROUTINE check node

subroutine surround_element {maxele,maxnod,maxels,nnode,nelem, npe, &
intmat, inode, surnd, elcou)

implicit none

integer,intent (in) :: maxele,maxnod,maxels,nnode,nelem,npe

integer, intent (in) :: intmat(maxele,npe) )

integer,intent (out) :: inode{maxnod,maxels),surnd(maxnod,maxels),elcou(maxnod)

integer :: i, k,m,count
surnd = 0; inode = 0; elcou =0

do m=1,nnode
count=0
do k=1,nelem
do i=1,npe
if {(m==intmat(k,i)) then
count=count+1
inode (m, count)=i
surnd (m, count)=k

end if
end do
end do
elcou (m)=count
end do
return

end subroutine surround_element

subroutine node_element (maxele,maxnod,maxels, nnode, nelem,npe, intmat, &
ibcu, inode, surnd, elcou)
implicit none
integer,intent{in) :: maxele,maxnod,maxels,nnode, nelem, npe
integer,intent (in) :: intmat (maxele,npe)
logical,intent (in) :: ibcu{maxnod)
integer, intent (out) :: inode(maxnod,maxels),surnd(maxnod,maxels},elcou(maxnod)

integer :: i,k,m,count
surnd = 0; inode = 0; elcou =0

do m=1, nnode
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count=0
if (.not.ibcu(m)) then
do k=1,nelem
do i=1,npe
if {m==intmat(k,i)) then
count=count+1
inode (m, count)=1i
surnd {m, count) =k
end if
end do
end do
elcou(m)=count
end if
end do

return
end subroutine node_element

REAL FUNCTION midele(x,npe}
implicit none

integer :: npe

real :: x(npe)

integer :: i

midele=0.0

do i=1,npe
midele=midele+x (i)

end do

midele=midele/float {npe)

return
END FUNCTION midele

REAIL, FUNCTION midside (iside, npe, x)
implicit none

integer :: iside,npe

real :: x{npe)

real c: x1,x2

select case (iside)

case (1)

x1 = x(1); x2 = x%(2)
case (2)

x1 = x(2); x2 = x(3)
case (3)

x1 = x(3); x2 = x(1)

case default
write(*,*) 'wrong side’'
end select

midside = 0.5*%(x1+x2)

" return.

END FUNCTION midside

subroutine input (maxnod,maxele,maxbou,npe,nnode,nelem,nboun, intmat, &

ibcu, ibev, ibep, ibct, hcap, condy, gravy,beta, tref, xcord, ycord, &

den, vis,niter, tol,u, v, p, t,qgen, tmax, tmin, ibin, ibou, &

nbpr, ibpi, ibpo, nbsym, ibsi, ibso, nodef, nelef, conds,mat)
implicit none
integer, intent (in)
integer, intent {out)
integer, intent (out)
integer, intent (out)
integer, intent (out)
logical, intent {out)
logical, intent (out)
real, intent (out)
real, intent (out)
real, intent (out)
real, intent (out)

¢ maxnod,maxele,maxbou, npe

: nnode, nelem, nboun,niter, nbpr, nbsym,nodef,nelef
intmat (maxele, npe)

ibin {maxbou), ibou (maxbou) , ibpi {maxbou) , ibpo (maxbou)
ibsi (maxbou) , ibso (maxbou)
ibcu{maxnod), ibcv (maxnod) , ibcp {maxnod) ;

: ibct{maxnod},mat (maxele)

¢ den,vis, tol, hcap, condy, gravy, beta, tref, conds

: ggen, tmax, tmin

u (maxnod) , v{maxnod)
xcord (maxnod) , ycord (maxnod) , p (maxnod) , t {maxnod)

character :: text
integer :: i,ip,nlines

read(7,*) nlines
do ip=1,nlines

read(7,*) text
end do
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read(7,*) text )
read(7,*) nodef,nnode, nelem,nboun,nbpr,nbsym,niter,tol

if (nnode > maxnod) then
write(*,*) ' increase maxnod to ',nnode
stop

end if

if (nelem > maxele) then
write(*,*) ' increase maxele to ',nelem
stop

end if

if (nboun > maxbou) then
write{*,*) ' increase maxbou to ',nboun
stop

end if

if (nbpr > maxbou) then
write{(*,*) ' increase maxbou to ',nbpr
stop

end if

if (nbsym > maxbou) then
write(*,*) ' increase maxbou to ',nbsym
stop

end if

read(7,*) text
read(7,*) den,vis, hcap, conds, condy,gravy,beta, tref,ggen, tmin, tmax
read(7,*) text
do ip=1,nnode

read(7,*) i,ibcul{i}),ibcv{i),ibcp(i), ibct{i),xcord (i), ycord(i), &

u{i),v{i),p(i),t(i)
if (ip/=i) then
write{*,*) ' error in node order !!!'

end if

end do

nelef = 0

read(7,*) text

do ip=1,nelem
read(7,*) i,intmat({ip,1),intmat {ip,2),intmat (ip,3),mat{ip)
if (ip/=i) then

write(*,*) ' error in element order !!!°
end if
if (mat(ip)) nelef = nelef+l ! compute total number of fluid elements
end do

if (nboun>0) then

read(7,*) text

do ip=1,nboun
read(7,*) i,ibin(ip),ibou(ip)

end do
else

ibin = 0

ibou = 0
end if

if (nbpr>0) then
read(7,*) text
do ip=1,nbpr
read(7,*) i,ibpo(ip),ibpi (ip)

end do
else

ibpi = 0

ibpo = 0
end if

if (nbsym>0) then
read(7,*) text
do ip=1,nbsym
read(7,*) i,ibsi(ip),ibso(ip)
end do
else
ibsi = 0
ibso = 0
end if

return
end subroutine input
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A finite volume method for an analysis of transient heat
conduction in functionally graded materials

" P. Vessakosol!, J. Chareonsuk!?, T. Teschareon!
Summary
For a non-homogeneous medium, the governing equation for heat conduction
is nonlinear in general which difficult to be solved by analytical approach. In the
present work, we propose a numerical approach based on finite volume method
for transient temperature analysis in functionally graded material (FGM), a new
class of composite material, with a simple exponential variation of thermal non-
homogeneities in one coordinate. Numerical calculations are carried out for a
FGM strip and a FGM hollow circular cylinder. The effect of the material non-
homogeneity parameter on the temperature response is discussed.
keywords: Transient temperature; Functionally graded materials; Finite vol-
ume method; Heat conduction; Time-stepping technique

Introduction
Composite materials have turn out to be preferable materials for developing ef-

ficient machine components in several industrial areas including acronautics; acrospace,

civil and mechanical engineering etc. A composite material may consists of two or
more constituents that possess different attributes. For instance, ceramic based
composite, usually made of ceramic and metal, has been developed for thermal
protection component of space vehicles. Ceramic has excellent properties of high
thermal resistance and corrosion resistance whereas metal can give high mechani-
cal strength and fracture toughness. Under very high temperature and large thermal
gradients, thermal stresses due to the abrupt transition from one material to another
material in conventional layered composites can lead to structural failure like de-
lamination and cracking. These problems can be reduced by properly smooth out
the transition of material properties corresponding to functionally graded material
(FGM). FGM is a new generation of composites where the volume fraction of its
constituents varies gradually, giving a non-uniform microstructure in material with
continuously graded properties. As a result, there is a growing interest in devel-
oping a comprehensive understanding of the behavior of FGMs for microstructural
architecture and design of the overall geometry. A comprehensive review of de-
sign, processing, and modeling as well as applications can be found in the books
by Suresh and Mortensen [1] and by Miyamoto et al. [2].

