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ABSTRACT

A linear matrix inequality. (LMI)-based_ criterion for:the global asymptotic stability and
uniqueness of the equilibrium .point is presented.” The' criterion turns out to be a
generalization and improvement over some previous criteria. The objective of this thesis s
to study about LMI apply in control theory. This thesis describes theorem, dissipative
system and the application of a technique based on linear matrix inequalities (LMI) use in
control system. The problem is reduced to finding a solution of some linear matrix
inequalities (LMI). The conditions obtained guarantee that all the control system's
solutions starting in some neighborhood of a zero equilibrium vanish as time increases.

The neighborhood description is found from the LML
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Chapter 1

Introduction

1.1 History,-of LMI

Contrary to what many authors nowadays seem to suggest, the study: of linear matrix
inequalities in the context-of dymamical systems-and centrel goes back a/long way in
history and probably starts with the fundamental work of Aleksnadr Mikhailovich Lya-
punov on thestability of motion: Lyapunov was a school friend.of Markov (yes, the one
of the Markov parameters) and later a student of Chebyshev. Around 1980, Lyapunov
made a systematic study of the local expansion and, contraction properties of motions of
dynamical systems around and.attractor.. He worked-out the idea that an invariant set
of a differential equation is stable in the sense that it attracts all solution outside the

invariant set.

Aleksandr Mikhailovic Lyapunov was born on May 25 | 1857 and published in 1982 his
work "The General Problem of the Stability of Motion’ in which he analyzed the question
of stability of equilibrium motions of mechanical systems. This work serve as his doctoral
dissertation and was defended on September 1982 in Moscow University. Put into modern

jargon, he studied stability of differential equations of the form

1
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T = A(x)

where A : R™ — R™ is some analytic function and z is a vector of position and velocities
of material taking values i a finite dimension state space X = R™. As Theorem it contains

the statement that

if the differential equation of the disturbed/motion is such that it is possible to
find a definite function-V._of which the derivative V>-is a function of fized sign
which is opposite to that of V, or reduces identically to_zero, the undisturbed

motion is stable.

The intuitive.idea behind this result is that the so-called Lyapunov function V can be
viewed as a generalized ’energy function’ (in the context of mechanical system the kinetic
and potential“energies always served-as typical Lyapunov functions). A system is then
stable if it is ’dissipative’ in' the sense that the Lyapunov function decreases. Actually,
this intuitive idea turns-out to'be extremely fruitful in understanding the role of linear
matrix inequalities in may problems related to analysis and synthesis of systems. We will

consider stability issues in much more further.

1.2 Review of useful'matrixtheory

1.2.1 Introduction

Matrix theory is a field of basic interest and has applications in scientific computing, dif-
ferential equation, probability and statistics, control system theory, operational research,
optimization, mathematical physics, economics and engineering disciplines. A lot of the-

orems in matrix theory appear in the form of inequalities. Given any complex valued
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function defined on matrices, there are inequalities for it.

Application in control system theory, we can reduce a very wide variety of problems
arising in control system theory to a few standard convex or quasiconvex optimization

problem involving linear matrix inequalities (LMI) which is the form

Flz) .=Fy+Y0qwd5 >0, (1.2.1)

where z € R™ is the variable and the symmetric matrices F; = Ff. e M,(R),i=0,...,m
are given. The symbol F{z) > @ means that F'(x)is positive definite which is come from

Lowner partial order. These LMI are the constraints of the optimization.

1.2.2  Definitions, theorem and literature reviews

The purpose of this subsection isto catalog briefly, without preof, a number of useful

concept and facts about.the matrix which is the main portion.of this thesis

A square matrix'A is symmetriciif AT ="A¢ A'is Hermitian if A" =/A/ A is orthogonal
if AAT = 1. A is unitaryif’A*A = I. A is real orthogonal'if A is unitary and real. And
A is normal if A*A = AA,

Definition 1.2.1 Let A,B € M,,,(F). For inder sets a« C {1,2,...,m} and B8 C
{1,2,...,n}. We denoted the submatriz that lies in the rows of A indezed by a and
the columns of A indezed by B as Ala, B]. If m = n and a = 3, the submatriz Ala,f} is

called a principal submatriz of A and is abbeviated by Ala}

Let A € M, scalar A € C is called eigenvalue of A if there exists a nonzero vector

x € C” such that Az = Az and the vector z is called the corresponding eigenvector of
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A associated by with A. The set of all eigenvalues of A is called the spectrum of A and
is denoted by o(.4). The spectral radius of A denoted by p(A), is the nonnegative real
number p(A) = maz{|A : X € d(A4)}.

Definition 1.2.2 Let p(t) = ap + ait + --- + ant™ be a polynomial in t(a, # 0). A

polynomial in A € M, s defined as p(A) := agl + a1 A+ --- + a, A™.

Theorem 1.2.3 Let p(-) be given polynomual. If A is an eigenvalue of A € M, and
z € C™ is the corresponding eigenvector of A. Then. equation p()) is an eigenvalue of

p(A) and x is the corresponding eigenvector/of p(A).

Definition 1.2.4 Thought-of as a formal polynomial in-t, the characteristic polynomial
of A € My is defined by pa(t):= det(t{1 — A). ‘The equaiion det(tl — A) =0 is called the

characteristic equation of A.

Theorem 1.2.5 Lei pa(t) be the-churacteristic. polynomial of A € M,. Thenpa(A) =0.

Definition 1.2.6-The trace of square matriz A is the sum of el its-main diagonal’s

entries, and. is denoted by tr(A).

Proposition 1.2.7 Let A, B € M, and o, (3-be scalars. Then

(a) tr(aA + BB) = atr(A)+ B(B) i tr(-)is linear.
(b) tr(AB) =tr(BA).

(c) tr(A*A) = ZLJayl*.

1.2.3 Function of Matrix

Theorem 1.2.8 Given a complez-valued function f of complex variable t. Let A €

M, A, ., A\, € B(A) and p(t) be the characteristic polynomial of A.
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m m

p(t) = H(t - A n = Zm.

=1 =1

define h(t) = Bo+ Bt +- -+ Bac1t™ L. Po, B, .., Buor are to be solved from the following

set of equalions:

f(l)()‘i) = hu)()\i)'

for alll = 0,...,n~ ¥, for alli=0;.,m. Then f(A) = h(A) and h(t) is said to equal

f(t) on the spectrum of A.

Theorem 1.2.9-1f A & M, is a block diagonal mairiz,

A = diag[Al, AQ, ...,Ak].

and the function [ is defined on the spectrum of A, then

F(A) = diag[f (A (Az)5es f (Ab),

Theorem 1.2.10 If A, ByP &M, where B = PAP= and the function f is defined on

the spectrum of A, then

f(B) = P{(A)P

Definition 1.2.11 The exponential of A € M, is depend on the power series:

et = —I—A"‘
n!

n=0
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1.2.4 Positive definite matrix

Definition 1.2.12 A matriz A € M, is said to be positive definite if for all nonzero

x=cC?

T Az >0

If the strict inequality required*in is weaken to z7 Az~> 0;.then A is said to be positive

semidefinite.

Proposition 1.2.13-Let A, B € M, be positive definite matrizThen

(a) A is Hermitian.

(b) A is positive semidefinite.

(c) AT A and A*~are positivedefinite.

(d) The positive. linear combination of A and B are also positive definite.
(e) AB is positive definite,"A* is also.positive definite_for k =0,1,2,...
(f) Any principab.submatriz-of A is positive definite.

(g) All eigenvalues of A are positive real-numbers.

(h) The determinant, the trace, all principal minors and the main’s diagonal entries of

A are positive real numbers.
(7) A is nonsingular, A~ is also positive definite.

(7) A is full rank.

Theorem 1.2.14 Let A € M,,. The following statements are equivalent
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(a) A is positwe definite.

(b) z*Az > 0 for all nonzero © € C™.

(c) H(A) := (A" + A) is positive definite.

(d) A is positive semidefimite and nonsingular.

(e) A is positive semidefinite and full rank.

(f) A is symmetric and zT Az >0for all nonzere.x € R™ (in this case, A is real)
(9) A is symmetrie and have oll eigenvalues positive (i this ease, A is real)

(h) A is Hermwition-and-3-a monsingular matriz-C €-Mp—such that C*AC 1is positive

definite.
(7) 3 a nonsingular mairiz B.€ My, such that A='B'B

() 3 a nonsingular upper triangular matriz L & AL, with positive diagonal entries such

that A=L*L. If A is real”L mnay be taken to be real.

Theorem 1.2.15 Let'A € M,, be positive-semidefinite and let k >'T be given integer.
Then there exists’a unique positive semedefinite matriz' X such that X*' = A. We also

have

(a) AX = XA and therevis_a polynomial p(t) such that"X. = p(A).

(b) rank X = rank A, so X is positive definite if A is real.

(c) X is real if A is real.
The most useful case of the preceding Theorem is for k = 2. The unique positive
(semi)definite square root of the positive (semi)definite matrix A is usually denoted by

Az. Similarly, A% denote the unique positive (semi)definite k — th root of A for each

case k=1,2,...,n.
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1.3 Kronecker product

A notion that is useful in the study of matrix equations and others applications, and is
of interest in it own right, is the Kronecker product, direct product or tensor product of

matrices.

Definition 1.3.1 The Kronecker product of A = [a;)] € M o(F) and B = [b;; € M, o(F)
is denoted by A @ B 1s defined to be a block matriz.

allB alB
AR B i=

B |\ PG B

Definition 1:3.2 Let. A =la;; € M,,,(F The k= th Kronecker power, and A® s defined

inductively for all positive integer k by A® = A \and fork =1,2,... B ='[b;; € M, ,(F)

ARK — A @A RAZF!

Proposition 1.8.3 dn general, AQ B # B ® A, that is, the Kronecker product is not

commutative. Some very basic properties of the Kronecker productinclude

(a) (aA)® B = a(A® B) = A®(aB), for alla€(F), A c M,, ,(F) and B € M, ,(F).
(b)) (A@ B)T = AT ® BT, for all A € M,, o(F) and B € M, 4(F).

(c) (A® B)* = A*® B*, for all A € M,, ,(F) and B € M, ,(F).

(d) (A®B)®C = A®(B®C), for all A€ M, ,(F), B € M,,(F) and C € M, (F).
() (A+B)®C=(A®C)+(B®C), for all A,B € M, .(F) and C € M, (F).

(f) A (B+C)=(A®B)+(AQC) , for all A € My ,(F) and B,C € M, ,(F).
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Lemma 1.3.4 Let A = [aj; € M, (F),B € M, ,(F),C € M,x(F) and D € M, (F).
Then (A® B)(C® D)= AC ® BD.

Corollary 1.3.5 If A = [a,; € M, ,(F) and B € M, (F) are nonsingular, then (A ®
B! =A"l® B

Theorem 1.3.6 Let A = [a;; € Mynn(F) and B € M, ,(F). If X € 0(A) and z € C™
is the corresponding eigenvector of A,-and-if-u.€ o(B) and y € C™ is the corresponding
eigenvector of B. Then Mg €0(A ® B) and z ® y € C™™.is corresponding eigenvector of
A® B. Every eigenvalue of AQB_arises as the product of the eigenvalues of A and B. If
o(A) = MM, .4, X} and o(B) = {pd. ..., pn}, then o(lA®B) = {\ipy,0=1,2,...,m,j =
1,2,...,n}. In‘particular, 6(AQ B) = d(B.® A).

Proposition 1.3.7 If A& M, B € M,, then

(@) o(A@By= a(B QA
(b) detA® B) =det(B ® A)=(det{A))™ (del(B))™.

(¢) tr(A® B)=tr(B&A4)=1r(A)tr(B):

(d) rank(A ®B) ='rank(B @ A) =rank(A)rank(B).
(e) A® B and B ® A have the same singular, values.

(f) A® B is normal if and only if B®A-snormal.

(9) A ® B is unitary if and only if B ® A is unitary.

(h) A® B is always permutation equivalent to B @ A, moreover B ® A is permutation
similarity to B® A.

Definition 1.3.8 With each matriz A = [a;; € M, .(F), we associate the vector vec(A) €

F™ defined by vec(A) := [a11, .., Q1ny @21, e, Q2 Arnly ovy T T
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Proposition 1.3.9 vec(-) is linear, i.e., vec(aA + B) = avec(A) + fvec(B).

Lemma 1.3.10 Let A =€ M, ,(F), B € M, o(F) and X € M, ,(F). Then vec(AXB) =
(BT ® A)vec(X).

