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ABSTRACT

Dissipative effects on the propagation of the entangled photons in the nonlinear optical fiber
ring resonator is analyzed. The system of the entangled photons and reservoir from the optical
devices, and their coupling interaction Hamiltonian in the thermal equilibrium environment is es-
tablished and analyzed. To obtain the corresponding equation of motion of the entangled photons
generated by a four wave mixing process within the system, we propose the Markov approxi-
matjon to eliminate the reservoir operators, where the system master equation in the interaction
picture for both degenerate and non-degenerate cases. For the positive P representation, the master
equation is reduced to the corresponding complex number in the form of a Fokker-Planck equa-
tion in phase-space description. From this point, the corresponding analytic stochastic differential
equations in the Langevin equation and It6 types are analyzed.

The above established system can be used to utilize the optimum entangled photons in some
cases where the dissipation effects induce noise into the system. We have proposed the case when
the entangled photons are generated within the micro ring device. The entangled photons can be
generated in two forms, firstly, the two entangled photon states is generated, the other, the four
entangled photon states can be easily generated. The final point is the optimum entangled photon
can be managed with the proposed analysis, where the system and external noises are involved

and discussed.
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CHAPTER 1

Introduction

1.1 Motivation

There are many testable results from the vital EPR paradox controversialism [1] of the lim-
itations of quantum mechanics principle and its application have became the birth of a big new
faster growing field, quantum information [2] such as quantum teleportation, quantum cloning,
quantum errors correction, quantum cryptography, quantum gate and quantum key distribution,
which renders the fastest states sending and highest security communications. In this field, the as-
pect of qubits and entanglement especially for entangled photon {3] have major vast benefits, and
there are many methods to generate and use them for many purposes. In the onset, the entangled
photon generations is achieved via the photon-molecules or photon-atoms interaction, as in the
laser process generation, by pumping of very short pulse through a nonlinear crystal of x(® for
spontaneous parametric down conversion (SPDC) process type I and type II as in the refs. [4, 5]
and later from a nonlinear x() materials for four-wave mixing (FWM) process, where the jumping
from the excited states to the lower state appeared most likely in the A shape emission [6, 7]. Most
of them has the different advantages for fidelity communication purposes, optical fiber is the most
another successful one of this goal for the reason of its economy cost and vast facilitation in the
closed system as in the refs. (8,9, 10].

The quantum theoretical aspect of the photon state has been established most perfectly by
Roy J. Glauber [11, 12], who won the nobel prize in physics year 2005 for the success of this
discovery, by using the method of second quantization of electromagnetic field to get its three
different representations: the number states, the coherent states and the squeezed states. To apply
his important idea and study photon dynamic in fiber optics, these representations must be used
together with the master equation conception in the form of density operator approach in order to
get all concerning operators and how they evolve in time. Fortunately, some open quantum system
problems in nonlinear optical fibers, where the reservoir energy can always penetrate to the en-
tangled photon system and vice versa, can be solved by using only an appropriate approximation
methods. The dissipative solutions can tell us many important things about the evolving of them.

The best excellent example of using the above mention of photon representations which are
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applied to fiber optics to describe the soliton propagation is appeared in the classic works of P.
D. Drummond et. al [13, 14], where the Raman-modified nonlinear Schrddinger equation oc-
cur more naturally. Also, for the overlap work of quantum optics and quantum information in
squeezed states representation can see in the refs. [15, 16, 18]

The optimum method of produce the entangled photon state via optical fiber has appeared in
the FWM process under the energy and momentum conservations, simultaneously. This can be
attained by designing in the form of a fiber loop such as a Sagnac loop, where the beam splitter
behavior can modulate two photons to get the Bell's states after they fly pass from the fiber loop to
the normal straight line fiber. This process can also occur in a fiber ring resonator. However, be-
cause of the fiber nonlinearity any classical intense short pumped-pulse can excite photon-phonon
interaction to be happen quite naturally and then induce any harm interaction to entangled photon

correlation, in the other word, destroy the quality of entanglement pair.

1.2 Statement and Significance of the Problems

There always must be the lost phenomenon occur in an entangled photon generation via FWM
process in nonlinear fiber optics and in general they cannot be avoided. This is the characterization
of decoherence where the system starts from the time-reversible dynamics and finally ends up with
irreversible situation. With some appropriate quantum mechanical approximation methods, we

always can analyze this characteristic to obtain the corresponding dynamics.

1.3 The Goal of Thesis

The main objectives of this thesis can be divided into three parts:

1.3.1 To analyze the entangled photon state from FWM process in-x(®) nonlinear fiber optic of
both the degenerate and nondegenerate input pumping from the corresponding master equa-

tion.

1.3.2 To understand more deeply the effects of dissipation from the tiber’s environment act on the

propagation of entangled photon state.

1.3.3 To study the walk-off effect of entangled photon from FWM process by the inducing of heat

reservoir and how to recovery it again after interact with the reservoir.



1.4 Hypothesis to be Tested

The interaction between entangled photon states and its reservoir in fiber optics, via phonon-
photon interaction induced in x(® Kerr nonlinear fiber optics, will bring about the dissipative

effects on the propagation entangled photon state and can destroy the entangle quality.

1.5 Scope and Limitation of the Study

To attain the goals of this thesis, a moderate intensity of the short pumped fields launching into
fiber and a copolarization photon propagation will be modelled and analyze at thermal equilibrium.
The restriction is that the occurring photon-phonon interaction will not reach up to the Raman
scattering domain. The study is also circumvented in the Markov assumption in order to eliminate

the reservoir operators and leave only the concerning photon operators.

1.6 Process of the Study

We have planed the ordering studying to focus on the two following topics:

* First, we study theoretically the quantized electromagnetic field in the form of the number
states, the coherent states and the squeezed states together with the positive P representation.
From this point, it can always be reduced from the full quantum treatment to the complex
number of the Fokker-Planck equation and its corresponding stochastic differential equa-

tions such as in Langevin, Ité and Stratonovich equations.

* Final, we study FWM process in nonlinear fiber optics to construct the necessary FWM

Hamiltonian for both degenerate and nondegenerate cases.

1.7 Methods of Calculation
To attain the goals, we divide the operation into two parts, the first part will concern only with
the system of pure FWM calculation as the following steps:

1. The pure nondegenerate and degenerate FWM Hamiltonian is established.
2. The master equation that corresponds to the first step is analyzed by appropriate methods.

