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ABSTRACT

Calculatlons have been made to analyse an experimental
_deua——"“” \ AR

etectrom paramaghetlc resonante‘Specf?ﬁﬁ‘iﬁfIEEﬁEEH‘Eyﬁjgﬁ;f?zfie;—Effect.
The spectrum is of a Cu2 ion in highly symmetric surroundings. In such
systems the low temperature spectrum shows a discrete hyperfine structure
corresponding to each of three separate directions of distortion. At hiéh
temperature the Jahn-Teller Effect leads to an averaging of these spectra
and the resulting spectrum observed consists of four overlapping lines.
The theory of the process predicts the line shape of the individual lines
as well as parameters that vary within the components of the composite
spectrum. '

A theoretical expression has been fitted to' the experi-
mental spectrum using a least squares method. Improved fitting resulted
from use of the Gauss—Newton method. However it was found that the method
of analysis best suited to the constraints of the physical problem is
that of Gradient Projection. The results obtained using this method are
presented and comparision made with parameters predicted by current
physical theory. The computing program is written for H.P.45 computer
( HEWLETT PACKARD 9845A) in the BASIC language. )

(viii)



PART 1
INTRODUCTION

In the year 1937,a very general phenomenon, which has since
become known as the Jahn-Teller Effect after its discoverer,was predicted
(4) . In brief, Jahn and Teller showed that a crystal whose symmetry is
such that the energy levels of an electronic complex are degenerate will
undergo a spontaneous distortion to remove this degeneracy. Such behavior
is exemplified by a Cu2+ion in an octahedron of water molecules. The
ground electronic state is an orbital doublet, separated from an upper
triplet by the electric field of the surrounding ions. By group theoreti-
cal arguments Jahn and Teller ‘demonstrated that for every such degeneracy
there exists at,least one distortion of the symmetrically placed surround-
ings which will split the degenerate levels. As the center of gravity of
the energy levels is unchanged it follows that soﬁe levels will be below
the unperturbed state, leading to an overall lowering of the electronic
energy in the crystal. The distortion of the lattice involves an increase
in elastic energy. A balance between these counteracting forces will lead
to a minimum totol energy for a finite distortion. However , recent
theory has indicated that the Jahn-Teller Effect gives rise to a set of
vibrational energy levels which one would expect to become populated as
the temperature rises. Some of these levels involved, the spectrum of the
copper lon has been traced over a range of temperature about the transit-—
ion. The influence of vibronic transitions can be deduced from variations
in the spectral line shape and widths. Early analysis indicated agreement
with other methods previously used to study vibronic transitions, and
extended knowledge of their temperature dependence.In this thesis, we use
a computer to analyse an experimental spectrum of Cu2+ in lanthanum '
magnesium nitrate. The hyperfine structure of copper is of interest as
being the first to be discovered in the solid state by the method of
electron paramagnetic resonance and the electron magnetic resonance
spectrum of thé cupric ion is also noteworthy as the first example in
which an effect due to the nuclear electric quadrupole interaction was
observed. An experimental spectrum were collected from an experiment
performed by Dr. Daniel P. Breen. This thesis is the extension of

Dr. Breen’s work. This thesis ‘uses a computer to analyse the spectrum by



Gauss-Newton and Gradient Projection methods. A function is constructed
by squaring the difference between a theoretical expression for the
elettron paramagnetic resonance spectrum and experimental values. This
function is then minimized my computer computation.

Gauss—Newton algorithm(l) is the niethod used to minimize
a function of several variables. We expand the function by Tayler
expansion. The function is a minimum when all its derivatives with
respect to each variable are zero.

Gradient Projection(2) is an alternative approach to
optimization introduced by J.B.Rosen. It is an iterative numerical
produre for finding an extremum of a function of several variables
that are required to satisfy various linear constraining relationms.

We use Gradient Projection as applied fo least square problems that
have linear constraints. One advantage of Gradient Projection method

over the Gauss-Newton method is its flexibility of initial condition.



PART 2
THEORETICAL BACKGROUND

2.1 Electron para magnetic resonance.

Consider a single paramagnetic ion Cu2+ ,of moment i,
in a magnetic field ﬁ,( in this thesis use léntggggr1magnesium double
nitrate) ,its energy is given by #.H - . Now if the direction of H is
taken as the z direction and fi is written in term of the electron spin S
whiig glves rise to magnetism'ﬁ.= gﬁg where g is a constant and B is

-

the Bohr magneton , then energy E is
= b
¥ = -gfS.H
= *gBSsz eeeee(2.1.1)
For Cu2+ electron spin = 1/2 this gives two states

tos = % 1/2 which can be shown as

+1/2 gBH

-1/2 gBH "

Fig 2.1.1 Energy state corresponding to Sz = 21/2
and transition can.be induced between the states by radiation of frequency

AE = E, - E

2 1
= hvy ... (2:1.2)
- But the nucleus of Cu2+ has spin'too. It also has a

magnetic moment which interacts with that of the electron spin to give
energy states shown for this case S=1/2 , 1I=3/2 , the energy level of
equation (2.1.1)



. Iz
- +3/2

+1/2
s, = +1/2

-1/2

-3/2

-=3/2

-1/2
Sz = =-1/2

+1/2

+3/2

Fig. 2.1.2 Energy states corresponding to S, = 1/2 and I,= 3/2

We. should be able to detect the presence of such a set
of energy levels by some form of spectral absorbtion. The transitions

~between’ levels must sdtisfy ‘the conservation of energy, the interaction

must be time dependent and of such an angular frequency w that

Hw = AE Cevee(2.1.3)
AE is the energy difference between the initial and final nuclear
Zeeman energies. - h

The coupling most commonly used to produce magnetic resonances,is an
alternating magnetic field applied perpendicular to the static field.
For values of the magnetic field easily available in the laboratory
(v.0.3 to 0.4 teslé ) th;,frequencylufalls in the micfowavé’;énge and
the technique of studying energy separation by absorbtion of microwave
power is called electron paramagnetic resonance ( EPR) . For example
Fig.2.1.2 shows that a total of four lines are observed between the
states Sz= +1/2 ,Sz= -1/2‘( nuclear transitions AIZ~¥ 0 onl§ are allowed
by the quantum mechanical selection rules ). This spectrum of four lines

is the subject of study in the present thesis.



The experiment was carried out on Cu2+ in lanthanum
magnesium double nitrate. The observed spectral line is described by
a Loreﬁtzian shape.
| F(H) = 24 a. T @)
.- a (az+(H—AH)2)2

¢

F(H) = normalized line shape function.
a = the line width.
H = is considered as the variable.

a is determined by quantum process involving the transition probability
or life time of the electron in the higher energy state.
In general the shape of EPR lines has two forms

known as inhomogeneous and homogeneous.

2.1.1. Inhomogeneous lines,

The magnetic fields due to other magnetic moments in
the solid cause small shifts in the energy levels which vary in a random
way fromsite to site. The spectral line observed may then be a sum of
Lorentzian shaped lines distributed in a random manner about a central

position. The resulting overall line shape is called Gaussian and has the

form, . 2

5 F(H) = 1 exp =-(H-H.) « ...(2.1.5)

’ 1
1< $ )% 2<H > 2
i i
e \ — Lo jp— S =T
where Ha“='”thé'éentre of “the restiiance line being scanned in field.
<Hi> = describéd the distribution of random fields inside the

solid.

2.1.2. Homogeneous lines.

-

Interaction of the magnetic jons with the phonon spectrum
of the solid causes a change in the line width of the imdividual spectral
-lines which is temperature dependent. At high temperature this can cause
the Lorentzian line width to be greater than that caused by the effect of

randomfield and the overall line shape observed becomes Lorentzian shape.



Gaussian shape

Lorentzian shape

R e e

Fig. 2.1.3. Gaussian and Lorentzian shapes.-

‘2.2. Spin Hamiltonian

The outline of EPR given in section 2.1 depicted a
very simple energy level system due to electron and nuclear spin only.
In fact account must also be taken of magnetism due to orbital
momentum L.

The method followed is to write down the Hamiltonian
including all energy interaction of the ion . Energy levels ‘are then

found by soling the Schrodinger equation
HY = EY e (2.2.1)

A simple form of the Hamiltonian including the effect of angular

momentum would take the form
B = .28 + aL.8 + I8 cees.(2.2.2)

where the fi&st term expresses interaction with the external magnetic

field H, the second term is an orbital spin interaction and the last



term is the energy of interaction between electron and nuclear spins.
Calculation using the Hamiltonian from equation

(2.2.2) agg complex. In case of strong crystal field where electron
levels for different values of L are widely seperated it has been
found possible to treat the ground levels in term of spin 8 only so
that the effects of orbiéal angular momentum are included i; the .
constants. The result is called the Spin Hamiltonian and values of
the energy levels can be derived by solving the eigenvalue equation
(2.2.1) by diagonalizing the matrix of H.

; ) The Spin Hamiltonian corresponding to equation
(2.2.2) has the form .

ER ) -1 - 13 § A"k t N A s

H = B (ngxsx +. ngysy+ ngzSz )+ AxSxIx+ A Sny

T L] + A S I" l'. HER (2 2 3) 13 T
zZ 2 2z
In the case where H = HZ and Ay = Ax (axial symmetry)
H = %@HSZ + A.,SZIz + A( SxIx +§ny ) ...(2.2.4)
A more complete Spin Hamiltonian including the effects of nuclear
quadrupole moment and interaction between the magnetic field and the

nuclear spin is given by

H = HS + S I + A S I + S I
g8 H, A8, ne v iy )

z
- 2
+ B, (I, - 1/3 I(I+l)) + g BHI vea(2.2.5)

The vales of the constants are derived from EPR measurements (10 )

3 13

2.3 Method of diagonalization.

In the results we have arbitrary units, we must change
H to energy units by the diagonolization method.

O T L P 1

From spin Hamiltonian
H = gBﬁ.§ + A1

9300x10° 5 + (26.55x10 *x2.998x1010). ... .(2.3.1)

(S.I. +S I +S1I )
X X vy. “z'z



For S=1/2
S, = %F 1 s, = EF-} %=‘%? ﬂ
2|1 o 2l1 o] 210 -
For I= 3/2
T0v/3 0 Of 0-1/3 0 0 '3 0 0 O
I,‘_FE,/s 020 IYEEi/% 0-24 0 -1 1 00
210 2 03 2l 0 21 0-iV3 2 0-1 0
0 0V3 0 0 0i/3 0 L0 0 0-3
4650+37/4x79.597 0 0 0 0 ¢ 0 0 | :q?
0  h650+1/4x79.597 0 0 v3/2x79.597 0 O 0 ‘
0 0 4650-1/4x79.597 0 0 79.597 0 0 :q
Jo- 0 0 4650-3/4x79.597 O 0 ¥3/2x79.5970 )
B=100y o 0 0 -4650-3/4x79.597 0 O 0 )
/3/2x79.597 0 O O -4650-1/4x79.597 O 0 g
0 79.597 0 0 O 0 -4650+1/4x79.597 O ;1
0 0 V3/2x79.5970 © 0 0 -4650+3/4x79.5969 _ .
By diagonolization, we obtain
[ 4.709698 |
4,669899
. 4.630101 . .
g = 10° 4.590302
-4.709698
-4.669899
-4.630101
-4.590302
o =

The diagbnolized values correspond to energy levels in the

eigeﬁvalue equation.
! By = EY ...(2.3.2)

In this case we have 8 energy levels.
AS = 1/2 ...(2.3.3)

2 - ’ ; 1

AI2 = 0 ce.(2.3.4)



WE get 4 lines.

