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ABSTRACT

During the last decade, many research have been made on the molecular mechanism of
circadian rhythm, especially in Neurospora. Neurospora process model is based on the negative
feedback auto regulation of gene expression. This thesis is concerned with the modified mathematical
model for Neurospora process with or which includes the effects of light. The differential equation
model is analyzed in terms of the stability of the equilibrium solution, and the existence of limit cycles.
The Routh-Hurwitz cﬁteﬁ8n~ and the Hopf bifurcation theory are used to find the conditions on the
model parameters under which different dynamic behaviors may be assured. Moreover, numencal

simulations have been carried out to conﬁrm our theoretical predictions.
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model organisms. There are many features that lend themselves to this use: Neurospora is easy to

obtain, grow, do experiment and widely distributed around the world [2].

2. Purpose of the Study

1. To analyze the mathematical model of Neurospora.

2. To find conditions in terms of parameters which consist of stable state conditions and
limit cycle condition.

3. To use numerical method to compute approximate solutions to a model of Neurospora
for different values of parameters in different illuminations.

4. To illustrate the behaviors of the solution of the model of Neurospora for parameters in

each state using Matlab,

3. Scope of the Study

1. Study mathematical models of Neurospora which are first order-non-linear 6rdinary
differential sy?tcms.

2. Investigate the behaviors of the models in stable state conditions and limit cycle
conditions."‘

-'3. Examine the effects of changing light and biochemical paré.meter'é of the models

4. Method

1. Stt;dySOme.theoretipal. backgrounds of ordinary. differential eql;aﬁ ons.

2. Study some I.Jumen'cz;I' 1.nethods to compute solutions of our differential equations.

3. Analyze the nonlinear differential system of Neurospora.

4. Find the parameters ;co support the stability and l@it cycle conditions

5. Use numerical methodg to create computer programs to confirm the behaviors of
solutions of the mathematical model for Neurospora.

6. Illustrate numerical simulations which are carried out to confirm our predictions.

7. Write the thesis.



5. Utilization of the Study

1. The model would be useful for examining the effects of changing light and biochemical
parameters that are important to the behavior of Neurospora and investigating the process
of transcription of Neurospora.

2. Be able to use some numerical methods and programming to confirm the theoretical

results (by investigating the trajectories).

In the next chapter, we will describe about literature review which consists of some research
and models about Neurospora that involve to this thesis.

In Chapter 3, we first describe oﬁ model for Neurospora which is a nonlinear differential
system. We then analyze the model system using stability theory, Hopf Bifurcation theory, and
Routh-Hurwitz criterion to derive conditions that satisfy different dynamic behaviors.

In Chapter 4, we find the proper parameters which satisfy all theoretical stable state copditiops,
and also limit cycle state conditions with four different cases .of illuminances. Next, we venfy all
parameters by using the Runge Kutta method and we ais"o: find all trajectories, phase pldne and phase
space in each state. Moreover, we show that all parameters described above satisfy stable and limit
'éy.cle- conditions mentioned in chapter 2. | -

Fiﬁa'lly,, i chapter 5, .we.désc':ribe th;e discussion, conclusion, and the suggestions for funhér

study.



Chapter 2

The Mathematical Model for Neurospora

2.1 Literature Review
In 2000, Didier Gonze, Jean-Christophe Leloup, and Albert Goldbeter [7] created a

theoretical model for circadian rhythms in Neurospora. A model consists of three compartments

which are frg mRNA, cytosol FRQ, and nuclear FRQ.

Nuclear FRQ (F};)

v, K Uans}ccrr?ptioh T l j N
k & l lkz 'vd

s

pamiows (M) > FRQ(R) ——

Figure 2.1 Diagram of the model for Neurospora [5].

From the diégraxﬂ we obtain
A If there is no light, then the cytosol FRQ protein (F.) will enter to the nucleus.
':Subsequently, the nuclear FRQ proteins (F,) will repress the transcription of frq gene.
Moreover, the nuclear FRQ will react to the base sequence of frq DNA. Because of this rcason, )

the process will not go on.
L If there is light, then the transcription of frq gene will continue. The result of this
process is frg mRNA (M) which will be used in the FRQ protein synthesis. In other words,

light indirectly increases the concentration of the nuclear FRQ in the system.



From this process, we can formulate the system as follows

M K] M

'_vs vm
dt CK'+F "K +M

m

2

dF, F, :
—S =fM-v,—S<——kF.+k,JF,, ‘(2.1)
i UK+ kFe+hFy |
dF. ".. .

—E=kF-kFy,

where M is t;Je concentration of the ﬁq’ mRNA F, is the concentration of the cytosolic form of
FRQ; F, is the concentration of the: nuclear form of FRQ; F, denotes the total concenuanon of
FRQ protein where E F +FN 5 Vs denotes the rate of frg transcnptlon the Michaelis constant
K, related to the th.reshold of the Jrq transcnptlon before nuclear FRQ represses this process, n

is the Hill coefficient; v,, is the maximum rate of frq mRNA degradation; the Michaelis’ constant
K, related to frg mRNA degradation; kg is the rate of FRQ protein systhesis; v, is the
maximum rate of cytosolic FRQ degradation and k, and k,denote the transport of FRQ protein into

and out of the nucleus of Neurospora.

LIGHT
v ?
nuclear FRQ (£}
frq )
v, \_ transcription T l Yy,
k h ks
frgmRNA (M) > cytosol FRQ (F.)
l k]
stable FRQ (F;) d

Figure 2.2 Diagram of the model for Neurospora with the existence of stable FRQ [5].



From Figure 2.2, the cytosol FRQ protein F_ can be transferred to nucleus and can be
degraded to the stable FRQ protein, F;, under which cannot be transfered to nucleus again.
Consequently, the nuclear FRQ protein can be degraded. So they obtain the modified model of

Neurospora with condition that includes the stable FRQ protein, Fy, as follows

av K M
dt “K'+F, "K +M’
%—kM ~kF. +k,F, ~kF,, 2.2)
dF, F; k. - F, ,

dt K, +F,
ary —Y g F.~k,F, - —FN—,

t KdN+FN

where Fg denotes the concentration of stable form of FRQ protein; % is the conversion rate of
cytosol FRQ to stable FRQ; v, is the maximum degradation rate of nuclear FRQ; the Michaelis
constant K, related to degradation of nuclear FRQ and the total concentration of FRQ protein, F,,

isequalto F_ +F; +F),.

