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CHAPTER1]

INTRODUCTION

1.1 Background

Various problems in science and engineering can be formulated in forms of equations
and inequalities. We can apply the fixed point theory to resolve those problems.

Let C be a nonempty closed convex subset of a real Hilbert space H. For a mapping T
of C into itself is called fixed point if and only if 7x =x. We denote by F (T ) the set of
fixed point of T, i.e.,

F(T)={xeC:Tx=x}.

Now, fixed point iteration processes for approximating fixed point of nonexpansive
mappings, pseudocontractive mappings, quasi - nonexpansive mapping and K - quasi
strictly pseudo - contractive mapping have been studied by many mathematicians. So the
fixed point problems concerning those mappings are interesting for investigating. So we aim
to investigate the existence problem, structure of fixed points set, and approximation method
for finding fixed point of the mappings. Then the fixed point plays an important role to solve
many problems in mathematical, science and applied science.

Variational inequality were introduced and investigated by Stampacchia [20] in 1964.

Let B:C — H be a nonlinear mapping. The set of solutions of the variational inequality
which is denoted by VI (C , B) is to find a point # € C such that

<Bu,v—u>20, VveC.

The variational inequality has been extensively studied in the branch of mathematical and
engineering sciences with applications in industry, finance, economic, social, mathematical
programming, ecology, regional, mechanics, optimal control, optimization, and applied

sciences; see for instance [6], [7], [27].



Let H be a Hilbert space and let C be a nonempty closed convex subset of a real
Hilbert space H. A mapping T of C into itself is called nonexpansive if

||Tx——Ty|| S”x—y] , forall x,yeC.

The mapping T:C — C is said to be quasi - nonexpansive if
|]Tx—y“$||x—y” , forall xeCand ye F(T).
The mapping 7:C — C issaid to be K - quasi strictly pseudo - contractive if there
exists a constant K € [0,1) such that

|7 =3 <|x~y[ +x|x -7, forall xeC and ye F(T).

In recent years, the strong convergence theorems of quasi - nonexpansive mapping in a
real Hilbert spaces has been studied by many authors as follows:

In 2010, Paul-Emile Mainge [17] proved the strong convergence of the viscosity
approximation method as follows:

Theorem 1.1 Let C be a nonempty closed convex subset of a real Hilbert space H and
let {x,,} be the sequence generated by x, € C and

X =a,f(x,)+(1-2,)T,x,, Vn20,

where {an} C (0,1) such that

li_rga,, =0 and ian =00,
n=1
Also we (0,1), T, = (l - a))I + @I with T be a quasi - nonexpansive and demiclosed on
C andlet f:C — C is a contractive mapping with p € [0,1). Then {x,,} converges
strongly to the unique element z, € F' (T ), where z, = PF(T) f (zo), which equivalently
solves the following variational inequality problem:
2, € F(T) and ((I- f)z,v-2,)20, VveF(T).

In 2010, Sun, Li and Zhou [21] proved the strong convergence of the viscosity
approximation method in a real Hilbert spaces as follows:

Theorem 1.2 Let C be a nonempty closed convex subset of a real Hilbert space A and

let {xn} be the sequence generated by x, € C and

X =0, f(x,)+(1-,)T,x,, Vn20,



where {a,,} c (0,1) such that

lima, =0 and ian =00,
e n=l
Also we (0,1], I,= (1 - a)) I+ T with T be a quasi - nonexpansive and demiclosed on
C andlet f:C — C isa contractive mapping with p E[O,l). Then {x,,} converges
strongly to the unique element z, € F (T ), where z, = PF(T) f (zo), which equivalently
solves the following variational inequality problem:

2z, € F(T) and {(I- f)zp,v=2,)20, VveF(T).

After study research above and the research in the same way, we consider that many
authors proved the strong convergence theorems involving quasi - nonexpansive mapping by
using the conditions:

i T,=(1-o)l+al;

ii, T is demiclosed on C;
see for instance [16], [24], [25].

In recently, Kangtunyakarn [12] modified the sets of variational inequalities as follows:
VI(C,aA+(1-a)B)={xeC:(y-x(ad+(1-a)B)x)>0},

forall yeC,ae (0,1) where 4 and B are the mappings of C into H. He also proved the
strong convergence theorem of a new iterative scheme for finding a common element of the
set of fixed points of x - strictly pseudo - contractive mappings and two sets of solutions of
variational inequalities as follows:

Theorem 1.3 Let C be a nonempty closed convex subset of a real Hilbert space H and
let A,B:C — H be « and f - inverse strongly monotone, respectively. Let T bea x -
strictly pseudo - contractive mapping with F = F (T ) N VI(C,A) N VI(C , B) #. Let {xn}
be the sequence generated by x,,#€C and

Yo =au+ B, +7,0(1-2,(1-T)) P (I-r,(ad+(1-a)B))x,,  Vnxl,
where {a,}.{8,}.{r.} <[0,1], {a,} €(0,1), 2€(0,1-x), a, + B, +7, =1,Vn =1, and
{r.} <[0,2y], y =min{a, B} satisfy:

00
i. lima,=0 and Za” = 00}
n—»x0 =1



1.2

1.3

ii. 0O<c<pf,<d<landO<e<r, <f<2y;

iii. Y A,=oand k<<, <n<l;

n=l

=0.

n

iv. lim|r,, —r
n—)aol n+l

Then { x,,} converges strongly to z, = Fu.

Motivated by Theorem 1.3, we prove the strong convergence theorem for finding a
common element of the set of fixed points of x - quasi strictly pseudo - contractive
mappings and the set of solutions of variational inequalities in a real Hilbert space. By using
our main result, we also prove the strong convergence theorem involving the set of fixed
points of quasi - nonexpansive mapping 7 without assumptions T, = (l - a))I +@T where
a)e[O,l] and T is a demiclosed mapping. Moreover, we prove the strong convergence
theorems for a finite family of nonspreading mappings. Furthermore, we utilize our main

theorem for the numerical example.

Purpose of the Study

1.2.1  To study the fixed point theorems in a real Hilbert space.

1.2.2  To construct and study a new iterative scheme for finding a common element of the
set of fixed points of & - quasi strictly pseudo - contractive mappings and the set of
solutions of variational inequalities in a real Hilbert space.

1.2.3  To prove strong convergence theorems involving the set of fixed points of quasi -
nonexpansive mappings and nonspreading mappings in a real Hilbert space.

1.2.4  To give numerical example with guarantee convergence for the main result.

Scope of the Study

In this thesis, we study and introduce a new iterative scheme in a real Hilbert space. We

also prove the strong convergence theorem for finding a common element of the set of fixed



1.4

1.5

points of kK - quasi strictly pseudo - contractive mappings and the set of solutions of

variational inequalities in a real Hilbert space. Moreover, we prove the strong convergence

theorem involving the set of fixed points of quasi - nonexpansive mappings and

nonspreading mappings. Furthermore, we utilize our main theorem for the numerical

example.

Process of the Study

1.4.1  Study research about fixed point theorems.

142 Construct a new iteration scheme for finding a common element of the set of
solutions of related problems.

1.43  Prove the strong convergence theorem for finding a common element of the set of
fixed points of kK - quasi strictly pseudo - contractive mappings and the set of
solutions of variational inequalities in a real Hilbert space.

1.4.4  Applying the main theorem in 1.4.3 to the set of fixed points of quasi -
nonexpansive mappings and nonspreading mappings.

1.4.5  Give numerical example to create programs for guarantee the main result.

1.4.6  Write the thesis.

Utilization of the Study

1.5.1

1.5.2

1.5.3

1.5.4

The iteration scheme would be useful for finding a common element of the set of
fixed points problems, the set of solutions of variation inequalities in a real Hilbert
space.

Be able to use some numerical methods and programming to confirm the theoretical
results,

To obtain a new convergence theorems for fixed point of nonlinear mappings.

To obtain new knowledge and applied research tools.



This thesis is divided into V chapters. Chapter I is an introduction to the research
problems. In chapter II deals with some preliminaries and give some useful results that will
be used in the next chapters. In chapter III, we introduce a new iterative scheme for finding a
common element of the set of fixed points of x - quasi strictly pseudo - contractive
mapping and the set of solutions of variational inequalities in a real Hilbert space. In chapter
IV, by using the main result, we prove the strong convergence theorems involving the set of
fixed points of quasi - nonexpansive mappings and nonspreading mappings and we give
numerical example to create programs for guarantee the main result. Finally, in chapter V,

we give the conclusion of this thesis.



CHAPTER II

PRELIMINARIES

In this chapter, we introduce preliminaries which is a basic knowledge about this thesis and

give some useful results that will be used in the next chapters.

2.1 Real Numbers

Definition 2.1.1 [4] The usual ordering of the field R of real numbers, the absolute value

function on R is defined by the formulas

a if a20,
-a if a<o.

Lemma 2.1.2 [4] Let a,b e R.

1) |a|=0<:>a=0 and |a|>0<:>a¢0,

) Jabl=la]e

3) If b20, then |a|<b<>-b<a<b,
4) |a+ b| S|a| + |b|
Remark 2.1.3 [23] Using (2) and (4), we have that for any a,b € R,
ol |el| <[a ~ 8] < a] +]2].
Theorem 2.1.4 [23] If x and y are real numbers and x < y, then there is a rational number

¥ suchthat x<r<y.

Let A be a nonempty subset of R. Then, 4 is bounded from above if there exists a real
number @ such that x<a for all xe 4. Such a is called an upper bound of A. A is
bounded from below if there exists a real number b such that 5 < x forall x e 4. Such b is

called an lower bound of A.



Further, an upper bound of A is called the least upper bound of A if it is less than or
equal to every upper bound of 4. The least upper bound of A4 is call its supremum and
denote by sup 4. A lower bound of A is called the greatest lower bound of A if it is greater
than or equal to every lower bound of 4. The greatest lower bound of A is call its infimum

and denote by inf A.

