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ABSTRACT

The research uses gamma rays to detect flaw in steel. The study is based on the
attenuation of gamma rays passed through material. *es providing monoenergetic gamma rays
of 0.662 Mev of initial activity IOQ mCi was used as the gamma - ray source. The beam is
collimated with a cylindrical copper tube providing beam of diameter 1 cm at 10 cm from the
end of the copper tube. Ge(Li) detector of resolution 1.8 keV ( FWHM ) at 1.33 MeV, is used as
gamma - ray detector in this experiment. The signals were fed into a conventional electronic
equipment which in turn connect to a computer for analysis and collection of the data. Peak area
of the obtained spectrum was used for the analysis of flaw. The direct analysis of the flaw from
the attenuated gamma - ray intensities would yield much error in the results as thickness of the
sample results in different buildup factors. In our work, the spectra obtained by scanning the
sample for 3 dimensions provided shapes and locations of the flaw to the accuracy of ~ 10
percent. The limit of the flaw size is at least 0.4 time of the magnitude of the diameter of

gamma- ray beam used.
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AFNNVYBIND A (Phank’s Constant)

h =
A% = ﬂ'J"IﬁJ?:I
Ope = NARAYINVDINIG ﬂﬂﬂﬁuTﬂTﬂgmﬂﬂ?ﬂ (Photoelectric absorption cross section)
Z = Iavsasl
E =wauu
fy = Classical electron radius
Cp = NARAVINVDINIT Nﬁﬂi’j (Pair production absorption cross section)

= DIAARYINYBIMINTSIBAVUABUNAYU (Compton scattering absorption

cross section)

1 = anuduvessed
po= Fulszansnisaaneugaudu (Linear attenuation coefficient)
W, = dulsz@ninmsaansuiFana (Mass attenuation coefficient)
c, = MARAYINGTIY (Total atomic absorption cross section)
B = buildup factor

MCA = 1A5893ATIEHTYQNUUULN 18309 (Multichanel Analyzer)
Ge(Li)= Wi uuflondiiion (Germanium lithium detector)

ADC = dunlasdaepasmasniudyanufinen (Analog to Digital Converter)
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24  Buildup factor

4’{ @ [ 9 Y o o aay o o a,: ] Yo
desedunuudud lludinanda  q  ivuasasntudnaaiumlised

v 3 o A 1 Y v 4 v oa . Ay
upumgnaaneuldfesasdaninarinudlurade 21 Fefdunuuizanaaunavieey

r ¥ 1 4

y ¥
widegiuaulituazanumnvesTagniuumuTums

L]

I=Ble™ (2.15)

e B du buildup factor

u‘: o ~y o @ o \’: o o ar o’/’ 4’ A o
Taoma ldlumsiadsinasifvesirimiudadaeziunnasuloliSadannssnuna
ar (X} o o @ t:ld' ° 9 o =§ y3 4'4
S50 (laslulimsusnuezianavesdisidnannsznuim idrnanisdas Idiuaaniou 1)
. Y
feRivnsandudumemsiaunsvess @duresninunasi uilaannsznuingauannssny
Wadal 2 uuy A uuamaRuasaas hinge
¥
1. LUAMAAUATY A uuImaAuves IwesudussennInuvaiuilan i agau
ar .73 Q" d L .Y} q
annsenuraduiduasinasanuy  Tufnueanuh Idssuvessdunuuuiliossnin
unasduiiariuiageenmnsuannsznuiada lulimsnszite T lunameduiiosninnseu
} 4 1
SonTvlnouiin Idnoududvusn (primary photons) AMMEAIAIFIIN 2.12
¥
2. wuamaau binse e uwamaauves TWasududosnnUUDIn uHANTL Iee
v @ q’: ] v g T Qs = )
suannsenuidatiuliiiuduass dufvaneanud Tlasuvesdsdunuaifayuny
a o v = 4' : t!i d' .& = o 1
tiannseuludaqudnsyuldoumnmsndeuily  deervziamssunusenineivaeu
1 4 1
fudlannsou 1NN 1 A9 UaznIZRnduIannssnuiuiianed Sunlvnouiian
E 4
asgnuluanyusiNINABUSUALADY (secondary photon)
Wa¥asadesiimsuiiel Iaouannsenuraialas ludmsswuniniuInaeu

@ o

usuusanse lasududuass  9msiIineuniiiag luannssnuiaiadiodnsnu

€

=

@7 18 lA nnamanumnvesTagiuee ldamnumindall dsdiased 1dmiSnusd

v}

L 4
1] LY @

' b 4
A TageenuninfisnnafuldSah Idtanumnidwaalddu higndes Sendinussd

b.

] t 4 1] ¥
Tudaufifuliiia buildup factor wazluanuiiumuinlSinusiddunfunidusa
(fisannnsannsznuirinvss Iaouduay 2 1hues dwdasnugl 2.12 Tava1 buildup

k4 ?
factor szAUBgAUANUNUIELTHY AedrTaalianumuuddsu iz dinademsnszitaves

Teaou Aodl INnousudvasnnnsznu iandounlasly 39%1 1481 buildup factor 1Wfasu

wasliffe [5]



21

ith

IHaousuduusn
unasfiutia yrd
N\NNNNT Ta

\Mnauﬁuﬁu 2

Ly o S

gﬂ'ﬁ 2.12 miana buildup factor

i1 2.13 uaraed buildup factor vouMARAMAIIMMARE q fu dmiued
unnnfioeninegsig Ir-182 (findaanuifi 0.13 Mev) taz Co 60 (e 133
oz 117 MeV) szfuhiedununiifindsnudniiosiio buildup factor ganTId MU

- e ow o
AWML veamdn[s]

Co

Build-up factor

1 [} .
0 50 100 150 . 200
. Steel thickness {mm}

o a . g o v o o v o
21]1’1 2.13 nfSouifioy buildup factor YBAUNANNUANUVUIAN ) AUAINTUSIT

LlﬂlJ)J']%'lﬂllﬂ'EiQﬁ'llﬁﬂ Ir ttaz Co



22

Tumsiamanuduvesfadimusunuiigesmsassvaeuminsafy Snhaild
ynnsSathundnamInsslaoassnnauns 14) wadldezhifinnugndeninides
nnlifnnaTnse wiemmmuvestuey Suffumsendmiunsidon build up factor
(build up factor Lfluﬁﬁ‘?;’umjﬁnmmwuwaﬁﬁﬂ manuduvesiidunuun uasdnyae

ar o, 1 ] a '8 Q’:
m3taglnsal) figndes dewaldmsimsizdmunavesInseannaums 2.14 Wuaaia

¥

1 4
-1

d' Ao < ci 1 c:J 19 =
wanu 11 Tuanddsiiisvsasammanuninnn qumsi laoase ua l¥maians

AUAUUNY



=
Unn3

N1ITINAADN LHasHNaN1INAaal

P Y aw dy 9 " o a @ o Qy d'y
qﬂﬂsmm“hf“lumuwuuﬂszﬂaumv AN UUATITUAUNT  FUINUNADINITNTID
v @ W@ a o aa 3 . .
oy m'miaz"'mﬂum‘nuﬂmasmzﬁuuamuu [Ge(Li) Detector] ila% conventional electronic
2 4 " W a oI A Y
equipments ‘-‘INL‘fﬂﬂﬂﬂﬂ‘ﬂﬂ’anw’Jlﬂaiaﬂﬂﬂﬂﬁu\uﬁm’J‘lJi’Jll‘i’l"EJga UAAINANINIDNIN LY

1 lumsimsizviaell dwaaslugy 3.1 uaz 3.2

Ky
FUITU

H.V.

