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ABSTRACT

In general, all systems have nonlinear modes effected by many strong disturbances and
poor design in mechanical parts. For example, an electrical circuit is design to perform linear, but
in real operations, it could be disturbed by noise, radiation and electromagnetic field which are
nonlinear. These make the system unstable and cause malfunctioning operations. To avoid those
problems, nonlinear controllers must be applied.

We first studied in linear system theory which is a basic knowledge about linear equation
form of systems and stability theory. It is important that we have a knowledge of linear algebra to
deal with these problem equations and we include it as an appendix. Next, we continued with a
nonlinear part which is more complicated.

The main topic of our project is to design a nonlinear controller for systems or plants
contain nonlinearities and unknown parameters. The design procedures are divided into static and
dynamic part. Nonlinear static controllers guarantee a boundedness of the resulting feedback
system without any knowledge of a bound on the unknown parameters. Nonlinear dynamic (or
adaptive) controllers guarantee not only that the plant state remains bounded, but also that they
tend to a desired constant value (“regulation”) or asymptotic track a reference signal (“tracking”).

At the end of this book, we include an example in applying a nonlinear adaptive
controller to control a “wing rock” motion of the aircraft. This shows how useful of a nonlinear

control system is in real operations.
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ABSTRACT

In general, all systems have nonlinear modes effected by many strong dis-
turbances and poor design in mechanical parts. For example, an electrical circuit
is designed to perform linear, but in real operations, it could be disturbed by
noise, radiation and electromacnetic field which are nonlinear. These make the
system unstable and cause malfunctioning operations. To avoid those problems,

nonlinear controllers must be applied.

We first studied in linear system theory which is a basic knowledge about
linear equation form of systems and stability theory. It is important that we have
a knowledge of linear algebra to deal with these problems and we included it as

an appendix. Next, we continued with a nonlinear part which is more complicate.

The main topic of our project is to design a nonlinear controller for systems
or plants contain nonlinearities and unknown parameters. The design procedures
are divided into static and dynamic part. Nonlinear static controllers guarantee a
boundedness of the resulting feedback system without any knowledge of a bound
on the unknown parameters. Nonlinear dynamic (or adaptive) controllers guar-
antee not only that the plant state remains bounded, but also that they tend to a
desired constant value (“regulation”) or asymptotically tracks a reference signal

(“tracking”).

At the end of this book, we included an example in applying a nonlinear
adaptive controller to control a “wing rock” motion of the aircraft. This shows

how useful of a nonlinear control system is in real operations.
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Chapter 1

Introduction

1.1 Overview

In this book, we first started with a“linear system theory” which is a basic knowl-
edge of control systems. It contains a form of linear system in state-space, which
is the base form used by all design methods in this book, and design tools for
Stabilizﬁtion of linear plants. A linear system theory is related to a linear algebra
mentioned in Appendix A., it also need a knowledge of differential equations which
are the part of a modern calculus to explain some characteristics of the system.
These showed how mathematics are useful and essential for a study in the field of

control system.

Next, we continued with a “nonlinear system theory” which is more com-
plicate but useful to explain a system in real operations with an environmental
effect and disturbance. Nonlinear stability can be explained by a multivariable
circle and Popov criterion which guarantee an absolute stability of the system.
Lyapunov stability theory is the most popular and used by many design methods

of nonlinear controllers in the rest of this book.
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We most coricerned a nonlinear system as a strict-feedback system contains
a “nonlinearity” (¢) and an “unknown constant parameter” (6) in the feedback
part (see Chapter 3). The main topic of this book is to design a nonlinear con-
troller for the system by applying feedback. Controllers are divided into two
main part, static and dynamic (adaptive). Nonlinear static controllers guaran-
tee a boundedness of the resulting feedback system without any knowledge of
a bound on the unknown parameters. Two design methods provided, we intro-
duced “feedback linearization method” which forces the system to appear linear

and “backstepping method” which can avoid cancellation of useful nonlinearity.

Adaptive controllers are dynamic and therefore more complex than the
static controllers. The advantage of a nonlinear adaptive controller is it guarantee
not only that the plant state remains bounded, but also that it tends to a desired
constant value (“regulation”) or asymptotically tracks a reference signal (“track-
ing”). So that a nonlinear adaptive controllers are more useful and applicable
in real systems. Almost of this book is about the design of nonlinear adaptive

controllers.

1.2 Achievements of adaptive linear control

While in this book we will be preoccupied with nonlinear system, we must not
forget that the control of linear plants with unknown parameters was a formidable
problem which took almost twenty years to solve. The adaptive control community
deserves full credit for providing not only one, but several solutions to this funda-
mental problem [2]. Each of this solutions was a breakthrough in the development
of adaptive control. By the early 1980’s, several types of adaptive schemes were
proven to provide stable operations and asymptotic tracking. Lyapunov-ba,s.ed

design is one of the oldest results of adaptive control. Until recently, however, its
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limitation has been remove by the recursive design procedures presented in this

book, commonly referred to as backstepping.

An important feature of traditional adaptive control is its reliance on “cer-
tainty equivalence” controllers. This means that a controller is first design as if
all the plant parameters were known. The controller parameters are determined
as functions of the plants parameters. Given the true values of the plants pa-
rameters, the controller parameters are calculated by solving design equations for
model-matching, pole-zero, or optimality. When the true plant parameters are un-
known, the controller parameters are either estimated directly (direct schemes) or
computed by solving the same design equations with plant parameter estimates
(indirect schemes). The resulting controller, which is either estimated (direct)
or designed for the estimated plant (indirect), is called a certainty equivalence

controller.

It is not at all obvious that é certainty equivalence controller will work
inside and adaptive feedback loop and achieve stabilization and tracing. Even
when fhe plant is stable, bad parameter estimates may yield a destabilizing con-
troller. The situation is more critical when the plant is unstable, because then
the controller must achieve stabilization in addition to its tracking task. It is
therefore significant that certainty equivalence controllers have been proven to be

satisfactory for adaptive control of linear systems.

In spite of major advances in the development of adaptive control schemes
for linear system, they have not yet become tools for systematic engineering design.
Each adaptive scheme leaves up to the designer the choice of various filters, design
coefficients, initialization rules, and so on. It is still unclear how the adaptive sys-
tem’s performance, especially its transient performance, depends on these design
choices. Current research activity is aimed at providing the designer with clearer

choices and trade-offs between transient performance and robustness. Transient
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performance improvement is one of the prominent features of the nonlinear control

design schemes that we are studying.

1.3 Adaptive control as dynamic nonlinear feed-

back

If a linear plant contains unknown parameters without any information about
their bounds, then in general, it cannot be stabilized by a linear controller. This

is true for the simplest scalar plant
T = u+ 0z, (1.3.1)

where u is the control and 6 is and unknown constant. If an a priori bound § were
known, |f| < 8, then u = —28 would be a linear stabilizing controller. If such
abound is not known, no linear controller can be designed to guarantee stability

of 1.3.1

To examine whether a static nonlinear controller can help, let us try the

controller
u = —ky — kox®, (1.3.2)
where k) > 0, ky > 0. r‘I‘he resulting feedback system is
i = (9 — k) )z — kyz® (1.3.3)

For @ > ki, the equilibrium £ = 0 is unstable, but the nonlinear term —kyz®

prevents z(t) from growing unbounded. It is easy to see that z(t) will converge
0 —ky

to one of the two new equilibria + . Thus, the static nonlinear controller

2
(1.3.2) has achieved boundedness of z(¢) without any knowledge of a bound on 6.
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Out goal is more ambitious than just boundedness of z(t). We also want
to achieve its regulation: tlim z(t) = 0. Can this be accomplished by a dynamic
—00

nonlinear controller? The answer is affirmative: One such controller is
u = —(p+8&z, & =1 (1.3.4)

where p > 0 is a design parameter. The resulting feedback system is of second

order:

—(p+&) + 0z

£ = 22

ST
I

(1.3.5)

Its stability properties can be checked by examining the derivative of the

Lyapunov function

V(z, &) = %a? + %(5 —6)?, (1.3.6)

which turns out to be nonpositive:
V = —pa? -2+ 022+ (6 - 0)z® = — px’. (1.3.7)

Thus, V(z(t),0(t)) evaluated along the solution of (1.3.5) is a nonincreasing func-
tion of time. This proves that z(¢) and 6(¢) remain bounded for all ¢ > 0. The

proof that tlim z(t) = 0 is also achieved is given in the next chapter.
—00

How was the dynamics nonlinear controller (1.3.4) conceived? Not as a
nonlinear controller, but rather as a parameter adaption scheme! Its dynamics
part § = z?% is, in fact, an update law for £ as and estimate of §. Consequently,

the estimation error € — 6 is penalized in the Lyapunov function(1.3.6).
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1.4 Lyapunov-based design

The controller(1.3.4) is and outcome of a systematic Lyapunov design procedure.

In this procedure we seek a parameter update update law for the estimate of é(t),
0 = 7(z,0), (1.4.1)

which, along with a control law v = a(z, é), will make the Lyapunov function

A 1 1

V(z,0) = —2—3;2 + 5(é —6)?, (1.4.2)
a nonincreasing function of time:
V(z(t),8) < V(z(te),8(to))Vt > to, Yty > 0. (1.4.3)

To this end, we express V as a function of u and 6 and seck o (z,6) and 7(z,0)

to guarantee that V < —pz? with p > 0, namely
V = z(u+6z)+ (0 - 9)@ < —pz’ (1.4.4)
Rearranging terms we get
zu + 69 + 0(z* — é) < —pa? (1.4.5)
Since néither oz, ) nor 7(z, ) is allowed to depend on the unknown 6, we must,
take 7(z, ) = z2, that is,
6 = z° (1.4.6)
The remaining condition
zu+ 0z < —pa? (1.4.7)
allows us to selected a(z,6) in various ways. The choice which results in the

dynamic nonlinear controller(1.3.4) is
u = —(p+0)z (1.4.8)

We have thus designed our first Lyapunov-based adaptive scheme shown in Fig-
ure 1.1, where s is the complex variable of the Laplace transform. This scheme

already exhibits some features of more general schemes to be designed.
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Figure 1.1: Lyapunov-based adaptive scheme for the scalar system & = u + z#.

1.5 Classes of nonlinear systems

The main topic of this book is the design of feedback controllers for nonlinear
system with unknown constant parameters. The most important design speci-
fication is to achieve asymptotic tracking of a known reference trajectory with
the strongest possible form of stability. Another key requirement is that the
designed controller should provide effective means for shaping the transient per-
formance and thus allow different performance-robustness trade-offs. the largest
classes 6f nonlinear systems for which the stated design problem is solvable with
either state-feedback or output-feedback controllers are not know at this time.
the largest classes for which solutions have been obtained are those considered in
this book. State feedback solution are given for the so-called class of “parametric
pure-feedback system”. They are first presented for the subclass of “parametric
strict—feedback system”, for which the achieved stability and tracking properties
are global. By analogy with linear systems, strict-feedback systems are also call
“triangular”. Output-feedback solutions are restricted to a narrower class of min-
imum phase systems in which the nonlinearities depend only the output variable.

The class of pure-feedback systems with unknown parameters is well represented
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by the third order system

Xi = za+ @17 (z1,72)0 (1.5.1)
Xz = I3+ QDQT(iL'l,IL'g,IL'g)e (152)
Xs = u+ w7 (z1,%2,23)6, (1.5.3)

where the p x 1 vector 8 is constant and unknown. (In a more general case,
the term x5, 73, and u can be multiplied by unknown constant parameters provided
that the signs of these parameters are known). Apart from the requirement that
the dependence of the right—hand side of (1.5.1) on 8 be linear,or to be precise,
affine, pure-feedback systems are characterized by the structure of the known
nonlinearities 1, @, andps. The function ¢; must not depend on z3, and a
further implicit function restriction is imposed on the dependence of ¢; on z5, and
of s on z3. This is restriction is automatically satisfied if ¢; does not depend
on T, and ¢, does not depend on z3, that is, if we have ¢;(z;) andpq(zy, z2). In

this “strict-feedback” case the results are global.

1.6 Adaptive backstepping and tuning function

When the parameter vector € is known, the pure-feedback restriction essentially
amounts to feedback linearizability. However, even when achievable, the goal
of feedback linearization is not pursued in this book, because it often leads to
cancellation of useful nonlinearities. Backstepping designs are more flexible and
do not force the designed system to appear linear and avoid cancellations of useful
nonlinearities and often introduce additional nonlinear terms to improve transient

performance.

The idea of backstepping is to design a controller for (1.5.1) recursively

by considering some of the state variables as “virtual controls” and designing for
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them intermediate control laws. In (1.5.1), the first virtual control is z5. It is used
to stabilize the first equation as a separate system. Since 6 is unknown, this task
is solved with an adaptive controller consisting of the control law ;)1 and the
update law é = 7(z1), as in the Lyapunov-based design in section 1.4. In the next
step, the state x3 is the “virtual control” which is used to stabilize the subsystem
consisting of the first two equations of (1.5.1). This is again an adaptive control
task, and a new update law 6= 7(z1) has already been designed in the first step
and this does not seem to allow any freedom to proceed further. Chapter 6 and 7

provide two different cuts: adaptive backstepping and tuning functions.

Adaptive backstepping treats the parameter 6 in the second equation of
(1.5.1) as a new parameter and assigns to it a new estimate with a new up-
date law. As a result, there are several estimates for the same parameter. This
overparametrization is avoided in Chapter 7 by considering that in the first step
é = 7(z1) is not an update law but only a function 7y. This “tuning function” is
used in subsequence recursive steps and the discrepancy 9 — 7(z) is compensate
with additional terms in the controller. Whenever the second derivative 9 would

appear, it is replaced by the analytic expression for the first derivative of 7(z;).

Both adaptive backstepping and tuning functions achieve the goals of sta-
bilization and tracking. The proof of these properties is a direct consequence of
the recursive procedure during which a Lyapunov function is constructed for the
entire system, including the parameter estimates. For strict-feedback systems,
this Lyapunov function provides the proof of global uniform stability and, if z, (%)
is required to follow a trajectory i ..s(t), also the proof of asymptotic tracking

IEl(t) — $1’Tef(t) — 0.

The tuning functions approach is an advance form of adaptive backstepping.
It has the advantage that the dynamic order of the adaptive controller is minimal.

The dimension of the set to which the state and parameter estimates converge is
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also minimal.

Both adaptive backstepping and tuning functions have crossed the “ex-
tended matching” barrier which blocked the traditional Lyapunov-based design.
They have achieved this by designing controllers “more intelligent” and “stronger”

than certainty equivalence controllers.



Chapter 2

Linear System Theory

2.1 Linear System

A system is called a linear system if for every ¢, and any two state-input-output

pairs
z; (o)
ui(t), t=>1

for ¢ = 1,2 we have

1 (o) + Za(to)
ur(t) +ug(t), t>t,

— y1(t) +12(t), t>t, (additivity)

and
axy (to) .
— ay(t), t>1t, (homogeneity)
ouy(t), t>t, '
for any real constant . The first property is called the additivity property, the
second is called the homogeneity property. These two property can be combined

as

a121(to) + aaza(t
121(t) + G (to) — o (8) + cagalt), 21,

a1Uq (t) -+ QiaUsg (t), t Z to

11
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for any real constant a; and oy are called the superposition property. A system is

called a nonlinear system if the superposition property does not hold.

If the input u(t) is identically zero for ¢ > t,, then the output will be excited
exclusively by the initial state z(¢,). this output is called the zero-input response

and will be denoted by y,; or

z(t,)
u(t) =0, t>1t,

—yu(t), t21

If the initial state z(t,) is zero, then the output will be excited exclusively by the

input. This output is called the zero-state response and will be denoted by y., or

z(to) =0
u(t), t>t,

—Yus(t), t21

The additivity property implies

z(t x(t
Qutput due to (to) = output due to (to)
u(t), t>t, u(t) =0, t>t,
z(t,) =0
+ output due to (to)
u(t), t>1,

or

Response = zero-input response -+ zero-state response

Thus the response of every linear system can be decomposed into the zero-state
response and the zero-input response. Furthermore, the two response can be
studied separately and their sum yields the complete response. For nonlinear
systems, the complete response can be very different from the sum of the zero-
input response and zero-state response. Therefore we cannot separate the zero-

input and zero-state responses in studying nonlinear systems.
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If a system is linear, then the additivity and homogeneity properties apply
to zero-state responses. To be more specific,if z(¢,) = 0, then the output will
be excited exclusively by the input and the state-input-output equation can be
simplified as {u; — ¥;}. If the system is linear, then we have {u; +us — 11 + ¥y}
and {au; — y;} for all @ and all u;. A similar remark applies to zero-input

responses of any linear system.

2.2 Linear Time-Invariant System

A system is said to be time invariant if for every state-input-output pair
—yt), t>1

and any 7', we have

z(to + T) . s
—y(t—-T), t>t,+T (time shifting)
u(t—1T), t>t,+T
It means that if the initial state is shifted to time ¢, + T and the same input
waveform is applied from %, + 7" instead of from ¢,, then the output waveform will
be the same except that it starts to appear from time t,+7". In other words, if the
initial state and the input are the same, no matter at what time they are applied,
the output waveform will always be the same. Therefore, for the time-invariant

systems, we can always assume, without loss of generality, that t, = 0. If a system

is not time invariant, it is said to be time varying.

Time invariance is defined for systems, not for signals. Signals are mostly
time varying. If a signal is time invariant such as u(t) = 1 for all ¢, then it is a very
simple or a trivial signal. The characteristics of time-invariant systems must be
independent of time. For example, an electrical circuit network is time invariant

if R, C, and L are constants.



CHAPTER 2. LINEAR SYSTEM THEORY 14

Some physical systems must be modeled as time-varying systems. For
example, a burning rocket is a time-varying system, because its mass decreases
rapidly with time. Although the performance of an automobile or a TV set may
deteriorate over a long period of time, its characteristics do not change appreciable
in the first couple of years. Thus a large number of physical systems can be

modeled as time-invariant systems over a limited time period.

2.3 State-Space Equation

state-space equation Every linear time-invariant lumped system can be described

by a set of equations of the form

z(t) = Az(t) + Bu(t)
y(t) = Cz(t) + Du(t)

(2.3.1)

For a system with p input, ¢ output, and n state variables, A, B, C,and D are,
respectively, n X n, n X p, ¢ Xn, and ¢ X p constant matrices. Applying the Laplace

transforim to (2.3.1) yields

sz(s) —z(0) = AZ(s)+ Bi(s)

g(t) = Ci(s) + Du(s)
which implies

i(s) = (sI—A)'z(0)+ (sI — A)~'Bi(s) (2.3.2)
j(s) = C(sI — A)'z(0) + C(sI — A) — 1)Bi(s) + Da(s)  (2.3.3)

They are algebraic equations. Given z(0) and @(s), £(s) and §(s) can be computed
algebraically from (2.3.2) and (2.3.3). Their inverse Laplace transforms yield the
time response z(t) and y(t). The equations also reveal the fact that the response

of a linear system can be decomposed as the zero-state response and the zero-input
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response. If the initial state z(0) is zero, then (2.3.3) reduces to
4(s) = [C(sI — A)"'B + DJi(s)
Comparing this with §(s) = G(s)a(s) yields
G(s) = C(sI—A)"'B+D (2.3.4)

This related the input-output (or transfer matrix) and state-space description.

2.4 Controllability

Consider the n-dimensional p-input state equation
Z = AZ + Bi (2.4.1)

where A and B are, respectively. n X n and n X p real constant matrices. Because
the output does not play any role in controllability, we will disregard the output

equation in this study.

Definition 2.4.1 The state equation (2.4.1) or the pair (A, B) is said to be con-
trollable if for any initial state Z(0) = I, and any final state T,, there exists an
input that transfers Ty to T, in a finite time. Otherwise (2.4.1) or (A, B) is said

to be uncontrollable. O
Theorem 2.4.2 The following statements are equivalent.

1. The n-dimensional pair (A, B) is controllable.

2. The n X n matrixc

T=t T=1
W,(t) = / eA"BBTeA dr = / A7) B BT A" (-7) 17(2.4.2)

=] 7=0

s nonsingular for any t> 0



CHAPTER 2. LINEAR SYSTEM THEORY 16

8. The n x np controllability matriz
C=[B AB A’B ... A" 'B] (2.4.3)
has rank n (full row rank)
4. The n x (n+ p) matriz [A — A\ B] has full row rank at all A € o(A)

5. If, in addition, all eigenvalues of A have negative real parts, then the

unique solution of
AW, +W_.AT = -BBT (2.4.4)

is positive definite. The solution is called the “Controllability Gramian”

and can be expressed as

W, = / e""BBTeA dr (2.4.5)
0
|
Example 2.4.3
I = AZ+ B
11 -2 0

= {01 1 |[Z+]|1]u
0 0 2 0

01 2
e = [pllAb|A%l=]1 1 1
0 00
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3. The ng x n observability matriz

CA
o=| (2.5.3)

CA™!
4. The (n+ q) X n matriz

A-AI
C

has full column rank at every eigenvalue, A, of A.

5. If, in addition, all eigenvalues of A have negative real parts, then the

unique solution of
AW, +W,A=—-C'C (2.5.4)

is positive definite. The solution is called the “Observability Gramian” and

can be expressed as

Wo:/ eATC A dr (2.5.5)
0

Let A and C ne n x n and ¢ X n constant matrices. We assume that C' does not
have full row rank, then the output at some output terminal can be expressed as a
linear combination of other outputs. Thus the output does not offer any new

informatioﬁ regarding the system and the terminal can be eliminated. By

deleting the corresponding row, the reduced C will then have full row rank. O

2.6 Introduction to Pole Placement

Most control system can be formulated as shown in Figure 2.1 , in which the plant

and the reference signal r(t) are given. The input u(t) of the plant is called the
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Figure 2.1: Design of control systems.

“actuating signal” or “control signal”. The output y(¢) of the plant is called the
“plant output” or “controlled signal”. The problem is to design an overall system
so that the plant output will follow as closely as possible to the reference signal
r(t). These are two types of control. If the actuating signal u(t) depends only on
the reference signal and is independent of the plant output, the control is called an
“open-loop control”. If the actuating signal depends on both the reference signal
and the plant output, the control is called a “close loop” or “feedback control”.
The open-loop control is, in general, not satisfactory if there are plant parameter
variations and/or there are noise and disturbance around the system. A properly
designed feedback system, on the other hand, can reduce the effect of parameter
variations and suppress noise and disturbance. Therefore feedback control is more

widely used in practice.

rM—— -~ - 0 R
X X \ y
O s - f o —
3 S
l l
l l
I | AL !
L - — — — _ I |
kR

Figure 2.2: State Feedback.
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2.7 State Feedback

Consider the n-dimensional single-variable state equation

T = Az +bu
(2.7.1)
y = cx
where we have assumed d = 0 to simplify discussion. In state feedback, the input

u is given by
u=r—kzx=r—lk ko ... k‘n]x:'r—Zkixi (2.7.2)
i=1
as shown in Figure 2.2. Fach feedback gain k; is a real constant. This is called

the constant gain negative feedback or, simply, state feedback. Substituting (2.7.2)
into (2.7.1) yields

i = (A—bk)z+br 2.13)

y = @

Theorem 2.7.1 The pair (A — bk,b), for any 1 x n real constant vector k, is
controllable if and only if (A,b) is controllable. a

Example 2.7.2 Consider the state equation

1 2 0
= x+ U

3 1 1

i=[1 2]

The state equation can readily be shown to be controllable and observable. Now

we introduce the state feedback
Uu=r— [ 3 1 ] x

Then the state feedback equation becomes
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y=[1 2]17

0 2
e =
10}

which is nonsingular. Thus the state feedback equation is controllable. Its observ-

-1 7]

which s singular. Thus the state feedback equation is not observable. The reason

The controllability matriz is

ability matriz is

that the observability property may not be preserved in state feedback will be given

later. O

Example 2.7.3 Consider a plant described by

The A-matriz has characteristic polynomial
A(s)=(s—12~9=5>-25—8=(s—4)(s+2)

and, consequently, eigenvalues 4 and -2. It is unstable. Let us introduce state

feedback u = r — [kl' ks)z. Then the state feedback system is described by

. 13 ki ko 1
T = - T+ T
3 1 0 0 0
1—Fk 3—k 1
= T+ T
3 1 0

This new A-matriz has characteristic polynomsial

Ap(s) = (s—=1+k)(s—1)—3(3—ky)

= 82+(k1—2)8—|—(3]€2—“k1—8)
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It is clear that the roots of Af(s) or, egquivalently, the eigenvalues of the state
feedback system can be placed in any positions by selecting appropriate ki and k.
For example, if the two eigenvalues are to be placed at —1 =& j2, then the desired
characteristic polynomial is (s + 1+ j2)(s + 1 — j2) = s? + 2s + 5. Equating
ki —2 =2 and 3ky — ki — 8 = 5 yields ky = 4 and ky = 17/3. Thus the state
feedback gain [4 17/3] will shift the eigenvalues from 4,—2 to —1 % j2. O

This example shows that state feedback can be used to place eigenvalues in
any positions. Moreover the feedback gain can computed by direct substitution.
This approach however, will become very involved for three- or higher-dimensional
state equations. More seriously, the approach will not reveal how the controlla-
bility condition comes into the design. Therefore a more systematic approach
is desirable. Before proceeding, we need the following theorem. We state the

theorem for n = 4; the theorem, however, holds for every positive integer n.

Theorem 2.7.4 Consider the state equation in (2.7.1) with n = 4 and the char-

acteristic polynomial
A(s) =det(s] — A) = s* + a18® + aod® + o35 + 0y (2.7.4)

If (2.7.1) is controllable, then it can be transformed by the transformation T = Px
with
1 Q1 Q9 QO3

0 1 a1 Q9
Q:=P‘1=[b Ab A% A%]

into the controllable canonical form

F—Oll —Qy —Q3 —04 1

_ _ 1 0 0 0 0

I =AZ+bu= T+ U
0 1 0 0 0
0 0 1 0 0
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y=cr= [,31 B2 Bs ,34]53
Furthermore, the transfer function of (2.7.1) with n =4 equals

i(s) = B15% + 2% + B35 + Bs
st a18% +aps? +azs+ ay

(2.7.5)

Feedback transfer function Consider a plant described by (A4,b,c).If
(A,b) is controllable, (A,b,c) can be transformed into the controllable form in

(2.7.4) and its transfer function can then be read out as, for n = 4,

615 + Bas® + P35 + ba
st o183+ as? + a3s + ay

9(s) =c(sI — A)7lb = (2.7.6)

After state feedback, the state equation becomes (A — bk, b, c) and is still of the

controllable canonical form. Thus the feedback transfer function from r to y is

B18% + 28+ B3s + Bu

G5(s) = c(sI — A+ bk)™'b =
9s(s) = clsl = A+ k) 51+ @y 8% + Gps? + @3S + G

(2.7.7)

We see that the numerators of (2.7.6) and (2.7.7) are the same. In other words,
state feedback does not affect the zeros of the plant transfer function. This is
actually a general property of feedback: feedback can shift the poles of a plant
but has no effect on the zeros. This can be used to explain by a state feedback
may alter the observability property of a state equation. If one or more poles
are shifted to coincide with zeros of g(s), then the numerator and denominator
of g¢(s) in (2.7.7) are not coprime. Thus the state equation (A — bk,c) is not

observable.

