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ABSTRACT

In conventional (non-adaptive) control design, a controller structure (e.g., pole placement) is
chosen first, and the parameters of the controller are then computed based on the known
parameters of the plant. In adaptive control, the major differ~nce is that the plant parameters are
unknown, so that the controller parameters have to be provided by an adaptation law. As a result,
the adaptive control design is more involved, with the additional needs of choosing an adaptation
law and proving the stability of the system with adaptation. This thesis presents the following
topics: First Order Linear System with Unknown Constant Parameter which gives the reason for
using Adaptive Control, Stability theory, Passivity theory, Lyapunov-Based Design, Feedback
Linearization and Zero Dynamics, Stabilization of Cascade Systems, Block Backstepping with
Zero Dynamics, Adaptive Backstepping, Adaptive Block Backstepping and Tuning Fﬁnction

Design.
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ABSTRACT

In conventional (non-adaptive) control design, a controller structure (e.g., pole place-
ment) is chosen first, and the parameters of the controller are then computed based on
the known parameters of the plant. In adaptive control, the major difference is that the
plant parameters are unknown, so that the controller parameters have to be provided by
an adaptation law. As a result, the adaptive control design is more involved, with the
additional needs of choosing an adaptation law and proving the stability of the system
with adaptation. This thesis presents the following topics: First Order Linear System
with Unknown Constant Parameter which gives the reason for using Adaptive Control,
Stability theory, Passivity theory, Lyapunov-Based Design, Feedback Linearization and
Zero Dynamics, Stabilization of Cascade Systems, Block Backstepping with Zero Dynam-
ics, Adaptive Backstepping, Adaptive Block Backstepping and Tuning Function Design.
Most of these theory can be found in Krstié¢ et al. [48], which giver - ™11 treatment of

the theory of Adaptive backstepping and Tuning function design.
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Chapter 1

Introduction

1.1 First Order Linear System with Unknown Con-

stant Parameter

Consider the first order linear system of the following form
T=u—0x (1.1.1)

where # is a positive unknown constant as shown in Figure 1.1. This system is
asymptotically stable (the equilibrium point z = 0 is an asymptotically stable equilibrium
point) even when there is no external control input, that is, u is zero. The solution of

this system is
) t
z(t) = z(0)e™ % + e_m/ e u ds.
0
Therefore this system is uninteresting. What if the system we have is unstable to begin
with? Consider the following system

T=u+0z (1.1.2)
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v

Figure 1.1: Linear Scalar Plant (1.1.2)

where 8 is a positive unknown constant. The solution of (1.1.2) is of the form

T =u+0x
r—0r=u
e i~ Pe % = ue?

e‘(h%x(t) + g{e_(’tw(t) = e u(t)

d(e™%z(t)) = e % u(s)ds
/::t d(e % z(s)) = /SZt e %u(s)ds

=0 s=0

e x(s)|5Zh = /Ot e—0su(s)ds
e—0tx(t) — z(0) = /Ot e %u(s)ds
z(t) = e®z(0) + /Ot P9y (s)ds
Unlike the system in (1.1.1), this system in (1.1.2) is unstable when u = 0.

What control law « will stabilize the system in (1.1.2)? If an a priori bound 8 on |4|
were known, 8] < 8, then u = —20z would be a linear stabilizing controller. The system

(1.1.2) with u = —26z would becomes
i =—(20-0)x.

Its only equilibrium point, £ = 0, would be asymptotically stable since 26 — 6 > 0.
(Its stability would be able to be investigated using phase line.) If such a bound is

not known, no linear controller can be designed to guarantee stability of '(1.1.2). "‘For
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example, if v = —kz, where k is a positive constant, were applied; the system (1.1.2)

would becomes
= —(k —0)z,

and the only equilibrium point, z = 0, would not be guaranteed to be asymptotically
stable due to the fact that the constant 8 would not be known. If the value of k picked
were less than that of 8, then the equilibrium point z = 0 of the resulting system would

be unstable.

To exanune whether a static nonlinear controller can help, let us try the controller
u=~kx — kyx®. (1.1.3)
where k) > 0,k > 0. The resulting feedback system is

&= (0 — k))z — ko2®. (1.1.4)

v

T X

Figure 1.2: The resulting feedback system (1.1.4)

For 6 > ki, the equilibrium z = 0 is unstable, but the nonlinear term —k,z*® prevents
z(t) from growing unbounded. It is easy to see that z(t) will converge to one of the
two new equilibria :{:\/E—:k—lf. Thus, the static nonlinear controller (1.1.5) has achieved
boundedness of z(t) without any knowledge of a bound on 8. Our goal is more ambitious

than just boundedness of z(t). We also want to achieve its regulation: tlim z(t) = 0. Can
700
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this be accomplished by a dynamic nonlinear controller? The answer is affirmative: One

such controller is

u=—(p+&)z, = (1.1.5)

where p > 0 is a design parameter. The resulting feedback system is of second order:

t=—(p+&)z+0x. (1.1.6-a)

£ =12 (1.1.6-b)

Its stability prope-ties can be checked by examining the derivative of the Lyapunov

function
15,1 2
which turns out to be nonpositive:
V = —pz? — 2% + 02% + (€ - 0)2® = —pz®. (1.1.8)

Thus, V(z(t),£(t)) evaluated along the solutions of (1.1.6-a), (1.1.6-b) is a nonincreasing
function of time. This proves that z(¢) and &(¢) remain bounded for all ¢ > 0. The

proof that tlim z(t) = 0 is also achieved can be given using Lasalle-Yoshizawa theorem
— 00 3

(Theorem A.1.1).

How was the dynamics nonlinear controller (1.1.5) conceived? Not as a nonlinear con-

troller, but rather as a parameter adaptation scheme! Its dynamics part £ = z2

18, in
fact, an update law for £ as an estimate of 8. Consequently, the estimation error £ — 6 is

penalized in Lyapunov function (1.1.7).



Chapter 2

Feedback Linearization and zero

dynamics

2.1 Feedback Linearization and z:_~ dynamics

One of the popular methods for nonlinear control design is feedback linearization, which
employs a change of coordinates and feedback control to transform a nonlinear system

into a system whose dynamics are linear (at least partially).

A great deal of research has been devoted to this subject over the last two decades, as
evidenced by the comprehensive books of Isidori [9] and Nijmeies and Van der Schaft [33]
and the references therein. Since feedback linearization is not a goal pursued in this

book, we only briefly review some concepts needed for the remainder of the chapter.

For maximum accessibility we avoid the direct use of differential geometric notations,

but we still refer to those notations for references.

Let us consider the nonlinear system.

T = f(x)+g(x)hy, zeR"ueR

y.. = h(z), yelR (2.1.1)
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where f, g, h are smooth (that is, infinitely differentiable) vector functions.

The derivative of the output y = h(z) is given by:

Lsh Lyhu
CTPNINE
i = T () + o (@l 2.12)

0
If -8—h(x0)g(x0) # 0, then the system (2.1.1) is said to have relative degree one at zy.
x

In our terminology, this implies that the output y separated from the input u by one

integrator only.

0 .
If —lz(azo)g(sco) = 0, there are two cases:

o

b .
(i) If there exist points z arbitrarily close to zq such that %—(x)g(x) # 0, then (2.1.1)

does not have a well-defined relative degree at z;.

h
(ii) If there exists a neighborhood By of zy such that %;(J:)g(:r) = 0 for all z € By,

then the relative degree of (2.1.1) at o may be well-defined.

In this case (ii), we define

Ui(r) = h(z), ta(x) = ao(x)f(z) = Lyh (2.1.3)

and compute the second derivative of y:

.8 [onf o (Ohf
vy = %<8x>f+55(8m>gu
= &, @) f(@)+ 5 ~()g(z)u. . (214)

0 .
If —81’—0—2—(:60)g(x0) # 0, then (2.1.1) is said to have relative degree two at zo.
z

Ops

If —(z)g(z) = 0 in a neighborhood of x¢. then we continue the differentiation procedure.

Ox

Definition 2.1.1 The system (2.1.1) is said to have relative degree p at the point xy if

there exists a neighborhood By of xy on which

o
oz

o 0,
(gt} = 22 g
Xz

S (2)g(z) = 0 ' (2.1.5)

(r)g(x) =
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e la)o(z) # 0 (216)
where
win) =h),  w@) =@, i=2.. (2.1.7)

if (2.1.5) and (2.1.6) are valid for all x € R", then the relative degree of (2.1.1) is said

to be globally defined.

Suppose now that (2.1.1) has relative degree p at zg. Then we can use a change of
coordinates and feedback control to locally transform of this system into the cascade

connection a p-dimensional linear systém and an (n — p)-dimensional nonlinear system.

In particular, after differentiating p times the output y = h(x), the control u appears:

o (0 d [Oh a [0 0 (0Oh
n - {2 | [ S —_ — 1]
T a2 <8cr ( Oz (32:f> f) f) f(z) - oz <8cr < " Or <8xf) f) f) 9(z)r
oY, oY,

2 (@) f(2) + L (@)g(e)u = v (2.1.8)

0
Since —aﬁg # 0 in a neighborhood of z3, we can linearize the input-output description
T

of the system (2.1.1) using feedback to cancel the nonlinearities in (2.1.8):

1 B,

u= —
o, Oz
5, (£)9(z)

(z)f(z) + v} (2.1.9)

Then the dynamic of y and its derivatives are governed by a chain of p integrators:

y(p) = .

Since our original system (2.1.1) has dimension n, we need to account for the remaining

n — p states.

Using differential geometric tools, it is easy to show that it is always possible to find n—p

oY, ‘
functions ¥,41(x), ..., ¥n(z) with a—ﬁ(m)g(x} =0,; = p+1,...,n such that the change
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of coordinates

G
2

Co

C/H— 1

Cn

is locally invertible and transforms,

(2.1.1) into
G
ép—l
¢

(p+l

Cn

~

y = h(z) = Pi(z),
y = Pa(x),

y(ﬁ—l) — I,bp(a:),

d’p%—l(x)a

(2.1.10)

l/"n(x)

(3

along with the feedback (2.1.9), the nonlinear system

G2

Co

v (2.1.11)

a7f’/)p+l .
D7 (z)f(x) = ¢p11(C)

Oy,
Oz
G

(@) f(z) = ¢n(C)

As a cascade connection of a chain of p integrators with an (n — p)-dimensional nonlinear

system, this system is a special case of the cascade systems to which we will apply

backstepping in the following chapters.

The states (,11, ..., (, of the nonlinear subsystem in (2.1.11) have been rendered unob-

servable from the output y by the control (2.1.9). Hence, feedback linearization in this

case is the nonlinear equation of placing p poles of a linear system at the origin and



~

CHAPTER 2. FEEDBACK LINEARIZATION AND ZERO DYNAMICS

canceling the (n — p) zeros with the remaining poles.
I.l -1 1 Iy ‘V 1
= + u
:L:Q 0 1 I L 1

T = Ax + Bu,sz = Az + Bu

Y =CIT,y=cCT

—s+1 -1 1
o)
y(s) i 0 s+ 1 1

u(s) s2+2s+1

. CQ]‘M}

s+1
s2+2s+1

(s +2)+ca(s+1)
s24+2s+1

(et ea)s+(2¢ + c)

N s24+ 2541
s+95

st 425+ 1

from y =v

y=Czt
= C(Az + Bu)
=CAz + CBu

1
=CB

1
= T(_CAI -+ ’U)

[ -1 1 T
=—14 —3] +v
) 0 -1 T2

i I
u=-| —4 7} +v

u

—-CAz +v),CB=1

u=~kr+wv
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61:’1,0225

CB=4 _3][1}1#0

relative degree =

y=Cx
T =Ax + Bu,u = —-kzx+v
T = Az + B(—k)x + Bv

i =(A— Bk)xz + Bv

3 -6
A — Bk =
4 -8
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Example 2.1.2

- (o))

Ty =-T1+ZT_3+u
.’IEZZ—IQ-{—U
y =41, — 319
1.7 T
uw=2{| +4 _7]{ }w}
1 T
2
=dr; —Txy+ v
y:4I1—3If)

= 4(—1131 + z, +U) —3("—1'2 +’LL)
= —4r1+T7xo+u ,u=4x;, - Txo +v

(=11 — 2
(=2~ 1
é = —I; + 21,
4( = —4z1, + 81y
= —(4x, — 8x,)

= —“(4.'1,'1 - 3.’1,'2 - 5.’[2)

11
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To find x, , zo iny , ( form

y . 4 -3 T
1 -1 T
I 1 -1 3 Yy
9 i R I e
- -
T _ 1 -3 y
i ) | 1 —4 C
Ty =Yy — 3¢
T2 =y —4C
Then we put
T, =Y — 3( »

%) :y——4< in — (41131 —'3332 —‘51132)
We have now ( =y — 514

Of course, to guarantee stability, the cancelled zeros must be stable.

In the nonlinear case, using the new control input v to stabilize the linear subsystem of
(2.1.11) does not guarantee stability of the nonlinear whole system, unless the stability

of the nonlinear part of (2.1.11) has been established separately.

When v is used to keep the output y equal to zero for all ¢ > 0, that is, when (; = ...

Cn = 0, the dynamics of (,41,...,(, are described by
C'P*H = ¢p+1(0~"'307§p+17"'a£n)
(2.1.12)

o = ¢0,....0,Cu1y- 5 Ga)

They are called the zero dynamics of (2.1.1), because they evolve on the subset of the

state space on which the output of the system is identically zero. If the equilibrium at
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(o1 = ... = (, = 0 of the zero dynamics (2.1.12) is asymptotically stable, the system
(2.1.1) is said to be minimum phase. With a slight abuse of notation, we will refer to
the ((o+1, .-, (»)-subsystem as the zero dynamics subsystem of (2.1.1), even when &, ..., &,

are not zero.

Example 2.1.3

T -5 2 T 1
= + U
.'13.2 0 —4 T2 1
I
yZ[l 1}
I
Y0) _ Gis) = Clol — A
u(s)—G(s)——C[s[ Al™'B
_ 25+ 11
"~ (s+4)(s+5)

then relative degree = 1

In (2.1.1) the output y = h(z) is prespecified, possibly from a tracking objective, and the
resulting cascade system is linear from che input v to the output y. This linearization
process is usuallyv called input-output feedback linearization [9]. If our goal is only to
design a stabilizing controller, we may attempt to find an output with respect to which
the relative degree is p = m. If such an output exists, the whole system is linearized
without zero dynamics. This process is referred to as full-state feedback linearization
[7. 8, 10. 44". If such an output cannot be found, then we may iook for an output which
yields the highest relative degree, and thus results in a cascade system whose linear
subsystem has the highest dimension [24]. It is desirable that with respect to the chosen
output the system be minimum phase. The importance of this property will be clear in

the following chapters which address problems of stabilization of cascade systems.



Chapter 3

Stabilization of cascade systems

3.1 Stabilization of cascade systems

We now consider cascade connections in which the nonlinear system is globally stable,
but the input subsystem is more complex than just an integrator. We begin with the

case where the input subsystem is linear:

t = f(z)+g(z)y, f(0)=0,zeR"yeR (3.1.1a)

£ = Af£+ Bu, y=he. (3.1.1b)

We assume that when y = 0 the nonlinear system (3.1.1a) has a globally stable equilib-
rium at z = 0, and that an appropriate Lyapunov function V(z) is known such that:

ov

5, (@f(@) < ~W(z) <0. (3.1.2)

The problem is to stabilize the linear subsystem (3.1.1b) without destabilizing the non-

linear subsystem (3.1.1a), and, if possible, to achieve GAS of the equilibrium of (3.1.1)

3

at (0,0). that is,

(Ia é) = (07 0)

This problem is not solvable in general. Here it will be solved by requiring the input

subsystem (3.1.1b) to have the following passivity property:

14
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Assumption 3.1.1 The triple (A,b,h) is feedback positive real (FPR), that s, there
exists a linear feedback transformation u = K&+v such that A+ bK is Hurwitz and there

are matrices P > 0,Q > 0 which satisfy

(A+bK) P+ P(A+bK) = —Q (3.1.3a)

Pb = AT (3.1.3b)

A sufficient condition for FPR is that there exists a feedback gain row vector K such that

(1) A+ bK is Hurwitz,
(2) the transfer function Z(s) = h(sI — A — bK)™'b is positive real (PR), and

(3) the pawr (A+ bK. L) is observable.

It should be noted from (3.1.3b) that the relative degree of PR transfer function is one

because bT Pb = b > 0.

Lemma 3.1.2 (Stabilization with FPR) Let V() be a Lyapunov function for (3.1.1a)
satisfying (3.1.2). If the triple (A, b, h) is FPR, then a Lyapunov function for the cascade

system (3.1.1) s
Va(z,€) = V(z) + €T PE, (3.1.4)

and the corresponding control law

ov
u= aa(a?,{) = KE - %Eg(x) (315)

z(t
guarantees that 15 globally bounded and converges to the largest invariant set M,

£(t)

x

contained in the set E, = eER™|W(z)=0,Q:¢=0p. If W(x) is positive
3

definite, that is, if the nonlinear subsystem (3.1.1a) with y = 0 has a globally asymptoti-

cally stable equilibrium at © = 0, then the equilibrium z = 0,€ = 0 is also GAS.
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. . , 190V

Proof Using (3.1.2) and (3.1.3a) and denoting u = K& +v withv = —-2——8;9(2:) from

(3.1.5), the derivative of V,(x,€) is

ov

V, = 52 @ (@) + g(2)y]

+€TP{(A + bK)E + bv] + [(A + bK)E + bv)T P
by (3.1.2) and (3.1.3a)
oV pa T
< -Wi(z) + —ag(x)g(:r)y — & Q&+ 26" Phy

by (3.1.3b)

ov 1

= —W(a)+ 5-(2)g(x)y — €7 Q¢ + 2y {—%%%g(x)J

= —W(z)-€"Qe<o.

Since V, is positive definite, radially unbounded and has a negative semidefinite deriva-

tive, z(t) and £(t) are globally bounded.

Furthermore LaSalle’s theorem (Theorem A.1.2) guarantees convergence to the largest

invariant set M, in the set £,.

If, in addition, W(z) is positive definite, then the global asymptotic stability of z =
0,€ = 0 is shown using Corollary A.1.3. From the positive definiteness of W(z), the set
E,, on which V, = 0, is given by E, = {(z,8)|z =0, Qi€ = 0}.

. : . Lo . ov .
Since V(x) is positive definite, it has a minimum at z = 0, and thus 5—(0) = 0. This
x
L 10V .
implies that on the set E, the control term v = —=——g(z) vanishes.
x

29
Hence, on the set E, the state £(t) satisfies

= (A+bK)E, " Vi(x, &) = €TP¢. (3:1.6)
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But V, is constant on E,, which means that ¢7 P¢ must be constant on E,. Since A+ bK
is Hurwitz, £ = 0 is the only solution of £ = (A + bK)¢ that satisfies éT P€ = constant.
Thus, £ = 0 on the largest invariant set contained in E,. This implies that this invariant
set M, is just the equilibrium z = 0, = 0, which by Corollary A.1.3, is GAS.

The stabilizing control law (3.1.5) consists of two terms, one linear and one nonlinear.

The purpose of the latter is to preserve the stability of the nonlinear subsystem.

Example 3.1.3 For a comparison with backstepping, let us first examine the second-

order system stabilized in Ezample B.1.5:

T = x (3.1.7a)
£ = w (3.1.7b)
In this system we have f(z) =0, g(z) =2, A=0, B=1andy =¢&. Using V(z) = z°

we see from Example 4.1.2 that W(x) = 0. The FPR condition is trwially satisfied and

the stabilizing control law is
u=—kE—a® k>0. (3.1.8)

With k = 1 this is the same control law as (B.1.38) obtained by backstepping with a(z) =

0. We know from Ezample B.1.3 that this control law achieves GAS of the equilibrium
(.’E,f) = (00)

Next we consider a third-order system to which backstepping is not directly applicable:

T = 2§ +&) 2y (3.1.92) -
L o= & (3.1.9b)
£ = u (3.1.9¢)

In this case " = [ 1] and h=]1 1 ]. so that the condition (3.1.3b) yields

pn p 0 1 prz=1
11 P2 _ N 12 (3.1.10)

P21 P22 1 1 Pa2 = L.

