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CHAPTER 1

INTRODUCTION

1.1 Importance and Motivation

In 1982, rough set theory was introduced by Pawlak [38], which has emerged
as another major mathematical approach for managing uncertainty arising from
inexact, noisy, or incomplete information. Rough set theory has found many
interesting applications [7, 9, 11, 14, 17, 24, 30, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48,
49, 61, 66, 67, 70, 71, 76]. The rough sets approach seems to be of fundamental
importance to logic, Al (Artificial Intelligence) and cognitive sciences, especially in
the areas of machine learning, knowledge acquisition, decision analysis, knowledge
discovery from databases, expert systems, inductive reasoning and pattern recognition
[10, 18, 20, 27, 36, 50, 54, 61, 62].

In 1965, the theory of fuzzy sets was introduced by Zadeh [74]. It is a
generalization of classical sets by allowing partial membership. It provides a more
realistic framework for modeling the ill-defined boundary of a class. Its applications
are in pattern recognition, industrial control, medical diagnosis, image processing,
market decision-making, and data mining [2, 4, 6, 12, 13, 14, 19, 23, 26, 29, 31, 33,
34, 35, 51, 52, 56, 57, 58, 59, 73, 75]. However, a fundamental difficulty with fuzzy
set theory is the semantical interpretations of the degrees of membership.

Both theories represent two different approaches to handling vagueness. Fuzzy
sets express the gradualness of knowledge by fuzzy membership whereas rough sets
express granularity of knowledge by the indiscernibility relation. Extensive
applications of rough set theory and fuzzy set theory are found in various fields [3, 8,
11, 12, 15, 21, 22, 31, 32, 67, 68, 69, 72, 77, 79]. Many researches have studied
differences and connections of rough set theory and fuzzy set theory. A crucial
integration is called the roughness measure of fuzzy sets where some notions of rough
sets and fuzzy sets are integrated [3].

Nevertheless, in our view, roughness bounds of fuzzy set operations require
more investigation. For this reason, we derive the bounds of roughness measures for
fuzzy set operations, namely, union and intersection. Moreover, we study lower and

upper bounds on the roughness measure of intersections.



1.2 Objectives
The objectives of the research are as follows.

1. To derive lower and upper bounds on the roughness measure of the fuzzy
set operations union and intersection for two sets.

2. Generalize the results from 1. to operations involving more than two sets.
1.3 Scope of the Study

We study the properties of approximation and roughness of rough set theory

and fuzzy set theory. The scope of this research is as follows.

1. We are interested particularly in union and intersection of fuzzy set
operations.

2. We consider lower and upper approximations of fuzzy sets which depend
on parameters, f, where 0< f<a <1, and a—cut_&;/_a,ﬂ—cut—d—y_p of

the fuzzy sets &7, <7, respectively.
1.4 Expected Results
The benefits of the research are as follows.
1. New lower and upper bounds of roughness measure of the fuzzy sets
operations union and intersection for two sets.

2. New lower and upper bounds of roughness measure of the fuzzy sets

operations union and intersection in more general forms.
1.5 Research Methodology

Process of the Study

1.5.1 Study and review literature on theoretical concepts of rough set

theory and fuzzy set theory.



1.5.2
1.53
1.54

1.5.5

1.5.6

Study the roughness measure of fuzzy sets and related work.

Derive roughness lower and upper bounds for fuzzy set operations.
Propose new thebrems and their proofs on roughness lower and upper
bounds of the fuzzy set operations union and intersection for two sets.
Propose new theorems and their proofs on roughness lower and upper
bounds of the fuzzy set operations union and intersection in greater
generality.

Refine the study and conclude, make the suggestions for further work

and write the complete thesis.



CHAPTER 2

DEFINITIONS AND THEOREMS

We introduce in this chapter 2 some definitions and notations that will be used
in the present research. In Section 2.1 and Section 2.2, we describe rudiments of
rough set and fuzzy set theories, respectively. Section 2.3 presents a brief introduction
to rough fuzzy sets. In Section 2.4, we present the roughness measure of a fuzzy set
and give some properties which will be used in this thesis. Finally, we describe two
operators: the certain increment operator and the uncertain decrement operator which

will contribute to finding roughness bounds of the fuzzy set operations in Chapter 3.

2.1 Rough Set Theory

The theory of rough sets, proposed by Pawlak [38], provides a formal tool to
deal with imprecise or incomplete information. We begin with an introduction to
basic definitions of rough set theory taken from [1].

Let U be a finite non-empty set called universe and R be an equivalence
relation on U, i.e., R is reflexive, symmetric, and transitive. The pair <U, R> is called
an approximation space [1]. We use U/R = {Xj, X;,..., X} to denote quotient set
which is the family of all equivalence classes of R where X; is an equivalence class of
R, i=1,2,3,..,m. We use R(x) to denote an equivalence class in R containing an
element xe U. This relation R decomposes set U into disjoint classes in which two
elements x and y are in the same class if and only if (x, ) € R. If two elements x and y
in U belong to the same equivalence class X, € U/R, i =1,2,3,...,m , we say that x and
y are indistinguishable.

In rough set based data analysis, the equivalence relation in an approximation
space is commonly interpreted via the notion of information system. An information
system is defined by <U, A> where U is the universe and A is a set of attributes. Let
V. be the set of attribute values and a: U — V,. Each subset B of the attribute set A
induces an equivalence relation I(B) is called indiscernibility relation which is defined

as follows.



Definition 2.1.1 (Indiscernibility Relation [43]) Given an information system <U, 4>

and a subset B c A, an indiscernibility relation, I(B), is defined as
IB)={(x, ) € UxU| a(x)=a(y) forall a € 4}
where a(x) denotes the value of attribute a for element x.

I(B) is called the B-indiscernibility relation. If (x, y) e I(B), then objects x
and y are indiscernible from each other by attributes from B. The equivalence classes
of the B-indiscernibility relation are denoted by B(x). Next, we give some formal

definitions of two rough set approximations and boundary region.

