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ABSTRACT

Forth-order DC-DC converters, which include Cuk, SEPIC (Single-Ended Primary
Inductor Converter), and Zeta converters, are capable of operating in either step-up or step-down
mode. This property makes them attractive in the battery-operated applications, where the battery
voltage can be higher or lower than the load voltage. Compared with Cuk and SEPIC converters,
Zeta converter has received the least attention and, most importantly, its dynamic modeling and
control have never been reported before in the literature. This thesis presents dynamic modeling
and control of Zeta converters in both Continuous Conduction Mode (CCM) and Discontinuous
Conduction Mode (DCM). Three well-known modeling methods: State-Space Averaging (SSA),
PWM-switch model, and averaged switch model are applied to find steady state and linear small-
signal models of the converter. Based on the small-signal models, various transfer functions of the
converter are derived and used in feedback compensator design for Voltage Mode Control (VMC)
and Peak Current Mode Control (PCMC) schemes. The validity of the derived models, as well as

the control performance, is verified by simulated and experimental results.
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Chapter 1

Introduction

1.1 Overview

Nowadays, the use of a DC-DC converter is widespread in modern portable electronic
equipment and systems. In the battery-operated portable devices, when not connected to the AC
mains, the battery provides an input voltage to the converter, which then converts it into the
output voltage suitable for use by the electronic load. The battery voltage can vary over a wide
range, depending on a charge level. At the low charge level, it may drop below the load voltage.
Hence, to continue supplying the constant load voltage over the entire battery voltage range, the
converter must be able to work in both buck and boost modes. The DC-DC converters that meet
this operational requirement are buck-boost, Cuk, SEPIC (Single-Ended Primary Inductor
Converter), and Zeta converters. However, the buck-boost and Cuk converters, in their basic
form, produce the output voltage, whose polarity is reversed from the input voltage. The
problem can be corrected by incorporating an isolation transformer into the circuits, but this will
inevitably lead to the increased size and cost of the converters. On the other hand, SEPIC
(Single-Ended Primary Inductor Converter) and Zeta converters are capable of operating in both
step-up and step-down modes and do not suffer from the polarity reversal problem. They are
therefore attractive for the aforementioned application.

Both SEPIC and Zeta converter circuits consist of an active power switch (e.g.
MOSFET), a diq‘de, two inductors, and two capacitors and thus are a fourth-order nonlinear
system. There are two possible modes of operation in the SEPIC and Zeta converters:
Continuous Conduction Mode (CCM) and Discontinuous Conduction Mode (DCM). Although
the converters are usually designed for the CCM operation, they can plunge into DCM at light
loads. In some cases, the converters are even intentionally designed to operate in DCM, because
of the faster dynamic response. It is therefore essential to understand the characteristics of the
converters in both operational modes. Furthermore, Pulse Width Modulation (PWM) control is
usually incorporated into the converter circuit to regulate its output voltage. In this regard, a

dynamic model of the converters is required to facilitate the feedback control design.



1.2 Literature review and research objective

Modeling plays a key role in revealing the insight of the converters’ dynamic behavior
as well as providing a basis for feedback control design. Three well-known modeling techniques
for DC-DC converters include State Space Averaging (SSA) technique [1-10], PWM-switch
model [11-17], and Averaged switch model [18-20]. The SEPIC converter has been extensively
studied by many groups of researchers. Modeling of the SEPIC converter by the SSA technique
has been published in [3, 6-8], by the PWM-switch model in [14-16], and by the averaged
switch model in [18, 20]. On the contrary, the Zeta converter is the least known converter as
compared to its fourth-order counterparts such as Cuk or SEPIC converter. More importantly,
unlike the SEPIC converter, modeling of the Zeta converter has never been performed and
reported before in the literature.

Therefore, the objective of this thesis is to study dynamic modeling and control of a
Zeta converter. The three abovementioned modeling techniques are applied to find steady-state
and linear small-signal models of Zeta converter operating in CCM and DCM. Voltage Mode
Control (VMC) and Peak Current Mode Control (PCMC) [18, 21-23] are the two control
methods adopted to regulate an output voltage of the converter. Based on these control schemes
and the small-signal models of Zeta converter, a variety of the feedback compensators are
designed to provide the converter good stability, tight output regulation and fast transient

response.

1.3  Assumption of this study

The converter’s model derivation and feedback compensator design are carried out for -
four circuit categories: (1) CCM Zeta converter with VMC, (2) DCM Zeta converter with VMC,
(3) CCM Zeta converter with PCMC, and (4) DCM Zeta converter with PCMC. To evaluate the
performance of the designed feedback compensators, the Zeta converter in category (1) is
simulated using SIMULINK, and the performances of the Zeta converter in categories (2), (3),
and (4) are simulated and tested by step responses in MATLAB. The prototype Zeta converter
in category (1) is then built and tested to allow the performance of the designed feedback

compensator to be evaluated experimentally.



14 Thesis structure

The thesis is organized as follows:
Chapter 2 — Modeling of Zeta Converters In Continuous Conduction Mode (CCM) — Three
modeling methods for DC-DC converters in CCM, i.e. SSA technique, PWM-switch model, and
averaged switch model, are reviewed and applied to model the Zeta converter. The converter’s
models obtained from the three methods are compared.
Chapter 3 — Modeling of Zeta Converters In Discontinuous Conduction Mode (DCM) —
The organization is the same as in Chapter 2 in that the three modeling methods in DCM are
reviewed and applied to model the Zeta converter, with the comparison of modeling results
concluded the Chapter.
Chapter 4 — Control of Zeta Converter — Operation of Voltage Mode Control (VMC) and
Peak Current Mode Control (PCMC) are described. Block diagrams of Zeta converter with
VMC and PCMC are given, which will be used for feedback compensator design in Chapter 5.
Chapter S — Design of Feedback Compensator — Feedback compensator design is performed
for CCM/DCM Zeta converters with VMC and PCMC, based on the small-signal models
obtained in Chapters 2 and 3, and the control block diagrams in Chapter 4.
Chapter 6 — Results — Simulated and experimental results are presented.

Chapter 7 — Conclusion — This chapter provides a summary of the thesis's outcomes.



Chapter 2

Modeling of Zeta Converter Operating in

Continuous Conduction Mode (CCM)

This chapter first describes basic operation of CCM Zeta converter. State-Space
Averaging (SSA) technique is then reviewed and applied to model Zeta converter [1-10].
Modeling of Zeta converter by other well-known techniques such as PWM-switch model [11-

17] and Averaged switch model [18-20] is also presented.

2.1 Zeta Converter in CCM

Fig. 2.1(a) shows a Zeta converter which is comprised of the MOSFET switch (Q),
diode (D), two capacitors (C, and C,), and two inductors (L ; and L,). The resistor, R, represents
a standing load, and the current source, J,, models the load current. The resistors, Tep Tep Top
and r,,, are Equivalent Series I’{esistances (ESRs) of the capacitors and inductors respectively.
Although their values are practically very small compared to R, these ESRs cannot be neglected
in the modeling process as they can affect the accuracy of the final model. In the ideal
converter, these ESRs are assumed to be zero.

In CCM, the converter exhibits two circuit states. The first state is when the MOSFET
switch is turned on (Fig. 2.1(b)). During this interval (d7), L, is charged by the source, V,, and
L, by the capacitor C,. Hence i;, and i , increase linearly, as shown in Fig. 2.2. The second state
is when the MOSFET switch is turned off (Fig. 2.1(c)). During this interval ((I-d)T), L ,and L,
are in a discharging phase; L, and L, release the stored energy to the capacitors and load
respectively. Thus, i;, and i,, decrease linearly as shown in Fig. 2.2. The output voltage, Vpisa
DC voltage that contains small ripple due to the switching action. For ideal Zeta converter, the

relationship between ¥, and V, is given by:

M =;l,’:=ﬁ (2.1-1)

where M is a voltage conversion ratio. It should be noted that ¥, could be larger or smaller than
V,, depending on the duty cycle, d (0< d <1). From Fig. 2.2, the averaged inductor currents, I,
and /,,, must be greater than one-half of their ripple components, 4i ., and 4i, ,, for the circuit to
remain in CCM [24]. It can be found that for CCM Zeta converter, L, and L, must satisfy the

following conditions (Appendix A):
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2.2 Modeling of CCM Zeta Converter with State-Space Averaging (SSA)
Technique

2.2.1 Overview of SSA Technique in CCM

The State-Space Averaging (SSA) technique [1-10] is an effective method of modeling
DC-DC converters. It is a matrix-based technique in that all steps in the modeling are performed
in a matrix form. Hence, formal matrix treatment can be applied to facilitate the modeling
process. The SSA modeling consists of three steps: (1) Formulation of state-space equations of
the converter for each subinterval in a switching cycle, (2) Average of these equations to get a
single averaged state-space equation, and (3) Perturbation of the averaged equation to get a
linear small-signal state-space equation, from which various transfer functions can be
determined.

