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ABSTRACT

This thesis proposes a new algorithm for pruning unnecessary hidden units away from
the single-hidden layer feedforward neural network. A neural network having more hidden
units than necessary may not generalize to the data set. The proposed algorithm is simple and
easy to implemenf, yet produces a very good result. The idea is to train the network until it
begins to lose its generalization. Then the algorithm measures the sensitivity and automatically
prunes away the most irrelevant unit. The sensitivity is defined as the absolute difference
between the desirable output and the output of the pruned network. Unlike other pruning
methods, the proposed algorithm is distinct in calculating the sensitivity from the validation
set, instead of the training set, without increasing the asymptotic time complexity of the back-
propagation algorithm. Three artificial and seven standard benchmarks are applied to test the
algorithm. In most problems, the algorithm can produce a compact-sized network with high

generalization ability in comparison with other pruning algorithms.
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ex) = yar) - yi@) (1.4)

Taefl y,(p) Ao sueiyniidesmsveamizoeninn & dwsugadoyn p

S
PINUUATUIUANAANVDIAANAIA

Awyo) = 0. 30) - O,(p) (1.5)

g as \ ] - '
iie @ Aedns1lun1siSous (Leaming rate) alsndsziiantoo wu 0.1,0.2

¥ » v 3
niniwihmsdsuaniminfigentueniynilisou

wyo+1) = wyp) + Aw,) (1.6)

o

] ¥ 1 d
dmviisounegnielusugeu MinnuminsufouRanain (Error gradient)

&
u

e

!
o) =y® - [-y®]. Y.5,(p)-w,(p) 1.7)

k=1
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¥ [ Y
furuawanUoInIRaNaaLas i ImsUsuanihminniseufutinsousou

Awp) = . xp). O ) (1.8)
wp+1) = wyp) + Aw,p) (1.9)

1 4 » ¥ i 4
. meawlusoumsvudshl  smmivaunduTunduaeu @)  wasvidims
) [ 4
mamsunseiatoulvlunsngadiueie (Taodsnd WnezldmAanaafidu

1 [ P ] o
enimilanioonitaiguila isu 0.001 dudn)

sndetuTassolssamifomy s welduAtlynudndngdn-ood
(Exclusive-OR) fanaaelumsnedt 1.1 tazguii 1.8 fmualidaussmaaiimsudude i
w,;=0.5,w,,=0.9, w,~ 1.0, w,=1.0, w,=1.2, w,=1.1, 008, @ = -0.1 uaz 8,03
wenINg A lduafnduilsdfudumudnuosd  (Sigmoid) 1z ldkasand

AANAIAUARIAeT09 (Sum-squared error) (HuiAsUAIUMAANIR

H o o
myni 11 uaaadeyadwmiulynudndngdv-oes

Xi X2 Output (ys)
R 0 0
0 1 1
1 0 1
1 1 0

Xi— 1

Xo0—» 2

» E 4 »
Fudunm Fuaou Fueminn

i ' S A -
UM 1.8 Tasehedszamifsuuuamsu e ldudilgnidndagiv-oos
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a v Y & o o) Ay I4 o
suduvinmistloudeyagefindadia x, uaz x, du 1 uazlisneniyn y,s 11U 0

¥
o o ° ’ I4 = o o
VINUUMMIATUIUAUDIMUNYDIUITOU 3, 4 LIBT 5 AU

y; = sigmoid( x,.w,, + x,.w,, — 03)

-(1x0.5 + 1x0.4 - 1x0.8)

= 1/[1+e 1=0.5250

y, = sigmoid(x,.w,, +x,w,, — 94)

~+1x0.9 + 1x1.0 - 1x0.1).

=1/[1+e 1=0.8808

ys=sigmoid(y, w;; +y, w, — 95)
-(-0.5250x1.2 + 0.8808x1.1 - 1X0.3)]

=1/[1+e
=0.5097

o 5,' Y a d' YA
ﬂ\‘luuﬂ'INﬂWﬂ'lﬂﬂ‘lﬂﬂfJ

e=y,5—s=0-0.5097 =-0.5097

' » »
- Juapuae hitumsisuimiinuazaimsslsasaiusiianaiaiinsznondu iy

¥ vy ¥
TuTaseindnnumnsfeuianmadimiviiseu s Adueiynaail

0.1

55 =J’5(1'y5)e
= 0.5097x(1-0.5097)x(-0.5097)
=-0.1274

v ¥ ¥
nniunmurunaarvenimin lasauyalioasinisSoud (Leaming rate) Tim

Aw35 =A.y,. 55

=0.1x0.5250 x (-0.1274) = -0.0067
AW45 =a.y,. 55

=0.1x0.8808 x (-0.1274) =-0.0112
40, =a. (1.9,

=0.1 x (-1) x (-0.1274) = -0.0127

¥
ﬂﬂhlljﬁ'lﬁ‘lu'quﬂ'lﬂi'll?]UNNﬂWﬁ'lﬂ TmTuNIsOU 3 Uaz 4

53 =ys(1-yy) . 55- Wss



= 0.5250x(1-0.5250)x(-0.1274)x(-1.2)
=0.0381

0,=y19) . Os. wyg
= 0.8808x(1-0.8808)x(-0.1274)x(1.1)
=-0.0147

S wames i
Aw,3=06.x,. 53

=0.1x1x(0.0381)=0.0038
Aw23=(x.x2. 53

=0.1x1x(0.0381)=0.0038
40, =a. 1.0,

=0.1 x(-1) x (0.0381) =-0.0038
Aw,4=06.x,. 54

=0.1 x 1x(-0.0147) =-0.0015
Aw24 =0, x,. 54

=0.1 x1x(-0.0147) =-0.0015
A6, =a. 1.0,

=0.1 x (-1) x (-0.0147) = 0.0015

4 o 1 Sv o 9/ J 3 o Yy ¥ 1 9 dy
qaney ﬁnJiumumuﬂTﬂumnmummam\mmmm"l'ma'maunmu

Wi3= Wy +4 W3
=0.5+0.0038 = 0.5038
Wy=wy,t 4 Wiy
=0.9-0.0015=0.8985
Wy =Wy + 4 Wis3
=0.4 +0.0038 = 0.4038
Wy =Wyt A Wos
=1.0-0.0015 =0.9985

Wi =Wy, + 4 Wis

13
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=-1.2-0.0067 =-1.2067
Wy =W+ A Wys

=1.1-0.0112=1.0888

6,=0,+46,
=0.8 —0.0038 =0.7962
6,=0,+46,
=-0.1-0.0015=-0.0985
0,=0,+40,

=0.3+0.0127=0.3127
L [3 v

yuaumsiiaud ldiFos  sunssiawasaumAanaInent1sedes  (Sum-

J ' i o YR
squared-error) UAMTOUNI 0.001 JUA 1.9 wamsnsmveamsSouilanduaruduiug

J o o o ° g v H =
syvInNmaTAIRanataoniaeaes  uazdnusounldlunmsinlasswlssamifion

o o o ~ = ] o

dwmfudynudndnagiv-oei (Exclusive-OR) Insaiiwlfiniiusen (Epoch) Uszana 224

a4 . o o g a
N0 IUIUTDUVDINITIUNT 896 if)UﬁlUﬂ'ﬁlingﬂlGQ'ﬁﬂuww

9

10°

10

10

Sum-squared error

107

10*

0 50 100 150 200
Epoch

37 1.9 nsdveamsFouidmuilami Exclusive-OR

1 d [ [] L 4
animingaieiis 1denTnsaeiignilnudraunsonaasidnadl

w,,=4.7621, w,,= 6.3917,
w,y=4.7618, w,,= 6.3917,
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W,y =-10.3788, w,, = 9.7691,
0,=7.3061,0,=2.8441, 0,= 4.5589
dmsumadnindenniiloudoyasuyndr U uTnssegaite  aunsoudadld

lumsnn 1.2

:; o o 1 [ P=] °© 1Y o o A o
MITNN 1.2 UTAPAN N'ﬁﬁWﬁq‘ﬂVI‘]U‘UﬂQTﬂﬁ\ﬁﬂﬂﬂiﬂfﬁﬂl’nﬂuﬁ'rﬂ‘J'Uﬂilluﬂ'llﬂ ﬂ“ﬁﬂ@%ﬂ-ﬂﬂs

(Exclusive-OR)

Inputs Desired Actual Error Squared error
Output Output
X %, Yq Ys © ¢
1 1 0 0.0155 -0.0155 0.000240
0 1 1 0.9849 0.0151 0.000226
1 0 1 0.9849 0.0151 0.000227
0 0 0 00175 | -0.0175 0.000306
- Sum of squared error 0.001000

143 HadFusnnusAanan
HarguduiudiAanatn (Bror function) flsyTomilumsszydszansnmaea
) o ¢ v aa o Y 2A o 9 Y1 a Sa v o
Tnsee  Taeinguszmedvessanessuutansenungunnevih imAanaiaillinniosiiqa
Hlandudnnamdanaaiiionldmunaiigalumsinlnssthedseamionde  wasaum
HANAIAUNATAITDY (Sum-squared error, SSE), ANNAUAINANAIAINAIAIADY (Mean-squared
error, MSE) (ag 31nNaeevasrundonInana1nonfinedes  (Root-mean-squared error,

RMSE)

Amuald e,m) AomRanmaiifiaduiiisou k iueniyndmSuyadoyarng »
N, WASINAHANAIAYNAIAITO (SSE)

iiesnnAundsvesnannvesnuRanmadmiuiiaseu £k gadmuallividy

Fod
[

l ] o @ { \ 4 t
—2-e,f(n) AU HasWAIHANAIAINAIaIT09N 14910 TINAURABYBIHAA VDAY

[ 4
AananveInaiaseusuemiyniiaumty
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1 4 - 4 &2
SSE (n = D ei(n) Wio X Aviiaspunanuafiduening (1.10)
kek

V. AURAUMIRANDINENAAITDY (MSE)
AURDUAMHANAIALANTAITBANADINAITHIAURAYVDINAT INA NN TUVOIHAA

a - 49 ¢ & da 4 o
VHATTUHANQIANNTUITOUNTUIDIMAN FINATAURDYVYDI SSE UUIB

N 2
MSE = %Z SSE(n) iiie N fiesmiudoyayarin (1.11)

n=1

TasnanmanasmmAanmagniidadoss IiniRana1aveiinsoummiym
ﬁy'wuﬂTﬂﬂ"hi"lﬁ’ﬁ1ﬁq6’\161u'.1usu0wm’fagaﬁ‘lﬁnTme‘hﬁﬁ‘lmumnﬁamﬁua’lﬂ fn
Rawmafi ldere lrssmiudnin - Sandeususindsmaanmaondadossiiunsan
MARNMAYBLTITEO T NI UINGY FueudamuBesuazindedeniwasoue
Aanaasndidedes — udiilosvnmasnnaiidudeuniwesimismianainsnidanos

Y @

- 82 a 3 d' o o @ L) A Vv :; A )
ndveiivunaassldnuadsidanmaniideresgnoud uaiine lonso

A, InfiaosvesnundumAanaIAenineq (RMSE)

HinfiowostumismAanmauniidadeos fomemmniiaesfiiluuanues
Aumdsmfananeniidenes  fedlunsuennimumnivomnnuianna lddensly
Mdmviivnnhiaumaviiianaiaendidades TawsnammAssmiawatnunfdecesesd
Aoy c'ij'imwv'iﬂﬁ"'lrﬁtﬁﬂﬂmmmndnﬁummﬁmmﬁgnﬂmﬁy snfumsmnniiaesves
ﬂ'mﬁ'mhﬁﬂwmﬂunﬁﬁaaawzﬁﬂﬁmmmﬁﬂwmﬂﬁﬁwmn?jyu%umminﬁ’amqtﬁumm
unnsevosd v idoiedanu st lsiam sinfidesvesrimieafianamonideaouns

AumdvmAanaInsnfdroslianumuRsuiusuansa lFuunuiu'la

N :
RMSE = /%ZSSE(n) (il ¥ ipdmaudoyayann (1.12)
n=l

° Y ' a - ' s oo Y] a
ﬂ1"uﬂ1ﬂTﬂ5\1‘[]101]53?”1/1“’1311llfﬂllﬂ‘LI'JEJLE]'W]W‘V]llﬁﬂll%'lu?uﬂﬂqqlﬂgﬂﬂ‘l%‘aﬂ
' '3 at o =1 M & 3
Tﬂ‘fi‘l‘ll'lﬂinlnu 50 ‘I’J’Glgﬁ 'CTJJHV]'J'] U TOUVINTITNINIUYDIULUANITORUNT U LS ﬁﬂ']la'lﬁﬂ'ﬂ

934 (Actual value) IagA O MWNHABINS (Target value 130 Desirable value) #an15197 1.3

t



d‘lﬂnnom{anmq nizsoundamnss 17

H v a ' { ° ar 1 L 3
MINA 1.3 tdasnuemymasamzaue M miidoamsdmsumitse iy 3

voelnswslssaminon

Output unit Actual value Target value
Outputl 1 0.8
Output2 0 0.1
Output3 0 0.2

mmminf'i1mmfhﬁﬂwmﬂuumhmmnﬁuumﬁwm{q 3 18
n. HATINAIRANRIAUNNIAINBI(SSE)
SSE =[(1-0.8)" + (0-0.1)’+ (0-0.2)"1/2
=0.045
v, AunAvmAaNaIenA1RIT8(MSE)
MSE = SSE/50 = 0.045/50
= 0.0009
A, TInfidesvesrunaumARNAIAUNMAIT0I(RMSE)
RMSE = MSE
=0.03

d a o Py
1.4.4 (onAnFUNINYY
udnAnFuilensu (Activation function) 1B WaAFun I mAneniymuesiasouny
[] ¥
uTnsevrsdssamiisuiimnunsnaryiauanion dnusulifissge S oawriiamniu
(mydmSvnaflsidugauanlugii 1.10) aungidesudadnduiledsu fomsily
ireumolulasodseamifsntuiuy hiFadu  Nonlinear) otz Tnsetie
o ° (c:o (=Y 9) Yy 9 a oo 1 9 (] -~
seasumsinuvesilansuiGadu’ld JoyaurilalisavuziuuouliFadu wu @dea
antunsieslszynd 19 Tnseaholszanmifon lumsudilymsutunesdeain i Tnsadofl
auanidunuy higadu
. Wanvuad (Step funétion)
Y =1,if X>=0
Y =0, if X<0
Py 4 . .
v, WINFUIATOINUY (Sign function)
Y = +1, if X>=0
Y =-1, if X<0

87121
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sw a 4 . . .
A, Wandudnuova (Sigmoid function)
1
1+e*

t 4
eyt 1]

Tamuvesilandusiiaiifintegluta [0, +1]

Y=

A Aensugudu (Linear function)
Y=X

9. Waddulanles Tudnumudus (Hyperbolic tangent function)

= tanh (x/2)
Tannmesilafsusiinfiimediuga [-1, +1]
. Wqﬁ‘j?mﬁni Tmuvigvaay (Negative exponential function)
Y=¢~
Tﬂmummﬂqﬁ‘x?umﬁﬂfxyﬁﬁwg:‘lwxhq [0, +INF]

¥, HanFusonausindg (Softmax function)

eXi
e
i

td
o ' 1

Tanmwesiladsusiiatiliarngluga [0, +1]

Y:

' s o g a o o a 1 a
AVHANRNNLDSANUIY N'l&’ﬁlJfT'lHTlJlLﬂﬂﬂIQ‘HNWQﬁ"KH‘BNﬂﬂN‘] TIWITNDTUY

n’: S o @ & J ) aa ..
n. MilsndumaduazlaidumssmunegniFoninileaisuaiaain  (Hard limit
function) Tnen7 lezgnldluaumsusndszianuazmsead giiuuaieg
o o ' { J { o 4
v fansumadesfdueniynilisin  lusaziadduniosminsannsald
v yn’:
arldsaunazuan
o a ¢ a 4 s yyd Y g o a
A, nvudnuosduladuyndannsoliar ldnanuazanldeglusmaueia
' @ a d 1 2o :
seMan 0 ez 1 WenduwilafignBondudiuieddumnsguildonlu
] { o a, =1 o
TassvisdszeniisuilédanssTunuuudiansewundu
20 - Y sa v o’ T aw 't a e = :w 3 - o
. ddududuindaweniymontumduyn Feddurilaibinldaudeatums
UszuuamuuIduAse (Linear approximation)
o a CY ] o ]
v Heidulanles TuanumuduitngnlFaulumsissnnudalumsfin Tasaie
szamiion  Tasmnezldlumbsidiumizedou  munsaldauldang

Hatvudnussd 11099 1naNNaUINSYEI AT
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do & o Pa=) ° [ ] ] A g P} Y
9. Awnsudns Iiun@saauninesdvsunilssouniulssianisifea-uaa
. . 4 L] L4 =" r . -
(Radial-basis) FUNUICH mivumMsInTEiay (Numerical analysis)
s s d & o  w oy ° 1Y
¥, Hendurandulngmnzdmivilymndesmsswunilszinnvesdoyasonin
] I~{ 3 Y o
dluanminzilu Wil Nedduzerdulndannsaldluilymmsuonssian

1 'y o aa A v ' ' a 7
megaTﬂu"luﬂmmﬁmﬁmsuumJsxm‘naummmmu YU IUIUDIT-INA-DO]

Hudu
Y 4 Y 4
Hop— +1
0 X 0 X
-1 -1
o d M &
Hansuaidil Hardumssanang
Y 4 Y 4
- onn I al /e +1
0 X 0 X
1) -1
Hardudnuosd HAanFuFaudu
Y 4 Y A
+1
0 g 0 "
-1
Hargudnd TiuuiiFvaay Hassulanlod Tuanunudust

31N 1.10 uarmans e Activation functions
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14.5 isounuyiunes-mn-eoa
a R g A ° o o -
Jutuei-ma-eea  (Winner-take-all)  HuIFnmssumntszinndmivmsSouing
' v e ' Is = L. . 3 I's a
MIUYITUAUTEN IO MYNIITBU (Competitive learning) Fevzlifivusninniiasouden
' . As o & 1 4 A a0 i‘_] /3 o a 4 4
mniundautunin  dunmdsslinutuguéianun  vannsvesdumes-ima-soa Ao
a 1 a ' d a o 1 - >
asaverouynqeinniison uaznSoufsugiihsoulalinudafniugeiiqe thsowiu
Yo PR 4 a a o) ] 3 o ] o a
vrlddnsiiandunilaiivsirsouoainiu mudedutegali 1.1
H ) 1} o é ¥ L ¥
Tugd#t 1.12 urasmisseniynezasuaussmsituvemilamizoduwn Tnaoud
smiseBunnIzneeInszqulimizrue niynassines Iimauazezdaviaming
o A =Y g 1 9 Yo v o A s d a ° Y
ewivmoug i ilyvesauedhilihon dufumibeduynindaussigaesintimiae
4 Ho 14 d a o - ° v * (4 A e d a o °
eniynnduginueaantugigaasi Iimizseniymouqiswonansuaadias luun
' - 2 2 edo Y o w o ’ I'4 o A &
Taseigonimsmuaamiminmundundinuioe myna e (Self-loop) tiveiiums

wuauatssvedInsssdssamiion duaaalugli 1.12

+0.7

= +0.2

© +0.1

3-inA-9940

L4

Juue

717 L1 ramamsiauvestiaseunuyiuues-ima-oea
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' N o' ¢ i o ¥
U 1.12 uaaens [dgUndadmdies (Self-loop) el umsiinanm

“

=) ' I
rdesvee Insselszamiion

o @ ° a it & v H 1 g a o
AMFUMIMMUUUVVINY 2UNANTANTTITOU 2 MUENTADNANTUGIYA
' w @ ' ' ° a o o v [
iy radwivesTasaiiservez lignimuanaziiansady ldadunsgnhaeniynues
:1’ a [} =1 1 =) @ v a o &
varresinseu o6 lsna Tnssnlszamiismingnldanuluszuuneniamosoynsy &
g i ilymidananualy
Y1 aga o PRy 1 " Y 'nddydsssl = o A
w1383 ues -ma-eoaviluisnG sudionas bidudou udisiinideids ude
Y o @ 3 a o ) ' o A ' ' v Jey Y
mAnhminuazuaadnFuiliiyuve s myngnidensdis bimmzay wadninldern
' v 4 a ) ' I
Tignnsovendsuanvoamsuentszonla  Flummauudusidesmsmizoioninn
- ' = A dlral lgiid = o @ 9 a Ay ifd A
WsamiuRgniawdadnduiniuuingaiiqga dmdudeyasunnniinuiumdoiios ms
¥ ues-ma-seanivne Iinemsgadenruaunsalumninnedoyandaliinowuin
. 2 Zlug 4 44 P
nou Fusrensoud lu 18 TasmsiiugUidaudandaies (Self-loop) 1 Tintsominn ¥

o q VY a A A )
ga’Vl'ﬂﬁ lﬂﬂﬂ')']i“ﬂﬂlﬁﬂﬂu’]ﬂlﬁ’]ﬂﬂ'ﬂ

1.5 YOUIUANISIVY
v v
vouwavosnuIve luinninusimnsoesueiiudon 1ddane 11d
n. a¥ganessudmsuanduIunulssouves Insaelssamiten
V. UIUNUITOUNANAILABANNTURUS N ADANADINUAUAANAIAYDY
° 9 o A W af =;o 9 o @ ] v 9o
msvinnedeya  MunedanessumindusszAsataniseuli 1dsuou
wn TagInseiodssamifiondearnnsainnedoyaldedgndeainy
.w v
gousu'la
o z 1] " 1] = = o A z 1 ":
A, MUIUTUYBIMHIEFeUne U Iaswelssamimsuiis v un ey ummiy

o ' = ' - o é ' A
d. mswgmmﬂl’fay,aauwmmzHuwauvmﬁaﬂymzuuwuwmwuq
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dmsuilymimsuemlszian  (Classification problem) Wl MWNUNUMNT
womlszaniuY 1-of-n vufle ﬁwﬁammﬁw'n n mihedmiudeya n Uszinn
wazdmhuewinnladiduiunila miseent N maamﬂmumtﬂuﬁuu
Tasstholszamifleniiaunsal#ldmusanessuiiinausszdoaiiuTnsse
szamifioniifinstloudoyaludranh (Feed-forward neural network)
msfmsamisdouvessanesuiueiidnuaziuuisaiiaznitamie
adoulidous iedloaru il Tassvrelszamifion 1d7unansenuann

aunu'

1

=1

aanasﬁnmﬁmam1munu’;wau%mmu"lﬂnﬂmmnﬂamam‘hmu
Yoy amammu (Validation data set) mnnwa (ﬂsvmmiaﬂa"tjﬁnmmowaua

‘YN'HJJﬂ) uaziinig ﬂizi)’lﬂ"llﬂ\i‘ﬂﬂylﬂﬂﬂ'l\iﬁil'llﬁnﬂ

1.6 TUADUVRINITAN

;’,' av a a (d" = Yo 0 ;
TupaumIAnEIveuITe luAInetinus tas oot ladene 11

.

=

2 B 2 =

=2 Sldy d' d' 9 o a o ] - v =1
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ae aa £ Aa9 0
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ymsnaaes TasldauyRgnvesdunedeiimiousvanisssuiinmde
nSvuifvunaminaaesfuaniietu
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2.1 NUNMIUNUVININTIUBI

Y asf ) @ v ] =1 =1 ]

oaneisudmiumsaaving lnseaiveslnseelssamiiouiiogaoasznn

' A o A W a . R 4 A 9 ' s
Tngjs) Ao AouasanWdaneitu (Constructive algorithm) [1] FuFuAUNINTATIIWHTVIA
=~ : 4 A :1 @ [ ' 4 > ' a
1009 mﬂuuﬂauqmnumunﬂ?a'nmwam%’ﬂﬂﬁ'auqauni:mTﬂswwﬁuqnyﬁu
° 9 - 4 -~ &a' [ asf . .

anuansalumsvinnedoya danilalszinmaeonsuiieeanossu (Pruning algorithm) [2]
& A v T oAa ' o 2 1 o w ] ] :' o Y 1o ﬂ
¥eezisuAUNIN Insanendunalng - mmiudsneshdanidegeunaztimiing luduilu
oon 11

inmedsnezidaniedeui iniueonlvnlasewie Wy Mozer g

Y o © ad o A & ° ¥ ] [] A o w Vv
Smolensky [3] "lﬂmmumn Skeletonization FIVENINTAUNINUIYFDUNUANNTINY UDY

'
s 1

1 E4 H
nqalasguinransznuniidemAanainnnmsdnlaswio imiudasisantleaound
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Yi-j(P) = 9(X;_;(p)) (2.9)
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Module ValidationError ()
(Precondition: ADj must be initialized to zero)
1 For every valid. pattern p
2 For every hidden unit j
/
3 Xj (p) = zwlj(p)xl(p)+gj(p) /* PJI */
i
4 “hj(p) = @(X;(p))
5 For every output unit k
J
6 Xk (p) = ?wjk(p)'hj(pﬂek(p) /* PKJ */
7 Yk (P) = ¢(Xx(p))
8 For every hidden unit j
9 ADj (p) =0
10 For every output unit k
11 X3 (P) = Xx (p) =Wjk(P) hj(p)
12 Yx-3 (P) = ¢ (Xk-5 (D))
13 AD; (p)= ADj(P)+|0k(p)—yk-j(P)| /* PJK */
14 ADj = ADj ap ADj (p)
/* Proceed to the recognition error rate calculation */
End.

3UN 2.3 madauasluga ValidationError

A o ]

Mmuald 1

AT IMIUYEINILBUNN, J Admauveamiidedeu, K Aod1uiuves

] Is ° ad a @ . . o
HUWILIMUN, LA P ﬁﬂmmummuwmmummmu (Validation patterns) ﬂ')’IIJ"]ﬂJ"Isflﬂu‘ilﬂQ

v v 3
Tusunsuisasanossuilunail

O(Original module)

= O(PJI + PKJ)

O(Modified module) = O(PJI+PKJ+PJK)

= O(PJI+2PKJ)

= O(PJI + PKJ)
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MINN 3.4 MsmAmssleanimunzanves o1 (B)

OF’s threshold (£) Std.Dev.
F] 61.54 0.25
F2 48.0 0.18
AC 51.72 0.09
Iris 165.0 1.21
Cancer 94.44 0.51
Diabetes 30.0 0.10
Heart 28.13 0.09
Wine 170 1.78
Credit Card 38.75 0.34
Isolet 1300.0 56.20
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MINT 3.5 meinemnnugydusumesda lamduRanaavearens

ATIVAOUNLVUIAANE
Monitoring The number of wrong predictions
period (epochs)| Iris | Cancer | Diabetes | Heart| Wine| Credit| Isolet
5 4 6 7 7 4 5 15
15 2 4 5 6 3 4 9
20 1 2 2 2 3 2 4
25 0 0 1 1 0 1 1
30 0 0 1 1 0 1 1
35 0 0 1 1 0 1 1
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4.1 MINARDY

HaMINARDAIRATINMISINABHAT AN NARBaNYA 30 Atalasldaimin
Guduuazsnumizegousuduiiunnseiu mswﬂaaw‘iy'muﬂgnnszmuoduuﬁﬁﬂﬂms
oui (Leaming rate) %29 0105 Tnsevwit lRuazsanmsinnedoyaiiadmivuda
Taymignuaraslumsnii 4.1 mianmafudaclumsamnedsmnasuvessianmaids
@03 (Sum-squared error) uAd MV F1 uas F2 119 umdevessianainiidanea
(Mean-squared error) TM5UBATIAANAIR (Error rate) nmuﬁﬁmwmq’fagaﬁTﬂw\iwﬂﬂﬁ
duinnea Tuilgmiibilsdymisuundszon @1 ez F2) s lWuaasisasianan

oann Tuansoduaa'ld

MINN 4.1 wansnaassii lonathimudunada luuaazilym

Final # of Training set Validation set Test set
Problem ) :
hidden units| error | errrate| error | errrate| error |err rate
F1 Mean 2 0.0211 - 0.0255 - 0.0318 -
SD 0 0.0106 - 0.0176 - 0.0163 -
F2 Mean 5 0.0230 - 0.0249 - 0.0285 -
SD 0 0.0018 - 0.0007 - 0.0019 -
AC Mean 3 0.0254( 0.0266 | 0.0272| 0.0286| 0.0281 | 0.0300
SD 0 0.0240] 0.0251} 0.0639 | 0.0642| 0.0098 | 0.0095
Iris Mean 2.25 0.0110f 0.0126 0.0138| 0.0145| 0.0142(0.0146
SD 1.09 0.0067] 0.0098 | 0.0027| 0.0056 0.0020 | 0.0021
Cancer | Mean 2.43 0.0113| 0.0100| 0.0160| 0.0183( 0.0180 | 0.0200
SD 0.23 0.0096{ 0.0048{ 0.0053 | 0.0043 | 0.0077 | 0.0069
Diabetes| Mean 2.16 0.1823} 0.1898 | 0.1832} 0.1935!| 0.1957|0.2144
SD 0.98 0.0045] 0.0051| 0.0230| 0.0039| 0.1516{ 0.0061
Heart Mean 2.27 0.0932] 0.1148| 0.0979| 0.1554| 0.10810.1751
SD 0.21 0.0133] 0.0068| 0.0051{ 0.0107 | 0.0019| 0.0054
Wine Mean 4.53 0.0016| 0.0017| 0.0044 | 0.0050 | 0.0057 | 0.0068
SD 0.96 0.0061{ 0.0062| 0.0055( 0.0021 | 0.00301 0.0039
Credit Mean 3.25 0.1026] 0.1113{ 0.1061| 0.1115| 0.1095]0.1119
SD 1.24 0.0030} 0.0041| 0.0932| 0.0126| 0.0310] 0.0200
Isolet Mean 20.28 0.0115] 0.0101 | 0.0490| 0.0507 | 0.0500(0.0510
SD 0.74 0.0058! 0.0087 | 0.0070| 0.0115| 0.0054 | 0.0059
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Number of hidden units
oON & OO

Generalization loss
O~ NWE OO
e
—.
e
—

1 28 5¢ T8 101 126 151 176

140 hiddent -~ -« -+ hidden2 —- — - -hidden3
1201 _fiddend —--—-hidden5 ———hiddent

Activation difference

176

....... validation error rate

training emor rate

Overpruning indicator
= 2NN W
oMo ;MO O
—_—— NPT &

o

31 4.1 dednnsuanravesdanesiumhinudunadadimsuilyni Diabetes

42 msnfSoufouranisnaaseiuiTou

Tiadel]  sulfeudivunovesdanosumhifusumasasusanesiulunts
f'iﬁﬂnﬁ’wcﬁauﬁlﬂuﬁi'ﬁn 1ufi® Skeletonization [3], Optimal brain damage (OBD) [6],
Optimal brain surgeon (OBS) [7], Dynamic node decaying method (DNDM) [9], Magnitude
based pruning (MBP) [10], Variance nullity pruning (VNP) [12] ilag EPNet [18] dIMTVI%
OBD, OBS, Skeletonization ttaz MBP gna31913uda0gluTisunsudiasansitau Stuttgart

