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Abstract

, This thesis presents two algorithms for.the design of recursive .
digital filters . The first.algorithm is the .design.of maximally flat group.delay
with improved passband ‘magnitude -or_controllable. bandwidth.response « The ‘design

- can-bemade_at am-arbitrarily specified frequency- «.The.second one is..the: design.t.. . . =

of bandpass filter with_adjustable skirts by-using:fhe“squared magnitude q;ﬁiii CU‘*L“

ascbawnd ., ‘ *

-

maximally_flat-or.-equiripple a’?
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y@D) =2 a, x(aT-iT) (2-9),
i=Q .
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YZ) = X(Z) ¥ &, Z
F=Q
Yz)y _ . .~ _
Xz - E aiZ = H(Z}) ) <10}

=0
H(Z) fons1ud 1 #a s A aduaavIve 0 v wWasSrdauuunaniire i «

o.5.% WwuiilansdN(Recursive digital filter) ifiyrvainiavarwdnTransuausy

BuWadeifun (Impulse response infinite duration) ;ﬁhw;nq{[ﬂimﬂmmﬁtﬂﬂquiﬂ

A w.s
x(nT) ' ) » y (aT)
—— ‘Y‘ % /2\ " Y =

-1
z

z z'
|
H

J
-

o . B e T
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1 w.e ITNTOVANWRGIRRAUUYT LADSTN - fomroEroaetu cme

-

ammvafinransuevesuulugld o fo
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)

m ’ L
y@T) = T a,x@T~2T) - & B, y@T-iT) <11)
i= XL i:_l XL

0

¥Z B3 WENIUTINT (=95

: Y(Z) = X(2) T a z‘i-Y(z) If p, 21 )
j20 i M) et

o
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A+T b, 28Y@) = X@). & a,z"
L= i=0 *
™ -~ B
F a, Z
_____YCZ) = = i=0 i
x@ - - - - - - (2+12)
i+ ¥ b, Z ©
=1

L4 L d e 1 A - Ld
H(Z) Aansud 1da TMaduravivasnsavawiuuuiiae 39

-~ L] J - L4 - e A L4
FouANAINTavINRInsaNAlwifines gl ndhvazvewswdinesHvaduvavIines-

Wlumunas (w-ow)  TudaduvevTd&Tuidun (Rational function) n309310013 lT1UdUD

oo BeduS as Tauan sy nuasaaugniounduua e A MW v o v s s

AvasnTovA W iise wwuua v iivet Suay lum namfeidoyafivauauifunvna
ABUTUBINIVUAUA W DUAD Quns@sudiud (Order)1Fuaiu ﬁvasnsavﬂﬁﬁuﬁuuu%Lﬂaéﬁﬂﬂziﬁ-
ﬁhaaw(Cutoff)ﬂﬂﬂ%ﬂuuuuauﬁLﬂa§%w smrtunmansavnasinAneariau na 9 fMuuaauuuuau -
LAoTavaz Lfevdudulunisasteannan udﬁaﬂﬂﬁv1aﬁusnﬂw(Stability)wﬂwﬁvniuéa wuu-

upud Lrasdnaz 1alus (Stable) 1aue 51uuuu§tﬂa§ﬁﬂn:ﬁﬁadﬁhTwaCPole)wavm11u61wa{—

Handu

0.0 Qﬂsﬁnjsgﬂgaﬁuanw(S;abiliﬁyiE1,2,5,6]

PRI 3 S RS d -~ " ﬁ - g ™ M ~
e v - QNRTATONADUTEUNEENTIETYS ufin Insvawm s mEHa SN AT HB Y NauTauRN ¢ ke o

L) 1 " - - 1]
STUWS (S—plane) FIUINVINTONAL WG Ennaas1 afuhine 108 Inave v s wd i THATHDY
\
Qnvnauflidadivdundy (Unit circlelsvizuau Z(Z-plane) gwqqofigan todvan T0F

I

adnrag i x(nT) = { 9 n>0
n<2o
nhZ-nsuanasugavx (nT)
a s 3 R
X(z) = £ cz® = 1 (zH"
n=0 n=0 ( )

2 &t
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X(Z)azanav(Converge)ifs | cz ls 1

s

Farln X(@) = 1, Jeze1
l-2CZ
-1
F1sw1n |CZ | <1
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' jwT &

uaZ = e’ Foua L Tunthuas itgulsan0tv2T s1fiou saifuavasnsevanwd
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nivAoauinreyInaszaoyw T fiuntdy
inaal s

- L d % e A .
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Analog filtet to Digital filter)[1,2,6]

‘ I3 - \ t
Tun1992NAUUUANATA TONATIY ﬁﬁﬁﬂaau AWASY  DIDDNUUUNNDUIRDNNDUD 1SN

’

ad - ' >
nfalunsiiavasnsavarwiautaen lugdanisaanuuy Jaauifaseaivasnsavawifinas
- i

2 - - L0 o - Lol - o
doavnt  Aaawasoudavetniud e s Headuusvdutaen i ufinea s paun1T\0 Wi flus

w3 uaWesu (Bilinear Transform) wﬁhnﬁ1ﬁauwusﬁ5u%£% daumwdiusvavawid e
\ P
1 7
10 q szwiveutmaniufsnoafinlelay - o
m s = ij*~' (AnuﬂuﬁvauﬁaaQJ (2-13)
. N ijT - - . -
F = e  ~ (Dnunofvfifaea) (2-14)
, z- 1 ) P
WA = == |
S ZH1 (2-15)
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1 o reppyerg—

. o D axnH .
sinix = L —
k=0 QK+ 1)73
k . 2k
cosix = % () Gx)

k=0 ° 2K1

h.;o.b Tﬁﬁiutﬂuatéﬂ(Mirror Image Polynomiéis- lﬂﬁTﬂﬁIulﬂUﬂﬁﬂaNﬂﬁxﬂng
arunszan Leaflazveudviuuaziu FmAuavasnsavawifitneateulaTugTudust rdandegyga

whitaug  iwsnzazntnaneusueveyludnvnsaunns (Symmetry)

grrouy  TuaTuToauevivasfiSaoat Oy

H(Z) = aj+ alz"1 + azz'2 + _a3z"3 + a42_4 .
R ¢ o1 TR Tu sl iuwvuivrezlaan ¢ : ) Gond
H(Z) = a, + alZ_1 + aZZ_2 + a 1~ -3’»:!’- a‘(;z-4
» - = "2 [aoz +/;r:;1 +a,* az "Ly .30272] P T
= 772 tao(zz+z'2) + al(z‘1+z"1) + az_.,]
¢ - | uq z = ejmT
H(Z) = 2_2 [ 2a0c032wT + 2a1'cosz + az] w ]
£ S d; = a,, d~= 2a'l uasy dz- =2a, * . c P o :
\ . . - - - . .
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T :  g2vi2a1lun1suouddv (Sampling period) dwussuealagy
(Normalized) I Tuntlsui C e a3 R
3N (n-0) 2zla .
1] ? ) m
120 aic031m -3 iEO aiSLQlw )
- _ — = -gos(30+(m—mo)EQ—j51n(BO+(m—mo)T)
Ebﬁﬁicqgim;ﬁ¢3‘ iEO Bisinlm (3-3)
nia ,
%> n . .
1o apcosiv. - +Eo Bii,cosiw cos(80+(m—mo)r)r siniw sin(Bo+(wvm0)T}
3 m . . n— - - .
—J[igo a;siniw -~ i§0 bi{31n1mcos(60+(w—w0)t)+ LOSlmCOS(BO+(w-m0)T)}] =0
: (3-4)
T W ox = wiwoi nio w = xtu dﬂﬁavﬁuaunﬁs(n-}) uéﬁpﬁnﬁsuuné1uﬁtﬁuﬁi '
q%v(Realvpa;t)ﬁué1uﬁLﬁuéﬁﬁuﬂ;(Imagina;x:par;)aapaanﬁﬂ" . . xf. ; _ j