Theorem 2.7.5 If the n-dimensional state equation in (2.7.1) is controllable,
then by state feedback uw = r — kx, where k is a 1 X n real constant vector, the
eigenvalues of A — bk can arbitrarily be assigned provided that compler conjugate

. etgenvalues are assigned in pairs. U
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Example 2.7.6 Consider the state equation

_ - _ -
01 0 O 0

. 0 0 -1 0 1

T = z+ U
00 0 1 0
00 5 0 -2

y= [ 1000 ] z
It is controllable;thus its eigenvalues can be assigned arbitrarily. Because the A-
matriz is block triangular, its characteristic polynomial can be obtained by inspec-

tion as
Als) =s*(s*—5) =5 +0-8*—55>+0-5+0

First we compute P that will transform (2.7.6) into the controllable canonical

form. Using (2.7.4), we have

0 1 0 2 10 -5 0
) _ 1 0 -3 0 01 0 -5
pPl=CC'=
0O -2 0 -10 0 0 1 0
L_2 0 —-10 O LO 0 O 1
0 1 0 -3
1 0 -3 0O
0 -2 0 0
Its inverse 1s ~ -
0 0 0 —%
P 0 0 —% 0
0o -1 0 -1
1
L_% 0 =5 0|
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Let the desired eigenvalues be —1.5 +0.55 and —1 % 5. Then we have

Ap(s) = (s+15—055)(s+15+055)(s+1—75)(s+1+7)

= s*4+55°4+10.58% +11s+5
Thus we have
Tc=[5—0 105+5 11-0 5—0]
and

k=kP= [ ~5 ou 13 ] (2.7.8)

This state feedback gain will shift the eigenvalues of the plant from {0, 0, =+j/5}
to {~15+055, —1+;j}. O

2.8 State Estimators

In order to apply state feedback, we must design a device, called a “state es-
timator” or “state observer”, so that the output of the device will generate an
estimation of the state which is under the implicit assumption. However, this
assumption may not hold in practice either because the state variables are not ac-
cessible for direct connection or because sensors or transducers are not available

OT Very expensive.

2.8.1 Open-Loop State Estimator

Consider the n-dimensional state equation

T = Az+ Bu
(2.8.1)

y = Cz
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where A,B and C are given and the input u(¢) and the output y(t) are available
for us. However, the state z is not available. The problem is to estimate z from
u and y with the knowledge of A,B and C. If we know A and B, we can duplicate

the original system as
z = A% + Bu (2.8.2)

as shown in Figure 2.3. Note that the original system could be an electromechani-
cal system and the duplicated system could be an op-amp circuit.The duplication
will be called an ”open-loop” estimator. Now if (2.8.1) and (2.8.2) have the same
initial state, then for any input, we have Z(t) = z(t) for all ¢ > 0. Therefore the
remaining question is how to find the initial state of (2.8.1) and then set the initial
state of (2.8.2) to the state. If (2.8.1) is observable, its initial state z(0) can be
computed from u and y over any time interval, say, [0,¢;]. We can then compute
the state at t and set Z(t2) = z(¢2). Then we have Z(t) = z(t) for all ¢ > t,.
Thus if (2.8.1) 1s observable, an open-loop estimator can be used to generate the

state vector.

u b X X\ A\ y
:‘? :§ (I
Al
. 1 .
b X X 1 L X,
s T ¥

Figure 2.3: Open-loop state estimator.
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2.8.2 Closed-Loop State Estimator

There are, however, two disadvantages in using an open-loop estimator. First, the
initial state must be computed and set each time we use the estimator. This is very
inconvenient. Second, and more seriously, if the matrix A has eigenvalues with
positive real parts, then even for a very small difference between z(t,) and Z(¢,)
for some ¢,, which may be caused by disturbance or imperfect estimation of the
initial state, the difference between z(t) and Z(t) will grow with time. Therefore

the open-loop estimator is, in general, not satisfactory.

We see from Figure 2.3 that even though the input and output of (2.8.1)
are available, we use only the input to drive the open-loop estimator. Now we
shall modify the estimator in Figure 2.3 to the one in Figure 2.4, in which the
output y(¢) = cz(t) of (2.8.1) is compared with cZ(t). Their difference, passing
through an n x n constant gain vector I, is used as a corresponding term. If the
difference is zero, no correction is needed. If the difference is nonzero and if the
gain [ is properly designed, the difference will drive the estimated state to the

actual stste. Such an estimator is called a closed-loop or an asymptotic estimator

Figure 2.4: Closed-loop state estimator.
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or, simply, an estimator.
The open-loop estimator in (2.8.2) is now modified as, following Figure 2.4,
$t=Az+bu+Iy—ci
which can be written as
i=(A—Ic)z+bu+ Iy (2.8.3)

and is shown in Figure 2.5. It has two inputs « and y and its output yields an

estimated state . We define

It is the error between the actual state and the estimated state. Differentiating e

and then substituting (2.8.1) and (2.8.3) into it, we obtain

¢ = t—2=Az+bu—(A—Ic)Z —bu— I(cz)

= (A-Ic)z— (A—1I0) = (A—Ic)(z — )
é=(A-Ic)e (2.8.4)

This equation governs the estimation error. If all eigenvalues of (A — Ic) can
be assigned arbitrary, then we can control the rate for e(t) to approach zero or,
equivalently, for the estimated state to approach the actual state. For example,
if all eigenvalues of (A — Ic) have negative real parts smaller than —o, then all
entries of e will approach zero at rates faster than e~?*. Therefore, even if there
is a large error between #(¢,) and z(t¢,) at initial time ¢,, the estimated state will
approach the actual state rapidly. Thus there is no need to compute the initial

state of the original state equation. In-conclusion, if all eigenvalues of (A — Ic)
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are properly assigned, a closed-loop estimator is much more desirable than an

open-loop estimator.

As in the state feedback, what constitutes the best eigenvalues is not a
simple problem. Probably, they should be placed evenly along a circle inside
the sector if an estimator is to be used in state feedback, then the estimator
eigenvalues should be faster than the desired eigenvalues of the state feedback.
Again, saturation and noise problems will impose constraints on the selection.

One way to carry out the selection is by computer simulation.

d b (sI- A) Y c ;
]
| b |
N I
= O TH
| |
| ) Al |

Figure 2.5: Closed-loop state estimator.
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Nonlinear System Theory

Circle Criterion and Popov Criterion

Consider a feedback system

¥ = Af+Bi (3.0.1)
j = Ci (3.0.2)
g = —t,7) (3.0.3)

as in Figure 3.1 where Z € R", 4,7 € R?, (A, B) is controllable, (A, C) is observ-
able, and 9 : [0, 00) X RP — RP is a memoryless, possibly time-varying nonlinearity
which is piecewise continuous in ¢ and locally Lipschitz in 4. The transfer function

matrix of the linear system is given by
G(s) = C(sI-A)'B (3.0.4)

which is a square strictly proper transfer function. The controllability-observability

assumptions ensure that {A, B, C} is a minimal realization of G(s).

30
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r=20+ u Linear System y
_Q; G(s) = C(sl-A)'B

t:
vty Nonlinear Y

Element

Figure 3.1: Feedback connection of a linear system and a nonlinear element.

Definition 3.0.1 A memoryless nonlinearity ¢ : [0,00) x R? — RP is said to

satisfy a sector condition if

[, 7) — Kmind]” [0(t,7) — Kmaa¥] < 0, V£>0,V§eTl CRP (3.0.5)

for some real matrices Ky and K, where K = Kppp — Kpin 95 @ positive
definite symmetric matriz and the interior of I' is connected and contains the
origin. IfT' =TR?, then (-, -) satisfies the sector condition globally, in which case
it is said that (-, -) belongs to a sector [Kmin, Kmaz)- If (3.0.5) holds with strict

inequality, then (-, -) is said to belong to a sector (Kmin, Kmaz)- 0O

For all nonlinearities satisfying the sector condition (3.0.5), the origin Z = 0
is an equilibrium point of the system (3.0.1)-(3.0.3). The problem of studying
of stability of the origin for a class of nonlinearities that satisfy a given sector
condition, such that if we succeed in showing that the origin is asymptotically
stable for all nonlinearities in the sector, the system is said to be absolutely stable.
This problem was originally formulated by Lure, and is sometimes called Lure’s
problem. Traditionally, absolute stability has been defined for the case when the
origin is globally asymptotically stable. To keep up with this tradition, we shall
use the phrase “absolute stability” when the sector condition is satisfied globally
and the origin is globally asymptotically stable. Otherwise, we shall use the phrase

“absolute stability with a finite domain.”
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Definition 3.0.2 Consider the system (3.0.1)-(3.0.3), where (-, -) satisfies a sec-
tor condition according to Definition 3.0.1. The system is absolutely stable if the
origin 15 globally uniformly asymptotically stable for any nonlinearity in the given
sector. It is absolutely stable with a finite domain if the origin is uniformly asymp-

totically stable. O

The concept of a positive real® transfer function and a key lemma (Lemma, 3.0.5)
that relates this concept to the existence of Lyapunov functions play a major role

in the frequency-domain conditions of multivariable circle and Popov criterions.

Definition 3.0.3 A p x p proper rational transfer function matric Z(s) is called

positive real if

e all elements of Z(s) are analytic for Re[s] > 0.

e any pure imaginary pole of any element of Z(s) is a simple pole and the

associated residue matriz of Z(s) is positive semidefinite Hermitian, and

e for all real w for which jw is not a pole of any element of Z(s), the matriz

Z(jw) + ZT(—jw) is positive semidefinite.

The transfer function Z(s) is called strictly positive real’ if Z(s — €) is

positive real for some € > 0. ]

When p = 1, the frequency domain condition of Definition 3.0.3 reduces to
ReZ (jw) > 0, Vw € R which is equivalent to the condition that the Nyquist

plot of Z(jw) lies in the closed right-half complex plane.

The following lemma gives an equivalent characterization of strictly positive

real transfer functions.

1See [5] and [7] for the definitions and properties of positive real transfer functions.
2The definition of strictly positive real transfer functions is not uniform in the literature;

see[7] for various definitions and the relationship between them.
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Lemma 3.0.4 Let Z(s) be a p X p proper rational transfer function matriz, and
suppose det [Z(s) + ZT(—s)| is not identically zero. Then, Z(s) is strictly positive

real if and only if

e Z(s) ts Hurwitz; that is, poles of all elements of Z(s) have negative real

parts,
o Z(jw)+ ZT(—jw) >0, VwEeR, and
e one of the following three conditions is satisfied:
1. Z(o0) + ZT(00) > 0;
2. Z(00) + Z7(00) =0 and lim w* [Z(jw) + Z"(—jw)] > 0;

3. Z(co)+ ZT(00) > 0 (but not zero nor singular) and there exist positive

constants o, and w, such that

wzami'n, [Z(jw) + ZT(_jw)] > Oo; VIL«)I = Wo.
O

Strictly -positive real transfer functions will arise in our analysis as a consequence
of the following lemma, known as the Kalman-Yakubovich-Popov lemma, or the

positive real lemma.

Lemma 3.0.5 Let Z(s) = C(sI —A)"*B+D be apx p transfer function matriz,
where A is Hurwitz, (A, B) is controllable, and (A, C) is observable. Then, Z(s) is
strictly positive real if and only if there exist a positive definite symmetric matriz

P, matrices W and L, and a positive constant € such that

PA+AT™P = —LTL—-¢P (3.0.6)
PB = CT-LTwW (3.0.7)
wWTw = D+ DT (3.0.8)

(]



CHAPTER 3. NONLINEAR SYSTEM THEORY 34

3.1 Multivariable Circle Criterion

Lemma 3.1.1 Consider the system (3.0.1)-(3.0.3), where A is Hurwitz, (A, B)

is controllable, (A,C) is observable, and 1(-,-) satisfies the sector condition
Wt T WD ~Kf < 0, ¥>0,VFel CRP (3.1.1)

globally (I = RP), where K 1is a positive definite symmetric matriz. Then, the
system is absolutely stable if Z(s) = I + KG(s) is strictly positive real. If (3.1.1)
is satisfied only on a set I' C R? and I’ # RP, then the same condition on Z(s)

ensure that the system is absolutely stable with a finite domain.
Proof Consider a Lyapunov function candidate
V(Z) = T PT

where P 15 a positive definite symmetric matrix to be chosen. The derivative of

V(Z) along the trajectories of the system (3.0.1)-(3.0.3) is given by
V(t, ) = IT(PA+ ATP)Z — 27T PBy(t,7) (3.1.2)

Since
»(t, )" [$(t,9) — K9] <0,

multiplied by —2 yields

—2(t,9)" [¥(t,9) — Kg) = 0, (3.1.3)

then addition of —2¢" [ — K] to the right-hand side of (3.1.2) gives an upper
bound on V (t,%). Therefore,

V(t,5) < FT(PA+ ATP)Z - 25T PBy(t,9) — 2¢(t, 9T [W(t,7) — Ki[3.1.4)

= T (PA+ ATP)Z 4+ 22T(CTK — PB)y(t, ) — 20(t, ) T4 (¢, 7).
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Suppose there are matrices P = PT > 0 and L and W and a constant € > 0 such

that
PA+ATP = —LTL—cP (3.1.5)
PB = CTK - LW (3.1.6)
WIw = I1+1F (3.1.7)
Then,
V(t, %) < —edTPZ—ZTLTLE + 2V22T LTy(t, 7) — 29(t, §)T9(t, 7X3.1.8)

=~ Pi~ L& - Va9 [LE - VEul, )]

< —ef'PzT.

Thus, we can show that V (t,%) is negative definite provided we can find P, L, W
and € that satisfy (3.1.5)-(3.1.7). Using Lemma 5.0.5, we can see that this is the

case if and only if
Z(s) = I+KC(sI-A)"'B (3.1.9)

is strictly positive real. Notice that the pair (A, KC) is observable since (A, C) is

observable and K is nonsingular. O

The restriction on A to be Hurwitz can be removed by an idea known as loop
transformation ([6], pp. 50 - 52) or pole shifting. The result is as the following

theorem, which includes Lemma 3.1.1 as a special case.

Theorem 3.1.2 (Multivariable Circle Criterion) Consider the system (3.0.1)-
(3.0.3), where (A, B) is controllable, (A,C) is observable, and v(-,-) satisfies the

sector condition (3.0.5) globally T’ = RP. Then, the system is absolutely stable if

Gr(s) = G(5)[I + KminG(s)]™ (3.1.10)
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Figure 3.2: Graphical Representation of the circle criterion.

15 Hurwitz and

Zr(s) = I+ KGr(s) (3.1.11)
= I+ (Kmaz = Konin) G(5) [T + KninG(s)] ™
= [+ KnaG(8)| [ + KminG(s)] ™
is strictly positive real. If (3.0.5) is satisfied only on a set I' C RP, then the

conditions given on Gr(s) and Zr(s) ensure that the system is absolutely stable

with a finite domain. ]

We refer to this theorem as the multivariable circle criterion, the reason for using

this name is clear for the scalar case p = 1.

Theorem 3.1.3 (Circle Criterion) Consider the system (3.0.1)-(3.0.3), where

{4, B,C?} is a minimal realization of G(s) and 1(,-) satisfies the sector condition
Wt y) — eyl Wt y) - By] < 0, V¢>0,Vyel =[a,b CR'(3.1.12)

globally (I' = [a, b] = (—00,00) = R). Then the system is absolutely stable if one

of the following conditions is satisfied, as appropriate:
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1. If 0 < a < B the Nyquist plot of G(jw) does not enter the disk D(a, )
and encircles it m times in the counterclockwise direction, where m is the

number of poles of G(s) with positive real parts.

2. If 0 = a < B, G(s) is Hurwitz and the Nyquist plot of G(jw) lies to the Tight
of the vertical line defined by Re[s] = —1/8.

3. If a < 0 < B, G(s) is Hurwitz and the Nyquist plot of G(jw) lies in the

interior of the disk D(a, [5).

If the sector condition (3.1.12) is satisfied only on an interval T = [a,b] C R
containing the origin x = 0 (I # R!), then the foregoing conditions ensure that

the system is absolutely stable with a finite domain. O

3.2 Multivariable Popov Criterion

Theorem 3.2.1 (Multivariable Popov Criterion) Consider the system (3.0.1)-
(3.0.3) where A is Hurwitz, (A, B) is controllable, (A, C) is observable, and 1(-)

18 a time-invariant nonlinearity that satisfies the sector condition

v [Y(@) - Ky) <0, VjeT CRP (3.2.1)

globally (T = RP) with a positive definite symmetric matric K. Suppose that
Ky(y) is the gradient of a scalar function and

7 i}
[ W(ETKds > 0, Vel CRP (3.2.2)
¢]

is satisfied globally (I' = RP). Then, the system is absolutely stable if there is

g =20, with —1/q not an eigenvalue of A such that

Z(s) = I+ (14+¢s)KG(s) (3.2.3)
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is strictly positive real. If (3.2.1) and (3.2.2) are satisfied only on a set T C R?
then the same condition on Z(s) ensures that the system is absolutely stable with

a finite domain.
Proof Consider a Lyapunov function candidate of the Lure-type
v
V@) = #Pi+2g / V(3K dF (32.4)
0

where ¢ > 0 is to be chosen. The derivative of V(Z) along the trajectories of the
system (3.0.1)-(3.0.3) is given by

. . ) g
V(@) = :E‘TP:E'+:ETP:E'+2q% ( / ¢(§)TKd§> (3.2.5)
0
= NT p= | =T = — o g T 2\ 4
= (AZ+ Bu) PT+ 7 P(Ax+Bu)+2q5§, ¥(5)" K ds pr
0

= Z'(PA+ ATP)Z — 23T PBY(%) + 2q9(9)T KC[AZ — By(7)].
Similar to (3.1.3), multiplying —2 to (3.2.2) yields

20T (@) - Kyl = 0, (3.2.6)

and addition of —2¢" [ — K{] to the right-hand side of (3.2.5) gives an upper
bound on V(Z). Therefore,

V(@) < iT(PA+ATP)E — 227 PBY(¥) + 2q(§)T KC[AT — By(#)B.2.7)
~29()T W (7) — K9]
= T (PA+ATP)Z — 24T(PB — qATCTK ~ CTK)y(%)

—(H)T (2] + gKCB + ¢BTCTK)y(%)

where we have used the fact that the transpose of a scalar is itself. Choose q such
that
2] +gKCB+¢BTCTK >0

which can be always done.® Suppose there are matrices P = PT > 0, L and W

3By choosing ¢ small enough;-for example:
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and a constant € > 0 such that

PA+ATP = —LTL—¢P (3.2.8)
PB = CTK +qATCTK — LW (3.2.9)
WIW = 2I+qKCB+¢BTC"K. (3.2.10)

Then,
V(Z) < —ex"PT~[LZ -~ W@ [LE - Wy(@)] < — eiTPF(3.2.11)

which is negative definite. The question of ezistence of P, L, W and € satisfy-

ing (3.2.8)-(3.2.10) is obviously answered by Lemma 3.0.5. Consider the transfer

function
Z(s) = I+¢KCB+ (KC+qKCA)(sI-A)™'B (3.2.12)
= D+C(s[-A)"'B
where
A=A, B=B,C=KC+¢gKCA,D=1+qKCB.
Note that

Z(00) + ZT(00) = WTW.

It is evident that if —1/q is not an eigenvalue of A or (14 qX\;) # 0 for all \; €
o(A), a set of all eigenvalues of the matriz A. Then, the pair (A, KC+qKCA) is
observable since (A, C) is observable. Thus, all the conditions of Lemma 3.0.5 are
satisfied and we conclude that there are P, L, W, and € satisfying (3.2.8)-(3.2.10)

if and only if Z(s) is strictly positive real. The ezpression of Z(s) as in (3.2.3) is
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obtained from (3.2.12), with a little more manipulation as follows:

Z(s) = I+qKCB+ KC(sI—A)"'B+qKCA(sI — A)~'B
= I+ qKC(sI — A)(sI — A)7'B+ KC(sI — A)'B + ¢KCA(sI — A)™'B
= I+qKC(sI — A+ A)(sI - A 'B+ KC(sI — A)'B
= I+ (1+¢s)KC(sI - A)'B

= I+ (1+¢s)KG(s).

As we have done in the circle criterion, the restriction on A to be Hurwitz can
be removed by performing loop transformation ([6], pp. 50 - 52). Note that with
g = 0, Theorem 3.2.1 reduces to Lemma 3.1.1. This show that the conditions
of Theorem 3.2.1 are weaker than those of Lemma 3.1.1. With q > 0, absolute
stability can be established under less stringent conditions. In the scalar case
p =1, we can test the strict positive realness of Z(s) graphically. Choose ¢ such

that Z(oo) > 0. Then, by Lemma 3.0.4, Z(s) is strictly positive real if and only if
Re[l + (1+ jgw)kG(jw)] > 0, VweR
which is equivalent to

=+ Re[0(jw)] - wm[Gliw)] > 0, VweR (3.2.13)

where G(jw) = Re [G(jw)]+5 Im [G(jw)]. If we plot Re [G(jw)] versus w Im [G(jw)]
with w as a parameter, then condition (3.2.13) is satisfied if the plot lies to the
right of the line that intercepts the point —1/k + 50 with a slope 1/q; see Figure
3.3. Such a plot is known as a Popov plot.
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Figure 3.3: Popov plot.
3.3 Introduction to Nonlinear Stability

Nonlinear systems frequently have more than one equilibrium point (an equilib-
rium point is a point where the system can stay forever without moving, as we

shall formalize later). This can be seen by the following simple example.

Example 3.3.1 Consider the first order system
T = —z+2° (3.3.1)
with initial condition z(0) = z,. Its linearization is
T = —z (3.3.2)

The solution of this linear equation is z(t) = z,e~t. It is plotted in Figure 77 for
various initial conditions. The linearized system clearly has a unique equilibrium
point at x = 0. By contrast, integrating equation dz/(—z + z2) = dt, the actual
response of the nonlinear dynamics (3.3.1) can be found to be

z,e”t

t) =
z(t) 1=y zpent
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=

Figure 3.4: Response of the Figure 3.5: Response of the

nonlinear system linearized system

Thus response is plotted in Figure 3.4 for various initial conditions, while the
response of its linearized system is plotted in Figure 8.5. The system has two
equilibrium points, T = 0 and z = —1,and its qualitative behavior strongly depends

on its initial conditions.

The issue of motion stability can also be discussed with the aid of the above
ezample. For the linearized system, stability is seen by nothing that for any initial
condz'tz'én, the motion always converges to the equilibrium point z = 0. However,
consider now the actual nonlinear system. While motions starting with ¢, < 1
will indeed converge to the equilibrium point x = 0, those starting with z, > 1
will go to infinity (actually in finite time, a phenomenon known as finite escape
time). This means that the stability of nonlinear systems may depend on initial

conditions.

In the presence of a bounded external input, stability may also be dependent

on the input value. This dependence is highlighted by the so-called bilinear system
T = zU

If input u is chosen to be —1, then the state T converge to 0. Ifu = 1, then |z|

tends to infinity. O
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3.4 Fundamentals of Lyapunov Theory

3.4.1 Nonlinear Systems and Equilibrium Points

Nonlinear Systems

A nonlinear dynamic system can usually be represented by a set of nonlinear

differential equations in the form

= f(#,1) (3.4.1)

where f is an n X 1 nonlinear vector function, and Z is the n x 1 state vector. A
particular value of the state vector is also called a point because it corresponds
to a point in the state-space. The number of states n is called the order of the
system. A solution Z(t) of the equation (3.4.1) usually corresponds to a curve in
state space as ¢ varies from zero to infinity, as already seen in phase plane analysis
for the case n = 2. This curve is generally referred to as a state trajectory or a,

system trajectory.

It; Is important to note that although equation (3.4.1) does not explicitly
contain the control input as a variable, it is directly applicable to feedback control
systems. The reason is that equation (3.4.1) can represent the closed-loop dynam-
ics of a feedback control system, with the control input being a function of state
and time ¢, and therefore disappearing in the closed-loop dynamics. Specifically,

if the plant dynamics are
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which can be rewritten in the form (3.4.1). Of course, equation (3.4.1) can also
represent dynamic systems where no control signals are involved, such as a freely

swinging pendulum.

A special class of nonlinear systems is that of liniear systems. The dynamics

of linear systems are of the form

where A(t) is an n x n matrix.

AUTONOMOUS AND NON-AUTONOMOUS SYSTEMS

Definition 3.4.1 The nonlinear system (3.4.1) is said to be autonomous if f

does not depend explicitly on time, i.e., if the system’s state equation can be written

-

= J(@). (34.2)

Otherwise, the system is called non-autonomous. (]

A time-invariant plant with dynamics

—

7= f(%,4)
may lead to a non-autonomous closed-loop system if a controller dependent on
time ¢ is chosen, i.e., if @ = §(Z, ).

EQUILIBRIUM POINTS

It is possible for a system trajectory to correspond to only a single point.
Such a point is called an equilibrium point. As we shall see later, many stability

problems are naturally formulated with respect to equilibrium points.

Definition 3.4.2 A state 7° is an equilibrium state (or equilibrium point)
of the system if once £(t) is equal to 7°, it remains equal to 7 for all future time.

0
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Mathematically, this means that the constant vector ¢ satisfies

—

0 = f(z®). (3.4.3)

A linear time-invariant system
T = AT (3.4.4)

has a single equilibrium point (the origin 0) if A is nonsingular. If 4 is singular,
it has infinitely many equilibrium points, which are contained in the null-space
of the matrix A, i.e., the subspace defined by AZ = 0. This implies that the
equilibrium points are not isolated, as reflected by the example # + & = 0, for

which all points on the z axis of the phase plane are equilibrium points.

A nonlinear system can have several (or infinitely many) isolated equilib-

rium points. The following example involves a familiar physical system.

Example 3.4.3 Consider the pendulum of the below Figure, whose dynamics are

giwen by the following nonlinear autonomous equation
MR20 + k0 + MgRsinf =0 (3.4.5)

where k s a friction coefficient, M the mass, R the pendulum length, and g the
gravity constant. Letting x, = 6, z5 = 9, the corresponding state-space equation is

k I sin zy (3.4.7)

= TR TR

Therefore, the equilibrium points are given by
o =0,sinz; =0

which leads to the points (0[27],0) and (w[27],0). Physically, these points cor-

respond to the pendulum resting ezactly at the vertical up and down positions.
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In linear system analysis and design, for notational and analytical sim-
plicity, we often transform the linear system equation in such a way that the

equilibrium point of interest is Z%. Then, by introducing a new variable
y=I—1°

and substituting T = '+ £° into the equation (3.4.2), a new set of equations on
the variable ¥ are obtained

-

y=fj+z) (3.4.8)

One can easily verify that there is a one-to-one correspondence between the so-
lution of (3.4.2) and those of (3.4.8), and that in addition, ¥ = 0, the solution
corresponding to = 7%, is an equilibrium point of (3.4.8). Therefore, instead of
studying the behavior of the equation (3.4.2) in the neighborhood of Z°, one can
equivalently study the behavior of the equations (3.4.8) in the neighborhood of

the origin.
NOMINAL MOTION

In some practical problems, we are not concerned with stability around an
equilibrium point, but rather with the stability of a motion, i.e., whether a system
will remain close to its original motion trajectory if slightly perturbed away from
it, as exemplified by the aircraft trajectory control problem. We can show that this
kind of motion stability problem can be transformed into an equivalent stability
problem around an equilibrium point, although the equivalent system is now non-

autonomous.

