AMMMBANARAN  NITIDUNATIANTZAN

U

o Y = o [.%) d'd ]
ﬂ'ﬁ‘nﬂ‘ﬂlﬁﬂﬂ‘i!&ﬂﬂﬂ\‘iﬂﬂﬂ'\‘ﬂﬁﬂ’igﬂﬁﬂu INUINIAN

ROBUST STABILIZATION OF SYSTEMS WITH DELAYED-STATE

T NOLEATS

KAMOL UAHCHINKUL

2N -
VA VA
D7 e
]
favny
o 4
laq“:.”uu 47670 .b_ ........................... coone
24, 1hou, 1) 2.1 8.0, 2546 evrvesesesesassssssessesss

3ﬂﬂ1ﬁwuﬁﬁsﬂudauﬁﬁwmmsﬁnmmﬁﬁé’ﬂgmﬂ%‘ﬁymﬁﬁanssumamqyﬁﬁ’mcﬁﬂ
myIvIanssainivh
VunnIne e
amtumnluladinszesundudgunmsarnnsziy
N.A. o&ed

ISBN 974-324-650-9



ROBUST STABILIZATION OF SYSTEMS WITH DELAYED-STATE

KAMOL UAHCHINKUL

A THESIS SUBMITTED IN PARTIAL FULFILLMENT OF
THE REQUIREMENTS FOR THE DEGREE OF
DOCTOR OF ENGINEERING IN ELECTRICAL ENGINEERING
SCHOOL OF GRADUATE STUDIES
KING MONKUT’S INSTITUTE OF TECHNOLOGY LADKRABANG
2003

ISBN 974-324-650-9



COPYRIGHT 2003
SCHOOL OF GRADUATE STUDIES
KING MONGKUT’S INSTITUTE OF TECHNOLOGY LADKRABANG



o a o o ° o [ fet o ]
WadeInuriinus mshifedosuuunmudmivssuuitamiienm
} 4
infnw g AU 1DoTUN
svaisedian E60d0060&
Sy WINTIUAANIRY Ui
1IN FeranssuInih
WAl w&db
o9 a 1=y o aa o
2101598AWUINOITTNUS SA.A5. 33N WIIng

a o o 1 ] o o
osdRmIgEInOinuTI a5 g8 AnSarusd

UNARLe
a = c’d”o = o A o o Ao e ]
mgunusinauematdanisesnuuuainuquini dssuuaiidimilwnauas
Fanlsihinswawniveuliedosnmuvuaimu szunfidesmsfnysegnialieglugia
d' 9/ gt LY] (] o’: ld? v
Thmnsaldauldhsunsaseunquimianaiuwsauesiunnszas Taolidueg
fudnuaizlassadrvesdminnmiuanaeiueenll  mseenuvudnuguiadesnin
° 9 A = 1 @ ] 5 A 9 ﬂ @ Aa o 1
vy lavmsaiessuuadioun Bifdamisnmivuume Idudunussvufiiddmia
. E4 Ed
a1 uagesnuuuMmUguIEteImMwIAfussuaiiouh lulidamisananiu ndainiuee
v ¥
uaasIfiiuhdmuguadosmwdmivszuuaioufioenuuud lasmaiiaiive aunse
v AHa o ' a Y o o Ay b w
auguidszuuilidaminnmiictssnwidTaviidesiaitesas gahovzdunisuass
’q 9 s @ v o yq" Y o 1 ~ Ao g
nmsdszgnaldnuduszuudieds madtldsldmuiunaiinauaznquiitinaueansald
sonLuUiINLRUIEoT IR Isanugu IdssuuAlidmiiunauasduds filinsius

] A A a 9 o w v
lluuﬂumﬁﬂUiﬂ'lWl‘]NlﬁUﬂ']ﬂleﬂ



Thesis Title
Student

Student Id.

Degree
Programmed

Year

Thesis Advisor
Thesis Co-Advisor

This thesis presents the controller design technique for stabilizing the uncertain time-
delay systems. The system under consideration is described.in general form. The formualtion is
conveniently useful and can incorporate with both point and distributed delay. The suitable
control law can be derived as follows. First, an equivalent delay-free system is obtained by
transformation of the original delayed-system. Next, the stabilization control law will be
simplified and solved from the equivalent system and this control law can be used to stabilize the
uncertain time-delay system with less limitation. Finally, several design examples will show

applicability and effectiveness of the proposed method that can make systems asymptotically

stable.

Robust Stabilization Of Systems With Delayed-State
Mr. Kamol UAHCHINKUL

41060014

Doctor Of Engineering

Electrical Engineering

2003

Assoc.Prof. Dr. Jongkol NGAMWIWIT

Dr. Suthee PHOOJAROENCHANACHAI

ABSTRACT



pannssulszmea

o aa o PR o o 3 ar
VBYBVFUDIVITYWNA  TUIINY 01%15tj‘nﬂiﬂm HATD11TU D RIATYFUS Y

L

i 4
a o =t

P ] Aq Y a [ o Aw Y o o
gsinsnmsa  AliuAandnlunmsiitouastannsudiSveonuuiineriinusi
18 sawdamamandamiaieg wnine

4 a e ad a Jd o aa o s d
yavounugUinadoundaiua fhuazdidanseiind quimalulataidnnseind
a v a o o @ a 4 1 a g o
uazneNAuARsUMINA dninnuianinnmansiazmaluTadurend 718w
Yy ¥
drgvenstnydelunseliuaz ldmsmivayuTasmseydaldadnu 1dituna 2 Tdu
sufluieuq fsamidionanu
voveuguasnnsdasdmihfidszimainimessuszuuatuquyany dimiy
+ b4 T
ANNTWMABAY vavouRaINeu uaztiesq Nanatwhasuliiideluazowlddenay
=) Y
Auneasal
@ o L) o v Hq YY a 9 P
YBYBLAMUNITUMSABUAUMYEIINuIINUsYIYIL AlvdeRauasdemusuusidiu
o
UszTowiios
vouBLAUNTSUIgANInTveumiiamileufugnaseNui iz anIvIBNTUATER

9 MAILL

3 v
a ' -~ o

» b4 t4
Muhgail vens1uveunssnunuwetugausidmiunafnesaniluiuil

v
nua 1BBFUNA

i



)

UNARGOATHIINO. ...t I

UNAAGBATHIBINGY ...t ee e e e es e e es oo, 11

AAANTTUUTEMI. ..ottt et e e s, 11

AUTUT ettt ettt st sa ettt r et e ereer e e eeae e e e e e e eeaeens v

AITUUTU e VI

AVOBUNGTAYTIUO. ...t enae e eee e ee e VII
unii

IR TL1 1 IR 7 S N NN (17777275 N\, R 1

1.1 vouwavesdaymmazuuamauInenInus. ... 3

12 IATTRS QU INEIINUD oo, 4

2 MIBBNIULRIAIUAMIATOT MNHLLAINMUA M UTSULTATR M e 6

2.1 BOMUETEUUTRBIMITANYL. ... oo oo sae oo eesste et e 6

22 NOBAMSHLAITUFUTYVIY. oo 9

23 MTBDAUUUANIUGUIADETAIN. oooreeriiee oot 13

2.4 ifuﬂaumsaammuﬁ’m'Jnﬂuuazﬁaadnmsﬁmam ................................... 16

3 madsdge B, SR N RC L 1. e ... 27

3.1 ATIAOARRBINUINATARN...........ooiest et 27

32 mslfimafinniseenuuudanIugue s mMUUUROM. ... 33

33 mstszgna ISAUsTUUNILANTTARAMIN TNABB B ... ooeveeeeeeee 35

34 nsdnsmnumsn i lBiaensSiis R e T I 38

4 AIRINMIDBNUUUAIRIVAMADITAM.c0.ecveerrieeereereee e 40

4.1 MIVBNUVUMIAILANADYS MINAUTSUUHANTSIATUDUEBIN e 40
42 mIseAUULRINILAuERsIAIHAsER UM Tideams

o952 UDRTA MUV IR e 49

SR T (1 | SO OO U U TOU O UUOOOROOORRODTORTORTONY. 7

DI T TTBIIB . 1ot e e et e 57



15178y (D)

ni

AANUIN
DIAHUIN Dot e e e e ae st e e e e et e e e e eee e eereee s e eeseene s 62
DIANUIN Vereiirereenreeeee et e et e e e e eeeeee e e e e e sre e sesseseenseeae s 64
IIANUIN Flerrierrinieee ettt ee e e e e ae st eeee e e saeeeeeeeeeeeaeesseeseeeae oo 67
AIARUDIN Qi e e et e e e e e et e oo e oo 73
PIARUIN Deernreineiee et eeaeee e e e st etuee e een e e e e e e e e e e e e e e er s e e e 76
DIANUIN Beeneieie et oot ces s s e e eeeeee s Sene s oae e e e eeeeeeee s e e s eaeeeaeseens 77
LLITR I 7 o A SN\ 11//7 47 S N\, 78
UszSadilion.. fA... oo L S e N 81
aotHaIde... ... AT RN NN AL T NN 83



ean
=,
N Sh.

2.2

2.3

24

25

2.6

3.1
4.1
4.2

4.3
4.4
4.5
4.6
4.7
4.8
4.9

MUyl

psIERNAIEN NS x(2) uag z(2) Welldanmsuniu mudledie 2.1

WesmMuATAM A ZISUAY Xo = =25 e,

ATIALAANAIANINE u(?) a2 o) WolldunusunIu AR08 2.1

o mMUATARITOIZITUAY X5 = =2.5 .. oo

asMugasmiroiuz x(z) We luilldyauniugy aualeo1e 2.2 e mua

nsuaasmaniuz u(r) Welldyaasuniu mudiedn 2.2 ledmua

TRa0mzudN 39 == 2.5 15J oo e,

-] s A a
LLN‘Hﬂ']W‘UﬁﬂﬂLlﬁﬂQiS‘U‘Uﬂ?UﬂU%UﬂﬂﬂﬂTﬂJT“tﬂﬁE’{N'ﬂﬁ .............................

FEUUNAUTITIADUUUTOI0. v,

AIMIAALATIUS X(2) LAZAITUNIUIZLY o) YosssuuNaumITIAadl

io TR, G A B AP o ot 2.
ASIUAAIADIUS X(2) VOITSUUNTUAITIAN. .o eietienieeneeeseie e,
ASINLAAIMANIUSVOITSULTTUUIANOU 2(f) YDITZVUNANTITIAT o
asuaasmaoIug u(t) uasdsunusEUY o) YOITTUUNANEISIAN. ... ...
NS LAASAINOIUS cf) VOIBIZVURAWAITIAN. .o,
nsmueaIiIae e x(r) YosEUURANEITIAN. ..o
NS MUTAIAIADIUS u(r) VOITZTUUNANTITAN. .oovviveieeeecces

asmuaasmaniug o) tazdisuniussuy o) vesssuunaumsial.......

Vi

19

20

22

23

24



LY d

MmaTuayanyol

R Aemvdwmiueselag
Rt femvdwmmieuinlag
n A o ° a
R fonNWesvNIN 7 vouavdmuIuTelag
R Qouumnsnduria nxm veuavdiaueselan

= a o @ o
1 ADUNNNINHIDNANH D

fmuald x eR” uda

T A ¢
X ﬂ’é)‘V]ﬁ"lUﬁTW’d‘UENl'Jﬂmﬂi x

[x|  AergafiRuunesy Euclidean nom) vesnmined x auvidy (x7x)?
ffmuald M eR™™ uda
M7 Aonswe Inavoummnsng M
M| Aesrgqegavesaitlnniuussy (spectrum norm) YoumMNING A
frimuald MO dunummindaasnasving nx n uda
A(M) POAUNZ (eigen value) YOUUNNTNG M
Anin(M)  fosunzasiidosiiqaveaumning M
dnax (M) fesuniznsinniiqavesiunning M
ddmuald M dhuuumnindegiavun nxn udn
o(M) femanvenumnsng M Nauniiuy
o(M) = {s = C;det(sI - M) = 0}
o, (M) Hemsiniihiifufidesnsvesmmming M fidwiiu
o,(M)= {s e oc(M);Re> —u}
e v > 0 AomusulwAESsNMNABINS
ot(M) FemmniihiiaBosveanmnind M Hawifu

ot (M) ={s = o(M);Re > 0}

Vi



o 1 R [~ s o o o & A [~ o
AIMUNNT (time delay) WudnymsdAyianiaimumu 1éwa I luszuuaiugy
= = J = ‘; Q/ 1 o
gamnnssulnAstafaiunndumauauiionvesdaanunseautloundy (long feedback
o 2 . ' T o @
path) AITABUIIMILIAINT D Inile (timing) msmuuazuﬂaqmﬁmi‘gmﬂa‘uﬂau (read and
. o ° .
feedback transformation) mimm’fagauazmmmwa (data store and processing) tagluuie
=) - u’:’ A o & A et ] dy ] PR °
nsaloIifavINANUAY lansedutune imswiaanvuluszuy wu lussuuidnmsi
b4 )
assensumdsnumadslddoundumn ¥ viuuuda hfdiuesdssmiaaiaise el
v v v
msdssneunisndunninyivameglussduiminzauassnuidesmadonou hudu
) Ao ' o ") ' . P ' Aa o '
Feszuuiisminauiiuesiseneundnegaiwluil  gaSoni  szuufifidamiawam
. [ PRy @ =4 [} =3
(delayed systems or time delay systems) ‘lumwmﬂmﬂnmewmi'flumﬂuazszum‘mﬂ
TidesnmsanuaziBeawiudnin  dmirnaluszuuingaaziosdnosnllan Tassas
o 1) AN 14 o ' Y Eae) '
ninvesszyundreymiduszuni hifidamanar  sdififeanszuznamazanugann
° 1 as g A o as
Tumsfinnummyvesiniguamse lifmeann1sgnshinuuesianIugual
1 4’ dd‘ d‘ b 1 Y o ydé’ Y
TunareuuiiomaluladMhoatesnieg  18sunsieunidadumuisathn
[y g a 1o a A
Uszgndldfuszuuaiuguld uazszuuniuguissidesmsanuasiBoauiuduosssing
' A A ° ) Aot o ' o A o Aa o
amgannnluedafidiuu Mldssyuilidimiasnaningninsanludnuuzidiess
b4
UsgnovvesimunnaIsTeidsniutazdana miimsWaumatinmseenuuusaniy
o o Aot o ] P oA [~ o w o dyu ] ]
Auadmsussuuhidminnareeatudny  Tavluilsgiuiidmmizinaramnsau
- =3 1 v - 1 A ) ) 1
senldiilu 2 ¥iia Ao viialinTwduessiansua Fadanswa ldamisousndovenn
188niTlu Aamitanauuuga (point delay) HAZHIMUNIINMDUNTZNY (distributed delay)
v 1 4
IMALANITBONIUVAINIUANAIMTUSTUUNTA MU naniulianuuana1ainnaie’ly
musiaveswaminnafieglussuy  @redadidsiiugusmatdamsesnuuudiniy
o o 3 o ] v L4 [ o s
udmsuszuuiiidamisuiarldunauees vamas annaduuusd (ELLER,
AGGARWAL and BANKS) [1] s0ad (ROSS) [2] wfawiuesausen (BARSZCZ and
=Y Qs =) & o
OLBROT) [3] uazdinaziue1¥az (KEDA and ASHIDA) [4] Hudu Famsdmanmina

ar 1]

