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ABSTRACT

Maximally flat FIR lowpass digital filter design.
provides the advantages of giving closed-form solutions,but
there still remains a problem of designing such a\filter
whose magnitude response passes through a prescribed cutoff
frequency point. A design technique for the digital fiiter
whose cutoff frequency can be arbitrarily specified is des-
cribed to overcome such difficulty. Additionally, a design
technique fof monotone FIR filter with equipripple stopband

including maximally.flat FIR bandpass filter were also demon-

strated as a consequence of the new technique develoéped here.
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uu:uﬁavaﬁnsavﬂqﬂzﬂﬁﬁﬁaa

(Introduction to Digital Filter)

2.1 unuh

n1snsavalwd (filtering) kﬂuuﬂuvudvﬂavnﬂﬁﬂﬁxu%aﬁmmﬂm
(signal precessing) douflaznanafusruas Bunndesvavniansavarwl
# 1 Bous QU A UNLIBLBNATUINAT A\ Fuls T omilunimimauianla lytee

a0 9 1

o (signal) venaslnaianfnanwda fafvadufunyalw
ninuwsweaya (data) n49212915 (information) ;ﬁUﬁﬁmﬁjazngaﬂﬂﬁdﬁ:-
wf¥wew srummavniunm (physical- system) ﬁ@mqmaﬂﬁaztﬁuu1ﬁbﬁﬂu1ﬂ
Nvﬁduwﬂvﬂmﬂﬁﬂﬂﬁéﬂﬁh%ﬂuﬁhuﬂ%llﬁu Fmueiyn (speech signal) 18wy
adﬁujﬂuuuﬂﬁhuﬂiLﬁﬁh;utaaﬂ‘ dauﬁmmﬂmjﬂﬂﬂWQ:ﬂﬁﬁzuuDﬁLﬁuﬁhuﬂﬁ -

(spatial variables)

ﬁauﬂsﬁaszﬁﬂﬁlﬂuulﬁﬂﬁﬂﬂﬁﬂﬂﬁéﬁﬁuﬁaqnnUﬂuﬁawﬁmmﬂm 8199
(uguusfiderday (continuous) nﬁaiﬂdgtdav (discrete) film vifu

., .
asUszanafonisfvutvefia e en lnseveltafie

2.1.1 ﬁmqnmﬁﬂﬂﬁﬂuﬁatﬂavnﬂvuﬂuanﬁugaﬁmmﬁmauqaaﬂ (Continuous

or Analog Signal)

' - d
ﬁaﬁmmﬁmﬁﬂﬂqﬂuﬂaLdavﬁviuunuLaaﬂua:ﬂuﬂﬂﬂavammﬂm ARRAITAS

> Lg L4 > - » v e >
fluz Ao asnznfie FanqveyiusLBe sy Taslaanatanswanesualounimi
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2.1.2 ﬁmmﬁmﬂiﬂﬂﬂﬁﬁuﬁatdavnﬁvuﬂﬁtqaﬁnﬁaﬁmm;mﬁﬁﬁaa (Discrete

or Digital Signal)

ﬁaﬁﬁmnmﬂ\ﬂdaLdawﬁuﬁn1uunuanqua:muﬁﬂwanﬁmmﬂm AlnAEAg

ﬁﬁﬁﬁuﬁ1§%tﬁsqzﬁﬁa AUNITUANATN LB LFY TﬂUTEerﬁﬂué%héﬁdauuﬁhqpq

2.2 n%sﬂs:uaaﬂ@mﬂmﬁﬁﬂaa (Digital Signal Processing) -

[ > o
n1sUssunafyginAfasanuasfiv nasunufiygiam e § AuaTHueend
\aunSodyyinua nazninisdszuaaatfuinanieonun  S8n1suszuaaeneIiqadss
- ] ) :
AvARIN 9 Mutu  nasuszuraRuauTfvevdyyw ngon1sutavdugamidvinluaglu

. . L4 : ] .
5njﬂuuunﬂv A9 i zanlunisRa15013 Lasznuanna YL iy

v’ ) » x .-
vauundaarzwevnisuTsuladugaRfne s LARRNIZUD E NN INUBURE
L ° -
5 uazlatasvorefugumrmgefluswdusnifuatuoudn U 2.1 uane

. : )
Svewauwrsuasniwana luarginasuszunafygafifnes

.

/ - .
51uuwuv1nd 9 wevnmsustnsigiaffneafie  niInsevigrafitnes

(digital filtering) Wazn1931AsIenaLUARdy (spectrum analysis) Fuaz

lanansn q ol

2.2 .1 arsnTavingnfifana (Digi?al Filtering)

nsnseviunnaAfneafle  niszulunnsauan (computational process)
nSedanasiiv (algorithm) ﬂwﬁmmﬂmﬁﬁﬁannﬁaaﬁﬁtwawﬁ%Lawﬁtﬁuﬁmmﬁmtﬁ% (in-
put) qnuﬂawTﬁtﬁuaﬁﬁhwawﬁhanTnﬁﬁt%un%nﬂmmﬁmaanﬁﬁnaa (output digital
signal) nssurun1Tame1eve LiuuunaInsevaamtlah (lowpass filter)
n%snsavﬂqquﬂnaﬁv(bandpass filter) nﬂsaﬁtﬂaéTﬂtan (interpolation) n{s

' - 4 » ] 0
naroyfus (derivative) ust  nasutvefinvavnisnsevalw fitasauazsquaz-
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, .
jﬂﬁ 2.1 wsuwsgovnisuszuiatupiafifnea

\Bonfu q  aznanlumvedaly

2,2,2 nqsﬁtﬂsﬁ:ﬁhtﬂﬂﬂﬁh (Spectrum Analysis)

f

. , . : )
Nuraruavrfia Laatlawasot ez ialulawminan (time domain)
. g » 6(/ .
i duravuvavlfedTuguaviniueaud (frequency domain) %vazawasat-
v . > - o [ ] [
taszneanula A58 Lassna e suSelan e iy lidwmeaulunianasnsavainy
. - R [} L 4
1 motavidn  arsuszutaateelalalnifuw (autocovariance) UAsATINILIDS
° L)
Siuan¥y (power spectrum) wevahduNumanflduuey (random sequences)

inafanasatuauflawimfe ﬂﬁaﬁﬂtﬁuéhﬁﬁuﬁﬂaéh (fast Fourier transform)



2.3 szuuuazﬁmmﬁmﬁTJﬁatdavﬂﬂuunutqaﬁ (Discrete~Time Signals and Sys-

tems) [1]

i

2.3.1 #mmroflune (fowavunuinan (Discrete~Time Signals Sequences)

[} 1
1u1:uuammqmﬁ1uﬂaLdaQWﬁvunut1aqwznaqdﬁvnqsﬂszuaaammqm g
wuasR U LRy (sequences) WaraniudILRY X #af n Hsuununag x(n)

dv ou Sugiumvatinanansla

x = {x(n)} , -~©@<qp <® (2.1)

x(n)

sud 2.2 nsmuanvdyniline ey

amm%mnﬁaaﬁﬁbﬁhLaﬂuwuﬁHunsqﬂTﬁhhﬂ%aﬁﬁQTuiﬂﬁ 2.2 wiaunu
wouRTHa (abséissa) v suraiday  unaty 9 um? x(n)fJarumuie Lanns
a1Bufitens (interger) wev n soua1 n Aluladm iaedufiians  lulanutaean
aahdy x(n) sxfrndugud  fowuAsntsnluntmunen x(n) e n luladaiee

Hufiiees

ﬁhadﬁvaﬁﬁyﬁhtawnﬁaammqmﬁaﬁﬁm 9 wamvlugud 2.3
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U 2.3 uanvmetivuevatdiudnwin  dydaluaiin
WN1951A59EN0 uazn1sunuA? wWnyasluszuy
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'

2.3.2 3zuufihi-Buis 3euvi1@viay (Linear Shift-Invariant Systems)

 szuu (system) ﬂﬂaﬁnnuﬂunﬂvﬂﬂnﬁﬂawéi%tﬁuﬂﬁ1uﬂavn§atﬂuﬁh
nazyh  duitdouatdiurevdugmizn x(n) T dushduuevdygween y(n) 1dou

1o
y) =T [X(n)]' : (2.2)
T 1fuduay (transform) NINARNHERS

Cainnsfl (2.2) 18w Tusenlaezunsuumilamegud 2.4

\

x(n) ____ T[ ] L » y()

Jud 2.4 uanwnasudavarfudyumian x(n)
1 udgraeen ¥(n)

\

Ssussuui8eiau (linear systems) gnnmusnloguuuunveiin-

R

panafra
T[axy(n) + bxp(w)] = aT[xy(m] + bTxz(m)]

< ayj(n) + bya(n) (2.3)

e yi1(n) uaz ya(n) L funanoususvrevduiga x;(n) uas x2(n) a usz

b 1fudavlla q

fuszuudvn-Sunn 1 3oun  Jeesutfian o1 y(n) (Tuskansusuevusy



> A ¥ . >
x(n) uas y(ok) sziiunansumiaveny x(n-k) a k 1Thiiswuanmteauiila

: . . . )
ﬁqquahwhﬁs:nqﬂvaﬂﬁuammﬂmtwqua:awmqmaanmav1zuuﬁﬂﬁ-ﬁuu1t%uuﬁ

(B tau Toule

]

y(n) = I x(k)h(n-k)
k=—m
n3a .

