DETERMINANT OF ADJACENCY MATRIX OF

SQUARE CYCLE GRAPH

1 TV

EoTea%

NITIPHOOM ADSAWATITHISAKUL

KBUNI e veeonsecmmmenssassasermsssssesssss

L'}

amaion.....048 h

'?u,Lﬁau,"ﬂ......2..5....&:.&...2557 i

A THESIS SUBMITTED IN PARTIAL FULFILLMENT
OF THE REQUIREMENT FOR THE DEGREE OF
MASTER OF SCIENCE IN APPLIED MATHEMATICES
FACULTY OF SCIENCE
KING MONGKUT’S INSTITUTE OF TECHNOLOGY LADKRABANG
2013

KMITL-2012-SC-M-001-053



COPYRIGHT 2013
FACULTY OF SCIENCE

KING MONGKUT’S INSTITUTE OF TECHNOLOGY LADKRABANG



& Y o d ~ da 4 o 4 a o w
JVOINYIUNWUD amasllluAveANNInFlss¥avnensvhamaeaes

infiny . wwilagll A
sradszea 53650703
Wayan Mnenaasumtutia

o = 4 o
MYIIN AllAmManssyna
W.f. 2556
010130 30 ATIAY AN

w U
unfinge

nsmlnmidres C2 Ao nsilidaugaen n gauazyavendeIg u LAz v 3
Y] A o d A ' a 1T a a - 1
IuIyouAUNADINDTLUENIAIENIe w uag v Ia1luiAu 2 Tasluinofinudil

or

Yt I’ o o 4 a o @ -:
vlﬂﬂmﬂﬂJll'N'NW]‘UB~111JYlﬁ'ﬂ"b’l]53‘Ifﬂ‘l10\m'i'lﬂ’Nﬂ'lﬁ~1ﬂ0\l U

0 ;n=0,2,4(mod 6)
det(4(C?) =116  ;n=3(mod6)
4 ;n=1,5(mod 6)

& o ° d
o n lﬂuﬂ‘]u']ulﬂuu’]ﬂ

& Vet -t 7 s a ¢ a aa
uennnil i 1dimsmame s TuuudveuunIndlseFaveansidiinasinnis
° = 1 o o 2 ° w 2
Autumsmsranszninnsvhisiidsresdunsl G (€2 +G) uaznsmhatidaes C?2
VA v A t:i 2 d‘
wizdedvdd B, fiya v, (C2U, B,) Taofi v, e v(2,)

(%4 ~

Mdifiey : Ameslunud nsveiidanes wmindssda msautiunisnsuan



Thesis Title Determinant of Adjacency Matrix of Square Cycle Graph

Student Nitiphoom Adsawatithisakul

Student ID 53650703

Degree Master of Science

Program Applied Mathematics

Year 2013

Thesis Advisor Dr. Decha Samana
ABSTRACT

Square cycle graph denoted by C: is a graph which has » vertices and two vertices u
and v are adjacent if and only if distance between u# and v not greater than 2. In this thesis, we
show that the determinant of adjacency matrix of square cycle graph C, : are as follows

0 ;n=0,2,4(mod 6)

det(A(C?))=116  ;n=3(mod6)
4 ;n=1,5(mod 6)

where nis a positive integer.

Furthermore, we show that the determinant of adjacency matrix of graph C: +G and

the determinant of adjacency matrix of graph C:, U, P. which is a square cycle graph C:l

¥ T m

adjacent a path 7, at vertex v,, where v, € V(P,,z )

Keywords : Determinant, Square cycle graph, Adjacency matrix, Sum operation
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CHAPTER 1

INTRODUCTION

Associated with every square matrix is a number called its determinant. The determinant
of a matrix is a tool that is used in many branches of mathematics, science and engineering.
Determinant of graph in graph theory and linear algebra which two subjects are mixed and we
will change graph into matrix for example, adjacency matrix, incident matrix, laplacian matrix,

distance matrix, detour matrix etc. Example

v
™ €] U2 eg 3]
Yg vz
73 €
eq ey 5 2
‘ Us ta
€3 €3
Uz €3 Uy
Y4

Figure 1.1 Complete graph K, Figure 1.2 Cycle graph C;

Form figure 1.1, we write adjacency matrix, incident matrix and laplacian matrix,

respectively

0111 1 00110
A(K4)=1011 B(K4)=110001
1 1 01 001101
1 T 10 011010

-3 1 1 1

O(K.) = -3 1 1

* 1 =3 1

I 1 1 -3

and figure 1.2,



01 0001 01 0001
1 01 000 1 01 0 00
01 0100 01 0100
AC = BC =
€=l 01010 €o=l6 0101 0
0 001 01 0 00101
1 00 01 0] 1 00 01 0f
2 1 0 0 0 1]
1 21 0 0 0
0(C,) = 0 1 -2 1 0 O
“7lo 01 2 1 o0
0O 0 0 1 -2 1
10 0 0 1 =2
Furthermore,
det(A(K,))=-3,
det(B(K,)) is not exist because this matrix is not a square matrix,
det(Q(X,)) =0,
det(A(Cy)) =—4,
det(B(C{))=—4,
and det(Q(C;)) =0.

From this example, we see that determinant of graph is dependent on the numbers of
vertices and edges in graph. If the numbers of vertices and edges in graph are large, determinant
of graph will find difficult. It is interesting to study determinant of adjacency matrix of square
cycle graph. Moreover, we study determinant of adjacency matrix of some graphs which obtained

from operation between two graphs.

In 1974 and In 1980, N.Biggs and D.M. Cvetkovic et.al have published about
determinant of adjacency matrix of some graph such as X,,P,,C, and W, . In 2002, M.Doob
had found determinant of adjacency matrix of graph G(r,#). In 2009, A.Abdollahi had found
determinant of adjacency matrices of graphs. In 2011, B. Gyurov and J. Cloud had found

determinant of adjacency matrix of pin wheel graph.



This thesis is divided into 5 chapters. Chapter I, introduction, tells about the aim and
reason for doing this thesis. Chapters II, preliminaries and basic concepts, compiles the data and
fundamental of this thesis. The process of finding determinant of adjacency matrix of square
cycle graph is in chapter III. The results of determinant of adjacency matrix of some graphs are in

chapter IV and the conclusions of this thesis are in chapter V.,



CHAPTERII

PRELIMINARIES AND BASIC CONCEPTS

In this chapter, we introduce preliminaries which is a basic knowledge about this thesis.
We divide into 2 sections which the first section is linear algebra and the second section is graph

theory.

