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Nonlinear systems can be found everywhere in everyday life.It is known that Non-
linear Systems can give very close approximation. Despite in modelling any prac-
tical systems the usefulness of a nonlinear application, a linear control system is
more widely used because of its simplicity and requiring less knowledge. So most
systems are recently modeled to be linear. PID is a good example for a linear

control law used in most factory.

The study in nonlinear system has become popular for last fifty years ago in order

to describe some characteristic of any systems caused by unexpected conditions

vii



such as disturbances and environments. The goal is to linearize them into an
equivalent linear systems that possible to solve by linear algebra. We will sepa-
rate nonlinear challenges into two method that are “Feedback Linearization” and
“Backstepping Technic”. Feedback Linearization absolutely linearize the nonlin-
ear system, on the other hand, backstepping technic leaves an essential nonlinear

part which decrease a settling time for example.

In this project, we study a nonlinear system theory such as systems stability,
feedback linearization method, backstepping technic and some application. We
also review linear algebra and linear system theory for further use in nonlinear
systems. We now conclude all the knowledge into our thesis. We also apply these
nonlinear control theory to oscillatory systems. We do so in two ways. One is an
application of the describing function method in building a nonlinear oscillator
where the main purpose is to study the behavior of oscillations. The other one is an
application of adaptive backstepping and tuning function design in base isolation
device where the main purpose is to reduce or rid of unpleasant oscillation of large

structure or high buildings.
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Chapter 1

Introduction

1.1 Objective

1. Study nonlinear system, characteristic of system, stability theory, feedback

linearization and backstepping technic.
2. Use the describing function method to design a nonlinear oscillator.

3. Study the phenomenon of oscillation and take adaptive backstepping to

decreasing the oscillation.

1.2 Achievements of adaptive linear control

While in this project we will be preoccupied with nonlinear system, we must not
forget that the control of linear plants with unknown parameters was a formidable
problem which took almost twenty years to solve. The adaptive control commu-
nity deserves full credit for providing not only one, but several solutions to this
fundamental problem [10, 16, 18, 37, 46, 47, 49, 55]. Each of this solutions was a

breakthrough in the development of adaptive control: By the ‘early 1980’s, several

1



CHAPTER 1. INTRODUCTION 2

types of adaptive schemes were proven to provide stable operations and asymptotic
tracking. We refer to the results from that period as adaptive linear control or tra-
ditional adaptive control. Traditional adaptive schemes are classified as “direct”
and “indirect” and as “Lyapunov-based” and “estimation-based.” They involve
parameter identification with “parameter estimators” or “identifiers.” The vital
part of the identifier is the parameter adaption algorithm, commonly referred to
as the “parameter update law.” The direct-indirect classification reflects the fact
that the updated parameters are either those of the plant (indirect). According

to this classification, all the schemes in this project are indirect.

The distinction between Lyapunov-based design and estimation-base schemes is
more substantial and is dictated in part by the type of parameter update. law
and the corresponding proof of stability and convergence. Lyapunov-based de-
sign is one of the oldest results of adaptive control. Until recently, however, its
applicability was restricted to linear plants with relative degree one or two. This
limitation has been remove by the recursive design procedures presented in this

project, commonly referred to as backstepping.

An important feature of traditional adaptive control is its reliance on “certainty
equivalence” controllers. This means that a controller is first design as if all
the plant parameters were known. The controller parameters are determined as
functions of the plants parameters. Given the true values of the plants param-
eters, the controller parameters are calculated by solving deéign equations for
model-matching, pole-zero, or optimality. When the true plant parameters are
unknown, the controller parameters are either estimated directly (direct schemes)
or computed by solving the same design equations with plant parameter estimates
(indirect schemes). The resulting controller, which is either estimated (direct) or
designed for the estimated plant (indirect), is called a certainty equivalence con-

troller.
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It is not at all obvious that a certainty equivalence controller will work inside
and adaptive feedback loop and achieve stabilization and tracing. Even when the
plant is stable, bad parameter estimates may yield a destabilizing controller. The
situation is more critical when the plant is unstable, because then the controller
must achieve stabilization in addition to its tracking task. It is therefore signifi-
cant that certainty equivalence controllers have been proven to be satisfactory for

adaptive control of linear systems.

In spite of major advances in the development of adaptive control schemes for
linear system, they have not yet become tools for systematic engineering design.
Each adaptive scheme leaves up to the designer the choice of various filters, design
coefficients, initialization rules, and so on. It is still unclear how the adaptive sys-
tem’s performance, especially its transient performance, depends on these design
choices. Current research activity is aimed at providing the designer with clearer
choices and trade-offs between transient performance and robustness. Transient
performance improvement is one of the prominent features of the nonlinear control

design schemes that we are studying.

1.3 Adaptive control as dynamic nonlinear feed-

back

If a linear plant contains unknown parameters without any information about
their bounds, then in general, it cannot be stabilized by a linear controller. This

is true for the simplest scalar plant
T = u+0z, (1.3.1)

where v is the control and 6 is and unknown constant. If an a priori bound § were

known; 0] <, then u'=-20 would be a linear 'stabilizing controller.  If such
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abound is not known, no linear controller can be designed to guarantee stability

of 1.3.1

To examine whether a static nonlinear controller can help, let us try the controller
u = —ky— kox®, | (1.3.2)

where k; > 0, ky > 0. The resulting feedback system is
& = (0 —Fk)z — koz* (1.3.3)

For 6 > ki, the equilibrium z = 0 is unstable, but the nonlinear term —kox3

prevents z(t) from growing unbounded. It is easy to see that z(t) will converge

—k
to one of the two new equilibria 4 )

——. Thus, the static nonlinear controller
2
(1.3.2) has achieved boundedness of z(t) without any knowledge of a bound on 6.
Out goal is more ambitious than just boundedness of z(t). We also want to achieve
its regulation: tlim z(t) = 0. Can this be accomplished by a dynamic nonlinear
—00

controller? The answer is affirmative: One such controller is
u = —(p+8&z, €= 7 (1.3.4)

where p > 0 is & design parameter. The resulting feedback system is of second

order:

i o= —(p+&)+oz, (1.3.5-a)

¢ = 2% (1.3.5-b)

Its stability properties can be checked by examining the derivative of the Lyapunov
function

V(EE) = s 5 (- 0, (1.3:6)
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which turns out to be nonpositive:
V o= —pa? — €2+ 02+ (€ —0)z* = —pz’. - (1.3.7)

Thus, V (z(t), 8(t)) evaluated along the solution of (1.3.5) is a nonincreasing func-

tion of time. This proves that z(t) and 6(t) remain bounded for all ¢ > 0.

How was the dynamics nonlinear controller (1.3.4) conceived? Not as a nonlinear
controller, but rather as a parameter adaption scheme! Its dynamics part £ =22
is, in fact, an update law for £ as and estimate of 8. Consequently, the estimation

error £ — @ is penalized in the Lyapunov function (1.3.6).

1.4 Lyapunov-based design

The controller(1.3.4) is and outcome of a systematic Lyapunov design procedure.

In this procedure we seck a parameter update update law for the estimate of é(t),
6 = r(z,0), (1.4.1)
which, along with a control law u = o(z, é), will make the Lyapunov function
R NP
V(z,0) = 5% + 5(0 — )", (1.4.2)
a nonincreasing function of time:

V(z(t),0) < V(x(to),0(to))Vt > to,Vto = 0. (1.4.3)

~

To this end, we express V as a function of u and 6 and seek (z,6) and 7(z,0)

to guarantee that V < —pz?® with p > 0, namely

~

V = z(ut0z)+ (600 < —pa. (1.4.4)
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Figure 1.1: Lyapunov-based adaptive scheme for the scalar system & = u -+ z6.
Rearranging terms we get
zu+ 00 +06(z? — )& < & — p:z:?. (1.4.5)

Since neither a(z, §) nor 7(z, 9) is allowed to depend on the unknown 6, we must

take 7(z,6) =, that is,
0 = = (1.4.6)

The remaining condition
u+ 0z < —pz’. (1.4.7)

allows us to selected a(a:,@) in various ways. The choice which results in the

dynamic nonlinear controller(1.3.4) is

u = —(p+0)z. (1.4.8)

We have thus designed our first Lyapunov-based adaptive scheme shown in Figure
1.1, where s is the complex variable of the Laplace transform. This scheme already

exhibits some features of more general schemes to be designed.
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1.5 Early results

Interest in adaptive control of nonlinear systems was stimulated by major advances

in the differential-geometric theory of nonlinear feedback control in the mid-1980’s.

A through treatment of this theory was given by Isidori in his seminal book [20]
which unified a decade of results by many researchers. Particularly popular were
the results on “feedback linearization,” that is, the state and feedback transfor-
mation of nonlinear system into linear ones {15, 19,22, 38, 39]. This methodology
heled convert many previously intractable nonlinear problem into much simpler

problems solvable by familiar linear methods.

Tt soon became clear, that along with their many advantages,the nonlinear ge-
ometric methods have some shortcomings. One of is their inability to handle
the presence of unknown parameters. This motivated the first series of adap-
tive nonlinear control schemes. They were all restricted to systems satisfying the
matching condition. Examples of such systems are rigid models of fobotic ma-
nipulators. While the first robotic adaptive scheme by Craig [14] required mea-
surement of joint accelerations, this impractical assumption was soon removed
by Slotine and Li [57, 58], Middleton and Goodwin [45], and Ortega and Spong
[50], among others. A more general treatment of adaptive nonlinear regulation
under the matching condition was given by Taylor, Koketovi¢, Marino and Kanel-
lakopoulos [61], including unmodeled dynamics which violated the matching con-
dition, The matching condition was relaxed to the extended matching condition
by Kanellakopoulos,Kokotovi¢ and Marino [26] and Campion and Bastin [11, 13].
For a period , the extended matching condition was the frontier which could not
be crossed by Lyapunov-base designs. Nam and Arapostathis [48] and Sastry
and Isidori [56] combined feedback linearization with adaptation techniques from

adaptive linear control. However,to achieve global stability, these schemes re-
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quired that the nonlinearities be restricted by linear growth conditions. Similar
restriction on system nonlineraities were imposed by Kanellakopoulos, Kokotovié
and Marino [28, 29] and Teel, Kadiyala, Kokotovi¢ and Sastry [62]. The only non-
linear estimation-base results which went beyond the linear growth constraints
were obtained by Pomet and Praly [51, 52, 53], who used Lypunov functions
to characterize relationships between nonlinear growth constraints and controller
stabiliziing properties. In the absence of matching cohditions, their schemes still
involved some growth restrictions but were able to handle the benchmark third-
order example.

The state-of-the-art of adaptive control, including adaptive nonlinear control, was
reviewed in the 1990 Grainger lecture [33].  One of these lectures presented the
result of Kanellakopoulos,Kokotovié and Morse [29, 34], which finally broke .the
extended matching barrier. This was achieved with a new recursive design pro-
cedure called adaptive backstepping. Adaptive backstepping, developed by Ioan-
nis Kanellakopoulos [25] in collaboration with Peter Kokotovi¢ and Steve Morse,
emerged as a confluence of the adaptive estimation idea, on one side, and, on the
other side, nonlinear control idea expressed in works of Tsinias [63], Byrnes and
Isidori [12], Sontag and Sussman [60], Kokotovi¢ and Sussman [32], and Saberi,
Kokotovié¢ and Sussman [54]. Adaptive backstepping was also strongly influenced
by the properties of an early adaptive scheme by Feuer and Morse [17], which ,
although designed for linear systems, preserved global stability under output feed-
back for a class of output nonlinearities, as shown by Kanellakopoulos, Kokotovié
and Morse [30, 31]. Adaptive backstepping influenced further developments in
adaptive nonlinear control. Mario and Tomei [42, 43, 44] combined it with their
filtered transformations [40, 41] to solve the adaptive output-feedback problem for
a class of nonlinear systems that has not since been enlarged. Adaptive backstep-
ping also stimulated efforts to reduce its overparametrization. A partial reduction

was achieved by Jiang and Praly [23]. With the invention of turning functions,
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Miroslav Krstié [35, 36], introduction a new design which completely mboxremoved

the overparameterization.



Chapter 2

Stability Theory

Nonlinear systems frequently have more than one equilibrium point (an equilib-
rium point is a point where the system can stay forever without moving, as we

shall formalize later). This can be seen by the following simple example.

Example 2.0.1 Consider the first order system
i = —z+2z° . (2.0.1)
with initial condition ©(0) = x,. Its linearization is
i = —z. (2.0.2)

The solution of this linear equation is z(t) = z,e™".
The linearized system clearly has a unique equilibrium point at x = 0. By contrast,
integrating equation dz/(—z + z?) = dt, the actual response of the nonlinear

dynamics (2.0.1) can be found to be

z,et

z(t) =

1—2z,+ z0e7t
This response is plotted in Figure 2.1 for various initial conditions, while the

response of its linearized system 'is plotted in Figure 2.2, The system'has two

10
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equilibrium points, z = 0 andx = —1, and its qualitative behavior strongly depends

on its initial conditions.

g0~ oo
\ \ \

—

Figure 2.1: Response of the nonlin- Figure 2.2: Response of the lin-

ear system. earized system

The issue of motion stability can also be discussed with the aid of the above ezx-
ample. For the linearized system, stability is seen by nothing that for any initial
condition, the motion always converges to the equilibrium point x = 0. However,
consider now the actual mnonlinear system. While motions starting with z, < 1
will indeed converge to the equilibrium point z = 0, those starting with T, > 1
will go to infinity (actually in finite time, a phenomenon known as finite escape
time). This means that the stability of nonlinear systems may depend on initial

conditions.

In the presence of a bounded external input, stability may also be dependent on the

input value. This input dependence 15 highlighted by the so-called bilinear system

If input u is chosen to be —1, then the state T converge to 0. If u=1, then absz

tends to infinity.

A
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2.1 Fundamentals of Lyapunov Theory

2.1.1 Nonlinear Systems and Equilibrium Points

Nonlinear Systems

A nonlinear dynamic system can usually be represented by a set of nonlinear

differential equations in the form

—

7 = f(Z,1). (2.1.1)

where f is an n x 1 nonlinear vector function, and Z is the n x 1 state vector. A
particular value of the state vector is also called a point because it correqunds_
to a point in the state-space. The number of states n is Calléd the order of the
system. A solution Z(t) of the equation (2.1.1) usually corresponds to a curve in
state space as t varies from zero to infinity, as already seen in phase plane analysis
for the case n = 2. This curve is generally referred to as a state trajectory or a

system trajectory.

It is important to note that although equation (2.1.1) does not explicitly contain
the control input as a variable, it is directly applicable to feedback control systems.
The reason is that equation (2.1.1) can represent the closed-loop dynamics of a
feedback control system, with the control input being a function of state Z and

time ¢, and therefore disappearing in the closed-loop dynamics. Specifically, if the

plant dynamics are

Z = f(Z,1,1).

and some control law has been selected
i = g(Z,1).

then the closed-loop dynamics is

=

7= f(%,§(%,1),t).

Qy
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which can be rewritten in the form (2.1.1). Of course, equation (2.1.1) can also

represent dynamic systems where no control signals are involved, such as a freely

swinging pendulum.

A special class of nonlinear systems is that of linear systems. The dynamics of

linear systems are of the form

where A(t) is an n X 7 matrix.

AUTONOMOUS AND NON-AUTONOMOUS SYSTEMS

Definition 2.1.1 The nonlinear system (2.1.1) is said to be autonomous if f

does not depend explicitly on time, i.e., if the system’s state equdtion can be written

-

z= f(2). (2.1.2)

Otherwise, the system is called non-autonomous.

A time-invariant plant with dynamics

—

z= f(&1).

may lead to a non-autonomous closed-loop system if a controller dependent on

time t is chosen, i.e., if @ = §(,1).
EQUILIBRIUM POINTS

It is possible for a system trajectory to correspond to only a single point. Such a
point is called an equilibrium point. As we shall see later, many stability problems

are naturally formulated with respect to equilibrium points.

Definition 2.1.2 A state ¢ is an equilibrium state (or equilibrium point)

of the ‘system if once (t) is equal 'to' Z°, it remains equal to % for all future time.
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Mathematically, this means that the constant vector z° satisfies

0 = f(z°). (2.1.3)

A linear time-invariant system

z = A% (2.1.4)
has a single equilibrium point (the origin 0) if A is nonsingular. If A is singular,
it has infinitely maﬁy equilibrium points, which are contained in the null-space
of the matrix A, i.e., the subspace defined by Az = 0. This implies that the
equilibrium points are not isolated, as reflected by the example # + £ = 0, for

which all points on the z axis of the phase plane are equilibrium points.

