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Chapter 1

Introduction

1.1 Background

For the last decades, there are many new developments of technologies applied in
different fields such as computer science, engineering, physics, economics etc. Furthermore, one
of the important tools applied to create the technologies is “mathematical tools”. The fixed point
theory is one of the important mathematical tools applied to solve problems in many branches of
science. The problems in science are usually transformed into a mathematical model. Most of
the problems from various disciplines of sciences are nonlinear in nature. On the other hand,
numerous problems in physics, optimization, and economics are reduced to find solution of fixed
point problems. Iterative scheme of fixed point of nonlinear mappings is an important subject in
the theory of nonlinear mappings, which is applied in a number of applied areas. Now, iterative
scheme for approximating fixed point of quasi-nonexpansive mappings, the system of variational
inequalities problem, and equilibrium problem have been increasingly studied by many
mathematicians.

Fixed point theory is one of the most powerful and various tools of modern mathematics.
Fixed point problems have been widely studied in the literature. First, we study these definitions
and related literatures as follows:

Throughout this section, let H be a real Hilbert space and let C' be a nonempty closed
convex subset of H.

For amapping T of C into itself, we denote F (T) by the set of all fixed points of T,

i.e.,
F(T)={xeC:Tx=1x}.
Example 1.1.

. IfT:R—>R and T(x)=xT+1-,then F(T)={1},



2. IfT:R-R and T(x)=x*+5x+4,then F(T)={-2},
3. IfT:R—R and T(x)=x*,then F(T) ={0,1},
4. IfT:R—>R and T(x)=x+5,then F(T)=9,

5. IfT:R—R and T(x)=x,then F(T)=R.

Let F be a bifunction of CxC into R, where R is the set of real numbers. The

equilibrium problem for F:CxC — R is to find x e C such that
F(x,y)20, VyeC. (1.1)

The set of solutions of (1.1) is denoted by EP(F ) Equilibrium problems were
introduced by Blum and Oettli [1] in 1994 and were included many well-known problems such as
variational inequality problem, nonspreading mapping, nonexpansive mapping and fixed point
problem; see for example [2, 3, 4].

Let A be an operator of C into H. Then, A is called @-inverse strongly monotone if
there exists & > 0 such that

2
’

(x—y,Ax—Ay>2a||Ax-Ay

for all x, y eC.

Let B:C — H. The variational inequality is to find a point . € C such that
(Bu,v-u)=0, 1.2)
for all ve C. The set of solutions of (1.2) is denoted by VI(C, B).
A mapping T :C — C is called nonexpansive if
I3~ B <l

forall x, y eC.

Recall that the mapping 7 :C — C is said to be quasi-nonexpansive if F (T ) # and

|7x - p| <[~ 2]

forall xeC and p e F(T).



Let A, B:C—> H be two mappings. In 2008, Ceng et al. [5] introduced a problem for

finding (x', z') € CxC such that

(p,Az‘ +x - z',x—x') 20, Vx eC,

. . * * (1'3)
(szx +z —-x,x—z2 >20, Vx eC,
which is called a system of variational inequalities where p,, p, > 0.
In 2013, Kangtunyakarn [6] modified (1.3) for finding (x',z') € CxC such that
x —(I-pA)ax" +(1-a)z"),x—x" )20, Vx eC,
(-1 =p)ax’ +(1-0)2 ) (1.4)

(z‘ —(I—sz)x',x—z'> >0, Vx eC,

which is called a modification of system of variational inequalities, for every p,, p, >0 and
ae[O,l]. If a=0, (1.4) reduces to (1.3). Moreover, he introduced the relation between

solutions of (1.4) and fixed point of the mapping G as follows:

Lemma 1.1. Let C be a nonempty closed convex subset of a real Hilbert space H and let
A, B:C — H be mappings. For every p,, p, >0 and ae [O, 1], the following statements are

equivalent:

1. (x', z') e CxC is a solution of problem (1.4),
2, x" is a fixed point of the mapping G:C —C, i.e., x € F(G), defined by
G(x)= F.(I = pA)(ax + (1 —a) (I - p,B)x),
where z° = P.(I - p,B)x".

In 2012, Tian and Jin [7] proved the following strong convergence theorem of iterative
scheme {x,} generated by (1.5) and let 4 be a bounded linear operator on H, and let T bea
quasi-nonexpansive mapping on H, and f is a contraction with coefficient a; that is
" f (x)— f (y)”Sa"x— y|| for all x, yeH. Assume the set F (T) of fixed points of T is

nonempty and they note that F(T) is closed and convex. They assume that 4 is strongly

positive; that is, there exist a constant ;> 0 such that (Ax,x)Z;“x“z, for all xe H. Let

SER

O<y<



Theorem 1.2. Starting with an arbitary chosen x, € H, let the sequence {x,} be generated by
xIH'l =an}/f('xn)+(1_anA)wan! (1.5)

where the sequence {a,,} c (0,1) satisfies limea, =0, and Zan =w. Also we (O,—;—) ,

n=1
T, =(1-w)I + T with two conditions on T':
L. ”Tx—q"S”x—q" for any xe H, and g€ F(T); this means that 7 is a quasi-
nonexpansive mapping,
2. T is demiclosed on H; that is: if {y,}cH,y,—2z, and (/~T)y, -0 then

ze F(T).

Then {x,,} converges strongly to the x* € F(T) which is the unique solution of the VIP:
<(yf—A)x',x—x'>SO, vx e F(T).

After study Theorem 1.1 and the research papers in the same direction, for instance
[8, 9]. Many strong convergence theorems of quasi-nonexpansive mapping 7" were proved by

assuming the following conditions:

(la) T,=(-w)+al foral we (0,—}2—) |
(2a) T is demiclosed on H.

In 2012, Dong, Guo and Su [10] proved strong convergence theorem by using relaxed

extragradient method as follows:

Theorem 1.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
A, B:C — H be o -inverse strongly monotone and £ -inverse strongly monotone, respectively.

Let F be bifunction from CxC to R satisfying (A1)-(A4) and let {7,}, :C—>C be a

countable family of nonexpansive mappings such that Q:= ﬂF TIYNEP(F)NF (G) . Let

n=l

f:C—C be a contraction with coefficient pe(0,1/2). Set f;=1. For given x, €C

arbitrarily, let the sequences {x,}, {,}, {z,}, and {u,} be generated by



.
F(un,y)+l(y—un,un -—xn>>0, VyeC,

r’l

J z, =PC(un _szun)s

Vo=a,f(x,)+(1-0a,)F(z, - pdz,),

xn+1 =ﬁnxn +0—nz(ﬂ/-] _ﬂl)y;yn +(1_ﬂn)(1 "'O'")PC(Z’, _plAzn)’ Vne N;

\ =1

(1.6)

where p €(0,2a), p, €(0,2f), and sequence {a,}c[0,1], {8,} <[0,1], {o,} <[0,1], and

{r,} <(r,»), r>0, are such that

@) {p,} is strictly decreasing,

(i) O<liminf B, <limsuppf, <1,

n—rwx

0
(ii) lima, =0 and > a, ==,
n=l

G(iv) o,>1/2(1-p), ilO'M] -0,|<®,
n=l
(V) ilrn+l—rn|<°°‘
n=]

Then the sequence {x,} generated by (1.6) converges strongly to x =Py f(x), and (x', y')
is a solution of the general system of variational inequalities (1.3) where 3" = P.(x" - p,Bx");
see for example [11, 12].
After we investigated the Theorem 1.2, Theorem 1.3, and related research papers, we
have 2 questions as follows:
1) Can we prove strong convergence theorem of a quasi-nonexpansive mapping T
without the conditions (1a) and (2a) in a framework of Hibert space?
2) Can we prove strong convergence theorem without relaxed extragradient method?
In this thesis, we give the answers for the above questions and prove two strong
convergence theorems:
1) Finding a common element of the set of fixed points of a quasi-nonexpansive

mapping and the set of solutions of a modified system of variational inequalities.



2) Finding a common element of the set of fixed points of a quasi-nonexpansive
mapping and the set of solutions of equilibrium problems and the set of solutions of a
modified system of variational inequalities.

Moreover, we utilize our main results to obtain fixed point theorem involving a finite family of
nonspreading mappings. In the last section, we give numerical examples to guarantee our main

theorems.

1.2 Objectives

1.2.1 To propose new theorems for solving strong convergence theorems of variational
inequality problem and equilibrium problem.

1.2.2 To propose some new knowledge about fixed point theorem used in quasi-
nonexpansive mapping.

1.2.3 To apply our results for characterize fixed points of a finite family of
nonspreading mappings.

1.2.4  To give numerical examples for supporting our main theorems.

1.3 Scope of the study

1.3.1 Give the basic knowledge of the strong convergence theorems of quasi-
nonexpansive mappings, nonspreading mappings, variational inequality problems,
and equilibrium problems in a framework of Hilbert space.

1.3.2 Prove strong convergence theorems for fixed point of quasi-nonexpansive
mapping in a framework of Hilbert space.

1.3.3  Give numerical examples for supporting our main theorems.



1.4 Method

14.1

1.4.2
143

1.4.4

14.5
1.4.6

1.4.7

Collect and study research papers, text books, and important articles concerned
with many problems such as variational inequality problems and equilibrium
problems.

Study the property of quasi-nonexpansive mapping to use in main theorem.
Study definitions, theorems, and lemmas involving the problems in this thesis.
Create and prove new strong convergence theorems of quasi-nonexpansive
mapping.

Apply the theorem in 1.4.3 to nonspreading mapping.

Give numerical examples to support our main theorems.

Write the thesis.

1.5 Utilization of the study

1.5.1

1.5.2

1.5.3

To obtain the new iterative scheme for finding a common element of the set of
fixed points of a quasi-nonexpansive mapping and the set of solutions of a
modified system of variational inequalities.

To obtain the new iterative scheme for finding a common element of the set of
fixed points of a quasi-nonexpansive mapping and the set of solutions of
equilibrium problems and the set of solutions of a modified system of variational
inequalities.

To obtain mathematical tools for quasi-nonexpansive mapping.

In chapter 1, we introduce the summary of the study.

In chapter 2, we review the background of this thesis for fixed point problem, the system

of variational inequalities problem and equilibrium problem and give preliminaries to prove our

main theorem in later chapters.



In chapter 3, we prove the following strong convergence theorems:

1) Strong convergence theorem for finding a common element of the set of
fixed points of a quasi-nonexpansive mapping and the set of solutions of a
modified system of variational inequalities.

2) Strong convergence theorem for finding a common element of the set of
fixed points of a quasi-nonexpansive mapping and the set of solutions of
equilibrium problems and the set of solutions of a modified system of
variational inequalities.

In chapter 4, we apply our main results for the following results:
1) Strong convergence theorems for a finite family of nonspreading mappings.
2) Numerical examples to support our main results.

In chapter 5, we give the conclusion of this thesis.



Chapter 2

Preliminaries

The purpose of this chapter is to explain fundamental concepts and definitions used
throughout this thesis. Moreover, we give some lemmas, remarks and useful results used in the

later chapters.

2.1 Linear spaces

Definition 2.1.1, [13]  Let £ be a nonempty set, and assume that each pair of elements x and
y in E can be combined by a process called addition to yield an element z in E denoted by

x+y. Assume also that this operation of addition satisfies the following conditions (v1) ~(v4)

v1) (x+y)+z=x+(y+z),

v2) x+y=y+x,

(v3) there exists a unique element in E, denoted by 0 and called the zero element, or the
origin, such that x+0=x forall xe E,

(v4) to each x€ E there corresponds a unique element in E, denoted by —x and called

the negative of x, such that x+(-x)=0.

We also assume that each scalar @ € R and each element x in E can be combined by a process

called scalar multiplication to yield an element y in £ denoted by y = ax satisfying (v5) ~(v8):

vs) a(px)=(ap)x,
v6) l-x=x,
v (a+pB)x=ax+px,

(v8) a(x+y)=ax+ay.

The algebraic system E defined by these operations and axioms is called a linear space. A linear

space is often called a vector space, and its elements are spoken of as vectors.
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Remark 2.1.2. [13] Since we admit the real numbers as scalars, a linear space is also called

a real linear space.

Definition 2.1.3. [14] A set E in a vector space is called convex if for any x, y € E and

a €(0,1), we have ax+(1-a)yeE.

2.2 Hilbert space

Definition 2.2.1. [15]  An inner product on a vector space K over [ is a function that assigns

a scalar <x, y> for every x,y € K, suchthat forall x, y,z€ K and €

an  (x+z,y)=(xy)+(zy),
@ (axy)=a(xy),
13 (xy)=(r.x),

(14) (x,x>>0c>x¢0,

A vector space K over [F with a specific inner product is called an inner product space.

If F=C, K isacomplex inner product space, and if F=IR, K is areal inner product space.

Theorem 2.2.2. [15] For an inner product space K, x, y, z€ K, and o €F:

+z)=(x)
x,ay)=a(xy),
0

an  (xy
{

13 (x,0)=(0,x)=
(x,x)=0c

+(x,z),
(J2)
)= ,
x)=

(5) If (x,y)=(x,z) forall x €K, then y=z.

(J4) =0,

Remark 2.2.3. [13] An inner product space is called a real inner product space for the case

when the scalars are the real numbers and (x, y) is a real number. For the case, (I3) means

(%.y)=(.x).

Remark 2.2.4. [13] Using (J1) and (J2), we obtain that for x, y €K and «, f€C,

(x,ay+,8z>=&<x,y>+,§<x,z).
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Remark 2.2.5. [13] Let K be an inner product space. For each x in K, we define its

norm ”x” by

1
<= (%2

Theorem 2.2.6. (The Schwarz inequality) [13] Let X be an inner product space and let x and

y be elements in XK. Then the following holds:
[(x2) <l
Theorem 2.2.7. [13]  The inner product in an inner product space K is jointly continuous:
X, > x and y, > y = (x,,5,) = (x,»).
Remark 2.2.8. [13] We of course obtain from Theorem 2.2.7 that if X, — X, then for a fixed
yek,
(x,,¥) > {(x,y) and (3,x,) > (r.%).

Definition 2.2.9. (Strong Convergence) [14] A sequence {xn} of vectors in an inner product

space K is called strongly convergent to a vector x in K if "x,, - x” —>0asn—>w,

Definition 2.2.10. (Weak Convergence) [14] A sequence {xn} of vectors in an inner product
space K is called weakly convergent to a vector x in K if (x,,, y) —)(x, y) as n— o, for

every ye K.
Remark 2.2.11.  We represent weak and strong convergence by " and ", respectively.

Theorem 2.2.12. [14] A strongly convergent sequence is weakly convergent (to the same

limit). i.e., x, —>x implies x, — X.
Remark 2.2.13.[13] If x, = x and X, — y, then x=y.

Lemma 2.2.14, [13] Let {x"} be a Cauchy sequence of an inner product space K such that

X, = x. Then x, =>Xx.

Definition 2.2.15. [13] A complete inner product space is called a Hilbert space.
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Remark 2.2.16. [13] Let H be an inner product space. Then we know that the following (1)
and (2) are equivalent:
(1) H iscomplete,

(2)  each bounded sequence {x,,} of H has a weakly convergent subsequence {xn/} of
{x,}.
Theorem 2.2.17. (The nearest point theorem) [13]  Let H be a Hilbert space, let C be a

nonempty closed convex subset of H and let x& H. Then there exists a unique element y, in

C such that
d(x,C) =d(x,,),
where d (x,C) = 1yrexg|[x - y“
Definition 2.2.18. [13] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Then for each point x in H, there corresponds a unique point X, in C such that
= x| = d(x,0).
We call such a mapping defined by Px=x,, or F.x=Xx,, the metric projection of H onto C.

Lemma 2.2.19. [13] Let C be a nonempty convex subset of a Hilbert space H. Then for
xeH and y €C, ][x—y“ = d(x,C) if and only if

(x—y,y—z)ZO,
forall zeC.

Theorem 2.2.20. (Properties of metric projection) [13] Let H be a Hilbert space and let
C be a nonempty closed convex subset of H. Then the metric projection P of H onto C has

the following properties

, forall x, yeH.

|1Pex~Fey < x5

Theorem 2.2.21.[13] Let H be a Hilbert space and let C be a nonempty closed convex

subset of H. Suppose that {xn} cC and x, — x. Then xeC.
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Theorem 2.2.22. (Opial’s theorem) [13] Let H be a Hilbert space and suppose X, —X.

Then

liminf ||x, — x| < liminf %, - ¥
n—raw n—w

forany ye H with x# y.

Definition 2.2.23.[13] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let f be a function of C into (—00,00], where (—00,oo]=]Ru{00}. Then, f is

called lower semicontinuous if for any a € R, the set
{xeC:f(x)Sa},
is closed. f is also called convex if forany x;, x, €C and t € (O, 1),

F (5 +(1-0)%) <o (6)+(1-1) £ ().

Theorem 2.2.24.[13]  Let H be a Hilbert space, let C be a nonempty closed convex subset
of H and let f be a proper convex lower semicontinuous function of C into (—oo,oo]. Let

{ x,,} be a bounded sequence of C such that X, — Xx;. Then

f (%) <liminf £(x,).

n—w

Theorem 2.2.25. [14]  Weakly convergent sequences in a Hilbert space H are bounded, i.e., if

{x,,} is a weakly convergent sequence, then there exists a number M such that ||x,,|| <M forall
neN.

Example 2.2.26. [16] R",/, and Ll(a,b) are Hilbert spaces.

Example 2.2.27.[16] C [a, b] and P[a,b] are inner product spaces but not Hilbert spaces.
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2.3 Fixed point theory

We study about existence and properties of fixed points are known as fixed point

theorem.
2.3.1 Fixed point of nonexpansive mapping and quasi-nonexpansive mapping

Theorem 2.3.1. [13] Let H be a Hilbert space and let C be a nonempty bounded closed
convex subset of H. Let T be a nonexpansive mapping of C into itself. Then T has a fixed

point in C.

Theorem 2.3.2. [13] Let H be a Hilbert space and let C be a nonempty closed convex subset

of H. Let T be a nonexpansive mapping of C into itself. Then F (T) is closed and convex.

Theorem 2.3.3. [17] Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let T be a quasi-nonexpansive mapping of C into itself. Then F (T) is closed

and convex.

The concept of quasi-nonexpansiveness was essentially introduced (along with some
related ideas) by Diaz and Metcalf [18]. One notes that a quasi-nonexpansive mapping is
nonexpansive but a nonexpansive mapping I':C —C with at least one fixed point in C is
quasi-nonexpansive.

Strong convergence theorems for nonexpansive mappings. The first theorem was proved
by Browder [13] as follows:

Theorem 2.3.4. Let H be a real Hilbert space and let C be a nonempty closed convex
subset of H. Let T be a nonexpansive mapping of C in to itself such that F (T) is nonempty.

Let P be the metric projection of H onto F(T) and let {a,}c (0,1).
(i) Fix x,eC. Thenforany neN, amapping T, of C into itself defined by
Tx=(1-a,)Tx+a,x,

for all x € C has a unique fixed point #, of T, in C,

(i) if ¢, —>0, then {u,,} converges strongly to F.x, € F (T)
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2.3.2 Fixed point of @ -inverse strongly monotone mapping and variational inequality

problem

Theorem 2.3.5. [13] Let H be areal Hilbert space and let C' be a nonempty bounded closed
convex subset of H. Let @>0 and let 4:C — H be a-inverse strongly monotone. Then

VI(C,4)# 2.

Lemma 2.3.6. [19] Let H be a real Hilbert space, let C be a nonempty closed convex

subset of H andlet A be a mapping of C into H. Let ueC. Thenfor p>0,
u=P.(I-pA)uueVi(C,A4),
where P. is the metric projection of H onto C .