For the DC-DC converters operating in CCM, there exist two power circuit states
within one switching period, T. One is when the MOSFET is turned on for an interval dT, . and
another is when the MOSFET is turned off for an interval (/-d)T, where d is a duty cycle. The

state-space equations for these two circuit states are:

{m =Ax(D+ Blu(t)

dr 2.2.1-D)
y(1)=Clx(l)+E'u(_t)

dax(t)

—_—r B
{ a AR (2.2.1-2)
y(#)=C x()+E,u(r)

To find the averaged behavior of the converter over one switching period, (2.2.1-1) and

(2.2.1-2) are weighed average by the duty cycle, d:

d<x(t)>
——=A_<x(1)>+B_<u(r)>
" s <X(0)>+B, (2.2.1-3)
<y()>=C, <x(1)>+E; <u(f)>
where Ag=Ad +A (1-d) B,=Bd +B (1-d) C,=Cd+C,(1-d), and

E =Ed+E (I-d)

Note that the variables with bracket < > represent the average value. Equation (2.2.1-3)
is a nonlinear continuous-time equation. It can be linearized by small-signal perturbation with
<x>=X+;, <y>=Y+;', <u>=U+:1, and a'=D+(;, where the tilde symbol, ~, represents a small
signal value and the capital letter a DC value. 1t should be noted that X>>;, Y>>;, U>>:1, and

D>>d. Substituting the perturbation above into (2.2.1-3) gives:

d _ _ - . P - -~
2 X D=4+ +4,0-D-DI(X+3)+[B,(D+d) + B,(-D-DYU+D)

Y+§=[C,(D+d)+C,(1- D~d)[(X + %) +[E,(D+d)+E,(1- D-)](U +ii)



Rearranging (2.2.1-4-a) yields:
%(x+i) =[A,D+A,(1- D)X +[B,D+B,(1- D)]U+[A,D +A,(1- D)k

+[B,d +B,(1- D) +[(A, - A,)X+ (B, ~B,)UM +[(A, - A,)i + (B, ~B,)dld  (2.1.1-4-b)
Y +¥ =[C,D+C, (1~ D)X +[E,D+E, (1 - D)]U +[C,D+C, (1 - D)Jk
| +[E,D+E,(1- D)Ji +[(C, - C,)X +(E, - E,)UId +[(C, - C,)% +(E, — E,)i}d

Steady-state equation is obtained by collecting the DC terms from (2.2.1-4-b):

{Q=AX+BU=O
dt

(2.2.1-5-2)
Y=CX+EU

where A=A ,D+A (1-D), B=B D+B (1-D), C=C,D+C,(1-D)  and E=E,D+E (1-D)

The steady-state solution can be found by solving (2.2.1-5-a), which gives:

{x =-A"'BU

Y=(-CA'B+E)U (22.1-55)

Collecting small-signal or AC terms from (2.2.1-4-b) and neglecting the product of the two

~

small-signal terms (e.g. d.u=0), the linear small-signal state-space equation is obtained as:

%ﬂ = AX(f) + Bii() + B ,d(1) (2.2.1-6-a)
§(0) = Cx(r) + Eii(r) + E ,d(t)

where B, =(A -A )X+(B,-B,)U and E,=(C, -C,)X+(E, -E )U
The small-signal transfer function of the converter can be found by applying the Laplace

transform to (2.2.1-6-a). In a matrix form, we get:

i()=[(s1-A)"'B (s1-A)" Bd][gﬁﬂ

i(s) (2.2.1-6-b)

j}(s)=[C(sl——A)"B+E C(s1-A)"B, "'Ed][;( )
s

In DC-DC converters, the input variable u usually contains input voltage and load current.

-~ -~

Hence, u is expressed as u = [u, u,]T, the matrix B as B=[B, B,,], and the matrix E as E=[E ,

E,,). Therefore, equation (2.2.1-6-b) is expressed as:

( i(s)
£(s)=[(s1-A)"B,, (I-A)Y'B,, (sI-A)'B,] #,(s)
' d(s)
) i (s) (2.2.1-6-c)
§()=[C(s1-A)'B,, +E,, C(sI-A)'B,+E,, C(sI-A)'B,+E,] i (s)
L L d(s)

For the fourth-order converter, (s1-A) B,,, (s}-A) B, and (si-A)"'B, are the matrices that

have four rows and one column. So, the equations above can be extended into:



( G, () G, () G, (s)
|6, 6, 6, () |4
X=1 6% ) G (s) G, (s) ui(s)
J v ™ Vi d(s)
G, () G, (s) G, ()
u (s) (2.2.1‘6"d)
y=[c_ ) G_ 5 G, &l 75
\ d(s)
where

G, (9)=[1-A) B,] G, ()=[(s1-A) B_] G, (s)=[s1-A) B,]

-1, -1 -
G, (=[61-4) B ], G, ()=[s1-A) B, ] G, (s)=[:1-4) B,]

G, ()=I(1-A) B, ) G ()=[:1-4) B ] G, ()=[6s1-A) B,],

dvl

G ()=[s1-A) B ] G ()=[(sI-A) B_] G_ (s)=[(s1-A) B ]
vv2 ul 41 ’ zv2 u2 “41 2 4 41

dv,

G_ (s)=C(sI=A) B_+E G (s)=C(sT-A)

uf »

Buz = Enl E) and

-1
G, (s)=C(s1-A) B +E_

2.2.2 Application of SSA Technique to model CCM Zeta Converter
A -  State-Space Description of Zeta Converter

The state-space equations of the Zeta converter when the switch is on and off can be

written from Fig. 2.1(b) and (c) respectively, and is given in (2.2.2-1):

,

dl L Cl(‘s )“ Cl (5 l)+____5

a1, A L, %

o %

—d—'“—=——1(r“+r S+—cr )1 PG S - va+—‘—5+i ,

at L ru L L(+R) " L L(,+R)

dv Ll

1-8 “5 222-1

{—= dl ( )- c ( )
de,_ R ; 1 v R I

@ Clry+R)"” Gry+R) T Gl tR)’

R . R IR

= + 1

NVO rc,+R'“ rc,+RvCz r,+R*?

2
Note that the equations are expressed in a compact form using the switching function,
& . The derivation of this equation is detailed in Appendix B. When the switch is on, §=1,
(2.2.2-1) will become the on-state equation. When the switch is off, & =0, (2.2.2-1) will become

the off-state equation. The matrices A,, A,, B, B,, C,, C,, E,, and E, are thus given by:



EA 0 0 0o |
L
0 —_—l(fu+rc.+ rc’R) R
A= r,+R" L, L(r,+R)
, —
0 ! 0 0
q -
R -1
i C,(r.,+R) C,(r, +R)_
LI
L
1 R
B=|L L(,+R)
0 0
0 -R
Cz(r“+R)_
c=lo Luf R
r.,+R r,+R
E,=|0 ’C’R]
| r,+R
[t = AP '
L L
0 Lgy+taly o K
A,= : L r,+R L(r.,+R)
— 0 0 0
G
0 R -1
| C,(r.,+R) C,(r, +R)~
[0 0 ]
0 taR
B. = L(r,+R)
210 0
0 ._L
! Cz(rcz+R)_
c,o R o R
| r,+R r,+R
E,={0 _M]
] r,+R

(2.2.2-2-3)

(2.2.2-2-b)

(2.2.2-2-c)

(2.2.2-2-d)

(2.2.3-2-¢)

(2.2.2-2-¢)

(2.2.3-2-1)

(2.2.2-2-g)

The averaged matrices for the steady-state and the linear small-signal state-space

equations can be written according

to (2.2.1-5-a) and (2.2.1-6-a).

[_r(1=D)+r, b,
L L
0 (’2‘2 +R)(DrCl +rl_z)+’Z';R _2 —-R
A=AD+A(-D)=|, . Lz(:ch) L L(r,+R)
- 0 0
C C
0 R e
L G, (7, +R) C,(r, +R)_

(2.2.2-3-a)
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1
J

B=B,D+B,(I-D)=| L. L(r,+R) (2.2.2-3-b)

C=C,D+C,(1-D)=|0 2 0 2 j‘ (2.2.2-3-)

E=E,D+E,(1-D)=|0 —'ﬁ] (2.2,2-3-d)
_ [V, {1~ DXR+1,)+ Dr J-1, Dr, RV L,
B, (A —A )X+ (B -5 )0 T__| .+ RXI=D)~L,Rlr, 1= Dy Dr, V1,
¢ ' 7 RQ-DYy —[DV, +RI,(1-D))/C,
0

(2.2.2-3-¢)

E, =(C| _'Cz)x"'(Ex —Ez YU=[0] (2-2-2°3'f)

B-  Steady-State Equation

Given the averaged matrices in (2.2.2-3), the steady-state solution of converter is

obtained, following (2.2.1-5-b):

1, D/[R(1-D)] 1

I, | /R 1/n v,
Ve |7 141,/ R=rr, IR =l 1, M1=D)) | 1, (2.2.2-4)

Ve, 1 ~(r. +r,n+r,/n)

Vo =mmlV,~1,(r, +1,n+r,/n)]
where 7= ! and n= & .