72862
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With this case restriction on P and with K ={ —k, —k, |, (3.1.3a) results in

—2k; P11 — k1 — ko _ g Q2 . (3111)
pi1— ki — ko 2 — 2k, q12 922

For the simplest choice q11 = g = 1 and 12 = 0 we get ky = 0.5, ko = 1.5, p;; = 2.
Then the control law (3.1.5) s

1 3 }
Uu = —561 e 562 — .’22. (3112)
The equilibrium (z,&1,&) = (0,0,0) is GAS because Q) = I is positive definite. O

Example 3.1.4 Let us now consider ¢ system in which £ = f(x) has 2 GAS equilibrium

atx =0:

g = —z° =13 (&1 + ha&y) (3.1.13a)
N —een?
Yy
& = & (3.1.13b)
& = u (3.1.13¢)

When h, = 0 this system is stabilizable by two steps of integrator backstepping as in

corollary (B.1.4). Thus, the case of interest is when hy # 0 and hyhy, > 0 such that

h h
.isi__l. Of the

hy > 0, hy > 0. This includes the case h; = 0 when the transfer function >
S

linear part is only weak minimum phase [38] because it has a zero at s = 0.

01 0 :
A = , B = h=1hy hy]
00 1
s 1 0
. 0 s 1
Z(s) = h(sI-A)y"b=[n hy] 52
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Choose a feedback u = —k;&; — kpéy + v with ky, ko > 0 which makes the polynomial

q(s) = s* + kys + k; Hurwitz and denote p(s) = h; + hys.

. 01 0
§ = £+ U, u=—ki§ — kb2 +v
0 0O 1
. 0 1 0
£ = £+ v
ki —ky 1
0 = S2+k'28+k)1
—ko £+ \/k% — 4k
s = 2 22 L k>0

—k
S R(s) = __é_z < 0, with ky > 0, then ¢(s) is Hurwitz.

h . .
We can choose k; = a2 and ky = 2a, with a > —, so that the transfer function Z(s) =

ha
s
Z—)Q is positive real

q(s)

ki =d®> and ky=2a

p(s) . : M
Z(s)=—= 15 PR if a>—
(s) q(s) ! ha
h] + hQS
Note:  assume hy>0, h20  2(s)= 55—

(hy + hoo) + jhow
(02 + 2a0 — w? + a?) + j2w(o + a)
[(h1 + hpo) + jhaw]{(c? + 2a0 — w? + a®) — j2w(o + a)}
(02 + 2a0 — w? + a?)? + [2w(o + a)]?
_ {(h1 + he0)(0?® + 200 — wW? + a?) + 2hyw? (0 + a)
B (02 + 2a0 — w? + a?)? + [2w(o + a)]?

§=0+ jw SZ(s) =

Z(s) =

R{Z(s)}

.. For Z(s) to be P.R. we must have
(hy + hyo)(0? + 2a0 — W? + a®) + 2hyw?(0 +a) 20, Yo >0

This can be achieved by nothing that when o = 0

hl(a2 — w2) +2how?a > 0

hia? +w2(2h2a -h) > 0, ha® >0
2hha—hy > 0
2haa > My
a >z i

2h,
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h h
Ifa> -+ > —L and when ¢ > 0, the increased term
he — 2hs

(hy + hoo)(o + a)2 — hw? — hoow? + 2how?c + 2haw?a

(h1 + hao)(o + a)2 + hgow? + W (2hpa — hy) > 0
2h2a - h] _>__ 0
2}12(1 Z ’ h]

hs

>

¢ = on

h
If a > %1— then a > ﬁl— So the value of ®{Z(s)} is always > 0.
2 2

A, = A+bK is Hurwitz.

Z(s) = h(sI — A,K)'bis P.R.

(A +bK, h) is observable

hy ho
—hoky hy — hoky
det O = h?— hihoky + h3k;

O =

h% — shihya + h%a2

(h1 - hQCL)2 Z 0

det O ?é 0< hl ?é hga
h
a §é E

ha 1] hy . .
a>— and a# — = a> — is more strict.
2hs 7 ho ha

We can then write (3.1.13a) as & = f + gy, f = g = —z®. Clearly, z = 0'is a GAS
equilibrium for z = f, so the conditions of lemma (3.1.2) are satisfied. Using V (z) = z?2
in (3.1.5), we obtain the control law

.2(532.(_1-3)

oz

N

u = —a’t; — 2a€, + z* ) (3.1.14)

The situation is quite different when hih, < 0, that is, when the transfer function

Z(s) = PEZ is nonminimum phase. Then; 'Lemma 3.1.2 'does ‘not ‘apply.” - In fact, a

q(s)’
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detailed calculation given in [19] shows that in this case the system cannot be globally

stabilized.

The FPR property is a passivity property. Its nonlinear counterpart will be employed in

the stabilization of the nonlinear cascade

z = f(z.+g(z.y. [f(0,§)=0, vV eR) zeR" yeR(3115)

€ = m(E)+8(Eu, y=h(€), h0)=0, £eRY uwekR. (3.1.15b)

Our key assumption is that (3.1.15b) can be rendered passive or strictly passive (cf. Ap-

pendix D) via a feedback transformation u = k(£) 4 r(§)v.

Definition 3.1.5 The system
E=m()+3(6u, y=~h(E), h0)=0, £cR?) wekR (3.1.16)
is said to be feedback passive (FP) if there exists a feedback transformation
u=k(&)+r&v (3.1.17)

such that the resulting system & = m(€) + B(E)k(€) + B(E)r (&), = h(£) is passive

with a storage function U(§) which is positive definite and radially unbounded:

/0 y(0)o(0)do > U(E(t)) — U(E(0)). (3.1.18)

The system (3.1.16) is said to be feedback strictly passive (FSP) if the feedback (3.1.17)

renders it strictly passive:

/O y(o)(o)do > U(E(t)) — U(EO)) + /0 (E(0))do, (3.1.19)

where Y(-) is the positive definite dissipation rate.

As in the linear case, FP systems of the form (3.1.16) must have relative degree one.
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Lemma 3.1.6 (Stabilization with Passivity) Let V(z) be a radially unbounded Lya-
punov function for & = f(x, &) satisfying

ov

o (z)f(z,€) < —W(z) <0,V€ € R", Vé eR (3.1.20)

and let (3.1.15b) be FP as in Definition 3.1.5. Then, a Lyapunov function for the cascade

system (3.1.15a) is
Volz, &) = V(z)+U(§), (3.1.21)
and the corresponding control law
ov
u o= auln8) = KE) — r(€) 5 (1)9(w,€) (3.1.22)

z(t

£(¢)

guarantees that { } 15 globally bounded and converges to the largest invariant set

- - x
M, contained in the set £, = {[ € Rt

3

(3.1.22) guarantees convergence to the largest twvariant set M, contained in the set E, =

[

definite, that is, of T = f(x,€&) has a GAS equilibrium at x = 0 uniformly in £, then the

W(x) = 0}. If (3.1.15b) is FSP, then

Wi(x) = 0,& = 0}. Finally, if (3.1.15b) s FSP and W(x) is positive

equilibrium © = 0,£ = 0 of (3.1.15a) is also GAS.

The closed-loop system (3.1.15) with the control (3.1.22) is

r = f(w’é) + g(mé)y

£ = m(&)+ BEKE) + 3(E)r(&v (3.1.23)
v = WO, v= - (@)(,6)

V(z) P.D. and R.U. Lyapunov function for £ = f(z,£) satisfying ——gv(:r)f(a:,f) <
x
-W(z) < 0,Vz € R", V¢ € R,

. oV ov
= —— < J— / ™ —_— = —V
V=g +gy) < -W(z) + 39V Wi(z) +ny (3.1.24)

/0 n(o)y(o)do > V(z(t)) = V(z(0)) + /0 W(z(o))do. (3.1.25)
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.. ¥y is passive since W(z) > 0. From Theorem C.1.4 we conclude that the negative
feedback interconnection of ¥, and ¥, is passive with the positive definite and radially
unbounded storage function V,(z, &) = V(z)+U(£). Lemma C.1.3 then states that z = 0,

& = 0 is a globally stable equilibrium of

t = f(z,8) +g(z,€)y

£ = m(€) +BEKE) + BET(E

ov

v o= hE), v = —5@)(0)

To see that W(z) — 0 as t — oo, we differentiate [y(o)v(o)d(c) > U(&(t) — U(£(0))
and combine the result with %g(x)f(x,f) <~-Wlz) <0Vz e R, VEeR:

. .8V
Vo = V+U< —(f+gy)+yv
oV
< —W(z)+ 3 +yv =-W(z) <0. (3.1.26)
Then, LaSalle’s theorem (Theorem A.1.2) guarantees convergence i o set M, C

{(W(z) = 0}. If (3.1.15b) is FSP: that is, }'
[ storwtorie = utete - vy + [ wietorao (3.1.27)
we replace (3.1.18) by (3.1.27). Then (3.1.26) becomes |
o < W (@) — ol6) 3.128)

which, since () is positive definite, guarantees convergence to the set M, C {W(z) =
0,6 = 0}.
Finally, if W(z) is also positive definite. we conclude from (3.1.28) and Theorem A.1.1

that z = 0,& = 0 is GAS.

(Ve = v(z)+U(&is p.d. and R.U. in)(z,£)

U, = V+U<-W(z)— ()
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Example 3.1.7 consider the cascade system:

& = —xz(14 )+ 232 (3.1.29a)
£ = &u (3.1.29b)
y = ¢

The choice of output y = €2 satisfies all the conditions of Lemma 8.1.6. First, (3.1.29b)
is FSP: The feedback

u = —E+4v (3.1.30)
results in € = —E3+Ev, y = €2, which is strictly passive with storage function U(€) = —;—{2,
since

U = & —v=—-+y (3.1.31)
implies that
[ vontorio > st o) + [ ovin (3132
Furthermore, (3.1.29a) can be represented in the form (3.1.15a) with
flz,&) = —z(1+€), g(z,6)=2a° (3.1.33)
and (3.1.20) is satisfied with‘V(a:) = %x;, i.e.,
%—g—(x)f(xf) = z[-z(1+ €°)]
= —2?(1+4+ef) < —2*=-W(2) <0, VzeR"“\WEER
W(z) = z?
Applying Lemma 3.1.6, we conclude that the control
u=—£ -1 (3.1.34)

guarantees GAS of x = 0, £ = 0. Indeed, the derivative of the clf V,(z,£) = %(:z:2 + £2)

s negative definite:
V, = ~2?(1+€f) + 2¢% — €1 — 22 < —z2 — ¢, (3.1.35)

O



Chapter 4

Block backstepping with zero

dynamics

4.1 Bi_. !z backstepping with zero dynamics

Integrator backstepping (Lemma B.1.2) is a recursive design tool. Now we want to
develop a similar tool for feedback stabilization of a system augmented by a dynamic

block more complicated than just an integrator.

At first glance, it may appear that the cascade design in the preceding chapter provides
us with such a tool. Not quite! The achievement of the cascade design is in being able
to stabilize the input subsystem (3.1.1b) or (3.1.15b) without destabilizing the original
system. What if the original system is not stable? Can we cascade it with a complicated
input subsystem and still stabilize it in one step? We first show that this can be done
with a linear input subsystem that is a minimum phase system with relative degree one.

We then give a nonlinear extension of that result.

Example 4.1.1 Let us start with an ezample in which we cascade the system (3.1.29)

of Example 3.1.7 with a linear minimum phase system:

o
[&a]
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o, = —z1(1+ €*2) + x323
x-subsystem:
i‘Q = Iy
£ = & (4.1.1)
&-subsystem: £ = u
y = &i+&.
. . os+1 . .
The transfer function of the input subsystem s —5— and its zero is at s = —1.
s
One of its minimal realizations is
Yy = y—& +u (4.1.2a)
51 = —51 + 9. (412b)

Its zero dynamics, that is, the dynamics constrained by y(t) = 0, are described by & =
&1

The cascade design of the preceding subsection is not applicable to (4.1.1) because the
equilibrium x = 0 of the z-subsystem with y = 0 is unstable: Ty = oy and y = 0 = x5

can be constant and x5 # 0. Such as, o = 2:

i = —x(14e%) + 423 = ax? — ba,
= azl(xf—g); a.b>0
lineam’éing around (z1,z9) = (0.0),

i = —x](1+1+z2+§2+...)+z§z§
T, = 0

we obtain
T = -2
Ty = 0

or

, [-2 0}
Tr = xz.
0 0

marginally stable
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To circumuent this obstacle, we first convert (4.1.2a) into an integrator via the feedback

transformation

v = ~y+& v, (4.1.3)
N —’
~§2

where v is our new control variable. The system (4.1.1) is then rewritten as

i, = —z(1+e") + ziz;

Ty = Toy (4.1.4)
y o= v

& = —&+y

Now the subsystem consisting of the first three equations in (4.1.4) 1s in a form convenient
for integrator backstepping. From Example 8.1.7 we already know that the z-subsystem

can be stabilized with y as its virtual control (cf.(3.1.34)):
Yaes = a(x) = —] — T5. (4.1.5)

The corresponding clf is V(z,€) = %(:rf + 22). Hence, we can achieve stabilization and

regulation of x1,xs,y by a direct application of Lemma B.1.2. The resulting control law

18
u = —(y+2i +23) — & - 2rky + 421 + e — 231d) — 1. (4.1.6)
This design ignored the presence of the zero dynamics subsystem fl = —{; +y. However,

this subsystem is input-to-state stable (ISS) with respect to y, so that &, is bounded because
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y 1s bounded, and moreover tlim &(t) = 0 since tlim y(t) =0.
—00 —00

L = &ty
Sl +& = vy
etgl + €t§1 = 6[7J

f—t(etfl) = ey

t

.= /Otesy(s)ds
een(t) - 6:(0) = /O e*y(s)ds

6561

&Lt) = €_t§1(0)+€*t/0 e’y(s)ds.

Swnce tlim y(t) = 0 then

& = —&+y=-§

&i(t) = e'&(0) — 0, as t— oo.

We now want to generalize the above example and formulate design tools which allow
the original system to be unstable when y = 0 and let us backstep more than a simple
integrator at a time. Since we want to be able to apply these tools repeatedly, each
lemma we formulate must guarantee for the cascade system all the properties assumed

for the original system.

As we will see, the constructed V,(z, &) for the cascade system does not include the zero

dynamics variables, but their boundedness is guaranteed by the boundedness of V.

Hence, we must reformulate Assumption B.1.1 to assume the same properties for the

original system, by including the case when V(z) is not positive definite:

Assumption 4.1.2 Suppose Assumption B.1.1 is valid with V(z) positive semidefinite,
and the closed-loop system (B.1.17) with the control (B.1.18) has the property that x(t)
is bounded if V(x(t)) is bounded.
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Under this assumption, the control (B.1.18), applied to the system (B.1.17), guarantees

not only global boundedness of z(t), but also regulation of W (x(¢)):

From (B.1.19) we conclude that W(z(t)) is integrable on [0,00) and uniformly contin-
uous, and hence converges to zero by Lemma A.3.5. Furthermore, since all solutions
z(t) aie bounded, we can apply LaSalle’s theorem (Theorem A.1.2) to conclude that z(t)

converges the largest invariant set M contained in the set £ = {z € R*"|W(z) = 0}.

The following fact is easy to prove:

Corollary 4.1.3 When Assumption B.1.1 is replaced by Assumption 4.1.2, then the

boundedness and convergence properties in part (i) of Lemma B.1.2 still hold.

Lemma 4.1.4 (Linear Block Backstepping) Consider the cascade system

t = fl(z)+g(z)y, f(0)=0, zeR* yeR (4.1.7a)

£ = Af+bu, y=hi €Ec€R? uwekR 7 (4.1.7b)
where (4.1.7b) is a minimum phase system of relative degree one (hb # 0).

If (4.1.7a) satisfies Assumption 4.1.2 with y as its input, then there exzists a feedback

x
control which guarantees global boundedness and convergence of to the largest
£(t)
- . l‘
invariant set M, contained in the set E, = € R*\W(z) =0,y = a(z)
3

One choice for this control is

1 o

u = { —ely - () — hA§ + T @)[f(x) + g(=)y]
- %(z)g(m)} c>0. | (4.1.8)

Moreover, if V(z) and W(x) are positive definite, then the equilibrium z = 0,§ = 0 is
GAS.
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Proof We recall from [39] that the relative-degree-one SISO linear system (4.1.7b) can

be represented in the form
y = hA&{+ hbu (4.1.9a)
where the eigenvalues of Ag are the (stable) zeros of the transfer function
H(s) = h(sl — A)~'b

of the minimum phase system (4.1.7b). Using (4.1.9) and the feedback transformation

1
u= h—b(v — hAL), (4.1.10)
we rewrite (4.1.7) as follows:
z = f(z)+glrhy (4.1.11a)
g = v (4.1.11b)
( = Ao+ boy. (4.1.11c)

We first ignore the zero dynemics (4.1.11c) and, using Corollary 4.1.3, apply Lemma
B.1.2 to (4.1.11a)-(4.1.11b) to achieve global boundedness of © and y and regulation of
W(z(t)) and y(t) — a(z(t)). In view of (4.1.10) and (B.1.23), one choice of control is
given by (4.1.8). |

Retuning to (4.1.11c), we note that { is bounded because y s bounded and Ay is strictly
Hurwitz. Thus, € is bounded. Since all solution of (4.1.7) are bounded, we can apply
LaSalle’s theorem (Theorem A.1.2) with @ = R™9 to conclude convergence to the set

M,.

From Lemma A.1.8 we also know that if V(z) and W(z) are positive definite, then the
equilibrium z = 0,y = 0 of (4.1.11a)-(4.1.11b), which is completely decoupled from
(4.1.11c), is GAS. The fact that in this case the equilibrium = = 0,€ = 0 of the cascade

system (4.1.7) is also GAS follows immediately from the following lemma:
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Lemma 4.1.5 Consider the cascade system with { € R™,z € R™:

¢ = Ao+ boy (4.1.12a)
¢ = f(z),f(0)=0
y = h(z),h(0)=0 (4.1.12b)

If (4.1.12b) is GAS and Ay is strictly Hurwitz, then the equilibrium ¢ = 0,2 = 0 of the
cascade (4.1.12) is GAS.

Proof From the definition of GAS (Definition A.3.4) we know that the GAS property of

(4.1.12b) implies the existence of class K I;oo function B and By such that

lz()] < B(=(0),2),  Ty(@)] < Bu(|z(0),2). (4.1.13)

The solution of (4.1.12a), on the other hand, are gwen bu

?

(0 = c(0)+ [ e Dby r)ar (41.14)
0

Since Ay is strictly Hurwitz, we know that |e?0t| < ke ot:

VA € 0(Ap), Red, <0 & A is strictly Hurwitz.
& 3a > 0 such that al + Ag is strictly Hurwitz.
(eloT+A0kt — pelal+D)t p-1y
letel+ A0t < k) Ty >0
leatle Aot < ki Tk >0
le* Teot| < ky,Tky >0

[ete ot < Ky, Tky > 0

¢ ¢ ¢ 0 0 ¢

leo!] < kye™®, 3k > 0,3 € [0, [A|min)-

Using this with (4.1.13) in (4.1.14), we obtain
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IN

Ol < 1eIC0)] + / | b [y () dr

IN

ke C(0)] + kg/ e 8, (|z(0)|, 7)dr
0

IN

t/2
b Uc(0)] + ks sup Br(|2(0)], ) / ety

0<T<t/2

+ ko sup Gi(|z(0)],7) /t e~ =" dr

1)2<T <t /2

(A

t)2
ke IC(0)] + kah (12(0)],0) / e gr
0
+ k251 (|(0)], £/2) e t-")dr
t/2

= ke *|C(0)] + —A;—?ﬁl(l:c(())[, 0)e~/2(1 — e~o!/2)

225 (12 (O)]1/2)(1 — =)

A

k1€ IC(0)] + 2 Bu([a(0)], )"

+ 225, (0)],4/2)

>
&
TN

where B, is a class KLy function. Combining (4.1.13) with (4.1.15) proves that ( =
0,z =0 is GAS:

Comparing Lemma 3.1.2 and 4.1.4 we see that, instead of assuming global stability of
z = 0 when y = 0, Lemuna 4.1.4 assumes only global stabilizability of = 0 through y.
The corresponding assumptions on the input subsystem, however, reveal the price paid

for this generalization:. The minimum phase assumption of Lemma 4.1.4 is stronger than
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the FPR assumption of Lemma 3.1.2, which allows some zeros to be on the imaginary

axis, that is, to be weak minimum phase.