In 2010, Kanchana Kumnungklt Nlpon Wongvxsetsmkul and Sarawut Suwannaut[8 9] deve10ped o
‘ ‘the model with stable FRQ by con81denng quantity of light. Hence, we add the new term called the

illuminances or L in the ﬁrst equatlon of (2.2) so that model (2.2) becomes

dM K M

= —V,- +L,

dt. K"+F" K, +M

dF,
71:=ksM_k1Fc+szN f':]ch’

Ll = kF, —vd—F:"—, (2.3)

dt K, +F; ‘
By kF -k F, v, —TH

d KdN+FN

Then, we write the equilibrium point in terms of parameters. We also found the parameters

satisfying stable state with four different values of illuminances by using the Routh-Hurwitz criterion.



2.2 The Mathematical Model

In this thesis, we will study the model without the stable FRQ protein and add the

illuminances term, L, into model (2.1) to obtain

M K} M
=V, -V, +L,
dt K+ Fy K,+M
LV S 2o
dt K, +F,
dF,
7:=k1Fc —kFy,

where the variables are defined earlier in the previous section.



Chapter 3

Methodology for Analysis of the Model

In this chapter, we will analyze the mathematical models for Neurospora, with and without
the existence of stable FRQ, described in model (2.3) and (2.4) respectively. Then, we find steady
state values in terms of parameters and find conditions satisfying stable state and the existence of limit
cycles by using stability theory, Routh-Hurwitz criterion, and Hopf Bifurcation theory. Finally, we
will investigate the behavior of models using the numerical method in each state with four different

illuminances.

3.1 An Analysis of the Model (2.4)

In this section, we tecall and analyze the model (2.4) described in chapter 2. The model is a

system of nonlinear differential equations given by

- K’ M
=V, -V, +L,
dt K +F; K,+M
dF, F, ‘
=kM-v,—C— —kF.+kF,,
o My g, A kA
dF,

7?‘?' k1Fc "kzFN’_ " -
where the variables are deﬁned earlier in Chapter 2.

It is clear that the system descnbed above has a positive steady state (0,0,0) w1th L 0
However we will not cons1der the behav1or of the model at this point. .

We define these functions to find the equilibrium points

aM
7=g1(M»Fc’FN)=O’
- dF,
o =&ML Fy)
dF,
— M,F_,F,
ar g( c )

0, (3.1)

0.

From Eq.(3.1), let E* = (M Y F,;) “be an equilibrium point and let 7 =1 to obtain
X, M

v, —=V, -+L=0,
K +F,; K, +M




F
K,+F;
kF, —k,Fy =0,

kM -v, —kF} +k,F =0, (3.2)

From the first equation of the model (3.2), we rearrange the first equation of model (3.2) to get

o = BEL-BKL-KKy, 63
FiL+K,L—Fyv,-Kv, +Kp,

Next, consider the second equation of the model (3.2), we have

F‘
kM-—v c ——kFE +kF,=0.
s d K+ Fc. kFe +k,Fy
So
F,; :Fc'kl+Fc'k1Kd—-F(;ksM'—desM'+Fcfvd ' (3.4)
k, (F;+K,)
consider the third equation of the model (3.2),
leC' —k,Fy; =0,
oLy (3.5)
k ) .
Substitute Eq.(3.5) into Eq.(3.4), we have B
A M,, = F’Nklvd ) (3.6)
Fuk.k, + kK ik,
From Eq.(3.3) and (3 .-6), we get
F, =~ K KkL+kEKK EL+EKLv,—
N 2k2[Kmk3L+Vd(L—Vm)]kI’.d m's k2 1**m’vs kl I vd
kEKvy, +LK K kv, +EKv,v, i[—4k1/g2KdK,Kmk5 (K, k,L+
VL WLV K KB L+ K (Ko (L4 9,) 49, (L=v, +
RS T (3.7)

Since the negative term of Eq.(3.7) is less than zero,

1 .. .

—— K, K kL+kK K kL+kKLv,—
2k2[Kmk':'L+Vd(L—Vm)]kl d-*m’s k2 1" *m™s 28 LYy
kZKIvdvm + kZKleksvs +k2KIvdvs _-[_4klk1KdKIKmks(KmksL +
vy (L= DL+ VMK KL+ kK (K (L+v,) +v, (L=, +

vIF <0,
we choose Fy to be the positive term,
Fy = ! Kk L+ KK EL+EK Ly, -

- K
2k, [K, &k, L+v,(L-v,)] k
EKyvy, +EK K kv, +EKv,v, +[4kk, K K, Kk (K, KL+
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Vo (L=v, WL+, YK, K, &L+ kKK k (L+v)+v,(L-v_+

v )IE. (3.8)

Substituting this F), into Eq.(3.3) and (3.5), M" and F_. can be found as follows
1
M= ~kK,K kL+kK[K k
2k1de5(L_vm)_szKlks(L—Vm+VS){ kl 47 ms kz 1[ m's

(L9, =y (L =V, +V )]~ (A K K K B YK b L+ v, (L=,))
(L+v)+[KK,K kL+k,K (K k(L+V,) +v,(L-v, +vs))]2]%},

(3.9
1

S =— KK EL+EKTK E(L+Vv.)+

C 2kl[KmksL+Vd(L—Vm)]kl d**m's 2 l[ m s( vs) vd

(L —vm + vs)] + [_4klk2KdKleks (Kmksl’ +vd (L _vm))(L + vs)+[kl

KK kL+kK (K, (L+v,)+v,(L-v, +v,)IT. (3.10)

More importantly, the equilibrium point (M " Fe, F};) >0.
From iE:q.(3.1), we consider the interval of eqﬁilibrium points satisfying the stability. Smce h
(M',FC',F);) is the equilibrium point, g, (M', FC',F);) =0; i=12,3.
Because the solution converges to (M S F, ,F);) , we transform the nonlinear system by
- "defining new variables, that is, m=M~M", f,=F.~F; and f,=F, —F,; If M,FC'.an;l . )
F, coﬁVerg_e to (M',FJ,FJ;) ',J'n,fC" and J, converge to zeros. We obtain _M'=m+M‘,. .