= & h(k)x(n-k) : (2.4)

k=0

o h(n) ThunareuauawnvBuRasuavizuy  suns (2.4) 1%unan aeulagdu-

4y (convolution sum)

2.3.3 a@fusnmuaznzing (Stability and Causality)

° . L > >
tsqnﬂnuﬂszuuﬁﬁxaﬂuanw11tﬁaﬂauﬂ@mﬂmtﬂﬂﬁﬂﬂauLﬂﬁazlnammﬂm

L] L}
aanﬂﬂvau Lan LUy 'ﬂ\‘liZUUQS lﬂﬁU‘Sﬂ’lWﬁﬂa tﬂﬂ

]

s= & |[b)| <~ (2.5)

k==

. :
szuupwunae ing (causal system) nuIBAIWI) a1 LUBouuday

) ' ] - > o - -
ﬁammqmaanﬂzluLﬁﬂnaunqsLﬂﬁuuuﬂavﬁﬂ@mﬂmtwq aﬂnﬁbszuuﬁﬂn—ﬁuuﬁt%uuwﬁ,
.,

[ d 4 '
issuunwansing  nasousuawavBuieditugudde o < 0

2.3.4 auﬁﬂsuwnﬁﬂvLﬂvtﬁhahﬂszanéﬂvﬁ (Linear Constant Coefficient

Difference Equations)

- - >~ [] [
szuufvin-Buta L Foun. U150 LS UUUNUALFUNITUANAIN L 8V L AU

anéhvﬂﬁuﬁuﬁ N #off
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N M
I ay(nk) = I b _x(n-r)
k=0 X r=0 T
n3a -
M N
y(n) = L b x(n—r) - I aky(n-k) (2.6)
r=0 k=1

b bl""’bﬁ uay ao,al,..;,aN LﬂuﬁﬂﬂvﬂﬂTﬁﬂunﬂsnﬁnuﬂﬂmauﬂﬁ (charac-
teristic) wevItuu aunasfl (2 6) ﬁhuﬂsauiuunutqaﬂ WARAUNTIM AR -

s lunnualwilane Z—mwaﬂasu ( Z-transform)

[ ] »
2.3,5 nﬂsuwuszuuam@ﬂwﬁiuﬁatdaQMﬂvunuLaaﬂnquunuﬂqﬂuﬂ (Frequency-

Domain Representation of Discrete-Time Systems and Signals)

!
-

T >~ > jwn
Fuufl L5 audgniuaaie x(n)=e ffa —w<n<e  LsEWATONINE
moususvrevuyweanaauaun1s (2.4) 1a
© jw(n-k)
y(n) = & h(k)e
k==
jon e ) ~-jwk
= e I h(k)g ! (2.7)
. k=m0
a1 L3N MR
jw ® -jwk
H(e ) = I h(k)e (2.8)
. k=—c :
. N
1579z in
jw Jjwn
y(n) = H(e e (2.9)

] 3 et o . .(1)
mFun1s (2.9) 9z AUl H(er) hutadusnavarwd o 1518z iSun H(eJ )

A nanausuawm vl (frequency response). 2893ITUY
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2.4 72— yws3waesu (Z-transform)

aadudynn x(0) ,x(1),...,%(n) lﬂuﬁﬁmﬁmﬁ‘ﬁﬁatdavw{vunuL1a1
aursaudaninagluunuarwd i X(2)  z (uudseeuindn (complex varia-

ble) wnfoulaviyrasinuaummBluagluunuiaan  menislam wikus

o -n

X(z) = ¢ x(n)z - (2.10)
n=—oo
. k-1 \
’ x(k) = 5%3fﬁx(z)z dz - (2.11)

hY

aun1s (2.10) t3unan s Zepsuanesy  @usunas (2.11) (Zunan

L4 L4 e - . | w
fulsse  Z-nsweresy Tew 2 = e

Qmﬂuﬂﬁﬂaﬁﬁmvav ‘Z-nsusnosy (Elementary Properties of Z-

transform)

n. arwifi8eiau (Linearlity).

ZnsmiiveTuvey {ax(n)+by(n)} = aX(2)+b¥(2)
2. n1sideu (Shifts)

Z—wsﬁuéﬂa%ﬁwav {x(ntk) } = zkx(z)

f. tﬁauTqaﬁu (Convolution)-—

>~

L3

[

g(m) = & x(m)y(n-m)

m=-w

L4
uwan

G(z) = X(2)Y(2) -
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2.5 1UuuuTn1va§vaav1vasn1avﬂ1ﬁuﬁﬁﬁmaa (Network Structures for Digi-

tal Filter) [1] .

ﬂﬁ?ﬂ;%v1vﬂ1ﬂ1ﬂvﬂ1ﬂudﬁﬂﬂaa1ﬁ{1ﬁzﬁﬁaﬂ;ﬂu1; nderenuasesAey
Lﬁuuﬂqﬂuahwuéﬁ:H{ﬂvﬂmmﬂmi65-ammﬁmaaniﬁhd1u§ﬂuuun?aﬁhna%ﬁuﬁiﬁhﬁunm
nou #anasfiuffazlefauan (adder) granuay (delay) ua:ﬁhamﬁﬁuﬁqﬂvﬂ (con-
stant’ multiplier) u1 199281 TouTATuR319aINeS  FIBEINLTUL IRRATENTE-

vud v s inaseadulugy

M -k
) bkz ,
H(z) = —&0 . 1) : (2.12)
1 X(z)
- I akz
k=1
13198 1 Jousunisuanaavla L
N M
y(@ = I ay(-k) + I bkx(n-k) (2.13)
k=1 k=0

>~ ) o D .
LsrmasaunuENnis (2.13) aaodane3finluntsatuinlnlaonseilufis
. L4 " ~ e v : »
taﬁﬂﬁﬁtauvavammﬁmLﬁaqmm1uﬂﬁUs:§wﬁ bk un;ﬁﬁﬁtaéﬂavﬁmmﬂmaanqmﬂquahth:-

‘4 » o 51
s a, wRIAYRFANINUA LaWUINU

ﬁ@mﬁhvﬁﬁauﬂndﬁ1ﬁhwuaun11uﬂnﬁﬂv LufIn fage aRLan
wanvlugud 2.5

Fm3uaunasfl (2,13) zﬂauﬁuﬁ;ﬁuunvaﬁizlﬁhhiﬂﬂ 2,6 du58n1s
\Fouusenlaszunsu flaumnvesntevmwtlumuuuazefindas q fiflinefiants By

- .. : V. . . .
upnatviueanly  usauAmwmmunzEy  tauluniupaudiendn AW 152 luns-

SN



/[Z(n)
+

13

xy(n)

@

L CH

%(n) +.x5{n)

x{n)

{b)

l"I

ax{n)

x{n)

(c)

x(n—1)

1ﬂﬁ 2.5 ammﬁhuéhazu56n1na:unsuﬂﬁn%ﬁ1vnsﬁﬁﬂaa

(a) n{%uanaﬁﬁhammﬁmaavammﬁm

(b) nqsqmaﬁﬁuammﬁm55uﬁﬁﬁvﬁ

(c) Aty

y(n)

y(n—=N+1)

y(n— N}

-~ o ] )
sl 2.6  vdsnlaszunsuamiuwnuainisuanawia q 1

futudl N

auan nlomnw ifpunselunisatuan tual
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N

- 2.6 p1suszunluniseenuuuavasnisvalwifinea (Approximhtion of Digital

Filter)

[ L4 L4

2vasnTavawiasrasuuveanlat Susevuuule usuIire@ruac’d-

L d ~ 3 .
Lk ig) ﬁvﬂavuvuﬁﬁtwﬂﬁﬂ1unﬂsﬂszuﬂmu1vLnﬂﬂﬂﬂnaﬂuﬁh U InAflanuanany

y ° . . : P 4 M ° ~
fusanlu ~ Fwnasntmun (specifications) Tuniseenuuvuiusgiuntsutlulewau

1 ] »> J ~ »
\UBIARavAIINAaRaUTUawWN N (phase) MiihiiBviau (linear) n3so13nev

1,

ArsHanausuawavouan L wuuifvenatu inatu (equipripple) Auwvenaluuauarw

flankn  ussuoulssadguainduuinswu i ounanflgn (maximally flat) =1am

.- . .
:dﬁﬁauqviunﬂsaanuuuNawauauavwﬂvﬂuﬂﬂuaﬂw1ujﬂﬂ 2.7 dvifunns

: > 0, [] > . >, >
sanuuunarwinndn  Taofldrunitvuevsanaususwaveuan L fuzen muaflnun

: IH(e}*)]
f 1+ 3, i
! | ’/’"\\
: 1—81%%mmwwn\ |
! (I 1
H | \\ I
1 \ | .
Passband | Transifion : Stopband
‘ !
| N\ :
! \,
8,1 | UL UL L L '
| I e T TN e T
0 w, Wy T W

§ﬂ¢u2.7 uaﬂvn11U1:u1m1vﬁ1n1avﬂ11nﬁ1uQﬂuﬁﬁ

lugranaufinmunusu taaln

vaiulavise uwuuaﬂauﬂuawn1vﬂ1ﬂuﬂﬂav1:uu ﬂvaanuuuinWﬁvwa

-~ . ] ] 1 -~ .
atmunlaogiviuuen  unstflunauaiwiiuanessvauawveuan indszuininn

fu 1 wazfarwfanain (error) luifu + & Lﬁuu1uiﬂﬁmnﬁﬁaw§153ﬁ
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’ . jw )
1-38;<|HE ) <1+, o] ¢ w

woutrendguiedwwareusuamvauan Inuszuan inafuguauas nlanainlmisunan 8;

1ol 1

jw
H(e )] < 85, o, < |of <9

. . . .
Taufl mp Lﬁuqan1ﬁhﬁqﬂuﬂ1uunuammﬂmN1u Wy LﬁuQﬂn1ﬁhn11uﬂ1uunuUaamﬂmmﬂm
' ' [ [ [
#owovym thopluszuiu z dmlueoy (ms—mp) Inflaquannan 0 13una1  wou
0 . . . ) [
nsn@% (transition band) unuffnameususwmvauinanadivsuLIoy 390

, .
wounrwdnusuBvuoutaen iy

2.6.1 2vasnsovaruiiffreanuuueudinev@W (Nonrecursive Digital

Filter)

avasnsavarwiaflafawasneanuuyin inaddnvus LT dviaula lan
389 9 uaadhd afipsnaw (stable) wwwe  lufldy Suuusetuiuquanifuey
twﬂﬂtﬁutﬂvLéhwaquasnsavﬂaﬂuﬂﬁﬁmaauvuuau%tﬂa%ﬁﬂ lagzaanlunisavdy

Tuunna 1y

N3 e TeAdu. wuuuend ire v foula
., .

