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Chapter 1

Introduction

1.1 Background

Nowadays, there are many problems can be solved by fixed point problems such as
.equilibrium problems, variational inequality problems etc. Fixed point problem is profitable for
economics, engineering and numerous problems in physics. In this research, we suppose H be
a real Hilbert space and ¢ be a nonempty closed convex subset of H with inner product (.,)
and norm |||. A mapping T of ¢ into itself is called nonexpansive if
|, forall x,yeC. (1.1)
We denote the set of all fixed points of T by F(T),ie, F(T)={xeC:Tx=x}.

7~ Tyl

The mapping B of ¢ into itself is called monotone if

(Bx-By,x~-y)20, forall x,yeC. (1.2)
The mapping B of ¢ into itself is called A -inverse strongly monotone if there exists a positive
real number g such that

(Bx—By,x—y)Z,B”Bx—By”z, for all x,y eC. (1.3)
The mapping T s said to be K -strictly pseudo-contractive if there exists a constant « < [0,1)
such that

<x—y,Tx—Ty>s”x—y[|2 +K||(I—T)x—-(1 —T)y”z, for allx,yeC. (1.4)

. i W\ O OAFK .
We observe that T is K -strictly pseudo-contractive implies that I —T'is —2--|nverse strongly
monotone. Moreover, also that 7 -T is a continuous monotone mapping.
Note that the class of x -strict pseudo-contraction includes the class of nonexpansive mappings,

that is T is nonexpansive if and only if T is 0-strict pseudo-contractive.

Let 4 be a mapping of ¢ into H . The variational inequality problem is to find a point u e C
such that
<Au,v—u>20, forall vecC. (1.5)

The set of solutions of (1.5) is denoted by vi(c, 4), that is,
VI(C,A)={xeC:(du,v-u)20,VveC}.

The following results are the inspiration for this research.



Lemma 1.1.1 [7] Let ¢ be a nonempty closed and convex subset of a real Hilbert space H .
Let 4 be a continuous monotone mapping of ¢ into H. Then, for r>0 and xe # , there
exists ze C such that

(y—z,Az>+l(y——z,z—x>20, VyeC.
4

Lemma 1.1.2 [7] Let ¢ be a nonempty closed and convex subset of a real Hilbert space H.

Let 4 be a continuous monotone mapping of ¢ into #. For r>0 and xe # , define a mapping

F. of H into ¢ as follows :

Fx:= {zeC:(y—z,Az)+%<y—z,z—x>20, VyeC}

for all xe #. Then the following hold:

(1) Eis single-valued ;

(2) F, is a firmly nonexpansive type mapping. i.e., for all x,ye H
|Fx—Fy <(Fx~Fyx=y);

(3) F(F)=VI(C,4);

(4) VI(C,A) is closed and convex.

Let T,T,,.. be an infinite family of nonexpansive mappings of ¢ into itself and let 4,,4,,... be real
numbers such that 0< A <1 for every ieN. For any neN, define a mapping W, of ¢ into C as
follows:

Uppar =1,

Upp = 2TU e+ (1= 4)1,

Upper = g TodU o+ (1= 40 ),

Ui = 4T U, o0 + (l - /1,,)1,
Uppor = TelUp e + (1 = i )1,

U,y =4TU,+(1-2,)1,
W,=U,, =ATU,, +(1-4)1.

Such a mapping W, is called the W -mapping generated by T,,T,..,T,and A,4,,...4,; see [13].

Theorem 1.1.3 [1] Let {7;}"_ be an infinite family of nonexpansive mappings of ¢ into ¢ such
that N2, F(T) =D, 9={¢, k= 1,2,....M} be a finite family of bifunctions from ¢ x c into R, F
be a & -Lipschitzian and 7 -strongly monotone of ¢ into # operator with ¥ >0,7>0, 4 be a

(a, B) -strongly monotone mapping of ¢ into # such that 8>au?, B be a (§,8)-strongly



monotone mapping of ¢ into & such that & >¢n’. Let {a,},{B,}. {.}. {6.}.{¢.}.{n.} and
{l,,} be sequences of real numbers such that 0<e,,8,,7, <1, r, >0 and 0<A, <b for some
be(0,1]. Assume that,
(1) for every ke{l,2,..,M}, the bifunction @, satisfies,
(4) ¢(xx)=0forall xec,
4,) ¢ is monotone, ie, ¢, (x,y)+¢ (».x)<0 foral x,yeC,
4;) forall x,y,zeC, liminf ¢, (z+(1=5)x,y) < (%),
4,)
B) 3=( Fix(T)NEPE)NVI(C,B)NVI(C, 4) # D,

(
(
( forall xeCc,y—¢, (x,y) is convex and lower semi-continuous,
(
(2) the sequence {a,} satisfies

(C,) lima,=0 and

(@) 2=,
(3) the sequence {g,} satisfies

(Dl) 0<liminf, ,_ B, <limsup,_,, B, <1,
(4) the sequence {y,} satisfies

() tim, =0,

(5) the sequence {s,}and{¢,} satisfy

(F) {¢.}ele.d]c(0,2a),
(5) {8.}c[ab]c(0,2a) and lim|,,, ~6,[=0,

(G,) limr,,=r>0,Vke{l,2,.,M}.

(6) the sequence {rk"'}:ll satisfy

For every neN, let W, be the W-mapping generated by {T;}and {4} . If {x,},{y,} and {z,} are
sequences generated by x, e C and
zy =T TR TR s
Vo =VnPe (2, - ¢042,)+(1-7,) P (2, - 6,Bz,), (1.6)
Yy =@t f (Wo3,) + By +((1= B) =@, uF )Wy,
then, the sequence {x,},{»,}.{z,} and {J,f{”x,, }:il converge strongly to x" € 3, which is the

unigue solution of the variational inequalities :



<(,uF—yf)x',x'—x>SO, Vxe S,
(Bx‘,x‘ - y)so, VyeC,
(Ax‘,x' —y> <0, vyeC.
Let T be K -strictly pseudo-contractive mapping of ¢ into # . Define the mapping F" of #
into ¢ by
Flx:= {z eC:(y—z,(I—T)z>+%<y—z,z——x)20, ‘v’yeC}. (17

After we investigated the all Theorem above and research in the same direction, we
have a question: Can we prove strong convergence theorem of finite family of strictly pseudo
contractive mappings T without (1.7) ?

In this thesis, we give the answer and prove strong convergence theorems for finding a
common element of the set of systems of variational inequalities for two inverse strongly
monotone mappings and the set of common fixed point of a finite family of strictly pseudo-

contractive mappings.

1.2 Objective
1.2.1 To propose an iterative scheme for finding a common element of the set of
systems of variational inequality problems and fixed point problems.
1.2.2 To propose fixed point theorem for a finite family of strictly pseudo-contractive
mappings and the set of systems of variational inequalities associate with two

inverse strongly monotone mappings.

1.3 Scope of the study

1.3.1 Study of the strong convergence theorems of inverse strongly monotone
mappings, strictly pseudo-contractive mappings, variational inequalities problems,
equilibrium problems and fixed point problems.

1.3.2  Prove strong convergence theorems for finding a common element of the set of
systems of variational inequalities for two inverse strongly monotone mappings
and the set of common fixed point of a finite family of strictly pseudo-
contractive mappings.

1.4 Method
1.4.1 Study research paper with many variational inequality problems.
1.4.2  Study definitions, lemmas, theorems and another property involving the
problems in this thesis.



1.4.3 Prove strong convergence theorems for finding a common element of the set of
systems of variational inequalities for two inverse strongly monotone mappings
and the set of common fixed point of a finite family of strictly pseudo-
contractive mapping.

1.5 Utilization of the study
1.5.1 Obtain new knowledge about fixed point theorems, equilibrium problems and
variational inequality problems.
1.5.2  To obtain mathematical tools for k -strictly pseudo-contractive mapping.

Our thesis is divided into the following chapter :

In chapter 1, we introduce the summary of the study.

In chapter 2, we give preliminaries to prove our main result.

In chapter 3, we prove the strong convergence theorem for finding a common element of the
set of systems of variational inequalities for two inverse strongly monotone mappings and the
set of common fixed points of a finite family of strictly pseudo-contractive mappings.

In chapter 4, we apply our main results.



Chapter 2

Preliminaries

The purpose of this chapter in order to explain fundamental concepts and definitions
which to used throughout this thesis. Moreover, we give some lemmas, remarks and useful

results used in the next chapters.

2.1 Linear spaces

Definition 2.1.1 [8] Let E be a nonempty set, and assume that each pair of elements x and
y in E can be combined by a process called addition to yield an element z in E denoted
by x+y. Assume also that this operation of addition satisfies the following conditions (v1)~
(va)

v1) (x+y)+z=x+(y+2),

(vV2) x+y=y+x, '

(v3) there exists a unique element in E, denoted by 0 and called the zero element, or
the origin, such that x+0=x forall xeE,

(v8) to each xeE there corresponds a unique element in E, denoted by —x and called
the negative of x, such that x+(-x)=0.

We also assume that each scalar a¢eR and each element x in E can be combined by a
process called scalar multiplication to yield an element y in E denoted by y=ax satisfying
(v5) ~ (v8):

v5) a(Bx)=(ap)x,

(v6) l-x=x,

v7) (a+pB)x=ax+px,

(v8) a(x+y)=ax+ay.
The algebraic system E defined by these operations and axioms is called a linear space. A
linear space is often called a vector space, and its elements are spoken of as vectors.

Remark 2.1.2 [8] Since we admit the real numbers as scalars, a linear space is also called a real
linear space.



