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Abstract

The previous degign.techniques for the lowpass recursive digital
filter[7,8,9] approximate the ideal group delay response only. The magnitude
response is therefore uncontrollable.- This thesis presents.-the design
techniques which take Both magnitude and group delay info consideration at
the same time. These incl;de (1) the desfgn of maximally flat group delay
recursive digital filter with adjustable magnitude response,: (ii) the

simultaneous maximally flat magnitude and group delay responses..
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1¢ REM PROGRAMME GENERATE COEFFICIENTS FOR " AN ALTERNATIVE SIMULTANEOUS MAXIMALLY.
15 REM FLAT APPROXIMATION FOR A LOW PASS RECURSIVE DIGITAL FILTER "

2¢ REM A(*) IS NUMERATOR.COEFFICIENTS

25 REM. B(*) IS DENOMINATOR COEFFICIENTS

3¢ OPTION BASE 1

35 DIM A(20),B(20)

40 INPUT M,N

45 PRINT "M=";M,"N="";N

5@ TP=5
60 Ml=1
70 N1=1
8¢ N2=N+1
g M2-+M+1

1¢¢ IF N>0 THEN 120
119 GOTO 15¢

12¢ FOR I=1 TO N
13¢  N1=N1*I

14¢ NEXT I

15¢ IF M>0 THEN 19¢
16¢ Bl=1

17¢ P=T@

18  GOTO 420
199 FOR‘L=1 TO M .
208 MI=M1*L

214 NEXT L

22¢ FOR K=1 TO M
23¢. © T=1

249  p=1

250 F=1

260 Q=1

27¢.. FOR I=1 TO M2
289  P=P*(T@-I+1)
290 IF M-K>=1 THEN 330
3909 F=F

314 Q=Q

326  GOTO 35¢

3390  F=F*(M-I+1)

340  Q=Q*(M-K-I+1)
35¢ _NEXT I’

36¢ Bl=F/Q

37¢ FOR L=1 TO N2
384  T=T*(T@+L-K~1)

39¢ NEXT L

400  A(K)=P*(=1)"(M-K)*B1/(M1*T)*N1
41§ NEXT K

42¢ T=1

43 FOR L=1 TO N2



440
45¢
469
4790
480
490
500
51¢
520
53¢
540
55@
560
57¢
580
599
600
61¢
626
630
640
650
669
670
680
699
700
710
72¢

T=T* (T@+L-1)

NEXT L
A(@)=N1*(-1)"M*P/(MI*T) |
IF N=0 THEN 65¢-

FOR L=1 TO N

Ql=1

Pl=l

Fl=1

FOR I=1 TO M2
P1=P1*(T@-I+1)/(TP+L+1-I)
NEXT I

FOR I=1 TO N2

IF N-L>=I: THEN 60¢

Fl=F1

Ql=Q1l

GOTO 628

Fl=F1*(N-I+1)

Ql=Q1l* (N-L-I+1)

‘NEXT I

B(L)=P1*(-1)"L*F1/Ql
NEXT L

B(0)=1

FOR J=0 TO M

PRINT IIA(II;J;|I)=";A(J).
NEXT J

FOR C=0 TO N

PRINT "B(";C;")=";B(C)
NEXT C

END
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19 OPTION BASE @

2¢ REM A MAXIMALLY FLAT GROUP DELAY LOW PASS RECURSIVE DIGITAL FILTER WITH
36 REM IMPROVED PASSBAND MAGNITUDE RESPONSE

4 REM B(*) IS THE COEFFICIENT FROM THIRAN'S PAPER

5@ REM A(*) IS THE COEFFICIENT OF MIRROR IMAGE POLYNOMIAL

60 DIM A(20),B(20)

7¢ PRINT "M= " : "N-"'-__" : "DELAY=__"