2.1 Linear algebra

Linear algebra is a branch of mathematics that play a central role in modern
mathematics, and also is importance to engineers and physical, social, and behavioral scientists.

We begin with introduction about basic concepts of linear algebra which is used in this thesis.

2.1.1 Linear equation
An equation in the variables x and y that can be written in the form ax+by=c,

where a,b and c are real constants (@ and b not both zero), is called a linear equation. The
graph of such an equation is a straight line in the xy plane. Consider the system of two linear
equations,

x+y=5

2x—y=4
A pair of values of x and y that satisfies both equations is called a solution. It can be seen by

substitution that (x, y) =(3,2) is a solution of this system.



2.1.2 Matrix

Definition 2.1 Matrix consists of rows and columns. Rows are labeled from the top of matrix,
columns from the left. The location of an element in a matrix is described by giving the row and

the column in which it lies. The element in-row i, column j of matrix A is denoted by a.

Werefer to a;, as the (i, J ) -th element of the matrix 4. We can visualize an arbitrary

mxn matrix A as in figure 2.1,

If the number of rows, m , is equal to the number of columns, 7, matrix A is said to be
a square matrix. The elements of a square matrix A, where the subscripts are equal, namely

a,,4,,,...,d,, form the main diagonal, see figure 2.2

a, 4a; q,, a, a, a,,
A= a, an a?n A= a, Gy a4,

am 1 am 2 e amn an 1 an 2 ann
Figure 2.1 mxn matrix A Figure 2.2 square #1x # matrix A

Example 1 Consider the matrix

1 -2 -l
A=[3 3 4
2 7 5

a,, is the element in row 1, column 2, thus g,, =—2. We see that a,; =4 and a,, =2. Matrix
A is a square matrix. The main diagonal of matrix A4 consists of the elementsa,, =1,a,, =-3

and a;; =5.

2.1.3 System of linear equations

We can write a general system of m linear equations in # variables

allxl +"'+alnxx =bl

a,x +...+a,x,=b,

mnn

Using matrix notation as follows.



Represent each side of this equation as a column matrix,

ayx, ++a,x, b,

a, X+ +a,.x, b,

The left matrix can be written as a product of the matrix of coefficients A4 and a column matrix

of variables X . Let the column matrix of constants be B.

A X B
a, ... aq, ||x b,
aml A amn xn bm

Thus, we can write the system of equations in matrix form

AX =8B
Example 2
3x,+2x,+5x, =7
X, —8x, +4x, =9
2%, +6x, = Tx; ==2

can be written

3 2 S5lx 7
I =8 4 ilx,[=]|9
2 6 -7|=x -2

We are now in a position to show all homogeneous systems of linear equations and
nonhomogeneous system of linear equations.
Let AX = B be a system of linear equations. Then
AX =B and B =0 be such a homogeneous system of linear equations,

AX =B and B# 0 be such a nonhomogeneous system of linear equations.

2.1.4 Determinant

Definition 2.2 The determinant of a 2x 2 matrix A4 is denoted by |A| and is given by




Observe that the determinant of a 2 x 2 matrix is given by the difference of the product of the two
diagonals of the matrix. The notation det(A4) or |A| is also used for the determinant of A .
The determinant of a 3x3 matrix is defined in terms of determinants of 2x2 matrices.
The determinant of a 4x4 matrix is defined in terms of determinants of 3x3 matrices,
and so on. For these definitions, we need the following concepts of minor and cofactor.
Definition 2.3 Let A be a square matrix. The minor of the element a, is denoted by M y andis
the determinant of the matrix that remains after deleting row i and column j of matrix 4.
Definition 2.4 The cofactor of g, is denoted by C; and is givenby C, = D" M, PE
Note that the minor and cofactor differ in at most sign,
Definition 2.5 The determinant of a square matrix is the sum of the product of the elements of

the first row and their cofactors.

If matrix 4 is 3x3, |4|=a,C, +a,C,, +a,,C,

If matrix 4 is 4x4, |A|=a“C” +a,C, +a,C; +a,C,

If matrix 4 is nxn, |A| =a,,C, +a,C, +a,C; +-+q,,C,
These equations are called cofactor expansions of |Al .
We have defined the determinant of a matrix in terms of its first row. It can be shown that
the determinant can be found according to the following rules, using any row or column.
Definition 2.6 The determinant of a square matrix is the sum of the products of the elements of

any row or column and their cofactors.
i -th row expansion : |A| =a,C, +a,C, +...+a,C,

J -th column expansion : IAI =q,C, +a,C, +..+a,C,

Example 3 Consider the matrix



find M,,,M,,, M,, and-det 4 by using cofactor.

Solution Minor M, is the determinant of the matrix that remains after deleting row 1 and

4 6

column 2 of matrix 4, then M|, = 7 9 =-34,

Minor M, is the determinant of the matrix that remains after deleting row 2 and column 3 of

3
matrix A, then M, =l7

And minor Mj, is the determinant of the matrix that remains after deleting row 3 and column |

-1 2
of matrix A4, then M, = 5 ¢ =-16.

det A is the sum of the product of the elements of the first row and their cofactors and uses

i th row expansion : |AI =a,C,+a,C,+---+a,C,, then

n?

det A =a,(=1)""' M,, + @, (-1)"* M;, +a, (-1 M,,
=a,M, —a,M,; +a,M,
4 7

=3’5 6\_(_l)l4 6‘+2
1 2 7 2| 77 1

=3(4) - (-1)(-34) +2(-31)
=-84.

2.1.5 Eigenvalues and Eigenvectors
Definition 2.7 Let 4 be an nx»n matrix. A scalar A is called an eigenvalue of A if there exists

a nonzero vector x in R" such that

Ax=Ax.

The vector x is called an eigenvector corresponding to A .
Computation of eigenvalue and eigenvector

Let A4 be an nXxn matrix with eigenvalue A and corresponding eigenvector x . Thus
Ax = Ax

Ax—2Ax=0.



giving
(A4-A1,)x=0.

This matrix equation represents a system of homogeneous linear equations
(A—Z,I”)x =0 1is a solution of this system. However, eigenvectors have been defined to be
nonzero vectors. Further, nonzero solutions to this system of equations can only exist if the matrix
of coefficients is singular,lA —Z.I"I = 0. Hence, solving the equation |A —Z.Inl =0 for A leads

to all the eigenvalues of A.