4 1 4 []
NN simulator (SNNS) aatiu 1573amaassitimarfiuuTusunsy SNNS d3udtouq sniwa
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dmivilym Heddu F1, Aefdu F2 uar AC (Anificial classification) Qn
Wisumsududanesty VNP wamsnfSouiioulunisni 4.2 uazsili 4.2 aunsotwenld
b 4 v
Fanuiniiaesdaneisulinnuannsa lndifsaiulundvesmnnuAawarauuus undgen
MANABIVBININATOY  (Testing mean-squared error), BATINVINYNABIVBINITNATOY
. ° ' ] - ¥ @ o do o aad
(Testing accuracy) HazduIUveIMIsaou  Tagnad la9ndanessumhisusunagaoe
andimaves VNP idnfeu 5 @S suidvusans3suminauessu vNp luynqgadoyaiid
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) i 4 ¥
(Local minima) fimsfmuasusuauveniminganszilused liminzan [17]

MINN 4.2 MTSoufisussniig VNP uasats A uSunasa

F1 (1-2-1)

F2 (1-5-1)

AC (2-3-1)

Final architecture Testing MSE Testing accuracy
Spartan VNP | Spartan| VNP | Spartan| VNP
Fl 1-2-1 1-2-1 | 0.0318| 0.0362 n/a n/a
F2 1-5-1 1-5-1 | 0.0285{ 0.0299 n/a n/a
AC 2-3-1 2-3-1 n/a n/a 97% 95%
0.06 -
0.05
. 0.04
o
§ 0.03 @ Spartan
@ B VNP
F 0.2
0.01
0

UM 4.2 nsmduaasnsnlSsuifisuwanisnaassdmTuilym F1, F2 was AC
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M1I1eN 4.3 namansiFouifouahsuuwadasuauisuoug dmsuilyn Ins
o acq do a aada v Jdeda 1 3 v ° v ] 1w
daneisumhiduguwagalmaduinaninialundvesiauvesmiisgounasaidas
AAnaIAveIMINAtey w1 DNDM erfinmfsusiwanisnanssiihannmsaduyadoya
3 a o ; 1 [Y) o
senedoyorn, deyaindmiu uavdeyanaaeuluszniumsiln wadwives DNDM fi

) ya (Y o af do a aac
TlddinsumituravesdanssSiual s audunaga

o P ' su A&  aaa o a4 o w
AN 4.3 ﬂ'lillri'U‘UmtJUi:S'H’J’Nfﬂhiﬂu‘mmmmuaxt)ﬁﬂt)‘iﬁuﬂuﬂfﬁ'ﬂ'i‘u

eyn Iris
Algorithm Spartan| OBD| OBS | MBP | Skeletonizationj DNDM
# hidden units 2.25 4 4 4 3.5 2.67
Test error rate 0.0146 | 0.02| 0.02 | 0.02 0.018 0.0159

MINA 44 uaadrediveslaseismhiauila lasdanessumhidugunada
o o R ] { ’d 1 { d ° ] ] 4
dmsvilynm Iis Tasewnlatiidulaseheilvinadn Tastiswaumisseuiivunae
mizsuazldmsasdanmanaaoviid  Tasdyadoyanaaoudwou 38 gagndadrly

i 4
Amnelulaseiiemhsaiud ez ldnsasianaianaasuininy 0.0146

1 i
maan 44 uaaniminmelulasewmhifudmsuilyn s

Inputs I I I Iy Bias | Outputl| Output2| Output3
Hiddenl1| 2.3809| 2.3005] -3.6304( -2.8563( 1.4623 | -4.3191| 2.3457 | 2.2992

Hidden2|-0.3917| -1.6751| 2.5088] 1.2970] -0.3560] 1.8007 | 2.4811 | -4.2425
Bias - - - - - 0.3071 | -3.8836| -0.0124
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IndifssiuanfSeuiioni 180033 DNDM  iedumsdhedemsdanananisifssuidioy
dm3uilyn Iris 1Az Breast Cancer naMludasmsnfSouiiisudmsuisassilynidegauans
lugun 43 naz 4.4

a P v v Jo a aad acd @
MW 4.5 MinfFouiisuraansizninahiaugunagauagitouq duilym

Breast cancer

Algorithm Spartan | OBD| OBS | MBP | Skeletonization | DNDM
# hidden units 2.43 8 7 7 6 2.38
Test error rate 0.020 | 0.075| 0.100| 0.058 0.065 0.018

Comparisons on the number of hidden units

9

8

7 B Spartan
6 o OBD

5 OBS

4 MBP

3 @ Skel

f & DNDM
0

Iris Breast Cancer

7N 4.3 naluamamsiSvuioys woumizvsoudmuilaymi s ung Breast Cancer

Comparisons on the test error rate

_ M Spartan
_______________________________  __________ |moBD
] @ OBS
@ MBP
""" @ Skel
B DNDM

Iris Breast Cancer

3N 4.4 nanluraamsifFeuiiousasnuiawaiadm il Iris 1o Breast Cancer
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Diabetes  (Haenndsnmudeyariosuazidoyasuniuaoudiann  maninmnlsouiioy

¥ a3 Jo A aaaa a a Ao 1 aad Yo ' ' oy
Uﬁﬂ\flﬁ!1"u’J1ﬁ1J15ﬂucﬁuwa“]‘ﬂuﬂ5:ﬁ7|ﬁﬂ]WWﬂﬂ'J']Tﬁauqiﬂﬂiﬂ%’luju‘nu’lﬂcﬂﬂuﬂuﬂﬂ

c!' d’lv Yr w = d' Y @ ac @ r:!'
nge uennntidalimoasidanaianagoun 1ndifeadu3s MBP daaalluasan 4.6

MINN 4.6 MmafSouiiouszniahiaugunadauazisouqfuilymi Diabetes
Algorithm Spartan| OBD | OBS | MBP | Skeletonizationl DNDM| EPNet

# hidden units 2.16 3.8 3.7 4.5 3.5 2.73 3.4
Test error rate | 0.2144 | 0.1962 | 0.1988 |0.1910 0.210 0.2234| 0.224

MINR 47 waaamansfTouioussninmhisudunasaasisougdm
layn1 Heart discase ﬁmi"ui]tyﬂ1ﬁyﬁ'flui]tynnﬁmﬁﬁﬁﬁﬁw‘ﬁnwﬁ%ﬁ"lii"lﬁ”lﬁ'waﬁﬁﬁqﬂaluui
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SasAanaIANAgeLRiAnIITOUY dmsunsuaninsnlSouiisuluilyn Diabetes taz

Heart disease Qnutandlugun 4.5 uaz 4.6

M3 4.7 maSouiiouszninmhsdugumadgauazisougsuilym

Heart disease

Algorithm Spartan{ OBD | OBS | MBP | Skeletonizationt DNDM| EPNet
# hidden units | 2.27 4.5 4.5 N 3.2 1.83 | 4.1
Test error rate | 0.1751 }0.1578|0.1578| 0.1478 0.1651 0.186 | 0.168

o A A a i Y a v o as So A aad o
dupannnlszaninmilnaifuessnang oandIsudsAUFUNATANY
. 5 ° < { '
Dynamic node decaying method (DNDM) [9] 151911509 1UNYUsziauN DNDM 1ana1991n
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n. DNDM fMdanuaeseulagfiuinl Goodness factor 1iuainu luinsidosves
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A. DNDM dsulyannuannsalumsinnedoyaveslaswiwlszamiionlag
Tm3aanoulnua (Node decay) uasaneisumhidudunagalsuljennummsalums
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Comparisons on the number of hidden units
5.00 -
B Spartan
4.00 -
@ OBD
3.00 4 -- . |moss
MBP
2.00 - @ Skel
100l . |mDNDM
o EPNet
0.00 1 - e
Diabetes Heart Disease

3 4.5 namluaasmsifSsuifsuinuniisaeudmyuilywi Diabetes 1az Heart disease

Comparisons on the test error rate
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FOU

M3aii 4.8 msnSouiouszninmhifudunadauas3soua fuilym Wine
Algorithm Spartan | OBD | OBS | MBP | Skeletonization
# hidden units 4.53 5 5 7 J
Test error rate 0.0068 | 0.028 | 0.028 | 0.014 0.029

° @ Aad o o

MINN 4.9 uaaamsifSeuifisunavesdiMinauoruisougdmsvilam Isolet
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yadoyaiiuduivesnwisnua 150 audayaiovosiasnyudazdl Tnoyadidnusazaes

¥y H

a3 fJaym Isolet feldiiluilyminalumsnanounuaunsavessanessulumsinu
@ Ao oA dydn aa ° a a
milymindvinalvgiiesnnilymiilismwinveutonnstnazs waunaravoaoiyni
w0 mhiduFundgamuisaaasmaumitseunn 78 aqlude 20.28 Tuvasiilimsnsn
a - Y a [ v amd o o =
Aawaanamoun Indifseaiuranisnaasiudsou - dmfuasmluanimanSsuiionly
ayn1 Wine uaz Isolet gnuanslugiin 4.7 uaz 4.8

ad @

MINN49 nanfisuiisuisninmhiauduwdsauaz Bouqduilym

Isolet
Algorithm Spartan | OBD | OBS MBP | Skeletonization
# hidden units | 20.28 | 30.55 | 30.40 ¥ .5 FUS
Test error rate | 0.0510 | 0.0627 | 0.0597 | 0.0655 0.0610

Comparisons on the number of hidden units

35 4
B0 » v 5 5 s v £ R e o e
25 | @ Spartan
20 | @ OBD
@ OBS

154 MBP
10 - @ Skel

5 4

0

Isolet

JUN 4.7 nsmluaasmsilSsuiisuswaunmitsseudmsuilymt Wine taz Isolet
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Comparisons on the test error rate

0.080 -

0.070 -

0.060 - - |8 Spartan
0.050 - - |@0OBD
0.040 - @ OBS
0.030 - @ MBP
0.020 - - | O Skel
0.010 + -

0.000 -+ -

Wine Isolet
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3UN 4.8 nsmluapsmsnlssumsusasnnudanmadmsuilynt Wine uag Isolet
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suundszunn maSeuimounanisnaasanana 13 Tuaisien 4.10 szmiulanlasevwais

(] ] v v

AulmnmNganIdIuiIgTaUNA RS AN IANATOY 50U (sntdu EPNet) 14
HAANTINANTRMRATULUBAUNY  (Ten-fold  cross  validation)  LAaneiidns 1AW
Aanaangan Insevwdithisu i EPNet quiloudinziilszaniamindinsadumhy
@ a aas v P ° 1] 1 [ VoA Y ] 7 @
AuFuNATAUAA IR AsYeIdIU UIsFeUsIneganIImIN lann Tnsweahsdu  (3.25)

dmiunsuaasmsnTeunoyluilaym Credit card gauansluguin 4.9 uag 4.10

d' : ~ ' Jdo A Aaas and [ 5
MN1919N 4.10 ﬂ'lill'?ﬂ'lJWlUU‘i&’W'J'N?f'l_l'liﬂuqﬂJWﬁ"lfﬂllﬂS')‘ﬁﬂu‘"]ﬂﬂﬂﬂluﬂ'lCredlt card
Algorithm Spartan | OBD [ OBS | MBP | Skeletonization | EPNet

# hidden units 3.25 49 4.85 6.8 49 4.83
Test errorrate| 0.1119 | 0.118 | 0.116 | 0.09 0.117 0.115
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Comparisons on the number of hidden units
A
L N @ Spartan
L e e ©OBD
4 : OBS
3 - @ MBP
PR 00 e shnae e IR 0 Skel
' EPNet
(o [ D o R e e BRI

Credit card

JUN 4.9 nsmluaasmsnSauimoudumissaseudinsuilaym Credit card

Comparisons on the test error rate

W Spartan
@ 0BD
OBS

@ MBP

@ Skel

1 EPNet

Credit card

31U 4.10 nsmuaasnisfS suieusasianuAanaadm s uilym Credit card
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d Y1 ax - v Jdaa 1 aa - Y1 an
WINFIU ICT m%zmu'lmnﬁ*umrimwaawmﬂmnﬁmmsmu“lunnf]nsm D917 5v04
' ac v v & Aac o
mmimumfmNmmﬁmmgm“lumsﬂiNTﬂsww‘uommuqﬂutummnnﬂﬂumﬁvx
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ueraalug i 4.11 uaz 4.12

=; = t' do a aas as
M990 4.11 mml‘%‘uvmamw3thsmumuwammmmﬁmmgm ICT

AC Iris Cancer Diabetes

#HD Err #HD Err #HD Err #HD Err

Spartan 3 0.030 { 225 | 0.0146| 243 | 0.020 | 2.16 | 0.2144

ICT 4 0.050 5 0.030 8 0.100 6 0.3210

Heart Wine Credit
#HD Err #HD Err #HD Err

Spartan 227 | 0.1751 | 4.53 | 0.0068 | 3.25 | 0.1119

ICT 4 0.2110 7 0.0220 5 0.1520

Comparisons on the number of hidden units
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Comparisons on the average error rate
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Tilwiumisigaieoufumsmdamizsgousu (irasmsimuuazdaduld) 1n

H * 4 ' ' A i o
paluasned 5.1 uaz 53 mmwsoagdaounsalileniereuniiggniiaeenlen

Tnsaglszamiiionlddag Ui 5.1

' v » J
M3 5.1 Tuvosmsiiamiegouiloduim AD, Nnyadeyandiagy

Phase

Fl

F2

AC

Iris

Cancer

Diabetes

Heart

Wine

Credit

4.8493
0.0097

14.149
0.0776

7.2339
0.0400

11.0287
0.2973

12.0542
0.0686

47.1713
0.2448

15.0441
0.1974

3.0346
0.0682

18.1131
0.1169

3.9594
0.0063

2.8180
0.0037

23.1190
0.1400

1.0287
0.0270

18.0812
0.1029

47.1489
0.2448

20.0484
0.2632

6.0347
0.1364

18.1026
0.1169

6.2165
0.0302

12.786
0.0910

20.4391
0.0400

2.0239
0.0541

10.0672
0.0571

50.1674
0.2604

20.0517
0.2632

6.0418
0.1364

18.1101
0.1169

4.9793
0.0165

2.6838
0.0035

6.7866
0.0000

13.0261
0.3514

11.0599
0.0629

53.1264
0.2760

15.0440
0.1974

22.041
0.5000

19.1076
0.1234

25.330
0.2422

18.324
0.1316

43.0466
0.4000

3.0274
0.0811

11.0516
0.0629

47.1502
0.2448

18.0512
0.2368

5.0365
0.1136

39.1076
0.2532

1.4119
0.0009

2.8654
0.0037

19.2218
0.1800

1.0290
0.0270

12.0583
0.0686

55.1765
0.2865

17.0475
0.2237

3.0329
0.0682

18.1120
0.1169

4.9634
0.0101

14.836
0.0845

24.0645
0.1400

11.0321
0.2973

13.0549
0.0743

42.1503
0.2188

15.0441
0.1974

4.0331
0.0909

18.0747
0.1169

4.0350
0.0066

6.4943
0.0123

19.3053
0.0400

2.0265
0.0541

16.0789
0.0914

43.1450
0.2240

20.0484
0.2632

5.0326
0.1136

18.0725
0.1169

6.2180
0.0302

12.773
0.0917

9.7216
0.0000

13.0300
0.3514

10.0713
0.0571

53.1075
0.2760

20.0517
0.2632

5.0397
0.1136

20.0704
0.1299

4.9829
0.0166

18.045
0.1264

43.1003
0.4000

5.0304
0.1351

10.0591
0.0571

37.1184
0.1927

18.0512
0.2237

21.040
0.4773

39.0901
0.2532

25.313
0.2419

3.2020
0.0041

19.1007
0.1600

13.0364
0.3514

12.0589
0.0686

57.1636
0.2969

17.0475
0.2368

5.0345
0.1136

19.0747
0.1234

Final
Test
Err

0.0333

0.0180

0.02000

0.02632

0.01724

0.21875

0.14473

0.0889

0.09803

Y . - Q'I ' H o o 1 1 1 Q’:
M3 5.2 daTIRaNaIAIARFUNBURIZA IS Ao u luLRaZTY

Phase

F1

F2

AC

Iris

Cancer

Diabetes

Heart

Wine

Credit

1

0.0157

0.0035

0.0000

0.0541

0.0320

0.2448

0.1570

0.1136

0.0980

2

0.0031

0.0023

0.0000

0.0541

0.0450

0.1874

0.1650

0.0891

0.1054
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M v ’
M5 5.3 Tuvosmsmianiiogeuiodin AD, vingadeyarn