3. The equation of motion for the involving operators resulted from the foregoing steps will be

analyzed to get a quality of entanglement describing.

The remaining part of studying process is concerned about the system of FWM, reservoir and their

interaction. The study process is the same as the first informed part.



1.8 Thesis Organization

To cover the story of the dissipative effects on the propagation of entangled photon state in

nonlinear fiber optics, the thesis structure is planed as follows:

* Chapter 2 presents the basic quantum theory of light. Start from the field quantization to
specify its three representations: the number or Fock states, the coherent states and the
squeezed states, which will be used in this thesis. Also, the positive P representation which
transforms the quantum operators to the corresponding c-number proves to be the invaluable

tool and will be used through this thesis.

* Chapter 3 the Hamiltonian of entangled photon generation by four-wave mixing process in
x® nonlinear fiber optics is established for both the degenerate and nondegenerate cases
of which its equation of motion will be constructed from a classical aspect and then be

transformed to its quantum counterpart.

* Since photon can interact with its environment such as fused- silica molecules or any heat
reservoir, chapter 4 gives the knowledge of the open quantum system where the system and
reservoir are coupling with each other by exchanging the energy. The Markov approxima-
tion, the non-memory process, is used to repel the reservoir variables from the coupling with

the system operators.

* The results and discussions of this study is analyzed in chapter 5, and finally, the conclusion

and suggestion are provided in chapter 6.



CHAPTER 2

Quantum Theory of Light

The study of the quantum features of light requires the quantization of electromagnetic field.
In this chapter we quantize the field and introduce three possible sets of basis state, namely, the
Fock or number states, the coherent states and the squeezed states. The properties of these states

are discussed.

2.1 Field Quantization

The major emphasis is concerned with the uniquely quantum-mechanical properties of the
electromagnetic field, which are not present in a classical treatment. As such we shall begin im-
mediately by quantizing the electromagnetic field. We will make use of an expansion of the vector
potential for the electromagnetic field in term of cavity modes. The problem then reduces to the
quantization of the harmonic oscillator corresponding to each individual cavity mode.

We shall also introduce states of the electromagnetic field appropriate to the description of
optical fields. The first set of states we introduce are the number states corresponding to having a
definite number of photons in the field. It turns out that it is extremely difficult to create experi-
mentally a number state of the field, though fields containing a very small number of photons have
been generated. A more typical optical field will involve a superposition of number states. One
such field is the coherent state of the field which has the minimum uncertainty in amplitude and
phase allowed by the uncertainty principle, and hence is the closest possible quantum mechani-
cal state to a classical field. It also possesses a high degree of optical coherence hence the name
coherent state. The coherent state plays a fundamental role in quantum optics and has a practical
significance in that the highly stabilized laser operating well above threshold generates a coherent
state.

A rather more exotic set of states of the electromagnetic field are the squeezed state. These are
also minimum-uncertainty states but unlike the coherent states the quantum noise is not uniformly
distributed in phase. Squeezed states may have less noise in one quadrature than the vacuum. As
a consequence the noise in the other quadrature is increased. We introduce the basic properties of
squeezed states in this chapter.

A convenient starting point for the quantization of the electromagnetic field is the classical



field equations. The free electromagnetic field obeys the source free Maxwell equations.

V.-B = 0, (2.1.1a)
oB

VxE = —'E, (21“.'))

V.-D = 0, (2.1.1¢)
8D

VxH = Et—, (2.1.1d)

where B = poH, D = ¢E, g and € being the magnetic permeability and electric permittivity of
free space, and ppeyp = ¢~2. Maxwell’s equations are gauge invariant when no sources are present.
A convenient choice of gauge for problems in quantum optics is the Coulomb gauge i.e. both B

and E may be determined from a vector potential A(r,t) as follows

B = VxA, (2.1.2)
OA
E = ~ 5 (2.1.3)
with the Coulomb gauge condition
V-A=0. (2.14)

Substituting Eq. (2.1.2) into Eq. (2.1.1d) we find that A(r, t) satisfies the wave equation

2 1 &

We separate the vector potential into two complex terms
A(r,t) = AN, ) + AC)(r, 1), (2.1.6)

where A(+)(r, t) contains all amplitudes which vary as e for w > 0 and A(~)(r, ) contains
all amplitudes which vary as e* and A(~) = (A(+))*,

It is more convenient to deal with a discrete set of variables rather than the whole continuum.
We shall therefore describe the field restricted to a certain volume of space and expand the vector

potential in terms of a discrete set of orthogonal mode function:
AN(r,) =) coup(r)e i, (2.1.7)
k

where the Fourier coefficient ¢ are constant for a free field. The set of vector mode functions

uy(r) which correspond to the frequency wy will satisfy the wave equation

2

provided the volume contains no refracting material. The mode functions are also required to

2 “’i
Vi4+ = ) w(r) =0, (2.1.8)

satisfy the transversality condition,

V- ui(r) =0. (2.1.9)



The mode functions form a complete orthogonal set

/ u,:(r)uk/(r)dr = Jkk’- (2.1.10)
VQ

The mode functions depend on the boundary conditions of the physical volume under consider-
ation, e.g., periodic boundary conditions corresponding to travelling-wave modes or conditions
appropriate to reflecting walls which lead to standing waves. The plane wave mode functions

appropriate to a cubical volume of side L may be written as
up A (r) = L73g,elkr, (2.1.11)

where &, = |H),|V) is the unit horizontal and vertical polarization state vectors, respectively.
The mode index k describes several discrete variables, the polarization index (A= H,V) and the
three cartesian components of the propagation vector k. Each component of the wave vector k

takes the values

2mn,

L ’

k=

Ngy Ny, ny = 0,1, 42... (2.1.12)

The polarization vector &, is required to be perpendicular to k by the transversality condition of
Eq. (2.1.9).
The vector potential may now be written in the form

172
AM(r,t) = > (52?5) [Gruk(r)e~®xt + alug(r)eis. (2.1.13)
k

The corresponding form for the electric field is
12
B(r,t) = iz (E) [axug(r)e "t 4 &Lu,‘c(r)e"“’"‘]. (2.1.19)
x 260

The normalization factors have been chosen such that the amplitudes d; and &L are dimensionless.