Let A4 be a nonempty subset of R. Assume that A4 is bounded from above and bounded

from below. Then A is called bounded.

Theorem 2.1.5 [23] Let A4 be a nonempty subset of R. Suppose that A is bounded from
above. Then, 4 has the least upper bound. Simiary, if 4 is bounded from below, then 4

has the greatest lower bound.

Definition 2.1.6 [23] Let {a,,} be a sequence of real numbers. This sequence {a,,}
converges to 0 if and only if for any & >0 there exists a positive integer 1, €N such that

|a,| <& forany n>n, and denote by a, —0 as n— 0 or lima, = 0.

n—w

Definition 2.1.7 [23] Let {a,,} be a sequence of real numbers and let g be a real number.
We say that {an} converges to a if and only if for any £ >0 there exists a positive integer
ny, 21 such that ]a,, —a|<8 for any #>n, and denote by a, »>a as n—> or 'lli_xga,, =a.
The point a is call the /imit of the sequence {a,,}. We also say that {a,,} is converges if

there exists a point @ in R such that la" - al — 0. A sequence which does not converge to

any real number is said to diverge.
Theorem 2.1.8 [9] The limit of a sequence, if it exists, is unique.

Definition 2.1.9 [2] Let {a,,} be a sequence of real number. If {n,,} is a strictly increasing
sequence of natural numbers (#n, <n, < n, <...), then the sequence {a,,k k= 1} is called a

subsequence of {a,,} .

Theorem 2.1.10 [9] A sequence {a,,} converges if and only if every subsequence {a,,k },

converges to the same limit.



Remark 2.1.11 [23] If a sequence {a } converges to a, then every subsequence {a,,l} of

n

{a,} convergesto a.

Lemma 2.1.12 [10] Suppose {a,} is a sequence for which every subsequence { a, } has a

*

sub of subsequence {a,, } which converges strongly to X. Then X, —>X strongly.

Definition 2.1.13 [2] A sequence { an} is bounded if there exists a positive number M such

that

|a,,| <M forall n>1.
A sequence that is not bounded is said to be unbounded.
Remark 2.1.14 [23]If a, — a, then {a,,} is bounded.
Theorem 2.1.15 [9] Every convergent sequence is bounded.

Theorem 2.1.16 [9] Let {a,,} ! {b,,} and {c,,} be sequences such that for every n21,

a,<b,<c, If {a,,} and {c,,} both converge to 4, then {b,,} also converges to 4.

Definition 2.1.17 [9] A sequence {a,,} is said to be monotone increasing if for all
n,m2>1, n<m implies g, < a, and a sequence {a,,} is said to be monotone decreasing if

forall n,m=1, n<m implies a, 2 a,,.

Definition 2.1.18 [9] A sequence { a,,} is said to be strictly monotone increasing if for all
n,m21, n<m implies a, < a,, and a sequence {a,,} is said to be strictly monotone

decreasing if for all n,m =1, n<m implies a, > a,,.
Theorem 2.1.19 [23] (The convergence of monotone sequence).

A monotone is increasing sequence bounded from above is convergent and a monotone

decreasing sequence bounded from below is convergent.

Theorem 2.1.20 [9] Let {a,,}:=1 be a monotone sequence. If {a,,} is increasing and bounded
above, then {a,,} converges to sup{a,, nz2 1} Jf {a,,} is decreasing and bounded below,

then {an} converges to inf {a,, n2 1} .



Theorem 2.1.21 [23] Let {a,,} be a bounded sequence of real numbers and define

a,=sup{a, :kzn}=supa, (n=12,.).
k2n

Then, the sequence {a,,} is convergent. Similarly, define
=1 ‘K2 =1 =
B, =inf{a, 1k > n} inf a, (n=1,2,.).
Then, the sequence { ﬂ,,} is convergent.
Definition 2.1.22 [4] Let {a,,} be a bounded sequence of real numbers and define

A=sup{a, :neN}=supa, and B=inf{a, :neN}=infa,.

2l nz2l

For any sequence {a,,} of real number, B is call the limit superior and denote by

limsupa, =inf (sup a, ),
n—w n2l\ kan
and A is call the limit inferior and denote by

liminfa, = sup(inf a, )

n—wo el \k2n

10

Theorem 2.1.23 [23] Let {a,,} be a bounded sequence of real numbers. Then, there exists a

subsequence {a”k} of {a,,} such that

a =limsupa, = lim a, .
]

n—»w

Similarly, there exists a subsequence {a,,/} of {an} such that

B =liminfa, =lima, .
Jo

n—»w

Theorem 2.1.24 [23] Let {a,,} be a bounded sequence of real numbers. Then, the following

holds:

1'ng a, <liminf a, <limsupa, <supa,.

-3 nwo n21

Corollary 2.1.25 [4] If {a,,} is a bounded sequence in R, then,

liminf a, =limsupa, < {a,} is converges in R.

n—o0 n—»w0
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When this is the case,

lima, =liminf a, =limsupa,.

p neo n—w

Theorem 2.1.26 [9] Let A=sup{a,:neN} and B=inf{a, :neN}. If {a,}"

n=1

convergences to a, then B<a< A

Definition 2.1.27 [5] The sequence {a,,} is called a Cauchy sequence if for every positive

number ¢, there exists a positive integer n, >1 such that

]am—-a,, <¢ forall mn>n,.

Lemma 2.1.28 [2] Every Cauchy sequence is bounded.
Theorem 2.1.29 [23] Let {a,,} be a Cauchy sequence. Then {an} converges.

Theorem 2,1.30 [23] If a sequence {a,,} of real numbers converges, then {an} is a Cauchy

sequence.

Theorem 2.1.31 [28] A sequence of real numbers is convergent if and only if it is a Cauchy

sequence.

2.2 Metric Space

Definition 2.2.1 [11] A metric space is a pair (X,d), where X is a nonempty setand d is a
metric on X (or distance function on X ), that is, a real valued function defined on Xx X

such that for all x,y,ze X, we have:

) d(x,y)=0
2) d(x,y)=0 ifandonlyif x=y
3) d(x,y)=d(y,%) (symmetry)

4) d (x, z) <d (x, y) +d ( y,z) for all x,y,z€ X (triangle inequality).
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A metric space consists of two objects, a nonempty set X and a metric d on X. The value
of metric d at (x, y) is called distance between x and y, and the order pair (X,d) is

called metric space.
Remark 2.2.2 [23] In a metric space X, we have for x,y,z€ X,
ld(x,y) - d(x,z)l <d(y,2).
Definition 2.2.3 [23] Let X and Y be metric space and let f be a mapping of X into Y.
Then f is said to be continuous at x, in X if
Xy = % = f(%,) = [ (%)

A mapping f of X into Y is said to be continuous if it is continuous at each x in X,

that is,

x, > x= f(x,) = f(x).
Definition 2.2.4 [1] Let X be a metric space and let {x,,} be a sequence of X. Then {x,,} is

called Cauchy sequence if for every £ >0 there exists an integer n, € N such that

d(x,,x)<é& forall nzn,.
Theorem 2.2.5 [11] Every convergent sequence in a metric space is a Cauchy sequence.

Definition 2.2.6 [11] If a metric space has the property that all of its Cauchy sequence

converges, then the metric spaces is called complete metric spaces.

Theorem 2.2.7 [23] Let X be a complete metric space and let 4 be a subspace of X. Then

A is complete <> A is closed.

2.3 Banach Space

Definition 2.3.1 [23] (Vector space or Linear space) Let E be a nonempty set, and assume

that each pair of element x and y in E can be combined by a process call addition to yield
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an element z in E denote by x+y. Assume also that this operation of addition satisfies the
following condition (1 - 4) :
) (x+y)+z=x+(y+2)
2) x+y=y+x
3) There exists a unique element in E denote by O and called the zero element,
such that x+0=x forall xe £
4) To each x € E there corresponds a unique element in E, denote by —x and call

the negative of x, such that x+ (—x) =0

We also assume that each scalar and each element x in £ can be combined by a process call
scalar multiplication to yield an element y in E denote by y = ax satisfying (5 - 8) :

5) ofBx)=(af)x

6) lex=x

7) (a+pB)x=ax+px

8) a(x+y)=ax+ay
The algebraic system E defined by these operations and axims is called a linear space. A

linear space is often called a vector space.

Definition 2.3.2 [23] A normed linear space is a linear space (or vector space) £ in which to
each vector x, there corresponds a real number, denoted by ||x|| and called the norm of x,
such that

1) |x|=0 and |x|=0 ifand onlyif x =0,

2) x| =ledl+

3) [x+y|<|x|+]y| (triangle inequality).
A normed linear space is also called a normed space or normed vector space or normed

linear space.

Theorem 2.3.3 [23] Let E be a norm space. For any x,y € E, define metric d (x, y) by

d(xy)=|x--
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Then (E,d) is a metric space.

Theorem 2.3.4 [23] The norm is a continuous function, and addition and scalar

multiplication are jointly continuous :

k

2) x,»xand y, >y=>x,+y, >x+y,

1) x, > x=|x |

3) a,—a and x, >x=>ax, >ax.
Definition 2.3.5. [23] (Banach Space). A complete normed space is called a Banach space.

Definition 2.3.6. [23] Let E and F be linear space with the same scalars and let 7 be a

mapping of E into F. Then T is called linear if for any x,y € E and any scalar « € R,
T(x+y)=T(x)+T(y) and T(ax)=al(x).
Definition 2.3.7. [1] A sequence {x,,} in a norm space £ is said to be convergent to x if

lim||x, — x| =0, and we write x, = x or limx, =x.

n-—pwo n=yo

2.4 Hilbert Space

Definition 2.4.1 [19] (Inner Product Space). Let E be a complex vector space. A mapping

(-,-) :EXE — C is called inner product on E if forevery x,y,z€ E and a €C:

1) (x,x)=0and (x,x)=0x=0
2) (ax,y)=a(x,y)

3 (%y)=(yx)

4) (x+y,z)=(xz)+(y,z)

A vector space with an inner product is called an inner product space.