*N-1 -n
H(z) = £ h(n)z
n=0
-1 -(N-1)
= h(0) + h(1)z + ... + h(N=1)z (2.14)

wansuaua WA wivevaunis (2.14) .



jw N-1 =jwn ,
B(e ) b h(p)e
n=0

jw  jo(w)
|H(e )Ie

juw
o [H(e )| fonsaoususwiveunn 6(w) foyw i

: idsuazn WA 1 (group delay) fahshffanawan
1 == 20 Ry T = - 46 (w)
P W g dw

fraz itz LB iy (nfenWiiasaw)  anedidaulenn

'

0(w) = - 0 , T ifusined

#otiuanauns (2.15) ez @ouinegluguavivala

N-1
. -~ Z h(n) sin wn
-1 " Zo
0(w) = -Tw = tan b :
N-1
z h(n).cos wn
n3a n=0
N-1
z h(n) sin wn
. n=0
tan wt =
N-1

I h(n) cos wn
n=0

16

(2.15)

(2.16)

(2.17)

(2.18)
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i .
N-1
£ h(n) sin wn
n=0
. tan (tw) = (2.19)
N-1
"h() + I h(n) cos wn

n=1

fa1saaunasfl (2.19) azdxovns@fiiululafle nsfifnily o =0 wunasd

(2.19) =z

N-1
r h(n) sin wn
. n=1
0 = T (2.20)
h(0) + £ h(n) cos wn
' n=1

sun19fl (2.20) szifussvlaide h(n) = 0 uaz n # 0 #7u h(0) wrazfaun
SludussTom  insnsnanausuavesnuya tiuuuduias  infefansiiniviiede © #

0 sun1s (2.18) 1Fouladnuy i

N-1 N-1
£ h(n) cos (wn) sin (wt) - I h(n) sin (wn) cos (tw) =0
n=0 n=0
(2.21)
. . v
n%a e wfavevaunts (2.21) lavdh
N-1
£ h(n) sin [(t-n)uw] = 0 (2.22)
n=0

aumsf (2.22) szifhasvlaudeddoule

r



- 1) : ' (2.23)

h(n) h(N~1-n) 0<mng N-1

Tuntfineuni1inkanausuemva widguuuu Lt

jw jw  J(B-Tw)
H(e ) = |H(e )le

pasin g i @viau  Lsewnsonalann

_ (n=-1)

w
]
I+

N | =

h(n) ~h(N-1-n) 0<ng N-1 (2.24)
Jond1s (zero) wevsunasfl (2.14) Twu@ﬁtdau‘wﬂ (2.23)

waz (2.24) a1l T+dudanvus tfinszanivnr- (mirror-image) Tuuuunu x

uazw:t%unTwﬁTPLﬂuaiuahum:ﬁgﬁ' TnfTufoanszanivn (mirror—-image poly-

nomial)

Lnﬂﬂnn11aanuuu1vﬂ1nsavﬂ11uﬁuuuuau?Lnaéﬁﬂﬂi%hﬁuﬁﬂ [2]
n. 5Sn51165uTﬂ{Wﬁﬁu (window function)
a. nasuwsyudveiwt (frequency sampling)

a. S8son@luiwdu (optimization technique)
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2.6,2 qvasnsovarulasnosuvuiiro @y (Recursive Digital Filter)

-~ -~ 1 L 4 .
2vasnsaveflafifdeala L Uouniiuvuuaus L e wwida wanauauawIveuIn
' : 0 o . .
ganwaund 1 lunomswdau  dedum (order) vovavasdawiuim iy uninafla

nseanwuunauzvtmau  (Wenavn v e dnwes 1T 19v ey

~

waflanseanuuuavasnsaverwfuuud tresiniton lamug 1]

N+ 38N1T2BNIUUAININATNTBVILUBNAADN (design of recursive
digital filter from analog filter) laulwuinaflaBuMaadu-
watSouy (impulse invariance) uazinaflanisuvavuuulu®-
t(flus (bilinear transform)

2. S%sonfiluiwdu (optimization technique)

>~ - ~ [
ajliarn1seenuuuiNIsnIaval WiRsneaivravwuudiSnsing q wov
-~ ] ° .
5862 nnseanuuulneglugugnsaniss (closed-form solution) uazn1se®N

wuulntlanoufiainesane (computer aided designed)

2.7 n1sasvIvasnsavanuiifsnea (Implementation of Digital Filter) [7]

2v3snsevarwiinsneassivia 2 jukuufe
2.7.1 58%avuas (Software)

3 .
519 1laanas t8ounvy (simulation) Tavvasivaveshifnes A ufd-
‘ aaaApuRiLans  fon1si8uulusunsunsud i wasNeadunavivesnsavalwintnea
ivle  uhtendomnaiineaflazisey  tautznlulnnanasatwnatulusunsuwey

L4 ~ s
nsmdidesivady  wadmsfilafle  dun aAfnesiniuavasnsavaliuddtneatiuiey
t

2.7.2 ﬁﬂsﬂéhuag (Hardware)



.

Tmunn&La{qﬂnsdﬁﬂvﬁﬁmaatﬁu gWitaines (shift-register)

fwn (adder) daau (subtracter) uwarffagu (multiplier) une thiavss

2.8 (Ugnuiflourvasntevemwififnoauuud tre Wruazuausaesd (Comparison

of Recursive and Nonrecursive Digital Filters) [1]

& ) >~ '
2avasnsavaruliafneativieviuy 958naseanuuulamaed®  uaflthmn
l- » . L] L]
27381 nforvssmutuuulnufilge  tanaffaeulasan insnsunssiBntaunazuuy
- >~ " [ v, X . > > . [ '
fuafius | Beflunnaviuay 58015 1 3en LU lodvueyuanfiue (Bumand  dhedvieu
d - : > o & . ¥ ﬂ”
2vesnsovaruuuu? tresinawasoeenuuulaslogniai L 539 inattany ufi T
\ . . S . L .
uneauluntseanuvumvauiasn (12w MiResLds, , toudiod nloieafinfla) La5s

uaa 1U8eun hiuutnesTnensvlalaosae  neflavies q flassnuuulelufuuvy,

wazuaazuuulunovlei Enasatuadafgeaan tiuly

Fuuuwuaug aa@naseanuuuinegugugnsani Smalasan  wiaee
Thulaifvadugae fifvrevdnasaunag™ § ifelnlana o smansewnis s
1ndu55nﬂsaanuquuau§\ﬂaéﬁﬂﬁbv1ﬁh55ﬁﬁu1mﬁﬁ q My nalnaovloneufainesi
ﬂﬂ1:§w3n1WGVtﬁHﬁ1u ﬂvtuguutﬂuuﬁh?tﬂa%ﬂﬂﬁﬁuﬁtﬂuvtﬁéavﬂﬂtaﬂua:QTE{v
n5saaﬂuuqdvasnsavuuyau{aanxﬁﬂﬁu uﬁnﬂséanupq%tﬂaéﬁﬂﬁlﬁaﬂu{snnﬁ1ﬁtﬂa

Huidviaulalaovay Aafiuuuuuaudi A s vis w1 soeanutuln iwa Thitdv isulasuqv

'
wuuau L3

' Y - .
Futhmmivaunisdsznda wazadwi 52 Tungatmnn (adatimn oy

»~ N - . .
iharl LT 8etquean)  n1seanuuudi ae vk inansusuawvUAARnIuUULEN S -
- . 1> ) > v
tre W (Jeduduuavavasing q M unnwmounasidafl thiiBo sy wuwuaudiees

vasfinin .

. N . -~ ’ . .
22 1fur 1 doulonnunefineviisnsun dunisesnuunve snsevaaut

'



. 3
s L 4 o -

uwnaﬂﬂnﬂuﬁﬂavﬂﬂﬂsmﬂﬂQﬁutnn1:ﬂun1v%ﬁ1nssu (engineering judgement)
. . . . .

tﬁuﬁmn11un11n1uunamauﬂﬁ 1593719 UATATWFIWATONINNIITATUIN

~

2.9 syl

. "o .
Tuunflanaatefuziuday q -dazunlugnasfansen Siaszn uas

L} L] . J
aanuuuqvasn1avﬂ7ﬂuﬂﬁﬁwaaaunvua 9 Tad i %udfoun n1sdssuafugafiinea

21 4

" 4 4 »~ -
szuuua:ﬁmmﬂmﬁ1uﬂatdavwﬂvunutﬁaﬂ Z-n3ade TN LATIFTINURLANTAION

AveTnsavanwiftnea twﬂﬁﬁnﬂ1U1:uﬂm1unﬂsaanuuuqvﬂsnsavndﬂuﬂﬁﬁaaa
' -~ - -~
ua:auavﬂaunﬂs1U§uutﬁuuwaﬁﬂaLQUﬂavnﬂsaanuuUQvﬂsnsavﬁqﬂuﬂﬁﬁﬂaaﬁv

windiaadiWiasueuinasdn 11



unfl 3

]

. L [/
inaflanvatiaataasflalun1seanuuu

]
inaflanasuszunaluniseanuuuayesnisvarwilfitneataguan
4 o (-3 ~ L4
yronanowwy  Suntseenuuveylugdgasaitis  wazaslureafiines
[ ] . [} ]
grvluntsesnuuy  luimflaznansty imaflafldasluntsasnuuuavesnsavaaiy

ﬂﬂavﬁnuﬂﬂﬂuéhﬂhﬁ

3.2'1uﬁtﬂu§h11uﬁﬂa;ﬁ (Bilinear Transform)

Lﬂawavnﬂquavavasnsavﬁdﬂuﬁuuuauﬂaanln;ﬁuuuuﬂﬁﬂaa

swsoutay lnlaslagas

g = 21 (3.1)
z+1

aunrTudavaa i lagas

~~\

. 2, = " Yy (3.2)
Al
2 \
[
vda . s =3a, z =.e3® QAi tium wiuuveunaenla 9

'tﬁahﬁﬂuﬂuuuﬁﬁwaa1h:q
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w = 2orctani
S

[H(e!®)|
NN
i \
SAAN
AN
1
I
i
1
1
i
w,
|
1
1
T
1

P ! Q
[H, (j0)]
SN
p |
S |
. N '
A |
A \ S
' { l\; "/’ ~§..5—_,_
2, a9, n 3

i 3.1 neuanvrazavem lh i e iaulunas
wiavaneunaen i fufisaea Taolaludfles

P v
nedane

Tun1seanuuuavaTnIovaluiftnasuavavazfuuaanuuuniv
' ' L] h I3 » )
AUTRDNNDUALN LN NTaan kUL IvARReR ATy LT MalInnsudanan

aunaen 1 uftseaTanloges (3.1) uaz (3.2)

., ! -
favaangaawt i ge i luuoueawtlgeesvnisudavuuy

L4 v », -~
g flog inaflafffelyianaslunageanuuunarsumuawaauan L 31as L laeen

° - Lt hoy
wuumameusue LW inazasni Inla uad T oDy oo va
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3.3 Sundane®y (Remez algorithm) [8]

s uneftantflaus na i adufif#naziuu irud oW (chebyshev)

o ". - v' F A
Tnea8nsntwa® q #u (iteration) unsuiivl anan A veafsrsuuns-
g7 (criteria) 19

" > ' [y T ] o -~ .
s mevni1sARananfusy ndlassnarvadtf voan munlafuan

fondurtazna tsﬂaﬂuﬂsnLﬂuuaJWujﬂﬁﬁﬁﬂqawéiﬁgﬂ

B (wpd 0 5 oen ,pd) = F@) - Fl,pdipd, e upd)
(3.3).