8¢ INPUT N1,N,T

9¢ PRINTER IS 16

16  PRINT "M=";M1,"N=";N,"DELAY=";T

116 M=M1/2

126 B(@)=1

139  FOR K=1 TO N
1490 Q=1

15¢ F=1

16¢ P=1

179  L=N+1

184 FOR I=1 TO L

19¢  P=P*(2*T4+K+I-1)

2¢¢  IF N-K>=1 THEN 240
21¢ F=F B
22¢ =Q

23  GOTO 260

248 F=F*(N-1+1)

250  Q=Q*(N-K-I+1)

260 NEXT I

27¢  B(K)=(~1)"K*P*F/Q
28¢-° PRINT. "B(";K;")=";B(K)

299  NEXT K

300 F2=¢

31¢ FOR L=0 TO N
320  Fl=1

330 FOR I=1 TO M

340  Fl=F1*(I+14T)* (I-L-T) / (I*I)
35¢ NEXT I

360 F2=F2+F1*B(L)

37¢  NEXT L

380  A(@)=F2

39¢ FOR K=1 TO M
4@  E3=0

419 FOR L=@ TO N
42¢ El=1

439 Ell=1

44  FOR I=0 TO K-1
45¢ E1=El*(I+L+I)*(T+L—I)



460
47¢
489
490
50¢
510
520
53¢
540
550
560
57¢
580
59¢
609
610
620
639
640

El11=E11*(K-I)*(K+I)
NEXT I

E2=]1

E22=1

FOR J=K+1 TO M

E2=E2% (J+L+4T) * (J-1L~T)
E22=E22%* (J-K) * (J+K)

NEXT J
E3=E3+E1*B(L)*E2/ (E11*E22)
NEXT L

AX)=E3

NEXT K

FOR N1=@ TO M

PRINT "A(";N1;")=";AN1)
NEXT N1

FOR N2=() TO N

PRINT "B(";N2;")=";B(N2)
NEXT N2

END
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10
20
3¢
49
50
69
65
79
8¢
90
190
110
120

13¢-

140

150 .

160
17¢

18¢

190

200
214

220

23¢9 -

240
250
260
279
280
299
3900
319
320
330
349
350
369
37¢
38¢
39¢
409
41¢
420
430
440
450
469
479
480
49¢

OPTION BASE 1

REM " A MAXIMALLY FLAT GROUP DELAY LOW PASS RECURSIVE DIGITAL FILTER WITH
REM IMPROVED PASSBAND .MAGNITUDE RESPONSE " "

REM Z(*) IS THE COEFFICIENT FROM THIRAN'S PAPER
REM B(*) IS THE COEFFICIENT OF IMAGE POLYNOMIAL
DIM C(20,20),B(20),F(300),G(20) ,H(20),Z(#:20),X(20)
T=1¢

N=10

M=8

Ml=14M/2

FOR K=1 TO N

Q=1

F=1

P=1

L=N+1

FOR I=1 TO L

P=P* (2*T+I~1) / (2*T+K+I-1)

IF N-K>=I THEN 21§

F=F

Q=Q

GOTO 230

F=F* (N-I+1)

Q=Q* (N-K~I+1)

NEXT I

Z(K)=(~1)"K*P*F/Q

NEXT K

z(P)=1

FOR I=¢ TO N

PRINT "z (";I;")=";Z(1)

NEXT I

JT3=T-M1/2

PRINT "M=';M,"N=";N,"DELAY=";T

FOR I=1 TO Ml

c(,n)=1

REDIM C(M1,M1)

NEXT L

FOR I=2 TO M1

FOR J=1 TO M1
C(T,J)=(J-1)" (2% (I-1))

REDIM C(M1,M1)

NEXT J

NEXT I

FOR I=1 TO M1

A=Q

FOR J=@ TO N
=A+(J+T) " (2% (I-1)) *Z(J)
NEXT J

B(I)=A

H(I)=A

REDIM B(M1),H(M1)