Power supply

Wn
Ge(Li)
“p»— Preamp. —P»—— Amp.
UM UHASITUNNN
A 4
Computer < MCA |—<€— ADC

U7 3.1 unuAuaRImsiainTesiiodmiumsnsem Insansesesinaluag

~ ' A A o v g & ) Y 1
319 3.2 amnwyanieaiedmiumnsanm Insaniesesinaludeg



24
v o A w Ao
3.1 URAINUUAINT

lumsdenldimastuiiaiedineldluanite sufludosmitedeimdamvosded
HANUT ANUUSTY (activity) uazﬂ?a%‘im (half life) VoA uta uNSATIVABUULY
Ty NS quauNWA Mg awnsaldmsaeuduaiiiamummannhmsid
Setummmdenudnhdmiviuausiadodty 16 oviieidenld S - 137
(¥'cs) SeamuialiTidununiindsan 0.662 Mev uaziinsedianiiy 30 3 fuunds
fuilaed Taofinmusedudunhdy 100 mci @ehidusunsodofinmimansuiiosnn
THussqunasiuiia PBludafindedsd ) msaaedvestion-137 uaaseglugl 33 uas
alnafuvesssdumnniiesnvnundsiuia HiFou-137 uanseglugl 3.4

Cs-137 1.174 MeV

B 5%,
. 0512 MeV
B 95%, 1.174 MeV

Y 85%,
0.662 MeV 0 MeV

517133 TaozunsunsaaefavesdiBen-137

count x 1000 (count)
H N WS U1y 0
1

1 ] ] T 1 T T T >
1 2 3 4 5 6 7 8

Energy x100 ( keV)
514 3.4 anlpaduvssiifunuanildnnunasduiafed Cs-137



25

Ao a e Y, aw A 'V o a o ada Yo o
manafith@idon-137  nlfluadivie Wuundsduiiassdnamoldssdunumn
o é o o < 1 o a8 oo $ ar
WawURL Fazmndmiunmsiinssinansnanss mswunastuliaidiamolnseg
o . @ o @ P o
UANNINAIY ) WANIY Compton tail  9InSeFuNUINWAITINES 9zl hlsnglufinvesssd
1 v @ ° ) o a ' 1 =N .3’
unumRlinmasudn s ldnanmsinseigunnuazlinanuRanmiageiiu
0w Ve A W Y QYY o A w ada Y]
disuanuussveamasiuliaamin Mlddudutiadednianuusege anudy
v ade et a 9 ° @ & 1 a1 ° 9 a
yoe3ednin lanesiimgedas  [Suiudeniaonal (counts) Tannn]  shldanuia
aa - 1 =4
WAIANNADA (statistical error) HAMios [M1AKUIN A.] aNugndsavesdeyaiesganuly
[ o 1 o & w 3 4 c’: o o
dw  etnlsiAnmuusweamastuiiadfunuundmils q Tummgaudmiuanumn
1 ar o= o A v C,Il Y
YouNu TagNaonitaniu (91de 3.4.2)
b4
TuamiiSoiiuenninizdesmifelndenu  uasmnnuusweamasiuiiadeduds
a A 2 dy o & &2 dA 4 as 1 o a do | 1 o a Ao 9
ondaminndssdmingnae  adIinvewmasiutdaminnly fe undsdutianinnldes
9/ ) .& aa s (R | A'l = d' t
dsadinsadialinunnnhigawiarsusandeyann  iNendndosilamusiminiuusives
I o A w ad ' ° o a £ an a2
urasfuiasdnanaslugieszeznaniimineney HTou-137 In3933n 30 1 Junung
o o L] aw dy
dmFuiunldluamidoll
o 1o a o adg Ik dyo LY Ao
dussymasiuidadednlFlumsnanediiideasiaiidnvaziiuginsnszuen
o1 15 om @urMgUInA1e 22 om HgBshagiinsenszueniaugaguinaru@vaiu vue
1 4 P
@usiguina 3.5 cm o1 85 cm (a3l 3.5) wiznnlawdunilwemsinszuen

o o4

uaziishDanfounldmsduiuasid PBilletaruvsduiiasidszoghlonatsvesdnssy

£ 4

uraafuladafurun A uvueneInIInszuennaltliyesuauUnsinssuen
. ' ¢ 1 3 LY 4

(collimator) YVHIAKUFIMEUINGN 2 mm 817 6.5 cm  (SwgaguinmuReIiu) el

P

o 1 ° o o 4y 1 L4
$afinzqr collimator soauuiiudway q dFsdndmusenuiiiduiugudnale 1 cm  #

5202¥19 10 cm 910Ua19 collimator



26

= ) T
|
= : 8.5 cm
!::“G‘::
=
It
i 6.5 cm
[}
¥ ¥
dhilandounzunsadmsyla collimator
unaetutinsed ‘A2 mm

Qs

30 3.5 ununINvBIRILsTQUMALiuRS R
I

3.2 STUUHIASIaunNIN

} 4
@ o @ aw o W [4 =
wa¥afedunumnluaniseiildifanesuuiioudfon ( Ge(Li) detector) active
volume vouirialidnuaziiugininszuents 46 om  Tduruguinan 515 cm
L d ] v
wasiitsuns 56.5 cm® W3TadlEl resolution 1.8 keV findaaiu 133 MeV (iloraialasy
@ o Y v o ‘:"o P 3 o o o 11
msdSusunasgund?) Flafivaunaududndvuia 4500 Traa nnundsnev
» ¥ 3
aftanuedesnmguuazifaiiatidoanaedulululasisumod (liquid nirogen) dyapui
EJE)ﬂil‘Iﬂﬁ"J’?J'ﬂQﬂﬂﬂul‘l’l“lﬁ preamplifier amplifier ADC (Analog to Digital Converterilae
. [ L} 1 Qs ] é .
MCA ( Multichanel Analyzer ) ) fismgeaiiiy 8192 ¥99 Fuily data handle unit

o @ & ] 9) 9o = S A d 9 ° - ¢
ATUAALUINDTI ‘Uﬂuﬂfﬂﬁﬂ'Uﬂﬂ?JW'J[ﬂﬂilwE)lﬂUUﬂgﬁllﬁzﬂ'lﬂ'ls'llﬂi'lz'ﬂﬂﬂulﬂ

3.3 U

14 ]
- =4

9 o o ] 3 o ar : 9 o T
FusunlddmsuasrnaeuniInsansesesinlunudsuiildivanunsvuia

S 3 ar

adneeiinhdaduglamaonaaiavun 65x6.5 cm’  wdaduusuiinammudg g

b4
o @ 0 [] 4 1
fu 90 1 mm 89 35 mm  eiminbmegnayiivnaduduguinanuan



27

fu (ldun 03,05,08,1 waz 3 em) aagy 3.7 wdniwrunlipnlszaudaiod sy
& o g v o ' 4 o

maniu udaniindronseammie hildidumiwesnnaveaInse el 14y

L4 ] y ]

Funusgamaoumanuuansesialsingamgyl 3.8 anunuwesdununldluau

Wonaaseygluasn 3.1

v L 4 [
ﬂ'li'ls‘l‘?l 31 YurresFHIUNIMsAsIvaBY

Fuani ahax o xvu1 (em)’
1 6.5%x65x2.0
2 6.5x6.5x3.0
3 6.5x6.5%x3.0
4 6.5%x6.5x%x1.0
5 6.5x65x%x3.0

