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CHAPTER 1

Introduction

1.1 Water pollution

The increases in an industrial occupation is the principal reason for the growth of pollution.
Waterquality must be protected and maintained for several uses, the principal ones being
domestic water supply, energy production, industry, agriculture, fish and wildlife. The highest
priority use is domestic water supply, with priorities for other uses depending largely on local or
reginal conditions and factors. Water pollution can affect humans in many ways, depending on
the purpose for which the water resources are to be used. Since it affects human lives, it is health
problem.

The term to pollute may be defined as to destroy the purity of or to make foul or dirty. Water
pollution may therefore be defined as the alteration of the characteristics of a receiving water
body in such a way as to make it unfit for one or more specific uses. To state it another way,
pollution refers to the changes in the natural physical, chemical, and biological characteristics of a
receiving water caused by the discharge of any material into that water that detracts from
beneficial use.

Control of pollution is necessary of the protection of the water environment and the maintenance
of acceptable quality in rivers, lakes, reservoirs, streams, estuaries, oceans, and groundwater. The
standard, in turn, will depend on thee uses to be made of the receiving water: water supply,
fishing-wildlife, industrial, and other uses.

The methods to detect the amount of pollutant both in the air and water mostly are conducted by a
field measurement and a mathematical simulation.In essence the mathematical model offers a
quantitative framework to integrate the diverse physical, chemical and biological information that
constitute complex environment systems. Beyond solving a particular pollution problem, models
provide a vehicle for an enhanced understanding of how the environment works as a unit.

Consequently they can be of great value in both research and management contexts.



Civil engineers become involved in the development of water treatment plants, distribution
networks and wastewater collection systems. They began to design urban water and wastewater
systems.They also has a wastewater treatment plant. The waste water discharged to rivers, lakes
and estuaries into large sewers. However, the high cost of building sewage treatment plant.
Consequently some design goal had to be established that would protect that environment
adequately but economically.

Today water-quality management has moved well beyond the urban point-source problem to encompass
many other types of pollution. In addition to waste-water, we now deal with other point sources such as
industrial wastes as well as nonpoint inputs such as agricultural nunoff. However, as depicted water-

quality model still provides the essential link to predict concentration as a function of loadings.

1.2 Objectives

To apply the hydrodynamic model with variable coefficients and the advection-diffusion
equations with variable coefficients to the water pollution problem in a uniform reservoir. The
convection and diffusion of the pollutant, the concentration of pollutant at any point in the
domain can be approximated by the finite difference method. The unsteady state flows can be
considered. The velocity of the current can be formulated and computed from the hydrodynamic

model as the input data to the dispersion model.

1.3 Scope of the thesis

The scope of the thesis restricted to the application of the finite difference method to the water
pollution problem in reservoir, measurement, in the cases of unsteady flows with rectangular

boundaries.



1.4 Plan of the thesis

In this thesis, the computation of the unsteady water quality measurement involved the
hydrodynamic model and the dispersion model with variable coefficients in the case of simply
domain boundary and uniform bottom topography. Two mathematical models are used to
simulate pollution due to sewage effluent in the uniform channel and the uniform reservoir with
varied current velocity. The first is the hydrodynamic model that provides the velocity field and
elevation of the water flow. The second is the dispersion model with variable coefficients that
gives the pollutant concentration field. In the simulating processes, we used the finite difference
methods to both of hydrodynamic model and the dispersion model. The accuracy of the models
are compared with the analytical solution.

All of the computer programs which appears in this thesis are coded by following the modified

numerical method. These are developed and constructed by using MATLAB programming.

1.5 Expected results

The expected results of this thesis are the applicable model of water pollution assessment water
pollution treatment in the reservoir, and the applicable of the hydrodynamic model for water current

direction.



CHAPTER 2

A couple mathematical models of water quality assessment in

a uniform reservoir

2.1 Surface motions on shallow water

The tidal current is modeled in a two-dimensional uniform reservoir as Fig 2.1, that represent a
regular shape domain boundary domain, by using the shallow water equations. In this section, we
will give the basic equations which describe the continuity equation and the equation of motion,

Both of the equation are basic to describe the shallow water equations.

2.2 The water pollution computation in the uniform reservoir

In this section, two mathematical models are used to simulate pollution due to sewage effluent in
the uniform reservoir with varied current velocity. The first is the hydrodynamic model that
provides the velocity field and elevation of the water flow. The second is the dispersion model
with variable coefficients that gives the pollutant concentration fields.

Averaging the equation over the depth, and discarding the term Coriolis force, shearing stresses
and surface wind, it follows that the two-dimensional shallow water and advection-diffusion

equations are applicable.

Since the reservoir is near the equator, it is not too deep and its underneath is flat, then we can
omit Coriolis parameters, shearing stresses. Moreover, our reservoir is in rural place which is so
far from the sea, then there is very low land breeze. Consequently, we do not consider surface

wind.



Fig 2.1: A uniform reservoir

2.2.1 The hydrodynamic model in the uniform reservoir
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Fig 2.2: Shallow water current

The continuity and momentum equations are governed by

the hydrodynamic behavior of the

reservoir. Averaging the equations over the depth, discarding the term due to Coriolis parameters,

shearing stresses and surface wind. We now introduce the well-known two-dimensional shallow

water equations as Fig 2.2 [1]

S+ 2+ Ol h+ O] =0,
@ . .
o B
%+g%=o,

2.1

(2.2)

(2.3)



where h(x, y) be the depth measured from the mean water level to the bed of the reservoir,
§(x, y,t) is the elevation from the mean water level to the temporary water surface or the tidal
elevation, g is the acceleration due to gravity, and u(x, y,#) and v(x, y, ) are the velocity in X
and y directions, respectively, for all (x, y) €[0,/]x[0,/]and [ is a length the regtangular.We

assume that 4 is a constant and the water elevation so smaller than the depth, {4 . Then

{(x, ¥, t) + h(x,y) =h (x,y,t) . Then equations

¢ ov
n o, .
o T ey @4)
ou 04
-—+ —=O, .
o & ox 25)
o¢
atty " 26

|

We will consider the equation in dimensionless problem by lettingU = u / J gh,V=v/ \/ gh,

X=x/1,Y=yll,Z={/handT = t\/gh /1. Substituting them into equation (2.4-2.6)

From Eq. (2.4),we have 04’ h hubad + h @ =0
ot ox oy
Then ozh_, ohU \Jgh /i onv [gh R} %
5 7l X1 oYl 2.7

Jeh
that is h‘/— ZZ hgh ZU " =0,

T X 1 aY 28
it follows that aZ+6U+3V =0. (2.9
oT oX oY ’
ou o¢
From Eq. (2.5),we h —+&==0,
rom Eq. (2.5),we have Py gax
, oU g -
we can obtain that 5 I +gaXl =0. (2.10)
N
. §h3U gh 32 _

] aT | ax 2.11)



it follows that

From Eq. (2.6), we have

we can obtain that

Then

it follows that

artax =Y @.12)
o¢ _
at T8y T
aVJ_
6— aYl : (2.13)
N
ghov o _gh ghoz _
] oT 1oy (2.14)
ov oV oZ oz _
oT aY : (2.15)

In order to solve the equations in €2 x [0, "] where Q = (0,1) x (0,1) . From (2.9), (2.12) and

(2.15), we obtain

9Z ou oV _,

or ox oy (2.16)
a_U+%.—O
oT  ax ' (2.17)
ooz _
aT oY . (2.18)

If there is the frictional force due to the drag of side of the reservoir and averaging the equation

over the depth, then

6Z+6U+8_V 0, (2.19)

(1+XY)dT &x &Y
oU oZ
—+( —=0, .
T+(+XY)6X (2.20)

14 oz
Zr+x)E =0,
o ( )aY (2.21)



with the initial conditions U =0, ¥ =0and Z = f(x, y) . The boundary conditions =0,

%(—]-=Oattheplane8x=0andx=1', and U=O,%=Oattheplanesy=0and y=1,and
X

Z=0at 6Q
A 4
1 -a———=0,U=0
: oy
oU ouU
—=0 V=0 —=0 V=0
ox ’ Q ox ’
0 1 > X
¥ o 8o
Oy

Fig 2.3: A domain of uniform reservoir
2.2.2 Dispersion model

2.2.2.1 Advection-Diffusion-Reaction equation

Numerous types of water motion transport matter within natural waters. Wind energy and gravity
impart motion to the water that leads to mass transport. In the study within-system motion can be
divided into two general categories: advection and diffusion.

The advection result is unidirectional and does not change the identity of the substance being
transported. Advection moves matter from one position in space to another. Simple examples of
transport primarily of this type are the flow of water through a lake’s outlet and downstream
transport due to flow in a river or estuary.

Diffusion refers to the movement of mass due to random water motion or mixing. Such transport
causes the dye patch depicted to spread out and dilute over time with negligible net movement.
The dispersion of the concentration is described by the convection-diffusion equation[11] in an

arbitrary domainQ c R",n=1,2,3

or o2
_5t_+y-Vz'—DV T, (2.22)



where

v isdeﬁnedby-a—i+ij+£k,
ox oy~ oz

o8 ¢ 9
v? is the Laplacian operator pY] +—
X

o o
7(x,t) is a concentration term,

y(x,t) is a velocity term,

D is a molecular diffusivity.