Let as now examine the cascade system

i = —z(1+e") + 2 (4.1.16a)
& = & (4.1.16b)
& = &u. (4.1.16¢)

As we have already shown in Example 3.1.7, (4.1.16a)-(4.1.16b) is stabilizable through
y = &2, while (4.1.16¢) with this output is FSP. However, if we try to stabilize the cascade

(4.1.16), we run into difficulties because the relative degree of (4.1.16¢) is not defined at
§2=0.

This example shows that we need to assume that the input subsystem

£=m(&) + B8y, y=h§), (4.1.17)

has a globally defined constant relative degree. For a nonlinear analog of Lemma 4.1.4,

we also assume that the zero dynamics subsystem of (4.1.17) is ISS.

Lemma 4.1.6 (Nonlinear Block Backstepping) Consider the cascade system:

T = f(z)+g(z)y, f(0)=0 ze€R" yeR . (4.1.18a)

& = m(z,) +B(x,8)u, y=nh(E), h0)=0, £eR? u€cR (41.18b)

Assume that (4.1.18b) has globally defined and constant relative degree one uniformly in
z, and that its zero dynamics subsystem is ISS with respect to T and y as its inputs.

If (4.1.18a) satisfies Assumption 4.1.2 with y as its input, then there erists a feedback

x
control which guarantees global boundedness and convergence of to the largest
£(t)

nvariant set' M, contained in the set



~

CHAPTER 4. BLOCK BACKSTEPPING WITH ZERO DYNAMICS 34

W(z) =0,y = a(a:)}.

xr
e ] ex
3

One particular choice 1s

h - oh
v = (F08.9) { -y at) - FOmo
+ g—i(a:) [f(l) + q(m)y] — —aa—‘xi(m)g(m)}, c>0. (4.1.19)

Moreover, if V(z) and W(xz) are positive definite, then the equilibrium x = 0,£ = 0 s
GAS.

Proof Since the relative degree of the subsystem (4.1.18b) s globally defined and equal

to one uniformly in z, there exists a global change of coordinates of the form (2.1.10), in

particular (y,¢) = (y, ¢(z,§)) with %?B = 0, which transforms (4.1.18b) into

i = %%(5>m<x,£>+—g—2(£>ﬁ(x,é)u

= fl(fv y. Q)+ ai(z,y, Qu (4.1.202)
(= SPOUE) +gah] + 5 Ol
2 @(g,x,y). (4.1.20b)

We now consider the cascade system consisting of (4.1.18a) and (4.1.20a). If we linearize

(4.1.20a) with the feedback given by (2.1.9),

v= (%g) ( - %gm> (1.1.21)

we obtain §y = v. Then we can apply Lemma B.1.2, with v as the new control input, to
guarantee global boundedness of  and y and regulation of W(z(t)) and y(t) — a(z(t)).
From (4.1.20b) and the ISS assumption on the zero dynamics, ¢ is also bounded, and

thus & and u are bounded.
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Since all solution of (4.1.18) are bounded, we can apply LaSalle’s theorem (Theorem
A.1.2) with Q = R*9 to conclude convergence to the set M,. combining (4.1.21) with

(B.1.23), we see that a particular choice of control is given by (4.1.19).

From Lemma(A.1.8) we also know that if V(x) and W (z) are positive definite, then the
equilibrium z = 0,y = 0 of (4.1.18a) and (4.1.20a), which is completely decoupled from
(4.1.20b), is GAS. The fact that in this case the equilibrum x = 0,£ = 0 of the cascade
custem (4.1.18) is also GAS follows from Lemma C.4 by noting that the state (z,y) of
the GAS system (4.1.18a) and (4.1.20a) is the wnput of the ISS system (4.1.20b). a

Lemma 4.1.6 relaxes the global stability assumption of Lemma 3.1.6 to global stabiliz-
ability of z = 0 through y. As in the case of Lemmas 3.1.2 and 4.1.4, however, the price
paid for this generalization is the strengthening of the FP assumption of Lemma 3.1.6 to

the ISS assumption of Lemma 4.1.6.



Chapter 5

Adaptive Backstepping

5.1 Adaptation as dynamic feedback

Consider the simplest nonlinear system
T =u+0p(z) (5.1.1)

where 6 is the unknown constant parameter.

u X J' X

0 «— ¢©(+)

Figure 5.1: Block diagram of the system (5.1.1)

Even if we do not know a bound for 8, we can apply a nonlinear static feedback, as
explained in preceding section, to guarantees global boundedness of z(t). Now, we try

to achieve a system regulation by applyiug a dynamic feedback controller.

36
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If @ were known, the control

u=—0p(z) —crx, ¢ >0 (5.1.2)

would render the derivative of Vy(z) = 1z? negative definite: Vg = —c122. Of course the

control law (5.1.2) can not be implemented, since 6 is unknown. Instead, one can employ

its certainty-equivalence form in which 0 is replaced by an estimate 6:

u= —fpr — c1z (5.1.3)
Substituting (5.1.3) into (5.1.1), we obtain

&= —c1x + fp(x) (5.1.4)

where 6 is the parameter error:

D
il

>
|

>

(5.1.5)
The derivative of V() = 322 becomes
Vy = —c12? + Ozop(x) (5.1.6)

Since the second term is indefinite and contains the unknown parameter error é, we can
not conclude anything about the stability of (5.1.4). We make the controller dynamic
with an update law for 6. To design this update law, we augment V5 with a quadratic

term in the parameter error 6,

1 1 -
Vi(z.0) = 5:52 + 5292 (5.1.7)

where v > 0 is the adaptation gain. The derivative of this function is

. j
Vi = w60 (5.1.8)

~ 1.2
= —¢z° + Ozp(z) + -’;99

= —az’+0 {mp(x) + %é}

The second term is still indefinite and contains @ as a factor. However, the situation

is much better than in (5.1.6), because we now have the dynamics of § = —@ at our
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disposal. With the appropriate choice of 6 we can cancel the indefinite term. Thus. we

choose the update law

- yzo(x) (5.1.9)

which yields
Vi= -z’ <0 (5.1.10)
The resulting adaptive system consists of (5.1.1) with the control (5.1.3) and the update

law (5.1.9), and is shown in Figure 5.2. In Figure 5.3, this system is redrawn in its

closed-loop form consisting of (5.1.4) and (5.1.9), namely

& = —cz +0p(z) (5.1.11)

Do
Il

~vz(T)

A 4

Adaptive Controller

Figure 5.2: The closed-loop adaptive system (5.1.11)

Because V; < 0, the equilibrium z = 0. § = 0 of (5.1.11) is globally stable. In addition,
the desired regulation property tlim x(t) = 0 follows from the LaSalle-Yoshizawa theorem.
The adaptive nonlinear controller which guarantees these properties is given by (5.1.4)

and (5.1.9):

u = —gz—0p(z) (5.1.12)

0 = ~rp(x)
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¢(x)

Figure 5.3: An equivalent representation of (5.1.11)

One may think that the above adaptive design is so straightforward because (5.1.1) is a
first-order svstem. In fact, this is due to the matching condition: The terms containing
unknown parameters in (5.1.1) are in the span of the control, that is, they can be directly
cancelled bv v when # is known. To illustrate this point, let us consider the following

second-order system, where again the uncertain term is “matched” by the control u:
3 g Y

Ty = zo+ p1(xy) (5.1.13)

.’tg = 9(,02(.’13)4‘11,

If 8 were known, we would be able to use a static design procedures as mentioned in

preceding sections. First view x, as the virtual control, design the stabilizing function
(11<.’131) = —C1Ty — gOl(iC]) (5114)

and then form the Lyapunov function

Ve(z) = %mf + (22 — ay(z))? (5.1.15)

(SN

whose derivative is rendered negative definite
V.(z) = —12? — calzy — o)’ (5.1.16)
by the control

do ‘
u=—cy(zy —y) = 1y + ;)—Jl—l(xg + 1) = Opa(z) (5.1.17)
1
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Since @ is unknown, we again replace it with its estimate 6 in (5.1.17) to obtain the

adaptive control law:

da ~
’U,Z—CQ(CL'Q—OQ)—LL'] +5?1(’I2+(,01) -—9(,02(:1,‘) (5118)
1

This results in the error system (21 = 21,20 = 73 ~ q):

z —C 1 0 .
dlai_| e g (5.1.19)

di 2y -1 —c 2 @a(z)

[

[

Then we augment (5.1.15) with a quadratic term in the parameter error § to obtain the

Lyapunov function:

A 1o 15 1, 15
‘/1(2,0) = ‘/c + ;ZTIQ = -2-;1 + ‘2—02 + -57—9 (5120)
Its derivative is
y 2 2, 12
Vi=—qz —cozg +0 {ngg — —7-9} (5.1.21)
The choice of update law
6 = 09z (5.1.22)

eliminates the f-term in (5.1.21) and renders the derivative of the Lyapunov function

(5.1.20) nonpositive:
V) = —c122 — 23 <0 (5.1.23)

This implies that the z = 0,0 = 0 equilibrium point of the closed-loop adaptive system

consisting of (5.1.19) and (5.1.22) (see block diagram in Figure 5.4)

Z1 —C 1 P 0 ~
2 = 1 o+ 0
29 -1 —c z T
’ : er(a) (5.1.24)
b4 Zl
0 = — [ 0 ¢ ]
%)

is globally stable and, in addition, z(t) — 0 as t — oc.
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< | D

Figure 5.4: The closed-loop adaptive system (5.1.24)
5.2 Adaptive Integrator Backstepping

The adaptive design in example of Chapter 3 was simple because of the matching: The
parametric uncertainty was in the span of the control. We now move to the more general
case of extended matching, where the parametric uncertainty enters the system one

integrator before the control does:

Ty = o+ 0p(xy) (5.2.1a)

To = U. (5.2.1b)
We use this example to introduce adaptive backstepping.

If 6 were known, we would apply Lemma B.1.2 to design the stabilizing function for

as doing with the static part

a(z1,0) = —a1z1 — Bp(zy), (5.2.2)
with the Lyapunov function
1, 1 .
‘/(-(.'EH) = 5151 + 5(5172 — (271,0)) . (523)

whose derivative is rendered negative definite

Vi(z 0) = —ej2? Licy(zy = ay(z1,0)) (5.2.4)
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by the control ,

8(11

U= ~—CQ(.’L'2 — Q) (SL'],H)) — I + 533—(3:2 + H(p) (525)
1

Since 6 is unknown and appears one equation before the control does, we cannot apply
Lemma B.1.2 because the dependence of ay(x;) = —cyz; — Op(z;) on the unknown
parameter makes it impossible to continue the procedure. However, we can utilize the

idea of integrator backstepping.

Step 1. If 2y were the control, an adaptive controller for (5.2.1a) would be given by:

a (.7,'1, '191) = —Cz21 — 19]@(1‘1) (526)

9 = yae(z) (5.2.7)

where z; = z3.

In the above equations we have replaced the parameter estimate 6 with the estimate 9,
which denotes the estimate generated in this design step. As we will see, there wiii ve
another estimate generated in the next step. With (5.2.6) and the new error variable

Z9 = Lp — Q1, the z;-equation becomes
Z] = —C1R] + 29 + (9 - '191)99 (528)

The derivative of the Lyapunov function

1 1
Vi(zy,0,) = .Q_Zf + 55(0 — ) (5.2.9)

along the solutions of (5.2.8) is

: | :
V] = 2121—;(9—191)191

1.
= 21292 — 61212 + (9 -—’191) !:L,OZ] — ;191]

= 2129 — C]Zl2. (5210)

Step 2. The derivative of z5 is now expressed as

ZQ = ig—dl
0o . Jday:

8.’1:1 59—1 1>
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Substituting (5.2.1a) and the update law (5.2.7) results in

. (04
2y = U-— —5:'—(-'32 + 090) - ——l’)’(PZ]

0w da 0 (5:2.11)
B 8:51 2 61917901 3:51 ’

At this point we need to select a Lyapunov function and design u to render its derivative

nonpositive. Our first attempt is the augmented Lyapunov function

1
Va(21, 22.U1) = Vi(21,91) + 523,
whose derivative, using (5.2.10) and (5.2.11), is
VQ = ‘/1 + 2522':2
day 0o o3}

8

= —c 28+ 2 |-z1 +u— N 5—51—74,021 —6-8———
The control u should now be able to cancel the indefinite terms in V,. To deal with the
terms containing the unknown parameter 8, we will try to employ the existing estimate
Y1i:
ooy Ooy -

U= —2) — Cply + ——Toy + —=Yp2; + V] —=0.
1 229 2 aﬁl’Wl 1

3:[1
From the resulting derivative

. Oa
Vo= —c 2l — cpz? — (6 — 9 )5 — 2,
T

we see that we have no design freedom left to cancel the (6 — ¥,)-term. To overcome this

difficulty, we replace 9, in the expression for u with a new estimate 9,:

(9 ] 30( 3
B 1 2+ a9, —ypz +1928 Lo. (5.2.12)

U= —2] — Co2yp + ——

With the choice (5.2.12), the Z;-equation becomes

22 = —C23Iy) — 2y (9 ﬁg)g—a}- (5213)
I

The presence of the new parameter estimate ¥, suggests the following augmentation of

the Lyapunov function:
Val( 00)~1'+12+1(0 ;)
Z . = e —z —— pu—
2\%1, 22, V1, V2 1 5% 2y 2

— [(6 = 9)° + (6~ 92)7] - (5.2.14)

1, .
= 5(312+Zg)+ 7y
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The derivative of V5 is
. . . 1 .
Vo = Vi+ 2929 — :;(9 — 92)V;
loJe! 1 .
= 2129 — C]Z? + 29 {—0222 — 21 — (9 - 192)-8—“1:‘1‘@:‘ - ;(9 — 192)’(92
= —c127 — cozz — (6 — ¥) 2Oil—z-{—lﬂ (5.2.15)
14 229 2 9z, \Z2) 5 2 - 2.
Now the (6 — 9;)-term can be eliminated with the update law
9y = —799—14/322, (5.2.16)
3:r1
which yields
Vo = —c122 — cp22. (5.2.17)

The equations (5.2.13) and (5.2.16) along with (5.2.8) and (5.2.7) form the error system

representation of the resulting closed-loop adaptive system:

21_ = —C12h + 29 + (9 - 191)@
0
ZQ = —C9Z9 — 21 — (9 — 192)—9—1—@
(91‘1
U1 = vz
: 8041
¥y = —v— ;
2 ’Yazl %)
The matrix form of this system,
d | = —c 1 2 N %) 0
s = . 80&1
dt 2y | -1 —c Z2 0 —5;1‘99
d | % ¥ 0 Z
W =7 Oa ,
dt 0 ——1
192 i (91‘1 z9

makes its properties more visible:

(5.2.18)

6 — 9

0 — 9,
(5.2.19)

e The constant system matrix has negative terms along its diagonal, while its off-

diagonal terms are skew-symmetric, and

e the matrix that multiplies the parameter errors in the z-equation is used in the

update laws for the parameter estimates.
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The stability properties of (5.2.19) follow from (5.2.14) and (5.2.17): The LaSalle-
Yoshizawa theorem (Theorem A.1.1) establishes that z;, 2o, 91, J2 are bounded, and z — 0
as t — 0o. Since z; = x1, x; is also bounded and converges to zero. The boundedness
of zo then follows from the boundedness of a; (defined in (5.2.6)) and the fact that
To = 2o+ 04. Using (5.2.12) we conclude that the control u is also bounded. Finally, we
note that the regulation of 2 and z; does not imply the regulation of z5: From z5 = z9—ay
and (5.2.6) we see that 29 + 1%¢(0) will converge to zero. Thus, x, is not guaranteed to

converge to zero unless (0) = 0. However, 5 will converge to a constant value:
lim 7o = —0yp(0) £ z5. (5.2.20)
t—oc
This can be seen from (5.2.1a): Since x; and &, converge to zero, so does x5 + 6(0).
With the above example we have illustrated the idea of adaptive backstepping.

To formulate it as a design tool analogous tc an integrator backstepping in Lemma B.1.2.

=~ start with the assumption that an adaptive controller is known for an initial system.

Assumption 5.2.1 Consider the system
t = f(z) + F(z)8 + g(z)u, (5.2.21)

where x € R™ is the state. 8 € R? is a vector of unknown constant parameters, and u € R

is the control input. There exists an adaptive controller
(5.2.22)

with parameter estimate ¥ € .R?, and a smooth function V(z,9) : R*? — R which
is positive definite and radially unbounded in the variables (x,9 — 8) such that for all
(z,9) € R4

%%(a:,ﬂ)[f(a:) + F(z)6 + g(z)a(z,9)] + %‘—1;-(1‘,19)7“(3:,19)

< -W(z,9) <0, (5.2.23)

where Wi R — R is positive semidefinite. | O
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Under this assumption, the control (5.2.22), applied -to the system (5.2.21), guaran-
tees global boundedness of z(t), J(t) and, by the LaSalle-Yoshizawa theorem (Theorem
A.1.1), regulation of W (z(t),¥(t)). Adaptive backstepping allows us to achieve the same

properties for the augmented system.

Lemma 5.2.2 (Adaptive Backstepping) Let the system (5.2.21) be augmented by an

integrator,

= flz)+ F(z)0 + g(x)¢

. (5.2.24)
£ = u
where £ € R. Consider for this sustem the dynamic feedback controller
, 0 e )
u = —c(§ —ale.9) + S (@ D (@) + F()F + 9(a)e] + 55T (,9)
ov ., .
—%(r, Wg(z). ¢>0 (5.2.25)
9 = T(z,9) (5.2.26)
= Oa T
v = T [a(r ’L))F(I):l (€ — a(z,v)), (5.2.27)

where 9 is a new estimate of 6, T' = I'T > 0 4s the adaptation gain matriz. Under
Assumption 5.2.1, this adapiive controller guarantees global boundedness of z(t), &(t),
9(t), D(t) and requlation of W (x(t),9(t)) and £(t) — a(z(t),9(t)). These properties can

be established with the Lyapunov function

Va(z,6,9,9) = V(z,0) + %[g — oz, 9))2 + %(e ~9)7T1(6 - 9). (5.2.28)

Proof With the error variable z = £ — oz, 3}, (5.2.24) is rewritten as

T = f(z)+ F(z)8 + g(z)[afz,9) + 2] (5.2.29a)
z = u-— %g[f(x) + F(z2)8 + g(z)(a(z, 9) + 2)] — -g—gT(x, 7). (5.2.29b)

Note that in (5.2.29b) the derivative of J was replaced by the update law (5.2.26). Intro-

ducing a new parameter estimate ¥, we augment the Lyapunov function:

Va5, £, 8y = V(@ 0) 4 %2 i %(9 Ly g gy, (5.2.30)
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Using (5.2.23), it is easy to show that the derivative of (5.2.30) satisfies

. ov ov
Ve, = %(f+F0+ga+gz)+%T
+z u—é)g(f+F0+g(a+z))—-_a—gT ——1;9TF‘1(0—-1§)
ox o
ov

oV
= —(f+F0+ga)+—=T

ox av

Ja ‘ Ja ov T _, =
+z[u—5;(f+F0+g(a+b))—55T+5I—g}—19F (9-—’19)

Ja . Ja ov
—_ // —_— —— ~ — —— —
< W (x719)+z{u 0$(f+F19+g(a+~)) 819T+8xg]
- BEFZ + 5TF‘1} (6 —0). (5.2.31)
x

The (6 — 9)-term is now elvminated with the update law

= oo \T
V=-T(5F) = (5.2.32)

and the control (5.2.25) is chosen to make the bracketed term multiplying z in (5.2.31)

equal to —cz:

O - O oV
u= —C~+5;(f+F0+g(oz+z))+5—0T—~8;g. (5.2.33)
This results in the desired nonpositwity of V,:
V, < =1W(z,9) — cz® < 0. (5.2.34)

From (5.2.28) and (5.2.34) we conclude that V (z,9). ¥ and z are bounded. By Assumption5.2.1,
this means that x(t) and 9(t) are bounded. Hence, £ = z+ a(z,9) and u are bounded. By
LaSalle- Yoshizawa theorem (Theorem A.1.1), the boundedness of all the signals combined

with (5.2.34) proves the regulation of W (x(t),d(t)) and z(t). 0

5.3 Adaptive Block Backstepping

We now extend the Adaptive Backstepping lemma (Lemma 5.2.2) by augmenting the
initial system with a relative-degree-one nonlinear system whose zero dynamics subsys-

tem is ISS just like we did in Lemmas B.1.2 and 4.1.6. The adaptive counterpart of
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Assumption B.1.1 was Assumption 5.2.1. We now formulate the adaptive counterpart of

Assumption 4.1.2, with analogous changes in the properties of V(z,9) from Assumption

9.2.1.