¥ d . 1
dmfuFunuiiunlflumsaseaeumInsamslniu idimsaseaeunuy i
Mmwdromsaonmdaid Adninannlangitedud (931 3.9) Iiensavaougd il
A 4 g 4 v & ' 2
Tnseou 9 TudlemanueninTnsanadetuuies]  LagINHANISATNTBUNLNIFUNY
v 4
miwnasnaeuiiululinnuunnsesla q
Ay ﬁ' o g A o ) o dy
winaves Inseludunuminnasnasuiuldnyaziiuda
y »
Fuawn 1 TdnuuzvesInsutluzinsenszuensad 1.5 cm g9 1 cm Aaudag
Tuz 3.6 ()
y ]
Fuanun 2 fdnvazveswsuiuginsenssuen 2 dudeuiuuazsugaguinma
<t [ o Ao oA P Ao o
e Taonsenszuonsuusnii$ail 1.5 cm g4 1 cm nsenszuend 2 Tiaiidu 0.5 cm
99.0.5 cm fauaaalugzu 3.6 (V)
y ]
Fuawii 3 fdnuuzvesInsailugnsnszueniall 0.5 cm g9 0.8 cm Asaaslugy
3.6 ()
-:y { o [ o o
Fuamn 4 Sanvazvoslwsuthuglin L Svuadiu 0.4 cm uaz 1.2 cm Tasdann
L4
YOUUU UAZUBUENIVBITUIIU MWRIAD taziizzinsenszueniiiad 0.1 cm g9 0.3 cm A9
weraalugld 3.6 Q)
y [ [ v ] b k4
Fuanun 5 dnvusves Insauiuginseudimdsnegiveuvesuaiunia 4 A uazy

sUnsenszuonoYAsINNNSEN 0.2 cm g9 0.5 cm lagIwsaguimasuiigannuena Insus



28

g uBivua 6.5cm dauarunises Insedivuimiy 1.0 cm, 1.0 em, 07 cm ua2 0.2 cm

3 ]
TasTaninuoudne vouya YUY UATYBLANYBITUIIM MURINY Awaaslugilii 3.6 ()

! = ‘k, o 4
A JER .
’/f/’ B e [

) @

FT::A\[ -2 /4‘/ :‘: ]

P % l/ =
Q) @
/,r'l
< P
®

] ’ 1 4 [
1141 3.6 (M) (V) (9) (9) uaz (@) WunnavesTnsan 1 lumsasvaoulusuaui1,2,3,4

Hag 5 MuaIRy



29

P Y ] =4 U ° Qy
g‘lh’l 3.7 aﬂymmmuwumaﬂﬂaummﬂs:ﬂamﬂu%mm

AL ‘
U 3.8 Fuamndszaeuudauierh l1slumsasivaeu

. 4 ¢ Ay ' a 9y o
JUN 3.9 Waunldnnmsawnmuesiunudiessd



30

3.4 msdamisugilnsallumsnaaes

o ~ o 4"4 o @ od& o o o at
Tlumsiawmiouginsoilumsnanestidedidgnie  MsdaunIveddised ( beam
¥

alignment ) wazmsviviavesd el ludimvesmsaunavesdiisiiudesdaliyagud

o o o LY 4 a2 1 o & o
nanvesd1fdinnuugaguinanvesiaia  (Wemuanuuiuilumsasiaey) Feihld

¢ o ar ° o

Tavldgaames (manuan n) lunista Taodalddwauawesieenvinyaaies

o ﬂ 9/ ] 3 ] n’: o tg Yo P 5
anvaziduwduasaaiy uazyeas lunaasnindunulan)lddweasairesiayuan

a o ° ocd o Y]
USnaguina1uelay collimator HEWAANTBINHIAIANATIYAFUINANUBAUHLIAY
{ a o LY 4 (Y { o

fideansin uazgaguinanvesizianed muuaaslugin 3.0 Jagiiwnasiedouya

4 o o [y 1 S ] [Y ar
mesuaziada  srdssgninanldssinuvewdazsdeegluuuiszdy  (aslumsdan
a0 Q’l’ 1] o °y v o a :isl o & o 4' A A L] <]
gilnseian o duldszamivelunsianm ) dendessiitslumstanuniesiiodnesen

° 1 ] o ' L o 3 .
fio dwmis uagszezvalunmsnagaglnsel luudazya Fadaraliszezviaues collimator

o o r-3

Qy o o 9 = S o w Ay 0o 2 A A L1 =
PUITU llﬁ%'ﬂ')?ﬂh’lﬂ\i'ﬂﬁﬁﬂﬂ HAZTRIMAYNABIATHINDNBENAABYUIAUBINITIA A

[s]

oS o

o @ A At ' o ° oA ) " @ St vy
yurpvesdrsafivslianliniiiy audumianyn9n collimator A1fY  Juau3uiife’d
o ] ° ' A o 1 [ Y ° 1 1§
fmuaszoevn uazdumisinegaguasel luudasyadludeil fie fvuaszozviesznin

vy
Yaw collimator Deviaiadlu 24 em uazdmuaszesviesENINUa1Y collimator Ha¥u

{ o o é 3 4
qmﬁmms'smﬂu 10 cm °If\1ﬂ'muﬂlﬂu‘5$Uzﬂﬁﬁﬂﬁﬂﬂﬂ'ﬁﬂﬂﬁﬂﬁ

| '"i | Collimator

T ——

P el

td
€ YUY

P 1Y o
51U 3.10 laezunsumsiniegunsailunisnanes



31

3.4.1 MImunamsad
o @ Acq ¥ 2 TS P
lumsmuuavssdidednlFlunsnaasetisedluilse Tomidmsudins ey
P} 9 A [ A ¥ q’: [ LY 4 0o W
Tnsansesesdnuinie lumsiansenisasivaeuudazaiezialngaguinandisadan

o ' a’ 4 o_w g o
ﬂix'ﬂllﬂl.ﬂ'lllﬂuﬂﬂlﬂ\i‘lfu\i']uﬁﬁﬂﬂﬂ'ﬁﬂi')ﬂﬁﬂﬂ 511’15'1”%]31]’.119\‘11ﬂ\iﬁ'liﬂﬁﬂﬂ'ﬂﬁﬂi'lﬂﬁﬂ

t 4

I3 1V o o Ad : G’I’ 9 o v AAdg Y A at o <t

fumiedrSedimuiuauiuld  lumsmunadidednlslumsnaaseiilimsianion
hord ( o é - 4

gUnsaldegy 3.10 Taoldyanrreslums aligument (TavlFdunanirosunudied Tasiiyn

'3 ' o 4 o ' o_w o o Y o @
gudnansauiu) emuwa wasdumiwesdisd  lunsmuinaysadiiediiodondn

b4
L4

msaansuvesfsdunuuuisd@umehuiag  Tumsnansaiulddhmsandusaiivuusy

a &

= o [ Qy a o ° o ° L4
Wﬁ'lﬁﬂﬂﬁ'l'ﬂ'i'ﬂ'J’N‘]fu@‘luiﬂﬂﬁUﬂTﬂﬂQﬂf{uUﬂa’Nﬂlﬂqa'ﬁQﬁ(ﬂﬂﬁuuna‘lﬂﬂ’luﬁ“al“ﬁﬂiﬁﬂ

1 [} ar Qy é o z [-]
AsENUUNUANE M TUNITueI) Femndusadnaua 8y uasldimaumBBasenans

° 1 do o a o 1 Ao 7 o A Y o A
yosumiandfiian @umidfidwasameian) dwaalugy 3.11 Tavdsnduseiin
v A ] ] ]
naavaveLwavesddnfiae 1 du Tasmsifounrumanimdoniagianianummn
J é U o @ Ld ¥ 1 v 4 1 \ &
amiladrdrudnarvesdrfed @umismnym) mnfigahiivenn 14 (Taolilddunia
T =]

] @ v o W s A ] o 1 c’: a’;’ 9/ 2 o
ﬁ')uiﬂ’dﬂﬂﬁﬂ‘ll?siﬁ) 'lumstaammumaﬂ'lmmazﬂswu‘lnuu’amﬂammumaﬂmuﬂu

