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ABSTRACT

The main objective of this research is to study and develop the open form
of Runge-Kutta method to be used as a tool for finding the numerical solution
of the initial value problem of ordinary differential equations[ODEs]. In the past,
most of Runge-Kutta formulas are of the closed form,while in this research the
open form will be the focal interest. The new open form Runge-Kutta method
is presented truncation error value in O(h**?) form where h is the width of each
point and s is number of stages.
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CHAPTER 1

INTRODUCTION

Mathematical models with ordinary differential equations are used to ex-
plain many phenomena in many area of sciences, technology and social sciences.
The numerical method most frequently used to find the numerical solution of
initial value problems of ordinary differential equations in those models is the
Runge-Kutta method.

1.1 Statement and Significance of the Problem
The Runge-Kutta method for finding the numerical solution of initial value
problem of ordinary differential equations which is of the form

v = f(z,9) (1.1)
with the initial value
y(zo0) = %o- (1.2)

This type of the ordinary differential equations appears oftenly in many
branchs of science. An s-stage explicit Runge-Kutta method is used to compute
the approximated value of yn41(z) in (1.1)-(1.2), when y,(z) is known, can be
expressed by the following relations.

Yn+1 = Yt iz ik (1.3)
i = (@ + cih,yn + hEI2) aighs),
i=1,2,..8.
Many mathematicians study this Runge-Kutta method in order to come
up with the formulas that give the best numerical solution of the above prob-

lem. In this research we intend to construct a new formulas of the Runge-Kutta

method of the open form.



1.2 Main Objective
Most of the mathematicians studied the Runge-Kutta method in closed
form, but in this thesis we will study and develop new formulars of the open form
and finding a suitable unknown variable for the new formulas to use as a tool
to solve the initial value problem of ordinary differential equations and present
truncation error value in O(h*+2).

1.3 Scope of the study

To study the Runge-Kutta method and develop the new open form of
Runge-Kutta method by three orders that is order 1, order 2 and order 3 for
solving the initial value problem of ordinary differential equations are of the form

y = f(z,y)

with the initial value

y(To) = Yo-

1.4 Benefit

After the study of the open formula of the Runge-Kutta method , we have
the following benefits.

1.4.1 Obtain the new formulas of the open form of Runge-Kutta method
for solving the initial value problem of ordinary differential equations.

1.4.2 We may use these three new formulas to compute the numerical
solution of many the problems in engineering, science, astronomy and social

sciences.

1.5 Research Procedure

Steps for doing this research are summarized as follow:

1.5.1 Study related document and researched papers of Runge-Kutta method
that we found.

1.5.2 Formulate new formulas of the open form of Runge-Kutta method.

1.5.3 Compare the results obtained by our new formulas with those ob-
tained by the classical Runge-Kutta formulas.

1.5.6 Summarize main results.

1.5.7 Write the thesis.



CHAPTER 2

PRELIMINARIES
AND
LITERATURE REVIEWS

In this chapter, we shall give definitions and theorems which are used to find
the new formulated of Runge-Kutta method for solving the numerical solution of
the initial value problem of the ordinary differential equations.

2.1 Basic Definitions and Theorems

The first part, we will give some basic definitions and theorems which
are used for find the new construct of Runge-Kutta method for solving the nu-
merical solution of the initial value problem of the ordinary differential equations.

2.1.1 The Runge-Kutta method is the admired method for approximate the nu-
merical solution of the ordinary differential equations.

In 1895 C.Runge presented the numerical method for finding the numer-
ical solution of the initial value problem of the ordinary differential equations.
After that in 1901 W.Kutta improved the method of C.Runge which denoted
Runge-Kutta method that has been used for finding the numerical solution of the
ordinary differential equation is in the form

v = f(z,9) (2.1)

with the initial value y(zo) = Yo-

which is the first order ordinary differential equations. We may find the value of
y(Zm41) by using the value of y(m) with the help of the and the Runge-Kutta
method which is in the form.

Yma1 = Ym + B®(Tm, Ym; h);m=1,2,.. (2.2)

when D(Tp, Ym; h) = 2z ik



kl = f(m:y)
ki = h‘f(xm + Clh'? Ym + hz;;ll bijki)7i = 1) 2) ey 8
and €= L bijrt = 1,2,...,s.

where a;, c; and b;; are coefficient of the Runge-Kutta method and h is the step

size.

2.1.2 The equation in the (2.1) in order p if p is the maximum positive num-
ber such that we give a dispersive Taylor series about z.

Ym+1 — Ym — hq)(xm,ym; h‘) . O(hp+1)' (23)

when y(z) is the exact solution of the problem (2.1). The most frequently used
formula in order of the Runge-Kutta method for solve the problem in the form
(2.1) is the four points formula which has the form

h
Yms1 = Y + (k1 + 2k + 2k3 + k) (2.4)
where
ki = f(Zm:Ym)
h h
ky = f(:L'm e Evym + 'Z"kl)
h h
ky = flzm+ 5 Um + §k2)
ki = [(Tm+h,ym+ hks).

The Butcher array table 2.1.1 present the relation of the coefficient of the Runge-
Kutta method.



Table 2.1.1 The Butcher-array for general Runge-Kutta method

0
¢z | bar
c|B cs3 | by b
o
Cs bsl bs2 bsl
ai a ... Qg1

Form equation(2.3) the runge-kutta method will give the truncation er-
ror value in O(h*+!) that is the error from the Runge-Kutta method order s
varies to step side h order s+ 1. At the present, finding the solution of the ordi-
nary differential equations by the Runge-Kutta method was done in order 4.

Subsequently, many mathematicians were studied and tried to develop
a better Runge-Kutta method for solving the numerical solution of the initial
value problem of the ordinary differential equations. For example the Runge-
Kutta Merson which is of the form

1 4 1
Ym4l = Ym + Ekl + gk«; + gks (2.5)

where

ki = hf(Em;Ym)
h h
ky = hf(Tm+ 51 Ym + zK1)

3 3
h h h
ky = hf(zm+ 3 Um + gkl o> gkz)
h h 3h
ks = hf(.’L‘m + §,ym+ gk] + —8—k3)
h 3h
k5 = hf(iL‘m + h.,y,,. + §k1 - -5"63 + 2hk4)

The Runge-Kutta Fehlberg formula is presented in 1969 by E.Fehlberg.
He modified this formula from the original of the Runge-Kutta method in case
s = 5 with delete the term of k,. It then can be express by



25 1408 2197

Ymi1 = Um + 575k + geks + rgake = 5hs

where

kl = hf(.'l:m, ym)
h h
ky = hf(zm+ —,ym+zk1)

3
3h 3h 9k
ks = hf(.’L'm + —8—,ym + 3—2k1 -+ ﬁkz)
12h 1932 7200k
ks = hf(@m+T30n+ ik~ gigr 2t

439h 3680h

ks = hf(:cm+h,ym+—2—1—6—k1—8hk2+ 513

(2.6)

2.1.3 We can use values a, § and A form Legendre Polynomials to develop an-

other form of Runge-Kutta method.

The Legendre polynomials are orthogonal on the interval {-1,1] with re-

spect to the weighting function w(z) = 1, that is,

J* Pu(z)Pm(z)dz =0,n #m,
JHl [Pa(x))?dz = c(n) # 0.