In classical electromagnetic theory these Fourier amplitudes are complex numbers. Quanti-
zation of the electromagnetic field is accomplished by choosing é; and &L to be mutually adjoint
operators. Since photons are bosons the appropriate commutation relations to choose for the op-

erators d; and &; are the boson commutatjon relations
ax, 8] = [a},8L]) =0, [ax,al] = o (2.1.15)

The dynamical behavior of the electric-field amplitudes may be described by an ensemble of in-
dependent harmonic oscillators obeying the above commutation relations. The quantum state of
each mode may now be discussed independently of one another. The state in each mode may be

described by a state vector |¥), of the Hilbert space appropriate to that mode. The states of the
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entire field are then defined in the tensor product space of the Hilbert spaces for all of the modes.

The Hamiltonian for the electromagnetic field is given by
] 2 2
H= 3 (eoBE” + poH?)dr. (2.1.16)

Substituting Eq. (2.1.14) for E and the equivalent expression for H and making use of the condi-
tions of Egs.(2.1.9) and (2.1.10), the Hamiltonian may be reduced to the form

. 4. 1
H=>" hu(alax + 5)- @2.1.17)
k

This represents the sum of the number of photons in each mode multiplied by the energy of a
photon in that mode, plus %ﬁwk representing the energy of the vacuum fluctuations in each mode.

We shall now consider three possible representations of the electromagnetic field.

2.2 Fock or Number States

The Hamiltonian of Eq. (2.1.16) has the eigenvalues fiwg(ny + %) where ny is an integer
(nr=0,1,2,...,00). The eigenstates are written as |nk) and are known as number or Fock states.

They are eigenstates of the number operator ny = &L&k
alax Ink) = ng [ne) . (2.2.1)
The ground state of the oscillator (or vacuum state of the field mode) is defined by
dx |0) = 0. (22.2)
From Egs. (2.1.17) and (2.2.2) we see that the energy of the ground state is given by
(OIFj0) = %;rm. (223

Since there is no upper bound to the frequencies in the sum over electromagnetic field modes, the
energy of the ground state is infinite, a conceptual difficulty of quantized radiation field theory.
However, since practical experiments measure a change in the total energy of the electromagnetic
field the infinite zero-point energy does not lead to any divergence in practice. dx and &L areraising
and lowering operators for the harmonic oscillator ladder of eigenstates. In terms of photons they
represent the annihilation and creation of a photon with the wave vector k and a polarization
ek, Hence the terminology, annihilation and creation operators. Application of the creation and

annihilation operators to the number states yield

ak Ink) = nt % Ink - 1), al Ink) = (nk + )2 |ng + 1) . (2.2.4)
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The state vectors for the higher excited states may be obtained from the vacuum by successive

application of the creation operator

(af)m
lnk) = W IO) y N = 0, 1, 2, 1eey OO, (225)
The number states are orthogonal
(nklmi) = dimn, (2.2.6)
and a completeness relation
oo
D k) (g = 1. (2.2.7)
nE=0

Since the norm of these eigenvectors is finite, they form a complete set of basis vectors for a
Hilbert space.

While the number states form a useful representation for high-energy photons, e.g. « rays
where the number of photons is very small, they are not the most suitable representation for optical
fields where the total number of photons is large. Experimental difficulties have prevented the
generation of photon number states with more than a small number of photons. Most optical fields
are either a superposition of number states (pure state) or mixture of number states (mixed state).
Despite this the number states of the electromagnetic field have been used as a basis for several

problems in quantum optics including some laser theories.

2.3 Coherent States

A more appropriate basis for many optical fields are the coherent states. These states have
an indefinite number of photons which allows them to have a more precisely defined phase than a
number state where the phase is completely random. The product of the uncertainty in amplitude
and phase for a coherent state is the minimum allowed by the uncertainty principle. In this sense
they are the closest quantum mechanical states to a classical description of the field. We shall
outline the basic properties of the coherent states below. These states are most easily generated

using the unitary displacement operator
D(a) = eleal-a’a), (2.3.1)
where « is an arbitary complex number.
Using the operator theorem
e(A+B) = eAeBelAB]/2 (23.2)

which holds when

[Av [AvB]] = [B» [Av B” =0,
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we can write D(¢) as

D(a) = e~lo*/2g08t g, (23.3)
The displacement operator D(c) has the following properties
Di(a) = D™Y(a) = D(-a), DY(a)aD(a)=d+a,
DY(a)a'D(a) = &t + o (2.3.4)
The coherent state « is generated by operating with D(c) on the vacuum state
|a) = D(a) |0). (2.3.5)
The coherent states are eigenstates of the annihilation operator &. This may be proved as follows:
DY(a)éa) = DY(a)aD(a) [0) = (& + a) |0) = «[0). (2.3.6)
Multiplying both sides by D(a) we arrive at the eigenvalue equation
gla) =ala). (2.3.7)

Since & is a non-Hermitian operator its eigenvalues o are complex.

Another useful property which follows using Eq. (2.3.2) is
D(c + B) = D(a)D(B)e~*m{=F", (2.3.8)

The coherent states contain an indefinite number of photons. This may be made apparent by
considering an expansion of the coherent state in the number-states basis.

Taking the scalar product of both sides of Eq. (2.3.7) with (n| we find the recursion relation

(n+ 1)V (n+1|a) = o (n|a). (2.3.9)
It follows that
aﬂ
(nla) = W (0|a) . (23.10)
We may expand |a) in terms of the number states |n) with expansion coefficients (n|a) as follows
an
ey =Y In) (nla) = (0]a) ; G n) . (23.11)
The squared length of the vector |a) is thus
a™ 2
(ele) = | 0l 2 32 7 = (ojoy et (23.12)
n
It is easily seen that
{Ola) = (0|D(e)l0)

o(=la/2) (2.3.13)
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Thus | (a|e) [* = 1 and the coherent states are normalized.