Since FGMs are frequently used for structures under thermal load, it is indis-
pensable to analyze their thermal properties. In the past few years, transient heat

1Department of Mechanical Engineering, Faculty of Engineering, King Mongkut's Institute of
Technology Ladkrabang, Bangkok 10520, Thailand ,
2Corresponding Author; Tel.: 662 3264197, Fax.: 662 3264198, Email: kcjarmuw@kmitl.ac.th
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conduction behavior in FGMs has been investigated using analytical and numerical
approach. Most of analytical investigations determined the heat conduction solu-
tions by assuming the exponential variation of material constants with Cartesian
coordinates under stationary thermal loading conditions ([3-7]). Although analyti-
cal approach can provide closed-form solutions to the partial differential equation
that governs the transient heat conduction problems in FGMs, it is restricted to
numerous assumptions such as simple geometries (e.g. plate, cylinder or sphere),
certain types of gradation of material properties (e.g. exponential or power-law
distribution), specific types of boundary conditions (e.g. isothermal or adiabatic)
and special loading cases (e.g. uniform or sinusoidal loading). Hence, the solution
of heat conduction differential equation in FGMs requires numerical approach due
to the high mathematical complexity. The well known numerical methods includ-
ing the finite element method (FEM) and boundary element method (BEM) have
been used. In the former method, Wang et al. [8] derived a finite element for-
mulation for determining the one-dimensional transient temperature field in FGMs
plate, cylinder and sphere. They also gave the expressions for the displacement
and thermal stresses in hollow and solid cylinders after the temperature field was
determined. Wang and Tian [9] extended the work of Wang et al. [8] for solv-
ing the two-dimensional transient heat conduction considering FGM plate under a
sudden internal heat generation. In previous FEM papers, FGM, a kind of non-
homogeneous material, was defined by a number of homogeneous elements which
their constant material properties evaluated at their own centroids. This attempt
leads to additional discretization error in the modeling of material property field
because a step-wise constant approximation was employed instead of a continuous
one in each individual element. A few studies in developing new finite element
formulations based on graded material properties were carried out ([10-11]). These
formulations are called graded finite elements by both researchers and only applied
for the plane elasticity problems. Nonetheless, they may be applied for other appli-
cations such as the heat conduction problem.

Secondly, the BEM concept was extensively used to investigate many heat con-
duction problems in graded materials. Gray et al. [12] developed a Galerkin BEM
formulation by deriving the Green’s function for steady state heat conduction prob-
lem in exponentially graded material. Sutradhar et al. [13] extended the work of
Gray et al. [12] to transient heat conduction for exponentially graded materials
in three dimensions using Laplace transform Galerkin boundary element method
(LTBEM). Sladek et al. [14-16] presented a meshless local boundary integral equa-
tion (LBIE) formulation for transient heat conduction considering exponential ma-
terial variation. Suthradhar and Paulino [17] proposed a simple three-dimensional
BEM for transient heat conduction in FGMs where the non-homogeneous problem
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Figure 1: two-dimensional Cartesian
mesh

Figure 2: two-dimensional polar mesh

In Eq. (8), superscript ‘o’ refers to temperature at time t; temperature at time
levelt + At are not superscripted. After substituting Eq. (8) into Eq. (7) and apply-
ing central differencing to the diffusion terms on the left hand side of Eq. (7), we
have

t+At T T T t4-At T _T
Eony N — S
k — dt
/(eA Ax W )dt+/(k,,Ax Ay TEMx Ay )
t [
t+At

4 / QAxAy dt = pc (Tp — T¢) AxAy. (9)
1

Another type of control volume which is refered to as a two-dimensional polar
coordinate system is shown Fig. 2. Integration of equation (4) over the control
volume (£2) and over a time interval from ¢ to 7 + Az gives

t+Ay

[ 18 (oo T [ (250 | o

1+
/ f pc—det (10)

With the temperature at a node prevailing over the whole control volume, the
right hand side can be written as

t+Ar

//pc—dtdn pe(Tp— ){"+’”}ArAe. (1)
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Similar technique is used for Eq.(11) and Eq.(10), thus we have

e Te—T, Tp—T,
/ (kereAG £ kyr,h0-" " W)dz
t
iy kn, In—Tp ky, Tp—Ts Te+ry
+/(;Ar o At )dt+Q{—2 }ArAB
= pe(Tp—T¢) { re+rW}ArA9. (12)

Finding transient response via finite difference
The generalized trapezoidal family of methods is used in order to write the

integral I+ of temperature Tp with respect to time as

t+At
Jpoes /Tpdt=[ﬂTp+(l—ﬁ)T,‘,’]At . (13)

t

A weighting factor J is bounded between 0 and 1. If B =0, the algorithm is the
Euler forward method; if § = 0.5, the algorithm is the Crank-Nicolson; if B=2/3,
the algorithm is known as the Galerkin method; if B = 1, the algorithm is the Euler
backward method. The time-marching algorithm (Eq. (13)) is unconditionally
stable for 8 > 0.5. Using Eq. (13) for Ty, Ts, Tg and Tyy , Eq. (9) may be re-written
as

Tp—-T2)AxAy kA kAy(1— kA
Pl RISy OB 1y 1y EVLB) gy KB g,
- P 1)+ B (-7 BB
-8 1) - 2B (7o) s oy, 1)

Ax

Eq. (14) is solved with the Crank-Nicolson by settingf = 0.5. Then, the dis-
cretized unsteady heat conduction equation may be expressed in the compact form
as

Te+T8 Ty 9 T; o Ts+T¢
E'; E]+aW[ W';‘TW:, +aN[ N+TN:, +as[ s+ S:'

2

a a a a ’
O LT

apr =ag [
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and w, are roots of the following transcendental equation
Jo(R17)Yo(Ror) —Jo(Ror)Yo(Rir) =0, (33)

with Jp (x) and ¥, (x) are Bessel functions of first and second kind and zeroth order.
The thermal conductivity and diffusivity are taken as

k= koeY("Rl), o= aOeY("“Rl)’ (34)

where kg = 17 W/(m-deg) , 0p = 0.17 x 10~* m? /s and y is known as the exponen-
tial parameter. Here ¥ = 0 corresponds to a homogeneous material with constant
thermal conductivity (ko) and diffusivity (og). The time history of temperatures at
the position /R; = 1.025 is shown in Fig. 8. Again, the finite volume method
gives good agreement with the analytical solutions. Fig. 9 shows the temperature
distributions along radial direction at four different time levels.