The first few Legendre polynomials are:

PO = 11
Pl = T,
1
Pg = IE2'—§
3z
P, = -
3 x 5
6z2 3
= 4 —
bo = - +3
10z® 5z
_ S __ i -
1524 5
= 6—‘—‘—'—'—_
Fo = =37 7313
2125 105z® 35z
_ 7 __ T It
b= =3t 3 T 129

(2.7)
(2.8)

(2.9)
(2.10)
(2.11)

(2.12)
(2.13)
(2.14)
(2.15)

(2.16)



P,(z) =

definite inte

2n—1

The general recursion relation is

n IL‘Pn_l(.’II) -

Table 2.1.2 Roots of Legendre polynomials and weight of the

ral

n—1

Tk

Ak

-0.577350269189626
0.577350269189626

1.0
1.0

-0.774596669241483
0.0
0.774596669241483

0.555555555555556
0.888888888888889
0.555555555555556

-0.861136311594053
-0.339981043584856
0.339981043584856
0.861136311594053

0.347854845137454
0.652145154862546
0.652145154862546
0.347854845137454

-0.906179845938664
-0.538469310105683
0.0
0.538469310105683
0.906179845938664

0.236926885056189
0.478628670499366
0.568888888888889
0.478628670499366
0.236926885056189

-0.932409514203152
-0.661209386466265
-0.238619186083197
0.238619186083197
0.661209386466265
0.932409514203152

0.171324492379170
0.360761573048139
0.467913934572691
0.467913934572691
0.360761573048139
0.171324492379170

-0.94910791234276
-0.74153118559940
-0.40584515137740
0.0
0.40584515137740
0.74153118559940
0.94910791234276

0.12948483453421
0.27970539148927
0.38183005050513
0.41795918367348
0.38183005050513
0.27970539148927
0.12948483453421

(2.17)



We use ay form roots of Legendre polynomials by oy = H—;h and a; = "2 .

We will get o and a; as shown in table 2.1.3 .

Table 2.1.3 Values of a; and a;

n

077

Qg

2

0.21132486540519
0.78867513459481

0.5
0.5

0.11270165871393
0.5
0.88729874776386

0.2777TTTTTTTTT8
0.44444444444444
0.277777777T7778

0.06943184629339
0.33000949667616
0.66999093381686
0.93056807935077

0.17392739273927
0.32607260726073
0.32607260726073
0.17392739273927

0.04691005506833
0.23076534478404
0.5

0.76923465521596
0.95309009679821

0.11846344485750
0.23931433659840
0.28444444444444
0.23931433659840
0.11846344485750

0.03379524886878
0.16939546599496
0.38069034517259
0.61930965482741
0.83060453400504
0.03379524886878

0.08566221142163
0.18038076798967
0.23395695031181
0.23395695031181
0.18038076798967
0.08566221142163

0.02544603685288
0.12923441734417
0.29707743296174
0.5

0.70292207792208
0.87076537013802
0.97455470737913

0.06474243335338
0.13985278654048
0.19091507570770
0.20897959183673
0.19091507570770
0.13985278654048
0.06474243335338

weighting function of the Legendre polynomials as shown below;

Therefore we will obtain the Runge-Kutta method with respect to the



when n=2
h
Ymsl = Ym T §(k1 + ko)
where
ki = f(Tm + 22h, Ym + 5052
ko = f(@m + 22h, ym + Fgghkr)-
when n=3
h
Ym+1 = Ym i 'i'g(skl + 8’672 + 5k3)
where
ki = f(ZTm + 307 Y + :f(flhf)
ko= f(Zm + 3h,ym + 3hK1)
ks = f(Tm + S5 R, ym + 230k2)-
when n=4
Ymi1 = 3030 (527k1 + 988k, + 988k3 + k4)
where
= f(Tm + 13@7’1 Ym + 1337}7'] )
ky = f(xm SR 2619056’1' Ym + 9056hk1)
ks = f(zm + 1713(?3” Ym + 1713093"]“2)
ke = f(Zm + T Ym + T1057Ks)-
when n=5

NTEL Jlors, 64 075
Ym1 = Ym + M nae BT 74992 T 9050 T 4492

where

k1 = f(@m + S5 Ym + 20037

by = f(@m + S35 U + forosh )
= [(%m + 3 Ym + $hK2)
b= Som + 2,y + 1)

ks = J(@m + F35hs U + 15ehk4)-

4035

ks)

(2.18)

(2.19)

(2.20)

(2.21)



when n=6

1163

10

559

559 1163
— o+ Bk k :
ym1 = Ym + M Tgzek + 500552 4971 T 2971 T 3000 1646’“")(2 22)
where
ki = f(@m + 2550, Ym + S5 hS)
ky = f(zm + ffffgh Ym + ]%%%hkl)
k3 = f( 17:919}7' ym + lzi;lghk2)
ks = f(Tm + Toms Ym + 1599 10K3)
s = [ (@m+ 39k, 3, + 990k1)
ke = f(zm + 72(?792’1 Ym + f;—?«_;hks)-
when n=7
393 133 290 . 256
i = U § G LS iy 20
Ym+1 = Ym + hlgooohks + Gerke ¥ 75797 1905
200 133 323
orul) Yo o ' _
+1575% T g517¢  1989"") (2.23)
where
k1 = f(Zm + 3457 Ym + sarshf)
k2 = f(xm + 5796(?4,! Ym + ;gﬁ(ihkl)
ks = f(zm i ;338169}" Ym + ;?38169th)
ks = f(xm .- 2h' Ym + %hkS)
ks = [ (@m + 53, o + 3 hk4)
ks = [ (2m + S5, Ym + 75715)
kr = f( gggh Ym + ggghkb)
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2.2 Literature Reviews

In 2004 Z.A.Anatassi and T.E.Simos presented(3] ” A dispersive-fitted and
dissipative-fitted explicit Runge-Kutta method for the numberical solution of or-
bital problem”. They presented a new explicit Runge-Kutta method of fourth
algebraic order with minimun error of the fifth algebraic order(whose limit is
zero, when the step-length tends to zero) and infinite order of dispersion and dis-
sipation. The numerical results of a wide range of methods these are applied to
well-known periodic orbital problems which shown the efficiency of the new con-
structed method. So they have an almost fifth-order method. The new method
is shown in table 2.2

Table 2.2 The Butcher-array for fifth-algebraic order of the new constructed
Runge-Kutta method

0
321 321
1000000 | 1000000
13 __ 4220827 211250
20 6420 321
é a41 42 Q43
1 168842389  _ 3250000 35 5
6 450684 8667 351 12
1 168837574 13000000 11060 a a
95979 7383 8671 64 65
1 4000 54 23
1 78 0 217 0 145 310
W 249037+649679a
a 5778 3N
o 125000_650000a
2.7 9889 3] W2
64 — 667 654
. _ 18904563(1431)5—11600v3+6960011—696003in(v)
® 7 667 v5(—580 + 4563a43)
A = —3v' 410008 + 72cos(v)v® — 11280 + 480sin(v)v® + 5508v*

—1152c0s(v)v* — 3960sin(v)v® — 8604v* — 900(cos(v))?v? + 9504cos(v)v?
—4320sin(v)cos(v)v + 4320sin(v)v + 5184(cos(v))® — 10368cos(v) + 5184,
1160 (8v* — 66v2 + 30sin(v)v + 72 — T2cos(v) — VA)

43 T 4563 o8 '




12

We can write in the following form

4000 54

Ym+1 = Ym + h( 78k1 + 7917k 3+ iﬁ 210Icﬁ) (2.24)
where
kl = f(xm?ym)
321h 321h

k2 = f(@m+ 500000 * To00000 )

13k 4990827h 211250k
ky = _
3 f(xm anm 6420 kl+ 321 k2)

h
ks = f(:t:m+g,ym+a41k1+a42k2+a43k3)

h 168842380k 3250000k,  35h
ks = flom+ 5 ¥m+ iees P T Taeer 2T 351k3+ 2k

168837574h, 13000000, 11060k
95979 7383 2 86Tl

ke = f(Tm+hym+ ks + agsks + aesks)-

In 2003 M.E.A.El-Mikkawy and M.M.M.Eisa present[4] " A general four-
parameter non-FSAL embedded Runge-Kutta algorithm of orders 6 and 4 in seven
stages”. They shown by using seven stages per step a general four-parameter that
non-FSAL embedded RK algoritham having orders 6 and 4 may be designed. A
special algorithm, called RK 6(4)7 new is obtained by using suitable choices for
the free parameters. This new algorithm together with the RK 5(4)7 FM in [6]
and [7] are applied to some test problems, which have known exact solutions. It
is found that the new algorithm is competitive conparing with the algorithms in
[6] and [7].