Both 7 and y are function of position x and time ¢ . The domain boundary can be classified into
two types, that are ), with specified concentration and €2, with specified flux of concentration,
and total boundary 5Q is dQ =0, UQ,andQ, U, = . The boundary condition
concerning C are given as follows: the concentration is specified in part of the boundary on Q,,
and the diffusive flux in the exterior normal direction is specified on the rest of the boundary on

Q, are

C=Cyon Q, (2.23)

oC
—D e Q,. (2.24)

If the boundary is a non-absorbing or reflexive boundary, then we can put T, =0. If a discharge
of the mass is instantaneous, the amount of the discharge can be considered in the initial condition

C, = C, is, where C, is a constant.

2.2.2.2 The non-dimensional form of the two-dimensional unsteady advection-diffusion
equation with constant coefficients
In this section, a mathematical model for described the dispersion of the concentration in two-

dimensional domain eg. Lake, reservoir, estuaries or another nearly closed water area, will be
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present. In this case, the dispersion of the concentration is described by the steady convection-

diffusion equation with constant coefficients in two-dimensional domain 2 R?

2 2
%—f+u2—f+v%—ngx—§—Dy%y—f+RC—Q=0, (2.25)
where
C(x,y) : concentration at the point(x, y) in Q (kg/m"),
u,v : flow velocity in X, Y directions (m/sec),
D,,D, : diffusion coefficients in X, ¥ direction (m* /sec)s,
R : the substance decaying rate (sec™),
QO : the increasing rate of substance concentration due to a source (kg / m’sec).
The domain boundary can be of two types : S, with specified concentration and S, with

specified flux of concentration, and total boundary I"'is I"=S; U S, . The boundary condition on S,

and 5, are

C=Cyon §,,

(2.26)
o a—Ccos()c,n)+zj-sin(y,n) =T, on §,.
on ox oy 2.27)
By omitting the term of reaction equation, we have
oc oC oC o’Cc o C
—t+u—+v-—=D| —+— |, (2.28)
ot ox oy ox~ 0Oy
We will transform the equation (2.28) into dimensionless equation by letting,
C' = g or C=CU, (2.29)
U
.« u .
U =— or u=ulU, (2.30)
U
. v -
Vo =— or v=vU, 2.31)
U
. X .
x =7 or x=xl, 2.32)
y =% oo y=yl, (2.33)
t = ﬂ or t= ﬂ , 2.34)
l U
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where U is absolute maximum of vector ¢ and vector v, i.e, U =max{u,v}. Substituting

Eq.(2.29)-(2.34) into Eq.(2.28), we have

* * - 2 * 2 *
6(C‘U)+ (u.U)a(c.U)Jr(v.U)a(c 'U)z 0 (c: zi)+a (c,i Uz) 239
a(%) o(x1) a(y'1) a(x1)  a(y1)
vec , .. UsC ;.. UdC U d*C’ U62C
Ta U 0T 5= (1 P ay‘z) 239
U
Utec'  JU*eC"  .U*oC U(GZC' azc‘]
i e =D e | (2.39)
1 ot I ox 1oy Ilax® oy

The non-dimensional form of the two-dimensional unsteady advection-diffusion equation with

constant coefficients becomes,
ac’ .oC"  .oC’ _D(&C o'C
+u —+V vt | (2.40)
ot ox 6y U ox Oy




CHAPTER 3
Numerical computations of
the hydrodynamic model and the dispersion model
3.1 The numerical solution for the hydrodynamic model

The hydrodynamic model provides the velocity field and elevation of the water. The calculated
result of the model are input to the dispersion model, which provides the pollutant concentration
field.

The equations (2.19)-(2.21) can be written in the form

a—Z=OaW'—aW2+06W3+OaW’+OaWZ—aW3,
oT Ox Ox Ox oy oy Oy 3.1
y=—(1+w)am+oa%+oam+oam+06W2+06W3, (3.2)
oT ox Oox Ox oy oy oy
%=06W‘+OaWZ+OaW3—(l+xy)aW‘+OaWZ+OaW3.
oT Ox Ox ox oy oy Oy 3.3)
It can be obtain in the matrix form
3.4)
6W=A6W+BOW’
oT oX oY
where
W, 0 -1 0 0 0 -1
W=|W, ,A=|-(1+XY) 0 0 and B= 0 0 0], (3.5)
W, 0 0 0 -(1+XY) 0 O

inwhich W, =Z ,W,=U ,W,=V.

We now discretize by diving the interval [0, l] into L and M subintervals such that
LAX =1and MAY =1, and the interval [0, 7] into N subintervals such that NAT =T .
We can then approximate W] (X YT, ) by W}, . » value of the difference approximation of

W, (X,Y,T)atpoint X =/AX ,Y =mAY andT = nAT ,where0</<L,0<m<Mand
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0 < n < N ,and similarly defined for 7}, , and Wy . The grid point (X s Yo I, ) are defined by
X, =IAX foralll =0,1,2,...,L, ¥, =mAY forallm=0,1,2,...,M and 7, = nAT for all
n=0,1,2,...,Nin which L , M and N are positive integers. Using Lax-Wendroff method for

variable coefficient[2], we get the following finite difference equation

" 1 1 1 1
W;.;‘ =|:I+—2-pA(Ax +Vx)+5pB(Ay +Vy)+'5p2A2AxVx +EszszVy

+-;—(AB+BA)(A,‘ +V. )4, +Vy)]U,'f,,,, (3.6)
where
Wi
Wi =\ W LAT =Wty =W and VI =W =W\, (5 )

n
VVBI,m

and p =At/Ax. Then

Im™x " x""lm

Wit = Wi b o pA (B, 40 W0 4 P8, +9 I 42 AL A I

+%p282 A V VI/I:’m +_18-p2(Al,mBl,m +B1,mAl,m)(Ax +Vx)(Ay +VJ,)VI/[::” L4

LmSy Yy (3.8)
Consider the second term, we have
1 n 1 n 1 n
E pAI,m (Ax + VJr)I/VI,m = E pAl,mAxVVI,m + —2' pAI,mVxPVI,m 4
1 n n 1 n n
= 5 pAl.m (pV1+1.m - VVI,m ) + 5 pAI.m (VVI.m - I/V;-l.m ) ’
1 n i
= —i pAl,m( I+1,m - I/I/l—l,m )'
(3.9)
Consider the third term, we have
l n 1 n 1 n
EpBl,m(Ay + Vy)le,m = 5 Bl,mAyle,m +§pBl,mVyle,m L
1 " _ " "
= E pBI,m (VVI,mH - VVI.m ) + _2— pBl,m (VVI,m - VVI,m-l ) ’
1 n "
== PBl,m( Im+l pVI.m-l ) (3.10)

2
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Consider the forth term, we have

-;—pzAzAVW,f'm=—i:p2(A DALY+ A,V A D)W

l,m=x " x Im—x“Um" x Im " x“,m—x lm?

= %pzAl.m [AxAl.m (pVI:’m - I/Vlﬁl.m ) + VxAI,m (VVI:Lm - pVI"m )] ?

= %pzAl,m [AxAI,mpVITm - Ax‘Al,mpVIt'-l,m + VxA W”

Im' 7 I1+1,m

- VxAl,mI/VI:'m :| ’

= P Al = AP )~ B )
(s = Ao Vi) = AP = AP0
Consider the fifth term, we have
% p*Bl AN W = % p*(B,,A,B, Y, +B V. B AW,
= DBl B O )+ B P L)
= BB = 0B stV B =V, BT
= 2 BB By =B )~ B~ B ). G12)

Consider the sixth term, we have

1 "
g p2 (Al.mBI,m % Bl,mAl,m)(Ax + Vx)(Ay + Vy)I/VI,m
1 n
= g p2 (4B, + B A JAA, + AV, + NP V.V, W s

+BI,mAI,m)[AxAyVVIZn +AxVyVVl;n +VxAyVVI7m +VxVyVVI;n]!

]

1
= g p2 (Al,mBI
1 n n n n
= —8- p2 (Al,mBl,m + BI,mAI,m )[Ax (VVI,mH = I/Vl,m) + Ax (PVI,m - I/Vl,m-l)
+Vx (VVI:'mH - VVI:,m) + Vx (VVI:lmH - I/I/l:in—l )]’
= —;—pz (AI.mBI.m + BI.mAI.m )[Axlef,m-H - Axl‘/Vlflm + AxPVI?m - AxI/VI;n—l

+Vxn/1.nm+l - VJ:VVI:'m + VxVVI:n - VA:I/VIf'm—l ]’

1 n n n n
= —8— p2 (AI,mBl.m + Bl,m Al,m )[(VVI+],m+l - I/Vl,m+l) - (VVIH,m—l - VVI,m—l)
+(VV/:’m+l - VVI’—1I,m+I )— (VV/:'m—x - VVIZI,m-l )L,

1 n n n n
- § p i (Al,mBI,m + BI,mAI,m )[W1+1,m+1 - Wl+1,m—1 - Wl-x,m+1 + Wl—l,m-l]- (3.13)



15

From equation (3.8)~(3.13) and / is the unit matrix of order 3 and p = Af / Ax . It obtained the general

form of finite difference equation,

n+ n 1 n
R (7

I,m I+l,m

-W ) + % PB,, (W"

{,m+1

- VVI:'m-l )
+ % pzAl,m [( A Wiim = AW ) - (A1+1,mW;7m = A Wiim )

m

+ (Al,m PI/vl’-:-l,m - Al—l,m VI/IT ) - (Al,m uyl:'m - AI—I,m Ill'llzl,m )]

+ % szl,m [(BI,meVI:’mH - BI,mVVl:n ) - (BI,mHI/VI,’:n - Bl,mVVI:lm—l )

W)

:'-l,m+l Y I/Vl'-:-l,m--l 7 I/Vlzl,mﬂ + Wﬁl,m—l] ’ (314)