Assumption 5.3.1 Suppose Assumption 5.2.1 is valid, but V(z,9) is only positive
semidefinite, and the closed-loop system (5.2.21) with the adaptive controller (5.2.22)
has the property that z(t) and 9(t) are bounded if V(z(t),9(t)) is bounded. mi

Under this assumption, the control (5.2.22), applied to the system (5.2.21), guarantees
global boundedness of z(t),9¥(¢) and, by Lemma A.3.5, regulation of W (xz(¢), 9(¢)).

Lemma 5.3.2 (Adaptive Block Backstepping) Let the system (5.2.21) be augmented

by a nonlinear system which is linear in the unknown parameter vector 6

T = flzx)+ F(x)f + g(z)y (5.3.1a)
£ = m(z.8)+ M(z,6)0+ Bz, O, y = h(¢), (5.3.1b)
where £ € R, and suppose that (5.3.1b) has relative degree one uniformly in x and thot

its zero dynamics subsystem is ISS with respect to y and x. Under Assumption 5.3.1, the

feedback control

w = [g’;@ («. 5)]‘ {~ ety - ale.0) - Z(€) [n(2,9) + M(2,9)7]
= 20 0) [fo) + F@) + o)) + T 9) - 2 (2,0)0(0) }. (5.32)

with ¢ > 0 and 9 a new estimate of 8, along with the update laws

9 = T(z,9) (5.3.3)
. T
i = | GOMe0 - Fenre)| Goa@o). (6534

with the adaptation gain matriz T = I'T > 0, guarantees global boundedness of x(t),£(t), 9(¢), 9(¢)
and regulation of W (z(t),9(t)) and £(t) — a(z(t),V(t)).
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Proof As in Lemma 4.1.6, we employ the change of coordinates (y, () = (h(§), ¢(z,§)),

with %%ﬁ = 0, to transform (5.3.1b) into the normal form
. Oh
y = a—g(ﬁ)ﬁn(fﬂ, §) + M(z,£)8 + B(z, §)u]
= v+ -gg—(&)M(x, £)(6 —9) (5.3.5a)
: O 0¢
¢ = 7, @U@+ F2)0+g(z)y] + 8~§(f€,§)[m($,§) + M(z, £)0]
£ Py(z,y,() + Bz . Q). (5.3.5b)

Introducing a new parameter estimate ¥, we use the feedback transformation

u = (g—?ﬁ) {v—g—z[m-kM@]} (5.3.6)

to rewrite (5.3.1a) and (5.3.5a) as

z = f(z)+ F(z)0+ g(x)y (5.3.7a)
y = v+ g—g(«f)M(z, £)(0 — 9). (5.3.7b)

We now apply Assumption 5.2.1 to (5.3.7). The only difference between (5.3.7) and
(5.2.24) 1is the presence of the additional parameter error term g—gM(G — ) in (5.3.7b).
This term can be eliminated in V, by adding the term —T° (%EM)T (y — a)to the update
law (5.2.27):

If 8 were known we would pick u = Ela[v — M(z,&)8] so (5.3.5a) can be written in the

form

t = flz)+ F(z) + g(z)y

y = 153:11

i which we could apply integrator backstepping. But since 6 is unknown, therefore we

introduce a new parameter estimate U with the new clf
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Valz,y,9,9) = %@mﬂ+%M—MaﬁW+%w—5fF%0—®

: oV 1%
V, = a—x(f+F0+ga+gz3)+5—l9—T
Oh - Oa Oa
+%1H7%@Mﬂ%0w—mjaﬂf+F0+ﬂa+%D—5??
v &
—9TT1(9 — 9)
ov ov
= a_:L‘(f+F0+ga)+55T
oh = Oa oo ov
ban [0+ SEOM(. 0~ 0) = 35U + P+ gla+2) - 557+ Fal
—9TT1(0 — 9)
O Oa ov
< 4w@w+%p—5§f+m+gm+@y7ﬁT+ay]
Oa Oh 21 -
—[%Fz;g— 8_§A[~3+19 r ](9—19)
N—_——
added
with
O ~ Ja oV
v ——03\z§/+b—£(f+ Fi+g(a+z3))+ %T—Eg
y—o Yy
or
N Oh .
u= [555} I:U‘—a_g[m_i_j\/jﬁ] :
Therefore, the control law
Oh - oh _
u = [G0e0| {-ab- ) - FEno+ Mwo?
O - O oV
+ 5 (@ D) (@) + Fa)d + 9] + 55T (@, 9) = 5-(2,9)9()},
along with the update laws
9 = T(z,9)
2 Oh da T
9 =T &—N[(m, £) - b—m-(.t,O)F(x)] (y — afz,9))

will render the system stable. Combining this modification with (5.3.6), we see that the

resulting adaptive controller is given by (5.3.2)-(5.3.4). This guarantees the boundedness
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of 2,9,9, 2z and the regulation of W(z,9) and z. Hence, y = z + oz, ) is bounded.
Then, from (5.3.5b) and the ISS propcrty of the zero dynamics, ( is also bounded, and

thus £ and u are bounded .




Chapter 6

Tuning Functions Design

6.1 Introduction

The adaptive backstepping designs for a plant with unknown parameters is a starting
point for more elaborate adaptive designs which lead to new properties of the designed
controller and the resulting feedback system. One of the improvement to be achieved
with the tuning functions design in this chapter is the reduction of the dynamic order
of the adaptive controller to its minimum: The number of parameter estimates is equal
to the numnber of unknown parameters. This minimuin-order design is advantageous not
only for implementation, but also because it guarantees the strongest achievable stability

and convergence properties.

In the tuning functions procedure the parameter updatz law is designed recursively. At
each consecutive step, we design a tuning function as a potential update law. In contrast
to adaptive backstepping. these intermediate update laws are not implemented. Instead,
the controller uses them to compensate for the effect of parameter estimation transients.

Only the final tuning function is used as the parameter update law.
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6.2 Adaptive Control Lyapunov Functions

The basic idea of the Lyapunov approach to adaptive control is to design a control law and
a parameter update law to guarantee that the derivative of a suitable Lyapunov function
is nonpositive. We are therefore sent to scarch for a tripple: Lyapunov function, control
law, and update law. For a class of nonlinear systems called paranetric-strict-feedback

systems we will be able to make this search systematic.

To begin with, let us investigate the possibility of adaptive design for the system
T = flz)+ F(z)0 +g(z)u, x€R", wuekR (6.2.1)

where 6§ € R? is a vector of unknown constant parameters, and f(z), F'(z) and g(z) are
smooth. For simplicity let f(0) = 0. F(0) = 0, so that z = 0 is an equilibrium of the

uncontrolled plant.

6.2.1 Departure from certainty equivalence

Much of the traditional adaptive control employs some form of “certainty equivalence”
thinking. Following this path one first performs a design for the case when the exact
value of # is known. Suppose that this nontrivial task is completed and that its result is
a feedback control u = a.(z,8) which stabilizes the equilibrium z = 0 with respect to a
known Lyapunov function V.(z,8). The subscript ‘c’ stands for “certainty equivalence”.
We know that V,(z, 0) is positive definite and radially unbounded in z for all §, and that

there exists a function 1V (z, 8), which is also positive definite in z for all 8, such that

oV,
oz

[f(z) + F(z)0 + g(z)a.(z,0)] < —W(z,0) (6.2.2)

How can we exploit the knowledge of a.(z,8) and V.(z, 8) for adaptive design when 8 is
not known? The certainty equivalence idea is to replace 6 by an estimate é(t) obtained

from a parameter update law

6 = Tr(z.0) (6.2.3)
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where the adaptation gain matrix I' is positive definite. We want to select u and 7 to
guarantee that the derivative of a Lyapunov function is nonpositive. For the system

(6.2.1),(6.2.3), a Lyapunov function candidate is

~

R 1 - -
xaaeyzuuﬁ)+§¢T*o (6.2.4)

where the “certainty equivalence” from of V, is augmented by a term quadratic in the

parameter estimation error
§=0-6 (6.2.5)

Upon the substitution of F(z)d = F(z)§ + F(z)d, the derivative of V(z,0) along the
solutions of (6.2.1), (6.2.3) is

V.

oV,
V =
Oz

[f(’L') + F(a:)é + g(l')u] + B oV,

I'r + 67
T+ (0

xF@OT—W} (6.2.6)

To eliminate the indefinite dependence of V on the unknown parameter error 8, we select

T to cancel the last two terms in (6.2.6):

T
mam=<%?nm) (6.2.7)
With this clhioice of /ta, the expression (6.2.6) is reduced to
’ avc A 8‘/6 8‘/6 T
V = G l7(@) + P+ gfond + Gor (G ) (628)

Our next task is to select a control law u = a(z, §) to make V nonpositive. The “certainty
equivalence” control u = a.(z,0) fails to achieve this because then (6.2.2) and (6.2.8)

yield

o0 oz

Clearly, V is not nonpositive because a sign-indefinite term is added to —W(z,%). In

Vg—wuﬁy+mﬁ(8%F@0T (6.2.9)

search of a better control law a(z,8). we augment a.(z, ) by ar(z, 8),

alz,0) = a.(z,0) + ar(z,0) (6.2.10)

The substitution of (6.2.10) into (6.2.8) shows that the desired nonpositivity V <

—W (z, ) will be achieved if ar can be found to satisfy

oV, oy Ve (OVe o\
5 g(z)ar(z,0)+ Y F( o F(a:)) =10 (6:2:11)
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This condition for ey demonstrates the difficulty of adaptive design for a general nonlinear
system (6.2.1). It is easy to see that ar satisfying (6.2.11) is unlikely to exist The scalar
quantity %‘g‘g(z) may be zero at a set of points. Still, the condition (6.2.11) is of interest
because of an important special case, which will be the starting point of our recursive

design. The special case is the “extended matching” studied in the previous chapter. In

this case, a smooth vector-valued function ¢ : R**? — RP? is known such that %‘gﬂ can be
factored as follows:
%‘g = aa‘a/:g(x)go(z,é)T (6.2.12) -
Then. irrespective of the zeros of ‘98‘;6 g(z), an ar which satisfies (6.2.11) is
ar(z,8) = —¢(z, é)TI’<?;CF(a:))T = —o(z,0) Tr(z, ) (6.2.13)

We observe that. in addition to its “certainty equivalence” part ., the adaptive control
law o contains a part ar which is proportional to 7, that is, to d (see (6.2.3), (6.2.10),
and (6.2.13)). In this way, the adaptive control law takes into accouiit liie paiameter
estimation transients. When the parameter estimate is constant, the control law reduces
to the “certainty equivalence” control. Let eu examine an example of a system for which

(6.2.12) is satisfied.

Example 6.2.1 Consider the problem of designing an adaptive controller for the system

2 = To+p(x1)70

By = u (6.2.14)

where 6 = [91,92]T s an unknown constant parameter vector, and the vector-valued func-
tion () = [p1(z1), p2(x:1)]7 is known and smooth. We dealt with this system in the
extended-matching design. If the parameter 6 were known, backstepping would result in

the 8-dependent change of coordinates

21 = I3

2o = Tyt (,D(’E])TH €12y (6215)
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and the control law

a T
U= a(z,0) = —2, — Cozp — (5%— + cl> (562 + ¢(x )T9) (6.2.16)

which ¢y, ca > 0, which results in the closed-loop system

—C1 1
i=Az, A= (6.2.17)

—1 —Co

Due to the structure of A, an appropriate Lyapunov function is
1 .
ve(z, 0) = Ez(:c,e)T.z(m,e) (6.2.18)
Observing from (6.2.1) and (6.2.14) that

f(z) = . F(z)= . gla) = (6.2.19)

and evaluating

z (6.2.20)
Ox i
T g 1]
with (6.2.19), (6.2.20), and (6.2.16), it is easy to show that
OVC ] 2 2
o f(z)+ F(2)0 + g(z)ac(z,0) = —c12f — ¢p2) (6.2.21)
Let us now evaluate the partial derivatives appearing in (6.2.11):
oV,
0 = 2TespT = 207 : (6.2.22)
Ve
g = Zea=2 (6.2.23)
Oz

where (6.2.23) 1s immediate from (6.2.20) and (6.2.19). A comparison of (6.2.22) and

(6.2.23) reveals that %@ = %g@T, so that a. is given by (6.2.13):

. ov, T .
a(z,0) = _QPTF( 5 F($)> =—p Ty [ 1, %‘ée + ¢ ] z (6.2.24)

Taking for simplicity I’ = I, the resulting adaptive control law is
T

e,
u = ofr,0)=—z —cpzg — <01 + a—ile> ($2 + 99($1)T9)

ol %5—«:_?9”+cl]z (6.2.25)
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and the corresponding parameter update law (6.2.7) is

; iy (Ve N T v
9=T(x,9)=<axF(x)) =g0t1 , %%9+c1]z (6.2.26)

Note that in (6.2.25) and (6.2.26) we use z(z,0) instead of z(z,8). With the choice
of a and T given by (6.2.25) and (6.2.26), the derivative V of the Lyapunov function
Viz,0) = %z(x,é)Tz(z,é) + %éTé is quaranteed to be nonpositive: V = —c122 — cy23.
This assures that both = and 0 are bounded. A standard argument using the LaSalle-

Yoshizawa Theorem proves that also z(t) — 0. a

In the above example, the desired factorization (6.2.12) of %5‘2 is a consequence of a
particular feature of the system (6.2.14). The unknown parameter appears in the first,
while the control appears only in the second equation. It is not hard to see that the
same factorization (6.2.12) would be a possible for a higher-order plant, provided that
the unknown parameter is separated from the control input by at most one integrator.
So the factoiisation (6.2.12) is not a fortuitous event, but a structural property. For
systems with this “extended matching” property, the above simple adaptive design is

feasible. However, most systems fail to posses the “extended matching” property.

A benchmark example is the third-order system

T, = T+ go(a:l)Tt‘)
iy = 3 (6.2.27)
i’g = Uu

which has the form of (6.2.14) augmented by an integrator. In this system, § and u are
separated by two integrators and we unable to find ar which satisfies (6.2.11). We will
solve this problem with a recursive design which will circumvent the obstacle posed by

the restrictive condition (6.2.11).
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6.2.2 Certainty equivalence for a modified system

Condition (6.2.11) was dictated by our choice of the Lyapunov function V.(z, é) as the
“certainty equivalence” form of V,(z,6). The only good thing we know about V.(x,6)
is that it works when the factorization (6.2.12) is possible. Otherwise, we do not know
how to remove the indefinite term preventing the nonpositivity of V in (6.2.9). Having
recognized that a cause of our difficulties is V.(x,0), we now embark on a search for
Lyapunov functions more suitable for adaptive control. The key idea i1s to counteract
the effect of é and thus prevent the parameter estimate transients from destroying the

nonpositivity of the Lyapunov derivative
We say that the system
z = f(z)+ F(x)§ + g(z)u (6.2.28)

is globally adaptively stabilizable if there exist a function a(z, é) smooth on (R™\
{0}) x R? with (0, 4) = 0, a smooth function 7(z, ), and a positive definite symmetric

p X p matrix I', such that the dynamic controller
u = oz, (6.2.29)
6 = TI'7(z,0) (6.2.30)

guarantees that the solution (z(t), 8(t)) is globally bounded, and z(t) — 0 as t — oo, for

all § € RP.

Our approach is to replace the problem of adaptive stabilization of the original system

(6.2.28) by a problem of nonadaptive stabilization of a modified system.

Definition 6.2.2 A smooth function V, : R* x R? — R, positive definite and radially
unbounded in x for each 6, is called an adaptive control Lyapunov function (aclf)
for (6.2.28)if there exists a positive definite symmetric matriz I' € RP*P such that for
each 8 € RP, V,(z,0) is a clf for the modified system

T =f(z)+ F(z) (0 +1I (%‘;“) ) +g(z)u (6.2.31)
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that is, V, satisfies

inf,cr {%‘2 {f(:r) + F(x) (0 + F(%?) ) + g(:r,)ujt } <0 (6.2.32)

O

We now show how to design an adaptive controller (6.2.29) - (6.2.30) when an aclf is

known.

Theorem 6.2.3 The following two statements are equivalent:
1. There ezists a triple (o, Vo, T') such that a(z,8) globally asymptotically stabilizes
(6.2.32) at x =0 for each 6 € RP with respect to the Lyapunov function V,(zx, ).

2. There exists an aclf V,(z,0) for (6.2.28).

Moreover, if an aclf V,(x,8) exists, then (6.2.28) is globally adaptwely stabilizable.
Proof (1 = 2) Obvious because 1 implies that there exists a continuous function W :
R" x R? — R. . positive definite in x for each 8, such that

av,
Oz

f(z) + F(z) (0 + F(aalg’) ) + g(:r)a(:r.())} < —-W(z,0) (6.2.33)

Thus V,(x,0) is a clf for (6.2.31) for each 6 € RP, and therefore it is an aclf for (6.2.28).

(2 = 1) The proof of this part is based on Sontag’s constructive proof [171] of Artstein’s
theorem [4]. We assume that V, is an aclf for (6.2.28), that is, a clf for (6.2.31). Sontag’s

formula (?7) applied to (6.2.31) gives a control law smooth on (R™\ {0}) x RP:

el (B2 (%) oy
__ 06z E] oz , a G .'L‘, 0 0
a(z, ) = B9 o 9(®:6) 7 (6.2.34)
0 , Sag(z,0)=0

where

f(z,0) = f(z) + F(x) (e n F(%‘é) ) (6.2.35)
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With the choice (6.2.34),inequality (6.2.33) is satisfied with the continuous function

W(z,0) = \/@Z f($,9)>2 + (%Z:g(x,@))4 (6.2.36)

which is positive definite in = for each 0. because (6.2.32) implies that %";f(a:,e) <

0 whenever 66‘;"g(x, f) = 0 and © # 0. We note that the control law a(x,0) will be
continuous at x = 0 if and only if the aclf V, satisfies the following property, called the
small control property [171]: For each 8 € RP and for any € > 0 there is a 6 > 0 such

that, if x # 0 satsfies |x| < 6, then there is some u with |u| < € such that

oV,
dx

f(z) + F(z) (9 + F(%%) ) + g(x)u} <0 (6.2.37)

Assuming the existence of an aclf we now show that (6.2.28) is globally adaptively stabi-
lizable. Since (2 = 1). there exists a triple (c, Vo, T') and a function W such that (6.2.33)
is satisfied, that 1s.

OV,
oz

T
F(x)) < —W(z,b) (6.2.38)

(f(z)+ F(2)0 + g(z)a(x,0)] + aVaF(OVG

00 o

Constider the Lyapunov function candidate

-1 R .