They defined the local truncation error which is usually used as a measure

of the accuracy of the process by

tns1 = 500 hir'@:(y(za)) + O(RE™)

when

,(y(2)) = 153 — @y (2),i=01)g — 1

the function ®; are called the error functions. For any ERK algorithm of or-
der p we have &; = 0,i = 0(1)p — 1 and 2, # 0.
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To derive the RK 6(4) algorithm we shall consider s = 7 where s is the
number of stages. In this case 45 equations for order 6 and 8 equations for order
4. A solution of these equations may be considered by assumption some coeffi-
cient and use algebraic.

The derivation gives a family of seven-stage(6,4) pairs with c3, ¢, cs and
be as free parameters. A suitable choice for the free parameters c3, ¢s, Ce and bg
is found to be (cs, s, cs,bs) = (3, 1, %5, 0). By considering a number of test prob-
lems it is found that new RK 6(4)7 algorithm presented in Eisa (5] is competitive

with the RK 5(4) 7FM algorithm in [2] and the RK 5(4)7 in {4].

In 2003 Moawwad El-Mikkawy and El-Desouky Rahmo presented[5]” A
new optimized non-FSAL embedded Runge-Kutta-Nystrom algorithm of orders
6 and 4 in six stages”. They presented a new 4-parameter Runge-Kutta-Nystrom
(RKN) family of the non-FSAL type is constructed. The strategy used for the
construction is based on the criteria listed by [8]. By an appropriate choice of
the free parameters we obtained an optimized non-FSAL.RKN 6(4)6 embedded
algorithm. The coefficients of this algorithm are obtained by writing a program
in MACSYMA(MACSYMA Reference Manual). Test results indicate the superi-
ority of the new algorithm relative to the RKN 6(4)6FM algorithm of the FSAL
type of Dormand et al.

In summary, they obtain a 4-parameters family of non-FSAL RKN 6(4)
embedded algorithms for which ¢3, ¢4, ¢5, and dg are [ree parameter. Following
the criteria presented in this paper a suitable choice for the free parameters is
found to be (cs, cs,¢s,ds) = (3, 2,13,0) and the corresponding algorithm will be
referred to as RKN 6(4) 6new.

In 2004 Sirirat Kantidilokwongsa presented "Runge Kutta Method with
Gauss-Legendre Quadrature Formulas”. The Gauss-Legendre Quadrature For-
mulas is used to approximated the definite integral of the complicated functions
by replacing the integral by the sum of the porduct of value of the function at the
nodal points and its weights. She used the points and weights form the Gauss-
Legendre Quadrature Formulas to be the points and weights in the Runge Kutta
Formulas. Then the local truncation errors are almost of O(h**?) for the new
Runge Kutta Formulas of order s.



14

In summary she obtained a new formula of Runge Kutta order 4 which
can be expressed by following relations:

L

Ym+1 = Ym + 3030 (527ky + 988k, + 988k; + 527k,) (2.25)
where
b= flom+ %hg,ym + 37177’;)
ky = flzm+ %;—g,ym + ?-?%gkl)
= oy BB 3



CHAPTER 3

RESEARCH METHODOLOGY

In this chapter we shall presented the research methodology and show how to
construct the open form of Runge-Kutta formula.

3.1 Runge-Kutta method
In this section we shall show how construct to the Runge-Kutta formula

used for improving and implementing its.

3.2 Steps of Study

We can summarize the steps of doing this thesis as follows :

3.2.1 Find related documents and researches about Runge-Kutta method.
We will look for them in the library and internet.

3.2.2 Study related document and researches about Runge-Kutta method
that we have found.

3.2.3 Make a new construction of the open form of Runge-Kutta method.

First, we study the Runge-Kutta method for solving the numerical solution
of the initial value problem of the ordinary differential equations. It is in the form

Yms1 = Ym + A®(Tm, Umi R);m =1,2, ... (3.1)

when (T, ym; h) = Tio) aiks

k= f(z,9)

ki = hf(Tm + cihy Ym + R 50y bijki), 8 = 1,2, 08
and

=101 =12,

where a;, ¢; and b;; are coefficient of the Runge-Kutta method and h is the width

of the interval in each order.



16

Then we make a new construction as follows.

The Runge-Kutta method of first algebraic order form this research
Yms1 = Ym + harkr (3.2)

where ky = f(Tm + c1h, ym + Bihf).

The Runge-Kutta method of second algebraic order form this research, can be

expressed by the following relation.

Ymi1 = Ym + h(arkr + azkz) (3.3)
where

kl = f(xm + O!]h, Ym + Blhf)
ky = f(Tm + Q2h, Ym + B2hk:).

The Runge-Kutta method of third algebraic order form this research, can be
expressed by the following relation.

Ymil = Ym + h(arky + azky + asks) (3.4)
where

ki = f(@m+ a1k, Ym + Bihf)

I = f(&m+ azh,Ym + Bohf + Bshk:)

ky = [(ZTm+ sh,Ym=+ Bshf + Bshkr + Behly)

Iy = f(&m + aah,Ym + Brhky + Bshl) + Bohks)

ky = f(Zm + ash,Ym + Brohly + Prihka + Brahls).

3.2.4 Find the unknown coefficient a and B of the new construction
ai =51 Bt =128

3.2.5 Compare the new Runge-Kutta method with the original Runge-Kutta
method.
when
h2 h3
Ymsl = Ym + My + = Ym + 2Ym + (3.5)
2! 3!
h2
= ym+hf+—2—[fm+ff,,] (3.6)

e 2 oy Sely + P I3+ OU),
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3.2.6 Summarize main results.

We can summarize what we obtained from our study of the Open Form
of The Runge-Kutta Method for solving the initial value problem of ordinary
differential equation.

3.2.7 Write the thesis.

We use PCTeX32 to write this thesis. This thesis compose of 5 chapters.
The first chapter is introduction. It is about statement and significance, objective,
scope of the study, and benefits of this thesis. Chapter 2 is preliminaries and
literature reviews. In this chapter contains basic definitions and theorems and
researches which are related with the open form of the Runge-Kutta method
for solving the initial value problem of ordinary differential equations. The third
chapter is research methodology that is about how to process this thesis. Chapter
4 is the main results. It is about the open form of the Runge-Kutta method first
order, second order and third order and use there formulas to obtain the numerical
solution of ordinary differential equations and compare the results with some
classical formulas of some initial value problem of Runge-Kutta method.

46639
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Month

Work’s plan

10

11

12

Step 1 +—1>

Step 2 <

Step 3

\ 4

Step 4

v

Step 5

7 3

v

Step 6

A

A4

Step 7

A

v

Details for each step, we can see in 3.2.



CHAPTER 4

MAIN RESULTS

In this chapter, we shall give the new constructed of the Runge-Kutta
formulas for finding the numerical solution of the initial value problem of the
ordinary differential equations. And finally we shall give some examples of this
kind of problem.

The first order iterative ordinary differential equation is in the form

y'(z) = f(z,y(z)) (4.1)
with the initial condition
y(0) =c. (4.2)

where ¢ is a positive real number.

The solution of the problem (4.1) with the initial condition (4.2), can be
approximated by using the Runge-Kutta method. We obtain the new constructed
formulas are as follow;

One point formula is of the form

Ymil = Ym + harky (4.3)

where ky = f(zm + 01h, Ym + Bihf).

when we disperse Taylor’s Series of k; so we have

ki = f(ZTm + a1h, Ym + Bihf)
= [+ hley fe + B f ] + O(h?).