Figure 7: Boundary conditions, control volumes and node locations for a hollow
cylinder

To illustrate the influence of material gradation on the temperature variation,
three different exponential parameters y= 0.2, 0.4 and 0.6 cm~! are selected for
thermal conductivity and diffusivity in FGM. Numerical results for time variation
of the temperature in the FGMSs and the homogeneous material at a selected position
are shown in Fig. 10. The resuits shown in Fig. 11 also suggest that the increasing
of exponential parameter of FGM raises the spatial variation of the temperature
response.

: Conclusions
The understanding of temperature distribution and related heat fluxes in FGMs

under severe thermal environment is important to several industrial applications.
Moreover, the simple and effective calculation technique for FGMs is also neces-
sary. In this method, an exponential variation of material properties was used for
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Figure 8: Time variation of the temperature at r/R; = 1.025 in the hollow cylinder
with homogeneous material properties
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Figure 9: Temperature distribution along radial direction at different time levels for
a hollow cylinder with homogeneous material properties

modeling the functionally graded material. However, there is no restriction in the
function variation of material properties, as seen in the discretization step. The gov-
eming equation for the nodal temperature values in the time-domain formulation
are given by a system of first-order ordinary differential equations, which can be
solve by a time-stepping technique such as Crank-Nicolson method. The standard
finite volume technique is used to approximate the system of differential equations
with the system of algebraic equations. Good agreements of the numerical results
by using the FVM with the exact results can be achieved in all considered test ex-
amples. In the present work, we have developed two separate codes corresponding
to the Cartesian and Polar meshes. Our primary aim is to introduce an alternative
numerical formulation which is easy to implement and to investigate the effects
of non-homogeneous material constants on the characteristics of the FGMs. An
extension of this work includes testing the performance of the unstructured finite
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Fig. 3. Local Nusselt sumber for a clean tube at Re =40 and Pr=071.

i, Vov is the volume of the control volume surrounding this code, b’
and b} are the terms containing the variables that are not related to
the velocity comp and p grad in x and y momen-
tum equations, respectively.

3.2, Discretization of the pressure eguations

To derive the d:scnanzed prusure equation, the sub-domain
weighted resid d is af d to the mass conservation

equation, Eq. (1),

[ 7G5+ 57)da= [ plum.+ sm)ar @

where the integrations are done over the control volume 2 and the
control volume face I'; n, and n, are the direction cosines of the unit
vector normal to the control surface with respect to x and y direc-
tion, respectively. As mentioned earier, the mass conservation
equation is employed for solving the pressure, but the pressure
term does oot arise in the mass conservation equation. For this rea-
son, the relation of pressure and velocities is needed. These rela-
tions are obtained from rewriting Egs. (6a) and (6b) as follows:

=iy —di [ o= (8a)

y=0-di() . (8h)

= (9a)

5 b
h=f— (sb)

=2 )

(sd)

where & and # rep locity comp inxandy
direction, respectively; d' and d, are the pressure gradient coeffi-
dients; .

a 4

Nu 2¢

Nu

]
d © kaid=0.5
o k=1

Fiz. 4 loca) Nusselt number for concentric fouting in zir (Pr=0.71) at (a) Re =10,
(b) Re =20, {c) Re = 30, (d) Re = 40.

rounding elements, the integration of mass conservation Eq. (1)
through the control vol ding node i yields the equation

Using Eqs. (7)-(9) and the relation between the vol aver
aged values and the nodal values of pressure gradients from sur-

of pressure written in the general form:

194



174 P. Vessckosol J. Charoensuk) Applied Thermal Engineering 30 (2010) 1170-1178

a 1
ii it n!;i.,', ;;;miima: ‘ﬂm]! saasoasdsd
075 ] lananassssassenansest ,paoRoSRDoEa0y
gonooang!

- 00!
T 05 30000000000009°%7 0 tai1

025 * k=10

H Z55211SK¥AN ¥
A s 300 s o0 ¢ XK HX XX pannaoasossasss

sad
2008803 e

075 3asanannansd
o 0000608
. nmmumﬂmnw 080 000
F s 0000°°° ° IokDS
do00000000008°% D kytey
& ii=2
% =5
023 ’ -
* kyxt=2
] ——kwi=m
o g5 9 135 1
[
1 4
¢ 2Isesiinneasetiasediagd
30 36X X 2 36 X % ORI XKXX: 4;0‘“““““ n;t
" oooo
assds Ll
07 Lacasnasansaasd unouu“
Dgndlnm 400000008
F [Tl ) 00950
¥ 000°° o XH=08
o
4 000005% D baskiey
>0 00000 0P o
Pz X ko=
1 hftfat
* ExdoD
0 —lekh®
0 <) 0 13 120
@
' T
d P R L L L LS
xxx LYY Y
x:xxu:xxxx.xx:!l bn‘,h‘n.“n.‘u
ar .“‘n‘ nnﬂ"nn““m
P
s 00880052 0o
Yy o 20° Jseseess
0 °
oo 3
# 05 geopaooooooc® ]
°
c°°°°° © Bahgs
L60000000009°° o
& bt
Q25 4
* aten
° A
[} —kake
0 “ ] 13 1

(]

Fig 5. temperature distribution en the surface of concentric solid in air (Pr=0.71)
2t (a) Re =10, (b} Re= 20, (c) Re = 30, (d) Re = 40.

5p; =§:0§,p.m+bf {10)

where b is the source term arising from pseudo-velocity fields.

3.3. Discretization of the energy equations

The streamline upwind contro) volume method is also applied
to the convection term in the weak form of energy equation of
fluid The algebraic equation of energy balance within an intemal
control volume both in sofid and fluid regions can be expressed as

afTi=) a4, T+ b} (11)
-

where of is the coefficient of the temperature at node , @?, are the
coefficients of temperature at the neighbor nodes and b? is the
source term arising from other variables not depend on the
temperature.