V(.0) = Va(z,0) + 5(6 - 6) T8 ) (6.2.39)
With the help of (6.2.38). the derivative of V along the solutions of (6.2.28), (6.2.29),
and (6.2.30) is

L0V, . oV, < ap .
Vo= = [f+F9+ga(x,e)} + 227w, 0) = 7 r(e. )
oV, -1 OV OV, . - )
— a 6 fz a _ T
= [f+Fa+ga(z, )} + =202, 0) 4 F2F0— 672, 6)
- Ve (V. \T oV, ;
< W — — —_— 2.
< (z,0) Y F( 5 F> + 5 I'r(x,0) (6.2.40)
Choosing
. T
7(z,0) = <ava (z,é)F(az)) (6.2.41)
oz
we get

Vi< “W(x 8)) Vo e RP (6.2:42)
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Thus, the equilibrium = 0, § = 0 of (6.2.28), (6.2.29), and (6.2.30) is globally stable,
and by the LaSalle-Yoshizawa Theorem, z(t) — 0, that is, (6.2.28) is giobally adaptively

stabilizable. |

The adaptive controller constructed in the proof of Theorem 6.2.3 consists of a control

law u = a(z, 8) given by (6.2.34), and an update law § = I'7(z, §) with (6.2.41).

It is of interest to interpret this controller as a certainty equivalence controller. The
control law a(z, 8) given by (6.2.34) is stabilizing {or the modified system (6.2.31) but may
not be stabilizing for the original system (6.2.28). However, as the proof of Theorem 6.2.3
shows, its certainty equivalence form a(z, é) is an adaptive globally stabilizing control
law for the original system (6.2.28). Hence, i* a certainty equivalence approach is to be
applied to a nonlinear system, the system is to be modified to require a control law which
anticipates the parameter estimation transients. In the proof of Theorem 6.2.3, this is

achieved by incorporating the tuning function 7 in the control law a. Indeed, the formula

(6.2.34) for a depends on 7 via
v, . . 8V, r AN
5 flz. ) = 5 f+7(z,0) (9 —{-F( 50 > ) (6.2.43)

which is obtained by combining (6.2.35) and (6.2.41). Using (6.2.41) to rewrite the

inequality (6.2.38) as

ov,

5 [f(z) + F(z)0 + g(z)a(z,0)] + 8VaFT(m, 6) < —-W(z,9) (6.2.44)

09

it is not difficult to see that the control law (6.2.34) containing (6.2.43) prevents 7 from

destroying the nonpositivity of the Lyapunov derivative.

Remark 6.2.4 A relevant question remains unanswered: If there exists an aclf for
(6.2.28), is this system globally asymptotically stabilizable for each 6 (and vice versa)? In
other words, does the existence of a pair o, V, satisfying (6.2.33) for some I" > 0 imply
the ezistence of a pair (a°, V) satisfying (6.2.33) for I' = 0 (and vice versa)? Adaptive
Lyapunov designs available in the literature [59, 65, 69, 94, 156, 157, 186] are all for
systems which are not only globally adaptively stabilizable, but aldo globally asymptotically

stabilizable for each 0.
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As is always the case in adaptive control, in the proof of Theorem 6.2.3 we used a
Lyapunov function V(z, ) given by (6.2.39), which is quadratic in the parameter error
9 — 0. The quadratic form is suggested by the linear dependence of (6.2.28) on 6, and
the fact that 8 cannot be used for feedback. We will now show that the quadratic form

of (6.2.39) is both necessary and sufficient for the existence of an aclf.

We say that system (6.2.28) is globally adaptively quadratically stabilizable if it
is globally adaptively stabilizable and, in addition, these exist a smooth function V,(z, 8)
positive definite and radially unbounded in z for each 8, and a continuous function
W (z, 0) positive definite in z for each 6, such that for all (z(0),4(0)) € R™? and all
6 € RP, the derivative of (6.2.39) along the solutions of (6.2.28), (6.2.29), (6.2.30) is

given by (6.2.4z).

Corollary 6.2.5 The system (6.2.28) is globally adaptively quadratically stabilizable if

and only if there exists an aclf V,(z,9).

Proof The “f  part 1s contained in the proof of Theorem 6.2.3 where the Lyapunov
function V (z, é) 15 1n the form (6.2.39). To prove the ‘only if ’ part, we start by assuming
global adaptwe quadratic stabuizability of (6.2.28), and first show that T(l‘,é) must be
given by (6.2.41). The derivative of V' along the solutions of (6.2.28), (6.2.29), (6.2.30)

given by (6.2.40). is rewritten as

06

+ 67 <<aa‘;“)T - T> (6.2.45)

This expression has to be nonpositive to satisfy (6.2.42). Since it is affine in 0, it can be

T

nonpositive for all (z. é) € R"*? and all 6 € R? only if the last term is zero, that is, only
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if T is defined as in (6.2.41). Then, it is straightforward to verify that
W f@)+F@)[6+T AN + g(2)a(z, §)
Oz 90 ) I ’

T
= V+ (éT + 8@‘2‘1“) (r — (%‘i‘ F> > (6.2.46)

< —W(:II, é)

for all z,0 € R™*?. By (1 = 2) in Theorem 6.2.8, V,(z,0) is an aclf for (6.2.28). O

The above analysis applies also to the case where the unknown parameter enter the

control vector field:
&= f(z) + F(z)0 + [g(z) + G(z)0)u (6.2.47)

In this case, the existence of an aclf V, is equivalent to the existence of a clf for the

i = f(z)+ F(z) (0+F(%‘2“>T>

+ [g(x) + G(z) <9 + F(%‘;") >} u (6.2.48)

The extension to the multi-input case is also straightforward.

system

It is of interest to examine the input-output properties of the system resulting from the

application of the adaptive control law a(z,8) to the plant (6.2.1):

& = f(z) + F(z)8 + g(z)a(z, §) + F(z)f (6.2.49)

6.2.3 Adaptive backstepping via aclf

With Theorem 6.2.3, the problem of adaptive stabilization is reduced to the problem of
finding an aclf. We now address the problem of systematic construction of an aclf. Our
alm is a recursive approach because we already know how to find aclf’s for systems with

the ‘extended matching property, and expect to recursively ‘enlarge this initial class of
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systems with repeated use of backstepping. So, we assume that an aclf is known for an

initial system, and construct a new aclf for the initial system augmented by an integrator.

Lemma 6.2.6 If the system
T = f(z) + F(z)0 + g(z)u (6.2.50)

is globally adaptwely quadratically stabilizable with o € C*, then the augmented system

T = f(z)+ F(z)0 + g(x)¢
£ = u

is also globally adaptively quadratically stabilizable.

(6.2.51)

Proof Since system (6.2.50) s globally adaptively stabilizable, then by Corollary 6.2.5
there exists an aclf V,(x,8), and by Theorem 6.2.3, it satisfies (6.2.33) with a control law

u = a(z,0). We will now show that
1
Vi(2,€,0) = Valz,0) + 5 (€ — o(x,0))" (6.2.52)

is an aclf for the augmented system (6.2.51) by showing that it satisfies

oV ): f+F<0+F(8—av5]*)T) + g¢ < W - (f—-O&)z (6.2.53)

Iz, €) ay(z,€,6)

with the control law

, av
uw=ay(z,€,0) = — 50 (5—a)+——(f+F0+g£)
d Vi \T
, ca(Gr) ) e

Let us start by introducing for brevity 2 = £ — a(x, ). With (6.2.52) we compute

Fo
W {H +g£} aVl(f+F0+g£)+Q‘ial(ﬂf)S0) (6 2.55)

= (881;& 6a> (f+FO+g&)+ 2z
_ 0V,

oV,
= 5 (f+F0+ga)+—8—gz—z—(f+F0+g£)+za1

-5 )z 52 )
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On the other hand, in view of (6.2.52), we have

T
ovi | FT(%3) | _avi (9%
= — 6.2.56
9z, &) li 0 T Oz FF(@G) (6:2.:56)

oV,  da ov.\ T
— (1_ - F a

(52 -5) /(%)
v, av.\T da_(0Vy \T 0V, [da T\
~ b2 FF(@@) "Z<EF<01F> * 50 (EF> )

Adding (6.2.55) and (6.2.56) with (6.2.33) and (6.2.54), we get

ovi | F+F(0+T(3) ) +06| o, oV, (a >
| - Fo By
a(x’g) al(l.,g, 0) a (f + +ga) a 9
o, Ja [V
< -W(z.0) - (6.2.57)

This proves by Theorem 6.2.8 that Vi(x, €, 6) is an aclf for system (6.2.51), and by Corol-

lary 6.2.5, this system is globally adaptively quadratically stabilizable. m]

The new tuning function for system (6.2.51) is determined by the new aclf V; and given

by
o - (27| - @) - (o)
= 7(z,0) - (%F)T(g —a) (6-2.58)

We note that the new tuning function 77 is obtained by augmenting the initial tuning
function 7 with the term —(g—‘;F)T(é — «) which accounts for the fact that the aclf Vj is

augmented by 1(£ — a(z,8))

The form of the control law «o;(x,£,60) in (6.2.54) is of particular interest. It consists of

two parts, &g = a; . + o -. The first part,

1o (2,6,0) = 322 — (€ — a) + 22(f + FO+ g€) (6.2.59)

oz dz
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would become the “certainty equivalence” control law for the augmented system (6.2.51)

if we were to set ' = 0. The second part consists of two terms.

da_[0Vy \T oV, (8a \T
o 4(z,€,0) = 831“(611@) + 5 (5%1:‘)\ (6.2.60)

Their role is to produce %FP(%"(})T in the aclf inequality (6.2.53). Observe that the

. . oV, T
first term in (6.2.60) incorporates 1, = (4 F)".

The control law a;(z, &, ) in (6.2.54) is only one out of many possible control laws. Once
we have shown that Vj given by (6.2.52) is an aclf for (6.2.51), we can use, for example,

the C° control law «, given by Sontag’s formular (6.2.34) with 24~ a( F 9 = z and

M o ovi | F+F(5+1(Z)7) +g¢
| 3z, €) .

oVy
= T f g (@60 (9+r(aa?) )

It can be shown that the following function, used as a clf in [158], is a more general aclf

(6.2.61)

than (6.2.52):

E—a(z,9)
W& =Vl o)+ [ alo)ds (6.2.62)
1)

where 7 is a C°® function such that sn(s) > 0 whenever s # 0, 7/(0) > 0, and 5 ¢
LY((—00,0]) U L1((0, +00]).

The following example illustrates the use of Lemma 6.2.6.

Example 6.2.7 Let us consider the system

T = $2+’~P($1)T9
Iy = I3 (6.2.63)

:tgzu
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we will treat the state z3 as an integrator added to the (x1,zq)-subsystem from FEram-

ple 6.2.1. In the example, we have already designed an adaptive control law for the system

T, = ,T2+SO(CE1)T0

By = =g (6.2.64)

constdering z3 as a control input. With (6.2.18), (6.2.19), (6.2.20), and (6.2.22), it can

be shown that

av. av.\"\ |
o {f(a:) + F(z) (9 + < 50 ) )J = —12? — 2k (6.2.65)
which means that V,(z1,22,0) = Vo(z1,72,te) = (27 + 22) is an aclf for the system

(6.2.64) considering x3 as a control input. Therefore. Lemma 6.2.6, the function directly

applicable. We define z = z3 — a(z,6). By Lemma 6.2.6, the function

Vi(z,0) = = (2] + 25 + 25) (6.2.66)

D} =

is an aclf for the system (6.2.63). With (6.2.54) and (6.2.58), we obtain

Jda To + o706 15s"
Ql(l'.,e) = —Zi —0323—m +'5§'7'1
) CE3
oo «
T-—
+220 azlgo (6.2.67)

n(z.0) = 17— gxgw:s (6.2.68)

1

With the following adaptive control law and the parameter update law:

u = oi(z,8) (6.2.69)

7 (z,0) (6.2.70)

-
Il
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it is straightforward to verify that the closed-loop adaptive system is

21 —C 1 0 - 21
29 = -1 —Ca 1-— gﬁlgﬂf 29
23 0 -1+ gf}-lgﬂﬁ —C3 23
1
+ | %G | 070 (6.2.71)
O
Jz1
<1
: .
g = ) 17 %%9‘*‘01, __(_98:% ] 29 (6272)
23

where 2y, 22, 23 are used with 6 as an argument. The global stability of this system is

established using the Lyapunov function V(z,0) = Vi (z, 0) + %éTé O

While in Lemma 6.2.6 the initial system is augmentcd ciny o) an integrator, a minor

modification is sufficient to obtain an analogous result for the more general system

z = f(z)+ F(z)0+ g(z)¢

. (6.2.73)
g = ’U,+F1(.’E,€)6

Corollary 6.2.8 The function Vi(z,€,0) defined in (6.2.52) is an aclf for the system

(6.2.73) with the control law and the tuning function given as

T
a(z,€,0) = a(z,€,0)— F(z,€) (9+F<%‘g> ) (6.2.74)

n(z,£.0) = 7(z,€0)+ (€ —a)Fi(z,€)" (6.2.75)

A repeated application of Corollary 6.2.8 will further e)&tend the class of nonlinear systems
for this type of adaptive design. With the knowledge of V,, 7, and « for the system

(6.2.73), it is not hard to see that by applying Corollary 6.2.8 twice we can find V3, 7o,
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and ay for the system
T = f(z)+ F(z)f + g(z)&
&
5'2 = u-+ F2(£L‘, (S] y 52)9

&2+ Fi(z,6,)0 (6.2.76)

In fact, it is clear that an n-fold application of Coroliary 6.2.8 will provide us with V,,,

Tn, and «,, for the system

T = f(z)+ F(z)0+ g(x)&
é] = §2+Fl($a‘fl)0
(6.2.77)

én—l = §n+Fn“1($>§l:---7§n—l)0
én = U+Fn(l‘a§l;'-"§n)9

We will now develop a d~tailed design procedure for such systems.

6.3 Set-Point Regulation

With repeated use of Corollary 6.2.8, we can design an adaptive controller to globally

stabilize a desired equilibrium z¢ of the parametric strict-feedback system (77):

i o= T+ ei(n)’ o
Ty = Z3+ pa(T1. 25)70
(6.3.1)
. T
Tnor = ZTn+@na(T1,--.,Zno1) 8
T, = [B(z)u+ a,on(x)Té)
where 6 € RP is a vector of unknown constant parameters, § and
F=lp1,. -, ¥n (6.3.2)

are smooth/nonlinear functions taking arguments in'R® ‘and 8(z) #'0, V& € R™.
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In this section, we develop a procedure for adaptive regulation of the output y = z; to

a given set-point ys. With a constant control u®, the first n-1 equilibrium equations of

¢ = 0 in (6.3.1) can be successively solved for x5, ... z¢ as functions of z§ and 6:
Ty = —901(13?)%
€ e e T
T3 = —pa(af,a3) 0
(6.3.3)
28 = —pnq(z5,..., 25 )70

Then the n'* equation ¢ = 0 yields a relationship between z¢, u¢, and §. When § is
known, then ¢ = 0 can be solved for u® needed to keep z{ at a desired set-point z§ = y;.
The corresponding values z5, . . ., z¢ will be dictated by (6.3.3). Therefore, for each value
of 8 and a prescribed y,, the equilibrium z° and the corresponding control value u® are
uniquely defined. In the special case where ¢;(0) = --- = ¢,.1(0) = 0, the choice y; =0

results in the equilibrium being z¢ = 0 for all values of 6.

Our problem now is to globally stabilize this equilibrium when @ is unknown and also to

achieve set-point regulation: z(t) — z¢ as t — oo.

Comparing the systems (6.3.1) and (6.2.73), we observe that if z3 were the control vari-
able, then Corollary 6.2.8 would provide the desired adaptive control for the subsystem
made of the first two equations of (6.3.1). Therefore, we can initiate our recursive de-
sign procedure by augrnentihg his subsystem by the third equation, as in (6.2.76). For
convenience, we will do this in a self-contained fashion, independent of Section 6.2. An
additional feature of the procedure in this section in a set of error coordinates in which
the stability properties of the resulting closed-loop adaptive system are clearly displayed

without an explicit use of the aclf concept.

6.3.1 Design procedure

We will start by adaptively stabilizing the first equation (6.3.1) considering z, to be

its ‘control:/ At each subsequence step, we will augment the designed éubsystem by one
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equation. At the i'® step, an i*-order subsystem is stabilized with respect to a Lyapunov
function V; by the design of a stabilizing function o, and-a tuning function 7,. The update
law for the parameter estimate é(t) and the adaptive feedback control u are designed at

the final step. The third step is crucial for understanding the general design procedure.

Step 1. Introducing the first two error variables

zl = :L‘l — ’ys (6.34)

Zy = Ip— 0y (6.3.5)
we rewrite £; = x5 + 1,91(:1:1)T9, the first equation of (6.3.1), as
L=z, + 101(:1:1)Tt9 (6.3.6)

where, for uniformly with subsequence steps, we have defined the first regressor vector

as
wi(z1) = (1) (6.3.7)
Our task in this step is to stabilize (6.3.6) with respect to the Lyapunov function
Lo oy :
Vi=-z+=-0T"6 (6.3.8)
2 2
whose derivative along the solutions of (6.3.6) is
V= z21(z0 + 0 + w;FH) — éTF'l(é — lw; 27) (6.3.9)

We can eliminate 8 from Vi with the update law 6= I'ry, where

T1(z1) = wi(z1)2 (6.3.10)

If 2 were actual control, we would let zo = 0, that is, T, = «;. Then, to make W = —c123,
we would choose

o (21,0) = —c1zy — wi ()70 (6.3.11)

Since z, is not our control, we have z, # 0, and we do not use # = 'y as an update law.

Instead, we retain 7; as our first tuning function and tolerate the presence of 8 in V;:

Vi merz? + 2129+ éT(F“lé =) (6.3.12)
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The second term z;z, in Vi will be cancelled at the next step. With oy (xl,é) as in

(6.3.11), the z;-system becomes

21 = —C121 + 2 + wl(l'l)Té (6313)

Step 2. We now consider that z3 is the control variable in the second equation of (6.3.1).