] b4 »
masldfudavgudimiuszuuitidamituaniud idoinndissuui litidamaanm



a o Y v o aa Y o ' &

wazmailamsesnuuuiiuaussz g ldanuseuuni Inseadrsvesdmininamaziteonly
] y

aeandpafui lasmua Bimmiu

1 = Awv o o 9/ =

ApNuNuNIUABAUINYTTY (FIAGBEDZI and PEARSON) [5] lAtausuuafalums
p0ALUVAINIVRUIEEDYIA AT UsTBUNTA MM rlansiua Taslfinatianisudas
oy kY [} “ o ] p Tt o 1 o v
Fadumsrvaagdaunsszvuiidimizwnn lifluaumsszuui lilidaminanm s

'y A =} o o P o ] o o’ ¥ d'
annsarusingusengugmsarugudmivszuui ulidmirinamdiulsegnaldine

o = Y o Ao ' v 4’?’ £
60ﬂllUUﬂ?ﬂ?UﬂUlﬁﬂUiﬂ1W1ﬂﬂ‘lJiZ“U‘U“mJ ’J'H‘N’NL')aﬂﬂTﬂﬂﬂidllﬁ:ﬂ':ﬂi)ﬂi}u SHIITLUADN

Y ] ¥

anvInmsesnnuudInunulusausniidasmitnaeenudreyuduiiussuun hill

t 4
Lo

o ] t a = S A ¥ v ' o ' P
mwmmmﬂgmﬂu mﬂuﬂmmvﬂUm‘umnnmusﬁuu“lnmnmﬂmmunummﬂﬂm TﬂU‘VI

U

13 o ®

danannuazanlumsesnuuudiniugu imieutussuui hitidamisina  Monwed

@ d o [y Py 4 n’: 4
AufissduldlSulgemguinisuasfuduiidanasasuieldamisaldauldnsounqu

]
As W '

& "V w &
53unwumﬂu’;mmmmnmaﬂu"lé’mﬂw [6~8]

[
QA o

1 < Yy KR 9 9 dy o "Wy J ] ] ..
a1 lsAmunuidoh Iddedededuil Faluldsauamnuliimiueu (uncertainties)
ar 4 9 d'a' < Y n’: :?l ] ]
HazAITUNIUIZUY (disturbances) PAuszvundesmsdnuiday nataany luidius s
o d" o d” d' slu'; o - » oo -
fasunmszuuiidudnraziugiunng ldn lluasineslinanssnudetsensnmnsona
v ) o 3 g
apuTUBIveIsTUBY iniloy wazluuesindimaguusunsenuduatiosnines
9 o 3 v [ [] @ o o 9 9 ::;du ]
szuuld  dntumnaylimiveutazgaasuniuszuulaingnsamd Bluszuufiidaning
oAy Y o A " ' A Y] At o ' ~
nadesnisAnydeluglvesdausi insuduniveudeIdssuuilidamenandiogu
™ Py 9 1 9 a o ﬁ a s ' vlu ’ 4 o a'vly
anvazigndaoslndifesduanuiiussuazianunmudeanu Bimiveumniu ssuun'ld
wgniFend szuuhiidamtswiaasdulsh lunsiuauniuey (uncertain delayed system
Al R . 1c 1 Y =y o 9 3 a ¢
Y38 uncertain system with delay) uandanalissuvianududoutu msinsizvuazoon
LY P=Y Yo s U Q o 9 J}’ ] LY lnﬂ' o =
wuudanuguiddssmnldiuszuudnaniah ldnndugudu udiiieandinruguades
amd ldanseshyuatesnmuSenanevaueswssszuu Iy lumundeenis 18a  szuy

3/ o

fifigamissnaazdusi linswsuniveutuiuiiculavenindoedenterne igih
HENQYRNMIDBNULUAIN IR ALTMNEMTUTZUUAINTININYIY [9~41]

MYBL 1wBIsH AaunufunIanes (CHERES, GUTMAN and PALMOR) [9] tiuaue
mailanseenuuudnuguiiienls 3 Tumafinfiszueeimirunanihuadiousinn
Iiuduouvesszuudniueunaianistssmnaiidiga-gagavessauun  (Min-Max
Approach of GUTMAN) [42~43] 111/5v1% @aﬁ%ﬁﬁammmeanuuuﬁ‘mmamaﬁusmw

o’

Mszuuiidens1dlasie ualideidoidnuguiadosnmitldzlivualngnieldmds



y

v b 4 '
gunlfeannniwazdniugui laiu WNMSUNMAINGIIN dAyminmsundsiivesdiniugy

L a
UM Li‘lui]tu'n1mﬂiu’i]tu14mmmjNﬁuhmuauu'mmm"lm"l’itﬂumsmwwwmmmm 093

o

fusinieed (SONG and MUKHERJEE) [44] fitqusisanadmivannisunesiivesdany
a A 9,

Auierdesnmuuudiou'd)

amvesiiuwes In3y (L1 and YURKOVICH) [38] fiuemguimsudaufaduves

=t

Fomuadiumosdunnlszgndldlumsulasaaglssuufiddamizmna ludhissuuaiiou

A.

a2 o

o =4 é o - o
# hifidaminnanewihliiFesnuvudmauguadosnmuuuamy  Fuiumadiadoatu

o S o Iy a a o <
fuvesdilion [23-24] Tavdruiees Indyldnaasldinaiintieenuuudnivguanussey

L

=1

[y 4 4 a P =y o 1w £t
Tifuiniessuaresa V8 vna 4.6 das  Fawamsnaassdi lduanslfiiundaiuguild
=1 v o sy 9 o 1 =Y = Y et @
annsanvguanusseulhitullmunidesns1dese  uahmaiinnsudauFadunisy
PCarS Y] ° 9 - N 1A e » P d A A o
wos InJxldazi ldvinavesssuuaiioun hilidammirwariivua gludisfousuvina

PITSUUN

e

) o o a4 o oo Yy ¥ '
INUNLINUAY llﬁxﬂ')ﬂ’.]‘ljﬂlllﬁﬂUiﬂ']Wﬂu"llﬁuﬂﬂUQﬂ\‘l'hlhlﬂllﬂﬂﬂJﬂTﬂ'lillﬂ'JQ

o

1
AYRITYYIUAIVAY
l ] ¥
NuItedu fauemaianisinsziuazesnuuuiinluguadssnmiuudes
a (Y ' o 3 a a < P
fnsenndamiznaniiilassadrandnvesszuy uamatiamsinsizinseesnuuuiaios
9o b v o o 3 o * o P
amindussuuszamnsaldon idmwiziuszuonfiinssadnvesdamizwawasdudsi
] 1, ] 4::‘1 9 (% d‘a 9 5 9 o o :;
Linswawiveuiideulvdeandostufidmua Bmniu - vinilynunzdoidaiivsing
° @ a o o P s o @
eduiidnsianunaidadmiumsinsneiiagesnuummununadosnm i tussuy
oo ] ar dy d & o PR
nlidamina lndegiui Amediudgldmunseldnuidaseunquszuuniinsead
Y ] 4 3 [y 13 13 1 A A o o
vesiminnamanatiu ldunin nuldazainiu nie lifieiuylsednninnse
Y da a a qyy a a eda v oy 4
andlymmsisauniieglumatiadulddoas Tuinninusinguituiiscvnovouwams

J o ar r-% Y
Fuldnarndunazaadesinants [aulumaiaduliiovas

1.1 vourwavestymuazuamaluineniinus

d‘dw

mailansesnuuufnLgudmIuszuuifidamiaaait 13 13 uauis
sgfuumludin (41 shemnselfonldRnmedussuuiidmicmmsiians sy
1w minszvuiilassadudminnouendieduly Afududesfulpdudoudaduly
aonndeaiyTnseatressuuiindon reunnnds uazderiavesdmquiiosn e

a = 4 o a Py a
wailygnmeatinmaniviydsemsliumsydszgndldameie (@swaziBoaimanlunin



]
<

[ < 9 A o L4 o o o = 1Y) 9
HUIN %) ﬂﬂﬂ&’[?iuilﬂ%'lﬂﬂ'lu“llﬂﬁﬂﬂUlU’OiTﬂ?‘ﬁ 'nmmmﬂmmnu"lﬂmam“l‘umuqn

4 4 P 2 e ' a
amuiSaseulfinSessudszauiymitszuuadeunatreiuldivinalnaifull

t4
=y 5]

Tdnniinusiiheruenudinuilymimsinszduazesauuufinrunuedos
amIRuszuvitdamiznauasdunlsi hinswauniven wudofusuiidnoiweus
PBlwinniinutseduumiuda Tavszauemsiauuazlfulgumaiiauaznquidmsiy
Jnnefuazeenuuuimuguirdes nRuR e 1

. fmn'sﬂ“l%’am“l@’fﬂsavﬂquszvvﬁﬁTﬂ50ﬁ%’nmmﬁanﬁwnmﬁquuuqﬂ LU

nszvwmaziuuray 1dazadnuaz oy

o @ 4 = o
. aatesinamsldausuiisannailymmnuadiamaasiidesas

v ¥
A

- dsudyeimunguatesamidiiUsz@ninmmSenadrynziadu

ﬁ'ﬂv 1 &

~ ar 3 Ao a o o o
Tavszuuiiaamismifidesmsinuiidnuuziuguidifgfe  dassvundndussuu

a Y oo [} s I~ o P 1 PR LTI ] ] -
nmﬁu'nﬂaﬂuNnamagn1u1utﬂu%u¢1mmmzmmm uazmuﬂsﬂnmmmuuuau’nau

L'

b [
meluiuiusiiadeandesionludq (matched uncertainties) tazannsnilszanusigega
(]
@ @ as a o ° -
nanmslumseonuuudnaunuldnuszuy  Swatlumsiueunaiianisudasan
o id o 1 a i 14 o 1 °
stuSuidlunmsudasszuuifisomibinn Widhssvuaioun lufidminnaudoh
] @ a Y oAy 1o ' [y I Y
wingmsaugudmivssvugadun lufidamibaaunlSulszgnd 14 luniseeniuuda
=t Y o S o ] v a a &
avguirdesnmdfuszuuhiidminnaegmoludaiinila
a = P a to o = 4 o
ludnotiwusiuennneziriemaiiamidmiumsinsziuazoonuuudiniugy
v ] L4
wgsmwdmivssuyhiidamianauazanlsh hinswawsiveu daee ldiauetunsu
LY 1 o o 4 = °
ns [daunazdiedumsdssyndlFawdszneulundeusume Idnauls aunsavanm

9) =t o Y ng 9
i languuazuuafalddwiudae
v o Iy d
1.2 1MIASIVBIINNUNUS

- a ah: [} g ar dv
Tuinniinustiaitenesmilu s un faii
o ° 1 2 g3 .‘.’l’ a o o
uni 1 umi sznandnnutunuaziion lassmueaIngriinus
unfl 2 szndndunaiinnisesnuuudmniunuadosmndimiurzyuFaduiisag
¥

minnauazdusi hinswduniven Taodszgndldmguinmsulaufadunia’ly uazdu

apudtmseenuuuAInIugu lasldimatiasinarmioudlstamsfuin



unfi 3 nandsmumoandestuvsmgudmitunquiuiimue 1Budauaznsi
TlsegndlFaunundig

unii 4 sthiduoraABUTUBIVEITTUUAIBSH IR0 1nn1s S1avedrunoniames
Taums18anunuiadosnmi Idiuaue

un#i 5 unagduaziesel  szaplifenimuauazuuamedmumsiande

dmsugnauls



UNN 2
m‘saaﬂ!m'ué‘hﬂmﬂmaﬁﬂimwam‘umﬂu

MHSVIZVUNRMINUINID

1H‘U‘VILIﬂ"ﬂﬂ'l’mQWIﬂuﬂﬂ'liE]ﬂﬂLLU‘lJﬂ'Jﬂ'J‘UﬂUL’CTQUiﬂ'IWﬂ'THi'lJiu‘UU‘ﬁﬁ AIMUN

1 o A

nmuazé‘f’mﬂiﬂ"lamimmuuuau sxu‘umsﬁnymﬂs1zﬂuaﬂymswu§mwﬁ1ﬂmﬂa #2

svunanidluszuuiFuduiiidmirinarsidansiiuaznsua  uazdusilinswam
' S - & R et o ' &
utusuiuliveuwauazansasemansoszyvouuminld Taoszuuiiidmizanad
szgndalieglusiall wazilodmuadeuluuazguantamadsemsiin@y 1510
o ;;; i o 1 [ 1 1 o
ansaldmsudasFaduiihuasaagdszuuididamisena lidussvuaiioud bifida
' S o Y o Aatw ' v S a2 . A dAny
minnaniigudnyuzaeaniosiusyspuildminnmd  vahivuhssuueiounld
’ £ '