Remark 2.4.2 [23] An inner product space is called a real inner product space for the case

when the scalars are the real numbers and (x, y) is a real number. For the case (3), mean

(xy)=(y,x)
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Remark 2.4.3 [23] Using (2),(3) and (4), we obtain that for x,y € X and @, S €C,
(x,ay+pz)=a(x,y)+ B (x,z).

Let us prove that the norm satisfies the conditions (1),(2)and (4).

It is obvious that x| > 0. We also have
Jooff =(ax,x) = (. 3) =[af |

and hence ] =[af 3]

Definition 2.4.4 [8] By the norm in an inner product space £. We mean the functional
defined by "x" =/(x,x),and a metric on E defined by d(x,y) = Ix=y|=y(x-y.x-y).

Theorem 2.4.5 [8] (The Schwarz inequality). For any two element X and y of an inner

product space, we have

[ ) <l

Corollary 2.4.6 [8] (Triangle Inequality). For any two element x and y of an inner

product space, we have

e+ A<l + -

Theorem 2.4.7 [8] (Parallelogram Law). For any two element x and y of inner product

space H, the following holds:

e+ F + 2=y =20 + 2]
Remark 2.4.8 [8] We know that if the norm of a normed linear space satisfies the

parallelogram law, its space becomes an inner product space.
Theorem 2.4.9 [23] The inner product in an inner product space H is jointly continuous:

x,—>x and y, —+y:>(x,,,y,,>—)<x,y).
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Remark 2.4.10 [23] We of course obtain from Theorem 2.4.9 that if x, — x, then for a fixed
yeH,
(x,,,y) - (x,y) and (y,x,,) - (y,x).

Definition 2.4.11 [8] (Hillbert Space). A complete inner product space is called a Hillbert

space.

Definition 2.4.12 [8] (Strong convergence).Let {x,,} be a sequence of vector in an inner

product space E is called strong convergence to a vector x in E if |[x, — x” —0 as

n—>o and denoted by x, = x.

Definition 2.4.13 [8] (Weak convergence). Let {x,,} be a sequence of vector in an inner
product space E is called weak convergence to avector x in E if (x,,, y) - (x, y) as

n—co for every y € E and denoted by x, — x.
Remark 2.4.14 [23] If x, = x and x, — y, then x=y. In fact, we have

=3 =(x=y,5-7)
= (x—xn FRES —y,x—-y>
= (x—xn,x—y>+<x” —y,x—y) - 0.
Lemma 2.4.15 [23] Let H be an inner product space, let {xn} be a bounded sequence of

H such that x, — x. Then following inequality holds:

x| < liminf

n—w

xn

Lemma 2.4.16 [23] Let {x,,} be a Cauchy sequence of an inner product space H such that

X, — x Then x, —> X.

Theorem 2.4.17 [8] A strong convergent sequence is weakly convergent (to the same limit),

ie.,
X, — x implies x, — X.

Theorem 2.4.18 (8] If x, — x and |x,| = |x], then x, — x.
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Theorem 2.4.19 [8] Weak convergent sequence in a Hilbert space are bounded, i.e., if { x,,}

is a weakly convergent sequence, then there exists a number M such that

<M forall neN.

X

n

Theorem 2.4.20 [23] (The nearest point theorem). Let H be a Hilbert space, let C bea
nonempty closed convex subset of H and let x € H. Then there exists a unique element Y,

in C such that
d(x,C)=d(x,3,)-
where d(x,C)= 1yrexg||x - y" ‘
Definition 2.4.21 [23] Let H be a Hilbert space and let C be a nonempty closed convex

subset of H. Then for each point x in H, there corresponds a unique point X, in C such

that
| = x| = d(x,C).

We called such a mapping defined by Px=2X,, or F.x=X,, is the metric projection of H

onto C.

Lemma 2.4.22 [23] Let C be a nonempty convex subset of a Hilbert space H. Then for

xeH and yeC,||x—y”=d(x,C) if and only if
<x~y,y——z>20 forall zeC.

Theorem 2.4.23 [23] (Properties of metric projection). Let H be a Hilbert space and let
C be a nonempty closed convex subset of H. Then the metric projection P of H onto C

has the following properties (1) and (2):

1) P isamapping of H onto C and P> =P,

2) ||Px - Py” < "x - y” forall x,ye H.

76538
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Theorem 2.4.24 [23] Let H be a Hilbert space and let {x,,} be a bounded sequence of H.
Then {x,,} is weakly convergent if and only if each weakly convergent subsequence of {xn}

has the same weak limit, that is, for x € H.
X, —\x@(xni —\y:>x=y).
Theorem 2.4.25 [23] Let H be an inner product space and let x € H. Then

] = sup(x, ).

[Mst
Theorem 2.4.26 [23] Let H be a Hilbert space and let {x,} be a sequence of H. If

X, — X, then {xn} is bounded.

Theorem 2.4.27 [23] (Opial’s theorem). Let H be a Hilbert space and suppose X, — X.

Then

liminf|x, ~ x| <liminf x, -] for all ye H with x#y.
n—0 N—r0

2.5 Nonlinear Mappings and Convex Analysis

Theorem 2.5.1 [23] Let H be a Hilbert space and let C be a nonempty bounded closed
convex subset of H. Let T be a nonexpansive mapping of C into itself. Then 7 hasa
fixed point in C.
Theorem 2.5.2 [23] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T be a nonexpansive mapping C into itself. Then F (T ) is closed and
convex.
Definition 2.5.3 [8] (Convex Sets). A set U in a vector space is call convex if for any
x,yelU and a € (0,1) we have

ax+(1-a)yeU.
Definition 2.5.4 [8] (Convex Functions). A function f:E —> R, where E is a vector

space, is call convex if

f(tx+(l—t)y)Stf(x)+(1—t)f(y) forall x,y € E and t<(0,1).
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It is call strictly convex if
f(tx+(1—t)y) <{f(x)+(l—t)f(y) forall x,ycE and ¢ 6(0,1).

Definition 2.5.5 [23] (Strongly monotone).Let H be a Hilbert space and let C be a

nonempty closed convex subset of /. Let 4 be an operator of C into H and there exists

a>0. Then, A4 is called @ - strongly monotone if

(Ax-—Ay,x—y) Zoz"x—y"2 , forall x,yeC.

Definition 2.5.6 [23] (Inverse strongly monotone).Let H be a Hilbert space and let C be a

nonempty closed convex subset of H. Let 4 be an operator of C into H. Then, A4 is

called an inverse strongly monotone operator if there exists & >0 such that

2

(Ax—Ay,x—y)Za"Ax—Ay forall x,yeC.

Such an 4 is called & - inverse strongly monotone.

Remark 2.5.7 [23] If T :C — C be a nonexpansive mapping, Then 4=1~T is % -

inverse strongly monotone, that is, for all x,y € C, we have,
x4 |-y~ (T -
=|x- y||2 ~2(x=y,Tx=Ty)+|Tx - Ty||2
<= ~2(x -5 Tx~Ty) + |- 5

=2<x—y,x-y—(Tx-Ty)>
=2<x—-y,Ax—Ay).

1
So, 4 is —2-—- inverse strongly monotone.

Theorem 2.5.8. [23] Let H be a Hilbert space and let C be a nonempty bounded closed
convex subset of H. Let & >0 andlet A:C — H be a - inverse strongly monotone. Then
VI(C,A)# 2.
Definition 2.5.9 [15] A mapping T:C — C is called nonspreading if

21Te-1 P < |-y 1P +11 7y -x P, Vx,yeC.
Lemma 2.5.10 [15] Let H be a Hilbert space, let C be a nonempty closed convex subset of
H ,and let T be a nonspreading mapping of C into itself. Then F(T) is closed and convex.
Remark 2.5.11 A nonspreading mapping T with F (T ) #(J is quasi - nonexpansive

mapping 7. But the converse is not true.
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2.6 Some Useful Lemmas and Theorems

For every x € H, there exists a unique nearest point £2.x in C such that

||x - ch” < ”x - y”, Vy € C. The mapping F- is called the metric projection of H onto C.
Remark 2.6.1 [23] It is well-known that metric projection F. has the following properties:

1) B is firmly nonexpansive, i.c.,
"PCx_PCy”2 S<PCx_PCy’x—y>r Vx,ye H.
2) Foreach xe H,

z=PC(x)c><x—z,z-y)2O, VyeC.

Theorem 2.6.2 [23] Let H be a Hilbert space, let x and y be elements in A and let

AeR. Then
[+ (1= ) = A0l + =) -4 Q=)o
Lemma 2.6.3 [23] Let H be a real Hilbert space. Then, the following inequality holds:

D et ol = 2200+ I

2) ||x+y||2 s”x"2 +2(y,x+y),forall x,yeH.

Lemma 2.6.4 [22] Let H be a real Hilbert space and let C be a nonempty closed convex

subset of a real Hilbert space H. Let A be a mappings of C into H.Then, for u€C and
A>0,
u=F, (I—ﬂ.A)u Sue VI(C,A),
where is the metric projection of H onto C.
Lemma 2.6.5 [26] Let {sn} be a sequence of nonnegative real numbers satisfying
S, S(1-a,)s, +a,p,, Vn20,

where {a,} is asequencein (0,1) and {f,} is a sequence such that
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a0

2) limsupg, <0 or Z
n—¥wo

n=1

a"ﬂn

< 0,

Then, lims, =0.
n—y0

Lemma 2.6.6 [12] Let C be a nonempty closed convex subset of a real Hilbert space H and
let 4,B:C— H be a, f - inverse strongly monotone mappings, respectively, with

a,>0 and VI(C,A)NVI(C,B)# . Then,
VI(C,aA+(1-a)B)=VI(C,A)nVI(C,B),  Vae(0,]).