Definition 2.1.2 (Lower Approximation) Let <U, A> be an information system. For
any subset X ¢ U and B ¢ A4, B-lower approximation of X, E(X ) , 1s defined as

B(x)=U{B(:)B(x) X}

xelU

Definition 2.1.3 (Upper Approximation) Let <U, A> be an information system. For
any subset X ¢ U and B < A, B-upper approximation of X, B(X) . is defined as

E(X)=XLJ]{B(x)|B(x)mX¢®} .

Definition 2.1.4 (Boundary Region) Let <U, A> be an information system. For any
subset X ¢ U and B c A, B-boundary region of X, BN, (X ) , is defined as

BN, (X)=B(X)-B(X),

Remark 2.1.1 As we can see from Definitions 2.1.2 — 2.1.4, they are expressed in
terms of granules (small pieces) of knowledge. The lower approximation is the union
of all granules which are entirely included in the set. The upper approximation is the
union of all granules which have non-empty intersection with the set. The boundary

region is the difference between upper approximation and lower approximation.
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More precisely, the objects in B(X ) can be classified with certainty as
members of X on the basis of knowledge in B, while the objects in E(X ) can be only
classified as possible members of X on the basis of knowledge in B. The set
BN, (X ) consists of those objects that we cannot decisively classify in X on the

basis of knowledge in B.

Definition 2.1.5 (Crisp) Let <U, A> be an information system. For any subset X ¢ U
and B c A, set X is crisp, if the boundary region of X is empty.

Definition 2.1.6 (Rough) Let <U, A> be an information system. For any subset X ¢ U
and B ¢ A, set X is rough, if the boundary region of X is non-empty.

In [43], Pawlak discussed two numerical characterizations of the imprecision

of a subset X as provided below.

Definition 2.1.7 (Accuracy of Approximation) Let <U, A> be an information system.

For any subset X ¢ U and B c A, the accuracy of approximation, aB.(X ) , is defined as

_|B(X)
[B(x)

%5 (X)

where X # O, |§(X)| and IE(X)| are the cardinalities of B(X) and B(X),

respectively.

Definition 2.1.8 (Roughness of Approximation) Let <U, A> be an information system.

For any subset X ¢ U and B < A, the roughness of approximation, Ps (X ) , is defined

| _|Bva (%)) _[B(x)|-|B(x)
Ps (X) IE(X)| IE(X)I
where X # &, E(X) ’ ﬁ(X)I and |BNB (X)l are the cardinalities of E(X) , E(X)

and BNy (X ) , respectively.
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Remark 2.1.2

2.12.1 As B(X)cXc E(X),wehaveOs pr(X)<L

2.1.2.2 By convention, when X =@, B(X)=B(X)=9, pz(X)=0.
2.1.2.3 py(X)=0if and only if set X is crisp, otherwise set X is rough in <U, A>.

2.1.2.4 The relationship between the roughness of approximation and accuracy of

approximation is
Py (X)=1-a, (X).
2.2 Fuzzy Set Theory

Lofti Zadeh proposed a new mathematical approach to handle vagueness called
fuzzy set theory in 1965 [74]. It provides a better mechanism to describe behavior of data
which is too ill-defined to admit precise mathematical analysis by classical approaches. In
fuzzy set theory, an element belongs to a set to some degree & (0 < k < 1). Contrarily,
classical set theory permits the membership of elements in relation to a set with
precise condition: an element either belongs or does not belong to the given set. For
example, in classical set theory one can be definitely sick or healthy, whereas in fuzzy
set theory someone is in healthy with 70 percent (i.e., degree 0.7). Thus, fuzzy sets
provide a convenient tool for representing vague concepts by employing the fuzzy
membership function. Next, we provide required background of fuzzy sets taken from
[3].

Let U be a finite non-empty set called the universe. The fuzzy membership
function of a fuzzy set F of U is a mapping from U into the interval [0’ 1] :

s (x):U —[0,1]

where for each x € U, we call pp (x) the membership degree of x in F.

Zadeh [74] defined three basic operations on classical sets for fuzzy sets i.e.,

complement, intersection, and union respectively as follows:

WERE
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where 4 and B are fuzzy sets in U.

Given a numbera € (0,1] , the a -cut, or « -level set, of F is defined as [32]:
F,= {erl,uF (x)Za} ,

which is a subset of U.
2.3 Rough Fuzzy Set

In this section, we recall how rough sets and fuzzy sets are integrated, as
rough fuzzy sets and allied notions from [5, 10, 78]. Let A: U— [0, 1] be a fuzzy set in
U. We use A(x), x<€ U, to denote the membership function that gives the degree of
membership of x in 4 [1].

Definition 2.3.1 (Lower and Upper Approximations) The lower and upper

approximations of fuzzy set A in U, denoted 4 and A4, respectively, are defined as
fuzzy sets in U/R = {X,,..., X,}, A, A: UR—[0,1], such that

A(X,))=in xeX’A(x) and

Z(X,)=supxexIA(x), i=1,2,3,...n

where inf denotes minimum and sup denotes maximum.

Definition 2.3.2 If 4 and A are lower and upper approximations of the fuzzy set A

inU. Then<A, A> is called a rough fuzzy set.

Equivalently, one may call the triple < U, R, A> a rough fuzzy set [10].
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Remark 2.3.1 When A is a crisp set, 4 and A reduce to the collection of the

equivalence classes constituting its lower and upper approximations in <U, R>,

respectively.

Definition 2.3.3 [78] Fuzzy seis &7, .o : U — [0,1] are defined as follows:
S (1)= 4(X,) and 7 (x)=A(X)

ifxelX, i=1,2,3,..,n.

Remark 2.3.2 .7 (x) and o7 (x)are fuzzy sets with constant membership on the

equivalence classes of U. For any x in U, & (x) (y(x)) can be viewed as the
degree to which x definitely (possible) belongs to the fuzzy set 4.