1.4 Applications of the Kronecker product to matrix

Equations

We start by studyingthe general-linear matrix equation
AiX By A XB; + - -+ AXB,=C. (1.4.1)

where A; € C™™ B, ¢ C*7(7 = 1,2/.44yp) X, C € C™*™. and its-particular cases.
The method we use relies on the assertion of Kronecker Product proposition and reduce

(1.4.1) to a matrix vector equation of the form Gz = -¢, where G € C"™™" and ¢ € C™".

Theorem!' 1.4:1 (A matriz. X & CT*™ is a solution of (1.4.Y) % and only if the vector

z =vec X 15 a solution of the equation

Gr=c (1.4.2)

with G = Y-7_|(B] ® A;) and c=vec-C.

Proof By proposition of Kronecker Product, vec(A;X B;) = (B] ® A;) vec X for each

(1 =1,2,...,p). Since the function vec A is linear. Then

p
vee C = E(B]T ® A;) vee X

j=1

and the result follows.
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Having transformed the linear matrix equation to and equation of the form Gz = c,
we may now apply the results developed further to determine criteria for the existence

and uniqueness of a solution.
Corollary 1.4.2 Fquation (1.4.1) has a solution X if and only if rank |G ¢| =rank G.

Corollary 1.4.3 Equation (1.4.1) has a unique solution if and only if matriz G in (1.4.2)

18 nonsingular.

We now consider andmportant.pasticular case of (1.4.1}); the matrix equation

AX 4 XB'=0 (1.4.3)

Theorem 14.4  Equation; (1.4.3) has a umque solution if and only if the matrices A

and — B haveno eigenvalues in common.

Proof In the case being considered, the smatriz G 4n (L4.2)%is (I, @A)+ (BT ® (Im)
and its eigenvalues are'the number A\ F ps, 7 =1,2,.. Jm,s = 1,2,. /. yn. It remains
now to apply Corollary (14.2)-and recall that o matriz-nonsingular if and only if all its

eigenvalues are nonzero.

There is a special case in which-we_can obtain an explicit form for the solution matrix

X of Equation (1.4.3).

Theorem 1.4.5 If all eigenvalues of the matrices A € C™*™ have negative real parts

(that is, A and B are stable), then the unique solution X of Equation (1.4.3) is given by

X =~ / e CePldt. (1.4.4)
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Proof First observe that the conditions of the theorem imply that A and —B have no

eigenvalue in common, and hence there is a unique solution X of Equation (1.4.3).

Consider a matriz-valued function Z(t) defined as solution of the initial-value problem

dZdt = AZ + ZB, Z(0) = C. (1.4.5)

The solution of Equation (1.4:5) is

Zit) = e Gl

Now observe that,integrating the differential equation in Equation (1.4.5)from ¢ = 0 to

t = oo under the-hypothesis that -matriz (4) exists, we obtain

7o)t Z(0) =4 /0 " 20 de /0 s,

Hence assuming, in addition, that

%(c0) =lim PLLTAN- g1 (1.4.6)
it is found that the matriz given by Fquation (1.4.4) is the (unique) solution of Equation
(1.4.3). Thus it suffices to check that, for stable A and B. The assumptions we have had to

make are valid. To this end, write the spectral resolution for the function e(0 < t < 00).

s mgl

e =" e (1.4.7)

k=1 j=0
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where A\, Ag, ..., Xs. Sincexy < 0(k=1,2,...,5), it follows that, for each k,exp(At) —
0 ast — co. Hence (see Equation (1.4.7)) limy_o € = 0 and similarly, lim, . €®* = 0.

Thus, the relation as well as the existence of the integral in follow.

1.5 Literature reviews

Theorem 1.5.1 If A, B € M, are positive definite. Then

(a) A> B if and oplyif B™' > A~

(b) If A > B,/then det(AY >det(B) and tr(A) = trn(B).

(¢) If A > B, then det(A)> det(B) and4r(A) 2 tr(B)-

(d) More/generally, if A2 B then X (A) 2 M(B) for allk'="1,2, ...,n if the respective
eigenvalues.of A and B are-arranged wmn the same order.

Theorem 1.5.2' IfA, B € My are positwe definite. Then

(a) A~Vo' B> (AoB) L.
(b) A7 o AL >(Ao A)7 L

(c) Ao A > > (A7 0 A) L.

Lemma 1.5.3 Let A > 0. Then

A B
>0

B* C

if and only if the Schur complement

C-BA'B>0
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Lemma 1.5.4 Let ® be a unital positive linear map from M, to M,. Then

D(A2)

v

D(A)? ,(A>0). (1.5.1)

(A > dA) (4> 0). (1.5.2)

Theorem 1.5.5 Let ® be a unital positive linear map from M,, to M, and f is an

operator convex monotone function on [0,00). Then for all A >0,

(@A) = D(F(4)):

Theorem 1.5.6 Let © be a unttal positive \linear map frem M, to M, and f is an

operator ¢onver monotone function on [0,00). Then forall'A <0,

[(B(A)) £ 2(£(A))-

Lemma 1.5.7 There ezists @ unital positive linearmap from Mye to My such that P(A®
By= Ao B forall A, B.e M,.

Theorem 1.5.8 (Lowner-Heinze) If\ A >B > 0and 0 < n<'1. Then A™ > B”

F(2(A)) < B(F(A)).

Corollary 1.5.9 Let ® be a unital positive linear map from M, to M,. Then

(A < A, A>00<r<1.

P(A")

v

(A , A>0,-1<r<0or <7r<2

P(log A) < log(®(A)) , A>0.
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Corollary 1.5.10

AToB" < (AoB)Y , AAB>0,0<r<1.

A"oB" > (AoB) , A/B>0,-1<r<0or

IA
-

IA
N

(logA+logB)ol < log(AoB), AB>0.

Theorem 1.5.11 If A> B > 0 then

(BTAPBT)%I ~ B(P+q2*)
WP s\ A BPan) s

!

forr>0,p>0,qg > 1 with (1 +2r)g > p+ 2p.

Theorem 1.5.12_Let A, B, X, Y & My, with- A,/ B > 0. Then

(X*A K)o (Y BV LS (X 6Y)* (Ao B;“‘(X oY)
(XA (YBYY), 2 (X4 X)) (A+ By X +7Y).

Corollary 1.5.13 Let A, B, X,Y € M,, with A,B > 0. Then

(X*X)o (Y'Y)

v

(XoY)'(XoY).

A 'o B!

v

(Ao B)™.
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1.6 Stability

1.6.1 Lyapunov stability

As mentioned in late content, Aleksandr Mikhailovich Lyapunov studied contraction
and expansion phenomena of the motions of a mechanical system around and equilib-
rium.Translated in modern jargon, the study of Lyapunov stability concerns the asymp-
totic behavior of the state of an autonomous dynamical system. The main contribution of
Lyapunov has been to define the concept of stability, asymptotic stability and instability
of such systems and‘to give-a.method of verification of these coneepts in terms of the
existence of functions; called Lyapunov functions. Both his definitioniand his verification
method characterize, in alocal way, the stability properties of an autonomous dynamical
system. Unfortunately, for the general class of nonlinear systems there are no systematic
procedures for finding Lyapunov functions. However, we will see that, for linear systems
the problem.of finding Lyapunov functions'can be/selved adequately as a feasibility test

of a linear matrix-inequality.

Let X be aset and'T TR A flow isa mapping ¢+ T X' T x X — X_which satisfies the

(a) consistency property: ¢(t,t,z) = z and the

(6) semi-group property: $(¢1,=4,20) = @(t1, Loy b(to, -1, 20)) for all t_; < 1o < t; and

xp € X.

The set X is called the state space (or the phase space) and we will think of a flow as a
state evolution map. A flow defines an unforced or autonomous dynamical system in the
sense that the evolution of a flow is completely determined by an initial state and not by
any kind of external input. A typical example of a flow is the solution of a differential

equation of the form
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&= f(z(t),1) (1.6.1)

with finite dimensional state space X = R™ and where f: X x T — X is a function. By
a solution of Equation (1.6.1) over a (finite) time interval 7 C R we will mean function
z : T — X which is differentiable every where and which satisfies Equation (1.6.1) for all
t € T. By a solution over the unbounded interval R, ,R_ or R we will mean a solution
over all finite interval T" contained in either.of these sets. Let us denote by ¢(¢, to, zo) the
solution of Equation (1.6.1) at"time ¢ with initial condition x(ty) = xp. If for all pairs
(to,x9) € T x X one ¢an guarantee existence /and uniqueness of a solution ¢(t, tg, o) of
(1.6.1) with ¢t €7, then the mapping ¢ satisfies the consistency and semi-group property,
and therefore definesflow. In that case, ¢ is said/ to_be the-flow associated with the

differential equation (1.6.1). Thisflow is called. teme-invariant if

e+ Ty ko L7 m0) = d(tto, To)

for any 7 € T Itlissaid tobe linear if X is a vector space and ¢(f, o) -)is linear mapping
for all time instances ¢ @nd ¢y, For time-invariant flows we usually. take (without loss
of generality) to <= 0 as initial time. | We remark that the condition on existence and
uniqueness of solutions-of Equation (1.6.1) holds whenever f.satisfies a global lipschitz
condition. That is,if X has the structure of a normed vector space with norm || - |, and

if for some L > 0, the inequality

If(z,t) = f(y, D)l < Liz -yl

holds for z,y € X,t € T.

An element z* is a fixed point or an equilibrium point of Equation (1.6.1) if f(z*,t) =0

for all t € T. It is easy to see that z* is a fixed point if and only if ¢(1,49,2*) = z* is a

72861
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solution of Equation (1.6.1) for all ¢ and ¢y. In other words, solution of Equation (1.6.1)

remain in z* once they started there.

There exists a wealth of concepts to define the stability of a flow ¢. The various notion of
Lyapunov stability pertain to distinguished fixed point z* of a flow ¢ and express to what
extend and other trajectory ¢(t, ¢y, x¢), whose initial state x4 lies in the neighborhood of

x* at time tp, remains or gets close to ¢(t, to, z*) for all time instances t > .

Definition 1.6.1 (Lypunovstability) Let ¢ : T xT x X be'aflow and suppose thatT = R

and X is a normed vector space._The fized pdint-£*is said to be

(a) stable /(in the sense of-Lyapunoev) if given any e-> 0 and ty € T, there erists

§ = 8(g, toy> O (not depending on t) such that

lzo.— T < o =0llole, toy20) — "< e forall t > t,. (1.6.2)

(b) attractive'if for allity € T ithere ezists d = 0(to) > 0 with the property that

Jlzo2el) <6 fim fl (1t oy 5| =10 (1.6.3)

(c) exponentially stable—if for-all to\ € T there erists & ="6(ty),' @ = a(ty) > 0 and
B = B(to).>.0 such_that

lizo — z*|| <6 = |6 to,z0) — z*|| < BllB(L, o, To) = z*[je” ) Vt > ¢,(1.6.4)

(d) asymptotically stable (in the-sense_of Lyapunov) if it is both stable (in the sense of

Lyapunouv) and attractive.
(€) unstable if it not stable (in the sense of Lyapunov)

(f) uniformly stable (in the sense of Lyapunouv) if given any € > 0 there exists § =

§(e) > 0 (not depending on ty) such that (1.6.2) holds for allty € T.

(g) uniformly attractive if there exists § > 0 (not depending on to) such that (1.6.3)
holds for allty € T.
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(k) uniformly exponentially stable (in the sense of Lyapunov) if there exists 6 > 0 (not
depending on ty) such that (1.6.3) holds for allto € T.

(1) uniformly asymptotically stable (in the sense of Lyapunov) if it both uniformly stable

(in the sense of Lyapunov) and uniformly attractive.

In words, a fixed point is stable if the graphs of all flow that initiate sufficiently close to
x* at time ¢y, remain as close as desired to z* for all time t > t5. Stated otherwise, a
fixed point is stable if the mapping @(&;tg;+)is-continuous at z*, uniformly in ¢ > to. The
region of attraction agsociated with a fixed point z* is defined to be the set of all initial
states zop € X for.which @(t, to, zo) = x* as ¢t/ co. 1f this region does not depend on ¢,
it is said to be sniform, if it coincides with X then z” is globally attractive. Similarly,
we can define the region(of stability, the region-of asymptotic stability and the region of
exponential stability associated with-z*. If these regions cover-the entire state space X,
then the fixed. point is called globally asymptotically stable; globallvistable or globally

exponentially stable.