F =fC+FC°: and Fy.=f, +F, where M",F, and Fy are constants. Then, the system
becomes ‘

dr 7 S alM L)
=g(M" +mE2+ fo, Fy+ £3)
df._d(Fe—F;)_dF,._
dt

dt dt gZ[M.; FC.’::F"; ] ~
gz[M‘ +m,Fg + for Fy +f1v);

df, _d(Fy-F;)_dF, (
[

st crd' Ny

=olM* F: F:
dt dt a0 ]

=g M.'*'m’Fc.'*'fCan; +fN]’
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We expand the right hand side using Taylor series to get
dm Lo Y — 08y (/v v po
—~ =& (M, F,Fy)+ Y, —=L(M ,FC,Fij+£(M IO Ey) fo+

B (0", B2, B )+ OCh

N

g . e e . e . e e
§=gz(M ,FC,FN)+2%(M F.,F}, jm+—aa—§f(M FLLEy) fo

gjﬁ (M, B, F) £y + OB,

‘Zf—;' =g, (M',F5,F,;)+-g-§—;(M',FC‘,F jm+g%(M',Fg,F,;)fc +

0g;
a}i (M, F2,Fy) fy +O(h).

Since g, (M L Fy J =0; i=1,2,3, the system becomes

_id'?: Zi‘{(M L Fy) g}%‘:{M',Fg,F,;] N(M FLF)2T)

_d& — agz hd * * a * . - le * * - )
1% ) ) S 7 oo
LM g, P "

R dt i -aM 6FC

(M o, Fy)

where the 3 %3 matrix is called the Jacobian Matrix of the systemat ' M", F. and F}.

We linearize the system at (M " F.,F, ') ‘the above system becomes

] [torrr) Borm) Borma)
E m
%, Q'af}(M"FE’FA;] ‘%{M‘,F',F[,] ﬁz{M FC,F] J{c
. N
_‘Z[—;’_ -%(M‘,Fg,zr,;] SE: M',FC‘,F'] ﬁ{M',F&F&]J“_

:(3.11)

From the first equation of model (3.1) with n=1,
K, -y M
‘K+F, "K,+M

The partial derivatives of g, (M,FC,FN) at (M ,FC,FN) are

gl(M F,Fy )



ag - L - —_ Km
aA}(M ’FC’FN)— vm Km+M.)2:
ag L] - L.

_aF; (A, F2, By )=0,

0\ (aps o o) K

ar, (MR = TR

From the second equation of modell(3.1),

F,
gz(M’FaFN):k:M—VdK CF —hkFe +kFy.

atle
The partial derivatives of g,(M,F.,F,,) at (M',F. F;| are
2 cr 'y crl'y

%8s (r R, Fy) =k,

oM
le_ . . . K _

%E;[M‘,FC‘,FA;]#’T

From the third equation of model (3.1),
&3 (M>FC’FN)=leC —kFy.
The partial derivatives of g, (M,F.,Fy) at (M',FC',F);] are

oM

..'.a o
%(M .’FC’FN):'—'kl’

a%gx[M‘,Fg,F,;):—kz.
A

Next, we substitite these values into Eq.(3.11), the system (3.11) becomes

%(M‘,F(;‘,.F,;) =0,

Suppose

Tdm F._vm___Km_3 ‘ 0 . —VSLZ
@ || (KM+M‘]' (K, +Fy) .
% _ . ks - :.—vd——Kd———z—kl kz fc .
dt (K, +F2) P
i o ' ~ v
"t k k, |

12

(3.12)
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(K, +M' )
K,

Cl=md
(Ka+E)

K
where A’ is the derivative of A= 7<1_'*'LI‘7 with respect to F), ; B’ is the derivative of B=

F
K:—f 27 With respect to M ; C' is the derivative of C = ?d—f};.z" with respect to F. , at the
equilibrium point E° =(M Y O ,F,;)

After we substitute the values of A',B'and C’ into the system (3.12), we obtain

-, B’ 0 v, A
J=| k, —vC-k Kk | (3.13)
0 k ~k
From det(J-AI)=0,
v, B'~4 0 v A’
k, -v,C'-k-A k, |=0,

0 k —k,—A
hence, the characteristic equation is .
' A +aAl+aA+a, =0, - S Gaa)
where . ‘ o
c;l =k+k,+C'v,+B'v,,
a, = By, + Bk, +Cky, + B'Cvv,,
a,=B'Cky,v, +Akky,.

' {.We find stability of equilibrium points by using Routh-Hurwitz criterion. The conditions are
.. .'0.1 -0, :
a, >0,

aa, >a,.

If the parameters, da,,a, and a,, satisfy these conditions, the equilibrium points will be
asymptotically stable.
Next, we will find the eigenvalues to analyze this model.
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From Eq.(3.14) , we get the eigenvalues
A= —i’l——%/ibl +b,,

21_ 1+1\/— _ —-1\/—

3 Y B 2
_ 9 1-iV3 _1+l\/—
A= 3+ T b 5 b,,

Az=_

where

2
—-a” +3a
— 1 2
b = s

3324} +9aa, - 27a, +3\3/-a’a} + 4d; +4d’a, —18aa,a, + 27a2

b, = 1 3-2a’ +9aa, —27a, +3\/—\/—al al +4d +4a’a, —18aa,a, + 274’ .

27 33

" "Note thiat the first eigenvalue A, isreal. Therefore, if A, is negative, that is,
—%—Q/—ibl +b, <0,
then the equilibrium point E° will be locally asymptotig:aﬂy’ stable. On the other hand, if 4, is
. positive, that is, o . . '
| —%:-‘3/51':,'4b2.>0,

the.equilibrium point E” will be unstable.

'Next, we rearrange and A,. Then we let =(—3+ -3b—"—£2- +i(L5 —Lb,| which
: 3 3 " 3Ys 24 VT T2 .

are a pair of complex eigenvalues. If

Re(4,,)<0

and .
Im(4,,)>0,

the equilibrium point E* is locally asymptoticau}; éfable. However, if
Re(2,3)>0

and Im(ﬂ.m) > 0, the equilibrium point E" is unstable.
We now look for the range of parameters for which the equilibrium point E* is locally

asymptotically stable. Consider
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Re(,3)<0,
which leads us to the following inequality
3
a >§({/§b1 ~b,) (3.15)

Now, we define @, as the bifurcation parameter. Then we will use the Hopf bifurcation
theory in order to show that at @, = R where R= ’32- (Q/Ebl —bz] the steady state E~ becomes
unstable and the limit cycle, surrounding the equilibrium point, created by the bifurcation which is
asymptotically stable.