147 Jugp o, 1=D
R R R

Notice that if 7., r,, 7, and r,, are assumed to be zero, the output equation in (2.2.2-4) will be

become M=V / Vg=D/(1 -D), the same as the expression for the ideal Zeta converter in (2.1-1).

C-  Linear Small-Signal State-Space Equation
Given the averaged matrices (2.2.2-3), the linear small-signal state-space equations of

the Zeta converter can be formulated in accordance with (2.2.1-6-a):
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_r,(1-D)+r, 0 _1-D 0
2 I, ]
;;_I(t) 0 (’E'2+R)(Drc‘|+rL2)+'2'zR 2 -R i.“(l)
i ;Lz(t) = L(r,+R) L L(r,+R) i.u(t) +
dt ﬁn(l) l_“_g_ :2 0 0 ;(‘1 (t)
V(] | G G [ 7, (1)
_k 0 e
L Cz(rcz+R) CZ(I&1+R)_
D, n(V,[(1-D)(R+,)+ Dr. 1-1, Dr, R]
L LR(1-DY
D R ¥ (n,+R)Y1-D)-1, Rir,(1-D)+Dr, 1] |- o)
L L(r+R) L,R(-DY i
. ; _n[DV, +RI,(1-D)] I:?(t) (2.2.2-5)
®
C.R(1-Dy -
R
—— 0
| C,(r,+R)
() 5,0
N0 [ =L =3 AON M ' =23
r,+R r.,+R | V. (¢) e 3
i;cz ([) (t)
D-  Finding Transfer Functions

Referring to (2.2.1-6-d), fifteen transfer functions can be determined from (2.2.2-5).
However, only those useful for feedback control design are derived and given here. These
transfer functions are:

The duty ratio-to-inductor-L,-current transfer function
G, =i, (s)/d(s)=[(s1-A)"B,] =C,(s1-A)"B,
_ 1 a, s +b,s +c,s+d,, (2.2.2-6-a)
(1-DY (R+1,)+7,D(-D)+r, D’ as'+bs’ +cs’ +ds+e

The duty ratio-to-inductor-L -current transfer function
G,, =i,,()/d(s)=[(s1-A)"B,] =C,(sI-A)"B,
_ 1 (8,5 +b,,54,, N5 +1) (2.2.2-6-b)
(1-DY(R+r,)+r,DQ-D)+r, D'  as'+bs’+cs’ +ds+e

The input voltage-to-inductor-L ~current transfer function

2
a,s +b,s' +c,s+d,,

G, =1, ()7, (s)=[(sl—A)" B,]“ =C,(s1-A)'B,=D ;;‘ e 1os s dste (2.2.2-6-c)
The input voltage-to-inductor-L,-current transfer function
Goa =1, /5, =[(s1-AY'B,], =C,(sI-A)"B, = p{0a% *has6x XAy t) (2.22-6-0)

as' +bs’ +cs* +ds+e
The duty ratio-to-output voltage transfer function
G, (s)=",(s)/d(s)=C(sI-A)'B, +E,
_ 1 (a,s" +b,s+c, Nd, s+1) (2.2.2-6-¢)
(1—D)2(1+—'£3-+-'£'-n’+—'c—‘n) as' +bs’ +c5* +ds+e
R R R

where n=D/(1-D).
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The input voltage-to-output voltage transfer function

2
G, (5)=",(s)/%, (s)=C(sI-AY'B, +E,, = DR\%S *0u5+,)(d,5+1) (2.2.2-6-f)
' as' +bs* +cs' +ds+e
The output impedance transfer function
G, (5)=,(s)/% (5)=C(s1-A)' B, +E,, = RS +6o5+C, N5 +1) (2.2.2-6-g)

as' +bs’* +cs' +ds+e

where the coefficients of (2.2.2-6-a) to (2.2.2-6-g) are listed in TABLE 2.1.

TABLE 2.1
Coefficients of G, (s), G, (s), G,;(s), G, (s), G,.(s), G, (s), and G, (s) of CCM Zeta converter.

a,, =V, [CLC,(1~DXR+r,)(R+1.,)+(r, + RIC,L,C,Dr. 1-1,C,L,C, DRy, (1, + R)

by, =V, [(1-D)[C,(R+1, XL, D+Cir}y )+ (R+1,,)C, L, +C,C,R(r, R+7,, R+ Dr., R+2r.,1,)]
~CC,Dr (D-D)[(R+1:,)r,, + Ry 1+C Dr [ L, +(R+1.,)C, Dr 1]

+12R[L2C1 (]_DY (R+rfz )_CICzDrLl[(DrCl ’H;.z)(rcz +R)+rczR]"'C117Dru]

Cn =V, [(A-D)[L,D+R*(C, +C,D)+Cr,,(2R+1,,)+2C,D(r., R+1.,1,, + Rr,))

+1, D[C, (2~ D)(R+1,,)+ D[C,(R+7.,)+Cr.1]]

+1, R[(1~DY'[L, +C, (re, R+1,, R+1.,1, Y= Dr, [C,(R+1,, + Dr )+ DC,(R+1.,)]]
d,,=V,[2D(1-DX(R+1,,)+D'r., 1~ L RID*r,, ~(1— D) (r,, + R)])

a,, =Vg (I_D)('Zz +R)l1q _]Z[1C‘IR[(1—D)’;.‘I +Dr,_|]
bm ="V,[l‘l‘Dz —C'I(I-D)(rl.l +R)[ru +(]_D)'E‘l]]“lzR[(l_D)[L‘D""glCl(]‘D)]’*'rl.lcl(rc‘l +rLlD~‘r(’lDz)]

Ca =Vg[(]_D)z (R+I'“ )—DZQ,]—IZR(]—-D)[ZDI’“ +e (]_D)]

d,,=C,(r.,+R)

@ =(le + RIC LG, , b, = LC+C G, R r, R 1y, + (e, + R) D, |

Ca=(Cr, +Cor, +C2R)D+(';.z +R)C,, d,=D

a,=LC,, b,=[r,+(1~D),1C,, ¢, =1-D, d,,=(r.,+R)C,

1?2 w2

a, =LC[V, (1-DXR+n,,)=L,RI(1-D)r., + Dr,,]

by ==V, [L,D" ~C (1~ DR+, (1= D)ty + 1, ]} I, RLL D(A= D)+, C, (1= DY +17,C, (1 + 7, D= D)}
&, =¥,[1-DY (R+1,,)~D'r, 11, R~ D)[2Dr,, +1, (1= D)]

d,=Cr,

2°C2

a,=CL, b, =C|[';.| +r,(1-D)}, ¢,=1-D, d,=Cyr,

8, =LLGCCrrey» by = LG (L + Dyt C)+(=Drtes LCC, 4Ly + L1 Jn GG,

< =(I_D)[(1_D)’E.'2L1Cz +r, G (L, +Drr,C, *'Z‘z’;.zcz)]"’l‘\D(DrczCz +r,C))
+C’n['2|’c'xcz(rc1D+'lz)+’l|Lz +n,L]

drv =11D2 +(]_D)[(]"'D)(Lz +1,1,C )+ Dr, (’E'xcl +’(.‘2C2)+’2‘lrl.2q]+';.l(q’;.2 +C|D'E’| +’}:1D2Cz)
€, =’;*|D(1"D)+’;.|Dz+rl.z(]—D)z

v

a=I1C|LzCz (R+rcz)

b=LC,(L, +#.,C,R)+C,(R+r.)[r,L,C,(1- D)+ Dr, LC

c=(l_D)[[(l-D)L: +(Drc1 +rLz)';:|C| ](rcz +R)C, +rc‘lcx('czCzR+l§)]

+C, (re, + RNLD +(Dre, +1, ), G 1+ C L (Dry + R)+1, L 41, L +1,,7.,C,RY, +C, (1, L +7,,L,)]
d=(1-DY[L, +r.,C,R+1,,C,(R+1.,)]+[r,,(1~ D)+ 1, DI(R+1.,) DC, +[(1- D)r, +1,)(r;, + Dr,, + R)C,
+LD

e=(1-Dy(R+r,,)+r. D(1-D)+r, D’