+(B,,. 7,

I,m+l]

-B

I,m-1

I/Vl?m ) = (Bl,mVVl:'m -B

I,m-1

1
+§ pz(Al,mBl,m g BI,mAl,m)[VVI

3.2 The numerical method for dispersion model

The distributed pollutant process satisfies the mass transfer equation, which includes
transportation and diffusion. We now introduced the unsteady advection-diffusion equation with

variable coefficient in a uniform reservoir,

ocC u \oC v oC 9’C 8 C
— —_— — =D --T-I--—z'), (3.15)
ot +xp)ox \l+xy)dy ox® Oy

where C(x, y,£) is the concentration averaged in depth at the point(x, y)and at time t, Dis the

diffusion coefficient and #(x, y,t) and v(x, y,¢) are the velocity component in x and y direction

respectively. The initial condition is C(x,y,0)=g(x,y)at ¢=0and the non-absorbing

oc
boundary condition is assume to be T =0 onaQ, where g(x, y) is given.
n

We now discretize by diving the interval [0, 1] into L and M subintervals such that LAx =1and
MAy =1, and the interval [0, T']into N subintervals such that. NAz=T

We can then approximate ¢ (x;, ¥,,,t, )by}, value of the difference approximation of
C(x,y,t)atpoint x = [Ax,y =mAyand ¢ = nAt ,where0< I < L,0<m < M and

0<n < Nwhere u, =U/, \/g—h andv;, =V, \/g—h . Using Forward difference in time and

Backward difference in space (FTBS), we get the following finite difference equation
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where A = At/ Ax*. We can obtain the explicit form as

CI':;] - C;:m + uln,m Cl’:m - C‘l”—l,m + vl':m C;:m B Clr:m-l
At 1+xy Ax 1+xy Ay

— 2 CI’-’H,m _2C1':mz+ CI'i-l,m + Cl’:m+1 _2C;:I"2+ CI’:”"I J , (316)
U (Ax) (&)

v (Ax)’ (&)’

_ uln,m Cl’:m —Cl—l,m _ VZm Cl':m P CI':m—l A t+ Cm (3 17)
l + xl,myl,m Ax 1 + xl,myI,m Ay -

2MIDCE,.  AIDC)

I,m-1

CI":: _ [D [Clll-l,m —ZCI':m + Cln—l,m + CI':m+l - ZC;:m + C'I’:m—l J

_AIDC,

1+1,m _

2ADC],  MDCL,  ADC
U(ax)  U(A) . U(Ax)

Lm+l
2

Aty CT
2 > T A\ —
UlyY  Uy)  U®y) Ax(1+x,0)

MGl LG ANLCL 618)
Ax(l+x1.myl,m) Ay(l+x1,myl,m) Ay(l+x1,myl,m) ,

D . D g R D ., D . ;D
=4 U Cram =24 U Crm + A U Climt4 U Clme =24 U Cim t4 U Crima
At At n on

Y UCrm + 7 Y G~ VimClom

Ax (1 + X m Yt m ) Ax (1 T XY tm ) Ay (1 + Xt mVim )
+ _ M Vi Cromet F Croms (3.19)

Ay (1 + xl,myl,m )

A At u
= /12+——At—u,"m Cro,+ 422 d TR v, +1
U ax(l+x,0,) ") U Mx(1+x,0,) " &(1+x,.)

T A Y LN A I Fo R Y Yo
v U dy(l+x,0,) ") U

m+l *



duinveayanan wweemindimansed: 17

CHAPTER4

Numerical experiment of a couple mathematical models

In chapter 3, it is mentioned that the quality of water by industrial waste water is released from
the plant. This chapter has presented a measurement water quality a mathematical model for
measurement water quality.

This chapter discusses the flow of water by considered a mathematical model two model is the
hydrodynamic model and the dispersion model, which is to find numerical solutions to finite
difference method with the two models. The hydrodynamic model provides the velocity field and
elevation of the water. The calculated result of the model are input to the dispersion model, which
provides the pollutant concentration field. The hydrodynamic model defined boundary conditions
and the initial conditions of the model to be consistent with the actual conditions. The resuits
showed that the velocity vector of the flow by the horizontal and vertical depth of the reservoir
results into tables and graphs.

The dispersion model calculation to the speed of the flow in the horizontal and vertical depth of
the model hydrodynamic represented in the model by considering the boundary conditions and
the initial conditions of the model to be consistent with the conditions. the calculated results are
shown to the concentration of water quality results into tables and graphs, the concentration of

water quality.

76537
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4.1 Numerical treatment of a hydrodynamic model with drag force
The Lax-Wendroff method with variables coefficient is used to calculate equation (3.14), it
obtained the general form into 9 cases as below

Casel: If /[ =landm =1, then

Wit =4 DA (W3 W5+ DB, OF, =)

3 P A [TV, = A ) = (o = AT+ (AT = AT~ (4. = 4072 )
3 7B, [ B = B = B = B + (B = B ) = B = B

1 n n n n
+§ P2 (4,8, + B A Wy, =Wy, — Wyo+Weo) - 4.1

V4L
A A
v
/

e Xt
el

Fig.4.1: The stencil of case 1

From the boundary condition , we have ¥ =0 and -a—- =0. Then

X
Vo, =0, 4.2)
and
ou
(_j ~0. @3
0x )o,
From equation (4.3) are approximated by using the forward difference method, we obtain
U,-U,, =0 4.4)
AX

Then Uy, =U,,- 4.5)



From equations (4.2) and (4.5), we have

m),l:- U, |- (4.6)

14
From the boundary condition , we have U = 0 and — = 0. Then

U,=0, 4.6)
and
vV
(—a—) =0 4.7
% 1,0
From equation (4.7) are approximated by using the forward difference method, we obtain
Vl,l \ Vl,O L (4.8)
AY
Then Vo=V (4.9)
From equations (4.6) and (4.9), we have
Zy
W= 0| 4.10)
M

Case2:If/ =2,...,L—2andm =1, then
n+ n 1 n n 1 n n
Wi = Wi+ 5 PA Wi, =W+ ‘é‘ pB, (W, — W)

]' n n n n
+ Z P 2Al,l I:(A1+1,1VV/+1,1 - Al,lle,l) - (A1+1,1Wl,1 = AI,IPVI—I,I)

(A Wiy — A W) — (4,9 = A Wi ):l

1 n n n n
+ 4 p 2Bm I:(Bl,le.z —B, W)~ (B, W — B, Wy,)
(B, W, = B W) = (B W = B ¥i)

1 n n n n
+ ’8' b 2 (Az,xlz,l + BI,IAI,l )(Wm,z - Wl-x,z Wit Wz-l,o) . (4.11)

19
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[ [ [
/ / /
/[ A /

A Wi

FET

Fig.4.2: The stencil of case 2
ov

From the boundary condition , we have U = 0 and— = 0. Then
U, =0, (4.12)
and
(aV) s
» )i (4.13)
From equation (4.13) are approximated by using the forward difference method, we obtain
v, -V,
w0 g (4.14)
Ay
Then Vl’0 — V;’l. (4.15)
From equations (4.12) and (4.15), we have
Zyy
W= 01 (4.16)
Via

Case3: If /=L —1landm =1, then
n+. n 1 n n 1 n n
W '= Wi+ '5 PA (Wi, — Wl—l,l) + E DB, (le W)

+ % P4, [(Am,l Wi — 40 — (4 Wi = AW 00D
(A = A ) = (4, T = 4 ) )

+5 0B (B = B W)~ (B = B
+(B, W}y = B, W)~ (B, W, — B ) |

1 n n n n
+ é’ PZ (4,8, + B, A4 )W, — Wla—Wiet Wl-l,o)- 4.17)
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Fig.4.3: The stencil of case 3

oV
From the boundary condition , we have / =0 and— = 0. Then

Uyo=0, (4.18)
and
oV
(~——) =0. (4.19)
% Jio
From equation (4.19) are approximated by using the forward difference method, we obtain
Vii=Vio
———=(,
Ay (4.20)
Then Vo =V,,. (4.21)

From equations (4.18) and (4.21), we have

Z
Wo=| 0 |. (4.22)
Vi
From the boundary condition , we have ¥ =0and——=0. Then
X
V=0, (4.23)

and

ou
— | =0. 4.24
( Ox )Ll @29
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From equation (4.24) are approximated by using the forward difference method, we obtain

u,,-U
L1 L1 0. (4.25)
Ax

Then U, =U,,. (4.26)

From equations (4.23) and (4.26), we have

ZL,!
WL,] = UL—I,] . 4.27)
0

Cased: If/ =1and m=2,...,.M -2, then

1,m 1,m

n+ n 1 n n l n n

W : = W i 5 pA],m (pVZ,m A VVO,M) + .2_ pBl,m (m,m-ﬂ i VVl,m—I)
1 n n n n

+ Z pzAl,m [(A2,MVV2,M = Al,mn/l,m) 7] (A2mVVl,m N Al,mpVO,m)

+(Al,mVVZ',lm - AO,mVVl:'m) L (Al,mVVl:lm s AO,mPVO’,Im )]

1 n n n n
+ Z szl,m [(Bl,mHVVI,mH 1) Bl,mpVI,m) o (Bl,m+lle,m n Bl,m I/Vl,m—l )

+(Bl,m VVITmH - Bl,m—lle:'m ) al (Bl,mle:'m op Bl,m—lVVl:'m—l ):I
1 n n n n
+ g p2 (Al,mBl,m + Bl,m Al,m )(VVZ,mH o I/V(),mi-l N& H/Z,m-l + I/V(),m—l )‘ (428)