3.4. Solution procedure

The coefficients in the above discretization equations are calcu-
lated using appropriate algebraic approximations for the velume
and surface integrals. For example, the midpoint rule is used in
approximation of integrals on the control volume face.

The SIMPLERalgorithm of Patankar [12] is applied fora treatment
of the pressure-velocity coupling The iitial values of uoknown
velocity comp P and perature are pre-deter-
mined. The new nodal temperature in the fuid and solid regions
are computed by using Eq. (11). Then, the pseudo-velodity compo-
nents {fy and #) and the coefficient of pressure gradients (' and
df') are obtained from the iterations of the momentum equations,
Eqs. (8a) and (Bb). These variables are used in the calculation of
the new nodal pressure in Eq. {10}. The nodal velocity components
are then updated by using the recent pressure gradients. With the
latest values of velodity components, pressure and temperature,
the computational process is continued until the specified conver-
gence criterfon is satisfied. The velocity components, pressure and
temperature are stored at the mesh vertices and solved sequentially
in each cycle of the overall solution procedure. The Jinear algebraic
equations may be solved by any suitable method. The solutions for
all variables such as two velocity components, temperature and
pressure are carried out by matrix-free point-by-point successive
over-relaxation method. This algorithm is selected because of jts
low comp age requi and simplicity in developing
computer program from the equations described above. Qur conver-
gence criteria are 10> for all the variables in the analysis.

3.5, Nusselt mumbers

‘The local Nusselt number for fouled tube is given by
Nu= _M = % (123)

Te-To &

© concenMc

s ')oo°o°°° ———eccentric

44
Nu 3

24

0 T N T
0 45 L] 135 180

[

Fig. 6. Local Nusselt number of concentyic and eceentric fouling (k,/k; = 5) in air
{Pr=Q71)atRe=> 40,
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face is fler when the Reynold: ber is low. This same con-
dusion @n be drawn from the case of water. At the same Reynolds
number and thenmal conductivity ratio kJfk;, the temperature dis-
tributicn along the fouling surface becomes larger when the Pra-
ndt] number is decreased.

The influsnices of thermal conductivity ratio kdk, and Prandtl
number on the mean heat transfer coefficdent are shown in
Fig. 12a and b for Re = 20 and Re = 40, respectively. From these fig-
ures, it is clear that for high Prandtt number fluid, the mean heat
transfer coefficient is more sensitive to the value of krfk, than that

for fluid with low Prandt] number.
Whmk,lk,equalszemork,»k, the temperature level within
hes a value of the tube surface

temperature. For this particular case, the local Nusselt number ap-
proaches the value for clean tube. Spedifically speaking, one can
compare the result for instant at Reynolds number of 40, between
Figs. 3 and 4d and the temperature distribution Fig. 5d for kJke= oo
(solid line). Due to similarities in; (i) the Reynolds number, (ii) the
surface geometry and (iii) the temperature distribution of solid

1. .

0 025 0s ars 1
kylk,
b 7
PN
5
—Pn5
s
3
Nur,
3 N’“’\o-___
~=<om |l omyr -
2 W
1
°

Fig. 12 Mean Nusselt number of concentric fouling for air (Pr = 0.71) and waber
(Pr=5) at {a) Re= 20 and (b) Re =40.

fouling approach to those of dean tube, the results shown in
Fig. 3 and that from Fig. 4d (only for concentric case) are expected
to be the same. On the other hand, the mean Nusselt number of the
clean tube can be computed from the correlation Nuy=0913-
Re®3*3pr 13 for 4 < Re < 40 in Ref. [4), see Table 1.

S. Conclusions

A contro} volume finite element method using sub-domain
weighted residual discretization was constructed and validated
with existing empirical and numerical results with excellent de-
gree of accuracy. The model was then used for assessing the effect
of fouling eccentricity as well as its thenmal conductivity on heat
transfer coefficient at different values of Reynolds numbers and
Auid’s Prandt) pumber.

It was found that eccentric fouling bad resulted in less adverse
effect on the heat transfer characteristic simply due to thinner
fouling layes at the leading side of cylinder pipe where the majority
of heat transfer takes place. However, the thermal conductivity of
fouling material, which was varied from 0.5 to infinity times to that
of fluid, would alter the distribution of the local Nusselt number,
leading to lower rate of overall heat transfer. This insulation effect
adversely depends upon the value of thermal conductivity of the
fouling solid and is more noticeable at higher Reynolds number.
Lastiy, these numerical results can also depict the effect of Prandt
number on heat transfer, where high Nusselt number is expected
for heat transfer with high Prandtl number fluid. Additionally, this
effect appears to be strong especially when the thermal conductiv-
ity of fouling solid is high.
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Abstract A robust unstructured control-volume finite
element method is presented for the solution of two-
dimensional transient heat conduction in functionally
graded materials (FGMs) with isotropic properties. The
material properties at a point in the domain vary exponen-
tially to spatial coordinates. A triangular mesh is chosen for
spatial discretization and a fully implicit scheme is adapted
for time discretization. Several problems are investigated
and the results are successfully validated by using analytical
and other numerical solutions available in the literature.

1 Intreduction

Functionally graded material (FGMs) is a class of compos-
ites having continuous spatial variation of material proper-
ties. This type of material has recently been used in a severe
temperature environment-a body is subjected to high tran-
sient heating and cooling within a short period of time [ 1, 2].
With appropriate grading profile, the thermal stress, residual
stress, and stress concentration factor in the structure can be
reduced when compared with those in the laminated com-
posite structures under the same loading condition. Mostly,
FGMs are manufactured from isotropic components such as
metals and ceramics. FGMs have become widely used not
only in thermal protection purpose but also in other areas;
i.e. biomedical engineering and fuel cell {3, 4].

Transient heat conduction in FGMs has been investigated
by several researchers [5—12] for better understanding of

J. Charoensuk (D<) - P. Vessakosol

Department of Mechanical Engineering,

Faculty of Engineering, King Mongkut’s Institute of Technology
Ladkrabang, Bangkok 10520, Thailand

e-mail: kcjarraw @kmitl.ac.th

these materials. Sladek et al. [9] applied a meshless method
called local boundary integral equation method (LBIEM) to
analyze the transient heat conduction problem in FGM.
Wang et al. [10] determined the transient temperature field
in FGM plate, shell and sphere by a finite element/finite
difference (FE/FD) method and also considered the effect of
material properties on the temperature. Wang and Tian [11]
gave more details on the above FE/FD method and dem-
onstrated their method to two-dimensional heat transfer
under transient state. Wang et al. [12] proposed the virtual
boundary collocation method (VBCM) for transient heat
conduction analysis in FGM.