3.4.2 Concepts of Stability

In the beginning of this chapter, we introduced the intuitive notion of stability

as a kind of well-behavedness around a desired operating point. - However, since
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nonlinear systems may have much more complex and exotic behavior than linear
systems, the mere notion of stability is not enough to describe the essential features
of their motion. A number of more refined stability concepts, such as asymptotic
stability, exponential stability and global asymptotic stability, are needed. In this
section, we define these stability concepts formally, for autonomous systems, and

explain their practical meanings.

A few simplifying notions are defined at this point. Let By denote the
spherical region (or ball) defined by ||Z]| < R in state-space, and Sy the sphere
itself, defined by ||Z]| = R.

STABILITY AND INSTABILITY

Let us see the basic concepts of stability and instability.

Definition 3.4.4 The equilibrium state © = 0 is said to be stable if, for any
R >0, there ezists r > 0, such that if ||Z(0)|| < r, then ||Z(t)|| < R for all t > 0.

Otherwise, the equilibrium point is unstable. ]

Essentially, stability (also called stability in the sense of Lyapunov, or Lya-
punov stability) means that the system trajectory can be kept arbitrarily close
to the origin by starting sufficiently close to it. More formally, the definition states
that the origin is stable, if, given that we do not want the state trajectory Z(¢) to
get out of a ball of arbitrarily specified radius Bp, a value r(R) can be found such
that starting the state from within the ball B, at time 0 guarantees that the state
will stay within the ball By thereafter. The geometrical implication of stability
is indicated by curve 2 in Figure 3.7 ([54]).

Using mathematical symbols Definition 3.4.4 can be written

VB >0,3r >0, |Z(0)]| <r =Vt >0,[|Ft)] < R
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or, equivalently

VR >0,3r > 0,Z(0) € B, =Vt > 0,%Z(t) € Bg

Conversely, an equilibrium point is unstable if there exists at least one ball
Bg, such that for every r > 0, no matter how small, it is always possible for
the system trajectory to start somewhere within the ball B, and eventually leave
the ball Br (Figure 3.7 [54]). Unstable nodes or saddle points in second-order
systems are examples of unstable equilibria. Instability of an equilibrium point is
typically undesirable, because it often leads the system into limit cycles or results

in damage to the involved mechanical or electrical components.

It is important to point out the qualitative difference between instability
and the intuitive notion of “blowing up” (all trajectories close to origin move
further and further away to infinity). In linear systems, instability is equivalent
to blowing up, because unstable poles always lead to exponential growth of the
system states. However, for nonlinear systenis, blowing up in only one way of

instability. The following example illustrates this point.

Example 3.4.5 (Instability of the Van der Pol Oscillator) The Van der Pol

oscillator is described by

1 = Iy

5&2 = —z+ (1 - CE%):L'Q

The system has an equilibrium point at the origin.

System trajectories starting from any non-zero initial states all asymptot-
ically approach a limit cycle. Furthermore, the ball By (R = 1) is easily shown
to be within the phase-plane region enclosed by the limit cycle. Therefore, system

trajectories: starting from an arbitrarily small ball. B, will eventually get out of
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Y
p

Figure 3.6: Unstable origin of the Van der Pol Oscillator

the ball By to approach the limit cycle Figure 8.9. This implies instability of the

origin.

Thus, even though the state of the system does remain around the equilib-
rium point in the certain sense, it cannot stay arbitrarily close to it. This is the

fundamental distinction between stability and instability. O

ASYMPTOTIC STABILITY AND EXPONENTIAL STABIL-
ITY

In many engineering applications, Lyapunov stability is not enough. For
example when a satellite’s attitude is disturbed from it nominal position, we
not only want the satellite to maintain its attitude in a range determined by
the magnitude of the disturbance, i.e., Lyapunov stability, but also require that
the attitude gradually go back to its original value. This type of engineering

requirement is captured by the concept of asymptotic stability.
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curve 1 asymptotically stable
curve 2 marginally stable

curve 3 unstable

Figure 3.7: Concepts of stability

Definition 3.4.6 An equilibrium point 0 is asymptotically stable if it is stable,
and if in addition there exists some r > 0 such that ||Z(0)|| < r implies that

Z(t) — 0 as t — oo. O

Asymptotic stability means that the equilibrium is stable, and that in ad-

dition, states started close to 0 actually converge to 0 as time ¢ goes to infinity.

Figure 3.10 shows that the system trajectories starting from within the ball
B, converge to the origin. The ball B, is called a domain of attraction of the
equilibrium point (while the domain of attraction of the equilibrium point refers to
the largest such region, i.e., to the set of all points such that trajectories initiated
at these points eventually converge to the origin). An equilibrium point which is

Lyapunov stable but not asymptotically stable is called marginally stable.

One may question the need for the explicit stability requirement in the
definition above, in view of the second condition of state convergence to the origin.
However, it is easy to build counter-example that show that state convergence does
not necessarily imply stability. For instance, a simple system studied by Vinograd

has trajectories of the form shown in Figure 3.8.
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Figure 3.8: State convergence does not imply stability

All the trajectories starting from non-zero initial points within the unit
.disk first reach the curve C before converging to the origin. Thus, the origin is
unstable in the sense of Lyapunov, despite the state convergence. Calling such
a system unstable is quite reasonable, since a curve such as C may be outside
the region where the model is valid - for instance, the subsonic and super sonic
dynamics of a high-performance aircraft are radically different, while, with the
problem under study using subsonic dynamic models, C could be in the supersonic

range.

In many engineering applications, it is still not sufficient to know that
a system will converge to the equilibrium point after infinite time. There is a
need to estimate how fast the system trajectory approaches 0. The concept of

exponential stability can be used for this purpose.

Definition 3.4.7 (Exponential Stability) An equilibrium point 0 is exponen-

tially stable if there exist two strictly positive numbers oo and X such that
Vi > 0, |Z(t)]] < a||T(0)]] e~ (3.4.9)

i some ball B, around the origin. o
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In words, (3.4.9) means that the state vector of an exponentially stable
system converges to the origin faster than an exponential function. The positive
number A is often called the rate of exponential convergence. For instance, the
system

i = —(1 +sin’z)z
is exponentially convergent to z = 0 with a rate A = 1. Indeed, its solution is

fL‘(t) — 113(0)6_ jot [1+sin2(z(r))] dr

and therefore

[z(®)] < |z(0)] €™

Note that exponential stability implies asymptotic stability. But asymptotic sta-

bility does not guarantee exponential stability, as can be seen from the system

t=-z%, z(0)=1 (3.4.10)

At

whose solution is z =

(with A > 0).

57 a function slower than any exponential function e~

The definition of exponential convergence provides an explicit bound on
the state at any time, as seen in (3.4.9). By writing the positive constant o as
a = &M, it is easy to see that, after a time of 7, + %, the magnitude of the
state vector decreases to less than 35% (= e™') of its original value (at ¢ = 0),
similarly to the notion of time-constant in a linear system. After 75+ —;, the state

magnitude ||Z(¢)|| will be less than 5% (a e~3) of ||Z(0)]|.
LOCAL AND GLOBAL STABILITY

The above definitions are formulated to characterize the local behavior
of systems, i.e., how the state evolves after starting near the equilibrium point.
Local properties tell little about how the system will behave when the initial state
is some distance away from the equilibrium as seen for the nonlinear system in

Example 3.4.3. Global concepts are required for this purpose.
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Definition 3.4.8 If asymptotic (or ezponential) stability holds for any initial
states, the equilibrium point is said to be asymptotically (or ezponentially) stable
in the large, it is also called globally asymptotically (or exponentially) stable.

0

For instance, in Example 3.3.1 the linearized system is globally asymptot-
ically stable, but the original system is not. The simple system in (3.4.10) is also

global asymptotically stable, as can be seen from its solutions.

Linear time-invariant systems are either asymptotically stable, of marginally
stable, or unstable, as can be seen from the modal decomposition of linear system
solutions; linear asymptotic stability is always global and exponential, and linear
instability always implies exponential blow-up. This explains why the refined
notion of stability introduced here were not previously encountered in
the study of linear systems. They are explicitly needed only for nonlinear

systems.

3.4.3 Linearization and Local Stability

Lyapunov’s linearization method is concerned with the local stability of a nonlin-
ear system. It is a formalization of the intuition that a nonlinear system should
behave similarly to its linearized approximation for small range motions. Because
all physical systems are inherently nonlinear, Lyapunov’s linearization method
serves as the fundamental justification of using linear control techniques in
practice, i.e., shows that stable design by linear control guarantees the stability

of the original physical system locally.

Consider the autonomous system in (3.4.2), and assume that f(Z) is con-
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tinuously differentiable. Then the system dynamics can be written as

L (0F\ L. .
i = (a—i) o+ Frodl®) (3.4.11)
7=0
where ﬁmt stands for higher-order terms in Z. Note that the above Taylor expan-
sion starts directly with the first-order term, due to the fact that f (0) = 0, since 0

is an equilibrium point. Let us use the constant matrix A to denote the Jacobian

matrix of f with respect to 7 at ¥ = 0 (an n x n matrix of elements 8f;/0z;)
of
A== .
(65:' ) -
F=0

Z = AT (3.4.12)

Then, the system

is called the linearization (or linear approximation) of the original nonlinear

system at the equilibrium point 0.

Note that, similarly, starting with an autonomous nonlinear system with a

control input 4

z = f(Z,4)

—

such that f(0,0) = 0, we can write

of . (of L
<%> ) ~:1: -+ (%> ) qu + frod(Z, @)
£=0,7=0 5=0,5=0

where ﬁ_o_t stands for higher-order terms in # and . Letting A denote the Jaco-

z

-,

bian matrix of f with respect to Z at (Z =0, % = 0), and B denote the Jacobian
matrix of f with respect to ¥ at the same point (an n X m matrix of elements

0fi/0u;, where m is the number of inputs)
_(oF _(of
A - (5§> 0 0 B - (51%) 0 0
7=0,3=0 7=0,3=0

7= AZ 4 Bi

the system
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is the linearization (or linear approximation) of the originally nonlinear system at

(Z=0,% =0).

Furthermore, the choice of a control law of the form @ = (%) (with @(0) =

-,

0) transforms the original system into an autonomous closed-loop system, having

# =0 as an equilibrium point. Linearly approximating the control law as

4= (—d—q_‘) Z=G*T
dT / z5

the closed-loop dynamics can be linearly approximated as
7 = f(Z,@(Z)) = (A+ BG)Z

Of course, the same linear approximation can be obtained by directly considering

the autonomous closed-loop system

—

Z = f(Z,4(Z)) = f(2)
and linearizing the function fi with respect to Z, at its equilibrium point # = 0.

In practice, finding a system’s linearization is often most easily done simply

by neglecting any term of order higher than 1 in the dynamics, as we now illustrate.

Example 3.4.9 Consider the system
T; = z% + 11 CcOs T4
To =Ty + (21 + 1)z1 + 21 8in 15
Its linearized approzimation about T =0 is
T1=0+42-1=14
To o+ 0+ 21+ 2129 = 9 + T
The linearized system can thus be written

. {1 0\ _
= T.
171
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A similar procedure can be applied for a controlled system. Consider the system
F+45°+ (2* +Du=0
The system can be linearly approzimated about T =0 as
E4+0+0+1u=0

i.e., the linearized system can be written

Assume that the control law for the original nonlinear system has been selected to
be

u=sinz + 23 + 2 cos’z

then the linearized closed-loop dynamics is

T+z+z=0

The following result makes precise the relationship between the stability of the

linear system (3.4.12) and that of the original nonlinear system (3.4.2).

Theorem 3.4.10 (Lyapunov’s Linearization Method)

o [f the linearized system is strictly stable (i.e., if all eigenvalues of A are
strictly in the left-half complez plane), then the equilibrium point is asymp-

totically stable (for the actual nonlinear system).

o [f the linearized system is unstable (i.e., if at least one eigenvalue of A is
strictly in the right-half complez plane), then the equilibrium point is unstable

(for the nonlinear system,).
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o If the linearized system is marginally stable (i.e., all eigenvalues of A are in
the left-half complez plane, but at least one of them is on the jw azis), then
one cannot conclude anything from the linear approzimation (the equilibrium
point may be stable, asymptotically stable, or unstable for the nonlinear sys-

tem). O

A summary of the theorem is that it is true by continuity. If the linearized
system is strictly stable, or strictly unstable, then since the approximation is valid
“not too far” from the equilibrium, the nonlinear system itself is locally stable,
or locally unstable. However, if the linearized system is marginally stable, the
higher-order terms in (3.4.11) can have a decisive effect on whether the nonlinear
system is stable or unstable. As we shall see in the next section, simple nonlinear
syster‘n; may be globally asymptotically stable while their linear approximations
are only marginally stable: one simply cannot infer any stability property of a

nonlinear system from its marginally stable linear approximation.

Example 3.4.11 As ezpected, it can be shown easily that the equilibrium states
(z1 = w[27], 2, = 0) of the pendulum of Ezample 3.4.3 are unstable. Indeed, first

note that, in a neighborhood of z; = 7
sinzy =sinw + (7 — ;) + h.o.t. = (7 — z;) + h.o.t..

Thus, the matriz A corresponding to the system’s linearization in that neighbor-

hood s

0 1
A=
Qs —aiy
Since a; > 0 and ag > 0, the linear approzimation is unstable, and therefore so is

the nonlinear system at that equilibrium point. O
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Example 3.4.12 Consider the first order system
z = azx + bz®.

The origin O is one of the two equilibrium points of this system. The linearization

of this system around the origin is

The application of Lyapunov’s linearization method indicates the following stabil-

1ty properties of the nonlinear system

o a < 0: asymptotically stable;
e a > 0: unstable;

e a = 0: cannot tell from linearization.

In the third case, the nonlinear system becomes
T =bx

The linearization method fails while, as we shall see, the direct method to be de-

scribed can easily solve this problem. a

Lyapunov’s linearization theorem shows that linear control design is a mat-
ter of consistency: one must design a controller such that the system remain in its
“linear range”. It also stresses major limitations of linear design: how large is the
linear range? What is the extent of stability (how large is r in Definition 3.4.4?
These questions motivate a deeper approach to the nonlinear control problem,

Lyapunov’s direct method.
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3.5 Lyapunov’s Direct Method

The basic philosophy of Lyapunov’s direct method is the mathematical extension
of a fundamental physical observation: if the total energy of a mechanical (or
electrical) system is continuously dissipated, then the system, whether linear or
nonlinear must eventually settle down to an equilibrium point. Thus, we may
conclude the stability of a system by examining the variation of a single scalar

function.

Specifically, let us consider the nonlinear mass-damper-spring system in

Figure 3.9 ([54]), whose dynamic equation is

mi + b || + kox + kiz® = 0 (3.5.1)

with b1 || representing nonlinear dissipation or damping, and (koz + k12%)
representing a nonlinear spring term. Assume that the mass is pulled away from
the natural length of the spring by a large distance, and then released. Will the
resulting motion be stable? It is very difficult to answer this question using the
definitions of stability, because the general solution of this nonlinear equation is
unavailable. The linearization method cannot be used either because the motion
starts outside the linear range (and in any case the system’s linear approximation
is only marginally stable). However, examination of the system energy can tell us
a lot about the motion pattern. The total mechanical energy of the system is the

sum of its kinetic energy and its potential energy

1 = 1 1 1
V(Z) = gmi® + / (koy + kry®) dy = 5md” + Sk’ + Thaa® (3.5.2)
0

Comparing the definitions of stability and mechanical energy, one can eas-

ily see some relations between the mechanical energy and the stability ‘concepts
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No‘nlinear
R
7
7
—

Z

7). A

Figure 3.9: A nonlinear mass-damper-spring-system.

described earlier:

e zero energy corresponds to the equilibrium point (z =0,z = 0).
e asymptotic stability implies the convergence of mechanical energy to zero.

¢ instability is related to the growth of mechanical energy.

These relations indicate that the value of a scalar quantity, the mechanical
energy, indirectly reflects the magnitude of the state vector; and furthermore, that
the stability properties of the system can be characterized by the variation of the

mechanical energy of the system.

The rate of energy variation during the system’s motion is obtained easily

by differentiating the first equality in (3.5.2) and using (3.5.1)

V() = mii + (kox + k12°)2 = 2(—bz |&]) = —b|z[* (3.5.3)

Equation (3.5.3) implies that the energy of the system, starting from some
initial value is continuously dissipated by the damper until the mass settles down,
i.e., until £ = 0. Physically, it is easy to see that the mass must finally settle down
at the natural length of the spring, because it is subjected to a non-zero spring

foree at any position other than the natural length.
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The direct method of Lyapunov is based on a generalization of the con-
cepts in the above mass-spring-damper system to more complex systems. Faced
with a set of nonlinear differential equations, the basic procedure of
Lyapunov’s direct method is to generate a scalar “energy-like” func-
tion for the dynamic system, and examine the time variation of that
scalar function. In this way, conclusions may be drawn on the stability
of the set of differential equations without using the difficult stability

definitions or requiring explicit knowledge of solutions.

3.5.1 Positive Definite Function and Lyapunov Functions

The energy function in (3.5.2) has two properties. The first is a property of
the function itself: it is strictly positive unless both state variables z and # are
zero. The second property is a property associated with the dynamics (3.5.1): the
function is monotonically decreasing when the variables z and % vary according
to (3.5.1). In the Lyapunov’s direct method, the first property is for-
malized by the notion of positive definite functions, and the second is
formalized by the so-called Lyapunov functions. Let us discuss positive

definite functions first.

Definition 3.5.1 A scalar continuous function V() is said to be locally posi-

tive definite if V(0) = 0 and, in a ball Bg,
£#£0= V(@) >0.

If V(0) = 0 and the above property holds over the whole state space, then V(%) is

said to be globally positive definite. ]

For instance, the function

1
V() = §MR2$§ + MR(1 = cosxy)
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which is the mechanical energy of the pendulum of Example 3.4.3, is locally posi-
tive definite. The mechanical energy (3.5.2) of the nonlinear mass-damper-spring
system is globally positive definite. Note that, for that system, the kinetic energy
-l—m:'v2 is not positive definite by itself, because it can equal zero for non-zero value

2
of z.

The above definition implies that the function V has a unique minimum
at the origin 0. Actually, given any function having a unique minimum in a
certain ball, we can construct a locally positive definite function simply by adding
a constant to that function. For example, the function V(%) =22 +z2 - 1is a
lower bounded function with a unique minimum at the origin, and the addition of
the constant 1 to it makes it a positive definite function. Of course, the function

shifted by a constant has the same time-derivative as the original function.

Let us describe the geometrical meaning of locally positive definite func-
tions. Consider a positive definite function V(Z) of two state variable z; and z.
Plotted in a 3-dimensional space, V(Z) typically corresponds to a surface looking
like an upward cup (Figure 3.10 [54]). The lowest point of the cup is located at

the origin.

X

Figure 3.10: Typical shape of a positive definite function V(z1, zs).
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A few related concepts can be defined similarly, in a local or global sense,
i.e., a function V(Z) is negative definite if —V'(Z) is positive definite; V (Z) is
positive semi-definite if V(0) = 0 and V(%) > 0 for Z # 0; V(%) is negative
semi-definite if —V(Z) is positive semi-definite. The prefix “semi” is used to
reflect the possibility of V being equal to zero for & % 0. These concepts can be

given geometrical meanings similar to the ones given for positive definite functions.

With Z denoting the state of the system (3.4.2), a scalar function V(Z)
actually represents an implicit function of time ¢. Assuming that V(Z) is differ-

entiable, its derivative with respect to time can be found by the chain rule,

L dV(E) V. oV,

= 5T = Eﬁ'-f(f)

v -
dt oz

We see that, because ¥ is required to satisfy the autonomous state equations
(3.4.2), V only depends on Z. It is often referred to as “the derivative of V along
the system trajectory”. For the system (3.5.1), V(%) is computed in (3.5.3) and
found to be negative. Functions such as V in that example are given a special

name because of their importance in Lyapunov’s direct method.

Definition 3.5.2 If, in a ball Bg,, the function V(&) is positive definite and has
continuous partial derivatives, and if its time derivative along any state trajectory

of system (3.4.2) is negative semi-definite, i.e.,

V@ <0

Then V (Z) is said to be a Lyapunov function for the system (3.4.2). O
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3.5.2 Equilibrium Point Theorems

The relations between Lyapunov functions and the stability of systems are made
precise in a number of theorems in Lyapunov’s direct method. Such theorems
usually have local and global versions. The local versions are concerned with
stability properties in the neighborhood of equilibrium point and usually involve

a locally positive definite function.

LYAPUNOV THEOREM FOR LOCAL STABILITY

Theorem 3.5.3 (Local Stability) If, in a ball Bg,, there exists a scalar func-

tion V() with continuous first partial derivatives such that

e V(Z) is positive definite (locally in Bg,)

o V(%) is negative semi-definite (locally in Bg,)

then the equilibrium point 0 is stable. If, actually, the derivative V(:f:') 18

locally negative definite in Bp,, then the stability is asymptotic. O

In applying the above theorem for analysis of a nonlinear system, one goes
through the two steps of choosing a positive definite function, and then determin-
ing its derivative along the path of the nonlinear systems. The following example

illustrates this procedure.

Example 3.5.4 (Local Stability) A simple pendulum with viscous damping is
described by
6+ 6+ sin =0.

Consider the following scalar function

§2
V(Z) = (1 =cosb)+ 5
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One easily verifies that this function is locally positive definite. As a matter of
fact, this function represents the total energy of the pendulum, composed of the
sum of the potential energy and the kinetic energy. Its time-derivative is easily
found to be
9(%) = fsinf + 60 = —6% < 0.

Therefore, by invoking the above theorem, one concludes that the origin is a stable
equilibrium point. In fact, using physical insight, one easily sees the reason why
V(:i') < 0, namely that the damping term absorbs energy. Actually, V is precisely
the power dissipated in the pendulum. However, with this Lyapunov function, one
cannot draw conclusions on the asymptotic stability of the system, because V(%)

15 only negative semi-definite. a
The following example illustrates the asymptotic stability result.
Example 3.5.5 (Asymptotic stability) Let us study the stability of the non-

linear system defined by

i =z (22 + 22— 1) — 29

iy = 21 + 2o (22 + 25 — 1)
around its equilibrium poz’nt‘at the origin. Given the positive definite function
V(z1, 1) = 22 + 22
its derivative along any system trajectory is
V=22 +22)(z2 + 22— 1).

Thus, V is locally negative definite in the 2-dimensional ball B, i.e., in the region
defined by z2 + 12 < 1. Therefore, the above theorem indicates that the origin is

asymptotically stable. O
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LYAPUNOV THEOREM FOR GLOBAL STABILITY

The above theorem applies to the local analysis of stability. In order to
assert global asymptotic stability of a system, one might naturally expect that
the ball Bg, in the above local theorem has to be expanded to be the whole state-
space. This is indeed necessary, but it is not enough. An additional condition on
the function V' has to be satisfied: V() must be radially unbounded, by which
we mean that V(&) — oo as ||Z]| — oo (in other words, as Z tends to infinity in

any direction). We then obtain the following powerful result:

Theorem 3.5.6 (Global Stability) Assume that there exists o scalar function

V of the state T, with continuous first order derivatives such that

o V(Z) is positive definite
e V(&) is negative definite

o V(Z) - o0 as ||Z]| —» oo
then the equilibrium at the origin is globally asymptotically stable. i

The reason for the radial unboundedness condition is to assure that the
contour curves (or contour surfaces in the case of higher order systems) V(z) = V,
correspond to closed curves. If the curves are not closed, it is possible for the state
trajectories to drift away from the equilibrium point, even though the state keeps
going through contours corresponding to smaller and smaller V!s. For example,

2

for the positive definite function V = ] ilxz +23, the curves V(%) = V, for V,, > 1
1

are opemn curves.
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Example 3.5.7 (A class of first-order systems) Consider the nonlinear sys-
tem

T+c(z)=0

where ¢ s any continuous function of the same sign as its scalar argument z, i.e.,

zc(z) >0 for z#0.

Intustively, this condition indicates that —c(z) “pushes” the system back
towards its rest position x = 0, but is otherwise arbitrary. Since ¢ is continuous,

it also implies that c(0) = 0

Consider as the Lyapunov function candidate the square of the distance to
the origin

V =122

The function V is radially unbounded, since it tends to infinity as |z| — oco. Its

derivative is

V =2zt = —2zc(x).
Thus V < 0 as long as z # 0, so that x = 0 is globally asymptotically stable
equilibrium point.
For instance, the system’
i =sin’z —z

is globally asymptotically convergent to = = 0, since for  # 0, sin®z < [sinz| <
|z|. Similarly, the system

T =-—x

15 globally asymptotically convergent to x = 0. Notice that while this system
linear approximation ( = 0) is inconclusive, even about local stability, the actual

nonlinear system enjoys a strong. stability property (global asymptotic stability). 0
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Example 3.5.8 Consider the system

£y =z — z1(2] + z3)
Ty = —y — To(23 + 73)
The origin of the state-space is an equilibrium point for this system. Let V be the

positive definite function

V(%) = 23 + z3.
The derivative of V' along any system trajectory is
V(Z) = 23181 + 22985 = —2(22 + 73)°

which is negative definite. Therefore, the origin is a globally asymptotically stable
equilibrium point. Note that the globaliess of this stability result also implies that

the origin is the only equilibrium point of the system. |

REMARKS

Many Lyapunov functions may exist for the same system. For instance, if

V is a Lyapunov function for a given system, so is
Vi = pV*

where p is any strictly positive constant and « is any scalar (not necessarily an
integer) larger than 1. Indeed, the positive-definiteness of V implies that of V;,
the positive definiteness (or positive semi-definiteness) of —V implies that of —V4,

and (the radial unboundedness of V' (if applicable) implies that of V;.

More importantly, for a given system, specific choices of Lyapunov functions

may yield more precise results than others. (See P.67 [54])

Along the same lines, it is important to realize that the theorems in Lya-

punov analysis are all sufficiency theorems. If for a particular choice of Lyapunov
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function candidate V, the conditions on V are not met, one cannot draw any con-
clusions on the stability or instability of the system — the only conclusion one

should draw is that a different Lyapunov function candidate should be tried.