Definition 2.1.3 [9] A set E in a vector space is called convex if for any x, y €E and a€[0,1],

we have ax+(1-a)yekE.

2.2 Hilbert spaces

Definition 2.2.1 [10] An inner product on a vector space K over F is a function that assigns a
scalar (x,y) for every x,y€ K, such that for all x, y, z€ K and a€F:

(1) (x+zy)=(xp)+(z.),
(12) (ax, y) = a(x,y),

(13) (x,y) = (y,x),
(14) (x,x) >0 x#0,

A vector space K over F with a specific inner product is called an inner product
space. If F=C, K is a complex inner product space and if F=R, X is a real inner product

space.
Theorem 2.2.2 [10] For an inner product space X, x,y,z€ K, and a€F:
01 (xy+z)=(xy)+(xz2),
2) (xay)=a(xy),
U3) (x,0)=(0,x)=0,
(Ja) (x,x) =0 x=0,
U5) If {x,y)=(xz) forall xeK, then y=z.

Remark 2.2.3 [8] An inner product space is called a real inner product space for the case when
the scalars are the real numbers and (x,y) is a real number. For the case, (I3) means

(x.9)=(,x).
Remark 2.2.4 [8] Using (J1) and (J2), we obtain that for x, yeK and a, f€C,
(x,ay+ﬂz) =&<x,y> +,§<x,z).
Remark 2.2.5 [8] Let X be an inner product space. For each x in X, we define its norm x|

by [l = ()
Theorem 2.2.6 (The Schwarz inequality) [8] Let K be an inner product space and let x and
y be elements in K. Then the following holds:

()<=l



Theorem 2.2.7 [8] The inner product in an inner product space K is jointly continuous:
X, —>»X and y, —)y::>(x,,,y,,> —>(x,y> .

Remark 2.2.8 [8] We of course obtain from Theorem 2.2.7 that if x, —X, then for a fixed

yek,
(x,,y)=>(x,y) and (y,x,) = (»,x).

Definition 2.2.9 (Strong Convergence) [9] A sequence {x,} of vectors in an inner product space

-

K s called strongly convergent to a vector x in K if |x,—x| >0 as n—> .

Definition 2.2.10 (Weak Convergence) [9] A sequence {x,} of vectors in an inner product space

K s called weakly convergent to a vector x in K if (x,,)—>(x,y) as n— w, for every yeX.

Definition 2.2.11 A sequence {x,} of vectors in a normed space is called a Cauchy sequence

n

if for every £>0 there exists a number M such that |x, —x,| <& forall m,n>N.

Lemma 2.2.12 [8] Let {x,} be a Cauchy sequence of an inner product space K such that

X, —~x. Then x —>Xx.

Definition 2.2.13 [8] A complete inner product space is called a Hilbert space.

Theorem 2.2.14 [9] In Hilbert space. A strongly convergent sequence is weakly convergent (to

the same limit), i.e., X, =X implies x, — x.
Remark 2.2.15 [8] In Hilbert space. If x, =X and x, =y, then x=y.

Remark 2.2.16 [8] Let A be an inner product space. Then we know that the following (1) and
(2) are equivalent:

(1)  H is complete,

(2) each bounded sequence {x,} of H has a weakly convergent subsequence {x,,,} of

{x,}.
Definition 2.2.17 [8] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Then for each point x in H, there corresponds a unique point X, in C such
that |x—x,| =d(x,C),
where d(x,C):ing”x—y”. We call such a mapping defined by Px=x,, or F.x=x, the metric
ye

projection of H onto C.



Lemma 2.2.18 {8] Let C be a nonempty convex subset of a Hilbert space H. Then for xe H
and yeC, |x-y|=d(x,C) if and only if

(x~y,y-z)20, forall zeC.

Theorem 2.2.19 (Properties of metric projection) [8] Let H be a Hilbert space and let C be a
nonempty closed convex subset of H. Then the metric projection F. of H onto C has the

following properties
”ch—PCy“2 < (ch—Pcy,x ~y) forall x, yeH.

Theorem 2.2.20 (8] Let H be a Hilbert space and let C be a nonempty closed convex subset
of H. Suppose that {x,,}cC and x,—x. Then xeC.

Definition 2.2.21 [8] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let f be a function of C into (—0,»], where (-—w,0]=RuU{0}. Then, f is

called lower semicontinuous if for any aeR, the set
{xeC:f(x)Sa}

is closed. £ is also called convex function if for any X, X, €C and t<(0,1),
foq +(1=1)x,) <tf (%) +(1=1) f ()

Theorem 2.2.22 [8] Let H be a Hilbert space, let € be a nonempty closed convex subset of
H and let f be a proper convex lower semicontinuous function of C into (—o,»]. Let {x,}

be a bounded sequence of C such that x, —X,. Then f(x,)<liminf f(x,).

Theorem 2.2.23 [9] Weakly convergent sequences in a Hilbert space H are bounded, ie., if
<M for all

{x,} is a weakly convergent sequence, then there exists a number M such that

nelN.

‘xn

2.3 Fixed point theory
We study about existence and properties of fixed points are known as fixed point

theorem.

2.3.1 Fixed point of nonexpansive mapping
Theorem 2.3.1.1 [8] Let H be a Hilbert space and let C be a nonempty bounded closed
convex subset of H. Let T be a nonexpansive mapping of C into itself. Then T has a fixed

point in C.
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Theorem 2.3.1.2 [8] Let H be a Hilbert space and let C be a nonempty closed convex subset

of H. Let T be a nonexpansive mapping C into itself. Then F(T') is closed and convex.

2.3.2 Fixed point of x -strictly pseudo-contractive mapping

Lemma 2.3.2.1 [8] Let C be a nonempty closed convex subset of a real Hilbert space H . Let
T:C—>C be a k-strictly pseudo-contractive mapping with F(T)#@. Then, F(T) is closed

and convex.

2.4 Some useful lemmas and theorems
To prove our main result, the following tools are need.

Lemma 2.4.1 [3] Let H be a Hilbert space, let ¢ be a nonempty closed convex subset of H

and let 4 be a mapping of cintoH. Let ue C ;thenfor 10,
u="P.(I1-AA4)u o ueVI(C,4).

Lemma 2.4.2 [4] Each Hilbert space H satisfies Opial’s condition, i.e., for any sequence
{x,} © Hwithx, = x,, the inequality

liminf |x, - x| < liminf]}x, -y,
no© n—yx

holds for every ye H with y = x,

Lemma 2.4.3 Let H be a real Hilbert space and C be a nonempty closed convex subset of H.
The following identities hold :
@ ety =l £ 24 5)+y
@i0) ”x + y"2 S"x"2 + 2<y,x + y>, Vx,y € H;

[, vxyeH,

Lemma 2.4.4 [5] Let H be a real Hilbert space and C be a nonempty closed convex subset of
H.Forevery x,y,ze Hand a,B,y€[0,]]with @+ B+y =1, we have

o+ By + vz = alxl} + BIA" + 1Ml - als— I ~arlx=2f - Brly-a[

Lemma 2.4.5 [6] Let {s,,} be a sequence of nonnegative real numbers satisfying
S <(1-a,)s, +6,,Yn21,

n+l =

where {a,} is a sequence in (0,1) and {6,} is a sequence such that

n
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2. limsupz’-so or i|5,,|<oo.
n=1

n—»w n

Then lims, =0.

n-yw

We modified the work of Zegeye ([7]) as below.
Lemma 2.4.6 Let ¢ be a nonempty closed convex subset of a real Hilbert space H. Let 7 be
a K -strictly pseudo-contractive mapping of ¢ into # with F(T)#=@.For r>0 and xe H,

defined a mapping F'of H into ¢ as follows :
Fix= {zeC:(y—z,(I—T)z)+l(y-—z,z-—x) 20, VyeC},
r

for all xe # . Then the following hold :

(1) FTis single-valued ;

(2) FT is a firmly nonexpansive type mapping.
(3) F(F)=VI(C,1-T);

(4) VI(C,I—T) is closed and convex.

Proof (3) To show F(F,’) =VI(C,I-T)

Let pe F(F,T) and Fx:= {zeC:(y—z,(I—T)z>+%(y—z,z—x) >0, Vye C}.
Then, we have p=F'p.
Therefore, (y—p,(I—T)p>+%<y— p,p-p)=0, VyeC.
It implies that peVI(C,I-T), from which it follows that F(F)c vI(C,I1-T).
Next, we show that ¥I(C,1-T)c F(F]).
Let geVI(C,I-T), we have {(I~T)q,y—q) 20, VyeC.
Thus, <(1—T)q,y—q>+-’lj<y—q,q—q> >0, VyeC.
It implies that ge F(F).
Hence F(F)=¥I(C,I-T).
Remark If Tis a & -strictly pseudo contractive mapping with F(T)#@ , then
VI(C,I—T)=F(T) .
Proof Let ge F(T).Then g=Fg,
since ((1—T)q,y—q)=0, VyeC, we have geVI(C,I-T),
from which it follows that F(T)gVI(C,I~-T).



Next, we show that VI(C,/-T)cF(T).
Let geVI(C,I-T), we have

(1-T)q,y-4q)20, VyeC.
Let geF(T), we have

[ra-af =lo-a-(-1)af

=la-d -2{¢a-0.(1-1)a)+|(1-T)q["

Since T'is x-strictly pseudo contractive and geF(T), we have

[ra-a] <la-4 +xlz-1)a-1-1)ef

=Jo~d +<Jr-7)af"

From (2.1), (2.2) and (2.3), we get

01l <(a-a.0-7)g)=o0

which yield that geF(T), Therefore ¥I(C,I-T)cF(T).