2.4 Roughness Measure of the Fuzzy Sets

In [3], Banerjec and Pal proposed a roughness measure for fuzzy sets in a

given approximation space which can be described as the following.

Definition 2.4.1 (a-cut Set and fB-cut Set) Let U be the universe and .o7> U—[0, 1] be

a fuzzy set in U. We use (x), x € U, to denote the membership function that gives
the degree of membership of x in 4. We consider parameters « and gf,

where0 < S <a <1. The a-cut set (7, ) and S-cut set (Eﬁ) of the fuzzy set &,
% are, respectively, defined as [10]:

&, ={x’g_a{(x)2a} and

A p ={x |§(x)z,3 } .

We give some observations as follows: &7 (x),(y(x)) is the collection of

objects in U with @, (f) as the minimum degree of definite (possible) membership in
the fuzzy set 4. In other words, «,f act as the thresholds of definiteness and
possibility in membership of the object of U to 4, respectively. We call & (x) as the
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a -lower approximation and :Q;(x) as the S -upper approximation of the fuzzy set A

in <U, R>.

Definition 2.4.2 (Roughness Measure [3]) A roughness measure, pj’ﬂ , of the fuzzy

set A in U with respect to parameters & and S, where 0<fB<a <1, and the
approximation space <U, R>, where |X | denotes cardinality of a set X is defined as

R

o]

pj.ﬁ =1_.§;|.

Property 2.4.1 [3]

2411 X UFp=A pUFp.
2412 YN, =X , NH,.
2413 &, VF ,c A VL,.
24.1.4 Wﬂ = yﬂ ﬁ—@ﬂ.
24.15 &/, cAc 5.

2.5 Two New Operators in Rough Set Theory

In [32, 78], Zbang et al. introduced two new operators which can improve
Properties 2.4.1.3 and 2.4.1.4 for roughness properties of the fuzzy sets as described

below.

Definition 2.5.1 (Basic Factor of Inducing Rough and Correlation Basic Factor of
Inducing Rough [32, 78]) Let U be the universe and R be an equivalence relation on
U. Let X c U. For any element xe X, the two sets

hy(x)=R(x)-X
Iy (x)=R(x)—hy (x)

are called the basic factor of inducing rough and the correlation basic factor of

inducing rough of X, respectively.
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We can see clearly that [ (x)nh,(x)=9, 1 (x)Uh(x)=R(x). Thus,
h, (x)is the collection of those objects which are in R(x) but not in the set X. /. (x) is

the collection of those objects which are in both R(x) and X.

Definition 2.5.2 (R-inducing Rough Region and R-inducing Rough Correlation
Region [32, 78]) Let U be the universe and R be an equivalence relation on U. Let

X c U, for any element xe X, the two sets

H (x) =U{hx (x)|x € RB, (X)mX}
L(x)={ix (x)|x € RB, (X))~ X}

are called R-inducing rough region and R-inducing rough correlation region of X,

respectively.

Definition 2.5.3 (Certain Increment Operator [78]) Let U be the universe and R be an

equivalence relation on U. Let X, ¥ < U. When X is extended by Y,
Z()():UxU = U defined by

Zy (Y)=U{[x]R xeL(X),lx (x)ctY,hx (x)g Y}

is called the certain increment operator of X.

We can see that Zy (Y ) is the collection of those objects in which the certain

information of X U Y is larger than the union of the certain information of X and Y.

Definition 2.5.4 (Uncertain Decrement Operator [78]) Let U be the universe and R

be an equivalence relation on U. Let X, ¥ < U. When X is cut by Y,
Z()(.):UxU — U defined by

Zx (1) =U{[];

xe L(X),lx (x)nY =Q,hy (x)mY - @}

is called the uncertain decrement operator of X.
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Zx (Y) is the collection of those objects in which the uncertain information of

X N Y is less than the intersection of the uncertain information of X and Y.

~

Property 2.5.1 [78]

25.1.1 Zy (Y)=
2512 Zx (Y)=

251327, (%)
25.14 2oy (B ) A 50D
Next, let U be the universe and R be an equivalence relation on U. Let &/ &%

U—[0, 1] be two fuzzy sets in U with respect to parameters o and f, where
0< f <a<1. We have the following properties.

Property 2.5.2 [78]

2521 A, VB, VL (Z)=HVZ,,
2522 S NDBp=F N Pp-Lo; (%)

We can see that Properties 2.4.1.3 and 2.4.1.4 are now equalities (compare to
Properties 2.5.2.1 and 2.5.2.2) when we use these two new operators: the uncertain
decrement operator and the uncertain decrement operator to improve them. Properties
2.5.2.1 and 2.5.2.2 provide a basis for our roughness bounds of fuzzy set operations as

presented in Chapter 3.

2.6 Literature Review

In this section, we consider both theoretical and practical literature review.

In 1990, Dubois and Prade [15] introduced the rigorous combinations of the
above theories called rough fuzzy sets and fuzzy rough sets. Theoretical rough sets and
fuzzy sets integrations were then established. These two notions were found many
advantageous applications in various fields [3, 4, 5, 11, 13, 16, 28, 35, 37, 52, 53, 55,
56, 63, 64, 77]. In particular, basic concept of rough fuzzy sets was used to define the
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dulnnomanan nszseuniinianszy

roughness measure of fuzzy sets [3]. Some possible applications for handling
uncertainty in the field of pattern recognition were also conducted [4, 5, 13, 15, 16,
19,21, 22, 26, 27, 32, 52, 54, 56, 57].

In 1996, Banerjee and Pal [3] proposed a significant measurement for rough
fuzzy sets called roughness measure of fuzzy sets. Their roughness measure of fuzzy
sets depends on the parameters ¢, ff where 0 < #< @< 1. @ and S are the minimum
degree of definite and possible membership of a fuzzy set, respectively. Several
properties of this measurement were listed in [3].