Consider the real part of the two eigenvalues of the Jacobian matrix in (3.13) and then define
the function of bifurcation parameter F'(q,) and also define b, and b, as function of @, so we

obtain

F(a1)=—%—3/§bl +b, (3.16)

From the result ;ibo’ve and the inequality (3.15), if @, >R, E” is asymptotically stable and

loses its stability at @, = R, at which point (3.13) has a pair of purely imaginary complex eigenvalues.

d .
For Hopf bifurcation to occur, we need parameters such that — # 0. From (3.16), we get

G | a=r .
dF _ 1 _af5u i -
. ——=—=—3/2b +b.
. da, 3 P
and consequently a
ax #0
day | o-r

which is the main condition of Hopf bifurcation theorem.
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3.2 An Analysis of the Model (2.3)

In this section, we recall and analyze the model (2.3) described in chapter 2. The model is a

system of nonlinear differential equations given by

dM K’ M

=y — -V, +L,
dt K'+Fy K, +M
dTIE:=kJM—-k1FC +k,F, —kF,,
.dﬂ_—_kFC—vd FS ,
dt K,+F
ﬂ=k1Fc"k2FN —vm———fl—,
dt K, +F,

where the variables are defined earlier in Chapter 2.
Itis clear that the system described above has a positive steady state (0,0,0,0) with L=0.
However, we will not consider the behavior of the model at this equilibrium point.

We define these functions to find the equilibrium points

B (MR B ) =0,

2 g (M, F P ) =0, CA7
.%Fga (M, Fe, Fy, Fy ) =0,

gc% =& (M;‘FC;F;5Fn) =0...

Let E'};.—(M‘,FC',F_';,F;,) be an equilibrium point and let 7 =1. So we obtain

L M iL-o, (3.18)

vS . * . —vm 7+
K, +F, K +M
kM -k ES + R Fy - kF; =0, (3:19)
K —v, 15—, (3.20)
. K+ F
~k,F‘—;kF‘—v /I (3.21)
C 24N dN KdN+F1; -

From Eq.(3.17), we get

_ —KK,L-KIM"+K,M'v, - KK, v,~-K,M",

Fy YT
K,L+LM M,

(3.22)

Next, we consider Eq.(3.18)
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P+ R —kM
p :

s

F, (3.23)

From Eq.(3.21) and (3.22), we have
. 1
FC = » -
k+k)K, L+LM —M"v,)
kSLM' + k2K1M°vm - kquvm -kELK K, v,). (3.24)

(~k,K,K, L-k,K,LM' +K_kIM" +

By solving Eq.(3.19), we get
B F kK,

. (3.25)
Fk-v,

F:; =
Solving Eq.(3.20) to obtain
e Fok, + Fyb,K 5 + Fyvy, .

- (3.26)
¢ ke (Fy + K )

From Eq.(3.23) and (3.25), we get

1
F, = kk,K K L+K1k2K 5, K, L+
"k (k+R)[K LM (L-v,)] T T,

Kk KK, L+ kh Ky LM* + kb Ky LM + ke KLM" — kK. k L
M* =k LM® + KK, v,y + kK, Lvy +kLM'vp + T LM b, -
K 0 My, kK o M, kKM, +kkM™y, —kM'v,,
v, ~ kMo + kI KK, v, + kKM, +{~4k (k+E)k,K
(K, L+M"(L=v,)[-k,M"(K,L+M"(L-v,)) + kK, (K, (L+v.)+
ML, v D]+ K gy +Vay XKoL+ M (L~v,)) + K[k, M
g WK L+ M (L= )+ k(K gy (K, L+ M (L= )+ K, (K, (L
)+ M (L=, v Y. | e

Since the negative term of Eq(327) is less than iero,
2k, (k+ k)| K, L+M"(L-v,)]
kK K, L+ Ky LM" + kK LM + kK, LM~ KK,k L
M —kkIM™ +kK, Lv,, + kK, Ly + LMV + K LM vy —
K, K oo MV, =kl Ky M7, — kb, K, M, + kkM™Y, — kM v,y
v, — kM Vv, + kKK, v, + bl K,M"v, - {4k (k+ k )Yk, K 5,
(K, L+ M (L=v, )~k,M" (K, L+ M (L=v, )+ kK, (K, (L+v,)+
M (L=v,, +v )+ k(5K gy + v XK, L+ M (L—v )+ k[~(k,M"
Vg WK, L+ M (L~v,)) + k(K (K, L+ M (L-v )+ K, (K, (L
)+ M (L=v, + DI <0,

ki, K K, L+ K1k2K 5 K, L+
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so we choose Fy to be the positive term,
F= L
2k, (k+ k)| K, L+M (L-v,)]
kK K, L+ ke, K oy LM + ke, K o LM + kK, LM" ~k K, kL
M* —kk LM™ + kK, Lvyy + kK, Lv,, + kLM vy, + LM v, —
ke, Ky M™,, ~ ki, Ky M™, — Kk, KMy, + kE MYy, kM v,
V, — kM v, + kKK v+ kK MY, + {4k (k+k )k, K,
(K L+M (L=v,)~k,M (K, L+M"(L-v,))+ kK, (K, (L+v,)+
M (L=, +v D]+ {k(e, K gy +9 50 XK, L+ M (L=v,))+k[-(k,M"
Vo YK, L+ M (L=v,) + k(K o (K, L+ M"(L-v,)+K,(K, (L
W)+ M (L-v, sy DIPHE. (3.28)

KK o K, L+ k12K , K, L+

By solving Eq.(3.24), (3.25), (3.26) and (3.28), we get the equilibrium value M, F},F; and
F, in terms of parameters and then we obtain the equilibrium point (M FLF; ,F,;) . However,
each value of the point are'get described in this thesis because ~it is long and complicated. More
importantly, M",F.,F; and F, are more than zero. '
From Eq.(3.17), we consider the interval of equilibrium poilhﬁs. satisfying the stability. Becauge
(M, FC,FS,F ) is the equilibrium point, g, (M, F, Fy Fy)=0 for i=1,2,3,4.
Because the solution converges to (M Fc R FS ,Fy ) we transform the nonlinear equatione
. bydeﬁnmg new variables, that is, m= M M'.f.=F.-F,f, =F, -F ‘and fv=F,—-Fy.
If M,FC,FS and F), converge to (M L FS L Fy ), m,f,, f, and f, converge to zeros. So
we obtain M =m+M",F; = fo +F,Fy=f;+F; aid Fy=f,'vF; where M",F,F;