Furthermore, if 0 <y <27, where n=min{e, 8}, we have I—}/(aA+ (1-a) B) is

nonexpansive mapping.



CHAPTER III

MAIN RESULT

In this chapter, we introduce a new iterative scheme for finding a common element of the
set of fixed points of kK - quasi strictly pseudo - contractive mappings and the sets of

solutions of variational inequality. We obtain the strong convergence theorems of the new

iterative schemes in a real Hilbert space.
The following lemmas are useful to prove the main result.
Lemma 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H and let
T:C—C be « - quasi strictly pseudo - contractive mapping with F (T) # . Define
S:CoC by Sx =cx+(l—c)fx, forall xeC and ce (K‘,l). Then,
1) F(8)=F(T);
2) S is quasi - nonexpansive mapping;
3) vi(c,1-8)=F(S).
Proof. To show (1), from the definition of § » we have
x-S =x-cx—(1-c)Tx
=(1-c)x—(1-¢c)Tx
=(1—c)(x—fx), VxeC and ce(x,l). (3.1)

From (3.1) and ce (K’,l), we can conclude that F(S‘) = F(f).

To show (2), let xeC and zeF('f‘), we have

|8 - 2 =[ex -2+ A~ )T -2
=c ”x - z"2 + (l - c)llfx - 2“2 - c(l - c)”fx - x"2
< c||x - 2”2 + (l - c)(”x - z”2 + x”fx - x”z) - c(l - c)”fx - x”2

=c|x- 2”2 +(1-c)|x- z"2 +(1-c¢) K“fx - x”2 —c(1- c)”fx - x"2
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=cfx- z||2 +(1-c)|x- 2”2 +(1 —c)lc”fx - x”2 —c(1- c)”fx - x”2
==z ~(1=¢) (e~ )|~

<le-of"
Then S is a quasi - nonexpansive mapping.
To show (3), it is easy to see that
F(8)cvi(c,1-5). (3.2)
Let zeVI(C,1-§) and 2" € F(S‘) we have
<y—z,(1—.§')z>20, VyeC. (33)
Put A=I-S. From S is a quasi - nonexpansive mapping, we have

[s2-=1 =lr-z ==

“fe—s-s]
= ”(z - z') - AzH2
= "z - z'”2 - 2<z - z‘,Az> + "Az“2
e
It implies that
"Az" < 2<z - z',Az) <0.
From (3.3), it implies that z=§'z, thatis, ze F (S~) Then,
vi(c,1-§)c F(S). (3.4)

From (3.2) and (3.4), we have VI(C,I—.§)= F(S‘)

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H and let
A,B:C > H be o and f - inverse strongly monotone mappings, respectively. Let
:C - C bea x - quasi strictly pseudo - contractive mapping with

T
F= F(T)m VI(C,A)NVI(C,B)# Q. Define the mapping S:C—C by
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Sx=cx+(1-c)Tx forall xeC and ce(x,]). Let f:C—>C bea d - contractive
mapping with d (O,%). Suppose that {x,,} is the sequence generated by x; €C and

Yo = B (1= 2, (1=5)) (e f (x,) + (1-2,) B (I - o, (a, 4+ (1 -a)B))x,), (35
forall n2>1, where {an},{an} c [K,l]. Assume the following conditions hold:

0
i }ll_r’ga” =0 and ) o, =x;

n=}l

ii. .4, <o, and 0<A<];

n=1
0 o
e ) [ A=A <0, D

n=1 n=1

an+1 — anl < ®,

Dlows=pi <o Slar -a) <o
iv. O0<a<p, <b<2n, where n=min{a, S}, Vn=>1.
Then the sequence {x,} converges strongly to z,= B, f(z,).
Proof. Put M, =a,f(x,)+(1-a,) P (I - p,(a,4+(1-a,) B))x, and
D,=a,A+(1-a,)B forall n21. From (3.5), we can rewrite the sequence {x,} by

Sy =P (1= 2, (1-8))M,,  forall n>1.

h

Let z€F. From Lemma 2.6.4 and 3.1, we have
F(8)=F(T)=F(R(1-2,(1-3))). (3.6)
From Lemma 2.6.4 and 2.6.6, we have
VI(C,4)nVI(C,B)=F(E.(I-p,(a,4+(1-a,)B))). (3.7)
Next, we divide the proof into five steps.

Step 1. We show that the sequence {x,,} is bounded.

From the definition of {M . } , we have

2

e, - - (1-5) . (1-(1-5))

n

=|(M, -2)-((1-3)p, - (1-5)2)

2
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2

=|M, 2! —2<M,, ~z,(1-5)M, -(1-§)z>+”(1-§)M" —(1—§)z|

=, - off ~2(M, ~z,(1-5)0,) +“(1—-§)M,,“2
<M, -

It follows that
[(7-8)m,| <2(M, - z,(1-5)m,). (3.8)

From the definition of {x,,} and (3.8), we have

‘2

Po(1-4,(1-5))M, - B.(1-2,(1-§))z

Pe(1-4,(1-5))M, -z

2 —
o =2l =

2

2

s”(]—ﬂn (7-8))M,~(1-24,(1-5))z

2

= (M, ~2)=2,((1 =50, - (1-5)z)

=|M, - 2" 24, <Mn —z,(I-—S')Mn> + A7 (I—S‘)M,,”2

2

<l 2|} - 2,](7-8)m,] + 42

(1-8)M,

<|pt, (39)
It implies that

s =2l <01, ~ 2]

=l f (5,)+(1-2,) B (1 - p,D,)x, - 2]
a,(£(x)-2)+(-a,) (B (I~ p,D,)%, - )|
|7 () =2+ (1= (1= ,2,) %, 7]
<[/ ()~ (@ + @]/ (&) -+ (-a,)]z -4
sa,dlx, -z +a,|f (2) -2+ (1-a,)|x -2
=(1-a,(1-2))x, 2 + &, | () -4

}

}, vnz1l

<a,

f(z)-z
1-d

< max {"x1 -2z,

By induction, we can conclude that

f(2)-z
1-d

b~ e o,

This implies that the sequence {x,,} is bounded and so is {M,,}
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Step 2. We show that lim||x, ,, —x || =0.

nvl ~ n

From the definition of {x,,}, we have

[%nr -

P(1-2,(1-8)\M, - B.(1~2,.,(1-5))M,,

5“1—,1 (1-8))M,~(1-2,(1-5)) M,

(1 S)M -M,, +4,.,(1-8)M,.)

|

< |[M

A(1-8)M, -4, (1-8)M,_

n-1

A,(1-8)M,~4,(1-8)M, ”
”/1 I—S)M —A (I—S)M

n-1

=M, - M, 1||+/1”1 S\M M|+

-5

n=1||*

(3.10)

From the definition of {M"} , we have

1M, ~ M| =,/ (x,)+ (1=, ) B (1 - 2, D, )%, ~ s f (%,0) -
(1=ui) B (1 = £rei Dy ) %o
<a, f(x &, f (%) +
|- e,) 2 (1= p,D,)%, = (1= ) P (I~ pos Dyt %o
< IIanf(x" —a,f(x.)|+ 1) = @i f (3 )+
[0-,) B~ 5, D)% ~ (1-,) B (1= p,D,) %, #
"(1 =, ) B (1 = p,D,) %o = (1=, ) B (1 = po Dy ) %oci | +
l1-a)B(1-p, D, )%, - (1=, ) P (I = p,. D, ) %, |
<a,d "x” -X, ]| + [an - a,,_ll S (%, ) l + (1 - a,,)”x,, - X, || +
(1= NP (7= puD.)%0cs = B (I = i Doy ) %, +
|, = || P (1 = o Dyt ) %o
=(1-a, (1-))[x, = x,.] +|e, = @[] £ (3...)
P (1~ p.D,) % = Pe (1= Pocy Dyt ) ¥
)%t (3.11)

| +

-+

lan—an— = Fn1n—

From the nonexpansive of P, we have

|8 (7= £uD2) %1 = Be (= £rs Dyt )5t [(T = 2D, ) Xyt = (1= £ Dy )3,
= ||annxn-l PraaDy %, "
<[22 Dy = Pu Do Xt |+
"ann—lxn—l = PuaiD%, ”



< Ln ||ann—1 -D -1%n-1 " +

n

Ipn - pn—l I"Dn—lxn—l ||

From the definition of {D }, we have

n

|D,%,. = D,.%,.|=|(a,4+(1-a,) B)x, , - (a,,4+(1-a,,) B)x,,
<la, - a,. || 4%, +|a, - a,.[[|Bx,..[

From (3.10), (3.11), (3.12) and (3.13), we have
b =5 <, M 21~ )0~ (1)
|4, = 2., ||(1 - §) M
<(1-a,(1-d ))||x" =Xy | |, = e F )] +

(l—an)“PC (I—ann)xn—l —PC (I—pn—an—l)xn—l +
Ian—an_lluP (I-p,.D )x ||+
A|(1-8)M, -(1-8)M,. A||(7-8) M,

<(1-a, (1=d))x, ~x. [+ la a,,llllf(x“)ll+
(l—an)(p,,”D,,x,,_, D, % +|o. =P, ll”D—lx—IH)
|ty =@ | PeT = £, D)% | +
l,,”(I—S‘M —(21-8)M, | +12, - 4,2~

=(1-a,(1- d))||x,, = x|+ |a,, e |||f(x 4)

|+

(1 ‘. an )pn "ann—l 52 Dn—lxn—l ” + (1 I an)|pn = pn—l ”IDn—lxn—l " +

lan "'an—1|||Pc (1 —pn—an—I)xn—l "+

A 1-8)m, - (1-8)m, | 412, - 4,1 =8) M,
s (1 -, (1 —d))”xn = Xt ” * |an _an-ll f(x"-l )" +

(1-a,)p.la, - a,.||4x,|+(1-a,) p,]a, - a,..[|Bx,. [ +
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(3.12)

(3.13)

(l _an)lpn - pn—l”an—lxn-l || + Ian _an—] ”IPC(I —pn-an—l )xn-l " +

2,

(1-8)0, —(1-8)M,., | +12, = 4|1 - 5) M, ,
< (1—a,, (1 —d))"x,, = %[+ |n = uas || f (%o )|| +

bla, ~a,.||4x, ]+ bla, - a,.||Bx,. |+

120 = Poctl | DaciXocs |+, — @, 1”|P (I = P D)o | +

2 |(1-8) 6, - (1-5)M,.| +[2, - 2,.]|(1-§) M,
<(1-a,(1-d))|x, = x|+ 2K|a,, o,

2K|a, ~a,.|+|p, = pur| K + XK +|2, = 2 | K,




bllx, . b]Bx, .| D5,

ke (‘I—ann)xn
2

From the conditions (i), (ii), (iii) and Lemma 2.6.5, we can conclude that

where K = n:eeg({”f(x”)

2

“(1 -8)M,-(1-8)M,,,

o5y

Xt = %, =0 (3.14)

1im|
i ]
From the definition of x, and (3.14), we have

R (1-,(1-8))M,-x,| =0. (3.15)

lim

n—w

=0.