The coherent state may then be expanded in terms of the number states as

la) = e(-1at’/2) Z

(n‘!")'l 7 In). (2.3.14)

We note that the probability distribution of photons in a coherent state is a Poisson distribution

|a|2"e—l°"2

P(n) = |{nlo) |’ = =——, (23.15)
where |a|? is the mean number of photons ((n) = (a|dtaa) = |al?).
The scalar product of two coherent states is
(Bla) = (0] D¥(8) D()[0). (23.16)
Using Eq. (2.3.3) this becomes
“ (Bla) = eli(la+B)+as] 2.3.17)
The absolute magnitude of the scalar product is
| (Bla) [? = e~laAF, (2.3.18)

Thus the coherent states are not orthogonal although two states |) and |3) become approximately
orthogonal in the limit | — 3| >> 1. The coherent states form a two-dimensional continuum of

states and are, in fact, overcomplete. The completeness relation

;17- / o) () d?a = 1, (2.3.19)

may be proved as follows.

We use the expansion Eq. (2.3.14) to give

2
/ o) (a|dT°‘ ") (ml / e-lof o mani2y, (2.3.20)

n.—O m—O

Changing to polar coordinates this becomes

2 2r
/ o) (af dﬂ Z Z In) (ml rdre—"r"+’" / dfein—m)0 (23.21)
0

Using

2
doefr—m8 — 25, (2.3.22)
]

/ lo ‘(al Z In) ("I / " dee—ecm, (23.23)

we have
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where we let € = r2. The integral equals n!. Hence we have

/ la) o ? - i In) (n] = 1, (23.24)

n=0
following from the completeness relation for the number states.
An alternative proof of the completeness of the coherent states may be given as follows. Using
the relation

2
ePAe™®B = A +¢[B,A] + %[B, B,A]l +... , (2.3.25)

it is easy to see that all the operators A such that

DY (a@)AD(a) = A (2.3.26)
are proportional to the identity.
We consider
A= /dza la) {al
then
D'(6) [ daja) | D) = [#ala-p)(a-pi= [Ealey@l. @3z

Then using the above result we conclude that

/ d’a|a) (o] « I. (2.3.28)

The constant of proportionality is easily seen to be 7.
The coherent states have a physical significance in that the field generated by a highly sta-
bilized laser operating well above threshold is a coherent state. They form a useful basis for

expanding the optical field in problems in laser physics and nonlinear optics.

2.4 Squeezed States

A general class of minimum-uncertainty states are known as squeezed states. In general, a
squeezed state may have less noise in one quadrature than a coherent state. To satisfy the require-
ments of a minimum-uncertainty state the noise in the other quadrature is greater than that of a
coherent state. The coherent states are a particular member of this more general class of minimum
uncertainty states with equal noise in both quadratures. We will begin our discussion by defin-
ing a family of minimum-uncertainty states. Let us calculate the variances for the position and

momentum operators for the harmonic oscillator

h fuw
*—‘/__* at *_-‘/_*_*f
§d= (@+a'), p=i 5 (@ —a"). 24.1)
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The variances are defined by

V(A) = (AA)? = (4%) - (A)2. (2.4.2)
In a coherent state we obtain
N h N hw
(AQ)goh = ;’ (p)goh = 7 24.3)

Thus the product of the uncertainties is a minimum

(APAG)coh = (2.4.4)

N1

Thus, there exists a sense in which the description of the state of an oscillator by a coherent

state represents as close an approach to classical localization as possible. We shall consider the
r

properties of a single-mode field. We may write the annihilation operator & as a linear combination

of two Hermitian operators ) R
X1 +1X,
5 .

X1 and X3, the real and imaginary parts of the complex amplitude, give dimensionless amplitudes

a= (24.5)

for the modes’ two quadrature phases. They obey the following commutation relation

»

(X1, X3) = 2i. (2.4.6)
The corresponding uncertainty principle is
AX\AX > 1. (2.4.7)

This relation with the equals sign defines a family of minimum-uncertainty states. The coherent

states are a particular minimum-uncertainty state with
AX =AX, =1 (2.4.8)

The coherent state |a) has the mean complex amplitude o and it is a minimum-uncertainty state
for X 1 and f(z, with equal uncertainties in the two quadrature phases. A coherent state may be
represented by an “error circle” in a complex amplitude plane whose axes are X; and X, (Fig.
2.1(a)). The center of the ertor circle lies at % (X 1+ Xz) = « and the radius AX 1= AXZ =1

accounts for the uncertainties in X 1 and X5.

There is obviously a whole family of minimum-uncertainty states defined by AX,AX, = 1.
If we plot AX, against AX, the minimum-uncertainty states lie on a hyperbola (Fig. 2.2). Only
points lying to the right of this hyperbola correspond to the physical states. The coherent state
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(@ ()
X, X,

hiyoa

Xl Xl

Figure 2.1 Phase-space plot showing the uncertainty in (a) a coherent state la), and (b) a squeezed

state |a, 7).

Figure 2.2 Plot of A X, versus A X, for the minimum-uncertainty states.

with AX; = AXyisa special case of a more general class of states which may have reduced
uncertainty in the other (AX; < 1 < AX,). These squeezed states may be generated by using

the unitary squeeze operator

S(e) = et(era?~eal) (2.4.9)
where € = re?¢_ Note the squeeze operator obeys the relations
St(e) = 8 (e) = S(~e), (2.4.10)
and has the following useful transformation properties

S"(e)&S(e) = acoshr — gte=24ginp T,
St(e)ats (e) = atcoshr — ge~%%sinh 7, 24.11)
SHe)Vi +i¥2)S(e) = Yie~ + iYse',
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where

Y1 +iY2 = (X) +iXy)e (2.4.12)

is the rotated complex amplitude. The Squeeze operator attenuates one component of the rotated
complex amplitude, and it amplifies the other component. The degree of attenuation and amplifi-
cation is determined by r = |¢|, which will be called the squeeze factor. The squeeze state |a, €)

is obtained by first squeezing the vacuum and then displacing it
la,e) = D(@)S(¢) |0). (24.13)

A squeezed state has the following expectation values and variances

(X1 +iX5) = (Y] +iV2) e = 2q, (24.14)
AYy=e™", AY;=¢", (24.15)

(AN) = |a|? + sinh?r, (2.4.16)

(AN)? = |acosh r — ae?®sinh 7|2 4 2cosh?rsinh?r. (24.17)

Thus the squeezed state has unequal uncertainties for Y and Y; as seen in the error ellipse shown
in Fig. 2.1. The principal axes of the ellipse lie along the Y; and Y5 axes, and the principal radii
are AY] and AY>.