“and F are constants. Then, the system becomes
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=g (M",F.,F; ,Fy),

1M +mF +fC,F +fS,F +fN)

dt 2( EeE )
2( M +mF. + f., F + f5, Fy, +fN)

%=d(F F gs(M FC’F:S"FN)
—g3(M +m,F; + £, F; + fo, Fy +fN)

%—‘d(FN F g4(M FC,FS,F)

=g4(M +m, F; + fo, F; + [, Fy +'fN);

Expanding the right hand side of the above system using Taylor approximation, we get

dm

—r=a(MELE )+ gf}(M FF;,Fy )m+—;l§L(M',FC‘,F;,F;,)
3 .

ot g (M B F F)fs+—§§3—(M‘,FC',F;,F,;)fN+0(h>,
N

d RN . e e dg
%=g2(M ,FC,FS,FN)+ﬁ(M,FC,FS,F )m+—a—FC—(M F.,F;,Fy)

fot 6gz(M F i F)fs S?(M FC,FS,F )fN+0(h)

d e e, 0 og
—(%:gs(M ,FC,FS.,FN) ai;(M F.,F;,F; )m+E(M F.,F;,Fy)

e+ B LR i) o+ (M B ) O,
N .
‘i{,’—;’=g4,(M',F5,F;,F;)+%(M',F5,F;,F,;)m+-aa-§,i(M',F;-,-a‘,F;}‘
C
B Zﬁ:‘(M FLFLF) fs+ a;5:‘(M L FL ) fy OB,

" but M, F. ,F ,F =0;i=1,2,3,4, the system becomes
& c»¥s .
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B2

.FN .FN (S .FN
LS SO SRR ¢
o [ 355 A ®
S 2 &2 X
A5 5 5§y
Ql Qg O © Q@ Q) ©
.FN .F.N FN -F.N
.FWA -F.S .Fs .rfs
O X S 8
S S S S
Ay Y d5 s
[ [ Sl S
.FS .F.s .F.S .Fs

1§ 1§ 1§ (8]
5 Sy &y &5
oo W W
2 =2 = =

where the 4x4 matrix is called the Jacobian Matrix of the system at M, F_,F; and F, . Then,

the linearized system at (M Y F, F,;] is

(0 5.5 )

(M.,};:;,}T;,F;)

(24
oF,

(52,5, )

g,
OF,

. 1 E)

%,
oM

d3 d3
]

dm
dt

sl ¥l s 5w

(3.29)

From the first equation of model (2.3) with n=1,

+L,

M
"K +M

v
the partial derivatives of g, (M,.F ,Fs, Fy) at (M",F',F:;,Fl;) are

-

K

" "K,+F,

=9y

gl (M’F "F:S"FN)

From the second equation of model (2.3),

kM -k F, +k,F, —kF,

8- (M,F ’ES’FN)



the partial derivatives of g, (M,FC,F;.,F ) at (M' FC',FS',F') are

oM
o,
6FC[M L F; F] ~(k+k),
og o e e e
éF:(M L FS L Fy)=0,
og o e e e
ﬁ(M L F L Fy )=,
From the third equation of model (2.3),
F,
g |\M,F. F, F,)=kF.—v S,
3( cs s N) c dK +F,
the partial derivatives of g, (M, Fy, Fy, Fy) at (M' F.,F; ,Fy )
og
aA;(M 2, Fy, Fy) =0,
og
6F3 (M, F.,F;,Fy) =k,
a * L] * - K
ﬁ(M ’FC’F.'S"FN)=_vd_17’
OF (K, +F5)
0
a}% (M FC,FS,F) 0.
From the fourth equatlon of- model (2.3),
F
MF F F F.-kF,—v, —X—
g( cr4s> )kIC kZNdeKdN_'_FN,
the partial derivatives of ga(M FC,ES,F ) at (M' FC',F:;,F;,) are
F:;
ai}(M JF2,Fy Fy)=0,
ag4(M FC’ES’F )=
[M‘,F 9 e ] -0, -
584(M',F ,F:;,F) —kz VW‘LJ.
(K,,N+FN)

Next, we substitute these values into Eq.(3.29), the system becomes

21
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i dm ) -—Vm KM 2 0 0 —vS KI 2 -
I (K, +M") (K, +Fy)
af, k, ~(k+k) 0 k, }n
at c
= K
0 Eo— d 0 '
2 KR y
N
Yy 0 0 —k, - Ko
| dt ] & 27V (KdN+FA(,*))2_
(3.30)
Suppose
a=—"5 -,
(K, +Fy)
B =—%a
(K, +m)"
c=—Bs
(Ko+F5)
D= Ko =
(Kay + Fy)

K .
where A’ 'is tI.Je derivative of A= TCF-IF_N with respect to F}, ; B':is the derivative of B=

. . . . . F
—kﬁj,yvith_respect to M 3 C" is the derivative of C = K, _’: T w1th respect to Fy; D' is the

K ..
derivative of D = 72— with respect to . , at the equilibrium point £* =[{M",F’, F.,F.).
(KdN+FN) c . C N N

" -After we substitute A, B, C' and D' into the system (3.30), we obtain

[—v_B' 0 0 —v 4 |
k, +k 0
J= _(kl Y ) k (3.31)
0 k. —=v,C . 0
» 0 k 0 -k, —-deD'_
From det(J—AI)=0,
~v,, B’ 0 0 v, A’
k +k 0 '
s ‘(kn ) k, -0,
0 kv, C 0
0 k 0 —k—vyD'

therefore, the characteristic equation is
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Ayl +c At +ed+c, =0, (3.32)
where
¢, =k+k+k,+Cv,~D'vy +B'v,,
¢, =—D'kv,, + B'kyv,+B'k,v,,—B'D'vyv, +Cv,(k,+ k, —D'v,, +
B'v,)+k(k,+Cv,—D'vy, + B'v ),
¢; ==B, (—kk, + D'kvy, + D'k, ) +C'v,[B'v, (k +k,) — D'vyy (k, +
Bv,)+k(k,—D'vy + Bv )+ A'kkyv,,
=Cv,[-B'v,,(=kk,+ D'kvy + D'kv ) + A'k kv, ]

Using Routh-Hurwitz criterion, the conditions are
¢, >0,
¢, >0,
¢, 20,
acc >c +cle,
If the parameters, ¢,,c, and c; -, ‘satisfy these conditions, the equilibrium points will be
asymptotically stable. ‘
By factorizing the characteristic equation Eq.(3.32), we obtain
‘ (A+Cv,) (A +ar? +a,i+a)=0,
where . . o ' ' '
a=k+k+k~Dv,y +BYv,
=B'v_(k +k,)- D’de(k +B'v )+ k(k,—D'vy + By, )
a, =-B'v,, (-kk, +D'kv +D'kvy )+ A'kky

Note that the first eigenvalue A, =~C'v, is real. Therefore, if A, is negative, that is,
L v, <0, o .
the equlhbnum point E* will be locally asymptotically stable. On the other hand, if 4, is positive,
that i 1s_,
—Cv; >0,
the equilibrium point E* will be unstable.