We remark that there exist examples of stable fixed points that-are not attractive, and
examples of attractive fixed point that are not stable..The notion of exponential stability
is the strongest in thesense that an exponentially stable fixed point is also asymptotically
stable (i.e. a stable‘attractor). Similarly, uniform exponential stability implies uniform

asymptotic stable.

For regulation task, the designed system is time invariant (TI)

= f(z) (1.6.5)
in which case we are interest in its invariant sets.

Definition 1.6.2 A set M is invariant if
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2(t) € M = z(t) € MVt > t,. (1.6.6)

Proposition 1.6.3 Let ¢ : T x T x X be a flow with T = R and suppose that z* is o
fized point. If ¢ is linear then

(a) z* is attractive if and only if z*. is-globally. attractive.

(b) z* is asymptotically stable if anid only if ©* is globally asymptotically stable.

(c) x* is exponential-stable-if ‘and only if «* is globally-exponentially stable.

If ¢ 1s time-invariant then

(a) @ is stable if and only if x*_is uniformly stable.

(b) z* is asymptotically stable if and only-if z* is uniformly asymptotically stable.

(¢) x* is exponentially stable if and onlyif x* iscuniformiy exponentially stable.

Definition 1.6.4 “(Definite functions ) Let §-C R™ have the'point'z* in its interior and
let T CR. A functionV':.§6 X TR is said to be

(a) positive definite (with respect to =*) if there exist a continuous, strictly increasing
function a : Ry — R, with a(0) = 0 such that V(z,t) > a(llz — z*|| for all

(z,t) e d x T.
(b) positive semi-definite if V(z,t) > 0 for all (z,t) € § x T.

(c) negative definite (around z* Jor negative semi-definite if —~V is positive definite or

positive semi-definite, respectively.
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We introduced positive definite and positive semi-definite matrices in late Chapter. The
use of terminology is consistent with Definition (1.6.4) in the following sense. If X is a

real symmetric matrix then for all vector  we have that

Amin(X)llz? < 2" Xz < Armaz (X)l|z][?.

Hence, the function V(z) := z¥ Xz (not depending on time) is positive definite with
respect to the origin if and only if the smallest eigenvalue A ,;,(X) is positive. Hence,
X deserves to be called a positive-definite matrix in that casew Similarly, V is negative
definite with respect to the origin-if and only-if X4 < 0., We denoted this by X < 0

and X > 0, respectively.

Consider the system (1:6:1) and suppose that z* is ‘and equilibrium ;peint. ' Let 0 be a
set which has'z* in itsiinterior and suppose that V : d x;T ~ R has continuous partial
derivatives (i.e., V-is-continmously différentiable). Consider,for (zo.t5) € 6 x T, the

function V?* :“T’, . X defined by the composition

V() =Vt do,20), )

Then this function is differentiable and'its 'derivative reads

v*(t) = 8IV(¢(ta t07 .'L‘()), t)f(¢(t) th -’L'O)v t) + atV(¢(t7 tO, -’130)7 t)'

Now introduce the mapping V' : § x T — R by setting

V() = 0,V (x, ) f(w, ) + O,V (x, 2). (1.6.7)

V' is called derivative of V along trajectories of Equation (1.6.1) and, by construction, we

have that V*(t) = V'(#(t, 1o, 20), t) for all t € T. It is very important to observe that V’
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not only depends on V but also on the differential Equation (1.6.1). It is rather common
to write V for V/ and even more common to confuse V* with V’. Formally, these objects

are different as V* is a function of time, whereas V' is a function of the state and time.

The main stability results for autonomous systems of the form Equation (1.6.1) are

summarized in the following result.

Theorem 1.6.5 (Lyapunov theorem) Consider-the differential Equation (1.6.1) and let

z* € X be and equilibrium point which belongs to the interiorof a set é.

(a) If there exists a positive definile, continuously differentiable function V : 6 x T — R
with V(z*,t) =.0-and V" negative semi-definite, then a*-is.stable. \If, in addition,

V' is/decrescent, then x*is uniformly stable.

(b) If there exists a positive definite decrescent and continuously differentiable function
V6 xT — Rath V(z* t) = 0tand V' negative definite, thew x* us uniformly

asymptotically stable.

Storage function, intreduced in Chapter Dissipative system, and Lyapunov function are
closely related as can been seen by comparing (1.6.7) with-the differential dissipation
inequality (3.2.4). Indeed, if w(t) =w*-is taken to a constant input.in'the input-state-

output system (3.2.1) then we obtain the autonomous time-invariant system

¢ = flz,w)

z = g(z,w").

If z* is an equilibrium point of this system and if this system is known to be dissipative

with respect to a supply function that satisfies

s(w”, g(z,w")) <0.
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for all  in neighborhood of z*, then any (differentiable) storage function V satisfies the
differential dissipation inequality (3.2.4) and is monotone non-increasing along solutions
in a neighborhood of z*. If the storage function is moreover non-negative in this neigh-
borhood, then it follows from Theorem (1.6.5) that z* is a stable equilibrium at z*. In
that case, the storage function V is nothing else than a Lyapunov function defined in a
neighborhood of z*. In particular, the dissipativity of the system implies the stability of

the system provided the storage function is non-negative.

Unfortunately, of this general class of nonlinear differential equations there are no system-
atic procedures for actually finding such functions. -We will see next that more explicit
results can be/obtained for the analysis of stability ef solutions of linear differential equa-

tions.

Together with the autonomous systemn (1.6.1) letus consider-the lincar autonomous
system
= Az (1.6.8)

where A : R® —R? is<a’linear map obtained as the linearization of f : X — X around

an equilibrium point &*'€ X of (1:6.1). Precisely, forz* € X wewrite

f(z)=f(z*) + Z g—gi(x*)[:c -z + ..

where we assume that f is at least once differentiable. The linearization of f around z~

is defined by the system (1.6.8) with A defined by the real n x n matrix
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All elements is ker A are equilibrium points, but we will investigate the stability of (1.6.8)
at the equilibrium z* = 0. The positive definite quadratic function V : X — R defined
by

Viz)=2"Xz

serves as a quadratic Lyapunov function. Indeed, V' is continuous at z* = 0, is assumes
a strong local minimum at @* =0 (actually this is a'strong.global minimum of V'), while

the derivative of V(&) in the direction of the /vectorfield Az is.given by

Vo Az =27 [ATX 5 X Alx

which shouldbe negative to guarantee that teh originis ans asymptoticstable equilibrium

point of (1.6.8). We thus obtain the following result:

Proposition 1.6.61 Let the linear system (1.6.8) be a linearizationof (1:6.1) at the equi-
Librium x*. The following statement are equivalent

(a) The origin is an asymptotic stable equilibrium for (1.6.8).

(b) The origin is a global asymptetic, stable equilibrium for(1:6.8).

(c) All eigenvalues A(A) of A havesstrictly-negative real part.

(d) The linear matriz inequalities

ATX + XA<0,X >0
are feasible.

Moreover, if one of these statements hold, then the equilibrium =~ of the flow (1.6.1) is

asymptotically stable.
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As the most important implication of Proposition (1.6.6), asymptotic stability of the
equilibrium z* of the nonlinear system (1.6.1) can be concluded from the asymptotic

stability of its linearization at z”.

Theorem 1.6.7 (La Salle) Let Q2 be a positive invariant set of (1.6.5). LetV : Q —
Ry;,v € C! such that v(z) <0, Vz € . Let E{x € Q|i(x) = 0} and let M be the largest

nvariant set contained in E.

Then, every bounded solutiona(t). starting inS-converges to M as t — oo.

Corollary 1.6.8 (Asymptotic-Stability) Let = = 0-be the only equilibrium point of
(1.6.5). Let V 4+ R* — Ry bela conlinuously differentiable (V € G),be positive defi-
nite,R.U. suéh that V <0,¥z ¢’ R

Let E{z € R™u(z) = 0}, and suppose that no solution other than. z(t) = 0 can say

forever in E.0Then the origin is globally asymptotically stable (GAS.).

Assumption 1.6.9 Consider the system

z = flz) +g{z)u, f(0) = 0. (1.6.9)

where

z € R": state

u €R :control input

3 control law u = a(z),a(0) = 0,a(z) € C! (1.6.10)

3 C=, be positive definite, R.U.,V : R® — R such that
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ov, .. oV

V=ax®t =55

(@) f(z) + g(x)ul(z)] < =W(z) <0,Vz € R"

where W : R™ — R is positwve sema-definite (P.S.D.).

Under this assumption, the control (1.6.10), applied to the system (1.6.9), guarantees
global boundedness of «(¢), and, via the LaSalle-Yoshizawa theorem, the regulation of

W (z(t)) :

lim W (z(t))=0. (1.6.11)

t—o00

A strong convergence result.is obtained:using LaSalle’s theorem with 2 = R" © z(t)

converges to the largest invariant set’ M contained in

E={z'e RMW(z) =0}

Clearly, if W{z).is positive definite, the control {1.6.10) renders = =/0 the globally

asymptotically'stable (GAS.) equilibrium of (1.6.9).

Lemma 1.6.10 (Integrator-Backstepping) (1.6.9) augmented by an integrator:

& = f(z)+ g(z)¢ (1.6.12)

£ =u (1.6.13)

and suppose that (1.6.12) satisfies Assumption (1.6.9) with £ € R as its control.

(¢) If W(x) is positive definite, then
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Vi(z.€) = V(z) + %[g — (o) (1.6.14)

is a clf for the full system (1.6.12), that s, there emsis u = aq(x, &) which renders
=0, & =0 the GAS equilibrium of (1.6.12). One such control is

oV (zx)
oz

u=—c(&~ alx)) + %[f(:c) +.g(x)¢] — g(z),e >0 (1.6.15)

If W(z) is only positive semi defimite, then there exists a feedback control which
renders Vy < —Wo(z,6)-< 0 such that W(z,£)>0 wheneverW(z) > 0 or £ #

T
alz). [This guarantees global boundedness and convergence of to the largest

£(t)

T
invariont set. M, contained in-the set £, ={ e R"™WW(zy=0,& = a(z)}.
§
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Chapter 2

Linear matrix inequality

2.1 Linear-matrix inequalities

2.1.1 = What are they?

A linear matriz ineguality is an expression of the form
F(Jl) = Fog+ o, Fiy+ o4z, <0 (211)

where

o = = (19,...,T,)'s a.vector of n real numbers called ‘the decision variables.
o Fy, ..., F, are real symmetric-matrices, Le.,f5= F[ for j =0,...,n.

e the inequality < 0 in Equation (2.1.1) means 'negative definite’. That is, uT
F(z)u < 0 for all non-zero real vectors u. Because all eigenvalues of a real sym-
metric matrix are real, Equation (2.1.1) is equivalent to saying that all eigenvalues

M F(z)) are negative. Equivalently, the maximal eigenvalue Ap,q.(F(z)) < 0.

It is convenient to introduce some notation for symmetric and Hermitian matrices. A

matrix A is Hermitian if it is square and A = A* = AT where the bar denotes taking

29
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the complex conjugate of each entry in A. If A is real then this amounts to saying that
A = AT and we call A symmetric. The sets of all m x m Hermitian and symmetric
matrices will be denoted by H™ and S, respectively, and we will omit. the superscript

m. if it 1s not relevant for the context.

Definition 2.1.1 (Linear Matriz Inequality) A linear matrix inequality (LAMI) is an

inequality

Flz) <0 (2.1.2)

where I is an/affine function miapping a finite dimensional vector space X to either H

or S.

Remark 2.1.2 An affine mapping £ : X — S necessarily takes the form F(z) = Fy +
T (x) where Iy & S(i.e., Fylis real, symmetric) and T: X > S is g lincartransformation.
Thus if X is<finite ‘dimensional, ‘say of dimension. n, and e),.,€, ‘constilutes a basis for

X, then every.xeX can be represented as ti=Y .

i1 Tj€5 and we-can write

T(a) =TS 7o) Dow:

where F; = T'(e;) € S. Hence'we obtain (2.1.1) as a special-Case.