Phase F1 F2 AC Iris Cancer | Diabetes| Heart Wine | Credit

10.050( 0.0000{ 0.0000{ 13.0399| 20.0987| 0.0000| 19.0687| 9.0677|49.2557
0.0433] 0.0898| 0.0800{ 0.0811] 0.0686] 0.2448| 0.1974| 0.1111] 0.1169
20.012{ 0.0000| 0.0000| 4.0308| 31.1652| 0.0000| 18.0844| 24.0780|50.2299
1 0.0428| 0.0074] 0.0800] 0.0270| 0.1029| 0.2448] 0.2632| 0.1556| 0.1169
21.170( 0.0000) 0.0000| 2.0152| 15.1111f 0.0000| 35.0960| 18.0820|50.2488
0.0437) 0.0841] 0.1200, 0.0270| 0.0571| 0.2604| 0.2632| 0.1111| 0.1169
19.850| 0.0000{ 0.0000| 13.0338| 13.0997| 0.0000| 19.0684| 30.0741|51.2419
0.0446| 0.0008| 0.0800| 0.0811f 0.0629| 0.2760| 0.1974] 0.4889| 0.1234
19.114( 0.0000{ 0.0000| 3.0225| 15.0871| 0.0000| 21.0857| 23.0819|68.2352
0.0559| 0.0861| 0.3800] 0.0541| 0.0629] 0.2448| 0.2368| 0.1333| 0.2532
18.470( 0.0000| 0.0000| 27.0407| 20.1073| 0.0000| 20.0772| 13.0660|51.2527
0.0481] 0.0065] 0.2200, 0.3784| 0.0686] 0.2865| 0.2237| 0.0889| 0.1169

10.713| 18.012(74.3726| 16.0401| 24.0870f 107.317| 19.0669| 24.0755|48.1580
0.0436/ 0.0891| 0.0800{ 0.1351] 0.0914] 0.1927| 0.1974] 0.1333| 0.1234
2 20.640| 4.1564|74.7385| 4.0311| 42.1454| 111.349| 72.1084| 18.0792(49.1872|
0.0429| 0.0074| 0.0800[ 0.0270| 0.1143] 0.2604] 0.4211| 0.1111| 0.1169
20.620| 22.066{79.8323| 13.0337| 12.1128] 145.303| 19.0666| 30.0736|50.1764
0.0438| 0.0841]| 0.1000] 0.0811] 0.0514{ 0.2760| 0.1974] 0.4889| 0.1169
21.176| 10.144|119.262| 4.0226( 16.0819] 104.319| 21.0870| 23.0806/71.1951
0.0447| 0.0865| 0.3800] 0.0541| 0.0686| 0.1927| 0.2368| 0.1333| 0.2597
23.396| 10.107/82.6963| 27.0402| 26.0904| 146.366| 19.0770| 13.0628(51.1921
0.0579] 0.0063| 0.2200] 0.3784| 0.0857| 0.4792| 0.2368| 0.0889| 0.1169

Final

Test Err 0.0439| 0.0383{0.16000{ 0.05410{ 0.02873| 0.22396| 0.22368| 0.09091|0.10457

(n) (1) (m) (2)
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Using training set Using validation set

U 5.6 SrwrumtsgeudmSuilymn Isolet
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Comparisons on the average error rate
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data spirals;
pi = 22/7;
doi=0to96;
angle = i*pi/16.0;
radius = 6.5%(104-i)/104;
x = radius*cos(angle);
y = radius*sin(angle);

c=1;

print(x, y, ©);

X = =X;

y=-y;

c=0;

print(x, y, c);
end;

run;
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Comparisons on the number of hidden units
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Comparisons on the average error rate
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h2,(p)=¢ (X,(p)) t
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X, (D)= D Wy(P)-h2,_,(P)+6,(p) €
!
Vin(P)=¢ (Xi(D) 5
/nsdimbedeutudy Hidden?2 gnindn
X, n(p)= X, (p) = w,(p)h2,(p) (5
Via(P) =9 (X, (D)) s
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Module ValidationError ()
(Precondition: AD; must be initialized to zero)
1 For every valid. pattern p

2

o>

10
11

12
13
14

15
16

17

18
19
20

21
22
23

24

For every hidden unit j in layer hiddenl

I
X;(p) = %:wij(P)'xi(P)'*‘ej(P) /* PJI *

hlj(p) = ¢(X;(p))
For every hidden unit k in layer hidden2

J
X (p) = ijk(p)-hlj(p)+9k(17) /* PKJ */

J

h2y(p) = ¢ (Xx(pP))
For every output unit 1

X1 (p)

Il

y1(p) ¢ (X1(p))

// Remove hidden unit in Hiddenl layer
For every hidden unit m in layer hiddenl

ADpyi (p) = O
For every hidden unit k in layer hidden2

X, (D)= X,(p) = W, (p)-hl, (D)
2, .(P=¢ (X, (p)

For every output unit 1
Xi-a(P)= D Wa(P)- B2, . (P)+6,(p)
1

Vi (D) =9 (X, (P))

ADp; (p) = ADm(p)+|01(p)—yI_m(p)l /* PJKL *

ADny; = ADpg1 + ADpm (p)

// Remove hidden unit in Hidden2? layer
For every hidden unit m in layer hidden2

ADmHZ (p) =0
For every output unit 1

Xi-m(p) = X1(p) ~Wu(p) -h2,(p)
Yi-m (p) = (p(Xl—m(p))

ADuzz (P)=AD,, 1 (p)+|0)(p)-3,_,(»)|  /* KL *

ADnyz = ADpuz + ADmy2 (p)

/* Proceed to the recognition error rate calculation */

End.

K
2w (p)-h2, (D) +6,(p) /* PLK */
v K

T
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O(Original module) = O(PJI+PKJ+PLK)

O(Modified module) = O(PJI + PKJ + PLK + PJKL + PKL)
= O(PJI+ PKJ + 2PKL + PJKL) = O(PJKL)
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Determining the Orders of Feature and Hidden Unit
Prunings of Artificial Neural Networks :

Kietikul JEARANAITANAKIJ

Department of Computer Engineering
Faculty of Engineering
King Mongkut’s Institute of Technology Ladkrabang
Bangkok, Thailand
kjkietik@kmitl.ac.th

Abstract— There is a great deal of research undertaken for
pruning away features and hidden umits in order to reduce the
size of Artificial Neural Networks (ANNs). However, none of
these methods mentions about the relationship between the
pruned unit and the number of epochs needed for retraining
when the unit is pruned away from the network. In this paper,
we present two heuristics for determining the pruning orders,
which lead to the near smallest number of retraining epochs. The
heuristics are based on the employment of the modified
information gain calculated from all features in training data.
Then, we test our proposed heuristics on an exclusive-or data set.
The experimental results show the success of using information
gain as a criterion for d etermining the pruning orders.

Keywords- Artificial Neural Networks, pruning order, feature
pruning, hidden unit pruning, information gain

jr INTRODUCTION

An artificial neural network can be defined as a model of
reasoning based on the human brain. Among models of ANNs,
Backpropagation (BP), developed by Rumelhart et al. [1] in
1986, is the most widely used method for training feed-forward
neural networks. However, the typical BP method trains ANNs
without any reduction in size, which is sometimes too buky. In
order to produce a compact network, there are two issues that
we need to minimize: the number of features of a data set and
the number of hidden units. In addition, removing features and
hidden units in wrong order may extend the retraining time.
Therefore, we focus on the solution to minimize the retraining
time.

There are a large number of investigations undertaken to
reduce the size of ANNs. Belue and Bauer [2] reported several
saliency measures in order to select the feature to be removed
from the network. Setiono and Liu [3] proposed the network
accuracy, by adding a penalty term to the error function of the
network, on the training data set as a criterion for determining
feature removal. Mozer and Smolensky [4] described a
Skeletonization method estimating which unit is the least
important according to the smallest effect on the training error
and deleting it during training. Sietsma and Dow [5], [6]
suggested an interactive method in which they inspect a trained
network and identify a hidden unit that has a constant
activation over all training pattems. Then, the hidden unit
which does not influence the output is pruned away. Murase et

0-7803-9282-5/05/$20.00 €2005 IEEE 353

Ouen PINNGERN
Department of Computer Engineering
Faculty of Engineering
King Mongkut’s Institute of Technology Ladkrabang
Bangkok, Thailand
kpoven@imitl.ac.th

al. [7) measured the Goodness Factors of the hidden units in
the trained network. The unit which has the lowest value of the
Goodness Factor is removed from the hidden layer. Hagiwara
[8] presented the Consuming Energy and the Weights Power
methods for removal of both hidden units and weights,
respectively.

Among these methods to reduce the size of ANNs, none
mentions-about the order of the unit pruning that ¢an lead to the
near minimum retraining time. In this paper, we propose two
heuristics for determining the pruning orders of features and
hidden units in ANNs. These heuristics employ a power of
information gain as a criterion for pruning orders. We perform
experiments on some variations of the exclusive-or problem.
The outputs show that the proposed heuristics prune away
unnecessary features and hidden units in ANNS, resulting in a
remarkable retraining time. &

The rest of this paper is organized into the following orders.
In Section 2, we explain amodified version of information gain
in order to classify the continuous data set. In Section 3, we
employ information gain to prune away features and hidden
units. Next, in Section 4, we describe the experimental study,
data sets used, and experimental results. Finally, in Section S,
we summarize our findings and suggest possible directions for
future investigations.

II.  MODIFICATION OF INFORMATION GAIN

We begin by defining a modification of information gain in
order to classify a continuous data set. Entropy, a measure
commonly used in the information theory, characterizes the
(im)purity of an arbitrary collection of examples. Given a
collection.S, comammg examples with each of the C outcomes,
the entropy of S is

Entropy (5) = 3 [-p(Dlog3p(D)), ™
leC &
*
where p(1) is the proportion of S belonging to class I. Note
that ' is not a feature but an entire sample set. Entropy is 0 if
all members of .S belong to the same class. The scale of the
entropy is O (purity) to 1 (impurity). The next measure is.an
information gain. This was first defined by Shannon and
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Weaver [9] to measure the expected reduction in entropy. For a
particular feature A, Gain(S, A) means the information gain of
the sample set S on the feature A and is defined by the
following equation:

Gain(3,4) = Entropy (5) = 3 (05,111 5 ).Entropy (5,)), @
veA

where X is the summation on all possible values (v) of the
feature A; Sv is the subset of S for which feature A has vale v;
|S¥] is the number of elements in Sv, and; |S] is the number of
elements in S

We consider the feature which has a high value of
information gain being important to the data set classification.
A typical information gain categorizes the data set whose
feature values are discrete and bound into a particular range. In
contrast, if possible values (v) of feature A are uncountable, for
example, feature A has real values in the range of (-1, 1), there
will be a huge number of computations taking place in the
summation of (2). Therefore, we need to revise information
gain in order to serve a continuous feature. We modify
information gain by quantizing the range of a continuous
feature into k intervals, where k is the minimal constant
depending on the range of a particular feature. Thus, the
following condition must be added.

|v|= k. (3)

In order to discretize feature A into X intervals, we use MD
(Maximal Discernibility) heuristic [10] to find a minimal set of
intervals. A group of examples with continuous features will
fall into an appropriate space. A large number of possible
values of the feature A then become countable and hence
Gain(S, A) is easy to compute.

1. PRUNING HEURISTICS

This section describes two heuristics used as ordering
criterions for the feature and the hidden unit prunings in ANNs.
The goal of these heuristics is to determine the pruning orders
leading to the near smallest number of epochs for retraining the
network. The heuristics are based on the employment of the
moedified information gain as presented in the previous section.

A Feature Pruning Heuristic

Removing unimportant input features in the training set
leads to a compact network which costs fewer computations.
Our feature pruning heuristic reverses the concept of the ID3
algorithm (Quinlan, 1986, [11]), which selects the next testing
feature in descending order of information gains associated
with features. In contrast, our heuristic prunes away features in
the training set in ascending order of their information gains.
Before the feature pruning begins, we need to train the original
network and calculate the information gains of all the features
in the training set. After the initial network has been trained,
the feature which has the smallest information gain is selected
as the unit to be removed. This is simply performed by
logically setting weights between the selected feature and
hidden units into zero. Then, the network is retrained. Setting
the weights connected to the selected feature into zero is the
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same as removing it. We do not physically prune away the
selected feature from the data set because we can use the
original data set for training the network without any changes.
If the network successfully converges, the same process of
removing the feature will be repeated. There is only one feature
removed at a time until the network cannot converge. Then, the
process restores the last pruned unit and network
configurations. There is no need trying any other feature
removals because the network will not converge. In addition,
we discover that the number of epochs needed for retraining
depends on the value of the information gain of the removed
feature. When the feature which has the lowest value of
information gain is removed, the network spends the smallest
number of epochs for retraining. Thus, the experimental results
in Section 4 show that removing unimportant features in this
fashion leads to the smallest number of retraining epochs.
B. Hidden Unit Pruning Heuristic

From the previous subsection, an information gain can tell
us how a feature is important to the network. Similarly, we
find that the importance of the hidden unit is also congruent
with that of the information gain. The hidden unit pruning
heuristic proposed here is based on the propagated information
gains from feature units. Before going further, let us define
some notations used in this section such as information gain of
feature unit i (Gainy), incoming information gain of a hidden
unit (Gaing), outgoing information gain of a hidden unit
(Gaing,s), the weight from the i-th unit of the (#-1)-th layer to
the j-th unit of the n-th layer (w;'-;_-'), and, similarly, the

weight from the j-th unit of the n-th layer to the k-th unit of the
(n+1)-th layer (w; +*). All notations are shown in Fig. 1.

n

n
Gain,,
o

G}\l ’nmv i

. 8

n-1 n n+i
{Input Layer)  (Hidden Layer) (Output Layer)
Figure 1. Network and notations

The amount of information received at a hidden unit is the
summation, on training patterns, of the total squared production
between weights, which connect from feature units to a hidden
unit in a hidden layer, and information gains of all feature
units. Then the result is averaged over the number of training
pattens and the number of feature units. We define the
incoming information gains of the j-th hidden unit in n-th layer
(Gain,, ;) as the following:
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Gainy, [ 2

where P and 7 are the number of training patterns and the
number of feature units in the (n-1)-th layer, respectively. This
Gain " is, in tum, used for calculating the outgoing

information gain of  the Jj-th hidden unit The degree of
importance of a particular hidden unit can be determined by the
outgoing information gain of the hidden unit (Gain,,, 7)- The

outgoing information gain of a particular hidden unit is the
summation, on training patterns, of the total squared production
between weights, which connect from the hidden unit to output
units, and the incoming information gain of that hidden unit.
Then the result is averaged over the number of training patterns
and the number of output units. The outgoing information gain
of the j-th hidden unit in the n-th layer (Gain,, ;) is given by:

1 )
Gaing, ; = mxg z(w;' 1 xGainy, 12, ®

where O is the number of output units in the (+1)-th layer.
Note that the number of training pattems, P, in both (4) and (5)
is the number of training patterns that the network has seen so
far.