Lemma 2.3.7. [6] Let C be a nonempty closed convex subset of a real Hilbert space H
andlet 4, B:C — H be a, B -inverse strongly monotone mappings, respectively, which

VI(C,A)mVI(C,B)i@. Define a mapping G:C — C by
G(x) =PC(I—p,A)(ax+(1—a)PC (I—sz)x),

forevery p, € (0, 2a), o = (0,2,3) and ae (0,1) . Then F(G) = VI(C,A)mVI(C,B).

2.3.3 Fixed point of nonspreading mapping
A mapping T :C — C is called nonspreading if
2N -1yIP < | Tx=y P+l Ty =xI?, vx,yeC. .1

The such mapping is defined by Kohsaka and Takahashi [20]. In 2009, Iemoto and Takahashi

[21] proved that (2.1) is equivalent to (2.2).

Lemma 2.3.8. Let C be a nonempty closed convex subset of a real Hilbert space H. Then

the mapping 7 :C — C is nonspreading if and only if
[7x-Ty [P < | x -yl +2¢x—Tx,y - Ty), (2.2)

forall x, yeC.
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Lemma 2.3.9.[20] Let H be a Hilbert space, let C be a nonempty closed convex subset of

H ,andlet T be a nonspreading mapping of C into itself. Then F(T') is closed and convex.

Remark 2.3.10. A nonspreading mapping T with F(T)# @ is quasi-nonexpansive mapping.

But the converse is not true.

2.4 Some useful Lemmas and Theorems

Let H be a real Hilbert space with inner product ( N ) and norm || . " In this thesis,

we represent weak and strong convergence by " and ">, respectively.

Remark 2.4.1. It is well-known that metric projection F. has the following properties:

1. P. is firmly nonexpansive, i.e.,
|Bx~ By < (Pox=P.y,x—y), Vx,yeH.
2. For each xe H,
z=P.(x)o(x-z,z-y)20, VyeC.

Lemma 2.4.2. Let H be a real Hilbert space. Then there holds the following well-known

results:

Lo el = el 2200+ bl

2. ||x +y||2 < ||x|[2 + 2(y,x+y>,
forall x, yeH .

Lemma 2.4.3. [22] Let (E,( Y >) be an inner product space. Then, for all x,y,z€E and

a, B,y €[0,1] with &+ S+ =1, we have

lax+ By + el =alalf + B +7lel - aplx— o - arlx =2 - prly—=I.
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For solving the equilibrium problem, we assume that the bifunction F:CxC—R
satisfy the following conditions:
(A1) F(x,x)=0 forall xeC,
(A2) F is monotone,ie., F(x,y)+ F(y,x)<0 forall x, yeC,

(A3) Foreach x, y, z €C,
1{1&1 F(tz+(1-0)x,y)<F(x,y),
(A4) Foreach xeC, y+> F(x,y) is convex and lower semicontinuous.

Lemma 2.4.4. [1] Let C be a nonempty closed convex subset of H and let ' be a
bifunction of CxC into R satisfying (A1)-(A4). Let »>0 and xeH . Then, there exists

z € C such that
F(z,y)+l<y—z,z—x)20, Yy eC.
r

Lemma 2.4.5. [23] Assume that F:CxC—> R satisfies (A1)-(A4). For r>0, define a

mapping 7, : H — C as follows:
1
T;(x)={zeC:F(z,y)+—(y—z,z—x)20, ‘v’yeC},
r

for all xe H . Then, the following hold:
(1) T, is single-valued,

(2) T is firmly nonexpansive, i.e., forany x, y e H ,

r

Tx)-TO) (L) -T.0)x-),

() F(T,)=EP(F),

(4) EP(F) is closed and convex.

76540
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Lemma 2.4.6. [24] Let {sn} be a sequence of nonnegative real numbers satisfying
s,u<(l-a,)s, +6,, VneN,

where {an} is a sequence in (0, 1) and {5,,} is a sequence such that

W Sa,=w,

) limsupé"—so or i|5n|<°°-
n=l

nso O,
Then, lims, =0.
n—»xo

The next result is an important tool to prove our main result.
Lemma 2.4.7. Let C be a nonempty closed convex subset of a real Hilbert space H and let
T :C — C be a quasi-nonexpansive mapping. Then VI (C (- T) =F (T ) :
Proof. 1t is easy to see that F(T) c VI(C,I— T) )
Letue VI(C,I —T) , then we have

v—u,(I-Nuy=0, VveC. (2.3)
Let v’ e F(T), we have

2

|7u~'| =H(u—v‘)—(I—T)u”2,

2
’

=~ v‘||2 = 2u—v', ([~ T)u)+|(I -

2

< ”u -V . (2.4)

From (2.3) and (2.4), it follows that
||(1 - T)u"2 <2u-v,(I-T)u)<0.

It implies that u € F(T). Hence VI(C,I-T) c F(T). O
Remark 2.4.8. From Lemma 2.3.6 and Lemma 2.4.7, we have
F(T)=VI(C,1-T)=F(P(I-2(I-T))),

forall A>0.



Chapter 3

Convergence theorems in Hilbert space

3.1 Strong convergence theorem for finding a common element of the set of fixed
points of a quasi-nonexpansive mapping and the set of solutions of a modified

system of variational inequalities

In this section, we shall prove the strong convergence theorem for finding a common
element of the set of fixed points of a quasi-nonexpansive mapping and the set of solutions of a

modified systerﬁ of variational inequalities.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H and let
T:C—C be a quasi-nonexpansive mapping. Let 4, B:C—H be a, f -inverse strongly
monotone mappings, respectively. Define the mapping G:C —>C by

Gx=P.(I- p,A)(ax +(1-a)P. (1~ sz)x), for all xeC and ae(0,1). Assume that
F= VI(C,A)(\VI(C,B)(‘\F(T) #. Suppose that x,, 4 €C and let {x,,} be a sequence

generated by
Xy =au+ BP.(I-4,(1-T))x,+7,G(x,), YneN, (3.1.1)

where p, e(O,Za), foR e(0,2ﬂ) and {an}, {ﬁ"}, {y,,} are sequences in [0,1]. Suppose the

following conditions hold:

(1) an+ﬁn+}/n=1’

() lima,=0 and Y a,=oo,

n=l

(iii) O0<c=<p,,y,<d<l forall neN,

(iv) i/ln<oo and 0< 4, <1,
n=1

@ © @
(V) Z an+l _an <°°’Zﬁn+l —ﬁn|<°0’z j’n+l —ﬂ‘n|<w'
n=1 n=1 n=1

Then {x,} converges strongly to z, = Pyu.



Proof. We divide the proof into five steps.

Step 1. We show that {x,,} is bounded.

20

Let x, y €C. Since A4 is a -inverse strongly monotone and p, € (0, 2a), we have

[(1 - pd)x = (1= pA)y| =[x~ =20, (x -y, 4x~ dy)+ p} [ 4

-4,

sl - 200, |- ] + o} |5 - B,

=l + o (o -20)x - o

<l

Therefore (I - p,A) is a nonexpansive mapping. Similarly, (1 - sz) is a nonexpansive mapping.

Hence P.(I-p,A) and P.({—p,B) are nonexpansive mappings. From the
mapping G, we have G is a nonexpansive mapping.
Let x" € F. From Remark 2.4.8, we have
x' e F(B.(I=4,(I-T))).
By Lemma 2.3.7, we have
x =G(x")=P.(I - pd)(ax +(1-0) P (I - p;B)x").

Observe that

|

2

b

Tx, —Tx'll2 =“(x,, =x")=(I-T)x,

2

3, %[ =2(x, 2", (I=T)x,) + |7 -T),[ -

Since T is a quasi-nonexpansive mapping, we have
(2-7)x,
From the nonexpansiveness of P, and (3.1.4), we have
B (1= 4, (1-T))%, =5 =[P (1= 24, (1= )3, = B (1= 4, (1= )|
<|-4,(-1))x, - (1= 4 (-,
=z~ %)~ 2, (1 - T)x, - (7 -1)5 )]

e+ -2 {5 -T2

' < 2<x,, —x‘,(I—T)x,,).

(r-

2

o2 2 L,
<, -5 -4 + A2 ,

(1-7)x,

(1-7)x,

o2
<|x, -+ -

definition of the

(3.1.2)

(3.1.3)

(3.1.4)

2
’

2
’

T)x,

(3.1.5)
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Put M, =ax, +(1~a) P, (I- p,B)x, and W, = F.(I - p,A)M,. From (3.1.1) and the definition
of the mapping G , we have
Ko =0+ B, (1-2,(1-T))x, +7,7,.

From the definition of x,, (3.1.5) and nonexpansiveness of G, we have

$os =

=l (=) + B, (B (1= 2, (1-T))x, =) 7.7, =),

<o AR (-2G-1)s <] <]

<o, fu-x"|+8,|x,-¥|

P.(I - pid)(ax, +(1-a) B, (I - p,B)x,) ~ . (I - pid) (@’ +(1-a) B (I - p,B)x")].
x|+, =]+ 7.0 () -6 (<)

<a, “u-—x'“+ﬂn ”x —x'||+}',, "x _x'”’

+7,

:a”

=a,fu-x"|+(1=a,)|x, =%
We will prove by induction that,
|, = x| s max{ Ju =] | = J, forall neN. (3.1.6)
Let M= max{ ==, % - al } . When n=1, it is easy to see that (3.1.6) is true. Suppose

(3.1.6) is true for n=k. Then

) —x‘” <q, “u—x'“+(1—ak)||xk —x'”,
soM+(1-a,)M,

=M.

Thus, (3.1.6) holds for n =k +1. Therefore, we can conclude that

o = s max{fu=]. [ ==},
for all »e N. This implies that the sequence {xn} is bounded and so is {(I -7) x,,}.
Step 2. We show that lim %, = %.] = 0.

From the definition of X, and nonexpansiveness of G, we have

[ =
l(an —an—l)u + (ﬂn - ﬂn—l)PC (I - An—] (I - T))xn—l

+8, (Pc (I_ﬂ’n(l_T))xn -k (I_z’n—l(I_T))xn-l)-*-yn (Wn '“Wn—l)'*'(yn _7’"-1)Wn—1"’
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<la, ~a,. [l +18, = Bral|Be (1 = A0s (1=T)) .,
B (1= 2, (1 =T))%, = B (I = A (1= T)) 5|+ 7, [P, =W+ = 7l ]
<le, —a, [+ |8, = Bl [ B (T = At (T - T)) %,y
X, =%, )= A (I=T)x, + 4, (I-T)x,,
+7,|B- (1 - p4) (e, + (1-a) P (1 - p,B) %, )
~P.(I-pA)(ax,, +(1-a)P.(I- p,B)x,.
=la, —a,. |l +18, = B | Fe (14 )x,,l
+8, (%, =%, )= 4, ((1-T)x, —(1 T)x,,_l) =t ) =T)x,,
+7,|6(x,) =G (5 )| #17 = 7017,
sla, ~a,.llul +18, = Bl |Be (1= Ao (1 =T+ Bal% = .01
+2,[(1 =) %, = (I =T) x| +12, =4, ||(T - T) %,

~7net Ias

+7/n "xn —xn—I||+Iyn —7"'1|"W-l"’

=(1-a,)|x, = %]+ 4, "(I—T)xn —(I-T)x, ||+|a ~a, |4
+|ﬂn —ﬂn PC (I_ﬂ'n—l (I—T))xn—l +|},n l||| n-1 ” l/‘{' 2’ ( n-1
l_a )"x n-l n—l|M+|ﬂ _ﬂn 1|M+l}’" _}/n 1

(- T)x,.ﬂ (1 T)x |, ol |2 (1-2,(1-T))x,

il

where M = max |
From the condition (ii), (iv), (v) and Lemma 2.4.6, we have
lim 0 = %] =0 (3.1.7)
Step 3. We show that lim [P (1 - 4, (1 -T))x, - ,| =0.
Put M =ax" +(1-a) P.(I- p,B)x" in (3.13), we have x" = F. (I - p A)M".
Since x" e VI(C,B), we obtain
M -x =(1-a)(B.(I- p,B)x" -x),

=(1-a)(B.(I- p,B)x" - B (I-p,B)x"),

- 0. (3.1.8)
From the definition of M, and M, we have
=|a(x,-x")+(1-a)(R. (1~ p,B)x, ~B-(I - p,B)x)|.

< a”x,, —x‘"+ (1- a)"PC (I-p,B)x, - P, (I—sz)x‘”,

< "x,, —x'", (3.1.9)
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From the definition of #, and (3.1.8), we have

«I12
w,-x|

=B (1~ pA)M, - B (1- pA) M,
<((I-pA)M,~(1-pA)M W, -x"),
=%(]{(1- pAYM, ~(I-p )M +|1, == | -|(1- pd)M, (I - p )M W, + x‘||2),
<3\t 30 T -1, ~,) = e, ~ o ) )
which implies that
7, -=T
<M, - M| - |, -w,) = p, (41, - ara” )],
=|at, s (s, -, +20,(M, -, aM, ~ 4bs") - p? | A, ~ aM”[' . (3.1.10)
From the definition of 7, , we have
7. -x =|p.(1- pd)M, ~B.(1- pA) M|,
<|(7 - pd) M, (1~ pA) M|,
= (a1, - 307)~ p, (a1, - arr° [,
=|M, - [ ~2p,(M, ~ M, 40, ~ 40t + p? | ar, - A"

<|at, - ~2pa)am, - art’[| + o2 |ant, - arc’|f,

M, =M - p(2a-p,)|4M, - art[ . (3.1.11)

From the definition of x, , (3.1.5), (3.1.9) and (3.1.11), we have
5 =T sa, =2 + B2 (1= 2,1 =1))%, == 47,7, =T
<a,|u- x‘||2 + By % - x'”2 +7, ( |, - M‘”2 - p (20~ p,)|4M, - AM'"2 )
<a,

u—x [+ s, 47l - 2= p) A, - e T,

=a, ||u—x‘||2 +(l—a,,)“x,, -x‘|[2 ~7,0 (22 - p,)||AM,, —AM'||2.

It implies that

Yoo (20— p,)"AMn - AM'”2 <a, "u -—x'“2 + X=X “2 ,

.2
%, =% -

s fu=x s, =l = [ =T
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From the condition (ii), (iii) and (3.1.7), we derive
lim| 4M, - AM"| = 0. (3.1.12)
From the definitions of X, and the mapping G , (3.1.5), (3.1.9) and (3.1.10), we have

«|12
KXps1 — X "

<a, "u ~-x "2 +8, ”PC (1-2,(I-T))x, —x'”2 +7, “Wn -x "2 ;
") )
calu-sT + 8]
47, ([, = [ =M, =W + 20, (M, =P, M, - A0") - pi |4, —are ),

safu-x + 8|5, - x| +rf5 -2 - 7.0, -7 + 20,0, -7, | 4, - arr’],

sa,fu-x +]5, 2T -7, |M, -, + 25,01, ~W, || 401, — a1'].

It follows that
vo|M, - <afu=x +r, =2 - o= x| +200, -, || an, - arr’],
a2 sl - AL =21)
+2p,|M, -7, || 4M, - 401"
From the condition (if), (iii), (3.1.7) and (3.1.12), we derive
lim M, =W, [ =0. (3.1.13)

From the properties of P, we have
|- (- £,B)x, =[]
=P (1-£,B)x, - B (1-2:B)x [,
<((I-p,B)x,~(I- p,B)x", B (I - p,B)x, - X'),
- .;.( (7= p.B)x, ~(1 - p,B)x"[| +|B-(1 - p,B)x, - x|
(2 - 2:B)x, ~ (1 - p,B)x" = B (I - p,B) %, + 5°[| )

1
S_
2

s, 5 421 £:B)%, 5T ~|(5, = Be(1 - 2:B)) - pu (B2, = 5[ ).



This implies that

"PC(I-—sz)x”—x " <"x -x ” —-H x - F, (I o ) ) pz(Bx -Bx )” ,

=x - % -, - B (1- p.B)x, [

+2p, <xn ~P.(I-p,B)x,,Bx, - Bx >— p: “an —Bx'“z.

By using the same method as (3.1.11), we have

2. (1- 2,8y, - < <, ~ [ - 52 (28 )| B, - BT

Since x" € VI(C, A), we have
7. =T =[p1-pdyt, £ (1-pd)<T
<|ax, +(1-a) B (1~ p,B), - x || :
=|a(e,~x)+(=a)(B: (1~ £,B)x, - x)|
<ale, %[ +(1~a)|B. (1= p,B)x, -5 -
From the definition of x,, (3.1.5), (3.1.15) and (3.1.16), we have

|2
xn+1 - X ”

<a, u—x'”2 + 8, "PC (1—/1,, (I—T))x,, —x'"Z +7, ||W,, —x'"z,

sa,u-x | +B,|B- (T -4 (I -1))x, -
s1,(al, =5 +(1- )R (1-p.B)%, - )
safu-x| + 8|0 (1-2,(1-1))x, ==
7, (als, -5 + (=) =5 [ - . 28 p0)Bs, = BT )

+]|2 «||2
<afu-x +4,[x -~

+¥, ( a"x,, —x*”2 +(1 ——a)"xn —x'"2 -(1-a)p, (Z,B—pz)an,, —Bx‘”2 ),

X, - x'"2 ~(1-a)p,7.(28-p, )“Bx,, - Bx'”2 :

=a, "u - x'"2 +(1-a,)
This implies that

(-0)p, (28 - o35, - B T x|+~ -

«|2
Xpgg —X% ” ’

25

(3.1.14)

(3.1.15)

(3.1.16)

* 2 * Ld
<afu-x[ 4l =l = 5]+ =21)
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From the condition (ii), (iii) and (3.1.7), we have

lim | Bx, - Bx'|=0. (3.1.17)

n—

From the definitions of x, and the mapping G, (3.1.5) and (3.1.14), we have

«||2
xn+l —-Xx ”

u—x'"2 +8, "PC (I—-Zn (I—T))x,, —x'”2

fa,

S Ay |

o

+12
<a,fu-x || + B,

x, — x‘"2 +7, (a x, = x‘"2 +(1- a)("x,, - x‘"2 - "x,, -P.(1- sz)x,,"2

+2p, (x,, —P.(I-p,B)x,,Bx, — Bx') -0} "Bx,, - Bx'”2 )),

u—x'”2+(1—an) \

%, = P-(I-p,B)x,|

+2p,7,(1=a)(x, = B (I = p,B)x,, Bx, - Bx"),

X, —x‘"2 -7,(1=a)

<a,

<a,lu- x‘"2 + ”xn - x'"2 —y,(1=a)|x, =B.(I = p,B)x,|

+2p,7,(1-a)|x, - - (I- p,B)x,

Bx, - Bx‘”.
This implies that

7,(1-a)x, - B (1 - p,B)x, |

<a,fu-x +]x, - ~[ra= [ +207, (-a)s, - B.(1- p,B) 5| B, - B+,
e e =real(fre = - 51)
+2p,7, (1-a)|x, = B. (I~ p,B)x, | Bx, - Bx' .
From the condition (if), (iii), (3.1.7) and (3.1.17), we derive
lim|x, ~ P (1 - p,B)x, [ =0. (3.1.18)
Since
M, -x,] =|ax, +(1-a)R.(I- p,B)x, - x,]
=(1-a)|P (1= p:B) %, — |,
from (3.1.18), we have
lim [, - x, = 0. (3.1.19)

From (3.1.13) and (3.1.19), we have

lim W, - x| =0. (3.1.20)
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Since
Xy =X, =, (U~ x)+ﬂ( (I A, (I- T))x -X )+y,,(W X, )
from the condition (ii), (iii), (3.1.7) and (3.1.20), we have

llm"P I 1(1 T))x -Xx,

n—®

=0. (3.1.21)

Step 4. We show that 1imsup<u —Zy,X, ~—zo) <0, where z, = Pu.

n—w

To show this inequality, take a subsequence {x { } of { ,,} such that

lir:ljllp(u -2y, %, —2y) = }[{2(” ~Z4,X, = zo>.
Without loss of generality, we may assume that X, — @ as Jj—>, where weC. First, we
show that we F(T). From Remark 2.4.8, we have F(T)= F(PC (I XY (I - T))) Assume that
wgF(T), that is, o# P, (I—lni (I—T))a). By x, ~ as j—>, (3.1.21) and Opial's
property, we have

liminf
Jo®o

x, ~

<liminf|lx, =P 1 A (I T) a)"

Joro

<lim inf(
Joo

b, = pe(1-4, (1-T))x,

|P (1=, (1-1))3, =B (14, (1-T))a]),

)

<liminf

Joo

%, =B (-4, (I-T))x,

Xg —a>||+ln
'] J

= liminf

Jore

%,, - |
It is a contradiction. So, we have

weF(T). (3.1.22)
Next, we show that w e VI(C,A) N VI(C,B). From Lemma 2.3.7, we have
VI(C,A) N VI(C,B) = F(G). Assume that o ¢ VI(C,A) N VI(C,B), we have @ # G(a)).
From (3.1.20), we have W,,j — @ as j— . From (3.1.20), nonexpansiveness of G and Opial's
property, we have

liminf

Joe

W,,/ - a)”

<liminf (
Joo

A)(as, +(1-a) B (1~ p:B)x, ) -G(, )| +|o (7., )- 6 (@)] )
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<timint (|G (x, )-G(m, )|+|7, - o] )
slirjn_’iilf("xnj -, | +[m., -]
= liminf |, - o)

It is a contradiction. So, we have

weVI(C,4)nVI(C,B). (3.1.23)
From (3.1.22) and (3.1.23), we have @w € F. Since <u —Zg, X, — zo> is bounded and X, — @ as
Jj =, we have

limsup(u — z,, x, ~zy) = lim<u =2y, %, —z°>,

n—»w Joo
=<u—zo,a)—z°)sO. (3.1.24)
Step 5. Finally, we show that the sequence {x,,} converges strongly to z, = Pru.

