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Chapter 1

Constructing Robust Linear

Controllers

A controller is viewed as robust if it maintains stability for all uncertainties in an ex-

pected range (both in frequency and time domain).

We consider a class of dynamical systems modeled by
a(t) = Ax(t) + Bu(t) + f(t. z(t)) + Bh(t, z(t),u(t)) (1.0.1)

where x(t) € R". u(t) € R™, and the functions h and f model uncertainties. or nonlin-

earities, in the system.

We refer to I as the matched uncertainty because it affects the system dynamics via
the input matrix B in the same fashion as the input u does. In other words. the uncer-

tainty h matches the system input u. The vector f models the unmatched uncertainty.

We assume that the uncertain elements h and f satisfy the following norm bounds:

(1) Int . )l < Anflull + afll-
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(2) [If (2l < agllel,

where v;,, a, are ay and known nonnegative constants.

We further assume that the matrix A is asymptotically stable. If this is not the case. we
apply a preliminary state-feedback controller u = — Ka + v such that A — BK is asymp-

totically stable. Such a feedback exists provided that the pair (A. B) is stabilizable.

Our goal is to construct a linear state-feedback controller that would make the closed-loop

svstem asymptotically stable for arbitrary f and h that satisfv the above norm bounds.

Theorem 1.0.1 Suppose that A is asymptotically stable and that P.= P1T > 0 is the
solution to the Lyapunov matriz equation ATP + PA = —2Q for some Q = QT > 0.

Suppose also that

Aman(Q)

af < AT"I"Ll]ﬂ'(P)

and v, < 1.

Then, the state-feedback controller u = —~y BT Px, where

o

4()‘mm(Q) (] af>‘77101‘(P))(1 — ﬁ)’h)

stabilizes the uncertain system model (1.0.1) for arbitrary f and h that satisfy the norm

>

bounds.

Proof The time derivative of the positive definite function V = x¥ P evaluated on any
trajectory of the closed-loop system is
V = 22"Pi

= —2¢7Qx — 2v2TPBBT Px + 22T Pf + 22T PBh.
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Since

V = TPz

V = iTPr+2TPi
= (&7 Pz)” + T P#, since transpose of a scalar is itself.
= 2TPi+ 2Pz
= 22'Pi

r = Ar+ Bu+ f+ Bh

vV = 2:TP(Ar+ Bu+ f + Bh)
= 20TPAxr 4+ 20T PBu + 22" Pf + 22T PBh

= —22TQX — 29T PBBTPx + 227 Pf + 22T PBAh.

Our goal is to determine 7 > 0 such that if 5 > 3, then V < 0. which in turn implies the
asymptotic stability of the closed-loop system. To proceed further. recall that if @) is a

symmetric matrix, then

A @N2]? < 27 Qe < Mo (Q) 12|,
and therefore
—oQr < ~ A Q).
Furthermore.
t"PBBTPr = x"PB(z"PB)" = ||+ PB|]*.
For a symmetric positive definite matrix P. its induced 2-norm is
1PN = Ao (P).

Taking the above relations into account. using the norm bounds on the uncertain ele-
ments. and performing some manipulation vields
Vo< —20u(Q)llzl? - 2v]l2" PB?
+ 2a'far1za.l‘(P)I,"Z"”2

+ 2|z PB||(aplizl| + yyllz” PBI). (1.0.2)
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Let

@* _ )‘mm(Q) - afAinax(P) —‘;h (103)
_%h ’)(1 - 7/1)

c RQX‘.Z

Then. we can represent (1.0.2) as

[l

"/7<f2 T IT ©
<=2/ o J2"PB) | @ il

For 1" to be negative it is enough that the leading principal minor is positive by assump-
tion.
For the second-order leading principal minor to be positive it is sufficient that v, < 1
and

2
ay

4(/\771177(Q) . a'f)‘ma‘r(P))(l - P‘/h)

e

The proof is now complete. O

Note that if v, = 0, then the closed-loop system is asymptotically stable if

)\ITLZTL(Q) a%l
A

N gL ™ SN0, - Pl P)

Example 1.0.2 Consider a dynamical system model
& = Az +blu+ h(z.u))

1
= r+ (u+ h(x, u)).
0 -1 1

Let P be the solution of the matriz Lyapunov equation ATP + PA = —2I,. We will
design a linear state-feedback controller u = —yb™ Pz so that the origin of the closed-loop

system is uniformly asymptotically stable for any h(z,u) such that

h(r.u) < A4|lz|+ %[u]. (1.0.4)
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In particular, we will find a bound 5 > 0 so that for any v > 7 the closed-loop system
is uniformly asymptotically stable in the face of uncertainties satisfying the norm bound

(1.0.4).

Solving the Lyapunov equation ATP + PA = —2I, yields

1
-0
p—|2
0 1
Hence.
1
=0 U
u = —’}bTPJ’:—q[l 1} 2 :
0 1 Uy
1
= —’)’(5171+172).

d
We obtain a bound on 4 by evaluating E(ITPI) on the trajectories of the closed-loop

system. First, we evaluate

d(—lt(f[?TP;IT) = QBB
= 20T P(Axr +blu + h(x,u)))

= —22T7 = 242" PbbT P + 227 Pbh.
Taking the norms and performing some manipulations yields

—(zTPz) < =22Tr —2y||z" Pbl?
, 1
+ 20T Py|(4||x|| + 5’)|1‘pr|)
= ol — Al P2 + 8l P o]
Rl
= 2| |ja]l TPy |

-2 2 | | 1TPY

7 —
For E(Il Pzx) to be negative definite, it is enough that the matrix
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be positive definite, i.e.



Chapter 2

Absolute Stability and Circle

Criterion

Many nonlinear physical systems can be represented as a feedback connection of a linear

dynamical system and a nonlinear element, as show in Figure 2.1

r=0 + u Linear System B%
G(s)=C(sI- 4)"'B

V() Nonlinear Yy

Element

Figure 2.1: Feedback connection of a linear svstem and a nonlinear element.

We assume that the external input r = 0 and study the behavior of the unforced system.

represented by
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* = Axr+ Bu, (2.0.1)
y = Cr (2.0.2)
u=—u(t.y) (2.0.3)

where r € R". u. y € RP(A, B) is controllable.
(A, () is observable.

The transfer function matrix of the linear system (2.0.1)-(2.0.2) is given by
G(s)= Csls OB (2.0.4)

which is a square strictly proper transfer. The contrllability-observability assumptions
ensure that {A, B, '} is a minimal realization of G(s). From linear system theory, we
know that for any rational strictly proper G(s), a minimal realization always exists. The
describe the sector condition, let us start with the case when G(s) is a single-input-single-
out (SISO) transfer function: that is. p = 1. In this case, v : [0.00) X R — R satisfies
a sector condition (or is a sector nonlinearity) if there are constants a3, a and b (with

3 > oo and a < 0 < b) such that
ay? < yd(t.y) < 3y VE>0. Vy € [a. ] (2.0.5)

If (2.0.5) holds for all y € (—o00, oc). we say that the sector condition holds globally.

Definition 2.0.3 A memoryless nonlinearity v : [0.oc) x R? — RP 15 saud to satisfy a

sector condition if

[w(t.y) — K,nmy}T[u"(t. Y) — Kiary) <0, VE>0. Yye T CRP (2.0.6)
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y By } By

oL (04
v @)y) > v (& g

(a) (b)

Figure 2.2: (a) Global sector nonlinearities; (b) Local sector nonlinearities.

for some real matrices K, and Ko where K = Koo — Knin 15 a positive definite
symmetric matriz and the interior of ' is connected and contains the origin. If I' = RP?,
then y(-,-) satisfies the sector condition globally, in which case it is said that ¥ (-,-)
belongs to a sector [Kyn Kmazl- If (2.0.6) holds with strict inequality, then ¢(-.-) is

said to belong to a sector (Nyny Knaz)

Definition 2.0.4 Consider the system (2.0.1)-(2.0.3). where ¥:(-.-) satisfies a sector con-
dition per Definition 2.0.3. The system is absolutely stable if the origin is globally uni-
formly asymptotically stable for any nonlinearity wn the given sector. It is absolutely

stable with a finite domain if the origin is uniformly asymptotically stable.