On expanding the determinant |A —/?,I,,l , we get a polynomial in A . This polynomial is

=0 is called the

called the characteristic polynomial of A. The equation |A—Z,I"

characteristic equation of 4.

Theorem 2.8 [6] Let A,,..., A, be eigenvalues of a square matrix A . Then

det(d)= A4, ... A,

2.2 Graph Theory

Graph theory is one of the major areas of combinatorics, it is developing into one of the
major areas. In addition to its growing interest and increased importance as a mathematical

subject, we introduce many of the basic concepts of graph which is used in this thesis.

Definition 2.9 A graph G is a triple consisting of a vertex set V'(G), an edge set E(G), and
a relation that associates with each edge two vertices (not necessarily distinct) called its

endpoints. We can write G=(V,E).
Definition 2.10 A multiple edges are edges having the same pair of endpoints.
Definition 2.11 A loop is an edge whose endpoints are equal.

Definition 2.12 A simple graph is a graph having no loop and multiple edges.
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Example 4

G : H
Figure. 2.3 graph G and graph H

From figure 2.3, graph G is a simple graph because it hasn’t a loop and multiple edges

and graph H isn’t a simple graph because it has a loop and multiple edges.

Definition 2.13 The degree of a vertex v in a simple graph G is the number of edges of G

incident with v, which is denoted by deg; v or degv.

Definition 2.14 The complement G of a simple graph G is the simple graph with vertex set

V(G) defined by wuve E(G) if and only if uv ¢ E(G).

Example §
vy U2 1] 7
v3 vy Us vy
G G
Figure 2.4 Graph G Figure 2.5 Complement graph G

Definition 2.15 The adjacency matrix of graph G, written A(G), is the nxn matrix in which

entry a, where

1; if v,vJeE(G)
U = 0; if vy, ¢ E(G)
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Remark An adjacency matrix is determined by a vertex ordering. Every adjacency matrix is

symmetric (a, =a,, forall i, ).

From figure 2.4, the adjacency matrix of G is

0110
1 0 0 1
AG) =
©) 1 0 01
01 10

Definition 2.16 A v, —v, walk is a list v,,¢,v,,e,,...,¢,,, of vertices and edges such that, for

1<i<k the edge e has endpoints v, andv,.

Remark Often only the vertices of a walk are indicated because the edges present are then

evident.

Definition 2.17 A v, —v, trail is a v, —v, walk in which no edge is repeated.

Definition 2.18 A v, —v, path is a v, —v, walk in which no vertex is repeated.

Remark A v, —v, walk is a closed or open walk depending on whether v, =v, or v, #v, .

Definition 2.19 If G has a v, —v, path, then the distance from v,tov,, written d;(v,,v,) or

simply d(u,v), is the least length of a v, —v, path.

Example 6

s

vy v3

G

Figure 2.6 graph G



12
From figure 2.6, v}, V,,V;,V,,V;,V,,V, isa v, —v, walk that is not a v, —v, trail,
Vi, V3,V isa v, —v, pathand v,,v,,v,,¥,,v;,V, isa v, —v, trail thatisnota v, —v, path.

Definition 2.20 A graph G is bipartite if V'(G)is the union of two disjoint (possibly empty)

independent sets called partite sets of G .

Definition 2.21 A graph G is k - partite if }'(G)can be expressed as the union of k (possibly

empty) independent sets.

Example 7
Uy Uz
uy U2
LU "
v v vy 0,
Figure 2.7 Bipartite graph Figure 2.8 Tripartite graph

Definition 2.22 A graph G is regular of degree r if degv=r for each vertex v of graph G .

Such graphs are called » - regular,

Definition 2.23 A path is a simple graph whose vertices can be ordered so that two vertices are

adjacent if only if they are consecutive in the list, a path with n vertices is denoted by P, .

o [ s

R P,
*——9 [ - &

B )7

Figure 2.9 Paths P, P, P, and P,
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Definition 2.24 A cycle is a graph with equal numbers of vertices and edges whose vertices can
be placed around a circle so that two vertices are adjacent if and only if they appear consecutively

along the circle, a cycle with n vertices is denoted by C, .

Ce Gy

Figure 2.10 Cycle graphs C, and C,

Definition 2.25 A complete graph is a simple graph whose vertices are pairwise adjacent; a

complete graph with n vertices is denoted by K, .

® e
K 1 K 2
K, K,

Figure 2.11 Complete graphs K|, K,,K, and K,

Definition 2.26 A complete bipartite graph is a simple bipartite graph such that two vertices are
adjacent if and only if they are in different partite sets. When the partite sets have mand n

vertices, a complete bipartite graph is denoted by Km_,, .
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K2.2 K2,3
Figure 2.12 Complete bipartite graphs X, , and K, ,

Definition 2.27 A wheel is a graph that contains #+1 vertices, with n vertices forming a cycle

of length n and the (n+ l)th vertex adjacent to all n vertices of the C,. We denote a wheel

with n+1 vertices by W .

S

W, W,

Figure 2.13 A wheel graph

Definition 2.28 [7] A Pin — wheel graph is a graph that contain n+ 2 vertices, with # vertices
forming a cycle of length n, the (n+1)th vertex adjacent to all # vertices of the C, and the

(n+2)lh vertex is adjacent only to single vertex of C,. We denote the pin — wheel graph with

n+2 vertices by W,,'.
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L

W6’ s Ws'
Figure 2.14 Pin wheel graphs W, and W}

Definition 2.29 [7] A generalized pin — wheel graph, is denoted by W,", is obtained from
a Pin — wheel graph where the (n+2)'h vertex is replaced by a path P, of length m—1, or

symbolically W" =W U, £,

Figure 2.15 Generalized pin wheel graph

Definition 2.30 A d - th power of cycle is a simple graph and two vertices u and v are adjacent
if and only if distance between u and v not greater than d, the d -th power of cycle C, is

denoted by C¢ .

Definition 2.31 A square cycle graph is a simple graph and two vertices # and v are adjacent if
and only if distance between ¥ and v not greater than 2, the square cycle graph C, is denoted

C:.

n
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Ce Cs
Figure 2.16 Square cycle graphs C? and C?

Definition 2.32 [5] A graph G(r,?) is a r - regular graph which has n=(r—1)f+2 vertices

when ¢ is a positive integer.

Definition 2.33 [4] The direct sum of graphs G, =(V},E,) and G, =(V,,E,), denoted by

G, +G,, is the graph G =(V, E) for which V' =V, UV, and E=E, UE,.