The hidden unit which has the lowest outgoing information
gain should be firstly removed from the trained network
because it does not affect the convergence time for retraining
the network that much. Similar to the feature pruning heuristic,
there is only one hidden unit removed at a time until the
network cannot converge. Then, the last pruned unit and
network configurations are restored. In Section 4, our
experimental results illustrate the comparison on the number of
retraining epochs in all circumstances of the removals and,
hence, verify our stated heuristic.

IV. EXPERIMENTAL STUDY

Here we perform experiments under a well-known standard
benchmark that is the exclusive-or (XOR) problem.

A Experimental Results

The following subsections show the outputs of our
proposed heuristics: the feature pruning and the hidden unit
pruning heuristics.

1) Feature pruning experiment

In order to verify that the number of epochs needed for
retraining depends on the value of information gain of the
removed feature, we establish an experiment on the XOR
problem to have two essential input features and three
unnecessary features. Our feature pruning heuristic can prune
away three unnecessary features within a small period of
retraining time. Table 1 shows the relationship between the
information gain of a feature and the number of epochs needed
for retraining when that feature is pruned away.

In Table 1, removing feature number 3, which has the
lowest information gain, leads to the smallest number of
retraining epochs. For the first two features, they are so
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essential to the output classification that the network will not
get a convergence if they are removed. As a result, the order of
feature removals can be represented as: 3, 4, and 5. Note that,
after feature number 3 is removed, the number of epochs
needed for retraining the other features in Table 1 may not be
the same. However, the removal order does not alter. The
number of input features and the sum-squared error are
depicted in Fig. 2 and 3, respectively.

TABLEL RELATIONSHIP BETWEEN INFORMATION GAIN AND

CONVERGENCE

Feature
number

Information
Gain

0.5
0.5
0.065
0.125
0.191

Number of epochs
needed for retraining
n/a

n/a
720
850
1090

WS W N |-

a o

Final number of features I$ 2

Trying to train ANN with only 1 feature
A O

Now s

Number of features

o -

1

5

9 13 17 21 25 29 33 37 41 45 49 83 5 61
Training e pochs (x100)

Figure2. The number of input features during retraining period

41 comverge point A*

o

Restore to the point ‘A"

w

n

o Sum-ggquared pror
oWt - N

1317 21 25 29 33 37 41 45 49 53 57 61
Training epochs (x100)

Figure 3. Sum of squared errors of feature pruning
2) ' Hidden unit pruning experiment

In this experiment, we focus on the hidden unit pruning
which considers an outgoing information gain as a pruning
criterion. Similar to the previous investigation, we use the
XOR problem The number of features is set to two, while the
initial number of hidden units is set to ten, which is a fairly
large number so that the network gets convergence easily.
Table 2 shows the relationship between the outgoing
information gain of a hidden unit and the number of epochs
needed for retraining when that hidden unit is pruned away.

In Table 2, the outgoing information gain is a distinctly
good criterion for prioritizing the unimportant hidden units to



be pruned away from the trained network. The hidden unit
which has the lowest outgoing information gain should be
firstly removed because it takes the smallest retraining time
comparing to others. Note that the values in Table 2 are used
only once for the first time of hidden unit pruning. These
values are changed when we begin to prune away the next unit.
In contrast to Table 1, the order of values in Table 2 can be
altered after each hidden unit pruning, In addition, the results in
Fig. 4 and 5 indicate that the number of hidden units begins to
reach a theoretical number, which is two, at approximately 125
learning epochs.

TABLEIL RELATIONSHIP BETWEEN OUTGOING INFORMATION GAIN
AND THE NUMBER OF RETRAINING EPOCHS
Hidden unit Outgoing Number of epochs
number Information Gain ded for retraining
1 0.0000002 20
2 0.0000266 32
3 0.0000772 33
4 03543068 47
5 03764098 99
6 07774660 530
7 1.0322675 910
8 36764264 3315
9 3.9485948 3423
10 5.0070827 4903

-
=)

Final number of hidden units is 2

- o «©

Number of hidden units

~

125 475 1538 334

Training epochs

5803 9008 9378

Figure 4. The number of hidden units during retraining period

454

44
35
§ 3
Bs
22 N——
215
3 1

054

0

0 125 475 1538 3314 5803 9006 9379
Training epochs

Figure 5. Sum of squared errors of hidden unit pruning
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V. CONCLUSIONS

We have proposed two heuristics for determining the
pruning orders of features and hidden units in ANNs. Both
heuristics are based on the utilization of the information gain as
a criterion. In the input layer, information gain indicates the
degree of importance of a feature. The feature which has the
smallest information gain is not important to the output
classification and it should be ignored. As a result, we have the
smallest number of epochs needed for retraining. In the hidden
layer, the hidden unit which has the smallest outgoing
information gain tends to propagate rather small amount of
information to the output units in the next layer. Consequently,
removing that unit from the network gives little effect on the
retraining time. The experimental results on the XOR problem
indicate that the pruning orders of features and hidden units as
suggested by our heuristics lead ANNs to the near minimum
retraining time. Besides the three-layer ANNS, the multi-layer
neural networks can also use our heuristics to efficiently
decrease their pruning time. However, our pruning heuristics
are not completely immune. One apparent problem found
that the network may encounter the local minimum problem
during the ending period of both feature and hidden unit
pruning processes, resulting in a slow convergence. One of the
possible solutions is to apply the convergence acceleration
technique to significantly speed up the convergence in that
situation.
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Abstracs— This paper propeses a method to determine the
Irrelevance of the hidden unit in the srtifidal neural netwark.
Unlike other approaches, we cakulate the sensitvity of the
hidden wmit from the validation set, instead of the training set.
The advantage of using the validation set to calculate the
sensitivity Is that we never overesth the rd of hidden
unit. In other words, we always remove the mit that has the least
effect on the valldation set esror. As a result, the p;uned neursl
netwark has the highest: gmu-dimdm when compared with
other chdces of removak. Our sensitiyity Is based on the
activation difference of the owiput unit, This activation
difference Is the gap between the aclivation of output units when
a particular hidden unk is present md when i is remeved. We
have applied our teclmiique to twe standard benchmark
problems, The expeimental results show that. the proposed
technique can correctly determine the-least Irrtlevmat hidden
unit.

* I  INTRODUCTION

Artificial neural network is a statlstlcal model whose
weights are estimated from a training set. If the. network s
trained with a sufficient- training patterns and a Sifficient
number of units, it can leam any furction. [1). However,
having too many hidden units thai necestaty: can pmduce a
nevral network that has a poor. generalization. Tn order to
prune unnecessary hidden unit away . from the: network, we
need to know the actua] imrelevance of the unit. There are a lot
of sensitivity -methods thet ere used for determiinifig the
importence of hidden unit. Mozer and Smolensky [2]
described a Skeletonization method” ‘estimating which unitis
the least important according to the smallest effect-on the
training error and deleting it during training. This mayremove
the wrong unit since the error is bastd on the training pattems.
We demonstrate in this-paper that calculating the sensitivity
from the training set may not reflect the actual irrélevance of
the hidden unit. Optimal brain damage (OBD) [3] and its
variant, optimal brain surgeon (OBS) [4), compute a saliency
for each parameter, which cani be either.a unit or a weight,
indicating the influence thet small pettuibations fo the
parameter have on approximation frdining error. Parameters
with low saliency are removed. For computational simplicity,
OBD assumes that the Hessian malrix is diagonal; in fact,
however, Hession for many. problems are strongly non-
diagonal, and this lead OBD to eliminate the wrong weights
[4]. On the othér hand, OBS is impractical for camplex
problems which require a large network. Murase et al [5]

F1B-1

has the lowest value of the goodness factor is r
the hidden layer. According to Engelbrecht [6]),
[5] can suffcr from the flaw when the unit’s ou

irrélevance of hidden unit by using the activation Hifference.
‘This activation difference is the gap betwedr thie adti

.output units when a particular hidden unit is presen} and when

it'is rémoved We calculate the sensitivity from thg validation
set because the validation pattems cen represent
ddta ‘better than the training pattems. We make-
here that there are sufficient validation pait
paitems are randomly distributed over both triini
validetion data The experimental results
consistency of using the activation difference,
suitgble for determining the relevance of hidden unif.

The rest of this paper is organized as follows.
we explain the ‘notidn of  activation differénce
nétwotk. notations used in this paper. In Sectioh 3, we
describe the -experimental study, data sets fised, and
experimental resnlts. In  Section 4, we didcuss the
experimental wverificaticns of usng the -validation set to

calcilate the.sensitivity. Finally, in Section 5, the conclusionsy

are givem:

IL  ACTIVATION DIFFERENCE (AD)

o

Bias|
ﬁll}'t’

(deden) (OUtP“t)

Fig. 1. Network notations.

Fig. 1 represents the network notations. We defide the total
synaptic input of the hidden unit f on pattem Py X,(0), the
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output of the hidden unit /, k{p), the total synaptic input of the
output unit ¥ on pattem p, Xa(p), and the activation of the unit
k, n{p), s follows:

X,(0)= 3 w,(5) %) i
1
hy(p)= T ®
X, (0)= T wp (0 by (2) ®
J
»n@)= m% @

Once Xy(p) has been calculated, we take the synaptic input
of the hidden unit j out of Xi(p) in order to represent the
absence of the unit /. We call Xi(p) after this process as X, (p),
and the activation of the output unit ¥ when the hidden vnit 7
isremoved &z y; (p).

Xi,(P) =X (D)-wu (D)-h)(P)  (9)

1
1+ 5 T

Vr-) @»=

The activation difference is the gap between the target
value of the output unit ¥, Oy(p), and the activation of the unit
k when the hidden unit j is absent, y,(p). The formal
definition of the activation difference is given as the
following:

AD,_, gp) R |Ok )R (p)l o

In case of the: 'network which has more then one output unit,
the summation of activation differences, ADy(p), of.all cutput
units is required:

AD,(p) ='§AD¢.,(1>) @

Then we sum the activation difference on all validation
patterns, resxltmg in AD, Therefore, the most imrelevant
hidden unit is the unit which has the lowest adtivation
difference (4D)).

AD, =3, AD;(p) )
»

For a classification problem; it is wise to consider the
number of miscldssified validation pattemns, when each hidden
unit 'is mis<ipg, as the first priority. Let NumErrPal; be the
number of misclassified validation pattemns, when a hidden
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?‘
unit j is missing. Eq. 10 defines the revised MD, for a
classification problem. If hidden units are tied at § particular

number of emror paitemns, we then use the averugd activation
difference (the second term of Eq. 10) to break the ge.

EAD,(p)
AD, = NumErrPat, + 2—— 10
! 77 PxK 0
where P and X are the number of validation ems and
the number of output units, respectively. In ordé to make
NumErrFPaty"more important them AD, the sum off activation

differences in Eq. 10 is averaged on P and X. As gresult, the
first term of Eq. 10 is a positive integer, while the sjcond term
is a positive floating point number, which is less thgn one.

1. EXPERIMENTAL STUDY

The experiments are performed on two stendard yeal-world,
benchmarks. The data set-is divided into three sels: 50% of
the.data set for training set, 25% of the data set forf validation
set, and:25% of the data set for test set. We use the standard

error function, i.e., sum-squared emror (SSE). 5,

s2-3- 33 GO-ney an

where X and P are the number of output units and the number
of training pattems, respectively. The output uits for n
classes are -encoded into 1-of-n- output represenfition. The
output having the highest activation designatesfthe class
(winner-takes-all)

A.  Data sets (originally from UCI repository)

e Thelrs Data Set
The data set has 3 classes; setosa, versicolér,,
Each cless has 50 instances and each refers to a
There are 4 continuous attributes for this problem.
¢ The Wine Dita Set
These data are the results of a chemical analy

constituents (attributes) found-in each of the three-
wines. There are 178 instances in this data set.

“B. Experimental restilts

We train the neural network for each proble:
convergence condition is satisfied. Then we try
unit removal dnd record the validation error rate i
unit is pruned away. Table I reports validation

validation set, and the validation error rate (lower




after the hidden unit is removed. Due to space limitations,
only the first two pruning phases are reported.

TaBLE I
PRUNING PHASES WHEN AD; IS CALCULATED FROM
THE VALIDATION SET.
Phase Iris Wine
16.5431 | 3.6415
04455 | 0.0818
45411 | 72416
1 01217 | 0.1637
3.0359 | 72502
00812 | 0.1637
195392 | 14.7120
0.5271 | 0.5204
15431 | 75548
00405 | 0.1363
1.5435 | 3.6395
0.0405 | 0.0818
16.5482 | 172012
04460 | 0.5356
2 19.5546 | 6.0391
0:5271 | 0.1363
19.5450 | 6.0476
0.5271 | 0.1363
7.5456 | 43397
02026 | 0.1091
30398 | 6.0414
00310 | 0:1363

For a particular pruning phase, we choose the hidden unit
which has the smallest activation difference as the unit to be
pruned away. It is clear that the validation error rate, right
after the unit is removed, is minimal, conparing with otfier
unit removals. The bold-font number represents the upit
which we select in each pruning phase: The, prunednetwork is
retrained wien we get rid of the unit we chtse, Note that-the
validatiori error rate before the: unit is removed in each

pruning phase is shown in Table IL
TABLE I
VALIDATION ERROR RATE BEFORE PRUNING I¥ EACH
PHASE,
Phase | Ins | Wine
1 0.0612 | 0.0963
2 0.0612 | 0.0963

On the other hand, using the training set.to calculate the
activation difference, Table I shows the attivation diffcrence
and validation esror rate right-after the hidden unitis removed
We can see the disadvantage of ysing training set to calculate
the activation difference. The lowest activation difference
may not reflect the lowest validation error rate. The situation
can be shown in bold number. For-example, @ the. second
pruning phase-of the iris problem, the fourth hidden- umt has
the lowest activation difference (6.0339) with the validation
error rate of 0.0811. However, this validation errpr rate is not
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optimal, comparing to other hidden unit remwalﬁ (in bold-
underlined numbers), i.e., AD = 6.0466 with Efror rate =
0.0405. This kind of event also happens to the filst pruning
phase of the wine problem.

TABLE IO b
PRUNING PHASES WHEN AD;ISCALCULATED FRQM
‘THE TRAINING SET,
Phase Iris Wine

19.5595 | 103812
0.1216 0.1333
6.0462 | 28.8936
1 0.0408 0.1867
30228 | 21.6884
0.0405 | 0.1333
19.5507 | 156761
0.1217 | 0.1666
4.5337 | 276982
0.0811 0.1599
30.1424 | 36.0889
0.5676"} 05867
24.0601 | 28.8906
02026 | 0.1599
2 60466 | 21.6950
0.0405 0.1333
19,5505 | 36.0883
0.1216 0.5866
6.0339 | 276967
00811 1 0.1599

320402 | 36754 ¥
0.5676 0.1066

IV. EXPERIMENTAL VERIFICATIONS 2‘;!

In order to see the impact of using the validgtion set to
calculate the sensitivity on the other method, we gerforny the
same experiment to the Skeletonization algorithi [2] We
modify the Skeletonization algorithm to compating the
sensitivity (p) of each parameter by dsing the validation set,
instead of ‘the trmnmg set, Table IV shows the domparison
results on the wine benchmark. We start both i
using 6 initia.l hidden units and trams the n

version (0. 0511) 'Ihls pu‘txally endorses our ndi
using the validation set to.calculate the sensitiyity of the
hidden unit. However,.the most irelevance unit is}he hidden
unit 2 since the network produces the lowest validation error
rate (0.0322), when the unit is removed. This situsion can be
described in Fig. 2 for g particular validation patterg.