Y o ad A a & a A 1 < ° TR URAR [
UHATUTAUNIADNNDR cm'lumimamﬂmmaauuwumanmﬂmunm‘nmim"lumumu

’ - 4 '
a oW (Y 4

] d Y @ { o 24

Ta q vewruwmdn @rvasuldnndSnaiidniald dlumsnanessuianiwsnn
° [ ] ° " A [ d A o w o @

mxmuwNmmmmnmmﬂuszuz 2 cm) UDIRUMNAUAUMARGNTUATUOLYDIRSIT
A a ) e v P ° 454 Py » o P
adouly lufemadimdiumismauin) S dmusinnuuYeesIaiETNanny 449
° v e A a a v a o o = A ' 4 & 4 v
SumiensuiivzinsasasesTinasiditiuvevvesdised lumsidaurumaniusudu
szl cosvinquasudasdumuaiiinissadly - 05 om ugdmumswasuudasnnudy

o At

) ' ] ° ' A ' ] a & a2
3\1ﬁﬂl.‘Q?ﬂﬂll'g'ﬁ]311153U’u’ﬂ'Nllﬂazﬂ'Ill'ﬂu\ﬂuﬂ']ilﬁﬂullﬂul“ﬁﬂazlﬂﬂﬂ‘llu ABAIIAT 0.1 cm

o

° " A v @ Yy d o 9 a ° ad o 9
NMMSNATDIAUBUIAYINUNVITUUINIUATY 8 (T ﬂﬂ$ﬂ11ﬁﬂ51ﬂﬂﬂﬁﬂl$ﬂlﬂ\1a15ﬂﬁﬂu1u11ﬁf

lumsnaaesld



32

a

(-3 ¥ Jd o @
+ ﬁ‘lumlmmqﬂg{uunmwmmsaﬂ

=

s1ft 3.11 laezunsuuansdnuaizveuduiniildlumsmusuvavesdiisd

o o o ] g c’;‘ 0o o
TumsSamveniaveed 1S d 1T udumanyuIn 65x 6.5x 7.5cm’ MNUMIIT
AouAnnIENUNSA (aasuiaie) e lilddissdanuutaiaumiiulyive ¥ dead time
[l o é ] v @ g [] =1
fish < 40% (g¥iade 3.4.2) eowezdanalifaadonanmld uasldusiumanuinn 6.5 x
3 e -: o A 9 o o w A Y
6.5x 1.0 cm® Muuinesuamuazdusuaoulfidindusinad g ramsianumss

s a Jd ° 1A o o 1 v Ao -
3.2 Tﬂum'.uawuw*nunmumtmmlsuﬁ'um'iaﬁﬁmmmazﬁuumﬁmmsmswﬁa‘u



15191 3.2 HamsdaanuduSIFunuL e mYIATTd

syuznINgAn
LY v oo o o ot 4” Hq YA .
LAULLIN NANAITIT 'Wll‘l/ﬂﬁ‘Wﬂ ( counts/mm)
s A > A F4] 1
(cm) 3N 1 59N 2 f3IN 3 AUNAY

2 30,243 30,110 30,072 30,142

1 30,290 30,33 30,361 30,327

1 [ X1 30374 30,511 30,421 30,435
04 26,152 26315 26,157 26,519

03 20,584 20479 20,221 20,424

0.2 16,325 16,418 16,304 16,349

2 30,514 30,427 30,592 30,511

1 30,417 30,455 30,511 30,461

45 30,502 30,491 38,559 30,516

2 04 27,002 26,842 26,489 26,780
03 24,336 24,411 24,895 24,547

02 22356 22,848 2,721 22,641

0.1 18,395 18,477 13316 18,396

2 30,521 30,345 30,392 30,591

1 30,644 30,580 30,433 30,552

(Y3 38,261 - 30,425 30,208 30,328

3 04 2,502 2477 2,480 22,561
03 20,588 20,695 20,384 20,555

02 16921 16899 16,766 16,862

01 14288 14,351 14,242 14,493

2 30,426 30379 30,628 30,477

1 30,521 30,422 30,354 30,432

[ X1 30,593 30,321 30,425 30448

4 04 26,485 26371 26,365 26,407
03 24,258 24277 24,842 24,459

02 2,533 20,484 20,502 20,506

2 30,671 30,495 30,308 30,491

1 30,489 30,257 30,646 30,461

0.5 30,784 30,659 39,683 38,710

H 0.4 29,757 29,732 29,805 29,764
03 25,482 25,788 25,321 25,530

0.2 20,749 20,584 20,591 20,641

2 30,895 30,771 30,788 30,817

1 30,484 30,692 30,429 30,535

(X} 30,267 30,348 30,634 30,583

6 04 28,365 28,427 28,563 28,451
03 26,311 26,492 26392 26398

02 21,744 21,684 21,609 21,679

2 30,841 30,962 30,892 30,898

1 30,484 30,209 30,367 30,353

0.5 30,684 30,785 30711 . 30,726

7 (2] 30,654 30,378 30522 30,531
03 26,942 26371 26,791 26,677

02 2,08 22,384 22,168 222

0.1 20,455 20,177 20,354 20,328

2 30318 30,641 30,545 30,519

i 30,341 3032t 30,519 30,560

[ X1 360,149 30,265 38,432 30,282

8 04 27,457 27,655 27,500 27,537
03 24326 24,438 24,576 24,463

02 20,115 20,204 20,267 20,195

01 17,291 17,218 17,37 17,249




34

3 d' 9 P o o = a9 [] L4
vindoyai lanumsien 3.2 &sdidhnsnaniidushuguinanendszum
1 em  iaiuauFeiulelunisneassussmsmumnavesdrsad lavmsmsuiavesd
o 4 o S g ° ' . v @ o &
$ait Tasmsaon el Tasnsiauinu 1A lugedi 135en e collimator A Tademns
] g ° I'4 o
¥199101a8 collimator iiuszez 10 om  diohWdy T eezsngsesduiiugienaud
9 [ o é 9 LT Y) o @ d'
Wurugudnal 096 cm  FalndiRsanuiumsnaasinveuwavesdifailumsnaasi
1 Y g b 4
e wdr ludnedu
. [~
3.4.2 MINIMNTLVBINNUNHIVBUHEAD
Aw A v d &4 & 4 ' ' &
TuaifemsasromInsmiesessnlumanil daezdananennugnaes
o v da d g 4 o
194N INDNBLHNNAB ANNNUIYBINANN 1% IUMsATINaRY  Tasanunvsavaniithn
o o do @ } o )
A5 TRUIEABITUNUS fUANMduvesT T IFlumsasaeunus wazBeafInD
} 4
1al5i
a o 3 o a c:’o ° []
MsUIRFEUBINUNIWeIMANTIMINE dudmSunInaasstii ldlas kY
g o d'dg HAa 9 o 2 w Y q’: 1 £
MANAUNTNUNRIMIIAAVUIA 6.5 X 6.5 cm’ AR INBAIIUNUIAUA 10 mm 09 160 mm 2719
' ' . @ @ W 9/ 3 ) < ' -1 Y
agszni19Ua1y collimator AUYIIA 1H3zosveIMIaIY collimator DALNMMARIMIAL
o o ar i o a o 3
10 em AadFuiafedununiiumansenyl  JAgIRNANUNUIUBUNOAATIAE 10 mm
UDY 160 mm wamstanauaasluaisness
o d a w S o o ) ;
Tumsnsrieimndouvesnnunuiveunanneii l§lunisasasasuii 1den
a e o (Y [ T L. o d J
MIANTIA STuaTuvessaR ey dead time woaadadsd TavlumsTanldanaugn
¥ ¥ y
doagain  Suiuvesiidezdesiiinnne (Weaamanudawaianeadd Tuanidsiiee
Y ¥ [3
swsdeyali ldsmauivyesisdediades 10,000 afvnd iediiamanuianatany

aoaldilan < 1 %) uag dead time UA1 100U 40% [7]