Ci+P,
Figure 2.17 A direct sum graph

Definition 2.34 Let 1, and n, be positive integers with 7, = 6. A graph C:I le P, is a graph
obtained from C:. + Pnz by joining one vertex of a square cycle C:l with one endpoint of a path

P, ,say v,.

Definition 2.35 [2] A circulant matrix is a matrix which all main diagonal are zero and entries in

first row satisfy a,, =@, ,,_,,, for j=2,..,nand q, =q,, .

Definition 2.36 [2] A circulant graph is a graph G whose vertices can be ordered so that the

adjacency matrix A(G) is a circulant matrix.
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From figure 2.16, we write adjacency matrices as

(0 1 1.0 00 1 1]

01101 1] 10110001
101101 11011000
110110 01101100
ACI=lg 1 1 01 1 A(C“z)—f_00110110
101101 00011011
110110 10001101
1100011 0]

Adjacency matrices of C2 and C? are circulant matrices because main diagonal of
matrices are equal to zero and entries in first row satisfy a,, =q,,_,,, for j=2,3,...,n and
a, =a,, ;. - Adjacency matrix of square cycle graph C? is circulant matrix because main
diagonal of matrices are equal to zero and entries in first row satisfy q ;= Oypjug for

j=2,3,.--,n and a[/ =a

41,541 » 1hus these square cycle graphs are circulant graphs.

76496



CHAPTER III

DETERMINANT OF ADJACENCY MATRIX OF SQUARE

CYCLE GRAPH

The purpose of this chapter is to present literature review about determinant of adjacency

matrix of some graphs and our results which are determinant of adjacency matrix of square cycle

graphs.

3.1 Determinant of adjacency matrix of some graphs

Theorem 3.1 [4] The determinant of adjacency matrix of a complete graph K, is
det(A(K,)) = (=) (n-1).

Theorem 3.2 [4] The determinant of adjacency matrix of a path P, is

in=2k
;otherwise.

det(A(P,)) = {g'l)k

Theorem 3.3 [4] The determinant of adjacency matrix of a cycle C, is

0 ;n=0(mod4)
det(4(C,)) =4 —4 ;n=2(mod4)
2  ;otherwise.

Theorem 3.4 [7] The determinant of adjacency matrix of a wheel graph W, is

0 ;n=0(mod4)
—n ;n=1(mod4
det(AQ,); 1= mod®)
2n ;n=2(mod4)
-n ;n=3(mod4).
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Theorem 3.5 [5] The determinant of adjacency matrix of graph G(r,¢) is given by

(-=D7r ;if t is odd and (n,rt) =1
det(G(r,r)) =4—r?  ;if tis even and (n,rt) =1
0 ;otherwise.
where G(r,¢),r 22,t21. Such a graph has n=(r—1)t+2 vertices and r is a regular of

degree.

Furthermore, [1], [10], [13] showed determinants of adjacency matrix of some graphs.

3.2 Main results

In this section, we present the determinant of square cycle graph which use eigenvalue of
square cycle graph to find its determinant. In chapter II, square cycle graph is a circulant graph.

First, we present a proposition about eigenvalue of the adjacency matrix of a circulant graph.

Proposition 3.6 [2] Suppose that [O, a, ,...,a"] is the first row of the adjacency matrix of a
circulant graph G . Then the eigenvalues of graph G, denoted by E(G;k), is defined by
AN N J=
EG:k)=) a;z
J=1
24
where z=e " ,k=1,2,...,n.
Because square cycle graph is a circulant graph then eigenvalues of square cycle graph

are

E(C:;k)=zn:ajz/"' @3.1)
=

2kai
where z=e " ,k=1,2,...,n. Thus, consider first row of the adjacency matrix of a circulant

graph, we see a;, =1 for j=2,3,n—1 and n.Then

E(CHk)=z+22 +2"2 4+ 2™ (3.2)
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From (3.2), we get

2hni  4km 2k(-D)m 2k(n-lym
E(C3k)=e" +e" +e " +e "

2kxi 4kxi 2knri ~dkmi 2knmi <2knmi
=e" +e" +te " e " +e " e "

By Euler’s formula is e” =cos@+isiné, we obtain

E(C% k)= (cosg—kz£ +isin &)+(cos 4kz +isin 4kﬂ)
n n n n

( —dkx .. —4k7r) ( 2kx . —2k7r)
+| cos +isin +| cos +isin )
n n n n

And cos(—6) =cos@, sin(—6) =—sin&. Then

( 2kn ., 2k7r) ( dkm 4k7r)
=| cos === +isin=—= |+| cos +isin
n n n n

( Akm |, 4k7r) ( 2k, 2k7r)
+| cos—=—isin—— |+| cos —isin
n n n n

E(C%;k) = 200527 4 2005 7.
n n

We use cosa +cos ff = 2005(?12-)(62 + ) cos (%)(a — ). Then

2 n 2 "

3k kﬂ)

E(CHk) = 4(cos—-—cos— (3.3)

n n

Next, we present lemma that will use in the proof of determinant of adjacency matrix of square

cycle graph.



Lemma 3.7 Let g be a positive integer. Then

2q
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k=1
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2g9
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k=]

69+2

k=4q+3
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sin(37r+( q+ )ﬂ)sin(:}ﬂ.i.M]”.sin(?’ﬂ_'_(12q+3)7r)
\ 6g+3 6q+3 6q+3

sin 37t+(12q—+9)7£ sin '371+M ...sin 37r+(18q+3)”
6g+3 6q+3 69+3

/
1

: ( w J ( 3 ) . ((2(1—1)7;)
sin sin co.sin| =12
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Lemma 3.8 Let g be a positive

6q

-

k=

Proof.

(COS

6q
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3kn kx
cos

6g+1  6g+1

6 25in(6
-1

k=1

integer. Then
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kn

kn
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o

6q +1
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)
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sin (6g +2)x
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Lemma 3.9 Let g be a positive integer. Then
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Theorem 3.10 Let C: be a square cycle graph with 7 vertices and # be a positive integer. Then
0 ;n=0,2,4(mod 6)
det(A(C?) =116 ;= 3(mod 6)
4 ;n=1,5(mod 6)

Proof. Let E(C>;k) bea k™ eigenvalue of adjacency matrix of square cycle graph C 2

From (3.3), we have

det(A(C2)) = H E(C}3k)

k=1

= H 4(005 3km cos -’Z) (3.5)
k=1

n n

Consider the following 3 cases.

Casel, n=0,2,4(mod 6) .