B - E - 9419.396x102 Hz
E2 - E6 = 9339.798x106 Hz
E3 - E7 = 9260.202x106 Hz
E4 - E8 = 9180,.604x10 Hz

For diagonolization matrix

- -
)
.E2
E
E4
Es
Ee
£
E
8
L g '
The frequency difference between these four lines is
given by
(E -~ E.)- (E - E.) = 79.598x10° Hz
1 5 2 6 6
(E,- E,)-(E, - E; ) = 79.596x10 Hz
2 6 3 7 . 6
( E3 - E7 ) - ( E4 - E8 ) = 79,598x10 Hz

This corresponds to the value of AH in the experimental -
curves which can be used to change from arbitrary units to frequency units.
We can use the same conversion factor to change the linewidths "a'" into

frequency units as shown in table 2.3.1

From equation of line width L7 2
a = T {(g, - g )BH+ (A, -A) m} /h2 ..(2.3.5)
Ya = fI_{(g, - g B H +_£1 (A, -A))m .(2.3.6)
h h

We plot a againt m and use least square fit to find

the best straight line and slope as shown in table 2.3.2

2
T = b (slope’) / (& - A) .. (2.3.7)
We can plot 1/ T againt T5 in Fig 4.4.1

010329
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Table 2.3.1 L¥n® width in frequency units.

TK

al(hz) az(hz) a3(hz) aA(hz)
76.4. 111397578;151 92487318.,487 177598484.874 141602394.118
77.0i 36295881.738 48213540.374 67075139.714 89491896.590
80.2. 571824226.452 651071605.661 319195505.797 328885575.362
84.0. 108120204.565 175647074.608 246512249.643 192236406.562
92;2. 112043410.687 233687070.229 216917015.267 210840908.397
102.8. 98192563.424 181717265.960 161701516.309 185911253.415
110.4. 120381900.000 214665300.000 229187300.000 180381050.000

77.0

28251297.155

36175105+ 485

43228286.753

49702886.744
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Table 2.3.2 Slope.

Temperature.K m a a (Hz) Slope(l//Hz)
76.4 -1.5 11.658 111397578.151 775.26% 1.234
-0.5 9.679 92487318.487
0.5 18.607 177798484.874
1.5 14.819 141602394118
77.0° -1.5 4.145 36295881.738 1155.26< 376.753
-0.5 5.506 48213540.374
0.5 7.660 67075139.714
1.5 10.220 89491896.590
80.2 -1.5 14.720 169806933.333 1927 .40% 0.004
-0.5 16.760 193339959, 42
0.5 27.670 319195505.797
1.5 28.510 328885575. 362
84.0 1.5 9.522 108120204565 1284.81% 2.640
-0.5 15.469 175647074 .608
0.5 21.710 246512249.643
1.5 16.930 192236406.562
92.2 -1.5 9.220 112043410.687 1124.72% 1.664
-0.5 19.230 233687070.229
0.5 17.850 216917015.267
1.5 17.35 210840908. 397
102.8’ -1.5 8.850 98192563.424 1041.31F 3.038
-0.5 16.378 181717265.960
0.5 14.574 161701516.309
1.5 16.756 185911253.415
110.4 -1.5 8.787 120381900.000 °  786.367% 0.846
-0.5 15.669 214665300.000
0.5 16.729 229187300.000
1.5 13.167 180381050.000
7.0 -1.5 10.254 28251297 .155 1155.257% 261.470
-0.5 13.130 36175105.485
0.5 15.69 43228286.753

1.5 18.04 49702886.744
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PART 3
THE JAHN-TELLER THEORY

3.1 Introduction

The Jahn-Teller Theorem is concerned with the interaction
between the energy levels of an atom and the symmetry of a crystal
field. The energy levels of an atom within the electric Field caused
by the s{rrounding ions in a crystal,called the crystal field,can be
solved by standard quantum mechanical methods. In fields of high
symmetry it is generally found that the lower orbital levels are
degenerate,while in lower symmetry fields this degeneracy is removed.

Consider an atom in a field of high symmetry such that
it has degg%rate'orbital levels.Thehigh symmetry arises frém the fact
that the crystal lattice exists in a state of minimum elastic energy.
If a distortion is introduced the elastic energy increases. However
the electronic degeneracy is removed and as the centre of gravity ef
gravity of perturbed states remains the same,some states must be lower
" in energy. The  reduction in electronic energy achieved as atoms

occupy these lower energy sfates can compensate for the increased

elastic energy associated .with the distortion. Jahn and Teller showed .

that an.overall reduction in energy always occurs by distortion of a
symmetric field whenever orbital states are degenerate. ‘The only
degeneracy that cannot be removed by dlstortion is the so-called
Kramers degeneracy involving opposite electronic spin states.and

which can only be removed by a magnetic field.

»

Degenerate orbital levels

Symmétrical Crystal Field

Distorted Crystal Field

\
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2+,
3.2 Cu in octahedral field

The theorem can be illustrated by the case of copper ions
in a crystal field of octahedral symmetry such as the subject of this
thesis.Copper( atomic number 29 ) is the last of 3d group in the .
pertodic ‘table where the 29 electrons form filled shells®around’ the

nuclegz.with one electron in a 461 state. The Cu2+ ion as it occurs

O

in ionic solids has two electron less so that its outer shell is 3d:
The ground state of this ion is called 2D having a combined orbital
momentum L=2 and 'spin S=)’. Its orbital degeneracy 21+l is 5 . A ° )
crystal field of octahedral symmetry,i.e, the electric field caused

by surrounding ions located at the corners of a regular octahedral
(Fig.3.2.l)s§iits the five fold degenerate levels into an upper

triplet and a lower doublet which are labelled by the group theoretical
symbols {3 andPB) Fig 3.2.2. We now have the case considered by
Jahn~and Teller degeneracy in a symmetric field.

Fig.3.2.10u”" in octahedral field.
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XY, VZ,2X

Free ion . |X2"Y >

Octahedral field Tetragonal distortion
Fig.3.2.2 The .degeneracy of the lowest doublet Iz

We expect that the degeneracy of the lowest doublet T3

will bfa further split by distortion as showf,nFig'B.Z.?,where the states
are identified by their orbital wave functiong, .

. The distortion causing the splitting can be considered
as combination of the normal modes of vibration of the octahedron

shown -in figure 3.2.3

Y
A

Fig.3.2.3 Normal modes of an.octahedrph
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The change in elastic energy is proportional to the
square of the displacements while the lowering in electrQnic
energy is linear. The sum of the two effects can be expressed as a

‘potential energy operator.
2, 2 2 N
U = V(QU,+QUy) +Mi™(Q," +Q," ) I .[@.1)
: . 5

when. U2 and U3

I is the unit matrix

are Pauli spin matrices

M is the mass of each nucleus at an octaﬁedron veptex
V is a constant while w is the ha;monic frequency of
the vibrational mode
If we introduce new variables frand ¢ where Q2 = Pgin 6

Q, = cos § then the operator may be diagonolized to give the states
3 P N ‘ $a IR I A

U = + Vp + Mw p ..(3.2)
2
Differentiation gives a minimum at by = |V| /Zsz
the value of minimum ehergy is
W = | V] pg /2 ..(3.3)

JT
This expression 1s independent of ¢ while implies an

infinite possible combination of values QZ’QB . However when higher
order terms are included in the energy operator an extra term propor-
tional is added and the lower energy term becauses,

. -‘2 2 (3 T .. 2 ¥ .
U = -Vp +Mwp + V3p cos 3 ¢ .. (3.4)
2
tf Vi< O this gives minimafor the discrete values of ¢ = °»§ﬂ 1§ﬂ
The potential is shown as a set of three potential wells F'ig 3.2.4
The low energy states of the Cu2+ ion are the set of vibrational level

which occur within these wells.
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o = .0 a1 o

3 3

stretched z X y
axis

Fig3.2.4 Potential wells in a Jahn-Teller distorted crystal field.
3.3 Electron paramagnetic resonance spectrum

‘The Jahﬁ—Teller Effect does not remove -spin degeneracy:
the application of a magnetic field causes Zeeman splitting which
may be observed by the electron magnetic resonance technique. It is
found experimentally that the spectrum observed depends on the
temperature. At low temperatures three spectra may be identified
which may be attributed to ions in the three different distortion
wells of fig 3.2.4.At high temperature a single averaged spectrum is
observed. Similarity to resonance lines observed in a ldquid where
the ions are continually undergoing reorientation has led to the
interpretation that the single spectrum results from rapid tramnsitions
from one potential well to another. The transitions may be considered
as due to quantum mechanical tunneling through the barrier,dependent
on temperature since the barrier narrows for higher populated states.
These higher states become populated by phonon induced transitions as

the temperature rises.

If T is the relaxation time for transition between

potential wells the width of each hyperfine line should be in freguency;

A )

a=T{(, -g )BH + (4, -4a5)8ak s (3.3.1)

where g 8 sAy sAyp are constants occuring in the spin
Hamiltonium.It is seen that the line width depends on the nuclear’
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magnetic quantum number m. Because the sepgration of the individual
lines is less than the line width, the spectrum observed is produced

by the overlap of the four hyperfine lines. The object of this thesis

is to analyse the experimentally observed spectrum by computer into

its seperate cpmponents and to compare the widths obtained with those
predicted by the above theoretical formula. .

’ In outline the procedure is as follows. From low temperature
measurements the values of 347"31“ ,A?, and AL are known.

Assuming lorentz line shape(10) a theoretically composed combination

of four lines can be generated. The line width is taken as an adjustable
parameter and changed until the best match is found with the experimental
spectrum. We can then compare the optimum line yidth with those

expected from formula 3.3.1
3.4 Spin-Spin relaxation time T

In classical,terms-Tis a measure of the average
. duration in time of a wave train emitted or absorbed by an ion in the
process of paramagnetic resonance.T is infinite as far as a purely
inhomogeneous broading process is concerned , and it bear$no simple
relation to the observed line width. If we denote by .2AH the width
of the line at half the maximum intensity.