Step 3. We show that lim (/. (l -2, (1-— g))M" -M,

n—»w

From the definition of M, and (3.9), we have

%, =7 <M, =4
a,(f (%) -2)+(1-a,) (B (I- an,,)xn—z)nz
F()=z P+ - ) B (1= p,D,)x, ~ 7 . (3.16)

La,

From the definition of [, and the condition (iv), we have

(D,,x,, -D,z,x, ~ z) = ((a,,A +(1-a,)B)x,-(a,A+(1-a,)B)z,x, - z>
=a,(dx, - Az,x, —z)+(1-a,)(Bx, - Bz,x, — z)
2 ana"Axn 2 Az”2 +(1-a,)B|Bx, - Bz”2

a,(A4x, — Az)+(1-a,)(Bx, - Bz)”2

Dx -Dz. (3.17)
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=1
From (3.17), we have

"PC (I—ann)xn _2”2 =I|PC (]_ann)xn _})C(]—"pnl)n)z"2
S||(1_ann)xn_(I'_'an")zl2

2

=(x,~2)-(p.D%, - £,Ds2)

=|x, - 2| -2p,(x, - 2,D,x, - D,z) + p?|D,x, - D, 2|
<%, - 2|’ -2p,1||D,x, - D, + p|D,x, - D,z
=|x, -2 - p, 21 - £,)|D.x, - D2 - (3.18)
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Substitute (3.18) into (3.16), we have

( n)mz”2 +(1_an)”xn —2”2 —(l_an)pn (277_'0")”ann _Dnz”2
(%)= +x, -2 -(1-a,) 2, 2n- . )|D,x, - D2,

- z||2 <a,

|~

n+l

<a,

which implies that

(l—an)pn (277 _pn)"ann —Dnzl‘z San "f(xn)_Z"z +

"xn - xn+1 "( n

From the conditions ( ) (lv) (3 14) and (3 19) we have

+Hx.a—2).  (3.19)

lim||D,x, - D,z| =0. (3:20)

Jim

Since P, is firmly nonexpansive, we have

[P (1= p,D,)x, - =|B.(1- p,D,) %, ~ B-(I- £, D,)
<((1-pD.)%,~(1-p,D,) 2P (1= p,D,)3,2)
=%(]|(1 ~2uD,)%, ~(I1=p,D,)2| +|B.(1- p,D,)%, -4 -

[(1=p.D,)%, ~(1=p,D,)2 = Bl - p,D,)x, + 2|*)

<<l = +|2-0- p,D)x, - off -

(%, =B (1~ p,D,%,)) =P (D,%, = D,2)|*)

n PC(I_ann)xn :

)

1
=-2—(”‘xn —2"2 +”PC(I_ann)xn _2“2 -

n —D"z

2pn <xn _PC (I—ann)xn’ann —'D"Z>—p:

which implies that

“PC (I-p,D,)x, —z“2 <[, -z||2 - P.(I-p,D, )x
2p,(x,—P. (1 -p,D,)%,,D,x, —D,,z). (3:21)

n

Substitute (3.21) into (3.16), we have

)—z”2+(1—aﬁ)|lxﬂ—Z|I2_(l_an) xn_PC (I—p,,D,,)x,, 2+
(l_a")zpﬂ <xn —PC (I_ann)xn’ann _Dnz>
xn_PC(I_ann)'xn 2+

D,,z| ,

2
[ =2 <,

)=of +s, -l - 1-

Xy _PC(I_ann

<a,

2p,
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which implies that
(1-a,)x, ~ (1= p.D,) x| = |(J, = 2]+ 200 = 2]) +
26, xn-Pcu-p,, D,)x |0, ~D,el. (3:22)

From the condition (i), (3.14), (3.20) and (3.22), we have

lim|}x, - F.(Z - p,D,)x,| =0. (3.23)
From the definition of M,, we have

42, =, = (1 () =,) + (1= @) (£ (1 - ,D,) %, = 3,)

<a, D,)x, -x, (3.24)

From the condition (i), (3.23) and (3.24), we have

tim 1, =3, = (325)
From (3.15) and (3.25), we can conclude that

lim| . (73, (7-8))M, - M, 0. (3.26)

Step 4. We show that limsup<f(zo)— 2y, M, —zo> <0, where z,=F f(z,).

To show this, take a subsequence {M ,} of {M } such that

l’gsup( (20) = 20:M, = 2,) = hm(f(ZO) Z,M, ‘20>'
Since {M,} is bounded, without loss of generality, we may assume that M, = o as
j—» where @& C. First, we show that @ € F(T).From Lemma 2.6.4 and 3.1, we have
F(f)=F(8)=vI(C.I-§)= F(PC (1-4, (1-5))). Assume that @ ¢ F(T), then we
have @ B, (14, (I- S')) @. From the condition (ii),(3.26) and Opial's property, we

have

, ~ef i

~R(1-2 )H
~R(1-4

(
e (1-4, (1-8))M, - B, (1-4,

liminf
Jow

< liminf (’

Jro
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<lim inf(

Jo

~B(I-4, (I—S‘))Mn/“+

”(1 -4, (1-8))M, ~(1-4, (I—S))cou)

- C(I—ﬂ,n/ (1—5‘))Mn +

”M"/ - w” * /1"1 “(1 - S')M”/ ~U- S)w")

<liminf (

JEYY

=liminf ”M'u - a)”

Jro

This is a contradiction. Then, we have
weF(T). (3.27)
Next, we show that w € VI(C,4)NVI(C,B). From Lemma 2.6.4 and 2.6.6, we have
VI(C,A)~VI(C,B) = F( (1 P, (a,4+(1-a,)B ))) Assume that
weVI(C,A)NVI(C,B), thenwehave & Fu(1-p, (a,4+(1-a, )B))o. From

M, = as j—> and (3.25), we have X, — @ as j—»co. From Lemma

2.6.6, (3.23) and Opial's property, we have

X, = coll < llm mf

- —P(I—p a A+1 a, B)) "
shmmf(

mint] |, —P(I puy (a0 4+(1- anl)B))

P(I Pa, (a A+l a, ) c(l Py, a A+1 G )B))a’“)

slirjriglf( P(I P, (a 4+(1- a,,j)B)) % —w”)
o x"/—w”'

This is a contradiction. Then, we have
a)eVI(C,A)mVI(C,B). (3.28)
From (3.27) and (3.28), we can conclude that w e IF.

Since @€ and M, — @ as j —> ®, we have

limsup( £ (2) 20, ~ 2,) = lim(/ (2) - 2,M,, = ,)

=<f(zo)—zo,a)-zo>
<0. (3.29)
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Step 5. Finally, we show that the sequence {x,} converges strongly to z, = B f(z,).
From the definition of X, and (3.9), we have

X

n+l

- 2| <|

Mn _20“2 .
a,(f(%)-2)+(1-2,)(B-(I-p,D,)x, ~ 2, )
<(1-a,)'|B.(1-p,D,)x, —20"2 +2a,(f(x,) -2, M,
<(1-a,)'|B- (I~ ,D,) %, - 2| +22,{f (x,)~

20, (f(zo)—zo,M,,—zo>
<(1-a,) % - 2| +2a,d|x, ~ z||M, - 2| + 2, (f(zo)—-zo,M” —zo>
=(1-a,)’ a,(f(x,)-2,)+

(1-a,)(B: (1 - p.D,)%, = 2)| + 20, { £ (2) 20, M, - 2,
<(1-a,)|x, ~ 2| +2a,d|x, —zou(a,, f(x)-z|+

(1-a)|P: (1= p,D,)%, = 2,)) + 22, (£ (20) = 20:M,, — 2, )
<(t-a,)|x, -z +2a2d|x, = zo|||f (x,) = 2| +

2a,d(1-a,)|x, - z| +2a, (f(20)— 20, M, ~ 2,)
%n -—20”||f(x")—-zo||+<f(zo)—zo,M" "zo>)-

)

-z,
f(zo)’Mn _zo)+

'xn

X, — z(,”2 +2a,d ||x,, - zo"

<(1-a,)|x, -z +a, (a,,

From the condition (i), (3.29) and applying Lemma 2.6.5, we can conclude that {x, }

converges strongly to z, = F f (zo). This completes the proof.



CHAPTER 1V

APPLICATIONS AND NUMERICAL RESULT

In this chapter, by using the main result, we prove the strong convergence theorems
involving the set of fixed points of quasi - nonexpansive mappings and nonspreading
mappings. Moreover, we give a numerical example with guarantee convergence for the main

result.