Remark 2.1.3 In most control applications, LMI’s arise as functions of matrix vari-
ables rather than scalar valued decision variables. This means that we consider inequali-
ties of the form (2.1.2) where X = R™>*™_ A simple ezample with my = my = m is the
Lyapunov inequality F(z) = ATX + XA+ Q < 0. Here, A, Q € R™™ are assumed to be
given and X is the unknown matriz variable of dimension m x m. Note that this defines
an LMI only if Q@ € S™. We can view this LMI as a special case of (2.1.1) by defining

an arbitrary basis ey, ..., e, of X and writing X = Z;l:] z,e;. Then
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F(z) = F(Z T,e;) = Fo+ ZI]F(CJ‘) = Fy+ ZIJFJ
1=1 J=1 7=1

which is of the form (2.1.1). The coefficients x, in the expansion of X define the decision
variables. Note that the number of decision variables 7 is at most m? and depend on the
structure imposed on the matrix variable X. For example, of the matrix variable X is

required to be symmetric, X = 8™ and n = m(m +1)/2.

Remark 2.1.4 A non-strict"LMI is a linear matriz inequality where < in (2.1.1) and
(2.1.2) is replaced by <. The matriz inequalities F(z) >0, andF(x) < G(z) with F and
G affine functions are-obtained lus special cases of (2.1.1)-as-they can be rewritten as the

linear matriz/inequalilies - F{x) < B.and F(x)—= G(z) <0.

2.1.2 = Why. are they interesting”

the linear matrix ineguality (2.1:2) defines a’convez constraint-on,z. That is, the set
0=z Flg) <0
of solutions of the"LMI F{z) <0 is convex. Indeed, if 21,2, € pand a € (0,1) then
Flaty ¥ (@ — a)zy) = aF(zy) + (1 @) f(zs) <0

where we used that F' is afine-and where the-inequality foHows from the fact that a > 0

and (1 —a) > 0.

Although the convex constraint F'(z) < 0 on = may seem rather special, it turns out that
many convex sets can be represented in this way and that these sets have more attractive
properties than general convex sets. In this subsection we discuss some seemingly trivial
properties of linear matrix inequalities which turn out to be of eminent help to reduce
multiple constraints on an unknown variable to an equivalent constraint involving a single

linear matrix inequality.
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Definition 2.1.5 (System of LMI's) A system of linear matrix inequalities is a finute

set of linear matriz inequalities

Fy(x) <0,..., Fx(z) < 0. (2.1.3)

From Proposition 1.4 we inter that the intersection of the feasible sets of each of the
inequalities (2.1.3) is convex. In other words, the set of all z that satisfy (2.1.3) is convex.
The question now arises whether or not this set can be represented as the feasibility set

of another LMI. Ther answer is-yes. Indeedf(z) <0, ..., F) < 0 if and only if

- =
0 Fylx 0
) <10
0 0 S8 Fela)
L J

The last inequality indeed makes sense as F(x) is symimetric(or Hermitian)for any z.
Further, since the set of eigenvalues of 'F(x) is simply| the union. of the eigenvalues of
Fi(z), ..., Fi(x),any = that satisfies F(x) < 0 also satisfies the system of EMI’s(2.1.3) and
vice versa. conclude that multiple LM constraints can always be converted to a single

LMI constraint.

A second important property amounts.to incorperating affine constyaints in linear matrix

inequalities. By this; we mean that combined constramnts'\(inthe unknown z) of the form

{F(z)<0 {F(z)<0
Az=b z=Bu+tcforsomeu

where the affine function F' : R® — S, matrices A and B and vectors b and ¢ are given
can be lumped in one linear matrix inequality F () < 0. More generally, the combined

equations

F(z)<0
{Ha< (2.1.4)

where M is an affine set in R™ can be rewritten in the form of one single linear matrix
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inequality F(z:) < 0. To do this, recall that affine sets M can be written as

M=zlz=x0+m,me My

with zg € R™ and M a linear subspace of R™. Suppose that n = dim(M,) and let
ey,....e5 € R be a basis of My. Let F(z) = Fy + T'(z) be decomposed as in Remark

(2.1.2). Then (2.1.4) can be rewritten as
0> F(z) = Fy+ T(xo+ Y1, Ties)=
= Fo+T(zo) + Z?:l 2;Ples) = Fo+ mBy b+ 0By = F(:i)

where Fy = Fy + T{xp), FJ = T(e;).and &' = col(z1,.. &) are thecoefficients of £ — ¢ in
the basis of Mo~ This implies thatw e R satisfies (2.1.4) il and only.if F (&) < 0. Note

that the dimension 71 of T is at most equal to the dimension n of .

A third property of LMI’s is obtained from a simple exercise.in algebra-~It turns out to
be possible to.convert-some non-linear inequalities to linear inequalities. Suppose that

we partition a matrix M € R"™™ as

My Miz
M21 AIQZ

where M;; has dimension'r. x 7. Assume that- M1 is non-singular. Then the matrix

S = Moy = MuM' M,

is called the Schur complement of My in M. If M is symmetric then we have that

My O
M<Oes| <0 = {§<0

0 S

For the interested reader, the result is obtained as follows. For any F' € R™*"7) there

holds
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. T T
I -F ! F I F I —-F
M= A
0 I | 0 I 0 1 0 I
T -
I -F Ay M\ F + M, I —-F
0 I i FTMy + Moy FTMuF + FTMyy 4+ My F 4 My 0 I

Hence, M < 0 if and only if the matrix in the middle factor of the last expression
is negative definite. Now take F = -—Ml‘llMlQ to obtain the result. The following

proposition is an immediate consequence of this-observation.

Proposition 2.1.6 (Schur complement) Let/ F.X - S be am.affine function which is

partitioned according to
Fui(a) - Fizfz)

FQ](,’L‘) FQQ(]Z)

fy' 62 V=

where F11(x) as square.| Then the following statements are equivalent.

(a)
Flz) <0
(b)
farly) A (2.1.5)
Fia(x) — For (2)|Fiy ()] Fro(a), < 0
(9)
Fale) <0 (2.1.6)

Fii(z) — Fia(z)|Fag(2)] 7 For(z) < 0.

Note that the second inequalities in (2.1.5) and (2.1.6) are non-linear constraints in x.
Using this result, it follows that non-linear matrix inequalities of the form (2.1.5) or (2.1.6)
can be converted to linear matrix inequalities. In particular, non-linear inequalities of
the form (2.1.5) or (2.1.6) define convex constraints on the variable z in the sense that

the solution set of these inequalities is convex.
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2.1.3 What are they good for?

As we will see, many optimization problems in control, identification and signal process-
ing can be formulated (or reformulated) using linear matrix inequalities. Clearly, it only
makes sense to cast these problem in an LMI setting if these inequalities can be solved
on an efficient and reliable way. Since the linear matrix inequality F'(x) < 0 defines a
convez constraint on the variable z, optimization problems involving the minimization
(or maximization) of a performance function f : ¢ — R with g : z|F'(z) < 0 belong to the
class of conver optimization problems. Casting this in-thesetting of the previous section,
it may be apparent.that the full‘power of convex eptimization theory can be employed

if the performance function f-is known to be“convex;

Suppose that F ' X — S isaffine. There are two generic problems related to the study

of linear matrix inequalities:

(a) Feasibility:~The question whether or not there-exist elements'z' € X such that
F(z) < 0is'called & feasibility problem.The LMI F(z) «.0iscalled feasible if such

x exists, otherwise it is'said to be infeasible.

(b) Optimization: Let an objective function.f-="p — R be given and suppose that

¢ = z|F(z) < 0. The problem to determine
Vopf. = inf f(fl:)
z€Q

is called an optimization problem with an LMI constraint. This problem involves
the determination of V,,, the calculation of an almost optimal solution z (i.e., for
arbitrary € > 0 the calculation of an z € g such that V,; < f(z) < Vope +¢), or the

calculation of a optimal solutions zu(elements ., € p such that Vo = f(Zop))-
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Let us give some simple examples to motivate the study of these problems.

Example 1 : stability

consider the problem to determine asymptotic stability of the linear autonomous system

7 = Az (2.1.7)

where A € R™™. By this, we mean.the problem to decide whether or not all functions
z : R — R” which satisfy (2.1/7) have the property that -lim; .5 x(t)-= 0. Lyapunov
taught us that this system is asymptotically stable-if and only if there exists X = X7
such that X >0 and ATX +X A </0./Indeed, in that-case the functionV (z) .= XT Xz
qualifies as a’ Lyapunov. function in that it is' positive for all non-zero z and strictly
decaying alongsolutions 'z of (2.1.7). Thus, asymptotic stability of the system (2.1.7) is

equivalent to feasibility of the LMI

-X 0
YETIR Y~ .

< 0.

Example 2 : eigenvalue minimization

Let F': X — S be an affine function and let A,..(.) denote the maximal eigenvalue of
a real symmetric matrix. Consider the problem to minimize f(z) := Apna(F(z)) over z.

clearly,

f(z) < v = dmaz(FT(z)F(z)) < v* <= 1/yFT(z)F(z) ~ 41 <0
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then GG is an affine function of y and the problem to minimize f over x is equivalent to
the problem to minimize g over-all y such-that.G(7)< 0. Hence, this is an optimization

problem with an LML constraint and a linear objective funetion g.

Example 3 : a Leontief economy

A manufacturer is able to produce n different products-from m different resources. As-
sume that the selling price of product jis p; and that it takes the manufacturer a;; units
of resource i.1o produce one unit of productij.| Let z; denote the amounnt of product
7 that is to be produced and-let a; denote the amount. of available units of resource 7,

1= 1,...,m. A smart manager advised the manufacturer to maximize his profit
plBy, T i= prEr + poXay ¥ HDpTy-

but the manager can do_thisonly subject.tothe production constraints

112y + 19Ty =], it S ay

a21X1 + Aoy + ... + Aon T, S a

ATy + AmoZy + ... + Ay Ty < O

and z; > 0,7 = 1, ...,n. Note that the manufacturer faces an optimization problem sub-

Ject to a system of non-strict linear matrix inequalities.
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Chapter 3

Dissipative-dynamical systems

3.1 Introduction

The notion of dissipative is a most important concept in systems theory both for the-
oretical considerations-as well-as froin a practical point-of view. Especially in physical
sciences, dissipativity is closely related to the notion-of energy. Roughly speaking, a
dissipative system is charaeterized by the property that at any time the amount of en-
ergy which the system can conceivably supply/to its environment.can/not exceed the
amount of energy that has'been supplied to it.\Stated-otherwise, when time evolves, a
dissipative system absorbs,a fraction ofits supplied energy and transforms it for example
into heat, and increase of.entrophy, mass, electro-magnetic-radiation, or other kinds of
energy ’losses’. In many applications;-the -question whether a system is dissipative or
not can be answered from physical considerations on the way the system interacts with
its environment. For example, by observing that the system is an interconnection of
dissipative components or by considering systems in which a loss of energy is inherent to

the behavior of the system due to friction, optical dispersion, evaporation losses, etc.

In this chapter we will formalize the notion of a dissipative system for a very general

class of systems. It will be shown that the linear matrix inequalities occur in a very

39
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natural way in the study of linear dissipative systems. Perhaps the most appealing setting
for studying LMUI’s in system and control theory is within the framework of dissipative
dynamical systems. It will be shown that solutions of LMI’s have a natural interpretation
as storage functions associated with a dissipative system. This interpretation will play
a key role in understanding the importance of LMI’s in questions related to stability,

performance, robustness, and a large variety of controller design problems.

3.2 Dissipative-dynamic systems

Definitions and examples

Consider a continuous time, time invariant dynamical system 3, described by the equa-

tions

T =—f(z;w) (3.2.1)

2 ‘=gz, w) (3.2.2)

Here, z is the stateswhich ‘takes its values in a staté space X, a is the input taking its
values in an input space W._and z denotes the output-of the system which assumes its
values in the output space Z. Throughout this section, the precise representation of the
system will not be relevant. What we need, though, is that for any initial condition
xo € X and for any input w belonging to an input class W, there exists uniquely defined
signals z : Ry — X and z : Ry — Z which satisfy (3.2.1) subject to z(0) = z¢. Here,
R4 = [0, 00] is the time set. In addition, the output z is assumed to depend on w in a
causal way; that is, if w; € W and wy € W are two input signals that are identical on
{0,T] then the outputs 23 and z; of (3.2.1) corresponding to inputs wy, and wy and the

same (but arbitrary) initial condition z(0) = z, are also identical on [0, 7). The system
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(3.2.1) therefore generates outputs from inputs and initial conditions while future values

of the inputs do not have an effect on the past outputs. Let

s:WxZzZ-R

be a mapping and assume that for all {5, € R and for all input-output pairs (w, 2)
satisfying (3.2.1) the composite function s(w(¢), z(¢)) is locally absolutely integrable, i.e.,

f:ol Is(w(t), z(t))]dt < co. The mapping s will be referredto as the supply function.