In 2004, Zhang et al. [78] invented two new operators for rough set and fuzzy
set theories called certain increment operator and uncertain decrement operator.
They used these two operators to modify two important inequalities (Properties
2.4.1.3 and 2.4.1.4) to equalities. By using such equalities, many properties in rough
set theory, i.e., union and intersection operations can be redefined. They also
employed these operators to prove that the operations of union and intersection in
rough set approximations satisfy the Commutative, Associative and Distributive laws.
In this thesis, we use these operators to derive roughness bounds of fuzzy sets.

In 2005, Huynh and Nakamori [22, 32] defined an alternative roughness
measure for fuzzy sets based on the notions of the mass assignment and its a-cuts. It
is a parameter-free measure of roughness of fuzzy sets that is a generalization of
Pawlak’s roughness measure. The advantage is that it avoids undesirable properties
held by Banerjee and Pal’s roughness measure as discussed in [3]. The relational
database was analyzed by their roughness measure. They also discussed how their
roughness measure can describe the quality of rough set approximation of an
application called fuzzy classification.

In 2005, Rao and et al. [27] proposed to use the rough fuzzy sets as the model
for images. Roughness measures of fuzzy sets can be used to optimize the intensity of
images in object extraction. The experimental results showed that extracted objects
with their approach provide higher accuracy compared to Shannon’s probabilistic
entropy approach.

In 2006, Yang and John [66] studied a parallel issue to our study which is
roughness bounds for rough set operations. The results showed that operand’s
roughness can determine lower and upper bounds of different rough set operations.
They reported that roughness measure is an important indicator for decision making

applications.

58070
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However, in our view, roughness bounds of fuzzy set operations require more
investigations. For this reason, we investigate the bounds of roughness measures for
fuzzy set operations, namely, union and intersection that will be discussed and
established in Chapter 3.



CHAPTER 3

RESULTS OF ANALYSIS

In this chapter 3, we propose new theorems on roughness lower and upper

bounds of the fuzzy set operations as the following.

3.1 Roughness Lower and Upper Bounds for the Union

Theorem 1 (Lower Bound of Union) A roughness lower bound for the union of two

fuzzy sets A, B in U, p%%; with respect to a, f is

Pl 2 P3P + P -1- 2,

|Zac, (%)

where 0<f<a<land Z, = oo
e 71117

Proof. By Definition 2.4.2 and Property 2.4.1.1, we have

Py =1L Fa| L \IOT |
o Mu@p| |Mﬂu@p'
By Property 2.5.2.1, we can write
pap _y_ WLOT| _K“U@WZ%(%)‘
S T s o]

For any finite sets X, ¥, we have |XUYIS|X|+|Y] and |XuY|2max{|X|,|Y|},

therefore
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AL VB (F )
Pﬁglz:l“ —_—  — =
|MpU@,a|
o+ 2|+ |2 (2
=77
If |yplzl§pl,then
L ez, (2)
I
e+ 2w (2)
27|

| |2 [E<(2)
A

=1—

If |Ja/ﬁ| I@pl then ||:°;|| S%;i . We also have-%j =1-p%#  thus
o et 2 Ex(Z)
Piop 21 yﬁ] “@ﬂl |Mﬂ|

) B

PAﬂ"'Paﬂ 1- ‘Zé?)

3.1)

Similarly, if |§,3| > 135174, then

o

o4z, (V@%)‘
|4
o] |z [2(%)




2]

If |§ﬁ| > Iypl , then |:“| < %;i . We also have yﬂ‘

o 12| (%)
I

=1_(1_p:-ﬂ)_(1_p:ﬂ)_’5ﬁ

= p%F +pgﬂ—1——_sz"—_@. (3.2)

pils 21~

From (3.1) and (3.2), we get

|ZJY,, (% )I \
=

Pils 2y +pg’ ~1-

2

Z, (% )I
a7 17

Let us defineZ, =

}, therefore a roughness lower bound for the

union of two fuzzy sets is

pels 205P + pg? 17y u

Theorem 2 (Upper Bound of Union) A roughness upper bound for the union of two
fuzzy sets 4, B in U, pfjfB with respect toa, # is

1-pi’ 5"

2-(p3? +p57)

a,B
pAuB <

where 0< f<a <1.

Proof By Definition 2.4.2, Properties 2.4.1.1 and 2.4.1.3, we have

L —al_« _‘%auzal.

yﬁ Uéﬂ

szx =1-
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For any two crisp sets X and ¥, we have | X U ¥| <|X|+|¥| and|X U ¥|2 max{|X],|¥|},

therefore
pZ’fBsl—%“u—%"lg—max_{_l%“‘igal}.
&/pu@ﬂl |&/ﬂ|+|@p|
If]ga|2|@a|,then
; |82, 1
pub - =l .
A I.,Q/p|+|@p| Y p . XD
7| |l
/05
C If |, |22, ,then| ﬂ| < ﬂ|. Thus, we have
| |2,
1
=
pAuB ..,Q/ﬂ gﬂ
+
7] 12|
. | L |
Since we have p%” =1-=2 and 1- p%* =:==% thus
8 Ja/p| ? Mﬁl
« 1
pAfBS]'— 1 1

1= o7 1= pit
_ (=22 )(1-p57)
(1-p5?)+(1- 257)
(1-p5" ) +(1=02") (1= p5"* - £3* + P57 5"
(1- P57 )+(1=p5")

1-p2’pg”

"2 (5P + o)

(3.3)

Similarly, if | &, | 2|7,

, then

O - 1
s E T T B

Z,|



23

If |2Z,|2|7,|, thenI |! _l | Thus, we have
<l- .
pAuB Mﬂ @ﬁ
+
| |2l
S 4|
Since we have p5” =1 —-_“l and 1-p%* = =2 thus
& g * e
1
szn <1- 1 1

- pi7 " 1-pg?
. (1- o5 )(1-p5*)

(1- 57 )+(1-05*)
(1=p52)+(1-p5% ) -(1- 957 - 057 + P57 p2°)
) (1-p57)+(1-p5")
VA7 s

2-(p5” +p5”)

(3.4)