Next, other roots or the eigeﬁvalues of Eq.(3.32) are

g:-%-%&+@,
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A =__a_1+1+1\/§bl_1—1\/§b2,
3 s 2
_ﬁ_*_l—z\/gbl_lﬂx/gbz,

3 34 2

A=

where
2
—a;, +3a,

b = >
1 32/—2a3 +9aa,-2 V3. /-da? 2 +4d’ 2
y +9aa,-27a, +3 3\/ a a, +4a, +4aa, —18a,a,a, + 27a;

b, = —5313{/——2@3 +9a,a, ~27a, +3\3\|-a?a? +4d +4a’a, -18aa,a, +27a% .

Note that the second eigenvalue A, is real. Therefore, if A, isnegative, that is,

—%—Q/Ebl sz <0,
the equilibrium point, £~ , will be locally asymptotically stable. On the othér hand, if A, is positive,
that s, | S

—%-i/fbi +b, >0,

the equilibrium point, E*, will be unstable.

s
|
N |.S"
p —
H
S
Ry
|
N l&l
R
€
E.
(2]
(=4

Next, we rearra;1ge Ay and A, . Thenwe let /1,,4.= (—-%+'
are a‘ pau of complex eigenvalues.. If -
Re(2,,)<0
Im(2,)>0,
the sum of eigenvalues is negative and the real parts of both eigenvalues must be negative. Hence, if all
three of the eigenvalues of the Jacobian matrix J are negative. and.ti1e.equilibrium point, E* is
locally asymptotically stable. ﬁoweyer, if
Re (ﬂuJ > 0
and Im (/13.4J >0, at least one eigenvélue has a positive real part and the equilibrium point E* is
unstable.
We now look for the range of parameters for which the equilibrium point E” is locally

asymptotically stable. Consider
Re(2,)<0,
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which leads us to the following inequality

a > —;—(%bl ~b,). (3.33)

Now, we define g, as a bifurcation parameter. Then we will use the Hopf bifurcation
theorem in order to show thatat @, =R where R= % (Q/Ebl -—bz] the steady state E” becomes
unstable and the limit cycle, surrounding the equilibrium point, created by the bifurcation which is
asymptotically stable.

Consider the real part of the two eigenvalues of the Jacobian matrix in (3.31) and then define a

function of bifurcation parameter F'(a,) and also define b, and b, as function of @, , we obtain

F(a)= —33‘-—3/5b1 +b,. (3.34)

From the inequality (3.33), if @, > R, E” is asymptotically stable and loses its stability at

a=R, at which point (3.31) has a pair of purely imaginary complex eigenvalues. For Hdpf’ -

dF
bifurcation to occur, we need parameters such that ——— # 0. From (3.34), we get

dal a=R

Consequently,
"dF
di;

‘q=R

which is the main condition of the Hopf bifurcation theorem.



Chapter 4

Numerical Results

In this chapter, we will use the modified mathematical model developed in Chapter 2 to
determine numerical solutions for concentrations of frg mRNA, cytosol FRQ, stable FRQ and nuclear
FRQ. To do this, we have to first find reasonable estimates for the parameters. More importantly, we
considered the example of illuminances [4] as follows: L = 0.002 lux , for example, is moonless
clear night sky with airflow; L =1 Iux , for example, is full moon overhead at troi:ical latitudes;
L =400 lux, for example, is sunrise or sunset on a clear day; L =1000 Iux, for example, overcast

day or typical TV studio lighting.

4.1 Parameters and Numerical Solutions for the Model (2.4)

In this section, we find the proper parameters which satisfy all theéretical stable state
conditions and also limit cycle state conditic;ns by using mathematical program with copyright from
KMITL called MATLAB version 7.6 and equilibrium points by using MATI-IEMATICA version 7.
Here are the results for all four different cases of illuminances described above.

L L=0002 .

. ® Forthe staBlé .stat,e,- the,'p.a,raméters used in tﬁe .simulation are v, =3.5,
v, =1.0,v, =3.0,k, =12,k =2.0,k,=2.0,K, =0.5,K, =1.7,K,=0.2,
n=1, L=0.002 and (2.41229, 5.50065, 5.50065) is the equilibrium point.
° . For the limit cycle, the parameters used in..th.e.'simulation are v, =3.5,
v, =10,v,=3.0,k, =1.2,F =2.0,k,=2.0,K_ = d.OQS, K, = 1.7,‘K; = 0.05,
n= i, L=0.002 and(2.47109, 4.27401, 4.27401) is the equiﬁiaﬁum point.

. 2. L=1 Ix

®  TFor the stable state, the parameters used in the simulation are v_v::= 4.0,
v, =3.5,v,=3.0,k, =10,k =3.5,k,=3.25,K,=0.02,K,=1.0,K, = 0,05,
n=1L=1 and (2.75895, 0.572265, 0.616285) is the equilibrium point.
L4 For the limit cycle, the parameters used in the simulation are v, =4.0,
v, =35,v, =3.0,k, =12,k =3.5,k,=3.25,K,=0.0,K,=2.0,K, =0.02,
n=1L=1 and(2.45657, 1.13125, 1.21827) is the equilibrium point.
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3. L =400 lux

o For the stable state, the parameters used in the simulation are v, =55.0,

v, =410.0,v, =5.0,k, =1.5,k, =3.5,k, =1.LK, =0.0L, K, =1.2,K, = 0.0],
n=1,L =400and (3.31666, 1.98873, 6.32777) is the equilibrium point.