3.5.3 Lyapunov Analysis of Linear Time-Invariant Systems

Definition 3.5.9 A square matriz M is symmetric if M = MT. A square matriz

M is skew-symmetric if M = —M7T. O

Definition 3.5.10 A square n X n matriz M is positive definite (P.D.) if
Z#0=>2"MZ>0.

In other words, a matriz M is positive definite if the quadratic function T MT is
a positive definite function. This definition implies that to every positive definite
matriz is associated a positive definite function. Obviously, the converse is not

true. O

LYAPUNOV FUNCTIONS FOR LINEAR TIME-INVARIANT
SYSTEMS

Given a linear system of the form z = AZ, let us consider a quadratic

Lyapunov function candidate

V = 7T P7

where P is a given symmetric positive definite matrix. Differentiating the positive

definite function V along the system trajectory yields another quadratic form
V =2TPZ + 2T P2 = —5TQ7% (3.5.4)

where

ATPY PA=-Q. (3:5.5)
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The question, thus, is to determine whether the symmetric matrix ¢ defined by
the so-called Lyapunov equation (3.5.10) above, is itself P.D. . If this is the
case, then V satisfies the conditions of the basic theorem of last section, and the
origin is globally asymptotically stable. However, this “natural” approach may
lead to inconclusive result, i.e., () may be not positive definite even for stable

systems.

Example 3.5.11

0 4
A=
-8 —12
If we take P = I, then
—4
—Q=ATP+PA=
-4 —24

The matriz Q) is not positive definite. Therefore, no conclusion can be drawn from

the Lyapunov function on whether the system is stable or not. O

A more useful way of studying a given linear system using scalar quadratic
functions is, instead, to derive a positive matrix P from a given positive definite

matrix @, i.e.,

e choose a positive definite matrix @
e solve for P from the Lyapunov equation (3.5.5)

e check whether P is P.D.

If Pis P.D., then -;—:E'T PZ is a Lyapunov function for the linear system and
global asymptotical stability is guaranteed. Unlike the previous approach of going
from a given P to a matrix @, this technique of going from a given @ to a matrix
P always leads to conclusive results for stable linear systems, as seen from the

following theorem.
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Theorem 3.5.12 A necessary and sufficient condition for a LTI system T = AT
to be strictly stable is that, for any symmetric P.D. matriz Q, the unique matriz

P solution of the Lyapunov equation (3.5.5) be symmetric positive definite. O

'The above theorem shows that any positive definite matrix Q can be used
to determine the stability of a linear system. A simple choice of @ is the identity

matrix.

Example 3.5.13 Consider again the second-order system of Example 3.5.11. Let
us take Q = I and denote P by

bu p
p_ 1n P12

D21 D22

where, due to symmetry of P,pxn = p1z. Then the Lyapunov equation is

P11 P12 0 4 n 0 -8 P11 P12 . 10

P12 P22 -8 —12 4 -12 P12 DPo2 01
whose solution s
P11 = 9,p12 = Pp = L.

The corresponding matriz

P=
11

is positive definite, and therefore the linear system is globally asymptotically stable.

Note that we have solved for P directly. a

Even thought the choice @ = I is motivated by computational simplicity,
it has a surprising property: the resulting Lyapunov analysis allows us to get the

best estimate of the state convergence rate, as we shall see in later courses.
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Nonlinear Static Controller

Design

4.1 Introduction

Let’s start with a simple scalar plant.
T =u-+0z (4.1.1)

where u is the control and 6 is an unknown constant. If the parameter vector 8

u b X
j’?_i__"r
6

Figure 4.1: Linear scalar plant of (4.1.1)

is known—with the knowledge about their boundedness |4 < f—then, it’s possible

to design a nonlinear controller in static part be applying system’s feedback. One

72
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we can choose is
u=—kz — kyx® (4.1.2)
where k; > 0, ks > 0. The resulting feedback system is

T = (0~ k)T — ko1® (4.1.3)

v

ke ()3 )

Figure 4.2: The resulting feedback system of (4.1.3)

For 6 > k;, the equilibrium z = 0 is unstable, but the nonlinear term —k,z*
prevents z(t) from growing unbounded. It is easy to see that x(t) will converge
to one of the two equilibria 44 /%L. Thus, the static nonlinear controller (4.1.2)

has achieved boundedness of z(¢) without any knowledge of a bound on 6.

To achieve the desired static controller ,we have two methods available

which are feedback linearization method and backstepping method.
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4.2 Feedback Linearization

4.2.1 Introduction

Consider a class of nonlinear systems of the form
z = f(z)+G(z)u
y = h(z)
and pose the question of whether there exist a state feedback control
u = a(z) + B(z)v
and a change of variables
z=T(z)

that transform the nonlinear system into an equivalent linear system. We start
with input-state linearization, where the full state equation is linearized. Next,
we introduce the notion of input-output linearization, where the emphasis is on
linearizing the input-output map from u to y even if the state equation is only
partially linearized. State feedback control of feedback linearizable systems is
discussed where we deal with stabilization, tracking and regulation via integral
control problems. Finally, we present the diﬁepgntial geometric approach to feed-
back linearization which allows us to charactefizéq;he class of feedback linearizable

systems by geometric conditions.

4.2.2 Input-State Linearization

Inspection of the state equation.
Ty = I

Tg =" —alsin(z; + §) —sin'd] —bxs 4 cu
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shows that we can choose u as
a v
u= z[sin(xl + ) —sind] + —
c

to cancel the nonlinear term a[sin(z; + ) —siné]. This cancellation results in the

linear system

Ty = Iy

j?z = —b.’L'z +v

Thus, the stabilization problem for the nonlinear systems has been reduced to a
stabilization problem for a controllable linear system. We can proceed to design

a stabilizing linear state feedback control
v =k121 + koxo
to locate the eigenvalues of the closed-loop system

1 = Iy

.’i‘z = kl.’L'l + (kz - b).’L‘z
in the open left-half plane. The overall state feedback control law is given by

u= (%)[sin(xl +4) —sind] + %(klxl + kozo)
The general idea of nonlinearity cancellation is that we should not expected to be
able to cancel nonlinearities in every nonlinear system. There must be a certain
structural property of the system that allows us to perform such cancellation. It
is not hard to see that to cancel a nonlinear term a(z) by subtraction, the control
u and the nonlinearity a(z) must always appear together as a sum u + a(z). To
cancel a nonlinear term ~y(z) by division, the control u and the nonlinearity v(z)
must always appear as a product y(z)u. If the matrix v(z) is nonsingular in the
domain of interest, then it can be cancelled by u = f(z)v, where 8(z) = v~ !(z) is

the inverse of the matrix y(z). Therefore, the ability to use feedback to convert
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a nonlinear state equation into a controllable linear state equation by cancelling

nonlinearities requires the nonlinear state equation to have structure
& = Az + BB (z)[u — a(z)] (4.2.1)

where A is n x n, B is n X p, the pair (A4, B) is controllable, and the functions
a:R"™ — RP and 3 : R® — RP*? gre defined in a domain D, C R™ that contains
the origin. The matrix f(z) is assumed to be nonsingular for every z € D,.
Notice that 3! here denotes the inverse of the matrix B(z) for every x,and not
the inverse map of the function B(z). If the state equation takes the form (4.2.1),

then we can linearize it via the state feedback
u = a(z) + f(z)v (4.2.2)
to obtain the linear state equation
z=Ax+ Bv (4.2.3)

For stabilization, we design v = Kz such that A + BK is Hurwitz. The overall

nonlinear stabilizing state feedback control is
u=o(z)+ B(z)Kz (4.2.4)

Even if the state equation does not have the structure (4.2.1) for one choice of

state variable, it might do so for another choice. Consider, for example, the system

£y = asin(zy)

Ty = —z2+4u

We cannot simply choose u to cancel the nonlinear term asinz,. However, if we

first change the variables by the transformation

21 = I

2o = - aSiNTy = I
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then 2; and 2, satisfy

2 = 2z

2y = acosza(—z1 +u)

and the nonlinearity can be cancelled by the control

9 1
U=2" + ————v
a cos(zs)

which is well defined for =F < z, < 7. The state equation in the new coordinate

(Zl, 22); that iS,

ry = 2

T2 = sin"}H(5)
which is well defined for —a < 25 < a. The transformed state equation is given by

21 = 2z

2 = acos(sin_l(%))(——zf-i-u)

When a.change of variable z = T'(z) is used to transform the state equation from
the z-coordinates to the z-coordinates, the map T must be invertible, that is, it
must have an inverse map T!(-) such that z = T~1(2) for all z € T(D,) where
D, is the domain of T. Moreover, since the derivatives of z and z should be
continuous, we require that both T'(-) and 7-1(-) be continuously differentiable
map with a continuously differentiable inverse is known as a diffeomorphism. Now

we have all the elements we need to define input-state linearizable systems.

Definition 4.2.1 A nonlinear system
z = f(z)+ G(z)u (4.2.5)

where f : Dy — R™ and G : D, — R™ P are sufficiency smooth on a domain

Dy C R", 15 said to be inpul-state linearizable if there ezists a diffeomorphism
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T : D, — R" such that D, = T(D,) contains the origin and the change of
variables z = T(x) transforms the system (4.2.5) into the form
2= Az+ BB z)[u — oz)] (4.2.6)

with (A, B) controllable and B(x) nonsingular for all z € D,,. 0

Setting
a(2) = ao(T~(2)) and B,(2) = B(T~(2))

we can write equation (4.2.6) as
z2=Az+ BB, (2)[u — a,(2)] (4.2.7)

which takes the form (4.2.1). It is more convenient, however, to express  and J5}
in the z-coordinates since the state the state feedback control is implemented in

these coordinate.

Suppose we are given an input-state linearizable system (4.2.5). Let z =
T(z) be a change of variables that brings the system into the form (4.2.6). We

have

. or. 0T
i=od= %-[f(x) + G(z)u] (4.2.8)

On the other hand, from (4.2.6),
2= Az+ Bf ' (z)[u — a(z)] (4.2.9)
From (4.2.8) and (4.2.9), we see that the equality
L 11(e) + (o)) = AT(z) + B (3)[u — a(z)]

must hold for all z and  in the domain of interest. By first taking u = 0, we split

the equation into two:

O /(@) = AT(z) - B8 (@)al) (4.2.10)

g—ZG(x) = BB\ (z) (4.2.11)
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Therefore, we conclude that any function T'(-) that transform (4.2.5) into the
form (4.2.6) must satisfy the partial differential equation (4.2.10)-(4.2.11). Alter-
natively, if there is a map T'(-) that satisfy (4.2.10) - (4.2.11) for some « ,3,A and
B with the desired properties, then it can be easily seen that the change of vari-
able z = T'(z) transforms (4.2.5) into (4.2.6). Hence, the existence of T',&,3,4,and
B that satisfy the partial differential equations (4.2.10) - (4.2.11) is a necessary

and sufficient condition for the system (4.2.5) to be input-state linearizable.

When a nonlinear system is input-state linearizable, the map z = T(z) that
transforms the system into the form (4.2.6) is not unique. Probably the easiest
way to see this point is to notice that if we apply the linear state transformation
¢ = Mz, with a nonsingular M, to (4.2.6) then the state equation in the ¢-

coordinates will be
(= MAM™'( + MBB™\(2)[u — a(z)]

which is still of the form (4.2.6), but with different A and B matrices. Therefore,
the composition of the transformations z = T(z) and ¢ = Mz gives a new trans-
formation that transform the system into the special structure of (4.2.6). The
nonuniqueness of T' can be exploited to simplify the partial differential equations
(4.2.10)-(4.2.11). To illustrate the idea without complications, we will restrict
our discussions to single-input systems (p = 1) and write the single-column input
matrix G as g. In this case, for any controllable pair (A, B) we can find a nonsin-
gular matrix M that transforms (A, B) into a controllable canonical form; that

is, MAM~' = A.+ B.AT and MB = B,, where

(001 0 ... 0] [ 0]
0 0 1 0 0
Ac= | 1 1 1 e and B.=
0 1 0
[0t 000 | il
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The term B.A"¢ = B,ATMT(z) can be include in the term B,8~*(z)a(z). There-
fore, without loss of generality, we can assume that the matrices 4 and B in

(4.2.10)-(4.2.11) are the canonical form matrices A, and B,. Let

[ T@) |
Tx(z)
T@=|
Th-a(z)
| Tal(@) |
It can be easily verified that
Ty(z) | [ o ]
T3(x) 0
AT (z) — B.f™ (z)a(z) = : and B.f7'(z) = :
T () 0
| —o(z)/B(z) | | 1/B(z) |

where a and 8 are scalar functions. Using these expressions in (4.2.10)-(4.2.11)

simplifies the partial differential equations. Equation (4.2.10) simplifies to

0Ty

gf(l') = T3(z)
6T2

T2f@) = Ty

6Tn~1
Z2f(o) = Tu(a)
S2f@) = —o(z)/B(a)

The first n — 1 equations show that the components T} to T, of T are determined

functions of the first component T}. The last equation defines a/B in terms of T}
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Equation (4.2.11) simplifies to

6—3:9(55) =0

%%g(w) = 0
6?’;19@) =0

T'n.

e (z) = —1/B8(z) #0

We need to search for a function 77 (z) that satisfies

o1, ) oT,
A = = oan=1; — 2.
5 9@ =0, i=12...n-1 55 9@ #0 (4.2.12)
where
oT;
7—;: = i ) = 727 gy 16— 1
11(z) 5 flz), i=1 n

If there is a function T4 (x) that satisfies (4.2.12), then 8 and « are given by

1 _ (0T, /oz) f(=)
@T.jon)e@) ™ = (T, /82)9() (42.13)

B(z) =
Thus we have reduced the problem to solving (4.2.12) for T;. We will see that
the existence of a function 77 that satisfies (4.2.12) can be characterized by a
necessary and sufficient condition in terms of the functions f,g, and their partial
derivatives. Furthermore, if T} (z) satisfies (4.2.12) in a domain D, then for each

z, € D there is a neighborhood N of z, such that the restriction of T(z) to (N)

is a diffeomorphism.

Example 4.2.2 As a first example, we reconsider the system

] asin(zs) 0
z = + u= f(z)+ gu
—x2 1
and see how we can arrive at the transformation we used earlier by solving (4.2.12). The

open-loop system has an equilibrium point at x = 0. We want to find Ti(z) that
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satisfies the conditions

0T . 0T,
9" V5970

with T1(0) = 0, where

_om
=513

From the condition [0T;/0z]g = 0,we have

0T on

—lg="l_p
Oz g O0zxs
So0,T1 must be independent of . Therefore,
T;
T(z) = %a sin(z,)

The condition

0, 8T, Ty
oz 9= 6.732 - aﬂilaCOS(x2) % 0

is satisfied in the domain where cos(z2) # 0 by any choice of Ty = Ti(z1) such
that gﬁ # 0. Taking T\(z1) = z, results in the transformation we used earlier.
Other choices of Ty could have been made. For ezample, Ty(z1) = z; + 23 would
give another change of variables that transforms the system into the form (4.2.6).

O

Example 4.2.3 A synchronous generator connected to an infinite bus may be

represented by a third-order model

z = f(z)+ gu
with
W) 0
flz)=| —a|(1+ z3)sin(z; +6) —sin(d] —bzy |; 9= 0

—cz3 + d[cos(z1 + 6) = cos(d)] 1
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where a, b, ¢c,d, and & are positive constants. The open-loop system has equilibrium

at z = 0. We want to find Ty = Ty(z) that satisfies the conditions

on . 0L 0T
oz =0; 8:09_0’ ax‘”éo

with T1(0) = 0, where

Ty(z) = %f(:c); T3(z) = %—qu(fv)

from the condition [0T;/dz]g = 0,we have

on _om
oz 9= Ozrs
We choose Ty independent of z3. Therefore,
oT oT . .
To(z) = é;i-:cz — 8—éa[(1 + z3) sin(z; + 6) — sin(4)] 4 bz,
from the condition [0T,/0z|g = 0,we have
8T, T, oy _
559" 95, = —asin(z, +5)8:c2 =0

We choose Ty independent of zo. Therefore, Ty simplifies to

oT;
Tr(z) = 5.'13_1:1;2
and
oT: 0T,
T3(z) = 55%:02 - ai—a[(l + z3) sin(z; + 6) — sin(8)] + bz

Hence,

0T3 oT; ) oTy

8, Y3 _ _ 5)—1

59 B2e asin(z; + 4) oz,

and the condition [0T3/0z]g # 0 is satisfied in the domain 0 < z1 + 6 < 7 with
any choice of Ty = Ty(z1) such that (0T1/8z1) # 0 on this domain. The simple

choice Ty = z, satisfies this requirement as well as the condition Ty(0) =0. Thus,
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we choose oIy = x; and find from the previous expressions that the change of
variables z = T(z) is given by

z1 = Ti(z)=x

zp = Th(z)=m

z1 = T3(z) = a[(1+ z3)sin(z; + 8) — sin(6)] + bz,
The inverse of this transformation x = T~1(z) is defined for all0 < z; +6 < =

and given by

1 = z1
To = 29

23 + bzy — asin(d)
Ty = —1 -

asin(z; + 4)
The functions B and « are given by

1 1 1

) = @ foas ~ @/ ~ asiner 1)
o) = (OB
(8T3/5$)9($)

—a(l + x3) cos(z; +9) fi(z) — bfa(z) — asin(z; + dt) fa(z)
asin(z; + dt)

The state equation in the z-coordinates is

2 = 2z
22 = Z3
23 = =—asin(z; +9)[u + a(z)]

which can be linearized by the linearizing feedback control

@)~ =
=a(z) - ——=v
u asin(z; + 6)

Notice that the state equation in the z-coordinates is valid only in the domain
0 < z1+d <, which is the domain over which the change of variables z = Ty(x)

15 a well-defined diffeomorphism. a
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4.2.3 Input-Output Linearization

When certain output variable are interest, as in tracking control problems, the
state model is described by state and output equations. Linearizing the state
equation, as we have done in the previous section, does not necessarily linearize

the output equation. For example, if the system

1 = asinzy

.’f?z = —.’1712 +u

has an output y = x5, then the change of variables and state feedback control

2y =1y, 2z =asinz,, and u=1z;°+ v
Q COS Ty
yield
2 = 2
22 = v
. 122
y = sin T —
a

While the state equation is linear, solving a tracking control problem for y is still
complicated by the nonlinearity of the output equation. Inspection of both the
state and output equations in the z-coordinates shows that, if we use the state
feedback control u = 1% + v, we can linearize the input-output map from u to v,

which will be described by the linear model

.’tg’:'U
Yy = T2

We can now proceed to solve the tracking control problem using linear control
theory. This discussion shows that sometimes it is more beneficial to linearize
the input-output map even at the expense of leaving part of the nonlinear state

equation. This is the input-outpui linearization problem which we will -address
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in this section. One catch about input-output linearization is that the linearized
input-output map may not account for all the dynamics of all the dynamics of the

system. In the foregoing example, the full system is described by

T; = asinz,
.’j?z = v
Yy = T2

Note that the state variable z; is not connected to the output y. In other words,
the linearizing feedback control has mode z; unobservable from y. When we design
tracking control, we should make sure that the variable z; is well behaved; that
is, stable or bounded in some sense. A native control design that uses only the
linear input-output map may result in an ever-growing signal z,(¢). For example,
suppose we design a linear control to stabilize the output y at a constant value
yr- The corresponding solution of the z,(t) equation is z; () = z,(0) + tasin yz.
So, for any yg # 0, the variable z;(¢) ill grow unbounded. This internal stability

issue will be address in the context of input-output linearization.

Consider the single-input-single-output:(SISO) system

& = f(z)+g(z)u

y = h(z)

where f, g, andh are sufficiently smooth in a domain D C R™. The simplest case of
input-output linearization arises when the system is both input-state linearizable.
Starting with an input-state linearizable system, let T} (z) be a solution of (4.2.12).
Suppose the output function A(z) happens to be equal to Ti(z). For example, in
the robotic manipulator example 12.3, we choose T1(x) = z;; this could indeed be
the output of interest, since in this problem we are usually interested in controlling

the angle z;. If h(z) = T1(z), then the change of variables z = T'(z) and state
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feedback control u = a(z) + B(x)v yield the system

z = A.z+ Bw
y = Cez

where (A., B, C.) is a canonical form representation of a chain of n integrators;

that is, A. and B, take the form (4.2.2) and
Cc=[10 ... 0 Oxn (4.2.14)

In this system, both the state and output equations are linear. For a given output
function A(z), we can find out whether or not h(z) satisfies the condition (4.2.12)
by direct verification; we do not need to solve partial differential equations. The
condition (4.2.12) can be interpreted as a restriction on the way the derivatives of

y depend on u. To see this point, set ¥;(z) = h(z). The derivative ¢ is given by

i = S21(2) + gland

If [0v1/0z]g(z) = 0, then

i = 22 f(2) £ go(z)

If we continue to calculate the second derivative of y, denoted by y®, we obtain

y@ = 22 [f(x) 9(z)u]

Once again, if [0,/0z]g(z) = 0 then

v = 22 f(z) £ (o)

Repeating this process, we see that if h(z) = ¢;(z) satisfies (4.2.12); that is,

8z_0, 1=1,2,...,n—1; 31:9(1:)#0

where
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then u does not appear in the equations of y,7,...,y™ 1V and appears in the

equation of y™ with a nonzero coefficient

O, %)
(n) — Z¥n

This equation shows clearly that the system is input-output linearizable since the

state control

Lo
Beg(z) Oz

U =

flz)+4]
reduces the input-output map to

s =y
which is a chain of n integrators. If u appears in the equation of one of the

(n—1

derivative g,...,y™™Y and the coefficient of u (when it appear) is nonzero, then

we can again linearize the input-output map. In particular, if h = 9, (z) satisfies

»
Oz

@ =0, i=12. 11 Drgiz) 20

for some 1 < r < n, then the equation of y") is given by

oY, O,
v = 2 f(@) + gl

and the state feedback control

1 &

sl SRIORE)

U =

linearizes the input-output map to the chain of r integrators
) =

In this case, the integrator r is called the “relative degree” of the system, according

to the following definition.
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Definition 4.2.4 A nonlinear system

z = f(z)+9(z)u (4.2.15)

y = h(z) (4.2.16)

where f : D - R* g: D — R* and h : D — R are sufficiently smooth on a

domain D C R"™, is said to have relative degree r,1 < r < n, in a region D, C D
if

0 ":[}i 3¢r

5 9(z) =0, i=1,2,...,7r—1; D g9(z) #0 (4.2.17)
for all x € D, where
Pi(z) = h(z) and Pia(z), 1=1,2,...,r—1 (4.2.18)

If the system (4.2.15)-(4.2.16) has relative degree r, then it is input-output lin-
earizable. If it has relative degree m, then it both input-state and input-output
linearizable. a

Example 4.2.5 Consider the controlled Van der Pol equation

i1=$2

iy = —z+e(l—22)zy+u, €>0
with output y = z1. Calculating the derivatives of the output, we obtain

Yy = T1=22

§j = ga=—21+e(l—a2d)zy+u

Hence, The system has relative degree 2 in R%. Therefore, it is both input-state

and input-output linearizable. If the output is y = x4, then

g =~z +¢e(l —13)z2 + u
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and the system has relative degree 1 in R?. If the output is y = z1 + 12, then
Y =2y + zo[—z1 + €(1 — 2329 + 1]

and the system has relative degree 1 in D, = {z € R?|z, # 0}. O

4.3 Backstepping Technique

Although the system can be linearized by applying feedback linearization method,
it often leads to cancellation of useful nonlinearities. Backstepping designs are
more flexible and do not force the designed system to appear linear. They can
avoid cancellations of useful nonlinearities and often introduce additional nonlin-

ear terms to improve their transient performance.

Example 4.3.1 We are now trying to construct clf’s for a second-order system

i = z£ (4.3.1-a)

£ = u (4.3.1-b)

which is uncontrollable at z = 0. We need to select a clf V, for the system (4.2.19)
which guarantees global stability of the system, so we need V, to be negative definite

(or V, <0). We choose one possible form,
Vo(z,2) = —z* — 22, 2= € — Eges (4.3.2)
and choose a Control Lyapunov Function (clf)

1 1
Vi(z,2) = 5:32 + §z2 (4.3.3)

which is positive definite (P.D.) and radially unbounded (R.U.). We apply i _and
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z in the derivative Va
Vi(z,2) = z&+ 22 (4.3.4)

= 2(2€) + 2(€ — Eges)
= xzf + Z(§ - édes)

Compare with the desired value V, = —z* — 2% we get
a = Egos = —2° (4.3.5)
& = fges = 22 (4.3.6)
= —2z%¢

Apply o and & in (4.3.4)
Va(z,2) = ¢ +2(€ - &) (4.3.7)
= 2°(z+a) + z(u + 22%)

= 22—z + 2(u + 22%€)

= —z*+ 2(u+ 2% + 2?)
Again, compare with the desired V, = —z* — 22, we get
u+22%+2° = —z or
u = —2z° — (222 +1)¢ (4.3.8)
be the corresponding control u which matches the desired condition v, = —zt—22,

yield the resulting system in the (z€) coordinates

Tz = z€ (4.3.9-a)
£ = —2® — (222 + 1)¢ (4.3.9-b)
and its equilibrium (0,0) is Globally Asymptotically Stable (GAS.) O

The z? term in feedback loop still being nonlinear, but this condition help

in- decreasing a setting time of the closed-loop system' as shown 'in Figure 4.3.
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However, we have to be sure that the system will be not overheated, damaged, or

saturated by this rapidly growing of a control input u.

—— Feedback Linearization Method
<+ -Backstepping Method

Figure 4.3: Decreasing in setting time caused by nonlinearity

Consider a nonlinear control system
7 = f(@1) (4.3.10)

Theorem 4.3.2 (LaSalle-Yoshizawa) Let £ = 0 be an equilibrium point of
(4.3.10) and suppose f is locally Lipschitz in T uniformly in t. Let V : R* — R,
be a continuously differentiable, positive definite and radially unbounded function
V(%) such that

Vo= %(f)f(j‘,t) < -W@E) <0,  Vt>0,VieR', (4311)

where W is a continuous function. Then, all solutions of (4.3.10) are globally

uniformly bounded and satisfy

lim W(Z(t)) =0 (4:3.12)

t—o00
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In addition, if W(%) is positive definite, then the equilibrium Z = 0 is globally
uniformly asymptotically stable (GUAS). O

For the regulation task, the designed system is usually time-invariant,
£ = f(@), (4.3.13)

in which case we are interested in its invariant sets. A set M is called an invariant
set of (4.3.13) if any solution Z(¢) that belongs to M at some time instant ¢; must

belong to M for all future and past time:

Zt)eM = Z{t)eM, VieR (4.3.14)
A set 2 is positively invariant if this is true for all future time only:

Z(t) e = Z()eN, Vt>i. (4.3.15)

Can we guarantee convergence to a desired invariant set? A rewarding answer
to this question is provided by LaSalle’s Invariant Theorem and its asymptotic

stability corollary:

Theorem 4.3.3 (LaSalle) Let Q be a positively invariant set of (4.3.13). Let
V :Q — Ry be a continuously differentiable function V(Z) such that V(Z) <
0,VZe Q. Let E = {a‘:’ ceQ| V(@) = O}, and let M be the largest invariant set
contained in E. Then every bounded solution Z(t) starting in Q converges to M

ast— oo. O

Corollary 4.3.4 (Asymptotic Stability) Let £ = 0 be the only equilibrium
of (4.313). Let V : R* — R, be a continuously differentiable, positive def-
inite, radially unbounded function V(%) such that V(Z) < 0,VZ € R™. Let

E = {:’v’ ceR* | V(Z) = 0}, and suppose that no solution other than Z(t) = 0

can stay forever in E. Then the origin is globally asymptotically stable (GAS). O
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These invariance results motivate us to closely examine the invariant subsets of E.
The convergence properties of the designed system are stronger if the dimension
of M is lower. In the most favorable case of asymptotic stability, the largest
invariant subset M of E is just the origin £ = 0. Our aim in backstepping technic

thus is to render the dimension of M as low as possible.