From (3.3) and (3.4), we get a roughness upper bound for the union of two fuzzy sets

1-p3"p5”
& (pA +pgp)

Palp =

3.2 Roughness Lower and Upper Bounds for the Intersection

Theorem 3 (Lower Bound of Intersection) A roughness lower bound for the
intersection of two fuzzy sets A, B in U, p5?;, with respect to «, f is

1 P’ - py +P§”PZ”

PR T () ()

pAr\B - l

s Fol+ 24, (%)

where 0 < f<a<1land M, =
min{|of o|.| 2.}
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Proof. By Definition 2.4.2 and Property 2.4.1.2, we have

a,p |
Pang =1
Ans Mﬁ@pl

For any finite sets X, ¥ we have |[XN¥|=|X|+[V]-|X VY| and, XY c X,

XNYcY then |XmY|S|X|,|XmY|S|Y|,therefore

o, nZ,| |
pAnB |Mﬂm@p| ’Z&/ )I
min{l.or || Z, |}

2]—— il = S .
S B %)

If |ga|s|@a|,then
p::'ﬁB— |M |
T T F |- B[z, ()
1

=1- =
|Mﬂl+|@ﬂl I&/pu@pl Ly (%)
N A N B

[%4] _ [Z4 152,




1
7| [B] [0 [24(%)
ol || | [
1
§ﬂ| +|§ﬂ| _|§ﬂ uéﬂl B z% (%)
| 12Z. || o7
1
L emlEsE]

(1-05") (1-22%) N

a.f
pAnB 2 1 -

Let we define MI&’ |= |Mﬂ U@ﬂl+ Z% (% )I
- ||

, therefore

1

Pj'r?BZl_ —  —
q s _|y,;u@p|+

(=68%) (=r5") o]
1
1 1
(1 _pj,ﬂ) =4 (l_pg,l’) _MI“_V;A
1
(l—pj'p)+(l—p§’”)—MI£a|(l—pj’ﬂ)(l—pg'p)
(1-p5°)(1-257)
(1= p52) (1= p5*)
(1-p22)+(1-p5" ) - M, (1= P37 )(1- P5”7)

1-p%’ - p5? + 03" p5” _ (3.5)

2-p57 - pi? =My, (1- 557 )(1- p5”)

L

Y=

=1-

=]

Similarly, if |&Z | <|7,|, then

25



|Za|

a.p |
Panp =1 |§ﬂ|+|§ﬂ —IZ'?,B uéﬂl_lz% (%)’

1

=1-

|Mp| |@p |§pu§p| Z%(%)

2. |2.

If | ,|<|,, then ‘———2—.
I l I a‘ |@a| Igl

(75|

2. 12

|—Q

We also have p%f=1-—=

|¥"‘£a| —1_p:ﬁ ’thus
Panp 21— 1
ZNZ N2 ZIC)
EANCARNER |Z.|
1
W= NF| [FovT| [24,(%)
EAMCH TN 2]
1
=1- —— — — .
hoSY S -—l&fﬂu@ﬁ]+ Ze (%)
(1-p5*) (1-05") 2|
Let us deﬁneMlg ]=|Mﬂu.@p| 2 (%)l , therefore
— l-@al
pAnB>l_ l =
1 1 |Mﬂu@ﬂ|+ Lo (%)

(-25") 1-55") EA

1

=1-—

1

(l_p:,p)Jf(l_p;,p) ~Mg,

26
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1
1-pg? )+ (1~ 57 )~ Mg (1- 057 )(1- p5”)
(1-p5* )(1- p5*)

(1- o5 )(1-p5*)

Pars 21—(

=1-
(1-p27)+(1- P57 )-Mg, (1057 )(1-P5*)
=1 l_p:,p —p;,ﬂ + p:,ﬂp;,ﬁ (36)

2-p5 - ps M, (1-057)(1-p57)

From (3.5) and (3.6), hence

1-p3” — p5”’ + 5" P5”
2-p3? - 5 - M. (1- p5* ) (1= p5*)

a.p
pAnB = 1 7

where M, = |§ﬂ U§ﬂ|+|—z—% (“@ﬂ)|
min{|%al, @al}

Theorem 4 (Upper Bound of Intersection) A roughness upper bound for the
intersection of two fuzzy sets 4, B in U, p%%,, with respect toa, B is

B ) B
Pare< P37’ + pgf =1+ 8.,

vz,

where 0 < f<a <l and S., =; \
&/h@ﬂl

Proof. By Definition 2.4.2 and Property 2.4.1.2, we have

S OF| | |0 D
Mﬁ@ﬂ| Mﬁ@ﬂ| .

Pas =1-

For any two finite sets X and ¥, we have| X N ¥|=|X|+|¥|-|X U ¥|, therefore,

af _|——"Q1a m@al_ l&al"'l-@al"l—&—/—au'—gial
pAnB_l ‘ =1- ‘ :
&/r\@ﬂ| &/h@ﬂ|
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If we have & N p gyﬂ or ' N p géﬁ,menl&/m@ﬁlsl:{/p’

or |ym@ﬂ[s|§p|.

Hence —= < %"J < I@A , and thus we obtain
Ja/p| Mn@p| 92,;| yn@ﬁl

||+ 2, |-, v 2,

a,p -—l
Pans &/r\@p|
el jml lelus
o B | Mn@ﬁ| 7 "B |
&/p| @pl Mﬂ@ﬁ|
From, p5* =1- ff“l and = | p5# , and Property 2.4.1.3, therefore
7l g
W l |?Za| LUZ |
pAr\B—'l
&/ﬁ| y,;] o % |
K OZ,|
=1={1= p%B)=(1< p2P )4 |21
( PA)( pB)Mﬁ.@ﬁl
LI,
T e R —————i ]
P+ py J/ﬁ.@ﬂ|
Let us define S., = L Z,| , therefore

P < 3"+ pg? -1+ 8.,
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Theorem 5 (Lower Bound for p5:%; ) A lower bound of the roughness measure