We shall investigate asymptotic stability of the origin using two Lyapunov function can-

didates. The first one is a simple quadratic function

V(r)=2TPx; P=PT>0
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and the second one is a function of the form
y
V(z) =" Pr+ n/ YT (0)K do; P=PT >0, n>0
0

In the latter case, we assume that the nonlinearity v’ is time invariant and satisfies some
conditions to ensure that the integral is well defined and nonnegative. In the both cases.
we start the derivation with P undetermined. Then. we determine condition under which
there exists P such that the derivative of V7(x) along the trajectories of the system is
negative definite for all nonlinearities that satisfy a given sector condition. In Circle
Criterion. these conditions take the form of a frequency-domain condition on a certain
transfer function. The frequency-domain conditions of Circle Criterion use the concept
of a positive real transfer function and a key lemma that relates that concept to the

existence of Lyapunov functions.

Definition 2.0.5 A px p proper rational transfer function matriz Z(s) is called positive

real if

e all elements of Z(s) are analytic for Re(s) > 0

e any pure imaginary pole of any element of Z(s) is a simple pole and associated

residue matrix of Z(s) is positive semidefinite Hermitian, and

e for all real w for which jw isnot a pole of any element of Z(s). the matriz Z(jw)+

ZT(—jw) is positive semidefinite.

The transfer function Z(s) is called strictly positive real if and only if Z(s — ¢€) is positive

real for some € > 0.

When p = 1. the frequency-domain condition of definition of Definition 2.0.5 reduces to
ReZ(jw > 0, Vw € R). which is equivalent to the condition that the Nyquist plot of

Z(jw) lies in the closed right-half complex plane.
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The following lemma gives an equivalent characterization of strictly positive real transfer

functions.

Lemma 2.0.6 Let Z(s) be a p x p proper rational transfer function matriz. and suppose
det[Z(s) + ZT(—s)] is not identically zero. Then. Z(s) is strictly positive real if and only
if

o 7(s) is Hurwitz: that is. poles of all elements of Z(s) have negative real parts,
o Z(jw)+ Z¥(—ju)>0. YVw € R. and
o one of the following three conditions is satisfied:

1. Z(<) + Z% () > 0;
2. Z(o0) + ZT(00) = 0 and limy—.n, w3 Z(jw) + ZT(—jw)] > 0;
3. Z(x) + ZT(c0) > 0 (but not zero nor nonsmngular) and there exst positive

constants og and wy such that

WO Z(jw) + ZT (—jw)] = g0, V|w| > wo
Lemma 2.0.7 (Kalman-Yakubovich-Popov) Let Z(s) = C(s] — A)'B + D be a
p X p transfer function matriz. where A 1s Hurwitz. (A, B) is controllable, and (A, C)
is observable. Then, Z(s) is strictly positive real(SPR) if and only if there exist a

positive definite symmetric matrix P. matrices W and L. and a positive constant € such

that

PA+A'P=-L"L —¢P (2.0.7)

PB=CT - LTW (2.0.8)

WTW =D + DT (2.0.9)
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2.1 Circle Criterion

Consider the system (2.0.1), (2.0.2) and (2.0.3) and suppose that A is Hurwitz and the

nonlinearity (-, -) satisfies the sector condition (2.0.6) with A\, = 0; this is,
PL(t ) [(t.y) — Ky] <0. Vt>0. VyeT cRP (2.1.1)
where I is a positive definite definite synmmetric matrix.
V(z) = 2TPr >0 (Lyapunov function)

where P is a positive definite svinmetric matrix to be chosen. The derivative of V()

along the trajectories of the system (2.0.1). (2.0.2) and (2.0.3) is given by

VB Pt 158y
= (da+ Bu)'Pr + " P(Ax + Bu)
LU TATy et PAx Y47 BE P+ 2" PBu

= 2T(ATP+ PA)x + 22" PBu.
Then.

Vit,z) = 2T(ATP 4+ PA)r+22TPBu. u=—y(ty)

= 2T (PA+ ATP)x - 22T PBy(t.y)

Since —2yT (v — Ky) > 0, its addition to the right-hand side of the last equality gives

an upper bound on V (¢, x). Therefore.

V(t.r) < 2T(PA+ ATP)x — 22TPBu(t. y) — 20T (t. y)[(t, y) — K]
= 2T(PA+ ATP)r + 22T (CTH — PB)u(t.y) — 2vT (t. y)v(t, y)
We will show that the right-hand side is negative definite by completing a square term.

From Kalman- Yakubovich-Popov (Lemma 2.0.7), suppose there are matrices P = PT > ()

and L and a constant € > 0 such that

PA+ATP = —~LTL—eP. A=A (2.1.2)
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and
PB = T-L"W, B=B
L'w = ¢t-pPB, CThR=CTC=KC
WW = D+DT, let D=1
= T+ 1T =291
= T =1 =21
= W2 =21 = (V21)(V2I)
W = VoI
Then.

Rl R\~ (2.1.3)

By (2.1.2) and (2.1.3) such that

Vit.r) < —exTPr = 2T L L+ 2v22TLE ¢ (4, y) — 20T (t.p)(t. y)
= —ex! Px — [Le — V2u(t. y)) [Lx = V24 (t,y)]

< —erlPa
Thus, transfer function matrix of Kalman- Yakubovich-Popov lemma is

Z(s) =1+ KC(sl - A)'B

Lemma 2.1.1 Consider the system (2.0.1)-(2.0.3). where A is Hurwitz, (A, B) is con-
trollable, (A, C') ws observable. and V(-.-) satissfies the sector condition (2.1.1) globally.
Then, the system is absolutely stable if Z(s) = I + KG(s) is strictly positive real. If
(2.1.1) s satisfied only on a set T C RP. then the same condition on Z(s) ensures that

the system is absolutely stable with a finite domain.

The restriction on A to be Hurwitz can be removed by an idea known as loop transfor-
mation or pole shifting. Suppose we start with a system where A is not Hurwitz and the

nonlinearity (. ) satisfies the more general sector condition (2.0.6). Figure 2.3 shows an
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+ +
_..9}.0__. G(s)
K .
0O G(s) - min
v (a) =
K. |

Figure 2.3: Loop transformation.

equivalent representation of the system where a constant-gain negative feedback K,y
is applied around the linear component of the system. The effect of this feedback is
offset by subtracting K,,,,y from the output of the nonlinearity. This process defines a
new linear system and a new nonlinearity. The new linear system is represented by the

transfer function
Gr(s) = G(s)[I + Ky G(s)]™!
or equivalently by the state-space model
* = (A— BKpu,()r+ Bu
y = Cx
The new nonlinearity is given by
Ur(ty) = ¢(t,Y) — Knmy

It can be easily seen that if ¥(-,-) satisfies the sector condition (2.0.6). then up(-,-)

satisfies the sector condition (2.1.1) with K = K ,0r — K. Therefore. if (A4~ BK,,,,,(")
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is a Hurwitz matrix, we can apply Lemma 2.1.1 to conclude that the system will be
absolutely stable if Z3(s) = I + KGr(s) is strictly positive real. Noting that
ZT(S) = I+ (Kma.r - [\me)G(S)[I + KmmG(S)}‘l

= [I—+— A'nzaJG(S)][I+ KminG(S)}—l

we arrive at the following theorem. which includes Lemma 2.1.1 as a special case.