I~ NESI12 A
NAY~Y [
[ N/ [/
LY pY [ L

[/

Fig.4.4: The stencil of case 4

. U
From the boundary condition , we have V' = 0 and 6_ =0. Then
X

Vo =0, (4.29)
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and
( ou ) -0 (4.30)
& Jow

From equation (4.30) are approximate by using the forward difference method, we obtain

Ul.m _UO,m ___0 (431)
A =U. .
Then U =U, - (4.32)

From equations (4.29) and (4.32), we have

(4.33)

Case5: If [=2,...,L—2and m=2,...,M =2, then
! =W 4 DA W = s )4 DBy W = W)
3 P A [ o P = A T3 ) = s P = A7)
(AW = A i) = (A = A )]
2 P B (B = BV ) = By =~ By )
+(B, s = Bt W) = B W = By W) |

1 n n n n
+ g p X (A By + B A Yt =Wt = Wrarma T Wilima ) (4.34)

e ey M
/J//

[/ ]
[ [ /]/

Fig.4.5: The stencil of case 5
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Case6: If[=L—landm=2,..,M —2 , then

n n 1 n n 1 n n
VVI.r:l = I/Vl,m + —2_ pAl.m (VVIH,m - I/VI—l,m) + E pBl.m (I/VI,mH - pVI,m-l)

l ,
+—p°A A, W
4p 1,m [(

T+l,m"" 1+l,m

- Al,mpVI’l ) - (Al+1,m I/VI,’:n - Al,m PVItl,m)

S

+(4,, 7!

1+1,m

- Al—l,m .m

PVIH ) - (Al,m pVIf'm - Al—l,m I/Vlfl,m ):]
{,m+]

1 n n n n
+ Z szI,m I:(B le.mH - Bl,m I/Vl,m) - (Bl,m+lVVI,m - Bl,m VVI,m-l)

-B

1,m=1

+(B,, !

I,m+1

I/Vlf'm) - (BI,mI/VIf,m - Bl,m—l I/Vlf'm—l ):I

1 n n n n
+§p2(Al.mB1,m +Bl,mAl,m )(W1+1,m+1 —VVI—l,mH "W/+1,m—1 + Wl-l,m—l)- (4.35)

N7/,
//////

SV

ST NS S
Y Vi /iY »
O S YO

aa) |
W eri

Fig.4.6: The stencil of case 6

o U
From the boundary condition, we bave ¥ =0 and a—- =0. Then

X
VLM =0, (4.36)
and
oU
(—) =0. .37
0X )y m

From equation (4.37) are approximated by usingthe backward difference method, we obtain
U, -U
———L’m L-ym = O . (438)
Ax

Then UL,m = UL—I,m . (4.39)
From equations (4.36) and (4.39), we have

Wim=|Upoim |- (4.40)



Case7:Ifl =landm =M —1, then

n+ n 1 n n 1 n
W ! = VVI n + E pAl,m (W;,m - I/V().m) + p (W 1,m+1 le,m-l)
1 . n n
+ 3P A [(Az,sz,,, = A0 = (o = 2,5
H A = Ao T 00) = (A = 40 T3 |
1 n n n n
+Z szl.m [(Bl m+lle m+1 B W ) (‘Bl m+lW Bl mW —1)

(B I/Vl"m+l B W” ) (BI m lm lm-l nm-l):]

1,m=1

+e D24 Br e+ B YW =Wty = Wiy + W)
AL K
N\l
/ 1 o/=P/

NN A T8

£
o\

Fig.4.7: The stencil of case 7

2. ou
From the boundary condition , we have ¥ = 0 and —a— =0, Then

25

(4.41)

(4.42)

(4.43)

(4.44)

X
Voa = 0,
and
oU
(_j -0,
X Jopn
From equation (4.43) are approximated by using the forward difference method, we obtain
U LM-1 Uo,M-x -0
————-Ax .
Then Uppra =Ui

(4.45)
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From equations (4.42) and (4.45), we have

Zo
Woata = Vi |- (4.46)
0

V
From the boundary condition , we have U = 0 and—— = 0. Then

U, =0, (4.47)

(a_VJ 0. (4.48)
Y )

From equation (4.48) are approximated by using the forward difference method, we obtain

and

Vl,M Z Vl,M—l ~0. (4.49)
Ay

Then Vire Vs (4.50)
From equations (4.47) and (4.50), we have

W, =l 0 | 4.51)

Case8: Ifl =2,...,L—2and m=M —1, then

~1,m

n+ n 1 n n 1 n n
I/Vl,ml = I/Vl,m + _2_ pAI,m (VVHI,M - I/VI ) + 5 pBI,m (m,m-l»l 7 VVI,m—l)

1 n
+ Z pZAI,m I:(Al+l,m l‘/Vlﬁrl,m

= Al,mpVI:'m) il (Al+l.mpV1:'m - AI,mVVI” )

-1,m

+(AI,mVVI:1,m - AI I/VI:'m) - (Al,m

W;:lm - Al—l,mmﬁl,m )]

-l.m

n n n
1+ met T Bl,mWI,m) - (Bl.m+1WI,m - Bl,mW;,m—l)

+% P*By [ (B,

+(B, W,

{,m+1

— B, )~ (B =B W) |

1 n n n n
+ g p2 (AI,mBI,m + Bl,mAI,m )(VVI+I,m+1 - VVI—I,mH - I/VI+l,m—1 + le—l,m-l )‘ (452)
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[ [ (L [ ]
///F//

[ [ [/

/;;%&

[ [ [ ]

Fig.4.8: The stencil of case 8

ov
From the boundary condition , we have U = 0 and — = 0. Then
Um =0, (4.53)
and
ov
=k 7% (4.54)
Y i
From equation (4.54) are approximated by using the backward difference method, we obtain
KM_KMI
———=0.
A (4.55)
Then Vire =Vipa - (4.56)
From equations (4.53) and (4.56), we have
Ziy
VVI.M =l 0 4.57)
Vima
Case9: If /=L —1land m=M —1 , then
n n 1 n
W'H'l = VVI m ( I+1 m I/I/;—l,m)-l‘- p ( I,m+1 pVI,m-—l)

Iml:(A pVl:lm A I/Vlnm) (/4I+lmW’l A I/Vlnlm)

[+1,m

I+1,m 1—1,m

(A By = Ay W) = (AP = Ay Wi ) |

- 2Bl,m |:(B PVIan B IIVI':n) (BI m+lW" BI,mVVI:lm—l)

I,m+] Im

(B w" —B Wn) (Bl,va[:'m—Bl,m-lle:'m—l)]

I,m+1 I,m-1

+‘8'P2 (4,8, + b )W it — Wsmst Wi + W.ima)- (4.58)
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[ ]

/ /]
[ [ [
/

[/

[ [/

Fig.4.9: The stencil of case 9

. u
From the boundary condition , we have V' =0 and 6_ =0. Then

X
Viwa =0, (4.59)
and
(au) 0 (460
o =0. 4.60
0% )
From equation (4.60) are approximated by using the backward difference method, we obtain
UL,M—l 7 UL—I,M—] 2N (4.61)
Ax
4.62
Then UL,M—l =V a1 (4.62)

From equations (4.59) and (4.62), we have

ZL,M—I

Wi = Upapa |- (4.63)
0

ov
From the boundary condition , we haye U =0 and—— = 0. Then

Upm =0, (4.64)

(ﬂJ =0 (4.65)
ay L-1.M .

and
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From equation (4.65) are approximated by using the backward difference, we obtain

VL—I,M - VL—l,M—l -0 (4.66)
Ay '
Then VL_L v =Vima- 4.67)
From equations (4.64) and (4.67), we have
ZL—I,M
W=l 0 | (4.68)
VL—I,M -1

4.2 Numerical treatment of a dispersion model
We now introduces calculation the forward difference in time and backward difference in space
method, it obtained the general form into 9 cases as below.

Casel: If /=1and m =1, then

v BT PSR S o1 Y, W Ay AR — i | e
Ax(1+xl.lyl,l) Ax(1+xl.lyl,l) A}’(1+x1.1J’1,1)
+ADCy, +| AD+ = v |Cro+ ADCY,. (4.69)
A)"(l +X. 01 )

A/ /

L/
L/ /

Fig.4.10: The stencil of case 1

From the boundary condition , we have -5— =0. Then
29

oC
—_— =0, 4.70
( Ox jo,l ( )



30

From equation (4.70) are approximated by using the forward difference method, we obtain

Cl,l - CO,I =0 4.71)
————Ax .
Then Gy, =Ci. “4.72)

oC
From the boundary condition , we have— = 0. Then

(-65) 0. .73)
a)) 1,0

From equation (4.73) are approximated by using the forward difference method, we obtain

C1.1 ¢ Cx.o L8 4.74)
Ay
Then Co=0C,. 4.74)
Case2: Ifl =2,...,L—2and m=1, then
At At n
Cr =| AD B ur|Cryy +| 44D - PR v +1Cr,
Ax(l +x1.1}’1,1) Ax(1+x1,1J’1,1) Ay (1+x1,1y“)
At .
+ADCLy, +| AD+——"—vr, |Cly + ADC,. (4.76)
Ay (1 XV )

Hufe AFACY
e —
{ /[ /
[/

"

[N [/

LT Ly L4

Fig.4.11: The stencil of case 2
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oC
From the boundary condition , we have — = 0. Then

oy

(_a_g) =0 .77
Y Jio '

From equation (4.77) are approximated by usingthe forward difference method, we obtain