509
519
520
53¢
540
550
560
579
58¢
599
609
619
620
630
640
650
660
670
680

NEXT I

FOR I=1 TO Ml
FOR J=1 TO Ml
L5=M1*(I-1)+J
F(L5)=C(J,I)
NEXT J

NEXT I

CALL Simgq(F(*),B(*),M1,Ks)
MAT G=C*B
MAT X=H G
GOSUB Print
END

Print:

60

**%Yuqfu( Subroutine )wev IBM

PRINT "HERE IS THE SOLUTION";TAB(4@);"HERE IS THE ERROR"

FOR I=1 TO Ml

PRINT SPA(5);"B("&VALS(I)&") = "&VAL$(B(I));TAB(45);VALS$(X(I))

NEXT I
PRINT LIN(2)
RETURN
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An Alternative Simultaneous Maximally Flat
Approximation for a Low-Pass Recursive Digital Filter

P. THAJCHAYAPONG, F. CHEEVASUVIT, anp
P. KARNCHANAWADEE

Abstract—Digital filters with either maximally flat magnitude or max-
imaﬂy flat group delay are known [1]-[3]. This paper offers an
Manuscript received September 26, 1978.
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approach to the design of a recursive digital filter with simultaneous
approxnmzuon to both magnitude and phase Although the same
Taylor norm is used, this described technique is different from the pre-
vious approach [4] in the sense that it employs a power series expan-
sion around w = 0 in the z-plane. It gives an alternative insight into the
problem for the designers who are more familiar with the z-plane than
the Richards’ A-plane. The filter transfer functions are obtained ex-
plicitly in closed forms.

1. INTRODUCTION

Design techniques via Richards’ variables in the A-plane for a digital
filter with simultaneous flat magnitude and delay are known [4]. This
correspondence offers an alternative approach to obtain the closed
form transfer functions for the equal emphasis on flat magnitude and
delay. Although the same Taylor norm is used, the mathematical
procedure is rather different in the sense that it employs a power series
expansion around w = 0 directly in the z-plane. It gives an alternative
insight into the design techniques for the digital filter designers who
have not yet familiarized themselves with the Richards’ variables. 1t
may also be regarded as a Padé approximation of exp (-jwr) for
digital filters in comparison to the existing analog version [5].

1I. THEORY
Let
m
Z a,-z‘i

H@y = Lmn@D) i

=( » 1
Qm'n(z—l) ib.z_‘- m n) ( )
]

i=0

be the transfer function of a digital filter which is ideally required to
exhibit a unity magnitude and also a linear phase of slope r seconds.
This requirement is written mathematically as

H(Ez™) |z=exp (jw) = eXp (~jwr). 2)

The sampling period is understood to be normalized to unity. Expres-
sion (2) can now be written explicitly as

Za,cosxw ]Za,smxw

i=0 .
- = cos wr -/ sin wr °
> bjcosiw~f Z b sin iw
i=0 i=0
ie.,

m n

Z a; cos iw - z b cos (i + 7)w

i=0 i=0

m n

—j{ D ajsiniw - b;sin (i + r)w} =0 (3
i=0 i=0

from which the real paft and the imaginary part can be expanded into

power series as

m -1)F G2k = )i+ nw}

2 ar’[ > T —————}‘- =0

)

i=0 k=0 i=0 k=0 2k!
(4a)
and
mo [ e DFEw) !
Tal ) —————
=0 Lkmo k+1)! ‘
5 e et
—Z o w' =0. (4b)
= k,o 2k + 1)!

Without loss of generality, it is assumed that by = 1. Hence, for a
maximally flat approximation, the coefficients of w?, w!, w?, - -,

¥
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™ must be set Lo zero, ie.,