2.5 Quantum Theory of Coherence

This theory was formulated originally by R. J. Glauber, where he considers the process of
photon detection, which plays a central role. The basic process involved in the detection is the
absorption of a photon and the corresponding generation of a photoelectron, measured via an
electric current. This simple model is an ideal detector, sensitive to what we define as the positive

frequency component of the field (proportional to the annihilation operator of field)

EM(r,) =i {/ %‘ Gru,» (r)ent @2.5.1)
k

where
é \ eik‘r

Uk, (l‘) = \/‘—,5 )

with &, being the polarization vector. Then, the total electric field operator can be written as

(25.2)

E(r,t) = BH(r,8) + BO(r,2), (2.5.3)

with
EC)Nr, 1) = (B®)i(r, 1), 2.5.4)
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In this model, the detector atoms are in the ground state, so that only absorption take place. Since
it is only the annihilation part E(+)(r, t) and BC)(r,t) ina way that the actual detection is more
closely related to E(+)(r, t) than the total field E(r, t). An ideal photodetector would also have
infinite bandwidth, responding to a field at time ¢, and a negligible spatial extension.

The transition probability from an initial state [4i) to a final state |1fx) is proportional to
Wi = | (] BO);) 2. (2.5.5)

As we will see, this is the first-order approximation. In general, the final state of the field is not

know, so we have to sum over all the possible final states:
i) = 3 |wE |
- 5o ) 0
= (’;’ilE(—)E(HW’f) , (2.5.6)

giving us an average field intensity. In the Jast step, we made use of the completeness of the final

states.

If the initial state is a mixed state, then we have to use the density matrix p, and we write
(L(r,t)) = Tr { pEC) (r, ) EW(xr, t)} : 2.5.7)
We now define the first-oder coherence function:
GW(z,2') =Tr { pE<->(x)E<+>(x')} : (2.5.8)

where z and 2’ are & = (r, t) and 2’ = (¢, #/).
The first-order coherence function appears typically in interference experiments. In order to
describe more sophisticated experiments, like the coincidence experiments of Handbury, Brown

and Twiss, it is useful to define an n' order coherence function

G (21,23, ..., Tn; Tnp 1, o Z2n) =Tr {PE(—)(QH), s BN @) BE®) (), .., E(+)($zn)} .
2.5.9)

where again z; = (r;, t;).

2.6 General Properties of the Correlation Function

The n™ order coherence function was defined as the expectation value of Eq. (259). Asa
first property, we notice if there is an upper bound on the number of photons present in the field,
then G(")(xl, vy T
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i Tn4ly .-y T2p) Must vanish identically for n larger than the upper bound M. To be more specific,

if the field density operator is written as

P=>_ Comln)(m|, (2.6.1)

and if Cp, = 0 for n or m larger than M , then
EM(z))..EM(z,)p = 0, (2.6.2)

for p > M, simply because the number of times the annihilation operator is applied to the density
matrix is larger than the number of photons available in the field, thus G®) = 0,
Another property can be derived from the identity Tr[A'] = Tr[A]*, which is valid for any

linear operator A. Applying this identity to G(")(:c, »+o3 Tni Tnl, -vy T2n) WE get

[G(")(xl,...,:zzn;xn.,.h...,:cz,.)]. = Tr {E(_)(xz,.),...,E(_)(:vn.,.l)ﬁ("')(zn),...,f}("')(:z:l)p}
= Tr {PE(_)(fBZn), ---’E(—)(xn+l)ﬁ(+)(xn)) ceny E(+)(zl)}

= G2y, s Tnt1; Tny oy (31)), (2.6.3)

where we made use of the Hermitian character of p and the invariance of the trace under cyclic per-
mutation. As a consequence of commutation properties of E(~) and ™), we can freely permute
the arguments (zi, x3, ..., z,) and (Znt1) Tnt2, -y Tan) Without changing G, but we cannot

interchange any of the first n arguments with any of the remaining n, since the corresponding

operators do not commute.

Another set of properties can be derived from the positive definite character of the operator

AT A, such that Tr[A1A] > 0, for any linear operator A. To show the above inequality, we write

Trlpatd] = 3 py (klATAR)
k

I

> _px (KAt im) (m| Alk)
k,m

D_pil (mlAlk) > > 0. (2.6.4)

k.m

Since px and | (m]A|k) |2 > 0, there are several interesting cases:
i). Let A = E(+)(z,), then applying the inequality Tr{At 4] > 0, we get
GM(zy,2)) > 0. (2.6.5)
ii). Let A = B(H)(z)), ..., EM)(z,), we get directly

G (4, eery T Ty ooy 1) > 0, (2.6.6)
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iii). Let A = 32 ; A;E™)(z;), where Aj is a set of arbitrary complex numbers. In this case,
we get

> A6z, 55) > 0, (2.6.7)
iJ
thus the set of correlation function G(‘)(z;, z;) forms a matrix coefficient for the quadratic

form of the set As. Such a matrix has a positive determinant; thus: for n = 1 we get Eq.

(2.6.5); for n = 2 we get
G (z1,21)6W (25, 22) > |6V, 22) 7, (2.6.8)

which is a simple generalization of Schwartz’s identity.

2.7 Second-Order Correlations. Photon Bunching and Antibunching

The second-order normalized correlation function is defined as

() (=) f(+) f(+)
g(z)(rltl, ratz; raty, Tit)) = SE (rl’tle (rz,tz)E‘ (rz’tZ)EA (ry, 1)) .
(EC)(ry, t)EM) (r1, 1)) (BO) (r2, ) E® (13, 85))

In this section we will consider only parallel light beams (z-direction), so that the space time

2.7.1)

coordinates (z), ¢1), (22, ;) enter in g(z) only as a phase difference:

T=t—t + z‘—:zi (21.2)

We start the subject with a brief review of some classical aspects.

2.7.1 Classical Second-Order Coherence

We consider a beam of light described by a classical intensity I)(t), which is time-
dependent and averaged over each cycle. In general, the intensity will show random fluctuations,
if one is dealing, for example, with a source of chaotic light. We will assume that the light sources
under study are stationary and ergodic, in such a way that ensemble averages are equal to time

averages. Classically, the second-order correlation function may be defined as
L()L(0

where the average is over a long series of pairs of intensity measurements separated by a fixed time
tand I? = (I)(t)) isa time-independent average, due to the assumption of stationary sources.
In a different type of experiment, we may measure intensities at different positions ry, r,.