C,-C
—L 0=, (4.78)
Ay
Then Co=Cy- 4.79)
Case3:If [=L—1land m=1, then
e =| ape—Bt il + ~aaD-— 2y 2L wnsic
Ax(l + xl,lyl,l) Ax(l XV ) Ay (1 + XV )
FADCE,, +| AD+— e vy + ADC,. (4.80)
A.Y(l + xI.lyl,l)

RTINS

Fig.4.12: The stencil of case 3

oC
From the boundary condition , we have — = 0. Then

(E) -0, (4.81)
Y Jio

From equation (4.81) are approximated by using the forward difference method, we obtain

C1,1 - CI.O -

0. (4.82)
Ay
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Then Co=0C,. (4.83)

From the boundary condition , we have -a— =0. Then
X

=),
ox )i (4.84)

From equation (4.84) are approximated by using the forward difference method, we obtain

CL 1 CL—I 1
———==0. 4.85
- 4.85)
Then NS 9979 (4.86)
Cased: If [ =1land m=2,...,M —2, then
e =| ap+ 2L e |Ch, +ADCY, +| AD+ LA AN\ |on  +aDCh,
Ax(1+xl,myl,m) Ay (1+xl,myl,m)
| aap ] B AP Freaed B/ SN0\ e (4.87)
Ax(l+xl,myl,m) Ay (1+xl,myl,m)

I L
e O
=1

V3 Y BT
TaAY

Fig.4.13: The stencil of case 4

From the boundary condition , we have —a— =0. Then
x

oC
%1 =o. 4.88
( ax )O,m ( )
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From equation (4.88) are approximated by using the forward difference method, we obtain

Cin=Co

n=Com _qo (4.89)
Ax

Then CO,m = Cl’m ) (4.90)

CaseS:If 1=2,...,L-2 and m=2,...,M-2 , then

e =|ape— B8 |cr, +aDCL,,, +| AD+——2 v |Cr, +ADCE

Ax(1+xl.myl,m) , Ay(1+x1,myl,m) , , ,
Y Y Se—_ — % § o (4.91)
Ax (1 + X mVim ) Ay (1 T X mY1m )

£ L8
//J//
NEF

////J

v

Fig.4.14: The stencil of case 5

Case6: If /=L —land m=2,...,M —2 , then

Cm+l (AD + —TAt—'—)u;:mJC,"_l w T /LDC;H - [/‘LD + ——A—t-——)v,':mJC" a7t /’{VDC,”m+l
+ xl,myl,m

Ay (1 + xl,myl,m

At At
+| 4AD - u - v +1|C/ .
[ Ax (1 + x,'my,‘m ) I,m Ay (l + xl'myl,m ) Im J im* (492)
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Fig.4.15: The stencil of case 6
oC

From the boundary condition , we have 0— =0, Then
X

(29] 0. (4.93)
0% )1 m

From equation (4.93) are approximate by using the backward difference method, we obtain

L\ 50
N )
Then C L = AP\ (4.95)

Case7: If [ =1and m=M —1, then

c | aD s B i \cr wADCy, +| AD+ ——2 v, |l + ADC
Ax(1+x1,myl,m) Ay(1+xl,myl,m)
dlaapo— B e A e (4.96)
Ax(1+xl,myl,m) Ay(1+x1,myl.m)

[ 1] ]/
[ [ [/

[ [ [ [/

Fig.4.16: The stencil of case 7
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oC
From the boundary condition , we have a— =0, Then
X

(%) =0. (4.97
Ox 0,M~1

From equation (4.97) are approximated by using the forward difference method, we obtain

G = Comn _ g (4.98)
Ax
Then (o mpppeniey (4.99)
0,M-1 LM-1"

oC
From the boundary condition , we have — = (. Then

[E] =0. (4.100)
6}} .M

From equation (4.100) are approximated by using the forward difference method, we obtain

Ciwe =Cipa _ ¢ (4.101)

Then Cov=Ciya-
' (4.102)

Case8: If [ =2,...,L—2and m=M —1, then

m+l

et =| ap+——2L |y, + DG, | AD+
AX(I + xl,myl,m )

N Y . R [ — —_ | fer (4.103)
A“x(l—*.'xl,myl.m) Ay(1+x1.myl.m)
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[ [ [ [/

Fig.4.17: The stencil of case 8

oC
From the boundary condition , we have — = 0. Then

(a_c) =0. (4.104)
% Jiu

From equation (4.104) are approximated by using the backward difference method, we obtain

Coa =G _ (4.105)
Ay
Then CI,M =C - (4.106)

Case9: If [=L—land m=M -1 , then

e =l ap+—B i Aer, +ADCL,, 4| AD+——2 v |cp,, +ADC],,
Ax (l + X Vim ) Ay (1 X0 Vim )
+| —4AD - At U= A v+1|Cr (4.107)
Ax(1+xl.myl.m) Ay(l+xl.myl,m)

[ ] 1/
[ [ [

[/
[ [ [ [/

Fig.4.18: The stencil of case 9
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C
From the boundary condition , we have -a— =0, Then
X

(ic_j =0. (4.108)
Ox LM~

From equation (4.108) are approximated by using the backward difference method, we obtain

CL,M—I - CL—l,M—l =0 (4.109)
Ax

Then el (4.110)

oC
From the boundary condition , we have — = 0. Then

ac)
AR =0. (4.111)
(ay L-\M

From equation (4.111) are approximated by using the backward difference method, we obtain

CL-I,M 0 CL—I,M-I =0
Ay ) (4.112)

Then Crom =Cipa- (4.113)
4.3. Numerical Experiment

Example 1: We consider the uniform reservoir with dimension 3.2 3.2 km. and the constant depth
h =1m. The reservoir is meshed with 400 grids points with Ax = Ay =320 m. and taking time
interval Af = 10.222 sec. The diffusion coefficient is given by D =0.009876 m?* /sec.In order to
simulate the problem, we change the variables into dimensionless form of equations (2.19)-(2.21).
Initially the water in the reservoir is assumed to be motionless # =0 andv =0 , and the water
elevation is assumed to be a function that satisfied the initial and boundary conditions as

z(x,y,0) = f(x,¥) =x(1—x) y(1 —y) . The pollutant concentration in the reservoir is assumed to

be a function that satisfied the initial and boundary conditions as
oC
c(x, Y, 0) = g(x, y) = x(l - x) y(l - y) and 5_ =0, non-absorbing boundary of the reservoir,
n

respectively.



Table 4.1: The elevation when Ax =0.1, Ay =0.1,At =0.01at 7 =1
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X[y 0 320 960 1600 2240 2880 200

0 0 0 0 0 0 0 0
320 0 -0.0167 | -0.0082 | -0.0001 | -0.0101 | -0.0166 0
960 0 -0.0082 | 0.0041 | 0.0087 | 0.0020 | -0.0035 0
1600 0 -0.0001 | 0.0087 | 0.0094 | 0.0055 | -0.0001 0
2240 0 -0.0101 | 0.0020 [ 0.0055 | 0.0011 | -0.0049 0
2880 0 -0.0166 | -0.0035 | -0.0001 | -0.0049 | -0.0100 0
3200 0 0 0 0 0 0 0

Table 4.2: The velocity in the direction of the axis x when Ax=0.1, Ay =0.1,Ar=0.01atT =1

X[y 0 320 960 1600 2240 2880 200

0 0 0 0 0 0 0 0
320 0 0.0163 | 0.0262 | 0.0227 | 0.0306 | 0.0269 0
960 0 0.0052 | -0.0012 | -0.0042 | -0.0007 | -0.0040 0
1600 0 -0.0028 | -0.0064 | -0.0039 | -0.0077 | -0.0102 0
2240 0 -0.0055 | -0.0059 | -0.0043 | -0.0119 | -0.0140 0
2880 0 -0.0141 | -0.0182 | -0.0188 [ -0.0276 | -0.0254 0
3200 0 0 0 0 0 0 0

Table 4.3; The velocity in the direction of the axis y when Ax=0.1, Ay =0.1,At =0.0lat 7' =1

x/y 0 320 960 1600 2240 2880 200

0 0 0 0 0 0 0 0
320 0 0.0163 | 0.0052 | -0.0028 | -0.0055 | -0.0141 0
960 0 0.0262 | -0.0012 | -0.0064 | -0.0059 | -0.0182 0
1600 0 0.0227 | -0.0042 | -0.0039 | -0.0043 | -0.0188 0
2240 0 0.0306 | -0.0007 | -0.0077 | -0.0119 | -0.0276 0
2880 0 0.0269 | -0.0040 | -0.0102 | -0.0140 | -0.0294 0
3200 0 0 0 0 0 0 0

Table 4.4: The concentrations C(X, t) of water pollutant when Ax =0.1, Ay =0.1 Ar=0.01
at T=1 (kg/m3)

X[y 0 320 960 1600 2240 2880 3200

0 0.0005 0.0005 0.0009 0.0011 0.0009 0.0003 0.0003
320 0.0005 0.0005 0.0009 0.0011 0.0009 0.0003 0.0003
960 0.0009 0.0009 0.0023 0.0027 0.0021 0.0008 0.0008
1600 0.0011 0.0011 0.0027 0.0032 0.0026 0.0010 0.0010
2240 0.0009 0.0009 0.0021 0.0026 0.0021 0.0008 0.0008
2880 0.0003 0.0003 0.0008 0.0010 0.0008 0.0003 0.0003
3200 0.0003 0.0003 0.0008 0.0010 0.0008 0.0003 0.0003
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" \ ~a T —_— / I s /
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N /
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Fig.4.19: The velocity vector when Ax =0.1, Ay =0.1,Ar=0.01at 7 =1
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Fig.4.20: The surface of the water pollutant Ax =0.1, Ay =0.1,Ar =0.01at 7 =1 (kg / m’)
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Example 2: We consider the uniform reservoir with dimension 3.2 X 3.2 km. and the constant depth

h =1m. The reservoir is meshed with 100 grids points with Ax = Ay =160 m. and taking time

interval Az =5.111 sec. The diffusion coefficient is given by D =0.009876 m? /sec.In order to

simulate the problem, we change the variables into dimensionless form of equations (2.19)-(2.21).