-

-

m . . " . . '
iioai(c051xc031w0 :.51n1x31n1m0) iEobif\cos(1+'r)xcos(1w0+60) .
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A m P . P n b { N ( "i'T) - ( i +é ) .
igomsi(31n1xc031wo + ccsix31n1wo) - iﬁoi’»Sln i xcos(iwyHB
+cos(i+T)xsin(iw0+BO)} = 0 (3-5b) .

r x -
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r N »
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rzn 2k+1 2k+1
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‘(A maximally;flat group delay recursive digital filter with improved passband

magnitude response)
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i=0
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. . n —i
L a,Z
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o lnussquanavnislszuna Svravatiuiam a, war b, eyl (e-a)uaz
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—-jL{ B (w-w, )T}
21N _— = e . 0 0
._:i . -

Ld L} -~ *
WnGL(m)LﬁuﬂqﬂuumnmﬂvﬂavLwawavLmanqﬂuua:wdﬁﬂaﬂavﬂnnﬁSﬁﬁvuu
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I a.sin(iw)
1 | i=0*
n
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- i=0 7

6, (W) -L{Bo+(mrw0)r} - tan (5-8) .

n

Z a.sin(iw)
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n3a GL(w)
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n o k,,. 2k n o, k 2
sin = . - i+L

bX a-Sin(LB‘O'*'imo) pX (1) { GHlo)x} + I a,cos (LBO+1wO) X (1) { (+L1)x}

i=0 1 k=0 2k! i=0 k=0 (2k+1)!
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o1 T 00 iy
kqzudsan 0,1,2...., S0 0 1 sunnsf (5-14a)uaz (5-14b)1TuuTugluun -~
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Aa = ¢
-y n-
- [
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sin (L30+m0) 51n(L30+2m0) . .sln(L30+nm0)
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— T
= [al,az,a3,a4,....., an]

n P

c = [—sin LBO, —(Lt)cos LBO, —(Lr)zsin LBO,—(LT)3cos LBO,.
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T Bi{i+(L—l)T} sin{(L—1)50+iw0} = ={({@-1)t} Sin(LTl)BO (5-15a)
i=0 .

o 2k+1 2kt
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i=0
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n
- : : % a, sin(iw)
. <1 i=0 *
Comanvepvine §w) = - {(w-m)T} ~tan - (6-3)
; % oa; cos(iw)
i=0
)
n
I a, sin(dw)
. ; 1=0 *
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REM : PROGRAM GENERATE MATRIX & SOLVED COEFFICIENT OF " A RECURSIVE
REM : DIGITAL FILTER WITH SIMULTANEOUS MAXIMALLY FLAT MAGNITUDE AND
REM : GROUP DELAY AT AN ARBITRARY SPECIFIED FREQUENCY"

REM : BY GAUSS ELIMINATION METHOD (SUBROUTINE.Simq)

REM : M=ORDER OF NUMERATOR .
REM : N=ORDER OF DENOMINATOR

REM : Td=A PRESCRIBED GROUP DELAY IN SECONDS

REM : W@=A SPECIFIED FREQUENCY IN RADIAN PER SECOND

REM : B@=A PRESCRIBED PHASE IN RADIAN AT W=W0

REM : N(*)=COEFFICIENT OF NUMERATOR

REM : D(*)=COEFFICIENT OF DENOMINATOR

OPTION BASE 1

DIM A(20,20),C(20),F(400),G(20),H(20),X(20),R(0: 20) Im(0:20),Real (20),Imag(20)
PRINTER IS 16 .

M=5 -

M=6 '
Wo=.5*PI

Td=1

BO=0

PRINT "M=";M,"N=";N, "GROUP DELAY="';Td

N1=M+N+1

A(l,1)=1

FOR I=2 TO N1

A(I,1)=0

REDIM A(NI,N1)

NEXT I

K=5

J=1

FOR I=1 TQ M

A(J,+1)=I"K*CO0S (I*W0)

REDIM A(N1,N1)

NEXT I

FOR I=M+1 TO N1-1

I1=I-M.

A(J, T+1)=-(11+Td) "K*COS (I1*Wd+B@)

REDIM A(N1,N1) .

NEXT I :

C(J)=Td"K*COS (B®) )
H(J)=C(J)

REDIM C(N1),H(N1) .

IF J>N1 THEN 570

J=J+1

FOR I=1 TO M

AJ,I+1)= I“K*SIN(I*WO)

REDIM A(N1,N1)

NEXT I

FOR IHM+1 TO N1-1

I1=I-M

AQd, I+l)——(Il+Td)“K*SIN(Il*W0+BG)
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480 REDIM A(N1,N1)
499 NEXT I

500 C(J)=Td"K*SIN(BO)
510 HJI)=C(J)

520 REDIM C(N1),H(N1)
530 IF J>=Nl1 THEN 570

540  J=J+1
550 K=K+l
560 GOTO 280 .

570 FOR I=1 TO N1

580 FOR J=1 TO NI

590  L5=N1*(I-1)+J

600 F(L5)=A(J,I)

610  NEXT J.

620 NEXT T - .

630  CALL Simq(F(*),C(*),N1,Ks) Huiu(Subrouti
620 AT GoAXG (Sugin(Subroutine) way IBM)
650 MAT X=H-G'

690 GOSUB Printn

700 R(N)=1 :

710 FOR J=1 TO N

720  R(N-J)=CQHJ+1)

730  NEXT J

731 FOR J=0 TO N

732 PRINT "R(";J;™M)=";R(J)

733  NEXT J )

740 MAT Im=ZER

750 Itmax=100

760 Tolf=.0000001

770  Tola=.0000001 )

780  CALL Siljak(N,R(*),Im(*),Tola,Tolf,Itmax,Real(*},mag(¥)]  (#igffuyoy-HP<45)
790  PRINT " SOLVE ROOT OF DENGMINATOR OF TRANSFER FUNCTION" -
800 PRINT " BY SET OF Z"(+) POLYNOMIAL"