A nonlinear system can have several (or infinitely many) isolated equilibrium

points. The following example involves a familiar physical system.

Example 2.1.3 Consider the pendulum, whose dynamics are given by the follow-

ing nonlinear autonomous equation
MR*0 + k0 + MgRsind =0 (2.1.5)

where k is a friction coefficient, M the mass, R the pendulum length, and g the

gravity constant. Letting 1 =6,z5 = 0, the corresponding state-space equation is

B o= o . (2.16)

k
R %sinxl. (2.1.7)

Ty =
Therefore, the equilibrium points are given by
2y = 0,sinz; = 0.

which leads to the points (0[27],0) and (7[27],0). Physically, these points cor-

respond to the pendulum resting ezactly at the vertical up and down positions.
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In linear system analysis and design, for notational and analytical simplicity, we
often transform the linear system equation in such a way that the equilibrium

point of interest is Z°. Then, by introducing a new variable
y=x—1I°

and substituting ¥ = ¢+ Z° into the equation (2.1.2), a new set of equations on

the variable ¢ are obtained

-

¥ = flgHa°). (2.1.8)
One can easily verify that there is a one-to-one correspondence between the so-
lution of (2.1.2) and those of (2.1.8), and that in addition, 4 = 0, the solution
corresponding to Z = Z°, is an equilibrium point of (2.1.8). Therefore, instead of
studying the behavior of the equation (2.1.2) in the neighborhood of Z°, one can
equivalently study the behavior of the equations (2.1.8) in the neighborhood of
the origin. ,
NOMINAL MOTION In some practical problems, we are not concerned with
stability around an equilibrium point, but rather with the stability of a motion,
i.e., whether a system will remain close to its original motion trajectory if slightly
perturbed away from it, as exemplified by the aircraft trajectory control problem.
We can show that this kind of motion stability problem can be transformed into an
equivalent stability problem around an equilibrium point, although the equivalent

system is now non-autonomous.

2.1.2 Concepts of Stability

In the beginning of this chapter, we introduced the intuitive notion of stability
as a kind of well-behavedness around a desired operating point. However, since
nonlinear systems may have much more complex and exotic behavior than linear

systems, the mere notion of stability is not enough to describe the essential features
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of their motion. A number of more refined stability concepts, such as asymptotic
stability, exponential stability and global asymptotic stability, are needed. In this
section, we define these stability concepts formally, for autonomous systems, and

explain their practical meanings.

A few simplifying notions are defined at this point. Let Br denote the spherical
region (or ball) defined by ||Z]| < R in state-space, and Sg the sphere itself, defined
by [|Z]] = R.

STABILITY AND INSTABILITY

Let us see the basic concepts of stability and instability.

Definition 2.1.4 The equilibrium state £ = 0 s said to be stable if, for any
R > 0, there exists r > 0, such that if ||Z(0)|| < r, then ||Z(E)|| < R for all t > 0.

Otherwise, the equilibrium point is unstable.

Essentially, stability (also called stability in the sense of Lyapunov, or Lya-
punov stability) means that the system trajectory can be kept arbitrarily close
to the origin by starting sufficiently close to it. More formally, the definition states
that the origin is stable, if, given that we do not want the state trajectory Z(t) to
get out of a ball of arbitrarily specified radius Bg, a value 7(R) can be found such
that starting the state from within the ball B, at time 0 guarantees that the state
will stay within the ball By thereafter. The geometrical implication of stability
is indicated by curve 2 in Figure 2.4 ([54]).

Using mathematical symbols Definition 2.1.4 can be written

VR >0,3r > 0,||Z(0)|| < r = V& > 0, ||Z(t)|| < R.
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or, equivalently

VR > 0,3r > 0,Z(0) € B, =Vt > 0,Z(t) € Bg.

Conversely, an equilibrium point is unstable if there exists at least one ball Bg,
such that for every r > 0, no matter how small, it is always possible for the
system trajectory to start somewhere within the ball B, and eventually leave the
ball Br

(Figure 2.4 [54]). Unstable nodes or saddle points in second-order systems are
examples of unstable equilibria. Instability of an equilibrium point is typically
undesirable, because it often leads the system into limit-cycles or results in damage

to the involved mechanical or electrical components.

It is important to point out the qualitative difference between instability and the
intuitive notion of “blowing up” (all trajectories close to origin move further and
further away to infinity). In linear systems, instability is equivalent to blowing up,
because unstable poles always lead to exponential growth of the system states.
However, for nonlinear systems, blowing up in only one way of instability. The

following example illustrates this point.

Example 2.1.5 (Instability of the Van:der Pol oscillator) The Van der Pol
oscillator is described by
i.C1 = I9

Ctg = —I + (1 - $2>$2.

The system has an equilibrium point at the origin, as seen in its phase portrait

(Figure 2.8 [54]).

System trajectories starting from any mon-zero initial states all asymptotically

¥

approach’ o’ limit ‘.cycle. Fuﬁheﬁn_qré,’ "the ball" By (R ="1)"1s easily shown to

61977
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be within the phase-plane region enclosed by the limit cycle. Therefore, system
trajectories starting from an arbitrarily small ball B, will eventually get out of
the ball By to approach the limit cycle Figure 2.8. This implies instability of the

origin.

» X

-
e

Figure 2.3: Unstable origin of the Van der Pol oscillator.

Thus, even though the state of the system does remain around the equilibrium point
in the certain sense, it cannot stay arbitrarily close to it. This is the fundamental

distinction between stability and instability.

ASYMPTOTIC STABILITY AND EXPONENTIAL STABILITY

In many engineering applications, Lyapunov stability is not enough. For example
when a satellite’s attitude is disturbed from it nominal position, we not only want

the satellite to maintain its attitude in a range determined by the magnitude of the
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disturbance, i.e., Lyapunov stability, but also require that the attitude gradually
go back to its original value. This type of engineering requirement is captured by

the concept of asymptotic stability.

Definition 2.1.6 An equilibrium point 0 is asymptotically stable if it is stable,
and if in addition there ezists some v > 0 such that |Z(0)]] < r implies that

Z(t) — 0 as t — oo.

Asymptotic stability means that the equilibrium is stable, and that in addition,

states started close to 0 actually converge to 0 as time t goes to infinity.

curve 1 _asymptotically stable
\ curve 2 marginally stable

curve 3 unstable

N

Figure 2.4: Concepts of stability.

Figure2.4 shows that the system trajectories starting from within the ball B,
converge to the origin. The ball B, is called a domain of attraction of the
equilibrium point (while the domain of attraction of the equilibrium point refers
to the largest such region, i.e., to the set of all points such that trajectories initiated
at these points eventually converge to the origin). An equilibrium point which is

Lyapunov stable but not asymptotically stable is called marginally stable.
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One may question the need for the explicit stability requirement in the definition
above, in view of the second condition of state convergence to the origin. However,
it is easy to build counter-example that show that state convergence does not
necessarily imply stability. For instance, a simple system studied by Vinograd has

trajectories of the form shown in Figure 2.5.

X

42

Figure 2.5: State convergence does not imply stability.
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All the trajectories starting from non-zero initial points within the unit disk first
reach the curve C before converging to the origin. Thus, the origin is unstable
in the sense of Lyapunov, despite the state convergence. Calling such a system
unstable is quite reasonable, since a curve such as C may be outside the region
where the model is valid - for instance, the subsonic and super sonic dynamics of
a high-performance aircraft are radically different, while, with the problem under

study using subsonic dynamic models, C could be in the supersonic range.

In many engineering applications, it is still not sufficient to know that a system
will converge to the equilibrium point after infinite time. There is a need to esti-
mate how fast the system trajectory approaches 0. The concept of exponential

stability can be used for this purpose.
Definition 2.1.7 (Exponential Stability) An equilibrium point 0'is exponen-
tially stable if there exist two strictly positive numbers a and X such that

VES 0, [|Z()] < e [|Z(0)] e7¥. (2.1.9)
in some ball B, around the origin.
In words, (2.1.9) means that the state vector of an exponentially stable system

converges to the origin faster than an exponential function. The positive number

)\ is often called the rate of exponential convergence. For instance, the system
i = —(1 +sin®z)z.
is exponentially convergent to z = 0 with a rate ) = 1. Indeed, its solution is
2(t) = z(0)e” JE[1sin? (z(r)] dr

and therefore

l2(t)] < la(0)] 7"
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Note that exponential stability implies asymptotic stability. But asymptotic sta-

bility does not guarantee exponential stability, as can be seen from the system
i=—z%, z(0)=1 (2.1.10)

whose solution is z =

(with A > 0).

T a function slower than any exponential function e~ M

The definition of equnential convergence provides an explicit bound on the state
at any time, as seen in (2.1.9). By writing the positive constant o as a = erm,
it is easy to see that, after a time of 15 + —i—, the magnitude of the state vector
decreases to less than 35% (= e~1) of its original value (at t = 0), similarly to

. . s 3 .
the notion of time-constant in a linear system. After 7o + 0 the state magnitude

lZ(t)|| will be less than 5% (= e=3) of ||Z(0)1].
LOCAL AND GLOBAL STABILITY

The above definitions are formulated to characterize the local behavior (->f systems,
i.e., how the state evolves after starting near the equilibrium point. Local prop-
erties tell little about how the system will behave when the initial state is some
distance away from the equilibrium as seen for the nonlinear system in Example

2.1.3. Global concepts are required for this purpose.

Definition 2.1.8 If asymptotic (or ezponential) stability holds for any initial
states, the equilibrium point is said to be asymptotically (or exponentially) stable

in the large, it is also called globally asymptotically (or exponentially) stable.

For instance, in Example 2.0.1 the linearized system is globally asymptotically
stable, but the original system is not. The simple system In (2.1.10) is also global

asymptotically stable, as can be seen from its solutions.

Linear time-invariant systems are either asymptotically stable, of marginally sta-

ble, or unstable, as can be seen from the modal decomposition: of linear:system
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solutions; linear asymptotic stability is always global and exponential, and linear
instability always implies exponential blow-up. This explains why the refined
notion-of stability introduced here were not previously encountered in
the study of linear systems. They are explicitly needed only for nonlinear

systems.

2.1.3 Linearization and Local Stability

Lyapunov’s linearization method is concerned with the local stability of a nonlin-
ear system. It is a formalization of the intuition that a nonlinear system should
behave similarly to its linearized approximation for small range motions. Because
all physical systems are inherently nonlinear, Lyapunov’s linearization method
serves as the fundamental justification of using linear control techniques in
‘practice, i.e., shows that stable design by linear control guarantees the stability

of the original physical system locally.

—

Consider the autonomous system in (2.1.2), and assume that f(Z) is continuously

differentiable. Then the system dynamics can be written as
AR R e -
= (b_fj-') T+ fh.o.t(a;) (2111)
=0

where f;;,o.t stands for higher-order terms in Z. Note that the above Taylor expan-
sion starts directly with the first-order term, due to the fact that f (0) = 0, since 0
is an equilibrium point. Let us use the constant matrix A to denote the Jacobian

matrix of f with respect to Z at ' = 0 (an n x n matrix of elements 0f;/0z;)

of
(%)
=0

Then, the system

8y
Il

"
81

(2.1.12)
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is called the linearization (or linear approximation) of the original nonlinear

system at the equilibrium point 0.

Note that, similarly, starting with an autonomous nonlinear system with a control

input ¥

—

= f(z1

-

such that f(0,0) = 0, we can write

of N\ LN
<85ﬁ> ~ 4z+ (5&> / _.u'*‘fh.o.t(m:u)-
$=0,4=0 7=0,4=0

where f;’m,t stands for higher-order terms in & and 4. Letting A denote the Jaco-

z

bian matrix of f with respect to T at (Z = 0,4 = 6), and B denote the Jacobian
matrix of f with respect to 4 at the sam point (an n x m matrix of elements

8f;/Bu;, where m is the number of inputs)

of L [of
A < ax) 0, 0 B 2 (8{]:) 0. o .
z#=0,5=0 7=0,i=0

the system

is the linearization (or linear approximation) of the originally nonlinear system at

(z=0,%=0).

-,

Furthermore, the choice of a control law of the form 4 = 4(Z) (with #(0) = 0)
transforms the original system into an autonomous closed-loop system, having

7 = 0 as an equilibrium point. Linearly approximating the control law as

U= (ﬂ,) Z = GZ.
d.’E F=0

the closed-loop dynamics can be linearly approximated as

7 = f(&,14(Z)) = (A+ BG)T.
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Of course, the same linear approximation can be obtained by directly considering

the autonomous closed-loop system

- —

Z = f(Z,4(%)) = f1i(Z).
and linearizing the function fl with respect to &, at its equilibrium point £ = 0.
In practice, finding a system’s linearization is often most easily done simply by
neglecting any term of order higher than 1 in the dynamics, as we now illustrate.

Example 2.1.9 Consider the system

T, = x% + Z1 COS Ty

Ty = Tg + (1 + 1)1 + Ty 8in o
Its linearized approzimation about T = 0 4s

i’1%0+$1'1—_—$1

T &2 Tog + 04 23+ 2122 = T2 + Z1.

The linearized system can thus be written

A similar procedure can be applied for a controlled system. Consider the system
4435 + (2* + Du=0.
The system can be linearly approzimated about T = 0 as
Z+0+(0+1Lu=0.

i.e., the linearized system can be written
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Assume that the control law for the original nonlinear system has been selected to
be

u=sinz + z° + & cos? z.

then the linearized closed-loop dynamics is

Z+z+z=0.

The following result makes precise the relationship between the stability of the

linear system (2.1.12) and that of the original nonlinear system (2.1.2).
Theorem 2.1.10 (Lyapunov’s Linearization Method)

o If the linearized system is strictly stable (i.e., if all eigenvalues of A are
strictly in the left-half complez plane), then the equilibrium point is asymp-

totically stable (for the actual nonlinear system,).

o If the linearized system is unstable (i.e., if al least one eigenvalue of A is
strictly in the right-half complez plane), then the equilibrium point is unstable

(for the monlinear system).

e If the linearized system is marginally stable (i.e., all eigenvalues of A are in
the left-half complez plane, but at least one of them is on the jw azis), then
one cannot conclude anything from the linear approzimation (the equilibrium
point may be stable, asymptotically stable, or unstable for the nonlinear sys-

tem,).

A summary of the theorem is that it is true by continuity. If the linearized
system is strictly stable, or strictly unstable, then since the approximation is valid
“not too far” from the equilibrium, the nonlinear system itself is locally stable,

or-locally  unstable. - However; if the linearized system is marginally stable; the
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higher-order terms in (2.1.11) can have a decisive effect on whether the nonlinear
system is stable or unstable. As we shall see in the next section, simple nonlinear
systems may be globally asymptotically stable while their linear approkimations
are only marginally stable: one simply cannot infer any stability property of a

nonlinear system from its marginally stable linear approximation.

Example 2.1.11 As expected, it can be shown easily that the equilibrium states

(21 = 7[27], %1 = 0) of the pendulum of Ezample 2.1.3 are unstable. Indeed, first

note that, in a neighborhood of x; ==
sinz; = sinw + (7. — 21) + h.o.t. = (7 — 1) + h.o.t..

Thus, the matriz A corresponding to the system’s linearization in that neighbor-

hood is

AL
A=

Qs  —ap
Since a; > 0 and ag > 0, the linear approzimation is unstable, and therefore so is
the nonlinear system at that equiltbrium point.
Fxample 2.1.12 Consider the first order system
i = ax + bz®.

The origin 0 is one of the two equilibrium points of this system. The linearization

of this system around the origin s
T = ax.

The application of Lyapunov’s linearization method indicates the following stabil-

ity properties of the nonlinear system

e a < 0: asymptotically stable;
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e a > 0: unstable,

e a=0: cannot tell from linearization.

In the third case, the nonlinear system becomes

z = bx®

The linearization method fails while, as we shall see, the direct method to be de-

scribed can easily solve this problem.

Lyapunov’s linearization theorem shows. that linear control design is a matter
of consistency: one must design a controller such that the system remain in its
“linear range”: It also stresses major limitations of linear design: how large is the
linear range? What is the extent of stability (how large is 7 in Definition 2.1.47
These questions motivate a deeper approach to the nonlinear control problem,

Lyapunov’s direct method.

2.2 Lyapunov’s Direct Method

The basic philesophy of Lyapunov’s direct method is the mathematical extension
of a fundamental physical observation: if the total energy of a mechanical (or
electrical) system is continuously dissipated, then the system, whether linear or
nonlinear must eventually settle down to an equilibrium point. Thus, vs}e may
conclude the stability of a system by examining the variation of a single scalar

function.