12

(2.1)

(2.2)

(2.3)



Chapter 3

Convergence Theorems in Hilbert Spaces

Theorem 3.1. Let ¢ be a nonempty closed convex subset of a real Hilbert space H and let
{T/},-I:. be a finite family of «;-strictly pseudo-contractive mappings of ¢ into itself and let 4, B

be a, B - inverse strongly monotone mappings of ¢ into H, respectively, which
F =VI(C,A)nVI(C,B)n[ F(T)* .
Let {x } be a sequence generated by u,x, €C and

z, =F:'?, ...]«‘r?}?r?x"

X, =au+ B, (1= 42 A)x, + 7, (I~ 4 B)x, +6,z,,
forall n21, where {a,},{8,}.{r.}:{6.} €[01] and @, + B, +7, +6,=1.
Assume the condition i)-v) holds :

) lime, =0,z:’=la” =,

i) 0<c<pB,,7,,6,<d<l for some ¢,d >0 and Vn21,
i) {41} e, /1= (0,2) and {47} c[g,k] = (0,25),
v {n] c[e.6] 36,850,

0

< o, Zlynﬂ X5

o0 K
v) Zan+l—an< w’Zﬂml'—ﬂn < OO,ZII'”“—I"‘ < @,
n=1 n=l n=1 n=1
c A A 3 B B
Z ﬂ’n+1 _A'n < o, Z z'n+l —A‘n < .
n=l n=1

Then {x,,} converges strongly to p= Pru.
Proof. To show (1-2/4)and (1- A7 B) are nonexpansive mappings.
Since 4 be o - inverse strongly monotone and {l,f} c(0,2a), we have
(7 -Ara)x~(1-224) = o= ol ~22x -y, - ) +(2) | x - 4o

< |[x - y"2 -2 || 4x Ay"2 + (/1: )2 ”Ax - Ay"2

= o= + 2 (4 - 20) - ]
< ”x—y“2. (3.1)

Therefore, (1 _,1:/:) is a nonexpansive mapping. Similarly, (1_).,{’3) is a nonexpansive mapping.

Step 1. We show that {x,} is bounded.
Let pe F, M =max{u-p.|x - pl} and £} = Fr o FRFD &y =1

1oy
Ty n
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Since F(T)=VI(C,I-T)=F(Fy), forall i=1,2,.,N, we have

2, - pl=[ 2%, - P

e x, — 4\ p

—NFr ...y _Fvy . FR RN
S| E e R Btk ER RSP

Tva . FR Ny _Fvay . FRER
< F;-,f"" F;;,’ F;'f Xn F;"" X, E."Z 17,‘: p

T T
< F;:lx"—F;,!lp

<[ -l (3.2)
By peF and a,+8,+y,+5,=1, we have

s = 2l = e, + B,B (1= 41 ), + 7,2 (1~ A7B)x, +8,2,~ p)|
=la, (4~ p)+ B, (P (1= 21 d)x, - B.(I = 42d) p)+7, (P (1 = A2 B)x, = P (I- 7B) p) +6,(z, - p)“
<a,fu-p|+ B, |B. (1- 4! 4)x, - (1 -2 4) p|+8,lz - pl+7,|B. (1 -4 B)x, - P (1 - 47B) 7
<a,fu-p|+(1-a,)|x |- (3:3)

By induction, we have |x,-p| <M, for all neN. This implies that the sequence {x,} is

bounded.

=0.

Step 2. We show that li_r)n X, =X

n

From the definition of x , we have
[%1 %] = "a,,u + B,P: (1= 41 A)x, +,P-(I- 4! B)x, +5,2,

@it BB (1= 48 A) 5, 70 Pe(L = AL B) %y, 46,17, ]”
=@, ~ )+ B, (B (1= 4t A)8, = Pe (1= 2,4)3, )+ B, (P (1= 4, A)5, = B (1= 2,4),..)
+(B,= B ) (B (1= Ai4) %, )+ 7, (P (1= A2 B)x, ~ P (1 - A?2,B)x,)
47, (Po (1= 42,B)x, = P (1= 22B)%, J+ (7 = Vo J(Be (1 = 221B) %,01)+6, (2, = 2, )+ (8, - 5”_,)z"_l||
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P (1-2/4)x, - P.(I- 2}, 4)x,
By = Bas
P.(I1-4}B)x,— P (I -4,B)x,.,
+16, = 8uillzna
+ By = %] +18, - B4

< Ian - “n-1”|”" +5,
+ B ||Pe (1= A8 A)x, - B (T - A1, 4)x,

+7, ”PC (1-47B)x, - P.(I- 42,B)x,

B (1-244)x,,

+

+Vn

+

+6,|z, — 2,

P.(I-A%B)x,,

yn—yn—ll

<lan = e[l + 2,

P(1-21,4)x,,

(ﬂ'n{l - A:)Axn

+7u|(AL = A7) Bx, | + 7, [, = % #1720 = Fa | B (£ = A2.,B) %,
+0,|12, =z, ” +16, = 0,_|11Zas

= |a, —a,.[lul+ B, |28 = A 4%, |+ Bolr = %ol +18, ~ Boadl| e (- 25 4) %,
+ 7, A8, = 22 ||Bx, |+ 7 = %+ = 7 [P (7= 22, B) %,y

+5n ”Zn - Zn—l” + 5n .—5n—-1 zn-l ” (34)

Observing that z, =£,x, =F'£,"'x, and z,, =4, %, =F 3 63%,0,
<y—€,’:'x,,,(l—E)fﬁ'xn>+:1}—v-(y—€f,'xn,l’f,'xn—Zf,'"xn>20 ,VyeC (3.5)
and  (y-£x,..( —T,)fﬁ’_.x,,-l>+r—1f(y—zﬁ’_,x,,_l,eﬁ’_,x,,_, - e¥%, )20 \VyeC. (3.6)
Substituting ¥ by €Y. x in(3.5) and y by £}x, in (3.6), we have
(8, = %, (1 -T,.)eg'xn>+ri,,(e',f_,xn_1 — 8%, 0%, — 235, ) 2 0, (3.7)
and  (&¥x,— ) %, (I-T))x _,>+r—1,7(e:'x" — ¥ Y x,, —2x, ) 20, (3.8)
it follow that,
<L’ﬁ'xn—Zﬁ'_,x"_l,(l—ﬂ)fff_,x,,_l ~(I-T)¢"x, + L R4 —eﬁ’;l‘x,,_,)—rlﬁ-(e’:x”-e;v-‘xn)> >0. (3.9)
-l S

Then,

<e:’xn - efr’—lx ~1 ”L}v-(e:—lxn—l - zlr\t’-—llxn—l) - ;!)T/_(el:xn - zy—lxn )> 2 <‘€irvxn - ez—lxn-l ’(I - Y;)Ef:xn - (1 - 7; )Eg-lxn—l >

n-1 n
(3.10)
From monotonicity of I -T,, we have
1 _ 1 -
<Zﬁ,xn —Zg—lxrwl’z-(ez—lxn-l _Efrl—-l]xn—l) —;;,\r(ffxn _Z}: ]xn)> 20. (3.11)

Thus, we have

. ry ;
<Z',:'x” — 0 x, (O, 0%, )~ er ()x,-€07x,)) 20, (3.12)

n
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and hence,
N
<£f,’x,, - x Y x = x 0k +0)'x, +(1 —%‘-)(Z':xn — Ny )> >0. (3.13)
rn
Thus, we have
"th,xn —Einv—lxn—l ”2v= <£flen - ZZ—IXII-l’gfl,xn _fﬁl-lxn—l>
<l ey —p¥ Y Y, L U R (éN—l — N )
- n xn n-lxn—l’ n xn n-1 xn—l rN n xn n xn
N
<lers, -l - s, + (1 _t )(eyx” ey, (3.14)
Putting _A7=max{ oy —E’;,x,,l , ”F:‘xﬂ —x,,n} ,forall i=1,2,..,N-1.
It implies that
P
”[ﬁ’xn - [ﬁ-lxn—l” < e)r\r’-lxn - e:vv—_llxn-l” + 1_.;"1_;_ efr,xn C é:lv_lxn
B e:-]xn _gﬁl——llxn—l +;1W_ nN —rn}!l Zzlxn —‘e:’_lxn
< v % evix N LAz o pn
7]
_N
= leats, — x|+ = MY -
0 i
1__ N
< |l x, = x|+ M D | -
0
1 N\l
< evx, - 03w |+ =M D | —n
0 i=N-2
2 2 1 =g i i
< "ann ~ Zn—lxn—l +—MZ|rn ~ Faar
=
1 1 1 =& i i
< "ann _Zn—lxn—l +—MZ A
0 i3
T I 1 =&, !
= ”F;"x'x,, ~F) x,, ”+5M§|r” —rl (3.15)
Consider that
<y-F,.T'x",(I-T,)F}x">+il<y—1?r.’*x,,,1~"}x,,—x,,>zo, VyeC (3.16)
! ! ! 5 3
and <y—Fr",Tilxn_,,(I—ﬂ)F'rn.Tan_l>+7}—-<y_Frﬁx"_l,Frflxn_l—x,,_,>20, VyeC. (3.17)

n-1

Substituting y by Ffix,_, in(3.16) and y by Flix, in (3.17), we have
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<Fr,Tix,,_,—fo,,,(I—7})Fr.T‘ > <F,T ,,_—F}xn,F}xn-xn>zo,

and <FT'x = F 3, (=T Fl %, )+ L <FT‘x ~Flix, ,Flx, -, >zo.