Replace k; in equation (4.3) we will have

Ym+1 = Ym + haf + h'2[alalfz + alﬂlffy] + O(h’s) (44)
when
h? h3
Ym+1 = Ym + By, + 5;1/12 + gyiii + ... (4.5)

2
=+ S + Lt 1)+ O0R) (46)
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Hence from (4.4)and (4.6) we can compare coefficient in term h then we have

— - -1
al—l,al—ﬂl—g-

then we get the new construct of the Runge-Kutta method of first algebraic order
form this research, can be express by the following relations;

Ynm+1 = Ym + hk1 (47)
where
k= f(zm + %haym + %hf)

The new constructed formula of the Runge-Kutta method of second alge-
"braic order can be expressed by the following relation.

Ymi1 = Ym + h(a1ky + azk) (4.8)
where

ky = f(xm +ayh, ym + ,Blhf)
ky = f(@m + a2h, ym + Bohky).

when we disperse Taylor’s Series of k;, k» so we have

ki = f(zm+onh,ym + Bih])

2
= f + h[alfx + ﬂ]ffy] + %—[O'?fm + 2alﬁ1ffxy + ﬂ]zfzfyy] + O(hi)
ko = [(Zm+ 02h,ym + Bohky)

2
= [+hlaofe+ eSSy} + %[a%fm + 2008 f oy + B[] + O(R?).

Replace k1, k2 in equation (4.8) we will have

2
Yn+1l = Ym+ hf(al + az) + %[(20101 + 2a2012)f:c + (20,1ﬁ1 + 200.32).[.[1/]

h3
+5 [(Bmat + 3a203) faz + (6a101 51 + 6a20202) f fay (4.9)
+(3a18] + 3a2033) 2 fy) + O(BF).
when
h? h3
Ymi1 = Y+ BY+ Y+ iU (4.10)

2 3
Y B At SR T e+ 20 g+ Sl + Sy (421)
+1 2+ O(h%).
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Hence from (4.9)and (4.11) we can compare coefficient in term h then we have

a+ax=1 (4.12)

20101 + 20209 = 1 (4.13)
20101 + 2a206; =1 (4.14)
34,02 + 3a203 = 1 (4.15)
6a101 0y + 6agaxfe = 2 (4.16)
30182 + 3a:2 =1 (4.17)

and we known that a; = (;,az = (2. when we solve these equation above, we
will get these result.

a = %,az = %,011 =0 = %,02=ﬂ2 = %
then we get the new construct of the Runge-Kutta method of second algebraic
order form this research, can be express by the following relations;

h
Ymil = Ym + §(k1 + k2) (4.18)
where

ky = f(mm % %h,ym'" %hf)
ky = f(xm 1) %h, Ym T+ %hkl)

The new constructed formula of the Runge-Kutta method of third algebraic
order can be expressed by the following relation.

Yms1 = Um + h(arky + azkz + asks) (4.19)

where

ki = f(zm+orh,ym+ Gibf)

I = f(Tm+azh,ym+ Bhf+ Bshky)

k2 = f(.’Bm + a3h, Ym + ,34hf + ﬂ5hk1 + ,Bf,hll)

Iy = f(zm+ ash,ym + Brhk + Bghly + Bohks)

ks = f(Tm+ ash,ym + Brohl + Brihks + Bizhla).
we have a =%,02=%,a3=%,a4=%,a5=ggg

8

_ S5 o __ 5
and 0.1—-1—8',0,2— g3 = 13-

—
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I

ks =
= [+ hlasfz + (Bio+ B + Bi2)f fy] + h2[czBrofzfy + (B2 + ﬁs)ﬁmff;
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When we disperse Taylor’s Series of ki, k2, k3 so we have

f(@m + crh, ym + ﬂlhf)

l
f+h[alf::+ﬁlffy] + = [alfa:z+2alﬁ1ffzy+ﬁ1f2fyy] +h$[ fa::cz:
B Ot Bl + 00K
J(@m + ah, ym + B2 f + Bshkr)

2
[+ hloafe + (B + Bo) [ 1)) + WolonPofufy + BiBaS I} + F fuo

vag(Ba+ B)f oy + P2 B g2 1+ O(h%)

= f(mm + a3h, Um + ﬂ4hf -+ ﬂshkl + ﬂshll)

f+hlogfe+ (Ba+Ps+ Be)f fy) + hz[alﬁszfy + ﬂlﬁsffs + a6 f2 [y
2 2
B+ B)BoS 12+ 2 frs0s(Ba+ B+ Bo) oy + Gurfot b))

+h3[ IBSfyfa::: =i alﬁlﬁsffyfzy ’31 65f2fyfyy + aIIBSﬁSf:cfz + ,Bl.B&Bﬁff

+O;—2ﬂefyfm + B+ B ooy + L o 21, S

+3B1Bs f fyfoy + Q200306 fu fzy + 3(Bo + B3)Bef fy oy + P31 1% fy

BB fyfyy + 2B f Fafyy + (Ba + Bo)B3f* fufou + 01BaPs f fz f i

+51BuBs f2 fyfyy + 02PaBe f fr fyy + (B2 + B3)BaBe S fy fyy + alﬂsﬂeffxfyy

+B1BsB6S> fy fuy + 0205861 fufyy + (Ba + B)BsBo S fyfuoy + % g fose

(Ba + ,35 + Bs)°
6

2
+53(Bat s+ o) fomy + B+ B B o+ Pl
+O(h*)
f(@m + aah, ym + Brhky + Behly + Pohks)

f + hloafs + (Br + Bs + Bo) [ fy) + W[ Ba fufy + BrBrf 2+ calBsfzfy

2
B+ Bo)al 12 + sbofely + (Ba+ P+ Bo)Bof [ + 5 fus
Gt bt ) g, )+ (1)

+a4(ﬁ7 + ﬁS + ﬁg)ff::y +
[ (Zm + ash, ym + Brohls + Birhkz + Bizhl>)

+azfnfofy + (B + Bs + ﬂs)ﬂnffg + asProfafy + (Br + Bs + ,[39),312_”1;2

2 2
42 Lot au(Buo+ B+ By + 0T OB gy

2
+h3[alﬁ3,3]0fzfy2 + ﬁlﬁaﬁmff; + %ﬁlOfyfxz + az(B2 + B3)BroS fySzy
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(ﬁz + Bs)? ﬁlofzfyfyy + a1ﬂ5511f:cf2 + ﬂ1ﬁ5ﬁ,,ff + azﬁsﬂnf::f

(62 + ﬁs)ﬂsﬂnfff + 880,y fon + 0564+ 5+ B0 S
n (Bs + ﬂ; + Bs)?

Buf fyfyy + crPrbrafef} + BiBiBiaf Iy + aaBebraff;
2
B+ B)Bobun  J3 + cxsboBrafu S+ (Bu+ Bs + o)Bubraf I} + 5 Brofy S

vaaaBr+ B+ BBl fy Sy + BB 5 2 4 30500
+a5(B2 + Ba)Biof [y fry + azasPui fzfzy + a5(Bs + Bs + Be)Bunf fySzy
305012 fz fzy + as(Br + Bs + Bo)Braf fyfoy + 2030 fz fyy

+(Ba2 + Bs)Bio S fy fyy + 3B f fufi + (Bs + Bs + Bo) B S fufuu

+04Bif fofyy + (Br + Bs + Bo) Braf* fy fyy + a2BroBurf fafuy

+(B2 + Ba)Br0Bui 2 o Sy + 3610811 f [ fyy + (Ba + Bs + Be) BroBur S [y fuy
+aoBiobiaf fefuy + (Be + B3)BroBraf” fyfuy + 2abroBrzf frfyy

+(Br + Bs + Bo)BroPraf> fyfyy + asbuiraf fafuy + (,34 + Bs + Be)BuBraf* fy fuy

+asBuBuaf fafy + Br + Bs + Bo)BusBraf 2 fy fiy + % e

2

+%(ﬁ10 + B + Bi2)f fazy + ?5(,310 + By + B12)* f fayy +

(Bro + By + Br2)?
6

£ fywl + O(RY).