5t of A, B, and C in U with respect toez, 8 is given by

1

pAhBr\C 21- 1 1 1 S _7
+ + -S.-Z,
(1-037) (1-p57) (1-027)
% z ZNE
where S, = IMpu@n%ﬂl and Z, = ‘ @ ) ( " )l
max {7, |, |2 0|, | max {|.o7 ol
Proof By Definition 2.4.2 and Property 2.4.1.2, we have
A NFNE,| Iyam@amga[

pz;anC = 1~

&/n@n%ﬂ| Mm@m%,a' '

By Property 2.5.1.2 and Property 2.5.2.2, considering that if X c ¥ then

, we have
o e angangl 0 e ngozl
AABAC Mm@ﬂ?ﬂ ((‘Mﬂﬁ@ﬁgﬂ)“iﬂ(%mgﬁ)’
|M NZ, m‘5>”|

)

As for any finite set, we have|X U¥|=|X|+|¥|-|X Y| and by Property 2.5.2.2,

P:fanc IVQ/ 0o r\% | |
)
|7, m@ n%l
Ida/pl '@m%pl I&/ﬂU@ﬁ%ﬁ' |Z.gr %ﬁ )I
|, "B N

|&/ﬁ| +|@ 5| +[E 4| - |Z@ ,,] |ypu@m%ﬂ|—|2%(gg,mz§,)l'



30

Next, Consider thatXN¥NZcX, XNY¥YnNnZcY and XNnYNZc Zthen
|X Y nZ|<|X], |X "Y nZ|<|¥|and|X N Y N Z]|<|Z|, therefore

R 7y "B, NE] _
(T [Fo| ol -[Z5, (8)|-[7 s v T T |- [25, (5 0%)
max {7 4| ||, Eal}
IM[;' (5| +[& 4| |Zg l |Mpu@ngp\—"z"%(@,mg§)l'

If we assume that |7 ,| 2|&Z,|and |7, | 2|&, |, then

/S (S ——— max {7, |.|Fo [ Eal}
[+ Bl 75|25, (%) -
=
—lyﬂu@m%p‘—f%(%n%)
1

£ —E&/ﬁ(%ﬁ

)

)

A

e

[l 7 Bl 22 (5] [FruEoEd [y (50%)

+ + -
N e e R e e e |7, |7,

SN TN

Because of |ga|z|_@;a| and |_JZ,,|2|Z‘,| then|@ |—|M |’|g |_|v'3/ |,thus
—_—a —— _— _—a
5% 1
A B cZ = — — .
U] B o Pals) [7rowned] [y (50s)
EANEAN AN |7 4| |7,
y [ 4]
By Definition 2.4.2 and, we see thatly |=l Pz 7> , thus we have

a,p
pAanC 21

|J¥”ﬁ| I@p' |?ﬁ| E%(%)—|yﬂu.@ﬁgﬂl_2 (@ma’gﬁ;)
EZNCANCR N |27, ||

_—a
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1
pAanC 21- 1 1 1

(1-25%) (-57) " (1-0E?)

5 @)_[rumng| [24(505)

3.7
|| || 7|
If we assume that |@a|2|ga|and|@a|2|zal, then
o s medellmlled)
e A 6 (@)

- |Z.|
7 6| +|@ 5|+ [ 5|23, (& )|-[ 7 s vF A E 4| -2, (% %)
1
|7 |§zﬂ| Z4| 25,(%) [Fro@nFs _E%(@,n%)'
EAMEAMCARSEN |2l 2|

=]-

‘m

|| (sl 7] [

Because of |& i 2| |and|& .| =|Z,| then >
122 ot andl. ol e PR 2T

thus

1

PZ}anc 21 ST — ¥ .
I‘M”|+|@"|+‘g/’| Zs,(%) _|‘Mﬂugmgﬂl_ Zy (% 0n%)
el el el I =z

By Definition 2.4.2 and, we see that

pz;wﬁBnC 21-

yﬂl |§p| l?ﬁl_z%(%) |§pu@ﬁgp| IEJ(@G%’)I

ozl el 12l | &l 2
1
=l-— I, 1
(1-25%) (1-5%) " (1-rE”)
_12%(%| |Mﬂu§z’ngﬂ| |th, (g ne, )| (3.8)

2] 2| 2|
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If we assume that |€,| 2|7 ,|and|&,| 2|2, |, then

max {7 o .| F o |E )
o 5| +[@ 4|+ 5| -2, (§)|-| s VT F |- (2., (B %)
€.l
e7 U.@ﬁ%p|—l2yﬁ (% nZ;‘,)I
1
1| [%s| [Er]_[25,(8)_[7auF%| |25, (F05)
&l [Eal [Eal B €l €l

=1

a!ﬂ
pAmBnC

IREZRR

Ncasae”’

ELRTORZNET
EZ2REARCA N A

Because of |Z,|2|27,| and |&,|2|2Z,| then

1
RN 2O R G N 2
EI C5 N N €] €l

piBr\C 21-

il

By Definition 2.4.2 and, we see that
2| 1- P

27 thus we have

1
I A
EANCANCA RN 2] |l
1
D
(1-057) (1-05") (1-p27)
_|E% (%)‘_Iyp u@m%pt‘—Z—yp (93/’, m%)!
] €] €]

a,p
P ANBNC 21

=1-

(3.9)

From (3.7), (3.8) and (3.9), we get

1
pj;anC 21- 1 1 1

) M () B ey

-S.—Z,



[wovmaws]  [25(%)+Zs(%0%)
a|’|=a } max{|_%a|,|@a|,lga|}

where S, = -
max{ & |,

Theorem 6 (Upper Bound for p AmBnc) An upper bound of the roughness measure

ot Bnc of the fuzzy sets A , B and C in U with respect toa, £ is given by

pAanc <4-py or _pB pc -5,

|2, "D |+ "E| B NG|t v 2, VE |

where S, = , and
max{,%;;l,l@pl,'%,el}
0<B<a<l.
Proof By Definition 2.4.2 and Properties 2.4.1.2 and 2.4.1.4, we have
1_%(\@?(\%4 | HanZ, 0 & | | nZ, nE
Pitine = Mn@’ngﬁl Mh@m%/ﬂ < Jﬁh@pr\?/;"

For any three crisp sets X, ¥ and Z, we have

X UYUZ|=|X|+|¥|+Z]-|X " ¥|-|X " Z|-[Y n Z|+|X Y~ 2]

and

|X " Y N Z|=—|X|-|¥|-|Z|+|X " ¥|+|X " Z|+|[Y n Z]+| X LY L Z].