1
=4

35

d' dy Y e . L - 4‘ o A 1 1
A1319% 3.3 UK 1ANA uag dead time VBITSVUMIIATITUANNUNDIIANSHIUUNY

g A

ManAiaNUNUINI 9 HU

AWUNUT Hans3n At 1 ‘wamsin afaft 2 Hans SARay
(mm) Dead ﬁ”u‘ﬁ'l#’fﬁﬂ Error | Dead time “ﬁuﬁiﬁlﬁﬂ Error Dead ﬁuﬁiﬁﬁﬂ Error
time | (Counts/min) (%) (%) (Counts/min) | (%) Time (Counts/min)| (%)
(%) (%)
160 0.92 2,214 4.10 0.93 2,238 3.98 0.92 2,226 4.04
150 1.04 3,880 296 1.04 3,962 4.00 1.04 3,921 348
140 1.21 6,703 2.24 1.20 6,488 228 1.20 6,595 226
130 1.42 11,481 224 1.41 11,365 1.68 1.42 11,423 1.96
120 1.68 10,298 1.75 1.69 10,176 1.76 1.69 10,237 1.75
110 2.13 17,662 1.34 2.13 17,686 1.34 2.13 17,673 1.34
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x(cm)]  0.50 1.00 1.50
y(cm)
0.50 2,175 22,120 17,622
1.00 22,270 22,830 17,644
1.50 22,160 25,836 18,387
2.00 27,390 29,451 21,760
2.50 28,267 26,075 23,963
3.00 25920 38,652 27,403
3.50 28,172 42,879 27,691
4.00 29,973 44814 26,894
450 25917 37671 25,191
5.00 25,372 23,469 22,508
5.50 21,630 20,749 17,842
6.00 21,675 20,118 17,531
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(cm) 0.50 1.00 1.50

x{cm)

0.50 27,484 16,251 18,257

1.00 27,972 16,018 18,279

1.50 27,636 16,477 18,099
2.00 25,641 26,503 | 31,878
2.50 28,437 | 37,981 | 45860
3.00 26,216 | 44706 | 52,202
3.50 26,417 | 41,521 | 51,362
4.00 29,136 | 37,683 | 44,135
4.50 27,617 | 26,500 | 32162
5.00 27,072 20,051 18,571

5.50 2777 16,094 17,951

6.00 27,377 16,463 18,093
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MINN 3.12 UAAIAT ANUYUIIA (counts/min) mmazmuwumumﬁmw 2

1 .
VBIFUNIUN 2 (MIAUAUBYNNEIL)

\

y(cm)| 0.50 1.00 1.50 2.00
x(cm)
0.50 23,520 23,742 23,145 23422
1.00 23,425 23,521 23,131 23187
1.50 23,357 23,599 23,844 26312
2.00 23,421 23,756 36,253 56,880
2.50 26,578 | 27135 | 40367 | 73,530
3.00 28,630 | 29709 | 58,075 | 15498
3.50 27425 | 28897 | 52,222 | 68,625
4.00 24,231 24,318 39,391 52,184
4.50 23,075 22,575 27,399 20,682
5.00 23,141 22,849 24,152 23,970
5.50 23,895 22,694 23,168 23,718
6.00 23,660 23,107 23,130 23,869
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(cm) 0.40 0.80 1.60 2.00

x(cm)

1.00 29,079 17,131 19,823 39,140

1.50 30,841 17,254 19,972 39,659 |
2.00 33,985 17,531 22,991 | 43467
2.50 33,463 18,367 | 48,050 | 62,361
3.00 33,985 | 21331 | 56,995 | 70,003
3.50 31751 | 28914 | 26,313 | 71031
4.00 29,681 20,134 | H5.663 | 66,816
4.50 30,340 | 17,267 | 43,269 | 59.089 .
5.00 29,433 17,267 | 24,269 | 42,043

5.50 28,812 17,740 21,388 | 44,030

6.00 29,551 17,391 21,266 | 44,786
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=; Y o . :; J o 1 a9y d'
MINN 3.17 UAAINNNVNIIA (counts/min) NUATSAUNUIVUNINIUN 1

FUNUN 3 (MITAUNUDBIINAZIDYA)

fawnis | Mate | dumie | MailiRa | dumde | Muilie | sownie | Auilldie | dumis | udladin
i (counts/ #in {counts/ 5 (counts/ fim (counts/ #in (counts!
.y min) (. y) min) .y min) x.y) min) x.y) min)
2.75,1.00] 27,301|3.00,1.90| 27,484]3.50,1.90| 27,482]4.00,210| 27,642]1.00,3.00f§ 27,903
275150 27,415]3.002.10| 28,127 | 3.50,2.10} 27,710 4.00,220| 27,679 1.50,3.00| 27,387
275200 27,186 |3.00,220| 28,742 }3.502.20| 28,829 |4.002.30] 28,143]200,3.00] 27,108
2.75250| 28,231]3.00,230| 29,1361}3.50,230| 29,062|4.00240]| 28,756]220,3.00{ 27,509
2.752.60| 28510]3.00,3.70| 28,966 }3.50,3.60{ 29,744 |4.003.30} 28,741 |230,3.00| 28,171
2.75,2.70 28,654 | 3.00,3.80 28,242 § 3.50,3.70 28,823 1 4.00,3.40 28,144 | 2.40,3.00 28,729
2.75,3.00 29,2701 3.00,3.90| 27,608 | 3.50,3.80| 28,219]4.00,3.60| 27,537 |2503.00f] 29,488
2.75,3.50 28,7151 3.004.10| 27,256 | 3.50,3.90| 27,660 - - 3.00,3.00 30,833
275360 28,714 - - - - - - 3.50,3.001 29,993
2.753.70 27,624 - - 3 o - - 4.00,3.00 29,036
2.75,4.00 27,534 - S R - 3 - 4.10,3.00| 28,577
275450 27470 - - - - - - 4.20,3.00] 27,819
275500 27,193 - - - - - - 430,3.00| 27,591
2.755.5 27,630 - - - - - - 4.50,3.00| 27,636
2.756.00} 27,709 - - - - - - 56.00,3.00| 27,737
- - - - - - - - 5.50,3.00{ 27,281
- - - - 3 - i - 6.00,3.00{ 27,347
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A13197 3.18 LRI ATUSIH (counts/min) NUABSAMNUS

v ¥ ,
UUAIAUN 2 ¥0IFUNUN 3 (MTAUAUBT ML)

y(cm) 0.50 1.00 1.50
x(cm
1.00 22,170 22,667 23,668
1.50 22,279 22,182 25,297
2.00 22,408 22,968 25,456
2.50 29,844 24,452 25,774
3.00 29,162 24,477 24,189
3.50 23,795 23,229 24,406
4.00 24,926 23,580 23,906
4.50 22,377 22,776 24,132
5.00 22,393 23,125 23,847
5.50 22,327 22,683 24,326
6.00 22,600 23,120 24,399
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3 ' Y o . { [ 1
A1519% 3.20 UAAIAT ANMYNTIT (counts/min) AUABSHUHU