Assumption 4.3.5 Consider the system
Z = f(@+g@n, f(0)=0, (4.3.16)

where T € R™ is the state and u € R is the control input. There exist a continuously

differentiable feedback control law
v = aZ), «a0) =0. (4.3.17)

and a smooth, positive definite, radially unbounded function V : R® — R such that

%—‘;(f) f(@)+9@a@)] < -WE) <0, VieR', (43.18)

where W : R® — R is positive semidefinite. O

Under this assumption, the control (4.3.17), applied to the system (4.3.16), guar-
antees global boundedness of Z, and via the LaSalle-Yoshizawa Theorem (Theorem

4.3.2), the regulation of W(Z):

lim W(z(t)) = 0. (4.3.19)

t—o0

A stronger convergence result is obtained using LaSalle’s Theorem (Theorem
4.3.3) with = R™ Z(t) converges to the largest invariant set M contained
in the set £ = { ¢ R | W(Z) =0}. Clearly, if W(%) is positive definite, the
control (4.3.17) renders # = 0 the GAS equilibrium of (4.3.16).
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Lemma 4.3.6 (Integrator Backstepping) Let the system (4.3.16) be augmented

by an integrator:

8]

= f@) +g(@)E (4.3.20-a)

£ = u (4.3.20-b)

and suppose that (4.3.20-a) satisfies Assumption 4.8.5 with £ € R as its

control.

(1) If W(Z) is positive definite, then
V&) = V@) +3 - @) (4.321)

is a CLF for the full system (4.3.20), that is, there exists a feedback control
u = a(Z,€) which renders ¥ = 0,6 = o(0) = 0 the GAS equilibrium of
(4.3.20). One such control is

u=—c(§ — a(?)) + a(F) — Z—‘;(E)g(f), c>0. (4.3.22)

(i) If W(Z) is positive semidefinite, then there ezists a feedback control which
renders V, < —W,(Z,€) < 0 such that Wo(Z,€) > 0 whenever W(Z) > 0 or

Z(t
£ # a(Z). This guarantees global boundedness and convergence of 0
£(t)
to the largest invariant set M, contained in the set
z
B = € R | W(2) = 0,€ = o(3)
3

While the choice of control (4.3.22) is simple, this control may not be desirable

because it involves cancellation of nonlinearities, some of which may be useful.



Chapter 5

Nonlinear Adaptive Controller

Design

5.1 Introduction

All methods in the previous chapter are the design procedures employ static feed-
back which guarantee that in the presence of uncertain bounded nonlinearities,
the closed-loop state remains bounded. Now, we focus on the design procedures
in the Dynamic part where the uncertainties are more specific. They consist
of unknown constant parameters which appear linearly in the system equations.
In the presence of such parametric uncertainties, we will be able to achieve both
boundedness of the closed-loop states and convergence of the tracking error to

Zero.

What we need in designing a dynamic feedback is a parameter estimation.
The dynamic part of the controller is designed as a parameter update law with
which the static part is continuously adapted to new parameter estimates, hence

its name: Adaptive control law. An adaptive controllers guarantees not only that

96
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the plant state z remains bounded, but also that it tends to a desired constant

value (“regulation”) or asymptotically tracks a reference signal (“tracking”).

5.2 Adaptation as dynamic feedback

Consider the simplest nonlinear system
z = u+ 0p(z) (6.2.1)

where 6 is the unknown constant parameter.

U X J‘ X

»

0 = 0()

Figure 5.1: Block diagram of the system (5.2.1)

Even if we do not know a bound for 8, we can apply a nonlinear static
feedback, as explained in preceding section, to guarantees global boundedness of
z(t). Now, we try to achieve a system regulation by applying a dynamic feedback

controller.

If 6 were known, the control

u=—fp(z)—cz, >0 (5.2.2)

1

22? negative definite: Vj = —cyz2. Of

would render the derivative of Vp{z) =
course the control law (5.2.2) can not be implemented, since 6 is unknown. In-

stead, one can employ its certainty-equivalence form in which 8 is replaced by an
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estimate 6:
uw=—0pz — ¢z (5.2.3)

Substituting (5.2.3) into (5.2.1), we obtain

&= —c1z + Op(z) (5.2.4)

where 6 is the parameter error:

~

6=0-6 (5.2.5)
The derivative of Vj(z) = 122 becomes
Vo = —12° + fzp() (5.2.6)

Since the second term is indefinite and contains the unknown parameter error é, we
can not conclude anything about the stability of (5.2.4). We make the controller
dynamic with an update law for 8. To design this update law, we augment V;

with a quadratic term in the parameter error 8,

. 1 -
Vi(z, 0) = %;ﬁ + 50 (5.2.7)

where v > 0 is the adaptation gain. The derivative of this function is

v o= :v:b—!—%éé (5.2.8)

P 1~z
= —c12% + fzp(z) + :)1-99

= —cz2+0 [ztp(x) + %éjl

The second term is still indefinite and contains 8 as a factor. However, the situa-
tion is much better than in (5.2.6), because we now have the dynamics of § = —8
at our disposal. With the appropriate choice of § we can cancel the indefinite

term. Thus, we choose the update law

b= 150 = yip() (5.2:9)
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which yields
Vi=—c22<0 (5.2.10)

The resulting adaptive system consists of (5.2.1) with the control (5.2.3) and the
update law (5.2.9), and is shown in Figure 5.2. In Figure 5.3, this system is

redrawn in its closed-loop form consisting of (5.2.4) and (5.2.9), namely

b= —az+bel) (5.2.11)

0 = —yzp(z)

v

Adaptive Controller

Figure 5.2: The closed-loop adaptive system (5.2.11)

Because V; < 0, the equilibrium z = 0, & = 0 of (5.2.11) is globally
stable. In addition, the desired regulation property tlim z(t) = 0 follows from the
LaSalle-Yoshizawa theorem. The adaptive nonlinear controller which guarantees

these properties is given by (5.2.4) and (5.2.9):

u = —ar- b(z) (5:2.12)

>

= yzp(z)
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<2 |-

@(x)iﬂ Flo(x)
CA

Figure 5.3: An equivalent representation of (5.2.11)

100

One may think that the above adaptive design is so straightforward because

(5.2.1) is a first-order system. In fact, this is due to the matching condition: The

terms containing unknown parameters in (5.2.1) are in the span of the control,

that is, they can be directly cancelled by u when 6 is known. To illustrate this

point, let us consider the following second-order system, where again the uncertain

term is “matched” by the control u:

T = IL‘2+(,01(IE1)
o = Ops(z)+u

(5.2.13)

If & were known, we would be able to use a static design procedures as

mentioned in preceding sections. First view x, as the virtual control, design the

stabilizing function

a(z1) = —az1 — 1(z1)

and then form the Lyapunov function

1 1
Ve(z) = 537% + 5(132 ~ a1(21))?

whose derivative is rendered negative definite
. 0 9
Vc(m) = —C1Z7] — 62(1172 - (11)
by the control

0
U =—c3(Z2 — ag) — Ty + 8;:1(372 +¢1) = Bpa(z)
1

(5.2.14)

(5.2.15)

(5.2.16)

(5.2.17)
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Since @ is unknown, we again replace it with its estimate g in (5.2.17) to

obtain the adaptive control law:

Oa -
U= —'62(.’132 — al) -+ a—ml(.’rz + 801) — 9@2(.%) (5218)
1

This results in the error system (z; = 1,22 = Zo — @1):

z —C 1 z 0 -
alal_|me Y g (5.2.19)

dt ¥ -1 —c 2y wa(z)

Then we augment (5.2.15) with a quadratic term in the parameter error 6 to

obtain the Lyapunov function:

. | 1 1~
m@®=m+gm=fﬁig+gﬁ (5.2.20)
Its derivative is
. 2 2., A 15
‘/1 = —C12; — C224 + 0 |:22Q02 - —eil (5221)
Y
The choice of update law
6= VP22 (5.2.22)

eliminates the -term in (5.2.21) and renders the derivative of the Lyapunov func-

tion (5.2.20) nonpositive:
Vie—a—q2<0 (5.2.23)

This implies that the z = 0,0 = 0 equilibrium point of the closed-loop adaptive
system consisting of (5.2.19) and (5.2.22) (see block diagram in Figure 5.4)

21 —C1 1 21 0 ~

% = + 0
P -1 —c» 29 a(x)
’ (5.2.24)
Z 21
0 = — [ 0 ¢ ]
2

is globally stable and; in addition, #(t) — 0.as ¢ — 00:
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< |-

v

0 ol o=l

,(%)

Y J

Figure 5.4: The closed-loop adaptive system (5.2.24)




Chapter 6

Adaptive Backstepping Designs

6.1 Adaptive integrator backstepping

The adaptive design in the above examples was simple because of the matching:
The parametric uncertainty was in the span of the control. We now move to the
more general case of ertended matching, where the parametric uncertainty enters

the system one integrator before the control does:

Ty = o+ bp(z) (6.1.1-a)

iy = u (6.1.1-b)

We use this example to introduce adaptive backstepping.

Again, if § were known, we would design the stabilizing function for z, as

doing with the static part
051(.'1:1,6) = —C121 — 6Q0(.’131) (612)

With the Lyapunov function

1 1
‘/c(.'II, 6) = 'i.'II% &} 5(.’132 U2 a1($1,9))2 (613)

103
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whose derivative is rendered negative definite

Vi(z,0) = —c12? — co(z2 — oy (x4, 0))? (6.1.4)
by the control
. Oy
U= —02(332 - 01(231,0)) —x1+ '87(332 + GQO) (615)
1

Since 6 is unknown and appears one equation before the control does, this
old method is no longer available because the dependence of a3(z1) = —c127 —
6(x1) on the unknown parameter makes it impossible to continue the procedure.

However, we can utilize the idea of integrator backstepping.

Step 1. If zo were the control, an adaptive controller for (6.1.1-a) would be given
by (5.2.12):

a1($1,'l91) = —C21 — 191Q0($1) (616)

191 = yz10(71) (6.1.7)

In the above equations we have replaced the parameter estimate 6 with the esti-

mate 9;, which denotes the estimate generated in this design step. As we will see,

there will be another estimate generated in the next step. With (6.1.6) and the

new error variable z; = x5 — o, the Z;-equation becomes
Z=—cz+2n+0-9)p (6.1.8)

The derivative of the Lyapunov function

1 1

Vi(z, ;) = §z12 + a(49 — ) (6.1.9)
along the solutions of (6.1.8) is
. 1 .
Vi = 2121 - ";(0 — 191)'(91 (6110)

1.
= zz—az+{0-79) {golzl — ;191}

2
='12129 — €127
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Step 2. The derivative of 2z, is now expressed as

29 = I9— 0y
_ _Q?‘_l:t _(_921_{9
B WL TR

Substituting (6.1.1-a) and the update law (6.1.7) results in

B o= (zy+0p) — Flren 6111)

= u— g—‘:llrz:z a—"‘l’ygz)z —Gg—‘;lltp
At this point we need to select a Lyapunov function and design u to render its

derivative nonpositive. Our first attempt is the augmented Lyapunov function

1
Va(z1, 29,91) = Vi(21,91) + 5

2
whose derivative, using (6.1.10) and (6.1.11), is

Vz = V1+222.2

2
= —ztz|nntu—

% ooy _ aaa
9z 2 89,7 o,

The control u should now be able to cancel the indefinite terms in Vy. To deal
with the terms containing the unknown parameter ¢, we will try to employ the

existing estimate ¥;:

U 21— C -{-81 +8a’yg0z +03a
= — — CoZ —
™ 3 19 1 Bz,
From the resulting derivative ”
. Oa
Vo=—c122 —cozs — (0 — 9 )b——lcplzg

we see that we have no design freedom left to cancel the (§—,)-term. To overcome

this difficulty, we replace 9, in the expression for v with a new estimate Pq:

Ja O Oay
U= —2z] — Co29 + — 5z, L a9, Yoz + 03— (6.1.12)

With the choice (6.1.12), the z;-equation becomes

9
EPVOL MR- L | 00 192)3—0‘-1- (6:1.13)
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The presence of the new parameter estimate 9, suggests the following augmenta-

tion of the Lyapunov function:

1 1
Va(z1,20,91,92) = Vi+ 5;;3 + —(9 —19,)° (6.1.14)
1
= S +2)+ 7 [(6 — 91)* + (6 — 92)°]

The derivative of V, is

‘/2 = ‘/1 + 2'222 - ‘;(6 - ’192)192

Oa 1 -
= 2129 — clzf + 29 {-—6222 — 21— (9 192)8—1 jl — —(9 — ’192)’192
T Y
= —clzl - C2Z2 (6 ’192) (gal 25 + ’192> (6115)
4|

Now the (6 — ¥)-term can be eliminated with the update law

dy = -—'yg;.ligo@ (6.1.16)

which yields

Vo= —122 — cp22 (6.1.17)

The equations (6.1.13) and (6.1.16) along with (6.1.8) and (6.1.7) form the error

system representation of the resulting closed-loop adaptive system:

21 = —C121 + 22+ (9 - (,01)(,0
. a
2= man—a=@-Dlagy (6.1.18)
U = ez
9y = 'g—f:f‘P 2
The matrix form of this system,
d 21 —C 1 21 2 0 60— ’l91
= — _|..
“ 1 —c z 0 —gu, 06—
z — pa— — p—
2. ? ? 9z *d (6.1.19)
d ’191 ' 0 21
dt =7 s
’192 ] 0 —E%i“(p Z29

makes its properties more visible:



CHAPTER 6. ADAPTIVE BACKSTEPPING DESIGNS 107

e The constant system matrix has negative terms along its diagonal, while its

off-diagonal terms are skew-symmetric, and

e The matrix that multiplies the parameter errors in the z-equation is used in

the update laws for the parameter estimates.

The stability properties of (6.1.19) follow from ((6.1.14) and (6.1.17): The
LaSalle-Yoshizawa theorem establishes that z;, 29,1, ¥, are bounded, and z — 0
as t — oo. Sincé zy = x1, x1 is also bounded and converges to zero. The
bounedness of x5 then follows from the boundedness of «; (defined in (6.1.6))
and the fact that z9 = 2z + ;. Using (6.1.12) we conclude that the control u is
also bounded. Finally, we note that the regula!:}ign of z and z; does not imply
the regulation of z5: From 25 = 73 — ajand (6.1.6) we see that =3 + 91¢(0) will
converge to zero. Thus, z, is not guaranteed to converge to zero unless ©(0) = 0.

However, x5 will converge to a constant value:
tlggo = —0p(0) £ % (6.1.20)

This can be seen from (6.1.1-a): Since z; and Z; converge to zero, so does 5 +

6(0).

With the above example we have illustrated the idea of adaptive backstep-
ping. To formulate it as a design tool analogous to an integrator backstepping
design, we start with the assumption that an adaptive controller is known for an

initial system.

Assumption 6.1.1 Consider the system
z = f(z)+ F(z)0 + g(z)u (6.1.21)

where x € R™ is the state, 8 € RP is a vector of unknown constant parameters,
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and u € R is the control input. There ezist an adaptive controller

= afz,?
v = o) (6.1.22)
9 = T(z,9)
with parameter estimate 9 € RY, and a smooth function V(z,?) : R*% — R which

is positive definite and radially unbounded in the variables (z,9 — 0) such that for

all (z,9) € R+

oV v
- (@, 9)[f(z) + F(z)0g(z)z, 9)] + (2, 9)T (2, )
ox 09
< -W(z,9) <0 (6.1.23)
where W : R"? — R is positive semidefinite. O

Under this assumption, the control (6.1.22), applied to the system (6.1.21),
guarantees global boundedness of z(t), ¥(t) and, by the LaSalle-Yoshizawa theo-
rem (Theorem 2.1), regulation of W(xz(t), 9(t)). Adaptive backstepping allows us

to achieve the same properties for the augmented system.

Lemma 6.1.2 [Adaptive Backstepping] Let the system (6.1.21) be augmented by

an integrator,

t = f(z)+F(z)0+9(z)¢

. (6.1.24)
& = u
where £ € R. Consider for this system the dynamic feedback controller
o, = o}
u = —c(§—ale,9)) + 5 (2, )f(@) + F@) +9(@)e] + 55T(@,9)
ov
—b;(w, Ng(z), ¢>0 (6.1.25)
d = T(z,9) (6.1.26)
' T
d = -T [g%(:c, ﬁ)F(x)] (€ — afz,9)) (6.1.27)

where 9 is a new estimate of @, I =TT > 0 is the adaptation gain matriz. Under

Assumption 6.1.1, this adaptive controller guarantees global boundedness of z(t),
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£(t), 9(t), 9(t) and regulation of W(z(t),9(t)) and &(t) — a(z(t),¥(t)). These
properties can be established with the Lyapunov function

Va(z,€,9,9) = V(z,9) + %[{ — oz, 9] + %(9 9T Y6 - 9) (6.1.28)

Proof With the error variable z = £ — a(z, 1), (6.1.24) is rewritten as

z = f(z)+ F(z)8 + g(z)[a(z,9) + 2] (6.1.29)
z = u— g—z[f(x) + F(z)0 + g(z)(a(z,9) + 2)] — Z—C;T(x, 9) (6.1.30)

Note that in (6.1.30) the derivative of ¥ was replaced by the update law (6.1.26).

Introducing a new parameter estimate 19, we augment the Lyapunov function:
_ 1, 1 Tl _
Vi(z,€,9,9) = V(x,ﬂ)+§z +§(6’-19) =6 -9) (6.1.2)

Using (6.1.23), it is easy to show that the derivative of (6.1.2) satisfies

. ov ov
Va = %(f-l-FG-I-ga-l-gz)—l-%T
2 lu—22(f + Fo+ gla+2) - 27| 5 T 19— 9)
I > NET2) ™ 59
ov ov
= $(f+F6+ga)+%T
Oa Oa oV ST _
+z {u_gm—(f+F6+g(a+z))_55T+—5—x_g} -9 I'7(0—9)
O Oa ov
< _ = - —
< W(m,ﬁ)-l—z[u ax(f+F19+g(a+z)) 819T+8mg]
aa -T -1 -
— {5§Fz+19 r ] 6 —9) (6.1.3)
The (6 — 9)-term is now eliminated with the update law
2 da _\"

and the control (6.1.25) is chosen to make the bracketed term multiplying z in

(6.1.3) equal to —cz:

O i Oa ov
U==cz+ 5;(f+Fﬂ+g(a+z))+55T—Fx-g (6.115)
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This results in the desired nonpositivity of V,:
V, < —W(z,9) —cz* <0 (6.1.6)

From (6.1.28) and (6.1.6) we conclude that V(z,¥), 9 and z are bounded. By
Assumption 6.1.1, this means that z(t) and 9(t) are bounded. Hence, { = z+
a(z,9) and u dre bounded. By LaSalle-Yoshizawa Theorem, the boundedness of
all the signals combined with (6.1.6) proves the regulation of W(z(t)),9(t) and
z(t). O

6.2 Recursive design procedures

Through repeated application of adaptive backstepping, the design procedure is
now generalized to nonlinear systems which can be transformed into the paramet-

ric strict-feedback form

£ = T+ (21)0
&y = T3+ ;(21,%2)0
(6.2.1)
Gno1 = Tp+ 0L (T1,...,Tn1)0

o = B(z)u+ ()0

where B(z) # 0 for all z € R™ The reason for the name “parametric strict-
feedback” can be deduced from the block diagram in Figure 6.1, where, except for
the integrators, there are only feedback paths. This implies that the nonlinearities

depend only on variables which are “fed back.”

For systems in the form (6.2.1), the number of design steps required is equal
to the degree n of the system. At each step, an error variable z;, a stabilizing

funetion ¢;, and a parameterestimate 9J; are generated. As a result, if'a system



CHAPTER 6. ADAPTIVE BACKSTEPPING DESIGNS 111

{5 {I oI
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h

Figure 6.1: Block diagram of a third-order parametric strict-feedback system with

B(z) = 1.

contains p unknown parameters, the overparametrized adaptive controller may
employ as many as pn parameter estimates. A schematic representation of this

design procedure is given in Figure 6.2.

| |
| T >131
| | N
z ,192
L _“1] !
. | '
Yy
f . —’ﬂn
(x .
2 Zn
iOL =U

Figure 6.2: The design procedure for overparametrized schemes.

6.3 Extended Matching Design

In the designing of adaptive nonlinear controllers using recursive design proce-
dures, each step or each level of state analysis genetates one error variable z;
and one update law ¥J; that cause the increase in the number of parameter esti-

mates, called an overparametrization. This could be an undesirable feature; since
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it rapidly increased the dynamic order of the resulting adaptive controller. When
the uncertain parameters are only one integrator away from the control, called an
“extended matching” condition, we are now present a method which can avoid
an overparametrization. The idea of applying an extended matching design is to
avoid choosing an update law in step 1, but postpone this procedure to step 2
which cause a é to be appear. Then we choose an appropriate parameter update
law g which can eliminate the error parameter term (6) as shown in the design

procedures.
Again, we consider the nonlinear system (6.1.1-a)
Ty = o+ 0p(z)
Lo = u
and modify its two-step design.

Step 1. With 2; = z; and z, viewed as the virtual control in the 2;-equation, we

define the first stabilizing function @; as in (6.1.6)
Q) = —C121 — é(p (631)

Comparing (6.3.1) with (6.1.6), we see that the parameter estimate ¥; has been
replaced by the parameter estimate ;. The difference in notation indicates that
in this design procedure only one estimate 6 of the unknown parameter will be

used.

The first Lyapunov function is now chosen as
1

62 3.2
o (6.3.2)

A 1
%(Zl,g) = '§Z% +

where 6 = @ — § is the parameter error, and v > 0 is the adaptation gain. With

25 = X3 — (1, the derivative of V] is

. ~ 1 =
Vi = Z1%9 — 61Z% +6 (QOZl m ;9) (633)
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We postpone the choice of update law for 6 until the next step. The first error

subsystem becomes

35 =—c121 + 20 + (6.3.4)

Step 2. The derivative of zp = x5 — 7 is

. 0oy Oaq *
Za = u e (2 + bp) % 6 (6.3.5)
Oag ~Joy ~Oa Oag »
= y— —Tog—0—p—0—p— —=-0

To design the control u, we consider the augmented Lyapunov function

1 1 1 1~

The only difference between (6.3.6) and (6.1.14) is the absence of the new param-
eter error (§ — ) in (6.3.6). In view of (6.3.3) and (6.3.5), the derivative of V,

1s

. - 1=
Vﬁ = 2129 — clzf + 0 ((,021 - ;9)

Oay ~0a ~Oag Oay &
+24 I:’U,*'a—x';.’ﬂz _98561()0_98.’12190_ 8é 9}

(6.3.7)

~ b5 1=
= —ciz2+6 [(pzl - zg—a—gfw - ;9}
+29 [zl +u— %azg — éaal —_ 8aA é]

81 ar," 96

In the last equation, all the terms containing § have been grouped together. To

eliminate them, the update law is chosen as

A Oa
6 =7y (tpzl - é—ltng) (6.3.8)
44
Then, the last bracketed term in (6.3.7) will be rendered equal to —c,23 with the

control

Oa ~Oa oa
U'="—21 =2+ _c'?x_i% + 9'8;;‘90 + 8—919 (639)



CHAPTER 6. ADAPTIVE BACKSTEPPING DESIGNS 114

where for § we use the analytical expression of the update law (6.3.8). Substituting

the expressions (6.3.8) and (6.3.9) into (6.3.7) we obtain
Ve = -7} — cze <0 (6.3.10)

and the error system becomes (see block diagram in Figure 6.3)

2] —C1 1 21 Y -
d —
dt N + da; 0
Z9 -1 —c 29 Bz, w (6311)
A 5 21
o = _7[*0 “aziw]
%)

We can say that the extended matching design is unique and only applicable
with level-one systems, because the result é perfectly matches the desired update
law. In the case of level two, said that the control is three steps away, postponing
the choosing of parameter update law to step 3 cause a é td be appear which is
not available to acquire such that derivative from the system. The next chapter
introduces tuning function design based on the idea of recursive design procedures.
This method can avoid an overparametrization of the system which has more
than one levels of uncertainties. It also provides characteristics of regulation and

tracking which are the advantage of applying adaptive nonlinear controllers.

]

=< |-

A 4

PO oA

Y I Ik

Figure 6.3: The closed-loop adaptive system (6.3.11).




Chapter 7

Tuning Functions Design

7.1 Introduction

The adaptive backstepping designs for a plant with unknown parameters is a start-
ing point for more elaborate adaptive designs which lead to new properties of the
designed controller and the resulting feedback system. One of the improvement to
be achieved with the tuning functions design in this chapter is the reduction of the
dynamic order of the adaptive controller to its minimum: The number of parame-
ter estimates is equal to the number of unknown parameters. This minimum-order
design is advantageous not only for implementation, but also because it guarantees

the strongest achievable stability and convergence properties.

In the tuning functions procedure the parameter update law is designed
recursively. At each consecutive step, we design a tuning function as a potential
update law. In contrast to adaptive backstepping, these intermediate update laws
are not implemented. Instead, the controller uses them to compensate for the
effect of parameter estimation transients. Only the final tuning function is used

as the parameter update law.

115
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7.2 Adaptive Control Lyapunov Functions

The basic idea of the Lyapunov approach to adaptive control is to design a con-
trol law and a parameter update law to guarantee that the derivative of a suitable
Lyapunov function is nonpositive. We are therefore sent to search for a tripple:
Lyapunov function, control law, and update law. For a class of nonlinear systems
called parametric-strict-feedback systems we will be able to make this search sys-

tematic.

To begin with, let us investigate the possibility of adaptive design for the

system
z=f(x)+ F(z)0+g(z)u, z€R", uelk (7.2.1)

where 6 € RP is a vector of unknown constant parameters, and f(z), F(z) and
g(z) are smooth. For simplicity let f(0) = 0, F(0) = 0, so that £ = 0 is an

equilibrium of the uncontrolled plant.