Tlesnuvudmuguiadsmmiainsoniugunsssuyirouuazssuuiiidmisami

fiafosnFuduniny (asymptotically stable) 1

[
I y-.4

b 4 y
demluunilozuisesniiin 4 daundn dauusnsznatednY Mz vasE UG
13 d‘ é =) Y 1 d. 1] l:'
minaNAesmsAnE g mdauyAg uasou lua1eg idvin1svesssuy  daufiaea
° . = @ S @ ¢ o o
wiilumsiuemguimsudasdaduialvesflonuaddumiosdu (8] vnsuilseyndld
d' L] ::;du 1] o d. \y-Nv ¥ 1] 1:'
auiesolasgdszuviitidmisanar iduszuuaioun lifidmiasnm dauienuse
o/ a 3o = ar 4 a @ QY
dumsesnuuudimuguirdssnmldsussuuaiioudinan Taouusfandni 14 lumseen
a ar a é L
uuudanugy lduvnmsesnuuudinauguuuunmMuusiauIY [42~43] FHadanduny
s P [ a o 9 o q 9 Ao '
wvsnmfivonuuyld lavmatiall syamnsaldmuguuasildseuuhiifmizinauay

Qs § [} 1 1 a o @ 1 o a, °
daush linswauniveufimdosamFuduiduld  duganoziludoasiiEmaiue

o d' o : 9/ o T o
t‘nﬂuﬂ'ﬂmmuauvlﬂ"lﬂfuazmauwmsmmm

2.1 fSnHaEIZUUNNBINSANYT

Fa5EUUMEN (nominal system) vewszUUTRzAnuTATES Huseuufitidmiag
E 4
namuvasiitaensaegnnly Tﬂvmnmmm_w'1Jﬂﬂg'luszuummsmﬂu'lﬁ'ﬁumu‘m

uounszntazuuukay aunsouaasliegluziialy (Steiljes Integral) 18t
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Houitszun Cfu():{seC:Resz—uo} dowdimdely C Aeszuw CZ, Taoh
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__00 .
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Y o o ] d'd 9 P 'y A
%$1ﬂ’31ﬁ1‘ﬁiﬂﬂ’l v, ma'aﬂ"h l‘)fﬂ‘lli)\iﬂﬂ?‘l‘lllﬂﬂﬁﬂ']S‘U’rNS:,”U‘lJ‘YIlI INUNIN

(S;) AOIFAYBINNUITI (eigen value) N ant 191N

0,(S4) ={s € C:Res > -vy,det A(s) = 0} = CZ,, 2.5)
4
ie
56
A(s)=isl— | e da(b)
r )
o3 2.4 : TuMUNNNING RTPUENIIFIY (Left Characteristic Matrix Equation)
° LY a o 3 Y
fmualiaunmsuumnsagguanyuen19d1o (.em.e.) o Tag
_ [ e
JO=| e "Qda(l). (2.6)
r
iio a(@ e RP" AsuunnsAEILUY (system matrix)
JeR"P™"p ADLUNNINFV0TUAY (jordan matrix)
QeR"P" ABLUMNIAFI9129N 1Y (left eigen matrix)

Tavh dusidmuald o,(S,;) = AL UA, UAT, e AT, Aomavesmsindiuau
a9 J a9 A1 a @ o - A T
n, 510 NadRvunInIINEdeuYes ,(S,) NNAuSFewiiuIn. A, Anaveinisn
] ? ¥
Fedouiidiumavuazidhgiuiy A% uaz A, Aewavesmsndiau #, 510 fadedunn
= A o ° 4 ! 4
INTW 0,(S,) Tl lddmausnilidesns n, =#0,(S;)=2n, +n, e
# Aedwausn
) o ¥ [y A o 9
uazgmwmsum k=12, .., n,, N (ql,qz,...,qnc) ADANUINANDITLIVIZIIN WA
(left eigen vector) VeAsZTUURNAIMINIM (S;) Aaeandestusnlu AT uaz

A o o Y A - 4 a r }Y > 9y
(91420, 92428, -G ) AOMNINIABINRIMNIIBTITOARGDINY A, udanzlan
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Q =row[Reg, Img; Reg, Img; ... Reg,_

ImQMC ql+2n‘_. q2+2nc qnp] (2-7)
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4 a o P o 4
uoz Dy, =d1ag(s1+2,,c,s2+2nc ,...,s,,p) AsuNMMINTaasiaeandesiu AL . iis

° o 9 a d I3
HIWITIUNU ﬁwz"lﬂuu‘vmsﬂmaiuﬂu J ﬁju

J =diagDy, D3,..., Dy, D1y ) (2.8)
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z(t) = Ox(t) + f J‘eej(”g_f)Qda(e)x(r)dr (2.9)
7 o+
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(S,): zZ(t) = Jz(t) + By (u(t) +v(2)) (2.10)

o z(r)eR™  fis Ao uzvesszuIaiioy
n.Xn a o s
JeR PP fouunnindeosuau
14 v
By eR™™ flo damwnuvosszuuaiion snnaainiuldnn By =0B lavh.
A a o s
O ADUUNNTNLINITIINIEGY
J o o P ] 1 ] “ 4
w(t) an Wengunaswvosdudsh linsumuineusiiaasandsaiouly

¥ 1 & an va Y v
Whgnanuavesssuuh iatdow uda

g»
)
o

a - da
A30ASIBUANINTIUNAIANUIN N,

Hena 2,6: M3mIBadesiBsannasu (spectral stabilizability)

ial o 1 ° a o =38} 4
seuviddmuenn (S,) swausahiiiatosFenlaasuldndeie

rank[s]— f eseda(G)IB:} =n (2.11)

o) w L7 o v =3 = (74
TUNAGIU 2.3: AIszUUNANMINsam dEdesBaannasy

] k4 ]
szuuniidamiaanm (S,) aunsahildiatesiBenlnaiuld dmsurnnanuai

P ty A A 9
Lﬂﬂﬂﬂ‘}’l‘luﬂﬂﬁﬂ'ﬁ‘\lﬂxﬁzuu mmnammmmnmu"lﬂ'n

rank|:sI - f eseda(9)|B:| =n foralls e CfUO (2.12)
r
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b1 2 P oY ] Ao o v
‘H'1ﬂLi'l’d’lll'I5ﬂ’cﬁ’NiSUUlﬁUBUﬂ‘lMUﬂ’J‘H‘U’NL’Jﬁ’] (So) NITUUNBAINU LI

(Sy) MRlaeldnquiun 2.1 ud7 Wesudenld Qg >0 uazawsavwamas P fdhusm

1 o ¥

WINIUBY (positive definite) TAnInauMsTamAvesssuuaiioudi lifidamizanm (S,)

Howlay
JTP+PJ—PByBLP+0p =0 (2.13)

9 Yo . o o A a 1A o ] d'o
uda e lddmuguitssnmdmivszuuaiioud ilidmisunm (S,) fidmualae

auUnI

u(t)=uL(t)+uN(t) (214)

ug () = ——;—Bng(t) 2.15)
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2 T
P~ (x,)BpPz(t)
uy(t) =~ 2 —~ (2.16)
5(pCe)|BGP2(O)]+ ™)
Taofirsasuee 1S udu onlinear gain) fmuadulag
plx) = pglu O+ p(x) 2.17)
waz ¢ AemisuIusIuInlag
o 4
Hgau
Amua e Fudoy Turidlu
V,(£) =27 (1) Pz(1) (2.18)
Moy usYee ¥, 9zldh
v, =21 (r)[JTP + PJ]z(t) +22" ()PBy(u(t) + v(r))
UNUAINAN 1, (£) naums (2.15) asld udadagyinsisiu
V, =—2" ()0rz(t) + 22" ()PBy(uy () +¥(2)) (2.19)
9 o 9/
ffmuald
(&) =22"()PBy(uy () + (1)) (2.20)

unus v(z) 1Inaus (2.4) asluaums 2.20) gl

() = 2zT(t)PBQ{u () +E@Quy @)

+ [) dH(@)x(t +0)+ E(uy (t) + w(t)}

< Z[ZT ()PBobuy (1) + p(x, )NBgPZ(t)” ]

UNUAT 1y (1) MINEUMS (2.16) aglloz 1@
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£(t) = =2x(t) + e x(t = 1) + B)x(t = 1) + u(t) + o (2) (2.23)

Tnofi 18| <03 uaz |w()[<0.15

v v
YUAOUN 1

mrensadaglaumsszuy 2.23) Weglugihialdamaunts 2.2) 14 Taove1éh
r=1, a(0)=-2H,0)+e'H,(0+1), BO)=pOH,(0+1), B=1

{ o ar ] o o ® ¢ A a o o ar T
lavh H, # Henguninonuins 1 (heaviside unit function) Noyiusveaiudiem
t o 4' "o ' A WAL o o o
P 1 IewiEinauihiiy 0 aauna1dug fimdoninuaeyiuseziisuiiu o

A 1Y) p=s ? v v v =Y £ A L
uazmﬂﬂi’m’davmuﬂi“nvhmsmmuuuauwmuﬂu‘vuﬂ’daﬂﬂamneu'Hnngﬂﬂu
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fu -1 Fudusiniiados
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r
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Famiuvnavesssyudmivanimuaneglussuiy ¢ uaashszuuiiannse
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a 4 [ P 1 o £ & t i
910 Hw 2.4 dieszuy lulisnn ludesnts 519 muald J = -1 Futudisnd

~ 4 a d o [ Y ° 1 P
fosyesszyuiaztipnnuIaveIINIngsesuauiiy 1 Midmansaldmneilay

4 Y o o’: o 3 4 3
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z(t) =—z(@) +u@) +v() (2.24)
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State X versus Time
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Robust stabilisation of a state delayed system

S.Phoojaruenchanachai
K.Uahchinkul
Y.Prempraneerach

Indexing terms: Robust control, Time-delay system, Control system design

Abstract: In the paper, the authors present a
method for stabilising uncertain time-delay
systems. The systems under consideration are
described by linear state delayed equations whose
coefficient matrices contain norm-bounded time-
varying eclements. Using some matching
conditions, they can take time-varying elements
and re-form the equation into a linear state
delayed equation with disturbances. They then
apply a linear transformation technique to reduce
the uncertain systems to those where nominal
systems are delay-free. Consequently, they can
derive a suitable controller for the perturbed
systems, and will prove that the controller can
robustly stabilise the closed-loop systems against
perturbation. Finally, a control system design for
the two-tank chemical reactor with a delayed
repeat cycle will be illustrated to show the
applicability of the proposed methed.

1 Introduction

It is well known that time delay is frequently a source
of instability. On the other hand, it is reasonable to
include uncertain parameters and disturbances in prac-
tical control systems containing modelling errors, line-
arisation approximations etc. Therefore, the problem of
robust stabilisation of state delayed systems with uncer-
tain parameters has received considerable attention
from many researchers, and many solution approaches
have been proposed [1-6].

In this paper we consider a class of time-delay sys-
tems containing uncertain parameters and additive dis-
turbances [7]. Determination of controller parameters
can be divided into two parts. First, the linear transfor-
mation proposed by Fiagbedzi and Pearson [2, 8] is
used to transform the original problem into a equiva-
lent one which is easier to solve. Next, by using the
well-known Lyapunov min-max approach of Gutman
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[9], a suitable stabilising control law is derived in the
second part. Finally, an example of product stream
control of a chemical reactor is given.

2 Problem formulation

Consider a class of uncertain time-delay systems (S,)
which is defined by the following state equations:
Z(t) = [A + AA®))z(t) + [An + AAL(t))z(t — h)
+ [B + AB(t)]u(t) + Bw(t) 6))
where x € R” is the current value of the system state,
u(r) € R™ is control function, w(t) € R! is the additive
disturbance 4, A;, B are known constant matrices of
appropriate dimensions, AA(z), A4,(7), AB(f) are matri-
ces whose elements are continuous, unknown but
bounded functions, # € R* is a known constant delay
time and let the initial function of the system be speci-
fied as xo(n) € C([-h, 0]; R") where C; denotes the
Banach space of continuous vector-valued functions
defined on an internal [-A, 0] taking values in R* with

norm: flgll; = sup el ®(n)l| where @ € Cf[-A, 0]; R).
We propose a method of controller design for stabil-
ising an uncertain time-delay system.

3 Assumptions and transformation technique

3.1 Assumptions
Before proposing our controllers, the following
assumptions are made throughout.

3.1.1 Assumbtion 1: The nominal system of (S,)
(i.e. the system (S,) for which AA(r) = A4,(f) = 0, AB(f)
= 0, w(f) = 0) are spectrally stabilisable.

3.1.2 Assumption 2: For all t € R*, there exist con-
tinuous matrix functions H(f), H,(1), and E(f) of appro-
priate dimensions such that:

(a) A4() = BH()
(b) A4,(2) = BHy(2)
(c) AB(t) = BE())
(d) I+ 1(E(1) + E7(2)) = I for some scalar § > 0
(e) there are scalar g(x,) and pg(f) such that
w(ze) 2 NH(&)x(t) + Hu(t)z(t — k) + w(t)||
and
pe(t) = |E@)

where X, is the restriction function of x to the interval
[t — A, 1] translated to [-h, 0] (i.e. x, € C; and x(n) =
x(t +n),-hsns0).