Introducing
Z3 = T3 — (6.3.14)

. . T
we rewrite T, = 3 + po(z),22) 6 as

e 9
39 = 23 + g — 55:;12 4 wa(z1, 22,0) 6 — —a%‘e (6.3.15)
1

where the second regressor vector ws is defined as

- 0
UIQ(J)],J)Q,@) QY2 — Ea‘—lpl (6316)
A

Our task in this step is to stabilize the (z1, z2)-system (6.3.13), (6.3.15) with respect to
1
Vo =+ 57 (6.3.17)
whose derivative along the solutions of (6.3.13) and (6.3.15) is

. Jda O«
Vy = —clzl+22[~1+23+ao—551112+w29—6—919]

+éT (T1 + Wyzy — P_lé> (6318)

We can eliminate 6 from V, with the update law 6 = I'79, where

-~ zl
T2(T1, 22,0) = 71 + wpzy = [ wy o, W ] (6.3.19)
22
If 23 were our actual control and, hence, z3 = 0, we would achieve Vo = —c;2? — ¢p2?

by designing o, to make the bracketed term multiplying 2, in (6.3.18) equal to —cozy,

namely

~ i aozl Oa (835]
T, 0) = —21 = —I'r 3.
(12(121 ) ) Z1 Coza + (9121 -9 9 =+ 69 To (6 3 20)
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We retain 7, as our second tuning function in the term I'y which replaces 6 in (6.3.20).
However, we do not use § = I'r, as an update law, so that the resulting V; is

Ja

893 (T7s — 6) + 67 (15 — T720) (6.3.21)

Vg = — zf — c2,z§ + 2023 + 29
The first two terms in Vs are negative definite, the third term will be cancelled at the
next step, while the discrepancy between I', and 6 in the last two terms remains. By

substituting (6.3.20) into (6.3.15), the (21, z2)-subsystem becomes

. r
21 —C1 1 21 w? ~

0
= + 0+ . (6.3.22)

2 ~1 —c 2z w] 23+ 28(Iry — 0)

Step 3. Proceeding to thc third equation in (6.3.1), we introduce
24 = Ty — O3 (6323)

o T
and rewrite I3 = x4+ @3(z1, Z9,13)" 0 as

0 0 5 Oas 4
23 =24 + (g — ’—a'zfl,'g - —‘02(113 + UJ3(IL'1, o, T3, G)T - —azH (6324)

61‘1 81'2 89
where the third regressor vector ws is defined as

- O oo
w3(zy, T2, 23,0) = 3 — 8_:;2% - 5—2902 (6.3.25)
1

45
Our task is to stabilize the (21, 2, 23)-system with respect to

1
Vs =V, + §z§ (6.3.26)

whose derivative along (6.3.22) and (6.3.24) is

. d :
Vi = —c122 —cozs + ZQ%(FTQ —6)
Jdo Ja - O -
+23 [Zz + 24+ Q3 — a—xf‘l'g — 5{31‘3 + w:{@ — —60720:]
+0~T (TQ + W32z — F_]é> (6327)

We can eliminate 8 from Vs with the update law 0 = I'ry, where 73 is our tuning function

2]

73(x1, T2, x3,0) = T2 + wazg = [ wy, W, Ws ] 2 | (6.3.28)

<3
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If x5 were our actual control, we could have z; = 0 and achieve V3 = —c;2? — cp23 ~ 323

by designing a3 to make the bracketed term multiplying 23 equai to —c323, namely

A 0 0 ~ 0
az(x1,xz,73,0) = —20 — C323 + —aExQ + —azl';; —wif+ gaé—zﬁ’g + 13 (6.3.29)

(9.’171 (9.’172
where v3 is a correction term yet to be chosen. Substituting (6.3.29) into (6.3.27), and

noting that

§—T7, = 0—Tr;+00;—Tr

= §—Tr+ Twszs (6.3.30)
(6.3.27) is written as
. O«
Vo, = —clzl2 — cng + 23 \1/3 - —8?1Fw3z2> + 2324
+ <z2% + zg@) (75 — ) + 67 (75 — T~16) (6.3.31)
o0  Can) ’ h
and the (zy, 29, 23)-subsystem becomes
P2 —c 1 0 1 'wlT —i !— 0
2 = -1 —cy 1 z | 1 wl 0+ ——%ngzg
23 0 -1 —C3 Z3 wg 3
0
T Y (6.3.32)

2+ %2(Tr; - 0)

If x4 were our control, we would have z; = 0, and with the update law 6 = 'y, the last
vector in (6.3.32) would be zero. However, the potentially destabilizing term —Q%ngzg
would still remain. This unmatched term must be accommodated by a choice of the

correction term v3. From (6.3.31), the choice of v3 is immediate.

0
1/3(11,'1, To, T3, 0) = "%FU):;ZQ (6333)

We again postpone the decision about 8 and do not use 0 = I'r; as an update law. The

resulting Vj is

) . Oa da A
Vi = —clzl2 — cng — C3z§ + 2324 + (.22%1- + 233_;) (T3 — 6)

0T (15 L T78) (6.3:34)
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and the (23, 22, z3)-subsystem becomes

21 —C1 1 0 21 wj

29 = -1 —Co 1 a—;é-lI’wg 2 |t | w

23 0 -1+ %ll’wg —C3 23 w3
0 0

+{ 0 |+ 2 (I'r3 — 6)

da
2 ¥

75

(6.3.35)

The ‘system matrix’ in (6.3.35) has a significant property: the skew symmetry of the

nonlinear term %Fw3 achieved by the choice of v3 in (6.3.33). This term is analogous

to the second term in (6.2.60) and the skew symmetry is crucial for stabilization.

Step i. Introducing

Zigl = T4l — &y

we rewrite Z; = T4 + @(z1,...,7,)" 0 as
1—1
. (?a,_l ~ T 8&,'__1 A
lezH_]-’rai— Tk 1+'LU'(I]....,.’L',,0) 0 — = 6
; Oz ' 00

where the i*" regressor vector is defined as

A Oa,_
w,(CC],...,CCi,e):SDi—Z 199/1:

=1 al'k
Our objective is to stabilize the (21, ..., 2;)-system with respect to
1.
Vi=Via+ 5212
whose derivative is
1—1 i—2 aa i
i ) :
Vo = =Y az+ D an— | Tno = 0)
k=1 k=1 00

Oa_q ;

1—1

aa1—l TA

+2, |z + 2 @ — — T tw, 0 — .
l: 1 ; dzy, T 0f

+67 (Tl_] + w;z, — I’"]é)

(6.3.36)

(6.3.37)

(6.3.38)

(6.3.39)

(6.3.40)



~

CHAPTER 6. TUNING FUNCTIONS DESIGN 76

We can eliminate 8 from V; with the update law g = ['1;, where

T(x1,...,2:,0) = 71+ zw; (6.3.41)

B —

2
Then, in the absence of z.;, we would achieve V, = — Zﬁc:l k22, by designing o; to
make the bracketed term multiplying z, equal to —c¢,z;, namely

~ Ooy; 1 A aaz—l
ai(xl)--wxz,‘g) = —Zi-1— szz+z 81 Tr+1 —‘wiT‘9+ aé FTi
Tk

+v; : (6.3.42)
where v, is a correction term yet to be chosen. Nothing that

é —I'n = é I, +I'r, -1y 4

= 6- I'r; + Tw;z, (6.3.43)

we rewrite V, as

1—1

. O, :
V, = — canLzl[zz +v, - —= FTI——Q:I
k; k2 41 Py ( )
1—2 aa . .
k ) nT -15
+ k11— | Ty =)+ 0 (7, —1T7°6
(e tg)w-tecrs

0
= chzk z, [ Zis1 + U, — ZZHI—%FwZ] (6.3.44)

11
Oa i X
+ (Z Zkt1 a_ek> (I'r, — 6) — 67 (r, —T19)

k=1
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and represent the (z1, ..., z;)-subsystem as
r i
—C 1 O O O
-1 —Co 1+ 093 s 02,1 0
2
0 -1 J93
I+ 01241 0
Z,
0 —0924-1 o —1— 0,9, —Cyp-1 1
0 0 e 0 -1 -,
0 r . r
. 0 0
wl 0'211'2:z . Doy
4 6+ SR S N R A A
T 0 :
wi 01—1.1'21 Do, 1
L 2141 L alé
Vi -
where
~ Oo,
oz, 0) = ——22T
af
Now the correction term is chosen as
1—2 aa 1—1
5 k
vz, ..., 0)= Z Zpp1—lw, = — Zak’sz
k=1 a0 k=2

Because we do not use § = I'r; as an update law, the resulting V, is

1 i—1
. o A - ;
V, = E ckz,f + 2;2,41 + < E Zk+1—'0a—ék> (FT, — 9) + eT(’Z} — F‘IG)
k=1

k=1

77

21

2

(6.3.45)

(6.3.46)

(6.3.47)

(6.3.48)



~

CHAPTER 6. TUNING FUNCTIONS DESIGN

and the (21, ..., 2,)-subsystem becomes
—C1 1 0 0
2 —1 —C9 1+ 093 c O, 21
= 0 —1 — 093
2, : : 1+oi1, 2,
0 —0 o -1 - O1-1, —G
0 0
wi
+| ¢ |8+ +1 % | (I'r,—0)
T 0 :
wi o 6&1_1
| “1+1 ) L 8é ]

Step n. At the final step, we introduce

and rewrite the last equation %, = B(z)u + SDn(x)TG as

n—1
aan 1

ﬁu+<,0T9—Z o

k=1

(Ths1 +<Pk9)

where the last regressor vector is defined as

n—1

80tn 1
Wn Z 8.72;

78

(6.3.49)

(6.3.50)

(6.3.51)

(6.3.52)

In this equation, the actual control input is at our disposal. We are finally in the position

to design our actual update law 9 = I'r,, and feedback control u to stabilize the full z-

system with respect to

1
Vn = Vn_]+§ZZL
1 1-
= §ZTZ+‘2'9TF_19

k=1
n—1
aan—l T A aan—-l;
+ zp |lzno1 + PBu— Tp1 +w, 0 — —0

+..67 (Tn_l Fwy iz, = F'lé)

(6.3.53)

(6.3.54)
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To eliminate 6 from V.., we choose the update law

6 = T7.(2,0) =T7n_y + Twnz, (6.3.55)
= T'W(z,6)z
where the regressor matrix W is composed of the regressor vector wy, ..., Wy:
W(z,0) = [wy, ..., w) (6.3.56)

We choose the control u to make the bracketed termi multiplying 2, equal to —c,2,:

n—1
1 O 0o,
U= 3 (—Zn—l — Cpin + Iél R ! Thy1 — wZzn + Py 4+ I/n> (6.3.57)

where v, is a correction term yet to be chosen. With (6.3.57), V., becomes

n—1

Z cry + (Z zkﬂ%c—;f-) (T7_y — é) + ZyUp (6.3.58)

Then, noting that

6 —Tryy = 7 — Ty = Twpz, (6.3.59)
we rewrite Vn as
' n—1 n—2 aa
vV, = — Z Chzp + 2 | Un — 2k —Xrw, (6.3.60)
k=1 k=1 60
Now the correction term v, is chosen as
A n—2 aa
vn(z,0) = Z zk_,_]a—kf‘wn = — Z% nZk (6.3.61)
k=1
We have thus reached our goal:
Vi==> az (6.3.62)
k=1
The overall closed-loop system is
i o= Alz,0)z+W(z,0)70 (6.3.63)

6 = TW(z86)z (6.3.64)
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where
[ —C 1 0 0 ]
-1 —C 14093 Oan
A(z,0) =] 0 —1—0y - : (6.3.65)
1+onan
0 —O0om - —1—0p-1n —Cn

The system (6.3.63) will be referred to as the error system. It is important to note that
a major portion of the designed effort was invested into achieving
€1
A(2,0) + A (2,0) = —2 . Y(z,8) e R (6.3.66)
Cn
which yields (6.3.62) with the simple quadratic Lyapunov function (6.3.53). We observe
that, as desired, the system (6.3.63)-(6.3.64) has an equilibrium at (z,8) = (0,0). The

stability properties of this equilibrium will be estabiished in Section 6.3.2.

Example 6.3.1 In application of the tuning functions procedure, we do not need to re-
peat the Lyapunov argument. All we need for a specific design are the final analytical
expressions provided by the procedure. Let us now wllustrate this by designing an adaptive

controller for the benchmark system from Example 6.2.7:

i = To+ ()70
by = @ (6.3.67)
i‘3 = Uu

The design objective is the regulation of the output y = x, to the set-point y,. The
first three expressions provided by the procedure are the definitions (6.3.4), (6.3.5), and
(6.3.14) of the error variables

21 = IT1—Ys
29 = Iz—Ql(CE],é) (6368)

Zp =y a2 1) )
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where a; and ay are the stabilizing functions given by (6.3.11) and (6.3.20):
o = —Cz — (,DTé
8&1

8&] T"
= — — —_— 7] —_— 6.3.69
0 Cozo — 21 + P (o + " 0) + ¥ To ( )

The tuning functions, determined from (6.3.10), (6.3.19), and (6.3.28), are

o= 51
)

T = Tl——Zg-éz—; (6.3.70)
Z@ag

Ty = Ty — 23—

3 2 38231

With the above expressions and the choice I' = I, the parameter update law and the

feedback control are obtained from (6.3.55) and (6.3.29), respectively. They are

. Jda Ja
0 = m3=2z1p— Zza—xitp - Zsa—ftp (6.3.71)
Jo A Ja Oa
U = —C323 — 2p+ a_xf($2 + (’QTH) + éx—zCEg + 8—0?7-3
Aoy Oy '
—2 6.3.72
“ 00 827199 ( )

This completes the design of the adaptive controller for (6.3.67). In the (z,é)-coordinates

the designed system is

—C1 1 0 1

i = | e 122 | 24 | —fm |76 (63.73)
0 —1+g—;’flp|2 —c3 —g—:ll

0 = —p|1, —tar, ~gm2|: (6.3.74)

It is of interest to relate the stabilizing functions ay and oo and the control law u to
the material from Section 6.2. The stabilizing function e, has a “certainty equivalence”
form. The stabilizing function «s has the term "%LTQ which accounts for parameter
estimation transients, while the rest of it is in the “certainty equivalence” form. The

control law u departs from the “certainty equivalence” form in the last two terms whose

role in the same as that of (6.2.60). The last term in u is particularly important. Since

__da

2L = —oT, this term contributes with + — g—gf{le in the 1system matriz’ in (6.3.73)

and achieves'the skew symmetry, which is crucial for stability. O
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6.3.2 Stability and convergence

To investigate stability properties of the closed-loop adaptive system (6.3.63)-(6.3.64), we
express ¢;, o,, 7;, and w; in the z-coordinates. Then, by the uniform stability theorem,
the global stability of the equilibrium (z,8) = 0 follows from the fact that the derivative
V,, of V,, along the solutions of (6.3.63)-(6.3.64) is given by (6.3.62).

From LaSalle’s Invariance Theorem, it further follows that the ((n+p)-dimensional) state
(2(t), B(t)) converges to the largest invariant set where V,, = 0. This means, in particular,

that z(t) - 0ast — 0.

We now set out to determine M. On this invariant set, we have z = 0 and 2z = 0. Setting

2=0, 5 =0 in (6.3.63) we obtain § = 0 and
W0 (0 —0)=0, Y(z0)eM (6.3.75)

From (6.3.38) and (6.3.56), it is easily seen thai

1 0 0
T —g_al 1 5 T a 5 T
W(z,0) = o F(z)" = N(z,0)F(z) (6.3.76)
Batn_  9an_
_ 61__11 ___azn_; 1

Since N(z,) is obviously nonsingular for all (z,6) € M, then (6.3.75) and (6.3.76) imply
Fz)"(0—6)=0 onM (6.3.77)

Now we show that = 2° on M. Since 2; = z; — y; then z; = y, = z§ on M. In view of

(6.3.77), we get

~

0—-0) pi(z5) =0 on M (6.3.78)

Recall from (6.3.11) that a; = —c¢;z, —6T;. Therefore, on M, we have ay = —6T ¢, (2£).
Combining this with 2z, = 0 = 25 — a3 and (6.3.3), we get 2o = 2§ on M. Using (6.3.77),
we obtain

T
)

(0 ~0) pa(x5.25) =0 on' M (6.3.79)
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AT
Continuing in the same fashion, we prove that z, = z¢ and (6 — 8) ¢,(z5,...,z¢) =0on

M, i=1,...,n. Thus, the largest invariant set M in E is
M = {(z, ) cR™P | 2=0, FT0 = o} (6.3.80)
- {(I,é) eR™ |z =0, FT{= Fje}

where F, = F(z°). The two equivalent expressions for M and the convergence of

(2(t),8(t)) to M prove that z(t) — z° as t — oco.

An important property of M is its dimension, p — rank{F.}. When rank{F,} = p, then
dim A/ = 0, that is, M becomes the equilibrium point z = z°¢, 6 = #. This means that
the parameter estimates converge to their true values, so that the equilibrium z = z°,

f=0is globally asymptotically stable.

The above facts prove the following result:

Theorem 6.3.2 The closed-loop adaptive system consisting of the plant (6.3.1), the con-
troller (6.3.57), and the update law (6.3.55) has a globally stable equilibrium (z.8) =
(z¢,6). Furthermore, its state (z(t),8(t)) converges to the (p — rank{F,})-dimensional

equilibrium manifold M given by (6.3.80), which means, in particular, that

lim z(t) = z° (6.3.81)

t—oc
If ys = 0 and F(0) = 0, then tlim z(t) = 0. The equilibrium = = z¢, § = 6 is globally

asymptotically stable if and only if rank{F,} = p. ]

As the dimension of M reduces, the stability properties of the adaptive system improve.
The most desirable case is when M is an equilibrium point, in which case, this equi-
librium is globally asymptotically stable, and the parameter estimates converge to the
actual parameter values. Global asymptotic stability can be achieved with as many as
p = n unknown parameters. This is among the main advantages of eliminating over-

parametrization.

We now discuss the basic stability properties established in Theorem 6.2.12 on a simple

example.
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Example 6.3.3 We consider the second order system with an unknown parameter vector
0 € RP:

T, = $2+<P1(1’1)T9 (6.3.82)

Iy = u+<p2(3:)T9

The control objective is to requlate x to zero (z] = 0). We define the error variable

zZ1T — I
A (6.3.83)
29 = x2—a1(:r1,9)
The controller is designed applying (6.3.11) and (6.3.20) as
a = —C2 — 991(I1)Té
8(11 é)aplxlT ~ aal T
_— = —C - 6, — = 6.3.84
oz, 51 oz, EY; e1(1) ( )
00.’1 T 8(11 T\ A aal ;
U = —21 —CrZ9 + 5—3‘77372 - (992(’[‘) — .8—371.(‘01(171) 0 + '59:'9
while the parameter update law 15
5=F[w o ,gg_m}z (6.3.85)
The resulting error system is
- 1 T N
e e+ 7 6 (6.3.86)
-1 —c 5 — ol

Now we illustrate and discuss the stability properties established by Theorem 6.3.2. From

(6.3.82) we see that 25 =0, 2§ = —2,(0)7 . By Theorem 6.3.2, the point

I 0
T, | = | —p1(0)76 (6.3.87)
9 0

is a globally stable equilibrium, and the stable of the closed-loop system converges to the

equilibrium manifold

~ sl 0
M = {(z,0)eR*7| =
T2 —<P1(0)T9
©1 (O)T -
, - (9 = 9) =0 . (6.3.88)

02(0, —1(0)79)
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A basic question that one would ask is: What type of figure in R**? is M? Our further

discussion will, without loss of generality, be limited to p < 2.

In the simplest case where dimf@ = p = 1, the following two possibilities exist:

Next.

If both ¢, (0) = 0 and (0, 0) = 0, then the manifold M is the subspace z = 0 € R?,

that is. M is the f-axis

If either o, # 0 or (0, —¢1(0)f) # 0, then the manifold M is the single point
r1 = 0, 2o = —1(0)0, § = 6. This point is an equilibrium which is not only

globally stable, but also globally asymptotically stable.

we analyze the case p = 2.

T .2 T T
o1(x b e p1(0 0 1
Suppose il l)T = ! . Since i )T = has full
p2(11) coszy 0 ©2(0) 10
rank, the manifold M is the single point z; = 0, o = —85, 6, = o4, by = 6, which

is a globally asymptotically stable equilibrium.

o1(z1)” —cosT; €™ _ ©1(0)7 -1 1
Suppose = . Since = -~ 1, the

wa(z1)" sinz; 0 ©2(0)" 0 0
manifold A/ is the linear variety z; = 0, o = 61 — 5, ég — él = f#, — §;. Neither of
the parameter estimates in guaranteed to converge to the actual parameter value,

but they are jointly converging to the line 0y = 6, + 0 — 6; in the plane z; = 0,

To = 91 - 92.
T 2 T
T T e —1 0 00
Suppose #il l)T = ! . Since el )T = , the
w2(71) sin z; 0 ©2(0) 00

manifold M is the plane (linear variety) z = 0. This is the case of the weakest
convergence properties because one cannot guarantee that the parameter estimates

converge to any submanifold in the plane Af.
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6.4 Tracking

The set-point regulation design is readily extended to the task of tracking.

The control objective is to free the output y = z; of the system (6.3.1)

i1 = T2+ pi(z1)70
To = z3+ 4P2($1,1?2)T9
(6.4.1)
. T
Tno1 = Tn+ @po1(T1,...,Tn1) 0

n = Bl@)u+pa(z)

to asymptotically track the reference output y.(t) whose first n derivative are assumed

to be known, bounded, and piecewise continuous.

-1

An alternative control objective would be asymptoticaily track the output of a known

asymptotically stable linear reference model

' k
r= Gm = m a 42
y (S)T(S) s" + mn_lz"‘l +...+ m07 (S) (6 )

where the denominator is Hurwitz, k,, > 0, and #(t) is bounded and piecewise continuous.