13

The coefficients in (2.2.2-6) are listed in TABLE 2.1. The derivation of these
coefficients is given in the Appendix F. The following chapters will discuss some control
methods applied with Zeta converter, and G, (s) will be used in the control scheme. Due to this
reason, it is worthwhile to firstly examine the transfer function G, (s). The transfer function has
three zeros and four poles. It can be proved by the Routh-Hurwitz criterion [25] that all the
poles of G, (s) are located on the Left-Half Plane (LHP) (Appendix D). The ds+/ term on the
numerator always gives the LHP zero since d, is positive. However, there is a possibility that
the quadratic term, a Ws'2+b S+, can yield a pair of Right-Half-Plane (RHP) zeros. The pair of
RHP zeros are undesirable because they cause additional 180 degrees phase-lag to G, (s),
making feedback loop compensation very difficult. In or&er to avoid the RHP zeros, the zeros of

the quadratic term must satisfy the following condition:

Szu =(_b x vij —4advcdv )/(zadv)<0 (222‘7'3)
That is,

b <da,c, .
{b: o0 (2.2.2-7-b)
where  a, =LCV,(1-D)(R+r,), b, ==V,[L,D" ~C (1~ DY(R+r (A~ D) +1,]], and

C, =V‘[(1—D)’(R+r“)—D2r“] >

2.3  Modeling of CCM Zeta Converter with PWM-Switch Model
2.3.1 Overview of PWM-Switch Model in CCM

The concept of the PWM-switch model [11-17] focuses on modeling the behavior of
the PWM-switch block, comprising of the active switch and diode, since it is responsible for the
nonlinearity in DC-DC converters. The modeling process. first begins with averaging the
terminal voltages and currents of the PWM-switch block and finding their relationships. The
resulting equations that relate the averaged terminal voltages and currents are then perturbed
with a small signal around a DC operating point. The perturbation yields both DC and small-
signal terms, and by separating them, the DC and linear small-signal equations (or models) of
the PWM-switch block are obtained. Substitution of the DC and small-signal models for the
switching block in the DC-DC converters will result in the DC and small-signal equivalent
circuits of the converters respectively. The DC model is used to find the converter’s steady state
solutions. The small-signal model is used to determine the conveérter’s transfer function. The
PWM-switch block is shown in Fig. 2.3 where a, ¢, and p are active, common, and passive

terminals respectively. The relationship between average terminal voltages and currents is:
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AT (1-d)T"
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Fig. 2.3. (a) PWM-switch block and (b) Terminal voltage and current waveforms.

(2.3.1-1-a)

<i,>=d<i>
<y, >=d<v, >

From (2.3.1-1-a), the average model of PWM switch is obtained as shown in Flg

2.4(a). Equation (2.3.1-1-a) is a nonlinear equation and can be linearized by small-signal
perturbation with <i > = [+, <i> =1+, <v >=V +v , <v >=V_+v_, and d= D+d, where

the tilde symbol, , represents a small-signal value and the capital letter a DC value. It should be

~ ~ L ~

noted that /, >> i, I>> i,V >>v,, V >>v_, and D>> d. Substituting the perturbation into

ac?

(2.3.1-1-a) yields:

1a+1-.a=(D+‘?)SIC+;c) (2 3 l_l_b)
Vo, +9,=(D+d)V, ,+7V,,) o

{1,,+xa.= DI +Di+1d+id (23.1-10)
Vo +V,=DV + DV, +V d+v,d
Collecting the DC terms from (2.3.1-1-c), DC equation is given by:

1,=DI

’ < (2.3.1-1-d)
{Vq, =DV,

Collecting the small-signal terms from (2.3.1-1-c) and neglecting the product of the two small-

~ o~

signal terms (e.g. d.«=0), linear small-signal equation is given by:
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L=Di+ld 2.3.1-1-¢)
g¢=LN@+V;d
From (2.3.1-1-d) and (2.3.1-1-¢), the DC and small-signal PWM-switch models are developed

as depicted Fig. 2.4(b) and Fig. 2.4(c) respectively.

2.3.2 Application of PWM-Switch Model to CCM Zeta Converter

Fig. 2.5(a) depicts a Zeta converter. To use PWM-switch model, the circuit elements of
the converter must first be rearranged as shown in Fig. 2.5(b) and Fig. 2.5(c) respectively. Then,
the PWM-switch section is inserted by its AC model, yielding the small-signal model of the
CCM Zeta converter as shown in Fig. 2.6. The DC solution can be solved from the circuit in
Fig. 2.6, by assuming the small-signal terms to be zero, short circuiting £, and opén circuiting
C. It should be noted that the obtained DC solution serves as a DC operating point for the AC
analysis. Given the DC operating point, the AC model in Fig. 2.6 can be solved by using circuit
analysis techniques to determine the converter’s transfer functions. Nevertheless, the
aforementioned DC and AC analysis will be tedious and lengthy. For this reason, in this work
PSPICE is employed to simulate the Zeta converter's model in Fig. 2.6 to obtain the desired

transfer functions numerically. The results are presented in following section.

a <i;> <i,> ¢

d<i,>@® d<v, >

ap
Yap Vep
N P
(@
al, I ¢
+ +
v, 130 7,
P
(b)

a ’: c
+ +
v, ®Id 13D 7,

Fig. 2.4. (a) Average model of PWM switch in CCM,
(b) DC model of PWM switch and (c) AC model of PWM switch
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)
Fig. 2.5 (a) Zeta converter, (b) Equivalent cireuit schematic of Zeta converter, and

(c) Equivalent circuit schematic of PWM-switch Zeta converter.

Fig. 2.6. Small-signal circuit model of the Zeta converter in CCM.

2.4  Modeling of CCM Zeta Converter with Averaged Switch Model
2.4.1 Overview of Averaged Switch Model in CCM

Similar to the PWM switch model, the averaged switch model [18-20] is a circuit-based

model which represents the averaged equivalent circuit of power switch and diode. However,
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the way the switch network is identified, and the terminal quantities assigned in the averaged
switch model is different from that in the PWM switch model, as illustrated in Fig. 2.7(a). It
can be shown that the relationship between averaged terminal voltages (<v> and <v,>) and

currents (<i,> and <i,>) is given by:

<v,(z)>=‘—:1%()’l<v,(z)> (2.4.1-1-a)
<i,(t)>=];‘(1t()t)<il(t)> (2.4.1-1-b)

From (2.4.1-1), the averaged switch model in CCM is drawn as shown in Fig. 2.7(b).

Equation (2.4.1-1) is nonlinear and can be linearized by small-signal perturbation with <i > =

~ ~ ~ ~ ~

I+, <i>=I+i, <v>=V +v, <v> =V, +v,, and d= D+d, where the tilde symbol, , represents

a small-signal value and the capital letter a DC value. It should be noted that /, >>i,, [, >> i,, ¥,

~ ~

>> v, V,>> v, and D >> d. Substituting the perturbation into (2.4.1-1) and neglecting the

product of two small-signal terms produce:

- _1=-D-d ., -
V4+9= Did V,+7) (2.4.1-2-a)
D(H;+7)=(1- D)V, +%)-d(V;,+¥)~(+%)d ; (2.4.1-2-b)
DV, +9)=(1~ DXV, +¥,)~(V,+¥,)d~¥,d~vd ! (2.4.1-2-c)
V.D
Vit
#+9)=1R2,+5)-—J=Ld (2.4.1-2-d)
~ 1-D R vV ~
WV, +v)= 5 ¥, +v,) D(l—l—D)d (2.4.1-2-¢)

<i(t)>  Switch <L{t)>
———— network
+

r
<v(0)> : 3_
i

“fii

(a)
<y®> ____<t(0>
+ 4 d(t; 1 d(t)V !
! <w(0)> <i (N>l
<v|(1)>: © Cb 40 :<i2(t)>
tr———— _ _————— 1=
(b)

Fig. 2.7. (a) General averaged switch network and (b) Averaged switch model.

71914
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= 1-D-d, =
Lth=—2==(0+) (2.4.1-3-a)
D{I,+i)=Q-D)(I,+1)-d(I +D)—d(I,+L) (2.4.1-3-b)
D(I,+i)=(- D)1 +1)~(I +1)d-id-id (2.4.1-3)
1-D
- 1 o 1L—==+I _
1=y D23 (24.1-3-d)
+ 1-D = I 5
L ="5o U+ pi g5 (2.4.1-3-€)

Separating the DC from the AC terms in (2.4.1-2-€) and (2.4.1-3-¢), the steady and

small-signal equations are given by:

V=V(1-D)/D »
{11=I,(1~D)/D (2.4.1-4-a)
¥,=%,(1-D)/ D-dV,/[D(-D)] (.41-4)
i.={(1-D)/ D~dl,/{D(1- D)] 4.

From (2.4.1-4-a) and (2.4.1-4-b), the DC and AC averaged switch models are drawn as shown

in Fig. 2.8(a) and 2.8(b) respectively.