° For the the limit cycle, the parameters used in the simulation are v, = 55.0,

v, =410.0,v, =5.0,k, =0.5,k, =3.5,k, =3.,LK_ =0.00L, K, =1.6,

K,=0.004,n=1,L =400 and (9.99376, 6.40925, 7.23625) is the equilibrium

point.
4. L=1000 hx
° For the stable state, the parameters used in the simulation are v, =250.0,

. =1200.0,v, =20.0,k, =2.5,k =3.0,%k, =3.0,K,, =0.2,K, =5.5,
K,=0.1,n=1,L=1000 and (7.70431, 2.60555, 2.60555) is the equilibrium point.
® For the limit cycle, the parameters used in the simulation arev, =250.0,
v, =1200.0,v, =20.0,k, =2.5,k =3.0,k, =3.0,K,, =0.01, X, =3.5,
K,=0.1,n=1,L=1000 and (7.20923, 0.911666, 0.911666) is the equilibrium

point.

Next, we verify all parameters by using Runge Kutta methoq,-ﬁy applying MATLAB toolbox,
ode45. All trajectories; phase plane and phase spé(:e in each state are also illystrated. Moreover, we

show that all parax_ﬁetérs described satisfy stable and limit ¢ycle conditions mentioned in chapter 2.
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Equilibrium Points and Linearization [6, 13]

Definition 1. A point X, € R" is an equilibrium point (or fixed point, stationary point, singular point,

critical point or rest point) of
ax
—=f{t,X (B-1
= f(t,X)
if f(t,X)=0 forall t>¢".

If X, is an equilibrium point of (1) at ", then it is an equilibrium point for all #>1¢".

Definition 2. The equilibrium point X =0 of (B-1) is stable if for every 6 >0 and any 7, € R*
thereis a @(J,%,)>0 such that
Iu (t,t0,7)| <& forevery t 1,

whenever I}/I < co(5,to) where u(t,}') is a solution of (B-1).

Definition 3. The equilibrium point X =0 of (B-1) is asymptotically stable if
1. it is stable and
2. forevery t,20 thereisan &(t,) such that

}Egu(t,to, ¥) =0 wherever |y| < ¢.

Definition 4. The equilibrium poiﬁt X =0 of (B-1) is unstable if it is not stable, In ﬁis case thereis a
I, > 0 and a sequence, ¥, >0 of m1t1a1 points and a sequence £, such that Iu (t Iy, y)r> y for
every m,t, 20.

...

For more general setting, consider a system of three autonomous first-ordér differential equation :

1754 .
—=81 (X’Y’Z,)>

dt
Geaxrz, L e
| %5_&(szL -
where g,,g, and g, are nonlinear functions. We let x, =(X,¥,Z) be the equilibrium point, then
&(X.Y.2)=¢,(X.7,Z)=g, (Z?,’Z') =0.

Setting the solution at any time in the form
' X() =X +x(f), (B-3)
YO)=Y + (), (B-4)

and
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Z(t) =Z +z(t). (B-5)

This method is called perturbation of equilibrium point. We substitute X (¢),Y(¢) and Z(¢) in (B-3),

(B-4) and (B-5) into the system (B-2),
@
at
‘Z—Y = g, (X +x(@O) Y+ (), Z+2(t)

az

=& (X +x(),Y + (), Z +2(t))
)
— =& (X +x(@), Y+ (), Z+2() ))
X,

We expand g,,g, and g, in Taylor series about the equilibrium point ( ? 7) . Then, we obtain

ﬂ%:gl (X.7.2)+8, (X.1.2)r+e, (X7.Z)y+g, (T.1Z):

+terms of order x*, y?,2%,xy, xz, yz and higher, (B-6)
Wy o
=g (X,Y,Z)+g2z (X,Y,Z)x+g2y (X,Y,Z)y+g22 ( )z
+terms of ordér-xz, ¥2,2%,xy, xz, yz and higher, (B-7)

N2) & 37 7)eg (T Z)sre, (FEZ)y+e, (FT7):
+terms of order x* ) y? ?z ,Xy,xz, yz and higher, - (B-8)

l\ll

Y,

il

l\ll

dt at

o - ' (77 YV 7

wi1ere &, (Y, ?,E) is - calculated ‘at (X JY,Z ) and similarly for &, (X Y, Z ),
Z (Y, Y,Z),g, (}? Y,Z),g, (?,?,Z), g, (Y Y,Z),g, (:Y—, v,z), ‘

By the definition of . the s equilibrium : pomt, we have d—g—)- =i‘;,®- = id,@ =0 | and :
- gl(f,?,2)= g, (7,?,2) = é3 (Y,?,E) = (0. We consider only linear terms. Thus, ﬁoxﬁ (B-6),
(B-7) and (B-8), we obtain ' .

Eanxtayytanz

dt

i a,x+ayy+a,z (B-9)

Ty X+a,y+ a5,z

dt

We denote the Jacobian matrix of the system (B-2) by J which is given by
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ox Oy Oz
a
o h G2 G o, og, O,
J(XVZ)=|a @ apl=| 2 Zx
a4, 4y G og, o5, oz,
L ax 6y aZ —(?,7,7)

Definition 5. An equilibrium point x, = (X Y, Z ) of a system of ordinary differential equations

is hyperbolic if none of the eigenvalues of J (xs) have zero real part.

Theorem 1. (Principle of Linearized Stability) If x, is a hyperbolic equilibrium solution of (B-2),
then X, is either unstable or asymptotically stable, and its stability type (with respect to (B-2)) matches

the stability type of x, as an equilibrium solution of (B-9).

Example 1 Linearize the non-linear system:

b,

=x—2
dt dt -

Sol®  Find the equilibrium points by solving this system,

dx

o xy-2=0,
dt xy

. dy

o= =x=2y=0.
a7

We obtain the equilibrium points are (2,1),(-2,—1).