Definition 3.2.4 {Dissipativity) The system L-with_supply function. s 1s said to be dis-

sipative if there exists a_funetion Vv X — R.such that

Vixlto) + / s £V ) (3.2.3)

Jor all tg < tyoand all signals(w, z,2) which satisfy (3:2:1): The pair (¥;s) is said to be

conservative if equality holdsuan (3.2.3) for all tg <11 ‘end all (w,%,2) satisfying (3.2.1).

Interpretation 3.2.2 The supply function (or supply rate) s should be gnterpreted as the
supply delivered to the system. This means that s(w(-), z(-)) represents the rate at which
supply flows into thewsystem:if the system generatés the input-output pair (w(-), z(-)).
In other words, in the time interval {0, T] work has been _done on the system whenever
fOT s(w(t), z(t))dt is positive, while work-is-done by the system if this integral is negative.
The function V is called a storage function and generalizes the notion of an energy
function for a dissipative system. With this interpretation, inequality (3.2.4) formalizes
the idea that a dissipative system is characterized by the property that the change of
internal storage V(z(t,)) — V(x(ty)) in any time interval [t,,t1] will never exceed the
amount of supply that flows into the system. This means that part of what is supplied to
the system 1s stored, while the remaining part is dissipated. Inequality (3.2.4) is known

as the dissipation inequality.
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If the composite function V(t) := V (z(t)) is differentiable, then

= () = Val2(t)) f(2()), w(t) < s(w(t), 2(1))

for all ¢ and all solution (w,z, z) of (3.2.1). Here, V, denotes the gradient of V. This
observation makes dissipativity of a dynamical system a local property in the sense that

(3, s) is dissipative if and only if

Vele) f{z, w) <s(w, g(z,w)) (3.2.4)

holds for all )points z € R*and w € R7”. We will refer-to (3.2.5) as the differential

dissipation inequality.

The classicalomotivation for the study of dissipativity comes from circuit theory. In
the analysis of electrical networks the product of voltages and currents-at the external
branches of a network;-ie. the power, is an obvious supply function. /Similarly, the
product of forces-and velocities of masses’is a candidate supply function in mechanical
systems. Forthose familiar with the theory of bend-graphs'we réemark that every bond-
graph can be viewed as arepresentation-of a dissipative dynamical system where inputs
and outputs are taken to beceffort, and flow variables and“the supply function is the
product of these two variablés. A bond-graph is-therefore a special case of a dissipative

system.

Example 2.1 Consider a thermodynamic system at uniform temperature T on which
mechanical work is being done at rate W and which is being heated at rate ). Let
(T, Q,W) be the external variables of such a system and assume that -either by phys-
ical of chemical principles or through experimentation- the mathematical model of the
thermodynamic system has been decided upon and is given by the time invariant sys-

tem (3.2.1). The first and second law of thermodynamics may then be formulated in
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the sense of Definition (3.2.1) by saying that the system X is conservative with respect
to the supply function s; := (W + Q) and dissipative with respect to the supply func-
tion sy := —Q/T. Indeed, the first law of thermodynamics states that for all system

trajectories (T, Q, W) and all time instants o < ¢,

Blso) + [ " Q) + W(R)dt = E((t))

(conservation of thermodynamic energy). The second law.of thermodynamics states that

all system trajectories satisfy

S (i) r / ‘ —%ﬁ—;dt S St

for all tg < ¢3. Here, E is called the internal energy and. S the entropy. The first law
promises that the change of internal energy is equal to-the heat absorbed by the system
and the mechanical work which is'done on'the system. The second law states that the
entropy decreases at a higher rate than the quotient of absorbed heat and temperature. It
follows that thermodynamic systems are dissipative with respect to:twosupply functions!
Nernst’s third law of thermodynamics-the entropy of any object of zero temperature is
zero- is only a matter of scaling of the entropy function S and does not further constrain

the trajectories of the system:

Example 2.2 Other examples of supply function s : W x Z — R are quadratic forms

s(w,z) = w'z,
s(w,z) = lzlf” + [lwlf?,
s(w,z) = [lelf* — flwll?,
s(w,z) = [l
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which arise in network theory, bond-graph theory, scattering theory, H., theory, game
theory and LQ-optimal control and Hs-optimal control theory. We will come across these

examples in more detail below.

There are a few refinements to Definition (3.2.1) which are worth mentioning. Definition
(3.2.1) can be generalized to time-varying systems by letting the supply rate s explicitly
depend on time. Another refinement consists of the idea that a system may be dissipative
with respect to more than one-supply-function:~See example 2.1 for an example. Also, a
notion of robust dissipativity may be déveloped/in which the system description (3.2.1)
Is not assumed to be perfectly known, but 'uncertain to some well defined extend. An
uncertain system is called robustly dissipative'if (3.2.3) holds for all'¢y < ¢; and all
trajectories (w, z, z) that ean possibly be generated by the uncertain system. The notion
of strict dissipativity s a refinement of Definition(3.2.1) which-will prove useful in the

sequal. It is defined as follows

Definition 3.2.3 (Striet dissipativity) The system L with-supply rate s.is to be strictly

dissipative if there exists la storage function Vi X+ R _and >0 such.that

Vialta)) + - (o(w(e) 2(0) ~wlt)Piaes Viafn) (3.25)

to

for all ty < t; and albirajectoriesw, z, z) which satisfy (3.2.1).

A strictly dissipative system satisfies {3:2:3) with strict inequality, which justifies its
name. As a final comment we mention the notion of cyclo dissipativity which has been
introduced. For T' > 0, the function w : R — W is said to be T' — periodic if for all
t € R we have that w(t) = w(t +T). A system £ with supply function s is called cyclo

dissipative if for all T > 0 there holds

/ Ts(w(t),z(t))dt >0 (3.2.6)
0
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for all T-periodic trajectories (w(-}, z(-)) which satisfy (3.2.1) Cyclo dissipativity is there-
fore a system property defined in terms of T-periodic trajectories only. The importance
of this notion lies in the fact that it avoids reference to the internal state space structure
of the system and requires a condition on single in the external (input-output) behavior
of the system only. It is easily seen that a dissipative system is cyclo dissipative when-
ever the state x is observable from (w, z), that is, whenever z is uniquely defined by any
(w, z) which satisfies (3.2.1). Conversely, under some mild minimality and connectability

condition on the state X, a cyclo dissipative system is also dissipative.

3.3 A classification of storage functions
Suppose that (X, s)is dissipative’and let z* € X be afixed reference point in the state
space of X Instead of considering the set of all possible storage functien associated with
(3, s), we will restrict attention.to set of normalized storage function defined by

V(" )u={V: X SRV (z*) =0 and (3.2.3) holds}.
Hence, z* is reference-point of neutral storage. Clearly, if V/is a storage function satisfying

(3.2.3), the we can obtain anormalized storage function by défining V(z) := V(z) -V (z*)
by noting that V & V(z*):

Two mappings V,, : X — RU[+00] and V., : X — RU[—o0] will play a crucial role in

the sequel. They are defined by

Vau(T0) 1= sup{— /Ot1 s(t)dtits > 0 ;(w,x,z) satisfy (3.2.1) (3.3.1)

with 2(0) = zg and z(t;) = z*}
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Vieg{To) :==inf /O s(t)t-1 <0 ;(w,z,2) satisfy (3.2.1) (3.3.2)

with 2(0) = 79 and z(t_;) = z*}

Here, V,,(z) denotes the maximal amount of internal storage that may be recovered from
the system over all state trajectories starting in z and eventually ending in X*. Similarly,
Vieq() reflects the minimal supply which-needs.to be delivered to the system in order to
z via any trajectory originating in z*. We refer to Vy,"andV,., as the available storage
and the required supply, (measured with respect.to.«*). In (3.3.1).it is silently assumed
the for o € X there exists an iaput w € W which steers the state from z* at some time
constant {_; < 0 tozg at time-t = 0 and back to z*.at time t; > 0."We call 25 connectable
with z* if this.property holds, If sucha circle can be run in finite time for any zo € X,
then we say that every state is connectable with «*. the following characterization is the

main result of this section

Proposition:3.3. 1 Let. the system 1 be represented by (3.2.1), and. let 5 'be a supply
function. Suppose that every state is conmectable with =* for some x* € X. Then the
Jollowing statements.are equivalent

(a) (%, s) is dissipative.

(b) —o0 < Vou(z) < 00 for allw.€ X

(¢) —00 < Vieg(z) <00 forallz e X
moreover, if one of these equivalent statements hold, then

(@) Vau, Vieg € V(2*).

(0) {V € V(z*)} = {for all x € X there holds V,(z) < V(z) < Vieq()}
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(c) V(z*) is a convezx set. In particular, V, := aVieq + (1 — a)V,eq € V(z*) for all
a € (0,1).

Interpretation 3.3.2 Proposition (3.3.1) confirms the intuitive idea that a dissipative
system can neither supply nor store and infinite amount of energy during any experi-
ment that starts or ends in a state of neutral storage. Proposition (3.3.1) shows that
a system is dissipative if and only if the available storage and the required supply are
real (finite) valued functions. Moreover, both the available storage and required supply
are possible storage function of-a"dissipative system,~these. functions are normalized and
define extremal storage functions-in V() in/the sense that Vi, s the smallest and Ve
is the largest element in V(x*}-, In particular; for_any state of a dissipative system, the
available storage can.not exceed itsirequired supply. In addition, convex combinations of

the available storage and the required supply are candidate storage-functions.

3.4 Dissipation functions

If the system X is-dissipative with respect to the supply function s-the, by (3.2.4),

dfe, w) = s{w, g(z,w)) ~ V() f (2, w)

is a non-negative quantity that can'be interpreted as the amount of supply that is dissi-

pated in the system when it finds-itself in stat z while the input w is supplied.

Definition 3.4.1 (Dissipation functions) A function d : X x W — R s called a dissi-

pation function for (£, s) if there exists a storage function V : X — R such that

V(a(to)) + / [s(w(t), 2(1)) — d(x(t), w(t))dt = V(z(ty))

holds for all ty <ty and all trajectories (w, z, z) which satisfy (3.2.1)
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Obviously, the pair (£, s) is dissipative if and only if there exists a dissipation function d
for (X, s) which is non-negative. Note that strictly dissipative if and only if there exists

€ > 0 such that d(z,w) := €?||wl]|? is a dissipation function for (¥, s).

3.5 Linear dissipative system with quadratic supply

rates

In the previous section we analyzed the notion of dissipativity at a fairly high level of
generality. In this section we will-apply the above theory to linear\input-output system

Y described by

z A B T
- (3.5.1)
z SN w
with state space X = R”, input space W= R™ and eutput space Z/="RP_ Let z* = 0

be the point of neutral storage and consider supply functions that are general quadratic

functions s : W X Z =R defined by

w S w
s(w, z) = 9 =wTQuw + wlSz + 2XSTw + 2"Rz.  (3.5.2)

z ST R z

Here, the matrix

Q S
ST R

P =

is a real symmetric matrix (that is, P € S™*?) which is partitioned conform with w and

z. No a priori definiteness assumptions are made on P.
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Substituting the output equation z = Cz + Dw in (3.5.2) can equivalently be viewed as

a quadratic function in the variables z and w. Indeed,

z 0 I Q S 0 I z

s(w, z) = s(w,Cz + Dw) =
w C D ST R C D w

This quadratic form in z and w will be used frequently in the sequel.

3.5.1 Main results

The following theorem is the-main result of this chapter:-It provides necessary and suffi-
cient conditions for.the pair. (%, s} to be /dissipative: In-addition,-it provides a complete
parametrization of all normalized storage functions;, together with a useful frequency

domain characterization of dissipativity.

Theorem 3.5:1 Suppose that thesystem Y. described by Equation (3.5:1) is controllable
and let the supply function s be defined by Equation (3.5.2)~Then the following statement

are equivalent

(a) (%, s) is dissipative.
(b) (2, s) admits a quadratic.storage function V(z) :=2T K with K = KT € R™™.
(¢) There ezists K = KT such that

ATK + KA KB 0 I o s|lo

1
F(K) = — <0(3.5.3)
BTK 0 C D ST R C D

(d) There ezists K_ = KT such that Va,(z) = 2TK_x.

e) There exists K, = KT such that V,,(z) = 27K z.
+
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(f) Forallw € R with det(iwl — A) # 0, the transfer function T(s) := C(Is—A)" !B+

D satisfies
I S I
“ >0 (3.5.4)
T (iw) ST R T (iw)
Moreover, if one of the above equivalent statements holds, then V(z) := zTKz is a

quadratic storage function in V(0) if and only if F(K) < 0.