Theorem 2.1.2 Consider the system (2.0.1)-(2.0.3), where (A. B) is controllable. (A, C)
is observable. and ¥'(-.-) satisfies the sector condition (2.0.6) globally. Then. the system

is absolutely stable if
Gr(s) = G(S) + KpunG{s)}
is Hurwitz and
Zr(s) = [ + KnaaG(8)][ B G (5)]

is strictly positive real. If (2.0.6) s satisfied only on a set T C RP, then the conditions

given on Gr(s) and Zz(s) ensure that the system is obsolutely stable with a finite domain.

We shall refer to this theorem as the multivariable circle criterion, although the reason
for using this name will not be clear until we specialize to the scalar case p = 1. Theorem
2.1.2 reduces to Lemima 2.1.1 when K,,,,, = 0 and G(s) is Hurwitz. Notice that Lemma
2.0.6 can be used to characterize the strict positive realness of Zp(s). In fact, since
Zr(oo) = I. the lemma shows that Zr(s) is strictly positive real if and only if Zp(s) is

Hurwitz and

Zr(jw) + ZH—jw) > 0. Yw €R

In the scalar case p = 1. the conditions of Theorem 2.1.2 can be verifird graphically by ex-

amining the Nyquist plot of G(jw). The sector condition for a single-input-single-output
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nonlinearity takes the form ay? < yy(t,y) < By?Vt > 0Yy € [a.b]. The conditions of

Theorem 2.1.2 are

G(s)

(1) Gr(s) = T3 aG() is Hurwitz
L
(2) Zr(s) = [%{%ﬁg] is strictly positive real

where all transfer function are scalar. To verifv that Zr(s) is strictly positive real. we
can use Lemma 2.0.6 which state that Z7(s) is strictly positive real if and only if Zr(s)
is Hurwitz and

1+ 3G (jw)

A [H‘m

:’ >0. YweR (2.1.4)
To relate condition (2.1.4) to the Nyquist plot of G(jw), we have to distinguish between

three different case, depending on the sign of a.

Theorem 2.1.3 Consider a scalar system of the form (2.0.1)-(2.0.3), where {A, B,C}
ia a minimal realization of G(s) and (-, ) satisfies the sector condition (2.0.5) globally.
Then the system is absolutely stable if one of the following conditions is satisfied, as ap-

propriate:

o (CaseI) 3> a>0.

5+ G(jw)
L1 Glw)

Qa

>0.VweR (2.1.5)

For a point ¢ on the Nyquist plot of G(jw), the two complex numbers

[13 + G(jw} and [211— + G(jw)] (2.1.6)

1 1
can be represented by the lines connecting q to 3 + jO and —— + jO. respectively.
i a

as shown in Figure 2.4.
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 J

Figure 2.4: Graphical representation of the circle criterion.

The real part of the ration of two complex numbers is positive when the angle dif-

) o
ference between them is less than e, L

™
B — 0, < 5
1 .
E+—%w_) — r_1€J(91~92)

61— 0y < —T)E when ¢ is outside the disk D(a, 3).
Since (2.1.5) is required to hold Vw € R. all points on the Nyquist plot of G(jw)
must be strictly outside the disk D(a, 3)

e (Case Il) 3 >0 and a = 0. For this case. The condition for Theorem 10.1 are:
(1) G(s) is Hurwitz and
(2) Rell + 3G(jw)] > 0, Vw € R

1
if and only if Re [G(jw)] > Ty Yw € R.

72038
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which is equivalent to the graphical condition that the Nyquist plot of G(jw) lies to
1
the right of the vertical line defined by Re[s] = -3

e (Case IlIl) a <0 < 3 In this case. condition (10.17) is equivalent to

/l3 + G(Jw’)
LG GY)

(e}

Re <. Ve eR

Repeating previous arguments. it can easily seen that for (10.19) to hold. the Nyquist
plot of G(juw) must lie inside the disk D(a. 3).

Consequently. the Nyquis plot cannot encircle that point —é + JO.

Therefor, from the Nyquist criterion we see that G(s) must be Hurwitz (m = p = 0)
for Gr(s) to be so.

If the sector condition (2.0.5) s satisfied only one an interval |a,b], then the foregoing

conditions ensure that the system is absolutely stable with a finite domain.

The circle criterion allows us to investigate absolute stability using only the Nyquist
plot of G(jw). This is important because the Nyquist plot can be determined directly
from experimental data. Given the Nyquist plot of G(jw). we can determine permissible

sectors for which the system is absolutely stable.



Chapter 3

Linear Quadratic Control:

3.1 Deterministic formulation of the Linear Quadratic

Regulator (LQR)

Given the n!" order stabilizable system
#(t) = Az(t) + Bu(t).t > 0,2(0) = zo (3.1.1)
Determine ' € R™*" such that the static full-state feedback control law
u(t) = Ka(t) (3.1.2)

satisfies the following criteria :

i) The closed-loop system (3.1.1).(3.1.2) is asymptotically stable

ii) The performance functional

J(K) = %/x [T ()Qz(t) + u” (t)Ru(t)] dt (3.1.3)

0
is minimized
Y A E Rnxn‘ B e Rnxm. u e R'I?l‘:p E Rn. Q E Rnxn. R e R"I)‘”l

19
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(A, B) stabilizable and (A, Q?) detectable
Note that the performance function (3.1.3) indicates the desire to regulate the

state trajectories x'(t) close to origin without excessive control effort.

e 27 (t)Qx(t) term penalizes the deviation of state at instant ¢ from origin.

The n x n matrix () determines the relative weight placed on each component

of state.

The u”(t)Ru(t) term penalizes the control expenditure. Here we assume R >

0.

Note that using (3.1.1) and (3.1.2) the closed-loop dynamics can be written as

i(t) = Ax(t) (3.1.4)
where A £ A + BA. Using the standard solution for state equation is follows that

r(t) = elz(0) (3.1.5)

Thus the performance index (3.1.3) becomes

J(K) = %/OOO[TT(IL,)Q{E(I,‘) + uF(t)Ru(t))dt
_ % /0 T [Q + KPRK) o(t)dt

}2—/ ;1:T(0)e‘4Tt]~?eA‘;lt(0)dt
0

T | A s Bedtane
t [.l (0)( /0 + Reltdt) (0)}

DN = DN =

tr [ /0 h eéffaefifdt{,n(())ﬂ(())}] (3.1.6)

Where R 2 Q + K7RA.

It is clear from (3.1.6) that the performance index is dependent on the initial state of the
system. In order to eliminate the dependence of the performance index on the initial state

of system we average the performance obtained over a linearly independent set of initial
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1
states. Hence assume xé ). (r

yeee ,a‘o) € R™ are r linearly independent initial conditions for

the system (3.1.1). Taking the average performance over :r(()’) Li=1,...,r yields

X ATep At - I(()])Ig)T
Jm,g(K):tr/O eV Re dt;—r—— (3.1.7)

Jougl ) = tr [ f e‘irtﬁ’e-@'dﬂf} (3.1.8)

0

Note that we could equivalently assume that the initial state 2(0) is a random variable

with ) mean and intensity V. i.e.:

Then let

J(K) = Etr [ / AT Rety [;r(O)IT(O)]}

0

= tr [/ eATtﬁeAtdt\/'] (3.1.9)

0

Next, in order to satisfv the design specification i) we restrict K to a set of stabilizing

control laws. So define
SE£{KeR™": A=A+ BR is asyimptotically stable)

Next. note that existence of a K € .S implies existence of an n x n nonnegative-definite

controllability Gramian A/ such that
0=AM+ MAT +V (3.1.10)

In order to obtain closed-form gain expression for K we further restrict K to the open set

ST&{K €S: Al ispositive definite} (3.1.11)
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Notation: ¥ £ BR™!BT.