810 PRINT " SYSTEM WILL STABLE WHEN Mag LESS THAN 1 "

820 FOR J=1 TO N

830 Mag=Real (J)#Real(J)+Imaag(J)*Imag(J)

840 Mag=SQR(Mag) -

850 PRINT "Real=":Real(J);TAB(25);"Imag=";Imag(J];TAB(@); Mag=";Mag
860  NEXT J

940  STOP

950  END -

960 Printn: ! .

970  PRINT “M=";M;"GROUP DELAY=";Td; "BETA=";B;"W0z!';W0;"K=""; Tk

980 PRINT "HERE IS THE SOLUTION";TAB(40);"HFRE L§ THE ERROR™

999 FOR I=1 TO M+l B

1000 PRINT SPA(5);"N("&VALS(T—1)&") = "&¥al$(C(T1)5TAB(45) sVALS X (X1Y
1010 NEXT L o ]

1060 FOR I=M+2 TO N1 . ;

1070 PRINT SPA(5);"D("&VALS(T-M=1)&M) = "&YAL$(C(L)]);TAB(45)5VALS X(I1)
1080 NEXT .I

1090 RETURN
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W = A SPECIFIED FREQUENCY IN RADIAN PER SECOND

OPTléN BASE 1
DIM G(15,15),B(15),F(208),G(15) ,H(15),X(15),A1(15,15),B1(15),F1(15),61(15),
H1(15),X1(15)" . ‘

Ml=4

M=M1/2+1

N=6

Z1=M/2

22=71

INTEGER Z2

IF z1-Z2-¢ THEN 210
Mn=M+1

GOTO 229

Mn=M
T=1¢

W=PI/2

FOR K+1 TO N STEP 2

FOR I=1 TO N
C(K,I)=(I+T) " (K-1)*SIN(I*W)
REDIM C(N,N)

NEXT 1

B(K)=0

H(K)=B (K)

REDIM B(N),H(N)

NEXT K

FOR K1=2 TO N STEP 2

FOR Il=1 TO N .
C(K1,I1)=(T1+T)"(K1-1)*COS (I1*W)
REDIM C(N,N)

NEXT Il .
B(K1)=-T"(K1-1)

H(K1)=B (K1)

REDIM B(N),H(N)

NEXT K1

PRINT "N=";N, "DELAY=";T,'M1=!';Ml
FOR I=1 TO N

FOR J=1 TO N

L5=N*(I-1)+J

F(L5)=C(J,I)

NEXT J

NEXT I’

CALL Simq(F(*),B(*),N,Ks)
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. PROGRAM GENERATE MATRIX & SOLVE COEFFICIENT OF " A MAXIMALLY FLAT
. GROUP DELAY RECURSIVE DIGITAL FILTER WITH IMPROVE PASSBAND
: MAGNITUDE RESPONSE "

¢ M1 = ORDER OF NUMERATOR .
: N = ORDER OF DENOMINATOR

: B(*) = COEFFICIENT OF NUMERATOR

: B1(*) = COEFFICIENT OF DENOMINATOR

: T = GROUP DELAY

REM :



500
51¢
520
53¢
540
550

560-

579
580
590
609
616
620
630
640
650
660
679
680
69¢
700
719
720
730
740
750
760
77¢
780
790
8¢9
819
82¢
83¢
840
85¢
869
87¢
88¢p
89¢
9¢¢
910
920
93¢
940
950

MAT G=C*B

MAT X=H-G

GOSUB Print

A1(1,1)=1 /
REDIM Al(M,M)

FOR I=2 TO M

A1(T,1)=0

REDIM Al(M,M)

NEXT I

FOR K4=1 TO Mn STEP 2

B4=0

FOR L4=1 TO N

B4=B4-+ (L4+T) » (k4—1) #COS (LA* *B(L4)
NEXT L&

FOR I4=2 TOM

A1 (K4, Th)=(T4-1) * (K4—1) *COS ((L4=1) ¥
REDIM Al(QM,M)

NEXT I4 .

B1(K4)=T" (K4-1)+B4)

H1 (K4)=B1(K4)

REDIM B1(QM),HL1()

NEXT K& ' '

FOR K5=2 TO-M STEP 2

B5=@

FOR L5=1 TO.N

B5=B5+(L5+T)~ (K5-1) *SIN (L5*Q*B(1.5)
NEXT L5

FOR I5=2 TO'M

Al (K5,T5)=(L5-1) " (K5-1) *SIN*I5=l1 Y*Y
REDIM Al(M,M)

NEXT I5

B1(K5)=B5

H1(K5)=B5

REDIM B1(M),H1Q1)

NEXT K5

FOR I6=1 TO M

FOR J6=1 TO M

L6=M* (16~1)+J6

F1(L6)=A1(J6,16)

NEXT J6

NEXT 16 7

CALL Simq (F1(*),B1(*);M,Ks)

MAT Gl=A1%*B1l

MAT X1=H1=G1

GOSUB Printl

END '

o
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: PROGRAM GENERATE MATRIX & SOLVED COEFFICIENT OF MAXIMALLY FLAT
: GROUP DELAY WITH ADJUSTABLE MAGNITUDE AND CHE€K STABILITY

: BY GAUSS ELIMINATION METHOD (SUBROUTINE Simq)
: M=ORDER OF NUMERATOR

: N=ORDER OF DENOMINATOR

: Td=A PRESCRIBED GROUP DELAY IN SECONDS

+ W@=A SPECIFIED FREQUENCY IN RADIAN PER SECOND
: B=A PRESCRIBED PHASE IN RADIAN AT W=W{

: Kk=ADJUST MAGNITUDE NUMBER

: D(*)=COEFFICIENT OF NUMERATOR

N (*)=COEFFICIENT OF DENOMINATOR. .

OPTION BASE 1
DIM A(15,15),C(15),F(209),G(15),H(15),X(15),R(P:15),Im(P:15),Real(15),Imag(1l5)
PRINTER IS 16

M=10
N=1¢

Index=1

Td=1¢
-Kk=.125
Tk=Kk

T=Tk*Td

B=@
P=0@
K=1

Wp=.5*%P1

FOR I=1 TO M

A(K,I)=*I+T) "P*SIN(B+I*WQ)
REDIM A(M,M)

NEXT I

C(K)=-T*P*SIN(B)

‘IF K=M THEN 43¢
K=K+1
P=P+1

FOR 1=1 TO M
A(K,L)=(L+T) "P*COS (B+W®)
REDIM A(M,M)

NEXT L

C(K)=-T"P*COS (B)

IF K=M THEN 43¢

P=P+1
K=K+1

GOTO 269

FOR K=1 TO M
H(K)=C(K)
REDIM C(M),H(M)
NEXT K

FOR I=1 TO M
FOR J=1 TO M
L5=M*(I-1)+J
F(L5)=A(J,I)
NEXT J

£
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720
739
749
759
760
779
780
799
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NEXT I

CALL Simq(F(*),C(*),M,Ks)

MAT G=A*C

MAT X=H-G

IF Index=2 THEN 720

GOSUB Printn

E(N)=1

FOR J=1 TO N

R(N-J)=C(J)

NEXT J

MAT Im=ZER

Itmax=10@

Tolf=.p00@p01 *
Tola=.pp@ppRl -

CALL Siljak(N,R(#),Im(#),Tola,Tolf,Itmax,Real(?),Emag(#))
PRINT "' SOLVE ROOT OF DENOMINATOR OF TRANSFER FUNCTION"
PRINT " BY SET OF Z°(#) POLYNOMTAL"

PRINT " SYSTEM WILL STABLE WHEN Mag LESS THAN i

FOR J=1 TO N

Mag=Real(J)+Imag(J)*Imag(J)

Mag=SQR(mag)

PRINT "Rea1=";Rea1(J);TAB(ZS);"rmag=";rmag(J);TABC5¢);“Mag=";Mag
NEXT J

GOTO 739

GOSUB Printd

Index=Index+l

Kk=Kk-1

IF Index>2 THEN 78§

M=N

GOTO 209

STOP

END
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OPTION BASE 1

DIM A(20)

INPUT N,T

PRINTER IS 16

PRINT "“N=";N,'DELAY=";T
FOR K=1 TO N

Q=1

F=1

P=1

L=N+1

FOR I=1 TO L
P=P*(2*T+I-1)/ (2*T+K+I-1)
IF N-K>=I THEN 169

F=F

Q=Q

GOTO 186

F=F*(N-I+1)

Q=Q* (N-K-I+1) \
NEXT 1

A(K)=P*F/Q

PRINT "B(";K;")=";A(K)
NEXT K

END

5 s
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OPTION BASE 1

DIM A(20)

PRINTER IS 16

INPUT ‘Nn, T

PRINT “ORDER=";Nn,"GROUP DELAY='";T
N=Nn/2

FOR K=1 TO N

Q=1 ..