7.2.1 Departure from certainty equivalence

Much of the traditional adaptive control employs some form of “certainty equiva-
lence” thinking. Following this path one first performs a design for the case when
the exact value of # is known. Suppose that this nontrivial task is completed and
that its result is a feedback control u = a.(z,0) which stabilizes the equilibrium
z = 0 with respect to a known Lyapunov function V,(z,6). The subscript ‘¢’
stands for “certainty equivalence”. We know that V,(z, ) is positive definite and
radially unbounded in z for all 6, and that there exists a function W(z, §), which

is also positive definite in x for all 8, such that

%‘f [f(z) + F(z)0 + g(z)ac(z,0)] < —W(z,0) (7.2.2)
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How can we exploit the knowledge of a.(z, 8) and V,(z, 8) for adaptive design when
6 is not known? The certainty equivalence idea is to replace 6 by an estimate é(t)

obtained from a parameter update law
b = T'r(z,0) (7.2.3)

where the adaptation gain matrix I' is positive definite. We want to select u and
T to guarantee that the derivative of a Lyapunov function is nonpositive. For the

system (7.2.1),(7.2.3), a Lyapunov function candidate is
. A 1= .
V@ﬂﬁﬂqaw+gﬁrw (7.2.4)

where the “certainty equivalence” from of V, is augmented by a term quadratic in

the parameter estimation error
6=60-6 (7.2.5)

Upon the substitution of F(z)8 = F(z)8 + F(x), the derivative of V(z,§) along
the solutions of (7.2.1), (7.2.3) is
BV

V=

(z) + F(z)8 + g(z)y] j (%?F(:c)) — 67T (7.2.6)

To eliminate the indefinite dependence of V on the unknown parameter error 0,

we select 7 to cancel the last two terms in (7.2.6):

. oV, T
7(x,0) = (Bm F(m)) (7.2.7)
With this choice of /ta, the expression (7.2.6) is reduced to
: av Ver (Ve \
V= (z) + F(2)0 + g(z)u] + 5 (3:1: F(:c)) (7.2.8)

Our next task is to select a control law u = a(z, é) to make V nonpositive. The
“certainty equivalence” control v = a.(z, é) fails to achieve this because then

(7.2.2) and (7.2.8) yield

T
V< —W(,0) + BBV (%ZF(@) (7.29)
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Clearly, V is not nonpositive because a sign-indefinite term is added to —W(z, £).

In search of a better control law oz, 9), we augment o.(z, é) by ar(z, é),

~ A ~

a(z, ) = a.(z,0) + ar(z, 6) (7.2.10)

The substitution of (7.2.10) into (7.2.8) shows that the desired nonpositivity V <

—W (z, 6) will be achieved if o can be found to satisfy

oV,
oz

s Ve (Ve ., \T ,
g(z)ar(z,0) + % F(E}' (x)) =0 (7.2.11)

This condition for o demonstrates the difficulty of adaptive design for a general
nonlinear system (7.2.1). It is easy to see that ar satisfying (7.2.11) is unlikely
to exist The scalar quantity %’;g(w) may be zero at a set of points. Still, the
condition (7.2.11) is of interest because of an important special case, which will
be the starting point of our recursive design. The special case is the “extended
matching” studied in the previous chapter. In this case, a smooth vector-valued
function ¢ : R®*? — RP? is known such that % can be factored as follows:

ov, V.

% oz g(x)cp(x,é)T (7.2.12)

Then, irrespective of the zeros of &=g(z), an ar which satisfies (7.2.11) is

Ve

oz

ar(z,0) = —(z, é)Tr( F(z)) — —o(z,0) Tr(z,) (7.2.13)

We observe that, in addition to its “certainty equivalence” part o, the adaptive
control law a contains a part ar which is proportional to 7, that is, to é (see
(7.2.3), (7.2.10), and (7.2.13)). In this way, the adaptive control law takes into
account the parameter estimation transients. When the parameter estimate is
constant, the control law reduces to the “certainty equivalence” control. Let eu

examine an example of a system for which (7.2.12) is satisfied.
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Example 7.2.1 Consider the problem of designing an adaptive controller for the

system

. T

Ty = Zo+ (1) 0

To = u (7.2.14)
where 8 = [91,02]T is an unknown constant parameter vector, and the vector-

valued function ¢(z1) = [p1(z1), w2(z1)]" is known and smooth. We dealt with
this system in the extended-matching design. If the parameter 6 were known,

backstepping would result in the 0-dependent change of coordinates

21 = I
2 = X9+ ‘,0(.’1:1)T9 +cr (7215)
and the control law
5 T
U= 0.(z,0) = —21 — cpzp — (——(’0—- + cl> <x2 + go(ml)TH) (7.2.16)
61171

which ¢y, cy > 0, which results in the closed-loop system

—C1 1
i=Az, A= (7.2.17)

~1 —Ca

Due to the structure of A, an appropriate Lyapunov function is
v.(z,0) = -;—z(z:, 6) 2(z, 0) (7.2.18)
Observing from (7.2.1) and (7.2.14) that
f@=|"| Fo= . 9@) = (72.19)
and ebaluating

=z (7.2.20)
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with (7.2.19), (7.2.20), and (7.2.16), it is easy to show that

Ve (x) + Fla)o + gla)ecla,0)) =~ — 22 (7.221)

Let us now evaluate the partial derivatives appearing in (7.2.11):

oV,
89 = ZTez(pT = zz(pT (7222)
V.
Vey = fey=1 (7.2.23)
or

where (7.2.23) is immediate from (7.2.20) and (7.2.19). A comparison of (7.2.22)

and (7.2.23) reveals that 2% = %", so that a. is given by (7.2.13):

- oV, T )
Ol-,-(iL‘, 6) = —(pTF (%F(l‘)) = _(,DTFQD [ 1, %‘1:;9 + ¢ :| z (7224:)

Taking for simplicity I' = I, the resulting adaptive control law is
o ST
v = az,0)=—2 —cozg — (cl + —£—9> (wg + tp(wl)Tﬁ)
5.'1,‘1

—soTso[ 1, 291 | (7.2.25)

and the corresponding parameter update law (7.2.7) is

; - (OV. g

Note that in (7.2.25) and (7.2.26) we use z(z,0) instead of z(z,0). With the
choice of o and T given by (7.2.25) and (7.2.26), the derivative V of the Lyapunov
function V (z,0) = 12(z, 9)Tz(w, 0) + 1070 is guaranteed to be monpositive: V =
—c122 — 922, This assures that both z and @ are bounded. A standard argument

using the LaSalle- Yoshizawa Theorem proves that also z(t) — 0. O

In the above example, the desired factorization (7.2.12) of % is a conse-
quence of a particular feature of the system (7.2.14). The unknown parameter
appears in the first, while the control appears only in the second equation. It

is'not hard to see that the same factorization' (7:2.12) would be a possible for
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a higher-order plant, provided that the unknown parameter is separated from the
control input by at most one integrator. So the factorization (7.2.12) is not a fortu-
itous event, but a structural property. For systems with this “extended matching”
property, the above simple adaptive design is feasible. However, most systems fail

to posses the “extended matching” property.

A benchmark example is the third-order system

i = zo+o(z)70

11'73:'114

which has the form of (7.2.14) augmented by an integrator. In this system, 6
and u are separated by two integrators and we unable to find a7 which satisfies
(7.2.11). We will solve this problem with a recursive design which will circumvent

the obstacle posed by the restrictive condition (7.2.11).

7.2.2 - Certainty equivalence for a modified system

Condition (7.2.11) was dictated by our choice of the Lyapunov function V,(z, §) as
the “certainty equivalence” form of V,(z,8). The only good thing we know about
V.(z,6) is that it works when the factorization (7.2.12) is possible. Otherwise, we
do not know how to remove the indefinite term preventing the nonpositivity of V'
in (7.2.9). Having recognized that a cause of our difficulties is V,(z,6), we now
embark on a search for Lyapunov functions more suitable for adaptive control.
The key idea is to counteract the effect of é and thus prevent the parameter

estimate transients from destroying the nonpositivity of the Lyapunov derivative

We say that the system

z = f(z)+ F(z)8 + g(z)u (7.2.28)
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is globally adaptively stabilizable if there exist a function a(z, é) smooth on
(R™\ {0}) x R? with (0, ) = 0, a smooth function 7(z, §), and a positive definite

symmetric p X p matrix I', such that the dynamic controller

v = a(z,0) (7.2.29)

~ ~

0 = I'r(z,0) (7.2.30)

guarantees that the solution (z(t),0(t)) is globally bounded, and z(t) — 0 as
t — o0, for all 8 € RP.

Our approach is to replace the problem of adaptive stabilization of the
original system (7.2.28) by a problem of nonadaptive stabilization of a modified

system.

Definition 7.2.2 A smooth function V, : R® x RP — R, , positive definite and
radially unbounded in x for each 0, is called an adaptive control Lyapunov
Sfunction (aclf) for (7.2.28)if there exists a positive definite symmetric matric

I' € RP*? such that for each 6 € R?, Va(z, 0) is a clf for the modified system

T
i = f(z)+ F(z) (a + r(aa‘g’) ) + g(z)u (72.31)

that is, V, satisfies

, 0V
lnfueR ax

f(z)+ F(z) (9 + P(%%) ) + g(x)u] } <0 (7.2.32)

O

We now show how to design an adaptive controller (7.2.29) - (7.2.30) when

an aclf is known.
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Theorem 7.2.3 The following two statements are equivalent:

1. There exists a triple (a, V,,T") such that oz, 8) globally asymptotically stabi-
lizes (7.2.32) at x = 0 for each 6 € RP with respect to the Lyapunov function
Va(z,6).

2. There exists an aclf V,(z,0) for (7.2.28).

Moreover, if an aclf V,(z,0) exists, then (7.2.28) is globally adaptively stabilizable.
Proof (1 = 2) Obvious because 1 implies that there exists a continuous
function W : R™® x R? — R, positive definite in = for each 6, such that

Al {f(m) + Fo) (Hr(aaxgz) ) +g(m)a(x,0)} < -W0) (7233)

Thus Vy(z,0) is a clf for (7.2.31) for each 8 € RP, and therefore it is an aclf for
(7.2.28).

(2 = 1) The proof of this part is based on Sontag’s constructive proof [171]
of Artstein’s theorem [4]. We assume that V, is an aclf for (7.2.28), that is, a clf
for (7.2.31). Sontag’s formula (?7) applied to (7.2.31) gives a control law smooth
on (R™\ {0}) x RP:

N CRIC A
o(z,0) = i, B R (PP
,  Bag(z,0) =0
where
T
_f(:l),e) = f(z) + F(z) (0 + F(%%) ) (7.2.35)

With the choice (7.2.34),inequality (7.2.33) is satisfied with the continuous func-

tion

W(z,0) = \/ (83‘2 Flo. 0)>2 + (‘?g’ g(m,0)>4 (7.2.36)
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which is positive definite in = for each 0, because (7.2.32) implies that %‘—;ﬂ f(z,0) <
0 whenever Z2g(z,0) = 0 and z # 0. We note that the control law o(z,6) will
be continuous at x = 0 if and only if the aclf V, satisfies the following property,
called the small control property [171]: For each 8 € RP and for any € > 0 there
is a § > 0 such that, if  # 0 satisfies |z| < 8, then there is some u with |u| < €

such that

oV,
oz

f(z) + F(z) (9 + F(%%) > + g(a:)u] <0 (7.2.37)

Assuming the existence of an aclf we now show that (7.2.28) is globally
adaptively stabilizable. Since (2 = 1), there exists a triple (o, V,,T') and a function
W such that (7.2.33) is satisfied, that is,

oV, r oV,
o0 Oz

8? [f(z) + F(z)8 + g(z)a(z,0)] + F(a:)) < —Wi(z,0) (7.2.38)

0

Consider the Lyapunov function candidate

~

V(z,6) = Vi(z,0) + %(9 — &) 16 — ) (7.2.39)

With the help of (7.2.38), the derivative of V along the solutions of (7.2.28),
(7.2.29), and (7.2.30) is

. oV, R 174 e
V = 5 [f+F€+ga(a:,€)] + 5% I'r(z,0) — 6" 1(z,0)
_ oV, A ov, A OV 5 AT A
- = [f+F9+ga(x,e)] + 2T, 0) + 52 F0 — 67r(s,0)
o OV (V. \T , oV ;
< - — - 2 2.4
< —-W(z,0) % I‘( 5 F) + % I'r(z,6) (7.2.40)
Choosing
T
(z,0) = (‘Wa (m,é)F(a:)) (7.2.41)
Oz
we get

V< W(z, ), Vo€ R? (7.2.42)
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Thus, the equilibrium z = 0, § = 6 of (7.2.28), (7.2.29), and (7.2.30) is globally
stable, and by the LaSalle-Yoshizawa Theorem, z(t) — 0, that is, (7.2.28) is

globally adaptively stabilizable. a

The adaptive controller constructed in the proof of Theorem 7.2.3 consists
of a control law u = «(z, ) given by (7.2.34), and an update law b= I'r(z,6)
with (7.2.41).

It is of interest to interpret this controller as a certainty equivalence con-
troller. The control law a(z,8) given by (7.2.34) is stabilizing for the modified
system (7.2.31) but may not be stabilizing for the original system (7.2.28). How-
ever, as the proof of Theorem 7.2.3 shows, its certainty equivalence form afz, é)
is an adaptive globally stabilizing control law for the original system (7.2.28).
Hence, if a certainty equivalence approach is to be applied to a nonlinear sys-
tem, the system is to be modified to require a control law which anticipates the
parameter estimation transients. In the proof of Theorem 7.2.3, this is achieved
by incorporating the tuning function 7 in the control law «. Indeed, the formula

(7.2.34).for a depends on 7 via

T
ma/:f(x, 6) = a%f +7(z,0)" <0 + I‘(%Za) ) (7.2.43)

0 oz

which is obtained by combining (7.2.35) and (7.2.41). Using (7.2.41) to rewrite
the inequality (7.2.38) as

Ve

5 [f(z) + F(z)80 + g(z)o(z,0)] + Ve I'r(z,0) < —W(z,0) (7.2.44)

06

it is not difficult to see that the control law (7.2.34) containing (7.2.43) prevents

T from destroying the nonpositivity of the Lyapunov derivative.

Remark 7.2.4 A relevant question remains unanswered: If there exists an aclf

for(7.2128), ‘is this system/ globally asymptotically stabilizable for each 0 (and vice
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versa)? In other words, does the existence of a pair a,V, satisfying (7.2.33) for
some I' > 0 imply the existence of a pair (a®,V?) satisfying (7.2.33) for T =0
(and vice versa)? Adaptive Lyapunov designs available in the literature [59, 65,
69, 94, 156, 157, 186] are all for systems which are not only globally adaptively

stabilizable, but aldo globally asymptotically stabilizable for each 6.

As is always the case in adaptive control, in the proof of Theorem 7.2.3
we used a Lyapunov function V(z, é) given by (7.2.39), which is quadratic in the
parameter error 6§ — g. The quadratic form is suggested by the linear dependence
of (7.2.28) on §, and the fact that 6 cannot be used for feedback. We will now
show that the quadratic form of (7.2.39) is both necessary and sufficient for the

existence of an aclf.

We say that system (7.2.28) is globally adaptively quadratically sta-
bilizable if it is globally adaptively stabilizable and, in addition, these exist a
smooth function V,(z,8) positive definite and radially unbounded in z for each
6, and a continuous function W{z, §) positive definite in z for each 8, such that
for all (x(O),é(O)) € R™P? and all § € RP, the derivative of (7.2.39) along the
solutions of (7.2.28), (7.2.29), (7.2.30) is given by (7.2.42).

Corollary 7.2.5 The system (7.2.28) is globally adaptively quadratically stabiliz-

able if and only if there exists an aclf V,(z,6).

Proof The ‘if’ part is contained in the proof of Theorem 7.2.8 where the
Lyapunov function V(zx, é) is in the form (7.2.39). To prove the ‘only if’ part,
we start by assuming global adaptive quadratic stabilizability of (7.2.28), and first
show that 7(z, é) must be given by (7.2.41). The derivative of V along the solutions
of (7.2.28), (7.2.29), (7.2.30) given by (7.2.40), is rewritten as
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00

LT ((%%)T _ T) (7.2.45)

This expression has to be nonpositive to satisfy (7.2.42). Since it is affine in 6,

T
V= %‘;& [f+Fé+ga(x,é)]—l—a(;glI‘T(:c,é)—-éT((a%) —T)

it can be nonpositive for all (z,6) € R™? and all & € RP only if the last term
is zero, that is, only if T is defined as in (7.2.41). Then, it is straightforward to
verify that

oV, R ov.\T R
5 [f(z) + F(x) (0 + I‘( % ) ) + g(z)a(z, 0)]

T
= V+ (éT + ‘2‘2%) (T - (%‘;"F) ) (7.2.46)

S _W('T’ 0)

for allz,0 € R™P. By (1 = 2) in Theorem 7.2.3, V,(x,0) is an aclf for (7.2.28).
c

The above analysis applies also to the case where the unknown parameter

enter the control vector field:
z = f(z) + F(z)0 + [9(z) + G(z)blu (7.2.47)

In this case, the existence of an aclf V, is equivalent to the existence of a clf for

i = f(a)+ F(a) (e+r(%‘2&)T>

+ [g(z) + G(z) (0 +P(%‘;"> )} u (7.2.48)

The extension to the multi-input case is also straightforward.

the system
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It is of interest to examine the input-output properties of the system result-

~

ing from the application of the adaptive control law a(z, ) to the plant (7.2.1):

~ ~ ~

& = f(z) + F(z)0 + g(z)o(z, 0) + F(x)0 (7.2.49)

7.2.3 Adaptive backstepping via aclf

With Theorem 7.2.3, the problem of adaptive stabilization is reduced to the prob-
lem of finding an aclf. We now address the problem of systematic construction
of an aclf. Our aim is a recursive approach because we already know how to find
aclf’s for systems with the extended matching property, and expect to recursively
enlarge this initial class of systems with repeated use of backstepping. So, we
assume that an aclf is known for an initial system, and construct a new aclf for

the initial system augmented by an integrator.

Lemma 7.2.6 If the system
z = f(z)+ F(z)0 + g(z)u (7.2.50)

is globally adaptively quadratically stabilizable with a € C', then the augmented

system

& = flz)+ F(z)d +g(z)¢

. (7.2.51)
(& = u

is also globally adaptively quadratically stabilizable.

Proof Since system (7.2.50) is globally adaptively stabilizable, then by
Corollary 7.2.5 there exists an aclf V,(z,0), and by Theorem 7.2.3, it satisfies
(7.2.33) with a control law v = a(z,0). We will now show that

Vi(@,6,0) = Valw, ) + (€ ~ a(,6))’ (7.2.52)
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s an aclf for the augmented system (7.2.51) by showing that it satisfies

— (£ —a)? (7.2.53)

vy T
oy f+F(9+1“("’a‘g) )+g£ -
6($7 E) CM1($,E,9) o

with the control law

8
=o(z,£,0)= — 6‘; — (&~ a)—l——(f—!—FG—l—g&)
| da_ (Vi \T 8V, [da
+ 59F<axF > AT (%F ) (7.2:54)

Let us start by introducing for brevity z = £ — a(x,0). With (7.2.52) we compute

oz ¢

oWy | F+FO+g¢
9(z,¢)

} M —L(f + F0+ g¢) + oM —Lou(z,£,0) (7.2.55)

o (z,&,0)
oV, Oc
—(ax o >(f+F9+g£)+za
8V V.
BV 8V o
= Z2(f + FO + go) + 2 o (/ + Fo +g¢)
oz oz
On the other hand, in view of (7.2.52), we have
Fr(2a)” T
ilé (&) | . M pp (M (7.2.56)
o(z, &) 0 oz 06

oV, Oa ov,\T
_(Ba: Bx)FF<89>
oV, ov, da_ (Vi \T oV, _[0a \T
~ Oz (aa) <39F<a F) 0 (EEF>>

Adding (7.2.55) and (7.2.56) with (7.2.33) and (7.2.54), we get

ovi |7+ F (4T3 ) 4ot | _ Ay a (ava 7
Az, ) a1(z, &, 6) 39)

oV, da da_ (Vi \T oV, [(8a \T
( gz 9 " g TEOH 90~ 5l (a F) "FJP<5EF)>
(7

< Wz, ) =2 2.57)
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This proves by Theorem 7.2.3 that Vi(z,&,0) is an aclf for system (7.2.51), and

by Corollary 7.2.5, this system is globally adaptively quadratically stabilizable. O

The new tuning function for system (7.2.51) is determined by the new aclf

V1 and given by

e = (| 7]) - (G - (5 e-o2) ]
- T(a:,e)—<%;fF)T(§—a) (7.2.58)

We note that the new tuning function 7 is obtained by augmenting the initial
tuning function 7 with the term — (g—‘:F)T(f — o) which accounts for the fact that

the aclf V, is augmented by 1(¢ — a(z, §))*

The form of the control law o4(z,,6) in (7.2.54) is of particular interest.

It comsists of two parts, a; = oy . + .. The first part,

ov,
oz

e, 6,0) =35 29 — (€ —a) + 2 (1 1 Fo -+ gt) (7.2.59)

would become the “certainty equivalence” control law for the augmented system

(7.2.51) if we were to set I' = 0. The second part consists of two terms.

_Oa_(0Vi \T oV, [da _\T

‘Their role is to produce %FF(%‘%)T in the aclf inequality (7.2.53). Observe that

: . T
the first term in (7.2.60) incorporates 71 = ($2F)".

The control law a4(z,£,0) in (7.2.54) is only one out of many possible
control laws. Once we have shown that V; given by (7.2.52) is an aclf for (7.2.51),
we can use, for example, the C° control law oy given by Sontag’s formular (7.2.34)

with a_?;{lg_)gl =z and
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vy T
Mg - f+F(9+F(%) >+g§ (7.2.61)

T
- %§G+ﬂ0+4ﬁ%&9f(?+F<%§))

It can be shown that the following function, used as a clf in [158], is a more

general aclf than (7.2.52):

§—a(:z:,0)
%@&m=%@@+/ n(s)ds (7.2.62)
0

where 7 is a C° function such that sn(s) > 0 whenever s # 0, '(0) > 0, and
n & L1((—00,0]) U £1((0, +o0)).

The following example illustrates the use of Lemma 7.2.6.

Example 7.2.7 Let us consider the system

d?l = X9 4 go(xl)TB
Ty = I3 (7.2.63)
j,'g = U

we will treat the state x3 as an integrator added to the (xy,zs)-subsystem from

Ezample 7.2.1. In the example, we have already designed an adaptive control law

for the system

Ty = Io+ 90(5171)T9

considering z3 as a control input. With (7.2.18), (7.2.19), (7.2.20), and (7.2.22),
it can be shown that

(@) + F(z) (9 + (%?)T>

oV,
oz

=127 Cada (7.2.65)
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which means that V,(z1, T2, 0) = Vo(z1, T2, te) = (2] +23) is an aclf for the system
(7.2.64) considering z3 as a control input. Therefore, Lemma 7.2.6, the function

directly applicable. We define z = 3 — oz, 0). By Lemma 7.2.6, the function

Vi(z,0) = = (28 + 25 + 23) (7.2.66)

N =

is an aclf for the system (7.2.63). With (7.2.54) and (7.2.58), we obtain

9 z2+90 | 9
on(z,0) = —z1—c3z3— —3(321;.5222) { ’ :I + 53-7'1
b xs
+2290T§_z (7.2.67)
n@0) = - g (7.2.68)

With the following adaptive control law and the parameter update law:

~

u = o(z,0) (7.2.69)

A -~

§ = r(z,0) (7.2.70)

it 1s straightforward to verify that the closed-loop adaptive system is

21 —C1 1 0 2]
22 = -1 —Co 1- g,ﬁlwf 22
2 0 —1+&pf  —c 2
1
+| 254 4 ¢ 0o (7.2.71)
)
— Sa
a1
A
0 = 90[ 1, %‘gé-l-cl, —535“7 ] 29 (7.2.72)
23

where 21, 29, 23 are used with 6 as an argument. The global stability of this system

is ‘established using the Lyapunov function V (z,0) = Vi(z,8) + 1674. 0
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While in Lemma 7.2.6 the initial system is augmented only by an integrator,
a minor modification is sufficient to obtain an analogous result for the more general
system
i = f@)+F@)0+g(a)

_ (7.2.73)
£ = u+ F(z,£)0

Corollary 7.2.8 The function Vi(z,£,0) defined in (7.2.52) is an aclf for the

system (7.2.73) with the control law and the tuning function given as

T
ar(z,€,0) = a(z,€,0)— Fi(z,€) (9 + I‘(%‘gc) ) (7.2.74)
n(z,6,0) = 71(2,£,0) + (€ — a)Fi(z,&)" (7.2.75)

O

A repeated application of Corollary 7.2.8 will further extend the class of
nonlinear systems for this type of adaptive design. With the knowledge of V;, 7,
and « for the system (7.2.73), it is not hard to see that by applying Corollary 7.2.8
twice we can find V5, 75, and as for the system

& = f(z)+ F(z)f + 9(2)&
& = &+Fi(z,60)0 (7.2.76)
b = u+ Fy(z,£,86)0
In fact, it is clear that an n-fold application of Corollary 7.2.8 will provide us with
Vi, Tn, and a,, for the system
z = f(z)+ F(z)d + g9(x)&
& = &L+F(z,6)0
' (7.2.77)
bt = Ent Farr(@,60,- - €nmn)0
£ = u+Fu(z,6,....6)0

We will now develop a detailed design procedure for such systems.
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7.3 Set-Point Regulation

With repeated use of Corollary 7.2.8, we can design an adaptive controller to

globally stabilize a desired equilibrium z° of the parametric strict-feedback system

(6.2.1):
1 = To+ @ (ml)TH
fy = x3+@a(z1,12)70
(7.3.1)
Ip-y = T + Qon——l(mla TR mn-—l)Te
Bn = B(z)u+@u(x)76
where 8 € RP? is a vector of unknown constant parameters, 8 and
F=[p1,...,0n (7.3.2)

are smooth nonlinear functions taking arguments in R™, and f(z) # 0, Vz € R™.

In this section, we develop a procedure for adaptive regulation of the output

y = 7 to a given set-point ys. With a constant control u¢, the first n-1 equilibrium

equations of 2° = 0 in (7.3.1) can be successively solved for z§, . . ., z¢ as functions
of z§ and 6:
25 = —p(25)76
75 = —po(af,a5)"6
(7.3.3)
25 = —pu(aS,..,25) 70

Then the n* equation ¢ = 0 yields a relationship between z¢, u®, and §. When
6 is known, then 22 = 0 can be solved for u® needed to keep z{ at a desired
set-point 2§ = y,. The corresponding values z§, . . ., ¢ will be dictated by (7.3.3).

Therefore, for each value of # and a prescribed ys, the equilibrium z°® and the
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corresponding control value u® are uniquely defined. In the special case where
©1(0) = --- = p-1(0) = 0, the choice y; = 0 results in the equilibrium being

z¢ = ( for all values of 6.

Our problem now is to globally stabilize this equilibrium when 6 is unknown

and also to achieve set-point regulation: z(t) — z° as t — oo.