Theorem 3.1.1 : Suppose K € St solves the LQR problem. Then 3 an n X n nonneg-

ative definite matric P € K is given by
K=-R'B'P (3.1.12)
and such that P satisfies
0~ A'P+ PAPQ — PXP (3.1.13)
Furthermore. the minimal cost is gwen by

Tureg(K) = tr PV (3.1.14)

Proof : 1t follows (3.1.9) from that

Javg(F) = tr MR (3.1.15)
where
5 . iT
Al :T]im / eMVet tdt (3.1.16)

which further implies existence of a nonnegative definite matrix Al (Since A" € S) such

that
0=AM+ MAT + V.

In order to optimize (3.1.15) subject to the constraint equation (3.1.10) over the open

set S* form the Lagrangian
LK.M, PN =tr [AMR 4 (AM + MAT 4 V)P] (3.1.17)

where the Lagrange multipliers A and P are not both zero.

Note that P € R"*" is a matrix that accounts for the constraint equation (3.1.10). Next

oL . o
— = 1.1
537 = ATP+PA+AR (3.1.18)
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oL
Setting A 0 for each A > 0 we have a unique nonnegative-definite solution for P.
However setting A = 0 results in P = 0 (since A is asymptotically stable). Hence, without

loss of generality we take A = 1
0=ATP+PA+R (3.1.19)
Next.

—a;L: = IRKA +2BTPAI =0
oK

= K =-R'B'P
Next. manipulate (3.1.19) to obtain (3.1.13) as follows :

0 = (A+BK)"P+PA+BK)+Q+K'RK
0 = ATP+PA+KTBTP+ PBK + K'RK +Q
0 = AT+ PA-PBR'BYP—-PBR'B'P+ (PBR YRR 'B*P)+Q

0 = AP ¥ PALQ =PXP
Next. note that (3.1.19) implies
Pre /OO et ettt
0

Now (3.1.19) is equivalent to (3.1.14).
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x=Ax+ Bu

Plant —

Figure 3.1: Feedback representation of LQR problem.

24



Chapter 4

Robustness LQR

4.1 Robustness Properties of Linear Quadratic Reg-

ulator :

We developed them LQR design framework which provides an optimal feedback control
law when the full state of plant is available for feedback. Also, recall that the LQR design
framework minimize a quadratic cost functional from the external Gaussian disturbance
to the specified performance variables in H, sense. In the following discussion we ex-
amine the frequency domain properties of the LQR controllers and connect these to the
classical notions of robustness(e.g., gain and phase margins). In fact we will demonstrate
that the LQR controllers provide some very desireable robust stability margins. Before
proceeding . recall that in the classical relative stability analysis problems the following

feedback interconnection is considered:

Also, it is obvious that the LQR problem can be depicted as a feedback interconnection

given by:

Note that the closed-loop system formed by the plant and LQ regulator involves the en-

25
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Plant

/ ¥(s)

G(s) >

K(s)

Controller

Figure 4.1: Feedback interconnection.

tire state of the plant rather than just the plant outputs. The feedback interconnection

of Figure 1.2 can be reinterpreted as the following block diagram interconnection:

Now. note that the feedback interconnection of Fig.1.3 can be transformed to the classical

feedback control svstem with unity negative feedback as shown below:

So, Figure 4.4 can be interpreted as the fact that LQR problem involves a negative feed-
back loop wrapped around a SISO system with transfer function —K(sI — A)"'B. Now
if we wishes to study the relative stability margin properties of the LQR then these issues

can be addressed by addressing G(s) = —K (sl — A)"!B in the usual manner.
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x=Ax+Bu
+ z=Ex
Plant - F
+
K
Figure 4.2: Feedback interconnection.
+ *
 X=Ax+Bu +—| K —
L

Figure 1.3: Feedback interconnection.

4.2 Return Difference Equality:

Theorem 4.2.1 Consider the n''-order dynamic system

a(t) = Ax(t)+ Bu(t)

u(t) = Ax(t)
such that the quadratic performance measure
J(K) = / [2T(5)Qx(s) + u’ (s) Ru(s)]ds
0

is minimized. Assume that (A, B) is stabilizeable and (A, Ey) is detectable where () =
EFE,. Furthermore. let R > 0. Then if I 1s the optimal control gain then the following



CHAPTER 4. ROBUSTNESS LQR 28

~K(sI- 4)'B >

Figure 4.4: Feedback interconnection.

identity holds:

BT —jwl — A7TQ[jwl — A]7'B + R
= [l - K(—jwl ~A'B]TR[I — K (jwl — A)"'B)

(4.2.1)

and as a consequence:

[} — F{(—jwl =A) B R[[ ~K(juwl~A)"'B}> R (1.2.2)
Proof In order to Show (1.2.1), recall that the optimal full-state feedback control gain
K under the stated assumptions is given by

K=-R'BTP (4.2.3)
where P satisfier the algebraic regulator Riccati Equation:
0=A"P+PA+Q - PBR'BTP

or. equivalently

0=ATP+ PA+ Q- KTRK (4.2.4)
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Now, adding and subtracting jwP to and from (4.2.4) and rearranging terms, we obtain:
Q = (—jwl — A)TP + P(jwl — A) + KTRK (4.2.5)
Next, forming
BT (—jwl — A)™T (4.2.5) (jwl - A)"'B
vields:

Bl [—jwl — A77Qljwl — A]"'B = BT"P[jwl — A]7'B + BT[~jwl — A|""PB
+ BT (—jwl = A)Y"TRTRK (jwl — A)™'B

(4.2.6)
Next. Since K = —R™'BTP = —RR = BTP so (4.2.6) vields:

BT[—jwl — A" TQjuwl — A7'B = —RK(jwl —A)" 1B = BT(—jwl — 4)"TKTR
+ BT (~jwl = A)"TKTRK (jwl — A)™'B

(4.2.7)

Finally,adding R on both sides of (4.2.7) and completing the square and the R-H-S of
(4.2.7), (4.2.1) is immediate. Finally. (4.2.2) follows from (4.2.1) trivially.
Note that in the single input case, K(jwl — A)~'B is a scalar transfer function. In this

case. equation (4.2.1) (known as the return difference equality) becomes:
R+ BT (—jwl —= A7 TQ(jwl - A)T'B = Q|1 -~ K(juwl — A)"!BJ? (4.2.8)
and with Q = ETE| (4.2.8) becomes:
R+ |E (jwl — A)7'B? = R|1 - K(jwl — A)7'BJ? (4.2.9)
Hence. in the single input case (4.2.9) vields a specialization of (4.2.2) given by:
11— A(jul — A)7'BPf >1 (4.2.10)

i.e, for all w the return difference is bounded by 1. For the multiinput case if R = [,,,.

then (4.2.2) vields:

oI = K(jwl — A)7'B] > 1 (4.2.11)
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Note that by substituting — K (jwl — A)7!B = z(w) + jy(w) in (4.2.10) we obtain

1+ a(w) + jy(w) = 1

M+ x(w)]? + [yw)? > 1 (4.2.12)

It is now clear from equation (4.2.12) that the Nyquist plot of the loop transfer function
—~K(jwl — A)7! B remains outside the unit disk centered at —1 + j0 point. This fact
can be utilized to obtain relative stability margins of LQ regulator. However, before

proceeding, we review the notion of gain and phase margins.

Consider the negative feedbhack interconnection

Suppose that the unity negative feedback interconnection shown in Fig 4.5 is stable with

e L(s)

 /

Figure 1.5: Feedback interconnection.

L(s) = Lo(s). Then the system is said to possess:

Gain Margin: k,,,, and k... if the close-loop system is stable for all L(s) = kLg(s)
where k... < b < ke, but unstable for L(s) = kperLo(s) and L(s) = kynLo(s) and

where 0 < kpn < 1 and A > 1.