Then the relevant second-order correlation function is

@ g _ {N(2)1(0))
912 (t)—ﬁ—m . (2.7.4)

The classical correlation function satisfy a series of inequalities:
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(a) Since the intensity is positive

o) >o. (2.1.5)

(b) Since (I*(t)) > I?, then
20) > 1. (2.7.6)

(¢) In the more general case, and according to Cauchy’s inequality,
(I (1) 2 (LD @1.7)

Fixing the time ¢ between the two measurements on the two beams, we have

2
a9 2 [sP®)] 27.8)
and for a single beam gﬁ)(O) = gg) (0) and
giP(0) > ¢ (0). (2.7.9)

In many cases, the fluctuations of the cycle-averaged intensities are too rapid for direct observation
and the measurement reflects some average of the fluctuations over some typical response time of
the detector. However, we do have fast detectors nowadays, so let us assume that its response
time is much faster than the coherent time of the light. If, furthermore, the ergodic hypothesis is
satisfied, then the time average may be replaced by statistical averages, denoted by angle brackets.
We take a model of chaotic light emitted by a collision-broadened light source. In this model,
the elastic collisions break up the wave radiated by single atoms, in discrete sections, where each
section has a constant phase that abruptly ends with a collision. Suppose that we have light of
intensity Ip from n radiating atoms, the phase of the field emitted from the i atom being a

random variable ¢;. Then, one can write
E(t) = Ei(t)+ Ei(t)+...+ E,(t)
= Ep{e®® it 4 4 o)} (2.7.10)

where each atom is associated with the same amplitude and field frequency but with phases which
are completely independent.

The instantaneous average value of the square of the intensity is

I%(0) = I3|eits + itz + ... + ei¢nl*, (27.11)
1 0

The only non-zero contributions come from the terms in which each factor is multiplied by its

complex conjugate. These are

n
O) = I§|D 1+ Jaefee
i=I it
I3[2n? — ). (27.12)

Il
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If we further average, considering a Poissonian distribution of incoming atoms, with a mean 7,

and n?2 = 72 + A, then

(I3(0))poiss = 15 (272 + ). (2.7.13)

Also, since (I2(0))p,., = ilo, we have

dD0) =2+ (2.7.14)

!
i
The standard theory of chaotic light considers a very large number of atoms radiating, that is, the
limit i — oo, gﬁ) (0) =2. More generally, one can consider a large number of radiating atoms
and the summation over the phases is treated as a random walk. As 4 result of such a theory, one
gets the probability distribution intensity I;:

P(I) = ~ e_(%)

I, ) (2.7.15)

with giving gﬁ) (0) = 2, in agreement with our previous result.
Normally, when we deal with a single beam of light, we skip the lower indices, and for chaotic

light, we will just write ¢(?)(0) = 2.

2.7.2  Quantum Theory of Second-Order Coherence

The quantum mechanical normalized second-order correlation function g is positive,

so that the inequality

0 < ¢¥(r) < o0, (2.7.16)

is identical to the classical range. However, the classical inequalities given in Eq. (2.7.6), (2.7.9)
are, in general, no longer true. Even for zero time delay, in the quantum mechanic, the only true

inequality is

0 < ¢?(0) < oo, (2.7.17)

and since classically g(z) (0)]ctass = 1, there is an interest rang:

0<gP(0) <1, (2.7.18)

which is purely quantum mechanical range.

For a single-mode field, the normalized correlation functions become simpler, and one can
write
(atataa)

@) = ot )
g () (&f&)z

(2.7.19)
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which can also be written in terms of the photon-number operator

{n(n + 1))

(n?)
(An)?) — (n)
e

We observe that for a single-mode field, there is no time dependence (the T dependent phase factor

9?(7)

(2.7.20)

cancels) in g (7).

A few simple examples of g () are:

(a) For an |n) state

g®(r) = ("n;l) n>2 2.7.21)

and g® () =0 forn =0, 1.

(b) For a coherent state |a), (A(n)?) = (n) and g‘¥(7) = 1. It is convenient to define the

moment of generating function Q(s) as

o0

Q(s) = > _(1-s)"P(n), (2.7.22)

n=0

where P(n) is the probability of having n photons in the field. One immediately sees that

(n) = —d%Q(s)L:O,
(An)?) = (n?) — (n)?
d 2
- (%) Q(S)I,,:o"(") ((n) - 1), (2.7.23)
and also
1 d\?
= e (@) 2ol 2120

In general, light with g(? = 1 is second-order coherent or Poissonian (as in the case of the

coherent state), g(? > 1 super-Poissonian and g < | sub-Poissonian.
(c) Squeezed state. We have seen that
2 2| =2r 2 4 2r -2 4 s 2
(An)* = |a|* le™* cos® { ¢ — 5 ) t& sin ¢ — 2 + 2sinh“(r)cosh*(r), (2.7.25)
with
a = |ale. (2.7.26)

with the above expression and Eq. (2.7.20), one can evaluate ¢¢2) (0).
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If g@(7) < g@ (0), there is a tendency for photons to arrive in pairs, a situation referred to as
photon bunching. The reverse situation g (1) > ¢( (0) is called photon antibunching, and this
occurs typically when an atom emits a photon and right after that there is an anticorrelation for
a second photon to be emitted, considering that the atom requires a finite time to go back to its
excited state to be ready to emit a second photon. For very long times, there is no longer any
correlation and g® (1)}, 0o — 1. A field with g(0) < 1, then, will always be antibunched
over some time scale, which is the quantum mechanical case with no classical analogue.

Photon antibunching and sub-Poissonian statistics sometimes get mixed up in the literature,
giving the wrong impression that they correspond to the same thing. Although they are related,
they are not the same.

Mandel derived a formula for stationary fields:
2 4T
n
V(n) - (n) = -(1—,1- / dr(T — Irf) [¢®(r) - 1], 2.7.27)
~T

with V(n) = (n) — (n)>. When a field has g () < 1 for Vr, then V(n) — {(n) < 0and exhibits
sub-Poissonnian statistics. However, we may have the case dA(r) > g9(0) (antibunching)

which exhibits super-Poissonian statistics {g(®(7) and ¢ (0) > 1), for some time interval 7.