Replace ki, ks, k3 in equation (4.19) we will have

Ym+1

8 Rl 8 5
= ym+h[ +E+_]f+ [—al+18013+———a5)f1

+(Eﬂ1 (ﬁ4 + Bs + D) + 18 (ﬁm + B + Bi2)) S 1y

+h3[(356 ay + %aa %as)fu == ( 0151 —"013(/@4 + Bs + )

+—'015(ﬂ10 + B + Bi2)) f fay + ( Ollﬁ:s + 8 (alﬁs + 02 f36)

158 (aaBhro + @3fn + aaBr2)) = fy + ( (ﬂx) + (54 + Bs + Bs)?

§é(ﬂ10 + Bur + B12)?) [ fyy + (1_8ﬂ6(ﬁ2 + 63) + ﬁ(ﬁm(ﬁz + Bs)
+B11(Ba + Bs + Be) + Bra(Br + Bs + Bo))) 2] + O(h?) (4.20)
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when
' h2 ' h3 Il
Ynt1l = Ym+hy,+ —2Ty,,, + ETy"‘ + ... (4.21)
h2
= ym+h'f+ E[fz""ffy] (422)

3
e 4 2 oy Ll + Pl L+

Hence from (4.20)and (4.22) we can compare coefficient in term & then we have

S 8 5 1
1—-8011 + 1—803 + ﬁas = 3 (4.23)
5 8 5 1
Eﬁ] + 1—8(ﬂ4 + s + 06) + 1—8(ﬁ10 + B+ Bra) = > (4.24)
5 8 5 1
3—6-(1? g %ag + 3—602 = 6 (4.25)
'i%alﬁl + %%(@z + Bs + Bs) + 1—58‘05(ﬁ10 + B + Br2) = % (4.26)
l%alﬁ;; + —f—;—(alﬂs + aofs) + 1—58(Cl'2ﬁ10 + azfuy + asfr2) = %5' (4.27)
%(512) + %(ﬂ; + Bs + B6)° + %(ﬁm + Bu + Pr2)’ = % (4.28)
'l%ﬂe(ﬂz + Bs) + %(ﬁlo(ﬁz + B3) + B1(Bs + Bs + Bs)
+B12(B7 + Ps + Bo)) = % (4.29)
and we known that
ay = B (4-30)
oy = o+ 03 (4.31)
as = Ba+Ps+Ls (4.32)
ay = P+ B+ Do (4.33)

as = o+ P+ b2 (4.34)



from the above equations we can find 5

b=
B2 =
Bs =
Ba=
Bs =
Be =
ﬂ7 =

496
2401

_ 563

803
538
915
265
367

_ 2657

T 2534
281
340
557
803

Ps =0
Po=0
,310=%gg
B =0

ﬁ — 782
12 = 2605°

25

— By follow as

So that we have the new constructed formula of Runge-Kutta third algebraic

as in the form of

Umt1 = Um + %(51“ + 8Ky + 5k3) (4.35)
where
b = @t by + g h)
L = f(zm+ %h,ym - 155835hf gi’—g kl)
A Zgg - zg;hkl oA Ohkg)
ks = flzm+ ?,_z_gh’y"‘ + %(l)_zghll + Ohky + 27:05};12)

The new constructed formula of the Runge-Kutta method of forth alge-
braic order form this research, can be express by the following relations;
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Ymi1 = Ym + R(a1Kk1 + agka + asks + aska) (4.36)
where

I = f(@m+arh,ym + Bihf)

ki = f(ZTm+ a2h,Ym + Bohf + B3hlh)

Iy = f(Tm+ ash,ym + Bshf + Bshl + Behky)

ky = f(Zm+ ash,ym + Brhf + Bshly + Bohky + Brohlz)

Iy = f(@m+ ash,ym + Buhf + Przhly + Bishky + Prshlz + Bishkz)

ks = f(Tm+ ash,ym + Bishly + Pizhky + Bighlz + Biohka + Baohls)

Is = f(Zm+ arh,ym+ Buhly + Bashks + Bashly + Bashka + Poshls + Bashks)

ki = f(Tm+ agh,ym+ Barhl + Boshky + Baghly + Baohka + Barhls + Bazhks + Bashls).

When we disperse Taylor’s Series of ki, k2, ks, k4 so we have the very large
polynomial and difficult to find the value of unknown variables. So that we con-
struct another form of the Runge-Kutta and we will get it in the form

Ymt1 = Ym + h(ark1 + agkz + asks + asks) (4.37)
where

kv = f(@m+orh,ym +arhf)

ky = f(zm+aoh,ym + Bihf + B2hkr)

ks = f(Tm+ ash,Ym + Bshf + Bshky + Bshks)

ke = f(Tm+ash,ym + Behf + Brhki + Pghks + Bohks).

after we disperse Taylor’s Series of ky, k2, k3, k4 so we have

ki = f(@m+h,ym +aihf)
2 3
bt f + h[alf:x: + alffy] + %[(ﬁfzz + 20’¥ff:ry + a¥f2fyy] + h3[96_1fm:m
+ 2 ez + 5y + G Sl + OR)
ke = f(Tm+ ah,ym + Bihf + Bohk:)
2
4 blanks B fy - Baf F)+ KBSy + B 524 SR

2 2 72
w2 fyfent B+ Do 03B S L+ 03B oy + 1
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B a Sy + L)+ Wlr0aBalfey + cr0alaf ey + B LS

B oS+ it + 0BTl + e+ T o
B0yt Syt oS o T o+ ﬁ—‘@%f“
Ay By B om

f vyy

= f(xm + azh, ym + Bshf + ,34th + Bshk2)

b Mot + B fy + Dol Sy T B + W dufof+ onfuf ) + cobsfufy,
+B1Bsf f2 + BiBaf £} + —;—fm + @3B f foy + @3PS fay + @3B fry
BB i+ s+ Pt B+ B 1 4 508

A ot 3BT oot TPy S+ cBaB LS} + BB
ﬁs By BBl Sy + azﬁzﬂsffyfzy B85 21, o+ BB S

ﬁ 5 12, fuo -+ cr0fe oy 010580 Fyfay + Q2305 oSy + 5155 fy o
+asﬁzﬂ5ffyfzy + 23305 fo Sy + 518305 f fy Fyy + B2830s f fy fuy + @1B4Bs f fzfyy
+o1BaBs f2 fy fyy + 2BaBsf ffuy + B1BuBsf? fy fuy + BoBaBsf? fyfyy
B2 f fufyy+ BiBES fy foy + BoBEf2 fy fow + B S fo Sy + 1S fy fi

3 3 3
e Bofaf fuuy + BB oy + e + Bt B,

+h3

S5 oy + i oy + 0P o + ““ﬁs Plow+ 2L s,
+a3ﬁ3ﬁ4f2fm 8 2oy 2 ﬂsﬂ4ﬂsf3fyyy ol ; O 1
OB g O By B %gf"fm
53"5 Bl oy, 4 P2 ﬂ"ﬁs B 1 Fyad + O(R)

f(xm + ogh, Ym + ﬁehf + Brhky + Bshks + Bohks)
1+ hlaafo + Bof fy + Brf fy + Bof fy + Bol fy] + BPlanBafufy + rBrf J

2
tanBofefy + e f2 4+ Babef 2+ cxsbof J2 + Bubof 12 + BoBo 2+ S f o
+a4ﬂ6ffzy + a4ﬂ7ffxy + a4ﬂ8ff:ty + a4ﬁgff:l:y + ﬂﬁﬁgfzfyy + ﬁ?ﬂ‘)fszy .
NI o B 12+ Bl o + Bubed f + g e

011,31 67 fzfllfjll

+BeBr o + g B )+ W1y o B fo o

+alﬂ2ﬁ8f1fy + 01B268ff-3 %&fyfxz + a2ﬂ1ﬂ8ffyf:ny + 02132,38.[.[1/.[1_1;
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2 2
BB ot B0 o+ Ll fzfyfyy T+ fuBofof? + rBabof [}