PROCEEDINGS OF THE IEEE, VOL. 67, NO. 3, MARCH 1979

(2) n-1 T T ¢ .
= (-1) [ [ [TITG+r-n

@
m>i>j>0 |

m n j=0 i=1
3 @%Fa -3 i+ b= (5a) i#1
i=0 i=1
and o [T e-»n
[H (T‘/)] n2i>j>1
m n J=0 ij
Z (’-)2k+|a‘_ _ Z G +.r)2k+lbi - 1'2’“[ (5b) -
=0 =0 [T ol [l <], wherei<icn ®
where k=0,1,2,--- (m+n-~1)/2. n>i>1 >j>1
Equations (5a) and (§b) may be written in a matrix form as . .
Using Cramer’s rule, a; and by can be written as
Ax=¢ ©) '0)
Ak
where ag=——
A
m+1 n
= s > 1 ¢-o [ - /)l"[(n
_ ceel >i>k k>j>o0
R I ! , 0<k<m (102
01 2wy e et B [ a-o[]e+r-0
A= 2 2, 2 v . 2 m+n+1 ! i- i+T-
A A
R : af?
g |Mtn mn pmen E (LA™ () b1=_.A_
= 4 m L
[«]] [Te-n [T @ [] &N
a, j=0 n»i>l  I>j>1
. = jon - - 1<i<n. (10b)
. [Te+r-pa-1 [] G-0
x=|lap||m+n+1 j=0 n>i>l
by After manipulating (10a) and (10b), the transfer function can be-
. written in a general form as
- o
_b"_ L 4 H(z-l) = M__Z
Q}n,n(z-') -
and
— TN A = (m‘ n) -
1
T — m-k - -
\ Z(D ()(H(r ) ﬂ(fﬂ k))
T _ k=0 i=0 i=0
: - n m m ’
c= m+n+1. Z 1" . ] 1
. (-1)()(]’[(1-0 I—[(T"'l—l))z
: i=o H\ =0 i=0
: (11)
L""”'L v which coincides with the previous result [4, eq. (10)].

A is recognized as a Vanderinonde matrix; hence, to determine
a;s and bjs, the following determinants (6, pp. 328-329] are defined.

= la}=(-1)" [m [1 —n] [ﬁ ﬁ(iﬂ-/)]

2i>j»0 j=0i=1

[ I1 (i-—i)] M
n>i>j»1

(‘)-(1)[ I I (i-f)]

[(]
m>i>j»0 mpi>k
Lj#k

15
k>j>0

n
-[H(o][ [1 (i—/')], where 0 <k <m  (8)
i=1 n»i>j»1

m n
[I[Te+r-n

jm=Q i=1
l/'-#k

[11. ConcLusiONs

A design technique-has beep described whereby a digital filter with
both magnitude and phase approximating the ideal low-pass character-
istics in a maximally flat sense can be obtained. The transfer function
of any order can be expressed explicitly in closed forms. The technique
is useful for the design of a low pass and also an all pass with constant
group delay. It may be regarded as a discrete version of a Padé approx-
imation of exp (~jwr) in comparison to the available analog design
technique [S].
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A Recursive Digital Filter with Simultaneous Maximally
Flat Magnitude and Group Delay at an Arbitrary-- —
Specified Frequency

P. THAJCHAYAPONG, P. KARNCHANAWADEE, AND
F. CHEEVASUVIT

Abstract—A design technique for a recursive digital filter with simuk
taneously maximally flat magnitude and group delay at an arbitrary
specified frequency is presented. It employs the power series expansion
to formulate 2 set of simultaneous linear equations which can be solved
with a standard computational algorithm.

I. INTRODUCTION

Design techniques for a low-pass recursive digital filter with maximally
flat group delay are known [1], [2]; however, due to the nonlinearity
in frequency transformations [3], a generalized design method 4] has
to be developed to obtain, for example, a bandpass filter with maxi-
mally flat group delay. The passband magnitude responses of these
bandpass filters, however, do not give a close approximation to the de-
sired unity magnitude. A design technique which yields a simultaneous
maximally flat approximation on both magnitude and group delay is
described.