2.4.2 Application of Averaged Switch Model to CCM Zeta Converter

Fig. 2.9(a) shows a Zeta converter with the identified averaged switch network.
Substituting the switch network with the DC averaged switch model in Fig. 2.8(a) yields the DC
model of the Zeta converter as shown in Fig. 2.9(b).

Note that in DC analysis L’s are short circuited and C’s open circuited. The DC
solution found from Fig. 2.9(b) serves as a DC operating point for the subsequent AC analysis.
The AC analysis is performed by inserting the AC averaged switch model in Fig. 2.8(b) for the

switch network, giving the AC model of the Zeta converter as depicted in Fig. 2.9(c).

(a)
N S — i
4 oo+
| I
-‘ | D(] 1 D(i> l_-DBZ I 1 \-’1
! B0 Da-D)° L
| D |
e o o o i - — o —— — v —— ]
(b)

Fig. 2.8. (a) DC averaged switch model and (b) AC averaged switch model.
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To determine the converter’s transfer functions, Fig. 2.9(c) is manipulated and solved using
circuit analysis techniques. However, the process can be tedious and time-consuming. As with
the PWM-switch model, the desired transfer functions are numerically computed by means of
PSPICE simulation of the converter in Fig. 2.9. The results will be presented in the subsequent

section.

G ryigip L n,
Y Y AAA

10,

L
3R @1,

h<l

()

Fig. 2.9. Zeta converter with (a) the identified switch network,

(b) the switch network substituted by DC averaged switch model, and

(c) the switch network substituted by AC averaged switch model.
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2.5  Duty ratio-to-Output Voltage Transfer Function, G, (s)

In this section, the transfer functions derived earlier from three different modeling
methods, i.e., SSA technique, PWM-switch model, and averaged switch model are plotted and
compared. The component values of the Zeta converter are given in TABLE 2.2. It should be
noted that these values satisfy both condition for CCM in (2.1-2) and Left-Half Plane (LHP)
zeros in (2.2.2-7-b). The transfer function G, (s) from the SSA technique expressed in (2.2.2-6-
e) is compared with that from the other two methods. MATLAB is used to plot the Bode plot of
G,(s) in (2.2.2-6-¢). To generate the Bode plot of G, (s) from PWM-switch and averaged
switch models, the Zeta converter circuits shown in Fig. 2.9 are simulated by PSPICE using AC
simulation ((AC). The active switch and diode of the converter are replaced by PWM-switch
mode in Fig. 2.10(a) and averaged switch model in Fig. 2.10(b). Bode plots of G, (s) from the
three modeling methods are illustrated in Fig. 2.11. It can be seen that G, (s) from the SSA
technique in Fig. 2.11(a) closely agrees with those from the PWM-switch and averaged switch
models in Fig. 2.11(b) and Fig. 2.11(c) respectively. This verifies that the three ‘modeling

methods accurately give the identical results.

TABLE 2.2.

Circuit Parameters for CCM Zeta converter

Circuit Parameters Values
V)V, 15-20/ 5V
Cc/C, 100/ 200pF
L/L, 100/ S5uH
rel res 0.19/0.09592
r,lr, 1/0. 55m§2

R 1-5Q2
I, 0
=1 10ps
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L2 RL2
.._L_/\/YY\_Z_/\/\A, o
Ut 55uH 0.00055
” VMSSCCM §.RL1 Lo
vg —Hc v —‘1——/—‘\\,2 , 0001 2000F |-
—_— Q- Vac ~
T 15Vde OVde s L1 § Rc2
N 100uH 0.085
N,
=0 1 Red ct
+ AN 1}
0.i9  100uF
=0
(a)
c1 Rt L2 RL2
{| AN —4

1~V v 2 AAN
1000F 019 S5uH

|

1 0.00055
4 L1
.| Ve ’ 100uH
= 15vdc
- ”}

Ve

= C2
R
200uF §1
< Re2
RL1 > \.
0.095
0.001 v
Ui coMmi
A
1Vac v2
0.25Vdc
=0

(b)
Fig. 2.10. PSPICE circuit schematic of CCM Zeta converter:

(a) PWM-switch model and (b) Averaged switch model.
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Fig. 2.11. Bode plot of G, (s) of CCM Zeta converter ( V,=15VandR= 1Q):
(a) SSA technique, (b) PWM-switch model, and (c) Averaged switch model.



Chapter 3

Modeling of Zeta Converters Operating in

‘Discontinuous Conduction Mode (DCM)

The outline of this chapter is similar to chapter 2, but emphasis here is on
Discontinuous Conduction Mode (DCM). The chapter begins with the basic operation of DCM
Zeta converter followed by modeling of the converter by State-Space Averaging (SSA)
technique [1-10], PWM-switch model [11-17], and Averaged switch model [18-20]. It is found
that the SSA technique yields the model whose accuracy is limited to one-tenth of the switching

frequency as compared with those from PWM-switch and averaged switch modeling.

3.1  Zeta Converter in DCM

There are two possible operation modes of the DC-DC converter: Continuous
Conduction Mode (CCM) and Discontinuous Conduction Mode (DCM). Operation in DCM can
occurs when the converter operates at light load condition. In some cases, the converter is even
intentionally designed for DCM operation because of its faster dynamic response compared to
CCM. )
The Zeta converter in Fig. 3.1(a) will exhibit three different circuit states in one switching
period, T, when operating in DCM. The first state exists when Q is turned on for a time interval
d,T, and the currents i;, and i, are increasing, as shown in Fig. 3.2. The second stite occurs
when Q is turned off (i.e. D turned on) for a time interval 4,7, and i,, and i,, are decreasing. The
third state happens when both Q and D are turned off for the rest of the time period d,T. During
the time interval d, T, these currents have a constant value, with the amplitude of i/, and i, being
equal but flowing on the opposite direction (Fig. 3.1(d)), i.e., i,, = -i;,- The equality in the
amplitude of i,, and i , is always true during the time interval d,7, and this essentially makes i;,

and i, depend on each other. The relationship between ¥, and V, is given by:

vV 4

M=-t=—L 3.1-1
v (3.1-)

where d,=\2L /(RT) and L,=LL/L+L).
It can be shown that for DCM operation, the values of L, and 1;2 must satisfy the following

conditions (Appendix A):
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(a) Zeta converter.

Icy 1n

(d) Zeta converter during the third state d,T.

Fig. 3.1. Operation of the Zeta converter in DCM.
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Fig. 3.2. Current waveform of i, and i, ,.

(3.1-2)
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3.2 Maodeling of DCM Zeta Converter. with State-Space Averaging (SSA) Technique
3.2.1 Overview of SSA Technique in DCM

As stated earlier, DCM has one more circuit state than CCM, i.e., the third state when
both MOSFET and diode are turned off. During this interval (d;T), i, = -i,, and hence the
summation of the two inductor current, i(1), is equal to zero. Fig. 3.3 shows the waveform, i(1),
over one switching period. It is discontinuous similar to the inductor current of the second-order
converters operating in DCM. Note that i(?) does not really exist in the Zeta converter’s circuit;
this fictitious current is useful for modeling purpose. The general state-space equations for the

three circuit states are:

_d_x =Ax+Bu

a7 for an interval d,T (3.2.1-1-2)
y=Cx+Eu

dx

Z_A

a - AR for an interval d,T (3.2.1-1-b)
y=Cx+E,u

dx

== B

dt Ax+Byn for an interval d,T (3.2.1-1-c)

y=C,x+Eu
Since the Zeta converter is made up of two inductors (L, and L,) and two capacitors (C, and C,)
the state vector, x, thus comprises of i, i,,, v,, and v, The input voltage, v, is typically
assigned as the input vector, u, and the output voltage, v,, as the output vector, y. To find the
averaged behavior of the converter over one switching period, T, equations (3.2.1 -1-a) to (3.2.1-

1-¢) are weighed average by the duty cycles as:

d<x>=A, <x>+B; <u> (3.2.12)
<y>=C, <x>+E; <u>
where
A,=Ad +Ad, +Ad,, (3.2.1-3-a)
B, =Bd,+B,d, +B/d,, (3.2.1-3-b)
C,=Cd +C,d,+C.d,,and (3.2.1-3)
E,=Ed+Ed,+EJd,. (3.2.1-3-d)