From equation (2.1.2)

hAv = g (AH) .0e.(3.4.1)

which we can relate to a parameter '

T = 1/(29Av ) eese(3.4.2)

At the temperature rises,excited vibrational states
_ become occupied which should have different magnetic resonance spectra
because of their much larger splitting due to tunnelliﬁg. The rise in
temperature, however, also results in a rapid increase in the rate at
which transitions between the various vibronic "levels are induced by
the phonon spectrum. If the relaxation rate is fast compared with the
frequency difference between resonance lines from the different states,

these lines disappear and are replaced by a single line at the average

~
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frequency. It is probable that such motional narrowing is:fespoﬁgibie
for the single isotropic line observed at high temperature. It means
that the resonance lines from the different levels will be replaced

by a single line with a g-value equal to the mean of all the g—values.

Apgr e o= pmmm pieme e

The width of this averaged line should be approximately equal to
T{ (g, ~-g) BH/h }

The lifetime T can arise from many physical causes.
It has long been observed for example that the line shape for fous
in a liquid iff lorentzian and the linewidth is interpreted as due to a
tumbling of the ions in the liquid. The changes in .strain direction
associated with a dynamic Jahn-Teller Effect createx a similar situation

arid fhe linewidfh of thé spectral 1Inés§ Ts" expected 1o’ Pe proportional to
. 2 2
T{ (8,"'8’]_)31'1 +( A//-A_L) m} /h

where T is a relaxation time between different orie?tations g, s 8

and A, , A are values of the electron spin-field,and electron spin -
nuclear spin interaction, parallel to and perpendicular to the direction
of magnetic field H . Tt is seen that the linewidth is proportional to
the nuclear magnetic quantum number m,so each of the four lineSwill have

a di‘ffe’rent'tmthtw‘u weotear L2 R SONK W BBTOXC R RS DT CESIT T IS 1 T I Ted v i ng ©
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PART 4
METHOD ~OF " ANALLYSTS AND RESULTS 13y aoe Temua oy T3 T

We wish toamalyse the observed spectrum to verify this

theorftical expression by method of Gauss-Newton method and Gradient

~Project method. Gradient Projeet and Gauss-Newton Algorithm are used -

to minimize to objective least square function. The computing program
is written for H.P. 45 (HEWLETT PACKARD 9845A ) computer in the
BASIC language.

4.1. Gauss-Newton Method

This method is used to minimize a function of several

Yariables , nonlinear regression equation y = F(xl,xz,.....,xk,Al,
A2"""’AM ) utilizing N data points for vy and X, ,1=1,2, N;
k=1,2,...,K . The procedure is based on a linearization of the
proposed model a least squares objective function is utilized. The
method has proved effective where good starting estimates of the
unknown coefficients are available. The algorithm process & folldwf;
4.1.1 The model is linearized by expanding §i in a Tayler Series

about current trial values for the coefficients andretaining

. the ‘linear térm only, . -

A

A* -~ A A A -~ A "N
vy = yi+ 3. AAi + lay AA2 Foovesnsat |3y, AAm e h.1.1)

A 3.4, 3A
~ A*
where AA [AJ - Aj] j=1,2,.000..,M

The asterisk designates quantities evaluated at the initial

Y

trial values.

4.1.2 A least squares objective function is formulated
¥ . N K
. 2
Minimize § izl(yi yi ) eee(4.1.2)
4.1.3 The lineared model is substituted into the objective function

and the " normal equations " formed by setting the partial
derivatives of the objective function with respect to each

* coefficient’ equal to zero,

3s = 0 ,3=1,2,...0,M eea(4.1.3)

~ A
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The resulting normal equation will, be of the. form...- -.

a2 S S o I aN ¥ |

~ ~%
(AA) A - A (yy ) veees (b
- . . R
Byl ayl cesescscsnsren Byl
84, A, 3y
ByZ ayz e 00 0..‘...... . ayz
9A; 24, dAy
A = '
-a_y-M a—{M ® 9 98 0600 0000 .BM
9A, 9A )
| ¥4y 9 . AM!_
- ~ - - A* ..‘
(Al _Al) (yl _yl) -
. (Az _Az) ~x (}’2 yZ)
AA _ . (y-75) -
) A* .A*
L(AM -Ay) | L(}'N ~Yy)

Af'is the transpose of the A matrix. The derivative

may be evaluated amalytically or numerically.

_y T

1.4)

in the A matrix

4.1.4 The normal equations are a system of linear algebraic equation$

and are solved by a appropriate technique fordA . Theéé'vector

and S will approach zero as convergence is achieved. If conver-

gence‘is achieved, the final coefficients are calculated from

) A* )
A = A + AA
3 *j 3
If convergenée is not aéhieved.é' 1s_update& by replacing the old

’j=1,2’.'l.’M

)
values by the new values and processarepeated.

.. (4.1.5)

Py
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‘A £flow sheet- 11lustrating the above procedure is given as

Determine initial parameter

A

values A

‘i ~

*
Evaluate (y - ¥y ) vector

,

and A matrix

‘N

Solve. the linearized

r -
T -~ w1 s 2

Normal equation for 4A

A% PN A COnVerg ence
A =A_.+48A
new old

Fig 4.1 Flow chart of Gauss-Newton Algorithm.

For this problem,the objective function is a least-square

form.
2

k =
s = T (y -¥) = (4.1.6)
where k= = number of data points
= discrete data points
= value of the function to be minimized,
in this case is the sum of four

lorentzian functions.
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R 4
= . - ss oo 4.1-7)
v, = T Ay (B-Hy) (
i=1

2 2 .2
(ai +(H-HOi) )
The physical problem being studied has the following
conditions. Each lorentzian function has three variables, so

there are a total of 12 variables. Let

a; = Ags i=1,2,3,4 Amplitude of individual lines.

a, = A §=5,6,7,8 Width of individual lines.
h| k|

a, = Ak; k=9,10,11,12 -Bositive(in step) of centre of
the individual.
s We do this problem following the 4 processes outlined in section
4.1.1, 4.1.2, 4.1.3, 4.1.4 and
=

&1 ?—ll .............'...'.all
aa1 aaz 3a12
A = .
845 ¥y, 2P}
Léai 382 3a12,”“(4.1.8)
~k
vy -y) =

ceees(4.1.9)
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- ~g —
- T (al— al;' pr} M . 1Ty el he Lt ¥ 4
AA =— 1
veeess(4.1.10)
~%
L(alz’alz
v = v+ byFa + [y] + + fas
vy = vy vy A3y dy | Bay *ee..t 3yylaap, (4100
da "aag ,3a1-
. *
Aaj = (aj - aj) 321,200 0000000,y12 (4.1.1

The final result is al,az,......,a12 . the values of the

variables giving a minimum value of the function.
4.2, Gradient Projectioﬁ Algorithm

The objective function is denoted by £(§) ( in our case
the sum of four lorentzian functions, each function has three variables
A,a,i. ) where y is a 12-dimensional variables;

0 .
v, = Ai : i=1,2,3,4 Amplitude of line shape.

y; = Ay 5 175,6,7,8 Width of individual line. T

Ve = Ak s k=9,10,11,12 Position(in step) of centre of the

individual line.

The 12-variables (Ai’ai’HOi si=1,2, 00000 enens csugl2) are
contrained by 24 linear inequalities of the form
bfs yi< ¢y oo (4.2.1)
so that )
vy - Bi> 0 i=1,2,........,12 . - .._24;é'2)
-y; + oy 0 i=1,2,00000000,12 eee(4.2.3)

b, is the lower bound on vy
i is the upper bound on Yy

One can see that a feasible region is bounded by 24 hyperplanes.
Suppose that ¥ is a point that lies in the intersection of q
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‘These ‘hyperplanes,which for convenience=we: sh#&ll--assume are < mroes
H1 ,H2 ,........,Hq are defined by q linearly independent unit E
normals ﬁl ,ﬁz ,..........,ﬁq (ﬁi is a 12-dimension vector ;all 3
elements are zero expept one is 1 or -1 for example ﬁl=[l,0,0,..,0]T )

and the componentst1 ’VZ ,........,Vq of vectomchéuiis b or c)

- ) T.
1000 weeeee-1 00 0 vy
0‘ 1 0 0 et s e 0—1 0 0 es s 0 y2
0 01 0 veveee 0 0-1 0 ...... Vs
G000 s eerer0ss00srrreser et eernencrn s : "[blrn-blz"clocfclis 0
) vee (4.2.5)
! - Hf’lz_

or representation in this form

T T T
[nl ’nz ,on-.o’nﬂ Y - [Vl ,V2 ,.’....,V] i N Y"': V=O
1 d L.G.2.6)
It is assumed that the partial derivatives of the

objective function are known

if 3t ig the gradient at the point.§(l) (§(i)=[§i,§;..5§iz]%

. _9:f -7 " 1s-obtained- by chatiging-the sign of each=component—of Q_Q(i)
dy 8y
step 1 The projection matrix (1242 symmetric matrix )
is formed by

- = W S T AT - L

P =1 - N [Nt ]"1 N"F e (4.2.7)
q qla 4 q (1)
(projection matrix is a matrix of a projection of 8 f )

5T
if y lies in the interior of the admissible region,ythe projection
ser e e syarrteeaey) ge the dtencrrymrrrie—reH fPTT-F ’u(}))H' <.

3
- . Y
: T -1 (1), 4
< = -3
and r< 0 (r [Nq Nél Nq ( [ § (y)]} ), then
§(1) is the global minimum and the proceduce is terminated;

-

‘otherwise go to step 2
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step 2 Determine whether or not a hyperplane should be dropped from Q

(1)
P (- |9f
o ( [_—-ay 1)

corresponds to rq >

If ;l t< €1 »drop the hyperplane Hq ,2which

, form the projection matrix Pq_1

and go to step 3. The other alternative is that the norm of the
gradient projection is greater than ¢ .. In this case,calculate

g (let g { = A the sum of the absolute values of the
elements of the i th row of the matrix [Ng Nq]-l ,calculate

@ 4 y1=1,2,....,q9 an determine 8 ‘ﬂh max( a 1 ) . If

T L s zn:mf::\:muv:x.. 3 zu ¥moa

rq“>lg , drop the hyperplane Hﬁ from Q ; i <8 "7,Q remains
unchanged.

step 3 The maximum allowable step size

(1)

In changing ¥ in the direction of projected gradient,it is

necessary to know the maximum stepsize that can be used without

causing any of the constraints to be violated.

tee zP - p ([af(i)])/ 1l 2, (-L (i)])||..(428)
10 By y

_,and define

Yy A S -
g o 2@ 3@ oo (4.2.9)

where T 1s a scalar that represents the step size.

Let

_}\,:.i(m)= GO Tja(i) ve.(4.2.10)

be the point where this line intersects the hyperplane H, ( H

33

not in Q subspace ) ; then

T A,(i+1) - . ., . .
j j Vj 0 eeo(4.2.11)

Substituting yé(i+1)from equation(4.2.11) which when solved

forre yields.

h/
T = (1)

Tyo= Vyomy

eee(4.2,12)

The minimum position value of theseT, s , denoted by 'rm
determines the maximum step that can be taken along the line from
equation (4.2.8) without violating any constraints.