II. DesiGN THEORY
Let

H(z) = Z

{=0

z; bz )

be the transfer function of a recursive digital filter whose complex fre-
quency response is required to approximate exp (-/ {ﬁo + (w - wyp) -r} ,
i.e., ideally

H(z) Iz=exp (jw) = €XP ('i{ﬁo +(w - wy) 1'} (2)

where wp = an arbitrary specified frequency in rad/s around which the
approximation is made, 8o = a prescribed phase at w = wqg, 7 =2 pre-

Manuscript received November 8, 1978; revised December 21, 1978.
The authors are with the Faculty of Engmeenng, King Mongkut s In-
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scribed group delay in seconds. The sampling period is understood to
be normalized to 1 5. Hence, from (2),

Ea,—coszw lza,smzw

=0

- - = cos (fg + (w-wp) 7)
D bycosiw =13 bisiniw
i=0 =0

-jsin(fo+(w-wo)) (3

or

i=0 =0

[Z a; cos iw ~ Z b; { cos iw cos (Bg + (w - wp) 1)

m
- sin fw sin (g + (W ~ wy) f)}] -j [‘Z a; sin fw
i=0

n
=Y b; {sin iw cos (o + (w - wo) 7)
i=0
+ cos fw sin (B + (W ~ wp) 1’)}] =0. “4)

Let x = w - wg. Then, after some manipulations, we can write the
real and imaginary parts of (4) separately in terms of the variable x as

m n"
- Y= a; (cos ix cos iwg - sin ix sin fw) ~ Y by

=0 =0

- {cos (i + 1) x cos (fwg + Po) - sin (G + 1) X sin (fwg +60) }=0 (52)

m n .
E ay (sin ix cos iwg + cos ix sinx'wo)—z {b,sin(i+-r)x
i=0 =0

- cos (fwg +Bo) + cos (i + ) X sin (fwg + o)} = 0. (5b)

By expanding into the power series in x, (5a) and (5b) become
DFan* 1Faxre!
wo 3

a; 4 cos fwy —m — §in {w
,‘:; '{ Z 24! S @k 1)

Kpps oy on2k
n 2 EDME+)x)
-2 bi{ms (Gwo + Bo) 2 eharnn ,f)

i=0 k=0 2k!

EDfa 0]
- sin (lh)o + ﬂo) kgo m—— =0 (63)
(—1)"(u)"‘+l (—1) (vc)”‘
): a {cosu.,o P z et

Dk + 1) x)?F
2k + 1)!

n
- Z b; {cos (iwo + Bo) Z

=0 k=0

2 2k
+ sin (iwg + Bo) Z 2 w—} =0. (6b)

Pard 2!

For a maximally flat approximation, it is necessary that the co-
efficients of x°, x!, x2 ... must vanish. Also without loss of gen-
erality, we may assume bo = 1. These lead to

i 2k : O : 2k : = 2Ié
a;()"" cos iwg — Z by(i +1)"" cos (fwg + Bo) = (1)°" cos fo
i=0 i=1

(7a)
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m 2k . . 1 T S 2k Although the elements in the last row of A are not expressed ex-
> a;(®*" sin iwo - 3" by + )" sin (iwg +Bo) = ()" sin o plicitly, they can always be generated, using (7a){7d) in accordance
i=0 i=1 with value of m and n, to give a square matrix of dimension
T (m+n+1)X (m+n+1). The last element of ¢ is also generated
() accordingly.
m n I11. NuMERICAL RESULTS
2k+1 - : 2k+1 : = ¢ 2k+1 0
2, @™ cosiwo 2 bili+ )" cos (iwo +ho) = (1)** c0sBo 1o demonstrate the design technique, some results are presented.
=0 i=1 . Fig. 1 illustrates the loss and group delay responses for the case of
(Te) wo = 0.5 n rad/s., o =Orad and r = 10 s. It can be seen that for m

m n k K+
3 ay@**! siniwo - 3 by + 7)1 sin (iwo + fo) = ()***'sin fo.
i=0 =1

" (1)

Now by lettingx=0,1,2,..., we may write a set of simultaneous
linear equations with the filter coefficients as the unknowns as

closer to n, the responses become smoother. Fig. 2, therefore, illustrates
the cases of n - m = 2. Also Fig. 3 shows the responses for various »

withm =4 andn =6.