P=1

F=1

L=N+1

FOR I=1 TO L -
P=P*(T+I-1)/ (T+I+K-1)
IF N-K>=I THEN 180
=F
GOTO 200 .
F=F*(N-I+1)
Q=Q* (N-K-I+1)
NEXT 1
A(K)=P*(-1)"K*F/Q
PRINT "A(";2*K;")=";A(K)
NEXT K
END

70
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OPTION BASE !

PRINTER IS 16

PRINT "SOLVE FOR COS" (2P)*SIN"(2Q)"
P=10¢

N=6

Wpl=3@*P1/189

Wp2=80*P1/180

Q=12-P

Alpha=3

A=Alpha/10

Al=10"A-1

P1=P/N

Q1=Q/N.

Ea=(COS (Wp2/2)/€0S (Wpl/2))"P1
Eb=(SIN(Wp2/2)/SIN(Wpl1l/2))"Ql
E=Ea*Eb

E1=SQR((E*SIN(Wp1/2)*SIN(Wp1/2)+SIN(Wp2/2)*SIN(WpZ/Z))/(L+E))

E2=ASN(E1)
WP=2*E2

A2=1

FOR I=1 TO N

A2=A2*(SIN(Wp1/2)*SIN(Wpl/Z)—SIN(Wﬁ/Z)*S;N(Wﬂ/Z))“2

NEXT I

IF P>§ THEN 219

A3=1

GOTO 241

A3=1

FOR J=1 TO P

A3=A3%C0S (Wpl/2)*COS (Wp1/2)
NEXT J

IF Q>¢ THEN 244

A4=1

GOTO 259

A4=1

FOR K=1 TOQ - -~
AL=A4*SIN(Wpl/2) *SIN(Wpl/2)
NEXT K

C=A1%A3*A4/A2

PRINT "Wp1=";Wp1l;TAB(20);"Wp2="";Wp2;TAB(55);"P=";P; TAB(64);"Q="3Q
PRINT "W¢=";W¢;TAB(25);"C“2=";C;TAB(6¢);"N=";N

W=Wpl
B1=1
FOR I=1 TO N

B1=B1* (SIN(W/2)*SIN(W/2)-SIN(WB/2) *SIN(WpP/2))"2

NEXT I

B2=1

IF P>@ THEN 399

GOTO 411

FOR J1=1 TO P
B2=B2*CO0S (W/2) *COS (W/2)
NEXT J1

71
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411 B3=1

412 IF Q>@ THEN 414
413  GOTO 42¢

414 FOR Ll=1 TO Q .

415 B3=B3*SIN(W/2)*SIN(W/2)

416  NEXT L1

429  F=C*B1/(B2*B3)

439  H=1+F )

449 G=C}((SIN(Wp1/2)*SIN(Wpl/Z)—SIN(W¢/2)*SIN(W¢/2))”(2*N)/(COS(Wp1/2)”(2*P)*
SIN(Wpl/2)~(2%Q))) '
45¢  Mag= 10*LGT(H)

460  Z=10*LGT(1+G)

479 PRINT "MAG Wpl=";Z;TAB(30);"MAG Wp2=";Mag,
484 END .
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OPTION BASE 1
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DIM A(20),A1(20),B(20),X(20),Y(20),Z(25),Rcoef (#:20) ,Icoef (#:20),Rroot (20)
Iroot(20),C(30),21(25),D1(@:20),D2(@:2p)

DIM R1(20),R2(20),11(20),12(20),R4(P:2),R5(2),T4(F:2),15(2)

DIM No(2@),Ne (28) ,Do(28),De(20)

FOR L9=@ TO 12

P=L9

Q=12-19

PRINTER IS §

PRINT "p=" ;P . nQ=n ;Q

PRINTER IS 16

RAD

T1=TAN(15*PI/180)

T2=TAN(40*PI/180)

K5=T2/Ti

PRINT "K5=";K5

K6=1

CALL Coef (K5,P,A(*),A1(%*),B(*))

FOR I=1 TO P+1

PRINT "B(";TI;")=";B(I)

NEXT I

PRINT " . "
CALL Coef(K6,Q,A(*),Al1(*),C(*))

FOR I=1 TO Q+1

PRINT “C(";I;")=";C(I)

NEXT I

PRINT " i . 1"t
P4=P+1

Q4=Q+1 ,

CALL Mul(P4,Q4,B(*),C(*),Z2(%))

PRIN n ) A
L=P+Q+1 i

FOR I=1 TO L STEP 2

D1(I-1)=2(I)

NEXT I

FOR I=2 TO L STEP 2

D1(I-1)=-Z(I)

NEXT I

FOR I=1 TO L STEP 2

D2 (I-1)=2(I)*SQR(15".3)

NEXT I

FOR I=2 TO L STEP 2

D2(I-1)=-Z(I)

NEXT I

L5=L-1

FOR I=f TO L5

PRINT “D1(";I;")=";D1(I);TAB(30),"D2(";I;")=";D2(1)
NEXT I

PRINT " "
FOR I5=@ TO L5




579
589
679
680
699
790
719

720

730
749
750
760
779
780
781
790
800
81¢
829
83¢
840
850
860
87¢
880
881
882
883
890
90¢
91¢
911
912
920

Icoef(I5)=0 '
NEXT 15
Itmax=700
Tola=.0@0@d@1
Tolf=.00@¢P@1

CALL Siljak(LS5,D2(*),Icoef (*),Tola,Tolf,Itmax,R2(*),12(*)

FOR I=1 TO L5

FRINT “R2(;I;™)=";R2(I);TAB(3@);"I2(";T;")=";12(1)
NEXT I

PRINT "

L\

FOR I=1 TO L5

Itmax=70¢

Tola=.(0@@@@1

Tolf=.p@¢000d1

PRINTER IS @

T3=T1*T1

T4=T2*T2
R4(¢)=—1—T4(1+T3)*(R2(I)—IZ(I)*IZ(I})
T4(P)=2%(1+T3)*R2 (1) *T2 (1)
R4(l)=2*(er4+C—I+T3)*(R2(I)*RZ(I)—IZ(I)*IZ(I))
I4(l)=4*R2CI)*IZ(I)*(—1+T3)

R4 (2)=R4&(8)

T4(2)=14(9) ,

CALL Siljak(Z,R4(*),I4(*),Tola,Tolf,Itmax,RS(?),IS(?))