Wl F(w) tﬁuﬁanﬁnuwﬁtsﬂﬁv1; (specified response) fA
#w13fiaes (parameters) Py sxfinq7 Ludsuudavaann Laafinanisatunar
fu j asv tsﬂaziﬁﬁmmﬁhuﬁ pi L pg AIMUILATWIAMINITAIUINAN P,
vusr 4 a%y i Fj(b,pi,pg, e ,pi) (Thutaduus sunafllasannasah-

[ . ] ] - ~ [}
wnuuaa j Ay @au Ej (Huafananfliannlaifonin  teaiseslashiSou

(error criterion)
38n1svevi i danesiudaiwudude Tull

n. L8onAn @; flinunzan ntl A1lugay w, 22w, (Tauunfi
LA . A

J _ v = LRI J ]
W] =W WAT W =0 q A0 j) tufle W)W eees
J ~ J R . o,

W Tann W] < Wy < . < w waauh ldunmulusunns

(3.3) azla



Flw)

S

c_ ¥ ' *'j
LATIUIINIA pi

e

- Flwp’)
Iy .
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>

wy! w)*! wdwd*

> w

w,=-w.’= w’/¢| w’l (.)-‘I’l w, = u)’I - u)5101

h| R R,
F (ml,pi) E F(ml}

FJ(wz,pj) + B = F(m ) (3.4)

n+1

F @, ,pd) + (-1) = F(ul )

n+1°Pi n+l

Uae EJ

3nwa n.  flye mi A q t3zlaarfamanafioenInglanw

3

» -9 d L]
flaawn1s  une199zd o gefu 9 ueninflesn W flagluaav-

w, S0 W ﬂﬂﬁ1ﬂﬂ1ﬂﬂwaﬂﬂlﬁu B dyauln (Q]tbu)L11
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- ] 3 » . -~ .+1
Sonawmnn o nafl  umn'muninid wi
L LA », . [ 4 j+1 -, ] « -
a. solUlmive n. vn Taoluge w Alalmy  1a5uamn

3 + ?+ o« % - rg
pi l,EJ 1 nwhaulluides q ﬂuns:ﬁvﬂvjﬂﬁﬁavnﬁsduﬁa

j+1 j 3+l ] I e ! -
E E° , p} = P} WA w i (3.5)
ﬂH'FJ(m,pi) L Thudrent 18 L AuDeY pi 1313slmn
ey o3y o o
F (w,pi) = I Py fi(w) (3.6)
i=0
nfontaglugluavIniluifua
i j. ool 2i :
FJ(m,pi) = I p;w (3.7)
i=0

zifulamaunts (3.6), (3.7) daunluwmulu (3.4) sznaaw

t 4 . 4
s zuuaun T L Bv LT va i sanaatnaulananes s

3.4 1luuwdinafla (The Fibonacci Search Technique) [10}

Q.\
W luuwd inatn L fuagnnmgneondidy (optimum point) 2@y

foaduAdsuus (e sintdy  damvatuszaevtuuuuglTunes (unimodal)

» > - L] > o

aau  Thumadanimaszlgntmassen musdulstusevyaluunazay  uauh
0 - " ~ [ > .

ufisnsunavavitvaty L Sangadnaf1na i Auvyreondiduly | ifleutwaRisnsan

LSsufoufugn Tnilunferely
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watavas i Touwduve iudu q #eff (g3 3.3 Usznew)
S 1 ntmunga L, @ = b,-a;) ﬂnﬁﬁiﬁﬂwaawﬁﬁuﬂ:QJTu
gavfffuneu  usiifenyn X uas x2(x2 > xl) Inflszosnivgn a, us b,
tnfty % ds Zl-nﬁ1ﬁ%ﬁn [10]
F
= NGt 4 (3.8)

e
P (k-1)

L

Tudd Fj gﬁutaw1ﬂTuuﬁﬁﬂ v Fj nlas A iulius F =

F +F ., (1do Fb =F =1) Aa N festmunfuininrmmanvimun

n-1 . 1

] L4 ] > " .
a1 N szuannSevssfusyifuaiusavniseuuuuei (accuracy)

&
NI

F : F
o _ _ N-2 - N-1
X, = b L, = a, + L1 (————) L1 a1 + — L1
FN

. ¥ L ] (L
uhN al - x1 nie x2 - b1 uﬁﬂaqsmﬁﬁhaquﬁiuﬂavnﬂsﬁv Tagniannuanas

amnfendu £(x;) waz £(x,) Faffut 519z lndrviniflannd e ziyeoentiduey
' PPy .
suufanlany x, - by
" “y 'V o ’
fufl 2 gyl L, dyffunia L, ﬁuﬁqﬁ/
L,=L, -2 =Db, -x 8% x, - a

2 1 1 1 1 2 1

Al -
WA 2, TREEAL)
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F F F
L. =L. - L _§:§ =1, 1 - _§:§ =1 _§:} : (3_9)
2 1 1 F 1 F 1 F !
. N N N

fufl 3 nryanmanwafurlaavinddvaylugay L2‘1ﬁtﬂu X3 Uaz x4

[
T
Wi}
'—l
+
-
r Ig
N
|
—
~—
+
rrf g
|7
W
N
i
= l?
—
[
—
N

N N-1 N
F
N-1 -
=a; + —;—- L1 = x2
N
2z iuan xé Yufiu x, flisnifonly  iws1zan 22 fiaszarsEniy X usz
%, il
F
" _ _ = - _ _N-3
Xq b1 22 xr'+ L2 ;—-— L2
N-1
F F -F F
o a2 ) [ 32TN-3 ) INel g
1 F 1 F F 1
N N-1 N
F
N-2 _
= xl o ——;— L2 = x3
N

~t ’ s » - ~
aqflaluntsifengaindluafudely  1s1azlingaifufinauqlaney
» & M
nintfunthangs ndv1ﬂ1uaavqﬂtaua (X§=x2) fviﬂﬁﬁaqnﬂtsﬁLﬁanUﬁaﬁnnﬁs
[] LI - ]
nasavaSeneuntniimiduafetiuien iy Ls1 1 flomasifivadiuindun tueu oy

Futhendhn Aufn Linouninfundenfy  uin  fengafdlnatfuvyreaniiuly e
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a1 mereviuaSuwelu

idananr manevaEvflaoviaSassna L, 1a39n

unuAn 12 sun1s (3.9) avilusunas (3.10)

; -~ o - ) J -
ﬁhﬁunﬂtsjnﬂnﬂswﬂaavﬂgvﬁ m (373N1A1 Lm 1neqn

. — .

L = N-(m=1) L

m F 1
N
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(3.10)

(3.11)

W luuwd inafai fu ineflnlunimagreenddudiioua s loaumnde ()

nsatnanteaunaa ude L USou (fuuiud 881 us 185 (Linear search) 338y q

3.5 syl

(O——

~ 9
1uuwﬁ1ﬂna11ﬁvtnﬂﬂﬂﬁﬂ1u1unﬂsaanuuuavasnsavﬂaﬁuﬁﬁﬁwaa

L 4 L 4 L 4 .
3 weafla folufiflomswavesy  tfuntsulavavesnsavarwiuuvveinaen

Wifuttees  drulndinatadlaiuavasnsevarwoursandlnsanuuulifay

» [ ) [ 3 L 4
ua2  dulninaflantdvfie fiuuFanesiy 1untseanuuulenldreufiainaddae

L 4 ’ . >, [ 14
Inreaftaime sntunant q fu unsziylateadufusswgsh tiuuuvenatuing q

fiu ua:ﬁﬁqwﬁﬁuLﬂunﬂﬁnﬂQﬂaawﬂﬁhwavuﬁTunaaﬁhﬁﬂuﬂL?uun41 T Tuuned

@5
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~— ’

ﬂ11aanuuu1vﬂ1niavﬂd1uﬁuuuuau€Lﬁaéﬂﬂﬁﬁhinnﬁﬁhﬁﬁﬂuﬂ1ﬂ q 1heurvunuau
(Maximally Flat Nonrecursive Digital Filter

with ‘Precribed Cutoff Frequency)

4,1 unut

n1seanuul vaTnIavarwfuuuueu? 1ne ¥ ladgne 1uuse nuuyy
ad1u1ﬂqwsﬂﬁ;§ﬂ [5] Tﬁu15n11uﬂawﬁhuﬂ1ua=65taa%\unﬁutwa;Tﬂtaﬂu
. 1 X, Pog H .
(Hermite interpolation) uafildawnsenhinnansusuewmivuuimdaniugani-

» L2 ] '\ »> ) >~ ! '
Famwifrownisln q lnadiwdusy  uazinefefligdeutavazguoan  luund

'

14 > ‘o . Y
ﬂzuﬂnvﬁﬁnq1aanuuuﬂawuqsninuaﬁauauaqukuﬂﬂﬂqﬂnwﬁﬂﬁq1uﬂ1m 9 flad
-~ [ ) .
aavn1s  laodSvy 9
4.2 n1sppnuvuy g

. & I ]
nﬂsaanuuutsqﬂ:uunanﬁhﬂuaantﬁu 3 Fupnrtelud

4,2.1 9 vasn‘ia\mﬂuﬁuwuauﬁ' { nas'ﬂw#'ln HaRBUFUDMINIUIRI UL Ty

uﬂﬂﬁﬂﬂ (Maximally Flat Nonrecursive Digital Filter)
—

- -
ﬂmnqnnsaanuuuqva1nsavﬁdnuﬂﬁﬁnaauuuuau?Lﬂaﬁﬂﬂﬁ1ntﬂﬂtﬂu

Woiaufe  nasnaduuszandeevTndluifuanszanivn (mirror-image poly-

1

nomial)
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N .
Bz =2 o ™™ =2 Nr @ h (4.1)
n 0
n=0
n11#@ziﬁhanauauavwﬁkuﬂﬂﬁﬂdﬂusﬁuL?uuuﬁﬂﬂﬁﬂﬁv1uﬁavunvaaquﬂﬁﬁdqu