According to the original recipe of Skeletonization [2), the
sensitivity of the unit { (p) is cdlculafed fronj the first
derivation of the linear emor, whi

which defined

asZZII» - P*I . Note that N and—a,,‘ are the lge( vahe"
» k

and the activation of the output unit ¥ on the{pattem p,

- §




TABLE IV
COMPARISON RESULTS BETWEEN TWO VERSIONS OF
SKELETONIZATION.
Phase Original Modified
Skel. Skel.
90008 92501
00511 0.0511
106586 93447
1 00322
9.1676 89622
0.0451 00451
113125 10.5231
0.0519 0.0519
10.5874 12.5334
0.0776 0.0776
11.5731 11.4569
0.0519 0.0519
Testing error rate
(after further training 0.0285 0.0278
with 5 hidden units)

A I Tagetvalve [ Activation after removing hiddenuniti
[S=9 Activation after removing hiddenrunitj

1.0

Output unit 3

Output unit 2

Fig 2 The situation where the sensitivity overestimates the relevance of
hidden unit on the wine problem

respectively. In Fig. 2, it is clear thet p;.< p;. Therefore, we
pick the'hidden unit i and prune it away. However, by using
winner-takes-all classification, this pattem is misclassified

because the pruned networkigenerates output <1,0,0>, instead.

0f'<0,0,1>., On the other, hands, if we choose to prune the
hidden unit j, the pruned network correctly classifies this
pattern since it generates <0,0,1> Therefore, for a
classification problem, we cannot rély on the error generated
from the eror function. We shiould consider the number of
paiterns which are cormrectly classified by the resulting
network. As a result, we consider the number of misclassified
paiterns as the first priority (Eq. 10.)

Although we neither investigate all benchmarks nor test our
assumptién to all pruning algorithms, the experiments on a
well-known technique with a real world data set can partially
support our notion. It is worth'to note here that calculating the
sensitivity from the validation set will increase the
compitational complexity of the original algorithm. Therefore,

an intriguing technique should be epplied to
computations for a practical usage.

V. CONCLUSICNS
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feduce the

We proposed a new approach of using the outp
difference, which is computed from the vali

activation
on set, to

determine the relevance of individual hidden unit§. The least

relevant hidden unit is the unit that has the smalle:
difference. One of the future developments of t

difference is to invent the pruning algorithm tha

ability of the activation différence to determine t

hidden unit and produces the compact-sized neu
that is generalized.
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Having taore hiddon units than nacsusasy ean produce s nsum) network that has s poar
genaralization. This paper proposss a pow algorithn for pruning uonscemsary hidden
umu -'ny {run the nugh»hddul Juywr foodforwmrd neural ostworks, resuling in o
h in simple and sany to implenent, yot produces o very
gond reauls, ‘Ibudurwzmhthnmk umntil it bagjns to Joss its ganerelizetion. ‘Then
tha slgorittem meesurss the sensitivity and sutomatically pruncs weay the most irmlevem
vnit,. We dafine this sonsitivity es the nbsalute difforenos betwaen the dosizabla output
md the ou,pue of thc prumd mk Unlike other pruning reethods, onr slgorithm is
in y from the validnticn set, instead of the training wa,
without man-mgtbo asymptotic nmu mmplmby of th.buk-prwum algocithin. In
addition, for a claadfiestion preblem, we raine a point thet the sensitivitine of some well.
imown pruning slgerithms may still urdarasti the jrral of Hidden univ wven
. though ths validation sst is used in measuring the sensitivity. We resolvo this preblem
idering the ber of misclamified r &9 tha mein coocern. The Spertan
sirnplicity algprithm is appliad to thres srtificial and saven standard benchmarks. In mont
protlecns, tho slgosithm esn produce & sizad k with high genaralication
akility in comparisan with other pruning ulg;rnhm&

K eywonds: Artifkisl neurn] natwork; pruning; cleesifimation; genarelimtion; bidden unit.

1. Introduction

A back-propegation algorithm used in an artificial neursl network is o statistical
model whose parameters are estimated from o training set. If the network is trained
with a suffidfent number of training patterns and an approprinte activation function,
the network can learn sny function.! However, the geneselization of the network is
degraded {f thers are unnecessary hidden units,

*Spatten, n pative of Bparta (ncienk Gross), wan simple and salf.-disciplined, yot » boave warricr.
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There are various methods to prune away unnevassary hidden units. Mozer and
Smalensky” deseribed a Skeletonization method estimating the Jeast important unit
according to the gop between the ezror when the unit is removed and the error when
it is Jeft in place. This may not reflect true significance of hidden unit since the error
is caloulated from the training set which was ssen during the training pesiod. Opti-
mal brain damage (OBD)® and its variant, optimal beain surgeon (OBS),* compute
a saliency for each parameter, which can be either a unit or a weight, indicating the
influence that emall perturbations to the parameter have on the training error. For
computational simplicity, the OBD assumes that the Heealan matrix is diagonal;
in fact, howaver, Heestans for many problems are strongly non-diagonal. This leads
the OBD to eliminate wrong weights.* On the other hand, the OBS iz impractical
for complex problems which requite o large network. Murase et al® measured the
goodness faciors of {the hidden units in the trained network. The goodnass factor is
the average activation that fans out to the next layer. Shahjahan et al® extendad
the work in Ref. 5 to develop e dynamie node decaying as s method for hidden
unft pruning. According to Engelbrecht,” the works in Ref. b can suffer from the
flaw when the unit’s output is more frequently O than ). That unit may be chosen
a3 being unimportant, whils this is not necessarily the casa. Lauret et ol.® recently
proposed 8 node-pruning algorithm for a single-hidden Jayer néural network. The
irrdevance of the hidden unit is determined by analy¥ing the Fourler decornposi-
tion of the output unit's varfance. However, theit results forus caly on reducing the
number of units and the pruning time with little concern about the generalization
sbility. Engelbrecht’ proposed s new statistical priming heuristic by expressing
parameder relevancy ss a function of the variance in sensitivity over all training
patterns and naing hypothesis tests o remove parameters for which the variance in
sengitivity is approximetely zero. However, the methed in Ref, 7 does not provide
the statistis test to stop pruning. The simple rule of thumb “stop pruning when
generalization deteriorates too much™ is used instead.

1In this paper, we propoee a sensitivity analysis pruning algorithm for the single-
hidden layer foed-forward neural networks using stochastic back-propagation of
error. Our gos! is to prune away #s many unnecessary hidden units as poesible
whils maintsining high generalization ability. We caloulste the sensitivity from the
validation set, becase the validation set can represent the unseen date more truly
than the training patterns. In addition, for & classification problem, the sensitivi-
tias of somne well-known pruning algorithms may still underestimate the irzelevance
of hidden unit even though the walidation set is used in measuring the sensitiv-
ity. We resclve this problem by consideting the mumber of misdlassified patterns
a3 the main concern. The Sparten simplieity algorithm is tested on various stan-
dard benchmarks. The results show that the algorithm produoces a compact-sizad
network with remarkeble generalization ability.

The test of this paper is organized as follows. In Bea. 2, we explain terms
that are used throughout the paper. In Sec. 3, we explain in detafl the Bpar-
tan simplicity algorithm. In Sec. 4, we describe the experimential study, data sets
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usad, experimental results, and comparisons with other pruning methods. In Sec. 5,
we disouss the experimental verifications of our notions. Finally, in See. 8, the con-
clusions and possible future development are given.

2. Relevant Terms

Before explaining in detedl the Spartan simplieity algorithm in the next section, let
us define some related terms used in this algorithm.

2.1. Generalization loss (GL)

Prechalt? proposed the concept of generalization loes. The ides Is to siop esaly the
training in order to svoid overfitting of the network to a particular troining set
used. Gemegalization loss at epoch t is defined ss follows:

Bon(f) = 51 Bua(t), (¢Y]
CL(t) = 100. ( g;((?) ) 1) ; @

Here, Eya(t') is the validetion error at epoch ¢, whereas B, (2) is the lowest vali-
dation error obtained in epochs up to £. GL(#) is the ratio between the current end
mininmum validation ezrors during epoch ¢, High generalization loes is one candi-
dabe reason {o stop training. Prechelt suggested that the training should be serly
stopped when the gencrnlization loss exceeds o certein threshold, which may vary
from problem to probilem, within the training strip of Jength 7y epoths.
Generalization loss supports the notion of overtesining, which is deseribed by
Chauvin.!? The overtraining fs o frequently found situstion in training neural net-
works. Figure 1 fllustrates the overtraining situation along with the trsining strip
of length - epochs, In See. 4, we demonstrate how to derive a suitable velue of .

Errer

Trulning Epschs >

Fig 1. The owrtnining situation.
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1 2.2. Overpraning indicator (OI)

The overpruning is the situation when we prune too many hiddea units away from
3 the network, resulting in the network without sufficlent weights to learn patterns

from the data set. We use the overpruning indicator to alert when the network is
|3 overprunad. The definition of overpruning indicstor is given by

of = (ValidErr Rataaisprusing — V 0lidBrrRat 6B aforeProning )
Valid.B‘rrRaten,,mpm‘

x 10. ®

7 2.3, Activation difference (AD)

The sensitivily of the Spartan simplicity elgorithm is the absolute diffevemce
] between the desivablo output and the output of the pruned network. We call this
sensitivity as the activation differencs, and it has to be aaloulsted over all the pat-
11 terns in the validation set. Thus, its computation is embedded into the module
where the validation erzor is calonlated in crder to svoid passing the validation set

i3 twice.
Figure 2 represents the network notations, We define the total input of the
hidden uzit § on the validation pattern p, X;(p), the output of the hidden unit §,
L3(p), the total input of the output unit k, Xx(p), the notivation function, p, the
activation of the unit k, gx(p), snd the weight connacts to the biss unit, 8(p), 8s

follows:
X;(p) =Z._:v-'i(r) -i(p) + 8 () 0}
ki(p) = 9 (X;(#)) ®)
Xulp) = Z 5 (p) - i (p) + i (). 6
ilp) = s:(Xa(P))- )

Once Xy (p) has been calculated, we subtract X (p) with the input fiom the
" hidden unit § in order to represent the sbsence of the unit j. We call X, (p) after
this process a8 X, _;(p), and the activation of the ontput unit & when the hidden

e Aio)
2 .
° .

’W’;\ '

w; {P) v, )
O pghengos
Ropu) [ Oupi)

Fig 2 Natwerk notations,
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unit j is removad a3 g, _;(p).
Xy j{p) = Xilp) ~ wpnlp)- 4;(9), &
¥ (P) = p(Xea_; (). )
The aotivation difference is the abeolute difference between the desirable value

of the cutput unit &, Ox(p), snd the activation of the unit & when the hidden unit
§ is removed, yx—;(p). The formal definition of the activation differeace is given by

ADy_i(p) = |0u(p) — - (7)) - (19)
In case of the network which has more than cne output unit, the summation of
activation differences, 4 D;(p), of all output units ia required.

AD;(p) = 3" ADy_;(p). (1
3

Then, we sum the activation difference over all ths vslidation patterns, resulting
in AD;, sud report the sensitivity o the pruning algorithm. Therefore, the most
izrelevant hidden unit {s the unit which has the smallest activation difference (AD;):

AD; =Y ADy(p). (13)
L4

If AD; is largs, the unit § is relevant (by the above eriterion.) Howsver, it can
alzo be the case that the smallest AD; is large If that is the case, the unit § still has
to be removed. The reason is that we decide to prune the hidden unit at the point
where ths network begins to loee generalization. We should not further trsin the
network, becttise the generslization will be worse (as shown in Fig. 1.) At bast, if
the unit § is irzelevant, the pruned network will receive & better generslization after
further training by the rule of thumb. If the network has unly & limited number of
degrees of freedom (which are hidden units hers), it will use tham to adapt to the
largpst regularities in the data.!’ At worst, If the unit § is relevant to the network,
the validstion error will significantly increase and the overpruning will be debected,

It is interesting Lo consider & situation when an insignificant hidden unit has
a large AD;. This Insignificant unit may survive during the early pruning phase.
However, its AD; will be smaller than AD; of the significsnt unit snd finally be
dsleted when the pruning proosss continues. AD; of a significant wait is always
larger than A Dj of an insignificant one since a back-propagation algorithm controls
all weights connected to an insignificant hidden unit to be &0 small that the unit
has no participation to the output layes. As a result, the most insignificant unit
produces the smallest gap between the desirable vahie and the artivation of the
output unit when the insignificant unit is deleted.

We can compute AD; in the velidation error module without disturbing the
module’s complexity. In order to prove our claim, the snalysia of the asympiotic
computistionsal complexity along with the pssudo-code of the modified validation
error module is shown in Fig. 3. An additional oode portion for caloulating the
surn of activation differenca, AD,-,isinl!nes 8~14. In lina 11, we avoid calonlating
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Fig. 3. A modifled varsion of the ValidationError moduls.

Xa—;(p) from thescratch by subtracting Xz (p), which is alrsady caleulated in line 6,
with the information from unit 1. Let J be the number of input units, J be the
nmumber of hidden units, K be the number of output units, and P be the number
of yelidation patterns. The asymptotic time complexitisa of both versions are

O(Original modute) = O(PJI + PKJ),

O(Modified module) = O(PJI + PKJ + PIK)
=O(PJI +2PKJ)
=O(PJI +PKJ).

"Therefore, the embedded code doee not increnss the asymptotio computational com-
plexity of $he original module. In addition, our technique spends fewer steps than o
straightforward epproach to caleulate AD;. By performing s forward computation
when each hidden unit § is removed, a plain neural nstwork needs approximstely
O(PJ(JI + K J}) in ovder to compute AD;.

Beeldes the single hidden Iayer network, our approach can be generalized to
prune units in the network with multipls hidden layers, and to prune weights. Inthe
network with multipls hidden layers, AD; con be computed in the same manner a8
in the single kidden layer network. However, thege must be some additional memory
space allocated for recording X, of every output unit & and X ; of every hiddem unit
7. These values avaid caleulating X, _; from the seratch. In welght pruning, we can
still use the same process slong with the following two conditions to caloutate AD;:
first, if w;;(p) is removed, both 2;(p) and every y,(p) thet connect to hy(p) must
be recomputed; second if w;(p) is deleted, only g, (p) connected with ;3 (p) needs
to be recsloulated.
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3. Spartan Simpliclty Algorithm

The algorithm i3 described in Fig. 4. We train the initial network for a sst of ¢
epochs until the network begins to lose its generalization, ie., the genesalization
loes ( G'L) exceads the threshold . Then we move the network back to the optimal
siate, where the validation error is minimal, within the previous 4 epochs. Before
the pruning procees bagins, the algorithm saves current weights and hidden units for
future restoration in the overpruning situation. Then, the algorithm peunes away
the hidden unit which has the smallest activation diflerence (4.0;), and trains the
network for ancther set of v epochs. If neither the network loess its generalization
nor the overpruning occurs; the algorithm will continue another set of training.
Otherwise, it moves back to the optimal state within the previous sst of training,
Finally, if the overpruning oceurs, L.e.,, the overpruning indicsbor (OF) exceads the
threehold B, the slgorithm will restors the hidden unit snd all its corresponding
weights before returning to a Spartan network, Note that choosing a suitsbls valve
of 7, @, end f for each problem is explained in Sac. 4.