Note that, if matching conditions defined in
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Assumption 2 are satisfied, we can rewrite system (S,)
to the form:

#(t) = Az(t) + Anz(t — h) + B(u(t) +v(t)) (2)
where
v(t) = H(t)z(t) + Ha(t)z(t — k) + E(t)u(t) + w((t))
3

3.2 Transformation technique
Consider the linear transformation T, defined by:

z(t) = (Te(2))(2)
0

= 2(t) + / AV pa(t —h—0)dD  (4)
-h

where 4, € R™ is a matrix yet to be defined.
Proposition 3.1: Let the matrix A4, be defined by:

Ac=A+e P4y, (5)
and
0u(52) C 0(Ac) C o(Sa) (6)
where
0(Sa) = {s € C;det(sI — A —e~"°4,) = 0}
and

6u(S4) = {s € 5(54); Re(s) 2 0}

Then, x(¥) satisfies eqn. 1 and hence eqn. 2, if and only
if 2(z) satisfies the system of the form (S,):

2(t) = Acz(t) + B(u(t) +v(t)) (7

Consequently, by this linear transformation, asymp-
totic stability of z(r) implies asymptotic stability of x(z).
Furthermore, the following properties are true:

(a) (4., B) is a stabilisable pair,

(®) if limyooflz(0)]] = 0, then lim,olx(9)]| =

(0) if lim, olz(2)]| = &y, Fky < o0, then lim.|x(D)]] < ko,
Iky <

V(s)

U X(s)
S

Sd:X(s)=A" (5)B(U(S) +V(s)

Vi
U(s) © ( AJ‘ 2(s) wiledy X(s)
+ B sl | AY(s)(s!
I.__

S0:Z(s)=(sHA) " B(U(S)+Vis)
Fig.1 Block diagram of (S,) and (S,)

Proof. By using the Leibnitz’s formula [10], it is
straightforward to verify that eqn. 2 in conjunction
with the transformation eqn. 4 yields eqn. 7; see the
Appendix (Section 9.1). Property (a) follows from The-
orem 3.2 of [8). To show the property (b) and (c), are
obtained using Laplace transform eqn. 4 after some
rearrangement (see also Fig. 1),

X(8) = A7 (s) (T~ Ac)Z(s)+ A (s)(sT— A.) T (s)
(8)
where A(s) =

' 0 0
T(s) = / eAed / e~ (Tt 0z, (+)drdf
—h —~(h+0)

Next by setting ¢ = ¢ + h + 6, observe that:

[sI— 4 - ™ 4], and,
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0 (h+9)
e~ S0 o (Y dr = / e *xo(t—h—0)dt
~(h+6) 0

Since xy(1) = 0, V¢ & [-h, 0], we have:
0 o0
eSO o () dr = / e *zo(t — h~O)dt -
—{h+86) 0
= L{zo(t -~ h - )}
This implies that:
P(t) = L7H{¥(s)}

e { /_ Oh eA A, L{zo(t — h — 0)}d9}

0
- / A Aot — h — 6)db
—h
and hence,

PY()=0, Vt>h

Note here that eqn. 6 implies that all eigenvalues of the
transfer function A~s)(s] — A4, are stable. Conse-
quently, it can be verified that:

Jm sl < fim [|IL7HA ()T = A)Z()}O)]
+ Jim [ L7HAT 6)(6T ~ 4 2(:)} (1)
= Jlim [IL7HATH )T - 42 ()} 0]

The above analysis implies that 1(f) does not influence
the stability of x(#) and it can be verified that the sta-
bility of z(7) implies the asymptotic stability of x(f).

4  Controller design

Theorem 4.1: Suppose there exists a transformation sat-
isfymg the hypothesis of proposition 3.1. Then, for
given Q > 0, there exist a positive definite solution P to
the Riccati equation:

ATP+PA.~PBBTP+Q =0 9)
Furthermore, a stabilising control law is given by:

u(t) = ur(t) + un(t) (10)
where
u(t) = ~ 3 BTPx(t) (11)
and
un(t) = — p*(z:) BT Pz(t) (12)

5ol BTP=()] + o)
where the nonlinear gain:

p(@e) = pplluL @)l + u(zt) (13)

and ¢ € R* and § is the positive scalar dcf'mcd in
Assumption 3.1.2 (d).

Proof:
First, we take the positive definite function:

Vi(t) = 2T (1) Pz(2) (14)
as the Lyapunov function candidate for the system
(eqn. 7) with control (eqn. 10) Applying with the Ric-

cati equation, the.following is obtained for the deriva-
tive of V:

Vo= —2T()[AT P+PA.)2(t)+22% () PB(u(t) +v(t))

IEE Proc.~Control Theory Appl., Vol. 145, No. 1, January 1998



By using the Control law (eqn. 10), it can be verified
that:

Vo(t) < =27 ()Qz(t) + 2¢%
then we have
Xmin (P2l < V:(t) € Amax(P)||2(t)|I2
and
K(t) S - min(Q)"z(t)u2 + 26_4’t
Next, observe that:
Vo(t) < ~AV,(t) + 2¢=#

where
A= /\min(Q)
Amax(P)
Now, let

8(t) 1= V + AV, (t) — 2¢%*
then we have
s(t) <0
and
Va(t) = s(t) — AVL(t) + 2%
So it can be verified that:

t
Va(t) = Vi (0)e™> + e~ / Ms(t) + 2e=#)dt
0

t
< Vi (0)e™> + 2e‘>“/ eMe~%tdt

0
— =t v et(A"‘b) L 1
=V:(0)e ™ +¢ [—__(,\ s }
Consequently,
z 2_ Ve (0)6"“ 2e— M Jet(h-9) _1
b= < 5+ ey [ = ]

Since the stability of z(¢) implies the stability of x(7) as
shown in proposition 3.1, we can now conclude that
closed-loop system is asymptotically stable.

Fy.y
fresh feed T
isturbance
R,c,(t-h)
recycie 1
v, Faty
interstage foad
! 2
Fpi,e1 F
v, p2rCe
product stream, 1 product stream,2
recycle R,c,

Fig.2 Two stage chemical reactor train with delay recycle

5 lilustrative example

Now we show how to control the two-stage chemical
reactor with a delayed recycle stream, shown in Fig. 2.
A reactor recycle not only increases the overall conver-
sion but also reduces the cost of a reaction and there-
fore, it is very popular in industry. To recycle, the
input to be recycled must be separated, from the yields,
then travel through pipes after separation. This total
time of recycle introduced delays in the state.

Consider the irreversible reaction 4 — B with negli-
gible heat effect which is carried out in the two-stage

IEE Proc.-Control Theory Appl., Vol. 145, No. 1, January 1998

reactor system. Reactor temperature is maintained con-
stant so that only the composition of product streams
from the two reactors ¢y, c; needs to be controlled. The
manipulated variables are the feed compositions to the
two reactors, ¢j5 ¢y and the process disturbance is an
extra feed stream, F; whose composition ¢, varies
because it comes from another processing unit. The
flow rates to the reactor system are fixed and only the
compositions vary. Suppose, at the input, that the fresh
feed of pure 4 is to be mixed with the recycle stream of
unreacted 4 with recycle flow rate R. Let  be the
instant of time. Then the material balance equations
for the reactor system are:

Vié = Fie15(t) + Rea(t ~ h) + Faca(t)
= (F1 + R+ Fyg)ey (t) — Va(ky + 6Ky (t))cs (2)
(16)
and
Voo = (F1 + R+ Fy — Fpi)er (B) + Facoy(2)
= (sz + R)Cz(t) - Vz(kg + 5k2(t))62(t)
(17)
where the second product stream, F,,, is given by:
Fp=R+FR-F,+F
Note that the time-varying parameters 6k,(£) and &k,(r)
represent uncertainties of the system. In practice, exact
values of both of parameters are unknown. Neverthe-
less, it is reasonable to assume that their upper bound

values are known; i.e. the information 6; and 8, such
that:

0 = max ||6k, (¢))]
and

8, = max||6k;(8)|
respectively, are available. For any given set point (cy,,
cy0), our objective is to find a state feedback controller

that makes ¢; and ¢, converge to ¢;,, ¢y, Tespectively.
To achieve this, we define the variables:

Vi Va

0:———- = e—
"R +R+F T F,+R

Uz = Caf — Cays
Ty =C—Clsy T2 =Cy—Cosy d=C4—Cys

where ¢y is a constant nominal value of the distur-
bance ¢ and ¢y, ¢y, can be obtained from:

Reas+Facds—(F1+R+Fy)er.—Vikies,
R

Ur = C1f — Ci1fs,

Cifs = —
Cage = _@1+R+F¢—Fﬂ)£é§m-glc,,—vgk+2cg,
Consequently, the material balance eqns. 15 and 16 can

be described by:

() = — (% + Ky + Ok, (t)) 1 (t)

R I3 Fy )
+ T,::tz (t—h)+ —V;‘ul )+ -‘—,;-d(t) +6ky(t)c1s

(18)
Ba(t) = — (0712- ke + 5k,(t)) za(t)
+ Mm(t) + %ug(t) + 6k (£)cas

V2
(19)
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Note that (¢)(2), c5(r)) = (¢y5, ¢2,) Whenever (xy(1), Xx(#))
— (0, 0); therefore, the objective can be achieved by
stabilising the above system described by eqns. 18 and
19. Next, define a state vector:

_ | =(t)
z(t) = [xz(t)]
It can now be verified that the state space description
for eqns. 18 and 19 is of the form (S,) with:

- (% + kl) 0
= Fzg—vf2+R _ (_0;2_ + kz)
_ [ 6k () 0
AA(Z) = [ 0 6k2(t)]
ISk ()l <81, |ISk2(D)]] < 62
0 R
Ap = [0 %] , AAL()=0
B
B= ["SL -{gz] AB(t) = 0
d

we) =[] 150 < dan

To illustrate the proposed controller design, let us
choose:

ki=ki=1 vi=v=1
=04, F,=05
Fp =05, Fu=05
Fy=01 R=025 h=1
6 =04, 6,=05 &3=05
so that:
91 F 0.75, 92 =0.5
and hence:

-1.75 0 _Jo 025
A= [ 0.25 —1.75]’ A"“[o 0 ]

o= (% o)

0 05
k1 (2 0
mo =" L8] mors
0.5

w=[3] monsons

Note here that the nominal system 1is stable. It can be
verified that s, = ~2.72791 and s, = —-1.27667 are the
poles of the nominal system. Based on the procedure
given in [8] with o(4,) = {s1, 51}, the required matrix
parameter A, of the transformation is then determined
to be:
A = ~1.75 1.851497
°c7 | 025 —2.254575

Next, solve to Lyapunov equation (2.3.12) with Q =1
to obtain:

0.165341 0.357552

A suitable control law is then given by eqn. 9 with =
1, ¢ = 0.5 and:

p(ze) = /(z1(t) + ca1)? + (22(t) + c20)% +0.125

90-

P [0.3093344 0.165341]

Suppose that set point is chosen as:
€15 =05, ¢35, =10
Simulations are now presented for the corresponding

cloSed-loop system. In these simulations, the uncertain
parameters are taken to be as follows:

Ok (t) = 0.4sin(2t), Sko(t) = 0.5sin(2¢)
d(t) = 0.5sin(2t)
The initial condition is taken to be xq = [-0.4 -1.0}7 on

[-1, 0]. The results of these simulations are shown in
Fig. 3.

0.2

-o.:‘ x1y
0.4 /
/

-0.6
-0.8 [ =0

state of X

-1 -
(] 2 4 [ 8 10

" time,s
Fig.3  Response of state x versus time
6 Conclusion-

We have presented a computational method to stabilise
uncertain systems including known constant time delay.

By using the matching conditions, we can change the

system model (eqn. 1) into new model (eqn. 2) that is
casier for analysis. We then use a linear transformation
[2] to reduce the delay system model with 4., which has
been chosen so that A™'(s)(sI — A is stable. This
explains why stability of z(r) can imply stability of x(¥).

In comparison with [7], the advantage we presented
is the control law (eqn. 10); by changing constant & to
e¥ it converges to zero. It therefore controls the sys-
tem more efficiently with better performance. Finally,
we show how to apply the proposed stabilisation
method to set point control of a chemical reactor train
with delay recycle.
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9 Appendix

9.1 Supplementary proof of Proposition 3.1
From the hypothesis of Proposition 3.1, we have:

#(t) = Az(t) + Anz(t — h) + B(u(t) +v(t)) (20)
with the auxiliary output:

z(t) = (T(2))(?)
0
= z(t) +/ eA°oAg,x(t —h—0)d8 (21)
h

where the matrix 4, is defined by:

Ac=A+e A4, (22)
By using the Leibnitz’s formula [10], it can be verified
that:

d 0
dt J_y
= e"he 4, z(t) — Apz(t — h)

ed<? Apz(t — h —6)do

0
+ Ac/ e""’Ahm(t —h—0)dd
—-h
Hence,
d ]
(@) =z(@t) + pr / eAc"Ahx(t — h - 8)do
—h

= Az(t) + Apz(t - B) + b(u(t) + v(t))
+ e_hA‘Ah:c(t) — Apz(t—h)

0
+ A, / eAed Anz(t — h — 0)d8
~h

— 4, [x(t) + /_ 1 €<% Apan(t — b~ 0)d9]
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+ B(u(t) — v(t)) + [A + e P44, — A)x(t)
which is equivalent to:
2(t) = Acs(t) + Bu(t) + v(t))
as in eqns. 21 and 22.

Next, to show eqn. 8, Laplace transform eqn. 21 to
obtain:

Z(s) = L{=(t)}
0
=L {z(t) + / eAC Apaz(t — h— 0)d9}
—h

0
= X(s) + / eA“oAhL{.’L'(t —h—0)}do
—h
Since, for any scalar a > 0,
L{z(t - )} = / e~*to(t — o)dt
0

0
= e~ X (s) + / =+ g0 (- 7)dr
—a

where x5 € C; ([-a, 0); R™ denote the initial function.
Consequently,

0
Z(s) = X () + / €A e PO g X (5)
—h

o 0
+ / ed<f4, / e~ (7t +0) g0 (1) drdo
» (h+6)

0
X [.r+ / eAC"A;,e"’(""“’)dB] X(s)
~h

0 0
+ / eff A, / e (T +ht0 g, (r)drde
A —(h+8)

(23)
Note here that:

0
I+ / €A 4,60+ dp = (5T — A)~1A(s) (24)
~h
where A(s) = [s] - 4 — e A4,]). This can be verified eas-
ily by direct integration and then using eqn. 22.
Finally, direct substitution of eqn. 24 in eqn. 23 yields
the required result. .