2 » ~ of > (]
- wazgrvteandugalusumautlge  1saezaeuideulefvauntsgavanviie

|H{exp(—jw)}|w=0 =1 (4.23)
dle{exp(-jw)}l =0 (4.2b)
dwv
do v=1,2,...,2(N-K)+1 uaz w = 0,29,41,...
a’ |a{exp(-jw) ] =0 (4.20)
dw’

o v =0,1,2,...,2K-1 yaz w = 1,37,59,...

a1 K 1o fudhmustusuvevaiusiui§ou (degree of flatness) lugav
Un aa ity
n1smntmavzevaunisfl (4.2) Tau%8arsmieyius (differentia-

tion) azwuveguuanuan Svlanasuvay (transforming) swnasfl (4.1)

Wegluglveviivaduimedu (rational function) Taulygnsnisuuavivu=



ludiflus (98 conformal mapping)

7z = i—;g (s=12) (4.3)

H

(de 2 (Huarutaunaen

unuA z-l lugunis (4.3) avlusunis (4.1)  azlafivadulnd

yduuuiu

N
5 ;CKSZR.
= =0 ™
H.(s) = (4.4)
0 (1—82)N

e %L{r\nﬂuﬁ":’lﬁ{ﬁﬁ (unknown) sy

] -~ L4
sz funs luguauifeny asunesuaa (conformal properties)
o »~ & L] o ‘
vavauns (4.3) vhlnwenmunlusunis (4.2) gnutwafersenlnuluszuau s

UNUTSUNY z“1 aunasf (4.2) (Foulndla

lﬁo(jn)l =1 (4.5a)
daa=0
a’|H, (3] = 0 (4.5b)
aa’

o v =1,2,...,2(N-K)+] uaz @ = 0
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/

a” |8, (32 | ' (4.5c)
—_ =0 .
da”

tﬁa v=20,1,2,...,2Kk-1 uazr Q@ = =«

- [} » -~
a¥uinaaunisfl (4.5) geenuan L aunas e fusunsfv i dud 1y
nmunfuaLifyevl vesnsevarwduuuaunaenfifnsnsuaus wnveuanaaw L Sou
uﬂnﬂs{n'lu-zh\amytyﬂmu"m ua:z;’mdaanﬁn_m,nm
. »~ : [} -
h"\aﬁutsﬂzﬂlmmﬂﬂﬁ\nﬁu [3] urfReasun ﬂuﬁaﬁwamqﬂua-
(derivatives) (fuguaide @ = 0 azinfula dotuusstvfuov i inaiu

wdssmBvavaude WoufunoSufunaiveey s uf LAsuasidu

o ~ ° »,

am¥un3la 2 Inga wirendgnindalwsau L Soma ln Taon5an tnoy

. LA A v

AgntKegegreaviaslusuns (4:4) av ranawnnSaussiusyfiuniwunay
° & ¢ g e '

115 msflaninaufiinadegegraviivuioawi 11 la lua w13 (zeros)

Asusafunty (uszaArayiusdyniiuas iinfugudnne)

stﬁ:axﬁ‘uuad‘lﬂ L319sut N L @suaunn 11M3J~lﬂ u"]u

. H (s) =20 (4.6)

wu s ‘=j9
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Y N-K

. . S N 2%
x5 e .
HyGin) = 220 4.7)
N .
(140

o 2N (Tutusuusvavasnsevewl K (Thufinwavarqusiui3ou oudavaunas

T 7)) aulvlmdasle

" 2K
-1 N-K
_ (1-z7). - (N) (1+z—1)2(N—K—1)_(1_2—1)22(_1)2

-1
H(z ) .
4N 2=

(4.8)

A1 dunsmd inesivaduf s wewnns  @miuna N waz K ﬁﬂv.q Alaaun13(4. 8)

sanuuy  uaaviugud 4.1

4.2.2 nqseanuuuiounsm8dusznavan K Alna L faoiu (Transitional

Filters Between Two Adjacent Value of K)

J >~ '
flasuggl (4.1) Awansusuawmaveunazaanuuyle L fida 9
[} > >~ ~y ' »~ o
(Fadeuda K 1 'nﬂwavnﬂsasﬂvﬁnﬂqvnsquﬂﬂﬁﬂsunn 9 9 WRDWAE -
’
n1s (4.7) uRaasaning
) ] (] . »~ > ° .
nﬂqﬁa:1ﬁ1ﬂﬂ1vnsﬂuﬁﬁuaqszn1ﬂvﬂ1 K flna L fuviiuLsmownimun

A1 K 1S K, uazn1 5 R LRasBndndeie K, Taufl K, =K, - 1 uaa

vaninauind 1R Bnntvinen Wi awsevaunasd (4.7) Teonls K, (T utlgae

ﬁvuanﬁvtnauﬁtﬁu%h

s -~
ot L9711 8ouaunasinglae
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ftneaifa A1 N=10 waz K sy q

- 0 ¢ s -5 oy o b o o

——temre o= K

3

7




37

N-K '
, g 1 (N) g2 g2(N-K)
= g=0 /- 2

Hy G = y (4.9)

(1+0%)

» ’
(o ¥nv1A21wsu L Souvevranauauawavid 1 dauludn

@D s1 wnqA 220 (4.10)

i
N N-K —
(%) - [ z ! (I;) o + o a2 (VKD ] > 0
2=0 2
N 9 A1 0 >0 (4.11)
. z o~ . - ~ et - N R e
tis1zaziunevt fonn CN_K2 Inagluaav 0 < CN—K2 < (N-Kz) Fvazln

a1 Foulevavaunts (4.11)

', : ] . - ’
ﬁhaUﬂvwaﬁgzsaanuuutﬂaasﬁvﬂdvwswuﬂﬁuvavqvasnsavnanuﬁﬁ%-

L) ] v \J -
ADR ﬂvinﬂﬂnaﬂauauavw1kuﬂnaus:naﬂvﬂ1w111ﬂtﬁaswavﬁ11u11uLguu K,

L 4

uaz K, wanvlugud 4.2 lunstif N=10, K;=6 uaz K,=5

&, LJ »~ o
4.2.3 n1saanuuuavasnsavarwfuuuusud e 3 0Win lagana¥anawtnu

afinmunln 9 (Nonrecursive Digital Filter with Specified

Cutoff Point)

© ° ~ ~
unsfifntmuaganitalussu 2z (srezudavineglussuau s 1n

L d
IMNAIWTUNUS



1 —
Cg = 252
Cg = 210
- C. = 168
T 0.8 _5
Cg = 126
C, = 84
. C. =42
0.6 5
C, =0
0.4 |
0.2
! T
0.21 0.41 0.61 0.81

qdﬁ 4,2 uapvirmamsiivevavesnsavan wiitnes

- (] ’
. wuudanSLaaIdd  stnavenn K1 =6 uas

K, =5 e N =10

!
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. _ - w ¢ ;
QOA = tan _%D (4.12)

Tnod Qop U8 Yop ugani¥narutniveunaenuazAtneaniuai-
#u Inewtlvevnisuwuud (sampling frequency) ifu 1 #Husiumelu fie
m31fanamasfliaes K Alnatu 2 a1 idenansumuamiveuinaseunquyn

nh¥nfe K1 wae K2 Taufl K1 uay K2 1 n LfinnanauausmIvNafiduoun s u
vos, e . .
ﬂﬂuﬂ1“11uaxﬁvﬂgﬁﬂﬂﬂﬁﬁﬂﬂmmﬁmﬁﬁuﬂﬁﬁh

[ ] F 4 -~ AY .
nsifenan K vivsovisnasluaunisioulndnes (empirical ex=

pression) lumunnsfl (9) wewwmarwarded [5] dae  Hofumtuusvand

R - " |
Cox Trodulnnaneusua wavtuindugana¥nnaud Qp M 1A |
' 2

(4.13)

apvitUToufvugunarwaeded [5] jﬂﬁ 2 (whuausavusznauiiu
4.3 ud)  lunsd wop = 1.159  t3iflou (nfe € = 0.3) gniBenln
tﬂuqnnﬁﬁhﬁmmﬁmnxLﬁu{ﬁ1ﬁa1u11nwﬁ1ﬁhaﬁauauavn1kuﬁﬂﬁﬁuqnnﬁ¥nﬁﬁ?vnﬁs
o usoglugud 4.3 wowunf]  wameusuawvuralunsid N naqe 9 A1 w1~

o, ° > []
yrseasnuuuniuganiiala 9 lassvuuueu

4.3 wqd

’ PR
nnsRENUULANRINTavAR WA LFun21 transitional maximally

flat FIR digital filter fagsznitvamisines K Alnatusavan  Tu
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nefifduRuuavivasasavarwlifu 2N swasessavlafvetuoueiius  denaufl
uhlutszgne untimvevunaa et il [5] Muswasnssnuuuinnaneusmios
nveuminimgani¥anawile q fswnisla Taunasifenan Ky fununzay.
wa szt inSetinuflon 1 &0  13fiazlmvssnsevanudddgana¥anau

fdnownslaLaue



wd 5 .