From the definition of x, and z, = Pu, we have

o, (4=2,)+ B, (B (I =4, (I=T))%, =2 )+ 7, (W, ~2,)| »

2 —
Xntl _Zo" i~

<

B, (PC (I-4,(1-7))x, —zo)+yn (7, —zo)“2 +20, (U= 2y, %,y — 2 )5

<B, "PC (1—/1" (I—T))x,, —z(,ll2 T "W,, —20"2 +2a, (u-z,,x,, -zo>,

X, —z(,"2 +2a, (u—zo,x,,,,1 —zo),

Sﬂn ”xn _20"2 +}/n

=(1-a,)

From the condition (ii), (3.1.24) and Lemma 2.4.6, we can conclude that the sequence {x"}

X, —20||2 +2a, (u—z(,,x,,+1 —zo) .

converges strongly to z, = Pru. This completes the proof. il

By using the same method as Theorem 3.1 and using Lemma 1.1 and Lemma 2.3.7, we can obtain

the following corollary:

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H and let
T:C —C be a quasi-nonexpansive mapping. Let 4, B:C—>H be a, f -inverse strongly
monotone mappings, respectively. Define the mapping G:C — C by

Gx =P, (I-pA)(ax+(1-a)P.(I- p,B)x) forall xeC and a€[0,1]. Assume

F=F (G) NF(T)#P. Suppose that x,u€C and let {xn} be a sequence generated by
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Yo =+ BB (1-2,(I-T))x,+7,G(x,), VneN,

where p, €(0,2), p, €(0,28) and {a,}.{B,},{7.} are sequences in [0,1]. Suppose the
following conditions hold:

0 a,+B8,+y,=1,

(ii) },glgoa"=0 and éan=oo,

(iii) O<c<p,7,s$d<l forall neN,

) 4, <o and 0<4, <1,

n=|

o0 0 L
(V) Z'an+1_an|<w’2|ﬂn+l_ﬂn|<°°’2|'1n+l_ﬂ‘n|<°°'
n=l n=1 n=1

Then {x,,} converges strongly to z,=FP,u and (zo, yo) is a solution of (1.4) where

Yo =E.(1-p,B)z,.

3.2 Strong convergence theorem for finding a common element of the set of fixed
points of a quasi-nonexpansive mapping and the set of solutions of equilibrium

problems and the set of solutions of a modified system of variational inequalities

In this section, we shall prove the strong convergence theorem for finding a common
element of the set of fixed points of a quasi-nonexpansive mapping and the set of solutions of

equilibrium problems and the set of solutions of a modified system of variational inequalities.

Theorem 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H, let
E, F,:CxC—R be bifunctions satisfying (A1)-(A4) and let T :C — C be a quasi-nonexpansive
mapping. Let 4, B:C—>H be a, f-inverse strongly monotone mappings, respectively.
Define the mapping G:C—>C by G(x)=P.(I-pd)(ax+(1-a)F.(I-p,B)x) for all
xeC and a€[0,1]. Assume F=EP(F)NEP(F)NF(G)NF(T)#&. Suppose that

%, u €C andlet {x,},{u,} and {v,} be sequences generated by
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r

F, (un,y)+i(y—un,un -x,)20, VyeC,
r

n

A

Fz(v",y)+L(y—vn,vn—xn)>0, VyeC, (3.3.1)
s

n

Xpy =u+ Bx, + ¥, P (1= 4,(I-T))u, +8,G(v,), VneN,

\

where p, €(0,2a), p,€(0,2f) and the sequences {a,,},{ﬁ,,},{y,,},{6,,}g[0,l] with

a,+pf,+y,+0,=1 forall neN. Suppose the following conditions hold:

6] lima, =0 and ia" =00,
n=1

n—rw

() 0<c<p,7, 9,<d<l1 forsome c,d >0 and forall neN,

(iii) O<e<r,,s, forsome e>0 and forall neN,

[Me

(iv) A, <o and 0<4, <1,
1

3
il

(e = ] <0, 3 B = B <,

n=l n=1

w
<00,er”+| -1,

n=|

Ms

)

}/n+l_}/n|<°°s

3
l_!_

Ms

I;l’n+l - ﬂ"

w0
<0, 3]s, —5,| <.
n=1

3
n

Then {x,},{u,} and {v,} converge strongly to x,=Pru and (x,,2,) is a solution of (1.4)

where z, =P.(I—p,B)x,.

Proof. In the beginning, we show that G is a nonexpansive mapping. Let x, yeC. Since
A, B are a, f3 -inverse strongly monotone, p, €(0,2a) and p, €(0,2), we have
[(1=pra)x = (1= p )5 == =20, (x =y, 45— Ay) + o} [ dx = o,

<lx-ff ~20p,|4x- oI + ol |4x- A,

=z + (o~ 20)x -

<lx-of.
Then (I - p,A) is a nonexpansive mapping. Similarly, (/- p,B) is a nonexpansive mapping.
Then G is a nonexpansive mapping.
Next, we show {x,} is bounded. Let ze F, then u,=7,x, and v, =T, x,. Itis clear that
|4, - 2|| <%, - 2|| and |, -2} <|}x, — 2|. By Remark 2.4.8, we have

ze F(R.(I1-2,(1-T))). (33.2)
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Observe that

2
H]

Tu, _2"2 ="(un _z)_(I—T)un

2

=lu, - 2| —2(u, - 2,(I ~T)u,) +|[(I - T)u,|

-
It implies that
" <2(u, - z,(I-T)u,). (3.3.3)

[(7-7)x,
From (3.3.2) and (3.3.3), we have
[P (-2, (1 -T))u, - o =|B.(1=4,(I=T))w, = B (1-2,(1-T))4]
(u,—2z)—4, ((I—T)u,, —(]_T)z)llz ’

=||un —z"z -2, <un —z,(I-—T)un>+/1"2 "(I—T)un

2
’

<

2

2

<lu, = 2| + 4, (A, -D)|(7 = T)x,

<|u, — 2" (3.3.4)

From the definition of x, and (3.3.4), we have

I% = 2] = an(u—z)+ﬁ,,(xn—z)+7n(PC(I—ln(I—T))un—z)+5n(G(v")—z)",
<ea, u—z||+ﬂn|[x,,—z||+7n\PC(I—ln(I—T))un—z"+6n G(v")—z|,
<a, u—z||+ﬂ,, ||x,,—z||+}/,l ||u,,—z"+6"||v,,—z|[,

sa, fu=z[+ B, |x, = 2| +7.|x = 2|+ &, [ ==

u-df(1-a)x, 2]

:a”

We will prove by induction that,

%, —leSmax{ "u—z X, —z”}, forall neN. (3.3.5)

2

Let M= max{ "u - z]|, ||x1 - z|| } When n=1, it is easy to see that (3.3.5) is true. Suppose
(3.3.5) is true for n=k. Then
% =2l e fu—z]+(1-a)|% -2,
<aM+(1-a)M,
=M.
Thus, (3.3.5) holds for n =k +1. Therefore, we can conclude that

x, — 2| < max{{u -z, |x -=|},
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for all e N. This implies that the sequence {xn} is bounded and so are {u,, } vt {(I -T) un}

n

and {P. (I - 2,(1-T))u,}.

xn+l —-X

n

Next, we show that lim =0. From the definition of X, and nonexpansiveness of G,
n—»

0

we have

xn+l - xn
= | (a" &y )u +p, (xn - xn—l) + (,Bn =B )xn-l
7y (B (=2 (T =T))ty = B (1= Ay (1= T) )ity )+ (7 = V) B (1 = 20 (1= T) Yy

+6, (G(vn) -G(v,, )) +(8, =6, )G (Vo )l

3

< lar, = [l + B, [, = %0 (8, = Brcal %]
7| Pe (1= (L= T))tty = P (1= 2y (1 =T)) | #17 = 7,0 1B (1= Ay (T-T)),.,
+6,|G(v,) =G (v, )| +18, = ,.|G (v, )]
<o, =l + Bl =5l +18, ~ Bl
7|ty =41 )= (B (T =Tty = 2, (T =Tt ) = (A (L= T)thy s = 2y (T =T) 1,1, )|
¥ = 70illBe (= A (T=T)) | + 6, |, = Vs 418, = 6, [|G (vt )
<la, =l + Buls =5l +18, = Bl
+7, |u, —u ||+ A (1 =T)u, = (I~ T)u, | +|4, - A ||(1 - T)u,.,
7 =T ||Be (F= s (=)t | 8, [, = V|16, ~ 8, |G (v (3.3.6)
On the other hand, from #, =T, %, and #,,, =T, X,.,, we have
Jﬂ(u,,,y)+-r1:(y—un,un—x”)zo, YyeC, (3.3.7)
and
F (%5 ) + ! (¥ = Uy = %) 20, VyeC. (3.3.8)

n+l

Putting y=u,,, in (3.3.7) and y=u, in (3.3.8), we have

1
F; (un’un+l)+;—<un+l —U,uU, —xn> 2 O’

n

and

1
E (un+l ’un) + ——(u" “Ups U ~ xn+l> 20.

n+l
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From (A2), we have

So

n+l

»
n
<un+l Uy Uy — U T U X, (um-l = Xput )> 20.

Then
2 r,
"un+1 —U, s <un+1 Uy Xy — Xy T UL T Xy _—(un+l X )>!
n+l
rn
S\ Upyy —Ups Xy — X, + 1- (un+1 _xn+l) »
rn+l
Ta
S ”un+1 - un ” xn+1 _xn + 1 =T "un+l —xn+l " ’
n+l
and hence
1
"um-l —U, " S| X — X, +_|rn+l —rn”lum-l — Xpat|ls
rn+]
1
< Xpet — %p +; Vowr = V|| Unar — xn+l||‘ (3’39)

From v, =T, x, andV,,, =T, x,, . By using the same method as (3.3.9), we have

Vot = X |- (3.3.10)

sn+l < Sn

1
||vn+l - vn” Y Xns1 = %n " + ;

From (3.3.6), (3.3.9) and (3.3.10), we have

"xn+l _xn"
1
S|a" -a"'l|||u|l+ﬂ" xﬂ _xn—l + ﬂn _ﬂn—l xn—l +y"( xn _xn—l +;|r’l _rn—l Iun _xnllj
#2, (1 =Tty = (=Tt 1, = 2 (T =T

)

1
+5, ("xn xale

|P. (1= 2, (1-T)),,

|G (Vas )”’

+|7” _—y"‘ll Sy~ Spm

+|8, = 6,.,]




<lat, ~apallu]+ Balln = %uall + 18, = sl + 70 [0 = o+~ = 7ol = .
+2,|(1 = T)u, (I -T)u,_,| +|4, - A,..||(1-T)n,.,
7=l [P (T =20 (1 -T)) i, X
#2315, = sl = 5416, =8, G (0
<(1-a, )%, = X |, = @pus| M +[ B, = B M 4|7 = 7
+|A, = Apy|M + A, M +l g —l—ls,, - 5,.|M,
where M :=max{ [u], C(I—,l (I-T))u, , N-1)w,,

"(1 T)un+l

From the condition (i), (iv), (v) and Lemma 2.4.6, we have

n_%“}

=0.

11m -Xx

n+1 n

Since 7, is a firmly nonexpansive mapping, we obtain

lo, - =5~
S<T, x,—T, 2,x, z>,
=<u,, 22> % z),
1
=5(| u, =z +||x, — 2| ~|u, —x,,||2).

It implies that
s, =2 <l =2 = = 51
By using the same method as (3.3.12), we have

2
h—S

From the definition of x,, (3.3.4), (3.3.12) and (3.3.13), we have

2
xn+1 - Z”

P(I-2,(I-T))u,~ 2

sq, ”u - 2”2

P(1-2,(I-T))u, - x|

_ﬂn}/n _ﬂnén G(vn T A

>

N, (u=2)+ B, (5, - 2) + 7, (B (1= 2 (T=T)), =2) +8,(G(v,) = =)
)=

34

(3.3.11)

(3.3.12)

(3.3.13)
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<afu—z + B, |5, — 2+, - 2+, v, - 2 - B | (1= 2, (T =T, [
-8,5,160.)-xI

<a fu=f + B, ~ o + 7, (|5~ 2l =l - %)+ & (I, - o = =)
B[P (T2, (I -T))u, x| - B,8,]G () - %[,

=a, Ju—z + (1=, ), — 2 =7 = %[ =8, [ =5[]
B |- (=4, (I=T))u, - 5| - B.8,|G()-x[

<a,fu—zf +|x, -2 =7, 5]~ 6,0 =5l = Bura[Be (=2, (I=T))u, =,
-8,5,|60)-xI

which implies that
7l =5l < e, fu=2ff +]x, = 2 =[x~

<a,u—2| +

X, =X,y "(”xn By ZII + ”xﬂﬂ - Z") *
From the conditions (i), (ii) and (3.3.11), we have
lim |, - x,]=0. (3.3.14)

n—wn

By using the same method as (3.3.14), we can imply that

=0. (3.3.19)

lim[v, - x,

n—rwo

=lim|R, (1 -4, (1-T))u, - x,

n-»o

=lim|G (v,) - x,

n—Hrwo

From (3.3.14) and (3.3.15), we have

lim |, —,] =0. (3.3.16)

n—o

Afterwards, we show that limsup (u ¥ = xo) <0, where x, = Pru. Without loss of generality,

n—»wo

we may assume that u, — @ as j —co, where o€ C. First,we will show that @ € EP(F}) and
we EP(FZ). In fact, since u, =T, x,, we have

FI(u,,,y)+i(y—u,,,u,, -x,)20, VyeC.
r,

n

By condition (A2), we have

;l-<y—u,,,u,l -x,)2F(y,u,), VyeC.

n

In particular, it follows that

un-—xn
<y—u,,l, Jr ’>2F,(y,u,,l), VyeC.
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Uy =X,

r
0]

Since — 0 and U, = as J — . From (A4), we have

F(y,0)<0, VyeC.
For any te(0,1] and yeC, let y,:=ty+(1-t)@. Since yeC and weC, we have y, eC.
Hence F,(y,,@)<0. By using (Al) and (A4), we have
0=F(5.5),
=F(y,ty+(1-Nw),
=15 (y,y)+(1-1)F (3, @),
<tF (YY),
and hence
E(y,y)=0.
From (A3), we have
E(w,y)ZO, VyeC.
Hence
we EP(F). (3.3.17)
From (3.3.16), we have V,, —> @ as j—> o, By using the same method as (3.3.17), we have
we EP(F,). (3.3.18)
Continuaily, we show that @€ F (T) From Remark 2.4.8, we have
F(1)=F(P(1- 2, (1-T))). Assume that @ F(T), we have @£, (I~ 4, (I-T))o.
From (3.3.14), we have X, @ as j—>oo. By (3.13), (3.14), the condition (iv) and Opial's

property, we have

liminf |, - a|
J=yeo 4
<timinf|x, - & (-4, (1-1))a],

<lim inf(“xn/ ~ P (I-4, (I-T))y, |+

Je

P (1-2, (1-1)))u, - P (1= 4, (I-T))x,

+|[F (] - Z-n/ (I '"T))xn/ - (1 —l"f (I —T))w”)’

<timint (Ju, -5, | + 2, (7= T)u, -(1-T)x, |+|x, -] + 2, |(1-1)x, - (1~ 7)a]),
=liminfjlx, — a)u
e /i
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It is a contradiction. So, we have

we F(T). (3.3.19)
After that, we show that w € F(G). Assume that o ¢ F(G), then w # G(a)). From (3.3.14),
we have x, — @ as j— oo, (3.14), the condition (iv) and Opial's property, we have
x, ~G(a)],

< liminf (”xnj -G(v,)

Jo

liminfx, -a)”<liminf
Joro J

Joew

+ "G(Vn, ) -G (x,,l )
v, o).