91



0 i
4.
4

BN oLy T

on-Fundamentals-of:
Communlcatlons:%
and Computer::

5 g

ypecial .Section ,Theory and % lts ,Aﬁiilié“a"’
Rty “ n g £V "fx*;\, ‘t‘

..v‘wi-i«aq‘;

o - Sami ;}J:»:

Kiaog a{np@, Y
o g ‘%”‘w"‘

e B e,

S e

b &

.

o e
ol

--:’- ey

o Er G
\-s:;wd w‘ﬁuﬁ'« » ,rwx X
:EPTEMBER 1999 é%’i

s

f e

A

A PUBLICATION OF “THE ENGINEERING«SCIENCES SOCIET Vst

RPN =
The lnst:tute of Elecfromcs Informatlon and Commumcaﬂon Engmeers* MU z’t”‘rm’s*‘

S

%
3
2
£

q_



IEICE TRANS. FUNDAMENTALS, VOL.E82-A, NO.9 SEPTEMBER 1999

1911

[PAPER

Robust Stabilization of Uncertain Linear System with

Distributed State Delay

Suthee PHOOJARUENCHANACHAI!, Kamol UAHCHINKUL'", Jongkol NGAMWIWIT',

SUMMARY In this paper, we present the theoretical devel-
opment to stabilize a class of uncertain time-delay system. The
system under consideration is described in state space model con-
taining distributed delay, uncertain parameters and disturbance.
The main idea is to transform the system state into an equivalent
one, which is easier to analyze its behavior and stability. Then, a
computational method of robust controller design is presented in
two parts. The first part is based on solving a Riccati equation
arising in the optimal control theory. In the second part, the
finite dimensional Lyapunov min-max approach is employed to
cope with the uncertainties. Finally, we show how the resulting
control law ensures asymptotic stability of the overall system.
key words: robust stebilization, time-delay system, control sys-
tem design

Notation

R := (—00,00), the real number

R* := [0, 00), the positive real number

R™ := Any real n-dimensional linear vector space over
the real

R™*™ := A set of n X m matrices with elements in R

I := Identical matrix

Let z € R™ then:

2T := Transpose of ©

|lz]} := («Tz)? the Euclidean Norm of z

Let M € R™*™ then:

MT := Transpose of M

||M][| := Spectrum norm of maximum singular value of
M

Let M be n X n symmetric matrices, then:
Amin(M) := minimum eigenvalue of M
Amax(M) := maximum eigenvalue of M
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Let M be any square matrix, then
(M) := {s = C;det(s] — M) = 0}

1. Introduction

It is well known that uncertain parameters and dis-
turbance in practical control system such as modeling
errors, linearization approximations, etc., are always
found and disturb the system. On the other hand,
the time delay which commonly encountered in various
engineering systems is frequently a source of instabil-
ity. Therefore, the problem of robust stabilization of
state delayed system with uncertain parameters have
received considerable attention of many researchers,
and many solution approaches have been proposed, see,
for example [1]-[9] and reference therein. One approach
which frequently applied to deterministic robust control
is by means of the so-called “second method” of Lya-
punov. The design is based on a nominal linearization
of given system with time-varying, non-linear uncertain
elements of the system and the extraneous disturbances
grouped into an unknown but bounded function. Only
knowledge of compact sets bounding the system uncer-
tainties is required. Furthermore, if they satisfy certain
matching conditions, complete insensitivity to the sys-
tem variations can be achieved, see, for example [1]-
[8] and reference therein. Other often-used approach is
based on Hy, control theory of which resulting control
law is linear [9], [10].

In this paper, A class of linear system containing
constant known distributed state delay, uncertain pa-
rameters and additive disturbances are presented. De-
termination of controller parameters can be divided
into two parts. First, base on the improved Fiagbedzi
and Pearson theorem [11]-[13], the linear transforma-
tion is utilized to reduce the original problem into an
equivalent one which is easier to find the solution. Next,
by using the well-known Lyapunov min-max approach
of Gutman [14], a suitable stabilizing control law is de-
rived.

This paper is organized as follow. In the next sec-
tion, we introduce the uncertain system considered here
and the state-feedback based transformation technique.
In Sect.3, we derive the required robust control law.
A numerical example in Sect.4 demonstrates the pro-
posed control method. Some final remarks and conclu-



IEICE TRANS. FUNDAMENTALS, VOL.E82-A, NO.9 SEPTEMBER 1999

1912

sion appear in Sect. 5.
2. Problem Formulation

Consider a class of uncertain time-delay system (Sy)
which is defined by the following state equations

&(t) = [A + AAD))(E) + [An + AAw())z(t — h)
+ Ap(0)z(t — r — 6)do

0
+ AA()z(t —r— 6)do

—-r

+ [B + AB(t)]u(t) + Bw(t), 1

where £ € R” is the current value of the system state,
u(t) € R™ is the control function, w(t) € R! is the ad-
ditive disturbance A, A;, B are known constant matri-
ces of appropriate dimensions, A, € L, ([-r,0]; R"*")
is a matrix whose elements are integrable functions
on [-7,0], AA(t), AAx(t), AA.(t), AB(t) are ma-
trices whose elements are continuous, unknown but
bounded functions, h, » € R* is a known constant de-
lay time and the initial function of system be specified
as zo(n) € Ca([~ty,0}; R"), t; = max(h,7).

2.1 Assumptions

Before proposing our controllers, the following assump-
tions are made throughout here.

Assumption 2.1: The nominal system of (S4); ie.,
the system (Sa) which AA(t) = AAx(t) = AA,(t) =0,
AB(t) =0, w(t) = 0 are spectrally stabilizable.

Assumption 2.2: For all t € R there are exist con-
tinuous matrix functions H(t), Hx(t), H.(t) and E(t)
of appropriate dimensions such that

a) AA(t) = BH(t),

b) AAx(t) = BHu(t),

c) AB(t) = BE(t),

d) I+ 3 (E(@)+ ET(t)) > 61 for some scalar 6 > 0,
e) AA.(t) = BH.(t)

f) there are scalar p(z:) and pg(t) such that

p(2e) 2 || H(t)2(t) + Hr(E)z(t ~ h)

+ ’ H.(t)z(t — r — 8)df + w(t)

-r

and

ne(t) 2 |E@I
g) information &, u and ug are available.

Note here that physical meaning of matching conditions
defined in Assumption 2.2 is all disturbance and uncer-
tainty effects disturb into the system though the same

channel as the control. And if matching conditions are
satisfies, we can rewrite system (S4) to the form

() = Az(t) + Anz(t — h)
i A(O)z(t - — 6)do
T Blu(t) + (1), @)
where
o(t) = H(t)x(t) + Hy(t)z(t - h)
i Ho()a(t - — 0)d8
+ E_(:)u(t) +w(t) 3)

2.2 Transformation Technique

We begin with the linear transformation T}, defined by
z(t) = (Te(2))(t)

0
= z(t) + / e Apz(t — h ~ 6)do
-h

0 10
+ / / e A, (~1 — 0)z(t — r + 6)drdf
-rJ-9
' (4)
where A; € R™*" is a matrix yet to be defined.

Proposition 2.1: Let the matrix 4. be defined by

0
A= Ateted, 4 / e~ 044 (0)dn ()

-Tr

and
0u(8q) C o(Ac) C o(Sa), (6)
where
o(Sq) = {s € C; det (sI —A-—ehs 4,
o
__/ e-'(r+0)aAr(0)d0) — 0} ,
-r
and

ou(Sa) = {s € o(Sa); Re(s) > 0},
Then, #(t) satisfies (1) and hence (2), if and only if 2(¢)
satisfies the system of the form (S,)

3(t) = Acz(t) + B(u(t) + v(t)) )
Furthermore, the following properties are true:

(a) (Ae, B) is a stabilizable pair,
(b) if limg oo ||2(2)]| = O, then lime_.co ||z (t)]| = O,
() if limyvoo fl2(2)]] < k1, k1 < oo,

then lim, .o [[z(t)}] < k2, Tk2 < o0,
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Proof: By using the Leibniz’s formula[15], it is
straightforward to verify that (2) in conjunction with
the transformation (4) yields (7); see Appendix. Prop-
erty (a) follows from Theorem 3.2 of [12]. To show the
properties (b) and (c), using Laplace transform (4) to
obtain, after some rearrangement

X(s) = AY(s)(s] — Ac)Z(s)
+ A7) (sT - A.)T(s), (8)

where
A(s)
0
= [sI —A—eh A, —/ e~ (95 4 (9)d6| ,

-r

and

0 0
U(s) = / e<% A, / e~ *THh+0) 4 (1) drdf
-h ~(h+6)

0 0

+ / / ¢34, (0)
~r J—(r+8)
0

. / e~ 3 Hr+atO) o (Hdrdodd
—(r+a+0)
Next by settingt =7+ h+0,

0
/ (h+6) 6_3(T+h+0)m0(1)d7-

(h+0)
= / e *zo(t — h — 6)dt.
0
Since zo(7) = 0, V1 ¢ [—14,0], we have

0
/ e—a(‘r+h+0)xo (T)d’r
—(h+9)
= / e~ *tzo(t — h— 0)dt
0
= L{zo(t — h - )}

where the operator L{.} is defined as the Laplace Trans-
form.
Furthermore, by settingt=74+r+a+4,

/0 e—.s('r-f-r+a+0)‘,l:0 (T)d‘r
—(r+a+9)

(r+a+9)
= / e zo(t—r—a—0)dt
0
Since zo(7) = 0, V7 ¢ [~ty,0], we have

0
/ e-—s(-r+r+a+0)x0(,r)d7,
—(r+oa+8)

= /w e~ ro(t —r —a—0)dt
0
=L{zo(t—r - a—6)}.
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This implies that
U(t) = L7HU(s)}

=L? { /_ 1 eA? ApL{zo(t — h - 0)}d9}

0 0
L L@

Lzt —r—a— 0)}dad0}

0
- / A< A zo(t — h — 0)dO

h
0 40
+ f / e 4,.(6)
—r J~(r+0)
Tt — r— a — 0)dadd

and hence,
U(t) =0, Vt > t; = max(h,r).

Note here that (6) implies that all eigenvalues of the
transfer function A~?(s)(sI — A.) are stable. Conse-
quently, it can be verified that

lim¢ oo [l (t)|]
Slimenoo L7 {AT () (5T — Ac)Z(5)} (2)]]
+1imysoo [|L7 {AT (s)(sT = Ac)T(s)} ()]}
= limpoo [|L71 {AT(s)(sT — Ac)Z(5)} @) -

The above analysis implies that ¥(t) does not influ-
ence stability of z(t). Furthermore, asymptotic sta-
bility of z(t) implies asymptotic stability of z(t) since
A=Y(s)(sI — A.) is stable. o

3. Controller Design and Stability Result

In this section we present a suitable controller design,
which is based on the Min-Max Approach of Gutman,
to stabilize z(t). Next we will proof that the controller
can make the system asymptotically stable.

Theorem 3.1: Suppose there exists a transformation
satisfying the hypothesis of proposition 2.1. Then, for
given @ > 0, there exist a positive definite solution P
to the Riccati equation

ATP+PA.-PBBTP+Q=0 (9)

Furthermore, a control law, which render closed-loop
systems asymptotically stable, is given by

u(t) = ur(t) +un(t) (10)
where

ur(t) = —%BTPz(t) (1)
and
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_ p*(z) BT P(t)
e 0 s M)
where the nonlinear gain
p(ze) = pellur )l + plz), (13)

and ¢ € R* and § is the positive scalar defined in
Assumption 2.2 d).

Proof: First, we take the positive definite function
Va(t) = 27 (t) P=(t) (14)

as Lyapunov function candidate for the system (7) with
control (10). Applying with the Riccati equation, the
following is obtained of the derivative of V,

Ve = =27 (t) [ATP + PA.) 2(t)
+ 22T (t) PB(u(t) + v(t)
Substitute uz(t) in the above equality to get
V. = =2T(t) [ATP + PA. - PBBTP) 2(t)
+ 22T (t) PB(un(t) + v(t))
= 2T (1)Qz(t) + 22T () PB(un(t) + v(t))

since v(t) still has same value as defined in (3), we have
V; = ~27(8)Qz(t) + a(t) + B(t)
where
a(t) = 227 (t)PB(I + E(t))un(t)
and
(&) = 227 (P B H()a(t) + Ht)a(t = 1)
0

+ H (t)x(t —r — 6)do+ w(t)

+ E(t)ur (t)}
Consequently from uy (¢) defined in (12), a(t) becomes
a(t) = —2k(t)zT(t)PB(I + E(t)) BT Pz(t)
= —2k(t)z7 (t)PB (I + % (ET(t) + E(t)))

- BT Pz(t)
< —2k(t)2T (t)PBSBT Pz(t)

where
- P (z+)
Hence,
a(t) < ~2k(t)8 || BT Pz(t)|)” (16)

On the other hand,

B(t) < 2[|BT P2(8)]| p(a) (17)
Combining (16) with (17) to get
a(t) + B(t)
<2 (—k(t)5 IBTP2(t)||” + p(z) IIBTPz(t)")
(18)

(15) and (18) imply that

2 || BTP2()|)*
plIBT Pz(t)]| + e~ 9t

at) +B(t) <2 (—

+ p(ze) ”BTPz(t)”)
> 2( e~%p || BT Pz(t)| )

pl|BT Pz(t)]| + e—9t
< 2e~ %

Therefore,

V(t) = =27 (£)Qz(t) + a(t) + ()
< =27 (1)Qx(t) + 2%

By using[17], it can be verified that closed-loop system
(7) with control law (10) is asymptotically stable.

4. Numerical Example and Simulation

Consider the following uncertain system with dis-
tributed time delay with its linear part as defined in
#(t) = Az(t) + [An + AAx(t)]z(t - h)

0
+ / Ar(O)z(t — r— 6)d8 + Bu(t) + w(t)

-T

(19)
where
-
A% SeTsé An=e, A(8) = sin(89),
B=1, JAAn(t)| <3, |w(t)]=<05,
h=1, r=-—

Therefore, it can be verified by using the numerical
algorithm proposed in [15] that o, = {1}, consequently
A, has chosen to be 1. Next, we choose Q to be 3 then
P becomes 3 and the nonlinear gain
plze) = p(ze) = |13 - =(t — k) +0.5]]

Then, the resulting control law with § = 1 is
_ 3. p(ze) - 2(2)

3 p(z) - l2(t))] + e—9¢

Using the controller described and let ¢ be 0.15, the
response of the system (19) with controller are given

u(t) = --g’- . 2(2) (20)
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in the Fig.1 shown below. Furthermore, Fig.2 shows
the response of system (19) with only linear control law
(11). It can be observed that the control law without
nonlinear part can not stabilize the system. In the other
hand, the nonlinear part is sufficient to control the ef-
fect of uncertainties and disturbance for stabilizing the
system.