A realization which is of particular interest is

0 1 0 0
i:nz = ' . Ty +
0 0 1 0 (6.4.3)
_.mO DY o s ———mn_l km
YU = Tma

because, in this case, the derivatives of y, are available as the states of the reference

model: yﬁi) =Tm,41,¢=0,...,n— L
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These functions are used in the design for tracking.

i = zi—y - (6.4.4)
1—1
~ Oa Oa;_
~(i—-1) _ R 1—1 1—1 (k)
(:I:ue Y- ) = —21 — Gz W; 0 =+ ; a.’l:k Tk+1 + (k—l)yT >
e—=1 T
L da
*k1|w1|2zl + IA ! I [ ak:l I i<k (6 4 5)
k=2
7(2,0,5¢7Y) = n4+ma (6.4.6)
Jda
~(1--2) _ 1—1
wi(Z,,0,7%) = o E:au (6.4.7)

fori=1,...,n, Z; = (xy,...,z;) and gﬁi) = (yr,yr,...,yﬁl))

Adaptive control law:

1 .
U= ——[an(z, 8,570 + ¢V 6.4.8
Sl A7) + 447 (648
Parameter update lav:
0 = Tro(z,6, 5" D) = TW2 (6.4.9)

The closed-loop adaptive system consisting of the plant (6.4.1), the controller (6.4.8),
and the update law (6.4.9) has a globally uniformly stable equilibrium at (z, 0) = (0, and

tlim = 0, which means, in particular. that global asymptotic tracking is achieved:
—00

lim [y(¢) — yr(t)].: 0 (6.4.10)

t—o00

Moreover, if hm Yy =0,i=0,...,n — 1, and F(0) = —, then lim z(t) = 0

t—o0

6.5 Unknown virtual control coefficients

For the sake of clarity, the adaptive design in this chapter was presented for the class

of parametric strict-feedback system. We now give an extension of the tuning function
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design for systems with unknown virtual control coefficient. Consider systems of the form

T = bz + Wl(Il)Tg
ZTo = bywy+ <P2(I17372)T9

(6.5.1)
j:l = b1$1+1+(p1(I1,...,x1)T9, 'L:].,,n—].

Ty, = bnﬂ(x)u+g0n(x1,....xn)T(9

where, in addition to the unknown vector #, the constant coefficients b, are also unknown.
We refer to the coefficients b, as the 'virtual control coefficients’ The occurrence of the un-
known b,-coefficients is frequent in applications ranging frcm electric motors and robotic

manipulators to flight dynamics.

When the signsof b,, i =1,..., n. are known.

We consider two special cases of (6.5.1). The extension to the general case is stra.ght-

forward but tedious.

The first special case is when the only unknown virtual control coefficient is the 'high-

frequency gain’ b,:

. T .
I, = T+ (ry,....2,) 0, t=1,...,n—1
ot el ) (6.5.2)

Tn = baB(@)u+ onlay,. ... 2,)70

For this case the modification of the tuning functions design is simple. In the design of

tuning function for tracking, we only need to change the control law (6.4.8):

~

= ﬁ[an(m7é7@$"*‘>> + ™) (6.5.3)

where § is the estimate of p = 1/b, computed as

0= —ysgn(ba) (an +4{") 20, 7 >0 (6.5.4)

We are only using the knowledge of the sign of the unknown parameter b,. In this simple

case it is not necessary. to estimate b, itself. It can be checked that the resulting error
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system has the form (?77?) with an additional term due to ¢ = o — ¢t

- —_

0

z2=A,(z,0,t)2+W(z,0,t) 0+
0

—b, (an + yg))

Consider the Lyapunov function

1 Ler s, bal
V= 2Tz4 207710+ 225
52 +29 +279

Its derivative along the solutions of (6.5.4) and (6.5.5) is

V< —co\z|2

Fo Y

89

(6.5.5)

(6.5.6)

(6.5.7)

which satisfies tracking conditions. which means, all the states are bounded and asymp-

totic tracking is achieved.

Now we move on to a more difficult case:

T, = xﬁrl+<,01-(:1:1,...,x,)T97 i=1,....,m—1m+1,...,.n—1

Ly, = bmxm+1 + L}Qm(ajla s xm)Te

I, = B(2)u+ n(z, ... ,;z:n)T(;’

(6.5.8)

where b,,, m < n, is the only unknown coefficient. From step m on, the design procedure

for this case differs considerably from the tracking design procedure. We now need bom

and ¢ the cstimates of b, and ¢ = 1/b,,. The estimate § is introduced to avoid the

division by Bm(t) which can occasionally take value zero. The complete design procedure

is given by the following expressions (with zp = 0, ag = 0, 79 = 0):

Coordinate transformation:

5 = x,—yﬁ’—l)—az_l, 1=1,...,m
2z, = x]—éyﬁj_l)—aj_l j=m+1,...,n
Regressor:
-1 (9(11_1
Wy = %7 Pk 1= 17 9
8l‘k

(6.5.9)

(6.5.10)

(6.5.11)
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Tuning function for 6:

T, = Tia1 + W, 2y, a=1,...,n (6.5.12)
Tuning function for bp,:
Tm = Zr71+lzm (6513)
day, .
T, = Mol — T, j=m+1,...,n (6.5.14)
OZm
Stabilizing functions:
o (%, 0.50°Y) = @&, i=1,...,m-1 (6.5.15)
(T, 0.5V 8) = 6@t (6.5.1€
;(Z,,0,597) . b 0) = a,. j=m+1,...,n (6.5.17)
-1 -
da,_ Oav;—
Q, = —2z,1 -G2Z wlT9+Z< 3 : k+1 T (k_i) ﬁk))
k=1 k T
da,_ — dag_
+ 2250 4 S sy, i=1,,m (6.5.18)
a0 i 00
m—1
- . o - Oa
Gme1 = —bmZm — Cmp1Zme1 — Wh 0+ Y Ty + by
+1 +12m+1 m+] kZ:; By, k1 F Om T
= da Ja Ox
m (k) m (m) m A
+Z (Ic——l)yr ~ FTT"+1 + <yr + 8@ ) 0
k=1 YYr
“ Oy
+kz:; PY; lwmyy 2k (6.5.19)
2 da Oa
_ -1 3 i—1
Q- = —Zj-1 — C5z; wJTQ‘*‘Zl a;k Tht1 + b a;m Trm+1
7—1
8& -1 k 8 —1 8 1 _ 80'_1 .
+Z (Ii-])ﬁ) - Iy + ——m; + yr(] D4 (9]@
k=1#m T m
j—1
Oap_1 Oa,_
+ e m, j=m+2,....n (6.5.20)
2o o
Adaptive control law:
1 a (n
w= oo, pyt] (6.5.21)

B(z)



~

CHAPTER 6. TUNING FUNCTIONS DESIGN

Parameter update laws:

§ = I'm,=TW,

A Ba]»_l
b = YTin =7 | Zm412m — § Tm+12
j=m+1

é = _’?/Sgn(bm)(yrm) +am) Zm

91

(6.5.22)

(6.5.23)

(6.5.24)

Lengthy but straightforward calculations show that the design procedure (6.5.9) - (6.5.24)

results in the closed-loop system

21 = —sz_§ OpiZk — 21+ E O'lka—}-’lU

k=i+1
,zzl....,m—l
m—1
Zm = —CmZm — E Tkm2k = Zmt + bmZmyr + E Omk Zk
k=2 k=m+1
T m — ~ I
+w; 0 — bm(yﬁ ) — am)0 + Zm+1bm
m
2m+1 = —Cm+12m+1 — E Ok,m+1%k —bmzm+zm+2 + E Om+1,k?k
k=m+2
OC
T
+wl, 60— =g +1bm
mt1 a:rm m
2, = —CE; - E OkyZk — 25— 1+Z]+1 + E Ojk2k
k=j+1
~ O. - ~
T 71 .
tw, 8 - Tms1bm, 1=m+2,...,n
m
where o0, is defined for k =7+ 1....,n as
0, i=1
_ vy 1 .
Cue = ——ka, i=2,....m+1
8o 301 —1,, 0ax_ S
= ==L Twy, + =Y T Tmt1s t=m+2,...,n—1

A Lyapunov function for this system is

1 |brm]
V=222 0TF 19 b 2
2z + ~ +2’y +279

Its derivative along the solutions of (6.5.22)-(6.5.24) and (6.5.25)-(77?),

n
o E CkZZ
k=1

(6.5.25)

(6.5.26)

(6.5.27)

(6.5.28)

(6.5.29)

(6.5.30)

(6.5.31)
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lead us to the same conclusion as in tracking design procedures which all the states are

bounded and asymptotic tracking is achieved.
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Appendix A

Stability

A.1 Main Stability Theorems

Lyapunov Stability. To pegin with, we remind reader that Lyapunov stability, asymp-
totic stability, uniform stability, uniform asymptotic stability, etc., are properties not
of a dynamic system as a whole, but rather of its individual solutions. Consider the

time-varying system
T = f(z,t), (A.1.1)

where z € R", and f: R" x R, — R" is piecewise continuous in ¢ and locally Lipschitz
in z. The solution of (A.1.1) which starts from the point z, at time ¢, > 0 is denoted
as z(t; zo,to) with z(to; zo,to) = Zo. Lyapunov stability concepts describe continuity
properties of z(¢; zg, to) with respect to zo. If the initial condition zq is perturbed to Zo,
then, for stability, the resulting perturbed solution x(t;io,tol) 1s required to stay close
to z(t; o, to) for all ¢ > . In addition, for asymptotic stability, the error z(t; £o, tp) —

z(t; o, to) is required to vanish as t — co. So, the solution z(t; o, tp) of (A.1.1) is

e bounded, if there exist a constant B(zg,to) > 0 such that
|z(t: 2o to)| < B(zo, to), Vi 2 o3 (A.1:2)

93
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e stable, if for each € > 0 there exists a 6(g, tg) > 0 such that

‘i‘o — .’130| <6=> ‘.’E(t;io,to) — .'Z'(t;lEo,to)i < €, YVt > to; (Al?))

e attractive, if there exists an r(tp) > 0 and, for each € > 0, a T'(g, ¢5) > 0 such that

|Zo — zo| <1 = |z(t; To, to) — z(t; 2o, to)] < &, Vt>to+ T (A.1.4)

e asymptotically stable, if it is stable and attractive; and

e unstable, if it is not stable.

The stability properties of z(t; zo. tp) in general depend on the initial time ¢o. For different
to, different values of B(xg, to), 6(z,t0),7(to), and T'(¢, to) may be needed to satisfy (A.1.2),
(A.1.3) and (A.1.4). When these constants are independent of ¢y, the corresponding
properties are uniform ( Clearly, all properties are uniform if the system is time-invariant:
* — j(«)). For adaptive systems, uniform stability is more desirable than just stability.
Even more desiraile is uniform asymptotic stability, often shortened to UAS. The
solution z(t: 2. %) is UAS if it is uniformly stable and uniformly attractive, that is, if

5(e.to) = 6(g),r(to) =, and T (e,t0) = T(¢) do not depend on t,.

Some solutions of a given system may be stable and others unstable. In particular, (A.1.1)
may have stable and uqstable equilibria, that is constant solutions z(t;xe,ty) = z.
satisfying f(z.,t) = 0. If an equilibrium z. is asymptotically stable, then it has a region
of attraction — a set {2 of initial states z, such that z(¢; zo,tp) — z. as t — oo for
all zop € Q (When z. is only stable, then the solutions starting in Q remain close to z,
in the sense of (A.1.3)). In this r.eport, the stability properties for which an estimate of
the region of attraction is given are referred to as regional. Otherwise they are called
local. When the region of attraction is the whole space R, then the stability properties

are global.

Any equilibrium under investigation can be translated to the origin by redefining the

state T as z = T = T Such a translation z = z — z(t;zo,t0) can be defined. for. any
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solution z(t; zp, to) so that the solution under investigation can always be considered to
be an equilibrium at the origin with a corresponding redefinition of f(r,t) into f(z,t)

such that f(0,t) = 0, namely;

2= f(z 4+ z(t; 2, to). t) — fz(t; o, t0),t) = f(2.t). (A.1.5)

Therefore, there is no loss of generality in standardizing the stability results for the zero
solution z(t;0,ty) = 0. In adaptive tracking problems, this zero solution is paiticulary

meaningful when the state z represents the tracking error and its derivatives.

To be of practical interest, stability conditions must not required that explicitly solve
(A.1.1). The direct method of Lyapunov aims at determining the stability properties
of x(t;zg,t9) from the properties of f(x,t) and its relationship with a positive definite
function V(x,t). For global result. this function must be radially unbounded, that is
V(z.t) — oo as |r|] — oo unifornly in ¢. For simplicity, we will assume that the
translation to the origin has been performed, that is, f(0,t) = 0, and thus the solution

under investigation is ¢ = 0.

Uniformm asymptotic stability is a desirable property, because systems that possess it can
deal better with perturbation and disturbances. We shall see that, in general, adaptive
designs achieve less than uniform asymptotic stability. However, they achieve more than
uniform stability because they force the tracking error to converge to zero. This key
property is referred to as requlation when the reference signal is constant, and tracking
when it is a time-varying signal. For convergence analysis, a powerful tool is the following

theorem due to LaSalle and Yoshizawa:

Theorem A.1.1 (LaSalle-Yoshizawa) Let x = 0 be an equilibrium point of (A.1.1)
and suppose f is locally Lipschitz in x uniformly int. LetV : R® — R, be a continuously
differentiable, positive definite and radially unbounded function V(x) such that

.V

V=o-@flet) < -W@) <0,  vt20YzeR, (A.1.6)

where W' is"a continuous function. Then, all solutions of (A.1.1) are globally uni-
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formly bounded and satisfy

lim W(z(t)) = 0. (A.1.7)

t—oo

In addition, if W(x) is positive definite, then the equilibrium = = 0 s globally uni-

formly asymptotically stable (GUAS).

For regulation task, the designed system is usually time-invariant,

i = f(z), (A.1.8)

in which case we are interested In its tnvariant sets. A set M is called an invariant set
of (A.1.8) if any solution z(t) that belong to M at some time constant ¢; must belong to

M for all future and past time:

z(t)) € M = z(t) € M, vVt € R. (A.1.9)

A set  is positively invariant if this is true for all future time only:

Can we guarantee convergence to a desired invariant set? A rewarding answer to this
question is provided by LaSalle’s Invariance Theorem and its asymptotic stability corol-

lary:

Theorem A.1.2 (LaSalle) Let ) be a positively invariant set of (A.1.8). Let V : Q) —
R, be a continuously differentiable function V(z) such that V(z) < 0,Yz € Q. Let
E = {x € QV(z) = 0}, and let M be the largest invariant set contained in E. Then,

every bounded solution z(t) starting in §2 converges to M ast — oo.

Corollary A.1.3 (Asymptotic Stability) Let z = 0 be the only equilibrium of (A.1.8).

Let V' R™ = 'Ry be a continuously differentiable, positive definite, radially unbounded
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function V(z) such that V(z) < 0,Yz € R*. Let E = {x € RMV(z) = 0}, and suppose
that no solution other than x(t) = 0 can stay forever in E. Then the origin is globally

asymptotically stable (GAS).

These invariance results will motivate us to closely examine the invariant subsets of E.
As we shall see, the convergence properties of the designed system are stronger if the
dimension of M is lower. In the most favorable case of asymptotic stability, the largest
invariant subset M of E is just the origin x = 0. Our aim will thus be render the

dimension of M as low as possible.
Input-to-State Stability. Another stability concept which is used throughout the
report is that of input-to-state stability (ISS), the syster

&z = f(z,u) (A.1.11)

is said to be input-to-state stable (15S) if for any z(0) and for any input u(.) continuous

and bounded on [0, o) the solution exists for all ¢ > 0 and satisfies

()] < B(|z(0)],¢) + 'y(osup |u(T)|), Vi >0, (A.1.12)

<r<lt

where (s, t) and v(s) are strictly increasing functions of s € R, with 3(0,t) = 0,v(0) =

0, while 8 is a increasing function of t with tlim B(s,t) =0,Vs € R,.
— OO

A.2 Lyapunov’s Direct Method

The basic philosophy of Lyapunov’s direct method is the mathematical extension of
a fundamental physical observation: if the total energy of a mechanical (or electrical)
system is continuously dissipated, then the system, whether linear or nonlinear, must
eventually settle down to an equilibrium point. Thus, we may conclude the stability of

a system by examining the variation of a single scalar function.

The total mechanical energy of the nonlinear mass-spring-damper system

mi +brjzl 4+ kor + kz? =0 (A.2.1)
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is the sum of its kinetic energy and its potential energy.

1 * 1 1 1
V(z) = =mz®+ / (kos + ky8%)ds = =mi® + =koz® + ~k;z* (A2.2)
2 0 2 2 4
Comparing the definitions of stability and mechanical energy, one can easily see some

relations between the mechanical energy and the stability concepts described earlier:

e zero energy corresponds to the equilibrium point (z = 0, = 0)
e asymptotic stability implies the convergence of mechanical energy to zero

e instability is related to the growth of mechanical energy

These relations indicate that the value of a scalar quantity, the mechanical energy, in-
directly reflects the magnitude of the state vector: and furthermore, that the stability

properties of the system can be characterized by the variatic: of the mechanical energy

of the system.

The rate of the energy variation during the system’s motion is obtained easily by differ-

entiating the first equality in (A.2.2)
V(z) = mii + ko + k23t = &(—bi |2]) = —blé|* (A.2.3)

The direct method of Lyapunov is based on a generalization of the concept in the mass-
spring-damper system to more complex system. Faced with a set of nonlinear differen-
tial equations, the basic procedure of Lyapunov’s direct method is to generate a scalar
“energy-like” function for the dynamic system, and examine the time variation of that
scalar function. In this way, conclusions may be drawn on the stability of the set of
differential equations without using the difficult stability definitions or requiring explicit

knowledge of solutions.

Theorem A.2.1 (Local Stability) if, n a ball Bg,, there exists a scalar function V (x)

with continuous first partial derivatives such that
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e V(z) is positive definite (locally in Bg,)

o V() is negative semi-definite (locally in Bg,)

then the equilibrium point =0 is stable. If, actually, the derivative V(I) is locally

negative definite in Bpg,, then the stability is asymptotic.

Theorem A.2.2 (Global Stability) assume that there exists a scalar function V of

the state x, with continuous first order derivatives such that

e V() is positive definite
o V(z) is negative definite

e V(z) > 00 asllz]] —»

then the equilibrium at the orwgun 1s glovally asymptotically stable.

A.3 Lyapunov Stability

Consider the non-autonomous system

i = f(z,t) | (A.3.1)

Definition A.3.1 The origin x = 0 s equilibrium point for (A.3.1) if
f(0,t) =0,vt > 0. (A.3.2)
Definition A.3.2 A continuous function v : [0,a) — Ry is said to belong to class K

if it is strictly increasing and v(0) = 0. It is said to belong to class K, if a = oo aend

v(r) — 00 as r — cc.
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Definition A.3.3 A continuous function § : [0,a) x R, — R is said to belong to class
KL if for each fized s the mapping B(r,s) belong to class K with respect to r, and for
each fized v the mapping B(r, ) is decreasing with respect to s and B(r,s) — 0 as s — 0.
It is said to belong to class KL if, in addition, for is fized s the mapping B(r, s) belong

to class K, with respect to r.
Definition A.3.4 The equilibrium point z = 0 of (A.3.1) is

e uniformly stable, if there exists a class K function v(-) and a positive constant c,

independent of tg, such that

lz(t)] < y(jx(to)]), VE>10 >0, Vz(to)|lz(te)] < c; (A.3.3)

o uniformly asymptotically stable, if there exist a class KL function 3(-,-) and a

positive constant c, independent of ty, such that

lz(t)] < B(lzto)], 2 —to),  VE 21020, Valto)lle(to)l <c;  (A3.4)

o cxponentially stable, if (A.3.4) is satisfied with B(r,s) = kre**, k > 0,a > 0;

e globally uniformly stable, if (A.3.3) is satisfied with v € K, for any initial state

IB(to),'

e globally uniformly asymptotically stable, if (A.3.4) is satisfied with 8 € KL, for

any initial state z(ty); and

o globally exponentially stable, if (A.3.4) is satisfied for any initial state z(ty) and
with B(r,s) = kre™®*, k > 0,a > 0.