+||G(x,,j)—G(a))

)

< lim inf( v, %, [+

Jro

=liminf "xn —a)".
Joo J
It is a contradiction. So, we have
we F(G). (3.3.20)

Therefore, we F. Since (#—X,,X, —X,) is bounded and x, — @ as j — o, we have
0>"n 0 n, J ’

limsup{u = x,, %, —xo)=}1_£2<u—xo,x,,j —xo>,

n—rw

=<u—x0,co—x0)so. (3.3.21)
Finally, we show that the sequence {x,,}, {u,,} and {v,,} converge strongly to x, = Pru.
From the definition of x,, (3.3.4) and x, = Pu, we have

a, (u—x))+ B,(x, = %) +7, (PC (1-2, (I-T))u, —x0)+6,, (G(v,)=%) i

2

2-——
X1 —x0|| -

n

b

<

B, (%, =x,)+7, (PC (I—l,, (I—T))un —x0)+5,, (G(v”)—xo)

+2c, (u — XN xo),
<(1-a,)|*, -x0||2 +2a, (U= Xy, X, = %)
From the condition (i), (3.3.21) and Lemma 2.4.6, we can conclude that the sequence {x,,}
converges strongly to x, = Pu. Consequently, we can obtain that {un} and {v,,} also converge

strongly to x, = Pru. This completes the proof. O
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From Theorem 3.3, if we take a =0, we have the following corollary:

Corollary 3.4. Let C be a nonempty closed convex subset of a real Hilbert space H, let
F, F,:CxC —R be bifunctions satisfying (A1)-(A4) and let T:C — C be a quasi-nonexpansive
mapping. Let 4,B:C—> H be a, f-inverse strongly monotone mappings, respectively.
Define the mapping G:C —C by G(x)=P.(I - p4)(P.(I1- p,B)x) forall xeC. Assume
F= EP(F;)mEP(FZ)mF(G)mF(T) #(. Suppose that x,,ueC and let {x,},{u,} and

{v,,} be sequences generated by

(

F (u,,,y)+—1-<y—un,un ~xn)>0, VyeC,
¥,

n

. Fz(vn,y)+—1—(y—vn,v,, -x,)20, VyeC,
s

n

Xy = QU+ B, + ¥, Fr (1 -4, (1~ T))u,l +6,G(v,), VneN,

L

where ple(0,2a),pze(0,2ﬁ) and the sequences {a"},{ﬂn},{yn},{5n}g[O,l] with

a, +pB +y,+06,=1 forall neN. Suppose the following conditions hold:

@ ,l,i_t,?can=0 and "Z;an=oo,

() O0<c<pB,7,, 0,<d<]1 forsome ¢,d>0 and forall neN,

(iii) O<e<r,s, forsome e>0 andforall neN,

Giv) iﬂ,,, <o and 0< A4, <1,
n=1

© o Rd
(V) Zlanﬂ—an|<°°’2lﬂn+l—ﬂn|'<°°’2|7n+l_7n|<°°’
n=1 n=1 n=1

o)

2

n=l

<00,

© o
ﬂ’n+l _z‘nl < OO’ZIrnH _rnl < 00,2|S"+1 =S,
n=1

n=1

Then {x,,},{un} and {v,} converge strongly to x,=Pru and (%452, is a solution of (1.3)

where z, = F. (I - p,B)x,.
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By using the same method as Theorem 3.3 and using Lemma 2.3.7, we can obtain the following

corollary:

Corollary 3.5. Let C be a nonempty closed convex subset of a real Hilbert space H, let
F, F,:CxC — R be bifunctions satisfying (A1)-(A4) and let T:C — C be a quasi-nonexpansive
mapping. Let A4, B:C—>H be a, f-inverse strongly monotone mappings, respectively.
Define the mapping G:C — C by G(x)=F.(I - p4) (PC (I- sz)x) for all xe C. Assume
f=EP(F,)mEP(FZ)r\F(T)mVI(C,A)r\VI(C,B);t@. Suppose that x,,ueC and let

{xn} , {u,,} and {vn} be sequences generated by

K (un,y)+l<y—un,u" —x,,)ZO, VyeC,
Y

n

J Fz(vn,y)+—l—(y—vn,vn —xn>>0, VYyeC,
s

n

Xy =0 u+ fx, +y,F (I -2, (1 —T)) u,
+6,P.(I-pA) (axn +(1-a)P.(I- sz)x,,), VneN,

where p,e(0,2a),pze(0,2ﬁ) and the sequences {an},{,B,,},{y,,},{&n}g[o,l] with

a,+f,+y,+8,=1, forall neN, and ae (0, 1). Suppose the following conditions hold:

(i lime,=0 and Zanzoo,
n—rw e

(i) 0<c<p,¥, 06,<d<]1 forsome c,d >0 andforall neN,

(iii) O<e<r,s, forsome e>0 andforall neN,

) 34, <o and 0<2, <1,

n=l

) i'aml —anl <°°,ilﬂ,,+| _ﬁ"

n=|

@ Lol 0
leﬂ'nﬂ _A'nl <°°’Z|rn+l _rnl <°°’Z
n= n=1

n=l

0
<°°sZI},n+l _yn|<°°’
n=1

Sy — Sa] <.

el

Then {x,,},{u,,} and {vn} converge strongly to x, =Pyu and (X,,2,) is a solution of (1.4)

where z, = F. (I - sz)xo.



Chapter 4

Applications

4.1 Strong convergence theorems for a finite family of nonspreading mappings

In this section, we use our main results to prove Theorem 4.1.3, Theorem 4.1.5, Corollary
4.1.4 and Corollary 4.1.6. Before proving these theorems, we need the following definitions and
lemmas.

In 2009, Kangtunyakarn and Suantai [26] introduced the S-mapping generated by

1,T,,... Ty and A,4,,...,4, as follows:

Definition 4.1.1, Let C be a nonempty convex subset of a real Banach space. Let {7}}::! be a
finite family of (nonexpansive) mappings of C into itself. For each j=1,2,..,N, let
a, =(a{,a{,a{)e]x1x1, where 1=[0,1] and o/ +a/+af=1. Define the mapping
§:C — C as follows:

U, =1,

U =aTU,+aU, +al,

U, =alTU +alU+adll,

U, =a&TU,+aU,+a;l,

N-l N1 N-1
Uy =ay Ty Uy, +a, Uy, +a; 1,
S =Uy,=aT,Uy,+a)U,_ +all

This mapping is called the S-mapping generated by 1,,T,,...,T, and ,,a,,...,ay.

For every i=12,..,N. Put a; =0 in Definition 4.1.1, then the S-mapping is reduced

to the K -mapping defined by Kangtunyakarn and Suantai [27] as follows:
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Definition 4.1.2. Let C be a nonempty convex subset of a real Banach space. Let {I;}Zl be a
finite family of mappings of C into itself, and let A,4,,..,4, be real numbers such that

0< 4, <1 forevery i=1,2,..,N. Define amapping K:C — C as follows:

U, =AT+-A),
U, =4LU+(1-)U,
U, =/'13T3U2+(1—/13)U

Uy =AyaIy Uy, + (1 = Ay ) Uy

K =Uy=2I Uy, + (1 3N /‘l‘N)UN—l'

The such mapping K is called the K -mapping generated by 7,,T,,...,T, and 4,4,,...,4,.

Lemma 4.1.1. [28] Let C be a nonempty closed convex subset of a real Hilbert space. Let

{7:} be a finite family of nonspreading mappings of C into itself with ﬂF (T) # ), and let

i=1

a,=(af,af,0f yeIxIxl, j=12,.,N, where I=[01], &/ +eaf+a] =1, af,a]€(0,])
forall j=12,.,N-1 and & €(0,1], &)’ €[0,1), &f €[0,1) for all j=1,2,..,N. Let S be

N
the mapping generated by 7,,7,,...,T, and ;,a,,...,&,. Then F(S)=ﬂF('I;) and S is a

i=]

quasi-nonexpansive mapping.

Lemma 4.1.2, [29] Let C be a nonempty closed convex subset of a real Hilbert space. Let

{77} be a finite family of nonspreading mappings of C into itself with ﬂF (T) #J, and let

i=l

A Ay,s..s Ay be real numbers such that 0 <4, <1 forevery i=1,2,..,N—1 and 0< A4, <1. Let

N
K be the K -mapping generated by T;,T;,....Ty and 4,4,,...,4y. Then F(K)=[\F(T,) and

i=l

K is quasi-nonexpansive mapping.
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By using these results, we obtain the following theorem.

Theorem 4.1.3. Let C be a nonempty closed convex subset of a real Hilbert space. Let { T,}:il

N
be a finite family of nonspreading mappings of C into itself with [|F(Z;)#D, and let
=1

A sAy,..., Ay be real numbers such that 0< 4, <1 for every i=1,2,..,N—1 and 0<A4, <I. Let
K be the K -mapping generated by T,,7,,...,7y and 4,4,,..,4y. Let 4, B:C—>H be a, -
inverse strongly monotone mappings, respectively. Define the mapping G:C—>C by

Gx="P.(I-pA)(ax+(1-a)P.(I - p,B)x) forall xeC and ae(0,1). Assume

N
F =VI(C,A)"VI(C,B)n[F(T,)=D. Suppose that x,4€C and let {x,} be a sequence

i=1

generated by
Xpy = O, U + ﬂnPC (1 _2',, (I _K))x,, + }’"G(.xn), Vne N,

where p, 6(0,20t),,02 e(O,?.ﬂ) and {an},{ﬂn},{}/"} are sequences in [0,1]. Suppose the

following conditions hold:
(1) a”+ﬂ"+}’”=l,

(i) lime, =0 and ia" =00,
=1

(i) O0<c<pB,,y,Sd<l forall neN,

(iv) D 4, <w and 0<4, <1,
n=1

o0 L

(V) ilam’l—an <OO’Z ﬂ"+1_ﬂ”|<w’zl

n+l1
n=1 n=l n=1

=2, | <o,
Then {xn} converges strongly to z, = Pru.
Proof. By using Theorem 3.1 and Lemma 4.1.2, we obtain the conclusion.

The following result is direct proof from Theorem 4.1.3. Therefore, we omit the proof.

Corollary 4.1.4. Let C be a nonempty closed convex subset of a real Hilbert space. Let T’ be a
nonspreading mappings of C into itself with F(T)#@. Let 4, B:C - H be a, f§ -inverse

strongly monotone mappings, respectively. Define the mapping G:C —C by
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Gx =P, (I- pA)(ax+(1-a)P.(I - p,B)x) forall xeC and ae(0,1). Assume
.7-'=VI(C,A)(‘\VI(C,B)(\F(T)#@. Suppose that x,,u€C and let {x,} be a sequence

generated by
Xpyy = O U+ ﬂnPc (I'—/l,, (I - T))xn + }/,,G(xn), VneN,

where p, €(0,2a), p, €(0,28) and {a,},{B,}.{7,} are sequences in [0,1]. Suppose the

following conditions hold:

6] a,+pB,+y,=1,

(i) limea,=0 and ian =0,
n=>x0 =

(iii) 0<c<pB,7,<d<l forall neN,

(iv) ‘Zﬂ,” <o and 0< A4, <1,
n=l

(V) ila””_aﬂ <°°,i|ﬂ”+l—ﬁ”|<°0,i|/1n+l—ﬂ." <.
n=1 n=1 n=l

Then {xn} converges strongly to z; = Pru.

Theorem 4.1.5 Let C be a nonempty closed convex subset of a real Hilbert space H, let

F,F:CxC—>R be bifunctions satisfying (A1)-(A4). Let {I}}N

., be a finite family of

nonspreading mappings of C into itself and let «, =( ,j,azj,asj)elxlxl, j=12,..,N,
where I=[0,1], &/ +af +af =1, a/,a/ €(0,1) for all j=12,.,N-1 and o e(0,1],
a3N 6[0,1), ol e[O,l) for all j=1,2,...,N. Let S be the mapping generated by 1,T,,...,T),
and a,,0,,...,ay. Let A4,B:C—>H be a,pf-inverse strongly monotone mappings,
respectively. Define the mapping G:C — C by

G(x)=P(I- pA)(ax+(1-a)P.(I- p,B)x) forall xeC and a€[0,1]. Assume

N
F =EP(F)NEP(F,)NF(G)n[)F(T,) 3. Suppose that x,ucC and let {x,}, {#,} and
i=1

{vn} be sequences generated by



,

F (un,y)+i<y—un,un —x,,>>O, VyeC,
r,

n

¥ Fz(vn,y)+i<y—v,,,v,l —x”)ZO, VyeC,
s

n

X =G+ B, + ¥, P (1= 2,(1-8))u, +6,G(v,), VneN,

.
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where p,e(O,Za),pze(0,2,B) and the sequences {a"},{ﬂ,,},{yn},{é'n}Q[O,l] with

a,+f,+y,+0,=1 forall neN. Suppose the following conditions hold:

(i)

(ii)
(iii)
(iv)

(v)

lime, =0 and Zan =,
n=l

n—»0

0<c<p,7,9,<d<l forsome ¢,d >0 and forall neN,

0<e<r,,s, forsome e>0 andforall neN,

i/l,, <o and 0< 4, <1,
n=\

). <0, Y| B = Ba| <,

Qn—a, 7’,.+1‘}’,,|<°°,
n=l| n=| n=l
e o0 o0
Zlnﬂ_)’n <°°’Zrn+l—rn|<oo’z sn+l—sn <@,
n=| n=1 n=1

Then {xn}, {u,,} and {vn} converge strongly to x, = Pru and (xo,zo) is a solution of (1.4)

where z, = F.(I— p,B)x,.

Proof. By using Theorem 3.3 and Lemma 4.1.1, we obtain the conclusion.

The following result is direct proof from Theorem 4.1.5. Therefore, we omit the proof.

Corollary 4.1.6. Let C be a nonempty closed convex subset of a real Hilbert space H, let

F,F,:CxC—R be bifunctions satisfying (A1)-(A4). Let T be a nonspreading mappings of

C into itself with F (T) #£. Let A,B:C — H be a, f -inverse strongly monotone mappings,

respectively. Define the mapping G:C — C by

G(x)=P,(I- p,A)(ax+(1-a)P.(I - p,B)x) forall xeC and a€[0,1]. Assume

F=EP(F)NEP(F,)nF(G)nF(T)#<. Suppose that x,,ucC and let {x,},{u,} and

{v,,} be sequences generated by
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[

F, (un,y)+i(y—un,un -x,)20, VyeC,

n

A

Fz(v,,,y)+L<y—vn,v" —xn)20, VyeC,
s

n

Xy =00+ Bx, +7,Pe (1= 2, (I-T))u, +6,G(v,), VneN,

|

where p, €(0,2a), p,€(0,28) and the sequences {an},{ﬂn},{}/,,},{5"}g[0,1] with

a,+pf,+y,+0,=1 forall neN. Suppose the following conditions hold:

n—w

(i lima,=0 and ian =0,
=1

(i) 0<c<2p,7, 0,<d<] forsome c¢,d>0 andforall neN,

(iii) O<e<r,s, forsome ¢>0 andforall neN,

@) 3 4,<w and 0<4, <,

n=1
@©

(V) Zanﬂ_an <w’z ﬁn+l_ﬁn|<°o’2|yn+l-7n

n=| n=1 n=1

<] [ ] a0
)3 <oo,zl|rm1—r,,|<oo,z
=

n=| n=l

< o,

/‘{‘n+l - ﬂ’n

§ S

n+l n

<00,

Then {x,}, {u,} and {v,} converge strongly to x, = P,u and (%552, ) is a solution of (1.4)

where z, = P, (I - p,B)x,.

4.2 Example and Numerical Results

In this section, Example 4.2.1 and Example 4.2.2 are given for supporting Theorem 3.1

and Theorem 3.3, respectively.

Example 4.2.1. Let R be the set of real numbers and let the mappings 4, B:R — R be defined

x-2 x—2

by Ax= and Bx= , VxeR, respectively. Define the mapping G:R—>R by

Gx=(I—plA)(ax+(1—a)(l—sz)x) for all xeR. Define the mapping T:R —>R by

Tx = x;-2’ vxeR. Let x,ueR and {xn} be generated by

xn+| = anu + ﬂnP]R (I - j'n (I - T))xn + }’"G(x" )’ Vn € N’ (4'2 1)
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-1 13n-7 1
e = d 2 =—= for
16n 7" " T1en T T

where ae(0,1), p, €(0,2), p, €(0,2), @, =2L’ﬂn =
n

all neN. Then {x,} converges strongly to 2. It is easy to sce that the sequences {,},{8,},
{7.} and {4,} satisfy the all conditions in the Theorem 3.1, 4 and B are l-inverse strongly
monotone mappings and VI(C,A)NVI(C,B)NF (T )={2}. From Theorem 3.1, we can
conclude that the sequence {x,,} converge strongly to 2. For numerical results, choose

a=0.5, p,=1and p, =1 forall neN. We can rewrite (4.2.1) as follows:

e
13n-17

16 )(’ A)( %, +2(1-B)x ) VneN,

(4.2.2)

The following figures show the values of sequences {x } where u#=x =~1 and

n

u=x =5 and n=100.

5 Fixed point probfem > Fixed poirt problem
™ T ' :
RV W o1 I o A ) A
...... i o]
............... ' §3_5 ek 1, 8. T
....... A il DECERE =N | B
BEH i b S et s e - 25 \\\
W m % 6 ® W W W w T ® ¥ W @ @ W @ @
n n
Figures 4.1 : The values of sequence {x,,} 5 Figures 4.2 : The values of sequence {x,,} ,
where # =x; =—1 and n=100. where #=x, =5 and n=100.

Table 1 in Appendix B shows the values of sequence {x,,} where u=x =-1 and

u=x=5 and n=100 of Example 4.2.1.
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Example 4.2.2. Let R be the set of real numbers and define the mappings 4, B:R—>R by

x—2

Ax=2"% and Bx= , VxeR, respectively. Define the mapping T:R—>R by

Tx=x;2, VxeR, let Fj, F,:R —>R be defined by

F(x,y)=—(x-y)(-4+x+y), Vx, yeR,
and
Fz(x,y)=—2(x—2)2+(x—2)(y—2)+(y—-2)2, Vx,yeR.

By the definition of F;, we have

0 <F (un,y)+l(y—un,u,, -X,)
¥,

n

=—(u, - y)(-4 +u, +y)+%(y—un)(un 754)

=—(u, - y)(-4+u, +y)+l(yun —yx, —u +u,,x,,)
v

n

<
0 <-r(u, - y)(~4+u, +y) +(yu,, —yx, —u’ +u,,x,,)
2
=dru, —ul —rul +u,x, +(—4r, +u, - x,)y+r,y".
Let G(y)=r,y" +(~4r,+u,=x,)y+4ru, —u, —ru, +u,x, which is a quadratic function of
y with coefficient a=7,, b=~4r, +u,~x,, and c=4ru, —u; —ru, +u,x, Determine the
discriminant A of G as follows
A=b*-4ac
=(-4r, +u, - x, ) ~4r, (4r,,un —ul —rul+ unx")
=161 —8r,u, —16r2u, +u> +4r,u? +4riul +8r,x, — 2u,x, — 4r,u,x, + X,
=(—4r, +u, +2r,u, - x, )2 .
We know that G ( y) >0,VyeR. Ifit has most one solution in R, then A <0. So we obtain

_4r +x,

u, = . 4.2.3
"o 1+2r, ( )
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By using the same method as (4.2.3), we have

_6s, +x,

v = . 424
" 1+3s, (424)
Let x,, u€R and {x,} generated by (3.3.1) as follows:
( 1
E(u,,,y)+—<y—u,,,u,,—x,,>>0, VyeC,
rﬂ
X Fz(v,,,y)+L<y—vn,v,, -—x,,>20, VyeC,
S’I
X,y =au+p,x, +7,F (1—/1,, (I-T))u,, +5,,G(v,,), Vnzxl,
n 1 3n-1 10n-3
where a=0.5, p, =1, p, =1, 7, = » Sy = YO =T Py = 2 Vn = )
A=l sl = S = e O = 2 P S e T T
8, = 3n6~4 and A, =E}T for all neN. It is easy to see that all parameters satisfy all
n n

conditions of Theorem 3.3. From the definition of F{, F;, G and T, we have
EP(Fl)ﬁEP(Fz)mF(G)mF(T) ={2}. From Theorem 3.3, we can conclude that the
sequence {x,,} ! {u,,} and {v,,} converge strongly to 2. From (4.2.3) and (4.2.4), we can rewrite

(3.3.1) as follows:

-

4r, + x,
u = ;
"o 1+2r,
6s +x
L Tk 42.5
" 1+43s, (425)
x’m=Lu+3n_1xn+10n_3(1—_1—2-(I—T))u,,+3n_4G(v,,), VneN,
| 2n 16n 16n 2n 16n

The following figures show the values of sequences {x,,}, {u,,} and {v"} where

u=x,=-1and u=x =5 and n=100.



49

E:
Figures 4.3 : The values of sequences Figures 4.4 : The values of sequences
{x,}, {u,} and {v,} where u=x,=~1 {x,}, {4,} and {v,} where u=x =5 and

and n=100. n=100.

n n

Table 2 in Appendix B shows the values of sequences {x }, {u } and {v"} where

u=x,=—1 and u=x,=5 and n=100 of Example 4.2.2.
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Chapter 5

Conclusions

In this chapter, we conclude all theorems and corollaries obtained in this thesis.