5. Concluding Remarks

‘We have presented a method to stabilize uncertain sys-
tem with distributed time delay. By using matching
condition defined in Assumption 2.2, we can change
system model (1) into new model (7) that easier to
be applied with the special linear transformation. The
transformation is used to reduce the system state model
so that we can obtain a stabilizing condition as shown
in Proposition 2.1. In the other word, choosing A, such
that A=1(s)(sI — A.) stable, paves the way to feasible
design of the robust controller. And it explains why
stability of z(t) can imply stability of z(t). As a conse-
quence, we obtain a new design of robustly stabilizing
controller for the system.

In General, the problem of determining the roots
of systems has been considered by many authors. Base
on Manitus method (16}, Fiagbedzi and Pearson had
proposed the solution for distributed systems in 1987,

see [13] for references.

Finally, we note that the applicability of our ap-
proach is not limited to stabilization problem. For in-
stance, it is feasible to extend our result in Sect.3 to
cope with the model-following control of which concept
is proposed in [7].
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Appendix: Supplementary Proof of Proposi-

tion 2.1

From the hypothesis of Proposition 2.1, we have

£(t) = Az(t) + Anz(t — h)
+ Ar(8)a(t — r — 0)d0 + B(u(t) + v(t))
(A1)

with the auxiliary output

z(t) = (Te(z))(t)

0
— () + / A Apz(t — h — 6)dB
~h

0 40
+ / / e A (~r — )zt —r + 0)drdf
-rJ-0

(A-2)
where the matrix A, be defined by

0
Ac=A+ e—hAcAh + / e—(r+6)A¢Ar(g)d0’

- (A-3)

By using the Leibniz’s formula[12], it can be verified
that

0
4 e Apz(t — h — 6)do
dt J_,
= e_hA"Ah.'E(t) —Apz(t—h-0)

0
+ Ac / e?<® Apz(t — h — 6)do

~h

and

d 0 ]
—/ / eA‘TA,.(—r -~ O)z(t — r + 0)drdd
dt ~rJ-—0

A / 7 [e-McA,(—r — 0)(2)
——;4,(—1» ~ 0)z(t +0)
+ A / BAEIC =N | e)d’r] o
Hence, ¥

0
z(t) = &(t) + %/ e Apz(t — h - 6)do
-h

d 0 0
e -

~z(t — r + 6)drdo
= Az(t) + Anz(t — h)
0
+ | Ar(0)z(t — r — 0)dO + B(u(t) + v(t))

+ e~ P Apz(t) — Apz(t —h—0)
0
+ A / A9 Azt — h — 6)dB
—h

s ° [ee(=r - 32

— Ap(-r - 0)z(t +6)
]
+ A / AT A (—r — O)z(t — T + 0)d7'] deo
-0

0
= A, [z(t) + / e Apz(t — h— 0)do
-~h

0 0
+ / / eAT A (—r - 0)
-rJ—0
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cz(t— 7+ 0)d7'd0]
+ B(u(t) + v(t)) + [A + e~ 44,

0
+ / e~ (T4 4 (9)do — ACJ z(t)

-r

which is equivalent to

2(t) = Acz(t) + B(u(t) +v(t)),
owning to (A-2) and (A-3).

Next, to show (8), Laplace transform (A-2) to ob-
tain

Z(s) = L{z(1)}

0
= L{:z:(t) + / et<P Azt = h— 0)do
~h
o /0
+/ / e A (-1 —8)
—rJ-0
cz(t—a+ 0)dad€}

= X(s)+ /_ i. et Ay L{z(t — h - 6)}dd

[
[ [ eteaior-o
-rJ-0

-L{z(t — a +6)}dadd
Consequently,

0 0
+ / 0 A, / e—8(r+h+9)
-k ~(h+6)

- zo(T)dTdl

0 0
+ / / eAee A, (g) e—a(r+a+d)
—r J—(r+6)

- dadfX (s)

0 0
+ / ee2 4. (9)
—r J—~(r+6)
1]

. / e~ *(r+ot0) 0 (r)drdady
—(r+a+0)

0
Z(s) = X(s) + / €40 A= M+0) g X (5)

0
= [I+ / e A, e—2(h+0)gg
~h

0 (0
+ / / eA°°'A,.(0)e"('+°+9)dad0]
—r J—~(r+0)
- X(s)

0
+ / CA‘GAh
~h
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0
. / (nso) e"’("""h"'o):r.o (r)drdo

0 0
+ / e 4.(6)
—-rJ—(r+6)
o
. / e~ +ra+O)g (r)drdads (A-4)
~(r+a+6)
Note here that

0
I+/ eAcoAhe—s(h+0)d9
—h

o 0
~-r J—(r+08)
= (sI — A:)"1A(s) (A-5)
where A(s) = [sI — A—ehs 4, — ffr e—(r+0)A.

AT(G)dB} , this can be verified easily by direct integra-

tion and then using (A-3). Finally, direct substitution
(A-5) in (A-4) yields the required result.
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Robust Stabilization of Uncertain Delayed Systems:

Application to Model-Following Systems
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2 Computer and Automation Technology Laboratory, NECTEC, NSTDA, Thailand
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Abstract: In this paper, we present the theoretical development to stabilize a class of uncertain time-delay system and its
application to model-followings systems. The system under consideration is described in state space model containing
state delay, uncertain parameters and disturbance. The main idea is to reduce the state of system into an equivalent one, by
employing generalize transformation, which is easier to analyze its behavior and stability. Then, the min-max approach is
employed to find the stabilizing control law. After that, a class of model-following system is introduced for conirolling the
error between the model and process. With the extended theorem, the suitable ¢ontrol law that guarantees model tracking
is derived. Finally, two numerical simulations are illustrated to show the algorithm for applying the proposed theorems

and the effectiveness of the designed control law in stabilizing the controlled systems.

Key words: Robust Stabilization, Time-delay Systems, Control Systems Design, Model-Following Systems.

1. Introduction

It is well known that the problem of robust
stabilization of state delayed systems with uncertain
parameters have received considerable attention of many
researchers, and many solution approaches have been
proposed, see, for example [1~8] and reference therein.
In this paper, a class of linear system containing known
state delay, uncertain parameters and additive
disturbances are presented in  general form.
Determination of controller parameters can be devided
into two parts. First, base on the improved theorem of
Fiagbedzi and Pearson [9], the generalize linear
transformation is utilized to reduce the original problem
into an equivalent one which is easier to find the
solution. Next, by using the well-known Lyapunov min-
max approach of Guitman [10], a suitable stabilizing
control law is derived. After that, a class of modél-
following system is introduced for controlling the error
between the model and process. With the extended
theorem, the suitable control law that guarantees model-
tracking is derived.

2. Basic Theorem

In this section, we will present the main idea to
design control law for delayed systems, with uncertain
parameters and disturbance, via the generalize linear
transformation.

Consider a class of uncertain time-delay system (S;)

which is defined by the following equations

x() = ‘[)da(ﬂ)x(t +&)+ fdﬂ(a)x(t +6)
+[B+aB@0k() + Boy, )

where x(t)e R" is the current value of the system state,
u(f)e R™ is the control function, @(t)e R’ is the
additive disturbance, a@() e L{[-r0L; R™) is a
matrix valued functions of bounded variation on [-r,0],
B(6) e L{~r0]; R™) is an integrable matrix whose
elements are continuous, unknown but bounded
functions on [-7,0], AB(?) is a matrix whose elements
are continuous, unknown but bounded functions, r € R*
is a max-known constant delay time and the initial
function of system be specified as x,(7) € C,; ([r,O} R").
The integrals indicated above are Stieltjes integrals and
it is enough to consider one uniform delay, », since the

functions of bounded variation can be extended, without
change of variation, to [—7,0] [9].

Assumptions
Before proposing our controllers, the following
assumptions are made throughout here,
Assumption 2.1: :
The nominal system of (S,), i.e., the system (S,)

which fdﬂ(ﬂ) =0, AB(») =0, o) =0 is spectrally

stabilizable.

* The author is a doctor student and also with Product Research and Test Center, the Join-Venture Project of National Science and Technology
Development Agency and King Mongkut’s Institute of Technology Ladkrabang Thailand.
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Assumption 2.2;
The continuous matrix functions H(¢) and E(t) of

appropriate dimensions, for all 7€ R*, exist such that

a) p(6)=BH(H),
b) AB()=BE(®),

c) I +%(E(t)+ET (r))z dl for some scalar §)0,
d) scalar u(x,) and pg(r) exist such that

b

H(x)2 H de @)x(1+ )+ a(t)

and
up () 2 [E@)
e) information &, x# and up are available.

Note that if matching conditions defined in Assumption
2.2 are satisfied, we can rewrite system (S;) to the

form

x(t) = |da(@)x(t+86)+ Bu(t)+v({t), @)
where
v(t) = de (Ox(t + D+ EQu(t) + a(r). 3)

2.1 Transformation Technique

Let vy 20 be given for desired the margin of
stability. Define Cf,,o = {s eC:Res2 —vo} and denote
its complement in C by CZ, so that C=C%, UCS, .

For the given v, , the open-loop unstable spectrum of
(S,) is a set of eigenvalues given by

0,(Ss)={s € C:Res = —vy,detA(s) =0} = CF, ,

where A(s) = [sl - [::"’da(ﬂ)] .

r

Following {8], the left characteristic matrix equation

(l.c.m.e.) is given by

JQ= fr e’?Qda(8). @)

Suppose  0,(Sy)==A}, VA, UA,, where A}
denotes a set of cardinality n, consisting of the complex
elements of o,(S,;) with positive imaginary parts, A
denotes the complex conjugate of A}, and A/, denotes
the set of cardinality », consisting of the real elements
of 0,(Sy) so that n, =#¢J',,(S,,)=2nc +n,, where #

denotes cardinality.
For k=12,.,n, let (4,93,-,9,) be the left

eigenvectors of (S,;) corresponding to the element of

A and (4142n,:92420,5-91,) e the left eigenvectors

corresponding to the element of A7, then let
Q=row[Req, Img, Reg, Img, ... Reg,
Imqn, ql+2nc q2+2n= Qn’j (5)

where Qe R,
To obtain the Jordan matrix identifiable with
Ty (S d) s let

denote the Jordan sub-block corresponding to
S =0+ jop € AL k=12,.,n,,
and Dy, = diag(sl +2n,>5242n, ,...,s,,p) denote  the

diagonal matrix corresponding to A’,. Then the Jordan
matrix becomes

J= diag(Dl’Db"': Dn, :DHn‘.) (6)

xn
where Je R ..

Proposition 2.1.1:
Let O be as defined by (5). Under linear

transformation
z(t) = Ox (1) + f Ie;('+”"’)Qda(9)X(f)d )
rd+
(2) is reduced to the delay-free system (S,) as
z(t) = Jz(8) + Bp(u() +v(1)), 8
where z(f)e R™ and By e R™™ is given by
By=0B.

Proof: By using differential under integral, it is
straightforward to verify that (2) in conjunction with the
transformation (7);

Proposition 2.1.2:
The ordinary pair (J s BQ) is completely controliable
if (Sy) is v, spectrally stabilizable, i.e. if

rank[sl - F‘“da(@|3] =n forallseC?,
r
Proof: follows from Proposition 2 of [9]

2.2 Controller Design

In this section we present a suitable controller
design, which is based on the Min-Max approach of
Gutman [10], to stabilize z(7) . Next we will proof that

the confroller can make the system asymptotically
stable.



Theorem 2.2.1:

Suppose there exist a transformation satisfying the
hypothesis of Proposition 2.1. Then, for given Oy >0,
there exist a positive definite solution P satisfied to the
following Riccati equation

JTP+PJ—-PByBLP+0p =0. ©)

Furthermore, a stabilizing control law which implies
system asymptotic stable, is given by

u(e) =0, () uy () (10)
where
uy () = —%BéPz(t) an
and
2 T
oty =GP W

S(p(x, )||B§Pz(t)|| +e )
where the nonlinear gain

POy = pag g O+ 1), (13)

and wherege R*, & is the positive scalar defined in
Assumption 2.2-c.

Proof: First, we take the positive definite function
V,(6)=z" (1) Pz(1) (14)
as Lyapunov fimction candidate for the system (8) with
control (10), and apply the Riccati equation to the
derivative of V,
V, =T OYT P+ PIR(t)+ 227 (0PBy () +9(0).
Substitute u; (¢) in the above equality to get
V, =—2" (0Qpz(t) + 22" (YPBy(uy (8) +¥(1)).

Let 70) =227 (VPBy(uy (O +v(2)),
from v(f) defined in (3), we consequently get

7ty = 22" ()PB, {u v (© + E@uy @)
+ de (O)x(t+ )+ E(t)uy (t) + w(t)}

< 27 (0PBoduy () + e B P20l

Next, substitute u,,(f) in the above equality to get
7() S 2e7*.

Therefore,
V() s —2F (1)Qgz(t) + 2¢7% .

It can be verified that
lim,_, Jz)’ =0. (15)

Since stability of z(f) implies stability of x(f) as shown
in Proposition 2.1 and Proposition 2.2, we can now
conclude that the closed-loop system is asymptotically
stable.

3. Application to Model-
Following Control

In this section, we apply the results obtained in
previous section to model-following control for the
system (S,) . Let a reference model be given by

X, (1) = fdam (O)x,,(t + O)+Bpuy, (1), (16)

where u,, is a command signal. Next, define the
tracking error state

e(t) =x(t)—x,(t). a7
Then

&) = fda'm ()t +6) + fdﬂ (©)x(t+8)

+ fd(a(e)—am Ot +6)

+[B+ABOk() - B, u, (1) + Bat) . 18)
Reference
= Model
(8 o ¥
|1 yem® Process
+

Disturbace and uncertainties

Stabilize Control
law

error e(t)

Fig. 1 Block diagram of model-following systems

In addition to Assumption 2.1 and 2.2, we make the
following assumptions.