Phase Margin: ¢,, if the close-lop system is stable for all L(s) = e7Ly(s) with
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® < Gpmaz but unstable for L(s) = e(=7¢maz) [(5s)

Note that these margins can be easily read off the Nyquist diagram of the loop transfer

function Ly(s).

Note that in the following diagram Fig 4.6 A, and &, indicate how much the loop
gain can be increased and decreased. respectively, without causing close-loop instability.
Similarly in Fig 4.7 ¢4, indicates the limit of phase angle before instability is encoun-

tered.

™S
)

Y

Figure 1.6: Nyquist plot.

Next. we revert our attention to equation (4.2.12) which implies that the Nyquist plot of
—~K(jwl — A)"! B remains outside the unit disk centered at —1 + j0. Hence. we obtain
the forbidden disk in the Nyquist plane as shown below:

Hence, Figure 1.8 indicates that the Nyquist plot of —K (sI — A)7!B can lie anywhere
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(I)max

L{jo)

Figure 1.7: Nyquist plot.

in the Nyquist plane except in the forbidden disk. Hence, we obtain:

—1 1

e = 2= kmm = 3 = 20 Iogl()(f) = —6dB
=1
. =0 =k per = 00 =00dB

So, the LQR design guarantees stability of the close-loop system for a gain reduction of
upto 6dB and an arbitrarily large gain increase. Similarly, in order to obtain the phase
margin of LQR regulator note that ZAOC represents the maximum allowable phase

change. Since AOQ = OC = AC = 1, it follows that ¢,,,, = 60°.

Hence. we have shown that the LQR control design possesses at least 6dB gain reduction

margin, ocdB gain increase margin and 60° of phase margin.
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Forbidden disk 4

1 I

k

min max

Figure La: Forbidden disk.

Next. we present ai algebraic technique to-obtain the'guaranteed gain and phase margins
of the LQR design. Recall-that the optimal'regilator gain is givenby K = R 'B"P
where P is charaeterized via.

s ASPH PHIEY L PLP
b

where ¥ = BR™'BT. Next. adding and subtracting 20 K’ B* P to and form above and

noting that K7 B" P is symmetric (K B"P = —~PBR'B' P = PBK). we obtain
0= (A4+eBK) P+ P(A+ oBK) 4 Q+ (20 — 1)PEP. (4.2.13)

Next. it follows that if (A. B) is stabilizable then (A + ¢ BN, D) is also stabilizable for

1 « o < oc: (This is shown below.)

(A. B) Stabilizable = (A + ¢BRK.B) stabilizable for



CHAPTER 4. ROBUSTNESS LQR 34

Forbidden disk 4

Figure 4.9: Forbidden disk.

since there exists P > O'satisfving {4.2.13) for % <o < o) it follows that A + o BR is

asymptotically stable for I = o < 50,
Note that : < o <woo.clearly.implies that the LQR design possesses ~cd B upward gain
margin and 6dB downward gain margin. . Next. we show that the phase margin of an

LQR design is at least 60°. Note thatdor-A<=aBL to he A.S. it is required that

Now. let 20 be the sum of a complex number o + jy and its complex conjugate o — jy.
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Then

(0+J7y)+ (0 —Jjy) 21
e e >1
cosf + jsinf + cosf — jsing > 1

2cos > 1

15}
=

=

N | —

CcOos

6 < 60°

4.3 Robustness of LQR with sector Bounded Non-

linearities:

In the just concluded discussion we established that the LQR design possesses nice ro-
bustness properties in the presence of gain and phase variations at the plant input. In
the following discussion we generalize this result to demonstrate that the LQR design in

fact provides robustness in the face of arbitrary sector bounded nonlinearities.

Hence. consider the control design problem for linear system with input nonlinearity

#(t) = Az(t) + Bo(u(t)) (4.3.1)

u(t) = K(t) (4.3.2)

where ¢(-) denotes a vector of component de coupled nonlinearities o(u) = [d1(u1) ... @m (U (t))]F

such that

be < o, (u,)

<egl' Vi=1l.....m (4.3.3)

DN —

u,

and where £; and e5 are small positive scalars. Note that the feedback control design

problem of (4.3.1). (4.3.2) can be depicted in a schematic form as:
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X b % = Ax + Bl |—r—>

A

Figure 4.10: Feedback control design problem.

Note that the feedback representation of Fig. 4.10 is equivalent to :

_l_
<
v

~K(s[- 4)"B

v

Figure 1.11: Feedback representation of Fig. 1.10

Note that the nonlinearities in (4.3.3) can be shown to be sector-bounded. Furthermore.
it follows that the each element of ¢(u) is memoryless and is confined within a sector

that is supposed to lie 1** and 3" quadrant as shown in the figure 4.12.
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slope € ; .

Figure 1.12: Robustness of LQR with sector Bounded Nonlinearities

Theorem 4.3.1 Given the optimal LQ regulator gain K = —R™'BTP where P is the
solution of algebraic requlator Riccati equation, the optimal close-loop system is A.S. for
all arbitrary nonlinearities satisfying (4.3.3) when such nonlinearities are inserted at the

plant input.
Proof : Recall, P satisfies:

0=ATP4+ PA+Q - PYP (4.3.4)

where 3 £ BR™!BT. Next. let

V(z) = a2l Prx (4.3.5)

be a Lyvapunov function candidate. In this discussion. we constrain the algebraic regulator
Riccati equation solution P to be positive definite. Note that the Lyapunov derivative
of (4.3.5) along system trajectories is given by

Vo= iT(t)Pa(t) + 2T () Pi(t)

= 2" (t)[AT P+ PAJx(t) + 0" (u)BTPx(t) + 27 (t)PBo(u) (4.3.6)
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Next, using (4.3.4) and —RK = BT P, it follow that (4.3.6) is equivalent to

V = 2T[PEP - Qlz — ¢T(w)RKz — 2T KT Ro(u)

= —27Qx +2"KTRKz — ¢" (u)RKz — 2T KT Ro)(u). (4.3.7)

Next, with R = diag,_, () we obtain

20" KT Ro(u) = > 2r(Kx)id,(u)
=1

m 1 i
> Zl 27"1(5 + &) (Kz)?

= (1+2&) Z r(Kz,)?
=1
= (1+2e)2"KTRKx (4.3.8)
Hence, using (4.3.7). (1.3.8) yields:
V< 2 Qv = 22" KTRK . (4.3.9)

Since V(r) < 0 we have stability. In order to show A.S. note that V/(z) = 0 implies

2TQr =0 and K2 = 0.
tTQr =0= 2TETE2 =0 (4.3.10)
and Kr=0=u=0 so &(u)=0.
Now &= Ax+ Boé(u) = Ax (4.3.11)

Using & = Ar and sy = 0 it follows that since (A. <) is detectable. V(0) =0 = x = 0.

Hence A.S. is establishes.
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Design of the state feedback by
using the LQR

5.1 MATLAB implementation

The commands

>> K=Iqr(A,B,Q,R);

solve the continuous-time linear quadratic regulator problem and the associated Riccati
equation. This command calculates the optimal feedback gain matrix K such that the

feedback control law

u(t) = —Kx(t)

minimizes the performance index

J(K) = 1 / h [2T(1)Qux(t) + u” (t)Ru(t)] dt

9
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X(1}——y ()
i C By

u(t)

Figure 5.1: Feedback system.

subject to constraint equation

Another command

>> [K,PEI=Igr(A,B,Q,R,N);

also returns matrix P. the unique positive-definite solution to the associated matrix

Riccati equation:
0=A"P+PA+Q -~ PBR'BTP

If matrix A — BR is a stable matrix. such a positive-definite solution P always exists.
The close-loop poles or eigenvalues of A — B are also obtained by this command.