FOR J=1 TO 2
A(J)=ATN(15(3)/R5(]))
Al=SQR§R5(J)*R5(J)+I5(J)*I5(J))
IF Al>1 THEN 9¢¢

74

PRINT "R5(ﬂ;J;")=";R5(J);TA3(25);"ISCF;J:")=";It(J){iAB(5¢);"AA(P;J;")=";A(J)

NEXT J

NEXT T
PRINTER IS 16
NEXT L9

END
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A Recursive Digital Filter with Simultaneous Maximally
Flat Magnitude and Group Delay at an Arbitrary
Specified Frequency

P. THAJCHAYAPONG, P. KARNCHANAWADEE, AND
F. CHEEVASUVIT

Abstract—A design technique for a recursive digital filter with simul-
taneously maximally flat magnitude and group delay at an arbitrary
specified frequency is presented. It employs the power series expansion
to formulate a set of simultaneous linear equations which can be solved
with a standard computational algorithm.

I. INTRODUCTION

Design techniques for a low-pass recursive digital filter with maximally
flat group delay are known [1], [2] ; however, due to the nonlinearity
in frequency transformations [3], a generalized design method [4] has
to be developed to obtain, for example, a bandpass filter with maxi-
mally flat group delay. The passband magnitude responses of these
bandpass filters, however, do not give a close approximation to the de-
sired unity magnitude. A design technique.which yields a simultaneous
maximally flat approximation on both magnitude and group delay is
described. )

_I1. DesiGN THEORY
Let

* ’ m . /n A
HD) =Y a2y b;z™ (y
i=0 =0 -

be the transfex: function of a recursive digital filter whose complex fre-
quency response is required to-approximate exp (—i{Bo + (w-wo) 7]},
ie., ideally

H) ;= exp (jo) = %P (- {Bo + (w0 = wo) 7} 2

where wp = an arbitrary specified frequency in rad/s around which the
approximation is made, fo =2 prescribed phase at w = wq, 7=2 pre-

Manuscript received November 8, 1978; revised December 21, 1978.
The authors are with the Faculty of Engineering, King Mongkut’s In-

§It‘tlxm'1te :f Technology, Ladkrabang Campus, Ladkrabang, Bangkok,
ailand. ~
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scribed group delay in seconds. The sampling period is understood to
. be normalized to'l s. Hence, from (2),

m m
Z aiéésiw—jz a; sin iw
i=0 i=0

= cos (Bo + (w - we) 7)

n n
3. bicosiw=j Y bysiniw
i=0

/ i=0
—jsin(Bo + (w-wo)7) (3)

or

m n
[Z a; cos iw - Z bi{cos jw cos (Bg + (w ~ wo) T)

=0 =0
m
_siniwsin (fo + (w - wo) D} [ -7 | 2 aisiniw
=0 7
n
=3 b; {sin i cos (Bo + (w ~ wo) )
=0
+ cos iw sin (Bp + (w = wo) -r,)}] = 0. ) “)

Let x'= w — wg. Then, after some manipulations, we can write the
real and imaginary parts of (4) separately in terms of the variable x as

m n
Z a; (cos ix cos iwg ~ sin ix sin fwg) — Z b;
i=0 =0

- {cos (i + 7) x cos (iwg + o) - sin (i + 7) x sin (iwo +80)}=0 (S2)

m n
Z a; (sin ix cos iwg + cos ix sin fwg) - Z {b;sin G+ 1) x
i=0 i=0

- cos (fwg + o) + cos (i + 7) x sin (iwg + Bo)}=0. (5b)

By expanding into the power series in x, (5a) and (Sb) become

= kix)2k k. 2Kk+1
m -1 - (]
B o {eonion Ty smico g o |
i=0 k=0 2k! (2 + 1)

k=0
= Dk + 0
2k!

n

- Z b; { cos (fwg + Bo)
i=

0

k=0

. Kyo: 2k+1
o e -DNE+ T X)T -
- + DA,
sin (fwg + 8o) ,é) Qk+1)! } _

m { ' B At - (-1)k(ix)2k}
Z a; {cosiwg L +siniwg Z il
i=0 ko (@k+Di ko 2!

s . & @R+ 0P
_Z b; { cos (iwg + Po) Z —-__—_——_(Zk+l)!

i=0 =0

=0 (6a)

{

= (—U"((iﬂ)x)”‘}
———r =0. (6b)

+sin (iwg + o) 2 ~ '
pard 2k!

For a maximally flat approximation, it is- necessary that the co-
efficients of x°, x!, x2 ... must vanish. Also without loss’of gen-
erality, we may assume bg = 1. These lead to

o k < 2k 2k
Z a,-(l’)2 cos fwg - Z b;li + 1) cos (fwg + Bo) = ()" cosPo
i=0 i=1

(7a)

0018-9219/79/0500-0871$00.75 © 1979 IEEE
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m n
3 a0 siniwg - Y bili+ 72 sin (iwg + o) = )X sin o
i=0 i=1

(1)

m n ’ ,
3 a;()** cosiwg = Y byl + NI cos (iwo +Ho) = (1) 2**! cos Bo

i=0 i=1

L |
Do 2= v,
2o, 2
PROCEEDINGS OF THE IEEE, VOL. 67, NO. 5, MAY 1979

Although the elements in the last row of A are not express’éd ex-
plicitly, they can always be generated, using (72)(7d) in accordance
with value of m and n, to give a square matrix of dimension
(m+n+1)X(m+tn+t 1). The last element of ¢ is also generated
accordingly. !

111. NumMeRICAL RESULTS

To demonstrate the design technique, some results are presented.
Fig. 1 illustrates the loss and group delay responses for the case of
wg = 0.5 wrad/s., Bo = 0 rad and r = 10's. It can be seen that for m

. Tc
(7e) closer ton, the responses become smoother. Fig. 2, therefore, illustrates
m . n . . - the cases of n — m = 2. Also Fig. 3 shows the responses for various
Y 2@ sin iwo ~ Y bili+ 2% sin (g + Bo) = (1)?¥singo.  withm =4 andn =6.
= =1 1V. CONCLUDING REMARKS
(7d) A design technique which yields a recursive digital filter with a simul-
) taneous maximally flat approximation on both Magnitude and group
Now by lettingk=0,1,2,..., we may write a set of simultaneous delay at any prescribed frequency has been described.. It employs the
linear equations with the filter'coefficients as the unknowns as power series expansion to give a set of simultaneous lineay equations,
which can be solved by a computational algorithm such as Gauss-
Ax=c¢ (8) Jordan elimination. The responses show large deviation near the band-
edges when the transfer function has the degree of numerator poly-
where \ .
m+n+1 ’
1 cos wg cos2wo ~+ - COS Mwgq l': cos (wo + o) - cos (2wg + Bo) - = cos (nwg + Bo) T‘
0 sin wg- sin 2wg - -~ sin mwg { = sin (wg + Bo) - sin 2w + Bo) -+~ —sin (Mw +Bo)
0 coswg 2cos2wqg - °mcosmwg [ - (1+7)cos(wo +Bg) -—(2+T)cos Quwg +8) ----(@*T7)cos (nwo + Bo)
0 sinwg 2sin 2w -+emsin mwg. |- (1 +7)sin (wo +B0) - (2 + 1) sin Qwg *+ Bo) - = (n +.7) sin (nwg + fo)
0 coswg 2%cos2wg ---m?cosmuwol-(1+ )2 cos (wo +Bo) — (2 +7)% cos Quwo +ho) - (n + 1)? cos (nwq + Po)
A= 0 sin wq_ 22 sin 2wy ---mzsinmwo|—(1+-r)zsin(wo+ﬁo) —~ (2 +17)? sin 2wg *+ Bo) <o~ (n+1)2sin (nwg + o) || m+n+l
0 coswg 23 cos2wqg ---m>cosmwol -1+ )3 cos (wg + Bo) —(2+7)3 cos Qo *ho) -1 ¥ 1)} cos (nwo + Bg)
0 sinwo 23sin2wg ---m’ sinmwo [ = (1 +7)? sin (wo + Bg) - (2+7)? sin (2wo + Bo) <eez (n+71)3 sin (nwo + o)
L - : . ' i . N
' ‘ m+n+l
X=[ﬂod1"'ﬂmblb2...ban ,
m+n+l -