+azﬁsﬁ9fxf,, +Biaof 12 + ﬂzﬂsﬂgffs OB 1 oot 0ol f e
+a3B4Pof fyfoy + a3BsP0f fyfry + BaBsPof 2 fufuy + BaBsBof 2fyfyy

0 g g+ B o s 0 o+ B
+ala4ﬁ7fzfzy + al%ﬁ?ffyfzy + aota B fr foy + 014ﬁ1.38ffyfzy
+04BoBsf fy fey + Q3040 fo foy + a03Pof fy foy + aBaBo S Jy Sy
+04BsBof fyfoy + @3B6Bof fo Sy + BsBoBoSf* fy Sy + BabBoBo S fufuy
+B5B6B0 S fyFyy + 38780 fofyy + BsBeBo S fy fuy + BabrBoSf* fy fyy
+a1B1Po f fufyy + 01BiBof2 fyfyy + BaBaPof? fy Fyy + BrPeBo f fy fuy
+oaPaBof frefyy + @BeBof fofyy + BBsBof” Fylfyy + BaBebo S fyfyy
+B5BsBof 2 fy fyy + Q382 f fufuy + BaBES2 fy fuy + BB S Fy Fuy + BB f* fu Sy
02 B2 F fo g + BuBES Sy fuy + BoBES? fyfyy + 2B Bsf fa Sy + BiBrBS* fu S
+BoBrBsf? folyy + 01 Brls S fufyw + 01 BeBsf fy Sy + 2B S fz Sy
451 BeBs S fy fuy + BoBoBsf” fyfuy + 12 f fofuy + 1B fy fuy

3 2
+alﬂ6ﬂ7ffzfyy =0 a1ﬁ6ﬂ7f2fyfyy =+ %fzzz + g%ﬁgffzxy &ffzxy
2 2
+g42ﬁffzxy + ﬂggffxzy + a4,36,39f2f:cyy + adﬂ7ﬂ9f2fzyy + a4ﬂ8,39f f:x:yy
bl o, b o 2 2p 4B
+ 2 f f:cyy + 2 f f::yy +a4ﬂ7ﬁ8f f:l:yy + a4ﬂ6:38f fmyy + 2 f f:cyy

2 2 2
+0!4,36ﬂ7f2fzyy a4ﬂ6 fzfxyy %fsfyyy + ﬁ6ﬁ8ﬂ9f3fyyy %fafyyy
ﬁ7ﬂ9 ﬂg

X+ M" B 15+ 8 1 B8 i+ P52 o
+ﬂ6ﬂ7,39f3fyyy "8_62—fsfyyy &é'g_s'fafyyy %fsfyyy gb—lg‘s'fsfyyy
2 2 3 2
B g BB g B o+ e+ P
2 3
Bt 2 gy 4 22 1 ) + O(B).
(4.38)
after we disperse Taylor’s Series of ki, k2, k3, k4 so we have
Ymr1 = Ym+ bhl(are1 + azaz + asas + asaq) fz + (@101 + 02(,51 + B2)

+a3(Bs + Bs + Bs) + as(Bs + Br + Bs + Bo)) S ful + = [(ala, + az0;
+a302 + a402) foz + 2(a103 + a2aa(Br + B2) + 03013(53 + B4 + Bs)
+a4a4(Bs + Br + Bz + Bo)) [ fzy + (@201 (B1 + B2) + az(a1fs + a2Bs + 305)
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+ag(onf + 0207 + asfs + aaPo)) o fy + (@10 + a2(By + B2)”
+a3(Bs + B + Bs)? + aa(Bs + B + Bs + Bo)*) [ fyy + 2(az01 (Br + o)
+az(a;Bs + 1Bs + B2Ps) + as(aBs + Br(B + B2) + Bs(Bs + Ba + BN S 12
+%3[(a1051s + 2208 + 0303 + 0403) fazz + 3(8108 + a205(B1 + B2)
+a302(Bs + Bu + Bs) + 6403 (Bs + Br + Bs + Bo)) f faay + 6(azalae
tasas(a1fs + aofls + asfs) + ascu(ar Bs + aofr + asfs + aafo)) fafzy
+6(azcnBi (o + o) + az((an + as)arfs + (02 + ag)B1Be) + as(0?Bs
(1 + Bo) + a3Bs(Bs + B + Ps) + aulan Bs + Br(Br + B2)
+B3(Bs + Ba + Bs))) f fyfay + 3(a103 + az00(By + Be)? + asas(Bs + By + Bs)’
+ag0a(Bs + Br + Bs + Bo)?) [ feyy + 3203 (B + B2) + as(ai s + 0304 + oi3fs)
+as(affs + 030 + 30 + 3 00)) fy fz + 6(a200 (81 + B2)?
+asa3(Bs + Ba + Bs)(a1Bs + s + a3fs) + aa(Bs + Br + Bs + Bo) (1B
+09Br + a3fs + aao)) f fo fyy + 6(a2(eF(By + B2) + (61 + Bo)*ar)
+ag(a?Ps + (B + B2)*Bs + (Bs + Ba + Bs)(anfBs + Brfa + B2Bs))
+a4(Bs + B + Ba + Bo) (1B + B(B1 + Bo) + Bs(Bs + Pa + BsIN S fyfuy
+(a103 + aa(B + Ba)® + a3(Bs + B + Bs)® + aq(Bs + Br + Ps + Bo)) 2 fywy
+(a30184(Br + B2) + as(1Br(Br + B2) + Pa(0nBs + 2fBs + 305)) fo f?
+(a301Ba(Br + Ba) + a4(0nBr(By + B2) + Ps(arBs + Ba(Br + BINS )
+O(R°). (4.39)

when

= B (0

§Tym + '2—4'ym + ...

h? h3 2 2
= ym+hf+ S+ S+ Gl 42 eyt oSy St I1

h2
Yme1 = Y FhYn + 5Ym +
4
P o 3 ey 4 8fafey b+ S Loy 1 31
+3f2fzyy + 4f2fyfyy + f:tfg + ffg] + O(hs) (4'40)

Hence from (4.39)and (4.40) we can compare cocfficient in term h and we know
that

as = P+ o (4.41)
a3 = B3+ Pa+0Bs (4.42)
oy = P+ Br+Bs+ Do (4.43)

Then we can find unknown variables follow as
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_ 527
A = 3030
_ 988
Ay = 3030
_. 988
Az = 3030
_ 527
Ay = 3030
_ 842
&1 = 1127
__ 695
@2 = 3106
__ 739
a3 = 1103
_ 1132
Q4 = 1109
B = 1108
1 847
ﬂ — . 1029
2 1052
Bs = 3874
3 119
By = __ 21851
4 962
,3 — _. 3604
5 303
’3 — 9226
6 101
B = 93381
7 1115
,3 - 5366
8 635
’39 Y A 772
10035 "

So we have the new constructed formula of Runge-Kutta forth algebraic in

the form
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Y1 = Ym + h(3ga5k1 + ga5k2 + 3535k + 3555k) (4.44)
where
b= J(on+ b yn + Jo1ozh))
ke = J(wm+ g%séh’y’" & 1814078 hi= iggghk‘)
ks = f(zm+ %%h, Yo -+ 31817;h f- 251:521 hky — %%hkg)
ks = flzm+ %h’ Ym — 9120216hf + 913131851 hky + %65—6’1}32 + %hkg).

The example of problem A, B, C, D, E, F and G where problem B and D
are the autonomous problems.We shall use the new formulas to find the numerical

solution of following problems.



Problem A: Consider solution of

when

and the analytical solution is

v =(z+ 2)62’”

y(0) =0

y:

+2,2c _ 1
7 € 4€

Table 4.1 Solution and absolute true error of problem A

2z
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(4.45)

w0

z=0.1,~Ah=01
y = 0.227122206

£ =1, h = 0.00001
y = 8.486320124

calculated y

absolute true error

calculated y

absolute true error

1p | 0.22712220653

5.621832354 x 10

8.4863201237

3.9857695810 x 107%

0.22712220653

5.6216832354 x 107*

8.4863201237

3.9857695810 x 1078

3p | 0.22712220653

1.8644641386 x 107!