Therefore,

- Ja/a|—|@a|_ gal"".la m@.al

@h <1- =el i—al =
PAnBAC |Mﬂ ﬂ@ﬂ ﬁgﬁ|
|M NG| +| By NE |+, v P UV|
Mﬁﬁ@ph%ﬁl

Becauscof XNY¥YNZ c X, XNn¥YNnZ c Y and XNnYNZ c Z, then

XNYNZ|<|X|, | XNYNZ|<[¥| and [ X "Y " Z|<|Z].



If we assume that |:,Q?ﬂ| > |_§e—7ﬂ| and l§p| Zl%_’ﬁl such that

- _‘Q_/..arl_l_@;al—|za|+ %a mgal

ah o <1- !l =
PAarB~C I l
W NE|+H P NE |+ v Z, UE,|
Mﬂﬁ.@pﬁ%’ﬂ|
1T o] | Z |- |E |+ o 0 |
Ja/ﬁl
ly NG|+ B NC, |+, v F, VE,|
JZ//}|
R ANCAN A e AN RN
=1+ F+ -+ P e
ez Rz e 7
|Zan%| vz u%|
Mﬂl Mﬁ|

e 745 o o I@ﬂi Sl

therefore,

Lol Dl | ol | L0 B| |7, 0%

pj;anC St =

Mﬂ| lMﬂ| ‘&/ﬂ M'BI 1&//3'
@&, |Hav@, vE

g —

O I = I N et M Y

S| [@o| ol s [
|Zant| |z vEl]

e <7 4|

Since p’ $f = 1"'—0" , therefore

4]
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y CANCAN AN N A M H
e T ol )
|2l | B, VE |
O

=4-p5f - pg? - p&*
|JZ/ NG| +| Ly NG| +| By " E |+, v 2, ui”]

Z

(3.10)

If we assume that |§/}| ZIIYT/;‘ and léﬂ' 2|§/zl , then

pa,ﬂ <1- _‘--‘Z—a|_|‘;@ial_ga|+¥a m@al
AnBAC l%ﬂf\@ﬂﬂ%ﬁl
IJa/ NE |+ By "Ea| H v 2, V|
Mﬂm@pm%ﬂl
“%a|_|@a|_gq|+|%am@a'

A Lo+ By NCoa|+] e W F  VE ]
=7
§Z| &e| || I&r/mfl
el
REMal AT # u@’u%[
=7 =7

e J£d
2Nz

|_a| ‘%/land
(%]~ 74|

Because of |§ﬂ|2|:a73| and |§p|2|§p| then

therefore
Pis c51+|:"’| ‘@l ol | ZFa| |FanE|
~B~ | /3| ‘@ﬂl I@ﬂl l?o’*’p| |92pl
|ZanC| | F, V|
=

+
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y Lol |2l [Ea| |anFa| |7a0El
SN
|ZanZl |&/u@u?|
4| |
Since pg’ 7= 1—-%”1 , therefore
;

PANCAN AR AN CAT A

R 7 M7 o R 7 e
|ZunBe| | F, VE]
AR

=4-p5" - o5’ - P&*
A anZ|H| A nE JHZ |+ v, vE | G.11)

4]

If we assume that |§/z| > |:Q7ﬁ| and |§ﬁ| 2 |§ﬂ| , then

paﬁ <1_"|—‘9—/a|—|@a|—|g-a|+|ﬁam—@al
AnBnC SRV —z -
Mpm@pm%pl
N VB H Py 0 E| A o W F VL
yﬁh@pﬁ?ﬁl
Sl_—u%al"|gal—_ztr|+llan@al
=
+|%amga|+l_@amgal+|%au_@iauga|
%4
AN AN AN R AN
ZRZNZENT 5]

|§a”m%| |Ja/ u@’u%’[
R
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st|_|st.]
Nz

Because of |%/;‘ I&/ﬁ‘ and |%pl |§Zp| then I

therefore

(Lol 12|, [Ea| 5o 0P| [ LanZ|

a, ==
e R EL
2 ngl| ¥ uZ, uE|
=] %]
AN AN AN A NN
| (@] [Zs]  [E] /]
|Zang. |¥.vuZ, u%”|
2 5]

&
Since p%* = 1—-§“i , therefore
B

oo g e rangd lnE.

Po v M e B == .,Q/p| |9Zp| |<g,;| |gﬂl Igﬂ|
| Fan | |0 F, VE|

|§ﬂ| |§p|

=4- pA “‘pB pC
| 0 Z | H A 0 0B H P N Bt v 2, u%| (3.12)

&

From (3.10), (3.11) and (3.12), we get
Palsnc S4-p57 - pg’f - p&P -S.

|, "B |+ | A "B+ | B N E |+ v Z, VE | .
max{[o7s|.[& | [ |

where S, =



CHAPTER 4

BOUNDS IN GENERAL FORMS

In this chapter 4, we propose new corollaries and their proofs on roughness
lower and upper bounds of the fuzzy set operations union and intersection in greater

generality as the following.

4.1 Roughness Upper Bounds for the Union

Corollary 1 (Upper Bound for p5?, , ) An upper bound of the roughness
i 2 n

measure pf;;fj A0 VA, of fuzzy sets Ay, A3, A3, ..., A, in U, with respect toar, f is

given by

<1_ j=]

a.p
P AVAVA VA,

n n

> T1(1-#57)
Ji

where 0< f <o <1.