Use the Jacobian matrix to change each equilibrium point (x,,y,) in the x-y plane to the

origin in the u-v plane:

2



At(2,1) t ar|_[t 2w
1), we ge = .
& w1 =2

- ]

al -1 2]«
21 = .
At (-2,-1), we get Y |: { —ZJ[V]

| |

The eigenvalues at each equilibrium point determine the stability of that point:

At (2,1), we get
1-4 2
=0
-
s A=1.56,-2.56
So the equilibrium point (2,1) is saddle point.
At (-2,-1), we have
-1-4 =2 :
o

SA=-1.5+1.32i

So the equilibrium point (-2,-1) is spiral sink.
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For k=3; We need to show that det H, >0 for j=1,2 and 3
H,=[b];det H =b,

H,= b1 ;det H, =bb, —b,,
_b3 bz
b, 1 0

H,=\b, b, b|;detH, =bbb, —b>—bb,+bb,.
b b, b

Since coefficient b, and b, in 3™ order characteristic polynomial equation equal to zero then we
4 s polyn q q

have
det H, =5,
det H, =bb, - b,,
det H, = bbb, -—b32 =b, (blb2 —b3).
So, the three conditions which correspond to det H ;> 0 for j=12 and 3, are b, >0,b,>0
and bb, >b;.
Therefore, the three conditions of Routh-Hurwitz criteria for local asymptotically stable fora 3™ order

characteristic pqun'omial equation are

1. b >0,
2. b, >0,and
3. bb, >b,.

Finally, we show conditions of Routh-Hurwitz critéria forcase k=4 which are also appeared in the

thesis.

" For k=4 Weneed to show that det H,>0 qu ._']"'—-.1,2,3 and 4
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[5,];det H =5,

b l;detH2=blb2—b3,

_b3 b2

(b, 1 0

|6, b, Bb|;det H, =bb,b,—b>—blb,+bb,,
b, B, b

(5, 1 0 0

b, b b 1|

b, b, b b/

b, b b b,

det H, = bb,b,b, +b,b,b, + 2b,b,b, +b2b,b, + b,b, — b2b? —bb2b, — b?
bbb, —bb,b, .

Since coefficient b;,5, and b, in 4™ order characteristic polynomial equation equal to zero then

we get

det H, =b,,

“-det H, =bb, —b,

det H, = bbb, — b2 — b?b,
=b,(bb, ~b, )b,

det H, = b,b,b,b, - b7b, — b7}

B VG RR A
=5 (b (86, ~ )~ 5754}

Hence, the four conditions which correspond to det H, >0 for j= 12 3 and 4,
b>0b>0b420andbbb >b2 +b?b,. -

Therefore the four condmons ‘of Routh-Hurwitz criteria for local asymptotlcally stable for a 4% order

characteristic polynomial equauon are

1. b >0,

2. 7 b>0,

3. b,20,and

4 bbb, > b +bb, .
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The Hopf Bifurcation Theorem [12]

Let the following be a nonlinear system of n equations in n variables that contains a parameter v,
X

—E=f(X,U),XeR" (D-1)

where X € R" and v is areal valued parameter on an interval J .

Let the equilibrium point of the system in equation (D-1) be X = X~ (v) and the Jacobian matrix be

A)=D,f(X"(v),v) =a%f"_(x‘(u),u), i,j=12,...m

J

Suppose that
1. A(v) has a pair of complex conjugate eigenvalues A4, and A, such that
A () =24, (v) =a(L)Ein(v) ‘
such that for some number v =0, € J , where v, is called a critical value of v,
o)=w,>0,a(v,)=0and a'(v,)# 0
2. The remaining n-2 eigenvalués of A(v) all have sh‘ictly'riégative real parts. Then,

the equation (D-1) has a family ‘of periodic solutions near the critical point ... The

appearance of peri&;dic solutions out of an equilibrium point is called a Hopf Bifurcation.

3. There are two possibilities for the periodic solutions. Without loss of generality we
can assume that the equilibrium point is asyiﬂbtotically stable for v < v, Then, o
. (a) If the equihbﬁﬁrﬁ point is asymptotically stable at v= b;_ , then the periodic
solution occurs for ©-> v, and is asymptotically stable suffiently near the critical

point. This is called a supercriticalperiodic solution. _ .
) If the equilibrium point ién;lot asymptotically stable at v =uv,, then the
periodic solution occurs for U <V, and is not asymptotically stable. This is called a

subcritical periodic solution.

The periodic solution which results from a Hopf bifurcation from the critical point X" (v)
corresponds to a trajectory on a closed curve or orbit about the critical point in the phase plane. Such

closed trajectories in the neighborhood, of which all trajectories are spiral, are called limit cycles.
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Hill Equation [5]

In biochemistry, the binding of aligand to a macromolecule is often enhanced if there are
already other ligands present on the same macromolecule (this is known as Cooperative binding).

The Hill coefficient, named for Archibald Vivian Hill, provides a way to quantify this effect.

It describes the fraction of the macromolecule saturated by ligand as a function of the
ligand concentration; it is used in determining the degree of cooperativeness of the ligand binding to
the enzyme or receptor. It was originally formulated by Archibald Hillin 1910 to describe the

sigmoidal O, binding curve of hemoglobin.

A coefficient of 1 indicates completely independent binding, regardless of how many
additional ligands are already bound. Numbers greater than one indicate positive cooperativity, while
numbers less than one indicate negative cooperativity. The Hill coefficient was originally devised to

explain the cooperative binding of oxygen to Hemoglobin.

[ _ [z _ 1
KAl (&)L (k)
(mJ 1

Hill equation: 8 =

@ - fraction of occupied sites where the ligand can bind to the active site of the receptor protein.

[L] - free (I'mbou'hd).ligaﬁd concentration

K, - Apparent diésc{éiation constant derived from the law of mass action (equilibﬁum constant for
dissociation.)' o

K, - ligaﬁd concentration producing half occupation (ligand concentration occupying half of the
binding sites), that is also the~miéfoscopic dissociation constant..

n - Hill coefficient, describing cooperativity (or :Iabssibly other biochemical properties, depending on
the context in which the Hill equation is being used).

Taking the reciprocal of both sides, rearranging, inverting again, and then taking the logarithm on

both sides of the equation leads to an alternative formulation of the Hill equation:

o
log (m) =nlog[L]~logK,.
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‘When appropriate, the value of the Hill coefficient describes the cooperativity of ligand binding in

the following way:

n>1 - Positively cooperative reaction: Once one ligand molecule is bound to the enzyme, its

affinity for other ligand molecules increases.

n <1 - Negatively cooperative reaction: Once one ligand molecule is bound to the enzyme, its

affinity for other ligand molecules decreases.

n=1 - Noncooperative reaction: The affinity of the enzyme for a ligand molecule is not

dependent on whether or not other ligand molecules are already bound.
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