We recognize in (3.5.3).a non-strict linear matrix inequality. The matrix F(K) is usually
called the dissipation matrix--Observe that/in the above theorem the set of quadratic
storage functions in V(0) is completely characterized by the-linear, matrix inequality
F(K) < 0./In other words, the set of normalized quadrati¢-storage functions associated
with (2, s) coincides with the feasibility set of the systemof LMI F(K') < 0. In particular,
the available storage and the required supply are gquadratic storage functions and hence
K_ and K, also satisfy F(K_) </0.and F(K,) < 0., Using Proposition (3.3.1), it

moreover follows that any solution K= K7 of F(K) <.0 has the property that

R\ I K

In other words, among the set of symmetrie solutions K of the LMI F(K) < 0 there
exists a smallest andwa largest €lement. The inequality (3.5:6)"is called the frequency
domain inequality. The equivalence-between statements 1 and the frequency domain
characterization in statement 6 has a long history in system theory. The result goes bach
to Popov (1962), V.A. Yakubovich (1962) and R. Kalman (1963) and is an application of

the ’Kalman-Yakubovich-Popov Lemma’, which we present and discuss subsection below.

For conservative system with quadratic supply functions a similar characterization can
be given. The precise formulation is evident from Theorem (3.5.1). Strictly dissipative

systems are characterized as follows.
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Theorem 3.5.2 Suppose that the system ¥ is described by (3.2.1) and let s be a supply

function defined by (3.2.3). Then following statements are equivalent.

(a) (%, s) is dissipative.

(b) There exists K = K7 such that

T
FK) ATK+ KA KB 0.1 Q S I 03.5.5)
= = < 9.
BTK 0 ¢ D SR ¢ D

e’

(c) For allw &R with det(twF—A)-#0, the transfer function T(s).:= C(Is— A)"'B+

D satisfies
I S I
- >0 (3.5.6)
T(iw) SRS T(iw)
Moreover, if-one of the above equivalent statements holds, then V(z) = a'Kzx is a

quadratic storage function satisfying (3.2.5) for some ¢ >0 if and ondy.if F(K) < 0.

Remark 3.5.3 Conirary to Theorem (3.5.1),-the system X is not assumed to be control-
lable in Theorem(3:5.1).

3.5.2 The Kalman-Yakubovich-Popov lemma

As mentioned in the proofs of Theorem (3.5.1) and Theorem (3.5.2), the Kalman-
Yakubovich-Popov lemma is at the basis of the relation between frequency dependent
matrix inequalities and algebraic feasibility property of a linear matrix inequality. We
will use this important result at various instance. The Lemma originates from a stability
criterion of nonlinear feedback system given by Popov in 1962. Yakubovich and Kalman

introduced the lemma by showing that the frequency condition of Popov is equivalent to



52 CHAPTER 3. DISSIPATIVE DYNAMICAL SYSTEMS

the existence of Lyapunov function.

We present a very general statement of the lemma which is free of any assumption on
the system parameters. The proof which we present here is an elementary proof based

on the dualization result.

Lemma 3.5.4 (Kalman-Yakubovich- Popov) Let A € R™" B € R™™ and M € SC+m)x(ntm),

Then the following statements-are equivalent.

(a) There exists K € S™*™ such-that

ATK + KA KB
BTK 0

AW <0 (3.5.7)

(b) For allz e C",w e C™ for which (twl~ A)x= Bw,weR and col(x,w) # 0

*

M <0 (3.5.8)

If (A, B) is controliable, the corresponding equivalence also holds for non-strict inequali-

ties.

If

T
0 I Q S 0 I

C D ST R C D

M=-

then statement 2 is equivalent to the condition that for all w € R, with det(iwl — A) # 0,
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*

1 Q S I
C(iwl — AY"'B+ D ST R C(iwl — A)"*B+ D

< 0.

lemma (3.5.4) therefore reduces to the equivalence between the linear matrix inequality
and the frequency domain inequality in Theorem (3.5.1) and Theorem (3.5.2). The

Kalman-Yakubovich-Popov lemma therefore completes the proofs of these theorems.

3.5.3 The positive.real-lemma

Consider the systém'(3.5.1) together, with the quadratic supply function s(w, z) = 27w+

wTz. Then the following is an immediate consequence of Theorem (3:5.1).

Corollary 3.5:5 Suppose that the system % described by (3:5.1) is controllable and has
transfer function T Let-s(w, 2y = 27w + w” z be a/supply function, _Then equivalent

statements are

(a) (5,s) is dissipative.

(b) the LMI
~ATK <\ KA~ KB4C"
~-BTKC D+ DY

is feasible

(c) For all w € R with det(twl =A)#.0 onehasT(iw) + T (iw) > 0.

Moreover, V(z) = 2T Kz defines a quadratic storage function if and only if K satisfies

the above LMI.

Remark 3.5.6 Corollary (3.5.5) is know as the positive real lemma and it has played a
crucial role in questions related to the stability of control systems and synthesis of passive
electrical networks. Transfer functions which satisfy the third statement are generally

called positive real.
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3.5.4 The bounded real lemma

Consider the guadratic supply function

s(w, z) = YwTw - 2"z (3.5.9)

where v > 0. We obtain the following result as an immediate consequence of Theorem

(3.5.1).

Corollary 3.5.7 Suppose_that the system % described by (3.5.1) s controllable and has

transfer function T. Let s(w, 2)l= ¥*wTw = 2Tz be-a supply function where v > 0. Then

equivalent statements are

(a) (%,3) is.dissipative.
(b) the LMI

LY NG o e I e
BTK+ DTG V'DTD —#~2%

is feasible

(c) For all w € R with det(iw="2A) %0 ene has T (iw) T(1w) < ¥*1.

Moreover, V(z) = 2T Kz defines-a_quadratic storage function if and only if K satisfies

the above LMI.
Let us analyze the importance of this result. If ¥ is dissipative with respect to the supply

function (3.5.9) then (3.2.4) implies that for any quadratic storage function V(z) =

T Kz,

Vi(Az + Bw) < y*wTw ~ 272 (3.5.10)
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for all vector w,z and z = Cx + Dw. Suppose that z(0) = 0, A has all its eigenvalues
in the open left-half complex plane and the input w is taken from the set L, of square

integrable function, i.e., w is such that

w2 := /0 T W (Hw(t)dt < oo

Then both the state z and output z of (3.5.1).are square integrable function and lim;_,c z(t) =

0. Now integrate (3.5.10)from? = 0 till oo to obtain that for all w € L,

7 Jwllz ~ lllfz 20

Equivalently, for all-w € £5 we have that ||z]|, < -y or, stated otherwise,

lill2
sup <7 (3.5.11)
wels [[wll2
The left-hand side of (3:5.11) is_the so called Ls-induced norm or Lo-gain of the system
(3.5.1) (or ofiits transfer funetion T’).. The L4°gain is_therefore characterized by the
smallest v > 0 for. which (3.5.11) holds:
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Chapter 4

Systems with-parametrie. uncertainty

First principle models of physical systems are often represented by state space description
in which the various component, of the state variable represent a well defined physical
quantity. Variations, perturbations or uncertainties in specific. physical parameters lead
to uncertainty in the model. Often, this uncertainty is reflected by variations in well
distinguished parameters or coefficients in the model;while in‘addition the nature and/or
range of the uncertain parameters may be known, or (partially known.. Since very small
parameter variations may have a-major impact on the dynamics of“a system it is of
evident importance to analyze parametric uncertainties of dynamical systems. This will

be the subject ofi\this chapter.

4.1 Parametric uncertainties

Suppose that § = (03, ...,d,) is the vector which expresses the ensemble of all uncertain
quantities in a given dynamical systems. There are at least two distinct cases which are

of independent interest:

(a) time-invariant parametric uncertainties: the vector 4 is a fixed but unknown

element of a uncertainty set A C RP.

o7
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(b) time-varying parametric uncertainties: the vector ¢ is an unknown time vary-
ing function § : R — R¥ whose values d(t) belong to an uncertainty set A C RP,
and possibly satisfy additional constraints on rates of variation, continuity, spectral

content, etc.

The first case typically appears in models in which the physical parameters are fixed
but only approximately known up to some level of accuracy. The second case typically
captures models in which theuncertainty in-parameters, coefficients, or other physical
quantities is time-dependent. One may object that in many practical situations both
time-varying and time-invariant uncertainties occur-so that the distinction between the
two cases may seermn somewhat artificial. This is true; but since time-invariant uncertain-
ties can equivalently be view as time-varying uncertainties with a zero rate constraint,
combined time-varying and time-invariant uncertainties are certainly not excluded. A
rather general-class of uncertain continuous time; dynamical systems is described by the

state apace equations.

T\ = f(z,w,9) (4.1.1)

7 = gl{zsw,d) (4.1.2)

where ¢ may or may not-be time-varying. This constitutesa generalization of the model
described in (3.2.1). If the uncertainties.é.are fixed but unknown elements of an uncer-
tainty set & C RP then one way to think of equations of this sort is to view them as
a set of time-invariant systems, parametrized by 6 € A. However, if § is time-varying,
then (4.1.1) is to be interpreted as = f(z(t), w(t),d(t)) and (4.1.1) is better viewed as
a time-varying dynamical system. If the components of §(t) coincide, for example, with
state components then (4.1.1) defines a non-linear system, even when the mapping f and
g are linear. If §(¢) is scalar valued and assumes values in a finite set A = 1,...,k then

(4.1.1) defines a hybrid system of K modes whose kth mode is defined by the dynamics.
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T = fk(x!w) = f(l',y,k)

z = gilz,w) = glz,w, k)

and where the time-varying behavior of §(t) defines the switching events between the
various modes. In any case, the systems (4.1.1) is of considerable theoretical and practical

interest as it covers quite some relevant classes of dynamical systems.

4.1.1 Affine parameter dependent systems

If f and g in (4.1.1) are-linear-in = and w then the uncertain-model assumes a represen-

tation

z Aoy B(6 4
= (0580) (4.1.3)
- c(d) D(9) w
in which § may or may not be time-varying. Of particularinterest will be those systems

in which the systems matrices affinely depend on-é. This means that

A=Al A+ .+ 6,4,
B((S) 5 B(]+(51B1+...+5po
C)=Co+5,Cr+7 +6,C,

D((S) = D0+(51D1 + +(5pr

or, written in a more compact form,
S@)=So+6S1+ ...+ 8,5

where
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is the system matrix associated with (4.1.3). We call these models affine parameter

dependent models.

4.1.2 Polytopic parameter dependent systems

In Introduction Chapter we introduced the notion of a convex combination of a finite
set of points. This notion gets relevance in the context of dynamical systems if 'points’

become systems. Consider a time-varying dynamical systems

(t) —=A()z(t)y+ Bt)w(t)
z(t) - = C(t)z(t) + D(t)w(t)

with input w.output 7 and state x. Suppose that its systemmatriz

is a time varying ‘ebject which'for any time-instant ¢ € R can be.written as a conver
combination of the p system matrices S .., - This means that there exist functions

a; : R — [0, 1] such that for any time instant ¢ € R we have-that

S(t) == Z a;(t)S;

where 3 7_, a;(t) = 1 and



4.2. TIME-INVARIANT PARAMETRIC UNCERTAINTY 61

are constant system matrices of equal dimension. In particular, this implies that the

system matrices S(t), t € R belong to the convex hull of Sy,...,5,, ie.,

S(t) € conv(Sy, ..., ), t € R.

Such model are called polytopic linear differential inclusions and arise in a wide variety

of modeling problems.

4.2 Time-invariant parametric uncertainty

An important issue in the design’of control systems involves the question as to what
extend the stability and performance of the controlled system is robust against pertur-
bations and uncertainties in the parameters of the system. In this section we consider

the linear time-invariant system defined by

= A)x (4.2.1)

where the state.matrix A(.)is a continuous.function of a real valued time-invariant
parameter vector'd = col(¢,, ..., 6,) which we-assume to be contained in an uncertainty
set A C RP. Let X '="R" be'the state-apace of this_system. We will analyze the
robust stability of the eéuilibrium point-z*="0 of this system. Precisely, we address
the question when the equilibrium point z* = 0 of (4.2.1) is asymptotically stable in the
sense of Definition (1.6.1) for all § € A.