Let C be a nonempty closed convex subset of a real Hilbert space H andlet 7:C —>C
be a quasi-nonexpansive mapping. Let 4, B:C—>H be «, f -inverse strongly
monotone mappings, respectively. Define the mapping G:C — C by

Gx =P, (I- pA)(ax+(1-a)P, (I - p,B)x), for all xeC and ae(0,1). Assume
that F = VI(C,A)mVI(C,B)r\F(T) # . Suppose that x;, u €C and let {xn} be a

sequence generated by
X,y =au+ B (I=4,(I-T))x, +7,G(x,), VneN,

where p, 6(0,20:), P, E (0,2/3) and {an}, {,Bn}, {yn} are sequences in [0,1]. Suppose
the following conditions hold:

@) a,+p, +y, =1,

(i) lima,=0 and Zan =00,
n—-wn =
(iii) 0<c<pB,,7y,<d<lforall neN,

(iv) iﬂ.ﬂ <o and 0< A4, <1,
n=|

< o0,

(V) ilanﬂ -,

n=1

©
<0, Z|ﬂn+l - ﬂ,,
n=1

< @, ilﬂnﬂ - A‘n
n=1

Then {x,,} converges strongly to z; = Pru.

Let C be a nonempty closed convex subset of a real Hilbert space H andlet 7:C —>C
be a quasi-nonexpansive mapping. Let 4, B:C—>H be «a, f -inverse strongly
monotone mappings, respectively. Define the mapping G:C — C by

Gx =P, (I - pA)(ax+(1-a)F.(1- p,B)x) forall xeC and ae[0,1]. Assume

F=F (G) NF (T ) # . Suppose that x;,u € C and let {x,,} be a sequence generated by
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Yo =Cu+ BB (1-2,(I-T))x,+7,G(x,), VneN,

where p, €(0,2a), p, €(0,28) and {,}.{B,}.{r,} are sequences in [0,1]. Suppose

the following conditions hold:
(l) an+ﬁn+}/n=l’

n-»w

(ll) lim a, = 0 and Zan =00,
=1

(i) 0<c=<p,y,<d<l forall neN,

@) 34, <w and 0<2, <1,

n=l

0 «©
) Z'anﬂ " anl < OO’Z
n=1

n=1

<00,

ﬁn+l \ ﬂn' <@, Z Iz’m—l - A‘n
n=1

Then {x,} converges strongly to z,=P;u and (2,),) is a solution of (1.4) where

Yo =B (1~ p,B)2,.

Let C be a nonempty closed convex subset of a real Hilbert space H, let
F,F,:CxC—R be bifunctions satisfying (A1)(A4) and let T:C—>C be a quasi-
nonexpansive mapping. Let 4, B:C — H be a, B-inverse strongly monotone mappings,
respectively. Define the mapping G:C — C by

G(x)= . (1~ pA)(ax+(1=a)P.(I- p,B)x) for all xeC and ac[0,1]. Assume
F =EP(F)NEP(F,) NF(G)NF(T)#2. Suppose that x;, u €C and let {x,}.{u,}

and {v,,} be sequences generated by

F (un,y)+l<y—u",un —x,,>>O, VyeC,
r

n

4 172(v",y)+—L<y—v",v" -x,)20, VyeC,
s

n

X =+ Box, +7, B (1= 4,(I-T))u, +6,G(v,), VneN,

l

where p, €(0,2a), p, €(0,2/3) and the sequences {a,}, {8}, {r.}> {6.} <[0.1] with

a,+pB,+y,+6,=1 forall neN. Suppose the following conditions hold:
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() limea,=0 and Za =0,

n—>o%

(i) 0<c<p,7, 6,<d<l1 forsome ¢,d>0 andforall neN,

(iii) O<e<r,s, forsome ¢>0 andforall neN,

@) 34, <w and 0<4, <1,
n=|

(V) Z Ly — Z|ﬂn+l ﬂ,, 7n+l —yn[<°°’
n=1 n=l
Z n+l 2’|<°°Z|n+l rn|<°°’zsn+l_sn|<°°'
n=1 n=] n=1

Then {x,,},{un} and {vn} converge strongly to x; = Pu and (xo,zo) is a solution of

(1.4) where z, =P (I - p,B)x,.

Let C be a nonempty closed convex subset of a real Hilbert space H, let
F,F,:CxC—R be bifunctions satisfying (A1)-(A4) and let T:C - C be a quasi-
nonexpansive mapping. Let 4, B:C — H be «, f -inverse strongly monotone mappings,
respectively. Define the mapping G:C — C by G(x) (1 plA)(P (I sz) ) for
all xeC. Assume .7~'=EP(F;)mEP(FZ)mF(G)ﬁF(T) #(J. Suppose that x,, ueC

and let {x,,}, {u,,} and { } be sequences generated by

-

K (u,,,y)+l(y—u,,,u,, —-x,,);O, VyeC,
r

n

< Fz(vn,y)+—1-<y—vn,v” —x">20, VyeC,
sn

o =0+ Bx, + 7, P (1=4,(I-T))u, +6,G(v,), VneN,

.

where p, e(O,Za), P, 6(0,2,3) and the sequences {an},{ﬂn},{yn},{é'n} (;[0,1] with

a,+p,+y,+06,=1 forall neN. Suppose the following conditions hold:

@) lima,=0 and Za =,

n—w

(i) 0<c=<pB,7, 8,<d<] forsome c,d>0 andforall neN,

(iii)) O<e<r,s, forsome e>0 andforall neN,

@) 34 <o and 0<4, <1,
n=l1
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a a0

Zlan+l_an|<w’2|ﬂn+1_ﬂn <, 7n+|_7nl<°o’
n=1 n=l n=t

-] [ <] o0

ZIAM -4, <<>O,Z|rn+1 —~r,| <o, |sn+l —sn|<oo.
n=1 n=1 n=1

Then {x,,},{u,,} and {vn} converge strongly to x, = Pu and (xo,zo) is a solution of

(1.3) where z, = P.(I - p,B)x,.

Let C be a nonempty closed convex subset of a real Hilbert space H, let

F,F,:CxC—R be bifunctions satisfying (A1)-(A4) and let T:C—>C be a quasi-

nonexpansive mapping. Let 4, B:C — H be «, f -inverse strongly monotone mappings,

respectively. Define the mapping G:C — C by G(x) =F (I - plA) (PC (I - sz)x) for

all xeC. Assume .7-"=EP(F;)r\EP(FZ)mF(T)mVI(C,A)mVI(C,B)¢®.

Suppose that x,, u € C and let {x,,}, {u,,} and {vn} be sequences generated by

,

Xt

F, (u,,,y)+l<y—un,un -x,)20, VyeC,
r

n

) Fz(vn,y)+—l—<y—v,,,vn -x,)20, WyeC,
s

n

(= u+fx +y.F (I -4, (I- T)) u,

+68,P-(I-pA)(ax, +(1-a)P.(I - p,B)x,), VneN,

where p, e(O,2a), yoX e(O,?.ﬂ) and the sequences {an}, {ﬂn}, {;’"}, {5,,} <[0,1] with

a,+pB,+y,+6,=1, for all neN, and ae (O, 1). Suppose the following conditions

hold:
®
(i1
(iii)
(iv)

W)

-]
lime, =0 and » ¢, =
n-so0 ; " ?

0<c<p,¥, 6,<d<]1 forsome c,d >0 and forall neN,

0<e<r,s, forsome e>0 and forall neN,

M

A, <o and 0< A4 <1,
1

3
i

@ 0
an+l—an|<°°’z ﬂnﬂ_ﬂn <°°’Z|7n+l_7n|<ma
n=1

n=|

0 00
<0, [ —n <0, 2
n=1

n=l

[Ms

3
n

N S

n+t~ °n <.

[Ms

A‘m—] - A’n

3
W
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Then {x"},{u,,} and {v,,} converge strongly to x, = Pru and (xo,zo) is a solution of
(1.4) where z, =P (I-p,B)x,.

Let C be a nonempty closed convex subset of a real Hilbert space. Let {T;}ll be a finite

N
family of nonspreading mappings of C into itself with nF (T,) #Q, and let A, 4,,...,4y

i=l

be real numbers such that 0 < 4, <1 forevery i=12,..,N—1 and 0 <, <1. Let K be
the K -mapping generated by T,,7,,...,Ty, and 4,4,,...,4y. Let 4, B:C—>H be a, f -
inverse strongly monotone mappings, respectively. Define the mapping G:C —C by

Gx=F, (I—p,A)(ax+(l—a)PC (I—sz)x) forall xeC and ae(0,1). Assume

N
.7-'=VI(C,A)mVI(C,B)r\ﬂF(T,);&Q. Suppose that x,,u€C and let {x,} be a

i=]

sequence generated by
Xpu =Cu + B (1 -4, (1 —K))x,l +7,G(x,), VneN,

where p, €(0,2a), p, €(0,2/) and {a"},{ﬂn},{y,,} are sequences in [0,1]. Suppose

the following conditions hold:

®» a,+B,+y,=1,

(ii) ,l,l_Toa" =0 and ;an =,

(i) 0<c<p,,7,<d<l forall neN,

@) 34, <o and 0<4, <1,
n=1

o«

o0 o0
(V) Zam]'—an|<°°’2|ﬁn+l_ﬂn|<°°’2|’1’n+l_ﬂ'n|<°o'
n=1 n=l

n=l

Then {xn} converges strongly to z, = Pru.

Let C be a nonempty closed convex subset of a real Hilbert space. Let T be a
nonspreading mappings of C into itself with F(T)#@. Let 4, B:C—>H be a, f -
inverse strongly monotone mappings, respectively. Define the mapping G:C — C by

Gx=F, (I—p,A)(ax+(l—a)Pc (I—sz)x) forall xeC and ae(0,1). Assume
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.7-'=VI(C,A)(\VI(C,B)(\F(T)¢®. Suppose that x,u€C and let {xn} be a

sequence generated by
Xy =Qu+ B P (I-4,(1-T))x, +7,G(x,), VneN,

where p, G(O,Za), oR 6(0,2,6') and {an},{ﬂ”},{yn} are sequences in [0,1]. Suppose

the following conditions hold:

@ a,+B+7,=1,

(ii) ’111~r)1°1°0!n =0 and Y a, =w,

n=l

(iii) O0<c=<p,y,<d<l forall neN,

V) 34 <o and 0<2, <1,
n=|

2

n+l

o o0 L
(V) Z]anﬂ—an|<w’2|ﬂn+l_ﬂn|<w’z
n=l n=1

n=l1

= Ay < 0.
Then {xn} converges strongly to z, = Pru.

Let C be a nonempty closed convex subset of a real Hilbert space H, let
F,F,:CxC—>R be bifunctions satisfying (A1)-(A4). Let {]} }ll be a finite family of
nonspreading mappings of C into itself and let a, =( Jal,al ) elxIxI,
j=12,..,N, where 1=[0,1], &/ +af +af =1, &/, €(0,1) for all j=1,2,.,N~1
and alNe(O,l], a3N e[O,l),azje[O,l) for all j=1,2,.,N. Let S be the mapping
generated by 7,,T,,...,T, and a,,&,,...,ay. Let 4,B:C — H be a, f -inverse strongly
monotone mappings, respectively. Define the mapping G:C — C by

G(x)=P.(I- pA)(ax+(1-a)P,(I - p,B)x) forall xeC and a€[0,1]. Assume

F =EP(F])mEP(F2)mF(G)r\ﬁF(T,) #@. Suppose that x,ueC and let

i=1

{x”}, {un} and {vn} be sequences generated by
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F (un,y)+l<y—u",u” —x,,)}O, VyeC,
r

n

) Fz(vn,y)+L<y—vn,vn —xn>>0, VyeC,
s

n

w=au+ Bx, 4y, (I1-2,(1-8))u, +5,G(v,), VneN,

where p, 6(0,20!), P2 e(O,2ﬁ) and the sequences {an},{ﬁ"},{}’"},{d,}<_;[0,l] with

a,+p,+y,+0,=1 forall neN. Suppose the following conditions hold:

6

(i)
(ii1)
(iv)

)

0
lima, =0 and ) o, =
n—-o ; " ’

0<c<2pB,,7,0,<d<l forsome c,d >0 and forall neN,

0<e<r,,s, forsome e>0 and forall neN,

3 4, <o and 0< 4, <1,
n=1

0 L

(-

Zlanﬂ _an|<°0’z ﬁnﬂ _ﬂn <°°!Z|7n+l = Va| <%,
n=| n=1 n=1

aQ Q0 0

Z z‘n+l —A"|<00,Z ha —h <°°’Z Spa T 8, <O,

n=1 n=| n=1

Then {xn}, {u,,} and {v,,} converge strongly to x, = Pru and (xo,zo) is a solution of

(1.4) where z, = P.(I-p,B)x,.

Let C be a nonempty closed convex subset of a real Hilbert space H, let

F,F,:CxC—>R be bifunctions satisfying (A1)-(A4). Let T be a nonspreading

mappings of C into itself with F (T) #. Let A,B:C—> H be a,f -inverse strongly

monotone mappings, respectively. Define the mapping G:C — C by

G(x)=PF, (I—p,A)(ax+(1—a)Pc (I—sz)x) forall xeC and ae[O,l]. Assume

.75'=EP(E)mEP(F'2)mF(G)mF(T);t@. Suppose that x,,u €C and let {x,,}, {u"}

and {v,,} be sequences generated by
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(

K (u,,,y)+-1—<y—un,un —xn>20, VyeC,

n

3 Fz(v,,,y)+—l-—<y—vn,v,, -x,)20, VyeC,
)

n

Xy =0+ B, +7,Pe(1-4,(I-T))u, +6,G(v,), VneN,

where p, €(0,2c), p, €(0,2) and the sequences {a,},{B,},{r.},{6,} <[0.1] with
a,+pB,+y,+06,=1 forall neN. Suppose the following conditions hold:
6] lima, =0 and ian =00,
n—o =

) 0<ce=<pB,7,06,<d<l forsome c,d>0 andforall neN,

(ii) O<e<sr,s, forsome ¢>0 andforall neN,

@) 34, <o and 0<4, S,
n=1

o0 0 L
(V) zan+l_an|<°o’z ﬂnﬂ—ﬂn <OO,Z Vorr = ¥a] <0,
n=l n=l n=1
K L <0
Zﬂ’n+l_2’n|<w’2|rn+l_rn <°0’z sn+l_sn <.
n=1 n=l1 n=l

Then {x,,}, {u,,} and {v,,} converge strongly to x, = P,u and (xo,zo) is a solution of

(1.4) where z, =P.(I-p,B)x,.
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The New Method for Finding the Solution Sets of Variational Inequality problems.
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Abstract

For the purpose of this article, we introduce the new method of iterative scheme {x,} for finding the
set of solutions of a modified system of variational inequalities in a framework of Hilbert space involving a
- inverse strongly monotone mapping. By assuming F =VI(C, )nVI(C,B) =@ , we prove strong convergence
theorem {x,} converges strongly to z,=Fu. Moreover, we give numerical example to support our main

theorem.

Keywords : Variational Inequality, « - inverse strongly monotone, Fixed Point.
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1. INTRODUCTION

Let C be a nonemply closed convex subset of a real Hilbert space H. A Mapping T:C -+ C is called nonexpansive if
|- sjx- ). forall x,yecC. (1.1)
Amapping A:C - H s called a - inverse strongly monotone if there exists a positive real number @ >0 such that
(Ax-Ay.x-y)zalax-aHf (1.2)

for all x,yeC. Denote F(T) by the set of fixed points of T; thatis F(T)={xeC:Tx=x}. Fixed point problems are widely used
in the literature such as optimization, physics, enginearing and applied sciences; see [7,8].
Let B:C—» H. The variational inequality is to find a point u & C such that

(Bu,v-u)20, (1.3)

for all veC. The set.of solutions of (1,3) is denoted by VI{C,B). The variational inequalities were initially studied and
introduced by Stampacchia see [3.4].
Let DD, :C —» H 'be two mappings. In 2008, Ceng et al. [1] Introduced a problem for finding (x",=")& CxC such that

(D" +x" -:'.x-x')z 0,¥x&C,

14
(D" +2" -x\x=5" )20, wxeC, o

which is called a system of variational inequalities where 4,4 >0. In 2013, Kangtunyakarmn [2] modified (1.4) for finding
(x".2")€ €xC such that

<x'-(l-jlq)(n' *(l-n)x'),x-x') 20,vxeC,

(= - (1-ADy) ¥ x-2") 20,z eC, (18)

which is called a modification of system of variational inequalities, for every 4,4,>0 and ae[0,1]. If a=0, (1.5) reduces to
(1.4). He introduced the relation between solutions of (1.5) and fixed point of the mapping G as follows:

Proceedings The 6" National Science Research Conference
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Lemma 1.1. Let C be a nonempty closed convex subset of a real Hilbert space A and let D, D,:C—H be mappings. For
every 4,4 >0 and a€[0,1], the f 9 \ts are equival
1. (x.2")eCxC is asolution of problem (1.5),
2. xisafixed point of the mapping G:C—C, ie., x" € F(G), defined by

G(x) = R.(I=AD,Xax +(1-a)P.(I - 2,D,)%), (1.6)

where =" =B.(I-4,D,)x".
Motivated by (2], we introduce the new method of iterative scheme {x,} for finding the set of solutions of a modified
system of variational inequalities in a framework of Hilbert space involving « - inverse strongly monotone mapping. By assuming
F =VI(C,A)nVI(C,B) =@ , we prove strong convergence theorem {x_} converges strongly to z, = £, u . Moreover, we show
the example and numerical resuits of our main theorem.

2. PRELIMINARIES

Let A be a real Hilbert space with inner product () and norm. |}§. Throughout this paper, we denote weak and

strong convergence by notations '—'v and "o, respectively. For every xe H, there exists a unique nearest point Px in C
suchthat [x—Rx{<[x—)j for all ye€. P. is called the metric projection of H onto C. Itis well-known that for each xe H,

z=P.(x) &(x=2,2-)) 20, WyeC (2.1)

Recall that H' satisfies Opias condition [7), i.e., fot any sequance {x,} with x, 5.x, the inequality

liminfJx, - | <liminf [, - ] (22)

holds for every ve H with y#x.

Lemma 2.1. Let H be a real Hilbert space. Then
1 et =t 22(x )+ DI
2. xoof sl #2(pxey),
forall x,yeH .
Lemma 2.2. ([2]) Let C be a nonempty closed convex subset of a real Hilbertspace # and let D,,D,:C - H be d,d,
- Inverse strongly monotone mappings, respectively, which 17(C,D,)n¥I(C,D,)=@. Define a mapping G:C —>C by

G(x)=Fe(1-AD,)(ax +(1-a) B (1= 4D,)x),

Proceedings The 6™ National Science Research Conference
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forevery 4 €(0,24,), 4 €(0,24,) and ae(0,1). Then F(G)=VI(C,D)NVI(C,D;).
Lemma 2.3. ((7]) Let {s,} be a sequence of nonnegative real tistyi

s,uS(1-a,)s, +6,,Yn20,

where {a,} is asequence in (0,1) and {4,} is a sequence such that
0 Ya==

@ limsupZe<0 or Fsf<eo.
a, el

v

Then lims, =0.
—

3. MAIN RESULT

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H and let 4,8:C—H be a,f - inverse
strongly monotone mappings, respectively. Define the mapping G:C-C by Gx=Fp(I - AdXax+(~a)F(I - 4,B)x) for all
xeC and a<(0,1). Assume F =VI(C,4)n¥I(C,B) #@. Suppose that xwueC andlet {x,} beasequence generated by

% = au+(-a)B(I- A4 A) (@, +(-a)R(U - 4B)x,), Vn2], (3.1)

where 2 €(0,2a), 4, €(0,25) and {&,} are sequences in [0,1]. Suppose the following conditions holds:

0 lma =0 and Fa,=m,
-l

(ily Sl -a,f <.
=
Then {x,} converges strongly to z, =R u.
Proof. We divide the proof into five steps.
Step 1. We show that {x,} is bounded.
Let x,yeC. Since 4 is « ~inverse strongly monotone and 4 €(0,2a), we have

-Ad)x=(7-aa)sf’ == ~246-y dx =) + 2 Jtx= o]’
she- o ~2aa)ax~ 4 + 2 dx- 1o (3.2
=fe=off + 4 (A =22)jax- of
slx—y[{

Therefore (/- 4A) is a nonexpansive mapping. Similarly, (7—4,8) is a nonexpansive mapping. Hence P.(I-44) and
P.(1-,B) are nonexpansive mappings. From definition of the mapping G, we have G is a nonexpansive mapping.
Let x" eF. By Lemma 2.2, we have

x' =G(x")=B.(I-Ad)(ax" +(1-a) P (- 1,B)x"). (3.3)

Put M, =ax, +(1-a)P.(I-4B)x,. From (3.1), we have
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Xy = au+(l=a, )P (1-AA)M,. (3.4)

From the of x, and of G, we have

=] =fa(u-x)+(1-a)(B(1-24)M, -]
sa,fu-x|+(1-a,)|E(1- A4 4)M, - |
=a fu-x|+(1-a, )8 (1-A4)(@x, +(1-a) 2. (1 - 4B)x,)-P.(1- Ad) ax +(1-a)R(1-2B)x )| (35)
=a,fu-x"|+(1-a,)|6(x,)-6(")
sa fu-x]+(1-a) x|

By induction, we can conclude that
|x. s max{fu=ffx -} (3.6)
for all n21. This implies that the sequence {x, } is bounded.