Proof By Definition 2.4.2, Properties 2.4.1.1 and 2.4.1.3, we have

AR AR S-S
S AN AU ARV A

A e
oy, U, 0

a.p =1—
P44, 04, =1

o VU U LU
—] ——d —a —
R PR IS PN A

<1-

For any crisp sets X, X,,..., X, , we have | X, UX, U..UX,|<|X||+|X,|+...+|X,

and| X, U X, U...U X,| 2 max|X|[,| X,|,...| X,

, therefore
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}

|Q,,|+|5%,,|+|5!§,,l+...+&_4,,l |

|Mﬂu%”u%”...u.%n max{%a ,

%

-4

—

..... 5y,

—1

<1- <1- 2

a,p
% AVA VA .04,

|§4ﬂuzﬂu3gﬂ...u?vzﬂ|

If I“_Q/ia|2|%a| Viwherel<kl<n and k #/ then

Jone Sl z"_"| —
AVA VA VA, J?/iﬂ +|%ﬂ|+l%ﬂ|+m+|%ﬂ’
=1- 1
. s + T +ot il
Yol 1| | | %%,
If o7 | 2|7 | then 20 < ”’l. Thus, we have
s e N2
Pa 1= 1
AVA VA VA, — =< ATRIEY . — e g "
: 4N s + i T i
Ll . |4 2
— — — —_—
Since we have p5* =l—-§;i and 1- p2” =-—%§—‘, thus
p:l’gAzuA,...uA,, <1- 1 1 ! 1 1
l—pj‘l’”+1—pj;”+l—pj;”+'"+l—_pjf
L (1-p82)(1-p%7)--(1-£5)

(1-p22 ) (1= 257 )--(1- P52 )+ (1- 257 ) (1- 257 ) (1= 257
+...+(l —pj’l"”)(l —pjz'p)...(l —pj’”’f)

[1(1-r5*)

=1_ i=1

i[ﬁ(l—f)i';”)].

i=1] Jj=1
Ji
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Therefore, we get

(1-¢5")
pA,uA,uAJ A, <1- - 0
2 10-43)
J#i

4.2 Roughness Upper Bounds for the Intersection

Corollary 2 (Upper BoundforpA RSPV n is even) Let A} Ay, As...., A, € U. An

upper bound of the roughness measure p%~, . ., of fuzzy sets A Az, As...., A,
1 2 ]

where n is even with respect tocx, £ is given by

n~1

p:;f\Azrx.nA l Izn;(l ) Z Z Z (1 pAl;f:AlzhA'J)

h=1 by =i+ iy =iy +1

n-4 n-3 n-2 n-l

AR AN B

B=1 =4+ =l =iy =i+

2 3

ale) W B M{ 7 Mo o WL S T

h=lh=h 1 iy y=h g+l

where
n~-1 n n=3 n-2
) (EARRTEAR 153938 300 38 (£74 )
=1 iy=ig+1 i =1 iy=i +1 =iy +1 § =iy +1
2 3 n
DD I W (£ n%am...n%_za) :
Er\even = =l h=h+1 i =iy 3+]

A VS V..U,
S,, = ==t—=1 —2.. 0<f<a<landniseven.
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Proof By Definition 2.4.2 and Property 2.4.1.2, we have

A, N,

=1-

a.p
pA,nA,r\..nA,,

For any finite set Xj X, X;....., X, where n is even, we have

X, UX, u...uX,,{=i|X,.|—X”°V°“ FX™_|X, A X, .. X, |, thus

, where

leﬁX N.NX |_Z|X| Xr\even_l_Xnodd

n-3 n-2
e _ Z Z (lX nX, |)+Z Z Z (|X,-l NX, NX, mX,-‘l)+

i=1h=4+ i=1 b= +1 =+ iy=i; +]

3 4 n
DD I (|X,I nX, r\...mX,.MD

A=l =i+l i =i 3+

n-2 n-1 n

x~e=% 3 3 (|X,| NnX, mx,.3|)

=1 =i+ =k +l

n-4 n-3 n-2 n-1 n
SY S Yy (lX,lmX,.zr\X,Jr\X,.‘mX,.sl)

W=l iy =i+l =iy +1 {y =l +1 ig=i,+]

2 3 n
+2. L) SUGEH (|X,| NnX, m...mX,”_II).

W=l =h+1 gy =i, ]

Therefore,

“FOm Lo U O Ve,

a.p
pA,mA,nA;n A= IN

where

J+

& NS, NSA N
Lo la ‘o fa

n-3 n-2 »n-l (

EAREA IS

b=l iy=i +1 =l +1 iy=h+]

i=1 =+

3 4 n
DI (%amﬁam...n%a‘)

W=l hy=h+1 i =i, +]

and,
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Mny m&/ m/ r\%
144

If we have Mﬁ%ﬁ...ﬂ%ﬁ gygﬂ, where i = 1, 2, 3,...n and » is even, then
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Corollary 3 (Upper Bound for p%# n is odd) Let A; Az, Asz...., A, €U. An
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CHAPTER 5

CONCLUSION AND SUGGESTION

To this end, theoretically, rough set theory, fuzzy set theory and their
connections are described and discussed. We formulate roughness lower and upper
bounds of the fuzzy set under union and intersection operations and prove true. New
theorems of roughness bounds for fuzzy set operations are established and prove true
theoretically. Interestingly, the acquired upper and lower bounds reveal hidden
relations between rough set theory and fuzzy set theory. The bounds of such fuzzy set
operations can be determined from the roughness measure efficiently and accurately.
The results are several useful indications of the roughness for the fuzzy operations
involving two or more large fuzzy sets. This is beneficial for many applications in
pattern recognition and image analysis problems.

Some open issues can be drawn here such as finding and developing a
mechanism or an algorithm to identify roughness bound in real applications (e.g.,
pattern recognition and image analysis). More importantly are the extensions of
minimum roughness upper bounds and maximum roughness lower bounds of the

fuzzy set operations.
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