\ <i>
/ o

AT | dTdIT

0

Fig. 3.3. Summation of i;, and i ,.
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Equation (3.2.1-2) is a nonlinear continuous-time equation. It can be linearized by small-signal

perturbation with <x>=X+x, <y>=Y+y, <u>=U+u, d,=D,+d,, d,=D,+d,, and d;=D;-d-d,

where the tilde symbol, , represents a small-signal value, and the capital letter a DC value. It
should be noted that X>>;, Y>>;', U>>:l, D,>>§,, and D,>>;2. Substituting all perturbation
into (3.2.1-2) gives:
(d/dr)(X+%)=[A (D, +d)+A,(D,+d,)+A,(D,—d ~d,)}(X+X)
+[B (D, +d,)+B,(D,+d,)+B,(D,~d,~d,))(U+i)
1 - - - (3.2.1-4-a)
Y+§=[C,(D +d)+C,(D,+d,)+C,(D,~d -d,)[(X+X)
+[E,(D,+d))+E,(D,+d,)+E,(D,~d ~d,))(U+i)
'(d/ dt)(X+x)=[(A,D,+A,D,+A,D,)+(A -A, )3, +(A,—-A, )5‘, J(X+X)
+[(B,D,+B,D,+B,D,)+(B,-B,)d, +(B,-B,)d,J(U+ii)
Y+§=[(C,D,+C,D, +C,D,}+(C,=C,)d,+(C,~C,)d,)(X+X)
+{(E,D,+E, D, +E,D,)+(E,-E, )d, +(E,~E,)d, }(U+ii)
(d/dr)(X+%)=AX+BU+A%+Bi+[(A,—A,)X+(B -B,)Uld +[(A, - A,)X+(B,-B,)U]4,
) +[(A,~A,)d +(A,-A,)d, ]i+[(B,-B,)~£4 +(B,-B,)d, i ) (3.2.1-4-0)
Y+§=CX+EU+Cx+Ei+[(C,-C,)X+(E, -E,)U}d +[(C,-C,) X +(E,-E, U4,
+{(C,-C,)d +(C,-C,)d, Jx+{(E,-E,)d +(E,-E,)d, J&
(d1dr)(X+%)=AX+BU+AZ+Bii+[(A, —A,)X+(B,~B,)U}d +[(A,~A,)X+(B,-B,)Uld,
{Y+y=cx+Eu+Ci+Eﬁ+[(c, -C,)X+(E, -E,)U}d, +[(C,-C,)X +(E,-E,)U]d,
(d/df)(X +%)= AX+BU + AX +Bii+B,d, +B
{Y +§=CX+EU+Cx+Eid+E,d +E,d,

(3.2.1-4-b)

(3.2.1-4-d)

d
et (3.2.1-4-¢)

From (3.2.1-4-¢), the DC terms can be separated from AC terms; consequently, the steady-state

(DC) and linear small-signal state-space (AC) equations can be defined in (3.2.1-5) and (3.2.1-

6) respectively.

{ix:g’;‘;} +BU=0 (3.2.1-5)

{di/dt=Ai+Bii-«:B“a7, +_B,,¢?z (32.1-6)
§=Cx+Ei+E,d +E,d,

The averaged matrices to solve (3.2.1-5) and (3.2.1-6) are given by:

A=AD +A,D,+A,D, (3.2.1-7-a)

B=B,D,+B,D,+BD, (3.2.1-7-b)

C=C,D,+C,D, +C,D, (3.2.1-7<)

E=ED,+E,D, +E,D, (3.2.1-7-d)

B, =(A, - A,)X+(B, -B,)U (3.2.1-7-¢)

B, =(A,—A,)X+(B,-B,)U (3.2.1-7-)

E, =(C,-C,)X+(E,-E,)U (3.2.1-7-g)

E_ =(C,-C,)X+(E,-E,)U (3.2.1-7-h)
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Referring to equation (3.2.1-2), the state vector, X, is comprised of i,,, i,,, V.,, and v,. The state-
space representation requires that all state variables be independent from each other. But, as
seen in section 3.1, i,, and i,, are actually not independent from each other since they must add
up to zero in the third interval (d,T). Hence, only one of these currents can be said to be a true
state variable. Due to the dependency between i;, and i,,, the direct solution of (3.2.1-5) and
(3.2.1-6) will not produce correct results. If both i;, and i, are to remain as state variables, the

following constraints [1] must be imposed on equations (3.2.1-5) and (3.2.1-6) respectively:

I=i(V,V,D,L,L,T) (3.2.1-8-a)

Where I=1,,+1,,.

{i"f /di=0 ) o (32.1-80)
T = (01 /0v, )V, + (81 / 8v, )V, + (07 / od)d, -

where i =i, +1i,,
To find the steady-state solution, the relationship between /,, and /,, must be first established.
Once it is known, other unknowns, such as V., ¥, and ¥, can be found by solving (3.2.1-5):

{x =-A"'BU (3.2.19)

Y =(-CA"'B+E)U
When applied, the constraints in (3.2.1-8) will result in ;2 and one inductor current being
eliminated from the linear small-signal state-space equations in (3.2.1-6). The disappearance of
one inductor current means that the system's order has been reduced by one. For this reason, the
DC-DC converter mode! derived by the SSA technique in DCM is known as a reduced-order

~

model [20). The disappearance of d, and one inductor current allows (3.2.1-6) to be rewritten as:

{d‘i/dt=A_i+B_i:"+B d

- (3.2.1-10)
y=C-i+E-G]+E-‘ldI
Finally, by applying the Laplace transform to the linear small-signal state-space equationsin

(3.2.1-10), various transfer functions of the converter can be determined.

3.2.2 Application of SSA Technique to model DCM Zeta Converter

A -  State-Space Description of DCM Zeta Converter
The state-space equations are written for each of the three circuit states in Fig. 3.1. The
matrices A,, A,, A, B,,B,, B,,C,,C,, C,, E, E,, and E; of the DCM Zeta converter are given

by (Appendix C):

0 0 0 0

o o wL -

“lo -vcc 0 o P
0 1C, 0 -1C,R)

B,=[/L, vL, o of, (3.2.2-1-b)

A, (3.2.2-1-a)
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uf

C=[0 0 o1, (3.2.2-1<)

0 0 -V 0
o o o -uL .

Az— -I/Cl 0 0 0 H (322 1 d)
0 1/C, 0 -I(CR)

B,=[0 0 0 0], (3.2.2-1-€)

C,=[o 0 0 1], (3.2.3-1-9)
0 0 -UL+L) WL+L)

A= 1(/)c, : W’; 5 _U(L':)l’) , (3.2.2-1-g)
0 UG, 0 ~U(C,R)

B,=[o 0 0 of, (3.2.2-1+h)

C,=[0 0 0 1],and (3.2.2-1-)

E,=E,=E, =[0] : (3.2.2-14)

Referring to (3.2.1-5) and (3.2.1-6), the matrices for the steady-state and linear small-signal

state-space equations are determined from (3.2.1-7):

0 0 -D/L-D/L+L) DAL +L)
A= (D,-(:D,)/Cl _g/q D./AED,/(A%) —(D,+D,)(/)Iﬁ—D,/(11+LI) (229
0 1/C, 0 ~I/(RC)
D/1,
B= D'él’ (3.2.2-2-b)
0
C=[0 0 0 I (3.2.2-2-c)
E=[0] (3.2.2-2-d)
V,/L
Ba= —(IV:? YC, . (3.2.2-2-¢)
0
A
Ba=| g (3.2.2:2-6)
o
Ea=E.={0] (3.2:2-2-g)

B-  Steady-State (DC) Equations

As mentioned above, the relationship between the steady-state inductor currents, /;, and
I 1 must be defined before other steady-state variables can be found. This is realized by
averaging the capacitor current, i, in Fig. 3.4 over a switching period, T.
In Fig. 3.4, i, can be expressed as:
for time interval 4,T (3.2.2-3-a)

=i

Iy =~

1



29

i, =i, for time interval d,T (3.2.2-3-b)
i, =i, =—i,,  fortime interval d,T (3.2.2-3-c)
The average capacitor current, /..., is found by averaging the waveform in Fig. 3.4:

D -
Ty = Ly =i, 22 A % (3.2.2-4)

From Fig 3.2, the average values of /,, and /,, can be expressed as:

DT DT
I, = ;,(Al“ St DTl iy 2+ DT],,, + DT, )= “ (D +D)+1.,. (3.2.2-5-2)
L0, 2580, 20 11,)= %20, D)1, (32.2:5)
Equation (3.2.2-5) can be written as:
Aiy, 1,-1, 6-
5 —_Dn D, (3.2.2-6-3)
By I+l .
> =D +D, (3.2.2-6-b)
Substituting (3.2.2-6) into (3.2.2-4),
_ I1,+1 -1, }
lo=lu= g B+ D 5, (3.2.2-7)

In steady state, I, is equal to zero. Thus, the relationship between /,, and /,, is obtained as:

1 = L7 o
lo=lu=prpeD, o Y T (3.2.2-8-a)
I_'-z.—__l_ -R-
= DD (3.2.2-8-b)

Given the average matrices in (3.2.2-2-a) to (3.2.2-2-d) and the relationship in (3.2.2-8-b), the
steady-state solution of converter can now be solved through (3.2.1-9).
_l D \
D,

L2
D,

~
x— X

S
Il
-
w

(3.2.2-9)

.;F ax

Slo oo

The diode’s duty cycle, D,, is unknown in the above steady-state solution. The procedure to find
D, is given as follows:

From Fig 3.1(b), in steady state, the inductor current ripple can be written as:

v
8iy =4-DT (3.2.2-10-3)

i,

7
 Jnd

dT i d,TdT

Fig. 3.4. Current waveform of i..,.
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Aiy, =V, V., + V')DIT/Lz = V‘D,T/L2 (3.2.2-10-b)
Substitution of (3.2.2-10) into (3.2.2-5) yields:

1, = 21 DT(D,+D,)+1,, (3.2.2-11-3)
1,= [: DT(D,+D,)~1, (3.2.2-11-b)
Matching the summation of I, and /,, in (3.2.2-9) to those in (3.2.2-11), D, is defined as:

';gz(-gfn)——r-p,rw +D, (3.2.2-12-3)
D,=\[2L_I(RT) (3.2.2-12-b)

where L =LL/(L+L).