TG LC RN 1 e (4.2.1)



—26~

-y 4,2,1. Interpolation : s oeaa. sz
To determine whether or not the maximum step size
should be used, we form the inmer product. ]
-i(i)T (-3 f(i'(i-i-l)l )
3y ceea(4.2.14)
If this inner product i1s greater than .or equal to zero,Hm is

added, and the new.
Projection matrix P + is calculated. On the other

q+l
sz na s :hand, 1f- thecinner.product is negative, the maximum step-4s mot taken.
Instead, interpolation is used to find the point.
5 (D) - 3 4+ er_zW veee(4.2.15)
( 0<6<1)
where
7 (DT ({aﬂf“”z)=o e (4.2.16)
3y
or for practical purposes
DT -[a f(iﬂ)j) ey e (4.2.17)
3y

e, 1s a preassigned small positive number. After getting y(i+1)

returniyg to step 1

- The objective matrix in this case is = §
K ~
S = E (yk - yk ) ....(4.2.18)

K = number of data points.

’ = SR ¢ YV = @ discrete data points.
Y = the sum of four lorentziams.
4
= EL By BBy ) cer (6.2.19)
1w 3 3 1 n 2 -— 2 2
(aj + (B - H,)")

So there are twelve variables ( Ai s34 ’HOi 31=1,2,3,4)

which have constraints.

0¥ Hf 9 oo (4.2.20)



T

PE A -2 P )

Read in_y(o>,the
constraints and

determine the hyperplanes HI’HZ"H
| which form the interseﬁtio .

yes

,is the inner
product negative ?(does th
, maximum step as the point where
where the gradient is

-3% tolerance: form the matrices NqINgN;-
calculate the projection matrix,the gradient vector
the gradient projection,the norm , the vector r of
eq. iIn step 1 and rq = the maximum component of r
terminate t?g)procedure,
| print out y
calculate given by > g1’ < g
eq < fo P -af(i)/ayll ?
max / yes
yes ‘
1 A
no drop H_fromQ ;form the new projection
< B 4 matrix :
form the normalized gradient projection
determine the maximum step size
calculate §,(i+1)
compute -3¢ (y 1) /2y %‘:'af(ﬂ,/ay o * J
evaluate the inmer product Z(i)q}af'(i+f)/3i
interpola to fine equation set §(if1)=§'(i+1)
e BT . - -l 1 s ) 3
;D @ T 7 (1) add B to @

no

Fig 4.2 Flow chart of Gradient Projection Algorithm.
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We have 24 constraint relations:

A= by, 3 = ¢, Hy o= dy
A = b, 3y = ¢, Hy o= 4
A = By s 3 = ¢ . Hy = 4,
By = b 3y = ¢ Hy = 4
Ay = By » 33 = ¢ , Hyy = 4y
Ay = by, 3y = oo, Hyy o= g
A, = by » 3 = ¢,  Hy = dy
Ay = By 3= ¢ Hy =4 vevs(4.2.20)

The adventage of the gradient projection method over
the gauss-newton method is its flexibility of initial conditions in
the admissible région. So the starting point in iteration could be
chosen arbitraly ( as long as it occurs in the feasible region ) ,

because this algorithm will always converge to local minimum points.
4.3 Results.

= The restts -of ‘the calculation with 6 vafiables are
shovned in Fig 4.1.1-4.1.8., The values ofvvariables are shownml in
table 4.1.1. '

The results of the calculation with 12 variables are
- showned in Fig 4.2.1-4.2.8 . The values of variables are showned in
table 4.2.,1

The results of the calculation wi h 3 variables are
shown@® in Fig 4.3.1-4.3.8. The values of variables are showneg in
table 4.3.1.

Fig 4.4.1 -is the plotting of 1/T-againt T.

L A
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..Téﬁlé?4:i.IfCélcﬁ1atioh.with,6.variables.‘.

1 2 . 3 4 5 6 7

8
. 76.4.. .. 77.0 80.2 84.0 92.2 102.8 110.4 77.0
A 5690.40 821.99 3499.00 3705.48 3633.42 2852.26 2940.68 6367.30
a, ©11.658 4,145 14.720 9.522 9,220 8.850 8.787 10.254
a, 9.679 5.506 16.760 15.469 19.230 16.378 15.669 13.130
a, 18.607 7.660 27.670 21.710 17.850 14.574 16.729 15.690
a, 14.819 10.220 28.510 16.930 17.350 16.756 13.167  18.040
AH 8.330 9.090 6.900 7.010 6.550 7.174 5.810 23.937

_ Table.4.3.1 Calculation with.3 variables.
1 2 3 4 5 6 7 8
76.4 77.0 80.2 ~ 84.0 92.2 102.8 110.4 77.0

A 7606.15 788.817 3499.00 4387.11 4140.87 3258.44 3682.99 5391.58

a; 11.670 3.986 13.183 10.181 9.455 8.874 9.772
a, 1.59a1 1.5931 1.59a1 1.59a1 1.59a1 1.59a1 1.59a1
ay 2.33a1 2.33a1 2.33a1 2.33a1 2,33a1 2.33a1 2.33a1
3.

a, 3.16a1 16a1 3.16a1 3.16a1 3.16al 3.16a1 3.16a1

AH 8.170 9.125 '7.896 9.050 9.732 9.965 7.896

8.994
1.37a1
1.79a

1
3.16a1

23.647

s
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Table 4.2.1 Calculation with 12 variables.

. 1 2 3 4 5 6 7 8
K 76.4 77.0 80.2 84.0 92.2 102.8  110.4  77.0
A, 5690.00 885.12 3499.9 3705.48 3633.00 5205.00 2940.00 5835.00
A, 5690.00 693.39 3499.68 3705.48 3633.00 3258.00 2940.00 6752.59
A, 5690.00 935.70 3499.41 3705.48 3633.00 3260.00 2940.00 7088.89
A, -5690.00. 856.02 3499.27 3705.48 3633.00 3251.00 2940.00 6039.18
a 12.225  4.099 . 19.681  9.387  9.151 13.723  8.630  9.782
a, 9.913  5.205 12.306 15.207 18.404 10.000 14.770  13.689
a, 17.143  8.608 24,129 21.719 17.073 14.192 16.620 16.576
a, 15.678 11.159 27.044 17.198 17.227 25.059 14.170 17.538
Hy,, 60.535 18.173 42,185 48.926 41.236 45.037 38.451  43.942
Hy, 67.784 27.622 49.895 56.545 48.402 36.870 45.234  67.971
Hy, 78.037 36.665 52.486 63.718 54.777  55.761  50.746  92.219
H, 86.158 46.046 62.885 70.742 61.950 61.454 57.438 116.045

04

-
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 PART 5
DISCUSSION.

5.1 Method of Calculation.

In the analysis, the Gauss-Newton and the Gradient
Projection are used to minimize a function of several variables. The Gauss-
Newton method uses a few minuffs if a good starting estimate of the un-
knowns is available, but takes a long time if we take a bad starting ‘
estimate. In this thesis 10-30 minuifs'for a good starting estimate
were required, while for a bad starting estimate about 10-15 hours were :
required. Another method is the Gradient Projection method. The advantage
of the Gradient Projection method over the Gauss-Newton method is its
flexibility of initial conditions in the admissible region. So the starting
point in iteration could be chosen arbitrary ( as long as it occurs in the
fleasible region ) ,because this method will always converge to a local
minimum point.

The calculation may be carried out in different ways
depending on how many variables we allow. We see that if the line width
of the four Lorentzian functions are .made to satisfy the theoretical. Ratio
of the line width according to the equation (3.3.1). With the Gauss-Newton
method, we vary the remainitlg variables amplitude A , line width a and
centre of curve AH . This procedure we called "calcuiation with 3 variables"
If we allow-al,az,a3 and a, to ‘vary, -we see~that the objective function
is decreased. This we called "calculation with 6 variables". Both methods
were used for this case. For the best fit function, the Gradient Projection

is used allowing all the quantities, ie the 12 variables Al,Az,AB,A4,a1,a2,

a3’a4’H01’H02’H03 and'H04 to vary . We see that the objective function is
less than case 2 . While the Gauss-Newton and Gradient Projection methods
both lead to the sgame solution we see that the latter has the adwdntage

of always converging to a minimum and so is far more economical of time
than the former. In the case where the number of variableybecomes large, in
our case 3 , .calculation by the Gradient Projection is still fast,while

the use of the Gauss Newton proved impossible in any reasonable length of

computing time.

.
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_ The success of the fitting procedure.may be assessed
by an examination of Fig 4.1.1~4.1.8,Fig 4.2.1-4.2.8 and Fig 4.3.1-4.3.8.
The fit at 77°K is the most satisfactory and it is interesting to dompare
the fit for the case of computation with 6 and 12 variables Figh.1.2,4.2.2
and Fig 4.3.2 . At this temperature the resolution of the spectrum into
its four component parts is clearest. As temperature increase, the line-
width§broaden until all four finally coalesce into a single line. In this
range it was found impossible to use the Gauss-Newton method at all while
the Gradient Projection continued to give a result. Inspection shows that
the fit is less good than the 77°K case but is still resonable enoungh to
allow physical cqnclutiong to be made.

5.2. Physical significance of results.

5,2.1 Line shape.

The results can next be judged for their physical
significance. First it has been shown that the spectrum is indeed composed
of four individual lines hoging a Lorentzian shape. According to theory
the lines should have a) equal amplitude factor A

b) equal seperation AH
¢) line width§which vary according to the theoretical
expression.{(g,—gL)BH+(A,4AL)m}2

The accuracy of these predictions can be judged from
the results for calculation with 12 variableés where the amplitude factors
of individual lines, their seperation and their width are all allowed to
vary. Thus if the theory is correct the amplitude factors of each line
should be equal, as well as the field seperations. The results are pre-
sented for inspection in table 4.1.1,4.2.1,4.3.1 . In studying the
physical significance of the analysis it may be more meaningful to restrict
the amplitude factors and the field seperation to a single value ( 6 varia-
bles calculation ) . Finally we can see how well the results can be
analysed by forcing then to follow strictly the theoretical expression such
that the line widths also vary as 1:1.59:2.33:3.16 (from equation 3.3.1
substituting known values of the variables) . All three cases are written

in table 5.2.1.In the results for calculation with 12 variables and 6
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variables, the ratio of linewidth does not follow the theoretical
expression but it has an objective function less than first case. It is
seen that calculation with 12 variables and 6 variables give ratio of
linewidthgggree closely. By inspection Fig 4.2.1-4.2.8 which are calculated
with 12 variables ¥=e fit better than Fig 4.1.1-4.1.8 which are calculated
with 6 variables and Fig 4.3 1-4.3.8 which are calculated with 3 variables.