R - Y, ! !
nﬁsaanuuunvnsn1avﬂaﬁuﬁﬁ§maauuuuau%Lﬂasﬂﬂﬂﬂﬂunumﬁﬂuﬁmqnquuuusqu
. 1
1Fuunntign wa=Suonafuinafunua lunoudaen Mo
(A Design Method for Monotone FIR with Equi-

pripple Stopband)

arvsanuuuvasnsavaruiftrealumd 4 azinkanauauey

', o
nﬂkuﬁﬁiuuQUﬂoﬁuﬁn1ua:1uunuﬂaaﬂﬁmmﬂmtﬂuuuusﬂuLﬁuuunnﬁqm -
n¥ulumtiazufulgeinaduaueewnnsni¥a (cutoff rate) fuanfiu Tao
-~ " -~
nseanuuulnanausua wuavtren fouae fuwuunanatu mafumn - Tnoly
imalefiginfiudfie 3 nedanadfiy InraufaLan sAnuaaRn q fusulanirauy

deaunts  weRvavnisasnuuuluuiifle 131 lwdudsaugy (constraint

variables) tfovynifisslunouvmndigna  $edeelnt Wounienisauae

nA%vay sanswatnas (Hofstetter) [1] Sunsvlntraudsauquitvluwoy
Fuyraruuazuautes Aluuin nSawias i USou fouffu®aBe< lusunsuda-
(linear programming) [2] ffiualnivseudfiniuids (speed) wav

N1IRAUIAGIN N
[%

5.2 A3nqseanuuu

Cwisunas? (4.7) waRsasaning



N-K
5 () o
- .2'= ‘
. : Ho(jn> = (5.1)
. N < :
(1+?)

aunafl (5.1) qzlﬁﬁamauanavwnkuwafﬁuuuusﬂut%uuunnﬁ§m1uunu;11uﬂ
ﬁﬁua:uauﬂaaﬂﬂwmﬂmﬂaﬂuﬂqv i lunw i daulovevminasfl (4.5)  a'm¥u
1un7ﬂﬂa:1ﬁhaﬁauauavwﬁvﬂu1ﬂﬁﬂ11u11U1€uuu1nﬁqﬂ1uunUﬂaﬁnﬁﬁH uazdl
uaﬂﬂﬁutﬁﬂﬁuiugnuUaanammﬂw t3mavnmunt Jeulelmuuiutie

T,

By(32) g 1 , i 0<ag 2 (5.2a)

uay

B (30) = £6 do @ << {5.2b)
Tudd +6 1ﬁuﬁzhﬂwaﬁﬂduauiﬁh15ﬂuunuﬂaaﬂﬁmm1m Q, uaz @ 1t Tugannidn
ﬂdﬂudunuﬂmmﬂmﬁnu (passband cutoff frequency) ua:qﬂnﬁﬁhﬁaﬂuﬂunUﬁ
Uaonfunna (stopband cutoff frequency) mauahdu ﬁwqﬂﬁnaavﬂzﬂﬁhu1;

L ]
pudase

tdoulelusunis (5.2a) (319 lodudssanfuovivasnsaviinale
uaavnsunas (5.1)  tuflediaglulu dua (binomial) N-K+1 &7 &y
1doululumunts (5.2b) tie fuduuszanfuen inflasnd caeluTu L Buadu-

fn  wwnBourtusunasla

Hy(3@) = = ' , (5.3



b4

Tustdl M-< N

s2waunaaf (5.2b) war (5.3) wwmaetu  uasdalnunilnegluguaunas

(9visu (simultaneous linear equations) tRewzaanlunislomusiue

franasiu
TRLTACY
M N N-K
- 2
z C,” = ts(140") - 3 (E) a2 (5.4
2=N~-K+1 2=0

#mtrvnaseanuunlunsifl N=20, ¥=18, K=10 uazlv 6=0,1

L4 L] L4
azlnnquusvaunisiBviauivd

18 N 10

5 'c'lni2 = -0.1(1+9§) - 3 (j?) n%z
g=11 2=0

18 N 10

PGt = 4010140 - 3 (io) e (5.5)
=11 2=0 ;

18 - N 10

= 2 2 20\ .29
p Tagt = 40,1040 - 3 (2 ) a

e=11 £=0

Lt Q<9 <8, eo0 < Qg 139210 Q, 1n 9 Aununzau ugesy

au  waalvi¥tuedanetuatuoamh 9  sunsziivlage 2, Inufinan -

Hy(Gw) agludeuledt (5.2b) safiazlanguinusztnd Eg Ainuanau

e - —— e - -

!
|
l
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0.2% 0.49% 0.61 0.81 T

'l
jﬂﬂ 5.1  WANBUIUBWIINZUAAYEYNIINTANAI TR

vda N=20, M=18, K=10 uaz 6=0.1
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20 log, |u(ed®) |
0dB

—20dB

~40dB 1

~60dB -

-80dB |

~1004B | -

e
L]

0.29 0.47 0.69 0.87

.0
W 5.2 nBouifisunanausuawvauIaTevIvI T Te A EnY

e N=22, M=20, K=10 uaz § mviu

0 <6 <0,001

e e 0 < & < 0,0001
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auavmﬂkuﬂﬂiuunuﬂaaﬂammﬂmﬂ1uﬁﬂavn11

5.3 ayd

uantsoanuuulumtfa s v nutdganidaaunaaluund 4 sonv
Tsfinwganrinarwitvgnieesttudass (free) Aauani Udoutfunisaau
quATRANaTn &  TeRBnogwniiviife AuuszAndinalniAnaausiuiTouuan
fgnazs fuafltsauaznimunwinen (Fixed) Tua 131 Rovuamadulssy

anfdv i Tushuusauguiiny vt Anvenatu tnaiulukouusendyya

LﬂaLﬂ%uutﬁuuﬁﬁ%ﬁnﬂsaanuuuwavaaﬂaLﬂﬂ{ﬂa1 gyeanuuy’
'Y & L] § & °
Tauladndsaruquivuoudggranunazuaudasadunie 2t fuliravninun
a ‘. .
Faulstvaa vy avLﬂuﬁ%nﬂsﬁQQUﬂnua:qm1%uﬁauﬂ1a1uauuﬁnndﬂn1saan

¥y 5 - .
wouluuntl Bt Tneansususwrveura luuaulss adauialusiu s Sounan

figanao

) L4 L4 ]
uanantit 31321 furnaseanuuunaveuiaendvalat Uiounan-
- L] -~ s L] s 5 L d
ffnnafunuaduBnivautaenDgaunay (space) #vum 0 fv « #uiluan
> (™ »~ [) 3 '
ABINT Qi naw 9 AT inifauanntuina 9 Mulvlszaznivssnaneiiu
° »~ ] e ! $ & . o q * [
uanwenhinfanuvielufiisi8enan QitﬁuﬂuﬂLnuﬂ:ﬂnﬁWﬂTnnﬂsﬂnudm
~, ° (] (] ~ ~
7 9 wuyn (converge) fifhatmau  dmunumrwBASaealgrvna ey

' A = e
ug 0 @y 1 #viiuan wy #az1Ren3v 1Buatiuunn vnlun19ifanyn tSuau

nuiuing  giBeuly HP4S unaseenuuy  nwuthmnlunsad
Qi fawan  tdeunnidy 22 FvithiAaRiuauunagia aruuushIvan
vsuavtfe 2 Bartfluuandu ualra119a%ev NEC 300 (ACOé—é)'

-~ - - ] : u—. Y .
azunthmmdiaiaelattiesed insrzawasalaandu ifiantuautn (bit)
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FanrIntnamuwhitlunasatuange
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w6

nﬂsaanuuuqﬁasnsavﬂaﬁuﬁﬁﬁﬂaauuuuau%LﬂaéﬁwﬁTﬁhaﬁauauavnﬂkuﬂﬂ'
aantnavsudoudgn Taoldnatallvunad i85y
(Design of Bandpass Maximally Flat FIR Digital Fil-
ter Using Fibonacci's Search Technique)

-

6.1 unur -

TunqssanuuuNINIavA R Sne auuuLawd Laas8Wlns Inua
’ ’
ABURUE WIv2UIR 31U L3usanfiga lunouarwnatewulagnatouue u
wflaziqustBnrseanuuulaunasnszadoin 1ae % (Taylor's series -
. s, 1 > 13 -~ »~
expansion) wlavatnadwBaiuu  Inufunuuarw®natenn s ldina-
. L4 L4 [ -~ ..

fefl 131 Ifluuad 83y daulnuover it @n g o (loss)

unfign

6.2 F3¥n1ssanuuy

‘inaunaf (4.4) fearmtnunzans1az UBoudveg Tuunu

awBauraanla

LN

ﬁo(jsz) = (6.1)



- [ 28 |
CkﬁtﬂuﬁnU$=aw§ﬁﬂh1u§ﬂ1
v -~ ]
FunA (6.1) vJomevnrseanuuulnuova udaninu Suuw
-~ fond [ }
switownnfige oz lndudszind Ckﬁaq1u:ﬂwavﬁhtaw11ﬂunﬁua uaz
[ 4 -~ - 3 -
HaND UAUB WM 1NBUIR LI uL Suunantiga e 2 19 lnsguonazaneiun
»~ ' 1) [}
LﬁaﬂnwaﬂauauavwﬂvﬂuﬂﬂﬁﬂqﬂusﬁuL%uun1nﬁqﬂ1uﬂ1vﬂqwuﬁna1vuﬁuqu

Azmunfly = x+.  Tasf x fusudsnuunuaned  uas QO L fhumn

0

arwdandln q ﬁuqnn§1qu5 ﬂuﬁanﬂﬁnﬁLWLaaéﬁésau q 30 2 = 90 un

Tuumulusunis (6.1)

‘N-K
20 aw{x+ﬂo)22
L= ™~ -
H (30) = - . (6.2)
0 N
: N) 2%
b (x+2.)
3 (3) o

90 1 flusnwfina1y (center frequency) ﬁwﬁTﬁLﬁﬂﬂ11u1ﬁuL%uuuﬁnﬁqﬂ

guruifion wIwd  wo Feaduina Int fna nuiuSnnntigafi
HO(JQ) =1

L
aun13g1vunt fhuatvidaa T waTuiduat meinafua INATu LS oasutufie

N-K N
5 E_4x+ﬂo)22= zo (N) (x+no)22 (6.3)
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A1THITAIAN Eﬁ?ﬂuaunﬁsﬁ (6.3) npUNAINUART QO funau  waiflou
FudszmSvaviauds x ﬁﬁnﬁﬁhLﬁﬁﬁhﬂ%vﬁﬁuiﬁuﬂaﬁhﬂvﬁﬁaﬁhdaﬁh Tay
Foguuuulm gluguumsng (matrix) sansunisi8eisu  umlTina5a0-
tuﬁu (Gauss elimination) naan 52 A7 9 BBNUI ﬁhadﬁv§Uuuuwﬁv

alinaqans oo N=4, K=1 1Boulafil
2L (“) i)t (6.4)
0

-~ -~ -~ o L] .
nTsRtoaun1TEUY w1798 ouvduussanuay x unnhifvany q st

1] [ 4 [ 4 -~ [ 4
NATIWALRYINAUE 1513 1A
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1dentmun QO Finviazay  1513znAAn ;k,aanuﬁ15 unvcfitimade EO>
0 a:wﬁ1ﬁuaﬁauauavnqvﬂuqnﬁnﬁsqmLﬁzgmmﬁmﬁéu tAanasuntimafi 39
2010 W luud@inatla [#hae 3.4] Taslwan Eotﬁuqﬁaawﬁﬁh (opti-
mum) f1313zm7 TeoiSuwanisazifonys 2 fumevyn farnrnzlann
EO aglusemavan Hiazar-  ua-mhaafd laufiansnnan ]EOI AT luaev

afapuniifiu  uiafuaaniua L len 2 (Hoananamasavlunfena lulay
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.]_¢
20
30
49
50
60
70
8¢
90
199
11¢
12¢