Specifically, let us consider the nonlinear mass-damper-spring system in Figure

2.6 ([54]), whose dynamic equation is

mi 4 bz | 2|+ oz +'kiz® = 0. (2.2.1)
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with b |#| representing nonlinear dissipation or damping, and (kox + k12%) rep-
resenting a nonlinear spring term. Assume that the mass is pulled away from
the natural length of the spring by a large distance, and then released. Will the
resulting motion be stable? It is very difficult to answer this question using the
definitions of stability, because the general solution of this nonlinear equation is
unavailable. The linearization method cannot be used either because the motion
starts outside the linear range (and in any case the system’s linear approximation
is only marginally stable). However, examination of the system energy can tell us
a lot about the motion pattern. The total mechanical energy of the system is the
Nonlinear

spring and
damper m

Wy

Z () () i

Figure 2.6: A nonlinear mass-damper-spring-system.

AN\

sum of its kinetic energy and its potential energy

1

1 ’ 1
0

1
5 ]ioil)2 + Zk1$4. (222)

Comparing the definitions of stability and mechanical energy, one can easily see
some relations between the mechanical energy and the stability concepts described

earlier:
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e zero energy corresponds to the equilibrium point (z=0,2=0).
e asymptotic stability implies the convergence of mechanical energy to zero.

e instability is related to the growth of mechanical energy.

These relations indicate that the value of a scalar quantity, the mechanical energy,
indirectly reflects the magnitude of the state vector; and furthermore, that the
stability properties of the system can be characterized by the variation of the

mechanical energy of the system.

The rate of energy variation during the system’s motion is obtained easily by

differentiating the first equality in (2.2.2) and using (2.2.1)

V(@) = mii + (kox + kiz®)z = &(=bz |3]) = —b |z}® . (2.2.3)

Equation (2.2.3) implies that the energy of the system, starting from some initial
value is continuously dissipated by the damper until the mass settles down, i.e.,
until # = 0. Physically, it is easy to see that the mass must finally settle down at
the natural length of the spring, because it is subjected to a-non-zero spring force

at any position other than the natural length.

The direct method of Lyapunov is based on a generalization of the concepts in the
above mass-spring-damper system to more complex systems. Faced with a set
of nonlinear differential equations, the basic procedure of Lyapunov’s
direct method is to generate a scalar “energy-like” function for the
dynamic system, and examine the time variation of that scalar function.
In this way, conclusions may be drawn on the stability of the set of
differential equations without using the difficult stability definitions or

requiring explicit knowledge of solutions.
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(2

2.2.1 Positive Definite Function and Lyapunov Functions

The energy function in (2.2.2) has two properties. The first is a property of
the function itself: it is strictly positive unless both state variables z and & are
zero. The second property is a property associated with the dynamics (2.2.1): the
function is monotonically decreasing when the variables z and & vary according to
(2.2.1). In the Lyapunov’s direct method, the first property is formalized
by the notion of pdsitive definite functions, and the second is formalized

by the so-called Lyapunov functions.

Let us discuss positive definite functions first.

Definition 2.2.1 A scalar continuous function V(%) is said to be locally posi-

tive definite if V/(0) = 0 and, in a ball Bg,
7 40 = V(%) >0.
If V(0) = 0 and the above property holds over the whole state space, then V(&) is

said to be globally positive definite.

For instance, the function
1 .
a i §MR2Q:§ + MR(1 —cosz1).

which is the mechanical energy of the pendulum of Example 2.1.3, is locally posi-
tive definite. The mechanical energy (2.2.2) of the nonlinear mass-damper-spring
system is globally positive definite. Note that, for that system, the kinetic energy
%m:i:2 is not positive definite by itself, because it can equal zero for non-zero value

of z.

The above definition implies that the function V' has a unique minimum at the

origin 0. Actually, given any function having a unique minimum in'a certain ball,
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we can construct a locally positive definite function simply by adding a constant
to that function. For example, the function V(%) = z? + 23— 1 is a lower bounded
function with a unique minimum at the origin, and the addition of thé constant
1 to it makes it a positive definite function. Of course, the function shifted by a

constant has the same time-derivative as the original function.

Let us describe the geometrical meaning of locally positive definite functions.
Consider a positive definite function V(Z) of two state variable z; and z,. Plotted
in a 3-dimensional space, V/(Z) typically corresponds to a surface looking like an

upward cup (Figure 2.7 [54]). The lowest point of the cup is located at the origin.

f

Y\V:V?,
V:V2
VY

1
>x2

V3 > V2 > V1
X

Figure 2.7: Typical shape of a positive definite function V(z1,x2)-

A few related concepts can be defined similarly, in a local or global sense, i.e., a

function V(Z) is negative definite if —V (Z) is positive definite; V(Z) is positive
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semi-definite if V/(0) = 0 and V() > 0 for Z # 0; V() is negative semi-
definite if —V (&) is positive semi-definite. The prefix “semi” is used to reflect
the possibility of V' being equal to zero for # # 0. These concepts can be given

geometrical meanings similar to the ones given for positive definite functions.

With Z denoting the state of the system (2.1.2), a scalar function V() actually
represents an implicit function of time ¢. Assuming that V(%) is differentiable, its
derivative with respect to time can be found by the chain fule,

o dV(@) OV oV -

T = FACH

We see that, because Z is required to satisfy the autonomous state equations
(2.1.2), V only depends on Z. It is often referred to as “the derivative of V along
the system trajectory”. For the system (2.2.1), V/(%) is computed in (2.2.3) and
found to be negative. Functions such as V in that example are given a special

name because of their importance in Lyapunov’s direct method.

Definition 2.2.2 If, in a ball Bg,, the function V (Z) is positive definite and has
continuous partial derivatives, and if its time derivative along any state trajectory
of system (2.1.2) is negative semi-definite, i.e.,

V(Z) <0

Then V() is said to be a Lyapunov function for the system (2.1.2).

2.2.2 Equilibrium Point Theorems

The relations between Lyapunov functions and the stability of systems are made
precise in a number of theorems in Lyapunov’s direct method. Such theorems
usually have local and global versions. The local versions are concerned with
stability properties in the neighborhood of equilibrium point and usually involve

a locally positive definite function.
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LYAPUNOV THEOREM FOR LOCAL STABILITY

Theorem 2.2.3 (Local Stability) If, in a ball Br,, there exists a scalar func-

tion V(&) with continuous first partial derwatives such that

e V(&) is positive definite (locally in Br, )

o V(Z) is negative semi-definite (locally in Br, )

then the equilibrium point 0 is stable. If, actually, the derivative V(E:') is locally

negative definite in Bry, then the stability is asymptotic.

In applying the above theorem for analysis of a nonlinear system, one goes through
the two steps of choosing a positive definite function, and then determining its
derivative along the path of the nonlinear systems. The following example illus-

trates this procedure.

Example 2.2.4 (Local Stability) A simple pendulum with viscous damping is
described by
40 4sin0=0.

Consider the following scalar function
9'2

V(Z) = (1 —cosf) + "
One easily verifies that this function is locally positive definite. As a matter of
fact, this function represents the total energy of the pendulum, composed of the
sum of the potential energy and the kinetic energy. Its time-derivative is easily
found to be

H(Z) = fsind + 66 =—62<0.

Therefore, by invoking the above theorem, one concludes that the origin is a stable

equilibrium_point. In fact, using physical insight, one easily sees the reason why
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V(&) <0, namely that the damping term absorbs energy. Actually, V is precisely
the power dissipated in the pendulum. However, with this Lyapunov function, one
cannot draw conclusions on the asymptotic stability of the system, because V(i;')

is only negative semi-definite.
The following example illustrates the asymptotic stability result.

Example 2.2.5 (Asymptotic stability) Let us study the stability of the non-

linear system defined by
i, =19 (22 + 75 — 1) — T3
iy =171 + zo(22 + 25 — 1)
around its equilibrium point at the origin. Given the positive deﬁm'te function
Vg, 22) = 25 + 5.
its derivative along any system trajectory s
V = 2022+ 22 (22 + 25 — 1)

Thus, V is locally negative definite in the 9_dimensional ball By, i.e., in the region
defined by =3 + 23 < 1. Therefore, the above theorem indicates that the origin is

asymptotically stable.

LYAPUNOV THEOREM FOR GLOBAL STABILITY

The above theorem applies to the local analysis of stability. In order to assert
global asymptotic stability of a system, one might naturally expect that the
ball Bg, in the above local theorem has to be expanded to be the whole state-
space. This is indeed necessary, but it is not enough. .An additional condition on
the function V has to be satisfied: V(%) must be radially unbounded, by which
we mean that V() — oo as ||Z|| — co (in other words, as ¥ tends to infinity in

any direction). We then obtain the following powerful result:



CHAPTER 2. STABILITY THEORY 36

Theorem 2.2.6 (Global Stability) Assume that there exists a scalar function

V of the state Z, with continuous first order derivatives such that

e V(&) is positive definite
o V(Z) is negative definite

o V(&) — oo as ||Z]| =00
then the equilibrium at the origin is globally asymptotically stable.

The reason for the radial unboundedness condition is to assure that the contour

curves (or contour surfaces in the case of higher order systems) V(%) = Va cor-

respond to closed curves. If the curves are not closed, it is possible for the state

trajectories to-drift away from the equilibrium point, even though the state keeps

going through contours corresponding to smaller and smaller V's. For example,
2

for the positive definite function V' = TT-LE +22, the curves V/(Z) = Vo for Vo > 1
!

are open curves.

Example 2.2.7 (A class of first-order systems) Consider the nonlinear sys-

tem

=D,

where ¢ is any continuous function of the same sign as its scalar argument T, ..,
ze(z) >0 for z#0.
Intuitively, this condition indicates that —c(z) “pushes” the system back towards

its rest position x = 0, but is otherwise arbitrary. Since ¢ is continuous, it also

implies that ¢(0) =0
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Consider as the Lyapunov function candidate the square of the distance to the
origin

V =z
The function V is radially unbounded, since it tends to infinity as |z| — oo. Its

derivative 1S
V = 2zi=—2zc(T).
Thus V < 0 as long as  # 0, so that ¢ = 0 is globally qéymptot’ically stable
equilibrium point.
For instance, the system
i=sin’r -z

is globally asymptotically convergent to T = 0, since for z # 0, sin?z < |sinz| <
|z|. Similarly, the system

T =—2".

is globally asymptotically convergent to © = 0. Notice that while this system
linear approzimation (£ = 0) is inconclusive, even about local stability, the actual

nonlinear system enjoys a strong stability property (global asymptotic stability).

Example 2.2.8 Consider the system
. = Dy — 30 (@3 +T3)
To = —T1 — To(z3 + z3).

The origin of the state-space 1s an equilibrium point for this system. Let V be the
positive definite function

V(%) = 22 + 25

The derivative of V along any system trajectory 1s

V(@) = Qw1 + 2580 = —2(2 -+ a3)
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which is negative definite. Therefore, the origin is a globally asymptotically stable
equilibrium point. Note that the globalness of this stability result also implies that

the origin is the only equilibrium point of the system.

REMARKS

Many Lyapunov functions may exist for the same system. For instance, if Visa

Lyapunov function for a given system, so 18
Bs\1V7 4

where p is any strictly positive constant and «a is any scalar (not necessarily an
integer) larger than 1. Indeed, the positive-definiteness of V implies that of V1,
the positive definiteness (or positive semi-definiteness) of —V implies that of WA,

and (the radial unboundedness of V' (if applicable) implies that of Vj.

More importantly, for a given system, specific choices of Liyapunov functions may

yield more precise results than others. (See p.67 [54])

Along the same lines, it is important to realize that the theorems in Lyapunov
analysis are all sufficiency theorems. If for a particular choice of Lyapunov
function candidate V/, the conditions on V are not met, one cannot draw any
conclusions on the stability or instability of the system — the iny conclusion one

should draw is that a different Lyapunov function candidate should be tried.

2.2.3 Lyapunov Analysis of Linear Time-Invariant Systems

Definition 2.2.9 A square matriz M is symmetric if M = M T A square matric

M is skew-symmetric if M = —M7T.

Definition 2.2.10 A square n X n matriz M s positive definite (P.D.) if

7405 7TME>0.
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In other words, a matriz M is positive definite if the quadratic function FTMZ is
a positive definite function. This definition implies that to every positive definite
matriz is associated a positive definite function. Obuiously, the converse is not

true.

LYAPUNOV FUNCTIONS FOR LINEAR TIME-INVARIANT SYS-
TEMS

Civen a linear system of the form 7 = A%, let us consider a quadratic Lyapunov
function candidate

NI~ 7 R,
where P is a given symmetric positive definite matrix. Differentiating the positive

definite function V' along the system trajectory yields another quadratic form

V = # Pi + TP =% QF. (2.2.4)

where
ATP 4+ PA = -Q. (2.2.5)

The question, thus, is to determine whether the symmetric matrix ¢ deﬁn.ed by
the so-called Lyapunov equation (2.2.10) above, is itself P.D. . If this is the
case, then V satisfies the conditions of the basic theorem of last section, and the
origin is globally asymptotically stable. However, this “natural” approach may
lead to inconclusive result, i.e., @ may be not positive definite even for stable

systems.

Example 2.2.11

0 4
A=
-8 —12
If we take P =1, then
T 0 -4
—Q=A"P+PA=

4 =24
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The matriz Q is not positive definite. T herefore, no conclusion can be drawn from

the Lyapunov function on whether the system is stable or not.

A more useful way of studying a given linear system using scalar quadratic func-

tions is, instead, to derive a positive matrix P from a given positive definite matrix

Q, i.e.,

e choose a positivé definite matrix @
e solve for P from the Lyapunov equation (2:275)

e check whether P is P.D.

If P is P.D., then %:ET P# is a Lyapunov function for the linear system and global
asymptotical stability is guaranteed. Unlike the previous approach of going from
a given P 'to a matrix @, this technique of going from a given @ to a matrix
P always leads to conclusive results for stable linear systems, as seen from the

following theorem.

Theorem 2.2.12 A necessary and sufficient condition for a LTI system 7= A%
to be strictly stable is that, for any symmetric P.D. matriz Q, the unique matriz

P solution of the Lyapunov equation (2.2.5) be symmetric positive definite.

The above theorem shows that any positive definite matrix @ can be used to
determine the stability of a linear system. A simple choice of @ is the identity

matrix.

Example 2.2.13 Consider again the second-order system of Example 2.2.11. Let
us take Q = I and denote P by

P P11 D12

P21 D22
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where, due to symmetry of P,pn = p12. Then the Lyapunov equation is

P11 P12 0 4 L 0 -8 pu P2 | 1 0.

P12 P22 -8 —12 4 —12 D12 P22 01
whose solution is
p11 = 5,p12 = pa2 = 1.
The corresponding matm’m

A
1"

is positive definite, and therefore the linear system 1s globally asymptotically stable.

Note that we have solved for P directly.

Even thought the choice @ = I is motivated by computational simplicity, it has
a surprising property: the resulting Lyapunov analysis allows us to get the best

estimate of the state convergence rate, as we shall see in later courses.



Chapter 3

Feedback Linearization

3.1 Introduction

Consider a class of nonlinear systems of the.form
& = f(z)+G(z)u.
A\ @
and pose the question of whether there exist a state f_eedback control
u = a(z) + Bx)v.
and a change of variables
z="T(z).

that transform the nonlinear system into an equivalent linear system. We start
with input-state linearization, where the full state equation is linearized. Next,
we introduce the notion of input-output linearization, where the emphasis is on
linearizing the input-output map from u to y even if the state equation is only

partially linearized. State feedback control of feedback linearizable systems is

42
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discussed where we deal with stabilization, tracking and regulation via integral
control problems. Finally, we present the differential geometric approach to feed-
back linearization which allows us to characterize the class of feedback linearizable

systems by geometric conditions.

3.2 Input-State Linearization

Inspection of the state equation.

.’i)l = T3.

iy = —alsin(z; + ) —siné] - bzz + cu.
shows that we can choose u as
u= %[sin(a:l +8) —sind] + %

to cancel the nonlinear term afsin(z; + 6) — sin ). This cancellation results in the

linear system

if?1 — X9.

j?g = ——b$2+v.

Thus, the stabilization problem for the nonlinear systems has been reduced to a
stabilization problem for a controllable linear system. We can proceed to design

a stabilizing linear state feedback control
v = klel + k’gil?g.
to locate the eigenvalues of the closed-loop system

d?l = X9.

d)g = klxl + (kg — b)l’g
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in the open left-half plane. The overall state feedback control law is given by
ay;. ) 1
u = (E)[sm(xl +§) — sind] + E(klml + koz2).