5.2.2 Relaxation time
The effect of the rest of the crystal on the copper ion

causes transitions between the energy levels with some characteristic
relaxation timeT . 1/7 3increases with temperature. In section 2.3. it
was shown that transformation from arbitrary units can be made to give
frequency units. Using equation (2.3.7) a calculation of slope and relaxa-
tion time is shown in table 5.2.2 . We can see that the relaxation times
are of order 10—12 .We know that at low temperature, four lines of
Lorentzian shape are seperate. Each line width being seperated can be
measured easily. In this range 1/T varies with T5 (16). Fig 5.2.2

shows that at low temperature if we plot temperature T againt 1/7T

1/ = 8.2 TS in the range T ?» 45° K . We have plotted our results on
a graph showing the low temperature points and it is seen that our wvalues
_ are an order of magnitude greater than would be predicted by extrapolation

of the low temperature line.
5.3 Conclusion.

In this the;is we have analysed the overlaéping lines
of a Jahn-Teller modified spectrum. The analysis hds been successful in its
mathematical aspects, that is the Gradient Projection Method has found to
be a very suitable method of analysis for such a spectrum especially when
all possible variables of the objecti&e function are allowed to vary
independently. \
Considering next the physical aspect of the problem.
Some success 1s achieved. The fact that the spectrum is fit to an
objective function of four Lorentzian line shapes of varying widths

follows theoretical prediction. However the expected ratio of the line
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widths;Table 5.2.2, columm 2 and 3 , do not follow closely the theoretical
values , colum 1 . Finally the derived relaxation times are also seen to
deviate by about a factor of ten from values that would correlate with
values measured at lower temperatures.

Two comments can be made. First the relaxation times
are derived on the supposition that the line widths of the lines follow
theory. Thus,a deviation in line width measurement from theory as men-
tioned in the last paragraph will also lead to deviation in relaxation
time. Secondly, with regard the line width deviation, examination of the
curve fitting shows that while in some case (e.g. Fig 4.3.2 )the fit is
good, in other (e.g. Fig 4.3.3) the theoretigal expression clearly does
not follow the variations -:in the overall line shape that show the effect
of the .individual lines. A -,

The ultimate cause of disagreement between our values
of line width and the theoretically predicted values must await a further
appraisal of theory. A likely cause of disagreement is that higher energy
levels of the atoms become populated at higher temerature. Such atoms
would give a different spectrum so that the observed spectrum would be the
superposition of two spectra leading to erroneous results when it is
‘analysed as a single spectrum. At 77° X (Fig 4.3.2,4.2.2,and 4.}1.2) where
the analysed line widths are closesst to theory the spectrum is seen to
consist clearly of a single set of four lines. But at 92,2 K inspection of
the experimental curve shows evidence of an overlapping’ wider spectrum and
one with norrower components. Further‘clarificaﬁion cannot be made within
the scope of this thesis. But indication have been offered of where further
investigation may be fruitful.

e
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..Table.5.2.1. .;I‘he results of line width in 3 cases.

Calculation with
12 variables

Calculation with Calculation with
3 wvariables 6 variables

1 1:1.59:2.33:3.16 1:0.83:1.59:1.27 1:0.81:1.40:1.29

2 1:1.59:2.33:3.16 1:1.33:1.85:2.47 1:1.27:2.10:2.73

3 1:1.59:2.33:3.16 1:1.14:1.88:1.94 1:0.63:1.23:1.37

4 1:1.59:2.33:3.16 1:1.63:2.28:1.78 1:1.62:2.31:1.83

5 1:1.59:2.33:3.16 1:2.09:1.94:1.88 1:2.00:1.86:1.87

6 1:1.59:2.33:3.16 1:1.85:1.65:1.89 1:0.73:1.04:1.87

7 1:1.59:2.33:3.16 1:1.78:1.90:1.50 1:1.72:1.93:1.65
average average . average
1:1.59:2.33:3.16 1:1.52%0.44 1:1.25%0.54

+ + + +
:1.87% 0.22:1.82%0.38  :1.70% 0.48:1.80220.47
8 1:1.37:1.79:2.28 1:1.28:1.53:1.76 1:1.38:1.68:1.77

0 N O
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ct

at
at
at
at
at
at
at

]
76.4 K

L. ]
77.0° K
80.2° K
84.0° K
92.2° K
102.8° K
110.4° K
77.0 K
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Table 5.2.2 Relaxatipn time.

Temperature K T (c§lcu1ation) T (th;oretical)
76 4.,094x10712 46 .8x107 12
77.0 9.091x10™ 2 45.0x10" 2
80.2 2.531x107 11 3.68x10711
84.0 1.125x10 11 2.90x10" 11
92.2 8.617x10 -2 18.0x10™12
102.8 7.386x10™ 12 10.6x10™ 2
110.4 4.212x10" 12 7.4x10" 12
77.0 6.318x10™12 18.25x107 12




-

10

H4

HH

¥

Ehint

- 444

ane

e e

H1 1 H 114

8 [




-62-

PART 6
CONCLUSION

PART 2 present%the theoretical background of the Jahn-Teller Theory.

It was shown the spectral line shape and spin Hamiltonian.
PART 3 present{the Jahn-Teller Theory. The Cu2+ in octahedral field

and electron paramagnetic spectrum.

PART 4 present§method of analysis and results, which can be used to

fixed theoretical curve to a experimental curve.

section 4.1

section 4.2

section 4.3

PART 5 Discussion.

presentya method of Gauss-Newton which expanded
the function with Taylef's series. This method has
proved effective where good starting estimates of
the unknown are available.

preséntsa me;hod of Gradient Projection. There is
good feature for this method,one can introduce a
constraint for each parameter. So,starting point
in iteratién could be chosen arbitraly (as long as
it belongs to feasible region), because this
algorithm will alway converge to local minimum
point. It was shown that the agreement of Gauss-
Newton and Gradient Projection method.

Shows a results which calculate from Gradient
Projection with 12 variations and Gauss-Newton

6 and 3 variables and determine a relaxation time.
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PART 7
APPENDIX
the Gradient Projection with 12 variables shows in page 64-70
the Gauss-Newton with 12 variables shows in page 71-72.
the plotting shows in page 73-75.
the Gauss-Newton with 6 variables shows In page 76-77.
the Gauss-Newton with 3 variables shows in page 78-79.

-
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GRADIENT PROJECTION WITH 12 VARIATIONS

10 INPUT "% OF VARIABLE" ,N1
20 _INPUT "# OF IN. EQ. CONSTRAINT" ,N2
30 INPUT "4 OF DATA" ,Kk
_ 40 CALL SsS(N1,N2,Kk) -
50 SUB Sss(N1,N2,Kk) '

I
mr—- "

60 __OPTION BASE 1 8

70 SHORT N1(N1,N2),B(N2),Y(N1),AL(N2,N1),A2(N2),A3 (N2),Ad(N1,N2),RL(N2),2
__N2,N1),A6(N2,N2) ,A7(N2,N2) ,A8(N1,N1),A9(N2,N1),B1(N1,N1),Pq(N1,N1),Fy(N1)

80 SHORT BZ(Nl),B3(N2),B4(N2),B5(Nl),Tt(N2),B6(Nl),B8,Kkl,Cl(Nl),C4,Ff(N1

Yy (N1),A44(N1,N2),Rrr (N2) ,A77(N2,N2) ,RV(N2),Y99 (N1) ,DA(KK), X (KK)
90 INPUT "TOL 1" ,El
100 _INPUT_"TQL 2" ,E2
110 Wro0=1
— 120 _Wr=.1__
130 FOR I=1 TO N1
140 _N1(I,I)=1
150 NI1(I,I+Nl)=-1
160 _NEXT_1I
170 FOR I=1 TO 4
.180 __B(I1)=5600
190 B(I+N1)=-5700
200 _ NEXT L - .
210 FOR I=5 TO 8
_ .. 220.__B(1)=8 )
230 B(I+Nl)=-20
240 NEXT I __
250 FOR I=9 TO 12
260 __B(I)=60
270 B(I+N1l)=-90
280. _NEXT I
290 ASSIGN #1 TO "DATAE2:T14"
300 READ #1,1;Dd(*).,X(*)
310 FOR I=1 TO N1
- 320 _DpIsp " Y(";I;")";
330 INPUT Y(I)
340__NEXT I_
350 PRINT "MAT NL"; Nl(*),"MAT B";B(*),"MAT-YO0";Y (*)
360 MAT._ Al-TRN(Nl)~
370 MAT A2=Al*Y
380 _MAT A3=A2-B._
390 MAT Rr=ZER(N2)
400 _K=0__ _ _
410 FOR I=1 TO N2
420. S99=A3 (1) .._._.
430 IF ABS(S99)<>0 THEN 490
-440 .'K=K+1
450 FOR J=1 TO N1
-460__A4.(J,K)=N1(J,1)
470 Rr(K)=I
. 480 __NEXT_-J
490 NEXT I
_-50 0.. Ite==1
510 Loop: !
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J

D 520 ‘wro0=1
530 Wr=.1 ]
540 _M79=0

O 7550 Ite=Ite+l
560 _PRINT "ITE=";Ite

570 Rg=0 . N
D __ _ 580. Bg=0

590 IF K<>0 THEN 630 \
600_ . MAT Rr=ZER(N2)

D 610 MAT Pq=IDN(N1,N1)
. _620_ _GOTO..770 _.

630 REDIM A44(N1,K),AS5(K,N1), AG(K K), A7(K K) A9(K N1), B3(K) B4 (K)
O) 640-__FOR-I=1_TO NI

650 FOR J=1 TO K

- -660_.__A44(1,J)=R4(1,J)
O 670 NEXT J
_."680___NEXT I

690 MAT AS5=TRN (A44)
O _700__MAT.A6=A5*Ad4

710 MAT A7=INV (A6)
720_Boxl: .!

OREE 730 MAT A8=IDN(NI1,N1)
740 MAT. A9=AT*A5

750 MAT B1l=A44*A9
D 760 MAT Pq=A8=Bl

770 GOSUB Dfy!
780 PRINT “"MAT=Y";Y(X).

O 790 PRINT "OBJECTIVE FUNCTION=";Mim
800 MAT FEf=Fy

810 MAT B2=Pg*Fy
O 820 S1=0

830 FOR I=1 TO N1l
. 840 _ S1=S1+B2(1)’ 2

O 850 NEXT I
. . 860 _S1=SQR(S1)

870 IF K<>0 THEN 890

.
O 880 _GOTO_960

890 MAT B3=A9*Fy.

900. -Rg=-1E99
O 910 FOR I=1 TO K

920— ~IF--Rg>B3+I)THEN—950
~ 930 Rg=B3(I)

940---T1=I

950 NEXT I

O 960 IF K=N1 THEN Trq!
970 IF S1<=El THEN Trqg !