] } 4 '
VUAIAUN 3 WoaFUNUT 3 (MTNUNUBTITE)

y(cm) 0.50 1.00 1.50
x(cm)
1.00 23,734 21,995 23,844
1.50 23,550 22,013 23,885
200 23,749 22,424 24,132
2.50 33,802 29,512 24,192
3.00 34,372 30,352 23,088
3.50 30,882 23,181 24,109
4.00 23,118 22,010 22,991
4.50 24,181 22,079 22,630
5.00 23,322 22,134 23,193
5.50 23,149 21,704 22,827
6.00 24,163 22,360 22,389
6.00 24,163 22,360 22,389
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0.50 78,061 45,100 | 105,104 | 142,745 53,093 59,620
1.00 57,310 27,817 80,175 | 101,407 34,975 45,600
1.50 19,348 16,210 30,928 26,478 16,948 79,674
2.00 43,193 15,066 17,529 ' 22,031 '17,557 31,409
2.50 44,821 14,777 17,920 22,684 18,617 30,702
3.00 32,745 14,648 17,835 24,351 16,975 ’ 26,533
3.50 34,857 14,899 17,740 24,784 18,760 24,917
4.00 30,798 14,937 17,432 21,401 17,534 26,831
4.50 34,648 14,692 17,106 | 23,737 18,554 24,121
5.00 33,261 15,161 18,793 26,381 17,884 27,560
5.650 27,282 18,209 | 69,284 69,379 25,616 46,128
6.00 54,327 51,369 | 90,637 | 123,541| 44,917 73,781
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v 1 4 )
FUN 3 VDITUIUR 5 (MTAUNUDLIIHYD)

y 0.5 1.00 1.50 2.00 2.50 3.00

X
0.50 72,543 | 45,327 98,427 | 135,217 72,128 | 103,922
1.00 46,312 17,357 37,080 27,645 18,660 41,249
1.50 45,184 16,981 26,039 18,477 16,730 23,449
2.00 57,843 15,081 18,433 23,796 22,240 20,980
2.50 48,211 14,984 18,501 24,766 19,6563 23,373
3.00 36,218 14,810 16,779 25,342 19,240 24,111
3.50 42,368 15,100 17,849 26,541 20,053 26,091
4.00 83,038 14,938 17,628 25,354 19,373 28,451
4.50 48,753 14,495 17,137 25,817 20,388 28,498
5.00 47,361 14,930 18,875 26,438 20,977 24,557
5.50 46,318 15,102 17,860 86,043 25,710 | 45,322
6.00 74,392 | 41,608 88,127 | 149,361 60,544 87,560
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THE METHOD OF LEAST SQUARES

Fitting a Stralght Line

Suppose that each of ten patients is treated first with a certain amount of ;3
standard drug 4 and then with an equal amount of a new drug B, and that the
change in blood pressure induced by each drug is obscrved for eath patient. This
change in blood pressure will be called the response of the patient. For j =
1,...,10, we shall let x; denote the response, measured in appropriate units, of
the ith patient when he receives drug 4, and we shall let Y; denote his response
when he receives drug B. We shall suppose also that the observed values of the
responses are as given in Table 10.1. The ten points (x;, y;) fof i = 1,...,10 are
plotted in Fig. 10.1.

Suppose now that we are interested in describing the relationship between the
response y of a patreat to drug B and his response x to érug A. In order to
. Obtain a simple expression for this relationship, we might wish to fit g straight line
" to the ten points plotted in Fig. 10.1. Although these ten points obvioirsly do not
- lie exactly on a straight line, we might believe that the deviauons from such a line
are caused by-the fasi that the observed change in the blood pressure of each
patient is affected not only by the two drugs but also by various other factors. In
other words, we might believe that if it were possible to contrdl afl these other
factors, the observed points would actually lie on a straight Jine. We might believe
further that if we measured the responses to the two drugs for a very large
number of patients, instead of for just ten patients, we would then find that the
observed points tend to cluster along a straight line. Perhaps we might also wish



Table 10.1

i X b/
1 1.9 0.7
2 0.8 -1.0
3 117 ~-0.2
4 0.1 -1.2
5 -0.1 -0.1
6 44 34
7 4.6 0.0
8 1.6 0.8
9 5.5 3.7

10 34 2.0

| O

Figure 10.1 A plot of the observed values in Table 10.1.

to be able to predict the responsc y of a futurc paticnt o the new drug. 8 on the
basis of his response x t0 the standard drug A. One proceduré Tor rhaking such a
prediction would be to fit a straight line to the points in Fig. 10.1, and to use this
line for predicting the value of y corresponding to any given value of x.

It can be seen from Fig. 10.1 that if we did not have to consider the point
(4.6,0.0), which is obtained from the patient for whom i = 7 i Jable 10.1. then
the other nine points lie roughly along a straight line. One arbitfdry line which (18
reasonably well to these nine points is sketched in Fig. 10.2. However, i we winn

96



97

{ '
T 7 s

AL .

A

[

L
Y

Figure 10.2 A straight line fitted to nine of the points in Table 10.1.

to fit a straight line 4o all ten points, it is not clear just how much the line in Fig.
10.2 should be adjusied in order to accommodate the anomalous point. We shall
now describe a method for fitting such a line.

The Least-Squares Line

We shall assume here that we are interested in fitting a straight line to the points
plotted in Fig. 10.1 in order to obtain a simple mathematical rclationship for
expressing the response y of a patient to the new drug B as a fuaction of his
response x to the standard drug A. In other words, our main objective is to be
able to predict closely a patient’s response ¢ to drug B from his response x 1o
drug A. We are interested, therefore, in constiacting a straight line such that, for
each observed response x;, the eorresponding value of y on the straight ling will
be as close as possible to the actial observed response y;. The vertical deviations
of the ten plotted points from the line drawn in Fig. 10.2 are sketched in
Fig. 10.3.

One method of constructing a straight:line to fit the observed values is called
the method of least squares. Accoruing to this method, the line should be drawn so
that the sum of the squares of the vertical deviations of all the points from the
line is a minimum .We shall now study this method in more detail.

Consider an arbitrary straight line y = B, + B,x. in which the values of the
constants 83, and S, are to be determined. When x = x;, the height of this line is
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Figure 103 Vertical deviations of the plotted points from a straight line.

B, + B;x,. Therefore, the vertical distance between the point (x;, y;) and the lin
is |y; = (By + B,x,)|. Suppose that the line is to be fitted to 7 points, and let @
denote the sum of the squares of the vertical distances at the n points. Thea

Q= ﬁ:l 57 — (B, + Bax;)]’. : (1)

The method of least squares specifies that the values of 8, and B, must be ciose
so that the value of Q is minimized. ‘

It is not difficult to minimize the value of Q with respect to 8, and B, W
have

a n

a—,BQ,= —zi‘é(y.---ﬁl — B,x,) )
and

a n

3_,8Q;= —'22 ()’1_31 ‘“ﬁzxi)x’.. (3)

i—=1

By setting cach of these two partial derivatives equal to 0, we obtain the following
pair of equations:

n n
:31’7 + B Z X; = Z)’i’
i-1 i=1

(4)

"

By Z X, + B, Z X,-z = Z X Yi-
i—1

i=1 i=1



The equations (4) are called the normal equations for B, and B,. By consider-
ing the second-order derivatives of Q, we can show that the values of 8, and 8,
which satisfy the normal equations will be the values for which the sum of squares
Q in Eq. (1) is minimized. If we denote these values by B8, and B,, then the
equation of the sttaight line obtained by the method of least squares will be
y = Bl + Bzx. This line is called the least-squares line.

As usual, we shall let X, = (1/n)L{_x; and y, = (1/n)Li- 1y By sclving
the normal equations (4) for 8, and B,, we obtain the following results:

n - -
Ao L\ XY~ nX,J

2 Yo x} — nx, :
(5)
Bl = yn - Ban .

_ For the values given in Table 10.1, n = 10 and it is found from Eq. (5) that
B, = —0.786 and B, = 0.685. Hence, the equation of the least-squares line is
y = —0.786 + 0.685x. This line is sketched in Fig. 10.4.