4.1 Strong Convergence of « - Quasi Strictly Pseudo - Contractive Mappings

Corollary 4.1 Let C be a nonempty closed convex subset of a real Hilbert space H and
let A:C— H be a - inverse strongly monotone mapping. Let 7:C — C bea k - quasi
strictly pseudo - contractive mapping with F = F (T) N VI(C,A) # . Define the mapping

S:C—C by Sx=cx+(1—c)Ix forall xe C and ce(x,l). Let f:C—>Cbea d -
contractive mapping with d € (O,-;—). Suppose that {x,,} is the sequence generated by

x €C and
Y = Bo(1=4,(1-5)) (2 f (x,)+ (1= @, ) B (1 - p,4) ),
forall n>1, where {a,,} C [K,l].Assume the following conditions hold:

0
i. }gl:a,,=0 and Zan=oo;

n=l

ii. il,,«:o and 0<A<];

n=l
0

o0 @«
iii. Z|ﬂ'n+l —;{‘nl <, Zlanﬂ _an <, len-ﬂ _pnl <00;
n=1

n=| n=1

iv. 0<a<p, <b<2a, Vnzl.
Then the sequence {x,,} converges strongly to z, =B f (zo).

Proof. Put 4= B in Theorem 3.2., we obtain the desired result.
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4.2 Strong Convergence of Quasi - Nonexpansive Mappings

Theorem 4.2 Let C be a nonempty closed convex subset of a real Hilbert space H and
let 4,B:C— H be o and B - inverse strongly monotone mappings, respectively. Let
T :C — C be a quasi - nonexpansive mapping with

F=F(T)nVI(C,A)n VI(C,B)#@. Let f:C—C bea d - contractive mapping with
de (O,%). Suppose that {xn} is the sequence generated by X, €C and

S = Be(I =2, (1 -T))(,f () +(1-a,) B (1 - p, (a,4+(1~a,)B))x,),
forall n21, where {a,,} ,{a,,} c [K,l]. Assume the following conditions hold:

0
i lma" =0 and Zla,, = c0;

ii. > 4,< and 0<4, <]

n=1

o0 o
i D A=A <0, Dl —a, <,

n=l n=1

o 0
lenﬂ —pn <, Z|an+l —anl <05

n=1 n=1

iv. ~ 0<a<p,<b<2n, where n=min{ea,f}, Vn2l.
Then the sequence {x,,} converges strongly to z, =B, f (zo).

Proof. By using Theorem 3.2., we can conclude the desired conclusion.

4.3 Strong Convergence of Finite Family of Nonspreading Mappings

In 2009, Kangtunyakarn and Suantai [14] introduced the .S - mapping generated by
1,T,,...T, and a,,a,,...,a, as follows:

Definition 4.3 Let C be a nonempty convex subset of a real Banach space. Let {T,}:i1
be a finite family of nonexpansive mappings of C into itself. For each j=1,2,...,N, and
let @, =(a,a],af)e IxIxI, where I€[0,1] and @/ +] +a] =1. Define the

mapping S:C —C as follows:
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U, =1,

U =a,TU, +a,U, +a1,
U, =a!TU, +aZU, + a1,
U, =a'TU, +a’U, +al,

U NAl N-l N-1

Uya=a) Ty Uy, +a, Uy, +ay I,
N N Y

S=Uy=aT, Uy +a,Uy_ +o, I

This mapping is called an S - mapping generated by 1,,1,,..,T,, and o,,2,,...,a,.

Lemma 4.4 [13] Let C be a nonempty closed convex subset of real Hilbert space H.

N
Let {7;}:’:1 be a finite family of nonspreading mappings of C into C with ﬂF (7)=2,

i=1

and let ¢, =(a{,a{,a3’)elxlxl, j=12,..,N, where I1=[0,1], &/ +of +af =1,

a,af €(0,1) forall j=1,2,.,N-1and @, €(0,1],&;’ €[0,1) ,a] €[0,1) forall

J=12,..,N. Let S be the mapping generated by 7, 1;,..,T,, and a,,a,,...,a,. Then

N
F(8)= ﬂ F(T,) and S is quasi - nonexpansive mapping.

=1

By using Theorem 4.2. and Lemma 4.4, we obtain the following theorem:

Theorem 4.5 Let C be a nonempty closed convex subset of real Hilbert space H and
let 4,B:C — H be a and g - inverse strongly monotone mappings, respectively. Let
{T,},’iI be a finite family of nonspreading mappings of C into C with
F= ﬁF(]})mVI(C,A)mVI(C,B) #@ andlet @, =(a/ 0 ,af ) e IxIx1,

i=1
j=12,.,N, where I=[0,1], & +a; +a] =1,a/,a] €(0,1) forall j=1,2,..,N -1 and
a) €(0,1],e' €[0,1)af €[0,]) forall j=1,2,..,N. Let S be the mapping generated by
T,T,,....Ty and @;,d,,....,ay. Let f:C—>C bea d - contractive mapping with
de (0,%). Suppose that {x,,} is the sequence generated by x; €C and
St = B (1= 2,(I=8)) (@, f (%) + (1=, ) B (1~ p, (@, 4+ (1~a,) B))x, ),
forall n>1, where {an} ,{a,,} c [lc,l]. Assume the following conditions hold:

O
i. 'lan;a" =0 and ) a, =o;

n=l
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ii. ). A,<oand 0<4,<l;
n=1
2

@ 0
i D | =A<, D)

n=1 n=1

Gy =, <,
0

0
Do =pul <0, Y la, —a,|<oo;
n=l1

n=l

iv.. 0O<as<p,<b<2p, where n=min{a, S}, Vn21.

Then the sequence {x,,} converges strongly to z, = F. f (zo).

4.4 Strong Convergence of Nonspreading Mappings
The following result is a direct consequence from Theorem 4.5.

Corollary 4.6 Let C be a nonempty closed convex subset of real Hilbert space H and

let 4,B:C — H be a and S - inverse strongly monotone mappings, respectively. Let T

be a nonspreading mappings of C into C with F=F (f) NVI(C ,A) N VI(C, B) # .
Let f:C—>C bea d - contractive mapping with d € (0,%}. Suppose that {x,,} is the

sequence generated by X, €C and

X =PC(I—A,, (I—f'))(anf(xn)+(1—an)PC(I—p”(anA+(1—an)B))xn),
forall n>1, where {a,,} ,{a,,} C [K,l]. Assume the following conditions hold:

L
i. lima,=0and Y a,=x;
n—ro

n=1

iil. )4 <o and 0<4,<l

n=1

L a
) A = A <0, D | — | <0,
n=l1

n=l1

Z P+t —pnl <, Z

n=1 n=|

< o0;

Qy—a

n

iv. 0O<a<p,<b<2n, where n=min{a,f}, Vnxl.

Then the sequence {x,,} converges strongly to z, =B, f (zo).

Proof. Put N=1and T} = T in Theorem 4.5. Then we can conclude the

desired conclusion.
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4.5 Numerical Result

Example 4.7 Let IR be the set of real numbers and let the mappings 4,B:R - R be

2 (x - 1) 2 (x - l) ) .
defined by Ax = —3 and Bx = —5 for all xe R, respectively. Let the mapping

2x+1

T:R > R defined by Tx = for all x € R. Define the mapping S:RoR by

Sx=cx+(1-c)Tx forall xeR and ce(0,1). Let f:R—>R bea d - contractive
mapping with d € (0,-;—) and f (x) = g— Suppose that {x,,} is the sequence generated by

x €R and
X, =(I—l,, (I—S’))(a,,f(x")+(1—a,,)(1—p,, (a,,A+(1—a,,)B))x,,), (4.1)

forall n>1, where 4, =-1—2,a,, =l, a, =—1-, ol =f12_,
n n 2n 2n+1

Then the sequence {x,,} converges strongly to 1.

Solution. It is easy to see that the sequences {/1,,} ,{an}, {a,,} and { pn} satisfy the
conditions (i),(ii),(iii) and (iv) in the theorem 3.2. and 4, B are 1 - inverse strongly
monotone mappings with VI (C , A) VI (C > B) =2 {l} and T isa & - quasi strictly pseudo -
contractive mapping with F(T) =1. Then, we have VI(C,4)nVI(C,B) F(’f‘) ={1}.

From the theorem 3.2., we can conclude that the sequence {xn} converge strongly to 1.

For numerical results, choose X; =—2 and X, =2 in (4.1), respectively. We can rewrite the

sequence {x,,} by

%, = (1 —-nl—z(l - E)J[%(x?) +(1 —%)[1 - :n++21 (?ln—A +(1 ——;;)Bj]xnj, Vn21.(4.2)
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The following graphs show the values of the sequence {x,,} defined by (4.2), where

X =-2 and X; =2, respectively.

Fieod point prebiom

=

Figure 1: The convergence of the sequence {x,,} with initial value x; =—2 and n=200.

Fixed point problem

r

i
@

Figure 2: The convergence of the sequence {x,,} with initial value x, =2 and »n=200.



The following table show the value of the sequence {x,} with #=200, x; =—2 and x, =2.

Table 1: The values of {x

n

} with =200, x; =—2 and X, =2.

n x=-2 X =2
X, X,
1 -2.0000 2.0000
2 -0.3889 0.7222
3 0.0417 0.5528
4 0.2494 0.5334
5 0.3770 0.5503
50 0.9322 0.9322
96 0.9650 0.9650
97 0.9653 0.9653
98 0.9657 0.9657
99 0.9660 0.9660
100 0.9664 0.9664
150 0.9777 0.9777
196 0.9829 0.9829
197 0.9830 0.9830
198 0.9831 0.9831
199 0.9832 0.9832
200 0.9833 0.9833
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CHAPTER V

CONCLUSION

In this research, we study the strong convergence theorems in real Hilbert spaces and
introduce a new iterative scheme for finding a common element of the set of fixed points of K -
quasi strictly pseudo - contractive mappings and the sets of solutions of variational inequality. We
also prove the strong convergence theorem involving the set of fixed point of quasi-nonexpansive
mapping 7' of a nonempty closed convex subset of Hibert spaces into itself without assumptions
T,=(1- a))I + wT where we [0,1] and T is a demiclosed mapping. Moreover, we prove
strong convergence theorems for a finite family of nonspreading mappings. Also, this chapter

summarizes the results overall study in chapter III and chapter IV.