-980- IF K<>0-THEN-1000
990 GOTO 1600

D 1000 MAT-A77=ABSHAT)
1010 MAT B4=RSUM(A77)

<—--1020 -Bg=~1E£99-—
®) q

9 -
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— ..1030_FOR I=1 _TO_ K. ___ .
1040 IF Bg>B4(I) THEN 1060
1050 BQ=B4(I) o . e e e e e
1060 NEXT I
1070 IPF Rg>BQ THEN_Dh!._. . o o . — - R
1080 GOTO Box3 ! :
1090 Trq:. - — e - — e ———
1100 IF K<>0 THEN 1120
1110 GOTO 1130 . e e - — S
1120 IF Rg>0 THEN Dh!

. 1130 PRINT "PROGRAM_STOP .;SATISFY" _ .. e e

1140 PRINT “SOLUTION";Y(*)

- -1150 PRINT-"OBJECTIVE-EUNCTION =Y;Mmm
1160 GOTO 310

- - 1170 STOP- .- .. - - SR U - e - -
1180 Dh:!

. -1190 PRINT.-"“DROP .PLANE_$",Rr(T1) .- _—— —
1200 IF K<>1 THEN 1240
1210-K1=0 - - e _— —- S e
1220 MAT Pg= IDN(Nl Nl)
1230 .GOTO 1520  -.—. - S - e
1240 FOR J=1 TO K
1250 IF J=T1 THEN 1310.- - .. . - —— e
1260 FOR I=1 TO N1
1270 A4(1.,J)=A4(1.,J)
1280 Rv (J)=Rr (J)
1290 NEXT I o e i e e - - - e e
1300 NEXT J
1310 FOR I=1 TO N1 . -~ — .. . - - - e e
1320 FOR Jj=J TO K-1
1330 A4(I,33)=A4(X,TF+1) - — —— o o e
1340 Rv (Jj.)=Rr(Jj+l)
1350 NEXT Jj OO — e -
1360 NEXT I
1370 K1l=K-1 : e e e — S
1380 REDIM A44(N1, Kl) AS(Kl N1) A6(Kl K1), A7(Kl Kl) A9(Kl Nl) BS(Nl)
1390 FOR I=1] TO N1 - - - - ——
1400 FOR J=1 TO K1
1410 A44(1,J)=A4(1,J) e - T T
1420 NEXT J -
1430 NEXT I - - - e -
1440 REDIM A4 (N1,K1) '
1450 MAT- A4=A44 - - - e
1460 MAT A5=TRN(A44)
1470 MAT A6=A5*A44- - -- m e - e -
1480 MAT A7=INV (A6)
1490-MAT A9=AT*AS - —= - e e e e et
1500 MAT Bl=A44*A9

- 1510 MAT -Pg=A8-B1l e -

1520 M79=1
1530 MAT-B2=Pg*Fy—— -
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O

O 1540_510

1550 FOR .I=1 TO N1

O ——1560-51=B2(1)."2451. ..
1570 NEXT I
. 1580 -S1=SQR{(S1)

-

|
O 1590 Box3:!

A 1600-S2=1/S1
1610 MAT B5=(S2)*B2

O~ 1620 —IF-K=0—THEN-1840
1630  S4=0
——1640——MAT-REL =ZER{N2)

1650 FOR I=1 TO N2
9

Mo 1660 —FOR—JI=1-T0-K
1670 IF I<>Rr(J) THEN 1690

O  1680——GoTo-1820—— -
1690 NEXT J
170 0——S4=54+1

0O - 1710 Rrr(S4)=1
—2 1720 - - §2=0 -

1730 S53=0

O 1740  FOR-L=1-TO-Ni
1750  S2=S2+N1(L,I)*Y(L)

-1760 S3=S3+N1(L, I)*B5 (L)}
O 1770 NEXT L
- -1780 -IF S3<>0-THEN—-18310

1790 Tt(I)=-1E9

O — 1800 -GOTO-1820 -
1810  Tt(S4)=(B(I)-S2)/S3

---—- -1820 -NEXT-I —
O 1830 GOTO 1960

- 1840 -FOR-I=1-TO-N2
1850 52=0

o 1860 S3=0— -
1870 FOR L=1 TO N1
-~ -1880- -52=S2+N1 (LyT)*¥{)

O 1890 53=S3+N1(L,I)*B5(L)

- -1900 -NEXT-L-
1910 IF S3<>0 THEN 1940

'0) 1920- Tt(1)=-1E9
1930 GOTO 1950

1940~ - Tt (T)={(B(I)=52)7/53
¢y 1950 NEXT I

1960 Ttg=1E99 -
1970 Ad=0

®) 1980 FOR I=1 "TO N2-K-
1990 IF Tt(I)<=0 THEN 2060

~-2000IF Tt (1) >T tg~THEN—2060—
() 2010 Ttg=Tt(I)

T 72020 T IFTKXD0 THENT2050
2030 Ad=1

&) TT204077GOTO 2060

O . . _
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2040 GOTO 2060

~ 2050 Ad=Rrr (1)
2060 NEXT 1I

2070 IF Ad<>0 THEN 2100

2080 PRINT "ALL PLANE IS IMPOSSIBLE TO- REACH (Tm ARE <or =

g

72090 STOP
2100 MAT B6=(Ttg)*B5

-
e
"

2110 MAT Yy=Y+B6
2120 MAT Y99=Y

2130 MAT Y=Yy
2140 GOSUB Dfy!

2150 B8=0
2160 FOR I=1 TO N1

2170 B8=B8+B5(I)*Fy (1)
2180 NEXT I

2190 IF M79<>1 THEN 2210
2200 MAT Rr=Rw

2210 IF B8>=0 THEN Ah 1
2220 B88=ABS(BS§)

2230 Kk1=0
2240 FOR I=1 TO N1

T 2250 Kk1=KKL1+B5 (I)*Ff(I)
2260 NEXT I

2270 C88=MIN(Kkl,B88)"
2280 ! Wr99=Kkl_

2290 Et=0
2300 Ccl=Kkl/(Kk1-B8)

2310 MAT B6=(Ttg)*B5
2320 PRINT "KK1=",Kkl

2330 Et=Et+l
2340 MAT Cl=(Ccl)*B6

2350 MAT Y=Y99+C1 ' )
2360 GOSUB Dfyl! :

2370 C4=0
2380 FOR I=1 TO N1

2390 C4= C4+BS(I)*Fy(I)
2400 NEXT _I__

2410 C44=ABS(C4)
2420 PRINT "(C88=";C88 .

2430 PRINT "C44=";C44
2440 PRINT "CCl=";Ccl

2450 PRINT "C4=";C4
2460 IF C44<E2 THEN 2830

2470 IF Et>9 THEN 2870

2480 _.IF C44>=C88.THEN. 2580 _ . __ e

2490 C88=C44
- 2500 _IF .CA<QO_THEN. 2550

2510 Ttg=(1-Ccl)*Ttqg
_2520_Kkl=C4

2530 MAT Y99=Y
. 2540_GOTO_2300
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2550 B8=C4 = B .
2560 Ttg=7Ttg*Ccl
2570 GOTO 2300 e e e e e e

2580 IF Et=1 THEN 2600
2590 GOTO 2830 _ . _ _ .. __ . . . . S
2600 FOR J=0 TO Wr0 STEP Wr .

2610 IF _J<>0 THEN_ 2650 '

2620  Cmin=Kkl

2630 J9=0 _ e

2640  GOTO 2770

2650 MAT Cl=(J)*Bp C e o —— e e e
2660 MAT Y=Y99+Cl

2670 GOSUB Dfy! _ U

2680 C4=0

2690 FOR I=] TO N1 _ _ __ - - - - - SR
2700 C4=C4+B5(I)*Fy(I)

2710 NEXT I . — e e - - —— —

2720 C4=ABS(C4) )

2730 IF C4>Cmin THEN 2780_ e . -
2740 Cmin=C4

2750 MAT. Yy=Y _ . -
2760 J9=J

2770 NEXT J

2780 IF J9<>0 THCN 2820
2790 wWr=Wr/10 L e e e
2800 Wr0=wro0/10

2810 GOTO 2580 - - - ] . L.

2820 MAT Y=Yy

2830 IF M79<>1 THEN 2860 -

2840 K=K1

285Q GOTO Loop. ! - - - —

2860 K=K

2870 GOTO Loop. ! - - - ’ ] - e

2880 Ah:!

2890 PRINT "ADD PLANE #" ,Ad . — e e -
2500 1IF M79<>1 THEN 3060

2910 K=K1l+l . SR —
2920 RLDIM A44(NL,K) )

2930 IF K=1 THEN 2990 - e e e . - - —— S
2540 FOR I=1 TO N1 .

2550 FOR J=1 70 Kl - - o e e et -
2960 A44(1,J)=RA4(1,T7)

2970 NEXT J. - e e - - e e e e,
2980 NEXT I

2990 FOR I=1 TO N1 -~ - - - - e -

3000 A44(I,K)=N1(I,nd)

3010 WNEXT I - - — e e R, - . o e e e e e
3020 RCDIM A4 (N1,K)

3030 MAT- RA4=A44 . - —

3040 Rr (K)=2ad

3050 GOTO-Loop !— — . e

[ e — o s oo e - JU——— ——— et ——

-— [T U — e




-70-

3060 K=K+1 ' ~
3070 REDIM A44(N1,K) ~
_ 3080 IF _K=1 THEN_3140 —
3090 FOR I=1‘TO N1
_3100_FOR J=1_.TQ _K-1
3110 A44(I,J)=A4(I, J)
_3120_NEXT J
' 3130 NEXT I '
3140 FOR.I=1_TO N1 _
3150 A44(I,K)=N1(I,Ad)
3160 NEXT I __ ___
3170 REDIM A4(N1,K)
_.3180. MAT. _A4=A44
3190 Rr (K)=Ad
320Q. GOTO..Laop_.1 ____
3210 SUBEND
.3220._Dfyz:.!
3230 Su=0
~ 3240.FOR_I=1 _TQ Nl
3250 Fy(I)=0
3260 NEXT_I -
3270 FOR Ii=1 TO Kk
3280 H=Dd(Ii) e . -
3290 Yyy=0
3300 FOR.-N=1_TO._4..__
3310 W=H-Y(N+8)
3320 YYy=Yyy—4*Y(N)* Y (N+4)*XW/(Y{N+4) 2240"2).02 —_— e
3330 NEXT N
3340 Xii=X(Ii)=Yyy
3350 FOR N=1 TO 4
 3360-_W=H=Y{N+8)
3370 Fy(N)=Fy(N)-8*Xii*Y(N+4)*W/(Y(N+4)"2+W"2) "2
3380 Fy(N+4)'Fy(N£4)-8*X111¥4N41wi4l/4¥4Nt4y_2+wn2}-2a4*Y(N+4)-2/4¥(N+4LMZ+W-24
- 3)
- 3390 Fy (N+8)=Fy (N+8) =8AX i i* Y (N} XY (N+4)* (=] /(Y (N+4) 24102} "244%\ 2 /(V(N+4) 224142
~3)
3400 NEXT-N—- — e - -
3410 Su=Su+Xii”"2
3420 NGBXT Ii - - ———an -
3430 Mmm=Su )
3440 RETURN—— S
3450 LND

e
e M
.