Y

€=

[ cos fo sin Bo T cOs fo rsin Bg T2 cos o 72 sin Bg 73 cos Bo 3 sinfg - - -]
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Fig. 2. Attenuation and group delay responses forr=10,and n-m=2.

nomial much lower than that of the denominator polynomial. However;
they render the useful smooth responses when the degrees are closer.
Finally, it should be mentioned that although the case of symmetrical
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‘Fig. 3.. Attenuation and group delay responses for 7= 10,20,30,40,
n=6,and m= 4. !
bandpasses are illustrated, the technique is applicable for the approxima- -
tion around any frequency including the low pass and high pass.
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A Maximally Flat Group Delay Recursive Digital Filter
with Improved Passband Magnitude Response -

) 'P.ATHAJCHAYAPONG AND F. CHEEVASUVIT

Abstract—A technique is proposed for the design of a recursive digjtal
filter with maximally flat responses in.both magnitude and group delay.
In comparison to the previous designs [L]-13], the magnitude and
group delay always show smooth responses no matter what the difference

. is in the polynomial degrees of the numerator and denominator.

K andﬁ

s

INTRODUCTION

The simuitaneous maximally flat approximation for. a low-pass of
"bandpass recursive digital filter renders smocth magnitude and group de-
lay responses only when the degrees of the numerator and denominator
polynomials are close to each other.{1]-(3]. Otherwise, the responses
show deviations near the bandedges.” A technique. described in this
correspondence is to avoid such difficulties. It starts with an all-pole
tyansfer function with maximally flat group delay of Thiran. (41,
Fettweis (5], or one of authors (6]. The passband magnitude response
is then  improved in the maximally flat sense by including. a proper
mirror image potynomial. Ih this way, both magnitude and group delay

responses show smooth characteristics for any degree of the numerator |

polynomial.

oo * DESIGN PROCEDURE .
Let an all-pole ‘recursive digital filter approximating a group delay

ofrsina inaximally flat sense [6] be .

n .
@)= 1/ > bz m

i=0

To improve. the magnitude response, We add 'a mirror image poly-
nomial to the nurerator of H(Z) as .

. .om . f.n . mf2 n
HZY= Y. &2 2 pz =z i d; costw Spzt @
. ' =0 i=0 i=0 i=0

.

where
'dy = @inj2, di = Bm2-17 Q2 +i

D N

* m is an even number.

The coefficients ¢;'s are to determined such that A(Z) approximat,es'-
exp==i{ﬁo +(w- wo)-r} more closely. The parameters Bo and wg are
the same as those defined in-(3] and (6]: As Z~mI2 implies a delay
of m/2 s, it can be, jgnored from the approximation procedure. Hence,
we can write the approximation requirement as

LT mp ‘no B .
[ Z d; cosiw Z A =,exp—1{ﬁo+(w-w0)r.} -
i=0 i=0 Z=exp jw

‘ot

. . m/z n . ¢ ¢ .
P Z djcosiw= Zb,-cos {ﬁo+(w‘wo)r+iw}
e i=o ) '
1' . .
< .
=i Y bysin{go * (W= wor +iw}. @)
< (e T . =0 .

-
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It'is t{\erefo.re required that

and

"Equation (5b) has already been solved when ;s a

i=0

o )
> bisin {Bo + (w —wo)r-* iw}=0 : (5Y)

mf2 - A "
. i d; cos iw — Zb,-cos{ﬁo +(w ~ wo)7

i=0

i=0 .

Hence, we are left with (5a) to be solved for dj's.
Let X = w — wg, We can write (5(a) as

mf2.

i=0

Z di {COS LF

i=0

+

i

}=0  Ga)

re determined [6].

L. . n ’ .
cos iwgp — sin ix sin fwg } ~ Z b; {cos (8o +iwp)-

“cos (i +7)x - sin (fo + iwq) sin(( +T)x}=0  (6)

Using a similar argument as in [6] that for a maximally flat approx-
imation, it is necessary to expand cos i, sin ix, cos (i + 7)x and sin -
(i + r)x into the power series and equating the coefficients of x°,
x1,x2;.--, to zero. We therefore have the following conditions

h mj2 T no ok o
.o i {(i)zlc cos lwo}di.=.z {(I+T) cos (fo +iwo)} b (72)

where k=0, 1, 2, ---, .
have a matrix equation

EN
i

>
]

‘and

i=0

i=0

r

mf2 ‘ ) n
i ()% * siniwo}dy= D {i+)** ! sin (8o +iwo)}b;

i=0

i=0

", Ad=Bb

(7b)

By letting k=0, 1, 2, ---, m/2+1; we

(8)

<

iy t::os wo
0 sin wo -
0 COS wo

0 ‘Sip wo

0 coswy 2M/?71 cos 2wo -+

Lo sin wo

mf2+1-

) cos-2wyq Rk cos mwo[2
2sin2we - (mf2) sinmeo[2
22¢os 2wo -+ (m[2)? cosmwo/2

Bsin2wg -+ (m[2)? sinmuwo/2 m/2+1

(mf2)™12-1 tos mewy /2

I gin2we  +eo (m[2™/ sinmwol2

v

<€

[.-. “cos fo :

- 7 sin fo -
72 éOS'ﬁg,’
-3 sintbo
R -;i-:'

PR

L r’"/zsi.nﬁo

cos (ﬁo + wo)
(1 + 7) sin (8¢ +.wo)
(1 +1)? cos (g + wo)

o (L1473 sin (8o * wo)

Vot oo ot T £

sm[2-1 cos fo (i +7)m271 cos (g + wo)
(1 + 7)™ sin (8o + wo),

d=[dg,dy,dy <~ 'dm/zi T

b= (b, by, by -~ bul 7.

n+1l
cos (fo + 2wq)
(2 + 1) sin (Bo + 2wo)
(2 +7)% cos (Bg *+ 2wo)
@+ f){ sin (8o *+.2wo)

g

Q2+ 7)M271 cos (Bg + 2wg)

(2 +.)™12 sin (8o + 2wo)

oot cos (fo + nwo) W

(n + 1) sin (Bo + nwg)
(n + 7)% cos (Bo * nwa)

(n + )3 sin (o, *.nw0) "

o (a4 7Y™ cos (B + nwg)

“(n %+ 7)™/ sin (B + nwo) | |

mf2+1
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Hence for a given b, d can al‘ways_be defermin_ed: To illustrate theé "+ -

P EE “technique, the loss and group delay responses with 7= 10's, i = 20 for

4}% various m are shown’in Fig. 1. Fig. 2 shows the loss and group delay

\- . -responses With n=6 m =4 for various group delays. In all cases,

A}PB 80.=0and we = 0.57 rad/s. ’

y o CONCLUSION

o ."A design technique has been described whereby a-digital filter with®

’ maximally flat in both magnitude and group delay. can be obtained!