n-l

These imply that
<Fj;l = Fix,(I-T) Fix, +—

(FT' - )>z 0,

(I—E)Iizlxn—l-'- ,1 (FT' X, x,,_,)>20.

n-1

n

and <FT'x - FT'

nl’

It follows that

<F;;?xn —P:.flxn—l’(l—Z)F:-Elxn—l _(I—Z)E?xn + rll (}Tr,ﬁ,x"‘l _xn—l)_.l_l(F:-?xn _xn)> 2 0

n-1

Then

1 1
<F‘r§; FT] —-l’rnl ] (F‘Tl n-1 - X -1)—:"1-(F‘,-?xn—xn)> <F7ix _FTI n—l’(I—Y;)}Tr?xn —(I_Z;)F:-ﬁlxn—l>'
From monotonicity of 7 -7, we have

<17r?x"—}r’ﬂ A, l,rll (FTn —xn_l)—%(Frn.T‘x,,—x,,)> 20.

n-1 n

Thus, we have

1
<FT1x ~Flx,  F} n_l_xn_,_rn_;l(pjx"—x")> >0.
rn i
Hence
1
<Frx —FTl ,,I’FTI P _,_F}x,,+xn+(1—r"_;lJ(Fr,Tlx”-xn)>20. (3.18)
" rn n

Thus, we have

1
| = (FJ%, - Fj %, Fj%,=F} %,4) <FT-x ~Flix, 3 xn_l+(1—f’%j(F,T‘xn—x")>
n -l n r I

n

Ty —Fh
}7’.: % }7’.5-1 Xn-1

< lF’",T'xn—Frn,Tilxn_l X, - %, +(1—%‘—J(Fr?xn—x,,) . (3.19)
It implies that,
ISR ET e e
=[x, — %, rnln‘ [P % = %
o R ) (3.20)

From (3.15) and (3.20), we have

\

| 077297
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r=rl. (3.21)

1— N
J2 =2, < =l + 5 M2
i=

From (3.4) and (3.21) , we have

”xn+l _xn " < |an —an—l“|u||+ﬂ"

Ak = 22| 4x, )+ B, %, = x| +|B, = Boa|
P (1-22,B)x,|

F (I - ﬂ’:—lA)xn—l

+ 7n lﬂ:—l - A‘rf|l|an|| + },n “xn - xn—] ” +|}/n - yn-ll
1 N
+ 5)1 (”xn - xn-l || +‘5M|7’" - rn—] ]) + |5n - 5n-]|||zn—l “

’1:-1 - ’1:

“Axn ” + |ﬂn - ﬂn—l |“PC (1 - l:—lA)xn—l

= (1 —an)“xn = X1 ”+ lan —an~l”|u”+ﬂ"

1 _—
+}/n ﬂ'nB-] —ﬂf ”an“+|7n —},n—-ll PC (I_A‘f—lB)xn—ll'+5n _e_ern —rn—l|+|5n _5n-l|”zn-l||
< (1=a,)|%, ~ x|+ |, — 2| Q +[2, —- 27|0+|8, = B,.|0
422, = 421041y, =7, Q+%H[rn r|+6 6,00 (3.22)

f

From (3.22), conditions (ii), (v) and Lemma 2.4.5, we obtain )
=0. (3.23)

lz -1

3

where Q=max{[ul. |4,

R (1 - /1:—1/1) X1

’“an"’”Pc (1 < Z'rf-lB) Xpy

n

lim|x,,, - x
P> n+l

Step 3. We show that li_'r?o =0 forevery ke{l,2,.,N}.

T
|x,, ——F;n, X,

First we claim that

limetx, - 6475, [0, Vk=1,2,...N. (3.24)
Let peFand ke {1,2 ..... N} . Since Fi is firmly nonexpansive, we obtain
2
|2, - o =|F e, = B3 o < (ER e s, - pytt'x, = p)

2 2
Ty pk-1 k-1
FiL, xn—p“ +||€,, x,,—p]! -

_ %[ Flés, —e’,‘,“x,,“z}
It follows that
"E',‘,xn —p”2 <, —p||2 —HZ’,‘,xn -, “2 (3.25)
From (3.25), we obtain
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2

[0~ £l =

a,(u—p)+pB, (PC (I —ln"A)x" —p) +7, (PC (I—/'lfB)x” —p) +6,(z, - p)
B,(Pe (1 -3 4)%, - p)+7,(B (1~ 22 B)x, - ) +6, (2, ~ p)] +22t, (4= P, %y~ )
2 2
B (142 o o (1-228)5 o w5,
< (B, + 1)l - ol +9,

< (B, +7.)|x - [ +8,

<

zn _p|l2+2an<u—p’xn+] '—p>

2
Fji - Fitx, —P“ +2a, (4= p,%,, ~ p)

thx, — p|| +20,(u=p,x0 - p)

< (B, 7, = ol 8, = £ =i, — 675, |20, (u= 3%, - )
< ||x,, - p”z -5, |[tkx, — £57'x, "4 2a, (u — DXy — p).

Then we have

2

S,

n

k k-1
ex, —4,7x,

n—n

<

Xy — p”2 - ”xn+l = p”2 + zan <u P Xp p)
<[l%, = 2+ [%nui = P W = %1+ 262, (4 = P %00 = ).

Using condition i) , ii) and Step 2, we have

: k k=1
lim|£,x, — €, x,

n—wo

=0, Vke{l,2,.,N}.

Hence, from (3.24), we obtain

’x,,-F’?x,,"=0.

lim
n—

By Induction, we assume that lim

n—ye

T
xn—F;n,, bR

=0, Vke{l,2,..,N}.

We must to show that lim

n—o

x, = Fix,1=0, Vke{l,2,..,N}.

—_— Tkol Thl — T;ul,“ Tz 7; Tbl,,, 7‘2 7; ) Tk... 1‘2 h
ls, - Efiow,| < |Fiis, - Fi o FEEIx |4 | FRFpx, - F3 o F3EDx,
R I T ok n 5
+|F o FEFSx, — F FEFSx |+ |[FEFRx, - Fix |+ |Fix, -,
7
= [Flx, =& x, |+ 60" x, —Lex, ||+ +|£5x, —£,x, [ +[€,x, - x,

—- Tent __ pkH1
= F’:.:x" £ x,

i+1 i
£ x, —L,x,ll.

(3.26)

k
+2
i=0

On the other hand,
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ity _ ph+l
Fi'x, £ x,

T T, L
= |Esx, = Fi - FRE!x,

—Fh LR
< |x, p ERNR A

~Fh Ly —FL. phph
< ||x, Fr:xn +‘Fr:x,, p Fr”,Fr",x,,

|, _mn L. _ gk
= %, — Fix, +"F,' x,—4£,x,

+

d

%
< x,,—Fr: x,

k
- Sherals
k- "

i=k~-1

— Fla Terye _ pk-l
X, Fr:_. X, F;:-' x, -4, x,

Tia g _ pk-l
F,,,*-' x, =€, x,

x, —F,:T’xn +

7 2
Fr: x, = £,x,

M- 50

%
xn_ﬁ;’: x, [+

T 1
F:;: xﬂ _ehxﬂ

-
8

Il
-M”

x, - Fjix,|l. (3.27)

i

Therefore, from (3.26) and (3.27), we have

k k
<2 +2
i=l

i=0

i+1 i
&\ — Al

7 7
x, — F ' x, x, —F/'x,

By assumption and (3.24), we get

lim =0, Vke{l,2,..,N}.

Tent
x, = Fli'x,
n

Therefore lim

h—r0

x,—FJx[=0, ¥ e{1,2,., N} (3.28)

=lim|P. (1= 2}B)x, - x,|=0.

n-—»x

Step 4. We show that lim | (1- 2 4), -5,

z, = x,|=1lim
n—»o
Since z, = ¢*x, = F}r - F3Fx,, we have

”x,, "Zn” = ||x, —Fr?r F;?Ff?xﬂ

TN
< %, = F ',

*

vy _Fv...FR D
Fjrx, = F - FEF,

— Ty —FTa L FRER
< |ix, Fr:,xn +ix, Fr""-‘ Fr",F’:x”
< x,,—F},”x,, + x,,—F:,"_;'x,, +...4 x,,—Frf’x" + x,,—FrlT'x,,
> 'y
< D x, = Fix,|. (3.29)
n " n
k=1

It follows from Step 3 that
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lim |z, - x,]|=0- (3.30)
From definition of x,, we have
%, = 2 = ”a,,u + 3, P. (1— l,f’A)x,, +7,F (I—l,f’B)x,, +6,2, - p“2

= ”anu +B,F (I - /‘L:A)xn + 7.5 (I - lfB)xn +0,z, — (a,, +8,+y,+ 5,,)p“2

2

= e, (u-p)+ B, (PC (I—A:A)xn —p)+ 7 (PC (l—/?,fB)xn —p)+5,, (z,-p)

- vy \BAI-22B)x, - p 2
= ﬂ”(PC(I—A:A)x,,—p)+é',,(z,,—p)+(a,,+y,,) a;fu+yf)+ ( C( a,,+7,,) )J
=18, (PC (I—A:A)x,, —p)+5,, (z,-p)+c,G, ’ , (3.31)

a, (u-p) +7n(PC(I—.AnBB)xn ‘P)
a,+7, @, +7, :

where ¢, =a,+y, and G, =

From (3.31), Lemma 2.4.4 and pe F, we have
[ = o' 5 B2 (1=224) 5, = pf] 6,12, = oI + |G, - B,

< BB (1-224)x, = p|| +8,%, - £ +<. G| - B0,

P (1-42d)x, -2,

2

P (1= 24) %, -z,

P.(1-42B)x, -

G+ 7 Gy +Vn

< (5, + Bl - Al = B8 | (1- 2 A)s, -5 v,

P(1-42a)5, 2, +a,Ju=pff 4| B (1-22B) 5, o]

=(6n+ﬂn)l|xn—p”2_ﬁn5n

<|x, - off - B8, B (1= 22 A) %, 2, +a,Ju-p] - (3.32)
It implies that
86| (1-34)5, ~2[| <l = P =+t = f
< (15, -l 5= 2D, - 5+ = oI (33)
By condition i) and Step 2, we have
lim |2, (7-4/4), -z, =0. (3.30)
Since
”PC (I - Z.,fA)x,, -x, “ < "PC (1 - /’L,fA)x,, -z, N + |z, = x|, (3.35)

it follows by (3.30) and (3.34) that

lim||P. (7 - 4/ 4)x, -] = 0. (3.36)

n-—»x

Consider
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X =%, = a,(x,—u)+p, (PC (I—A,,‘A)x,, *—x,,)+7,, (PC (I—ﬂ.fB)x" —x,,)+5,l (x,-2z,). (3.37)

From condition i), (3.30), (3.36), and Step 2, we have

lim|P, (1~ A?B)x, - x| =0.

n-yao
’

Step 5. We show that limsup{u - p,x, — p) <0, where p=Fpu.