It is important to note that for certain systems matrix 4 — BK cannot be made a stable
matrix. whatever A" is chosen. In such a case there does not exist a positive-definite

matrix P for the matrix Riccati equation. For such a case the commands

do not give the solution.
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>> K=Iqgr(A,B,Q,R);
>> [K,P.E]=Iqr(A,B,Q,R);

>> helpliqr

LQR Linear-quadratic regulator design for continuous-time systems.
[K,S,E]l = LQR(A,B,Q,R,N) calculates the optimal gain matrix K
such that the state-feedback law u = -Kx minimizes the cost
function

J =Integral {x'Qx + u'Ru + 2*x'Nu} dt

subject to the state dynamics x = Ax + Bu.
The matrix N is set to zero when omitted. Also returned are the
Riccati equation solution S and the closed-loop eigenvalues E:

-1
SA+ A'S - (SB+N)R (B'S+N)+Q=0, E=EIG(A-B*K).

Figure 5.2: Help of LQR in MATLAB
5.2 Laboratory Exercises

Exercise. 1) (LQR command.) Consider the system described by
1(t) = Ax(t) + Bu(t)
where
A= .B=
0 -1 1

The performance index .J is given by

1

JK) = 5 Ax [T (H)Qx(t) + u” (t)Ru(t)] dt

where

41
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Assume that the following control u is used.
u(t) = Kx(t)
Form Riccati equation

0 = AP+ PA+Q— PBR'B™P
2 1
s

and
K = —R'B'P

= —[1][0 1] i 1 z[—l —1]

Thus the optimal control signal is given by
u=Kux(t) = —x1(t) — x2(t)

MATLAB yields the solution to this problem.

>> %****Enter state matrix A and control matrix B****%
>> A=[01;0-1];

>> B=[0; 1];

>>Q=[10;01];

>> R=[1];

>> A

A=
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>> %%%%%%Matrix K can be obtained by entering
the following command%%%%%%%

>> K=Iqr(A,B,Q,R)

K=

1.0000 1.0000
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Ezxercise. 2) (Effects of @ and R) The state space equations and the transfer function

are repeated below for convenience.

-04 0 —-0.01 6.3
r = 1 0 0 z+| 0 |u
—-14 9.8 —-0.02 9.8

y = [0 0 1].17

We would like to determine the effects of weighting matrices @ and R. Case I: Change
Q by Q = I,101,1007,10007, 10000001
Use MATLAB solve this case

a=[-040-0.01;100;-1.49.8-0.02];
b=[6.3;0;9.8];
c=[001};
d=0;
1=0:0.1:10;
bsize=size(b); noinp=bsize(2); csize=size(c); noout=csize(1);
r=1;qq=I[1 10 100 1000 1000000};
fori=1:5
q=qq(i);
[gain,pl=lgr{a,b,g*eye(3),r);
cgh=gain; dgh=0;
at=a-b*gain; bt=b; ct=c; dt=0;
out=step(at,bt,ct,dt,1,t); out=out/out(length(out));
hold on
figure(1)
bode(a,b,cgh,dgh);
title('Open loop Bode magnitude and phase{change Q)')
hold on
figure(2)
bode(at,bt,ct,dt);
title('Closed loop Bode magnitude and phase(change Q)')
hold on
figure(3)
plot(t,out)
grid
title('Step response(change Q)')
xlabel('Time(sec)")
ylabel('Output’)
end



CHAPTER 5. DESIGN OF THE STATE FEEDBACK BY USING THE LQR

Step response(change Q)
1.4 T T

i T T 1 T

12F Q=i

Q=1000000%i

0.8

Output

0.6

04}

0.2

L Il L 1 1 1

-

0 1 2 3 4 5 6 7
Tirme(sec)

Figure 5.3: Step response {(when varving Q).
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Open loop Bode magnitude and phase(change Q)

Q=1000000%i

- Q=1000%
A S o = [ 11
] Q=10%i
E -

.ié ﬁ:l
g
=

4

=2
&

ol

=

o

~ J B
Freguency (rad/sec)

Figure 5.1: Open loop Bode magnitude and phase (when varving ().
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Closed loop Bode magnitude and phase(change Q)

Q=1000000*i

Magnitude (dB)

Phase (deg)

Frequency (rad/sec)

Figure 5.5: Closed Joop Bode magnitude and phase (swhensarying ().
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consider the case where Q = I,

Open loop Bode magnitude and phase(change Q)

z
g
2
=
g
= (Gain magin)=-15.8 dB
(Phase magin)= +83.8
=
3
&
£
a

Frequency (rad/sec)

Figure 5:6:Qpenloop Bode magnitude and phaseé (when Q = 1).

The phase and gain margin for K = [ 0.52 1.38 0.99 |are

Gain Margin - = —15.8dB

Phase Margin = = 83.8



CHAPTER 5. DESIGN OF THE STATE FEEDBACK BY USING THE LQR

Nyquist Diagram

Imaginary Axis

Kmin=-5.65
Gain magin = -15.04

min

Real Axis

Figure 5.7:"Nyquist Diagram.and torbidden disk {when@ #1).

= M|ar

ol

where Z = number of zeros of 1 + G(s)H(s) in the right-half s plane
N number of clockwise encirclements of the —1 + j0 point
P = number of poles of G(s)H (s) in the right-half s plane

Form this nvquist and MATLAB

19
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N N u =
i
[\]

50
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Nyquist Diagram

Imaginary Axis

b=83.8

phase margin

Real Axis

Fignre 5.8: Nvquist Diagranm-and farbidden disk (when €@ =1).

This problem is stabledor, K’ { 052 438 0.09 J Q = Ninddis= 1.
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The cheap control case,

J(k) = é/ooo [T ()Qz(t) + u (t)Ru(t)] dt

£—>0.

q
[lu|l tends to increase because its cost is relatively decreasing, so larger gains are used.

This may cause saturation problems in practice.

Table 1. Data for Varying Q

Q Control gain vector | Gain margin| Phase magin| weg | wc

1 0.52 | 438 1 -15.8 83.8 127 | 2

10 1.12 | 11.89 | 3.15 -22.9 88.2 379 |2.12
100 3.13 | 3573 | 9.98 -30.8 89.4 1117.4]2.15
1000 9.53 [ 111.15¢ 31.57 -40.7 89.8 369.4 {2.16
1,000,000 1296.36 | 3489.2 1998.39 -70.6 - - (217

The phase margin is larger than 80 degrees in all cases (for Q = 10°, there was no gain
crossover frequency over the selected range for the Bode plot). The negative gain margin
indicate by how much the gain can be reduced before instability occurs. It is at least —15
dB and increases with ). Using the gain crossover frequency as an approximate measure

of the bandwidth, we observe that as the stability margins increase, bandwidth increases.
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Case II: Change R by R = 1,10, 100, 1000, 1000000
Use MATLAB solve this case

a=[-040-0.01;100;-1.49.8-0.02};
b=[6.3;0;9.8];
c=[001];
d=0;
1=0:0.1:10;
bsize=size(b); noinp=bsize(2); csize=size(c); noout=csize(1);
rr=[1 10 100 1000 1000000]; g=eye(3);
fori=1:5
r=rr(i);
[gain,pl=Iqgr(a,b,q.r);
cgh=gain; dgh=0;
at=a-b*gain; bt=b; ct=c; dt=0;
out=step(at,bt,ct,dt,1,t); out=out/out(length(out));
hold on
figure(1)
bode(a,b,cgh,dgh);
title('Open loop Bode magnitude and phase(change R))
hold on
figure(2)
bode(at,bt,ct,dt);
title('Closed loop Bode magnitude and phase(change R)')
hold on
figure(3)
plot(t,out)
grid
title('Step response’)
xlabel('Time(sec)')
ylabel('Output’)
end
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DESIGN OF THE STATE FEEDBACK BY USING THE LQR

Step response (Change R)

Output

T T

2 3 4 5 6 7
Time(sec)

Figwre 5.9: Step response {when varving R);
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Magnitude (dB)

Phase (deg)

Open loop Bode magnitude and phase(change R)

s

Frequency (rad/sec)

Figure 5.10: “OpenJdoop Boude magnitude and: phase (when'zarying R).