Since n isevenand 1<k <n, consider (3.3) when &k = g Then

From (3.5), we obtain
det(4(C2) =] [ E(C: )
i
=0.
Therefore, det(4(C2)) =0 when n=0,2,4(mod6).
CaselIl, n=3(mod6) Then n=6g+3,3geZ".

From (3.5), we obtain



det(4(C) =] TE(CE:b)

n

6a43 n  kr
= H4(cos—cos—)

| 4cos 32g+Dn cos g+Dn 4cos 349+ cos (49 +2)7
6g+3 6g+3 6g+3 6g+3

) 20
4 cos 3(6g+3)x cos (6g+3)7 _2,2,,1—-[ cos 3kx cos krn
6g+3 6g+3 kel 6g+3 6g+3

4q+1 3k kr J 6q+2 ( 3k kr ]
H cos Cos H COos Cos
k=2q+2 6q + 3 6q + 3 k=4q+3 6q + 3 6q + 3

29 3kr kr
= (<2)-(-2)-(4)-2"%
(<2)-(-2)-(4) g(cos6q+3cos6q+3)

4o+ [ 3k kx ) S22 ( 3k )
H cOs COS H COS COS .
k=2q42 69+3 69 +3 ) k2agss 6g+3 6g +3

By using Lemma 3.7, we have
=(-2)(-2)-(4)2% 2"
=16 .
Therefore det(4(C2)) =16 when n=3(mod6).
Case III, n=1(mod 6) or n=5(mod 6). We consider 2 subcases.

Subcase I: »=1(mod6). By (3.5), we obtain

det(A(C?) = [ E(C2:4)
k=1

69+
—H4[cos kn co kz )

4 6g+1 6q+1

kn

| 4cos 3(6q+1)7r (6q+1)7r 2,2q1—[ cos
6q+1 6g+1 a 6q+l

6q+1

32

}



33

By using Lemma 3.8, we have
det(A(C?)) =4.

Subcase II: n=5(mod 6) By (3.5), we obtain

det(4(Ch) =] [EC2:b)

6q+4
=| 4cos 3(6q+3)m cos (69 +5)m .QU6a+) 1—[ cos 3kz cos kz
6g+5 6g+5 k<1 6g+5  6g+S5

6q+4
=(4)- 27T | cos 3K os—*7_ |
k=1 6g+5 6g+5

By using Lemma 3.9, we have
det(A(C})) = (4)- 227 . 27260+4)
=4
From subcase I and II, we obtain det(A(C?)) =4 for n=1,5(mod 6).
From case I, IT and III,

Therefore,

0 ;n=0,2,4(mod 6)
det(A(C2))=116  ;n=3(mod6)
4 ;n=1,5(mod 6)

where n is a positive integer. =i



CHAPTER IV

DETERMINANT OF ADJACENCY MATRIX OF SOME

GRAPH

The aim of this chapter is to present literature review about some graphs and determinant
of adjacency matrix on sum operation of C: and G (C: -i-G) , determinant of adjacency matrix
C:l U, P

v ot

4.1 Determinant of adjacency matrix of some graphs

Theorem 4.1 [7] Let /) be a pin — wheel

graph and n23. Then

(0 ;n=0(mod4)

2=l l(mod4)
det(AW) =1 2

1 ;n=2(mod 4)

—(”T“) .1 =3(mod 4).

Theorem 4.2 [7] Let /¥," be a generalized Pin — wheel graph. Then

(0 ;if n=0(mod4) and m =0,2(mod4)
(—l)ﬂzﬁn ;if n=1(mod 4)and m =0,2(tnod4)
(—1)%2n ;if n=2(mod4)and m =0,2(mod4)
(—l)mTﬂn ;if n=3(mod4)and m = 0,2(mod4)
det(A(W,")) =1 0 ;if #n=0(mod4)and m =1,3(mod4)
(—l)mT_l(n;I) ;if n=1(mod 4)and m =1,3(mod4)
(—l)mT—l ;if n=2(mod4)and m =1,3(mod4)
(—1)1;"(";1) if n=3(mod4)and m =1,3(mod4).

where m,n are positive integers.



35
4.2 Main results

In this section, we study some graphs which obtains from the direct sum of two graphs

2
and C'”l le P"z , for example

uz m v3 Uno—2 Ung
Figure 4.2 graph C:l adjacent graph F, with vertex v, or graph C: le B,

We use the following theorem to find determinant of adjacency matrix of some graphs

which obtained from an operation between two graphs.

Theorem 4.3 [8] Let A,B,C and D are matrices order nxn,nxm,mxn and mxm,

respectively. Then

det [; g] = det [g 19)] =det (A4)det(D)

where Q is a zero matrix.
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Theorem 4.4 [13] Let G be a graph of order #>2 and let x;,x, be distinct vertices in G such
that N(x,) € N(x,). Let G' be the graph obtained from G by removing all the edges x,y,
where y € N(x,). Then det(A(G)) =det(A(G")).

Theorem 4.5 Let G, and G, be simple graphs.Tthen
det(A(G, + G,)) =det(A(G))) det(A(G,)).

Proof. Let G, be a simple graph have with vertex set {u,,u,,...,u,}and let G, be a simple

graph with vertex set {u,,,,%,,,,...,4,}. Then graph G, + G, is shown in figure 4.1.

Figure 4.3 Graph G, + G,

Since each vertex in G, is not adjacent to any vertex in G,, so we obtain an adjacency matrix as

follows:

i 00 O 0]

0 0

AG) 0 0

00 O 0

AG, +G,)=
G +G) 00 O 0
0 0
0 0 A(G,)
0 0 0 0 |
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We rewrite
. AG) 0
AG +Gy)) =
0 AG)
where 0 is a zero matrix.
From Theorem 4.3, we obtain
det(A(G, +G,)) =det(A(G))) det(A(G,)). O

Theorem 4.6 Let G,,G,,...,G, be simple graphs, then
det(4(G, + G, +---+G,)) = det(A(G))) det(A(G,)) - --det(A(G,))

Proof . Let G,,G,,...,G, be the simple graphs have order »,n,,...,n,, respectively. Then
G +G,+...+G, have n +n,+...+n, vertices and V(G,)NV(G,)) =, where i # j, is

shown in figure 4.4,
o &0
Figure 4.4 G +G, +...+G,
That is
4G) 0 0 ..0 0 0]
0 AG) 0 0 0 0
0 0 o 0 0
AG,+G, +...+G) = : : : :
0 0 0 0 0
0 0 0 .0 A4G.) 0
| 0 o 0 9 0 AG,),

where 0 is a matrix zero.
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From Theorem 4.5, then

det(A(G, + G, +...4+G,)) = det(A(G, + G, +...4+ G, _,)) det(4(G.))
= det(A(G, +G, +...4 G, _,))det(A(G,_,)) det(A(G.))