Step 2. We show that limjx,,, =x,]=0.
From the definition of x, and of G, we have

Faa=xl =K, =aut(1=a )2 (1= 42)M, - B (/- AAM.., }+(a,,~a.)P-(I- 44)M,, |
Sla, = e+ (1= @ )[B: (1= d)(ax, +(1-a) P (T~ 4B)x, )=Ee(F~Ad)ax, ,+ {1+ a) P (1~4B)x, )|
+lag, =a||B: (1= 2 A)M_| (3.7
=la, -a, [l + (-2 6(x,) - G(x. | + o ~alB (1 =24 4)M, |
s(-a, )l —xal+la - el +la., - a {2 (- AA)M.
s(i-a)=x, |+, ~a M +|a, ~a M
where M= max{jul, [o( =AM, [}.
From the condition (/), (i#) and Lemma 2.3, we have

limfx,, =xJ=0. (38)

Step 3. We show that lim|2. (1 - 44)M, =x,| =0.
From the definition of x,, we have

%X ma, (u-x )+ (1= (P (1= AA)M, - x,). (3.9)
Thatis
[P (12 4)M, - x |s @ Ju-x]+a,|B(1 - 4AM, - x |+ |, - x| 3.10)

From the condition (i) and (3.8), we derive
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lim| 7 (1 =4 A)M, x| =0. (3.11)

Step 4. We show that limsup(u — z,,x, —z,) S0, where z, =B u.
lim sup(u — 2, %, = 2,) = lim(u - z,,x, =2,). (312

Without loss of generality, we may assume that x_l—'ma as j—>o, where weC. First, we show that we¥7(C,4)NVI(C,B).

From Lemma 2.2, we have VI(C,A4)~VI(C,B)=F(G). Assume that @ ¢ F(G), that = G(w). Since x.’—:)u as j—w, (3.11)
and Opial's property, we have

timint|x, ~af <limint}s, - G(@)
stimine ([, - 72 (1-44) (@, +(1-0) 2. (1~ 28)s, | ¢ | (1= 4 )(ax, +(1-a) 2. (1= 2.B)z, ) -G (@)
stiminf (|, (1= 44) @, +(1-a) B (1~ 2,8)x, | <o x, )-6(@)) (3.13)
< mmf(lz,‘ =B (1= A){ax, +(1-a) 2o (1~ %B)x, Y+ |5, ~of)
st ~of

This is a contradiction, we have
weF(G)=V1(C, A)nVI(C,B). (@.14)
Since %, > as _j—»x, wa have

lmepluszir, %) =Uua,x, -2

=(u—z,0-2)$0. (3.15)

Step 5. Finally, we show that the sequence {x,} converges strongly to z, =R u.
From the definition of x, and Lemma 2.1, we have

ba-al =le(u=z)+(-a)(EB=A0M, =z}
<j1=a,)(B (1= AA)M, =2, ) +20, (02,5, ~20)
S(1-a, )R (1 - Ad) (@, + (1-a) B. (1 = 2,B)x, ) =P (I - A A) (a2 + (1-a) Be (1 ~ 2 B)2, )| #2a, 02,5, 2)
=(1-2,)J6 (%) =Gz ) +2, (=305 =) (3.18)
$(1-a, ), = 2ol + 20y (4~ 2k~ 20).

From the condition (i), (3.15) and Lemma 2.3, we can conclude that the sequence {x,} converges strongly to z,=Fu. This
completes the proof.

4. EXAMPLE AND NUMERICAL RESULTS

In this section, an is given for supporting Theorem 3.1.
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Example 4.1. Let I be the set of real numbers and let the mappings 4,B:0 -0 define by .u-"—;’ and Bx-‘T". vxel,

respectively. Let x,,u €] and {x,} be a sequence generated by

X, = au+(l-a)R (I-J.,A)(ax. +(1-a)B (I -4,B)x,), VYn2l,

(4.)

where 4, €(0,2), 4, €(0,2), a(0,1) and a_=2—l"- forall n21.Then {x,} converge strongly to 1.

Solution It is easy to see that the sequence {a,} satisfies the conditions. (i) and (ii) in the theorem 3.1, 4 and B are 1-inverse

strongly monotone mappings and VI(C.A)nVI(C.B)=(l}. From the

becomes

3.1, we can lude that the sequence {x,}
converge strongly to 1. For numerical results, choose A4 =14 =1 a=05u=x=-3 and u=x=3 in the iterative (4.1)

X %ln(l-%)((o.h.+0.5(x,-&_))—‘(0.5x_+0.$(x_- D)) Va1, 42)

The following graphs shows the value of the sequence {x,} defined by (4,2) where u=x =-3 and u=x =3

T W % D B D % N & &
"

@u=x=-3

l";;rll

Olu=x=3

Figure 1: The convergence comparison with different initial value » and x, .

The following table shows the value of the sequence {x,} defined by (4.2) where u=x,=-3 and u=x =3

u=x==3 u=x=3
2 xl x'

1 -3.0000 3.0000
2 -1.9000 24500
3 -0.9788 1.9894
4 -0.4087 1.7043
5 00847 15273
2 08456 10772
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45 09184 1.0408
47 0.9202 1.0399
48 09218 1.03%0
49 0.9236 1.0382
50 0.8251 1.0374

Table 1: The values of {x,} with n=N=50.
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Abstract : In this paper, we introduce the new method of iterative scheme {z,}
for finding a common element of the set of fixed points of a quasi-nonexpansive
mapping and the set of solutions of a modified system of variational inequali-
ties without demiclose condition and 7, := (1 — w)I + wT, when T is a quasi-
nonexpansive mapping and w € (0, %) in a framework of Hilbert space. Using our
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nonspreading mapping and another corollary.
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1 Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H. We denote
F(T) by the set of all fixed points of T. Recall that the mapping T': C — C is
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said to be guasi-nonezpansive if F(T) # 0 and
1Tz - pl| < llz - pl,

for all z € C and p € F(T). Fixed point problems have been investigated in the
following literature; see [1-3].

A mapping A : C — H is called a-inverse-strongly monotone if there exists a
positive real number o > 0 such that

(Az — Ay,z — y) > o| Az — Ay|®,

forallz,y € C.
Let B : C — H. The variational inequality is to find a point u € C such that

(Bu,v —u) >0, (1.1)

for all v € C. The set of solutions of (1.1) is denoted by VI(C, B).

The variational inequalities were initially studied and introduced by Stampac-
chia [4, 5]. This problem is widely used in economics, social sciences and other
fields, see for example [6-8].

Let Dy, D, : C = H be two mappings. In 2008, Ceng et al. [9] introduced a
problem for finding (z*,2*) € C x C such that

* % — >
{ (/\1D12 +z 2,0 —-% ) 2 0,Vz € C, (12)

(AeDoz* 4 2* —z* 2 — 2*) > 0,Vz € C,
which is called a system of variational inequalities where A1, A2 > 0.

In 2013, Kangtunyakarn [10] modified (1.2) for finding (z*,2*) € C x C such
that

{ (z* — (I = \.Dy) (az* + (1~ a)2*), 2 — z*) > 0,¥z € C, 13)

(z* —(I = XaDg)z*,z—z*) 2 0,YVz € C,
which is called a modification of system of variational inequalities, for every

A1,A2 > 0 and a € [0,1]. If @ = 0, (1.3) reduces to (1.2). He introduced the
relation between solutions of (1.3) and fixed point of the mapping G as follows:

Lemma 1.1. Let C be a nonempty closed convex subset of a real Hilbert space H
and let D1,De : C — H be mappings. For every A, a2 > 0 and a € [0,1], the
following statements are equivalent:

1. (z*,2*) € C x C is a solution of problem (1.3),
2. z* is a fized point of the mapping G : C — C, i.e., z* € F(G), defined by
G(CZ}) = PC(I — /\1D1)(aa: + (1 - a)Pc(I — /\2D2).’l)),

where z* = Po(I — ApDg)z*.
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Moreover, he introduced a new iterative algorithm {z,} for finding a common
element of the set of fixed points of a finite family of x;—strictly pseudo-contractive
mappings and the set of solutions of problem (1.3) in Hilbert space. The sequence
{zn} is generated by

Yn = Po(I — Mg D2)zx,
g1 = U+ Pnn + 1 SPe (azn + (1 - a)yn - MDDy (aa:n + (1 —_ a)y,.)) ,Vn>1,

where D;,D, : C = H are dj, dp-inverse strongly monotone mappings, respec-
tively, and S : C — C is S-mapping generated by a finite family of strictly pseudo-
contractive mapping and finite real numbers. Under suitable conditions of the
parameters {an},{Bn},{¥n} A1, A2, q, he proved a strong convergence theorem of
iterative scheme {z,}.

In 2012, Tian and Jin [11] proved the following strong convergence theorem of
iterative scheme {z,} generated by (1.4).

Theorem 1.2. Starting with an arbitrary chosen z, € H, let the sequence {z,}
be generated by

Znt1 = anVf (@n) + (1 = 0 A)T, Ty, (1.4)
where the sequence {an} C (0,1) satisfies limp 400 an = 0, and Y oo an = 0.
Also w € (0,3),T., = (1 — w)I + wT with two conditions on T:

1 Tz —q| € ||z —gq| for any z € H, and g € F(T); this means that T is a
quasi-nonerpansive mapping;

2. T is demiclosed on H; that is: if {yx} C H,yx — 2z, and (I — T)yx — 0,
then z € F(T).

Then {z,} converges strongly to the z* € F(T) which is the unigue solution of the
VIP:

((vf = A)z*,z - z*) <0,Vz € F(T).

Many authors proved strong convergence theorem involving a quasi-nonexpansive

mapping T by assuming the following conditions:
(1) T, := (1 —w) +wT,
(2) T is demiclosed on H.

see for example [12] and [13].

Motivated by [10], we introduced the new method for finding a common el-
ement of the set of fixed points of a quasi-nonexpansive mapping and the set of
solutions of a modified system of variational inequalities without the conditions
(1) and (2) in a framework of Hilbert space. Using our main result, we obtain
strong convergence theorems involving a finite family of nonspreading mapping
and another corollary.
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2 Preliminaries

Let H be a real Hilbert space with inner product {.,.) and norm ||.||. Through-
out this paper, we denote weak and strong convergence by notations * —" and
“ =", respectively. For every £ € H, there exists a unique nearest point Poz in C
such that ||z — Peoz| < |lz —y|| for all y € C. Pc is called the metric projection
of H onto C.

Remark 2.1. It is well-known that metric projection P has the following prop-
erties:

1. Pc is firmly nonezrpansive, i.e.,

IPcz = Peyll® < (Poz — Poy,z — y), Yz,y € H.

2. For eachx € H,
z2=Pc(z)e (z—2,2—y) 20, Vye C.

Recall that H satisfies Opial’s condition [14], i.e., for any sequence {z,} with
Zn — , the inequality

liminf o, ~2] < imnf s —
holds for every y € H with y # z.

Lemma 2.2. Let H be a real Hilbert space. Then there holds the following well-
known results:

1z xyl® = l2)? £ 2 (z,y) + ],
2. |lz+y)? < lel® +2 @,z +v),
forallz,ye H.

Lemma 2.3 ([15]). Let (E,(.,.)) be an inner product space. Then, for all x,y,z €
E and o, 8,7 € [0,1]) witha+ B+ v =1, we have

loz + By +vz2l* = allzli® + Byl + v 1lz1” - aB lle - ylI®
- aylz = z|* = Bylly —2II*.

Lemma 2.4 ([16]). Let E be a uniformly convez Banach space, let C be a nonempty
closed convex subset of E and let S : C — C be a nonerpansive mapping. Then
I — S is demi-closed at zero.

Lemma 2.5 ([17]). Let {sn} be a sequence of nonnegative real numbers satisfying
Sn+1 S (1 —ap) sy +6,,Vn>1

where {an} is a sequence in (0,1) and {8,} is a sequence such that
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(1) Z;?:l Qp = OOJ
(2) limsup,_, %ﬁ- <0or Yo |on] < oo.
Then, limy, 400 Sn = 0.

Lemma 2.6 ([10]). Let C be a nonempty closed conver subset of a real Hilbert
space H and let Dy,D, : C — H be dy,ds-inverse strongly monotone mappings,
respectively, which VI (C,D1)NVI(C,Dy) # 0. Define a mapping G : C — C by

G(ID) ’-=PC (I-—/\lDl) (a:z;+(1 —a)Pc (I—)\ng)z),

for every Ay € (0,2d;), A2 € (0,2dp) and a € (0,1). Then F(G) = VI(C,D;) N
VI(C,Ds).

Lemma 2.7 ([18]). Let H be a real Hilbert space, let C be a nonempty closed
convexr subset of H and let A be a mapping of C into H. Let u € C. Then for
A>0,

u=Po(I -M)ueueVI(C,A),

where Pg is the melric projection of H onto C.
The next result is very important for our main result.

Lemma 2.8. Let C be a nonempty closed convexr subset of a real Hilbert space
H and let T : C — C be a quasi-nonezpansive mapping. Then VI(C,I ~T) =
F(T).

Proof. 1t is easy to see that F(T) CVI(C,I-T).
Let 4 € VI(C,I —T), then we have

(v=u,(I-Tu) >0, YveC. (2.1)
Let v* € F(T), then we have
ITu = v < lu= 2. (2.2)
On the other hand
[T — o) = [|(u =) = (I - TYu]]
= Jlu—v*|* = 2(u—=v", (I - Thu) + (I = Thul®>. ~ (2.3)
From (2.2) and (2.3), we have
e = 0*1* = 20w = v*, (I = T)w) + | (T = T)ul]® < flu = v"||*.
From (2.1), we have
(T = T)ull* < 2(u - v*, (I = T) w).
It follows that uw € F(T). Hence VI(C,I - T) C F(T). O
Remark 2.9. From Lemma 2.7 and 2.8, we have
FT)=VIC,I-T)=F(Pc(I-X(I-T1T))),
for all X > 0.
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3 Main Results

Theorem 3.1. Let C be a nonempty closed convez subset of a real Hilbert space
H and let T : C = C be a quasi-nonezpansive mapping. Let A,B : C — H be
a, B-inverse strongly monotone mappings, respectively. Define the mapping G :
C — C by Gz = Po(I — MA)(az+ (1 —a)Po(I — Mo B)z) for all z € C. Assume
F=VIC,ANVI(C,BYNF(T) # 0 . Suppose that z1,u € C and let {z,} be a
segquence generated by

ZTot1 = ont + BuPe(l = A = T))zp + 1Gzyn, Y > 1, (3.1)

where Ay € (0,2a), A2 € (0,28) and {a,},{Bn},{Vn} are sequences in [0,1]. Sup-
pose the following conditions holds:

(i) on+Bn+vm=1,

(ii) limpoyoo an =0 and Y oo | oy = 00,

(iii) 0<a<fn<c<lforaln>1,

(iv) Yo A <ooand 0< A, <1,

(v) ol lansr — n| <00, 3207 Bt = Bal <00, 3007 [Anr1 = An] < 0.

Then {z,} converges strongly to zg = Pru.

Proof. We divide the proof into five steps.
Step 1. We show that {z,} is bounded.
Let z,y € C. Since A is a-inverse strongly monotone and A; € (0, 2a), we have

I = MA)z — (I - M A = [l& = yl* = 22 (z — y, Az = Ay) + )} || Az — Ayl?
<o - yl* — 2a) Az — Ay|)* + A} || Az — Ayl
= ||z = ylI* + M (A1 — 20) Az — Ay|?
< lz -yl

Therefore (I —A; A) is a nonexpansive mapping. Similarly, (I— A2 B) is a nonexpan-
sive mapping. Hence Po(I — A1 A) and Po(I — A2 B) are nonexpansive mappings.
From definition of the mapping G, we have G is a nonexpansive mapping.

Let z* € F. From Remark 2.9, we have

z* € F(Pc(I-2{I-T))).
By Lemma 2.6, we have
z* =G(z") = Pc(I — MA)(az* + (1 — a)Pc(I — M\aB)z*).
Observe that
Tz = T2*|* = l|(@n = 27) = (I = T)za]l”
= len = 2*|1* = 2(zn — 2%, (I = T)an) + 11 - T)eal®.
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Since T is a quasi-nonexpansive mapping, we have
(I = T)zal® < 2(zn — z*, (I — T)z). (3.2)
From the nonexpansiveness of Pc and (3.2), we have

IPo(I = An(I = T))zn — *[|* = |Po(I = An(I = T))zn — Po(I = An(I — T))z*|)?
<N = Al =T))zn = (I = An(l - T))z*|?
= [[(#n = 2*) = An((I = T)z — (I = T)z*)||?
=|zn — z*[* = 20 (@0 — *, (I = T)zn)
+ AL (T = T)za)?
<llan — 2°)* = An [|(T = T)zal|* + A2 (1 = T)zn)?
<llzn = 2" (3.3)

Put My, = az, + (1 — a)Pg(I —~ A2 B)zn and W, = Pc(I — M A)M,,. From (3.1),
we have

Znt1 = ont + BnPo(l — An(I — T))zn + 7o Wa.
From the definition of z,, (3.3) and nonexpansiveness of G, we have

41 — 2*|| = llan(v = z7) + Ba(Pe(I — An(I = T))zn — 2°) + 1 (W — 2*)||
S anllu —2*|| + Bn|Po( — Al = T))zn — &*|| + 70 [|[Wa — z*||
< anllu— 2% + B llzn — 27|

+ mllPe(l = A A)(azn + (1 - a)Po(l = A2 B)zn)
— Po(I = M A)(az™ + (1 = a)Pe(I — A2 B)z*)||
= an lfu — 27| + B [|2n — 2"|| + 10 |G(zn) — G(z7)]
Soanllu—z[| + Ballzn — 2| + m lzn = 2*|
= ap [lu—z"[ + (1 - an) |z — 27|
< max{[lu - z*||, &n — z"{|}.

By induction, we can conclude that
|2n — 27| < max{lju - z*||, |21 — z"[|},

for all n > 1. This implies that the sequence {z,} is bounded and so is {(I — T)z,}.

Step 2. We show that lim, e [|Zn+1 — Zal| = 0.