Example 4.2.1 As an ezample, let

-1 24 2
3 1 33—-10
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where &y, d, and 3 are bounded as é; € [~0.5,1],8, € [-2,1] and 65 € [-0.5,2]. Then

the uncertainty set A is polytopic and defined by

A= COl((S],(SQ,(S:;)}(S] € [_0.5, 1],52 € [—2, 1],53 € [—05,2]

and A = conv () with

Ag = col(dy1,02,03)|01.64=0.5,1},60€[=2, 1], 63 € [-0.5, 2]
the set of vertices (or.generators) of A!

In the case of time-invariant parametric uncertainties, the system & = A(§)z is asymp-
totically stable if and-only if A(d) is Hurwitz for‘all 0 € A. “That is, if and only if the
eigenvalues of A(d) lie in the openleft-half complexplane for all admissible perturbations
0 € A. Hence)using Proposition (1.6.6), the. verification of robust stability amounts to

checking whéther

o(A(8));=maxRe(X) < 0 for all:d e A:

If A is a continoum in R? this means verifying an inequality at an infinite number of
points. Even if Ads a polytope; it will not suffice to, check the inequality on the vertices
of the uncertainty.set only. Since’p(A(8)) istiot-a convex or concave function of § (except

in a few trivial cases) it will be difficult to find its global maximum over A.

4.2.1 Quadratic stability with time-invariant uncertainties

We will apply Theorem (1.6.5) to infer the asymptotic stability of the equilibrium point
z* = 0 of (4.2.1). For this, we consider quadratic Lyapunov functions V(z) = =7 Kz

where K is a real symmetric n X n matrix.

Definition 4.2.2 (Quadratic Stability) The systems (4.2.1) is said to be quadratically

stable for perturbations § € A if there exists a matriz K = KT > 0 such that
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A(O)TK + KA(8) <0 for all 6 € A. (4.2.2)

The importance of this definition becomes apparent when considering the time-derivative
V' of the composite function V(z(t)) = z(t)T Kz(t) along solutions of (4.2.1) as defined
in (1.6.7). If K > 0 satisfies (4.2.2) then there exists an € > 0 such that

A(OYTK+ KA(S) +eK <0 for all €A,

Using the notation in-(1:6.7);-this-means that

V'(z)  eV(z) = 9,V (z)A(0)x +eVix) = 2 |A(6) K + KAWG)+ éK)p < 0.

for all z € X and all § € A, But then the compesite function V*(¢)'= V(z(t)) with z(-)

a solution of {4.2.1) satisfies

V*(t) + eV (t) = V/(z(f)) FeViz(t))= o) [A)TK 4 K A(S) +ekz(t) <0

for all t € R and all § € A.If we integrate this expression over an interval [to, ¢;] it follows
that V* has exponential decay-according-to- V- *(t1) <V*(tg)e~¢1%) for all t; > ¢, and

all § € A. Now use that

Amin(]{)”:z”2 <Kz < )“maz(]()”x”2

to see that

Amaz(K)

t 2_—-e(t1—to)

l=(t)lI* <

1 —e(ti—to
V(z(t)) < X——(K—)V(x(to))e th=to) <

min

1
)‘min(K)
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That is,

/\maz (K)

~5(t-to) A
/\min(K)e for all 6 €

lzl <l =(to) |

which shows that the origin is globally exponentially stable (and hence globally asymp-
totically stable) for all § € A.

4.2.2 Verifying quadratic stability for affine systems

It is important to note'that verification \of quadratic stability. of the system places an
infinite number of constraints en _the symmetric matrix K in (4.2.2). It is the purpose
of this section to make additional assumptions on the way the uncertainty enters the
system, so as to convert the problem to find \a positive definite K that satisfies (4.2.2)

into a numerically tractable one.

Suppose that-the state matrix A(J) is an af fine function of the parameter vector 9.
That is, suppose thatthere exist real matrices Ay,..., A, all of dimension n x n, such

that

with § € A. Then(4:2.1) is referred to as an affine parameter dependent model. In
addition suppose that the uncertainty set"A is convex.and coincides with the convex hull

of a set Ag C RP. With this structure on A'and A we state the following result.

Proposition 4.2.3 If A() is an affine function and A = conv(lg) with Ag C RP, then

the system (4.1.1) is quadratically stable if and only if there exists K = KT > 0 such that

A(O)TK + KA(%) <0, for all 6 € A,. (4.2.4)

Example 4.2.4 Following Up on Ezample (4.2.1) , the matriz A(8) is not affine in 9,

but by setting 04 = %’;—110 + 12 we obtain that
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-1 26 2 3
A®) =1 s, -2 1 | 6 | €A=1[-05,1] x [-2,1] x [-9,8].
3 -1 (54 - 12 64

Since A = conv(Ag) with Ay = 81, ..., 6" consisting of the N = 2% = 8 corner points of
the uncertainty set, the verification of the quadratic stability of (4.2.1) is a feasibility
test of the (finite) system of LMTUT’s

K > 0, AN K+ KAy <0, =18

The test willnot pass. By Proposition: (4.2.3),.the system dsnot quadratically stable for

the given uncertainty. set.

4.2.3 Parameter-dependent Lyapunov functions

The main disadvantage. in searching for one quadratic Lyapunov function for a class of
uncertain models is the conservatism of the test to prove stability of a class of mod-
els. Indeed, the last example shows that (4:2.1) may not.be quadratically stable, but
no conclusions- can been drawn from this ebservation concerning the in-stability of the
uncertain system. To.reduce conservatism of the quadratic stability test we will consider
quadratic Lyapunov functions.forthe system (4.2.1)Which are parameter dependent, i.e.,

Lyapunov functions V : X x A — R of the form

V(z,8) = 2T K(6)x

Where K () is a matrix valued function that is allowed to dependent on the uncertain
parameter 6. A sufficient condition for robust asymptotic stability can be stated as

follows.
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Proposition 4.2.5 Let the uncertainty set A be compact and suppose that K(8) is con-

tinuously differentiable on A and satisfies

K (6)>0 for all 6 € A. (4.2.5)

A (O)TK()+ K(§A(6) <0 for all § € A. (4.2.6)

The search for matrix valued functions-that-satisfy the conditions of Proposition (4.2.5)
is much more involved and.virtually intractable fromwa eemputational point of view.
We view therefore be‘interested.in.converting Propesition (4.2.5).to a numerically effi-
cient scheme to eompute parameter varying Lyapunov functions. For this, first consider

Lyapunov functionsthat are affine in the parameter 4,i.e.,

K((S) = ](g -+ 51]{1 +\ 1 A (Spr

where Kp, ...y K, are'real symmetric matrices of dimension n)x'n and(& = col(dy, ..., 6,)
is the time-invariant-uncertainty vector. Clearly, with K, = .. = K, =0 we are back
to the case of parameter-independent, quadratic Lyapunov functions. as/discussed in the
previous subsection. The System (4.2.1).is called affine quadratically stable if there exists

matrices Ky, ..., K, such that K (0) satisfies the conditions,(4:2.5) of Proposition (4.2.5)

As in the previous subsection;suppose that A(-) is affine and represented by (4.2.3) and
suppose that A is convex with A = conv(A;) and Ag a set of vertices of A. Then the

expression

L(§) := A(S)TK(5) + K (5)A(6)

in (4.2.5) is, in general, not affine in §. As a consequence, for fixed z € R™, the function

fz : & — R defined by



4.2. TIME-INVARIANT PARAMETRIC UNCERTAINTY 67

f(8) == 2T L(9)x (4.2.7)

will not be convex so that the uniform bound f,(-) < 0 on A can not be verified by

considering the vertices Ag of A. Expanding L(9) yields

p P p Y4
L(8) = [Ao+ Y oMITiKG+ D> K)o+ 5] Ao+ D 654
j=1 j=1 j=1 j=1
P
= ATKy+ KoAv+y  GlAT Ky 4 KoAy+ AT K; +K;74o)
j=1

+ D00 a6 ATK # KiAid ATK 1 KA +Z§2ATk + K;A;)

p j-1
=1 =1 J=1

I

b

K

.

55, ATK) + K 44

M'e

j=0

&,

&
1l
fas)

where, for the latter compact notation; we introduced 6. ="1.-Consequently, (4.2.7) takes

the form

_co+25c,+}2255%+252d

j=1"=1

where ¢, ¢, ¢;; and d; are~constants. Motivated to-convert (4.2.5) into a numerically

verifiable test, we will be interested in finding conditions for the implication

{f=(8) <0 for all 6 € Ao} = {f.(8) <0 for all § € A} (4.2.8)

to hold. Consider the following sets

A = {5 € RPI§; € [0k, 8]}, Ao = {0 € R?|y € {8, 3x}} (4.2.9)
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where §, < 0. Then A = conv(/p) and it is easily seen that a sufficient condition for the
implication (4.2.8) for the uncertainty sets (4.2.8) is that f,(é1,...,9;,...0,) is partially
convez, that is convex in each of its arguments d6;, 7 = 1,...,p. Since f; is a twice

differentiable function, this is the case when

82
d; = 253 1:(6) = 2" [ATK, + G Ajle > 0
J

for j = 1,...,p. Since z is arbitrary,we therefore obtain-that

A?K] +KJ'A]' > 0, ] LS 1,...,p

is a sufficient condition for'(4.2.8) to hold on the uncertainty sets (4.2.9). This leads to

the following main result.

Theorem 4:2.6 If A(-) is an affine function described by (4.2.3) and A = cov(Dy)
assume the form (4.2.9), then the systems. (4.2:1) is affine quadratically stable if there
exist real matrices Ko, .., K, such that K(8) = Ko+ 0_(8;K; satisfies

A (OTK @)+ K(8)A(8) < Q For alld €N (4.2.10)
K (8)>0 for7all 6 € Ay (4.2.11)
A TK;+ K;A; >0 for j=1,..,p. (4.2.12)

In that case, the parameter varying function satisfies the condition (4.2.5) and V (z, ) :=

T K(6)z is a quadratic parameter-dependent Lyapunov function of the system.

Theorem (4.2.6) reduces the problem to verify affine quadratic stability of the system
(4.2.1) to a feasibility problem of a (finite) set of linear matrix inequalities. The letter

problem is a numerically tractable one.
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4.3 Time-varying parametric uncertainty in autonomous

systems

Robust stability against time-varying perturbations is generally a more demanding re-
quirement then robust stability against time-invariant parameter uncertainties. In this

section we consider the question of robust stability for the system

a(t) = A(5(t)z(2) (4.3.1)

where the values/of the time-varying parameter vector 4(¢) belong to the uncertainty set
A C R? forall timet € R. In-this section we assess the-robust stability of the fixed point
z* = 0. It is important to remark that, unlike the case with time-invariant uncertainties,
robust stability of the origin of the time-varying system (4.3.1) is not equivalent to the
condition that the (time-varying) eigenvalues A(A(8(¢))) belong to the stability region

C~ for all admissible perturbations §(t) € A.

Proposition 4.3.1 The uncertain system system (4.3.1) with time-varying uncertainties
5(-) € A is.asymptotically stable iif there exists/a-matriz- K= KT >.0 such that (4.2.2)
holds.

The inequality (4.2.2). is.a time:invariant. condition that-needs to be verified for all
points in the uncertainty set A-so asto-conclude-asymptotic stability of the time-variant
uncertainties that occur in (4.3.1). Since Proposition (4.3.1) is obtained as a special case

of Theorem (4.3.2) below, we defer its proof.

An important observation related to Proposition (4.3.1) is that the existence of a real
symmetric matrix K with K > 0 and A(§)TK + KA(6) < 0 for all § € A not only yields
quadratic stability of the system (4.2.1) with § € A but also the asymptotic stability of
(4.3.1) with 6(t) € A. Hence, the existence of such K implies that arbitrary fast varia-

tions in the time-varying parameter vector d(-) may occur so as to guarantee asymptotic
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stability of (4.3.1). If additional a prior information on the time-varying parameters is
known, the sufficient condition of Proposition (4.3.1) may become conservation and we
therefore may like to resort to different techniques to incorporate information about the

parameter trajectories d(-).

One way to do this is to assume that the trajectories é(-) are continuously differentiable

while

5t eN, () e A for all time te R, (4.3.2)

Here, A and A are subsets-of R? and'we will assume that-thesesets are compact. We will
therefore assume that not only the values but alsothe rotes of the parameter trajectories

are constrained:

4.3.1  Quadratic stability with time-varying uncertainty

A central result for achieving robust stability against this class of uncertainties is given

in the following theorem.