Assumption 3.1:
The reference model (16) is asymptotically stable;
i.e,, all poles of (16) in absence of u,, lie within the

open lefi-half plane.
Assumption 3.2:
The continuous matrix functions H,,(¢) and E,, of

appropriate dimensions, for all £ € RY, exist such that
D a(g)—am(a)=BHm(g),
g) B-B,=BE,.

Now let the control law be given by
Uen (1) = u, (D) +u, (1), (19)



where u,(f) is to be defined later. By using (19), in

conjunction with Assumption 2.1, 2.2, 3.1 and 3.2, then
(18) can be rewritten into the following form

&(f) = fda,,, (@)e(t +6)+Bu, (1) +v,(5))  (20)
where

ve(0)= [ d(EHO)+ Ho @k + )+ [BO+ En b

+E)u, () + a(f) . @1

Note here that asymptotic stability of e(r) implies that
x(t) asymptotically tracks x,(z) for all bounded
command signals u,, (¢) . Consequently, the problem can
be solved by finding u,(¢), which robustly stabilizes
(20) against v,(t). Clearly, Proposition 2.1, 2.2 and
Theorem 2.1 can now be applied to solve this

stabilization problem. For instance, we first define the
transformation

z,(t) = Qe(t)+ f J' J0-D0d e (Qe(r)dr  (22)

to get the system

2,(0) = Jz(t)+ By(u () +v,(). (23)
where

JO = [;’”Qdam(é’)- 24)

The final step is to apply the ultimate bounded
control. It can be shown that a suitable control law is
given by (19) with

) =2 VB P2 D)

S(ple)|B5 Pz )+ e

(25)
where

p(eoz»fd(ﬂ(a)wm(aﬁ«mw

+(E@) + Ep Jtp (£) + (0)

and P >0 is asolution to the Lyapunov equation

(26)

JTP+PI+I=0 @7

where I is the np x7p unity matrix.

4. Numerical Examples

Example 1
To illustrate the theorem in simplest case, consider
the ﬁrst-order (scalar) system

(1) =32 =83ty + (Ady (1) — ex(e - 1)

+ Lsin(sa)x(t 3 Hdé+ult)+a(). (28)

4

Remark 4.1: The above system can be displayed in
terms of Stieltjes integrals as in (1) by taking r=1,

n

-~ co 8(6?+£
4

(6)= "SH,,(a)+eHu(e+1)+ad(6)—8——,

B6) =My H,(6+1), [Ad, (1)) < 0.5 and o) <0.5,
where H, denotes the Heaviside Unit Function with its
derivative is the dirac delta function, and

8e

o 0202—%
a,(0) =
-1 —%292—1.

Consequently, under proposed assumptions, V(¥)
becomes

() = A4, ()x(t -+ a(2) . 29

Controller design
From (28), it can be verified that unstable pole of the
system 0,(S;) is found to be 1.

(i) Check spectral stabilizability. Since

rank[s] - f e"oda(H)IB] =1.

(ii) As n = 1, any copstant is an eigenvector. Thus the
system left eigenvector may be taken = 1.

Fig 2. is the responses of control system with
generalized feedback control law defined in (10) with
P=3,5=1¢=0.5. 1t is seen from the figure that the
control law can stabilize the controlled system
composed uncertainties and disturbance.
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Fig.2 Simulation results for example 1



The Model-Following System

6 : i T 1 i
7Y . pomomonnoses fosmmemsege jomommooenoes s R —
‘ : ) : ' :
o [t]__ _System Responge, _A______ R B A e NS
] 1] L] 1
Reference Modgl ; E 5 5
L o R itk | of SRR LR R Rt R et o S bt Rt R il A ARl
T ] T ) ) t
o] ) ] ]
E ‘ 1] 3 D) 1
£ \, ; d :
S il & ahe b=t m e $oesmeeneoe b Wiy et el piaiaie il A el b Vb ety
) R S—— R . N frmeneneeed
Uem ; E : E
] il ST TR TR v =g —SSS S - - e e e L it i i S ARl A S el
: ‘ ' : ;
1 [} ) L} 1]
-8 ] i l ] ]
0 10 20 30 40 50 60
Time (sec)
Fig-3 Simulation results for example 2
Example 2 observed from the figure that the system can track the

In order to apply the proposed control law to a
model-following system, consider the system be defined

as in (1) where r =1 a(f)=0.5H,(6)+ e'lH,,(67+ D,
B=1, AB=0 f(8)=-02cos(t—)H, (&) and
Jo()]|< 0.5 with want to control to follow the stable
reference model, as defined in (16) where r=1
a,(8)=-2H,(6)+e'H,(0+1) and B, =1.15.
Remark 4.2: Under the proposed assumptions in
Section 3, é(f) becomes as defined in (20) when v, (¢)

V() = ii(H(H) + Hy (O)Je(t +6) + Epu(t) + () .
For B=1, the following designed parameters can be

defined as H(8)=p(6), H,(6)=25H,(f) and
E, =-0.15.

Controller design
It can be verified that the pole of the model is -1.
(i) Check spectral stabilizability. Since

rank[sI - f eYda, (@]B] =1

(ii) As n = 1, any constant is an eigenvector. Thus the
system left eigenvector may be taken = 1.

The responses of the model-following system with a
suitable control law, as defined in (25) with
P=16=),¢=001, are illustrated in Fig 3. It is

model and the tracking error approaches to zero when
time ¢ approaches infinity.

Remark 4.3: For some larger delayed systems that the
system poles canmot be determined, the program of
Manitius [11] is one of most helpful tools used to
compute the system poles.

S. Concluding Remarks

A new control law used to stabilize the uncertain
delayed systems had been presented in Section 2. The
method of designing the control law is based on the
generalize transformation, that utilized to reduce the
delayed system to a delay-free system. It has been
shown that, if both of disturbance and uncertainties
disturb the system though the same channel of the
control, and if the system is spectrally stabilizable, the
proposed robust control law guarantees the
asymptotically stability of the controlled system.
Moreover, it has been proved in Section 3 that the
proposed control law u,,, with the extended theorem

stated in this paper, guarantees that the controlled
system can track the model for all uncertainties and
disturbance, when the model-following systems is
introduced.
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Abstract

In this paper, the theoretical development to stabilize a
class of uncertain time-delay systems via sliding mode control
is presented. The system under consideration is described in
state space model containing state delay, uncertain parameters
and disturbance. The main idea is to reduce the state of
delayed system, by employing the generalize linear
transformation, into an equivalent one with no delay inside,
which is easier to analyze its behavior and stability. Then, the
sliding control approach is employed to find the stabilizing
control law. Finally, a numerical simulation is illustrated to
show the algorithm for applying the proposed theorems and the
effectiveness of the designed control law in stabilizing the
controlled systems.

1. Introduction

Time delays can be found in various engineering systems
such as chemical processes, pneumatic/hydraulic systems,
biological systems and economic systems. Compared to
systems without delay, the presence of delay makes it more
difficult to achieve the stability of the systems. On the other
hand, it is reasonable to include uncertain parameters and
disturbance in practical control systems containing modeling
errors, linearization approximations, etc. Therefore, the
problem of robust stabilization of delayed systems with
uncertain parameters has received considerable attention of
many researchers, and many solution approaches have been
proposed. Therein Cheres (1989) stabilize time-delay systems
by assuming that the delayed state is the uncertainties of the
systems. Phoojaruenchanachai (1998, 1999) employed the
improved linear transformation to reduce the delay systems to
delay-free systems and used it to design the control law.

In this paper, a class of linear systems containing known
delay, uncertain parameters and additive disturbances are
presented in the most general autonomous delay systems.
Determination of controller parameters can be divided into two
parts. First, base on the improved theorem of Fiagbedzi and
Pearson (1990), the generalize linear transformation is utilized
to reduce the original problem into an equivalent one which is
easier to find the solution. Next, Sliding mode control (SMC),
which its design is based on Utkin (1978), is derived. Finally,
the numerical example is illustrated to show applicability of
the proposed method.

2. Problem Formulation

In this section, we will present the main idea to design
control law for delayed systems, with uncertain parameters and
disturbance, via the generalize linear transformation.

Consider a class of uncertain time-delay system Ss)

which is defined by the following equations

x(1) = [:ia(ﬂ)x(t +8)+ [21,8(9)):(1 +6)
+B+ABk() + Ba(r), m

where x(r)e R” is the current value of the system state,
u(f) e R™ is the control function, a(f)e R is the additive
disturbance, a() e I Q—r,o]; R”"") is a matrix valued
bounded [-r,0],
B e L,([—r,O]; R""”) is an integrable matrix whose

elements are continuous, unknown but bounded functions on
[-r,0], AB(t) is a matrix whose elements are continuous,

functions of variation on

unknown but bounded functions, reR* is a max-known
constant delay: time and the initial function of system be
specified as xo(q)eCer,O}R"). The integrals indicated

above are Stieltjes integrals, the distributed integral from, and
it is enough to consider one uniform delay, r, since the
functions of bounded variation can be extended, without
change of variation, to [-r,0].

Assumptions

Before  proposing - our controllers, the
assumptions are made throughout here.

following

Assumption 2.1:
The nominal system of (S ), i.e., the system (S4) which

Eiﬂ(&) =0, AB(f)=0, o(t)=0 is spectrally stabilizable.
r

Assumption 2,2:
The continuous matrix functions H(9) and E(f) of

appropriate dimensions, for all £ e R*, exist such that
a) p(6)=BH(6),
b) AB(r) = BE(r),

c) I +%(E(f) + ET(I))Z ol for some scalar §)0,
d) scalar u(x,) and pg(f) exist such that

H(x) 2

de(ﬁ)x(t+0)+w(t)“,

and
H(®) 2 |E@)

T The author is a doctor student and also with Product Rescarch and Test Center, the Join-Venture Project of National Science and Technology
Development Agency and King Mongkut’s Institute of Technology Ladkrabang Thailand.



€) information u and uy are available.

Note that if matching conditions defined in Assumption 2.2 are
satisfied, we can rewrite system (S;) to the form

x(t)= |da(9)x(1+6)+ Bu(t)+ (1)), 2)
where
v(t) = de O)x(t+ )+ E(Hu() + w(t). 3)

3. Generalize Linear Transformation

Let vy 20 be given for desired the margin of stability.

Define CL"‘,'f = {s €C:Resz —vo} and denote its complement
in C by C,, sothat C=CZ, LCT, .

For the given vy, the open-loop unstable spectrum of (S)
is a set of eigenvalues given by

0,(S4)={s e C:Res 2 ~vy,detA(s) = 0} C:'vo )
where A(s) = [s] - fe“’da(a)] !

Following [4], the left characteristic matrix equation (L.c.m.e.)
is given by
Jo= f e’°Qda(6). @)
r

Suppose &, (S,) == A}, UA, UA],, where A? denotes a
set of cardinality n. consisting of the complex elements of
0,(S4) with positive imaginary parts, A} denotes the
complex conjugate of A, and A, denotes the set of
cardinality n. consisting of the real elements of o,(S;) so
that n, =#o, (5,)= 2n, + n, , where # denotes cardinality.
For k=1.2,..,n., let (ql’qZ""’q";) be the left eigenvectors
of the original systems (S;) corresponding to the element of
A, and (91424, 92420, »dn,) be the left eigenvectors
corresponding to the element of A7, then let

Q=row[Reg; Img, Reg, Img, ... Reg,,
Mg, i42n, G2e2m, = dn, | (5)
where Qe R™™".

To obtain the Jordan matrix identifiable with o,(S;), let

oy ~
Dy = ( k k)
@y O
denote the Jordan sub-block corresponding to
sp =0y + jop e N, k=12,.,n,,
and Dy, =diag(.v,+2,,c,s2+2,,t ,...,s,,p) denote the diagonal

matrix corresponding to A, . Then the Jordan matrix becomes

J = diag(D;, D;.,.., D, , Dy, ) (6)

n xn’

where JeR™”

Proposition 3.1:

Let O be as defined by (5). Under linear transformation
2() = 0x(0) + f Ie" +0-7)0da(0)x(r)dr 0
r 4+0
(2) is reduced to the delay-free system (S,) as

() =Jz() + Bo(u(n)+v(1)), 8)
where z(f)e R™ and BQ eR™ is given by By=08B.

Then, x(r) satisfies (1) and hence (2), if and only if z(f)
satisfies (8).
Proof : By using differential under integral, it is
straightforward to verify that (2) in conjunction with the
transformation (7); ]
Proposition 3.2:

The ordinary pair (J,BQ) is completely controllable if
(S4) is vy spectrally stabilizable, i.e. if

rank[sl - f e’ada(B)[B] =n forallseCZ,
r

Proof : follows from Proposition 2 of [4] ]
4. Design of a sliding mode controller

Suppose there exists a transformation satisfying the
hypothesis of proposition 3.1. and all unwanted poles are
placed in the Jordan matrix J . Then the sliding surface is
defined as 9 = Cz(r) = 0. The ideal sliding mode exist if there

is finite time ¢, such that

Cx)=0, Ci)=0 11

o
where Ce R™" is the sliding mode matrix.

Theorem 4.1:

Suppose there exists a generalize linear transformation
satisfying the hypothesis of proposition 3.1. Then, the SMC,
which render closed-loop systems asymptotically stable, is
given by

u()=~(CBQ ) KO0+ 1y (1) 41y (1) ©

where K€ R™™ is a positive definite matrix, equivalent
control for nominal system is determined by

ey (1) =~(CBo ) C(t) (10)
and
P2 (x)B5CT 8(r)
5( PG, )ﬂag c? .9(:)[| e ¥ )
where the nonlinear gain
P = |- (o) K90 +ueg ]+ iz, (12)

and where & is the positive scalar defined in assumption 2.2

uy()= (1

and @ e R* is a value chosen by designer.



Proof : Consider the Lyapunov function
20(0 =8 (NS(). (13)

Differentiating ¥ with respect to time yields
vy =9" 03
= 87 O]cUz() + CBo lur) +v(1)]
= 9T W K90y + By fuy () + ()]

=-9T (K 9()+ 9T ()CBy {u N (O +E@uy (1) + o(f)

+ de(ﬁ)x(l +0)+ E(t)(— (cBo ) k9(1)+u, (r))}
2ix)97 (YCBSBLCT 9(r)
s flB5CT 900+ )

+p(x,)97 (1)CBy

<-9T (K9 -

e px | B5CT 90
pxBECT s(o)+ e

V()< -9T (VK +e ¥ .