. 13¢
149
15¢
169
17¢
18¢
19¢
200
21¢
220
23¢
240
25¢
260

276

280
299
3¢9
319
320
33¢
340
35¢
360
379
389
39¢
400
410

s L]
aaufla Laa s Lusunsuam¥u inafaluwmd 5

OPTION BASE 1
DIM B(@:40),G(@:40),D(B:40),CE(P:40) ,F(400),P(40),0(P:40)
DIM X(P:40),A(@:40,0:40) ,Rcoef (P:4P) ,Icoef (B:4P) ,Rroot (40)
DIM Iroot(49),W(4@),Xroot(4@),S(40) ,H(4P)
N=2¢
M=18
K=1¢
Epsl=-,001
Eps2=,0¢1
W(l)=1.24
wW(2)=1,37
W(3)=1.58
W(4)=1,89
W(5)=2;3
w(6)=3
W(7)=4.17
W(8)=6
W(9)=6.4
wW(1g)=7
FOR L=@ TO N-K
CALL Bino(N,L,Pi)
Cf(L)=Pi
NEXT L .
FOR I=1 TO M~-(N-K) STEP 2
B(I)=0
B(T+1)=@
FOR L=@ TO N-K

B(I)=Cf(L)*W(I)"(2*L)+B(I)

B(I+1)=Cf (L+1) *W(I+1) "~ (2* (L+1) )+B (I+1)
NEXT L .
C(I)=Eps I* (1+W(T) *W (L)) *N
C(Iﬁ'l)=EpSZ*(1+W(I+1)*W(I+l)) N
D(I)=C(I)~-B(I)

D(I+1)=C(I+1)-B(I+1)
NEXT I
FOR I=1 TO M-(N-K)
FOR L=N-K+1 TO M

A(T,L-(N-K) ) =W(I)"~ (2*L)

NEXT L
NEXT I



429
43¢
449
45¢
469
47¢
480
49¢
509
51f
520
53¢
549
55¢
560
57¢
58¢
59¢
699
61¢
62¢
6309
640
65¢
660
670
68¢
699
708
719
72¢
730
740
750
760.
77¢

780
799

3pp

81¢
82¢
83
84
859
860
87¢
880

FOR I=1 TO M-(¥-K)
FOR J=1 TO M~-(N-K)
L5=(M-(N-K))*(I-1)+J
F(L5)=A(J,I)
NEXT J
NEXT I
CALL Simq(F(*),D(*),M~(N-K), Ks)
MAT O=A*D
MAT X=B-0O
PRINT "N__" N "M—".M "K__" K "EPS]-_" EPS]. "EPSZ_II.EPSZ
FOR I=1 TO M—(N—K)
PRI.NT IID(" ll)_ll ;D(I) ’“Er‘ror("; I; ")=";X.(I)
NEXT I
REM: SOLVE ROOT
FOR L=@¢ TO N-K-1
Reoef (L)=(L*CE (L) +(LA+1)*C£ (1+1).) /N -
NEXT L
Rcoef(N—K)=((N—K)*Cf(N—K}+(N—K+1)*D(l))/N
FOR L=N-K+1 TO M
Reoef (L)=(L*D (L~ (N-K) )+ (L+1) *D(L+1-(N-K) }) /N
NEXT L )
FOR L=@ TO N-K
‘Reoef (LY=Rcoef (L)-C£ (L)
NEXT L
FOR L=N~K+1 TO M .
Recoef (LY=Rcoef (L)-D(L-(N-K))
NEXT L
FOR I=¢ TO M—-(N-K)
Rcoef (I)=Rcoef (I+(N-K))
NEXT T
MAT Icoef=ZER
Tola=,00@p@1
Tolf=,000001 .
Itmax=5@0 .
‘Mnk=M- (N-K)
CALL Siljak(Mnk,Rcoef (*),Icoef(*),Tola,Tolf,Itmax W(*),

- Iroot(*))

FOR J=1 TO Mnk .
PRINT "W(";I;")=";W(JI),"Iroot(";J;")="3;Troot(J)
NEXT J ' .
MAT S=W
t
 CALL Vectorsort s(W(¥),1,Mnk,1).
FOR Ll1=1 TO Mnk
- E=1
FOR Kk=1 TO Mnk
«T=L1-~1 )
<IF -W(L1)-S(Kk)<>@ THEN 97{



89¢
900
910
920
93¢
940
950
960
97¢
98¢
999
1900
1919
1020
193¢
1040
1950

1060.

197¢
1980
1999
1109
111¢
1120
113¢
1140
115¢

116¢

117¢
118¢
1199
1209
121¢
122¢
123¢
1249
1250
1269
127¢
128¢
1299
1309
131¢
1329
1339
1349
1350

60

IF Ll=1 THEN 940
IF E>1 THEN 949
TF W(L1)<>W(T) THEN 940
E=2
GOTO 97¢
Xroot(Ll)=Iroot(Kk)
PRINT "NW(";L1;")=";W(L1),"Nroot(";L1;")="";Xroot(L1)
GOTO 98¢
NEXT Kk
NEXT L1
Mm=§
FOR I=1 TO Mnk
IF W(I)<.P@@@1 THEN 1079
IF ABS(Xroot(I))>.5 THEN 1¢7¢ \
Mm=Mm+1
H(Mm)=W(I)
Htroot (Mm)=Xroot (I)
PRINT H(Mm) ,Mm,Hroot (Mm)
NEXT I
FOR Ll=1 TO Mmtl
Kk=L1+(Mnk-Mm)
W(Kk)=H(L1)
NEXT L1
FOR Kk=1 TO Mnk—-Mm
W(Kk)=0
NEXT Kk
MAT W=SQR(W)
PRINT
FOR I=1 TO Mnk
W(I)=SQR(H(I))
~ PRINT "W(";I;")=";W(I)
NEXT I
PRINT
FOR I=1 TO M-(N-K)
. B(I)=0@
FOR L=@ TO N-K
B(I)=CE£(L)*W(I)" (2*L)4B(I)
+  NEXTLL
NEXT I
FOR I=1 TO M-(N-K)
J(I)=@
FOR L=N-K+1 TO M
J(I)=D(L~-(N-K))*W(I)" (2*L)+J(I)
NEXT L
NEXT I
FOR I=1 TO M-(N-K)
Z(I)=(14HW(I) *W(I))*N



1360
1379
1389
1399
1409
1419
1429

143¢

1449
1459
1469
1479

61

NEXT T
PRINT ~  ~—~———TTTmTmTTmTTT
FOR I=N-K+l TO M
Tran (I-(N-K))=(B (I~ (N-K) )+J(I-(N-K))) /Z(I-(N-K))
PRINT TAB(1@);"Tran(";I—-(N-K);")=";Tran(I~(N-K))
NEXT I
PRINT TAB(1¢);" "
BEEP =~ - T -0 —=
WATT 1040
GOTO 24§
END



e -] d
asufiataes Lusunsushniy wmaftaluund 6

10 OPTION BASE 1
20 DIM B(@:40),Bi(@:40,0:40) ,F£($:100) ,L1k(P:50) ,Lk(B:50)
30 .N=10

A1) K=2

5@ PRINT "N=";N;"K='";K

60 =N-K

70 FOR I=2 TO 2*N STEP 2

89 FOR J=¢§ TO I

90 CALL Bino(I,J,Pi)

199 Bi(1,J)=Pi

119 NEXT J

12¢ NEXT I

139 Al=,8

140 CALL Solve(Al,B(*),Bi(*),Nk,N)
15¢ Bl=1,2

169 CALL Solve(B1l,B(*),Bi(*),Nk,N)
17¢ Nf=20

189 Ff£(9)=1

199 Ff(l)=1

2009 FOR J=2 TO Nf

219 F£(J)=F£(J-1)+F£(J-2)

22¢ NEXT J

230  Lk(1)=Bl-Al

24P  L1k(1)=Ff(Nf-2)/F£(N£)*Lk(1)
250  X1=Al+L1k(1)

260  X2=BI1-L1k(1)

279 FOR K=1 TO Nf-1

28¢ Lk(K)=Ff(Nf-(K-1))/F (Nf)*Lk(1l)
290 L1k (K)=Ff (Nf-(k+1)) /F£(Nf-(K~1))*Lk (K)
300 X1=A14L1k (K)

319 X2=B1-L1k (K)

329 CALL Solve(X1,B(*),Bi(*),Nk,N)
339 Y1=B(1)

349 CALL Solve(X2,B(*),Bi(*),Nk,N)
359 Y2=B(1)

360 IF ABS(Y1)>ABS(Y2) THEN Al=X1
379 IF ABS(Y1)<ABS(Y2) THEN Bl=X2
389 PRINT " "
399 NEXT K

4P  END

.4¢1 1

419  SUB Solve(Wo,B(*),Bi(*),Nk,N)



420
439

449

450
460
479
480
490
509
51¢
520
53¢
540
55¢
560
57¢
580
590
690
610
620
630
649
650
660
679
68¢
699
790
71¢
720
730
749
750
760
77¢
780
790
809

DIM A(¢:4¢’¢:4¢) ’F(5¢¢)
Bi(9,0)=1
FOR J=@ TO N
FOR I=@) TO 2*N
A(I,J)=Bi(2*J,I)*Wo“(Z*J—I)
PRINT "A(";I;J;")=",A(1,J)
NEXT I
NEXT J
FOR I=@ TO 2*N
B(I)=p
FOR J=@ TO N :
B(I)=Bi(N,J)*A(I1,J)+B(I)
NEXT J )
‘NEXT I
Nn=Nk+1
FOR I=Nn TO 1 STEP -1
FOR J=Nn TO 1 STEP -1
A(I,J)=A(I-1,J~1)
NEXT J
B(I)=B(I-1)
NEXT 1
Lflat=1
FOR I=1 TO Nn-Lflat
FOR J=1 TO Nn~Lflat-1l
A(T,J+1)=A(I,J+Lflat+l)
NEXT J
NEXT 1
FOR I=1 TO Nn-Lflat
FOR J=1 TO Nn-Lflat
L5=Nn*(I-1)+J
F(L5)=A(J,I)
NEXT J
NEXT I
1
CALL Simq(¥(*),B(*),Nn-Lflat,Ks)
FOR I=1 TO Nn-Lflat
‘PRINT "B(";I;")="3;B(I)
NEXT I
SUBEND

63.
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MAXIMALLY FLAT F.LR. FILTER WITH
PRESCRIBED CUTOFF FREQUENCY

Indexing terms: Filters, Digital control

Maximally flat fir. digital filter design provides the advan-
tage of giving a closed-form solution, but there still remains a
problem of designing such a filter whose magnitude response
passes through a prescribed cutoff frequency point. It is
described here how to generate a class of transitional max-
imally flat fir. digital filters to overcome such a difficulty.