The general idea of nonlinearity cancellation is that we should not expected to be
able to cancel nonlinearities in every nonlinear system. There must be a certain
structural property of the system that allows us to perform such cancellation. It
is not hard to see that to cancel a nonlinear term a(z) by subtraction, the control
u and the nonlinearity a(z) must always appear together as a sum u + afz). To
cancel a nonlinear term (z) by division, the control u and the nonlinearity (z)
must always appear as a product «y(z)u. If the matrix v(z) is nonsingular in the
domain of interest, then it can be cancelled by u = B(z)v, where 8(z) = v~ () is
the inverse of the matrix y(z). Therefore, the ability to use feedback to convert
a nonlinear state equation into a controllable linear state equation by cancelling

nonlinearities requires the nonlinear state equation to have structure

& = Az 4+ BB (z)[u — az)]. (3.2.1)
where A is n X n, B is n x p, the pair (4, B) is controllable, and the functions
o :R* — RP and 3 : R* — RP*P are defined in a domain D, C R™ that contains
the origin. The matrix 3(z) is assumed to be nonsingular for every z € D,. Notice
that 87! here denotes the inverse of the inverse of the matrix B(z) for every x,and
not the inverse map of the function B(z). If the state equation takes the form
(3.2.1), then we can linearize it via the state feedback

u = a(z) + B(z)v. (3.2.2)

to obtain the linear state equation

t = Az + Bv. (3.2.3)

For stabilization, we design v = Kz such that A + BK is Hurwitz. The overall

nonlinear stabilizing state feedback control is

u = a(z) + B(z)Kz. (3.2.4)
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Even if the state equation does not have the structure (3.2.1) for one choice of

state variable, it might do so for another choice. Consider, for example, the system

; = asin(zg).

Cbz = —x12+u.

We cannot simply choose u to cancel the nonlinear term asinzy. However, if we

first change the variables by the transformation

2z = I.
2y = asinzy = 1.
then z; and z; satisfy
21 = Z3.
5 = acosza(—x1% + u).

and the nonlinearity can be cancelled by the control

1

2
=g —.
SIA\ T a cos(za)

which is well defined for =F <z < 5. The state equation in the new coordinate

(21, 22); that is,

1 = 21

. _1,%2
Ty = sin” (—).
2 in™"( a,)
which is well defined for —a < z, < a. The transformed state equation is given by
21 = Za.
. . 1,72 2
%y = acos(sin (E))(—zl + u).

When a change of variable z = T'(z) is used to transform the state equation from

the z-coordinates to the z-coordinates, the map 7" must be invertible, that is, it
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must have an inverse map T~2(-) such that z = T'(2) for all z € T(D;) where
D, is the domain of T. Moreover, since the derivatives of z and z should be
continuous, we require that both T'(-) and T—*(-) be continuously differentiable
map with a continuously differentiable inverse is known as a diffeomorphism. Now

we have all the elements we need to define input-state linearizable systems.

Definition 3.1 A nonlinear system

¢ = flz)+ G(z)u. (3.2.5)

where f : D, — R® and G : D, — R™? are sufficiency smooth on a domain
D, C R™, is said to be input-state linearizable if there exists a diffeomorphism
T . D, — R® such that D, = T(D,) contains the origin and the change of

variables z = T'(z) transforms the system (3.2.5) into the form
= Az + BB (z)[u — a(z)]. (3.2.6)

with (A4, B) controllable and (z) nonsingular for all x € Do

Setting

o(2) = (T 1(2)) and Bo(2) = B(T7(2)).

we can write equation (3.2.6) as
3= Az + BB, 1 (2)[u — a(2)]. (3.2.7)

which takes the form (3.2.1). It is more convenient, however, to express « and 8
in the z-coordinates since the state the state feedback control is implemented in

these coordinate.
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Suppose we are given an input-state linearizable system (3.2.5). Let z =T(x) be

a change of variables that brings the system into the form (3.2.6). We have

. or. or

On the other hand, from (3.2.6),
3 = Az + BB (z)[u — a(z)]. (3.2.9)
From (3.2.8) and (3.2.9), we see that the equality
OL |#(a) + Gyl = AT(w) + B (@)lu = ale)]

must hold for all z and u in the domain of interest. By first taking u = 0, we split

the equation into two:

% f(z) = AT (¢) = BE(z)e(z). (3.2.10)
%%G(x) ARG RLP (3.2.11)

Therefore, we conclude that any function T'(-) that transform (3.2.5) into the
form (3.2.6) must satisfy the partial differential equation (3.2.10)-(3.2.11). Alter-
natively, if there is a map T(-) that satisfy (3.2.10) - (3.2.11) for some ,B,A and
B with the desired properties, then it can be easily seen that the change of vari-
able z = T'(z) transforms (3:2.5) into (3.2.6). Hence, the existence of T,«,B,A,and
B that satisfy the partial differential equations (3.2.10) - (3.2.11) is a necessary

and sufficient condition for the system (3.2.5) to be input-state linearizable.

When a nonlinear system is input-state linearizable, the map z = T'(x) that
transforms the system into the form (3.2.6) is not unique. Probably the easiest
way to see this point is to notice that if we apply the linear state transformation
¢( = Mz, with a nonsingular M, to (3.2.6) then the state equation in the (-

coordinates will be

¢ = MAM™*{ + MBS '(z)[u — a(z)]
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which is still of the form (3.2.6), but with different A and B matrices. Therefore,
the composition of the transformations z = T'(z) and ¢ = Mz gives a new trans-
formation that transform the system into the special structure of (3.2;6). The
nonuniqueness of T' can be exploited to simplify the partial differential equations
(3.2.10)-(3.2.11). To illustrate the idea without complications, we will restrict
our discussions to single-input systems (p = 1) and Write the single-column input
matrix G as g. In this case, for any controllable pair (A, B) we can find a nonsin-
gular matrix M that transforms (4, B) into a controllable canonical form; that

is, MAM™! = A, + BT and MB = B, where

) 5 0] o]
0Ll i 0 0
. €4 77 GO ; and B, =
0 1 0
B YN T 0%,

The term BT ¢ = B.ATMT(z) can be include in the term B8~ (z)e(z). There-
fore, without loss of generality, we can assume that the matrices Aand B in

(3.2.10)-(3.2.11) are the canonical form matrices A and Be. Let

- Ti(z) :
T (x)
T(z)=
To-1(2)
] To(z). |
It can be easily verified that
[ D@ | [0 |
T3(z) 0
AT(z) — B (z)afz) = : and B ' (z) =
Tr-1(z) 0
| —a(s)/B) | 176
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where o and (3 are scalar functions. Using these expressions in (3.2.10)-(3.2.11)

simplifies the partial differential equations. Equation (3.2.10) simplifies to

on ., .

g),;f (z) = Ta(z)

@) = )
8T'n—l

L) = T
2f(e) = ~a(@)/p)

The first n — 1 equations show that the components T3 to T, of T" are determined

functions of the first component 7;. The last equation defines /8 in terms of T3

Equation (3.2.11) simplifies to
T,

BAVset
Ty >
- e

a71’n—1 =
T

Zgx) = ~1/8(w) A0

We need to search for a function T3 (z) that satisfies

o1y . - 0T,
B () =0, i=12,...,n—=1; -~ (x) # 0. (3.2.12)
where
o -
7‘:H-l(x)'_' axf(x)7 7’““172a"'7n 1.

If there is a function T;,;(z) that satisfies (3.2.12), then 8 and « are given by

1 , (0T,,/0z)f(x)

GLjone@) % = (0T jow)g(a) (3-213)

Thus we have reduced the problem to solving (3.2.12) for 7T;. We will see that

Blz) =

the existence of a function 7 that satisfies (3.2.12) can be characterized by a
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necessary and sufficient condition in terms of the functions f,g, and their partial
derivatives. Furthermore, if T} (z) satisfies (3.2.12) in a domain D, then for each
£, € D there is a neighborhood N of z, such that the restriction of T'(z) to (N)

is a diffeomorphism.

Example 3.1 As a first ezample, we reconsider the system

asin(zs) 0
= + u=f(z) + gu.
—z? 1
and see how we can arrive at the transformation we used earlier by solving
(3.2.12).The open-loop system has an equilibrium point at x = 0. We want to

find T3 (z) that satisfies the conditions

%g =0; %g 7 0.
with T3 (0) = 0, where
Tp = % f(z).
From the condition [071/0z]g = 0,we have
ot 0Ty
529" e =0.

So,T} must be independent of z,. Therefore,

Ty(z) = %a sin(zs).

The condition

o, 0Ty 0T
729" 9o axlacos(:vg) # 0.

is satisfied in the domain where cos(z;) # 0 by any choice of Ty = Ti(x:1) such
that %f—} # 0. Taking Ty(z;) = =; results in the transformation we used earlier.
Other choices of T} could have been made. For example, T1(z1) = 21 + z3 would

give another change of variables that transforms the system into the form (3.2.6).
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Example 3.2 A synchronous generator connected to an infinite bus may be rep-

resented by a third-order model

z = f(z) + gu.
with
e 0
f(z) = | —a[(1+ z3)sin(z; + 6) —sin(d] —bzz |5 9= | 0
—cz3 + dfcos(zy + ) — cos(9)] 1

where a, b, ¢, d, and § are positive constants. The open-loop system has equilibrium

at z = 0. We want to find 7} = T1(z) that satisfies the conditions

a1l Tty &
—8;9—0, 33:_9—0, (%9#0-

with T3(0) = 0, where

7i(0) = 22 p(o); - Bla) = 2 (o).

from the condition [071/0z]g = 0,we have

oT,  OT

T
We choose T} independent of z3. Therefore,
T T
To(z) = —g?izz — g—x—:a[(l + z3) sin(z; + §) — sin(6)] + bza.
from the condition [0T5/0z]g = 0,we have
6T2 . OTQ . . aCZ-,l -
5wl = 5z, —asin(z; + 6) i 0.

We choose T} independent of z,. Therefore, T simplifies to

oT;
Tg(ﬂ?) = a—xiﬂig.



CHAPTER 3. FEEDBACK LINEARIZATION 52

and
oT: oT; . .
Ts(z) = %fxz — a_xi“ (14 z3) sin(z; + 8) — sin(8)] + bz.
Hence,
8T3 . 6T3 _ R 8T1
Eg = Bo. asin(zy + 9) .

and the condition [073/0z]g # 0 is satisfied in the domain 0 < z; + 6§ < 7 with
any choice of T = Tj(x;) such that (077/0z;1) # 0 on this domain. The simple
choice T = z; satisfies this requirement as well as the condition 73(0) = 0. Thus,
we choose 077 = 77 and find from the previous expressions that the change of

variables z = T'(z) is given by

AW B Tl(ill) = I1.
Z9 = TQ(ZL') = I1.
2 = T3(z) = a[(1 + z3)sin(z1 + ) — sin(6)] + bz,.

The inverse of this transformation z = T~ 1(z) is defined for all 0 < z; + 6 < 7

and given by

r = 21
Ty = 29

z3 + bzg —asin(d)
T3 = -1 —

asin(z; + 6)

The functions # and « are given by

1 1 1
P@) = @m/az)g = @Tiow) ~ asin(en +9)
)~ TR

(0T3/0x)g(x)

—a{1 4+ x3) cos(zy +0) fi(z) —bf2(z) = asin(z; 4+ dt) fs(x)
asin(zy+ dt) :
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The state equation in the z-coordinates is

2:’1 = Z9.
ZQ = Z3.
z3 = —asin(z; +6)[u + a(z)].

which can be linearized by the linearizing feedback control

1

U =&\ asin(z; + 5)U'

Notice that the state equation in the z-coordinates is valid only in the domain
0 < 214+ 6 <, which is the domain over which the change of variables z = T} (z)

is a well-defined diffeomorphism.

3.3 Input-Output Linearization

When certain output variable are interest, as in tracking control problems, the
state model is described by state and output.equations. Linearizing the state
equation, as we have done in the previous section, does not necessarily linearize

the output equation. For example, if the system

T1 = @asinz,.

:tQ = —$12 + u.
has an output y = z,, then the change of variables and state feedback control

2 =1, zz=asinzy, and u=xz,>+

V.
a COS Ty
yield

2.51 = Z9.
22 = 9.

aLYZ)

Yy = sin "—.

a
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While the state equation is linear, solving a tracking control problem for y is still
complicated by the nonlinearity of the output equation. Inspection of both the
state and output equations in the z-coordinates shows that, if we use the state
feedback control u = z,2 + v, we can linearize the input-output map from u to v,

which will be described by the linear model

i)z=’U.
Y = Zq.

We can now proceed to solve the tracking control problem using linear control
theory. This discussion shows that sometimes it is more beneficial to linearize
the input-output map even at the expense of leaving part of the nonlinear state
equation. This is the input-output linearization problem which we will address
in this section. One catch about input-output linearization is that the linearized
input-output map may not account for all the dynamics of all the dynamics of the

system. In the foregoing example, the full system is described by

Z1 = asinz,.
Ii‘g = 7.
Yy = 9.

Note that the state variable z; is not connected to the output y. In other words,
the linearizing feedback control has mode z; unobservable from y. When we design
tracking control, we should make sure that the variable z; is well behaved; that
is, stable or bounded in some sense. A native control design that uses only the
linear input-output map may result in an ever-growing signal z;(t). For example,
suppose we design a linear control to stabilize the output Yy at a constant value
yr- The corresponding solution of the z;(¢) equation is z;(t) = z1(0) + tasinyz.
So, for any yr # 0, the variable z,(t) ill grow unbounded. This internal stability

issue will be 'address'in'the context of input-output linearization.
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Consider the single—input-single—output:(SISO) system

i = flz)+g(@)u.

y = h(z).

where f, g, and h are sufficiently smooth in a domain D C R™. The simplest case of
input-output linearization arises when the system is both input-state linearizable.
Starting with an input-state linearizable system, let T3 () be a solution of (3.2.12).
Suppose the output function h(zx) happens to be equal to T3 (z). For example, in
the robotic manipulator example 12.3, we choose T} (z) = z1; this could indeed be
~ the output of interest, since in this problem we are usually interested in controlling
the angle z1. If h(z) = Ti(z), then the change of variables z = T'(z) and state

feedback control u = a(z) + B(z)v yield the system

z =._A.z+ Bw.

y AT .

where (4, Be, Ce) is a canonical form representation of a chain of n integrators;

that is, A, and B, take the form (3.2) and
C, S0 25 (3.3.1)

In this system, both the state and output equations are linear. For a given output
function h(z), we can find out whether or not h(z) satisfies the condition (3.2.12)
by direct verification; we do not need to solve partial differential equations. The
condition (3.2.12) can be interpreted as a restriction on the way the derivatives of

y depend on u. To see this point, set P1(z) = h(z). The derivative 7 is given by

i =22 (5@) + @yl

If [0t /0z]g(x) = 0, then

= 2 1(a) 2 (o)
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If we continue to calculate the second derivative of y, denoted by y®, we obtain
y® = 225(3) + g(a)ul.
Once again, if [8vq/0z]g(z) = 0 then
0
y® = 72 1(z) £ 4y o).

Repeating this process, we see that if Rh(z) = 1 (z) satisfies (3.2.12); that is,

oY, : O
c';/a}c 2 AN T d ¥ ?ﬁ g(x) #0.
where
@lh b
Yiv(z) = R/ 8 Ipe )l - o (&
then u does not appear in the equations of y,9,. .. ,y»=1) and appears in the

equation of y(™ with a nonzero coefficient

(n) 3 a"pn

) + g

This equation shows clearly that the system is input-output linearizable since the

state control

1 OYn,
[w

Hng(z)" O

U = f(@) -+l

reduces the input-output map to
y™ = .

which is a chain of n integrators. If u appears in the equation of one of the
derivative v, . .. ,y(”_l) and the coefficient of u (when it appear) is nonzero, then

we can again linearize the input-output map. In particular, if h = 9);(z) satisfies

¢’g(x)_0 i=12,...,r—1 8¢T

—9(z) #0.
for some 1 < r < n, then the equation of y(") is given by

Yy v
v = 2y 4 gl
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and the state feedback control

. [_azp,
Heg(z) Oz

f(z) + v
linearizes the input-output map to the chain of 7 integrators
Yy = .
In this case, the integrator r is called the “relative degree” of the system, according

to the following definition.