Control volume finite element method (CVFEM) is an
alternative numerical technique for the solution of FGM
problems. It is a combination of numerical discretization
inherited from the finite volume method and numerical
interpolation of FEM and sometimes referred to as a ver-
tex-centered finite volume method [13, 25-28). This tech-
nique has a potential for multi-physical problems such as
the conjugate heat transfer where the energy balance
between solid and moving fluid needed to be considered
simultaneously [35]. From authors’ point of view, CVFEM
is applicable for the transient heat conduction problems in
FGM where the non-homogenous material properties of
FGM induce the non-linearity in heat conduction problem.

Early development of finite volume method had focused
on the non-linearity in problems of fluid dynamics [13].
Therefore, the domain geometries initially modeled by
finite volume method were relatively simple. The use of
structured mesh based either on rectangular or body-fitted
coordinates did not lead to severe errors in the numerical
results. In modern applications, however, the domain
geometries are much more complicated than those in the
past. Consequently, it is difficult to handle these works
with structured mesh solver. Unstructured mesh solver
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element is, in fact, the formation of sub-control volumes of
four smaller “imitation” triangles I-L-N, J-M-L, L-M-N,
and K-N-M. Figure ¢, d show two control volumes con-
structed from three-node and six-node triangular elements,
respectively.

According to the concept of multiple isoparametric
transformation proposed by Li et al. [29], the material
properties and temperature at any point in a triangular
element can be approximated by

—ZN.p,, C—ZN,C,, k= ZNk,, T_ZNT

i=1 i=1

™

Here, N; are the shape functions of the element [34]
which are normally defined in terms of local coordinates
over the triangular region, n is a oumber of nodes in a
particular element, p;, ¢;, k;, and T; are the nodal values of
density, specific heat, thermal conductivity, and
temperature, respectively, of a particular element. Note
that Eq.7 is similar to the generalized isoparametric
graded finite elements of Kim and Paulino [30]. The
temperature gradients at any point in an element, appearing
in the first integral of Eq. 5, can be written as

T T~ 0N;
LN il 4 (82)
o L

o L~ oN;

== 7 7n (8b)
52

where %‘ and %i are the derivatives of shape functions at
the nodal point { with respect to x and y, respectively. The

midpoint rule is utilized to compute all element integrals -

since it gives high accuracy with little effort expended. The
star symbols in Fig. 1a, b represent the integration points
for determining the values of integral terms in Eq. 6. Note
that the sub-control volume boundary around each node is
the summation of two surfaces in the case of three-node
element while it is the summation of four surfaces in the
case of six-node element. Details of shape functions, their
derivatives and numerical integration method are included
in Appendix 1.

3.3 Time discretization
Integration with msﬁect to time can be carried out with the
following trapezoidal interpolation formula [13):

1At

/ $dt = [ + (1 - )¢ Ar

t

whelefis?ai wgigﬁting factor between 0 and 1. In this paper,

©)

the time discretization is done through a fully implicit .

scheme, f = 1. Thus, the integrals of Eq. 6 can be written
in discretized forms as

(—a—zn, + —ny) dld:

_ (0T  oT >]

,-2:1 [kés“‘ (a—n,+5n, jAt, . (102)
t+At of ’
/ / gdTde=") " [§:55T)A, (10b)
' T, =1
t+At

/ W(T — Tso)dTdt = i [rids (17 — (T )i)] A

i=1
c

© (10c)

A

[ ] oma- (/)
/ f P i = —T:"‘)( n‘/ pcdﬂ), (10¢)

where ng, nf, and nc are the number of surface segments
belonging to Iy I', and T, respectively. 6S™ is an
intefnal surface of sub-contro]l volume. 457, and 857 are
the sutfaces associated with heat convection, and the heat
flux at boundary corresponding to node i, respectively.
777! is the known temperature at the last time step 7! of
node i, 77 is the unknown temperature at current time step

7" of node i, (< )'ll ( - )andAt:t"—t""'isthe

size of time step. A special case with assuming that there
is a uniform internal heat generation rate per unit volume
throughout the domain can be used to simplify Eq. 10d.
The control-volume finite element approximation of heat
equation can be obtained by substituting Eq. 10a through
to Eq. 10e into Eq. 6,

KT} = {f}- (11)

The coefficient matrix [X] depends on the temperature
gradients and the material properties. The right-handed side
vector {f} depends on the temperature results from the
previous time step, specified heat flux, internal heat
generation rate and heat convection coefficient. The
remaining task is solving the system of equations
(Eq. 11) for the nodal values of unknown temperatures
T" at current time step by using direct or iterative method.
If the final time step has not reached, the last nodal
temperatures are used as the current nedal temperatures for
the next time step.

(10d)
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4 Numerical results and discussion

4.1 Assessment on predictive quality of the proposed
method

The example used here is the steady heat conduction in a
rectangular plate made of homogeneous material with the size
of 5m x 10 m as shown in the Fig. 2. The thermal con-
ductivity of material is I W/m °C. The boundary conditions
are 7(x, 0) = 0, (0, y) = 0, T(x, 10) = 100 sin (/10), and
07/0x = 0 at x = 5. To assess the accuracy of linear and
quadratic CVFEM and the effect of mesh refinement versus
analytical solution, four meshes are introduced, see Fig. 3.
The governing equation for this example is

o'  oT
w0 (12) -
The exact temperature field is
sinh(zy/10) sin(mx/10)
T(x,y) = 1 =
() = 10022 = (13)
The average error of temperature field is evaluated by
1 NIxNJ lTN _ TEmc I
E = um ‘]
(x,y) [lem ; w7 — 100% (14)
YA
T=100sin (E]
10
L=10 T=0 e
ox .
T=0 x

w=5

Fig. 2 The calculation domain and boundary conditions

(@ (v)

Fig. 3 The computational mesh of CVFEM a 25 nodes 32 elements
(linear), b 81 nodes 128 elements (linear), ¢ 25 nodes 8 elements
(quadratic), d 81 nodes 32 elements (quadratic)

where Tyun and Tg.. are the numerical and exact values
of temperature, respectively. NI and NJ are total numbers
of internal nodes in x and y directions, respectively. From
Table 1, the accuracy of numerical solution can be greatly
improved by increasing the order of interpolation fanction
just the same way as decreasing the element size (Fable-2).

4.2 Problems on FGM material

In this section, four simple heat conduction problems in
isotropic FGM are presented in order to validate and
illustrate the accuracy of the proposed numerical scheme.
In all problems, zero initial temperature is applied.