Introduction: Maximally flat fir. digital filter design!-* offers
an advantageous feature over othet optimal designs,® e.g. the
minimax design, in providing the weighting coefficients in
closed form. There still, however, remains a problem of choos-
ing the coefficients of this filter type with its magnitude re-
sponse passing through an arbitrary specified cutofl frequency.
So far, for a given filter of order 2N, the ‘flatness’ parameter K
must be chosen in accordance with expr. 9 of Reference 1 to
give the filter cutofl point near to the desired value. But as is
seen from Fig. 2 of Reference 1, the magnitude responses never
exactly pass through the desired cutoff frequency. The purpose
of this paper is twofold. First, it is shown that for any two
adjacent values of K, a class of transitional maximally flat fi.r.
filters can be generated. It is then shown further that for any
given filter order 2N, one can design such an f.ir. filter withits
magnitude response passing through a prescribed cutoff
frequency.

Design procedure

Transitional filters between two adjacent values of K: The
elegant design of Miller? is comparatively simple and readily
applicable to our proposal. From exprs. 4 and 6 of Reference 2
the maximally f.ir. filter function in the g-plane is rewritten
here again as

IN—- K

ada) = {3 (V) -erffu-ap )

where 2N is the filter order and K is the degree of flatness in
the stopband. Substitution of ¢ = jQ gives '

=0

Aoe) = {5 () Jo | fu+ oy @)
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Fig. 1 Transitional maximally flat fir. digital filters with N =10,

K,=6andK,=5
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To obtain a transitional filter between two adjacent values of
K, say K, and K, with K, = K; — 1, we add an extra term in
the numerator of eqn. 2 as

A= 3" (] Jor + Cunommol fraary @

=0

If Cy-x; is now allowed to vary between 0 < Cy—x, < (§-x,),
a class of transitional filters whose magnitude responses lie
between those with the flatness parameters K, and K, is ob-
tained. Fig. 1 shows the case of transitional responses with
N=10,K,=6and K; = 5.

F.ILR. filter with arbitrary specified cutoff point: For a specified
cutoff point in the z-plane, the corresponding cutoff point in
the g-plane is determined via



QOA = tan gzo—q (4)
where Qo4 and Qpp are the analogue and digital cutoff
frequencies, respectively. The sampling frequency is nor-
malised to unity. Next, the two adjacent values of K (ie. K,
and K,) between which the magnitude response with the
specified cutoff point falls into are determined. This can be
done with the help of the empirical expr. 9 of Reference 1. The
coefficient Cy_x,, giving the filter function whose magnitude
response passes through the cutoff ppint Q,,, i1s then deter-
mined from

1 I+Qz N N-Ky N
CN-K1=63(:I-K” ( \/ZOA) B l;o (I)QZOAJ ©)

To compare with the previous results,! the case of Qpp = 1159
rad (corresponding to ¢ = 0-3 in Reference 1) is chosen as the

o8
06
04

02

1

02n

Fig. 2 Maximally flat fi.r. digital filters with cutoff frequency at 1159
rad.

N values
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—e— 28 —-coe=-=10
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Table 1 VARIOUS PARAMETERS FOR FIG. 2

114 N K, K, Cr-x;
115 5 4 3 579138
116 10 7 6 60-22232
117 14 10 9 1252-29180

118 20 14 13 46716:343698
119 28 19 18 2549414-08372
120 45 31 30 223613681064

cutofl point. The responses with various N are illustrated in
Fig. 2. Table 1 also indicates the related parameters.

Conclusions: It has been described how to generate the transi-
tional maximally flat fir. digital filters between any two adja-
cent flatness parameters. For a given filter order 2N, the
previous designs®-? give only N useful filters (see Fig. 1, Refer-
ence 1). However, the technique described above shows that an
infinite number of this filter type can be generated. The
technique is then extended to the design of a maximally flat
fir. filter whose magnitude response passes through an arbi-
trary cutofl frequency. Hence, a solution to the problem en-
countered in the previous design! is found.
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A Chebyshev IIR lowpass digital filter with adjustable cut-off
rate

P. THAJCHAYAPONGY M. PUANGPOOL{}
and S. BANJONGJITt

For a given order of a Chebyshev IIR digital filter, existing design techniques using
the squared magnitude function or the bilinear transform do not allow the freedom
of adjusting the cut-off rate. An available transform methad is used to overcome this
difficulty.

1. Introduction

The standard design techniques for an nth order Chebyshev IIR digital
filter give the number of zeros at Z = —1 either n or none at all. This depends
on whether a tangent or a sine function is employed in the squared magnitude
expression (Rader and Gold 1967). The well known bilinear transform
design also always gives n zeros at that location (Gold and Rader 1969). The
purpose of this paper is to apply an available transformi method (Temes and
Mitra 1973) which can give any desired number m <n of zeros at Z=—1. It
is shown further that a sharp cut-off can also be achieved by assigning a number
of zeros near to the passband edge. Itisseen as an application of the transform
method which has been used previously in analogue filter design (Temes and
Mitra 1973) to IIR digital filter design.

2. Design procedure and examples
From the transformation between the S-plane and the W-plane (Temes and

Mitra 1973)
2
W= \/(l+ Sz ), Re[W]20 (1) .

we may obtain the transformation between the Z-plane and the W-plane by the
substitution of

Z-1

) AT (@)
into (1) as., |
— tan? (wPD/2)
W—\/(1+[(Z—1)/(Z+1)12)' Re[W]z0 3)

where wp, and wpy are the passband edges for the analogue and digital lowpass
filters respectively. The two cases of lowpass digital filters of our interest
can be designed as follows.

Received 14 July 1980 ; accepted 15 September 1980.
1 Faculty of Engmeermg, King Mongkut’s Institute of Technology, Ladl\rabang
Campus, Ladkrabang, Bangkok, Thailand.
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302 P. Thajchayapong et al.

2.1. 1IR filter with an assigned number of zeros at Z= —1
For an nth order lowpass IIR filter, let m and (n—m) be the number of
zeros at Z= —1 and Z =0 respectively. Using (3), these zeros transform

respectively into the W-plane as 1 and (1 +tan? jwpp) respectively. We then
formulate the polynomial (Temes and Mitra 1973)

E(W2)+ WF(W2)= (W + 1}m{W + (1 + tan? Jwpp) 2} (4)

where E(W?) and WF(W2) are the even and odd parts of the polynomial
respectively. The transfer function in the W-plane with the equi-ripple
passband and the specified zeros is therefore given by

EX(W?2)— W2FYW2)

2 _ W= .
or
.E(W?) - WF(W?)
—- = : b
H-W)= 7 gaew—-wrws O
where kp is related to ap, the passband loss, via
' kp?=102#10_1 (6)

the squared magnitude function of the required IIR filter may be obtained from
(5 b) by the transformation

|H(Z)|*=H(Z)H(Z™)
= |H(W)|%y* =1+ (tan® Juwpp)/[(Z—-1)/(Z+1)]* (7

However, it is numerically advantageous to solve for the poles of H(— W)
in (5 b) and then transform them into the Z-plane to formulate the IIR filter
transfer function. .

A 6th order lowpass filter with ap=3db, wpp=1radfs with m=3 and
n—m=3is given by

2-766215 x 10-3(Z + 1)3

8
(Z®— 1-668339Z + 0-747975)(Z2 — 1-3562446Z + 0-813321) (®)

H(Z)=

(Z%—1-077917Z + 0-929357)

The filter with other values of m has also been designed as illustrated in Fig. 1.
The sampling period 7 is normalized to unity.

2.2. 11 R filter with sharp cut-off

If we now specify p pairs of zeros at Z =exp (+ jw,;), where 7> w; > wpp,
and the rest (n—2p) to be at Z= —1, a sharp cut-off filter can be obtained.
Using (3), the polynomial in (4) becomes

E(W2) 4+ WF(IW2) = {W +[1 — (tan? o,/tan? Ju) P 2)22(W + 1)5-22 (9

where 2p<n. The transfer function of the digital filter can subsequently
be obtained using (5), (6) and (7) respectively.
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Figure 1 (a). Loss responses in the stophand. (b) Loss responscs in the passband.
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A 6th order lowpass filter with wp=3db, wpp=1rad/s with p=1 and
n—2p=41is given by

1-741084 x 10~3(Z + 1)4(Z% — 0-630645Z + 1)

Z) = 10
HZ) (Z2—1-602331Z + 0-713555)(Z%— 1-280609Z + 0-83403) (10)
x (Z%—1-077652Z + 0-953002)
It is illustrated in Fig. 2 (a) in comparison with the case of all zeros at Z = —1.

3. Conclusions

It has been described how to design a Chebyshev 1IR digital filter ysing
an existing transform technique. Two cases of interest have been demon-
strated i.e. (i) a monotone stopband Chebyshev IIR gilter with prescribed
number of zeros at Z= —1 and (ii) a sharp cut-off Chebyshev IIR filter with
prescribed number of pole pairs at Z=exp (+ jw) in the stopband. Finally
it should be noticed that, in fact, the technique allows the zeros to be anywhere
outside the passband without diturbing the equi-ripple passband characteris-
tics. .
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