Initially the water in the reservoir is assumed to be motionless # = 0 andv = 0 , and the water

elevation is assumed to be a function that satisfied the initial and boundary conditions as

Z(x,y,0) = f(x,y) = x(1—x) y(1—y) . The pollutant concentration in the reservoir is assumed to

be a function that satisfied the initial and boundary conditions as

C(X, Y, O) =g (X, y) = X(l —-x) y(l = y) and Z—C = 0, non-absorbing boundary of the reservoir,
n

respectively.

Table 4.5:The elevation when Ax = 0.05, Ay =0.05,A¢=0.005at 7" =1

X,Y 0 480 960 1760 2080 2880 3200
0 0 0 0 0 0 0 0
480 0 0.0297 | 0.0118 | 0.0079 | 0.0135 | 0.0064 0
960 0 0.0118 | -0.0128 | -0.0210 | -0.0104 | -0.0041 0
1760 0 0.0079 | -0.0210 | -0.0247 | -0.0124 | -0.0045 0
2080 0 0.0135 | -0.0104 | -0.0124 | -0.0033 | -0.0012 0
2880 0 0.0064 | -0.0041 | -0.0045 | -0.0012 | -0.0002 0
3200 0 0 0 0 0 0 0

Table 4.6: The velocity in the direction of the axis x when Ax = 0.05, Ay =0.05,Az =0.005 at

=

X,y 0 480 960 1760 2080 2880 3200
0 0 0 0 0 0 0 0
480 0 -0.0872 | -0.0646 | -0.0648 | -0.0669 | -0.0319 0
960 0 -0.0296 | -0.0006 | 0.0149 | 0.0084 | 0.0011 0
1760 0 0.0195 | 0.0171 | 0.0175 | 0.0159 | 0.0070 0
2080 0 0.0424 | 0.0257 | 0.0221 | 0.0252 | 0.0133 0
2880 0 0.0200 | 0.0056 | 0.0051 | 0.0102 | 0.0077 0
3200 0 0 0 0 0 0 0
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Table 4.7: The velocity in the direction of the axis y when Ax =0.05, Ay =0.05,Ar =0.005at 7 =1

X,y 0 480 960 1760 2080 2880 3200
0 0 0 0 0 0 0 0
480 0 -0.0872 | -0.0296 | 0.0195 | 0.0424 | 0.0200 0
960 0 -0.0646 | -0.0006 | 0.0171 | 0.0257 | 0.0056 0
1760 0 -0.0648 | 0.0149 | 0.0175 | 0.0221 | 0.0051 0
2080 0 -0.0669 | 0.0084 | 0.0159 | 0.0252 | 0.0102 0
2880 0 -0.0319 | 0.0011 | 0.0070 | 0.0133 | 0.0077 0
3200 0 0 0 0 0 0 0

Table 4.8: The concentrations C(X, t) of water pollutant when Ax = 0.05, Ay =0.05
Af=0.005at T =1 (kg /m’)

X,y 0 480 960 1760 2080 2880 3200
0 0.0008 | 0.0015 | 0.0016 | 0.0007 | 0.0005 | 0.0001 | 0.0000
480 0.0015 | 0.0030 { 0.0037 | 0.0023 | 0.0017 | 0.0004 | 0.0001
960 0.0016 | 0.0037 | 0.0054 | 0.0046 | 0.0036 | 0.0010 | 0.0004
1760 0.0007 | 0.0023 | 0.0046 | 0.0062 | 0.0057 | 0.0021 | 0.0011
2080 0.0005 | 0.0017 | 0.0036 | 0.0057 | 0.0056 | 0.0023 | 0.0013
2880 0.0001 | 0.0004 | 0.0010 | 0.0021 | 0.0023 | 0.0011 | 0.0006
3200 0.0000 | 0.0001 | 0.0004 | 0.0011 | 0.0013 | 0.0006 | 0.0004
0 . )
M e \\“W—b——i——-—’ﬂ//// /
18- Y ~ ~§ N | e e e (e e e oy F ati i :’ -~ //
< i . e P o Bl o g
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1 \ \RZx . =99 L P P / / / 7 /
VNS S T Yy
VY NN Me 01 3 22 7
12f I S B A | 7 .
mx\\\\\;j\_,,;f/¢{f
% w0k A T . y 4 % F 3 t
; R I & B O T S S
> i J J I / / P & = ~ X A '\ \ .
T i} 44 ¢ e e = =~ %N A QD E
] ¢ § & f # o = & == S Tk . G > K §
6F J p; ’/ S S e e e — e e e B N \ \ N\
/ P S S S e e e e w— e W W N :: :: N ::
ke o ————— W W N
] - -~ W e e e e i e W RS W - s - ~ N
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0 | 1 L | l | L | 1
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Fig.4.21: The velocity vector when Ax = 0.05, Ay =0.05,Ar =0.005at 7 =1
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Fig.4.22: The surface of the water pollutant Ax = 0.05, Ay =0.05,Ar=0.01at 7 =1 (kg / m3)

Example3: We consider the uniform reservoir with dimension 3.2% 3.2 km. and the constant depth
h =1 m. The reservoir is meshed with 1024 grids points with Ax = Ay =100 m. and taking time
interval Af = 3.190 sec. The diffusion coefficient is given by D =0.009876 m? /sec.In order to
simulate the problem, we change the variables into dimensionless form of equations (2.19)(2.21).
Initially the water in the reservoir is assumed to be motionless # = 0 andv = 0 , and the water
elevation is assumed to be a function that satisfied the initial and boundary conditions as

z(x,y,0) = f(x,y) = x(1—x) y(1—Yy) . The pollutant concentration in the reservoir is assumed to
be a function that satisfied the initial and boundary conditions as

o(x,y,0) = g(x,y) =x(1-x)y(1=y) and % = 0, non-absorbing boundary of the reservoir,

respectively.

Table 4.9:The elevation when Ax = 0.03125, Ay =0.03125,Ar =0.003125at 7' =1

X,Y 0 400 1000 1700 2100 2700 3200
0 0 0 0 0 0 0 0
400 0 0.0084 | 0.0108 | 0.0125 | 0.0106 | 0.0148 0
1000 0 0.0108 | 0.0090 | 0.0084 | 0.0061 | 0.0198 0
1700 0 0.0125 | 0.0084 | 0.0044 | 0.0022 | 0.0191 0
2100 0 0.0106 | 0.0061 | 0.0022 | 0.0015 | 0.0166 0
2700 0 0.0148 | 0.0198 | 0.0191 | 0.0166 | 0.0201 0
3200 0 0 0 0 0 0 0
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Table 4.10: The velocity in the direction of the axis x when Ax =0.03125, Ay =0.03125,

At =0.003125at7 =1

X,y 0 400 1000 2100 2700 3200

0 0 0 0 0 0 0
400 0 -0.0271 | -0.0462 | -0.0472 | -0.0399 0
1000 0 -0.0344 | -0.0612 | -0.0593 | -0.0466 0
1700 0 0.0067 | 0.0185 | 0.0305 | 0.0194 0
2100 0 0.0319 | 0.0656 | 0.0772 | 0.0565 0
2700 0 0.0477 | 0.0890 | 0.0967 | 0.0810 0
3200 0 0 0 0 0 0

Table 4.11: The velocity in the direction of the axis y when Ax=10.03125, Ay =0.03125,

At =0.003125at 7'=1

X,Y 0 400 1000 1700 2100 2700 3200

0 0 0 0 0 0 0 0
400 0 -0,0271 | -0.0344 | 0.0067 | 0.0319 | 0.0477 0
1000 0 -0.0462 | -0.0612 | 0.0185 | 0.0656 | 0.0890 0
1700 0 -0.0542 | -0.0689 | 0.0300 | 0.0844 | 0.1078 0
2100 0 -0.0472 | -0.0593 | 0.0305 | 0.0772 | 0.0967 0
2700 0 -0.0399 | -0.0466 | 0.0194 | 0.0565 | 0.0810 0
3200 0 0 0 0 0 0 0

Table 4.12: The concentrations C(X, t)of water pollutant when Ax =0.03125, Ay =0.03125
At =0.003125at T=1 (kg /m")

X,y 0 400 1000 1700 2100 2700 3200

0 0.0002 | 0.0007 | 0.0011 | 0.0007 | 0.0005 | 0.0002 | 0.0000
400 0.0007 | 0.0022 | 0.0037 | 0.0029 | 0.0021 | 0.0009 | 0.0002
1000 0.0011 | 0.0037 | 0.0069 | 0.0065 | 0.0051 | 0.0024 | 0.0004
1700 0.0007 | 0.0029 | 0.0065 | 0.0082 | 0.0073 | 0.0040 | 0.0009
2100 0.0005 | 0.0021 | 0.0051 | 0.0073 | 0.0071 | 0.0043 | 0.0010
2700 0.0002 | 0.0009 | 0.0024 | 0.0040 | 0.0043 | 0.0028 | 0.0007
3200 0.0000 | 0.0002 | 0.0004 | 0.0009 | 0.0010 | 0.0007 | 0.0002
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CHAPTER 5

Discussion and Conclusion

5.1.Discussion

By consider concentration of water pollutant in figure 4.26-4.34, we obtain the following results.
In figure 4.26 and 4.34, the concentration is slowly decreasing at the beginning, being constant
and decreasing again in the end. From figure 4.27, 4.29, 4.30, 4.31 and 4.33, the concentration is
continually decreasing. Moreover, in figure 4.28 and 4.32, the concentration is decreasing at the

beginning and being constant at the end.