2.8 Generalized P Representations

Another representation which like the R representation uses an expansion non-diagonal co-
herent state projection operators was suggested by Drummond and Gardiner. The representation

is defined as follows

p=LA@MHmmwwﬁ) @8.1)
where
o) (]
Ao, B) = Bl

and dyi(a, B) is the integration measure which may be chosen to define different classes of possible
representations and D is the domain of integration. The projection operator A(a, ) is analytic
in  and B. It is clear that the normalization condition on p leads to the following normalization

condition on P(a, )
/| P puta.)= 1. (282)

Thus, the P(c, 3) is normalizable and we shall see in the next chapter that it gives rise to Fokker-
Planck equations. The definition given in (2.8.1) leads to different representations depending on
the integration measure.

Useful choices of integration measure are
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1. Glauber-Sudarshan P Representation:
du(a, ) = 62(a‘ — ﬁ)dzadzﬁ. (2.8.3)
This measure corresponds to the diagonal Glauber-Sudarshan P representation defined as

p= /P(a) @) {a| da, (2.8.4)
where d?a = d [Re(a)] d [Sm(a)).

2. Complex P Representation:
du(a, B) = dadp. (2.8.5)
Here (a, ) are treated as complex variables which are to be integrated on individual con-
tours C,C’. The conditions for the existence of this representation are discussed in the
appendix. This particular representation may take on complex values so in no sense can it
have any physical interpretation as a probability distribution. However, as we shall see it
is an extremely useful representation giving exact results for certain problems and physical

observable such as all the single time correlation functions.

3. Positive P Representation:
du(a, B) = d*ad?B. (2.8.6)
This enables stochastic differential equations, and a correspondence between the quantum

Markov process and ordinary diffusion processes to be derived.

In all representations, it is, of course, true that observable moments are given by

(ahmany = /D du(a, B)F™a™P(a, B). 287)

Master equation may be converted to a c-number representation using the complex P rep-
resentation by an analogous set of operator rules used for the diagonal P representation. The

nondiagonal coherent state projection operator is defined as

ey (]
Me) = 5y

where & = (a,B). Use a property of creation and annihilation operators that operate on the

(2.8.8)

coherent state, G |a) = a|a) and {a] &' = (] a*. Then, the following identities hold

éA(a) = aA(a), &TA(a) = (ﬂ + %) Afa),
Al@)a! = Af(@)B, Al@)a= (% + a) Ala). (2.8.9)

By substituting the above identities into (2.8.1) defining the generalized P representation, and
using partial integration (providing the boundary terms vanish) these identities can be used to

generate operations on the P function depending on the representation.
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2.8.1 Complex P Representation

ép = aP(a), alpo ( - i) P(a),

al o i e -
pé BP(a), pa (a 3,3) P(a). (2.8.10)

This procedure yields a very similar equation to that for the Glauber-Sudarshan P function. We

assume that, by appropriate reordering of the differential operators, we can reduce an operator

master equation to the form [where (o, 8) = a = (Y, a®)]

% = / / A(a)ap—(a)dadﬁ (2.8.11)
= / / doeMda® P(a) {A“(a)——-+ =DM (@) — a 5 }A(a) (2.8.12)

We now integrate by parts and if we can neglect boundary terms, which may be made possible
by an appropriate choice of contours, C and C’, at least one solution is obtained by equating the

coefficients of A(ar)

OP@) [ 0 10 8 _,,
ot _{ Far A (@) + 55 o D (a)}P(a) (2.8.13)

This equation is sufficient to imply (2.8.12) but is not a unique equation because the A(e) are not
linearly independent. The Fokker-Planck equation has the same form as that derived using the
diagonal P representation with o* replaced by 5.

It should be noted that for the complex P representation, A¥(a) and D*(ax) are always

analytic in a, if P(c) is initially analytic (2.8.13) preserves this analyticity as time develops.

2.8.2 Positive P Representation

This integration measure is chosen as
du(a, B) = d>ad?B. (2.8.14)

This representation allows a, 3 to vary independently over the whole complex plane. It was proved
that P(a, ) always exists for a physical density operator and can always be chosen positive. For
this reason we call it the positive P representation. P(a, ) has all the mathematical properties of
a genuine probability. It may also have an interpretation as a probability distribution. It proves a
most useful representation, in particulary, for problems where the Fokker-Planck equation in other
representations may have a non-positive equation definite diffusion matrix. It may be shown that

provided any Fokker-Planck equation exists for the time development in the Glauber-Sudarshan
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representation, a corresponding Fokker-Planck equation exists with a positive semi-definite diffu-
sion coefficient for the positive P representation.
The operator identities for the positive P representation are the same as (2.8.10) for the com-
plex P representation. In addition, using the analyticity of A(e, 8) and noting that if
o = az + iay, and B=p+ iﬂy;
then
g g g
— = —A(a) = —i—A
el =3 o Ma) = ~iz o (@)
and
0 0 0
—A(a) = —A(a) = —i—A(a). 2.8.15
551(@) = 55 (@) = ~igz-le) 28.15)

Thus in addition to (2.8.10) we also have

atp —s (ﬂ - 5%) P(a) — (ﬂ ¥ i—"’—) P(a),

Oay
~H(_a)p()H(+-i)P() (2.8.16)
pa «@ ﬂ «a a zav «). 8.

The positive P representation may be used to give a Fokker-Planck equation with a positive defi-
nition diffusion matrix. We shall demonstrate this in the following.

We assume that the same equation

g
=P(x)=¢—-=—A; =—=———0D;; p
P00 ={ 50 4909 + 555 D09 | P(x)
is being considered but with a positive P representation. The symmetric diffusion matrix can

always be factorized in the form .
D(a) = B(a)BT(a).

We now write

A(e) Az(a) + 1A (a), (2.8.17)

B(a) = B:(a)+iB,(a), (2.8.18)

where Az, A, B;, B, are real. We then find that the master equation yields

Zt—” = / / Pod®BA(a) _az-;(ta)

/ / P(a)[44()0% + Al(2)3% + %(Bg"(a)B;"’(a)aﬁaj + BY (o) BL (a)0Y8Y

!