We can choose a subsequence {x,,j}of {x,,}such that

lim sup(u — p,x, - p) =lim(u - p,x, —p).
now J®

Since 4 €le, ], we may assume that At aele f]c(0,2a),

as j—> o

(3.38)

(3.39)

Without loss of generality, we can assume that X, =@ as j—o, where w'e . We show that

we F .

Assume that @ e VI(C,4).Since VI(C,A4)=F(P.(I-A4)),we have o#F (I-id)w.

By nonexpansiveness of F.(I-A4) and Opial's condition, we have

lim infx, - ] < liminf |x, - 2. (1 - 14)a|

Joo

P 4
< liminf)x, - F (]— A,,IA)x,,j

oo

< timinf [P (7- 2/ 4)x, —Pc(z—x,;A)wH+minf

jro

<timinf|B. (1= A2 4)x, = B. (J—A;A)w“+ lim inf|4- 4

Jjo

< liminfilx, —w” ’

jowo

This is a contradiction. We obtain we VY(C,A).

By using the same above method, we have we VI(C,B).
N N

Next, we will show that w e[| F(T,). Since r, e [0,0] ,
i=1

We may assume that r,,'j —->re|:6,§] as j—o , Vi=12,..,N

Consider

+liminf |72 (1= 214}, - (7-24)a|

P (14 )0 P, (1—/1A)w“

Acol[

<y—Fr,T*a),(I—Y}‘)li,T‘a)>+—l—<y—Fr,T*a),Fr,T‘w—w> >0 ,VyeC
"y i b "y

rl

n

(S,

and (}—Er‘w,(l—E)E"w>+%<y—ﬁl’"*w,1§”w—m> 20 ,VyeC

forall ke{l,2,..,N}.

Substituting ¥ by F*@ in (3.43) and y by F,,T‘a) in (3.44) for all ke{l,z,...,N},we have
n

<F,’*m—Fr,“w,(1—z;)F,,T*m>+i,<F,"w-Fr,,’*m,Fj~w—m> 20,
ny H/ r ny "y

]

(3.40)

(3.41)
(3.42)

(3.43)

(3.44)

(3.45)



23

and <Fr,T‘a)—F,T'a>,(I—T,,)Er'w>+l<Fr,T*aJ—F,T‘w,Ff*w—w> >0. (3.46)
g r\
It follows that
<F}a>—F,’*w,(1—1;,)Fﬁm—(l—J;)F,,T*a;+1(F,’*a>—w)—i,(1~j?w-w)> 2 0. (3.47)
ny Wi r 4 n
ny

Then,

ny
ny

<F,,’*a;—F,’*a>,1(F,ﬂw—w)—l,(F]*w-a;)>z<Fj~w—ﬂﬂw,(1—I;)F,,T*w-(l—f;)F,’*a)> (3.48)
¢ r ¥ "
From monotonicity of I -7;, we have

Fr‘a)—FT*a),—l—(FT"a)—a))—-l.— Flo-w|)>0. (3.49)
y TN r,:j ny

Then,

t "y

<F;,T‘w—17,r'w,ﬁ;r*w—w—17rf'w+w+[l—L,](F’,T*a)—a))> >0. (3.50)
n; nj ¥, ¥

My

Thus, we have

T
Flo-F'o
i

2
’ = <F,T*w—F,T*a),F,T‘w—F,T‘w> < <Ff‘a)—F,T‘w,[l——r,—](F,T'w—w)>
r"j rllj rﬂj r rﬂj

ny

<|Flo-Flao| |- Fr,r‘a)—a)“. (3.51)
" r "
ny

From (3.40), we have

Flro-Flraol < N Fr,T*a)—co‘,for all ke{l,2,..,N}.

'll r "/
my

Hence lim|F}w-F ol =0, foral ke{l,2,.,N}. (3.52)

jmo|

Assume that w+# F ", for some k, €{1,2,...,N} . By nonexpansiveness of F,,T‘ , (3.28), (3.52) and

"y
Opial’s condition, we have

liminf x, - o] < liminf |z, - o

Joo Jjoo
e T .. Tio Ty
<liminf|x —~F2ox ||+ liminf{F2x, —F" @
Joo "y M Joe M r

e 7, T
<liminf{|Fex, —F2o)
i ",,I

Joo ';'I

7 ¥y
Fro-F*o
”y

+ liminf

Jre
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< liminf x, - a]. (3.53)

Jjo

N
This is a contradiction. Thus, we ﬂF(F,T’ )
J=l

Since F(F")=VI(C,I-T)="F(T;), we have weﬁF(T,). (3.54)
i=1 .

From x, —w, (3.41), (3.42), (3.54) and Lemma 2.2.18, we conclude that

li_r’nsup(u—p,x,, -p =1§n(u—z,xnl ~-py={(u-p,0— p)<0. (3.55)

Step 6. Finally, we will show that the sequence {x}converge strongly to p= Pru.

Consider,

[t =l = [, (5= P+ B, (B (1=204)x, ~ D) 47, (B (1= 42 B) 3, - p) +6, (2, - P
< |8, (B-(1-24)x, - p) + 7, (B (1= A7B)x, = p) + 6, (2. - p)||2 +2a, (= p,%,, - p)
< BB (1-244)x, ~ | +7,|B-(1~22B)%, ~ o] +8, )z, = oI + 20, (4= P01 - )
<(1-a,)|x, - 2l +2a,{u-p,x,, - p)- (3.56)

From (3.56), condition i) and Lemma 2.4.5, we can conclude that {x} converge strongly to

p=Pgu. This completes the proof.



Chapter 4

Applications

In this section, we use our main result to prove Corollary 4.3 and Corollary 4.4, we used

the following definitions and lemmas.

In 2009, Kangtunyakarn and Suantai [12] introduced the S-mapping generated by
1,T,,...T, and a,,a,,...,a, as follows.

Definition 4.1 [12] Let ¢ be a nonempty closed convex subset of a real Hilbert space. Let
{T,}:il be a finite family of nonexpansive mapping of ¢ into itself. For each j=1,2,...,N, let
a,=(af,af,al)e JxJxJ where y=[o,1] and o) +al +af =1. Define the mapping S:C —C as

follows:
U, =1,
U =aTU, +a,U, +a,l,
U,=alT,U, +alU, +ail,

U,=alTU, +a3U, +a;l,

N-1 Nl N-l
Uya=a] Ty Uy,+ay Uy,+a; 1,
S=U,=a'T U, +ajUy  +al'l.

This mapping is called s-mapping generated by 7,,7;,..,T, and a,,@,,....ay .

Lemma 4.2 [11] Let ¢ be a nonempty closed convex subset of a real Hilbert space. Let
{7,}", be a finite family of nonexpansive mapping of ¢ into ¢ with ﬂl':]F(T,);e @ and let

a, =(a,’,a{,a,’)e IxJxJ, j=12,.,N,where J =[0,1], e/ +a] +af =1. Let s be the mapping
generated by T7,,7,,..,T, and &;,a,,...ay. Then F(S)=ﬂZ1F(7;) and S is a nonexpansive

mapping.

Corollary 4.3 Let ¢ be a nonempty closed convex subset of a real Hilbert space H and let T
be a nonexpansive mapping of cinto cand let 4,B:Cc » H be a,f - inverse strongly
monotone mappings, respectively, such that F =vI(C,4)"VI(C,B)n F(T)= @. Let {x,} be a
sequence generated by u,x, e C and

z, = Frnrx,,,

X, =+ P (I~ 4! A)x, +7,P.(I-A’B)x,+6,z,,
forall n>1, where {a,},{B,}.{r.},{6,} are sequencesin [0,1] and a, + B, +7, +8,=1.



Assume the condition i)-v) holds :
) lima, =0, @,=%,

1) 0<cs,6,,,7,,,6nsd<llfor some ¢,d>0 and vn21,
i) {41} <[e, /] (0,22) and {27} <[g.h]=(0,28),
) {n}c[6.6] 36,6>0,

0 ao 0 a0 o0 -
A A B B
V) Zlanﬂ _anl’ z ﬂnﬂ _ﬂnl’ Z Yoot =Va ’Z Voot 1l Z A‘m-l —Z'n H Z j'n+1 _ﬂ’n < oo,
n=1 n=l n=l n=i n=l n=1

Then {x,} converges strongly to p=Pru.
Proof. Since nonexpansive mapping implies 0-strictly pseudo-contractive mapping and take

N=1and T, =T in Theorem 3.1 to conclude the result.