(1) Let C be a nonempty closed convex subset of a real Hilbert space H and let
A,B:C > H be a and S - inverse strongly monotone mappings, respectively. Let
T:C— C bea Kk - quasi strictly pseudo - contractive mapping with
F= F(f’) I8 VI(C,A) N VI(C,B) # . Define the mapping S:C—>C by

Sx=cx+(1-¢)Tx forall xeC and ce(x,1). Let f:C—>C bea d - contractive
mapping with d € (0,712-). Suppose that {x,,} is the sequence generated by X; €C and

Sy = Be(I= 2, (1=8)) @, (3,) + (1=, ) B (1~ p, (a,4+(1-a,)B))x,),
forall n2>1, where {a,,},{an} c [K,l]. Assume the following conditions hold:

0
i ,1,1_2}0‘" =0 and Za" = 0o0;

n=1

ii. Z/In<oo and 0< A, <
n=1

o0 0
D A = A <0, Dty — | <0,

n=l n=l

Z|pn+l ‘A pn
n=l

0
< %, z‘anﬂ Y: anl <%
n=1
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iv.. 0O<a<p,<b<2p, where n=min{a,pf}, Vn=l.

Then the sequence {x,,} converges strongly to z, = B f (Zo)-

Let C be a nonempty closed convex subset of a real Hilbert space H and let
A:C— H be a - inverse strongly monotone mappings. Let 7 :C — C bea Kk - quasi
strictly pseudo - contractive mapping with F=F ( )m Vi (C A) # . Define the

mapping S:C—C by Sx=cx+(1-c)Tx forall xeC and ce(x,l). Let £:C—C
be a d - contractive mapping with d € [0, %) Suppose that {xn} is the sequence

generated by X; €C and

=B (1-4,(1-8))(@,/(x,) + (1=a,) 2. (1= p,4)x,).

forall n>1, where {a,,} — [K,l]. Assume the following conditions hold:

i, hma =0 and Za = o0;

n=l

i Zln<oo and 0< 4, <L;

-]
<0 2

n=1

. ZI wat = | <, Zlam

iv. O<a<p,<b<2a, Vnzl.

pn+1 -pn <o

Then the sequence {x } converges strongly to z, =B, f (zo).

n

Let C be a nonempty closed convex subset of a real Hilbert space A and let
A,B:C —> H be a and f - inverse strongly monotone mappings, respectively. Let
T :C — C be a quasi - nonexpansive mapping with

F=F(T)nVI(C,A)nVI(C,B)#@. Let f:C—>C bea d - contractive mapping

with d € (0,%). Suppose that {xn} is the sequence generated by x; €C and
Xpq =P (1-2, (I—T))(anf(x”) +(1-a,) P (I—pn (anA+(1—an)B))x"),
forall n>1, where { } {an}

c [K 1] Assume the following conditions hold:

v, llma =0 and i



4)

42

vii DA< and 0<4, <]

n=1
0

vii. Z Z|an+, | <o,

lenﬂ pn|<°° Z' n+l |<°°,

el
n=|
n=| n=l

viii. O<a<p,<b<2p, where 7=min{a,f}, Vn2l.

Then the sequence {x,,} converges strongly to z, =B, f (zo).

Let C' be a nonempty closed convex subset of a real Hilbert space H and let
A,B:C— H be o and f - inverse strongly monotone mappings, respectively. Let

{T, }I’:l be a finite family of nonspreading mappings of C into C with

N
F=[\F(T,)"VI(C,A)nVI(C,B)# @D andlet &, =(of ,af ,od )e I x I x ],

i=]

j=12,..,N, where I=[0,1], &/ + ] +af =1,a{,af €(0,1) forall j=12,..,N-1
and o €(0,1],a3 €[0,1)a €[0,1) forall j=1,2,..,N. Let S be the mapping

generated by T.,7,,...,T,, and &,,a,,...,a,. Let f:C—>C bea d - contractive
mapping with d € (O,%). Suppose that {x,,} is the sequence generated by x; €C and
X =B (1=, (I-8)){e, f (%) + (1-,) B (I - p, (a,4+(1-,) B)) x, ),
for all n>1, where {a,,} s {a,,} c [K‘, 1]. Assume the following conditions hold;
i. lima,=0 and ian =00,
n—0 et
ii. iﬂn«n and 0< 4, <1,
n=1

L
iii. Z[ pat = | <0, Zlan+l—an|<oo,
Z|Pn+n =Pl <o, ZI By~

iv. O<as<p,<b<2n, where n=min{a,B}, Vn2xl.

Then the sequence {x,,} converges strongly to z, =B, f (zo).
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Let C be a nonempty closed convex subset of a real Hilbert space H and let
A,B:C— H be a and B - inverse strongly monotone mappings, respectively. Let T

be a nonspreading mappings of C into C with F=F (f ) N VI(C,A) N VI(C, B) #J.
Let f:C—Cbea d - contractive mapping with d € (0,—;—). Suppose that {xn} is the

sequence generated by x; €C and
X, =PC(1—,1,,(I—f'))(anf(x”)+(1-—a,,)PC(I—p"(a,,A+(1—a")B))xn),
forall n>1, where {a,,},{ a,,} C [K,l]. Assume the following conditions hold:

o0
i ll_rgan =0 and Zan =o0;

n=1

ii. > A,<oand0<4, <]

n=l

a0 0
i Y |A,—A]<®, Y

n=l n=l

an+l _anl <®,

lenﬂ —'pn] < ®, Z|an+l —anl <%
n=1 n=1
iv. = O<as<p,<b<2n, where n=min{e,F}, Vnzl.

Then the sequence {x,,} converges strongly to z, =B, f (zo).
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1. INTRODUCTION

Throughout this paper. we denole weak and strong by " and ", respecively. Let H
be a real Hiben space with inner product (1) and norm || and et C bea nonempty closed convex subse! of a real Hiben

space H. Aself-mapping 7:C —C s called nonexpansive if

= sle=»|. vyyeC. (1)

Let f/:C—C sa p-contractionon C if there exists aconstant 0< f<1 such that

b S =fOIS Al x=pll, vr. yeC. (12)

Amapping A:C—» H s called a - inverse strongly monolone i there exists a positive real number &> 0 such that

(x= Ay.x-y)2 a'Ax- ly’. vy, ve . (13)

Let B:C - H. The vanational inequallty is 10 find a point ¥€C such hat

{Bu.v-u)20, Yvel. (14)

The set of solulions of the varatonal inequality is dencted by 17{(",8). We use F(I)=(xe C:Tx=1} lodencte the set of
fixed point of 7.
Kang (2012) modified the sess of vanational inequalkities problems as follows:

Lemma 1.1 Let C be a nonemply closed convex subse! of a real Hilbertspace s/ andlet A.B:C —» H be a. fi - nverse
stongly 1 ly. With @, >0 and VI(C. A)NVI{C.B)#»@ Then,

V(C.aa+(1 - a)B)=VI{(C.A)~1I(C,B), Vae(0.1).
Furthermore, if 0< y < 2n, where n=minla,f}. we have /-y(aA+(1-a) 8] s nonexpansive mapping.

Motivated by Kangtunyakarn (2012). we study the strong Qe win the method in
a real Hilbert spaces. We also prove the strong ofag derat, for finding a common

20-21 March 2014 Burapha University
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element of the sets of solutions of variational inequalities p! for an i gly g. M , by
using our main theorem, we obtain the numerical results.

2. PRELIMINARIES

Let C be a nonempty closed convex subset of a real Hilbert space H. Then, for every xe /1, there exists a unique
nearest point in C, denote by P.(x), such that

- <he-o1. weC. (21)

The mapping £ is called the metric projection of /7 onto C. Itis well known that P. is a nonexpansive mapping.
Moreover, for every xe# and zeC,

z=f(x) & (x-z.z-»)20, VyeC. (22)

Recall that // satisfies Opial's condition (Opial, 1967)i.e., for any sequence {x,} with x, | x, the inequality

liminf [x, - x| < liminf [, - v}, (23)

holds forevery ye H with y#x

Lemma 2.1 Let // be a real Hilbert space. Then, the following inequality holds:
e+ ol <feF + 25 +2), VxyeH.

Lemma 2.2 (Takahashi, 2000) Let 4 be a mapping of € into # andweC. Then, for >0,
u=F.(l-Adu & uel(C,A).

Lemma 2.3 (Xu, 2003) Let {5,| bea of nor real numb: ying
S S(1-a,)s, +af,. Vnz0,
where {a,} and {f,] are a sequence in (0,1) salisfy the conditions :
(i) Za.-w. (i) limsup B, <0 or g]aAlcx:.
Then, !il:l:n_ =0.

3. MAIN RESULT

Theorem 3.1 Let C be anonempty closed convex subset of a real Hilbert space /f and let A,8:C > H be a.p -
inverse strongly monotone mappings, respectively. Assume F = ¥7(C,4)NV/(C.8)=@. Supposethat {x | is the sequence
generated by x, eC and

Sa=af(x,)+(-a,)B(1-p(a4+(1-a,)8))x,, vazl, (3.)
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where {a,},{a,} =(0,1). Let /:C—C isa contractive mapping with d¢(o.%]. Assume the following conditions hold:

(i) lima, =0 and ia_ ==, (i) ih,‘ -a|< w‘iks_“ -p|<=. tla,, ~a,|<®, (iii) 0<asp,Sb<2n where n=minia,f.
- - - - -
Then, the sequence {x,} converges strongly to z, =5, f(z,).
Proof. Put p =g, 4+(1-a,)B8 forall neN. From (3.1), we can rewrite the sequence {x,} by
Y= f (x,)+(1-a,) (- p,D,)x,. (32)
Let z ¢F.. From Lemma 1.1 and 2.2, we have
VI(C.A)AVI(C.B)=F(E.(1-p,(a,4+(1~a,)B))). (33)
Next, we divide the proof into five steps.