For a non-noised problem, instead of checking the generalization loss, we stop
the training when there Is no progrees, e.g., the velidation errcr docroases less
than 0.001. For a classification problam, it {8 worth eonsidering the number of
misclassified validation patterns, when each hiddem unit is removed, ss the first
priority (the resson is discussed in Sea. 8) Let NumEyvPat; be the number of
misclazsified validstion patterns, when o hidden mit § fs removed. The pevisad
AD; for & dassification problem is defined by Eq. (13). The first term on tke zight
gide of Eq. (13) Is a positive integer, while the last term is the average 4 D;, which

-

T it A4 [ [Ty l

Yur

& 3
More the sermih backio the oplimal yixse Howsthe murwark back 10 the optina! wets
withis o ¥epaxin within previces Pepachn
Stase-Ac Bechup all csmese weighes and

Widdem vsirs bafcrs proming

v

Rireve tha hiddow toi which b the
sasTlest activatics diffacemcs AN}

Fig 4. Spartan simplicity algpritbm.
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1 has a value batwean 0.0 and +1.0.
AD
AD; = NumBrrPat; + g—’—’—@, (18)

i1

13

15

17

19

21

PxK
where P and K are the aumber of validation petterns and the mumber of output

units, respectively.

4. Experimental Study

The experiments are perfermed on both srtificial and standand resl-world bench-
marke, The data sat s divided into three sets: 50% of ihe dsia set for {1aining
sot, 25% of the data set for validation set, snd 29% of the duta set for test sot.
‘Wa use the standard error function, i.e., sum-squared error (SSE), for mast prob-
lems, exceopt for Fi and F2. In order to conform to the expariments in Ref 7, we
use mean-squared error (MSE) for F1 and F2. The SSE and MSE!? are defined 1s
followrs:

1 P K
858 =3 L3 ()~ ), (14)

. 1 P K i
WSE 5533 O o) 15)

Wo use the standsrd sigmoid fimetion in all experiments. For a classification
problean, the ontput units for n clesses sre encoded inte 1-of-n cutput representa-
tion. The cutput having the highest activation designates the class (winner-takes-
all.} All experiments are sinmlsted on Pentium 4, 2.66 GHe.

4.1. Artificial benehmarks

Three well-known artifidal benchmarks are chreen to evaluate the correctness of
the propeeed algarithm, Parabolic functicn (F1), sine function (F2), and srtificisl
classification (AC) sre originally from Ref 7. The minimum mmmbers of hidden
units for thess benchmarks are known in advancs’” - two wnits for F1, five units
for 2, and three units fr AC.

o Parabolio fimetion (P1 — illustrated In Fig. 8)  f(z) =23, (16)
whees z ~ U (—1,1). All the outpnt valuss are in the range [, 1].
» Sine finction (F2 — illusirated in Fig. 6):  f(z) =zin(2ws)e~ +¢, 17

where 2 € U7 (-1,1) and { ~ N (0,0.1). Output values are soaled to the range
[0, 1].
¢ Artificial elassification (AC — iHustrated in Fig. 7):
_Ju (2207 or((z £03) and (23 >-02-12)),
T 10 octherwise.
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1 4.2. Real-worid benclsnarks

All real-world data sats are obtained from the UCI benchmark repository. These
3 problems represent the challenging benchmarks in the field of machine learning
because of their relstively high nolse level. Data sets and their brief details are
5 given in Tabis 1. In crder to accelerate the beok-propagation learning process, input
atiributes should be pre-prooessed by a simple normalization so that its mean valus,
7 avaraged over the entire set, is close to zero.}d Thus, the input attributes of some
benchmarks, e.g., diabetes, heart disease, wine, end credit card, are resoaled to
9 betwesn 0.0 and 1.0 by o linear function. In order to comply with the experimental
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1 resultareported in Refs. 6, 7 and 14, the slze of each data set used in our experiment
is partitioned as given in Table 1. Most of the data. sets are randomized before par-

3 titioning, excapt for Wisconsin breast cancer, diabetes, and heart diseass problems,
which are already mingled in the original dats sets,

5 4.3. Parameter choosing
Table 1 also shows the values of two parameters used in the algorithm, j.e., the .
7 GL's threshold (o) snd the initial numbers of hidden units. These paramsters are

investigated under preliminary runs of the Spartan simplieity algorithm in order to

Thble 1. Dnta sats used to test tha Spartan simplicity nlgorithm.

€ Tmin § Valid. § Tent Initinl o of
Banchmesk # sttributus F clamsas pattarns patterns pmiterns o Hidden units
43 1 appraximation 80 40 W n/a ¥
2 1 appraximation 100 %0 o ofa 10
AC H 2 100 0 0 uia 10
kis 4 3 % 37 33 10 11
Broast Genosr g 2 349 s 173 ] -8
Diabatas 8 2 384 192 192 9 -8
Hoart 13 2 151 ki k1] 1 &8
Wine i3 3 80 48 4% 0 -8
Cradit card u 2 ol 12 e ] 2 12-34
Jaolat 617 % 3500 140 180 120 ]
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Tabla 2. Chocming appropriate a for Branst Cencar () and Crodit card (b).

hitld fol Thidgwl Tatex hingel Fimlfol Tetar
o hidimuaits 2idien ncite [ a bidmwly ide woiv ™
2} 0
20 13 3 0L503 .11 u 1 0.2me
W 3 LA 12 1 0000
[ i (3 <V ] w | 6.11x1
] 1 (137} [} ] 01089
4 F 00844 ¥ ] (85 e}
20 13 H 00818
w0 H Qleid i
4 i s n 1
8 1 Q0190 [} 1
4 S QOSLY L 1
1% - QUOIER u 1
10 1 Q7 1 1
: R 0 2
. ] ]
4 2 QoETd 1 2
20 1 4 QD 14 1
0 1 ansee 13 1
] 1 onxs n 2
8 1 o.0ane [ [
4 2 onEM [ 2

find the most appropriate valne. For example, finding both paramaters for bresst
cancer snd aredit card problems are shown in Tables 2(a) snd 2(b), respactively.
Wa comsider the final number of hidden units and the tast errcr rate while allowing
a and the initfal number of hidden units to very. A suitable value of o for each
problem should produce & final network with a amall number of hidden units snd
a low test error rate. Therefore, we select o = 6 and a = 2 for breast cancer snd
credit card problems, respectively. Similarly, the most appropriate range of initial
mimber of hidden units should sallow the network to have a small number of final
hidden units and a low test error rate. As a result, the initisl number of hidden units
is botween 6-8 and 12-14 for breast cancer and eredit card problams, respactively.
Based on similar considerations, we can select the initial aumber of hidden units for
other benchmarks, For beachmarks F1, F2, and AC, the initisl numbers of hidden
units are the same as those used by the works in Ref. 7. The network never loses
its generalization on these three artificial benchmarks since they are non-noised
problems. Thus, we stop training when the validation error decresses less than
0.001.

Another parameter thet nseds an explanation is the OFs threshold (5). Werun
the Spartan simplicity algorithm on each benchmark and messure the threshold 8
when hidden units are overprunad by using Eq. (3) If the network is overpruned,
its validation error rate will significantly incresse. Even if the network is furthes
trained, there will hardly be any decrease ca the validstion error rate. We use this
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Table 3. Finding the QF's threshold {8).

Fl F2 AC Iris Cancer Dinbetes Hoart Wine Crodit Isclet

Qs threahald {§) 61.5¢ 480 51.Y2 1650 0444 300 9813 17D 38YS M0
Std, Dov. 02% 018 009 121 031 010 000 158 034 020

threshold to alert the overpruning situation instead of waiting for the decressing
on the validation error 1ate. Some preliminary experiments as in Table 3 should
ba run before chocsing a suitable threshold for each problem. Table 8 gives an
averaga threshold £ and its varfance for each data set over 10 preliminary suns of
the Spartan simplicity algorithm.

Asindiested in Secs. 2 and 3, we monitor the genaralizstion loss within y epochs
to stop the training early in order to avoid overtrsining, Here, we damonstiate how
we darive 7. We frain the initial network with o standard back-propagation algo-
rithm snd monitor the variation of the validation error. In Fig. 8, the monitoring
window is yandomly placed on the validation error curve. There sre two easential
factors that we consider on selecting a suitable monitoring period. These factors
are the time needed for detecting the generalization loss and the mumber of mis-

‘predictions. A small-eized window epends short time to predict the generalization

koes but miay have a Jarge number of wrong predictions. Converssly, a Isrge-sized
window spends ionges time to predict the generalization Joss butl has » smaller
rumbser of wyong predictions. We mensure the number of wrong predictions among
six different values of monitoring period in both non-overfitting and ovesfitting
zones. A misprediction in the non-overfitting zone oceurs when we have 100 small &
monitoring period, and it cannot supprees the trivial ripplss along the error curve.
Bimilsly, a wrong prediction in the overfitting zone ocours when the errog difference
between the left and right rims of a momnitoring window does nol reach a certsin
threshold, The results of 100 random samples are recorded, and the comparison on
different sizes of monitoring period is given in Table 4. Notice that the mumbers
of wrong predictions during the monitoring perind 25-3% epochs sre not different,

0.35
0.3 Non-overfiting Overfiting
0.25
02
0.16

monitorky
01 ad
0.06 ”’\"‘\vab\u r—._//
04 v v v v v v
1 b 51 78 101 128 15

Fig, 8. Shding windows moving along validstian srrer.
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Teblb &, Tha iboy of wrong predictions among six
‘The pumber of wrong predictions
Monitering paricd {spochs) Iris  Cepmr Diabotes Hesrt Wine Crodit  Isolet

H 4 € 7 v 4 5 13
1% 2 4 -1 L] 3 4 9
N 1 2 2 2 3 2 4
b1 0 o 1 1 L] 1 1
0 0 Q 1 1 0 1 1
35 9 0 1 1 0 1 1

Therefore, the monitoring period of 28 epochs should give s ressonable trads off
betwean the {ime needed for dstermining the generalization loss and the number of
wreng pradictions

4.4. Ezperimental resuits

Each experiments] result is an average of 30 runs on different weight initislizations
and injtial number of Mdden units. Thess runs are uniformly distributed over the
learning rate range of 0.1-0.4. In order to svoid the effect of a sophisticated natwark
initialization, which may mislead the experimeantal resulis, we simply initialize all
weights {0 be within tke range of —0.1 and +0.1. The produced architecture and
classification eszors on every problesn are shown in Table 5.

For one example, let us consider a sampla run of the proposed algorithm on the
diabetes problem. Figuee § illustrates the numbes of hidden units, the generalization
loss, the activation differeace of guch hidden unit, the error rates of training snd
velidation sets, and the overpruning indicator. The slgeeithm spends 28 epochs on
training the initisl network, which has six hidden units, until the network loses its
gensralization et epoch 28 as the generalization loss rises up to 2.20 and exceeds
the GL's threshold (@ = 2 from Table 1). At epoch 26, the algorithm decides to
prune away unit 2 since it has the smallest A D;. Then, ihe training continues until
the network loses its generalization again at epochs 73, 100, 125, and 150, where
the algorithm decides to prune units 8, 8, 4, and 1, respectively. It is inlevesting
that unii 1 has smaller AD; than unit 4 during the first hundred epochs, but it san
live longer then unit 4. Therefore, the variation of AD; indicates the competition,
which ocours throughout the pruning process, smong the hidden units. At epoch
175, overpruning occurs since the OF immediately reaches 20, which is the OFs
threehold (§ = 30 from Table 8). Therefors, the algorithm restores unit 1 und all
its corresponding welghts, and then returns a Spartan network with two hidden
units,

4.8. Comparisons
The implementations of the OBD, the OBS, Skelotonization, and Magnituda-based

pruning (MBP)™ provided in the Stuttgart NN simulator (SNNS) a1e used in
genarating results for comparisons. For other methodsnot provided in the SNNE, we
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Tobla 8. Resuhs produced by the Spartan simplidty algarithm on various preblarms.

Training vet Validation set Tost ot
Final § of
Problum bidden tmits Error Ercrate Emror  EBirorate  Emar  Eren sete
2 Bean 2 0011 — 0.0238 —_ 0.0318 —
5D 0 00108 — 0.017% _ 0.0163 _
2 Mean ¥ 00320 o 0.0243 — D.028% —_
sD 0 oouts — 0.0007 —_ 0.0019 -
AC Mean 3 00354 0026 00272 002386 D.LOOBI 00300
sD Q 00240 00351  0.0533 00642 0.0098 0005
Tris Moan 2.3% 00110 00126 0.0138 00143 D.0142 DO14E
3] 1.09 0008r 00008 0.002Yy 00088 OO0 coODn
Cencue  Moan 243 00113 00100 0.0160 00183 001D  DOYOOD
sp 023 00005 00048  0.0053 ODMS LOOYY  DOODED
Disbstss  Moan 2.18 01823 01898 0.1832 0193% 0495y 024
8D 0.95 00043 00058 0.0230 000X 0iX8  DODGL
Hanart Mean 227 0003 03148 0.0070 04854 DiOBY 01N
8D 0.21 00123 00068  0.0058 0010 000D 00D
Wine Msan 453 0g0ié 0007  0.0044 00030 00085y 00OLB
8D 0.98 00061 00062 00055 00021 0.0020 QOIS
Cradit Mean 325 G102 Q1113  0.3081 OJ1 04005 QIO
8D 1.24 00030  QOD§t  0.0932 DO DEBIO 00O
Inclet Mean 20.28 00115 Q0101 0040 0O0%Y D0DXO  DOXO
8D 0.%4 00058 0008y 0.00vD 00115 00O DOWD

teke 105ults from the original works by setting our experimend under the same con-
ditions (the dynamic node deonying method (DNDM) from Ref. 6, the variance
nullity pruning (VNP) from Ref. 7, and EPNet from Ref. 14.) In Table 8, the Spar-
tan net achieves the minimmm number of hidden uniis with better generalization
than the VINP. However, we do not compers the Spartan not with the VNP on
othar data sots used in Ref. 7 eince the VNP prunes away both input and hidden
units in the networks of those benchmarks, Notios that difference to our spproach
is that the VNP initializas weights each time a hidden unit is pruned away. The
network must be retrained from the scratch to meet o eriterion. This may Jead to
8 local minimum if the weight initialization is not properly axeouied.?

Bince our epproach starts pruning et the point when generalization deterioratas
end continues {1aining with the current weights, one concern s that the network
may be In 8 local minimum. In fast, if & hidden unit is deleted, ax well as its
corresponding weights, the pruned network will be stirred around ita error surface
giving a poeelbility for the network to get out of this Jocal minigwim, In addition,
we use the current weights becauss the deleted weights are redistributed over the
remaining weights, reenlting In the reduction of the retraining time.

Table 7 shows the comparison on the iris problem. The Spartan simplicity algo-
rithm hos the lowest valnes on both the niimber of hidden units and the test error
rata, Although the DINDM aversges the rasults from mutual exchange of the t7aining
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Table 8. Comperinon batween the Sparten simplicity algorithm
and ths VNP,
Final acchitectire ‘Teating MSE Tosting ecaaracy
Spartan VNP Spartan VNP  Spartan VNP

Fi 121 121 00318 003®  nfe /s
F2 151 131 0038 0020  nfe nfa
AC 231 a3y ofs nfa 9% 5%

‘Thble 7. Comparison betwean the Spattan simplicity nlgorithm and cthers oo

thw iris protlem.