=det(A(G, +G, +.. .-i:G,,_,‘ ) det(A(G"'_,m )...det(A(G,_,)) det(A(G,))

=det(A(G))) d.et(A(Gz ).. .det('A(G,, )
det(A(G, +G, +...+G.)) =f[det(A(G,)) O

From Theorem 3.2, Theorem 3.10 and Theorem 4.5, we have

Corollary 4.7 Let C:. be a square cycle graph and R,l be a path. Then

[0 ;m is even or n, is odd

16 ;m =6g,+3 and n, =4gq,

det(A(C; +P,)) =3 —16 ;n =6g,+3 and n, =4q, -2

4 ;m =6q,+1or n,=6q,+5 and n, =4q,
(4 ;m=6qg,+lorn =06q +5and n,=4q, -2

where ¢q,,q, are positive integers.

From Theorem 3.10 and Theorem 4.5, we get

Corollary 4.8 Let C :. and C :z be square cycle graphs which have the numbers of vertices n, and

n, vertices, respectively. Then

0 ;m=2q+4o0rn, =2q,+4

256 ;n =6q,+3 and n, =6q,+3

16 ;n =6g,+1orn =6q +5 and n, =64, +lor n, =6q, +5
64 ; otherwise

det(A(C:l + C,fz )=

where g,,q, are positive integers.

Next, we show that determinant of adjacency matrix of C : le F, asfollows
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Corollary 4.10 Let C:l be a square cycle graph with n, vertices and Pn, be a path with n,
vertices where #,,n, are positive integers. Then

(0 ;1 is even

16 ;m =6q,+3 and n, =4q,

det(A(C2U, P,))=1{-16 ;m =6q,+3 and n, =4q, -2

4 ;m =6g,+1 or n =6q,+5 and n, =4q,
—4  ;m=06q,+1orn=6¢+5and n,=4q, -2

\

where ¢,,q, are positive integers.

vy, .

n

Proof. Let C: be graph with vertices UpsUpsenns U, and E,z be path with vertices v,,v,,...,

Graph F, adjacent graph C:l at v, where v, € V(F, ) asin figure 4.5.

Ung-1

Figure 4.5 A graph C; U, P,

. 2
Consider a vertex v, and a vertex v,_,, of graph C, le P, such that

N (vnz) c N(v, _,). By Theorem 4.4, we have

det(A(C, U, B,))=det(A(C, U, B, —v, v, ).

That is,

det(4(C, U, B,))=det(A(C, U, P, ,)+B)

as in figure 4.6.
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Uz " Lx] : Ung -2 Ung
Figure 4.6 A graph C; U, P, —{v, v, ,}

Next, consider a vertex v, , and a vertex v, _,, such that N(v, ,) < N(v, ). By

Theorem 4.4, we have
det(A(C2 U, P, ) =det(A(C? U, P,_, =V, V)
That is,
det(4(C2 U, B,_,))=det(A(C2 U, P,_, +B)).

. . n R
By continuing this process ?2 —1 steps and considering a vertex v, and a vertex v,, we have

det(A(C2 U, P) =det(A(C2 U, Pi~vy,)).
That is,
det(4(C2 U, B)) =det(A(C2 U, B +B)).
Finally, consider %, and v,, such that N(v,) € N(y,) . By Theorem 4.4, we have
det(A(C,fl U, B)= det(A(C:l U, B-vuw)).
That is,
det(A(C2 U, B)) =det(A(C2 +B))

as in figure 4.7.
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Figure 4.7 A graph C:l +P+P++P
N e e

.n/Z

By using Theorem 4.6, we get det(A(C,fl U, B.)= det(A(C:l +P+P+..+P)).
2

nf2
Thus,

[0 ;m iseven

16  ;n =6q,+3 and n, =4q,

det(A(C,fI U, B))=1-16 ;n=6q+3and n,=4q,-2

4 ;m =6q,+1or n=6g,+5 and n, =4q,

—4  ;m=6q,+1orn =6¢ +5and n,=4q,-2

where q,,q, are positive integers. u]



CHAPTER VY

CONCLUSIONS

The terminus of this chapter is the conclusion from chapter IIT and chapter IV which is
result of determinant of adjacency matrix of square cycle graph and some graphs which is

operation with direct sum of two graphs. We aggregate all results in this chapter.

5.1 Determinant of adjacency matrix of square cycle graph

(1) Let g be a positive integer. Then

2q 4q+! 6g+2
1] cos 3kn cos kx 1T | cos 3kn cos kn 1T | cos 3kn cos-k—” =271%
i 6g+3  6g9+3 )i 6g+3  6q+3 hiciges 6g+3 6g+3

(2) Let ¢ be a positive integer. Then

6q
H cos Skn cos kx =271
k=1 6g+1  6g+1

(3) Let g be a positive integer. Then

k=1

6g+4
H cos Skn cos k. QU6a+4)
6g+5  6g+5

(4) Let C? be a square cycle graph with 7 vertices and ¢ be a positive integer. Then

0 ;n=0,2,4(mod 6)
det(A(C?))=1{16  ;n=3(mod6)
4 ;n=1,5(mod 6).
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5.2 Determinant of adjacency matrix of some graph
(5) Let G, and G, be simple graphs. Then
det(A(G, + G,)) = det(A(G))) det(A(G,)) .

(6) Let G;,G,,...,G, be simple graphs. Then

det(A(G, + G, +++-+G,)) =det(A(G,)) det(A(G,)) - -det(A(G,)).
(7) Let C:' be a square cycle graph and Pnz be a path. Then
(0 ;m iseven or n, is odd
16 ;m =6q,+3 and n, =4q,

det(A(C; +P,))=4-16 ;n =6g,+3 and n, =44, -2
4 ;m =6g,+1 or n,=6q,+5 and n, =4q,

-4 ;n =6q,+1orn =6q+5and n,=4q,-2

“

where ¢q,,q, are positive integers.

(8) Let C,i and C:; be square cycle graphs which have n, and n, vertices, respectively. Then

0 ;n=2q+4o0rn, =2q,+4
det(A(C? +C?)) = n, =64, +3 and n, = 6q,
| 2 16 ;n =6q,+1or n =06q,+5 and n, = 6q, +lor n, = 6q, +5

64 ; otherwise

where ¢,,q, are positive integers.