Definition 3.2 A nonlinear system

T = fz)+g(z)u (3.3.2)

y = hiz). (3.3.3)

where f: D — R* g: D — R*, andh: D — R are sufficiently smooth on a

domain D C R™, is said to have relative degree 7,1 < r<mn, in a region D, C D

if

DN\ He. . B '
5 glz) =0, 1=1,2,...,7r=1; o g(z) # 0. (3.3.4)
for all z € D, where
7,[}1(.’13) = ]’L(IE) and Qpi+1($), 1= 1, 2, e, T = 1. (335)

If the system (3.3.2)-(3.3.3) has relative degree r, then it is input-output lin-

earizable. If it has relative degree n, then it both input-state and input-output

linearizable.



Chapter 4

Backstepping Technic

4.1 Backstepping

Consider a nonlinear control system

T = f(&1). _ (4.1.1)

Theorem 4.1.1 (LaSalle-Yoshizawa) Let & = 0 be an equilibrium point of
(4.1.1) and suppose f is locally Lipschitz in & uniformly int. LetV : R® — Ry
be a continuously differentiable, positive definite and radially unbounded function

V(Z) such that
Y 8V — — — o d n
V = B_f.(x)f(m,t) < —-W(@ <0, Vt=0,VieR", (4.1.2)

where W is a continuous function. Then, all solutions of (4.1.1) are globally

uniformly bounded and satisfy

lim W(Z(t)) = O. (4.1.3)

t—o0

In addition, if W(Z) is positive definite, then the equilibrium T = 0 is globally
uniformly asymptotically stable (GUAS).

58
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For the regulation task, the designed system is usually time-invariant,
= f(@) - (41.4)

in which case we are interested in its invariant sets. A set M is called an invariant
set of (4.1.4) if any solution Z(t) that belongs to M at some time instant ¢; must

belong to M for all future and past time:

Tt eM = Zt)eM, VieR (4.1.5)
A set Q is positively invariant if this is true for all future time only:
F(t) €Q = Z(t) €Q, VIt (4.1.6)

Can we guarantee convergence to a desired invariant set? A rewarding answer
to this question is provided by LaSalle’s Invariant Theorem and its asymptotic

stability corollary:

Theorem 4.1.2 (LaSalle) Let Q be a positively invariant set of (4.1.4). Let
V . Q — Ry be a continuously differentiable function V(Z) such that V(Z) <
0,VZ € Q. Let = {a_:' eQ|V(7) = 0}, and let M be the largest invariant set
contained in E. Then every bounded solution Z(t) starting in () converges to M

as t — oo.

Corollary 4.1.3 (Asymptotic Stability) Let T = 0 be the only equilibrium
of (414). Let V : R* — Ry bea continuously differentiable, positive def-
inite, radially unbounded function V(Z) such that V(@) < 0,VZ € R*. Let
E = {5:’ eR™ | V(Z) = 0}, and suppose that no solution other than Z(t) = 0

can stay forever in E. Then the origin is globally asymptotically stable (GAS).

These invariance results motivate us to closely examine the invariant subsets of £.

The convergence properties of the designed system are stronger if'the ‘dimension
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of M is lower. In the most favorable case of asymptotic stability, the largest
invariant subset M of F is just the origin £ = 0. Our aim in backstepping technic

thus is to render the dimension of M as low as possible.

4.2 Control Laypunov functions (clf)

This is about control design: Our objective is to create closed-loop systems with
desirable stability properties, rather than analyze the properties of a given system.
For this reason, we are interested in an extension of the Lypunov function concept,

called a control Control Laypunov functions (clf).

Suppose that our problem for the time-invariant system
z = f(z,u),z€R"ueR,f(0,0)=0 (4.2.1)

is to design a feedback control law a(z) for the control variable u such that the

equilibrium z = 0 of the closed-loop system

i Rz, o))} (4.2.2)

is globally asymptotically stable. We can pick a function V(z) as a Lypunov
candidate, and require that its derivative along the solutions of (4.2.2) satisfy
V =< W(z), Where W(z) is a positive definite function. We therefore need to

find a(z) to guarantee that for all z € R®

ov

o (@)f(z,ala) < -W(a). (4.2.3)

This is difficult task. A stabilizing control law for (4.2.1) may exist but we may
fail to satisfy (4.2.3) because of a poor choice of V(z) and W(z). A system for
which a good choice of V(z) and W(z) exists is said to possess a clf. Let is make

this notion precise.
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Definition 4.2.1 A smooth positive definite and radially unbounded function V :
R™ — R, is called a control Lypunov function (clf) for (4.2.1) if

11}%{%%(3L')f(x, u)} < o,VYz # o. (4.2.4)

The clf concept of Artstein [9) and Sontag [59] is a generalization of Lypunov
design results by Jacobson {21] and Judjevic and Quinn [24]. Artstein [9] show that
(4.2.4) is not only necessary, but also sufficient for the existence of a control law
satisfying (4.2.3), that is, the existence of a clf is equivalent to global asymptotic

stabilizing. For systems affine in the control,

& = f(z) + g(z)u, f(0) =0, - (4.2.5)
the clf inequality (4.2.3) becomes
ov oV
% o)+ S dlalals) < ~Wiz) (4.2.6)

The main deficiency of the clf concept as a design tool is that for most nonlinear
systems a clf is not know. The task of finding an appropriate clf may be as
complex as that of designing a stabilizing feedback law. For several important
classes of nonlinear system, we will solve these two tasks simultaneously using a
backstepping procedure. To initiate this procedure we need to be able to find V(z)
and a(z) at least for scalar systems. Fortunately, for scalar systems, V(z) = 3z°
is always a reasonable clf and the inequality (4.2.6) is easy to satisfy. This is
illustrated by an example which also issues a warning that some designs may lead

to a waste of control effort.

Example 4.1 For the scalar system shown in Fiqure 4.1

i = cosz—1x +u, (4.2.7)
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—1-0O’;

cos(:) i

Figure 4.1: The block diagram of system. (4.2.7)

our task is to design , a feedback control law which creates and globally stabilizes

the equilibrium at 2 = 0. We will compare three different designs.

In a feedback linearization design, the control law
u = —cosz+1z’ -, (4.2.8)

cancels both nonlinearities (cosz and —z®)and replaces them by —z so that the

resulting feedback system is linear: # = —z. Taking

V(z) = %x? (4.2.9)

as a clf for (4.2.7),we see that the control law (4.2.8) satisfies the requirement
(4.2.6) with W (z) = 2, that is, V. < —z°. However, there is an obvious irrational-
ity of this control law: It cancels not only cosz, but also —z3. For stabilization
at = = 0, the negative feedback term —x3 is helpful, especially for large values of
2. On the other hand, the presence of z% in the control law (4.2.8) is harmful: It

leads to large magnitudes of v and may cause nonrobustness.

A more reasonable design is not to cancel —z3. With V(z) = %xg as before, we

take W (z) = z® + z*, so that the control law satisfying (4.2.6) becomes

u = —cos(z) -z = a(z). (4.2.10)
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Y . X
X 'R/ j >

(.)3 -

Figure 4.2: The block diagram of system. (4.2.13)

In this case, the magnitude of u grows only linearly with |z|

Example 4.2 The scalar system shown in Figure 4.2

I/ =B . (4.2.11)

is of interest because it is smoothly stabilizable in spite of the singularity at z = 0.

We proceed with V(z) = 122 and, because of the term 23, we choose

W(z) = c;z* where ¢; > 0. Solving
Vieg,u) = zlz®+1% = —czt. (4.2.12)
for u, we obtain the control law

u = —(l+e¢)r £ o). (4.2.13)

which yields the globally asymptotically stable closed-loop system & = —c;z*

4.3 Integrator Backstepping

The simplicity of scalar designs motivates us to use them as starting points of

recursive designs for higher-order systems. Let us first construct clf’s for second-
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4.3 Integrator Backstepping

The simplicity of scalar designs motivates us to use them as starting points of
recursive designs for higher-order systems. Let us first construct clf’s for second-

order systems. We begin augmenting the system (4.2.7) with an integrator:

i =-cosz—x+¢&. (4.3.1-a)

£ = w (4.3.1-b)

Let the design objective be the regulation of z(t), that is, z(t) — 0 as t — oo,
for all z(0), £(0). Of course, &(¢) must remain bounded. From (4.3.1-a), the only
equilibrium with £ = 0 is at (z,£) = (0,-1). We will meet our design objective

by rendering this equilibrium GAS.

In the block diagram in Figure 4.3 the scalar system (4.2.7) of Figure 4.1 appears
in the dashed box. To construct a clf for (4.2.14) we will exploit the fact that a
clf is known for its subsystem in the dashed box. Indeed, if & were the control

input, then (4.3.1-a) would be identical to (4.2.7), and the corresponding clf and

control law would be V(z) = 222 and ¢ = —c;2—cos z. Of course ¢ is just a state
E S J' x
Pt
3
— () o
cos(+)

Figure 4.3: The block diagram of system (4.2.14).



CHAPTER 4. BACKSTEPPING TECHNIC 65

variable and not the control. Nevertheless, as its “desired value” we prescribe
fies = —C1T —cosT = a(x). (4.3.2)
Let z be the deviation of ¢ from its desired value:
2 = &—Eges = £ —afz) =&+ 1z + cos. (4.3.3)

We call £ a “virtual control”, and its desired value a(z) a “stabilizing function”.
The variable z is the corresponding error variable. Now we rewrite the system
(4.2.14) in the (z, z)-coordinates in which it takes on a more convenient form,as
illustrated in Figure 4.4 and 4.5. Starting from (4.2.14) and Figure 4.3, we add

and substract the stabilizing function a(z) to the £;-equation as shown in Figure

4.4.

Then we use a(z) as the feedback control inside the dashed box and “backstep”
—a(z) through the integrator, as in Figure 4.5. In the new coordinates (z, z) the

system is expressed as

—ou(x)

cos(+)

()

Figure 4.4: Introducing a(z) as the desired value for &.
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T = cosz—z°+ [+ 1z 4 cosz] — ¢z — cos - (4.3.4-a)
= —cgz—2+2
2 = £—d (4.3.4-b)

= £+ (g —sinz)i = u+ (a1 —sinz)(—az — 2% + 2).

The first key feature of backstepping is that we don’t use a differentiator to
implement the time derivative & in (4.3.4-b); since a(z) is a known function, it is
easy to compute its time derivative analytically as

& = %x = — (¢ —sinz)(—c1z — 23 + 2). (4.3.5)

Oz

We now need to select a clf V, for the system (4.2.14). We try to construct it by

augmenting V' (z) with a quadratic term in the error variable z:

Val@i6) = V(@) 4 e =

1 1
5332 + 5(5 + c17 + cos x)? (4.3.6)

The derivative of V, along the solutions of (4.3.4) is computed as

Vo(z,2,u) = z|—ciz— 2%+ 2|+ z[u+ (61— sinz)(—c1z — 2° + 2)]

= iz’ =z +zlz + u4 (¢ —sinz)(—az — 7° + z)] (4.3.7)

As always, we let V, be an explicit function of u and design u to satisfy the
clf inequality (4.2.6). For this reason, the cross-term zz, which is due to the
presence of z in (4.3.4-a), is grouped together with w. This is possible because u
is multiplied by z due to the chosen form of V. This is the second key feature
of backstepping. Now we choose the control u to make v, negative definite in z
and z. The simplest way to achieve this is to make the bracketed term in (4.3.7)

equal to —cy2?, where ¢y > 0:

U = —cz—z— (¢ —sinz)(—cz — 2>+ z)

= —al+az+cosz)—z—(c; —sinz)(£ +cosz —2%)  (4.3.8)
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e
N _/

Figure 4.5: Closing the feedback loop in the dashed box with +a and “backstep-
ping” —a through the integrator.

With this control, the clf derivative is

% Pt 2003 (4.3.9)

which proves that in the (z, z) coordinates the equilibrium (0, 0) is GAS. In view

of (4.3.3), the equilibrium (0, —1) in the (z, &) coordinates has the same property.
The resulting closed-loop system in the (z, z)-coordinates is

z ARV 1 z
_ (4.3.10)
z —1 —Cy z

Although written in a linear-like form, this system is nonlinear.  An important
structural property of this system is that its nonlinear “system matrix” is the
sum of a negative diagonal and a skew-symmetric matrix function of z. This is

the third key feature of backstepping, which will be extremely useful in other

designs.

Avoiding cancellation. The above control law is not the best way to achieve
negativity of V(a), because it involves at least one unnecessary cancellation. A
closer examination of (4.3.7) reveals that the term —2z%sinz need not be can-

celled because it can be dominated by —cpz?. A control law which avoids this
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cancellation is

u = —gz—1z— (¢ —sinz)(—cz —2),c > c1+1 (4.3.11)

With this control,the clf derivative is
V, = —cz2—1*— (c; — ¢y +sinz)2? (4.3.12)

Although more complicated than (4.3.9), this function is easily rendered negative

definite by the choice c; > ¢+ 1. The resulting system in (z,z) coordinates

preserves its skew-symmetric form

z = wn 1 T
— (4.3.13)
z —1 —Cy+ ¢ —sinzx z .
The simplified control law (4.3.11) is-and illustration of design flexibilities in
satisfying the clf inequality V, < 0 and at the same time avoiding unnecessary

cancellations. In facts, more detailed calculations show that the control law can

be further simplified to

u, ='=kiz —hyz’z, (4.3.14)
with
2 1 2 . 1 2
AN\ o, R 2y A+ 1 (4.3.15)
201 4
Using this control we obtain
' 1 .2 2
V, < —56115 —Cyz (4.3.16)
Assumption 4.3.1 Consider the system
Z = f(@)+g(@u, f(0)=0, (4.3.17)

where ¥ € R™ is the state and u € R is the control input. There exist a continuously

differentiable feedback control law

wre a(E)) 0 a0) =00, (4:3:18)
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and a smooth, positive definite, radially unbounded function V : R™ — R such that

@@ +9@a@) < -W(E) <0, VIER, (43.19)

where W : R® — R is positive semidefinite.

Under this assumption, the control (4.3.18), applied to the system (4.3.17), guar-
antees global boundedness of 7, and via the LaSalle-Yoshizawa Theorem (Theorem

4.1.1), the regulation of W(Z):

lim W(Z(t) = ' 0. (4.3.20)

t—o00

A stronger couvergence result is obtained using LaSalle’s Theorem (Theorem
4.1.2) with Q@ = R™ #(¢) converges to the largest invariant set M contained
in the set & = {Z € R* | W(Z) = 0}. Clearly, if W(%) is positive definite, the
control (4.3.18) renders Z = 0 the GAS equilibrium of (4.3.17).

Lemma 4.3.2 (Integrator Backstepping) Let the system (4.3.17) be augmented

by an integrator:

Z = f(Z)+g(@)E (4.3.21-a)

G =t (4.3.21-D)

and suppose that (4.3.21-a) satisfies Assumption 4.8.1 with € € R as its control.

(1) If W(Z) is positive definite, then

Vo(Z,8) = V(@) + = [¢ - a(@)] (4.3.22)
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1s a CLF for the full system (4.3.21), that is, there exists a feedback control
u = aZ,§) which renders T = 0,6 = o(0) = 0 the GAS equilibrium of
4.3.21). One such control is

u=—c(f — () + &() — %‘%(f)g(f), ¢> 0. (4.3.23)

(#) If W(Z) is positive semidefinite, then there exists a feedback control which
renders V, < —W,(Z,€) < 0-such that W,(Z,£) > 0 whenever W(Z) >0 or

Z(t)

£(t)

£ # a(Z). This guarantees global boundedness and convergence of

to the largest invariant set M, contained in the set

E, = {{"’1 eRn+1|W(f):o,§:a(f)}
3

While the choice of control (4.3.23) is simple, this control may not be desirable

because it involves cancellation of nonlinearities, some of which may be useful.
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Nonlinear oscillatory system

All real system are nonlinear for example the RLC circuits in Fig 5.1

W SIST A AT AARI N eoy
V .~

_O O—

Figure 5.1: RLC circuits.

The i — ¢ relationship of a linear inductor L is given by

w=1Li

where ¢ is flux, 1 is the current through the inductor and the constant L is called

an inductance.

Now consider a nonlinear inductor ‘as shown in Fig 5.2 The relationship of 7 and

71
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LA

—»- 0

Figure 5.2: Nonlinear Inductor.

v is governed by the following equation

i = ap + bp®

where a, b are constants peculiar to the inductor. Since the i — ¢ relationship of
a linear inductor L is nonlinear so using L will cause nonlinearity of the system.

Sometime using a linear model for a system is not sufficient in letting stability of

the original system.

In particular when the system has disturbances or change of environment that

make the operating point move away from linear range.