=-9T (VK I() +

This analysis implies that
. 2
lim_,,[9()]" =0 (14)

Since stability of 9(¢) implies stability of z(¢) due to choose
sliding matrix C and then stability of z(f) implies stability of
x(t) as shown in the proposition 3.1, we now can conclude
that closed-loop system is asymptotically stable ]

5. Numerical Simulation

To illustrate the theorem in simplest case, consider the first-
order (scalar) system

x(f)= -er-x(t ~D+ Ay x(t-1)+ J}(! +8)d8+u(t) + w(f)

(15)
Remark 4.1 :
The above system can be displayed in terms of Stieltjes

integrals as in (1) by taking r=l,a(0)=—§H,,(0+l)+0,

BO) =My (DH,(0+1), B=1, [a4,(n]<0.1 and Je)<o0.1,
where H, denotes the Heaviside Unit Function with its
derivative is the dirac delta function,
Consequently, under proposed assumptions, v(f) becomes
V(1) = A, (Dx(t-D+ (1) . (16)

Controller design

From (15), with the help of the program of Manitius
(1978), it can be verified that system spectrum in C?, is found
to be

o,(S;)= {a':l:jw}

where ¢ =-0.110353352, @ =0.957922819 .

Thus, A, ={si}={o +ja}, A = {2} = {0~ jo}

(i) Check spectral stabilizability. Since
rtmkl:sl - f e’gda(9)|3} =1.
r

For all s, this verifies condition of spectral controllability.

(i) As n = 1, any constant is an eigenvector. Thus for

51 € A}, the system left eigenvector may be taken as q=1.
By (5) the O matrix becomes

1
Q - [0} '
The Jordan matrix is obtained by inspection (6) as

_|—0.110353352 -0.957922819
7] 0957922819 -0.110353352

(iii) We choose the sliding surface 9(1)=[1 2}(r)

Fig 1. is the responses of control system with SMC defined in
(10) with §=1 and ¢=1 . It is seen from the figure that the

proposed SMC can stabilize the controlled system composed
uncertainties and disturbance.

6. Concluding Remark

In this paper, we consider the robust sliding mode control
problem for uncertain systems with known time delay. When
all conditions are satisfied, we. can employ the generalize
linear transformation to change systems model (1) into new
model (8) that is easier for analysis its behavior. We then proof
that the SMC, which designed on the equivalent system, can
stabilize the uncertain time delay system.
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ABSTRACT

In this paper, global and asymptotic stabilization of
uncertain time-delay systems, which violate the
matching condition, is investigated. A class of un-
‘matched uncertainties, called equivalently matched
uncertainties, is defined. The main idea is to trans-
form the system state into an equivalent one,
which is easier to analyze its behavior and sta-
bility. Then, a computational method of robust
controller design is presented in two parts. The
first part is based on solving a Riccati equation
arising in the optimal control theory. In the second
part, the finite dimensional Lyapunov min-max
approach is employed to cope with the uncer-
tainties.

1. INTRODUCTION

Stabilization of a time-delay system with sig-
nificant uncertainties has been widely interested
since the last decade. A common approach is to
control the system unstable pole(s) and treat the
uncertainties in system deterministically. Then, if
the information about the maximum size of the
uncertainties and delay are available, the Lyapunov
direct method can be used to design a suitable
control. In many cases, the resulting control
achieves certain stability performance for the
uncertain delayed-system. In the case that the
system consist of distributed know delay, consider
a class of uncertain time-delay system (Sz) which

can be used instead of all type of others known
delay system, is defined by the following Stieltjes
integral state equations

(1) = f’da(o)x(t+€)+4’(t)+B[u(t)+v(t)] )

where xe R" is the current value of the system
state, #(f) € R™ is the control function, &(f) is the
‘unmatched’ uncertainties, and v(f) is the

‘matched’ uncertainties. Both £(f) and »(f) are
assumed to be bounded in magnitude, usually in
their Euclidean norm denoted by [[|. reR* isa
max-known constant delay time,

a(-)eLli—r,O]; R""") is
functions of bounded variation on [-r,0], and the
initial function of system be specified as

x9(7) e Ca\r,0} R" )
If £&() =0, in [1] when there is the information

about the maximum magnitude of delay part and
all requirements are met, Gutman had presented
his feedback control with supposed that the delay
part is the uncertainties of system. [2] presented
the stabilize control law with the concession of the
delay. In [3], the concept of linear transformation,
with proposed by Fiagbedzi and Pearson [4], had
been used to reduce the original delay system to
cquivalent delay-free systern, and then the suitable
control had been proposed from the equivalent
system, which is easier to find the solution, to
stabilize the original system. Those results on
global stability hold in general only if £(f)=0.1In

the case that there are unmatched uncertainties, a
common approach is to apply the avaijlable
controllers as if there were no unmatched
uncertainties. This method will inevitably result in
a threshold on the size of the unmatched uncer-
tainties. The unmatched uncertainties is then re-
quired to be smaller than the threshold value so
that a stability result holds focally with respect to
the size of the uncertainties. Since unmatched
uncertainties are common in control practice, it is
important to design a feedback control guaran-
teeing global stability in the presence of significant
unmatched uncertainties. As result was proposed
in [5] which shows that stability can be achieved
for any initial condition if the unmatched uncer-
tainties was defined as equivalent matched.

The objective of this paper is to apply a class of

a8 matrix valued
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unmatched uncertainties £(f) such that the time-

delay system (7) can be stabilized globally and
asymptotically as long as a bounding function on
&(1) is available.

2. PROBLEM FORMULATION

Before proposing our controllers, the following
assumptions are made throughout here.

Assumption 1:
The nominal system of (S;),which is defined by

f da(@)x(t +60)+ Bu(t),
r

is spectrally stabilizable.
Assumption 2:

For all 1 e R*, the uncertainties £(f) and v(t) are

bounded; namely there are known non-negative,
continuous functions p(x;) and py(x,) such that

POl < o), 2O < pr(an)

3. TRANSFORMATION TECHNIQUE
Let vy 20 be given for desired the margin of

stability. Define C:'v ={seC:Res2 ~vp} and
°

denote its complement in C by CZy, so that

c=ct uc, .

For the given vy, the open-loop unstable spec-
trum of (S;) is a set of eigenvalues given by

0,(S7)={s€ C:Res2 vy, detA(s) = 0}c Cfvo X

where A(s) = [sI - f &9 da(&)].

Following [6], the left characteristic matrlx
equation (L.c.m.e.) is given by

Jo= fre‘dea(a). @)

Suppose 7y, (Sg) == A}, UA; UA},, where A},
denotes a set of cardinality n, consisting of the
complex elements of o,(S;) with positive ima-

ginary parts, A; denotes the complex conjugate of

Ay, and A}, denotes the set of cardinality n,
consisting of the real elements of ,(S;) so that
np =#0,(S7)=2n, +n,, where # denotes cardi-
nality.

For k=12,..,n, let (91,92,--49n ) be the
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left eigenvectors of the original systems (S;)

corresponding to the element of A! and
(q1+2,,e,q2+2,,t,...,q,,’) be the left eigenvectors

corresponding to the element of A7, then let

Q=rowlReq1 Img; Regp Imgs ... Reqp
Imgn q142n, 92420, - 9n, | 3)
where Qe R,

To obtain the Jordan matrix identifiable with

0,(S54), let
Ty Of

denote the Jordan sub-block corresponding to
Sy =0+ joy € A';,k =12,...,n,

and Dy, = diag(rp,z,,‘,s;_,+2,,c ,...,s,,’) denote the

diagonal matrix corresponding to A7,. Then the
Jordan matrix becomes
R diag(Dl,Dz,...,D,,‘ +Diin) )

n xn
where JeR™”

Proposition 1:
Let O be as defined by (3). Under linear trans-
formation

2= 0x(0)+ fr [, 0da@) e

(5)
(1) is reduced to the delay-free system (S,) as

i) = () +E () + Bou@®) +v(1)),  (6)

where z(t)e R™*, §Q(t)eR"'xl is given by

£ =05(¢). and BgeR™ ™ is given by
Bgp =0B. Then, x(r)satisfies (1), if and only if
2(t) satisfies (6).

Proof : By using differential under integral, it is
straightforward to verify that (1) in conjunction
with the transformation (5);

Proposition 2:

The ordinary pair (J BQ) is completely

controllable if (Sy) is vy spectrally stabilizable,
i.e. if

rank[s] - f esoda(G)IB] =n forallseC*,
r [}

Proof : follows from Proposition 2 of [4]



Assumption 3:

Follow from the definition of equivalently matched
uncertainties in [5], the unmatched uncertainties
£o(f) is equivalent matched. That is, the bound-

ing function p'(z,) defined by
" PBozo s e,

for all time, where P is a positive definite solution
to Riccati equation yet to be defined.

4. CONTROLLER DESIGN AND RESULT

In this section we present a suitable controller
design, which is based on the Min-Max Approach
of Gutman, to stabilize z(r).

Theorem 1 :

Suppose there exists a transformation satisfying
the hypothesis of proposition 1. Then, for given
Qg > 0, there exist a positive definite solution P

to the Riccati equation
JTP+PJ—PBQB(T?P+ Qg =0 )

Furthermore, a stabilizing control law, with im-
plies systems asymptotic stable, is given by

u(t) =up () +upn () +upno () &
where
ug(6) = —% 8L P2() )
and
P2 (% )BéPz(t)
upni ()= s % (10)
Px )"BQPZ(’)u +e
and
'(z,) H#(z;)
uN2(t) =~ o - )
ﬂBng(t)“ fecz)f+e?
where
' Bng(t)
M(z)=p (z()-T—‘
uBQPz(t)n
and ge Rt
Proof : First, we take the positive definite function
V() =27 (1)Pz(t) (12)

as Lyapunov function candidate for the system (6)
with control (7). Applying with the Riccati equa-
tion, the following is obtained of the derivative of
V z

b, =T OPT P+ ik +2:T (0)PBou(t) +v(1))

+2:T ()PEH (1)
Substitute u; (t) in the above equality to get

v, = zT(x)[/T'P +PJ~ PBQBEP}z(l)
+227 (OPB(uyn1 (1) +uy2(6) +v(1))
+2:7 (PEH (1)
=—zT ()0rz(t) + 227 O)PB(uy1 (1) + V(1))
+2:T P(Bouy2 ) +£0())

Consequently from up(f) defined in (70) that

22T (0)PBo (1 (1) +v(1))
{

L pz(x,)HBng(t)"z
\ p(x,)"BéPz(l)"+e_¢'

(& # ol paco]
G )IlBng(t) e ¥

+ p(x; )HBSPZ(‘)“

< 227

Similarly, from u (1) defined in (1/) that
227 (P(Bun (1) + £, (1)
btz
S -———+1lu(z,)
g
< 2%
Therefore,
V,() < -z7 ()OR2(t) + 4e#
Finally, we can verified that
limy 20 = 0

Since stability of z(f) implies stability of x(¢)
as shown in proposition 1, we can now conclude
that closed-loop system is asymptotically stable. 0O

5. ILLUSTRATIVE EXAMPLE
To illustrate the concept of proposed theorem
and the equivalently matched uncertainties, let us
consider the uncertain time-delay system described
by
(1) = Agx() + Aix(t -1) + fl Gx(t + 6)d6 + Bu(t)

(13)

where

Je 1], |-Z o], [00], 1
Ao—[ 0 0]’4—[ 0 a)'(t)}G_l:O 1]'8—[1}

and "ru(t)ﬂ = Hru'(l)ﬂ <0.25
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Remark 1 :
Since r =1, the above system can be displayed
in terms of Stieltjes integrals as in (1) by taking

a(8) = AgHy (0)+ 4AH (B +1)+6G,
Ey=[oe) O}(r), v =[0 @' (OK(t-1),

where H, denotes the Heaviside Unit Function
with its derivative is the dirac delta function.

Controller design
From (13), with the help of the program- of [6],

it can be verified that system spectrum in CZ; is
found to be &, (Sz) = §51,52,53}

Where s = jlzi,sz =- j—72£,33 =0.7145564

(i) Check spectral stabilizability. Since
rank[s] - f e’ eda(ﬂ)lB:, =2=n
r

For all se C:I , this verifies condition of spectral
controllability.

(i) As n, =#A}, =1. Corresponding to s; € AL,
compute the system left g; from g;A(s;) to obtain
q = (— —2—,1)+j(—2—-+§-,0) . And for s3 € A], the

T T 2
real eigenvalue, the system left eigenvector g3 is
similarly found from g3A(s3) as ¢3=(0,1). By (3),
we get

=2z 1
O=|2/r+nx[2 0}.
0 1

The Jordan matrix is obtained by inspection (4)
as

0 -z/2 0
J=|xf2 0 0]
0 0 53

(iii) With Qp =1 and the control matrix given
T
as Bp=0B =[(l-—3) (3+£) l] the solution
¥ 4 r 2
matrix P from (7) will be computed as

1.6185530 0.2017791 -2.3118047
P=| 0201779 1.1261857 -1.9542276
-2.3118047 -1.9542276 8.8476314

(iv) Finally, as a consequence, we have a
suitable control as defined in (8) where p'(z;) can

be computed as defined in assumption 3
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5. CONCLUSIONS

Global and asymptotic stabilization of uncertain
time-delay systems in the absence of matching
conditions is considered. A class of unmatched
uncertainties, called equivalently matched
uncertainties, is defined. Ii has been shown that, if
the nominal system is spectrally stabilizable, the
proposed robust control Jaw guarantees asymptotic
stability of the uncertain time-delay system for all
matched and equivalently matched uncertainties as
long as bounded size of the uncertainties are
available. These results are achieved by using the
linear transformation of Fiagbedzi and Pearson,
and by making a judicious of Lyapunov function
such that the unmatched uncertainties become
equivalently matched.
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