Corollary 4.4 Let ¢ be a nonempty closed convex subset of a real Hilbert space H . Let
{Tf}ﬁ. be a finite family of nonexpansive mappings of ¢ into ¢ with ﬂ::lF(Ti)at @ and let

a, =(a,’,a{,a,’)e IxJxJ, j=12,.,N,where s =[0,1],a/ +a! +a! =1. Let § be the mapping
generated by 7,7,,..,T, and &,,a,,...ay. Let 4,B:C —» H be a,f - inverse strongly
monotone mappings, respectively, such that F =vI(C,4)nVI(C,B)n ﬂ,":lF (T,) = @. Suppose

that u,x, e C and {x,} be a sequence generated by

z, = F,"an ,
{xm =a,u+ BB (1= 2 4)x, +y,P: (I - 47 B)x, +5,z,.
where {a,},{8.}. {7.}{5,} are sequencesin [0,1] and &, + B, +7,+6,=1.
Assume the condition i)-v) holds :
) lima, =0,) " @,=®,

i) 0<c<pB,,v,,06,<d<l1 for some ¢,d>0 and vn21,

i) {l:}g[e,f]c(O,Za) and {l,f}c_:[g,h]c(O,Zﬂ),

iv) {r"};[ﬁ,g] 39,5>0,

V) Zlam-l -a, ’Zl]rnﬂ _rnl’ Z
n=1 n=| n=|

Then {x,} converges strongly to p=Fru.

3

2,

n=1

B
ﬂ‘nﬂ

7B

:Zﬂnﬂ— n!Z

n n=}

]':4-1 - ’1:

Vot =7V < @,

) @
=1

Proof. By using Corollary 4.3 and Lemma 4.2, we obtain the conclusion.
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Chapter 5

Conclusions

In this chapter, we conclude all theorems and corollaries obtained in this

Let ¢ be a nonempty closed convex subset of a real Hilbert space H and
let {T,}ﬁ] be a finite family of «;-strictly pseudo-contractive mapping of ¢
into itself and let 4,B:C —» H be a,f - inverse strongly monotone mappings,
respectively, which F =vI(C,4)nVI(C,B)n () F(T,)* 2.
Let {x,} be a sequence generated by u,x,€C and
z,=F} - F}Flx,

{xm =au+B,P(1-2!4)x, +y,F.(I- 2! B)x,+5,z,,

for all n>1, where {a,},{8.}.{7.}>{6,} c[01] and «,+B,+7,+6,=1.

Assume the condition i)-v) holds :

) lime, =0 ,Z:;la" =0,

n—>®

i) 0<c<pB,,y,,06,<d<1for some ¢,d>0 and vnx1,
iii) {44} (e, /)= (0,2a) and {1’} c[g,h]=(0,28),
iv) {r"'}:il g[e,é] 36,6 >0,

0 ©
V) Zlann —Q,|< 0, Zlﬂnﬂ —ﬁn
n=1 n=1

a0 O
E : A A §
lnﬂ - A'n < 0,

n=1 n=l

< ®,

D K
< o0, Zl}/nﬂ TVal< ®, errﬁl )
n=| n=1

B
ﬂ'n-b] < ®

— A8

Then {x,} converges strongly to p=Psu.

Let ¢ be a nonempty closed convex subset of a real Hilbert space H and let
T be a nonexpansive mapping of cinto ¢ and let 4,8:¢c - H be a,p-
inverse strongly monotone mappings, respectively, such that

F =VI(C,A)nVI(C,B)n F(T)= . Let {x,} be asequence generated by

u,x, € C and

z,=F)x,
Koy = 0t + BB (1= 20 A)x, +7, B (I~ A'B)x,+6,z,,
forall n>1, where {a,},{8,},{r.},{5,} are sequences in [0,1] and

a,+pB,+v,+06,=1.



Assume the condition i)-v) holds :

) lima, =0 Z-x a,

n-—»aw

i) 0<c<B,,7,,0,<d<1forsome ¢,d>0 and vn21,
ii) {/1,?}g[e,f]c(0,2a) and {xlf}g[g,h]c(o,?.ﬂ),
iv) {rn}g[e 5] 36,6 >0,

UYL ATES o e )
5 3

n=1
Then {x,,} converge strongly to p= Pru.

< o, ZI 1 —T|< ®,

B
A'n+l

in -t

n+1

B
Al <o

. Let ¢ be a nonempty closed convex subset of a real Hilbert space i . Let
{T, },1:1 be a finite family of nonexpansive mappings of ¢ into ¢ with
ﬂLF(T,);e @ and let q, = (a,’,a{,a,’)e JxJxJ, j=1,2,.,N,where
J=[01], a/ +af +af =1, Let s be the mapping generated by 7,7,,...,7T,
and a;,a,,....ay . Let 4,B:C - H be a, B - inverse strongly monotone
mappings, respectively, such that # =vi(C,4)AVI(C,B) N ﬂf;F (T,) .

Suppose that u,x, € C and {x,} be a sequence generated by

2 =,
Yo =0u+ BB (1= 22 A)x, +y,P (1~ A2 B)x, +6,2,.
where {a,},{8.}.{7.},{8,} are sequences in [0,1] and «, + B, +7, +6,=1.

Assume the condition i)-v) holds :
hma =0, Z a =0,

n—wo n=l 0

i 0<c<B,,7,,0,<d<1 for some ¢,d>0 and va21,
i) {4/} (e, /] (0,2a) and {7} c[g.h]=(0,26),
w) {r}c[6,6] 36,6>0,

L
V) Z|a,,+l—a,,< Z

g Z

Then {x,} converges strongly to p=Pru.

n

n+l |< 0, Zlynﬂ ynl< @ ZI Bl — |< «,

B
2‘n+l

A=Al

n+l

B
A | < o
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Abstract

In this paper, we propose an iterative scheme which received inspiration and ideas from the research of
H. Piri ([1]) , Zegeye ([7]) and the definition of a certain set value mapping. We prove the strong convergence
theorem for finding a common element of the set of solutions of systems of variational inequalities for two inverse-

strongly monotone mappings and the set of fixed points of nonexpansive mapping.

Keywords : Variational Inequality, « - inverse strongly monotone, Fixed Point.

*Corresponding author. E-mail : spreamjitpraphan@hotmail.com

1. INTRODUCTION

Let H be areal Hilbert space and C be nonempty closed convex subset of # with inner product ( ) and norm |[|[ LA
mapping T of C into itself is called nonexpansive if

fTx~Ty|<[lx- ], forall x,yeC (1.1)
We note the set of fixed pointof T by F(T).l.e., F(T)={xeC:Tx=x}.
Let B:C — H is called monotone if

(x-y,Bx-By)20, forall x,yeC. (1.2)
Let B:C — His called g -inverse strongly monotone if

(Bx-By,x-y)2B|Bx-By, forallx,yeC. (1.3)
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Recall the mapping T is said to be « -strictly pseudo-contractive if there exists a constant «x e [0,1) such that
(x=y,Tx~Ty) <=y +x|(1-T)x~(1 —T)y"z , forallx,yeC. (1.4)
We observe that T is if x -strictly pseudo-contractive mapping then /-T is 1_—2'-( -inverse strongly monotone.

Moreover, also this implies that 7 -T is a continuous monotone mapping.
Let B:C — H . The variational inequality problem is to find a point #e C such that
(Bu,v-u)20, forall veC. (1.5)
The set of solutions of (1.5) is denoted by VI(C,B) , thatis, ¥I(C,B)={x&C:(Bu,v~u)20, VyC}.
Let C be nonempty closed and convex subset of a real Hilbert space H . Let 4:C — H be a continuous monotone mapping. For

r>0 and xe H , define a mapping F,:H - C as follows :

Fx:= {z € C:(y—z,Az)+%(y—z,z—x)20, Vye C}
is single-valued and firmly nonexpansive that satisfies, F(F,}=VI(C,4).
In 2012, H.Piri ([1]) introduce the following general iterative methods :
z, = J,:“,, -~-J,:’,,J,‘Mx,,,
Vo= tube(z, =42, )+ (1-1,) P (2,-6,B2,), (1.6)
Fua = f (W,3,)+ Bx, +((1- B) - iF) W, ,

such that Ais (a, 8)- strongly monotone such that B> ay®, B is (¢,8)- strongly monotone such that &>¢n*, T:C>Cis a
1
nonexpansive mapping for all i=1,2,... and J*:H —C defined by J,"(x)={zeC:¢(z,y)+;(y—z,z—x)20, VyGC} which is single-

valued and firmly nonexpansive and satisfies Fix(J,‘): EP(g), Vr>0.Let {a,},{8,}.{r.}. {6,} and {4,} be real sequence such
that 0<a,,B,.7, <1, ,,>0 and 0<4, <b for some be(0,1] satisfies the conditions :
(1) forevery ke{l,2,.., M} the bifunction ¢, satisfies,
(4) ¢(xx)=0 forall xeC,
(4,) @ is monotone, ¢ (x,y)+4¢,(»,x)<0 forallx,yeC.
(4,) liminfg, (tz+(0-0)x,y)< ¢, (x,y) forall x,y,zeC,
(4.) y- ¢.(xy) is convexand lower semi-continuous forall xeC,
(8) 3=\ Fe(NEPONVIC,BNVI(C,4) # D,
(2) the sequence {a,} satisfies
<) !Ln:a,, =0 and
(&) Z:nl @, =,
(3) thesequence {8,} satisfies
(D) O<liminf,_,, B, <limsup, B, <1,
(4) the sequence {g,} satisfies
(£) limy, =0,
(5) the sequence {6,} and {¢,} satisfies
(R) {¢)eledl=(0,2a).
(7)) {8.)clab]c(0,2a) and limls,,-4,[=0,

(6) The sequence {r,}." satisfies
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(G) limn,=r>0, Vke{2,.,M}.