8.4863201237

3.9610313252 x 1078

0.22712220653

9.0949470177 x 1072

8.4863201237

3.9595761336 x 107°

ork | 0.22824728961

1.1250830778 x 1072

8.4863200845

1.4084798750 x 1077

3rk | 0.22712245534

2.4881023819 x 1077

8.4563200840

1.4042598195 x 1077

4rk | 0.22712245534

2.4881023819 x 1077

8.4563200840

1.4042598195 x 1077

2pl | 0.22712220653

1.6585818230 x 1077

8.4863201237

3.9595761336 x 107°

3pl | 0.22712220653

6.9821908255 x 107°

8.4863201237

3.9581209421 x 1078

4pl | 0.22712220653

7.3366663855 x 107°

8.4863201237

2.7897102569 x 10~°

5pl | 0.22712220653

2.8355771065 x 107°

8.4863201237

2.2169767180 x 107*

6pl | 0.22712220653

4.5110483211 x 1072

8.4863201237

2.0433365717 x 10~*

7pl | 0.22712220653

3.7182871893 x 107°

8.4863201237

2.2318848642 x 107

Problem B: Consider solution of

when

and the analytical solution is

Y= Jaxso-z)

(4.46)




Table 4.2 Solution and absolute true error of problem B
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z = 1.0, h = 0.001
y = 0.101015254

£ =1, h = 0.00001
y = 0.101015254

calculated y

absolute true error

calculated y

absolute true error

1p

0.10101525446

1.7053025658 x 1072

0.10101525446

9.0949470177 x 10~13

2p

0.10101525446

1.5916157281 x 10~!2

0.10101525446

9.0949470177 x 1013

3p

0.10101525446

1.4779288904 x 102

0.10101525446

9.0949470177 x 10~13

4po

0.10101525446

4.7748471843 x 10~

0.10101525446

3.4106051316 x 10~13

2rk

0.10010015015

1.0027179087 x 10~°

0.10101525445

7.3896444519 x 10~12

3rk

0.10010015025

1.1368683772 x 10713

0.10101525445

7.3896444519 x 10~12

4rk

0.10010015025

1.1368683772 x 10713

0.10101525445

7.3896444519 x 10712

2pl

0.10101525446

1.5916157281 x 10~'?

0.10101525446

9.0949470177 x 10~13

3pl

0.10101525446

1.4779288904 x 10712

0.10101525446

9.0949470177 x 10712

4pl

0.10101525446

1.4779288904 x 10712

0.10101525446

1.0306735021 x 1078

5pl

0.10101525446

7.3896444519 x 10712

0.10101525446

1.0314579413 x 108

6pl

0.10101525446

2.6410589271 x 107°

0.10101525446

1.0139160622 x 1078

7pl

0.10101525446

1.8894752429 x 10~1°

0.10101525446

1.0497160474 x 1078

Problem C: Consider solution of

when

and the analytical solution is

(4.47)




Table 4.3 Solution and absolute true error of problem C
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r=11 k=01
y = 0.523809524

z =2, h=0.001
y = 0.6666666667

calculated y

absolute true error

calculated y

absolute true error

0.52380952381

1.4880952222 x 1075

0.66666666667

8.3737177192 x 1079

0.52380952381

1.4180774087 x 107°

0.66666666667

6.7229848355 x 10~°

0.52380952381

3.5006451071 x 10~°

0.66666666667

8.1854523160 x 1012

0.52380952331

6.6499524110 x 1077

0.66666666667

2.5100234780 x 1078

2rk

0.52383522727

2.5703463507 x 1075

0.666667681

1.0119947547 x 1078

3rk

0.52380990924

3.8543112169 x 1077

0.66666666667

3.1832314562 x 10~

4rk

0.52380952791

4.0981831262 x 10~°

0.66666666667

3.1832314562 x 10~

2pl

0.52380952381

6.3141669671 x 10~7

0.66666666667

1.1123120203 x 10~*

3pl

0.52380952381

3.7239260564 x 1078

0.66666666667

2.7102942113 x 10710

4pl

0.52380952381

2.7101941669 x 107

0.66666666667

2.5374902179 x 10710

5pl

0.52380952381

4.6517652663 x 107

0.66666666667

1.7353158910 x 10~°

6pl

0.52380952381

1.8593541336 x 107*

0.66666666667

1.0191758520 x 107°

7pl

0.52380952381

6.9702946348 x 1077

0.66666666667

2.9232978704 x 10~%

Problem D: Consider solution of

when

and the analytical solution is

(4.48)




Table 4.4Solution and absolute true error of problem D
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z=-01,h=01
y = 1.40653066

z = 0.8, h = 0.001
y = 55.39815003

calculated y

absolute true error

calculated y

absolute true error

11

1.4065306597

8.7265678055 x 103

55.398150033

1.1331950082 x 10~3

1.4065306597

2.9784515409 x 1073

55.398150033

2.8436194407 x 104

3p

1.4065306597

1.0059288979 x 10~

55.398150033

5.5978307500 x 10~7

4po

1.4065306597

1.0156787430 x 1073

55.398150033

1.8981278408 x 1073

2rk

1.3978040919

8.7265678085 x 1073

55.397016838

1.1332228896 x 103

3rk

1.4054682469

1.0624127844 x 1073

55.398148616

1.4448305592 x 10~°

4ark

1.4064262663

1.0439340622 x 10~*

55.398150033

5.5978307500 x 108

2pl

1.4065306597

4.8944902956 x 103

55.398150033

5.6730589131 x 10~

3pl

1.4065306597

1.5885375597 x 103

55.398150033

1.2564513600 x 1074

4pl

1.4065306597

8.8535064970 x 107*

55.398150033

1.4505186118 x 1074

5pl

1.4065306597

2.7799061627 x 102

55.398150033

3.2637163531 x 10~4

6pl

1.4065306597

7.2636281311 x 1073

55.398150033

1.0840995784 x 107!

7pl

1.4065306597

5.4784064960 x 102

55.398150033

5.9385987697 x 10™*

Problem E: Consider solution of

when

and the analytical solution is

S
V14 z?
y(0) = 1

(4.49)




Table 4.5 Solution and absolute true error of problem E
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z=01h=01
y = 1.0050251887

z=1.1, h = 0.0001
y = 6.1100397659

calculated y

absolute true error

calculated y

absolute true error

1.0050251887

3.1426987334 x 107°

6.1100397659

3.8785328798 x 10~°

1.0050251887

1.2677008272 x 107°

6.1100397659

1.3973019750 x 1073

1.0050251887

8.1881808001 x 1072

6.1100397659

9.0723915491 x 1078

1.0050251887

7.4555300671 x 10~°

6.1100397659

1.1752735008 x 10~

1.0049751860

5.0002730000 x 1075

6.1100181633

4.8349300000 x 10~2

1.0050377575

1.2568810000 x 10~°

6.1100398300

6.4137570000 x 10~°

1.005035295

3.8697180571 x 1078

6.1100398412

75335265137 x 1078

1.0050251887

1.7947466404 x 107°

6.1100397659

1.6510231944 x 10~°

1.0050251887

1.0360490705 x 10~°

6.1100397659

3.5843768273 x 10~

1.0050251887

8.0720565165 x 107°

6.1100397659

4.3276013457 x 10~®

1.0050251887

1.3902459614 x 10~°

6.1100397659

1.0383068002 x 10~®

1.0050251887

7.9716702749 x 10~*

6.1100397659

7.8329318276 x 1073

1.0050251887

2.0876292183 x 107°

6.1100397659

1.7090084002 x 103

Problem F: Consider solution of

when

and the analytical solution is

by Ty

y(0) =1

y2-—-:c2

(4.50)
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Table 4.6 Solution and absolute true error of problem F