Comparing the systems (7.3.1) and (7.2.73), we observe that if z3 were the
control variable, then Corollary 7.2.8 would provide the desired adaptive control
for the subsystem made of the first two equations of (7.3.1). Therefore, we can
initiate our recursive design procedure by augmenting his subsystem by the third
equation, as in (7.2.76). For convenience, we will do this in a self-contained
fashion, independent of Section 7.2. An additional feature of the procedure in
this section in a set of error coordinates in which the stability properties of the
resulting closed-loop adaptive system are clearly displayed without an explicit use

of the aclf concept.

7.3.1  Design procedure

We will start by adaptively stabilizing the first equation (7.3.1) considering x5 to
be its control. At each subsequence step, we will augment the designed subsystem
by one equation. At the i" step, an i**-order subsystem is stabilized with respect
to a Lyapunov function V; by the design of a stabilizing function o; and a tuning
function 7;. The update law for the parameter estimate é(t) and the adaptive
feedback control u are designed at the final step. The third step is crucial for

understanding the general design procedure.

Step 1. Introducing the first two error variables
21 = X1 —Ys (734)

29 = TIg— Q1 (735)
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we rewrite £; = o + cpl(a:l)TG, the first equation of (7.3.1), as
21 =29+ o +wp (xl)TG (736)

where, for uniformly with subsequence steps, we have defined the first regressor

vector as

wi(z1) = p1(21) (7.3.7)

Our task in this step is to stabilize (7.3.6) with respect to the Lyapunov function

V= %zf + %éTr*lé (7.3.8)

whose derivative along the solutions of (7.3.6) is
Vi=2 (2 4 oy +wl6) — éTF—l(é —Twy21) (7.3.9)
We can eliminate § from V; with the update law é = I'ry, where
T1(z1) = wi(z1)z1 (7.3.10)

If z, were actual control, we would let z, = 0, that is, zo = ;. Then, to make

Vi = —¢12%, we would choose

-~ ~

oy (z1,0) = —c12 — we(z,) 70 (7.3.11)

Since x5 is not our control, we have 2z, # 0, and we do not use 6 = I'ry as an
update law. Instead, we retain 71 as our first tuning function and tolerate the

presence of § in V;:
‘./1 = —clz% + 2120 + éT(F_lé - 7'1) (7312)

The second term 22, in V; will be cancelled at the next step. With a;(z1, 5) as

in (7.3.11), the 2;-system becomes

21 =—c1z1'¥ 2o+ (l‘l)TG (7313)
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Step 2. We now consider that z3 is the control variable in the second equation

of (7.3.1). Introducing
23 = T3z — Qg (7314)

o T
we rewrite To = T3 + wo(z1,Z2) 6 as

. Oa Oa
29 = 23 + g — a—f.’ﬂz + wz(.’El, T9, 9) 60— _3;1.0 (7315)
where the second regressor vector w, is defined as
A Oa
wo(T1,%2,0) = w2 — 3—1S01 (7.3.16)
Z1

Our task in this step is to stabilize the (21,z22)-system (7.3.13), (7.3.15) with

respect to

1
Vo=V + §z§ (7.3.17)

whose derivative along the solutions of (7.3.13) and (7.3.15) is

. O oo
Vo = —612%4—22 [21+Z3+O£2—5$—i$2+ TQ_ 6919]

+§T (7'1 + we2p — F—lé) : (7318)

We can eliminate § from V, with the update law 6 = I'ry, where

- 21
T9(T1,T2,0) =11 + Wazp = [ wy , We ] (7.3.19)
23
If 23 were our actual control and, hence, z3 = 0, we would achieve Vs = —17) —

ca22 by designing a» to make the bracketed term multiplying 2, in (7.3.18) equal

to —co29, namely

~ Ou
ao(Z1,2,0) = —21 — Coza + — o — T9 +
3.’171

30;)1 I'r (7.3.20)

We retain 7, as our second tuning function in the term I', which replaces 6 in
(7.3.20). However, we do not use 6 = I'r, as an update law, so that the resulting
Vz is

‘./2 = —clzl — 6222 4+ 2923 4 22389 (FTQ i 9) + GT(TQ F_lé) (7321)
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The first two terms in V5 are negative definite, the third term will be cancelled
at the next step, while the discrepancy between I'r» and § in the last two terms

remains. By substituting (7.3.20) into (7.3.15), the (21, 2;)-subsystem becomes

z —c 1 z wl | . 0
= ! Sl Y 6+ . |(7.322)
22 —1 —Cy 29 wg Z3 + %(FTQ - 6)

Step 3. Proceeding to the third equation in (7.3.1), we introduce
24 = T4 — Q3 (7323)

o _N\T
and rewrite £3 = =4 + @3(z1, Z9, 73)" 0 as

. 0 0 AT Oag A
23 =24+ 03 — —B%I%xz - £x3 +ws(z1, 22, 23,60) — %6 (7.3.24)

where the third regressor vector ws is defined as

~ Oc O
w3(x1,$2,$3, 9) = 3 — a—xjgol — Ep’fgoz (7325)

Our task is to stabilize the (z1, 2y, 23)-system with respect to

V=V + %zg (7.3.26)

whose derivative along (7.3.22) and (7.3.24) is

Vs = —c122 — o2 + zz%(rﬁ - é)
Oa Oa ~  Oag i
+23 [22 + 24 + Qg — 6—;.’172 - a—xz.’L‘g + ng - '55%6:'
+§T (7'2 + w323 — F—lé) (7327)

We can eliminate § from V; with the update law 6= I'r3, where 73 is our tuning

function

2]

73(T1, T2, T3,0) = 7o + w23 = [ Wy, W, Ws ] 29 (7.3.28)

23
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If z3 were our actual control, we could have z; = 0 and achieve V3 = — 22 —
c72 — c322 by designing a3 to make the bracketed term multiplying 23 equal to

—c323, namely

A Oay 8a2
013(.’121, Z9,I3, 0) —29 —C323+ — T2+ — Oz
2

~  Oa
o, —wll+ 6—0?1“73 + v3 (7.3.29)

where 13 is a correction term yet to be chosen. Substituting (7.3.29) into (7.3.27),
and noting that

é—FTg = é—-‘FTg +F93 —P'Tg
— 6—Trs+ Twyzs (7.3.30)
(7.3.27) is written as
. 9 9 6041
Vz; = —C12] —C22y + 23| vy — -5‘9\—].—"(,0322 + 2324

day 6012) ~ =15
+ I'm —6)+06 — 0 7.3.31
( %+ 20 22) (O =)+ P -T) (1331

and the (21, 29, 23)-subsystem becomes

) - 1 0 21 wl 0
2 = -1 —c 1 z | + wg 0+ —%‘"51ng23
23 0 -1 —c4 23 wl 3
0
+ -@-L(PT?, — 9) (7.3.32)

24 + 6_042_(1-\7_3 _ 9)

If 24 were our control, we would have z, = 0, and with the update law 6= I'r3, the
last vector in (7.3.32) would be zero. However, the potentially destabilizing term
—%‘151-].—"(,0323 would still remain. This unmatched term must be accommodated by

a choice of the correction term v3. From (7.3.31), the choice of v5 is immediate.

~ 0
v3(T1, %o, T3,0) = —ai;lI‘wgz2 (7.3.33)
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We again postpone the decision about & and do not use 6 = I‘Tg as an update law.

The resulting Vj is

. Oa O i
Va = —a12f —cozk — 328 + 2324 + (zz——aj + 23—5972> (T3 — 6)
+-67 (13 — T716) (7.3.34)
and the (21, 23, z3)-subsystem becomes
2'51 —C 1 0 21 ’U.)"lr
22 = -1 —Ca 1-— %F’I.Ug 29 + ’I.Ug é
2:’3 0 -1+ %%l].—"w;; —C3 zZ3 ’I.U:{
0 0
+ o |+] 2| (-6 (7.3.35)
Z4 %}

The ‘system matrix’ in (7.3.35) has a significant property: the skew symmetry
of the nonlinear term %F’U)g achieved by the choice of v5 in (7.3.33). This term
is analogous to the second term in (7.2.60) and the skew symmetry is crucial for

stabilization.
Step 4. Introducing
Zit1 = Tiq1 — QG (7.3.36)
we rewrite ; = ;11 + @(z1, ..., 2;)7 0 as
i1

. N Oay_q 2
'éi =2z +oy— Z aazklxk_H -+ wi(:zzl, vy g, 0)T9 — Cayé 19 (7337)
k=1

where the 7** regressor vector is defined as

A Oa;_
wi(zs, ..., 5,0) =0 — 3 Sy, (7.3.38)
B:Z:k
k=1
Our objective is to stabilize the (zy, ..., z;)-system with respect to
Loy

2 7
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whose derivative is

2~1

1—2
0
= "chzk (sz+l - ) (Tri- 1—9)
k=1 7z

-1

3011;_ A aai_ A
+2; |:Zi—1 + Zip1 +o; — Z 11Ek+1 + ’LU;F@ - 19
i1 9Tk 00

+07 (751 +wizi - P-lé) (7.3.40)
We can eliminate 8 from V; with the update law é = I'r;, where

Ti(.’El, vy Ly, é) = T;-1 + zZ;w; (7341)

——

21

2
Then, in the absence of z;;1, we would achieve Vi=-3"¢ k22, by designing o

L ak=1

to make the bracketed term multiplying z; equal to —c;2;, namely

- Oa;_ Oa;_
ai(iﬂl,---,xi,@) = —Z szz'i"z & 1$k+1—w 9+ ae I'r;
Tk
+v; (7.3.42)
where v; is a correction term yet to be chosen. Nothing that
é - ]-—‘Ti—l = é - ].—‘Ti + ].—‘Ti - FTi-—l
= 0-Tr+Twz (7.3.43)
we rewrite V; as
L ' Oa;_ ;
Vi, = — cz2+zi[zi oy - — FTi—é]
; k2 +1 PY; ( )
-2 Doy .
+ Zk+1—-— (].—‘7'1,._1 - 0) + OT(TZ 10)
P 00
3ak
= chzk+zz Zip1 + Vi — Zz,m—rwz (7.3.44)

(szﬂ O‘")(r 6) 0% (o ~ I76)
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and represent the (21, ..., 2;)-subsystem as
[ —C 1 0 0 0
—1 —Cy 1+ 023 to 09,i-1 0
Z . . 21
0 —1 — 093 ) T . .
: : 1+o0i0;-1 O
Z:LL' Z;
0  —o2:1 o ml=oyg —Ci—1 1
0 0 0 —1 —¢;
0 — - - —
0 0
’U)’{ 02,4 . ooy
+ |6+ : +| |+ ¥ | (trn-6) (7.345)
0 :
UJ;TF 0i—1,i%i Sous
Zit1 5
v; - - - -
where
A Oa;_
oz, 0) = —ZH 1y, (7.3.46)
af
Now the correction term is chosen as
2 da
vi(z1,...,2:,0) = szH aAk]."wz = Z Ok,i%k (7.3.47)
k=1

Because we do not use § = I'r; as an update law, the resulting V; is

i -1 . .
= Z ckzp + ZiZip1 + (Z Zk+1%) (T — 6) + 67(r, —T7'6) (7.3.48)

k=1 k=1
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and the (21, ..., 2;)-subsystem becomes
[ —C1 1 0 0
Z ~1 —Cy 1+ 093 - 09 z
= 0 -1 - 093
Z; 14051, 2
0 —09; ~-1- Oi-1, —G;
0 0
wi
. : Oy 2
+ 0t 10+ +| % | (T'r;—6) (7.3.49)
0 :
T
Ws Oa;—1
| z’L+1 i | 6é i
Step n. At the final step, we introduce
Zn = Tp — Olp—_1 (7.3.50)

and rewrite the last equation @, = B(z)u + @, ()70 as

8O['n.—l T 80!«,,,_.1 A
- ~ 7.3.51
81']9 ($k+l + P 9) 89 ¢ ( 3.5 )

n—1
k=1
where the last regressor vector is defined as

L o
A n—1
wn(z,0) = @, — 5. P
k=1 k

(7.3.52)

In this equation, the actual control input is at our disposal. We are finally in
the position to design our actual update law § = I'r,, and feedback control u to

stabilize the full z-system with respect to

1
V, = m_1+§z§ (7.3.53)
1

1- -
= Esz + EHTF"IH
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Our goal is to make V,, nonpositive:

n—1 n—2

. Oay,

Vn = - E Ckzz + ( E Zk+1——> (F’Tn 1— 9)
P 06

k=1

n—1

60[11.—4 TA aan—~l A

+ 2z, Zn—1+,3U“‘Z Tr41 + w, 0 — —0
[ o Oz, 00

+ 67 (Tn_l + Wp 2y — I‘”lé) (7.3.54)

To eliminate 8 from V.., we choose the update law

é = I'mu(z, é) =71 + Twyz, (7.3.55)
= TW(z6)z
where the regressor matrix W is composed of the regressor vector wy, ..., Wy:
W (z,0) = [wy, ..., wn] (7.3.56)

We choose the control u to make the bracketed term multiplying z, equal to

—CnZn:

U= Zp_1 — CpZn + s — W, Zn + —I'1, + v, 7.3.57
. ﬁ( z = ) 7357

where v, is a correction term yet to be chosen. With (7.3.57), V,, becomes

n—2
Iol A
Z crzi + <Z Zht1 %) (CTpe1 — 6) + 2,1 (7.3.58)

Then, noting that

6 —T1yy =T7, — Tr,_; = Tz, (7.3.59)
we rewrite V;, as
n—1 n—2 80[
Vo=— Coze + zn | Un — z ——AkI‘wn 7.3.60
_ ; % 2k ( ; k1 ) ( )

Now the correction term v, is chosen as

n—2

A Oa
va(z,0) =Y zk_,_lgél"wn = Z'yknzk (7.3.61)

k_
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We have thus reached our goal:

V==Y az (7.3.62)
k=1

The overall closed-loop system is

2 = Ayz,0)z+W(z,6)T0 (7.3.63)
6 = TW(zb)z (7.3.64)
where
—C 1 0 L 0
-1 —Cy 14 093 Oon
A(z0) =1 0 —1—0op - : (7.3.65)
1+ On—1n
0 —O2n T —-1- On—1,n —Cn J

The system (7.3.63) will be referred to as the error system. It is important to

note that a major portion of the designed effort was invested into achieving

51

Ay(2,0) + Ay (2,0)" = —2 , Y(z,0) ER™  (7.3.66)
Cn

which yields (7.3.62) with the simple quadratic Lyapunov function (7.3.53). We
observe that, as desired, the system (7.3.63)-(7.3.64) has an equilibrium at (z,6) =
(0,0). The stability properties of this equilibrium will be established in Sec-
tion 7.3.2.

Example 7.3.1 In application of the tuning functions procedure, we do not need
to repeat the Lyapunov argument. All we need for a specific design are the final

analytical expressions provided by the procedure. Let us now illustrate this by
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designing an adaptive controller for the benchmark system from Ezample 7.2.7:
T = Zo+ (p(.’L‘l)TG
To = I3 (7.3.67)
.’tg = U

The design objective is the regulation of the output y = x; to the set-point y;. The

first three expressions provided by the procedure are the definitions (7.3.4), (7.3.5),
and (7.3.14) of the error variables

21 = Z1—Ys
7 = z3—ai(z1,0) (7.3.68)
3 = I3~ 012(171, Za, é)

where ay and oy are the stabilizing functions given by (7.3.11) and (7.3.20):

~

& = —clzl—cpTG

8(11 TA 8a1
= — — — —_ 7.3.69
(a2 Cozyg — 21 + 524 (T2 + ¢ 0) + 2 Ta ( )

The tuning functions, determined from (7.3.10), (7.3.19), and (7.3.28), are

= 2p
0
T2 = 7'1—22—'—8:1 (7.3.70)
1
8&2
3 = T2-Z36_a:—1—

With the above expressions and the choice ' = I, the parameter update law and

the feedback control are obtained from (7.3.55) and (7.3.29), respectively. They

are
A (9(11 8&2
6 = = — 2y — Zy—— 7.3.71
(Eaal i P Ak e ( )
8@2 TA (67) (9a2
= - - - ) i~ —_—
u C323 — 29 + oz, (o + 9" 0) + 97 z3 + Py T3

2 86 Oz,

(7.3.72)
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This completes the design of the adaptive controller for (7.3.67). In the (z,0)-

coordinates the designed system is

—Cy 1 0 1

z = —1 —cy 6a2|(pl z+ .?)_al (,DTG~ (7373)
0 —1+82p" - — 52

i = ~<p{1, g _g.g%]z (7.3.74)

It is of interest to relate the stabilizing functions oy and a and the control law
u to the material from Section 7.2. The stabilizing function oy has a “certainty
equivalence” form. The stabilizing function oo has the term %‘9172 which ac-
counts for parameter estimation transients, while the rest of it is in the “certainty
equivalence” form. The control law uw departs from the “certainty equivalence”
form in the last two terms whose role in the same as that of (7.2.60). The last

921 — _ T this term contributes with

term in u s particularly important. Since —
+ - aa?[gol in the 1system matriz’ in (7.3.73) and achieves the skew symmetry,

which s crucial for stability. O

7.3.2 Stability and convergence

To investigate stability properties of the closed-loop adaptive system (7.3.63)-
(7.3.64), we express ¢;, oy, 7;, and w; in the z-coordinates. Then, by the uniform
stability theorem, the global stability of the equilibrium (z,8) = 0 follows from
the fact that the derivative V, of V,, along the solutions of (7.3.63)-(7.3.64) is
given by (7.3.62).

From LaSalle’s Invariance Theorem, it further follows that the ((n + p)-
dimensional) state (z(t), 8(t)) converges to the largest invariant set where Vv, =0.

This means, in particular, that z(t) — 0 as t — 0.

We now set out to determine M. On this invariant set, we have z = 0 and
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2=0. Setting z =0, 7 = 0 in (7.3.63) we obtain 0 = 0 and
W(z0) (0-0)=0, V(2,0 eM (7.3.75)

From (7.3.38) and (7.3.56), it is easily seen that

1 0 0
AT ’"g—al 1 5 T a A T
W(z,0) = o F(z)" £ N(2,0)F(z)" (7.3.76)
: 0
Ban_1 aa'n.—l
e T Tomem 1|

Since N(z,8) is obviously nonsingular for all (2,0) € M, then (7.3.75) and (7.3.76)

imply
Fz)'(0-60)=0 onM (7.3.77)

Now we show that z = z° on M. Since 2; = z; — y, then z; = y, = z§ on M. In

view of (7.3.77), we get
0~0) p1(z5) =0 on M (7.3.78)

Recall from (7.3.11) that oy = —c12; — éTwl. Therefore, on M, we have a; =
—éTgol(a:‘{). Combining this with z, = 0 = 2, — a; and (7.3.3), we get x5 = 25 on

M. Using (7.3.77), we obtain
(0 —8) pp(2%,25) =0 on M (7.3.79)

Continuing in the same fashion, we prove that z; = z¢ and (8 — é)Twi(xf, e, XE) =
Oon M, i=1,...,n. Thus, the largest invariant set M in E is
M = {(z, ) eR™? | =0, FT6 = 0} (7.3.80)
= {(x,é) eR™P |z =0, FT§ = FeTH}

where F, = F(z¢). The two equivalent expressions for M and the convergence of

(2(t),0(t)) to M prove that z(t) — z¢ as t — oo.



CHAPTER 7. TUNING FUNCTIONS DESIGN 149

An important property of M is its dimension, p—rank{F,}. When rank{F.,} =
p, then dim M = 0, that is, M becomes the equilibrium point z = z¢, 6 = 6. This
means that the parameter estimates converge to their true values, so that the

equilibrium z = z¢, § = 6 is globally asymptotically stable.

The above facts prove the following result:

Theorem 7.3.2 The closed-loop adaptive system consisting of the plant (7.3.1),
the controller (7.3.57), and the update law (7.3.55) has a globally stable equilibrium
(z,0) = (2¢,6). Furthermore, its state (z(t),6(t)) converges to the (p—rank{F.})-
dimensional equilibrium manifold M given by (7.3.80), which means, in particular,

that

lim z(t) = z° (7.3.81)

t—o0
If y, = 0 and F(0) = 0, then tlim z(t) = 0. The equilibrium z = z°, § = 6 is

globally asymptotically stable if and only if rank{F.} = p. O

As the dimension of M reduces, the stability properties of the adaptive
system improve. The most desirable case is when M is an equilibrium point, in
which case, this equilibrium is globally asymptotically stable, and the parameter
estimates converge to the actual parameter values. Global asymptotic stability
can be achieved with as many as p = n unknown parameters. This is among the

main advantages of eliminating overparametrization.

We now discuss the basic stability properties established in Theorem 7.2.12

on a simple example.

Example 7.3.3 We consider the second order system with an unknown parameter

vector 6 € RP:

.’1.31 = X9 —+ (,01(.’131)7‘0 (7 3 82)

Ty = u+(,02(a:)T0
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The control objective is to regulate z to zero (¢ = 0). We define the error variable

21 = In

. (7.3.83)
29 = X9 — al(xl, 9)
The controller is designed applying (7.3.11) and (7.3.20) as
a = —C21 — 1 ($1)Té
daq 3901-’151T A oy T

= = = — = - 3.84
83:1 &1 6.’1,‘1 0, Y (,01(.’1)1) (7 3.8 )

Oa oo ~ Oy =

U = —21—C29+ a—xixz - (()02(;1;)1-‘ — _871:_1{()01(;1;1)1"> f + —6'9\—19

while the parameter update law is

~

0 = P [ ©Y1, Pg— -g—gll(pl ] z (7385)

The resulting error system is

— 1 T -
i=| 24 4 ; (7.3.86)
-1 —e @3 — Z—ifsof

Now we illustrate and discuss the stability properties established by Theo-
rem 7.3.2. From (7.3.82) we see that 2¢ = 0, 25 = —;(0)78. By Theorem 7.3.2,

the point
T 0
zo | = | —1(0)70 (7.3.87)
é 0

is a globally stable equilibrium, and the stable of the closed-loop system converges

to the equilibrium manifold

R z 0
M = {(@fer¥| | | = i
T9 —(,01(0) 0
901(0)T 2
. T (9 — 9) =0 (7.3.88)
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A basic question that one would ask is: What type of figure in R**? is M? Our

further discussion will, without loss of generality, be limited to p < 2.

In the simplest case where dim6é = p = 1, the following two possibilities

exist:
t

e If both ¢;(0) = 0 and ¢,(0,0) = 0, then the manifold M is the subspace
z =0 C R3, that is, M is the f-axis

e If either ¢; # 0 or v3(0, —1(0)#) # 0, then the manifold M is the single
point z; = 0, zo = —,(0)4, 0 = 6. This point is an equilibrium which is

not only globally stable, but also globally asymptotically stable.

Next, we analyze the case p = 2.

1(21)" w3 e | 01(0)" 0 1
. Since =

o ()T cosz; 0 ©2(0)T 10
has full rank, the manifold M is the single point z; =0, 2o = —0,, 91 =0,

I

e Suppose

by = 62, which is a globally asymptotically stable equilibrium.

©1(z1)T —cosz; €™ _ ©1(0)7 -1 1
e Suppose = . Since = ,

©a(z1)T sinz; 0 02(0)" 0 0

the manifold M is the linear variety z; = 0, zo = 6; — 65, 92 — 91 =0, —06,.
Neither of the parameter estimates in guaranteed to converge to the actual
parameter value, but they are jointly converging to the line 92 = 91 +65—06,

in the plane z; = 0, zo = 6, — 0.

o1(z1)" 3 =1 | e(0) 00
e Suppose | = . Since o=
QDQ(!El) Sil’l.’L‘l 0 (,02(0) 00

the manifold M is the plane (linear variety) x = 0. This is the case of the
weakest convergence properties because one cannot guarantee that the pa-

rameter estimates converge to-any submanifold in the plane M.
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7.4 'Tracking

The set-point regulation design is readily extended to the task of tracking.

"The control objective is to free the output y = z; of the system (7.3.1)

I = ITo+ 901($1)T9
Ty = I3+ 902($1,$2)T9
(7.4.1)
) T
Tpn-1 = ZTnp+ (pn—l(xl; e )xn—l) 0

tn = B(z)u+ on(z)70

to asymptotically track the reference output y,(t) whose first n derivative are

assumed to be known, bounded, and piecewise continuous.

An alternative control objective would be asymptotically track the output

of a known asymptotically stable linear reference model

Yr = Gm(S)’I‘(S) = km T(S) (742)

St My 1271+, 4+ myg

where the denominator is Hurwitz, k, > 0, and r(¢) is bounded and piecewise

continuous. A realization which is of particular interest is

_ - - -
0 1 0 0
Ty = Ty +
0 0 1 0 (7.4.3)
—mMy —Mp—1 km

Yr = Tm
because, in this case, the derivatives of y, are available as the states of the reference

model: yg) =Tmit1, ¢=0,...,n—1.
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These functions are used in the design for tracking.

z = -y~ (7.4.4)
Oa;— Oa;—
1—1 . 7 i—1 k
(33170 y( )) = TRl T GR W 0—!—2 ( By a:k+1 + ayﬁk‘l)% ))
o Qo1
—ks|wil*2 I'r; + Z 2 (7.4.5)
k=2

(2, 0,357Y) = 14wz (7.4.6)
i—1 Oaus

wi(Z:,0,5877) = ;- a;—lsﬂk (7.4.7)
k=1 ok

fori=1,...,n,Z; = (z1,...,2;) and gjﬁi) = (yr,yr,...,yﬁ”)

Adaptive control law:

(T (n—1) (n) 4.
= )[ n(z,0,751) + yi] (7.4.8)

Parameter update law:

8 = Tra(z, 6,5 V) = TW2 (7.4.9)

The closed-loop adaptive system consisting of the plant (7.4.1), the con-
troller (7.4.8), and the update law (7.4.9) has a globally uniformly stable équi—
librium at (z, é) = 0, and tlim = (0, which means, in particular, that global

asymptotic tracking is achieved:

tlim [y(t) — v (¢)] =0 (7.4.10)
Moreover, if hm yD =0,i=0,...,n—1, and F(0) = —, then lim z(¢) =0

t—00

7.5 Unknown virtual control coefficients

For the sake of clarity, the adaptive design in this chapter was presented for the

class of parametric strict-feedback system. We now give an extension of the tuning
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function design for systems with unknown virtual control coefficient. Consider

systems of the form

1 = bzo+ Sol(xl)Te
Ty = bazz + pa(T1, )70

(7.5.1)
T; = biZiy +@i(z1,...,7:)70, i=1L...,n-1

£, = bnﬁ(x)u-l-(pn(xl,...,xn)T@
where, in addition to the unknown vector 6, the constant coefficients b; are also
unknown. We refer to the coefficients b; as the ’virtual control coefficients’ The
occurrence of the unknown b;-coefficients is frequent in appliééﬁiGns ranging from

electric motors and robotic manipulators to flight dynamics.
When the signs of b;, i = 1,...,n, are known.