+2B(a) By (0)320Y ) | A(@)dPad?B. (28.19)

Here we have, for notational simplicity, written 8/8ak = 05, etc., and have used the analyticity of

A(a) to make either of the replacements

0/0ak —— Oy —— —1i0Y (2.8.20)
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in such a way as to yields (2.8.19). Now, provided partial integration is permissible, we deduce
the Fokker-Planck equation:

OP(a)

1 o o4 vo
S = |- %A@ - BLAL(e) + 5 (8585 B (@) BL (@)

+ 20204 BL” () BLY (a) + BL0Y BL () BL (a))] Pl@). (2821)
Again, this is not a unique time-development equation but (2.8.19) is a consequence of (2.8.21).

However, the Fokker-Planck equation (2.8.21) now possesses a positive semidefinite diffusion

matrix in a four-dimensional space whose vectors are

(af,0@, ol af) = (az, Ber 4,8, (2.8.22)
We find the drift vector is
of(e) = (AD(), AD (@), 4P (), AD () (2823)

and the diffusion matrix

B;B! B.BT
2(a) = ‘ Y | (a) = B(a) @ (a) (2.8.24)
B,B] B,BT
where
Bla) = ( Bz 0 ) (a) (2.8.25)
B, 0

and 2 is thus explicitly positive semi-definite (and not positive definite). The corresponding Itd

stochastic differential equations can be written as (please also see Egs. (2.8.17) and (2.8.18))

dfes)_ [ Al ) [ Bele)() : (2.8.26)
@\ o Ay(e) B, (a)é(t)
or recombining real and imaginary parts

% - Ale) +B)). (2.8.27)

Apart from the substitution a* — (3, (2.8.27) is just the stochastic differential equation which
would be obtained by using the Glauber-Sudarshan P representation, and naively converting the
Fokker-Planck equation with a non-positive definite diffusion matrix into an It stochastic differ-
ential equation.

In our derivation, the two formal variables (o, a*) have been replaced by variables in the
complex plane (c, ) that are allowed to fluctuate independently. The positive P representation as

defined here thus appears as a mathematical justitication of this procedure.



CHAPTER 3

Four-Wave Mixing in Nonlinear Fiber Optics

3.1 Origin of Four-Wave Mixing

The origin of FWM lies in the nonlinear response of bound electrons of a material to an
electromagnetic fieid. The polarization induced in the medium contains terms whose magnitude
is governed by the nonlinear susceptibilities. The resulting nonlinear effects can be classified
as second or third order parametric processes, depending on whether the second susceptibility
x?, or the third order susceptibility x(3, is responsible for them. Because x@ vanishes for an
isotropic medium (in dipole approximation), the second order processes such as second harmonic
generation should not occur in silica fibers. In practice, they do occur because of quadrupole and
magnetic-dipole effects but with a relatively low conversion efficiency.

The third order parametric processes involve nonlinear interaction among four optical waves
and include the phenomena such as FWM and third harmonic generation. Indeed, FWM in' optical
fibers was studied soon after low-loss fibers first became available. The main features of FWM

can be understood from the third order polarization term as
Pn = ¢ox®)V:EEE, (3.1.1)

where E is the electric field and Py is the induced nonlinear polarization.

In general, FWM is polarization dependent and one must develop a full vector theory for it.
However, considerable physical insighi is gained by first considering the scalar case in which all
four fields are linearly polarized along a principal axis of birefringent fiber such that they maintain
their state of polarization. Consider four CW waves oscillating at frequencies wy, ws, ws, and wy

and linearly polarized along the same axis z. The total electric field can be written as

E=l

[ S+

4
£y Eeliruit) ycc, (3.1.2)
j=1

where the propagation constant 3; = fijw;/c, fi; being the mode index. If we substitute Eq.

(3.1.2) in Eq. (3.1.1) and express Py in the same form as E using

4
Py = %z 3 PielBzust) y e, (3.1.3)
i=1
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CHAPTER 5

Results and Discussion

5.1 The system of Equation of Motion of Photons

By applying +P representation to Eq. (4.1.7), we get the corresponding Fokker-Planck equa-
tion

OP(a,t) _ { 8

ot E(Xaaaia;z - gpl + apl) + (Xa:a?apz - gpl + T a;)
1

o,
0
+6__ap2 (xa,,a,-a;; —&pm + Moy, + ot (xef af op, — Epy + '7pza;z
P2

0
~ Bz (X% 0, + ) — @(xaaaifzaif. +mef)

o
—6—%(X012L QpyQp, + Vs05) — @(xaia;,a; +7sat)

& 52
‘“\aam ) ap, X0 — m X0p, Ctp,
+5£§Xa$a; - F;?;prxaj of
+#;x;,2":’7””' * aa:';a;,"z":"z' L
+6a:902a,7" znfh% + Basat;a;" znih%}P(a’ t) (5.1.1)

From this point, we apply a Kramers-Moyal expansion to the Fokker-Planck equation, and finally

get the multivariate Langevin equation of the corresponding stochastic process as

dital = —Xxosaiof + & — Mnean +iy/xasna + V2 + xlos|?m,

ditaz = ~X@ia] +& — moy +ivFami + V22 + xlai|*m,

%ai = Xemaf — v +iy/xong + V 2ni + xlou |,

d%as = Xoa] - yea, +iy/Xaam} + V 2ns + x| az|?ns, (5.1.2)

where the correlations of the complex noise variables are in the form of

(77;) =0,

(nf () (¢)) = o062 — ¢/). (5.1.3)

(k)
(ni@)m(t'))

Il
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Consequently, the remaining four equations of Eq. (5.1.2) are easily found, just their complex

conjugate, which can be used together to analyze further the validity area of entanglement criteria
[21, 22].



CHAPTER 6

Conclusion and Suggestions

We have established FWM Hamiltonian both the degenerate and nondegenerate cases. By
combining the effect of photon-phonon interaction to the total Hamiltonian which can be used
incorporate with the system density matrix to get the master equation. At this point, we eliminate
the phonon operators by using Markov approximation and then transform from the reduced density
matrix by using + P representation to the Fokker-Planck equation, in the language of phase-space
description, which can next extract to get the stochastic differential equation of Langevin type that
can solve numerically parallel to the Ité method. So, we finally can analyze the dissipative effects
from the reservoir on the propagation of entangled photon state in fiber optics by calculation for the
life-times and its correlation function, which depend heavily on the damping rate and environment

temperature, of entangled photon pair which subject to the Reid-EPR criteria.
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