71



8 Thai J. Math. x (20xx)/ K. Cheawchan and A. Kangtunyakarn

From the definition of z,, and nonexpansiveness of G, we have

”mn+l - wn” =“(an - an—l)u + (,Bn - ,Bn—l)PC(I = Ana(I - T))zn-—l
+ Ba(Po(I = Mn(I = T))an = Po(I = An-a(I = T))zn-1)
+ 7"(Wn - Wn—l) + ('Yn - 7n—-l)Wn—1”
<lan = ancalllull + [8n — Ba-alllPe(I = An—1(I = T))zn-a|
+ BallPo(I = Al = T))zn — Po(I = Ap—a(I = T))xn1]|
+MlWa = Woa|l + lvn = Y1 [[[Wai|l
Slan — an—1lllull +18n = Ba-alllPc(I = An-1(I = T))@n—1 ||
+ Ball(xn = Zn=1) = An{I = T)zp + Apei (I = T)zp |
+ || Pe(I — MAYazp + (1 = a)Po(I — M\yB)zy,)
= Po(I = MA)(azn_1 + (1 = a)Pc(I = A2 B)zn-1)||
+ |1 = Y1 |Wa=1ll
=lan — an—1|llull +18n = Br-1lllPc(I = An—1(I = T))zn—1ll
+ Ball(zn = Zn—1) = An (I = T)zp = (I = T)Tn-1)
= (An = A1) (T = T)znall + WllG(zn) — Gl@n-1)ll
+ v = Pn-1[|Wa-1l|
Slon — anealllull +18n — Ba-all Pel — Anar(I = T))zn-1||
+ Ballzn = Tnoil| + An (T = T)zn — (I = T)2p-1 ||
+ A = Anaa| (T = T)2p-1]l + Yallzn = Za-a| + |vn = Yaea[|[Waoa ||
=(1 — en)llzn = Zaal| + Anll(I = T)zn = (I = T)zn- |
+ lon = an-alllull + 18n ~ Bn=1lllPe(I = An-1(I = T))zn-1]]
+ v = Yn-1lllWazill + [An = An=a (T = TNz ||
S —an)lzn — Ta-ill + XM + |an — an-1|M + |Bn = Brn-1|M
+ ¥ = Ta—1lM 4+ [An = Ana|M,

where M := max{||(I = T)zn+1 = (I = T)zall, llull, 1PolIl = Al =T))aull, |Wal,
(I = T)znll}.

From the condition (i3), (iv), (v) and Lemma 2.5, we have

nl_ii’!;g lZnt1 — zall = 0. (3.4)
Step 3. We show that lim ||Pc(I — Ap(I — T))z,, — z,]| = 0.
n—+o0

Since * = Po(I — M A) (az* + (1 — a)Pe(I — AgB)z*) and
M* =az* + (1 — a)Pc(I — M\aB)z*, we have z* = Po(I — M A)M™.
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Since z* € VI(C, B), we obtain

M* —z*=(1-a)(Pc(I - AB)z* — z*%)
= (1 - a)(Po(I — A2B)z* — Po(I — AgB)z*)
0

. (3.5)

I

I

From the definition of M,, and M*, we have

Mn — M*|| = lla(zn — 2*) + (1 — a) (Pe(I = A2B)zn — Po(I ~ X2 B)z*)]|
<allzn —z*||+ (1 —a) |Pc(I = A2B)zy — Po(I = X2B)z*|
Salzn — 27| +(1 - a) lzn - 2]
= |lzn - 2" (3.6)

From the definition of W,,, we have

W — 2*||* = | Po(I = M A)Mp = Po(I = MA)M*|[*
T - MAM, — (I - MAM* W, —z7)
=5 (U7 =M AM, = (1= M AP W = 2]
— (I = MAM, — (I = MAM* — W, +z*||%)
<5 (1M = M1 7,y = 27
— KM = Wa) = A1 (AM, — AM*)[?)

which implies that

IWa = 2*[|* < I|Mn — M*® = [(My — Wa) ~ M (AM;, — AM™)|?
= (| My = M?|? = | My = Wa|? + 271 (M, = Wy, AM,, — AM”)
~ A |AM, — AM*|. (3.7)

From the definition of W,,, we have

Wy —z*||?
=||Po(I = M AYM,, — Po(I = M\ A)M*|?
<N = MAM, — (I = M A)M*|?
=[|(My — M*) = My (AMy, — AM™)||?
=||Mp — M*|> = 20 (M, — M*, AM,, — AM*) + )3 ||AM,, — AM*|?
<My — M*|? = 20 [|[AM,, — AM*||? + A2 ||AM,, — AM*|?
=M, - M*||> = M (2a — \y) |AM,, — AM*|%. (3.8)

‘x
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From the definition of z,, (3.3), (3.6) and (3.8), we have

a4 — 2% < anllu=2*I? + B | Po(I = An(d = T))zn — 2"
+ Yn [Wa = z*|?
< anllu=z** + Bn llzn — 2*|°
+9n (IMa = M7I? = 2120 = M) [ AM, - AM*|1)
< o llu—z*[* + B l|zn = 2°I° + Ya 20 — 2°?
— Ynd1 (20 = M) [|AM,, — AM*|?
= o llu—z*|* + (1 - an) [on — 2*|)?

= A1 (2a = A1) |AM, — AM*|.
It implies that
1 (2a = Ay) [|AM;, — AM*|)?
S on ffu =" ) + o = 271" = 120 = =7
< anlu =2 +ljzn = Tpsall (|2a = 2"l + 1B0s = 2°1) - (3.9)
From the condition (i) and (3.4), we derive
lim ||AM, — AM*|| =0. (3.10)
n-+00
From the definition of z,, (3.3), (3.6) and (3.7), we have

[8n+1 — 2*[1% < @n llu=2*If* + Ba | Ped = (I =Tz — 2*[1* + v [[Wa = 2*1?
< anllu - 27| + Bn [lza — z°|*
+ Y (| M = M*|12 = | My, = Wa | + 201 (M, — W,,, AM,, = AM™)
— 2 ||AM,, — AM*|%)
< ap flu— 2>+ B l[zn = 2* % + n llzn — 2 ~ 70 [ M — Wa|?
+ 2/\1 “Mn - Wn” ”AMn . AM‘”
= o |lu—2*[ + (1 = @n) |2 = 2*[° = Y0 [ Mn ~ Wa|®
+ 20 (| My - Wi |AM, — AM*.
It follows that
Yo | M = Wl < an i = 2*|° + |2 — 2*||* = |lZngs — *)
+2)1 [ My — Wl [|[AM, — AM*||

< o lu— 2" + |20 — Tagall (120 = 2*1| + [[Tns1 — 2°[))
+ 21 | My — Wal| [|[AM,, — AM*||. (3.11)
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From the condition (i), (3.4) and (3.10), we derive
Jim [|M;, - Wy|| =0. (3.12)
From the property of Pg, we have
| Po(I = AeB)zn — z*||2 = ||Po(I = A2B)Tn — Po(I — ApB)z*||?
<((I = A\gB)zy, — (I — A\oB)z*, Po(I = A\gB)z,, — z*)
1
=5 (I = }2B)zn = (I = 2aB)a"|*
+ |Po(d = X B)zp — 2°||?
— I = A2B)@y — (I = AeB)z* — Po(I — AeB)zn + z*||%)
1
<5 (lon = "I + [ Pa(I = XoB)an — o"|*
— (@n = PolI = AaB)zn) — Ao(Bay — Bz*)||?).
This implies that
IPc(I = A2B)zn — || < fl2n — 2*||?
= l(zn = Pe(I = XaB)z,) — Ao(Bz, — Bz*)|?
= llzn — 2*||* = llzn = Po(I = X2B)zn||?
+ 2/\2(2:" ¥ Pc([ i /\23)2:", Bz, — Bw*)
— A\2||Bz, - Bz"|*. (3.13)
By using the same method as (3.8), we have
1Po(I = XeB)zy = 22 < ||z — 3"||* = Aa(28 = X2) | Bzs — Bz*[*.  (3.14)
Since z* € VI(C, A), we have
1Wa — 2*|* = | Pcd = MA)YM,, — Po(I - MA)z"|)®
< |lazy + (1 — a)Po(I — A B)zn —~ z|®
=|la(zn — %) + (1 = a)(Pc(I = A2B)z, — z*)|?
< allzn — z*| + (1 - @) |Pe(l = AeB)z, — z*||°. (3.15)
From the definition of z,, (3.3), (3.14) and (3.15), we have
2041 — z*|1®
< anflu—a*|? + Bu | Po(I = Ml = T))zn = 2"+ A [Wa —2°|I?
< an llu = 2|2 + B | Po(l = A = T))zn — z*|°
+1n (allzn = 21" + (1 = ) |Po(I = AgB)wn — °II°)
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< anfJu~ "I + BallPo(l = (I = T))zn — 2"
12 )2 12
+ 7 (allzn = 21 + (1 = @) (Jlzn = 2°I = %2(26 — Xa) |Bes - Ba*|*) )
<an Hu - -'E*Hz + Bn ”mn - x"|12 + n(a ”mn - -7;*”2 + (1 - ‘1) lzn ~ z.”2
~ (1 - a)A2(28 — o) ||Bzn — Bz"[|*)
= anllu -2 + (1 - an) llzn — 2*[* = (1 — @)X27n(28 — A2) || Bzn — B
This implies that
(1 — @)A1 (28 — A2) | Bzy — Bz*||?
< anllu—2*|* + |z — 2*|1* = llzngs — 27|
< an llu = 2*|? + |20 = Bosall (Jon — 27| + [|Zas1 — z*[) . (3.16)
From the condition (#i) and (3.4), we have
nli’ngo |Bz, ~ Bz I =0. (3.17)
From the definition of z,, (3.3) and (3.13), we have
[2nsr = 2°|° < an llu = 2* P + Ba [ Pe(I = An(I = T))zn — 2|
+ 9 (o = 217+ (1= ) IPe (I = e B)zn - ")
< an fu=2* >+ Bullzn — 2 + (e |z — 2*|)?
+ (1= a)(lzn — z*|* = |2n — Po(I = X2B)zal®
+ 2X2(zpn — Po(I = AyB)zp, Bz, — Bz*) — A2 || Bz, — Bz*||*))
< anllu=z*+ (1 - an) za —2*|?
— (1 = a) |lzn — Po(I = AaB)zy ||
+ 2027 (1 = a)(zp — Po(I = A2B)Zn, By, — Bz")
< anllu =2’ + 20 — 2*|* = 3 (1 = @) [z — Po(I = A2B)za||”
+2207a(1 = )|z = Po(I = A2B)zn]| | Bzn — Bz

2

This implies that
Ya(l = a) ||Zn — Po(I = AaB)zn|?
< anflu= ' + llzn = 2*[* = @041 — 2"
+ 2227, (1 = @) ||z, =~ Poc(I — A2B)z,|| | Bzn — Bz™||
< anflu— 2*)? + |20 = Tasall (l2n = 2* || + |Zntr — 2*[})
+ 22070 (1 — @) ||zn — Pc(I — A2B)zn|| | Bz, — Bz*||. (3.18)
From the condition (i), (3.4) and (3.17), we derive
|zn — Pc(I = A2B)zx| = 0.

lim
n—od
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Since

[Mn — zn|l = llazs + (1 — a)Pc(I — X2 B)zn — za|
=(1-a)|[Po(I — X2B)zy — zy||

and ||Po(I — AeB)zy, — 2] = 0 as n — oo, we have

nll)n.}o |My — z4]| = 0. (3.19)

From (3.12) and (3.19), we have
nlgréo [Wh —zn| = 0. (320)
Since
Zatl — Tn = @n(U = Bp) + Bn(Pc(I = An(I = T))Zn — z4) + 1 (Wn = z4),
it implies by the condition (4}, the condition (i4¢), (3.4) and (3.20) that

Jim [[Po(I = An(I = T))an = Zn]| =0. (3.21)

Step 4. We show that lim sup(u — 29, 2, — z0) < 0, where zo = Pru. To show this

n—oo
inequality, take a subsequence {zn,} of {z,} such that

lim sup(u — 20, Zn — 20) = lim (u — 20, Tn; — 20).
n—oco j—roo

Without loss of generality, we may assume that z,, — w as j — 00, where w € C.
First, we show that w € F(T). From Remark 2.9, we have F(T) = VI(C,I-T) =
F(Pc(I = M (I = T))). Assume that w ¢ F(T), that w # Pc(I — An,({ = T))w.
By zn; — w as j — oo, (3.21) and Opial’s property, we have

lim inf |Zn; - w| < lim inf |2, = Pe(I = An,(I = T))w||
< li];g‘i;}f(“znj = Po(I = Ay (I = T))zn, ||
+ [|zn, = wlf +An, (7 = Tz, ~ (I = T

<timinf lzn, — o]

This is a contradiction, we have

w € F(T). (3.22)
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Next, we show that w € VI(C, A)NVI(C, B). From Lemma 2.6, we have VI(C, A)
NVI(C,B) = F(G). From (3.20), we have W,,, — w as j — 0.
Wn — G(Wo)ll = |[Pe(I — MA) (azn + (1 = a)Po(I = A2 B)zn) — G(Wa)]|
= [|G(zn) - G(W,)]
< llzn — Wall.
From (3.20), we have
lim W, - G(W,)| = 0.
n—oo
From W,;, — w as j — oo and Lemma 2.4, we have
we€F(G)=VIC,AnVI(C,B). (3.23)
From (3.22) and (3.23), we have w € F. Since z,; —* w as j — 0o, we have

limsup(u — 20, % — 20) = lim (u — 2o, Zn; ~ 20)
n—o00 J—+oo

= {u— zg,w —2p) < 0. (3.24)

Step 5. Finally, we show that the sequence {z,} converges strongly to zo = Pru.
From the definition of z, and zg = Pru, we have

[Zn+1 = 20l|* = {lan(u — 20) + Br(Po(I = AalI = Tz = 20) + Ya(Wa — 20)||
<1Bu(Pe(l = AnlT = T))zn — 20) + Y (Wn ~ 20)||?
+ 20, (U — 20, Znt1 — 20)
< BullPe(I = Mn(I = T))zp = 20|° + v [ W — 20|
+ 20, (1 — 20, Zny1 — 20)
< Bnllzn = 20ll* + Yn l2n = 20]f* + 200 (u — 20, Znt1 — 20)
= (1 = an)||Zn — 20l|* + 2000 (4 ~ 20, Zny1 — 20)-

From the condition (i1), (3.24) and Lemma 2.5, we can conclude that the sequence
{zn} converges strongly to zgp = Pru. This completes the proof. O

From our main result, Lemma 1.1 and Lemma 2.6, we have the following
corollary:

Corollary 3.2. Let C be a nonempty closed convez subset of a real Hilbert space
H andletT : C — C be a quasi-nonezpansive mapping. Let A,B : C — H be o, B-
inverse strongly monotone mappings, respectively. Define the mapping G : C = C
by Gz = Po(I — MA)(ex + (1 — a)Pe(I — AeB)z) for all z € C. Assume F =
F(G)NF(T) # 0. Suppose that z1,u € C and let {z,} be a sequence generated by

Znt1 = @t + BnPo(l = An(I — T))2n + WmGzn, Yo > 1,

where A\ € (0,2a), Az € (0,28) and {an}, {Bn}, {1n} are sequences in [0,1]. Sup-
pose the following conditions holds:



Approximation Method for Fixed Points of Nonlinear Mapping ... 15

(i) an+Bntm=1,
(ii) limpsoo 0 =0 and Y oo ) an =00,
(iii) 0<a<B,<c<lforalln>1,

(iv) oA <ooand 0< A, <1,

v) Z;o=1 |@n41 — an| < 00, 2;:0.—_1 [Bn+1 — Bn| < o0, E;.;o=1 [An+1 — Anf < 00

Then {z,} converges strongly to 2o = Pru and (20, Yyo) is a solution of (1.8), where
Yo = Pc (I - /\23) 20-

4 Application

In this section, we prove strong convergence theorems involving the set of fixed
points of nonspreading mapping.
A mapping T : C — C is called nonspreading if

2|Tz - Ty|* < | Tz - y|* + | Ty ~ 2|, Vz,y € C.
The such mapping is defined by Kohsaka and Takahashi [19].

The following lemma is needed to prove in application.

Lemma 4.1 ([19]). Let H be a Hilbert space, let C be a nonempty closed convex
subset of H, and let S be a nonspreading mapping of C into itself. Then F(S) is
closed and convez.

In 2009, Kangtunyakarn and Suantai [20] introduced the S-mapping generated
by T1,T5,...,Ty and A1, Ay, ..., An as following. Let C be a nonempty convex
subset of a real Banach space. Let {T;}}L, be a finite family of (nonexpansive)
mappings of C into itself. For each j = 1,2,..., N, let oj = (a{,a%,ag) eIxIxlI,
where I € [0,1] and o + o} + o = 1. Define the mapping S : C — C as follows:

Up =1,

U, = a}Ton + a%Uo + a},I,
Uz = &2ToUs + 02U; + &1,
Us = a?TgUz + agUz + agI,

Un-1= af]_lTN_lUN_z + aév—lUN_z + azlgv‘—lla

S=Un= a{VTNUN_.l + aéVUN_1 + aQVI.

85



16 Thai J. Math. x (20xx)/ K. Cheawchan and A. Kangtunyakarn
This mapping is called an S-mapping generated by T1, T3, ..., Ty and ag, ag, ..., an.

For every i = 1,2,..., N. Put @} = 0 in Definition 4.1, then the S-mapping is
reduced to the K-mapping defined by Kangtunyakarn and Suantai [21] as follow-
ing. Let C be a nonempty convex subset of a real Banach space. Let {T,}fv=1 be
a finite family of mappings of C into itself, and let A1, Ag, ..., AN be real numbers
such that 0 < X; <1 for every i = 1,2,..., N. We define a mapping K : C — C as
follows:

Up =1,

Up=MTi+ (1= A,

Uz = AToU1 + (1 - A2)Un,
Us = \3T3U; + (1 — A3)Uq,

Un-1=AN-1Tn=1Un—2+ (1 = Ay—1)Unco,
K=Uy=ANTNUn-1+(1=AN)Un-1.

Such a mapping K is called the K-mapping generated by T3, To, ..., Ty and Ay, Ag, ...,
AN.

Lemma 4.2 ([22]). Let C be a nonempty closed convex subset of a real Hilbert
space H. Let {T3}{., be a finite family of nonspreading mappings of C into C
with ey F(T3) # 0, and let o = (od,ad,ad) e Ix I x 1, j=1,2,..,N, where
I=10,1] ,a{ +a£+a§ =1, a{, a% € (0,1) forall j =1,2,..,N -1 and af €
(0,1},a) €10,1) o} € [0,1) for all j = 1,2,...,N. Let S be the mapping generated
by Tl,Tz,...,T[\; and ai,ay,...,ay. Then F(S) = ﬂ;’il F(T;) and S is a quasi-
nonezpansive mapping.

Lemma 4.3 ([23]). Let C be a nonempty closed convex subset of a real Hilbert
space H. Let {T;}V., be a finite family of nonspreading mappings of C into itself
with ﬂf;l F(T;) # 0 and let A1, Az, ..., AN be real numbers such that 0 < A\; < 1
for everyi=1,2,..,N—1and 0 < Ay < 1. Let K be the K-mapping generated
by Ty, Ts, ..., T and Ay, Ag, .., An. Then F(K) = (), F(T:) and K is quasi-
nonerpansive mapping.