5.2. Conclusion

The aim of the thesis is to determine the concentration of water pollution in arectangular
reservoir.The hydrodynamic model provides the velocity field and elevation of the water. The
calculated results of the first model will input into the second model to find a concentration.

The first model is the hydrodynamic model. The Lax-Wendroff method is used to find the velocity
field and elevation of the water flow from the model.The Lax-Wendroff method is easy to

implement and economical to used. However, the Lax-Wendroff method has some limitation to

1 At
used in aspect of stability calculation. The stability condition is p <—= where p=— .
22 Ax

Consequently we have to use very small increment of t.

The second model is the dispersion model. The forward difference in time and backward
difference in space method to find the pollutant concentration field. The is use of Forward in
Time Backward in Space Method is an explicit method. It is not need to solve the large linear
system of equations. Forward in Time Backward in Space is easy to implement and calculation.
But there are some limitation of meshing since The strictly stability condition

For the future work, the thesis can be apply to use in the realistic case with be there is the drag

flow of water in the irregular shape reservoir.
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A Numerical Simulation for a Hydrodynamic Model in a Uniform Reservoir.
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Abstract

The water current simulations are required for the water pollution model in rivers; lakes, reservoirs,
streams, and estuaries. In this paper, a numerical simulation of a hydrodynamic model in a uniform reservoir
is proposed. The case of unsteady flows with regular boundary is considered. The mathematical model is
used to simulate water current to wave maker in the uniform reservoir. The hydrodynamic model with variable
coefficients is provides the velocity in X , Y -directions and the elevation of the water flow. In the simulating

processes, we will use the Lax-Wendroff method to approximate the solutions of the hydrodynamic model.

Keywords : Hydrodynamic Model in a Uniform Reservoir.
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1. INTRODUCTION

The methods to detect the amount of pollutant both in the air and water mostly are conducted by a field measurement

and a mathematical simulation. For the shallow water mass transport problems that presented in [1], the method of characteristics

has been reported as being applied with success, but it presents in real cases some difficulties. In [4] and [17], the finite element

method for solving the water pollution models in one and two-dimensional water areas are presented respectively. The most of

mathematical model require data conceming with velocity of the current at any point in the domain. The hydrodynamic model

provides the velocity field and tidal elevation of the water. Those results are data for the dispersion model. In [5]-[16], they used the

finite difference method to the hydrodynamic model with constant coefficients in the uniform reservoir.

Averaging the equation over the depth, discarding the term due to Coriolis force, shearing stresses and surface wind,

it follows that the two-dimensional linear shallow water equation is applicable [3]. In this research, we use the Lax-Wendroff method

to approximate the velocity and the tidal elevation with non-linear terms.

2. THE HYDRODYNAMIC MODEL

The continuity and momentum equations are govern the hydrodynamic behavior of the reservoir. The model is

focused on the averaging the equations over the depth, discarding the term due to Coriolis parameter, shearing stresses and

surface wind. We now introduce the well-known two-dimensional shallow water equations.

ag 0 2

at [(h+§)u]+®)[h+§)v] 0, (1)
P> g6 L
Sk 2
—+g-a£—0 @)

or < dy

where A(x,y) be the depth measured from the mean water level to the bed of the reservoir, & (x,y,t) is the elevation from

the mean water level to the temporary water surface or the tidal elevation, g is the acceleration due to gravity, and u(x, i)

and v(x, y,t) are the velocity components, forall (x, ) €[0,7]x[0,/]. We now introduce the two-dimensional non-linear

shallow water equations with dimensionless from U =u/Jg_h,V = v/,/gh "X=x/1,Y=yll.Z=¢{/h

and T =1gh /1

0Z oU oV
—+—+—=0, @)
oT oX aY
ou
—+ 1+XY—-0 ®)
a7 T ¢ )
aV +(+ XY)——O Q)
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In Qx[0,T] where Q =(0,1) x(0,1)with the initial conditions
Z(X,0,T) = f(X,Y)and U(X,Y,0) =¥ (X,Y,0) =0 . The boundary conditions
Z(0,Y,T)=Z(LY,T)=Z(X,0,T) = Z(X,1,T) = 0 atoq.

3, NUMERICAL SOLUTIONS OF THE HYDRODYNAMIC MODEL

The equation (4)-(6) can be written in the matrix form

W _ oW oW "

or ox oY

where
W, 0 -10 0 0 -1
W=|W,|,A=|—-(1+XY) 0 0 B= 0 0N
W, 0 0 0 ~1+XY)- 0 0

W.=Z W,=Uand W=V . We now discretize Eq. (7) by diving the “interval |0,1] into L and
1 2 3

M subintervals such that LAx = 1 and M Ay =1, and the interval [0, 7 ]into N subintervals such that NAZ =T . We
can then approximate W} (x,,ym,tn) by Wl;'m value of the difference approximation ~of W, (x, y,t ) at
point X =IAx .Y = mAy and T = nAt where 0<I<L.0<m< Mand0<n< N ,and similarly defined for
Wy} pand Wy} . - The grid point(X,,Ym,T") are defined by X, = IAx for all =0,1,2,...,L, Y =mAy forall

2
m=0,1,2,...Mand T, =nAt foral n= 0,1,2,..., N in which L , M and N are positive integers. Using Lax-

Wendroff method [2] to Eq.(7) , we can simplified the following finite difference equation

n+ n 1 n n 1 n n
ull,ml = W,I,m + 5 pAl,m (VVI-H,m & VVI-I,m ) + E p'BI,m (le,m-H 7 VVI,M—I)

1 n n n n
+Z pzAl,m [(A1+1,m WI+1,m - A!,m “,l,m) 1 (Al+l,m “,l,m p= AI,m Wl—l,m)
+(Al,m WI’:»l,m = A1—1,m Wl'jm) . (Al,m “,I',,m i Al—l,m “Ilril,m )]

1 n n n n
+z szI,m [(Bl,m+1WI,m+l - Bl_m Wlm) i (Bl,mwl,m - Bl,m Wl,m-l)

+(Bl,mwl','m+l - Bl,m—l “,l',‘m) - (Bl,mwl',lm = Bl,m-l \VI','m—l )]

1 n n n n
+§ P2 (Al,mBI,m + Bl,mAl.m ) (W,l+l,m+1 - VVl—l,mn - VVl+l,m—1 + n/l-l,m-l ) ®
where
Wiim
Wi =| Wy |- OXW, =W + W VW =W =W,
Wim
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and p = At/ Ax . A stability analysis of Lax-Wendroff scheme (11) with matrices A4 and B has shown in [2]. The Lax-

Wendroff scheme is stable if plﬂol £

A gt mand ﬂB,,m respectively.

4, CONCLUSION

A where|4,| = max

22

{IAAI,,,,I,|/15,,,,, |} where A, ,,» A, ,, are eigenvalues of

The model for elevation of the velocity and elevation of the reservoir is approximated by using the Lax-Wendroff

method with variable coefficients. The results can be the input data for the advection-diffusion equation of the water quality

model. This model can be applied to the real cases for current in the regular shape reservoir with flat bottom.

TABLE |
TABLE OF WATER VELOCITY (X, Vst)

IN THE X-DIRECTION WHEN

Ax = Ay = 0.05 anp A7 =0.005

TABLE Il

TABLE OF WATER VELOCITY v(X, ¥, 1)
IN THE Y-DIRECTION WHEN
Ax = Ay =0.05 anp Af =0.005

x,y| 0 0.2 0.4 0.6 0.8 1 P/ W0 0.2 0.4 0.6 0.8 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0

0.1 0 |-0.0007 (-0.0010}-0.00101-0.0007{ O 0.4 | O | -0.0003 | -0.0001 | 0.0001 | 0.0003 | O
0.2 | 0 [-0.0005 |-0.0008]-0.0008 |-0.0006| O 0.2 | 0 |-0.0005 | -0.0002 | 0.0002 [ 0.0006 | O
0.3 | 0 |-0.0003 |-0.0005|-0.0006 |-0.0004| O 0.3 | 0 |-0.0007 {-0.0002 | 0.0002 | 0.0008 | O
0.4 | 0 |-0.0002 |-0.0003-0.0003 [-0.0002} O 0.4 | 0 |-0.0008 | -0.0003 | 0.0003 | 0.0010 | O
05| 0 | 0.0000 | 0.0000 | 0.0000 |0.0000| 0 0.5 0 |-0.0008 | -0.0003 | 0.0003 | 0.0011 | O
0.6 | 0 | 0.0002 | 0.0003 | 0.0003 | 0.0002| O 0.6 | 0 |-0.0008 | -0.0003 | 0.0003 | 0.0011 | 0
0.7 | 0 | 0.0004 | 0.0006 [ 0.0007 | 0.0005| O 0.7| 0 | -0.0007 | -0.0003 | 0.0003 | 0.0010 | O
0.8 | 0 | 0.0006 |0.0010 | 0.0011] 0.0008 | O 0.8 | 0 |-0.0006 | -0.0002 | 0.0002 | 0.0008 | O
091 0 | 0.0008 |0.0013| 0.0015 | 0.0011 | O 0.9 | 0 |-0.0003 | -0.0001 | 0.0001 | 0.0005 | O
1 0 0 0 0 0 0 1 0 0 0 0 0 0
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TABLE IlI Figure 1 The direction of water at
TABLE OF WATER & (X, V,1) WHEN Ax = Ay = 0.05 anp Af = 0.005
Ax = Ay =0.05 anp Ar =0.005 R NTIY NIy
WP & 9, i e P |
x,y| 0| 02 0.4 06 08 |1 wl : \ : :SEE;;;::’:’:':;;;; .
il £ R P 0 @ |s "‘Httt:::r::f:ffff’ :
04| 0 |00144 | 0.0216 | 0.0216 |0.0144| 0 :z; ; P SE IR L ,’ :7 ‘,' f {
02| 0 |0.025 | 0.0384 | 0.0384 |0.0256 | 0 a~}f§§ﬁ,‘i’l_i_££\i£:::{;
03| 0 | 00336 | 0.0504 | 0.0504 |0.0336| 0 f““/miiii:iiili S ;
04| 0 | 00384 | 00576 | 0.0576 |0.0384| 0 zl / EEEEZZZIZZI: ol el
05| 0 |0.0400 [ 0.0600 | 0.0600 |0.0400 | O % e ,,5,,_,1& - 15 zo
06| 0 |0.0384 | 0.0576 | 0.0576 |0.0384 | 0
07| 0 |0.0336 | 00504 | 0.0504 |0.0336| 0
08| 0 |0.0256 | 0.0384 | 0.0384 |0.0256 | 0
09| 0 |00144 | 0.0216 | 0.0216 |0.0144| 0
1 0 0 0 0 0 0 industry or urban, which we can change the inputs