(9) Let Cri be a square cycle graph with n; vertices and P,,z be a path with n, vertices where
n,n, are positive integers. Then

.

0 ;n, 1s even

16 ;m =06q,+3 and n, =4q,

det(A(C2 U, P,))=1-16 ;n =6g,+3 and n, = 4q, -2

4 ;n, =6g,+1or n =6q,+5 and n, =4q,

—4  ;m=6g,+1orn=6q+5and n,=4q,-2

.

where ¢,,¢, are positive integers.
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Determinant of Adjacency Matrix of Square Cycle
Graph

Nitiphoom Adsawatithisakul and Decha Samana

Abstract—Square Cycle, C2 is a graph that has n vertices
and two vertices u and v are adjacent if and only if distance
between u and v not greater than 2. In this paper, we show
that the determinant of adjacency matrix of square cycle C>
are as follows

0 ;n=0,2,4mod6
det(A(C2))={ 16 ;n=3mod6
4 ;n=1,5mod6.

Index Terms—Determinant, Square cycle graph, Adjacency
matrix.

I. INTRODUCTION

et G be a simple graph with n vertices. We denote
det(A(G)) is the determinant of adjacency matrix of
G and E(G;k) is k** eigenvalues of the adjacency matrix
which det(A(G)) and E(G; k) are independent of the choice
of vertices in adjacency matrix and are an invariant of G.
In [2] and [4] , they determined the determinant of adja-
cency matrix of some graphs, such as K,,C,, P, and W,,.
B. Gyurov and J. Cloud [7] has determined determinant of
Pin-wheel graph. Moreover, there are studies of graph which
satisfy some properties of determinant for example, M. Doob
[5] construct circulant graph with det(A(G)) = —deg(G), S
Hu [9] and A. Abdollahi [1] have found that the determinant
of graphs with exactly one cycle and exactly two cycles,
respectively.
Cycle power, C¢ is a graph that has n vertices and distance
each pair of vertex is less or equal d . For example,

R

a 1%

Figure 1. d-th power of cycle graph

Ifd =2, n > 6, it is called square cycle ‘graph.

Furthermore, there .are studies of cycle power such
as, C.N.Campos and C.P.de Mello [3] , M.Krivelevich and
A .Nachmias [10] studied about the colouring in cycle power,
Y.Hoa, C.Woo and P.Chen [8] investigate the sandpile group

N. Adsawatithisaku! is with the Department of Mathematics, King
Mongkut’s Institute of Technology Ladkrabang, Bangkok, Thailand 10520
Email: na.adsawatithisakul@gmail.com.

D. Samana is with the Department of Mathematics, King Mongkut's
Institute of Technology Ladkrabang, Bangkok, Thailand 10520 Email:
dechasamana @hotmail.com.

in cycle power , D.Li and M.Liu [11] consider cycle power
and their complements which satisfy Hadwiger’s conjecture.

From figure 1 graph C? and graph CZ, we write to
adjacency matrix

00110 1 1
101101
110110
ACH=1p 11 0 1 1
1011 0 1
110110
0110001 1
10110001
11011000
01101100
2) —

AC)=10 01 10 1 1 o
00011011
10001101
11000110

We see adjacency matrix of CZ and C is a circulant matrix
because a main diagonal of matrix is equal to zero and entries
in first row satisfy a1; = aj (n—j4+2) for j = 2,...,n and
aij = aiy1,j+1, then a square cycle graph is a circulant
graph. It is interesting to study determinant of adjacency
matrix of square cycle graph.

Proposition 1. [2] Suppose that {0,az, ..., an] is the first
row of the adjacency matrix of a circulant graph G. Then
the eigenvalues of graph G is denoted E(G; k),

n
= . xJ—1
= E a;z

E(G;k)

where z = e*

square cycle graph is a circulant graph then eigenvalues
of square cycle graph is

E(C%:k) = Za,z-’ -1 ey
ij=1
where z = e*5" k= 1,2,3,.... Thus
E(CYLk)=z+4 224272 42771, 7))

Theorem 2. [6] Let Ay, ...,
matrix A. Then

An be a eigenvalues of a square

det(A) = /\1/\2.../\,.

Next, we present lemma that will be used in the proof
of determinant of adjacency matrix of square cycle graph.
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II. MAIN RESULTS ]
Lemma 3. Let q be a positive number. Then

2q 4q9+1
T (cos 257 con KTy [ (cos 57 con 2
Pt 6q+3 6q+3 k=242 6q+3 6g+3

6g+2

3k k -

H (cossq:3c056q:3)=2 12, 0 ;n=0,2,4mod6
k=4q+3 det(A(C?l)) = 16 ; n=3mod6
4 ;n=15mod6

Theorem 6. Let C? be a square cycle graph with n vertices
) and n be a positive integer where n 2> 6. Then

3)
Proof: The left hand side of (3) is

[1.3.4 2kw 4q9+1 . Bk 2k A 2. th .: :
s sin s sin T sin 22 Proof: Let E(CZ; k) be a k** eigenvalue of adjacency

: 2
3k _Em_ k . Fro W
SEn 25in ghTy | bara Sk 25in gors matrix of square cycle graph C7;. From (2) We get

6g+2 6km 2kx
sin qi3 sin Bat3
T kn akxi 2k(n—-)wi 2k(n—1)mi
kg3 2510 Go g 2sin 5oty E(C%k) = e p e p TR e
s Bk o 2kw 2kwi dkwi 2knwi —4kmni 2knwi ~2kwi
( nk.-q+15“‘ ) “no o4 —n + eTm

29 gin

I

—1 2sin

2sin S5

6+3

Bq+3 SN 5943 =g n e n e n .en e =n

T10_, sin GE=3) g Bh=1x

6q+3 69+3

Il
N
"‘»—-

4q9+1 Skn 2kw_ .
[T =2¢+2 510 5433 810 §,13 By Euler’s formula, we obtain
Agt1 Bk o kT

k=2¢+2 810 g3 SiD go45
6q+2

gin 2&%- Gk sin 2kn
otk Geds - bedd E(Ca; k) = (cos %Tﬂ + isin 22—7[) + (cos -lyi— + isin :4—k—)+

6at2 Bk ik
[1kZ4g+3 510 5o75 5in g3 —2km

( —4kn . —dkw —2k .,
( z_lsmiﬁ’i_ii)ism@_"_llz> (cos - +isin - ) + (cos - + isin - )