[l

They show that the sequence {x,},{»,}.{z,} and {J" x }71 converge strongly to x” € 3, which is the unique solution of the

variational inequalities :

((yF—rf)x',x'—x)sO, Vxe3,
(Bx',x' —y) <0, vyeC,
(Ax',x' —y) <0, VyeC.

Let T:C— H be x-strictly pseudo—cont'ractive mapping. From Lemma 2.6, define the mapping F : H -»C by
Flx= {zeC:(y—z,(l—T)z)+l(y—z,z—x)20, Yye C} X (1.7)
r

in this paper, we propose an iterative scheme which received inspiration and ideas from the research of H. Piri ([1]) . Zegeye ((7])
and the definition of a certain set value mapping. We prove the strong convergence theorem for finding a common element of the set
of solutions of systems of variational inequalities for two inverse-strongly monotone mappings and the set of fixed points of

nonexpansive mapping.

2. PRELIMINARIES
In this paper, let H be a real Hilbert space and C be a nonempty closed convex subset of H and the symbols "—" and "—" are
denoted by strong and weak convergence, respectively, Forevery xe H | there exists a unique nearest point P.x in C such that
|x = P-x||=min|x -y for all yeC . F. is called metric projection of H onto C.
To prove our main result, the following tools are need.
Lemma 2.1. ([3]) Foreach xe Hand zeC, P.(x)=z&{x-z,2-y)20, VyeC
Itis well known that F. is a firmly nonexpansive mapping of H onto C , i.e., ||}’Cx-PCy]|z (Px-Py,x-y) ,VxyeH.
Lemma 2.2. ([3]) Let # be a Hilbert space, C be a nonempty closed convex subset of H and 4 be a mapping of Cinto H . Let
ueC thenfor A>0,
u=PB.(I-A4)u & ueVI(C,4),
where P. is called metric projection of # onto C .
Lemma 2.3. {[4]) For each Hilbert space H satisfies Opial's condition, i.e., for any sequence {x,} = H with x, = x , the inequality
timint - <timinf, ],
holds for every ye A with y=x.
Lemma 2.4. ({s]) Forevery x,y,ze H and a,8,7 e[O,l] with ¢+ g+y=1,we have
Jax+ By+ 72l = alf*+ B + 71l -l ~arls-af - prly-of*
Lemma 2.5. ([6]) Let {s,} be asequence of nonnegative real numbers satisfying
sm<(l-a,)s, +6,,Yn20,

where {e,} is a sequence in (0,1) and {4,} is a sequence such that

1. Ya,=0,

n=|

2. limsup%-so or i|5,,|<oo.

n=1

Then lims, =0.
We modified the work of Zegeye ([7]) as below.

Lemma 2.6. Let C be a nonempty closed and convex subset of a real Hilbert space H.Llet T:C—»H be « -strictly pseudo-



contractive mapping with F(T)#@ . For r>0 and xe H . Define a mapping FT:H - C asfollows:
Fix= {zeC:(y—z,(]—T)z)+l(y—z,z—x) >0, VyeC} .
r
for alt xe H . Then the following hold :
(1) Fissingle-valued ;
(2) FT is afirmly nonexpansive type mapping. i.e., forall x,yeH .
() F(FT)=vi(C.1-T):
(4) vI(C,1-T) isclosed and convex.
Remark If 7 is nonexpansive mapping, then VI(C,I-T)=F(T}.
3. MAIN RESULT

34

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H and let T be a nonexpansive mapping and let

A,B:C - H be a,p - inverse strongly monotone mappings, respectively, such that F =VI(C, )nVI(C, BYNnF(T)=@.
Let {x,} be asequence generated by u,x, e C and
Xa=au+pre (l —A:A)x,, +7,P (l —A:B)x, +6,z,,
z, = F,_Tx,,.
where {a,}.{8.}. {r.}.{6.}<[0.]] and @, +B,+7,+6,=1.
Assume the condition i) - v) holds :
i) lima,=0,3." & =,
i) 0<c<B,,7,,8,<d <! forsome ¢,d>0 and Vn21,
iy {4/} < [e.s]=(0,22) and (%) cla.h]=(0.28).
v) {rn}g[&t—?] 30,6 >0,

v) ilam —a, g[ﬂmx -8, "Ezl:l}'m"}'n , g‘rml-nl’ gl%-ﬂﬂ- g

n=l
Then {x,} converges stronglyto p=Pyu .

A2 - Al < .

Proof. We will show (I—A,fA) and (I—J:B) are nonexpansive mapping.
Since A4 be « - inverse strongly monotone mapping and {A,;‘} <(0,2a) , we have
[(1-a2a)x=(1=22A)f = fe=off =220 - yo = )+ (42 | tx - off
< Jom s - 200 ax— o +(32) 43 o
= Jx=of + 42 (41 -2a)|ax- Hff
< - (3.1)

Therefore (1 —/1,,‘.4) is nonexpansive mapping. Similarly, (1 - B) is nonexpansive mapping.
Step 1. The sequence {x,} is bounded.

Let pe F and M =max{[u- p|,|x - pl}.Since F(T)= VI(C,I—-T):F(I-‘,_T) , we have

Flx, - p
715, £l ]
<by -l ©2)

Since peF ,lemma22and a,+8,+7,+5,=1,

= - pl=




au+ fFr (l -A,;‘A)x, +y,F. (I—AfB)x,, +d,2, -p"

o, (u=p)+ B, (B (1~ 4 4)x, ~ o (1= 224) p)+ 8, (2, - p) +7,(P: (1- AB)x, - P (1- 2B)
<aJu-pl+ AR (1-404) 5, - 2o (1-24) 8., =l e (1 -228)5, = e (1= 328) ]
<a,Ju-pl+(1-a,)|x - 7|

M (3.3)

"an =P " =

By induction, we have |x, - p| s M, for all neN. This implies that the sequence {x,} is bounded and {z,} is bounded too.
Step 2. We show that ,lli_’rzﬂlx,”l -x,]=0.

From the definition of x, , we have

[0 =%, =l + B,R: (1= 424) %, + 7,8, (I - 21 B)x, + 6,2, —[a,,_,u + BB (1= 24,45, + 7, 1P (1= 32.B) 3, + é',,z,,_,]
= (@, -y )u+ B, (R (1~ 424) 5, - P (1 - 22,4)x, )+ B, (e (1 - s A) 3, = B (1= 20, 4)5,.) ~
+(B, = Bo) (P (1= 44 4) 5, )+ 7, (P (T - 47 B) %, ~ P (1-/1,"_,3)x,)+y,(f>c (1-42,B)x, - P-(1 - 42,B)%,.)
+(# = Vua)(Pe (1 = A2iB) 5,0 ) + 8, (2= 2,3 ) (8, = 6,1) 211
P (1-324)x, ~ P (1= 24,4) x|+ B, P (1 - 44,4) 5, = B (1= 35, 4) x,.,
P (1-22B) 5, = P (1= 22,B) 5, |+ 7, [P (1 ~ A2,B) %, - P (1 = 22,B)x,.,

<la, ~a,. |4+ 5,
+18, - Bl|P (1 - 25+ 7.
= tral e (1= 224B) 30| + 8., - 2416, =8,z

<o, ~a, [[u|+ B, J(Ad - 22) x|+ B 1%, - 5,4 +18, - B

B.(1-22,4)x,,

n—1

+7n ('1:—1 ")':) an" +7. “"n = Xt " +I7n = 7n-1| R (1 Y A'nB-IB)xn—I +6, I]zn = z.-l""' ]5.- = 5..-1”]2.--1 "
= la, —a,. [l + B[22 = A2 Ax )+ BT, = 5] +18, - B[P (1 - A A) 3|+ 7,42, = 2718,
+7a l[xn ‘xn-1||+|7n =Y\ Fe (I —]'f-lB)xn-l ” +6, |]zn _zn-l" +0, "5,»-1“|2n-|| (3.4)
Observing that z,=F,x, and z,,=F, %,,,
(y-Flx,(I-T) I-',Tx,,)+i(y—F,rx,,,l-'fx" -%)20 WyeC (3.5)
. . ) 2 X,
and (y—F,_r_|x,,_,,(1—-T)F;'T_Ix,,_,>+%(y—-F,:lx ,,F;:‘x,,_,—x,,_,) >0 ,YyeC (3.6)
n=|
Taking y=F, x,,in (3.5) and y=F;x, in(3.6), we have
(FT 5= FT, (1 =T T, Y4 (F] 3 - F%, T3, - 3,) 20, (3.7)
n=1 " ] r” 'n-| (] "
and  (ETx, =T (= T) FL % (B = L 5 = %,1) 2 0. (3.8)
] -t »-l rn-l " -l =
It follow that,
1 1
<F,,'xn ~F %, (I-T)EL x,,~(I-T)F]x, +;:(E:.x.-, "‘"")'Z(F'-T x,- x")> 20. (3.9)
Then, <fo. ~ B gy (L = 50 ) = (RT3, - x.)> 2 (K%, = L (1 =T) Elx, = (1-T)FL 3,0 ) (3.10)
" (3 r"-l -1 ’." - (] a1 ] -t
Since /-T:C— H be a monotone, it follow that
<F: %= FLx s (FL % -x.-.)—ir;L(F:x, —x")> 20. (3.11)

and hence

<F,_’x,, —F % Fr %, =%, ~Flx, 4%, +(l—r—;iJ(F,.'x,, —x,,)> 0. (3.12)