Fitting a Polynomial by the Method of Least Squares

Suppose now that instead of simply fitting a straight line to n plotted points, we
wish to fit a polynomial of degree k (k > 2). Such a polynomial will have the

LY

PN

e

Figure 104 The least-squares straight line.
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following form:

y =By + Byx + Byx?+ - + By x". (1)

The method of least squares specifies that the constants 8,..., 8,,, should be
chosen so that the sum Q of the squares of the vertical deviations of the points
from the curve is a2 minimum. In other words, these constants should be chosen 0
as to minimize the following expression for Q:

Q= Z [yi—(ﬂl + Byx;+ - +Bk+lxik)]2- (71

i=1

If we calculate the k + 1 partial derivatives dQ/38,, ..., 3Q/3B,.,, and ‘v
~set each of these derivatives equal to 0, we obtain the following k + 1 lincar
equations involving the k + 1 unknown values By, ..., B4y

n n n
Bln+BzZX.~+ +Bk+1ZX."= Yh

i=1 i=1 i=1

n n n n
B Exi'*'Bzzxiz’*' +Bk+12x:{(+l < inyi’
i=1

i=1 i=1 i=1

n n n n :
BIEX!‘+/322#‘”+ +.Bk+lzxi2k= Zx:{(}’r

i=1 i=1 i=] i=1

As before, these equations are called the normal equations. There will te a
unique set of values of By, ..., By, Which satisfy the normal equations if and
only if the determinant of the (k + 1) X (k + 1) matrix formed from the cocfii-
cients of B,,..., 8.4 is not zero. If there are at least k + 1 different values
among the n observed values x,,..., x,, then this determinant will not be zero
and there will be a unique solution to the normal equations. We shall assume that
this condition is satisfied. It can be shown by the methods of advanced calcilus
that the unique values of B,,..., B, which satisfy the normal equations will
then be the values which minimize the value of Q in Eq. (7). If we denote tl:ese
values by B,,...,Bkﬂ,* then the least-squares polynomial will have the form

— P k
y=B;+ Byx + --- + B x”

Example 1: Fitting a Parabola. Suppose that we wish to fit a polynomial of the
form y = B8, + B,x + B,x?* (which represents a parabola) to the ten points g.ven
in Table 10.1. In this example, it is found that the normal equations (8) ar: as



101

follows:
108, + 23.38, + 90.378, = 8.1,
23.3B3, + 90.378, + 401.08; = 43.59, (9)

90.378, + 401.08, + 1892.78, = 204.55.

The unique values of B, B,, and B; that satxsfy these three equations are
B, = —0.744, B, = 0.616, and B3 = 0.013. Hence, the least-squares parabola is

y = —0.744 + 0.616x + 0.013x>. (10)

This curve is sketched in Fxg 10.5 together with the least-squares straight line.
Because the coefficient of x? in Eq. (10) is so small, the least-squares parabola

and the least-squares straight line are very close together over the range of values
-included in Fig.10.5. O

Fitting a Linear Function of Several Variables

We shall now consider an extension of the example discussed at the beginning of
this section, in which we were interested in representing a patient’s response to a
new drug B as a linear function of his response to drug 4. Suppose that we wish

Ay

of |2

\
H
[«))
s

=4

Parabola / [*
—/I‘// Straight line
1

Figure 10.5 The 1cast-square§ parabola.
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to represent a patient’s response to drug B as a linear function involving not cnly
his response to drug A but alsé some other relevart variables. For example, we
may wish to represent the patient’s response y to drug B as a linear funcrion
involving his response x, to drug A, his heart rate x,, his blood pressure x,
before he receives any drugs, and other relevant vardables x PR

Suppose that for each patient i (i = 1,..., n) we measure his response j, to
drug B, his response x; to drug A, and also his values x,,,..., x,, for the o:er
variables. Suppose also that in order to fit these observed values for the n
patients, we wish to consider a linear function having the form

y=p+ Byx, + - -- +Bk+lxk' :11)

In this case, also, the values of 8,,..., B, ,, can be determined by the method of
least squares. For each given set of observed values x,, ..., Xz, W€ again con-
sider the difference between the observed response Y; and the value
By + Byxy + -+ 4B, . 1x; of the linear function given in Eq. (11). As before, it
is required to minimize the sum Q of the squares of these differences. Here,

Q=2 [)’i —(By + Byx;y + -+ +:Bk+1xik)]2' (12)

i=1

A set of k + 1 normal equations can again be obtained by setting each of the
partial derivatives d0/3B; equal to 0 for j = 1,...,k + 1. These equations will
have the following form: B '

n n n
Byn + :Bzzxn T 29l (R ink= Z}’i,
i=1

i=1 i=1

n n n n
By xy+ By xh+ -+ Byt 2 X X = 2 XV
i=1

i-1 i=1 i=1

4§ n n n
B, E Xp + By }: XpXp + o + By Z xizk = Z Xk Yi-

i=1 i=1 i=1 i=1

If the determinant of the (k + 1) X (k + 1) matrix formed from the coeffizients
of By,..., B, in these equations is not zero, then there will be a unique so ution
B ..., Bi.y of the equations. The least-squares linear function will th:a be
Yy =B+ Lpxy s By Xy

Example 2: Fitting a Linear Function of Two Variables. Suppose that we e:pand
Table 10.1 to include the values given in the third column in Table 10.2. He -2, for
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Table 10.2

{ Xi Xi2 Yi
1 1.9 66 0.7
2 0.8 62 ~1.0
3 1.1 64 -0.2
4 0.1 61 -1.2
5 -0.1 63 -0.1
6 4.4 70 3.4
7 4.6 68 0.0
8 1.6 62 0.8
-9 5.5 68 3.7
10 34 66 2.0
each patient i (i = 1,...,10), x; denotes his response to the standard drug A;

X;; denotes his heart rate; and y; denotes his response to the new drug B.
Suppose also that to these values we wish to fit a linear function having the form
Y =By + Byxy + Byx,.

In this example, it is found that the normal equations (13) are as follows:

108, + 23.38, + 6508, = 8.1,
23.3B, + 90.378, + 1563.68, = 43.59, (14)
6508, + 1563.68, + 42,3348, = 563.1.

The unique values of B,, B,, and B; which satisfy these three cquations are
B, = —11.4527, B, = 0.4503, and B, = 0.1725. Hence, the least-squares linear
function is

y = —11.4527 + 0.4503x, + 0.1725x,. O (15)

It should be noted that the problem of fitting a polynomial of degree X
involving only one variable, as specified by Eq. (6), can be regarded as a special
case of the problem of fitting a linear tunction involving several variables, as
specified by Eq. (11). To make Eq. (11) applicable to the problem of fitting a
polynomial having the form given in Eq. (6), we define the k variables x,,..., x %
simply as x) = x, x, = x%,..., x, = x.