(W ]
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Closed loop Bode magnitude and phase(change R)
BRI T e e -

R=1000

2
= R=100
3

3 R=10
) R=1

=

g

. ]

W

£

o

Frequency (rad/sec)

Figure 5:11: Closed loop Bode magnitade and phase (when‘varving R).

We study the minimuatenergy eontrol ¢ase, Theratio of @/ RAis allowed to approach
zero. The values of comtrel gain vector. step responsé characteristics. and stability margin
measures are shown in Table-2. “Nete that. as expected. the gain decreases with higher

values of R.
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Table 2. Data for Varying R

R Control gain vector | Gain margin | Phase magin| wcg { wep

1 0.52 | 4.38 1 -15.8 83.8 127 | 2
10 039 | 1.96 | 0.31 -11.8 71.2 52 | 1.6
100 0.35 | 0.98 | 0.09 -12.6 61.9 3.1 | L]
1000 0.28 | 048 | 0.02 -14 60.5 2.1 107
1,000,000 | 0.08 | 0.06 [0.0002 -7.2 60.7 07 |04

The step response characteristics indicate that with large values of K. the overshoot
decreases, whereas all speed of response measures will increase, resulting in a well damped
and slow system. The margins indicate that the lower gain and phase margin are pushed
to their limits of —6 dB and 60 degree with increasing R. The bandwidth decreases as

the margins are reduced, but roll-off rate remains at —20 dB per decade.
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Ezxercise. 3) (Applied to other problem.) For a plant described by:

-0.3 0.1 —0.05 2
i(t) = 1 01 0 |x®)+|o0]ud)
~1.5 —89 —0.05 4
y(t) = {0 0 1]m(t)-

design a linear quadratic controller that minimizes the cost function:

1

Jk) = 5 /0 oo[:rT(t)QI(zf)+uT(f,)Ru(t)]chf

Perform the design for different values of () nd R.

Solution.

_GRER 0N YN\ g
4= i 0.1 0
[L2115.9, 0,05

[N}

and the cost function is

J(K) = [O K 2T ()Qx(t) + u"(t) Ru(t))dt

Z

then

Solve MATLAB find K. P
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>> A=[-0.3 0.1 -0.05;1 0.1 0;-1.5 -8.9 -0.05);
>> B=[2;0;4];

>>C=[001];

>> D=0;

>> Q=eye(3);

>> R=1;

>> [K,PE]=Igr(A,B,Q,R)

K=

5.9789 10.2705 -1.0786

P=

8.4490 158136 -2.7298
15.8136 31.4205 -5.3392
-2.7298 -5.3392 1.0952

E=

-3.0224 + 0.7856i
-3.0224 - 0.7856i
-1.8484

such that

K = [5.9789 10.2705 -1.00786]

8.4490 15.8136 —2.7298
P = 158136 31.42056 —5.3392
—2.7298 —5.3392 1.0952

Obtain the open-loop transfer function to calculate the gain and phase margins. Com-

pare the results for different values of @ and R.
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Solving by MATLAB (see Nyquist and bode plot).

A=[-0.3 0.1 -0.05;1 0.1 0;-1.5-8.9 -0.05];
B=[2;0;4];

C=[001];

D=0;

qq=[12345];

fori=1:5

Q1=qq(i)*eye(3);

R1=1;
k1,p1,el=lgr(A,B,Q1,R1)
Ac=A-B*k1;

figure(1)
[num1,den1]=ss2tf(A,B k1,D)
nyquist(num1,dent)

hold on

end

x=[-2:0.01:0];
y=sqrt(1-(x+1).A2)
plot(x,y,'r')

plot(x,-y,'r')

hold off
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Nyquist Diagram

Imaginary Axis

Real Axis
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Nyquist Diagram

Imaginary Axis

Real Axis
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Nyquist Diagram

Imaginary Axis

$=71.62
Phase margin

Real Axis
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Open loop Bode magnitude and phase

g
£
&
2 ¢=71.62
Phase margin

Frequency. (rad(sec) T

By graph we know, phase-and gainwargins.
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Stability

A.1 Main Stability Theorems

Lyapunov Stability. To begin with, we remind reader that Lyapunov stability, as-
ymptotic stability, uniform stability, uniform asymptotic stability, etc.. are properties
not of a dynamic system as a whole, but rather of its individual solutions. Consider the

time-varying system
W AN 5T (A.1.1)

where 2 € R". and f : R™ x R, — R" is piecewise continuous in ¢ and locally Lipschitz
in x. The solution of (A.1.1) which starts from the point 1y at time t;, > 0 is denoted
as w(t;xg,ty) with x(tp; xg.ty) = xro. Lyapunov stability concepts describe continuity
properties of r(t: .rg, ty) with respect to xp. If the initial condition .ry is perturbed to F,.
then. for stability, the resulting perturbed solution z(t:7g.%,) is required to stay close
to x(t: xy. tg) for all t > #;. In addition, for asymptotic stability, the error x(t: @, ty) —

x(t: g, ty) is required to vanish as t — oc. So. the solution r(t: xg.ty) of (A.1.1) is

e bounded, if there exist a constant B(xg,1p) > 0 such that
|e(t: 2o, to)| < B(xo. to). Yt > ty: (A.1.2)
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o stable, if for each € > 0 there exists a d(g, tg) > 0 such that

,.’Eo — IIT()l <é= Iil?(f: T, t()) — .T(t: Xg, to)‘ <eg, YVt > tq: (A13)

e attractive, if there exists an r(ty) > 0 and, for each ¢ > 0, a T'(¢, tp) > 0 such that

|Fo — xo] <7 = |x(t: Zg.ty) — x(t: 0. 10)| < <. Vt >ty + T (A.1.4)

e asymptotically stable. if it is stable and attractive: and

e unstable. if it is not stable.

The stability properties of a(t: 2, to) in general depend on the initial time ¢q. For different
to, different values of B(xg. ). d(e.tg). 7(to), and T(e, to) may be needed to satisfy (A.1.2).
(A.1.3) and (A.1.1). When these constants are independent of ty. the corresponding
properties are uniform (Clearly. all properties are uniform if the system is time-invariant:
& = f(r)). For adaptive systems. uniform stability is more desirable than just stability.
Even more desirable is uniform asymptotic stability, often shortened to UAS. The
solution x(t;xg,ty) is UAS if it is uniformly stable and uniformly attractive, that is, if

d(e, to) = d(e),r(ty) = r, and T'(e, ty) = T(e) do not. depend on .

Some solutions of a given system may be stable and others unstable. In particular, (A.1.1)
may have stable and unstable equilibria, that is constant solutions x(t:xg.tg) = .
satisfying f(x.,t) = 0. If an equilibrium x. is asvmptotically stable. then it has a region
of attraction — a set Q) of initial states xy such that x(t:2p.ty) — &, as t — oo for
all g € Q (When x, s only stable, then the solutions starting in Q remain close to xr,
m the sense of (A.1.3)). In this report. the stability properties for which an estimate of
the region of attraction is given are referred to as regional. Otherwise they are called
local. When the region of attraction is the whole space R”. then the stability properties

are global.

Any equilibrium under investigation can be translated to the origin by redefining the

state r as = r — r.. Such a translation z = r — x(t; 2y, ty) can be defined for any
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solution z(t; xg,tp) so that the solution under investigation can always be considered to
be an equilibrium at the origin with a corresponding redefinition of f(z,t) into f(z,t)

such that f(0,¢) = 0, namely:

i = f(z +x(t;zo,to) t) — flx(t;zo.t0), 1) 2 flz,t). (A.1.5)

Therefore, there is no loss of generality in standardizing the stability results for the zero
solution z(#:0.ty) = 0. In adaptive tracking problems. this zero solution is particulary

meaningful when the state z represents the tracking error and its derivatives.