Py =12
n
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Thus, we have

||FTx F,: ,,_," —< x, - F,T wFTx, - FT ) <Fr"x" F;‘x,H X, = x,,_,+(l %](F:x,,—x,,)‘>

<|F7 %, = FL x| ,—x"_,_+(1-5;:—')(F,jx"—x") . (3.13)
It implies that,
2, -zl = [Flx - FLx] < llx,—x"-|||+1~£;"'—‘[|F,,TX.-x.II = IIxn-x"-nl|+%In-rn- F)x,-x,
< 1[x,-x"_,|[+-[‘;ﬁ|r"-r"_,|. (3.14)
From (3.4) and (3.14), we have
b =5l 5 |, =l + 8|28 = 24, 8,15, = sl +1B, = Bl e (1 - A A) 3,0+ 72 |22, - A7 1B,
b=l =P (=228 - s 7 ol e
= (1=, )0 = xoal+ lon =@l + B 122 - 27 A%, 418, ~ Bl B (7 - 41 4) 3,
+7, lf_,-Af|[|Bx,,|[+|y,—y,,_,[ PC l ).j{l “+¢$ —Mlr, — 1| +|6, = 8,.||zm]
<(1-a,)x, = x|+ [, — e | M+ |3t - 4 M+|8, - B, | M
7,42, = 42| M4y, —7"_|‘M+—1-ﬁ[r,—t;,_,|+|5,, —5M . (3.15)
where M = max (Jul, | x, || B (7 = 444) %, [ B2 (1= A2.B),. |, )
From (3.15), conditions (i), (V) and lemma 2.5 , we obtain ’lll_rgnx,,ﬂ—-x" =0, (3.16)

Step 3. We show that limfz, - x,|=lim|R (/- 2/4)s, = x| =tim|P. (1~ 22B)x, -] =0.
Let pe F . Since F’ is firmly nonexpansive, we obtain

Vs -l =l B (- pn )

_1[
2Ll

i A (3.17)
Using (3.17), we obtain

f]

xﬂ-ll

ol b~ ol

P = £l = et

- )+ﬂ”(PC(1—A,fA)x,,—p)+7,,(PC(1—/'l.:B)x,—p)+5,(z,,—-p)lr

B, (- (1~ 424)5, - p) 1, (B (1= 22B) 3, P} + 6, (2, = )| +22, (= P30 = )
(1-414)x, —p\|2+7 | (7-228)x, o] +6,]z - pI} + 22, (u= p,3 - P)
S(ﬂ + 7% - 2l p|| +2a, (1= p,%,, - )

s (847 - olf +6, [ux - I |+ 20, u- poxa =)

< |lx, —p]| -8, “sz,, —x,," +2a, (u— PiXpy = P). (3.18)
Then, we have

S,

x—x

= P+ = P50~ 2.+ 20, (4~ P %, - ).
Using condition i), ii) and step 2, we have

i, -5 -

(3.19)

From definition of x,, we have



2

[~ P = o, (u=p)+ B, (P (1~ 224) 3, = p) 7, (P (1 - 42B) 1, - p) + 8, (z, - P)|

2

B, (Pc (l—/I:A)x,, —p)+¢5" (z,- p)+(a, +7.) 0!;(u+—yp) . u (PC (1;}573),‘" _ p)]

2

= I['B"(PC (I-A"‘A)x,, —p)+5,,(z,, -p)+¢,G,

a"(u~p)+7’n(Pc(l"3:B)xn"P)
a,+7, a,+7, '

where ¢, =a,+y, and G, =

From lemma 2.4 and pe F ,we have

2

P = o < B, (1-224) %, = o +8,0e, - o + . IG1 - .8 [P (1= 224)x, 2,

&(r—z:f«)x,-z~u’+c~[“~”“*'ﬂﬁ+f~l"c<'-*fﬂ)*~"ﬂﬁ]

< (8, +8,)x, - ol - B8,

a,ty, a,+7,
<lx, - o - BB (1- 42 4)x, =2 +a,u- o -
It implies that

£8P (1-224)%,-3,[ < (b= Pl b = Pl 5+l -

Then lim| . (1-4/4)x, - z|=0.

Since “PC (1-224)x, -5,

< |7 (7-414)%, -z,

+ "z,, —x,,|| and

from (3.19) and (3.23), we have  lim||£. (1~ 4/4)x, - x,[ = 0.

Consider that x,,,-x, = a,(x,~u)+ S, (Pc (l‘—l,fA)x,, —x,,)+y,, (PC (I—AfB)x,, —x,,)+5,, (x,—z,).

From condition i), (3.19), (3.25), and step 2, we have !.’.EHPC (1-47B)x,-x,|=0.

Step 4. We show that limsup(u — p,x, ~ p) <0, where p= P.u.
We can choose a subsequence {xm} of {x,} such that
limsup(u - p, %, - p) =lim(u - p,x, = p).

Since A7 e[e, f] . we may assume that 4! —>A€[e, f]<(0,2a) .

Without loss of generality, we can assume that x, — @ as k -, where o € C. We will show that w € F .

Assume that o VI (C, ). Since VI(C,A)=F(P.(I-414)), we have o= P.(I- A4)w.
By nonexpansiveness of P.(J-A44) and Opial's condition. we have
liminf|x,, - o] < liminflx, - £ (/- 14)a

< liminf[x, - £ (1-214)x,

+ liminf £ (7 =22 4)x,, - P (1-a4)a]
< timinf|P. (1= 424)x, - P (1 - 44 d) o +liminf | . (1 - 22 4) @~ P (1 - A4) o

< liminf |2 (1= 22 4)x, = B (1~ 21 A) o] +lim nf |1 - 4!

4o
< liminf|x, -of .
This is a contradiction. We obtain @ e ¥1(C, 4) .
By using the same above method, we have weVi(C,B).
Next, we will show that we F(T) ' Since r, € [0,5] ,we may assume that r, —re [6,5], Vi=12,..M.

Consider that

<y—F,Tw,(1-T)ﬁ;’w>+-‘-<y—p,’w,F,’w-w>zo VyeC
g 'y r Y s

i

(3.20)

(3.21)

(3.22)
(3.23)
(3.24)
(3.25)
(3.26)
(3.27)

(3.28)

(3.29)
(3.30)
(3.31)

(3.32)
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and (y-Fro,(I-T)F o)+ X (y-Flo,Flo-a)20 WyeC
r
Taking y=F  in (3.32) and y=F,:win (3.33), we have
<F,Tw—1§:m,(1-T)F,’a)>+l<F,’w—1~"flw,E’]m-m> 20,
y 0+ "o F,
"

and <F,TJw— Flo,(I1-T) F,Ta)>+l<F,7w— F,’w,F,’m—w) 20.
; A\

1t follows that

1 1
<F,:x" ~Flay(l -T)F’Ta)—(l—T)E:a)+.;(p’Ta)-m)—r—(F,:w—w)> 20.

"

oy

i 1

Then, <F,:w—-F,Ta),;(F,'w—w)—r—(F,:w—a))> > <F"w—F,’w,(l-T)EZw—(I—T)F,’w} )
"y

Since /-T:C —» H be a monotone, we have

<F,’m—F,’w,F,Ta)—a)—L(F;'w—w)> 20.
y ”

r"l

then, <F,’lw—E’w,F‘,’m—w—E”w+w+[1--’_)(lv‘f/a;—w)> 20.
y 4 p g

"y

Thus, we have

T T
F,.]w—F, @

2
=(Fo-FloFlo- F,’w) < <F,Tw—F,Tw,[l —L](Ffw—-w)>
e} = y r ]

"

< 1 FTw—a)“.

[

Fro-rid

r
r"l

From (3.40), we have

F,:a)—a)”.

Frao- F,’w" <

r
’, 13 %
ng r

<

Hence lim
Jo

F,:w—-F,Tw"=O.

Assume that w# F @ . By non-expansive of F,T , (3.19), (3.41) and Opial's condition, we have

liminf"x,, —w“ < liminfllx, —F,’w"
ko + k-0 *

Flx, -Flao

o

<liminfls, - 7, | + limint
k- * ) kw0

Fx —F! w“ +liminf I[F,T o-Flo
"y * g I—”’ "y

< liminf
k—yoo

< liminf[x, o]
This is a contradiction, we obtain @we F (F,’) )
Since F(FT)=VI(C.I-T)=F(T), we F(T).
From x, =, (3.30), (3.31), (3.43) and lemma 2.1, we conclude that
lim sup{u - z,x, —2) =li_r£(u—z,x,,‘ —2)={u~-z,w~-2)<0.

L

Step 5. Finally, we will show that the sequence {x,} converges strongly to p = Pyu.

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)
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a, (u-p)+ B, (P,_. (l -2t A)x, - p) +y, (PC (l - }.fB)x,, - p) +6,(z, - p)"2
B, (P (1- 22 4) %, p)+ 1, (B (1~ 22B)x, = p) + 5,(2, - )| +2a, (= p.x,0 =)

P.(1-42B)x,~ o +5,

“xnﬂ =P [Iz =

P.(1- 44 4)x, - p]]2 +7,

< ﬂ" z,,—p[|2+2a,(u—p,x,,ﬂ-p)
S(1_(111) xn_p“2+2an<u_p"xnﬂ—p> . (345)

From (3.45), condition i) and lemma 2.5, we can conclude that {x,} converges stronglyto p=Peu.
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