I
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GAUSS-NBWTON WITH 12 VARIATIONS

OPTION BASC 1

DIM DA (200) ,¥(200)5Yy(200)7Aa(200,12)°,A(127200) ;B112; 12)7Ct12)y7D(12712) ;X3
12) ,Xxx(12) ,X(12)

PRINTER™IS 16 - R
INPUT "4 OF VARIABLE",Nn

INPUT "TOLERANCE " ,Aaa” ™~ . s T
INPUT "4 OF ITERATION" ,Kkk
INRPUT "¢ OF INPUT DATA" ,KK

-

-
s

REDIM Dd(KK)., Y(Kk) Yy(Kk) Aa(Kk Nn) A(Nn,Kk) ?(Nn yn) C(Nq) D(Nn,Nn) XX (N1

XXX (ND) ,X(Nn)

90

100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
390
400
410
420
430
440
450
460
470
480

490

500
510

ASSIGN #2 TO "DATAEl :T14"

READ #2°,1;DA(*),Y(*) 7
L11=0 8

FOR I=1 TO Nn
DISP "X(";I;")“;
INPUT X (I)

NEXT I

PRINTER IS 16
PRINT X (*);"INITIAL X";LIN(3)
DISP "WORKING!!111"

L11=L11+1

IF L11>Kkk THEN 510

Su=0

FOR Ii=1 TO KKk

H=DA (I1i)

Yyy=0

FOR N=1 TO 4
W=H-X (N+8)
Yyy=Yyy- 4*X(N)*X(N+4)*W/(X(N+4) 2+W° 2) "2
Aa(Ii,N)=—4*X (N+4)¥W/ (X (N+4)" 2+w 2"

N+4) "2+W" 2)

3)

Aa(Ii,N+4)=-4*X (N)*W*(1/(X(N+4) "2+W" 2) 2-4%X (N+4) "2/ (X
Aa(Ii,N+8)==4*X (N)*X(N+4)*(=1/(X(N+4)Y " 2+W " 2)"2¥4%y 277
NEXT N
Yy(Ii)=Y(Ii)-Yyy
Su=su+yy (1i) "2
NEXT Ii

MAT A=TRN (Aa)

(
X(N+4) "2+W"2)

”3)

MAT B=A*Aa

MAT C=A*Yy

MAT D=InRV (B)

MAT Xx=D*C

FOR I=1 TO Nn

IF ABS(Xx(I))>Aaa THEN 560
NEXT I

MAT Xxx=X
MAT X=XXxx+Xx
PRINT X (*);"MAT —-X(SOLUTION)"

PRINT LIN(2);"TOL=";Aaa,"# OF ITE =";L11,"# OF DATA =";Kk;LIN(3)
DISP "RUN WITH NEW DATA ? IF YES THEN PRESS CONT,"

BEEP '

PAUSE ____ . _ __

GOTO 110

PRINT "# OF ITER EXCECDED(";Kkk;")" —_
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520 DISP "RUN WITH NEW DATA ? IF YES THEN PRESS CONT."
“530 BEEP T T T '"‘ : T
540 PAUSE L
5500 GOTO 110~  — TUTTTT T TTTTTTTTT T e o -
560 MAT Xxx=X X
5707 MAT X=Xxx+XX - "
580 FOR I=1 TO Nn K
590 IF X(I)<0 THEN 670 .
600 IF ABS(X(I))>10"5 THEN 670
610 1IF ABS(X(I))<10"(-5) THEN 670
620 NEXT I
630 PRINTER IS 16
640 PRINT "SU=";Su
650 PRINT "ITER §";L11;X (*); "MAT X"
_660 GOTO 190
670 PRINT " NUMBER IS TOO LARGE OR TOO SMALL"
680 PRINT X(*);"MAT-X","LLL=";L11
690 PRINT "RUN AGAIN WITH NEW X0 ?: PRESS CONT."
700 _ BEEP R
710 PAUSE
720 GOTO 110 )
7730 'END
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' PLOTING PROGRAM

10  OPTION BASE 1

20 DIM X(1000),Y(1000)

30 4 ***x SPECIFY MAXIMUM AND MINIMUM VALUE OF DOMAIN _AND RANGE

40 INPUT ™ XMIN = " ,Xmin .

.50 _ INPUT "XMAX = " ,Xmax_ s

60 INPUT " YMIN = ",¥min A
70  _ INPUT " YMAX = ",Ymax .

80 INPUT " DATA INPUT or FUNCTION INPUT (1/-1)" ,8hh

81 INPOT "# OF_DATA" ,N _ ~

82 REDIM X(N),Y(N) '

:

90 ._IF_Hhh=-1_.THEN_190
100  INPUT "4 OF DATA " ,N
_110___REDIM_X(N)_,Y(N)

120 FOR I=1 TO N
130 _DISP "X(";I1;")%;

140 INPUT X(I)
150 _DISP "Y(!';I;")";

-

160 INPUT Y(I)
170 _ NEXT I —— o

180 | *** DRAW AXES
190 PLOTTER..IS .13,"GRAPHICS"

: 200 GRAPHICS

210 FRAME e : e
220 PRINTER IS 0
230 RAD _ . _.

240 LOCATE 10,120,20,90
250 SCALE Xmin,Xmax,¥Ymin,¥Ymax — _ —

260 Xx=Xmin

270 Yy=Y¥min _
280 IF Xmin<0 THEN Xx=0
290 IF ¥min<O_THEN_Yy=0

300 AXES (Xmax-Xmin)/50,(Ymax-ymin)/10,Xx,Yy
310 FRAME ... —

320 | *** LABEL AXES
330 GOSUB _Lx .

340 GOSUB Ly
350 IF._Bhh=1_THEN_770___

360 ! *** PLOT

370 Al=885.123 . .
380 A2=693.385
390 A3=935.704- -

400 A4=856.0189

410 B1=4.099 - - —
420 B2=5.,205 ’

430 B3=8.6075— — - o — _—
440 B4=11.1598

450 C€1=18-.,1728
460 C2=27.62171

470—C3=36--6647
480 C4=46.0456

481-—Su=1459+2377
490 PRINT " LORENTZIAN # 1";LIN(2)

500 --PRINT—"—A=%; Al 1a=15B1 Y HO = C HINH(3)
510 PRINT " LORENTZIAN # 2";LIN(2)
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: -

__ 520 PRINT." A=";A2,"a=";B2,"HO0=";C2;LIN(3)
530 PRINT “"LORENTZIAN § 3"; LIN(Z) .
_540__ _ERINT”_Amﬂ.A34ﬂa—".BB,iHﬂ:ﬂ+C3,LJNl ) -
550 PRINT "LORENTZIAN # 4";LIN(2) ‘ .
__560. PRINT_"A=";A4,"a=";B4,"HO=";C4;LIN(3)
561 PRINT "LEAST SQUARES OBJECTIVE FUNCTION =";Su;LIN(3)-
570_~DEF_FNX(X)——4*LAltBl!LX~C1L¢LB1_2iLX"C14~24~2iA2_BZ~4X-C2+%LBZ_2iLX~C2%r24
24A3*B3*(X-C3)/(B372+(X-C3)"2) "2+A4*B4* (X~ C4)/(B4 2+ (X-C4) 2) 2) 3
_580___LINE_TYPE 3 T I S R VLT
590 MOVE Xmin,FNX(Xmin) TR TaE e M
. 600— FOR_X=Xmin_EOMXmax—STER~4Xmaanmin+%400
610 IF X=0 THEN 630
620 DRAW--X, FNX{X)
630 NEXT X
— 631l —LINE—TYRE-1 —
640 ASSIGN $2 TO "DATAE2 Tl4" ¢
650~ -READ—$2,1 SR NE AT AS B
660 MOVE X(1),¥Y(1l) ’ “ie
_670__FOR-I=1_TO-N
680 DRAW X(I),¥Y(I)
—-690—NEXT—I
700 I ****x MOVE AND LABEL PLOT
—-410-~MOVE -~9, 1.1

720 LORG 1
730 CSIZE 5. - I }
740 | LABEL USING " K";" LORENTZ"

750 -GOTO -81.0
760 CSIZE 3 3
770 MOVE Xmin,¥Ymin-- - .
780 FOR I=1 TO N

. 790 -DRAW—X (I)-, Y-(I)—

800 NEXT I

-810 - POINTER -~2%PRI,-.5

820 | *** ALLOWS YOU' TO DIGITIZE
830 Loop: le-eerio e L

840 DIGITIZE X,Y
-850—PRINT-"X—=";X, 'Y =",y
860 GOTO Loop

870 END-—-— ——
880 | *** LABEL AXES
890 Lx: ! - — - —-

800 CSIZE 3 .
- 910 LDIR--(PI/2)
920 LORG 2
930 FOR-X1l=Xmin- TO Xmax—STEP—{Xmax—-Xmin) /10
940 MOVE X1,¥Ymin
950 --LABEL USING " DPZ<DD" ;X1 -
960 NEXT X1
570— -RETURN-—
980 Ly: !
990—CSTIZE3
1000 LDIR O
—101-0 -LORG—8
1020 FOR Yl=Ymin TO Y¥max STEP (Ymax-Ymin) /10
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1030 MOVE Xmin,Yl

~I030 LABEL USING "DDDDD ";Y1
1050 NEXT Y1

1060 RETURN

- 4
3
4%
" - - - -




-7 6- ‘ ) . - -

GAUSS NEWTON WITH 6 VARIATIONS .

10 OPTION BASE 1 )
20 DIM Dd(200),Y¥(200),Yy(200),Aa(200,10),A(10,200),B(10,10) C(lO) D(lO 10) ,Xx
10) ,Xxx(10),X(10),¥Yw(200) ,Bw(10,10),Cw(10), Dw(lO 10) W1(10, 10y ,W2(10,10)
30 PRINTER IS 16

s

40 INPUT "4 OF VARIABLE", . . ' - . 3
50 INPUT "TOLERANCE ﬁ,Aaa Tl ww e Eog0
60 INPUT "4 OF ITERATION",Kkk . - T~ - L
s * g H N Ol S san e Bk

70 INPUT "§ OF INPUT DATA" ,KK
80 _ Sul=100000

90 REDIM DA (KKk),Y(Kk),Yy(Kk),Aa(Kk,Nn),A(Nn,Kk), B(Nn Nn),C(Nn) ,D(Nn,Nn), XX(Nn
o XxX(Nn),X(Nn),Yw(KK) ,Bw(Nn,Nn), Cw(Nn).Dw(Nn.Nn),Wl(Nn.Nn)jwz(Nn.Nn)

100 PRINT USING 190 . A
110__PRINT_LIN(3) : : - : ~,~~“--

120 FOR I=1 TO Kk R o

130 __DA(I)=I . L

140 DIsP "y(":1:")"; '
150 __ INPUT Y(I) : : e
160 Y(I)=Y(I)+10 ) T
170 _PRINT_USING 180;Dd(I1),Y(I1) .-
180 IMAGE 20X,DDD.DDD, 5X,DDD.DDD -
190 IMAGE 243%,"X",9X%, iy"
200 NEXT I

210 INPUT "“CORRECT_ OR NOT {1/-1)",Nnnn

220 IF Nnnn=-1 THEN 270

230  INPUT "CORRECT VARIABLE_# 2" ,Nnonn
1240 DISP "OLD Y(";Nnnnn;")=";Y(Nnnnn),"NEW Y(";Nnnnn;")*;
250 INPUT. Y(Nnnnn) _
260 GOTO 210

270 L11=0__ ___
280 FOR I=1 TO Nn
LZQO DRISP. "X (":1;%)";

300 INPUT X(I) ;

[310 NEXT.I _ _ ... : ST
1320 PRINT X(*),"INITIAL X";LIN(3) .