Step 1. We show that {«, | is bounded:

From the definition of {x, | . we have

e =@ fif (s, )=+ (1= a, )1 = A2} 5 - 2|
sa,dl.r_-.-l#a_l[(:)-x'ﬂl—a_ | D |

-(l—a.(l-d))'x_—zl+n_(l—d)“’+}z_)—;)—:". (34)
By induction, we can conclude that

53 -:'Smx{lr, —:I.w}. Vo2l (3.5)

(1-d)

This implies that the sequence {x,} is bounded.
Step 2. We show that limfx,,, -x|=0.

From the definition of x, , we have
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e = w8 s (5) = f (M= @) P (7= 2D, 3, = (1= ) B (1 = P Do 3|
] _,|+h_-a_,.[lr(;:_,)ldl-a,)l:_-x,,ﬂ
+(1-a o (1= 2.D,) 50 = Pe (1= poiD )5 |+ | = @ P (1 = ps D) vl
=(1-a,(1-d))l, =5 | +la, -a |/ (5]

+(1=a, )R (1 - p.D) X0y = B (1= P, x|+, = e P (1= PPy ) 5

From the nonexpansive of 7., we have

B (2= £.0,) 30 = (Petd = p) 5 J € W - 2D )5 (1= piD )]

<o, 05 = Dol o = £liPaa )

From the definition of D, , we have

120 = D=4+ (1-0,) B) v, = (a0 A+ (1-0,) B) x|

<la, -4, “A‘—-l’ h- 2 ‘»l""-nl-

From (3.6),(3.7) and (3.8), we have

| "‘-ls(| "’-(l“,)l". "-4"’“- ’“—n'lf("-l“(l‘“. ), ID-"-A |
+(1-a)p, = ol o) 4l - a |2t = ) x|

s(1 'a-(""l)""- ‘Ml’h- "'-4“-"( ) ”"("". ), h -"...lI"'.-I’(' ~a,)p,la, -'..H&-‘l

+(1=a,)|ps < PP+l - |82 = oD v

s("‘”—("‘»l’. "'-4|*h~ '"ullf(J-—t ""Oh- “-«“f"‘—i'*h"- ‘".-Jl'm'..ql
tlou=pelPetl, @ |7 (1= D)

s(1=a, (1=d))k, - x|+ o ~ e 2K+ o ~a 2K <o, - oK,

where K =max “[(.t... W sl 1B o) B (1 - pis )x |-

From the conditions (i), (i), (iif) and Lemma 2.3, we can conclude that

'_if'_""-n -x|=0.
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(3.11)

Page 47



54

o

BE EAﬁbS' nenduiissnmnlipAnmesduni Gnnmanfiie” pfaft 6 Fufl 20-21 fnew 2557 Wantnduym

Step 3. We show that lim|2.(/ - p,D,)x, - x| =0.

From the definition of x,, we have

(1-a)|e- (1= p.0,)x, = x| s a, | ()= x|+ b -] (3.12)

From the condition (i) and (3.11), we have
|7 (1-p,D,)x, x| =0. (3.13)

Step 4. We show that !i::lmp(j(:o)-:,..r_ -2,)<0, where z, =4 f(z,).

To show this, take a subsequence [x: of {x,} such that
l.i:lmp([(:.)- zg7oez -:,)-!izn(f(:.)-:..x_, —:.), (3.14)

Since {x,} is bounded, without loss of generality, we may assume that X,/ @ as jorx where @eC. To show that
@elI(C,4)~VI(C.B). Assume that @ e H(Cud) VI (C.B). From (3.3), we have @ » £, (1 =p, (a,4+(1-a, ) 8))o. From

%, o as Jj—>=, (3.13) and Opial's property, we have

Ih’\‘i‘nfl.r_’ -of< n.;..s_nrl;,, " 1;(1 -y (a4 +(l—a,')3))m|
< lil}linf(lx,’ =p(1-p, fa 4+ -a_')B))x,‘lc-IPr(l— pufa,a+(12a,)B))s, 2. (1-p, (0, 4+ (1, )a)H]
< li?".}rux_' - (1-p, (o440 —a_')B».\'_l|+'x_‘ —4)

sli:'ni_rfh -a] (3.15)

This is a contradiction. Then, we can conclude that

weVI(C.A)AVI(C.B)=F. (3.16)
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Since weF, and x, as j—%, we have

timup (f (23)= 20,%, = Z0) =lim(/f (23) = 20,3, = 20) = (/ (z0) = Z0u0= )< 0. (317)

Step 5. Finally, we show that the sequence {x,} converges strongly to z, =5, f(z,).

From the definition of x,, we have

b=l =l (7 (x,)-20) +(1-a, (B (1= .. ) 5, =2, )f
s(1-a, ) |B (1= p,0.)x ==f +2a, (F(x,) =20 500 =2)
s(1-a,) | - 2f +2a, (£ (5) = 200500 - 3)
s(1-a,) |, -:,r +2a, (f(30,)= 1 (20) X = 26)* 22, ([(:,)-x,.x._. -3,)
s(1-a,) s, -2 + 2audfe, - zoflbsan - zoll+ 22, (£ (20) - 200 50 = 20)
(1= a ), =af e md{fs, - 2 oy~ ) 2 ()2t )
-((I -a) ¢a_d)lt,, -:,f +2a, ([ (20) = Z0: X~ 28 )s (3.18)

which implies that

2 _1-2a, + % a; Je 52 ] 33
""..n':-' S—ﬁﬁlﬁ.'--r*’l_q,k-ql’*,—:%;7(/(3.)--.»‘...--.)

2(i-d) g 2-da a N, Ve 4
5[]' l_a.dn')lﬁ.'nr |-a,da lz(:z_’””*m(f(-o’ "'xsl-z.)]‘ (3.09)

M:np"r_-:,r:l GN}A (3.20)

From the condition (i),(3.17) and Lemma 2.3, we can conclude that {x,} converges strongly to z, = f(=,). This completes
the proof.

4.  NUMERICAL RESULTS

In this section, an example is given for supporting Theorem 3.1.
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2(: 1)

Example 4.1 Let  be the set of real numbers and let 4,8: | - | defineby Av=——-— and Bx=

2(x-1) )
By Vxell,

respectively. Suppose that {x,} is the sequence generated by x, e | and

%= af(x)+(1-a,)P (I-p,(a,A+(1-a,)B))x,. vnzl, (4.1)

where a, €(0,1), a, €(0,1),p, €(0,27) and n_-l;.a. -%.p.- ;”:zr vnzl.Let f:C—C isacontractive mapping with

dc[o.%) and f(x)-%.Then the sequence {x,} converges strongly to 1.

Solution. It is easy to see that the sequences {a,}, {a,} and {p,} satisfies the conditions (i),(ii) and (iii) in the theorem 3.1,
A,B are |- inverse strongly monotone mappings and ¥/(C,A)~VI(C.B)={1}. From the theorem 3.1, we can conclude that the
sequence {x,} converge strongly to 1. For numerical results, choose x, =—2 and x,=2 in the iterative (4.1). respectively, we

can rewrite the sequence {x,} by

Na= & ' .‘;- |-_[ ;"_127{_(2(’ '”] ]u‘s")]]. vnzl. (42)

The following graphs show the value of the sequence {x,} defined by (4.2), where x, =-2 and x, =2, respectively.

= .. -1 PN . P =~ .
- i

d o i

il
-

AT AT RS CRTE R w e Y AT TRCATAT RN TN T e

n=100 and x,=-2 n=100and x,=2
Figure 1: The converges comparison with different initial value x,.

The following table show the value of the sequence {x,} with #=100, x, =—2 and x, =2,
Table 1: The values of {x,} with n=100, x, =-2 and x, =2

" 1 2 3 4 5 - 50 oy % w had hed 100
-2
e -20000 | 06667 | 01333 | 01362 | 0.%06 . J0osa22 | .} 0B6SD | 09653 | 00657 | 09660 | 09664
*.
ne2
20000 06667 05067 | 04wes | 05241 - 0922 .« | 09650 | 09653 | 09657 | 09660 | D9E6e
.
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An example of Matlab program to find numerical solutions of Theorem 3.2 where all

parameters satisfy all conditions in Theorem 3.2.

Function InverseStronglymonotone

x=[], p=[};
fprintf('Program computes the fixed point of alpha inverse strongly monotone \n\n');
fprintf('Input Value:\n");
Fprintf{PHFFFFFE R R R R R R R R R R R R\,
x(1) = input('x(1) : ;
c=input('c :");
N = input('round of calculation : ');
Fprintf{FF+#RER R R KRR KRR AR ER KRR RE SR LR ERRREER\D\),
for i=1:(N-1)
PP =x(i)-(tho(i)*((a(i)* A(x()))+((1-a())*B(x(D)))));
R = (Alpha(i)*f(x(i)))+((1-Alpha(i))*PP);
x(i+1) = R-(lamda(i)*(R-S(R,c)));
end
p=1:L1:N;
fid = fopen('D:\myoutput.txt','w');
fprintf(fid,'n \t\t x(n) \r\n');
for i=1:N
fprintf{fid,'%d \t\t %.4£ \r\n',p(i),x(1));
end
fclose(fid);
plot(p,x);
grid on;
title ('Fixed point problem');
ylabel ("x(n)");
xlabel ('n");

end



function m=rho(n)
m=(n+2)/((2*n)+1);

end

function m=a(n)
m=1/(2*n);

end

function m=A(x)
m=(2*(x-1))/3;

end

function m=B(x)
m=(2*(x-1))/5;

end

function m=Alpha(n)
m=1/n;

end

function m=f{(x)
m=x/3;

end

function m=lamda(n)
m=1/(n"2),

end

function m=S(x,c)

m=(c*x)+((1-c)*T(x));

end
function m=T(x)
m=((2*x)+1)/3;

end
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