The first test case is about solving the transient tem-
perature for one-dimensional heat conduction problem.
A functionally graded finite square strip with a unidirec-
tional variation of thermal conductivity and thermal
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Table 1 Average errors of various mesh sizes and orders of inter-
polation functions

CVFEM Order NI NJ E(x, y) (%)
Mesh () 1 4 3 4235
Mesh (b) 1 8 7 1.003
Mesh (c) 2 4 3 1.074
Mesh (d) ») 8 7 0.099

diffusivity [9] is concerned. The geometry, boundary
conditions and mesh are given in Fig. 4. The thermal
conductivity and diffusivity are assumed in the form of
exponential functions, given by

k = koe™, (15a)
k

a=—= oge™, (15b)
pc

where ko = 17 W/(m °C), and ay = 0.17 x 10 *m%s.

Three values of exponential parameters 4 = 0, 0.2, and
0.5cm™" are used in this problem to demonstrate the
non-homogeneous effect of material properties on the
temperature result. In the view of boundary conditions,
there is no normal heat flux on two opposite sides parallel
to the y-axis while different values of temperature are
specified on the two opposite sides parallel to the x-axis.
The length of square strip is @ = 0.04 m. The left boundary
is maintained at zero temperature and the right boundary is
imposed by the Heaviside step function of time, ie., T =
T-H(t) with T =1°C. The analytical solution of the
temperature distribution in a FGM square strip at steady
state can be obtained as

T= f[e_“‘ '].

e—la ] (16)

When the exponential parameter is prescribed to zero,
the strip has homogeneous thermal conductivity, k = k,
and constant thermal diffusivity, o = ay. The analytical
solution for this special case [31] can be written as

The accuracy of this proposed method is evaluated by
comparing the numerical results with the analytical
solution in Eq. 17. All of the results are obtained by
using 25 nodes, 4 quadratic triangular elements, and
uniform time step Ar = 1 s.

Figure 5 shows the temperature change with time which
is numerically and analytically computed at three positions,
x=00l m, x=0.02m, and x = 0.03 m. Good agree-
ment between the numerical and analytical solutions is
noticed in Fig. 5. Figure 6 shows the variation of temper-
ature with time for three A-values at the position
x = 0.02 m. The temperature distribution in material hav-
ing large exponent coefficient approaches the steady state
solution quicker than that in the material having small
exponent coefficient. Figure 7 illustrates the distributions
of temperatures inside FGM strip under different transient
states. From numerical results, it is found that the tem-
perature approaches steady state after ¢+ = 20 s.

For the steady state condition, the analytical results from
Eq. 16 are compared with the results obtained by the
proposed method in Fig. 8. The numerical results are in
good agreement with the analytical results. The predictive
quality of CVFEM is also compared with conventional
finite element method where the thermal conductivity of
material is piecewise constant and represented by the value
at the centroid of the element. The result suggests that the
conventional FEM is not recommended for the solution of
highly graded material especially in conjunction with
coarse mesh, see Table 3.

In the second problem, a thick-wall functionally graded
cylinder with infinite length is considered, where its inner
radii R; is 0.08 m and outer radii R, is 0.1 m. The zero
initial temperature is employed in this analysis. The outer
surface of the hollow cylinder has the Heaviside step time
variation T = T - H(z) with 7 = 1°C. The inner surface is
maintained at zero temperature. Due to symmetry in
geometry and boundary conditions, only a quarter of
annulus cross-section is considered. The total number of
nodes and elements are 63 and 16, respectively. A uniform

T—754 Zi [TCOS(M) - @]B(J{;ﬁ)' (17) time step Ar=10's is wsed in this calculation. The
a mi= n a geometry, boundary conditions and mesh for the second
;r:a? aid S:::;::l":o:’:g :“ y x gxm solution,  CVFEM (3 node), Mesh (a) CVFEM (6 node), Mesh (c)
inside the calculation domain at - ot Error (%) Tevme Error (%)
corresponding locations
25 25 5319 5.6386 6.0086 5.351 0.6016
5 7522 7.9742 6.0117 7.601 1.0503
5 25 1409 14.7109 4.4067 13.832 1.8311
5 19.927 20.8043 4.4026 19.831 0.4818
75 25 3201 32.7416 2.2855 32.454 1.3871
5 45.269 46.3036 2.2854 4593 1.4602
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@ , 4
y r q= 0
a
T=0 T=T-H(p)
0.110 2I0 30‘40150 é0l70
0 Time (second)
0 g=0 a x Fig. 6 Time dependence of temperature at the middle location of
(b) functionally graded finite square strip

Fig. 4 a Geometry and boundary conditions of the fonctionally
graded finite square strip problem, b triangular mesh

Temperature

'0'10L1u.2'o'3‘0 4'0 50 60
time (second)

Fig. 5 CVFEM and analytical solutions for time dependence of

temperature in a homogeneous finite square strip (4 = 0) at three

locations along x-axis

problem are depicted in Fig. 9. The thermal conductivity
and diffusivity are assumed in the form of exponential
functions, given by

k = lgeXr-R0), (18a)
o= .7 = o), (18b)
pc

where kg = 17 W/(m °C), ap = 0.17 x 10~ m%s. 1is a
parameter dictating the non-homogeneity within the FGM
cylinder. The analytical solution for homogeneous cylinder
is given by [31] as follow

ln(r/Rl) D = Jz(RlCn)UO(rCn) o —al?e
In(R2/R) nzlg(ong,,) —Jg(RZL',,)V( )’

T(r,t) =

n=1
(19)

where

Uo(rCs) = Jo(rn)¥o(Raly) — Jo(R2Ln)Yo(rLn), (20)

and {,, are roots of the following transcendental equation

Jo(Ryr)Yo(Rar) — Jo(Rar)Yo(Ryr) =0, (21)

with Jo(x) and Yy(x) are the zeroth order Bessel functions of
first and second kind.

Some small differences between analytical and numer-
ical solutions are observable in Fig. 10. Figure 11 shows
the temperature profiles' along the radial locations of
homogeneous hollow cylinder at four different time
instants. Numerical results for the time variation of tem-
perature at r = 9 cm are illustrated in Fig. 12. Figure 13
gives the temperature profiles along the radial coordinate
with various values of 1.