Although ‘the approximation is" not performed simultaneously as.in’
the previous-design.[2], [3], the magnitude and group delay responses

always give smooth characteristics; whatever the difference is in the -
degrees of the numerator and denominator polynomials. Finally, it L
should be mentioned that though the bandpass case has bgen ex-
plained throughout, the technique is alfo applicable for the low-pass
case. This is done by setting 8o = 0 and wg = 0.
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Filter coefficients of high:-pass and band-elimination - - .
recursive digital filters with a maximally flat group delay

P. THAJCHAYAPONCG aned L CHEEVASUVIT

Faculty of Engincering. King Mongkut's Institute of Technology.
Ladkrabang Campus, Ladkiabang, Bangkok. Thailand
-~ \ 34 34

B

The dexign technique for a recursive digital filter with a maximally flat grou
delay at an arbitrary speciticd frequeney is known. [t ix shown here that. for
certain cases, the filter ('m'}ﬁi_(-i(-nt.\' for Bigh-pass and band-climination recursive
digital filters with a maximally Hat group delay can be expressed in closed forms.

i

1. Introduction
It has alfeady been known that alow-pass recursive digital lilter can be designed
with a maximally Hat (Thiran 1971, Fettweis 1972) or equiripple (Deezky 1974
group delay. Such filters however caiinot be speetral transformed (Constantinides
1970) to give a band-pass. a high-piss or a band-climination with a maximally Hat
group delay. This hax led to the development ofadesign technique to givea recursive
digital filter with a maximally fat group delay at an arbitrary, specitied frequeney
(Thajehayapong and Lomtong 1978). The band-pass filters have been given as the
examples. [t ixobvious that the design teehnique can be used to obtain a high-pass or
a bamd-elimination with maximally Hat group delay. 1t ix. however. shown
mathematically in this paper that for certain cases the cocflicients of the high-pus;
and the bund-eliniination can be obtained in closed forms. The results agree with the
mtuitive notions that the transter functions can be obtained from those of the low-
pass (Thivan 1971 Fettweis 1972) by replacing (i) =~ by —z"for the high-pass and
(ii) =7 by 272 for the band-climination. ‘
: . !

2. Derivation of the high-pass filter coefficients . '
If wo=m rad/s and V< fo <. solving eqn (11) in Thajchayapong and, Lomtond
(1978) Ly Gauss—Jordan elimination algorithin gives a high-pass with a maximally

fHat group delay of any prescribed value. A specific case however arises if it isspecified

that Bo=0. A, b and a now become - e e
— i . -
C—(t+ 1) (t+2) —(t+3) (=DM 4n) a7
~(z+ 1) (t+2)? —(t+3)° (="t n)?
AE . . 4 . . 1 " ’:
_—(1:+.{)2"" (r+é)2"“ —_(r+?%)2"*‘ '(—l)"'(-t‘.-i-n)z""‘_ '_

o
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Filter coefficients of digital filters 3

- 1

LOSS IN dB

0 t + t 0
0.257T asm 0.75T 10T w
o .
44 3
. . 3
%
—
w
’ o
a [™]
o] o]
2 o
o
-21 T+-2
-4 J YA

-

Fignre 1. (a) Loss responses and (B) group delay responses of a high-pass with =4,
) =510, 15.

i

It is seen that when p=¢=0, A and A, reduce to those of the low-pass case (Thiran
1971). Hence a high-pass filter coefticient a, is given by

L _‘ B PN 2t
) : ay=(—1)* "{( 1)(k>ig——~2r+k+i} | (2)

where-the term in'{. . .} is the low-pass filter coefficient taken from Thiran-(1971). By
examining all the possible values of p and ¢, (2) reduces to .

n\ . 2t41 ) ’
. “"_(/c) 11 ' )

Figure 1 illustrates the loss and gfbup delay responses for t=4sand n=3, 10, 15. [t

. should also be noted here that if f,=1m. each element in A arid b changes its sign'to

i
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the opposite without altering their relationship in eqn (11) of Thajchayapong and
Lomtong (1978). Hence, (3) is the solution for fo=im, m=0. 1. 2. ... The filter
coeflicients in (3) also indicate that this high-pass filter can be obtained by
substituting z7! in the low-pass transfer function (Thiram 1971) by z7 This is
equivalent to rotating the angle of each low-pass pole by 180° while retaining its
magnitude. Hence the stability considerations (Thiran 1971, Fettweix 1972) of the
low-pass are carvied into the high-pass. i.e. the filter is always stable for positive

.. . l v . oo
delav and also for some negative delayslarger than —3 (N.B. Thesampling period is

normalized to unity.)

3. Derivation of the band-elimination filter coefficients
For simplicity. let the filter order be an eyven number # and B, =0 rad. [f the
maximally Hat conditions are equally satistied at both we.=0 rad/s and wg=m rad/s,

S . . ’ . . n
we can formulate.eqn (11) of Thajchayvapong and Lomtong (1978) with the first 5

. C e L. . -
equations satisfving the low-pass case and the remaining -z— equations satisfving the

high-pass case. We thetefore have
‘ ¥
H

n R
(c+ 1) (t42) . (@©+3), ... (t+n) i
(t+1)°, (t+2)° (t+3) .ty

. L . n
2
' I NS VA 0 A o) AR (ell) S
A= 0 FY T 2y @+ U wEEm T
—(r+ 1) (r+2)} =@+ . (t+w)?
- n
—(rH 1) 2T = BT )T ]
=N —Z‘T
_.r3 . 2
n
2 L
b= -;T;'~l Lo a= n
= i IDGL
—-r N : -
-3 i . 1 )
.
_.i.n—l ] .
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A is then rearranged

n 3 »
odd subscripted filter cocfticients and thesecond 3 columns are those associated wi

th

the even subscripted filter coeflicients. The elements in a are arranged accordingly
while those in b remain unaltered. We then have ' :

, 3
n/2 n/2 o
[ (t+1) (t+3) . C(tn=1) (T+2) (t+4) . (t+m) hE
(z+1)° (t+3)° (t+n—-1)° (r+g>)3 (t+-'1)3 . (r+1_53

P
il

Sy
—(r+ 1)

—(t+3)
—(t+3)°

( -t;!i')"_ ’____ (_Tj—__%_)i"_'_ ...