A polynomial involving more than ore variable can also be represented in the
form of Eq. (11). For example, suppose that the values of four variables r, s, 1,
and y are observed for several different patients, and that we wish to fit 10 these
observed values a function having the following form:

= + Byr 4 Byr? + Bors 4 Bos? 4 Byt? + Byrst. 161
Y 1 2 3 5 6 ;
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We can regard the function in Eq. (16) as a linear function having the form giver.

in Eq. (11) with k& = 6 if we define the six variables x,, ..., x, as follows: Xy oo

xy=r? xy=7rs, x,=5% x5 =13 and x, = rst.
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ERROR PROPAGATION
In a typical nuclear measurement, one is seldom intercsted in the unprocessed
data consisting of the number of counts over a particular interval. More often
the data arc proccsscd through multiplication, addition, or other functional
manipulation to arrive at a derived number of more direct interest. We must
then be concerned with (he manner in which the error associated with the
original number of counts propagates through these calculations and is reflected
* as a corresponding uncertainty in the derived quantity. It can be shown?® that if
the errors are individually small and symmetric about zero, 2 general result can
be obtained for the expected error to be associated with any quantity which is
calculated as a function of any number of indcpendent variables. If x,y,2,... are
directly mecasured counts of related variables for which we know 0,,0,,0.:++s

x? )-’

then the standard deviation for any quantity u derived from these counts can be

calculated from
du \? ou \? u\?
2 (9 2l Y 62| — 2. ... )
o} (Z)x) o"+(8y) o"+(8z) @9 < (4-37)

where u= u(X,y,2,...) represents the derived quantity. Equation 4-37 is gener-
ally known as the error propagation formula and is applicable to almost all
situations in nuclear measurements. The variables x,y,2Z,..» however, must be
chosen so that they are truly independent in order to avoid the effects of
correlation. The same specific count should not contribute to the value of more
than one such variable. The use of Eq. 4-37 can be illustrated by application t0
some simple cases.
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Case 1. Sums or Differences of Counts
If we define
u=x+y or u=x-—y
then

Ju du
—_— —_— =+
P 1 : and y o 1

Application of Eq. 4-37 yields

ol= (})203' 1+ (% l)zo}

or

A

°"=V°»3+ o} )  (4-38)

A common application of this case arises when counts due to a radioac-
tive source must be corrected by subtracting an appropriate background
count. If we assume equal counting times, then

net counts = total counts —background counts

or

Uu=x—y

Because both x and y are directly measured numbers of counts (or
successes), the expected standard deviation of each is known to be its own
square root. The object is to deduce the expected standdrd deviation of the
net counts, a derived number. Because a simple difference is involved, the
answer will be given by Eq. 4-38.

To illustrate by example, suppose we have recorded the following data
for equal counting times

total counts =x= 1071

background counts =y= 521
then T

net counts =yu= 550

We know a priori

o,=Vx =VI107]
o,=Vy =V521
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Thus

ou=\/of+d)? =Vx+y =VI592 =399

We would then quote the result plus or minus one standard deviation as

net counts=550+39.9

Case 2. Multiplication or Division by a Constant
If we define
u=Ax

where A is a constant (no associated uncertainty), then

du
WA
and application of Eq. 4-37 gives
o,=Aa, (4-39)
Similarly, if
AR
; B
where B is also a constant, then
OX
g,= _B— (4-40)

Note that, in either case, the final “fractional error” (o, /u or ./ v) is the
same as the original fractional error (o./x). As we would expect intui-

tively, multiplying or dividing a value by a constant does not change its
relative error.

A familiar example of the above case is the calculation of a counting
rate. If x counts are recorded over a time ¢, then

. X
counting rate=r= —

The usual assumption is that the time is measured with very small
uncertainty, so that ¢ can be considered a constant. Then Eq. 4-40 can be
used to calculate the expected standard deviation in r corresponding to the
known standard deviation in the number of counts x.
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Again, dividing both sides by u?= X

y2

(2)=(%)+(2)

110

(4-41)

Thus, for either u=xy or u=x/y, the jractional errors in x and y (o,/x
and g,/y) combine in quadrature sum to give the fractional error in w.

As an example, suppose we wish to calculate the ratio of two source
activilies from independent counts taken for equal counting -times (back-

ground is neglected). Assume

Counts from source (D=N, = 16265
Counts from source @Q=N,= 8192

Ny 16265
N, 8192

Activity ratio: R=

From Eq. 441"

= 1.985

N,

(.ﬁ!)2= .‘ﬁ 2+ ons 2.—= Ny +
R N, N, N?

~1.8353 10~

O _
R 0.0135

and multiplying by the value of R
og =0.027

Therefore, the reported result would be:

R=1.985+0.027

Ny

Case 4. Mean Value of Multiple Independent Counts

Suppose we have recorded N repeated counts from the same source for
equal counting times. Let the results of these multiple counts’be designated

Xy, Xp-..Xy and their sum be X. Then

T=x,+ Xyt Xy
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If we formall); apply the error propagation formula (Eq. 4-37) to find the
expected error in X, we find 82/8)( =1 for all independent counts x;, and
therefore,

2 _ 2 2 2
oy =0, to, +...0

But because o, = Vx; for each independent count,

0§:=X|+X2+ ..-XN"_'E
oy=VZ (4-42)

This result shows that the standard deviation expected for the sum of ali
the céunts is the same as if the measurement had been carried out by
performing a single count, extending over the entire period represented by
all the independent counts. =

Now if we proceed to calculate a mean value from these N independent
measurements,

N0 B

X= —1\7 (4—43)
Equation 4-43 is an example of di;/iding an error-associated quantity () by
a constant (N). Therefore, Eq. 4-40 applies and the éxpected standard
deviation of this mean value is given by

o.;=o}:/.V=\/§_/N=\/7V—I—'/N

(4-44)

2
l
e

Note that the expected standard deviation of any single measurement X,
1S

.
=]

O.V = \'

Because any typical count will not differ greatly from the mean, x; =X, and
we therefore conclude that the mean value based on N independent counts
will have an expected error which is smaller by a factor VN compared
with any single measurement on which the mean is based. A general
conclusion is that, if we wish to improve the statistical precision of a given
measurement by a factor of two. we must invest four times the initial
- “counting time.
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Case 5. Comblnatlon of lndependént Measurements with Unequal Errors

If N independent measurements of the same quantity have been car-
ried out and they do not all have nearly the same associated precision,
then a simple average (as discussed in Case 4) no longer is the optimal way
to calculate a single “best value.” We will instead want to give more weight
to those measurements with small values for o, (the standard deviation
associated with x;) and less weight to measurements for which this esti-
mated error is large.

Let each individual measurement x; be given a weighting factor @, and
the “best value” {x) computed from the linear combination

N
2 a;x;

(xy= o (4-45)

2 ’ai
i=1
We will now seek a criterion by which the weighting factors ag; should be

chosen in order to minimize the expected error in {x).
For brevity, we will write

(44

N

2 a;
=1
so that

| X
(x)= > >, ax; f

i=1

Now apply the error propagation formula (Eq. 4-37) to this case: -

Tgxy= g (ag) )20,3.

. i
1

0%::) =p/a? (4-46)



where
N
— 2.2
48= 2 at'ox,-
i==

In order to minimize o, We must minimize of,, from Eq. 4-46 with
respect 1o a typical weighting factor g

298

-2
0ot " % B 2
= = (4-47)
J
Note that
da B o2
da; S ! 3a, =2g;0 x,
Putting these results into Eq. 447
1 2 :
—‘;;(Zazajaxl —'ZJB) =0
and solving for g,
1 ,
j=g = {4-48)

ag
%

If we choose to normalize the weighting coefficients

or

B=[_§ %]_ (449)

113



Therefore, the proper choice for the normalized weighting coefficient for x,
is g

N =t
[_2 —Z‘J (4-50)

We therefore see that each data point should be weighted inversely as the
- Square of its own error. : '

Assuming that this optimal weighting is followed, what will be the
resultant (minimum) error in {x>? Because we have chosen a=1i for
normalization, Eq. 4-46 becomes

2
o(x>_B

In th_c case of optimal weighting, 8 is given by Eq. 4-49. Therefore,

l —
. 2 4 :
N

& 1
—\ (4-51)
=]

2
a“'l

From Eq. 4-51, the expected standard deviation 0¢s Can be calculated
from the standard deviations a,, associated with each individual measure-
ment.,

114
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