To illustrate the accuracy of the program in response to
convective boundary, a rectangular FGM strip subjected to
a non-uniform convective boundary condition in Fig. 14 is
selected. The initial temperature of the plate is zero. The
values of fluid temperature surrounding the bottom and the
top edge of the plate are defined by function T,f.(x) and
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Fig. 7 Temperature distribution along x-axis of functionally graded finite square strip ataf=5s,bf=10s,ct=15sanddt=20s

1
-
Lo~
08 E e
~ _,".',4-’4
2(.), ,"-‘ il
o 06} 07—~ Analylical 1=0.0
3 WU
B I A=02
Q04 TP ¢ N A=05
£ 27 + CVFEM 1=00
P 4
" 02} , Rt ° A=02
% a 4=05
0 Y L [A ;
0 0.01 0.02 0.03 0.04
x (m)

Fig. 8 Comparison of CVFEM and analytical solutions for steady
temperature distribution along x-axis of functionally graded finite
square strip

zero, respectively. The left and right boundaries are spec-
ified with zero normal temperature gradient. The non-
dimensional parameters used in the third and fourth prob-
lems are defined as follow:

£=x/B, L=L/B, t=ut/B’, a =ko/(pc),

H, = ha/ka, Hp = hy/ks, (22)

where 7 represents the non-dimensional time and ay is a
typical value of thermal diffusivity. The assigned values for
non-dimensional parameters are given by

Table 3 Comparison on predictive quality between conventional
FEM and CVFEM

A » Exact FEM (6 node) CVFEM (6 node)
T, Emor (%) Tcvrem Error (%)
0.2 0.01 0329179 0.309017 6.12489 0.32932 0.043493
0.02 0.598688 0.599746 0.17678 0.59868 0.000611
0.03 0.819343 0.805994 1.6292]1 0.81944 0.011738
0.5 001 0455054 0.394336 13.3431 0.45772 0.585373
0.02 0.731059 0.733122  0.28225 0.73101 0.006371
0.03 0.898464 0.87677 2.41453 0.89944 (0.108555
H, =1, Hy=RK¥T,F T,=0, L=6,
B=1, k=1, =1, (23)
and a function f,(x) is defined by
— 1-[/R) :-H<¥<X
‘ 0 S —Fo, BT (24)

o=1,xX=x-LJ2

The definition of function f3(x) is not necessary because
the temperature of surrounding fluid on the top edge of a
plate is prescribed to zero.
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Fig. 9 a Geometry of the second problem and boundary conditions,
b triangular mesh

The thermal conductivity and diffusivity at any point in
the FGM plate are assumed following the exponential
functions as

k = koeP/® (25a)
k
o= E = oge™/B (25b)

where A represents the non-homogeneity parameter for
controlling the material gradation through the thickness of
the plate. In this problem, the number of equally spaced
nodes along the x and y directions are 49 and 11, respec-
tively. Initial temperature of the plate is zero and the time
step is 0.01.

Figures 15 and 16 show the plot of temperature varia-
tion at the middle of the plate (¥ =3) when t = 0.1 and
7= 10. For the purpose of comparison, the analytical
results of Ootao and Tanigawa [32] are also shown in both
figures. It is notable that the steady state is reached after
7 = 4. Good agreement between the analytical and pro-
posed numerical solutions can be seen.

The corresponding temperature distributions on the
bottom edge of the rectangular plate with different A-values
and at different time instants are depicted in Fig. 17. The
high temperature zone can be noticed in the heated region

3
08
A
A
A
06
o 0000000000
-t L ‘b.b'b'b
e 3 ,
2 0
© 04 ’
2 L
4
g o
]
0
02
! . et b e e b
' P a i
>~
q Vg
L7 ==+ Analytical r =833 cm
0 TI. - r=9cm
wo— r=9.67 cm
+ CVFEM r=833cm
-] r=9cm
a r=9.67 cm
r— A B NN
-010 4 8 12 16 20
Time (second)

Fig. 10 Time dependence of temperature at three radial positions in
a homogenous hollow cylinder

1
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\

0.085 0.09 0.095 01
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Fig. 11 Temperature variation with the radial distance at five time
levels for a homogeneous hollow cylinder

near the midpoint on the bottom edge of the plate. When
the parameter 1 is decreased, the temperature value on the
heated surface increases. Although this non-homogeneity
effect can be clearly noticed at steady state, the temperature
distributions of different A-values in transient state are
almost the same.

Finally, the third problem is considered again by
assuming that the surrounding temperature on the bottom
edge of the plate increased exponentially with time; viz.,
T.f.(x)g(t), where g(t) = 1 — ¢~ ”". From this definition,

Journal : Large 231
Article No. : 649

=

4@ Springer
Dispatch :  27-7-2010 Pages: 16
0O LE 0O TYPESET
& cp

467
468
469
470
471
472
473
474
475
476



3
!
i

=

S

=
=
<

477
478
479
480
481
482

213

Heat Mass Transfer
08 0.3,
— Anatytien) A=—1
- =0
-~ 06} "\
e N\ a=1
o —~
o
g g
2 02 g
Q
£
og . . . . =
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Fig. 12 Temperature variation with respect to timeat r = 9 cm ina
functionally graded hollow cylinder 0 s 0
0 0.2 0.4 0.8 0.8 1
1 a y
Fig. 15 Temperature change along the y-direction at the position
08 X =3 when 7= 0.1
)
e
o 06 .
5 .
o o method match well with the results obtained from the
1] B .
g o 1-00 meshless local Petrov—Galerkin (MLPG) method [33].
202 - 2-02 The effect of y on temperature distributions throughout the
-0~ 1=035 thickness of the FGM plate with 1 = 1 in a transient state
° 4 : I (t = 1) at the position X = 3 is shown in Fig. 19.
058 0085 0.09 0095 01
r{m)

Fig. 13 Steady state temperature distribution with radial direction
for a functionally graded hollow cylinder

7 is a parameter dictating the rate of change in fluid tem-
perature imposed on the bottom edge of the plate, If y is
large, the value of function g(z) increases abruptly like a
unit step function. Figure 18 plots the time histories of
temperature at the centroid of the plate for different values
of , with A = 1. The resnlts calculated from the present

Fig. 14 a Geometry of the (@ »
FGM plate subjected to non- <

5 Summary and conclusions

The high order control-volume finite element method has

. been applied to analyze the transient heat conduction

problems occurring in two-dimensional functionally graded
solid. The material properties such as thermal conductivity,
density, specific heat capacity and thermal diffusivity were
assumed to vary exponentially through the thickness
direction. In our validation work on homogeneous material,

L

uniform convection boundary
conditions, b triangular mesh
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Fig. 16 Steady state temperature change along the y-direction at the
position ¥ = 3

06
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— A=L£=01
-+ A=-Lr=1

L =X= A=0,7=1
-Gl r=1

o
>

Temperature (°C)

o
N

01

Fig. 17 Temperature distributions at different time instants on the
bottom edge of the plate (7 =0)

Temperature (°C)

Fig. 18 Time history of temperature at the centroid of the plate for
the time-dependent heat supply with A = 1
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x=3
e y:m
~oal —— 7=5
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g -+ y=05
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© 0.2
g |
£
2oaf |
4
0 s . N .
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Fig. 19 Temperature distribution throughout the thickness of the
rectangular FGM plate for the time-dependent heat supply at time
t=land 1=1

it has been proven that this method gave better accuracy
than the first order method under the same mesh size.