There are several important differences between linear systems and nonlinear sys-

tems.

1. In the case of linear systems described by a set of linear ordinary differential
equations, it is often possible to derive “closed-form” expressions for the

solutions-of the system equations.
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In general, this is not possible in the case of nonlinear systems described by

a set of nonlinear ordinary differential equations.

2. The analysis of nonlinear systems makes use of a wider variety of approaches

and mathematical tools than does the analysis of linear systems.

3. In general, the level of mathematics needed to master the basic ideas of

nonlinear systems analysis is higher than that for the linear case.

Since we known differences between linear systems and nonlinear systems, we will

study 2 topics of nonlinear control systems.

1. Feedback Linearization is to find a feedback control law that will make the

system to be linear.

Feedback linearization method as shown in Fig 5.3

Example 5.1 Assume the system is

T = cosz—x°+u
our task is to design a feedback linearization, the control law :
u = —cosz+z—z+wv

cancels both nonlinearities (cosz and —z®) and replace them by —z so that

the resulting feedback system is linear:
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cos(:) —

Figure 5.3: The block diagram of feedback linearization method.

A

()

A | =008\ v

This is shown in block diagram of Fig 5.3

And the response of the system is shown in Fig 5.4

Figure 5.4: Simulation of Feedback Linearization Method.

2. 'Backstepping based design.

74
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Backstepping-based control is a powerful method for stabilizing nonlinear systems
both for tracking and regulation purposes. The main advantage of these designs is
the systematic construction of a Lyapunov function for the closed loop, allowing

the analysis of its stabilities properties.

Adaptive Backstepping designs, especially the tuning functions design, offers the
possibility to synthesize in a systematic way controllers for a wide class of nonlinear

systems (those under the strict feedback form) whose structure is known but with

unknown parameters.

For the class of nonlinearities studied, in the unmodeled dynamics enter to the

systems state equations as functions which can be unbounded with respect to the

time.

Example 5.2 Consider the system

T = cosr— 1z +u
our task is to design a Lyapunov based design function, the control law :
U = —COST—Z

After feedback to the system by Lyapunov based design :

T=—x—1°

This is shown in block diagram of Fig 5.5

And the response of the system after feedback are shown in Fig 5.6
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Figure 5.6: Simulation of Lyapunov based design.

When we compare differences between feedback linearization technic and lyapunov
base design, we find the feedback linearization technic cancels not only cos z, but

also —z®. For stabilization at z = 0, the negative feedback term —z3 is helpful,

especially for large values of .
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On the other hand, the presence of z3 is harmful. It leads to large magnitudes of

u and may cause nonrobustness.

A more reasonable is not to cancels —z® is technic as not to cancels —2z3, in this

case the magnitude of u grows only linearly with z.

After that we take a nonlinear theory to create a nonlinear oscillator.

5.1 Study of Oscillation Theory

The oscillation of system that has many causes such as, from excitation force. For
example, the oscillation of automobile while running on rough way, the oscillation

of building while earthquake or there occur from that we design the system is

4 oscillating itself.

For phenomenon of standardly oscillation in system, the system must all be peri-

odic function. By periodic T offer that.

Yyt T) =0 2(t),VE> 0

Describing function method is the approximation which is extension for the re-

sponse of linear method.

Main idea of describing function method is, can predict limit cycle of nonlinear

system by analyze frequency response.

We can transforming about the relationship between nonlinear component and

linear component, present in Fig 5.7.
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y(t)
| ot

r=0 >O Zl(t) > G(S)

y(t) = asin(wr)

() Nonlinear |g—
Element

()

Figure 5.7: Describing function block diagram.

From block diagram, can present the relationship that is w(t) = 1(y(t)) where
y(t) = asin(wot) and y(t) is periodic function there for, w(t) is periodic function

too. Using Fourier series, this periodic function can be expanded as.

w(t) = % Z Z(ancos(nwot) + bnsin(wot))
n=1

where

3

ag = % /_ w(t)d(wgt)
o= % /_ ’ w(t)cos{nwot)d(wot)
e, N %/_ﬂ w(t)sin(nwot)d(wot)

The system has to satisfy the following four conditions:

1. There is only a single nonlinear component.
2. The nonlinear component is time-invariant.

3. Corresponding to a sinusoidal input e = asin {wt) only fundamental in the

output.
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4. The nonlinearity is odd.

We can define the describing function of nonlinear element to be the complex ratio
of the fundamental component of the nonlinear element by the input sinusoid.

Mei(wttér)  pfeid

aejwt

N(a,w) =

1.
=5(61+Ja1)

From four conditions and Fourier series we can obtain

N(a,w) = Nfa) = o2 Ww(asin(wot))sin(wot)d(wot)

an _Jo
By analyzing the nonlinear system from the block diagram in Fig 5.7 we have

N(@)G(s)+1 =0

ol
N r-nd ——— = 9
(a') G(S) b 8 ](.L)
Using a band pass filter
—10s
G8), =" FToms 1100
and because
N(a) 7L s=7 10rad/sec
= — = MW, W =
G(S) ) .7 )
we then obtain
N(a) = 0.21

And since nonlinear component is 1(y(t)) = tanh(y(t)) therefore

2 k(4

N(a) = ar /. ¥(asin (wot))sin(wot)d(wot)
021 = 52; Oﬁw(asin(wot))sin(wot)d(wgt)

al =9
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For building self-sustained oscillator or a nonlinear oscillator circuits we use an
electronic circuit that consists of a band-pass filter and a nonlinear function tanh
(nonlinear element).

Now consider a current conveyor circuit as shown in Fig 5.8. The current conveyor

Ii
czj *celi) z—

Y

C1
\
)

R1Z l §R2

i 1

Figure 5.8: Band pass filter using CCII.

has its terminal characteristic as follows:

7 A\ AW, Uy
Uy o 1 0 0 . (5.1.1)
i, 0 £1 0O diz
The transfer function of the current conveyor circuit in Fig 5.8 is n_q (s) =
s i
G2y 1

where we define wy =

\/01027”17“2'

,, (1 1 1
s+ —{—+—]s+

T T2 C1CaT T2
If we want a band-pass filter which has a transfer function of

—10s
$21442:17s 41100

G(s) =
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we can used r,c values as follows: 71 = 100kQ2, 7o = 100kQ,c; = 1y and ¢, = 1

when we took band-pass filter to test in PSpice as shown in Fig 5.9

K {0

LEEE S

Figure 5.9: Bandpass filter simulate.

The nonlinear part is due to the operational transconductance amplifier which
has a tanh current-voltage relationship. Its internal circuit consists of a current
mirror and a differential amplifier. Main reason fof choosing operational transcon-
ductance amplifier is because of its feature of being a voltage controlled current
source that can be feeded into the CCII band-pass filter. This circuits is a non-

linear element which we want to use.

Consider an operational transconductance amplifier internal circuit in Fig 5.10.

from this circuit:

e ’I)T —_ 6 ‘UT
I, = Igl[———=—
6211T + e 2'uT
T __ -z
and since tanh(z) = ————— therefore
)
er 4 e 7

I, = IBtanh;m

ur



CHAPTER 5. NONLINEAR OSCILLATORY SYSTEM 82

+V

= =

Vin
—o YR 1 e

(W

S

Figure 5.10: Differential Amplifier.

Both CCII and tanh used are IC AD844 and LM13700, respectively. When we
interconnected them as shown in Fig 5.11. We then obtain a nonlinear oscillator.
Its output was obtained using MATLAB and PSpice as shown in Fig 5.12 and Fig
5.13, respectively. We built our first nonlinear oscillator using CCII band-pass
filter and a tanh OTA. Simulation using MATLAB its limit cycle has magnitude
equal to 6 agreeing with theoretical result because the MATLAB model doesn’ t
have uncertainties. Simulation using PSpice its limit cycle has magnitude equal
to 7 not agreeing with theoretical result because PSpice introduces uncertainties

in R, C. If we build a real device there will be error certainly because

L R,C values from our design may not; be found in the market therefore we
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PO
3
\v-‘y.,—o....{)c.

Figure 5.12: Simulate using MATLAB.

have to choose those that are closet. Moreover R, C in the market has

percent error therefore two resisters of the same color-coat are most likely

of different values, Their value can also depend on temperature these can

83
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3o
Tam

Figure 5.13: Simulate using PSpice.

cause unknown error factor in our circuits.

2. Each equipment that we use has a nonlinear characteristic (not perfectly

linear)

Plan for further study: We try to solve the problem of unknown constant param-

eter.

For a case of base-isolation device we try to simulate it using nonlinear RLC

circuit.

5.2 Mass spring damper

When the system has oscillation. We study the possibility how to use nonlinear

theory to solve this problem. For decrease or eliminate the oscillation. The

equation of base isolation is :

mi + c(z,t) + B(z,t) = f(t) +u(t), (5.2.1)

where
m : is real parameter mass

¢, P2 -is nonlinear component
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f(2) : is external input(disturbance)

u(t) : is control input

The equation above can be compared with mechanic system as follows :
™ : IS mass

c : is damping force

®(z,t) : is nonlinear restoring force

f(t) : is external input(excitation).Example : earthquake force

u(t) : is control force

Then, we study the mass-spring damper system. Which separate in two section.

Section 1 : A linear system with only mass and spring.

Hook’s law

F=K-S

Figure 5.14: Mass Spring System.

Let Xy be an equilibrium point of system and spring displace s.

At the equilibrium point, the velocity is zero and therefore so is the acceleration.
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From Newton’s law

Y F = ma _ (5.2.2)
mg—Fs = 0 (5.2.3)

Section 2 : Consider the mass-spring damper

[T
IL

Fs Fc

Figure 5.15: Mass Spring Damper System.

From damper’s equation: F, =Ci = ¢ = Cr(t)

From Newton’s law

Z F = ma (5.2.4)

F(t)+mg— Fs— Fc = ma (5.2.5)

F(t) + kxo — k(zo + ) — cz = ma (5.2.6)
F(t) — ci — kz - ma (5.2.7)

F(t) =mi+ct+kz (5.2.8)

where

kz 115 linear restoring force as compared with general ‘cases ®(2); which is non-
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linear restoring force ®(z)

F:isu(t) + f(t)

87

After that, analyze the RLC circuits consisting of 2-terminal nonlinear resistors,

inductors, capacitors, and independent voltage and current sources. Under the

following conditions

1. There are no loop and no cut set made exclusively of inductors or capacitors.

2. Every voltage source is in series with a linear positive resistor.

3. Each inductor is characterized by a differentiable ® and i curve with positive

slopes.

4. Fach resistor is eventually passive.

Consider RLC circuits in Fig 5.16

i L=1 Cc=1

Puﬂmﬁieﬁ i
u+H(t) «

+ VC- - .
1 ah v

Figure 5.16: A nonlinear RLC cir-
cuits having 3 distinct(subharmonic

steady-state response).

0.33

0.5

-V

R

3

=@3) 1 -
R

0

i
R

Figure 5.17: Nonlinear resistor .
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Then, with input Vs = u(t) + f(¢)

where
1o = chC
¢ dt
with ¢ = 1F}
dV. \
.c - S V;
e T
A
and
Vi = L%, with L = 1H,
VL = 1

from KVL

VitVe+Ve = ult)+ f(t)

from fig 5.17, Vg = 3ig® — ig, therefore

u(t) + f(t) = Lip+Ve+ Vg

88

(5.2.9)

(5.2.10)

(5.2.11)

(5.2.12)

from equation (5.2.9), (5.2.10), (5.2.12), state equation of RLC nonlinear system

is

Ve = 1

i = i i = Vo (u(®) + £(2)

L. 4.
VC—Vc+§V03+VC = u(t) ()

(5.2.13)
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from equation (5.2.13), we see that
%VC3 is nonlinear component, u(t) is control input, f(t) is external input (dis-
turbance). After that, we study mass-spring system and RLC circuits, we can

simulate base-isolation device and we find that equation of base-isolation device

is:

. r e =
Vo =Ve+ Ve + Ve =/ ult) + £(1) (5:2.14)

While, nonlinear RLC circuit has nonlinear component(nonlinear resistor) term

is (—VC + %VCB.)

If we use linear R, linear L. with nonlinear capacitor then our model will be to

similar the model of base isolation device.

When we compare of nonlinear components in these systems. ‘We can see that
inductor or nomlinear capacitor part of RLC circuits and nonlinear spring of

mass spring damper system are comparable to the nonlinear component of base-

isolation.

We can control the behavior of vibration by choose control input u(t) that is

suitable for the system.



Appendix A

Linear Algebra

We expect you to know the following theory and know how to apply it after you

finish this class.

(Elementary Row Operation)

Before we define the elementary matrices, we define the elementary row operations.
Let A € F™ " be any matrix (not necessarily square). There are three kinds of

elementary row operations that may be applied to the matrix A:

1. For i = 1,2,...,m and ¢ # 0, the matrix Scale(A4,i,c) is the matrix that

results from A by multiplying the ith row by c.

2. For i, = 1,2,...,m the matrix Swap(A4,4,7) is the matrix results from A

by exchanging the 7th and jth rows.

3. Fori,7=1,2,...,m with i # j and any scalar ¢, the matrix Shear(4,1, j, c)
is the matrix that results from A by adding ¢ times the jth row to the ith

row.

90
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Theorem A.0.1 Each elementary row operation is reversible in the sense that it

can be undone by another operation of the same kind. Specifically:

1. If B =Scale(A,i,c), then A= Scale(B,4,c™1).
2. If B =Swap(4,1,7), then A= Swap(B,1,j).
3. If B = Shear(A, 1, j,c), then A =Shear(B,1,7,=c).
(Elementary Matrices)
The elementary matrices are the simplest of all invertible matrices, except for the

identity matrix.  We shall see that they are the building blocks from which the

invertible matrices are constructed. Here is the definition.
Definition A.0.2 A matriz that results from the identity matriz by applying a
single elementary row operation is called an elementary matrix.
An elementary matriz is always a square matriz. There are three kinds.
1. Scale. The matric E = Scale(l,i,¢) is an elementary matriz for i =

1,2,...,m and ¢ #0. It differs from the m X m tdentity matric I = I, in

that (E)y; = ¢ rather than 1.

2. Swap. The matriz E = Swap(I,i,j) is an elementary matriz for i,j =

1,2,...,m,i # 7. It differs from the identity matriz in that

3. Shear. The matriz E = Shear(I,1,j,¢) is an elementary matriz for i,j =

1,2,...,m,1 # j. It differs from the identity matriz in that

(e 55 6
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Theorem A.0.3 (Fundamental Theorem on Row Operations) The matriz
EA that results by multiplying a matriz A on the left by an elementary matriz B

is the same as the matriz that results by applying the corresponding elementary

row operation to A.

T

Let the elementary matrix 7 € F™ ™ result by applying some elementary row
operation to the identity matrix I =1, € F™™. The Fundamental Theorem
says that for any matrix A € F™*™ the matrix EA results by applying that same

row operation to A. More precisely,

1. E = Scale(I,,,1,c) = BA = Scale(4,1,¢).
2. E = Swap(ly,i,5) = EA = Swap(A,4,7).

3. E = Shear({,,,1,J,¢) = EA = Shear(4,1, j,¢).
Theorem A.0.4 Elementary matrices are invertible. In fact,

1. Scale(I,i,¢)~! = Scale(f,i,¢71).
2. Swap(Z,1,7)"" = Swap(I, i, ).

3. Shear(I,1,7,¢)"* = Shear(B,4,j, —¢)-

Corollary A.0.5 A product of any number of elementary matrices is invertible.

Proof

M=EGE, - E,=M"'=E>" . E;'E%.

(Reduced Row Echelon Form: RREF)
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Definition A.0.6 An m X n matriz R is in reduced row echelon form, ab-

breviated RREF, if and only if

1. all the rows that vanish identically (if any) appear below the other (nonzero)

TOWS;

2. the leading entry in any row appears to the left of the leading entry of any

nonzero row below;
3. the leading entry in any nonzero row s 1;

4. all other entries in the column of a leading entry are 0.

The leading entry of a row s the first nonzero entry in that row. The columns
which hold the leading entries are called the leading columns; the other columns

are called the free columns.

Theorem A.0.7 (Gauss-Jordan Elimination) A matriz may be transformed

to a matriz in RREF by applying a sequence of elementary row operations.

(Computing the Multiplier)

It is convenient to express the Gauss-Jordan Elimination theorem as a theorem
about matrix multiplication. We can do this using the Fundamental Theorem on

Row Operations.

Theorem A.0.8 (Multiplier Theorem) For any A € F™*" there is an invert-
ible matriz M such that the matrizc R = M A is in RREF.