IV. CONCLUDING REMARKS
A design technique which yields a recursive digital filter with a simul-
taneous maximally flat approximation on both magnitude and group
delay at any prescribed frequency has been described. It employs the
power series expansion to give a set of simultaneous linear equations,
which can be solved by a computational algorithm such as Gauss-

Ax=c (8) Jordan elimination. The responses show large deviation near the band-
where edges when the transfer function has the degree of numerator poly-
m+n+1

r1 coswp ¢co82wo - COS Mwq | — cos (wo *+Bo) ~ cos (2wg + Bo) .« o= o8 (nwo + Bo) H“
0 sinwg sin 2wo - sin mwg | - sin (wo + Bo) - sin Qwg + Bo) oo~ sin (nw + Bo)
0 cos wgy 2cos2wo -m cos mwqg |~ (1+7)cos (wo +Bo) ~(2+7)cos Qwg +Bp) -~ (n+T)cos(nwo + Bo)
0 sin wp 2sin2wq --msinmwg 1-(Q+7)sin(wo +60) -+ r)sin Qwg +80) -+ — (n+7)sin (nwo + fo)
0 coswe 22cos2wp ---m? cos mwg | = (1 +71)? cos (wo + Bo) ~(2+7)? cos (Qwo *+Bo) -~ (n+7)? cos (nwo +Po)

A= 0 sinwy 22%sin2wg - m? sin mwg | - (1 + 7)? sin (wo + Bo) ~ (24 7)2 sin Qwg + Bo) .« - = (n +1)? sin (nwo + Bo) m+n+

0 coswg 23 cos2wy -m3 cos mwq i — (1 +7)3 cos (wo.+ Bo) —(2+ )3 cos Qwo + o) -+ - (n+1)? cos (wo + Bo)
0 sinwg 23 sin 2wg - m3 sin mwq | - (1 +7)3 sin (wo + Bo) — 2 +7) sin Qwo +Bg) * -+~ (n+7) sin (1o + o)

5

m+n+l —
— - .
X= [aolll M 'ambl b2 ...bn]
m+n+1
€= - - -
[ cos Bo sin B T cos B T sin fo 2 cos B 72 sin Bo T3 cos fo T2 sin o - - ] 7+
ATTENUATION
mmsrmememme= GROUP DELAY e mtssms. - ATTENUATION ™
| ! - 45 mrwimnmmeree GROUP DETAY
f’l 'r! 15 _] 2,4) L 10
A 1L i
60 77T i
- AR 8
850 1 \‘\"a ‘::,‘ z
z \y vl = 1().( z‘IO e :
24 w 2 o
g % o
< s z
23 = w %
z g E ]
L'E « < g
- r S 5 4
<2
10 S —
™, €,8)
\\
ps ) o]
7 i \ i T (8,8) 0
* . T T ‘ -
0 0.5/ Vosm\ 4 o257 n 0 0.25T 05T 0.75T m
104 (2,8)_ " // \\ ““““ —y Fig. 2. Attenuation and group delay responses fort=10,and n—m = 2.
\\
HOY Iy ]
| nomial much lower than that of the denominator polynomial. However,

Fig. 1. Attenuation and group delay responses for =10, n= 8, and
m=0,1,..

they render the useful smooth responses when the degrees are closer.
Finally, it should be mentioned that although the case of symmetrical
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ATTENUATION
oo manei= GROUP DELAY
=40 ’;::0 L 20
20 1 Pl
|
g !
2 'Ii L 30
215 1 \ >
5 i 3
% \ a
> L
4 20
5 o
=10 - 3
> @
< S
L 10 .
5 -
0 0.75TT T

Fig. 3. Attenuation and group delay responses for 7= 10,20,30,40, i [
n=6,and m= 4. .

bandpasses are illustrated, the technique is applicable for the approxima-
tion around any frequency including the low pass and high pass.
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