Later, the predictive quality of high-order CVFEM
versus conventional high-order FEM was investigated by
assessing the effect of non-homogeneity of the material
properties on thermal response against the analytical result
under the same mesh size. The result showed that our
method could provide more accurate solution than the
counterpart.

The solution with time-dependent boundary condition is
also illustrated to show the flexibility of numerical method
in solving the problems of interest. The transient temper-
ature solutions of material obtained from the CVFEM
method agree well with the solutions from MLPG methods.
Our method could also perform well with the solution of
heat transfer throngh a hollow cylinder. It is also recom-
mended for solution of heat transfer with steady and
unsteady convective boundary conditions.

The present formulation to be used for analyzing FGMs
which their properties described by other grading functions
is subjected to further investigation.
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Appendix 1

Shape functions, their derivatives and numerical
integration method

The shape functions and their derivatives with respect to £
and 7 for 3-noded triangular element are summarized in
Table 4. Figure 20 shows the mapping from arbitrary
3-node triangular element to a reference triangular element.
The shape functions and their derivatives with respect to £
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Table 4 The shape functions and their derivatives with respect to &
and # for 3-noded triangular element

i N, % 2
1 1-¢—19 -1 -1
2 4 1 0
3 ' 7 0 1
7
3 3
l:> £=0 1-§-7=0
2 ¢

[*2 O
1

1 g=0 2

Fig. 20 Mapping from general triangle to a reference triangle (3
node element)

Table 5 The shape functions and their derivatives with respect to £
and 7 for 6-noded triangular element

i N 2 &

1 A-E-n =344+ 4y —3+4f+ 49
a-28-2y

2 -1 4z —1 0

3 n@2n - 1) 0 4n—1

4 HA-¢-m 4—85—4y —4¢

5 A&y 4n 4¢

6 a1-&-n —4n 4-—4c -8y

7=0

Fig. 21 Mapping from general triangle to a reference triangle
(6 node element)

and # for 6-rieded triangular element are summarized in
Table 5.:Figure 21 shows the mapping of element of
arbitrary 6-i6¢ ‘triangular element to a reference triangular
element.

@ Springer
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1 a 2

Fig. 22 Integration points along the faces surrounding a mode 1,
b node 2, ¢ node 3

Table 6 Integration points for 3-node element (midpoint rule)

Face\node 1 2 3
S (5/12,1/6) (5/12,5/12) (1/6,5/12)
Sa (1/6,5/12) (5/12,1/6) (5/12,5/12)

In the derivation of the element conductance matrix, it.is
necessary to establish the shape function derivatives with
respect to (x, y) coordinates. By the rule of partial differ-
entiation, we write the derivatives of the shape functions
with respect to local coordinates as
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(@3

Fig. 23 Integration points along the faces surrounding a node 1,
b node 2, ¢ node 3, d node 4, e node 5, f node 6

oN; _ aN;ax | aNdy

- x 3t By oE (26)
oN; _ ON;Bx _ oN;dy
W ax o oy on @7)
in the algebraic form, or

) [ o

3 % %)% '&L} 8
{%} [a g]{@*} ‘”{ ¥

in the matrix form. The matmz [Ji1 1s :known as the Jacobian
matrix. The Jacobian-atrix:.components can be found
explicitly in terms of_ the local coordinates as follows,

Table 7 Integration points for 6-node element (midpoint rule)

@ (5o1h) )

(&m)

= Emn)  t=-1 A~ &,
1=0 / a '=—]/ﬁ / a
(U 0 oy

@ =1

Fig. 24 aIntegration point for midpoint rule, b Integration points for
2-point Gauss-Quadrature rule

ox 6N,-
-a—é Z 66 Xis a{ Z aéyh

aN, oN;
an on’ "6)1 ,Zany"

i=1

(29)

where npe refers to the number of nodes per element.
Therefore, the required derivatives 2% ax and EL can be
obtained by

518

The discretized equation for heat conduction at steady
state of the control volume belonging to node i is

o oT oT _
(D (D) s

k=1

(30)

(31)

wheré Adg represents the area of face k of the control
volume covering node /; ns is the total number of faces;
AV is the volume of the control volume belonging to node
i; Sjis the average heat source over the control volume; n,
and n,, are the direction cosines of a surface. For example,
n, and n, of the face S, in Fig. 22a, later referred to as Sy,
are defined as

Yo — ). Xa — %o
ny = AA a, ny = aAA 3 (32)
where A4 = \/ (xo —xa)2+()’o —)’a)z-

Equation 31 may be rewritten in matrix form for a tri-
angular element that relates to node i as

KT} =1{r} (33)

where [K] is the element conductance muatrix; {7°} is the
vector containing nodal temperature values in the element;
{f} is the element load vector.

Face\Node 1 2 3 4 5 6
5 V (5124,1/12) (17124,5124) 1/12,1724) (17/24,1/12) (5/24,1724) (112,5124)
S, L 25 (17124,1/12) (5124,17124) (1/2,1/4) (1/4,172) (1/4,114)
$5 T _ - 1/4,1/4) an,/4) 114,172
Sa - - - (5/24,1112) (17124,524) (1712,17124)
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The calculation method for integrals of an element

The integration points on the faces surrounding node / for
midpoint rule integration over the faces within a 3-noded
triangular element are depicted in Fig. 22 and their loca-
tions are summarized in Table 6. The integration points of
midpoint rule on the faces surrounding node i within a
6-noded triangular element are depicted in Fig. 23 and
their locations are summarized in Table 7.

The surface integral can be calculated by the midpoint
rule which its value equals to the product of the functional
values at the center of surface and the total surface area. The
locations of integration points are illustrated in Fig. 24.

The Gauss quadrature rule is used to approximate the
integral value of a specified function. It is a sum of the
products between the weighting factors and the corre-
sponding function values at the gauss points. The integra-
tion points for mid-point rule and 2-point Gauss quadrature
rule are calculated by

(i} =s0-of}iasaf) azm

where

t = 0 for midpoint rule.
t={+1/v3,-1/+/3} for 2-point Gauss quadrature
rule.

The weighting factors for midpoint rule and 2-point
Gauss quadratare rule are given by

Wipy = 2 for midpoint rule.
Wip1 = Wiz = 1 for 2-point Gauss quadrature rule.

The line integral of F(S) over the finite length of AA can
be simplified to

AfAF(s)avs ~ (&) (2)(£(0)) = £(0)AA for midpoint rule,
0

(B (F(+1/v3) +f(=1/+/3)) for 2-point
Gauss quadrature rule. ’

The integration points of 2—pomt Gauss quadrature rule
on the faces surrounding’ node #within a 6-noded triangular
element are summarized in Table 8.

A4
J F(8)dS =~
0
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