C- Linear Small-Signal State-Space (AC) Equations
Given the averaged matrices (3.2.2-2), the linear small-signal state-space equations of

the DCM Zeta converter can be formulated in accordance with (3.2.1-6):
D~ #y D]

S A R R T A”"*A"' 7 G2213)
di -D-D, V.3 ¥
__ILL—T.ILL11+11)VC'+( Lz A+l,)v°’ L; _Ifd -iz (3.2.2-13-b)
a:, BZE_DJ'IU""—'EPL'.L:*'%]U“"'IL: )dl (3'2'2-13-0)
1 1 1
&, 1: 1 -13-
_jt:z C'“ RC (3.2.2-13-d)

Adding (3.2.2-13-a) to (3.2.2-13-b) and applying the constraint in (3.2.1-8-b),

di dt dx 14

= + 7 =0 (3.2.2-14-2)

:’—’IIZ—sz»m 7 +—La;- 2320 (3.2.2-14-b)

- LD .- (D+D)~ b- V- o

e e R A 622149

From Fig. 3.3,

<,->=£-2n=éix;3ﬁz (3.2.2-15-a)
. . . ZL . Vv ‘|"V‘:.|—VCz .

Substltutmg Ai, = Ad,T and A1L2=—4!————L7 dT into (3.2.2-15-a),

<i>=a (—v AT+ sz AT~ z, vadT) (3.2.2-15-b)

Applying Taylor series expansion to (3.2.2-15-b),

- DT _ DT.. DT..

i= —-i——- L, Ve — 217 Vet 2Ls d=i,+i, (3.2.2-16-a)

j,=D0; DT, DI, JI;.; (3.2.2-16-b)

L 2 I‘z C 1 2 l’ C 2 2 L 4
Here, d and i,, get eliminated from the linear small-signal state-space equations by substituting

(3.2.2-14-c) and (3.2.2-16-b) into (3.2.2-13).
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3&&, &L&,
I~
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Ny
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I~
+
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2<

—_—l

Al

& al®

1;: DT . 1,.DT 1.

Equation (3.2.2-17) can be arranged in the form of:

{di/dt=A_i+B_f:,+B_‘,¢?,

§=C%+EJ5 +E,_,d
where
_ y | -
0 0
L+L, L+l
1 -1
0 0
A = L+, L+l
"1, -D'T DT 3
G 2CL,  2CL
=1, DT :l(QT. Ly
G, 2CL G, 2L R
o
0
B =|-DT |
= 12CL,
DT
2CL, |
c.=[o o 0 1],
E.=[0].
S
0
B, = 27| and
CL,
VT
2C.L,
Enﬂ:[o]

D- Finding Transfer Functions

DT . DT . DT DVT
wTICL 2L T ICL T CL,

—_— (= —f
R S M Toh AR AT A U A oV AR ToI A
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(3.2.2-17-3)
(3.2.2-17-b)
(3.2.2-17-¢)

(3.2.2-17-d)

(3.2.2-18)

(3.2.2-19-3)

(3.2.2-19-b)

(3.2.2-19-c)
(3.2.2-19-d)

(3.2.2-19-¢)

(3.2.2-19-f)

Various transfer functions of the converter can be determined from (3.2.2-18).-Only

two importance ones are given here.

The control-to-output transfer function:

Gd"(s)=?9£9=c_(sl—A_)"B +E_,,

RTV, a,s'+b, s+c,,

d(s) -

The input-to-output transfer function:

2L, as’+bs’+cs+d

(3.2.2-20-3)
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V(s) +n _DITRL, as+b,
Cul0)=3 = G- A B == = e b vased

Coefficients of G, (s) and G, (s) are listed in the TABLE 3.1. The derivation of these

(3.2.2-20-b)

coefficients is given in the Appendix F.

3.3  Modeling of DCM Zeta Converter with PWM-Switch Model
3.3.1 Overview of PWM-Switch Model in DCM
The PWM-switch block in DCM is shown in Fig. 3.5 where a, ¢, and p are active,

common, and passive terminals [11]. Terminal currents of the PWM switch block in DCM are

depicted in Fig. 3.6, where the average terminal currents and voltages can be expressed as:

<i >=if*2—d' (3.3.1-1-a)
<i, >=’J*2—‘1z (33.1-1b)
Li
=2 ; -1-
<y, > ar (3.3.1-1-¢)
<v >=£i-’—‘— (3.3.1-1d)
Baris 3.
From (3.3.1-1), the relationship between the average terminal voltages and currents is given by:
<i,>=f—l-"d>—d‘ (3.3.1-2-a)
2
<= te>% " (3.3.1-2-b)
1
=25k (3.3.1-2-c)
1
d=— (3.3.12-d)
o<y >T e
From (3.3.1-2), d, can be written as:
_2f<i> 2Lf<i> - }
P (3.3.13)

Substituting (3.3.1-3) into (3.3.1-2-a) and (3.3.1-2-b), the average PWM-switch model can be
defined:
<i>=p<i> (3.3.1-4-a)

<V, >=p<v, > (3.3.1-4-b)

TABLE 3.1

Coefficients of G, ,(s) and G, (s) of DCM Zeta converter.

ah:‘zcll‘x(l'\"'l‘z) =-D} T(11+lﬁ) and d|-"2[1(1"2D|) .

a, Candb—-—‘DL

~LAL

a=2LCCRIL+L) , b=(L+L)RCL+CDTR+DITC,R), c=DT(L+L)+2LR(C+C,), and d=2L,.
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————— a l I'"’_'—'l

14,
A ._..J v K (l)

(@) ®)
Fig. 3.5 (a) General power switch and diode and

(b) Voltage and currents of the PWM switch in DCM.

4i, ()
v, Tk
L
/ot
0 4 >
pi, (AL Al
T\
0 T -

Fig. 3.6. Terminal currents of PWM switch in DCM.

di<v,> d<v >

k= 2Lf<1 > 2Lf<1 > (3.3.1-4c)

Fig. 3.7 depicts the average PWM-switch model in DCM. Equation (3.3.1-4) is nonlinear and
can be linearized by small-signal perturbation with <i> = [ +i, <i> = [+i, <v,> =V +v,,
<v>=V_+v_,d =Dd, andd, = D,+d,, where the symbol represents a small-signal value

and the capital letter a DC value. It should be noted that [, >> i, I>> i,V >>v

ac?

ch>> Ve
D>> d, and D,>>d, Substituting the perturbation into (3.3.1-4-a) and (3.3.1-4-b) and
separating the DC from the AC terms, the steady-state and smali-signal equations are

respectively obtained:

V,=ul, (3.3.1-5-a)
L=ul, (3.3.1-5-b)
&V, &V
= 3.3.1-5-
H=2L71, 7 2Lf1, ( c)
i=g¥ +kd, (3.3.1-6-3)
I=g¥. +hd-gJ, (3.3.1-6-b)
I 21 21 1 21
where g,=’—,;':, k,=5lﬁ, k,,=—Dl‘, go=7:,and g,:-;;.:-. (3.3.1-6¢)

From (3.3.1-5) and (3.3.1-6), the DC and small-signal PWM-switch model are drawn as
illustrated in Fig. 3.8(a) and Fig. 3.8(b) respectively.
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a <i> <i,>p
r<i,>@  Qu<v>

Fig. 3.7. Average model of PWM switch in DCM.

a 1 p
H@ Our,

C

(2
a T'a . - kal - iP
L8 Qri, 5 e
le

(b)

Fig. 3.8. PWM-switch model in DCM: (a) DC model and (b) AC model.