Theorem 4.3.2 Suppose that the function K .. A — §” is continuously differentiable on
A and satisfies

K@) > 0 forall § €A (4.3.3)

P
D 6K (6)ve + A(6)TK(8) + K(§)A(6) < O for all §€ A and v € A.(4.3.4)
k=1
Then the origin of the system (4.3.1) is asymptotically stable against all time-varying
uncertainties 6 : R — RP that satisfy (4.3.2). Moreover, in that case the function
V(z,0) := zTK(8) qualifies as quadratic parameter depending Lyapunov function for

the system.
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Theorem (4.3.2) involves a search for matrix functions satisfying the inequalities (4.3.3)
to guarantee robust asymptotic stability. Note that the result is a sufficient algebraic test
only that provides a quadratic parameter dependent Lyapunov function, when it exists.
The result is not easy to apply or verify by a computer program as it involves(in general)
an infinite number of conditions on the inequalities (4.3.3). We will therefore focus on a

number of special cases that convert Theorem (4.3.2) in a feasible algorithm.

For this, first consider the case where the parameters are time-invariant. This is equiv-
alent to saying that A = {0}..Fhe conditions (4:3:3).then coincide with (4.2.5) and we

therefore obtain Propesition (4.2.5) as\a special case.

If we assume arbitrary fast time-variations in"é(t) then-we considerrate constraints of the
form A = [=ryr|P with.r =00, For (4.3.3) to hold for any v; with | vy |> r and r — oo it
is immediate that.0yK (6) needs to vanish for k = 1;...,p-and all é.€ A. Consequently, in
this case K can not depend on 6 and the Theorem (4.3.2) reduces to Proposition (4.3.1).

In particulary this argument. proves Proposition (4.3.1) as a special case.

4.3.2 | Verifying quadratic/stability for affinesystems

In this section ‘we will assume-that A(-) in (4.3.1) is an affine funetion represented by
(4.2.3). The uncertainty sets A and A are assumed to be convex sets defined by ‘boxes’

A= {5 € R”]ék = [ékygk]}, A= {)\ S Rpl)\k c [Aka j\k]}

This means that the uncertainty regions are the convex hulls of the sets

Np= {5 € RPI6x € [04, 0]}, Ao ={A € RP| X € [, A}

In addition, we will restrict the search of a parameter dependent K(§) to the class of

affine function K(6) represented by
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K((S) = I(O + (51](1 + ...+ (5pr

where K; € S*, 7 = 1, ..., p is symmetric.For this class of parameter dependent functions

we have that 0y K(§) = K so that (4.3.3) reads

3

ST 0K (Syur + AB)TK(6) + K(8)A(5)= y}: Koy + i Ep: 50, (A K, + K, A,).
k=1

k=1 v=0 p=1

Here, we set §y = 1.tosimplify.notation. The Latter expression is

o affine in Ky,..., K}
o affinein vy v,

e quadratic in 6;, i:,;0p due to the mixture of constant, linear and guadratic terms.

Again, similarto _(4.2.7), introduce for arbitrary r € X .the function f; : A x A — R

defined by

P P P
[o(8,0) 5= 20 Kave 4y > 0ib Ak + Kd))e.
k=1

v=0.u4=0

A sufficient condition for:the implication

{£2(6,0) < 0 for all (6,v) € Ao x Ao} = {fs(6,v) <0 for all (5,v) € A x A}

is that f, is partially conver in each of its arguments 6,7 = 1,...,p. As before, this

condition translates in the requirement that

ATKJ + KjAj > O, _] = 1,...,p.
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which brings us the following main result.

Theorem 4.3.3 If there exist Ko, ..., K, with A]TK] +K;A; >0,7=1,...,p,and

Z Z:OK’C(S’C >0

Z i:lKk'Uk + Zk = Opzt = Opdkég(Ang + K[Ak) <0

Jor all 6 € Ag and v € Ag, then the origin of the system (4.3.1) is robustly asymptotically
stable against all time-varying uncertainties that.salisfy (4.3.2). Moreover, in that case,
V(z,6) := 2T K(8)z _defines a quadratic\ Lyapunov function“forithe system where K(8) =
Ko+ Y h_ 6Ky

Theorem (4:3.3) provides an-LMIfeasibility test to verify robust asymptotic stability

against uncertainty described by (4.3.2).

It is interesting to compare the numerical complexity of the conditions of Theorem (4.2.6)
with the conditions mentioned in/Theorem (4.3.3). . If the uncertainty vector § is p-
dimensional then the vertex set Ag has dimension 27 so that the verification of conditions

(4.3.2) requires a feasibility test of

2P 4p

linear matrix inequalities.In this.case;also the vertex set A¢ has dimension 2% which

implies that the condition of Theorem (4.3.3) require a feasibility test of

2P+ P4p = £+ P+

linear matrix inequalities.



74 CHAPTER 4. SYSTEMS WITH PARAMETRIC UNCERTAINTY

JL I
,. v
I"

r‘.m;u'quUl u|{|'|£|"|
LS l l e

dy 1 dl Y o L ¥ d‘ = 1 i’j 1 Y o £ 6 v ¥
wnanstluenasnanulidmiunisidnumenisnwivintu ldeyanlmiluldusslevisunisen

Lidnsallagmsdu nvivhulilvidaudasilon uasdesdnsdediadiveaaenarsynasaninisluly



Appendix A

Linear algebra;, vector-space and

norim

Norm of signal and systems is an -essential definition for robust control. One way to
measure the performance of the system is the size of certain signals of ‘interest (Doyle,
Francis and Tannenbanm-1992)." To introduce norm wefirst_review some background;

see also (Zhon, Doyle and Glover, 1996).

A.1 Vector space

Definition 1 Consider.a closed set of vectors V. and the field F (it is usually R or C)
with the de.ned vector addition ™=+.”_and scalar-multiplication ” - . 'V is a vector space
(also called a linear space), if the following conditions hold for all elements z,y,z € V

and any scalars a,3 € F:

1 Commutativity: z+y =y + .
2 Associativity of vector addition: (z +y)+z=z+ (y+ 2).

3 Additive identity: V2,0 +z =2+ 0==z.

7
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4 Eristence of additive inverse: Yz, there exist a — = such that « + (~z) = 0.
5 Associativity of scalar multiplication: a(fz) = (afz).

6 Distributivity of scalar sums: (a + )z = az + fz.

7 Distributivity of vector sums: a(z + y) = az + ay.

8 Scalar multiplication identity: 1z = x.

Example 1 Some examples of vector spaces are: the set of vectors.in R”, the set of
matrices in R™*" the set of all polynomials, all stable ratienal and proper transfer func-

tions, all unstable rational and proper transfer functions.

Remark 1 A subset of a vector space is'also a vector space if it is closed and it contains

Zero.

Remark 2 The set of all functions'z(t) defined on the interval I {for instance (—oo, o)

or [0, 00)) with the property ( f1|z:(':c)t|”dt)% < oo'is-a vector space and denoted as L,(I)

Definition 2 The vectors vl,02u.,u, € V. are-linearly dependent if there exists the
constants al, a2, - - -, arn that are not all zero such that av; + agve + ... + apmv,, = 0. If
aivy + agvg + ... + a,v, = 0 implies that a; = ay = - - - = a,, = 0 then the vectors are

said to be linearly independent.

Remark 3 A set of n vectors vy, vs, -+ -, v, € R™ is linearly independent if and only if the

rank of the matrix M = [ v Uz e Up } is n or equivalently det(M) # 0.
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A vector space can be identified by its basis which are linearly independent vectors span

the whole space. The trivial basis in R™ is the set of unit vectors,

11 0 0W

0 1 0
€1 = . y€2 = . T En =

0 0 1

Definition 3 The'dimension.of a-vector space is the number of veetors in the basis. It is
in fact the smallest number-of independent vectors-that-can-be found in a vector space.
Example 2 The dimension-of the vector space R™ is'n. The dimension of the vector
space R™*? is'mn. 'The dimension of the vector space of all stable, rational and proper

transfer functions is infinity.

A.2 Singular Value Décomposition (SVD)

A given nonsquare matrix A~€ C™*" does not.have an-eigenvalue (iecomposition. How-
ever, A can be written using a so-called Singular Value Decomposition (or SVD) in a
similar form A = USV¥. The notation (-)” denotes hermitian of a matrix which is con-
jugate of the transpose. This is a generalization of transpose to matrices with complex

elements.

Here, Uc C™*™V € C™™ have orthogonal columns so that URU = L,, VIV = L,.

Such Matrices are called Unitary matrices (or orthogonal if the matrices are real). The
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matrix S € C™*™ has the following structure,

z

form>n,S =

form<n,S=[2 0]

o 0 - 0 ]
_ 0 o --- 0
S Y Omin(m,n)
The values of ¢,s are_usuallyin decreasing order,oy > 0332 --- and are called Singular

Values of the matrix A. Thelargest and smallest singular values.are denoted as & and

o, respectively.

Remark 4 If Alis hermitian (A = Af) with positive eigenvalues, then the SVD is the
same as eigenvalue decompesition; In this case U =V _and the'matrix posseses a set of

orthogonal eigenvectors.

Theorem 1 Considerdhat U = [ TR\ N/ ] V= [ 21N - Jull ] and rank of the

matriz A is p. Then'the following results can’be_proved:

10;,=0fori=p+1, --,min(m,n).

2 The singular values of the matriz A are square Toot of the nonzero eigenvalues of

AAM and AH A with the corresponding eigenvectors u; and v;, respectively.
3 The vectors vpy1,- -+ , U, form a basis for the null space of A.

4 The vectors uy,- -+ ,u, form a basis for the image of A.
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A.3 Semi-definite matrices

Definition 4 Consider the symmetric matric A € C**". This matriz is called positive

semidefinite (negative-semidafinite) denoted as A = 0(D (A[=])0) if,
vX e Cm: XTAX > 0(< 0).

Definition 5 Consider the symmetric matriz A € C***. This matriz is called positive

definite (negative-definite) denoted as A > 0(A < 0) i,

VX € C: XTAX > 0(<0)

It is clear that a-definite-matrix is nonsingular - Positive definitenessis.the generalization
of positive numbers to the matrix theory. It is also clear that AAT =0O'and —AAT <0

for every matrix A*€ C™*% If Avis full fow rank then'AAT =0and AAT < 0.

Theorem 2 Consider the watri A > 0. There exists a matriz B-such that BBT = A.

The matriz B is called the square 5oot of A denoted as Az

The square root of a positive-definite matrix can be calculated using SVD of the matrix

A as Az = UniUT.

A positive definite matrix A > 0 has the following properties:

o There exists a matrix A% such that AZA3 = A.
o All eigenvalues are positive.

e All diagonal elements are positive.
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o det(A) > 0.

e A7l > 0.

Definition 6 Consider the symmetric matriz A,B € C***. A,B € C"**" A < B if and

only if A — B < 0. The definition is generalized to other variations in similar way.

A.4 Normed space

Norm of a vector is a concept to identify the length or size of a vector. It is an important

concept as itis a tool-to measure the distance of elements in a vector space.

Definition 7 _The real-valued function ||| defined on the vector space 'V over C is said

to be a norm-on V., uf it satisfies the following properties for any.z,y €V, € R

i. Positivity: ]|zl =0
it. Positive-definiteness=||z|| =0, 3f and\only if = =0
iii. Homogeneity: ||az|| = |of||z]}.

iv. Triangle inequality: ||z + y|| < lz|liyll.

Remark 5 The most common norm used in vector space C" is the so called p-norm

defined as,
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o
Ty
T2 p
z=1 |, l=zl,= ( Yoo lz? ) ,forl <p< 0.
In
The Euclidean norm or two-norm is defined for p = 2 as || - |2 which is the length of the

vector and is usually denoted as || - ||.

Remark 6 The most-common norm-used for matrices in the vector space C™" is the so

called induced norm defined based on-a vector norm-as,

A
A = sup M
T£0 z

Some special cases for p-matrix norm are:

11 Qi v Qin
A — Qo1 ~ Qoo Qop
§ Am1. Om2 v+ Omn
- J
A = 112?%12 la;;|, column, ‘sum
=

”A“2 ] AmaI(AHA) = miax oj’ =7

n
Ao = lgllagr(nz laij|, row sum
<igm £
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