Algarithm Spartan  OBD OBS MBP Skalstonizstion DNDM
# Hidden units  2.2% 4 4 4 3k 2.6v
Tosi, arvor e D046 002 0.02 0.02 0013 0.0159

data, vslidation datn, and test data, its sverage reeult is not yet as good as the
Spartan simplicity algorithm.

Table & illustratee one sampls of the final network schisved by the Spartan
staiplicity algorithm on the iris probiem. This {s & compact-sized network with two
hidden units and s relatively low test ervor sute. If the number of 38 test patterus
(from Table 1) of the irls data sat is passed through the Spartsn net, the 0.0146
teet error 1aie will be obecrved. Toble 9 shows the comperison on the breest cancer
protdem. The number of hidden units of the Spartan net is rmueh lower than that
of others, but cloee to that of the DNDM.,

Onsa of the moet difficult problems in machine learning is the diabetes problam
dus to its relatively small size and high noise lavel. The Spartan simplisity algorithm
yet prodiuces the smallest number of hidden units with the test error ats close to
the minimum test error rate produced by the MBP, as shown in Teble 10. For each
of other two larger benchmarks (hesrt disesse and wine problems), the propased

‘Tutle 8. Spartan met for the iris problem,

Tnputs A I i I Bins  Output! Ourpat2 Ouwtpurd

Hiddeol 2.3800 23005 —3.6304 28563  1.4623 43101 23457 2.2002
Hidden? 03017 —1.671 2.5088 1.2070 -0.3560 1.8007 24811  —4.2408
Hins - — — — —_ 03071 .-3.8838 ..0DOIN

‘Inble 9. Compariscn batwosn the Spartan eimoplicity algocithm and othans co

the breast cancer problam.
Algorithm Spartan OBD OB8 MBP  Skeletonizstica DNDM
# Hidlen units 2,43 ] k4 v ] 2,38

Tost arror Tnte Q020 00YS 0400 0.0% 0.08% Qo018
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Tabls 10 Comparison batweon the Spartan simplicity algorithm and others on the diabates
probleon.

Algosithm Spartan  OBD OBS  MBP Slulstonization DNDM EPNst
f Hdden wcits 206 3.8 37 45 55 278 34
Toeterorsate  0.2144 01062 01988  0.1910 0.210 02234 0998

Tobla 11. Compurison betwoon the Spartan simplicity nlgorithm and others on the heart
discase problem.

Algosithm Spartan  OBRD  OBS  MBP  Sklstomization DNDM EPNot
# Hiddm units  2.27 45 45 5.2 12 1.8 41
“Toat srror rute 01751  Q.185Y8  O.4578  0.1478 0.1631 0186 0.158

Tabls 12. Comparlson b the Sp implicity wigorithm and

othets on the wine prcblam.

Algroithm Spartan OBED OES MBP Skalstooiration

# Hiddso unite 453 & ] 7 5

“Toot mror yate  0.0038 €028 0.8 0014 0.020

method again produces a compact network with a high generalization, #s showa in
Tables 11 and 12.

Anothee difficult problem fs the credit card asessement. The comparison in
Table 13 shows that the Spartan net achisves the smalleet number of hidden units,
while the test erzor rate is still competitive to others,

Table 14 shows the comparison on the isclet problem. The data set contains the
yoioes of 150 people saying the name of each letter of the alphabet twice, It is a
vary good domain for teeting scalability of an algorithm dus to its relatively large
number of attributes and culput classes. Our algorithm reducas the hidden units
from 78 {0 20.28, whils the test ervor rate is still competitive to others

Thbls 13. Comperisco betwoun the Spartan simplidty elgorithn snd others an

tho credit card protlem.

Algorithm Sparten OBD OBS MBP Skeletonizstion EPNat
& Hidden units 3.2 4.9 485 &.8 49 443
“That ecrce rate 04119 0418 Qf16 0.00 Dy 0118

‘Tatle 14, Comparison betwoan the Spartan simplidty elgesithm end others on

the izolet problem.
Algerithm Spurtan oBD ORS MBP Skaletonizativa
# Hidden urita 2028 0.55 30.40 B 0k

Test sazer enta Q0510 0.0827 0.0507 0.055% 0.0810
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In arder to get a feel for the potential improvement realizable of our technicqus,
we compare the Spartan smplidty algorithm with the intuitive constructive tech-
nique (ICT.) The data sats and canditions are the same as those used in our exper-
iments. We do not prune but start with a minimal structure with o none-hidden
unit. The network is trained by a standard back-propegation algorithm. We use o
1-of-n representstion with the winner-takee-all to designate the dlass and a eliding
window on the validation ersor to stop trafning early. If we do not cbeerve & new
minimum oxn the validation errot within 25 epochs, we will stop the training and
reect the weights back to those at the epoch where we see the minimum validation
errce. Then, wa add another hidden unit and continue tzaining in the same msn-
ner a3 before. The process terminates when the new minimum validation ervor is
Iarger than the minimum validation error of the previcus nrchitecture. In addition,
for emoh structure, we experiment with varlous ssttings for the initial weights and
Isarning 1ate parameters in order to find the best result. Then we chooss the best
network on the validation set from among 10 different strusturea.

Table 15 {llusirates the comparison betwoen tha aversga vesults from the Spartan
simplicity algorithkm and the best results from the ICT. The number of hidden units
anid the test errar rate are denoted by #HD and Err, respactively. It is obvious that
our method outparforms the best result of the ICT on every benchmark,

6. Discussions

Based on the fact that & validation set represants any unseen date move truly then the
training pettens, let us show the experimental verifications of the improvement by
using the validation set in pruning decision. In additfon, it is worth considaring here
that the sengitivitios of some well-known pruning algorithms may still underestimate
the lirelevance of hidden unit even though the validstion set is used in measnring
the senuitivity.

Lat us first fllustrate the comparative results of the Bpartan simplicity algosithm
uging different data sets to ealeulate the sonsitivity. Teble 18 reports the resuits of
the first pruning phase when using the validation set to calculate the sansitivity,
Le., the AD;. Bach call in Table 16 shows the AD; (upper vahre) and the validation
er101 rata (lower value) immediately after the hidden unit is removed. The algorithm
chooses the hidden unit which has the emallest A D; as the unit to be pruned away,
The bold-font mumber represents the unit to be removed. Notice that the validation
er7of rate is minimal when compated with other unit removals.

On the other hand, Table 17 reports the results when using the trsining set to
calculate the AD; undes the same initial conditions s experimented in Table 16.
There ore two disadvantages of using the training set to caleulste the AD;. Fist,
during the early phase of pruning, the network may be too fil to the trofning set that
the AD; approaches zero (as ehown in the italic number for F2, AC, and Diabetes.)
This i5 & vulnerable situation because the validation errcr zales sre different even
though sll the ADs are gero. At best, the sigorithm osn randomly choose eny
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hidden unit, causing s poesibility of the worst validation error rate. Second, the
smallest AD; may not reflect the lowset validation error rate. The situation can
be shown in bold number. For example, in the breast cancer problem, the fourth
hidden unit has the smallest AD; (13.0997) with the validation error rate of 0.0629.
However, this validation error rate is not the lowest. value, comparing with the third
hidden unit which has the error rata of 0.0571. Tharefore, using the validation set to
calculate the s=nsitivity in our approach is more ancurats than using the training set.

In order to see the impact of using the validation set to calenlate the sensitivity
upon other classical methods, we perform the same experiment to the OBD, the
OBS, and Skeletonization algorithms. Here, we modify these pruning slgorithms
in the SNNB to use the validation set instead of the training set in calculsting
the senzitivity. The experiments are run under the same conditions 18 expluined
in 820. 4 4. The compsrison between the original and the modified algorithms are
given in Figs. 10-15. We chocea iris, credit card, and isalet to represent small,
medium, and large problems, respectively. In every case, using the validation set
obviously results in a lower number of hidden units with fairly good generalization.
Notice that the tast arror rates on iris and credit card problams slightly deleriorate;
however, they are still comparstively competitive. Neverthelees, thass improvements
are antived al by incressing the abeohita computstionsl time by the size of the
validalion sat.

Although the validation set is used in other pruning techniques, it is inter-
esting that the Spartan simplicity algorithm still achieves the performance better
than other algorithms do. As shown in Tabls 18, the Spartan simplicity slgorithm
achigves the smallest average number of hidden units and the lowest average test
error rate in every benchmark. In addition, our algorithm spends the least average

(P OGN LR W S S0, Vs 2/, W VN

Lsing Faining sal - Using validalon sl

Fig. 10. Tha numbsr of hidden units for iris.
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Pig 12. Tha oumber of hidden units for eredit enrd.

1 CPU time dus to its simplicity, while the OBS consumes the largest time due o its
full Hessian matrix caleulations.

3 Before explaining furthes why the Spartan simplicity algorithm outperforms
other pruning algorithms even if the validation set is used in measuring the sansi-

5 tivity, let us review how other methods obtain their sensitivities. The sensitivities
of the OBD, the OBS, and Skeletonization are measured by computing the (first

7 or seoond) derivative of the error function when pruning away a certain paramster.
The parameter with the smallest sensitivity is removed. For one example of a clas-

9 sification problem in Fig. 18, consider a particular pruning phass of the network
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Fig. 14. The number of hidden units for isolat.

1 having thies output units. Let p, be the sensitivity when unit = is removed. It is
obvious that p; < p; since the errcr after removing unit i is smaller than the error
3 when unit j is removed. Therefore, these three algorithms choose hidden unit i and
prune it away. However, by using winner-takes-all classification, this pattern is mis-
5 classified because the pruned network generates cutput {1,0,0) instead of (0,0, 1).
On the other hand, if they choose to remove hidden unit §, the pruned network
7 will correctly classify this pattern since it generates {0,0,1). Therefore, the s=n-
sitivities of three well-known pruning algorithms underestimate the irrelevance of
the hidden unit. This problem can be resolved by taking into account the number
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Fig. 15  The test arror rate for isclst.

of misclussified vslidstion patterns as the first priority. As = result, the number of
misclassifisd patierns is introduced into Eq. (13) as the main concern. In order to
see how often algorithms underestimate the irrelevance of hidden unit, Table 19
illustrates the mamber of wrong hidden unit removals from a total of 100 hidden
umit removals randomly chosen from the previous experiment. The Spartan simplie-
ity algorithm never removes the wrong hidden unit, while the OBD has the largest
nuraber of wrong hidden unit removals. If the wrong hidden unit is eliminated, the
output error will be large, and the network will be diffioult to converge. Thus, there
will be unpecessary hidden units left in place and those units prevent the network
from having good generalization.

One conosrn about cur epproach is a pessibility to prune more than one unit at a
tims, Hers, we modify the Spartan simplicity algorithm to support such adaptation
as in the ollowing: For hidden units wheoee AD; exceads a certain thresheld, we
delete them and retrain the network. If the overpruning oecurs, we rastore the
deleted unit which has the largest AD; compared to other units we recently deleted,
and repeat the training proosss. The restoration of the deleted units continues
until the overpruning indicator disappears, and then the algorithm returns the
final architectuze. Table 20 compares results between the modified Spartan and the
original one from Table 18. The results of both versicns on the final average number
of hidden units and the average error rate are not significantly different. On the
other hand, the average CPU time of the modified Spartan is reduced almost by a
half in every data set. The modified version saves the retraining time by pruning
nmltiple hidden units st o time. However, we need to dasign a systematic way to
determine a suitable threshold for AD; since the results of the modified Spartan in
Table 20 use the ad hoc threshold from the preliminary run. This could be one of
the future works that requires further elaboraticn.

137



138

1t Reading

I September 4, 2008  13:42 WSPC/123-JCSC 00451

Spartan Stmplicity: A Prunimg Algortthm for Newural Neta 2%

oDl 9200 o8 o181 £900 & 04561 {00 o2 o156t W0 wlos]
851 1z TP SRE w0 ¥ 008 =0 ar o651 0 @e  pReupw)
16 6100 e 000G 000 e 096 100 g8 X5 900 &T 2]
fslowp  mweus gEd Eewn  opucae qpé (own spucaw gt B oo smaus Qi
ndo ®ay Bay Aay  ndO “Bay Bay Bay - ndD Bay By Bay  ndad Bay Bay Bay
10 AL |04 S SHO g0 unr.rocy

A Ay RIS o1y BUpRoD ul PO ) 398 o TUPIEA BYY WM Renbitipet HY10 i jou eymd g oy wmmieq ned mdwo)  “g| oqu,



139

1t Reading

September 4, 2008 18:42 WSPC/123-JCSC 00451

B K. Jeorunattanaby & O. Pinngern

*- Desirable cutput B Activation immadiately after removing hidden unit i
Activation immadialely after removing hidden unit j

+1

Output unit I Output unit 2 Qutput unit 3

Fig 18. The desimble cutputs nod the activations immediataly after cither the hidden unit ¢ o
7 s removed.

Table 19.  The number of wrong hidden urit ramovals co

three classification problams.
Spartan  OBD OBS  Skaletomization

Iris 0 3 2 2

Cradit casd 0 T 3 5

Isclst o 13 9 14
Table 20, Cempnrison b the modified Spartan net and the criginal
Spartan net,

Modifled Spartan Original Spartan

Avg Avg Avg CPU  Avg. Avg. Avg. CPU
#HD  arr. rate tima {x) $HD  arr. rate time (8)

Iris 2.21 0,018 500 2.2 0.015 @y
Cradit eard 3,20 0.120 10L% 3.25 0.112 1950
Isclet 20.21 0.060 GU83 20,28 0.051 12610

1 6. Conclusions

In this paper, weo proposed a sensitivity analysis pruning algorithm for the single-
3 hidden layer feed-forward neural networks using the validation set. Our approach
is simple and easy to implement, yet produces a very good result. There are four
5 factors behind the sueoass of the Spartan simplicity algorithm. First, the sansitiv-
ity (AD;) is derived by the absolute difference between the desirable output (in
7 the validation set) and the activation of the output unit when the hidden unit is
removed. Second, the sensitivity caleulation is executed on the fly by using the vali-
9 dation set without increasing the asymptotic computational eomplexity of the back-
propagation algorithm. Third, for a classification problem, the algorithm measures
the sensitivity by considering the number of misclassified validation pattarns, when
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each hidden unit is removed, as the main concern. This resolves the situation when
the s=nsitivity undersstimates the irrelevance of hidden unit, even if the validation
sat is used in measuring the sensitivity. At last, the algorithm does not reinitialize
weights when a particular unit is removed. This prevents the small-sized network
from being relatively sensitive to initial conditions. We have shown the effectivences
of the algorithm on three artificial and seven real-world benchmarks. The correct-
nees of the pruning results is illustrated by using problems for which the minimum
number of hidden units are known, e.g., F1, F2, and AC problems. The robustness
ability is tested by the high-noisad data sels, e.g., diabetes, heart disease, and eredit
card problems. The scalability of our algorithm is verified by the experiment on the
isolet problem. A limitation of our algorithm is the assumption of having sufficient
velidation patterns (st least 25% of the data set) thal truly 1epresant the test set.
Otharwisa, the technique will begin to pay too nmch attention to the specifie details
of the validstion set and then not generalize as well 1o new dsta. There ate two
future improvemsnts to the Spartan simplicity slgorithm. First, we may detact the
ovarpruning early in order to avoid the netwark restoration. Notice that during the
last pruning phase, the AD; of each hidden unit will be large snd relatively closa
to the others Some siatistical approach can be used to delermine if the AD; valua
of & unit is not significantly smaller than that of other units. If that is the case,
the algorithin can stop esrly before the overpruning coours. Second, as mentionad
in Sac. 5, we could design a systematic way to find & suitable threshold for 4 D; in
order to parform a mmltiple-unit deletion and reduce the pruning time.
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