Theorem A.0.9 It can be proved that the reduced row echelon form R is unique:
If MiA = R; and My A = Ry where My and M, are invertible and Ry and Ry are
in RREF, then R = Ry.
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The following handy trick, called the Multiplier Trick, enables us to compute
the multiplier matrix M as we perform elementary row operations. Form the

m X (n+m) matrix [A I,]. Using the block multiplication law, we have
M[A I,)=[MA MI|=[MA M)

where I = [, is the m x m identity matrix.

Theorem A.0.10 (Multiplier Trick) If we apply the same row operations to

the matriz [A I,,] that we applied to A to transform it to M A, the last m columns

of the result contain the matriz M.

Definition A.0.11 If A is a square matriz, and z'va of the same size can be
found such that AB =1 and BA = I, then A is said to be invertible and B is
called an inverse of A. If no such matriz B can be found, then A 1s said to be

singular or non-invertible. The inverse of A is denoted by A7".

Theorem A.0.12 (Laws of Inverse) If A and B are invertible matrices, then:

1 (AT = Al
2, (A")! = (A1)n.

1
3. (KAt = EA—l’ for any nonzero scalar k.
4.*(AB)"l = B1A7L

5. (AT)" = (AT

(How to Invert)

The Multiplier Trick provides an efficient method to
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e decide if a square matrix A is invertible, and

e compute the inverse A~! of an invertible matrix A.

We put A in reduced row echelon form R, simultaneously computing the invertible

matrix M with MA = R. Of course, the matrix M is invertible. Now we apply
the following.

Theorem A.0.13 (How to Invert) Let A, M, R € F"*™ be square matrices with
M invertible, R in RREF, and

MA=R..

Then

o A is invertible if and only if R is the identity matriz.

o If A is invertible, then A~! = M.

Method for Finding the Inverse
Using row operations to find A~': Construct the matrix
[A 1]

and apply row operations until you can the identity matrix on the left side. At

that point the matrix on the right side will be the inverse of A. So the final matrix
will be

(A~

Corollary A.0.14 (Factorization Theorem) A matriz is invertible if and only

if it is a product of elementary matrices.
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Corollary A.0.15 (A Criterion for Invertibility) Suppose that A is a square

matriz. Then either

e A is invertible, or else

e there is a nonzero T with AT = 0.

Proof

If R is not the identity matriz, it s easy to find a nonzero @ with RT = 0. It
follows that AZ = M™'RZ = 0. We will be more precise on finding such an

when we talk about the Nullspace, but for the moment consider the example

10, 0N% .3 —C13
R=\0 1 Co3 ;f = | —Ca3
00 O J

Then RZ = 0 but Z # 0 since z3 = 1.

Remark A.0.16 It is impossible that both alternative occur. If A is invertible
and AT =0, then

T=AA%=A"10=0.
bf Systems of Equations and Invertibility

Theorem A.0.17 (Equivalent Statements) If A is an n X n matriz, then the

following statements are equivalent:

1. A is invertible.
2. AZ =0 has only the trivial solution.

3. The reduced row-echelon form of A is I,,.
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4. A% = b is consistent for every column vector b.

5. AT = b has ezactly one solution for every column vector l_;, and that is

7= A"1b.

Definition A.0.18 (Trace) The trace of a square matriz A € F"*" is the sum

of its diagonal entries:

tr(A) = Z Z Ai

for all \; € o(A) = {all eigenvalues of A}.
Theorem A.0.19 (Trace) Let A, B,C € F**" and a,b € F.

1. If A= B then

tr(A) = te(B).

2. The trace is linear:
tr(aA + bB) = atr(A) + btr(B).

3. The trace of the product is invariant when the matriccs in the product are

commute:

tr(AB) = tr(BA)b
tr(ABC) = tr(CAB)
tr(ABC) = tr(BCA)

tr(ABA™!) = tr(B).

Definition A.0.20 (Determinant) Let A € F™*" be a square matriz. Then

n n

det(A) = a;(CA); = Y (-1)MayD(A(il7)), 1<i<n,

or

det(4) = Zau (€A)s = S (“)HayD (A7), 1<j<n.

=1
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Theorem A.0.21 (Trace and Determinant) The determinant of a matriz is

the product of its eigenvalues. The trace of a matriz is the sum of its eigenvalues.

That s
tr(4) => X,
i=1

det(A) = f[ X,
=1

for all \; € o(A).
Properties of the determinant function

Theorem A.0.22 Let A and B be n x n matrices.

1. If A has a row or a column of zeroes, then det(A) = 0.
2. det(A) = det(AT).

3. det(AB) =det(A) det(B).

4. A square matriz A is invertible if and only if det(A) # 0.

5. If A is invertible, then det(A™!) = thl(T).

6. If k is a scalar, then det(kA) = k™ det(A).
Determinant, invertibility and systems of linear equations

Theorem A.0.23 If A is an n x n matriz, then the following are equivalent.

1. A is wvertible.

2. det(A) # 0.

9.°AT = b Has exactly one solution for every m x 1 matric b.
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4. AZ =0 has only the trivial solution.

5. The reduced row-echelon form of A is I,.

Definition A.0.24 (Vector Space) A vector space V' is a non-empty set of ob-
jects on which two operations are defined: addition and multiplication by scalars,

and these two operations satisfy the 10 azioms. (What are those 10 azioms?)

Definition A.0.25 (Subspace) A subset W of a vector space V. is called a sub-

space of V if W is itself a vector space under addition and scalar multiplication.

Theorem A.0.26 (Subspace) W is a subspace of V if and only if

1. W is a subset of V.
2. Vu,ve W u+veWw.

. VieWvkelF kueW.

Definition A.0.27 (Linear Dependence:L.D./Linear Independence:L.1.)

A set of vectors ¥y, Vs, ., Uy is called linearly dependent (L.D.) if
ki@ 4 koty + - - + k, 0, =0
for some scalars ki, ks, ..., k. not all zero. Otherwise (ky =ky = --- =k, = 0)

U1, Vs, - . ., Ur are linearly independent (L.1.).

Definition A.0.28 (Span) W =span {0}, 0,..., 0.} if and only if 3(k1, ko, ..., kr)
such that

Ve W, W=kt + koo + -+ - + kU,

Definition A.0.29 (Basis and Dimension) A set § = {t1,%,...,¥,} of vec-

tors in the vector space V' is a basis 'of Vif



APPENDIX A. LINEAR ALGEBRA 100

1. 8 is linearly independent, and

2. 8 spans V.

The number of vectors in a basis is the dimension of the vector space V.

Notation: dim(V) =n.

Definition A.0.30 (Nullspace or Kernel of A :N(A)) The nullspace of a ma-
triz A € F™*™ is the set

N(A) = {f eF™ . A7 = 6}

of all solutions T of the homogeneous system AZ = 0.

Definition A.0.31 (Rangespace or Column Space or Image of A:R(A))
The range of a matriz A € F™*" is the set of all inhomogeneous terms Ay € F™*

for which the inhomogeneous system § = AT has at least one solution T. In set-

theoretic notation

R(A) = {7 = AT : T € I}

(Eigenvalues, Eigenvectors and Eigenspace)
Let A € F™*" be a square matrix. If a number A € F and nonzero column vector
7 € F»*1 satisfy the equation

AT = M0,
we say that \ is an eigenvalue of A and that ¢ is an eigenvector of A for the
eigenvalue A. (What is the geometric interpretation?) This equation can be
rewritten in the form

(M -A)7=0

where I = I, is the nxn identity matrix. This equation is called the eigenequation.
A square matrix is not invertible if and only if its nullspace is not the zero subspace.

Hence, we may reformulate’ the definition as follows:
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Definition A.0.32 A number \ € F is called an eigenvalue of the square matriz

A if and only if the matriz A\I — A is not invertible. The subspace

ex(A) = N — A)

is called the eigenspace of \. A nonzero element of £,(A) is called an eigen-

vector of A corresponding to the eigenvalue A.

Theorem A.0.33 (TFSAE) Let A : F* — F?; A : x »> y such that ynx1 =

ApsnTnxi. Then the following statements are equivalent.

1.det A#0

2.A 1s nonsingular or invertible.
3NA"Y  such that AAT = AT'A=1
4.A is injective (1 —1).

5.A is surjective (onto

6ker(A) = { }

7TR(A) =F"

(ker(A))

s n —r =nullity of A =dim
= dim(N(4)) =

9.7 = rank(A) = dim(R(A)) =
10.rref(A) = I,

11.row (column) vectors of A are L.1I..

I.detA=0

2.A s singular or non-invertible.
3BA"Y such that AA™ = AtTA=1
4.A 18 not injective (not 1 —1) .

5.A is not surjective (not onto).

6 ker(A) = N(A) 2 {6}

7R(A) C F"

o o r=nulity of A= dim(ker(4))
= dim(N(A)) 2

9.7 = rank(A) = dim(R(A)) S n

10. We can have etther

rref(A) = L Crsc(n=n)
Om—ryxr | On-r

where 7 <n

or rref(A) will have r nonzero rows

(rows that have leading entries).

11.row (column) vectors of A are L.D..

IQEIA, € O"(A), )\z =0
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siajing pue sapoiq buizueaul] yum
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. . November 1994
National Semiconducior
Dual Operational Transconductance Amplifiers
with Linearizing Diodes and Buffers
General Description Features
The LM13700 series consists of two current controlled g adjustable over 6 decades
transconductance amplifiers, each with differential inputs W Excellent g, linearity
and a push-pull output. The two amplifiers share common  m Excellent matching between amplifiers
supplies but otherwise operate independently. Linearizing " m \jnearizing diodes
e et e, ST B sgnaitor 1 1O TPwigge et
noise improvement referenced to 0.5 percent THD. High im- ® High cutput sighiaiigggoiseygtio
pedance butfers are provided which are especially designed N A
to complement the dynamic range of the amplifiers. The App"catlons §
output buffers of the LM13700 differ from those of the ™ Current-controlted amplifiers
LM13600 in that their input bias currents (and hence their B Current-controlled impedances
output DC levels) are independent of Ipgc. This may result  m Current-controlied filters
in performance superior to that of the LM13600 in audio = Current-controlled osciltators
applications. m Multiplexers
B Timers
m Sample-and-hold circuits
Connection Diagram
Dual In-Line and Small Outline Packages
AMP
BIAS DICBE  INPUT  INPUT BUFFER BUFFER
INPUT BIAS (+} =) CUTPUT vt INPUT  DUTPUT
1 15 14 1 12 1t o s
+
+
1 2 3 ] 5 Is |7 Ia
AP DIDBE  INPUT  INPUT  QUTPUT V- BUFFER BUFFER
BIAS BIAS {+) -} INPUT  DUTPUT
INPUT
TL/H/7981-2
Top View
Order Number LM13700M, LM13700N or LM13700AN
See NS Package Number M16A or N16A

@1895 National Semiconductor Corporation  TL/H/7981 RRD-B30M115/Printedin U. S. A.
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Absolute Maximum Ratings
If Military/Aerospace specified devices are required, Operating Temperature Range
please contact the National Semiconductor Sales LM13700N, LM13700AN 0°Cto +70°C
Office/Distributors for availability and specifications. DC Input Voltage +Vgto —Vg
Supply Voltage (Note 1) Storage Temperature Range —65°Cto +150°C
m}gggg A ii \\;DC or i;gx Soldering Information
DG oF Dual-In-Line Package
Power Dissipation (Note 2) Ty = 25°C Soldering (10 sec.) 260°C
LM13700N, LM13700AN 570 mwW Small Outline Package
Differential Input Voltage +5V Vapor Phase (60 sec.) 215°C
Diode Bias Current (Ip) 2mA Infrared (15 sec.) 220°C
Amplifier Bias Current (Iagc) 2 mA See AN-450 “Surface Mounting Methods and Their Effect
Output Short Circuit Duration Continuous on Product Reh.abllrty’ for other methods of soldering sur-
face mount devices.
Buffer Output Current (Note 3) 20 mA
Electrical Characteristics (Note 4)
LM 13700 LM13700A
Parameter Conditions 5 Units
Min Typ Max Min Typ Max
Input Offset Voltage (Vps) 0.4 4 0.4 1
Over Specified Temperature Range . 2 mV
Iagc = 5 pA 0.3 0.3 1
Vos Including Diodes Diode Bias Current (Ip) = 500 pA - 0.5 0.5 2 mv
Input Offset Change 5 pA < Iagc < 500 pA 0.1 0.1 1 mV
Input Offset Current 0.1 0.6 0.1 .06 nA
Input Bias Current Over Specified Temperature Range 0.4 5 0.4 5
1 8 1 7 rA
Forward 6700 | 9600 | 13000 | 7700 | 9600 | 12000 h
mho
Transconductance (grm) Over Specified Temperature Range 5400 4000 &
Om Tracking 0.3 0.3 dB
Peak Output Current RL = 0,laBc = 5 pA 5 3 5 7
R = 0,1apc = 500 pA 350 | 500 650 | 350 | 500 650 rA
RL = 0, Over Specified Temp Range { 300 300
Peak Output Voltage
Positive RL = 0,5 pA < lpge < 500 pA +12 | +14.2 +12 | +14.2 \Y
Negative RL = %, 5 pA £ Iapg < 500 pA —12 | —14.4 —12 | —14.4 Y
Supply Current lagc = 500 pA, Both Channels 2.6 2.6 mA
Vos Sensitivity
Positive AVog/AVT 20 150 20 150 | pV/vV
Negative AVgg/AV™ 20 150 20 150 pV/IV
CMRR 80 110 80 110 dB
Common Mode Range 12 | +135 *12 | £135 \
Crosstatk Referred to Input (Note 5)
00
20Hz < f < 20kHz 3 yo0 d8
Differential Input Current Iasc = 0, Input = £4V 0.02 100 0.02 10 nA
Leakage Current 1aBc = O (Refer to Test Circuit) 0.2 100 0.2 5 nA
Input Resistance 10 26 10 26 k&
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Electrical Characteristics (note 4) (Continued)

LM13700 LM13700A
Parameter Conditions Units
Min Typ Max Min Typ Max
Open Loop Bandwidth 2 2 MHz
Slew Rate Unity Gain Compensated 50 50 V/ps
Buffer Input Current (Note 5) 0.5 2 0.5 2 pA
Peak Buffer Output Voltage {Note 5) 10 10 v

Note 1: For selections 10 a supply voltage above %22V, contact factory.

Note 2: For operation at ambient temperatures above 25°C, the device must be derated based on a 150°C maximum junction temperature and a thermal
resistance, junction to ambient, as follows: LM13700N, S0°C/W; LM13700M, 110°C/W,

Note 3: Buffer output current should be limited so as to not exceed package dissipation.

Note 4: Thess specifications apply for Vg = % 15V, Ta = 25°C, amplifier bias current (Iapc) = 500 pA, pins 2 and 15 open unless otherwise specified. The inputs
1o the buffers are grounded and outputs are open.

Note 5: These specifications apply for Vg = +15V, lagc = 500 pA, Royt = 5 kO connected from the buifer output to —Vs and the input of the buffer is

d to the

Schematic Diagram

amplifier output.

One Operationat Transconductance Amplifier
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413 A A
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o 02 +—F o
ol 08 b
Yol Y05
P

TL/H/7981-1
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Typical Performance Characteristics
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Typical Performance Characteristics (Continued)
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Circuit Description

The differential transistor pair Q4 and Qs form a franscon-
ductance stage in that the ratio of their collector currents is
defined by the differential input voltage according to the
transfer function:

kT
VIN P In s )}
where Vi is the differential input voltage, kT/q is approxi-
mately 26 mV at 25°C and I5 and |4 are the collector cur-
rents of transistors Qs and Q4 respectively. With the excep-
tion of Qg and Q43 all transistors and diodes are identical in
size. Transistors Qq and Qg with Diode Dy form a current
mirror which forces the sum of currents l4 and 15 to equal
laBGi

lg + 15 = lapc @
where Iagg is the ampiifier bias current applied to the gain
pin.
For small differential input voltages the ratio of I4 and s
approaches unity and the Taylor series of the In function
can be approximated as:

K5 KTl ls

n 3
q | PR R ¥ &
1= ls = laBC
2 o
vy |12BE2 =gy
8 v il

Gollector currents |4 and 1 are not very useful by them-
selves and it is necessary to subiract one current from the
other, The remaining transistors and diodes form three cur-
rent mirrors that produce an output current equal to I5 minus
14 thus:

1apcd
Vin [ZTH = lour )

The term in brackets is then the transconductance of the
amplifier and is proportional o 1agc.