6943 6943

7 (6k=3)n . (2k=L)w 2kmw 4kn

k=1 SID sin = 2c0s — + 2cos —
n

6g9+3 6g9+3

3"+1+2 sin {8k= égi'ga))" sin

(2k~(29+1))m )
6g+3

3q+1 (6k—(69+3))n . (2k—(2g+1))w

k=2¢+2 5iD 6q+3 sin 6q+3

5g+2 (6k—(12q+9))n sin (2k—(49+3))n
6g+3

We can rewrite

k—=ag+3 sin
5q+2 (6k— (12q+9))" in (2k—(4g+3))m
k=4g-+3 5in 80 T ge+3

E(C3; k) = 4(cos 3kn cos -IEE) 4)
n n

Lemma 4. Let q be a positive integer. Then From (4) We have

6q

3k km
=271%,
kI;I](cos o+ 1 cos 60+ 1)

Proaf: Tt can be proved by

det(A(C2)) ﬁ E(C2;k)

I

I"—I cos km cos kﬂ) (5)
———— cO083 . Latl | O3l b hddl
6g+1 6q +1 2sm3¥‘;"—125m-3"—"

Gq+1 k=1

1 ni —3q+41 8D eq+1 sin §o¥1 eq+1
naq sin (Bk— SZR sin gzk l!w .
k=1 sa+l Se+1 Consider n as follows

1 ( i"_lsmwsmﬂé‘—_ﬂl) Case ], n=0,2,4mod 6
e

ﬁ (cos 3kn kn )= ﬁ sin an’f: sin oq’f:l

k=1

6g+1
(€k=2)n . (Fk-Dw Since n is even and 1 < k < n, consider (4) when k = 2. Then
1 Bin o sin Yoy 2

n
Eﬂ'

)

n
Lemma 5, Let q be a positive integer. Then E(C%; 2) = 0S

6q+4 =0.

3k7T kﬂ' - —2(6q+4)
’g(cos6q+5cos6q+5)—2 .

n

0| , we obtain
Proof: Tt can be proved by From (3)
6a+4 3k1r kn 6g9+4 gin —e——sq‘:' sin —z—sq’f:b

(cos 5 cos )= —— n
H 69 +5 ) 2sin 2ET 2 in Bhx det(A(C:)) - H E(Cﬁ;k)

= 1 :L-;q+3 sin '66_‘25 sin B?MS k=1
22(69+4) n:q;;: sin ge:q sﬁ) in (2k +1?n =0.

_ 1 (n:q=+l2 sin gek s)n sin (2kq+1b)n )

= 22(6q+4) 3942 ek 3 " (2k-1)w

o ITZy" sin T535™ sin 55335~ ) Therefore, det(A(C2)) =0 when n =0,2,4mod 6 .

=720 +a), Case II, n = 3mod 6 Then n = 6g+ 3,3¢ € Z*,




From (5), we obtain

det(A(C2)) = fI E(C3;k)

k=1
Oat3 3k km
= H 4(cos — cos —
Pt n n
= 4(cos 3kn cos k—ﬂ-)4(cos 3kn cos k_7r)
n n n n
4(cos 3K cos £7£)212"
n n
2q
3km km
4 2T cos —2
kI=-[1 (cos 6q +3 cos 6q+3)
4941
3k km
H 4(cos —— c0s ———)
ke3g42 6g + 3 6g + 3
69+2
3k km
H 4(cos cos )
kedg+3 6g + 3 6g + 3
2q
3km km
= (-2)(-2)(4)2'** ] 4
(DD ] atcos g5 c0s 57
4q+1
3km km
H 4(cos ——= cos ——=)
ketg42 6g+3 6q + 3
6g+2
3km kxw
H 4(cos ——= cos —=).
K= igs3 6g+3 6g+3

Using Lemma 3, we have

det(A(Ch)) = (-2)(-2)(4)(2'*)(27"*)
= 16.

Therefore det(A(C?)) = 16 when n = 3 mod 6.

Case III, n = 1 mod 6 and n = 5 mod 6. We consider 2 subcases.

Subcase 3.1, n = 1 mod 6, by (5), we obtain

det(A(CY)) = f[ E(C3; k)

k=1
6g+1
2 3km km
J;[l 2 (COSGq+1COSGq+1)
3(6g+ I)m cos (6g + 1)m
6g+1 6g+1

6q
3km km
4(cos =2 cos —L ),
(El (cos 51 6g 1)

4(cos )22

Using Lemma 4, we have
det(A(CR)) = 4(2'*7)(27'%)
=4,
Subcase 3.2, n = 5 mod 6, by (5), we obtain

det(AC2) = [] BCE: by
k=1

sy 3k km

= 22 2 05—
I;Il (C086q+50086q+5)

_ 3(6(] + 5)11' (6q + 5)11' 2(6q+4)
= 4(cos 60+ 5 cos 60+ 5 )2
Gkt 3k km

4(cos co. ).
(kI;Il 6g+5 " )

Using Lemma 5, we have

det(A(C2)) = 4(2267+9)) (g~ 2(Ca+4))
= 4.

6g+5
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From subcase 3.1 and 3.2, we obtain
det(A(C?)) = 4 for n = 1,5 mod 6.
From case I, II and III,

0 ;n=0,2,4mod6

det(A(C2)={ 16 ;n=3mod6
4 ;n=15modé6
where n 2> 6. [ |
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Determinant of Adjacency Matrix of Some Graphs
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Abstract

Square cycle power, C> Is a graph baving 77 vertices and the distance betweon each vertex pair fs
less than or equai te 2 and GU, F, tsagraph G adjacent v, where V; €V (5, ). In this paper, we shew
that thie detsrminanit of the-adjscency matrix C; U, B, .

Keywerds: Determinant, Square cycle graph, Adjacency matrix, Sum operation
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7 4 nrmtaetindenes rzniunamiTidyn v vdensml C2U, P,

nsmiRme flununveswmindlszBaveaninisieg 14Tinsfnuieduntiawane 19 NBiggs

[2] usz D.Cvetkovic [3] 1RTiMameuminmynBmeifuuudveansminne 4 9u X,,C,, P, &l
det(4(K, )= (-1)""(n-1)

0 ; n=0{mod4)
det(A(C,))=1—4 ; n=2(mod4)
2 ; Bu 9
-1Y.n=2k
e ={C
0o ; #u 9
wenenil 7.Cloud (4] ImiRimeFRunndvecnniindiszSaveans pin-wheel WU, P,
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