330 _INPUT " HO_?",S. :
340 DISP “WORKING!!!!!"

350 PRINT "HO0=";S__.

360 L1l=L1l+l ] .
370 IF L11>Kkk THEN 740 . -

380 Su=0 . )
390 _FOR_Ii=1l TO. Kk_._ - —

400 H=DA(Ii)

410 Yyy=0 S —

420 Aa(Ii,6)=0

430 Aa(Td,1)=0 v - e e

1440 FOR N=2 TO 5 .
450 . W=H-S~=(N=2) *X(6) : '
460 Yyy=Yyy-4*X (1) *X(N)*W/(X(N) “2+W"2)"2
p470_--~__Aa(IJ,N)F—A—X4l}1{Wf4x4N+—2+W—2y—2—41W*X4N9—2¢4X{N)-2+W~%+—3+——-—————
480 Aa(Il 6)=Ra(Ii,6)-4*X(1)*X(N)* (-(N=-2)/(X(N)" 24W"2)" 2+4*(N 2)*w 2/ (X (N)" 2+W’
3= .
490 Aa(Il 1)=Aa(Ii,1)-4*X (N)*W/(X(N)" 2+W"2)" ;
50 0_—NEXT—N
510 Yy(Ii)=Y(Ii)=-Yyy

-
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520 Su=Su+¥y(Ii)“2
530 NEXT Ii
540 PRINT "SUM=";Su
550 IF Su<Sul THEN 570 i T
560 _GOTO 950 -

—— . -

" 570 MAT A=TRN(Aa) -

580 MAT Yw=Yy D =)
590 MAT B=A*Aa T R
600 MAT C=A*Yy _ _ g - L

610 MAT D=INV (B)
620 _MAT Xx=D*C_ ___

630 FOR I=1 TO Nn

_640__IF ABS(Xx(I))>Raa THEN_ 790

650 NEXT I R ) .
__660__MAT Xxx=X S

670 MAT X=XxXx+XX - o I 4
. 680 _PRINT X(*);"MAT —X(SOLUTION)" o -

690 PRINT LIN(2);"TOL=";Aaa,"4 OF ITE =";L1l1l,"#% OF DATA =";Kk; LIN(3)
700 ._DISP_"RUN WITH_NEW_DATA_ 2 IF YES THEN PRESS CONT." :

710 BEEP

720 _PAUSE _ _ , .
730  GOTO 270 :
_ 740_ PRINT. ."# OF ITER_EXCEERED(";Kkk;")"
750 DISP "RUN WITH NEW DATA ? IF YES THEN PRESS CONT."
760 BEEP __ __ . ____
770 PAUSC
780. GOTO. 270 _ ._.

790 MAT Xxx=X - .
800 MAT X=Xxx+Xx .. . . — . e
810 FOR I=1 TO Nn _ . .

. 820 IF ABS(X(1))2>1075_THEN_890 _
830 IF ABS(X(I))<10"(-5) THEN 890 .
840. NEXT I

850 PRINT "ITER #"; Lll X(*);"maT -x"
860 Sul=Su _ e ] . o —
870 Mm=0

880 GOTO_360__. _ _ _.

890 PRINT " NUMBER IS TOO LARGE OR TOO SMALL"
800. PRINT X (*);"MAT-X","LLL=";L11

910 PRINT “RUN AGAIN WITH NEW X0 ?: PRESS CONT."
920 BEEP .._ - — =

930 PAUSE .
940. GOTO_270 __ .. , 2 —
950 Mm=Mm+1l

960 PRINT "MM="_;Mm
970 MAT W1l=IDN(Nn,Nn)
980 -MAT W2=(Mm)*Wl
990 MAT Bw=B+W2

- 1000 MAT- Cw=A*Yw

1010 MAT Dw=INV (Bw)
~1020- MAT_XX=Dw*Cw

1030 MAT X=Xxx+Xx -

- 1040-PRINT_X{*);"MAT=X" ~ - —— ;
1050 GOTO 360 s e : 7

-1060-END
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GAUSS NEWTON WITH 3 VARIATIONS

L0 OPTION BASE 1
20 DINM DA(200),¥(200),¥y (200),5a(200,10),A(10,200),B(10,10),C(10),D(10,10),Xx(
10) ,Xxx(10) ,X(10)

30 PRINTER Is 16
40 INPUT "4 OF VARIABLE",Nn _

50  INPUT “"TOLERANCE " ,Aaa ) E
50  INPUT “"# OF ITERATION" ,Kkk 4

- T e

e —— ——

70 INPUT "# OF INPUT DATA" ,KK
30 REDIM Dd(Kk),Y(KKk), Yy (KKk) ,Aa(Kk,Nn) ,A(Nn,KKk), B(NQJWUJC1_QLJDJN_JNnL,Xx(NQ)
, XXX (Nn),X (Nn)

)0 PRIRT USING 170_

00" PRINT LIN(3)

10 FOR I=1 TO Kk
120 DA (I)=I
L30 DISP "Y("'I’")"’ _ .

140" INPOT Y(I) T

150 PRINT USING 160;DA(I),Y(I)
160 ~'IMAGE 20X,bDD.DDD,5X,DDD.DDD
|70  IMAGE 24x,"x",9x "y

|80 NEXT I

190 INPUT "CORRECT OR NOT (1/-1)",Nnnn
00 IF Nnnn=-1 THEN 250

210 INPUT "CORRECT VARIABLE 4 ?" ,Nnnnn
20 DISP "Y(";Nnnnn;")";

230 INPOT Y(Nnnnn) o . ;
240 GOTO 190

50 L1ll=0 . ) o D
260 FOR I=1 TO Nn

270 DISP "X(";I;"™)";

- - - e e e —— - -— - npamdmn ——— e —— e an

280 INPUT X(I)
290 NEXT I

00 PRINTER IS 0

310 PRINT X(*);"INITIAL X";LIN(3)
120 INPUT " HO 2?",S

30 | INPUT "A 2",Ss .
40 DISP "WORKING!!!11"
350 PRINT "HO=";S __ . ___ _ _. S ; o
60 L1l=L11+1

70 IF L11>Kkk THEN 770 . — —

— —— - PR (USRS R

80 ! PRINT "HO —"-s "A=";Ss
90 Z(2)=1 . - . L e e e e e e
100 Z2(3)=1.59

110 2(4)=2.33 . o — -

20 %(5)=3.16
30 Su=0 - . e e e e e -
140 FOR Ii=1 TO Kk

50 H=DA(Ii) . .. . L o , - e
60 Yyy=0

70 Aa(Ii,3)=0._ ____. .
80 Aa(Ii,2)=0

90 Aa(1i,1)=0 _ _ . __ . .. e -
00 FOR N=2 TO 5

10 W=H-S—=(N=2)*X(3)_—




20
30

“2/(2(N)"2%X(2) "2+W"2) "3)_
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YYY=Yyy=4*X (1) *Z (N)*X (2)*W/ (2 (N) "2*X(2) "2+W"2) "2
Aa(T1,2)=Ra(11,2)-4*X (1)*2 (N)* (W/(Z (N) "2%X(2) "2+W 2) " 2=4%Z (N) "2*W*X (2,

>40 Aa(Il 3)“Aa(Il 3) 4*X (1) *Z (N)*X (2) * (- (N- 2) /(2 (N)" 2*X(2) "24W"2) "2+4* (N~ 2)*W

2/ (Z(N)"2%X(2)72+W"2)73) e e
550 Aa(Ii,l)=Aa(Ii,1l)-4*Z(N)*X(2)*W/(2Z(N)" 2*X(2) 24w 2) !
60 NEXT N_ — N . e mn et t msie n ae eemem ere Bn
570 Yy (Ii) Y(Il) Yyy Ty
80 Su=Su+Yy (ILi) "2 _ SO
590 NEXT Ii

00 MAT A=TRN(Aa) R S e

10 MAT B=A*Aa

20
30
40
50
60
70
80
90
7-00
'10
20
130
40
50
60
70

MAT Xxx=X

MAT C=A*Yy
MAT D=INV (B)

MAT Xx=D*C e e

FOR I=1 TO Nn

IF ABS(Xx(I))>Aaa THLEN 830Q__._ _ . . il b i o o e e+ e e e
NEXT I

MAT X=Xxx+Xx .
PRINT "LEAST SQUARE SUM=";SU .  _ _ o s - e e e -
PRINT X (*);"MAT -X(SOLUTION)"

PRINT LIN(2);"TOL=";Aaa,"# OF ITE =";L11,"% OF DATA-=";KK;LIN(3)e o — .
DISP "RUN WITH NEW DATA ? IF YES THEN PRESS CONT."

BLEP . L e

PAUSE

GOTO 250 el . . - .
PRINT "# OF ITER CXCELDLD (";Kkk; wym

PRINT “"LEAST SQUARE SUM=";Su . ._ N e e i - = s
DISP "RUN WITH NEW DATA ? IF YES THEN PRESS CONT. "

BLLP L . e
PAUSE

GOTO 250 L SOV
MAT Xxx=X

MAT X=XxXx+XX e . e e e e .
PRINT X (*);"MAT-X"

PRINT “"SU=";Su _ . e e e e e e e
FOR I=1 TO Nn '

IF ABS(X(I))>10"5 THEN 930 . ——— e e e
IF ABS(X(I))<10"(-5) THEN 930 :

NEXT I - o e e e e
! PRINT "ITER #";L11; X(*);"MAT —x"

GOTO 360 — e e o e e
PRINT " NUMBLR IS TOO LARGE OR T0O SMALL" ,

PRIWNT X(*);"MAT-X","LLL=";L11 - e e e e i e e e =
PRINT "LEAST SQUARE SUM=";Su

PRINT "RUN AGAIN WITH NLW X0 ?: PRLESS CONT." - T
BEEP

PAUSE . - e e e e
GOTO 250

END - o , : —
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