(r+n‘—r 1yt

. —(t+n—1)

s

(t+n—1)7

‘—(r+1zj—l)”—1

I (t+ é)"_‘ (1'+-‘l)”_l

!
b :2-"'"(?_4:1)'"" T
T

(‘E-t)-l)"—l

e

-t ] } . ' a, 11
-7 " a, n
s 2 : 2
Tn—l ’ L a,_y
b= ——= | a= | ————- v
-1 ,
* —1 n a, n
2 2
. t .
L et ] L o, J1
. nf2 N nf2 R
: )
(t+1) (t+3) Lot ur—1) , 7]
TP (43 a—]) 0
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epn ., AS | _EATLEENT LN . Sost ) S .
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L . l(T+2)"L| (T+4)u~1 «-»_(T"h”)“ !
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such that the first ;columns are those associated with the °
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n=20
n=16 }
N Lot + 40
=12
© 30T + 30.
el
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Figure 2. (1) Loss responses and (b) group delay responsex of a band-elimination with t=4, =

n=12.16.20.

T he relation in (6) indicates that the odd subseripted filter coefficients all vanish

while the even subscripted ones are given by -
’ (T42) (t+4) e (TH) a; —1
(r+2)3 (1:-&-4)3 o (T4n)? a,| = -3
. (T+ -))n—l (T+4)11—l . (‘r+n)"—l - a, ___[n—l

which, after using the properties of the Vander monde matn\ leads to

N -
. 2 T+
. . U= —1)2 —_—
' ( )(">Ho1:+r+2

where k=0.2.4.6....,n

\
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[

. - 1, i .
For odd n, the even subscripted Glter toefficionts still take the form of (8) but the
o0dd subscripted ones are no longer zero. The values of the latter have to be solved by
a computational method. Hence the band-elimination of-an even order n can be.
. . n BN —2. .
obtained from the low-pass transfer function oforderé-by replacing z. Lbyz~ % This
- . LN

is equivalent to doubling the sampling rate. The stability of the low-pass therefore
implies'the stability of the derived band ‘elimination. Figure 2 illustrates theloss and
group delay responses of the band-elimination derived from Jow-pass with T=4sand
n=12,16,20. -

4. Concluding remark v )
It.has been shown that for certain cases the filter coefficients for the high-pass and
band elimination with maximally flat group delay can be obtained in closed forms.

The derivation agrees with the intuitive notions that both the high-pass and band-

PR

elimination can be transformed from the low-pass by rcpla,cing'zf1 by —z~'and 272

« respectively. Although we have dealt with the cases of maximally flat gronp delay.

the- transform technique also applicable to the case of equiripple group delay
(Deczky 1974).

.
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SINE-CUOUSINE OQUAKRKEU-IVIAGNIT U UE
'FUNCTION FOR MAXIMALLY FLAT
DIGITAL BANDPASS FILTERS WITH
ADJUSTABLE SKIRT SELECTIVITIES

Indexing terms: Bandpass filters, Digital filters

A sine-cosine squared-magnitude function for a digital
bandpass filter is proposed. It offers a maximally flat pass-
band rhagnitude response and more flexibility on the number
of exchangeable zeros at T = 0 and wT = x rad.

Introduction: The digital bandpass filter obtained from its all-
pole analogue prototype via the bilipear transformation
always results in an equal number of zeros at wT =0 and
T = nrad.! For a symmetrical filter with its centre frequency
at T = n/2 rad, the stopbands therefore exhibit the same
attenuation rate. However, for a filter with the passband lying
ineither 0 S wT <m2orn/2 <wT <, ‘the skirt selectivities
at both ends of the passband edges become widely different.
This has led Harza? to define a sine-cosine squared- -magnitude
Ifunction which allows exchangeable zeros at T =0 and
T = n. For a given filter order of 2N, this function, however,
restricts the total number of zeros to N only. A passband dip,
although small, is always present which makes a Butterworth-
like filter not flat maxunally An alternative squared-
magnitude function is defined here such that, for a
Butterworth-like filter of order 2N, the number of adjustable
zeros may be of any value up to 2N. Hence, it provides more
choices of stopband cutoff rates than those of the prev:ous
function.? Furthermore, the passband also shows the maxl-
mum flatness property.

, Design theory: Let the squared-magnitude function of the
Butterworth-like digital bandpass filter be defined as ’,

2 5y [ sin? (0T/2) — sin? (wg T/2)
JH(w)I n 1/{(1 +¢) [sin2 (w, T/2) — sin? (0o T/2)
cos? (w, T/2)}* [sin? (w, T/2) Q}
cos? (wT/2) sin? (wT/2)
where 2N is the filter order, P + Q is the total number of zeros
and 0 < P + Q < 2N. For a specified lower cutofl frequency

w, and upper cutoff frequency w,, the frequency of maximum
‘ flatness w, is determined by imposing the requirement that

1
1 +¢2

[H(@) ] = [H(w:)]* = )

which in turn requires that

sin? (w; T/2) — sin? (wo T/2) |2
sin? (w, T/2) — sinz (wo T/2)

cos? (w, T/2)}” [sin? (w, T/2)|2 |
cos? (w, T/2) sin? (w, T/2)| —

or

ol =2 sin"" [{sin? (0, T/2)
+ {cos? (w, T/2)/cos? (w, T/2)}"*"
x {sin? (w, T/2)/sin? (o, T/2)}%/*" sin? (o, T/2)}
A1 + {cos? (w3 T/2)/cos? (wy T/2)}7*Y
« x {sin? (w, T/2)/sin’ (w, T/2)}¢*"}]"/?
(3)

Design example : For the sake of comparison with the previous
results,? a 12th-order filter, i.e. N = 6, is chosen as an example
with @, T = 30°, w, T = 80° and ¢ = 1. Only even P and Q,
also P + Q = 2N, are chosen for the sake of clarity in illustra-
tion. The loss responses for various combinations of P and Q
are shown in Fig. 1. The passband loss is also shown with
expanded scale in the inset. Fig. 2 compares the results with
those in Reference 2 for the same number of assigned zeros at
owT =0 and wT=m,ie. P+ Q=N and P=4, Q =2. The

e
.,

1001

loss”, dB

S0, 4 1Y

wT, degrees
Fig. 1 Loss respansesfarN=6,P+'()=2N‘
a P=0,Q=12 e P=80=4 ' ]
b P=2,0=10 S P=10,Q0=2
c P=40=28 g P=12,Q0=0
d P=60=6
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304 %
m \
© 04 P7SE-6-
“ 3
v
° ’
et 0 . ¥,
4575 5220 56:50 6080 6616
101
H
sttt MF
0 T T T ]
10 325 55 779 100
050/2 w7, degrees

Fig. 2 Comparison of loss responses with those of Harza

H: Harza
MF: maximally flat
P=4,Q=2,N=6

stopbands show slightly lower attenuation than those obtained
by Harza;? this is seen as the cost paid for maximum flatness in
the passband:

Conclusion: A squared-magnitude function has been proposed
for a bandpass digital filter with exchangeable number of zeros
at oT = 0and wT = n rad. It offers two advantageous features
over the previous function,? i.e. (i) the total number of exchange-
able zeros, P + (, is not restricted to N but can be any value
in 0 < P+ Q < 2N, where 2N is the filter order, and (ii)-the
passband exhibits the maximum flatness property at the ex-
‘pense of slightly lower stopband losses.
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