z=0.1, h=0.1
y = 1.0050124371

z = 10.0, h = 0.0001

y = 14.142312344

calculated y

absolute true error

calculated y

absolute true error

1p

1.0050124371

9.4214556157 x 107°

14.142312395

5.0873495638 x 108

2p

1.0050124371

6.2027374952 x 10~°

14.142312395

5.088804755 x 1078

1.0050124371

6.1118043959 x 10~1°

14.142312395

5.0902599469 x 108

4po

1.0050124371

1.3999670045 x 1078

14.142312395

2.6202178560 x 10”7

2rk

1.0050505051

3.8067940000 x 10~°

14.142151819

1.6195740000 x 1073

3rk

1.0050081470

4.2900660000 x 10~°

14.142151819

1.6195740000 x 102

4rk

1.0050124478

1.0702933650 x 108

14.142312344

5.0902599469 x 108

2pl

1.0050124371

6.2087711676 x 10~6

14.142312395

5.0873495638 x 1078

3pl

1.0050124371

3.0354385672 x 10~7

14.142312395

5.0902599469 x 1078

4pl

1.0050124371

2.7187088563 x 1076

14.142312395

5.0902599469 x 1072

5pl

1.0050124371

4.6301356633 x 107°

14.142312395

2.4709152058 x 108

6pl

1.0050124371

8.0568359954 x 10~*

14.142312395

5.6911085267 x 1077

7pl

1.0050124371

6.8882782216 x 10~°

14.142312395

5.9648300521 x 10~7

Problem G: Consider solution of

when

or

y" + vy = 0.001€"

y(0) = 1,'(0) = 0.9995%,y €

u” 4 u = 0.001cos(z), u(0) = 1,u'(0) =1
v" 4+ v = 0.001sin(z), v(0) = 0,v'(0) = 0.9995

and the analytical solution is

y(z) = u(z) + wv(z),u,v € R
u(z) = cos(z) + 0.0005zsin(x)
v(z) = sin(z) — 0.0005zcos(x).

(4.51)

(4.52)

(4.53)
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Table 4.7 Solution and absolute true error of problerp G

=10, h=0.1
y = 0.54072304136 + 10.84174113596

calculated y absolute true error

3rk | 0.54069781765-+i0.841167735890 | 5.739545938679427 x 10~*

3p | 0.54072434784+i0.841199814250 | 5.413232865924947 X 10~*

remark

1p : the new formula of the open form of Runge-Kutta method order 1
2p : the new formula of the open form of Runge-Kutta method order 2
3p : the new formula of the open form of Runge-Kutta method order 3

4po : the other new formula of the open form of
method order 2

37k : the Runge-Kutta method order 3

4rk : the Runge-Kutta method order 4
Runge-Kutta method
order 4

2pl : the open form of Runge-Kutta method order
weighting function of the Legendre polynomials

3pl : the open form of Runge-Kutta method order
weighting function of the Legendre polynomials

4pl : the open form of Runge-Kutta method order
weighting function of the Legendre polynomials

5pl : the open form of Runge-Kutta method order
weighting function of the Legendre polynomials

6pl : the open form of Runge-Kutta method order
weighting function of the Legendre polynomials

7pl : the open form of Runge-Kutta method order
weighting function of the Legendre polynomials

2rk : the Runge-Kutta

2 with respect to the

3 with respect to the

4 with respect to the

5 with respect to the

6 with respect to the

7 with respect to the



CHAPTER 5

CONCLUSIONS AND SUGGESTIONS

In this chapter, we shall give the conclusions and suggestions on the open
form of Runge-Kutta method for find the numerical solution of initial value prob-
lem of ordinary differential equations.

5.1 Conclusions

In this thesis we study the open form of Runge-Kutta method for finding
the numerical solution of initial value problem of ordinary differential equations
which is of the form

¥ = f(z,y) (5.1)
with the initial value
y(zo) = Yo-

After study the Runge-Kutta method, we develop the new open form of
Runge-Kutta method first order, the second order and third order are shown be-

low;
n=1
Ym+1 = Ym + harky (5.2)
where ki = f(zm + a1h,ym + Lihf). T
n=2
Yms1 = Ym + h(ar1ky + azkz) (5.3)
where

kl = f('cm + alhaym + Blhf)
k2 = f('vm + a2h7ym + ,32hk1)
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n=3

Ym+1 = Ym + h(arks + azks + asks) (5.4)

where

ki = f(@m+arh,ym + Bihf)

L = [(Zm+ ash,ym + Bohf + Bshkr)

kr = f(Tm+ ash,Ym + Bshf + Bshki + Bshlh)

Iy = f(ZTm+ ash,ym + Brhky + Bshly + Pohkr)

ks = [f(Tm+ ash,ym + Prohli + Birhkz + Prohl2).

where a, o and § are unknown coefficient of the Runge-Kutta method and h is
setp side and s is order of each method.

Input the values of unknown variable that we solve back to the new Runge-
Kutta method, we will got the new completed Runge-Kutta method first order,
second order and third order for this research.

n=1
Ym+l = Ym T+ hk, (55)

where

kr = f(Zm + 3B, Ym + SRS
n=2

h

Ym41 = Ym + 5(’31 + ka) (5.6)

where

ky = f(Tm + 3B, Ym + 3hS)
ks = f(ZTm + 21, Ym + 3hk1).



n=3
h
Ym41 = ym E(f)k] + 8k2 + 5k3)
where
496 496
ki = flog+ By 20
1 = fEmt gorhivm + kS
4400 563 538,
I, =
1= flzat 14457” ym ~ Togsn/ T+ gi578)
25 . 2657 281
ke = f("”'"+'h Ym + 371/ ~ 55351 + 350"
557 557
12 = f(xm 803h UYm T 803hk1 + 0h11 +0hk2)
496 1193 782
kz = f($m+5—5§h Ym ‘)032h11+0hk2+ 2605h12)

40

(5.7)

The testing of the new Runge-Kutta method was done by solving problem
A, B, C, D, E, F and G by step side 0.1, 0.001 and 0.00001 as shown in chapter
4 to confirm that three new Runge-Kutta methods can solve the initial value

problem in equation (5.1) form.

The truncation error of three new Runge-Kutta methods will present in
O(h**?) forms by s is order of each method and so the truncation error will be

O(k®), O(h*)andO(h®) respectively.

For the fourth order formula, its the truncation error is in the form of

O(h**1) and
Ym+1 = Ym + h(arkr + azks + azkz + asks)
where

ki = f(Zm+ah,ym +aihf)

ky = f(Zm+ aoh,ym + bihf + Bahky)

ks = f(zm+ ash,ym + Gshf + Buhkr + Bshks)
ks = f(

+ agh, Ym + Behtf + Brhky + Bshka + Bohks).

(5.8)
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After calculating for every unknown of the formula we obtained the com-
plete formula of the forth order as formula

527 988 988 527

Ymt1 = Ym + h(z0a5H1 + 353552 + 35305 + 30305 (59)
where
ki = flzm+ iglll—;?h,ym + %%hf)
kr = flzm+ %h, Ym + 181;)78hf - iggghkl)
ks = f(@m+ %h, Y + 3181794h f- 251;21 hk; — ?Toghkz)
ks = f(zm+ %h, Ym — 9120216hf + 913131851 hk, + %hkz + %hk-&).

The truncation error of the above formula is in the form of O(h®).

5.2 suggestions

The z values in the new open form of Runge-Kutta method are in the
range (T, Tmy1)- We called this form “open form” but in general most research
was done in closed form.

This research will be fruitful for scientists interested in the Runge-Kutta
method. They can use these results as a guide line to developming other Runge-
Kutta formulas, for instance the development of the open form of Runge-Kutta
method of order four or five. They may use these to find the numerical solution of
the initial value problem of ordinary differential equations and present truncation
error value in O(h®) and O(h") forms.
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