We consider two special cases of (7.5.1). The extension to the general case

is straightforward but tedious.

The first special case is when the only unknown virtual control coefficient

is the *high-frequency gain’ b,:

. T .
T; = Ziy1+ @i(z1,...,15) 0, 1=1,...,n—1
a1t edm ) (7.5.2)

Ty, = bnﬁ(x)u"_gon(xl)---:xn)Tg

For this case the modification of the tuning functions design is simple. In the de-

sign of tuning function for tracking, we only need to change the control law (7.4.8):

~

__2 j a(n=1)y ¢, (n)
u= ﬁ(.’l?) [an(x7 0: Yr ) + Yr ] (753)

where g is the estimate of p = 1/b,, computed as

0 = —ysgn(b,) (o + yt™) 2, >0 (7.5.4)
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We are only using the knowledge of the sign of the unknown parameter b,. In
this simple case it is not necessary to estimate b, itself. It can be checked that the

resulting error system has the form (??) with an additional term due to § = o — 4:

0
&= Ay(2,0,)2+W(z,0,t)7 0+ ' 5 (7.5.5)

0

~b (an + y@)
Consider the Lyapunov function
1 p loreciz, 1bal
= — - 0+ = 5.

14 5% z+2¢9T —!—2ny (7.5.6)

Its derivative along the solutions of (7.5.4) and (7.5.5) is
V < —cl2f’ (7.5.7)

which satisfies tracking conditions, which means, all the states are bounded and

asymptotic tracking is achieved.

Now we move on to a more difficult case:

z; = $z‘+1+901'($1,~-,33i)T‘9, i=1....m~-1m+1,...,n—-1
-’tm = bm$m+1 + (pm(xl; oo J:Em),‘lle
Zn = BE@)u+ on(z,...,10)70 (7.5.8)

where b,,, m < n, is the only unknown coefficient. From step m on, the design
procedure for this case differs considerably from the tracking design procedure.
We now need I;m and o the estimates of b, and ¢ = 1/b,,. The estimate § is
introduced to avoid the division by I;m(t) which can occasionally take value zero.
The complete design procedure is given by the following expressions (with 2y = 0,

O:o=0, 7'0=0)1
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Coordinate transformation:

z o= zi—y¢ V-0,  i=1,...,m
z; = z;— Y9V —qi.n j=m+1l,...,n
Regressor:
s 0o .
Wi = Q5 — axk Pk, 7':11 b
Tuning function for 0:
Ti = Tip1 + WiZi, i=1...,n
Tuning function for bom:
Tm = Zm+1Zm
Oa .
;= 7I-.7'—1_ax—mx'rn+lzj7 j=m+1,...,n
m
Stabilizing functions:
ai(ji,é,gjﬁi_l)) = 5[,;, 1= 1,...,m—1
am(frm 61 g-,(-m_l)a QA) = @dm

aj(i‘ﬁé)gfr(-j_l);l;m)é) = dj, j=m+1,,'n,
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(7.5.9)

(7.5.10)

(7.5.11)

(7.5.12)

(7.5.13)

(7.5.14)

(7.5.15)
(7.5.16)

(7.5.17)
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- 8&1,— 8@,,_
& = —za—cazn-wl+ Z ( 5z, 8—<k—%y$k)>
Yr
8&1_ k 1 .
; T; + Z ——Tw;z, i=1,...,m (7.5.18)
_ > aam ooy,
Cp+1 = —bmzm — Cm+12m+1 — m+19 + Z $k+1 + b 8(13 T+l

O ox Oa .
2 : m (k) ™m (m) m A
8y§k"l) 00 i 00

k=1
™ Ba_
+5 F Puz (7.5.19)
— 00
-1
_ A 80['_1 ~ Oa i—1
a; = —Zj1 —Cjzj — ’ije + £ 8;]9 Tr+1 + bm_b—:;:mm_ﬂ
j-1
Oaj—1 gy . Oj1 Ooi_q 1 801J 1\ :
+ Z ;_1 yﬁ)—l— J,\ I"Tj'f— ,\J ’Y7Tj+ y(J )+ 0
j-1
Oag-1 Oaj_
Ok Ly % 12k, j=m+2,...,n (7.5.20)
Ob,, ' Ozm
k=2 YYm
Adaptive control law:
U= ——[om + 0y™)] (7.5.21)
ﬂ( )
Parameter update laws:
§ = Dr,=TW, (7.5.22)
X - Oa;_
bm = YTp =Y | Zm4+1%m — Z 8;ml Tm+41%§ (7523)
j=m+1
6 = —vsgn(by) W™ + @m)zm (7.5.24)

Lengthy but straightforward calculations show that the design procedure
(7.5.9) - (7.5.24) results in the closed-loop system
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2—1
Z = —Czi— Zakzzk — 21+ Z ok + w0
k=2 k=i+1
,i=1,... -1 ' (7.5.25)
m——l
zm = —CmZm — Z Okm2k — Zm-1 1 bmzm+1 + Z OmkZk
k=2 k=m+1
+wT 0 — b (Y™ — @ )8 + Zm116m (7.5.26)
Zm+1 = —Cm+1%m+1 — Zak,m+lzk - bmzm + Zm+2 + Z am+1,kzk
k=2 k=m+2
T -~ aam
+w;, 10 — 5 T 1bm (7.5.27)
i1
2 = —Cjzj — Zakak —2zj1+2zjp1+ Z OjkZk
k=2 k=j+1
- B -
+wT — %xmﬂbm, i=m+2,...,n (7.5.28)
where oy, is defined for k=i+1,...,n as
0) 'L = 1
Oy = a‘;ell"'wk, i=2,...,m+1 (7.5.29)
Bou 1Fw +8a1 1,),8;: Pty 1, G=m+2,...,n—1

A Lyapunov function for this system is

1 1- ~ 1= 6] -
V==22T24+20"T"10 + —bp + 225 .5.30
5% z+20F +27bm+ 279 (7.5.30)

Its derivative along the solutions of (7.5.22)-(7.5.24) and (7.5.25)-(77),
- ez (7.5.31)
k=1

lead us to the same conclusion as in tracking design procedures which all the states

are bounded and asymptotic tracking is achieved.



Chapter 8

Example in Aviation

8.1 Aircraft Wing Rock

Wing reck is a limit cycling oscillation in the roll angle ¢ and the roll rate ¢ which
can occur in high-performance aircraft with slender forebodies when flying in high
angle-of-attack. Conventional methods of eliminating wing rock include a redesign
of the airframe configuration and limiting of the angle-of-attack. These methods
may reduce maneuverability of the aircraft. An effective method of suppressing

wing rock without degrading maneuverability is using feedbaek control.

Several one degree-of-freedom models of wing rock have been proposed in
Nguyen, Whipple, and Brandon, Hsu and Lan, and Elzebda, Nayfeh, and Mook.
They are all nonlinear and contain parameters 6; which depend on the angle-of-
attack, dynamic pressure, wing reference area, wing span, roll moment of inertia,
and flight velocity. We now present an adaptive controller of Monahemi, Barlow,
and Krstié¢ which allows these parameters to be unknown and eliminates te wing

rock phenomenon by achieving global stabilization. The model we consider here,

b= 00+ 09+ 05+ 0a 18] 6+ 65| & (8.1.1)

159



CHAPTER 8. EXAMPLE IN AVIATION 160

is based on wind tunnel tests at NASA Langley Research Center. In these tests,
physical scaled wings were mounted on an apparatus which allows free rotation
about the roll axis. These model wings are aerodynamically similar to the wings
of an F-18 HARV aircraft. These are no control surface in the model (8.1.1).
With ailerons modeled as first-order actuator dynamics, the state-space form of

the wing-rock model is

¢ = p
p = 601+ 60406, |¢lp+05 ]p|p+bc5A (8.1.2)
854 = —6a+tu

where 0,4 is the aileron deflection angle, u is the control input, 7 is the aileron
time constant, and b is an unknown constant parameter. Denoting ¢(¢,p) =

[1,6,p, |8|p, |p| p]T and 6 = [0y, 04, 03, 04, 05]", we rewrite (8.1.2) as

¢ = p
p = boa+(e,p)T0 (8.1.3)
5,4 = lu——l-cSA

T T

This model is in the parametric strict-feedback form with unknown virtual control

coefficient b, so we apply the design from the previous chapter.

Our control objective is to asymptotically track a given reference ¢(t) with

the roll angle ¢. We use the error variables
z = ¢—¢r
7 = p—¢—ai(d,ér) (8.1.4)
73 = 64— b — (¢, D, br, b1, 0, 0),
and derive the stabilizing functions
ar = —Cz

@ = 06, @ =-—z—an—@0-calp—¢). (8.1.5)
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The design procedure from Section 4.5.1 results in an adaptive control

consisting of the control law

0 0
u= 7'[ =64 — b2y — cy23 + Ffb%p + —a’%(b‘SA +¢"0)
6012 8a2 (3) 8
+ r + +—0—|— r + & 8.1.6
B e+ 000+ TR+ (4 )i (8..6)
and the update laws
A Oa
6 = FQD(ZQ - —'527223) (817)
~ 80[2
b = - —0 8.1.8
¥(z2 ap A)Z3 ( )
o = —vsgn(b)(d: + @)2. (8.1.9)
For the resulting error sysf;;am
z3 —C1 1 0 ] 21 0
29 = -1 —c b 29 + 1 SOTG
zZ3 0 —b —C3 ] 23 ’—'%";'72‘
0o | 0
— %24, | 0

the equilibrium z = 0, 6 = 0, b =0, varrho = 0 is globally stable and,
moreover, z(t) — 0. This means that the wing rock phenomenon is eliminated

and the tracking objective ¢(t) — ¢.(tf) — 0 is achieved.

This is illustrated in Figure 8.1. Without feedback control the response
to an initial condition ¢(0) = 0.4, p(0) = d4(0) = 0 is the trajectory (a) which
~ represents limit cycling oscillations typical for wing rock. They are obtained for
| the model (8.1.1) with wind tunnel at angle-of-attack o = 30°: 6; = 0, 6, =
—26.67, 63 = 0.76485, 0, = —2.9225, 65 = 0. The amplitude of the wing rock

oscillations is about 35° and the frequency is about 1Hz.
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Figure 8.1: (a) Uncontrolled wing rock. (b) Suppression of wing rock by adaptive

nonlinear control

The trajectory (b) in Figure 4.5 shows the wing rock suppressing effect
of the adaptive controller (8.1.6)-(8.1.9) acting through the aileron with b = 1.5
and 7 = 1/15. Parameter estimates are initialized as 6(0) = 1.356, 5(0) = 1.35b,
and §(0) = 1/b(0). The controller coefficients are ¢, = ¢; = ¢3 = 5 and the
adaption gains are I' = 0.02], v = 0.02. For softer regulation to the origin, we

have employed an exponentially decaying reference trajectory ¢.(t) governed by

the equation (s + 10)(s? + 4s + 24.25)¢,.(s) = 0.



Chapter 9

Conclusion

9.1 Objective

Our aim is to design a nonlinear static or dynamic (adaptive) controller for systems

or plants which contain nonlinearities and unknown parameters.

9.2 Problem Occurred

An interested in nonlinear control has been investigated since 1980. Twenty years
later, a number of papers have been published as you have seen in the bibliography
(that are only a few). Note that we have studied only a few part of nonlinear
control theory which less than 10 percents of all methods. Almost textbooks
contain useful theorems, lemmas, definitions, and corollaries which describe an
idea of nonlinear systems. However, it is too hard to choose which we need to
fulfil our project. In contrast, applications are rare and often link to another
field of study, such as a mechanic of vibrations, aerodynamics, electromagnetics,

etc. An aircraft wing rock is the application we chose to indicate the useful of
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nonlinear control system in real operations. Actually, we require a knowledge of
aerodynamics to analyze overall characteristics of wing rock motion. It seems to
be too difficult so we skipped those step and use the aircraft wing rock model

researched by NASA as a starting point of Chapter 8.

9.3 Further Studies and Improvements

9.3.1 Nonlinear control theory

Continue from stability theories of nonlinear system, the next task should be the
describing function method. It provides an approximation for the response of
linear method. The main idea of the describing function method is it can predict
a limit cycle of nonlinear systems by analyzing their frequency response. The
describing function method is useful in describing a nonlinear vibration which

leads to the design of a nonlinear oscillator.

9.3.2 Nonlinear controller design

Adaptive backstepping and tuning functions are Lyapunov-based designs. These
recursive procedures have removed the critical relative degree restriction and pro-
vided the simplest proofs of the strongest stability properties. Along with their
advantages, they have certain drawbacks. One of them is that they do not offer
freedom choices of parameter update laws. For systems with many unknown pa-
rameters, a further drawback of adaptive backstepping is that the dynamic order is
high (overparametrization). On the other hand, the order of the tuning functions
controller is minimal, but for high-order systems, its nonlinear expression become
increasingly complex. The main source of complexity is the built-in interaction

between the identifier’and the control law:
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Both of these drawbacks are removed by modular designs which are more
inspired by traditional estimation-based designs. In adaptive linear control, the
estimation-based designs achieve a significant level of modularity of the controller-
identifier pair: Any stabilizing controller can be combined with any identifier. Pa~
rameter update laws can be of either gradient or least-squares type. The controller
module is capable of stabilizing the plant when all the parameters are known. This
is its certainty equivalence property. The identifier module, in turn, guarantees
certain boundedness properties independently of the controller module. The mod-
ularity of the estimation-based designs makes them much more flexible than the

Lyapunov-based designs.

9.4 Applications

The nonlinear control theory and controller design procedures could be applied

with these examples

1. Vibration Control

e Vibration in tall building structure

3

e Vibration in elevator

e Vibration in robot arm

Active suspension in vehicles

Flexible link manipulator
2. Fuzzy control

e Temperature and substrate feed control in biochemical processes

e Liquid concentration control in food processes
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3. Positioning

e Positioning robot control
e A control of levitated ball in magnetic field

e Precise conveyor
4. Electronics

e Decreasing of nonlinear effects in electronic components
e Reference signal regulation and tracking

e Nonlinear oscillator



Appendix A

Linear Algebra

We expect you to know the following theory and know how to apply it after you
finish this class.

(Elementary Row Operation)

Before we define the elementary matrices, we define the elementary row operations.
Let A € F™ " be any matrix (not necessarily square). There are three kinds of

elementary row operations that may be applied to the matrix A:

1. For i = 1,2,...,m and ¢ # 0, the matrix Scale(A4, i, c) is the matrix that

results fromi A by multiplying the ith row by c.

2. For 4,7 = 1,2,...,m the matrix Swap(A,i,7) is the matrix results from A

by exchanging the ith and jth rows.

3. Fori,j=1,2,...,m with i # j and any scalar ¢, the matrix Shear(4,1, j, )
is the matrix that results from A by adding ¢ times the jth row to the ith

row.

Theorem A.0.1 Each elementary row operation is reversible in the sense that it

can be undone by another operation of the same kind. Specifically:
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1. If B = Scale(A,i,c), then A= Scale(B,i,c!).
2. If B = Swap(A,i,7), then A = Swap(B,1,J).

3. If B = Shear(A4, 1, j,c), then A = Shear(B, 1, j, —c).

(Elementary Matrices)
The elementary matrices are the simplest of all invertible matrices, except for the
identity matrix. We shall see that they are the building blocks from which the

invertible matrices are constructed. Here is the definition.

Definition A.0.2 A matriz that results from the identity matriz by applying a

single elementary row operation is called an elementary matrix.

An elementary matriz is always a square matriz. There are three kinds.

1. Scale. The matriz E = Scale(I,i,c) is an elementary matriz for i =
1,2,...,m and c # 0. It differs from the m x m identity matriz I = I, in

that (E);; = c rather than 1.

2. Swap. The matriz E = Swap(l,i,7) is an elementary matriz for i,j =

1,2,...,m,i % j. It differs from the identity matriz in that

(E)ia=0 (E);=1
(B)i=1 (E);; =0.

3. Shear. The matriz E = Shear(I,1,7,c) is an elementary matriz for i,j =

1,2,...,m,i % j. It differs from the identity matriz in that

(E).,,] =cC.

Theorem A.0.3 (Fundamental Theorem on Row Operations) The matriz
EA that results by multiplying o matriz A on the left by an elementary matriz E
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15 the same as the matriz that results by applying the corresponding elementary

row operation to A.

Let the elementary matrix E € F™*™ result by applying some elementary
row operation to the identity matrix I = I,,, € F™*™. The Fundamental Theorem
says that for any matrix A € F™*™, the matrix F A results by applying that same

row operation to A. More precisely,
1. E = Scale(In,1,¢) = EA = Scale(A, 1, c).
2. E =Swap(Inm,1,5) = EA = Swap(4,1i,7).
3. E = Shear(I,,1,j,¢) = EA = Shear(A,1, , ¢).

Theorem A.0.4 Elementary matrices are invertible. In fact,

1. Scale(I,i,¢)™! = Scale(I,4,c7!).
2. SWap(I,i,j)"l = Swap(l,1, 7).

3. Shear([,4,7,c)”! = Shear(B, i, j, —c).

Corollary A.0.5 A product of any number of elementary matrices is invertible.
Proof

M=EFEFE, - E,=M'=E"... Ej1EL.
(Reduced Row Echelon Form: RREF)

Definition A.0.6 An m X n matriz R is in reduced row echelon form, ab-

breviated RREF, . if and only if
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1. all the rows that vanish identically (if any) appear below the other (nonzero)

TOWS;

2. the leading entry in any row appears to the left of the leading entry of any

nonzero row below;
3. the leading entry in any nonzero row is 1;

4. all other entries in the column of a leading entry are 0.

The leading entry of a row is the first nonzero entry in that row. The
columns which hold the leading entries are called the leading columns; the other

columns are called the free columns.

Theorem A.0.7 (Gauss-Jordan Elimination) A matriz may be transformed

to a matriz in RREF by applying a sequence of elementary row operations.

(Computing the Multiplier)

It is convenient to express the Gauss-Jordan Elimination theorem as a
theorem about matrix multiplication. We can do this using the Fundamental

Theorem on Row Operations.

Theorem A.0.8 (Multiplier Theorem) For any A € F™ ™ there is an invert-
ible matrix M such that the matrix R = M A is in RREF.

Theorem A.0.9 It can be proved that the reduced row echelon form R is unique:
If MiA = R, and My A = Ry where M, and My are invertible and R; and Ry are
in RREF, then Ry = R,.
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The following handy trick, called the Multiplier Trick, enables us to com-
pute the multiplier matrix M as we perform elementary row operations. Form

the m x (n +m) matrix [A I,]. Using the block multiplication law, we have
MIA I =[MA MI|=[MA M|

where I = I, is the m x m identity matrix.

Theorem A.0.10 (Multiplier Trick) If we apply the same row operations to
the matriz [A 1] that we applied to A to transform it to M A, the last m columns

of the result contain the matriz M.

Definition A.0.11..If A is a square matriz, and if B of the same size can be
found such that AB = I and BA = I, then A s said to be invertible and B is
called an inverse of A. If no such matriz B can be found, then A is said to be

singular or non-invertible. The inverse of A is denoted by A™!.

Theorem A.0.12 (Laws of Inverse) If A and B are invertible matrices, then:

1. (A1 = A

2. (A")! = (A1),

1

5. (kA) =<

A1 for any nonzero scalar k.
4.*(AB)-1 = B-14-1.

5. (AT)™! = (A-1)T,

(How to Invert)

The Multiplier Trick provides an efficient method to
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e decide if a square matrix A is invertible, and

e compute the inverse A~! of an invertible matrix A.

We put A in reduced row echelon form R, simultaneously computing the
invertible matrix M with M A = R. Of course, the matrix M is invertible. Now

we apply the following.

Theorem A.0.13 (How to Invert) Let A, M, R € F™ " be square matrices with
M invertible, R in RREF, and
MA =R.

Then

o A is invertible if and only if R is the identity matriz.

e If A is invertible, then A~ = M.

Method for Finding the Inverse

Using row operations to find A~!: Construct the matrix
[A 1]

and apply row operations until you can the identity matrix on the left side. At
that point the matrix on the right side will be the inverse of A. So the final matrix
will be

[ A=

Corollary A.0.14 (Factorization Theorem) A matriz is invertible if and only

if it is a product of elementary matrices.
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Corollary A.0.15 (A Criterion for Invertibility) Suppose that A is a square
matriz. Then either
e A is invertible, or else

e there is a nonzero T with AT = Q.

Proof

If R is not the identity matriz, it is easy to find a nonzero £ with RT = 0.
It follows that AT = M~'RZ = 0. We will be more precise on finding such an &

when we talk about the Nullspace, but for the moment consider the example

1 0 a3 —C13
R=10 1 Ca3 7f = | —Ca3
00 O 1

Then RZ = 0 but £ # 0 since z3 = 1.

Remark A.0.16 It is wmpossible that both alternative occur. If A is invertible
and AT = 0, then
F=ATAT=A"0=0.

bf Systems of Equations and Invertibility

Theorem A.0.17 (Equivalent Statements) If A is an n X n matriz, then the

following statements are equivalent:

1. A is invertible.
2. A7 =0 has only the trivial solution.

3.7 The reduced row-echelon form'of A is I,
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—

= b is consistent for every column vector b.

81

i A

5. AT = b has ezactly one solution for every column wvector b, and that is

7= A"1b.

Definition A.0.18 (Trace) The trace of a square matriz A € F™*" is the sum

of its diagonal entries:

tr(A) = }: }:/\

for all X; € 0(A) = {all eigenvalues of A}.
Theorem A.0.19 (Trace) Let A, B,C € F**" and a,b € F.

1. If A= B then

2. The trace is linear:

tr(aA +bB) = atr(A) + btr(B).

3. The trace of the product is invariant when the matrices in the product are

commaute:
tr(AB) = tr(BA)

tr(ABC) = tr(CAB)
tr(ABC) = tr(BCA)
tr(ABA™") = tr(B).

Definition A.0.20 (Determinant) Let A € F"*™ be a square matriz. Then

det(A4) = E}um_ XX)W% (A7), 1<i<n,

J=1
or

det(A E}%GA }] 1)Ma;D(A(il), 1<j<n

=1
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Theorem A.0.21 (Trace and Determinant) The determinant of a matriz is
the product of its eigenvalues. The trace of a matriz is the sum of its eigenvalues.

That s
tr(A) = > X,
=]
det(4) = [ [ ™,
=1

for all \; € o(A).
Properties of the determinant function

Theorem A.0.22 Let A and B be n X n matrices.

1. If A has a row or a column of zeroes, then det(A) = 0.
2. det(A) = det(AT).

3. det(AB) = det(A)det(B).

4. A.square matriz A is invertible if and only if det(A) # 0.
5. If A is invertible, then det(A™!) = ﬁA—).

6. If k is a scalar, then det(kA) = k™det(A).
Determinant, invertibility and systems of linear equations

Theorem A.0.23 If A is an n X n matriz, then the following are equivalent.

1. A is tnvertible.
2. det(A) # 0.

3. A% =b has exactly one solution for'everyn X'1 matriz b.
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4. AZ =0 has only the trivial solution.
5. The reduced row-echelon form of A is I,.
Definition A.0.24 (Vector Space) A vector space V is a non-empty set of ob-

jects on which two operations are defined: addition and multiplication by scalars,

and these two operations satisfy the 10 azioms. (What are those 10 azioms?)

Definition A.0.25 (Subspace) A subset W of a vector space V is called a sub-

space of V if W is itself a vector space under addition and scalar multiplication.

Theorem A.0.26 (Subspace) W is a subspace of V if and only if

1. W is a subset of V.
2. Vu,veW u+veWwW.

S NVieWVkeF kieW.

Definition A.0.27 (Linear Dependence:L.D./Linear Independence:L.I.)

A set of vectors Uy, T, ..., U, is called linearly dependent (L.D.) if
ki@ + koUn + - - + k0o =0
for some scalars ki, ko, ...,k not all zero. Otherwise (ky = ko = --- =k, =0)

U, Ua, - - -, Uy are linearly independent (L.L.).

Definition A.0.28 (Span) W = span {0y, s, ..., 0} if and only if (ky, ko, . . . , kr)
such that

V'IEGVV, 1E=k161+k262+"‘+krﬁr.

Definition A.0.29 (Basis and Dimension) A set § = {¥},%s,...,U,} of vec-

tors in the vector space 'V 'is a basis of V' if
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1. 8 is linearly independent, and

2. 8 spans V.

The number of vectors in a basis is the dimension of the vector space V.

Notation: dim(V) = n.

Definition A.0.30 (Nullspace or Kernel of A : N(A)) The nullspace of a ma-

triz A € F™™ is the set
N(4) = {z e F*: 47 =0}

of all solutions Z of the homogeneous system AZ = 0.

Definition A.0.31 (Rangespace or Column Space or Image of A : R(4))
The range of a matriz A € F™ " is the set of all inhomogeneous terms Ay € F™*!
for which the inhomogeneous system i = AT has at least one solution . In set-

theoretic notation

R(A) = {§ = AZ : & e P}

(Eigenvalues, Eigenvectors and Eigenspace)
Let A € F™*" be a square matrix. If a number A € F and nonzero column vector
7 € F™*1 satisfy the equation
AU = M,
we say that A is an eigenvalue of A and that U is an eigenvector of A for the
eigenvalue A. (What is the geometric interpretation?) This equation can be
rewritten in the form
(M — A7 =0

where I = I, is the nxn identity matrix. This equation is called the eigenequation.
A square matrix is not invertible if and only if its nullspace is not the zero subspace.

Hence, we may reformulate the definition as follows:
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Definition A.0.32 A number \ € F is called an eigenvalue of the square matriz

A if and only if the matriz AI — A is not invertible. The subspace

Ex(4) =

N(A — A)

15 called the eigenspace of A\. A nonzero element of E,(A) is called an eigen-

vector of A corresponding to the eigenvalue .

Theorem A.0.33 (TFSAE) Let A: F* — F*; A : z » y such that y,x1 =

Anxnxnxl-

I.det A#0

2.A s nonsingular or invertible.
8MA™Y such that AA™!
4.A is injective (1 —1).

5.A is surjective (onto
6.ker(A

%RM)=F1 {}
&n—}=mm@qp4=mm&am»

= dim(N(A)) =0
9.1 =rank(A) = dim(R(4)) = n
10.rref(A) = I,

11.7ow (column) vectors of A are L.I.

=ATA=1

Then the following statements are equivalent.

l.det A=0

2.A is singular or non-invertible.

3PAY such that AA'=A"1A=1

4.A is not injective (not 1 —1) .

5.A is not surjective (not onto).

6ker(4) = N(4) 2 {0}

TR(A) G F»

g n — r =nullity of A = dim(ker(A))
=dim(N(4)) 2 0

9.r =rank(A4) = dim(R(4)) S n

10. We can have either

I'r Cw"rx (n—r)
rref(A) = ,
On—r

O(n—r)xr
where T <n

or rref(A) will have r nonzero rows
(rows that have leading entries).
11.row (column) vectors of A are L.D..

123/\, € O'(A), /\7, =0
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