elevation Af =0.005
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OrnQemlge] ' T

clearall;

syms(lxl’ly'),.

%step 1 Input Value

s = input('x-stepsize : 1 = "'");
= g ;

s = input('y-stepsize : m = "');
m=3s ;

8 = input('Time : t = '");

te =s ;

s = input('t-stepsize : t = ");
£+ s 2

s = input ('Diffusion coefficient
D=s;

s = "x*(1-x)*y*(l-y)';

cl = inline(s,'x"','y'"):

s = 'x*(l-x)*y*(l—y) ',

c2 = inline(s,'x','y'"):

8= "[0 -1 0; -1*(1 + x*y)e®" 0z
A = inline(s,'x','y");

sk= "[0 0 -1; 00 QF A T*(1 + X¥Y)\0/022"%:
B%®™ inline(s,'x'#Sy"):;

¥step 2 given value
$step 2.1 basic value
g= 9.8 ;

h=1;

M= 1/m;

L=1/1;

pE= t/l ;

LA = t/(172);

Z1l = zeros(L+1,M+1);
Ul = zeros(L+1,M+1);
V1l = zeros(L+1,M+1);
CS = zeros(L+1,M+1);

CST = zeros (L+1,M+1, (tt/t)+1);
2Z = zeros (L+lyM+1l, (tt/t)+L)

uu
\A%

zeros (L+1,M+1, (tt/t)+1);
zeros (L+1,M+1, (tt/t)+1);

UUT = zeros (L+1,M+1lp(tt/t)+1);
VVT = zeros(L+1,M+1, (tt/t)+1);

%step 2
for i =
£@r § =

.2 initial conditipon
@ ¢ M
0 ¢ L

Z{i+1,3+1) = cl(j*1,i*m);
Z2Z(i+1,3+1,1) = cl(j*1,i*m)
Cfi+l,j+1) = c2(j*1,i*m);
U(i+l,3+1) = 0;

V(i+l,3+1)

0;

CST (i+1,3j+1,1) = C(i+1,j+1)

end;
end;

for k
for i
for j =

$step 3

oo o
NP W
R R

o
[
o

solution

1 : (tt/t)
1 : M-1

1 : L-1
1*x(j=1):
1% 2
1*(j+1) ;
m* (i-1);
= m*i;

.
r

.
’
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b3 = m* (i+l);

ppl = (1/2)*p;

pp2 = (1/4)*(p"2);

pp3 = (1/8)*(p"2);
$Matrix W

wl(l,1) = Z(i,3);
wl(2,1) = U(i,3);
wl(3,1) = V(i,J);
$W1l=W(1l-1,m-1)
w2(1,1) Z2(i+1,3):
w2(2,1) U(i+l,3):
w2(3,1) = V(i+l,3);
$W2=W(1l,m-1)
w3(1l,1) = Z(i+2,3):
w3(2,1) = U(i+2,3);
w3(3,1) = V(i+2,3);
$W3=W(1l+1,m-1)
wd(l,1) = Z2(i,3j+1);

wd(2,1) = U(i,3+1);
wa (3,1) = V(i,3+1);
$W4=W (1-1,m)

w5(1,1) = Z(i+l,3+1);
w5(2,1) = U(i+1,3+1);

w5(3,1) = V(i+l,j+1);
FWS=W (1, m)
wé(l,1) = Z(i+2,]+1);

3

w6 (2,1) = U(i+2,3+1);
w6 (3,1) = V(i+2,3+1);
$W6=W (1+1,m)

w7 (1,1) = Z(i,3%2);
w7(2,1) = U(i,3+2);
w7 (3,1) = V(i,3j+2)%
$W7=W (1-1,m+1)
w8(1,1) = Z(i+l,3+2);
w8 (2,1) = U(i+l,3+2);
w8 (3,1) = V(i+l,3+2);
SW8=W (1, m+1)

w9 (1,1) = Z(i+2,3+2);
w9 (2,1) = U(i+2,3+2);
w9 (3,1) = V(i+2,3+2):

gWO=W (1+1,m+1)

ww = w5 + ppl*A(a2,b2)*(wb6-wd) + ppl*B(a2,b2)* (w8-w2);

ww = ww + pp2*A(a2,b2)*((A(a3,b2)*w6-A(a2,b2)*w5) - (A(a3,b2)*w5-
A(a2,b2)*wd) + (A(a2,b2)*w6-A(al,b2)*w5) - (A(a2,b2)*w5-
A(al,b2)*wd));

ww = ww + pp2*B(a2,b2)*((B(a2,b3)*w8-B(a2,b2)*w5) - (B(a2,b3)*w5-
B(a2,b2)*w2) + (B(a2,b2)*w8-B(a2,bl)*w5) - (B(a2,b2)*w5-
B(a2,bl)*w2));

ww = ww + pp3*(A(a2,b2)*B(a2,b2)+B(a2,b2)*A(a2,b2))* (WwI-w7-w3+wl);

Z1(i+1,3+1) = ww(l,1);
Ul(i+l,3+1) = ww(2,1);
V1 (i+1l,3+1) = ww(3,1);

ZZ(i+1,3+1,k+1) = Z21(i+1,3j+1);
UU(i+1,3+1,k+1) = Ul(i+1,j+1);
VV (i+1l,J+1,k+1) = V1(i+1,3+1);

end;

end;
2 =21 ;
U = Ul ;
v =1Vl ;
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end;

22Z = ZZ*h;

UUU = UU*sqgrt(g*h);
VVV = VV*sqrt(g*h):;

Umax = max (max{max(abs(UUU)}))) :
Vmax = max (max(max(abs(VVV})))
UVmax = max{(Umax,Vmax)
Unin = min{min (min ( (UUU)
)

.
’

M) 2
Vmin = min(min{(min((VVV))))
UVmin = min (Umin,Vmin)

for k. =1 : (tt/t)
for i =1 : M-1
for 3 =1 : L-1

XX = j*1;

yy = i*m;

kk = (1 + xx*yy):

CS(i+1,3+1) = (LA*(D/UVmax) +

p* (UUU (i+1,3+1,k+1)/UVmax) /kk) *C(1i+1,3):
CS(i+l,j+1) = CS(i+l,3j+1) + (-4*LA* (D/UVmax) -

p* (UUU (i+1,j+1,k+1) /UVmax)/kk -

(p* (VVV (i+1,j+1,k+1)/UVmax)/kk)+1)*C(i+1,j+1);

CS(i+1,3j+1) = CS(i+1,3+1) + (LA*(D/UVmax))*C(i+1l,j+2);

CS(i+1,3j+1) = CS(i+1,3+1) + (LA* {D/UVmax) +

p* (VVV (i+1,3j+1,k+1)/UVmax) /kk) *C(i,j+1):

CS(i+1l,j+1) = CS(i+l,j+1) + (LA* (D/UVmax) ) *C{(i+2,3+1);

CST(i+1,3j+1,k+1) = CS(i+l,3+1);

end;

end;

CST(1,:,k+1l) = CST(2,:,k+1);

CST(M+1,:,k+1) = CST(M,:,k+1);

CST(:,1,k+1l) = CST(:,2,k+1);

CST(:,L+1,k+1) = CST(:,L,k+1);
CST(1,1,k+1) = (CST(1,2,k+1l) + CST(2,1,k+1))/2 ;
CST(1,L+1,k+1) (CST(1,L,k+1) + CST(2,L+1,k+1))/2 ;
CST (M+1,1,k+1) (CST(M,1,k+1) + CST(M+1,2,k+1))/2 ;
CST(M+1,L+1,k+1) = (CST(M+1,L,k+1) + CST(M,L+1,k+1))/2 ;
CcC =2Cs ;

end;

CST = CST*UVmax ;

I

$step 4 Plot Graph

figure (1)

[aa,bb] = meshgrid(0:1:M);

holdon

quiver (aa,bb,U0U(:,:,40),VVV(:,:,40));
colormaphsv

holdoff

figure(2)

surf (CST (:,:, (tt/t)+1));
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