To be of practical interest. stability conditions must not required that explicitly solve
(A.1.1). The direct method of Lyvapunov aims at determining the stability properties
of x(t:xg,ty) from the properties of f(x,t) and its relationship with a positive definite
function V(«,t). For global result, this function must be radially unbounded, that is
V(r.t) — oo as || — oc uniformly in ¢. For simplicity, we will assume that the
translation to the origin has been performed, that is, f(0,¢) = 0, and thus the solution

under investigation is r = 0.

Uniform asymptotic stability is a desirable property, because systems that possess it can
deal better with perturbation and disturbances. We shall see that. in general, adaptive
designs achieve less than uniform asymptotic stability. However, they achieve more than
uniform stability because they force the tracking error to converge to zero. This key
property is referred to as regulation when the reference signal is constant, and tracking
wheun it is a time-varying signal. For convergence analysis, a powerful tool is the following

theorem due to LaSalle and Yoshizawa:

Theorem A.1.1 (LaSalle-Yoshizawa) Let » = 0 be an equilibrium point of (A.1.1)
and suppose f 1s locally Lipschitz in x uniformly int. Let V : R" — R be a continuously
differentiable. positive definite and radially unbounded function V' (r) such that

4

V= 5 @fr 1) < —W(x) <0, ¥t >0, Yz € R™ (A.1.6)

where W 1s a continuous function. Then. all solutions of (A.1.1) are globally uni-
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formly bounded and satisfy

lf1_1*11.101)[/(:1?(15)) = 0. (A1)

In addition, if WW(z) is positive definite. then the equilibrium r = 0 is globally uni-

Jormly asymptotically stable (GUAS).
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Observability and Detectability

Consider the dynamical system

#(t) = Av(t) + Bu(t), t>0, 2(0)=zocR" (B.0.1)

y(t) = Ca(8) (B.0.2)

where £ € R", uw € R". B € ™™ y € R', and C' € R™™. We say that the system
(B.0.1), (B.0.2) or the pair (A, ') is observable if ¥ t; > 0 the initial state ry can
be determined from the time history of the input u(t) and y(¢) in the interval [0,#;].

Otherwise we say that (B.0.1), (B.0.2) or the pair (A, ") is unobservable.

Theorem B.0.2 :Let A € R"™*". C € R™™". Then the following statements are equiva-

lent.

i) (A,C) is observable.

it1) The matrix

t
W, 2 / e 5CTCeds >0 YV >0
0
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r 7
C
CA
iii) rank _ =n
n~—1
[ A
A=)
1) rank = =n V AeC
C

v) Let A and x be any corresponding eigenvalue and eigenvector of A.i.e.

Ar=Ax\\| | fthen” Gt £ 0

) The eigenvalue of A+ LC' can be freely assigned (with the restriction that complex

eigenvalues occur in conjugate pairs.) by a suitable choice of L.

Proposition B.0.3 : If (A, C) is observable and u(t) and y(t) are know for t € [0,t4],

then xy is given by

t i1 s
To = [/ €ATSCTCGAS(18}_1 [/ GATSCT[Z/(S) L C/ 6‘4UBU(O')dO'}d8:| .
0 0 0

Definition B.0.4 : The pair (A, C) is said to be detectable if

A, <A
rank =n. rxex4dncC.
C

Note that it follows from the above proposition that (A, (") is detectable if and only if
(AT, CT) is stabilizable.

Lemma B.0.5 If (A, C) is observable (response, detectable),then (A+ KC'. (') is observ-
able (response. detectable). K € R"™!

Lemma B.0.6 Assume (A,C) is observable and let D € R™>*", E ¢ R"™! and R € R
where R is p.d. Then (|A+ ED),[CTC + DTRDI/?) is also observable.
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Proposition B.0.7 Let (A, C) be detectable and assume 3P € N satisfying
0=A"P+PA+CTC

Then A is continuous time stable.
Lemma B.0.8 Let 4 € R"™" be continuous time stable. Then 3 a unique P € R™*"
satisfying

0=A"P+PA+R
for all R € R™". In particular P is given by

7y N
P:/ et ' ReMdt
0

Finally, if R = CTC where C € R™*™ then P > 0 if and only if (A, C) is observable.
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Lo Norm :

C.1 Deterministic Formulation:

Consider the stable linear time-invariant system :

B(t) = Ar(t)+ Bu(t). z(0)=x, (C1.1)

Y(Bho = Cx(t) (C.1.2)

A e Rnxn _’B c Rnxm 1(7 c Rlxn‘
Then
t
x(t) = eMag + / e Bu(s)ds. t>0
0

and so

t
y(t) = CeMry + C/ et Bu(s)ds, t>0 (C.1.3)

0
Next. if we let xq = 0 and u(t) = 26(t)u where & where & € R is a constant and 6(¢) is

a unit impulse centered at ¢ = 0 such that

/ B (0)6(t)dt = %q)(o)
0
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Then equation (C.1.3) yields :
y(t) = CeMBa (C.1.4)

Next, define
H(t) 2 CeB

Where H(t) € R™™" .Vt > 0 H(t) is called the impulse response matrix and y(t) is called

the impulse response of system (C.1.1), (C.1.2)

Alternatively. if in (C.1.3) we let u(t) = 0.Vt > 0 and ry = Bu then the free response of

the system is
y(t) = Celry = Ce* Bu

Which is identical to the response obtained in (C.1.4) for xo = 0 and u(t) = 20(¢t)a.

Every impulse response of (C.1.1), (C.1.2) can be equivalently obtained via the free re-

sponse of system (C.1.1}, (C.1.2) with suitable initial condition.

In order to develop deterministic formulation of L, norm, consider the quadratic perfor-

mance functional

(g, u) & / T Oybde

0

Note that is it follows from the above discussion that

7(0,25(t)a) = (B, 0)
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Next. let 7(@) £ 7(0,25(t)u) = 7(Ba, 0). Then

l

() /0 OO(CeA‘Ba)T(CeAfBu)dt
= al [ /O N [(Ce*'B)]" [(Ce™B)) dt} a
= tr {aﬂT /0 N [(Ce**B)]” [(Ce''B)] dt]

= tr [&&T h HT(t)H(z‘)dz‘]

0

Next. let & = ¢, £ Col,(Im). furthermore. compute >~ 7(e,) as below :

}j:%(e;) = tl‘[[ii(eief)} KOCHT(t)H(t)dt}
= tr []m/Ox HT(t)H(z‘)dz‘]
£ /Ooctr [HT(t)H(t)] dt

Recall the notation

ey
(1

| & lr= [tr [IT;I‘T]]

= [tr [ITI] ]

Hence,

m

ek / T H | dt

1=1

We next define the L, norm of H(-) as follows :

| HO o2 [ [ dtr (C.15)

0

Theorem C.1.1 Consider the stable triple (A, B,C) with impulse response H(t) =
Cel'B . t>0. Then the L, norm of H(-) is given by

| H(-) 3= tr(CQCT) = tr(B PB)
Where Q. P € R"*" satisfy :

0 = AQ+QAY + BB”

0= ATP+PA+CTC
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Proof : Note that (C.1.5) implies :

EOI e [HT ) H() dt

0

t
— tr / [BTeATtCTCeAfB] dt
0

= tr{C [ / e‘“BBTeATtdt} cT} (C.1.6)
0

= tr{B” { / eATtC'TCe‘““dt} B}

Q

Now since A is stable a unique solution satisfving (C'.1.6) can be obtained and is given

by
Q = / E,AtBBTeATtdt
0
So (C.1.6) reduces to

LH() |l5= tr(CQCT)

We proof for second part is similar
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