By using these results, we obtain the following theorems

Theorem 4.4. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let {T;}}L, be a finite family of nonspreading mappings of C into C with
ﬂf_’_‘l F(T;) # 0, and let o = (a{,aé,ag) eIxIxI, j=12,.. N, where
I=00,1 , ol +ad+cd=1, o, o} €(0,1) forall § =1,2,...,N -1 and oV €
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(0,1],a¥ €[0,1) a’z; €[0,1) for all j = 1,2,...,N. Let S be the mapping generated
by Ty, Ts,...,Tn and ay,qz,...,an. Let A,B : C — H be o, B-inverse strongly
monotone mappings, respectively. Define the mapping G : C — C by Gz =
Po(I = MA)(az + (1 — a)Pc(I — AeB)z) for allz € C. Assume F =VI(C,A)N
VI(C,B) NN, F(T:) # 0. Suppose that z1,u € C and let {z,} be sequence
generated by

Znt1 = @t + BuPc(I — Ap(I = 8))zn + WmGzn, Yn > 1,

where A\ € (0,2a), A2 € (0,28) and {an},{Bn}s {1} are sequences in [0,1]. Sup-
pose the following conditions hold:

(i) an+Bn+m =1,

(if) limpoyoo n =0 and Yoo o, = o0,

(iii) 0<a<PBn<c<lforalln>1,

(iv) YomliAn<ooand 0< A, <1,

(v) i lensr —an| <00, 000 1Bnt1 = Bnl < 00,507 [Ans1 = Anl < 00

Then {z,} converges strongly to zo = Pru.
Proof. By using Theorem 3.1 and Lemma 4.2, we obtain the conclusion. O

Theorem 4.5. Let C be a nonempty closed convez subset of a real Hilbert space
H. Let {T;}., be a finite family of nonspreading mappings of C into itself with
ﬂf_’__lF(T.') # 0 and let A1, Az, ...; AN be Teal numbers such that 0 < Ay < 1 for
every 1 = 1,2,.,N —1 and 0 < Ay < 1. Let K be the K-mapping generated
by 71, To,....,Tn and A1, A2, ..., \n. Let A B : C — H be o, B-inverse strongly
monotone mappings, respectively. Define the mapping G : C = C by Gz =
Po(I — M A)(az + (1 = a)Po(I — AgB)z) for allz € C. Assume F =VI(C,A)N
VIC,B)N ﬂf\;l F(T;) # 0. Suppose that z1,u € C and let {z,} be sequence
generated by

Tl = @+ BnPe(l = An(I = K))Zn + YnGzp, Yn > 1,
where A1 € (0,2a), Az € (0,28) and {an},{Bn}, {1} are sequences in {0,1]. Sup-
pose the following conditions hold:
(i) ant+Pat =1
(ii) limpyeo@n =0 and Yoo, an = 00,
(ifi) 0<a < B, <c<1 foralin>1,
(iv) 2 Adn<ooand 0< Ay, <1,
(v) Zoiilomsr — an] <00, 3507 1Bnt1 — Bal < 00,3507 [Ang1 — An| < 0.

Then {z,} converges strongly to zo = Pru.
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Proof. By using Theorem 3.1 and Lemma 4.3, we obtain the conclusion. 0O

The following result is direct proved from Theorem 4.4. Therefore, we omit
the prove.

Corollary 4.6. Let C be a nonempty closed convex subset of a real Hilbert space.
Let T be a nonspreading mappings of C into itself with F(T) #0. Let A,B:C —
H be o, B-inverse strongly monotone mappings, respectively. Define the mapping
G:C = C by Gz = Pc(I — MA)(az + (1 = a)Pc(I — A2B)z) for all z € C.
Assume F = VI(C,A)NVI(C,B) N F(T) # 0. Suppose that z1,u € C and let
{zn} be sequence generated by

Znt1 = ont + BuPe(l — AT — 1))z + 7 GTn, Y > 1,

where Ay € (0,20), Az € (0,28) and {an}, {Bn}, {7n} are sequences in [0,1}. Sup-
pose the following conditions hold:

(i) an+Bnt+m=1,
(ii) limpoooan =0 and Yoo i oy = 00,
(iii) 0<a<Pp<c<l foralln>1,

iv ®  An<ooand 0< h, < 1,
n=1

(v) E:o=1 |atn41 = an| < 00, E;";l [Brt1 = Bnl < o0, Z?:l Ant1 — Al < 00,

Then {zn} converges strongly to zo = Pru.
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Table 1. The values of the sequence {xn} in Example 4.2.1.

92

n n
u=x=-1 u=x,=5 =x =-1 u=x =5
1 -1 5 26 1.8056 2.1944
2 -0.4562 4.4562 27 1.8135 2.1865
3 0.0152 3.9848 28 1.8208 2.1792
4 0.3844 3.6156 29 1.8276 2.1724
5 0.6701 3.3299 30 1.8338 2.1662
6 0.8911 3.1089 31 1.8396 2.1604
7 1.0629 2.9371 32 1.8451 2.1549
8 1.1975 2.8025 33 1.8501 2.1499
9 1.304 2.696 34 1.8549 2.1451
10 1.3891 2.6109 35 1.8593 2.1407
11 1.4577 2.5423 36 1.8635 2.1365
12 1.5138 2.4862 37 1.8674 2.1326
13 1.5602 2.4398 38 1.8711 2.1289
14 1.5988 24012 39 1.8747 2.1253
15 1.6315 2.3685 40 1.878 2.122
16 1.6593 2.3407 41 1.8811 2.1189
17 1.6833 2.3167 42 1.8841 2.1159
18 1.7041 2.2959 43 1.887 2.113
19 1.7223 2.2777 44 1.8897 2.1103
20 1.7384 2.2616 45 1.8923 2.1077
21 1.7527 2.2473 46 1.8947 2.1053
22 1.7655 2.2345 47 1.8971 2.1029
23 1.777 2.223 48 1.8993 2.1007
24 1.7874 2.2126 49 1.9015 2.0985
25 1.7969 2.2031 50 1.9035 2.0965
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n n

=x,=-1 u=x,=5 u=x,=-1 =X, =
s1 1.9055 2.0945 76 1.9375 2.0625
52 1.9074 2.0926 77 1.9384 2.0616
53 1.9092 2.0908 78 1.9392 2.0608
54 1.911 2.089 79 1.94 2.06
55 1.9127 2.0873 80 1.9407 2.0593
56 1.9143 2.0857 81 1.9415 2.0585
57 1.9159 2.0841 82 1.9422 2.0578
58 1.9174 2.0826 83 1.9429 2.0571
59 1.9188 2.0812 84 1.9436 2.0564
60 1.9202 2.0798 85 1.9443 2.0557
61 1.9216 2.0784 86 1.945 2.055
62 1.9229 2.0771 87 1.9456 2.0544
63 1.9242 2.0758 88 1.9463 2.0537
64 1.9254 2.0746 89 1.9469 2.0531
65 1.9266 2.0734 90 1.9475 2.0525
66 1.9277 2.0723 91 1.9481 2.0519
67 1.9289 2.0711 92 1.9487 2.0513
68 1.9299 2.0701 93 1.9492 2.0508
69 1.931 2.069 94 1.9498 2.0502
70 1.932 2.068 95 1.9503 2.0497
71 1.933 2.067 96 1.9508 2.0492
72 1.9339 2.0661 97 1.9514 2.0486
73 1.9349 2.0651 98 1.9519 2.0481
74 1.9358 2.0642 99 1.9524 2.0476
75 1.9367 2.0633 100 1.9529 2.0471




Table 2. The values of sequences {x,,} s {u } and {v"} in Example 4.2.2.

n
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u=x=-1 u=x,=5
n n
xn un vn xn un vn
1 -1 0 0.5 1 5 4 3.5
2 -0.475 0.425 0.35 2 4475 3.575 3.65
3 0.017 0.7606 0.5127 3 3.983 3.2394 3.4873
4 0.3988 1.0088 0.719 4 3.6012 2.9912 3.281
5 0.6896 1.1936 0.908 5 3.3104 2.8064 3.092
6 0.9116 1.3329 1.0671 6 3.0884 2.6671 2.9329
7 1.0823 1.4392 1.197 7 29177 2.5608 2.803
8 1.2149 1.5213 1.3022 8 2.7851 24787 2.6978
9 1.3192 1.5856 1.3872 9 2.6808 2.4144 2.6128
10 1.4021 1.6366 1.4564 10 2.5979 2.3634 2.5436
11 1.4688 1.6775 1.5131 11 2.5312 2.3225 2.4869
12 1.5233 1.7108 1.5599 12 2.4767 2.2892 2.4401
13 1.5682 1.7383 1.599 13 24318 2.2617 2.401
14 1.6057 1.7612 1.632 14 2.3943 2.2388 2.368
15 1.6374 1.7805 1.66 15 2.3626 2.2195 2.34
16 1.6644 1.797 1.6841 16 2.3356 2.203 2.3159
17 1.6877 1.8111 1.705 17 23123 2.1889 2.295
18 1.7079 1.8235 1.7233 18 2.2921 2.1765 2.2767
19 1.7257 1.8343 1.7394 19 2.2743 2.1657 2.2606
20 1.7414 1.8438 1.7537 20 2.2586 2.1562 2.2463
21 1.7554 1.8523 1.7665 21 2.2446 2.1477 2.2335
22 1.7679 1.8599 1.778 22 2.2321 2.1401 2222
’ 23 1.7792 1.8667 1.7884 23 2.2208 2.1333 2.2116
24 1.78%4 1.8729 1.7978 24 2.2106 2.1271 2.2022
25 1.7987 1.8786 1.8064 25 2.2013 2.1214 2.1936
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u=x=-1 u=x,=5
n n
xn un vn xn un vn

26 1.8072 1.8837 1.8143 26 2.1928 2.1163 2.1857
27 1.815 1.8885 1.8216 27 2.185 2.1115 2.1784
28 1.8222 1.8928 1.8283 28 2.1778 2.1072 2.1717
29 1.8288 1.8968 1.8345 29 2.1712 2.1032 2.1655
30 1.835 1.9006 1.8403 30 2.165 2.09%4 2.1597
31 1.8407 1.904 1.8457 31 2.1593 2.096 2.1543
32 1.8461 1.9073 1.8507 32 2.1539 2.0927 2.1493
33 1.8511 1.9103 1.8554 33 2.1489 2.0897 2.1446
34 1.8557 1.9131 1.8599 34 2.1443 2.0869 2.1401
35 1.8601 1.9158 1.864 35 2.1399 2.0842 2.136
36 1.8643 1.9183 1.8679 36 2.1357 2.0817 2.1321
37 1.8682 1.9206 1.8716 37 2.1318 2.0794 2.1284
38 1.8718 1.9228 1.8751 38 2.1282 2.0772 2.1249
39 1.8753 1.9249 1.8784 39 2.1247 2.0751 2.1216
40 1.8786 1.9269 1.8816 40 2.1214 2.0731 2.1184
41 1.8817 1.9288 1.8845 41 2.1183 2.0712 2:1155
42 1.8847 1.9306 1.8874 42 2.1153 2.0694 2.1126
43 1.8875 1.9323 1.8901 43 2.1125 2.0677 2.1099
44 1.8902 1.9339 1.8926 44 2.1098 2.0661 2.1074
45 1.8927 1.9355 1.8951 45 2.1073 2.0645 2.1049
46 1.8952 1.9369 1.8974 46 2.1048 2.0631 2.1026
47 1.8975 1.9383 1.8997 47 2.1025 2.0617 2.1003
48 1.8997 1.9397 1.9018 48 2.1003 ‘2.0603 2.0982
49 1.9019 1.941 1.9038 49 2.0981 2.059 2.0962
50 1.9039 1.9422 1.9058 50 2.0961 2.0578 2.0942
51 1.9059 1.9434 1.9077 51 2.0941 2.0566 2.0923
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u=x,=-1 u=x,=5

n n

xn un vn xn un vn
52 1.9078 1.9445 19095 | 52 | 2.0922 2.0555 2.0905
53 1.9096 1.9456 19113 | 53 | 2.0904 2.0544 2.0887
54 1.9113 1.9467 19129 | 54 | 2.0887 2.0533 2.0871
55 1.913 1.9477 19146 | 55 2.087 2.0523 2.0854
56 1.9146 1.9486 19161 | 56 | 2.0854 2.0514 2.0839
57 1.9162 1.9496 19176 | 57 | 2.0838 2.0504 2.0824
58 1.9177 1.9505 1.9191 58 | 2.0823 2.0495 2.0809
59 1.9191 1.9514 19205 | 59 | 2.0809 2.0486 2.0795
60 1.9205 1.9522 19218 | 60 | 2.0795 2.0478 2.0782
61 1.9218 1.953 1.9231 61 | 2.0782 2.047 2.0769
62 1.9232 1.9538 19244 | 62 | 20768 2.0462 2.0756
63 1.9244 1.9546 19256 | 63 | 2.0756 2.0454 2.0744
64 1.9256 1.9553 19268 | 64 | 20744 2.0447 2.0732
65 1.9268 1.956 19279 | 65 | 2.0732 2.044 2.0721
66 1.928 1.9567 1.929 66 2.072 2.0433 2.071
67 1.9291 1.9574 1.9301 67 | 2.0709 20426 | 2.0699 "
68 1.9301 1.958 19311 | 68 | 2.0699 2.042 2.0689
69 1.9312 1.9586 19322 | 69 | 2.0688 2.0414 2.0678
70 1.9322 1.9592 19331 | 70 | 2.0678 2.0408 2.0669
71 1.9332 1.9598 1.9341 71 | 2.0668 2.0402 2.0659
7 1.9341 1.9604 1.935 72 | 20659 2.0396 2.065
73 1.9351 1.961 19359 | 73 | 2.0649 2.039 2.0641
74 1.936 1.9615 19368 | 74 2.064 2.0385 2.0632
75 1.9368 1.962 19377 | 75 | 2.0632 2.038 2.0623
76 1.9377 19625 | 19385 | 76 | 2.0623 2.0375 2.0615
71 1.9385 1.963 19393 | 77 | 2.0615 2.037 2.0607
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u=x=-1 =x =
n n
xn un V, xn un Va

78 1.9393 1.9635 1.9401 78 2.0607 2.0365 2.0599
79 1.9401 1.964 1.9409 79 2.0599 2.036 2.0591
80 1.9409 1.9645 1.9416 80 2.0591 2.0355 2.0584
81 1.9416 1.9649 1.9423 81 2.0584 2.0351 2.0577
82 1.9424 1.9654 1.9431 82 2.0576 2.0346 2.0569
83 1.9431 1.9658 1.9437 83 2.0569 2.0342 2.0563
84 1.9438 1.9662 1.9444 84 2.0562 2.0338 2.0556
85 1.9444 1.9666 1.9451 85 2.0556 2.0334 2.0549
86 1.9451 1.967 1.9457 86 2.0549 2.033 2.0543
87 1.9457 1.9674 1.9464 87 2.0543 2.0326 2.0536
88 1.9464 1.9678 1.947 88 2.0536 2.0322 2.053

89 1.947 1.9682 1.9476 89 2.053 2.0318 2.0524
90 1.9476 1.9685 1.9482 90 2.0524 2.0315 2.0518
91 1.9482 1.9689 1.9488 91 2.0518 2.0311 2.0512
92 1.9488 1.9692 1.9493 92 2.0512 2.0308 2.0507
93 1.9493 1.9696 1.9499 93 2.0507 2.0304 ?:9501
94 1.9499 1.9699 1.9504 94 2.0501 2.0301 2.0496
95 1.9504 1.9702 1.9509 95 2.0496 2.0298 2.0491
96 1.9509 1.9705 1.9514 96 2.0491 2.0295 2.0486
97 1.9515 1.9708 1.952 97 2.0485 2.0292 2.048

98 1.952 1.9711 1.9524 98 2.048 2.0289 2.0476
99 1.9525 1.9714 1.9529 929 2.0475 2.0286 2.0471
100 1.9529 1.9717 1.9534 100 2.0471 2.0283 2.0466




APPENDIX C.

MATLAB PROGRAMMING
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An example of Matlab program for finding numerical solutions of Theorem 3.1 with all

parameters satisfy all conditions of Theorem 3.1.

function Theoreml
x=[], p=(J;
fprintf('Program computes Theorem 3.1 \n \n');
fprintf('Input Value:\n');
i LG e N
u = input(u :");
rhol = input('thol :');
rho2 = input('rho2 :');
a=input(a : ");
x(1) = input(x(1) : ");
N = input('round of calculation : *);
FOrintf* % # 4k bbbk Rk AR R R R AR R R KRR R R R R R\
for i=1:(N-1)
be = (a*x(i))+((1-a)*(x(i)-(rtho2*B(x(i)))));
x(i+1) = (Alpha_n(i)*u)+(Beta n(i)*(x(i)-(Lamma_n(i)*(x(i)-
T(x(1)))))+(Gamma_n(i)*(be-(rhol*A(be))));
end
p=L:1L:N;
fid = fopen('D:\myoutputl_2.txt','w");
fprintf(fid,'n \t\t x(n) \r \n');
fori=1:N
fprintf(fid, % d \t\t % .4 \r \n',p(i),x(@));
end

fclose(fid);

plot(p,x);
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grid on;

title ('Fixed point problem'),
ylabel ('x (n)");

xlabel ('n');

end

function k1=A(t)
k1=(t-2)/3;

end

function k2=B(t)
k2=(t-2)/5;

end

function k3=Alpha_n(n)
k3=1/(2*n);

end

function k4=Beta_n(n)
k4=((3*n)-1)/(16*n);

end

function k5=Gamma_n(n)
k5=((13*n)-7)/(16*n);

end

function k6=Lamma n(n)
k6=1/2*(n"2));

end
function k7=T(n)

k7=(n+2)/2;

end
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Example of Matlab program to find numerical solutions of Theorem 3.3 with all

parameters satisfy all conditions of Theorem 3.3.

function Theorem?2

x=(1, p=[], w={),v=(];

fprintf("Program computes the fixed point of system of variational inequalities \n \n');

fprintf{'Input Value:\n');

FprINtR(* ko ok bk b R AR A Rk )

ustart = input('u : ");

lamdal = input('lamdal :');

lamda2 = input('lamda2 :');

a=input('a :");

x(1) = input('x(1) : 7);

N = input('round of calculation : '),

Fprintf/ %% Frskon ko ko ok ok ok ok ok ok ')
for i=1:(N-1)

u(i) =((4*r_n(@)>+x@D))/(1+2*r_n()));

v() =((6*s_n(D))+x(@)/(1+(3*s_n(i));

be = (a*v(D))+((1-a)*(v(i)-(lamda2*B(v(i)))));

x(i+1) = (Alpha_n(i)*ustart)+(Beta_n(i)*x(i))+(Gamma_n(i)*(u(i)-

(Lamma_n(i)*(u@)-T(u(@))))+(Delta_n(i)*(be-(lamdal*A(be))));

end
p=1::N;
q=1:1:(N-1);

fid = fopen('D:\myoutputThm2_2.txt','w");
fprintf{(fid,'n \t\t x (n) \t\t\t u (n) \t\t\t v(n) \r \n');
for i=1:(N-1)

forintf(fid,'% d \t\t % .41 \t\t % 4f M\t % .41 \r \n',p(D),x(1),u(@),v(D));



end
fprintf(fid,'% d \t\t % .4f \r \n',p(i+1),x(1));
fclose(fid);
plot(p,x,'r',q,u,v',q,v,'’k)
grid on;
hlegl = legend('x (n)','u (n)','v (n)");
title ('Fixed point problem’);
ylabel ('x(n),u(n),v (n));
xlabel ('n");

end

function k1=A(t)
k1=(t-2)/3;

end

function k2=B(t)
k2=(t-2)/5;

end

function k3=Alpha n(n)
k3=1/(2*n);

end

function k4=Beta_n(n)
k4=((3*n)-1)/(16*n),

end

function k5=Gamma_n(n)
k5=((10*n)-3)/(16*n);

end
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function k6=Delta_n(n)
k6=((3*n)-4)/(16*n);

end

function k7=Lamma_n(n)
k7=1/2*(n"2));

end

function k8=r_n(n)
k8=n/((3*n)+1);

end

function k9=s_n(n)
k9=1/(3*n);

end

function k10=T(n)
k10=(n+2)/2;

end
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