+Vs
180
- -
o-Is ipHs
2 7
is 03 .‘.! 02
IR
i L
RV A
2
_Vs

Linearizing Diodes
For ditferential voltages greater than a few millivolts, Equa-
tion 3 becomes less valid and the transconductance be-
comes increasingly nonlinear. Figure 1 demonstrates how
the internal diodes can linearize the transtfer function of the
amplifier. For convenience assume the diodes are biased
with current sources and the input signal is in the form of
current Ig. Since the sum of 14 and 5 is |agc and the differ-
ence is louT. currents |4 and 15 can be written as follows:
_lagc _lour | _lasc lout

2 25 "2 2
Since the diodes and the input transistors have identical

geometries and are subject to similar voltages and tempera-
tures, the following is true:

4

KT IED tls IAEC * IO: s
— In =—1n
a bb_, q  lasc _lout
oy 2 2
. 2laBC Ip
Slout = s (—’I*—) for gl < 2 ®)
I9) 2

Notice that in deriving Equation 6 no approximations have
been made and there are no temperature-dependent terms.
The limitations are that the signal cument not exceed ip/2
and that the diodes be biased with curents. In practice,
replacing the current sources with resistors will generate
insignificant errors.

Applications:
Voltage Controlled Amplifiers

Figure 2 shows how the linearizing diodes can be used in a
voltage-controlied amplifier. To understand the input bias-
ing, it is best to consider the 13 kQ resistor as a current
source and use a Thevenin equivalent circuit as shown in
Figure 3. This circuit is similar to Figure 1 and operates the
same. The potentiometer in Figure 2 is adjusted to minimize
the effects of the control signal at the output.

—X
lpyt = 15-14 |——010u7 = 215 (1ABC
[
tlla sl
05
{ 1age

~Vg

TL/H/7981-8

FIGURE 1. Linearizing Diodes
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npplications:
Voltage Controlled Amplifiers (Continued)

For optimum signal-to-noise performance, 1agc should be
as large as possible as shown by the Output Voltage vs.
Amplifier Bias Current graph. Larger amplitudes of input sig-
nal also improve the S/N ratio. The linearizing diodes help
here by allowing larger input signals for the same output
distortion as shown by the Distortion vs. Differential Input
Voltage graph. S/N may be optimized by adjusting the mag-
nitude of the input signal via Ryn (Figure 2J until the output

+Vg
&
3 i
s s
2 )
I 4 v
s
RIS s Rp
RTH=RB
Vrh =

distortion is below some desired level. The output voltage
swing can then be set at any level by selecting Ry..
Athough the noise contribution of the linearizing diodes is
negligible relative to the contribution of the amplifier’s inter-
nal transistors, Ip should be as large as possible. This mini-
mizes the dynamic junction resistance of the diodes (re) and
maximizes their linearizing action when balanced against
Ryn. A value of 1 mA is recommended for Ip unless the
specific application demands otherwise.

30K

GAIN
© conTROL

TL/H/7981-9

FIGURE 2. Voltage Controlled Amplifier

lout = 15-1 louT = Is (ZIAsc)
[li]
I3 5
a5
} JABC

TL/H/7981-10

FIGURE 3. Equivalent VCA Input Circuit
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rStereo Volume Control

The circuit of Figure 4 uses the excellent matching of the
two LM13700 amplifiers to provide a Stereo Volume Control
with a typical channel-to-channel gain tracking of 0.3 dB. Rp
is provided to minimize the output offset voltage and may be
replaced with two 5109 resistors in AC-coupled applica-
tions. For the component values given, amplifier gain is de-
rived for Figure 2 as being:

'\LQ = 840 X lagc

VIN

If Vg is derived from a second signal source then the circuit
becomes an amplitude modulator or two-quadrant multiplier
as shown in Figure 5, where:

o =28 )_ﬂm_ﬁw

0= Ty hEC b Rc b Re
The constant term in the above equation may be cancelled
by feeding 1 X IpRc/2(V™ + 1.4V) into lo. The circuit of
Figure 6 adds Ry to provide this current, resulting in a four-
quadrant multiplier where Rg is trimmed such that Vg = ov
for Vinz = OV. Ry also serves as the load resistor for lg.

+15V

FIGURE 4. Stereo Volume Control

TL/H/7981-11

1ABC
ViNg 0K -
mosuLaTion © NNV
R

i

ViNg O
CARRIER 10K

FIGURE 5. Amplitude Modulator

TL/HI7981-12

]
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Stereo Volume Control (continued)

TL/H/7981-13

FIGURE 6. Four-Quadrant Muttiplier

Noting that the gain of the LM13700 ampiifier of Figure 3
may be controlled by varying the linearizing diode current Ip
as well as by varying }agc, Figure 7 shows an AGC Ampiifier
using this approach. As Vo reaches a high enough ampli-
tude (8Vgg) to turn on the Darlington transistors and the
linearizing diodes, the increase in Ip reduces the amplifier
gain so as to hold Vp at that level.

Voltage Controlled Resistors

An Operational Transconductance Amplifier (OTA) may be
used to implement a Voltage Controlled Resistor as shown
in Figure 8. A signal voltage applied at Ry generates a ViN

viN ©

1o the LM13700 which is then multiplied by the gm of the
amplifier to produce an output current, thus:

R+ Ra

gmRA

where gm = 19.2lagc at 25°C. Note that the attenuation of
Vo by R and Ry is necessary to maintain Vi within the
linear range of the LM13700 input.

Figure 9 shows a similar VCR where the linearizing diodes
are added, essentially improving the noise performance of
the resistor. A floating VCR is shown in Figure 10, where
cach “end” of the “resistor” may be at any voltage within
the output voltage range of the LM13700.

Rx =

MK

OUTPUT
AMPLITUDE

TL/H/7981-14

FiGURE 7. AGC Amplitier
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Voltage Controlled Resistors (continued)

+15 V
10K
—AAN—O-15Y
R+Ry
Ay =

* 9m RA

g . TU/H/7981-15
FIGURE 8. Voltage Controlled Resistor, Single-Ended
+15V
10K
—AAN—O 15V

TLIH/7981-16
FIGURE 9. Voltage Controlled Resistor with Linearizing Diodes

10
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Voltage Controlied Filters

OTA's are extremely useful for impiementing voltage con-
trolled filters, with the LM13700 having the advantage that
the required buffers are included on the 1.C. The VC Lo-Pass
Filter of Figure 11 performs as a unity-gain buffer amplifier
at frequencies below cut-off, with the cut-off frequency be-
ing the point at which Xc/gm equals the closed-loop gain of
(R/Ra). At frequencies above cut-off the circuit provides a
single RC roli-off (6 dB per octave) of the input signal ampli-
tude with a ~3 dB point defined by the given equation,
where g, is again 19.2 X iapc atroom temperature. Figure

12 shows a VC High-Pass Filter which operates in much the
same manner, providing a single RC roll-off below the de-
fined cut-off frequency.

Additional amplifiers may be used to implement higher order
filters as demonstrated by the two-pole Butterworth Lo-Pass
Filter of Figure 13 and the state variable filter of Figure 14.
Due 1o the excellent g, tracking of the two amplifiers, these
filters perform well over several decades of frequency.

100 K

v,
¢ o
o
15V =15V
R
— 0 Rx=—r
9n Rp
TLAH/7981-17
ve
Vo
fo= RAYm
{R+BA)2xC
=15V
\ TUH/7981-18

FIGURE 11. Voltage Controlled Low-Pass Filter

"
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Voltage Controlled Filters (continued)

3K

[
100 K l
[ 0.0051 4
1K 2Ra 1‘ 10 K . Ragm -
°" (R + Ry2aC
Vin
-5V

TL/H/7981-18

iy L
- 100 pf L L. Pagm I P
" (R + Rp)27C
4 -5y
FIGURE 13. Voltage Controlled 2-Pole Butterworth Lo-Pass Filter o] -20
20K
AA—
O sanopass ouT
FIGURE 14. Voltage Controlied State Varlable Filter TL/H/7981-21
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Voltage Controlled Oscillators

The classic Triangular/Square Wave VCO of Figure 15 is increase amplifier A1’s bias current and thus to increase the
one of a variety of Voitage Controlled Oscillators which may charging rate of capacitor C. When Vop is low, ir goes to
be built utilizing the LM13700. With the component values zero and the capacitor discharge current is set by Ic.

shown, this oscillator provides signals from 200 kHz to be-
low 2 Hz as Ig is varied from 1 mA to 10 nA. The output
amplitudes are set by 15 X Ra. Note that the peak differen-
tial input voltage must be less than 5V to prevent zenering

The VG Lo-Pass Filter of Figure 11 may be used to produce
a high-quality sinusoidal VCO. The circuit of Figure 16 em-
ploys two LM13700 packages, with three of the amplifiers
configured as lo-pass filters and the fourth as a limiter/in-

the inputs. verter. The circuit oscillates at the frequency at which the
A few modifications to this circuit produce the ramp/puise loop phase-shift is 360° or 180° for the inverter and 60° per
VCO of Figure 16. When Vog is high, I is added to Ig to filter stage. This VGO operates from 5 Hz to 50 kHz with

less than 1% THD.

TL/H/7981-22

_ (V' £08V)Ry
T Bt Ra

= 2

5 =

~_f
2VpKkC

forlg << I

R

TL/H/7981-23
FIGURE 16. Ramp/Pulse VCO

13
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Voltage Controlled Oscillators (continued)
30 K

-5V

Vg o——

THD< 1%

TL/H/7981~24
FIGURE 17. Sinusoidal VCO

" Additional Applications

Figure 19 presents an interesting one-shot which draws no
power supply current until it is triggered. A positive-going
trigger pulse of at least 2V amplitude turns on the amplifier
through Rp and pulls the non-inverting input high. The am-

%#Lm13700 plifier regenerates and latches its output high until capacitor
L ovg C charges to the voltage level on the non-inverting input.

The output then switches low, turning off the amplifier and

51K discharging the capacitor. The capacitor discharge rate is

speeded up by shorting the diode bias pin to the inverting

Y input so that an additional discharge current fiows through

TLIHI7981-25 Dy when the amplifier output switches low. A special feature

FIGURE 18. Single Amplifier VCO of this timer is that the other amplifier, when biased from Vo,

Figure 18 shows how to-build a VCO using one amplifier can perform another function and draw zero stand-by power
when the other amplifier is needed for another function. as well.

I

e '(—AAA o
— AAA i TRIGGER

ST 1K

= TMS

TL/H/7981-26

FIGURE 19. Zero Stand-By Power Timer

14
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Additional Applications (continued)

The operation of the multiplexer of Figure 20 is very straight-
forward. When A1 is turned on it holds Vg equal to ViNg and
when A2 is supplied with bias current then it controls Vo. Cg
and Rg serve to stabilize the unity-gain configuration of am-
plifiers A1 and A2. The maximum clock rate is limited to
about 200 kHz by the LM13700 slew rate into 150 pF when
the (Ving—Ving) differential is at its maximum allowable val-
ue of 5V.

The Phase-Locked Loop of Figure 21 uses the four-quad-
rant multiplier of Figure 6 and the VCO of Figure 18 to pro-
duce a PLL with a 1 5% hold-in range and an input sensitivi-
ty of about 300 mV.

Ay
%LMI3700

10K
~-12v
TL/H/7981-27
FIGURE 20. Multiplexer
WK -
AN
O Vu
fg=1 KHz
*5%
HOLD IN
y INS1a RANGE
TL/H/7981-28

FIGURE 21. Phase Lock Loop
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Additional Applications (continued)

The Schmitt Trigger of Figure 22 uses the amplifier output
current into R to set the hysteresis of the comparator; thus
VH = 2 X R X lg. Varying Ig will produce a Schmitt Trigger
with variable hysteresis.

FIGURE 22, Schmitt Trigger

TL/H/7981-29

Figure 23 shows a Tachometer or Frequency-to-Voltage
converter. Whenever At is toggled by a positive-going input,
-an amount of charge equal to (V3-Vy) Cyis sourced into Gy
and Ry. This once per cycle charge is then balanced by the
current of Vo/Ry. The maximum Fyy is limited by the amount
of time required to charge Cy from V|_ to Vi with a current of
I, where V_and Vi represent the maximum low and maxi-
mum high output voltage swing of the LM13700. D1 is add-
ed to provide a discharge path for Cy when A1 switches low.
The Peak Detector of Figure 24 uses A2 to turh on A1
whenever Vi becomes more positive than V. A1 then
charges storage capacitor C to hold Vg equal to Vi PK.
Pulling the output of A2 low through D1 serves to turn off A1
so that Vo remains constant.

INS14

Ay
%LM13700

+15V

=15V

O-15V

O Vo= 10my x SN
W

TL/H/7981-30

FIGURE 23. Tachometer

PEAK DETECT

HOLD

+15V

Ay
%LM13700

Vo

10K ~15 v

—-8—

TL/H/7981-31

FIGURE 24, Peak Detector and Hold Circuit

16
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Additional Applications (continued)

The Ramp-and-Hold of Figure 26 sources Ig into capacitor
C whenever the input to A1 is brought high, giving a ramp-
rate of about 1V/ms for the component values shown.
The true-RMS converter of Figure 27 is essentially an auto-
matic gain control amplifier which adjusts its gain such that
the AC power at the output of amplifier A1 is constant. The
output power of amplifier A1 is monitored by squaring ampli-
fier A2 and the average compared to a reference voltage
with amplifier A3. The output of A3 provides bias current to
the diodes of A1 to attenuate the input signal. Because the
output power of A1 is held constant, the RMS value is con-
stant and the attenuation is directly proportional to the RMS
value of the input voltage. The attenuation is also propor-
tional to the diode bias current. Amplifier A4 adjusts the ratio
of currents through the diodes to be equal and therefore the
voltage at the output of A4 is proportional to the RMS value
of the input voltage. The calibration potentiometer is set
such that Vg reads directly in RMS volts.

s
-

_]—l:i v 43K
-8V
AAMP
ENABLE ©

Ay
%LM13700

+15V

1K

-5V

FIGURE 25, Sample-Hold Circuit

Az
HLM1I706

FIGURE 26. Ramp and Hold

SAMPLE
HOLD

TL/H/7981-32

T./H/7981-33
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Additional Applications (continued)

CALIBRA-

0.14F | TION

vino

Vgo
=1%ACCURATE

%LM1458

5K

12K

1/gm ADJUSY

%iM1458

TL/H/7981-34

FIGURE 27. True RMS Converter

The circuit of Figure 28 is a voltage reference of variable
Temperature Coefficient. The 100 kQ potentiometer adjusts
the output voltage which has a positive TC above 1.2V, zero
TC at about 1.2V, and negative TC below 1.2V. This is ac-
complished by balancing the TC of the A2 transfer function
against the complementary TC of D1.

The wide dynamic range of the LM13700 allows easy con-
trol of the output pulse width in the Pulse Width Modulator
of Figure 29.

For generating |agc over a range of 4 to 6 decades of cur-
rent, the system of Figure 30 provides a logarithmic current
out for a linear voltage in.

Since the closed-loop configuration ensures that the input
to A2 is held equal to 0V, the output current of A1 is equal to
I3 = —V¢/Rg.

The differential voltage between Q1 and Q2 is attenuated
by the R1,R2 network so that A1 may be assumed to be

operating within its linear range. From equation (5}, the input
voltage to A1 is:
—2KTl3 _ —2KTVg
qlz dlaRg
The voltage on the base of Q1 is then
(R + R2) Vi1
Rq
The ratio of the Q1 and Q2 collector currents is defined by:
Vgl = Eln!g =E lnlAﬁ
q lcn g 1
Combining and solving for {apc Yyields:
2(Ry + Ro) Vg
Ry l2Rg
This logarithmic current can be used to bias the circuit of

Figure 4 1o provide temperature independent stereo attenu-
ation characteristic.

VINT =

Vgl =

IaBc = 11 exp
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Additional Applications (continued)

415V

30K

100 K

FIGURE 28. Delta VBE Reference

y ™o
CLOCK IN 0—1 l-—'\/\/\, 9 rY

500pF 1K

O vour
=12

100 K

=15V

TL/H/7981-35

CONTROL
VOLTAGE

4By

el

vour

[P

FIGURE 29. Pulse Width Modulator

Tpn T

TL/H/7981-36
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Additional Applications (continueq)

=Vg 150K

FIGURE 30. Logarithmic Current Source

—Cl
lagc = Iy GXP-EQ

TL/H/7981-37
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Physical Dimensions inches (milimeters)
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with Linearizing Diodes and Buffers

LM13700/LM13700A Dual Operational Transconductance Amplif
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