Lemma A.3.5 (Barbalat) Consider the function ¢ : Rp — R. If ¢ is uniformly

oo

continuous and lim o(7)dT exists and is finite, then
t—oc 0

limg(t) =0 4 (A.3.5)

t—o00
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Backstepping

B.1 Integrator Backstepping

The simplicity of scalar designs motivates us to use them as starting points of recursive
designs for higher-order systems. Consider a scalar system as in (B.1.1a) augmented with

an integrator:

© = cosz—x>+& (B.1.1a)

£ = u (B.1.1b)

Let the design objective be the regulation of z(t), that is, z(t) — 0 as ¢ — oo, for all
z(0), £(6). Of course, £(t) must remain bounded. Form (B.1.1a), the only equilibrium
with £ = 0 is at (z,€) = (0, —1). We will meet our design objective by rendering this
equilibrium GAS. In the block diagram in Figure B.1 the scalar system (B.1.1a) appears
in the dashed box. To construct a clf ! we will exploit the fact that a clf is known for its

subsystem in the dashed box. Indeed, if £ were the control input, then the corresponding

1

clf and control law would be V(z) = 32? and £ = —c;z — cosz clf. Of course € is just a

state variable and not tie control. Nevertheless, as its “desired value” we prescribe

ges = —C1T — COST = (). (B.1.2)

TA system for which a good choice of V(x) and W (zx) is said to posses a clf.

101
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____________________________________

Figure B.1: The block diagram of the system (B.1.1a), (B.1.1b)

Let 2z be the deviation of £ from its desired value:
z2=§—(ges =&~ afx) =& + 1T + cosT. (B.1.3)

We call £ a virtual control, and its desired value a(z) a stabilizing function. The variable
z is the corresponding error variable. Now we rewrite the system (B.1.1) in the (z, 2)-
coordinates in which it takes on a more convenient form, as illustrated in Figure B.2 and
Figure B.3. Starting from (B.1.1) and Figure B.1, we add and subtract the stabilizing
function a(z) to the &;-equation as shown in Figure B.2. Then we use a(z) as the feed-
back control inside the dashed box and “backstep” —a(x) through the integrator, as in

Figure B.3. In the new coordinates (z, z) the system is expressed as

©t = cosz—r*+ [+ cz+cosz]—cz—cosz=—cz—z>+2z (B.l.4a)

;= f—a=E+(c —sinz)i =u+ (¢ —sinz)(—cz —2° + z). (B.1.4b)

The first key feature of backstepping is that we don’t use a differentiator to implement
the time derivative & in (B.1.4b); since a(x) is a known function, it is easy to compute

its time derivative analytically as

G&'= Qa—g-:i: = ey Lsinz) (Lo L a® 4z). (B.1.5)
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u j é_mmr__J X
1/ 1/

—o(x)

____________________________________

Figure B.2: Introducing o(z) as the desired value for &.

We now need to select a clf V, for the system (B.1.1). Let us try to construct it by

augmenting V(z) with a quadratic term in the error variable z:

1. 1 1
Viz, &) =V(z) + —2-z2 = 5.’1}2 + E(f + 17 + cosz)?. (B.1.6)

The derivative of V, along the solution of (B.1.4) is computed as

Volz,z,u) = zl-cz —2° + 2]+ zlu + (¢ — sinz)(—c1z — 2° + 2)]

= —qz?—r'+zlz+u+ (o —sinz)(—cz—-2*+2)]. (B.L7)

As always, we let V, be an explicit function of u and design u to satisfy the clf inequality
clf. For this reason, the cross-term zz. which is due to the presence of z in (B.1.4a), is
grouped together with «. This is possible because u is also multiplied by z due to the
chosen form of V. This is the second key feature of backstepping. Now we choose the
control u to make V, negative definite in = and z. The simplest way to achieve this is to

make the bracketed term in (B.1.7) equal to —cp22. where ¢ > 0:

u = —cz—1x— (¢ —sinz)(—cz —z° + 2)

= —cé +cx+cos) — 1 — (¢ —sinx)(€ + cosz — z°). (B.1.8)
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\J/

()?

Figure B.3: Closing the feedback loop in the dashed box with +a and “backstepping”

—a through the integrator.

With this control, the clf derivative is
V, = —z? — 2, (B.1.9)

which proves that in the (z,z)-coordinates the equilibrium (0,0) is GAS. In view of
(B.1.3), the equilibrium (0. —1) in the (z, £)-coordinates has the same property.

The resuiting closed-loop system in the (z, z)-coordinates is

x —cy—z% 1 z
- : (B.1.10)
z —1 —C 4
Although written in a linear-like form, this system is nonlinear. An important structural
property of this system is that ilts nonlinear “system matrix” is the sum of a negative
diagonal and a skew-symmetric matrix function of x. This is the third key feature of
backstepping, which will be extremely useful in other designs.
Avoiding cancelations. The above control law is not the best way to achieve negativity
of V,, because it involves at least one unnecessary cancelation. A closer examination of

(B.1.7) reveals that the term —22 sin z need not be canceled because it can be dominated

by —¢p22. A control law which avoids this cancelation is

U ="=Cyz'=x —(¢] ~sinz)(—e1x = 3,1 ey > ey 1. (B.1.11)
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With this control, the clf derivative is
V, = —c12? — 2* — (c; — ¢ +sinz)2%. (B.1.12)

Although more complicated than (B.1.9), this function is easily rendered negative definite
by the choice ¢, > ¢; + 1. The resulting system in the (z, z)-coordinates preserves its

skew-symmetric from

T —C1 — X 1 T
= , . (B.1.13)
z -1 —Cy+c¢ —sinzx z
The simplified control law (B.1.11) is an illustration of design flexibilities in satisfying

the clf inequality V, < 0 and at the same time avoiding unnecessary cancelations. In

fact, more detailed calculations show that the control law can be further simplified to

u=—kiz— kyz’z, (B.1.14)

with
2 4 1)2 1)2
P C il ) AP C Tt (B.1.15)
201 4

Using this control we obtain

. 1

Va < “‘561332 - 0222. (B116)

Integrator backstepping as a general design tool is based on the following assumption:

Assumption B.1.1 Consider the system
= f(z)+g(x)u, [f(0)=0, (B.1.17)

where £ € R" is the state and v € R is the control input. There exist a continuously

differentiable feedback control law
u=a(z), a0)=0, (B.1.18)

and a smooth, positive definite, radially unbounded function V' : R® — R such that

ov

E(x)[f(x) + g(@)a(z)] < —Wi(z) £0, Vz R (B.1.19)



APPENDIX B. BACKSTEPPING | 106

where W : R® — R is positive semidefinite.

Under this assumption, the control (B.1.18), applied to the system (B.1.17), guarantees
global boundedness of z(t), and via the LaSalle-Yoshizawa theorem (Theorem A.1.1), the

regulation of W(z(t)):

lim W(z(¢)) = 0. (B.1.20)

t—oo

A strong convergence result is obtained using LaSalle’s theorem (Theorem A.1.2) with
Q = R™ : x(t) converges to the largest invariant set M contained in the set £ = {z €
R*W (z) = 0}. Clearly, if W(z) is positive defnite, the control (B.1.18) renders z = 0
the GAS equilibrium of (B.1.17)

Lemma B.1.2 (Integrator Backstepping) Let the system (B.1.17) be augmented by

an wntegrator:

t = flz)+ g(z)¢ : (B.1.21a)

£ = v, (B.1.21b)

and suppose that (B.1.21a) satisfies Assumption (B.1.1) with € € R as its control.
(i) If W(zx) is positive definite, then
Va(z,€) = V(2) + 56— e2)]’ (B.1.22)

is a clf for the full system (B.1.21), that is, there exists a feedback control u = a,(z,£)
which renders x = 0,€ = 0 the GAS equilibrium of (B.1.21). One such control is

ov

u= —cl€ ~a(x)) + @) + 9w - o @(x), e>0.  (B12)
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(i1) If W(z) is only posttive semidefinite, then there exists a feedback control which renders

V, < —Wa(z, &) < 0 such that W,(x,&) > 0 whenever W(z) > 0 or £ # a(z). This

x
guarantees global boundedness and convergence of to the largest invariant set
£(t)
x
M, contained in the set E, = € R \W(z) = 0,¢ = a(z)
£
O

Proof Introducing the error variable
7z =& — o), (B.1.24)

and differentiating? with respect to time, (B.1.21) is rewritten as

z = f(z)+ g9(z)[a(z) + 7] (B.1.25a)
¢ = u- 22@)(f(@) + gladiens )] (B.1.25b)

using (B.1.19), the derivative of (B.1.22) along the solution of (B.1.25) is

v = %(f+ga+gz)+z{u—g%(f+g<a+z))}
- %(f+ga>+z[u—%(f+g(a+z>)+%%}

IN

—W(z) +z[u~ g%(f + gla + 2)) +%‘£g}, (B.1.26)

where the term containing z as a factor have been grouped together. By the LaSalle-
Yoshizawa theorem (Theorem A.1.1). any choice of the control u which renders Va SO
—W,(z,€&) < —W(x), with W, positive definite in z = £ — a(a), guarantee global bound-

edness of z, z and € = z + «(z), and regulation of W (z) and z(¢). Furthermore, LaSalle’s

theorem (Theorem A.1.2) guarantees convergence of [ } to the largest invariant set

z(t)

2Once again, note that the time derivative & in (B.1.25b) is implemented analytically without the

need for a differentiator
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z
contained in the set { [ ] e Rt!

Z

W(z)=0,z= 0}. Again, the simplest way to make

V, negative definite in z is to choose the control (B.1.23), which renders the bracketed

term in (B.1.26) equal to —cz and yields

Vo< —W(z) —c2®* & ~W,(z,£) <0 (B.1.27)

Clearly, if W(z) is positive definite. Theorem A.1.1 guarantees the global asymptotic
stability of £ = 0,z = 0, which in turn implies that V,(z,£) is aclf and z = 0,£ = 0 is
the GAS equilibrium of (B.1.21).

While the choice of control (B.1.23) is simple, this control may not be desirable because
it involves cancelation of nonlinearities, some of which may be useful. As illustrated by
(B.1.8) and (B.1.9), the requirement that V, in (B.1.26) be made negative by u allows

considerable freedom in the choice of control law u = a,(a, §) such that

; , 0 oV
Vo < -W(z)+ 7l (o) - 8—Z(f +gla+2))+ 5—g] = —Walz,§) < 0. (B.1.28)

We stress that the main result of backstepping is not the specific form of the control law
(B.1.23), but rather the construction of a Lyapunov function whose derivative can be
made negative by a wide variety of control laws. In this way, the design of a stabilizing

state-feedback controller is effectively reduced to satisfying the scalar inequality (B.1.28).

Example B.1.3 As a design tool, backstepping is less restrictive than feedback lineariza-
tion. In some situations it can overcome singularities such as lack o controllability. This

is illustrated by the system
T = z€ (B.1.29)

£ = u, (B.1.30)

which is uncontrollable at z = 0. Comparing with (B.1.21), we see that f(z) =0, g(z) =

z. Applying (B.1.2) with V(z) = 32* we can choose

afr)="2a? S S a(r) = (B1.31)
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so that W(z) in (B.1.19) is positive definite: W(z) = z*. The substitution of (B.1.31)
into (B.1.29) yields

i = —-z’+zx2 (B.1.32a)
;= u+2rz— %), (B.1.32b)

The control (B.1.23) which renders V, = —z* — 2% is
u=—z—z°— 222 + 22" = —£ — 227 — 22%¢£. (B.1.33)

The resulting system in the (x,£)-coordinates s

i o= xf (B.1.34a)

£ = —¢— 2% — 277, (B.1.34b)

and its equilibrium (0,0) is GAS.
A significant design flexibility of backstepping is in the choice of a(x). For the system
(B.1.29), instead of (B.1.31) we can choose

a(z) =0, =z=¢, (B.1.35)
so that W(z) = 0 is semidefinite and
1o 1, |
= - =£°. B.1.
V. 5% + 25 (B.1.36)
The derivative of V, along the solutions of (B.1.29) is
V, = 2% + fu = £(u + 22). (B.1.37)

In this case the best we can do is to render V, negative semidefinite: The control

u=—€—1° (B.1.38)
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yields the closed-loop system

i = x¢ (B.1.3%)

£ = —£—2? (B.1.39b)

and the Lyapunov derivative V, = —€%. Then, (B.1.2)(ii) guarantees that (z(t),£(t)) is
bounded and converges to the largest invariant set M, of (B.1.39) contained in the set
E, where £ = 0. But £(t) = 0 implies z(t) = 0. Applying Corollary A.1.8, we conclude
that the equilibrium (0,0) is GAS.

Comparing the two control laws (B.1.33) and (B.1.38) we see that the choice a(zx) =0
simplified the control by eliminating the %-term. Lemma B.1.2 shows how to add a single

integrator. This lemma can be repeatedly applied to add a whole chain of integrators.

Corollary B.1.4 (Chain of Integrators) Let the system (B.1.17) satisfying Assump-
tion B.1.1 with a(z) = ao(x) be augmented by a chain of k integrators so that u is

replaced by &1, the state of the last integrator in the chan:

z = flz)+g(2)

él = 52
(B.1.40)
fe1 = &
é:k = u.
For this system, repeated application of Lemma B.1.2 with &, ...,& as virtual controls,
results in the Lyapunov function
L&
Vaz. 61 &) = V(2) + 5 Y& - au(z, 6, &) (B.1.41)

=1
Any choice of feedback control which renders V, < —Walz, &, ... &) <0, with
Wolz, &, 0 0&) = 0 only if W(z) = 0'and &, = o, 1(z,&,. . &-1), T =1,...k,



APPENDIX B. BACKSTEPPING , 111

guarantees that [zT(t),&,(t),...,&(#)]T is globally bounded and converges to the largest
tnvariant set M, contained in the set

E,={[zT.&,... . &T e R**W(z) =0, = asr(z.&1, ... &) i =1, kL
Furthermore, if W(x) s positive definite, that s, if z = 0 can be rendered GAS through
&1, then (B.1.41) is a clf for (B.1.40) and the equilibrium x = 0,&; = --- = €, = 0 can be
rendered GAS through u.



Appendix C

Passivity

C.1 Passivity

we consider systems of the form

7= fz,t) + gz, t)u (C.1.1)
Yy = h(.’l?, t),

with z € R*,y € R™,u € R™, and f, g, h continuous in t and smooth in z. Suppose
f(0,t) =0and h(0,t) =0 for all t > 0.

Definition C.1.1 The system (C.1.1) is said to be passive if there exists a continuous
nonnegative ( “storage”) function V : R® xRy — Ry, which satisfies V(0,t) =0, Vt >0,

such that for allu € C° z(0) €eR", t > 15 >0

t
/ Yy (o)u(o)de > V(z(t),t) — V(z(t), to). (C.1.2)
Definition C.1.2 The system (C.1.1) is said to be strictly passive if there exists a con-

tinuous nonnegative (storage) function V : R* x R, — R, which satisfies V(0,t) =

0, Vt > 0, and a positive definite function (dissipation rate) i : R® — R, , such that for

112
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allue C°% z(0) e R, t >t >0

/ T (o)ulo)do > V(z(e),1) — V(z(to), to)

to

—l—/ttzp(:z(a))da. (C.1.3)

Passivity and Lyapunov stability are closely related concepts.

Lemma C.1.3 Suppose the system (C.1.1) is (strictly) passive. If V' is positive definite,
radially unbounded, and decrescent, that is, if there exist class KXo, functions v, and 7y,
such that 1(|z]) < V(z.t) < 7(|z]), Y(z,t) € R® x Ry, then, for u =0, the equilibrium

z =0 of (C.1.1) is globalln uniformly (asymptotically) stable.

Proof When u =0, in the case of strict passivity, differentiating (C.1.3), we have
Vo< —y(z). (C.1.4)

Thus, the equilibrium x = 0 s globally uniformly asymptotically stable. The case of

passivity s analogous. a

Many problems in parameter identification and adaptive control can be studied as feed-

back interconnections of passive systems (see Figure C.1):

gl

01
\j

Figure C.1: Feedback interconnection of two passive systems.
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& = fi(z,t)+ gz, thu

o= hi(z,t)
5, %= fol@,t) + ol thus (C.1.6)
y2 = ho(z,t)

connected by the relations

U = —Y2+ U (C.1.7)

U2 = U, (018)

where v, is a new input to the system.

Theorem C.1.4 Suppose the system ¥, is (strictly) passive with storage function Vi
(and dissipation rate v, ) independent of x,. Likewise, suppose the system 2y is (strictly)
passive with storage function Va (and dissipation rate - ) independent of z1. Then the

interconnected system (C.1.5)-(C.1.8) with input v; and output y; 18

1. strictly passive if both ¥, and X2 are strictly passive,

2. passive if at least one of the systems ¥, and ¥y is passive but not strictly passive.

Moreover, when v; = 0, of 3, s strictly passive and 34 1s passive, then the equilibrium

z = 0 is globally uniformly stable and tlim z1(t) = 0.

Proof Let us first assume that ¥y and X5 are both strictly passive. Then, in view of

(C.1.7)~(C.1.8) we have
/t:le[vl—yzldo > Vilzi(t),£) — Vi(z1(to), to)

/ (1) (C.1.9)
/t:szyldo > Va(2a(t), t) — Va(za(to), to)

/ Pa(22) (C.1.10)
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Adding inequalities (C.1.9) and (C.1.10), we obtain

/ T (0)u(o)do > V(z(t),t) — Viz(to), to)

to

i
+/ ¥(z) do, (C.1.11)
Lo
where the storage function V and the dissipation rate i for the complete x-system are
defined as
V(z,t) = Vi(z1,t) + Va(zo, t) (C.1.12)
P(z) = Pi(z1) +Pa(z2). (C.1.13)

Since V is positive definite, radially unbounded and decrescent, and v is positive definite,
this proves the strict passivity. If at least one of the systems ¥1 and ¥y s passive but not
strictly passive, then its dissipation rate 1; is at best positive semidefinite but not positive

definite, and the overall system is only passive. Finally, when vy = 0, if ¥ s strictly

Duvows TNA Yo 1S passive, then ¥, 1s positive semidefinite, and by differentiating (C.1.11)
we get

V < = (z). (C.1.14)
Thus, by Theorem A.1.1, x = 0 1is globally uniformly stable and tlim z,(t) = 0. )

The quadratic nonnegative terms in the foregoing equation represent the dissipation rate.
The dissipation rate takes different forms, which we illustrate by various special cases of
the network.

Case 1: Take R; = R3 = o0 and By = 0. Then,
uy = V.

In this case, there is no energy dissipation in the network; that is, the system is lossless.

Case 2: Take R, = 0 and R3 = co. Then,

. 1
uy =V + E—uz.
1
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This dissipation rate is proportional to u?. There is no energy dissipation if and only if
u(t) is identically zero.

Case 3: Take Ry = R3 = oco. Then,
uy = v+ R2y2.

where we have used the fact that in this case y = x;. The dissipation rate is proportional
to y%. There is no energy dissipation if and only if y(¢) is identically zero.
Case 4: Take R; = co. Then,

. 1
uy =V + Ryzi + R—3$§

The dissipation rate is a positive definite function of the state . There is no energy

dissipation if and only if z(¢) is identically zero.

Case 5: Take Ry, = oc, Ry = 0. Then,

. 1
=V + —a3.
uy + R3$2

This dissipation rate is a positive semidefinite function of the state. Notice, however,

Figure C.2: RLC Circuit Illustration of Passivity Concept.

that from the second state equation, we have
) =0=2,(t) =0

irrespective of the input u. Therefore, like the previous case, there is no energy dissipation

if and only if z(t) is identically zero.

These five. cases illustrate four basic forms of the
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dissipation rate: no dissipation, strict dissipation when the input is not identically zero,
strict dissipation when the output is not identically zero, and strict dissipation when
the state is not identically zero. These four basic forms will be captured in Definition
C.1.1. It is clear that combinations of these forms are also possible. For example, for the

complete circuit when all resistors are present, we have

2

. 1
uy = V+§—’LL2+R2&,?+ 5
1

R;

whose dissipation rate is the sum of a quadratic term in the input and a positive definite

function of the state.
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