3.3.2 Application of PWM-Switch Model to DCM Zeta Converter
As shown earlier in chapter 2, the Zeta converter must be rearranged before PWM-

switch modeling can be preceded. The rearrangement results in the circuit shown in Fig. 3.9.

A- Steady-State (DC) Analysis

Fig. 3.10(a) shows the Zeta converter substituted with the DC model of the PWI\Z
switch. For DC analysis, L, and L, are short circuited, and C, and C, open circuited. Simplified
circuit for DC analysis is depicted in Fig. 3.10(b), from which the following relationships are

observed:

Fig. 3.9. Rearrangement of Zeta converter for PWM-switch modeling.



J a la I’p
H, v, ] L+
V%) L J’“ o
(a)
al, ~ ¢
l N
H |
Vg# r #V,c%l R3V, C)]z
p? -
(b

Fig. 3.10 (a) Zeta converter for dc analysis and

(b) Simplified Circuit of Zeta converter for DC analysis.

From (3.3. 1-4),

p -
2LEfI L7 1,
DV, DV D V

£ 4

H=3L7T, —R_Ei] 2LEf V,+RI,

D 1
o KM 1+-1f,-§ M
2L V.
where K=—I§L, M=—<‘Z and Lf—zlél;
Equation (3.3.2-4-c) can be rewritten as:
___Db
K(1+ !ZE)

From (3.3.1-2-b),
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. (33.2-1)

(3.3.2-2)

(3.3.23)

(3.3.2-4-3)

(3.3.2-4-b)

(3.3.2-4-¢)

(3.3.2-5)

(3.3.2-6-)

(3.3.2-6-b)

(3.3.2-6-c)

(3.3.2-7)
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B- Small-Signal (AC) Analysis
Fig. 3.11 illustrates the Zeta converter substituted with the small-signal model of the

PWM switch, where the coefficients of the small-signal model are defined from the above DC

analysis:
M 2M MV, 2MV
&= R ? g/ R » 8o~ R’ k=—p=*% RD ’ d k _TD—L (332'8)

Applying KVL and KCL to Fig. 3.11; voltage and current equations are obtained as follows.

~

KVL on loop containing v,, v,., and L;:

¥ =V, —1 (sL,+1,)=0 (3.3.2-9-a)

¥,~V.) (3.3.2-9-b)

KVL on loop containing vc > Ly and €y

5, = SL, 41,50~ (g i) =0 (3.3:2-10-a)
ﬁ,,—x’u(sz,wz)-vm(sc,rc,+1)=o (3.3.2-10-b)
i, s11+ ———V, Ve (sCyry +D)] (3.3.2-10-c)

where i,=sC¥.., .

KVL on loop containing v_, L), and C;:

sl1+r“1“) (V +r, Ia) 0 (332‘1 l'a)

v, —-Zu(sl1 +1,) =V (sCr, +1)=0 (3.3.2-11-b)
1 - -

Vo= sC—r-ﬁ —i(sL+r,)] (3.3.2-11-¢c)

where ic, =sC¥,, .

KVL on loop containing C,, L, L,, and C,:

. (SC o, + D+ (L +1,)— (SL,+7,,)— V- (SC ey +1)=0 (3.3.2-12)
KVL on loop containing C, and R:

V=, ghy =Veo(SCyly +1) (3.3.2-13)

L+ =0+, =(g +g W, +(k+k)d-g ., (3.3.2-14)
Ep 14 - .
ac "_" ]JEL_*CL&;YLE 2
f C)k d V + Cz;"cz | +
_ Lin, ™ == R2 G)Iz
. i) Cll’lra -
= \I 4 +“—7{Cl 3

-

Fig. 3.11. Small-signal model of the DCM Zeta converter.
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KCL on node 2 and 3:
7C,+ll’g+;=; =i, (3.3.2-15)
KCL on node 4
iy=i+i,=g¥ +kd+sCy, (3.3.2-16-a)
Substitution of (3.3.2-1 1-c) into (3.3.2-16-a) produces:
i=gv, +kd+sC V=i (sL+r,)] (3.3.2-16-b)
7 SCI(S£+I'“ sC, 1A
1+ Cral =gV, *"d“"c‘,r"ﬁ“v (3.3.2-16-c)
Substitution of (3.3.2-9-b) into (3.3.2-16-c) results in:
sCl(sé+r“ sC, gL
sL,+ @,~v )1+ l=g7, +kd+—C,_:+—lv"’ (3.3.2-16-d)
sCI(sé+r“ g SN\ | SCAsE+T ) -16-
{g+ sl1+r sCr+1 137 sC,ra+lv" sL+r," 0+ sCr, +]l ;- kd (3.3.2-16-¢)
Rewriting (3.3.2-11-b),
7 (sC,rc,+l)=17 T sL+r,)=5, ¥ +7, (3.3.2-17-2)
aarrery +,( 0™ Ve Vi) (3.3.2-17-b)
Substitution of (3.3.2-13) into (3.3.2-15) gives:
sCt ot 7 g5 1k dg 5 5O, (3.3.2-18-)
~ R / 7 -1R-
v”—_——_sC,(R+rc,)+1(g/v"‘+kd 8.5, —-sCv~i,) (3.3.2-18-b)
Substitution of (3.3.2-17-b) into (3.3.2-18-b) yields:
5o B o5 kdeg —sC—L (5 — 47 V=i -19-
v"z—sCI(R+ra)+l[g/v"‘+k"d gy, SC'SCIQ.,+](V" V47, )—1) (3.3.2-19-3)
_— R O8N EH sC - ] sC 1o
Kl ory-ren v L e L sy s 1 +hd-i] (3:3.2-19-b)
Substitution of (3.3.2-9-b) and (3.3.2-10~c) into (3.3.2-14) yields:
El+-r—(v,-sx)+;1:1-£r—[ﬁ,,-sc,(sc,ra+1)]=(g,+g,)6x+(k,+k,)&-g,vq (3.3.2-20-2)
1 - SCr. +1 | I | -20-
S[1+ (k +k )d Cz'—i:fr—' (g+g,+m)vu—(ga+m)vcp (332 20 b)
Inserting (3.3.2-19-b) into (3.3.2-20-b),
| R sC, sCr,+1
V } + A +kd — .~ 7
sL+r, ¢ sC(R+r;,)+l‘(g’ ‘sCr +])v1 (8.4 sC,r +l)v"' sCr.+1'* il sL+r, (3‘ 2_2]‘a)
—(k‘+k")d=(g'+g/+slﬁ+r )vx_(goj' sl,+r )vgp
L1 , R(sC.r+1)
(et e P R HIG L) & sc,r +1)]" e+ sL1+r
RGCh D) o, sG R6Cr+)  sC 1
RS To Ly & Ve S GO m oLy sCrrls (32210)

R(sCyrz,+1)
[sC(R+r )+1)(sL,+1,;)

R(sC,r.,+1) 7

ACk+k)+ GCRer)+IGLTT)

k]d-r



R(sCr.,+1) 1

[(g"”g/*'sl,w“’ [sC(R+, )+1](sz,+ru)(gf sCra DB =l
R(sCr.+1) L 1 . R(sCr..+1) -

GCR+ ) HIGL T z)sC,ra+1]v’ [k e Ry eyl
R(sCy.,+1) ;

A [sC(R+rn)+l](sL1+ ,)Z

Where B=(g, + )+ RisCyrey +1) (g,+ sG,

sL1+r“’ R+ )+ L) & 5Cr 41
From (3.3.2-16-¢),
5 = SCJCH’] 1 14 SC1(5[1+"L1)]§‘_k,3_{gI SCI(SE-FI'” ]} }

* sC lsL,+rL,l sCr.,+1 L,+r sCr,+1
- sCr,+1l o sC(sL+r) sClra+l sCro+l, 1 o SC(sL4r )
Vo= sCLtr) | sCr,+l P, kd sC, S sLar, ! L sCr,+1 1.

. _ sCr+l o sC(sL+r,) SC{a“ s
vq, SC(SL‘*‘ ,)L] SC,’C,‘F] ]Vx kd AV¢

where A= sClr“+l I+ sCI(s£,|+r“
sC, sl1+r sCr,+1

Substitution of (3.3.2-22-¢) into (3.3.2-21-c) produces:
i R(sC,r,+D) ¥ 6 o sCr+1

[(g’+g/+sl,+r’l[sC(R+rcz)+l](sL,+ )\g, sC ,+1)]v"_B[SC(S +n, {1+
Je L+,

Clehandy, g RisCrep+D)

Gl kd—47 1= lsz1+ BCR+r)HIGL+T ,)sC.rC.+1]v

Va R(sCzraH) R(sCy.,+1) -
~Kk’“‘”"[5C1(13+ra)+1](sl«,+ D kld+ "[sC(R+, )+1](s11+ Bki

L1 R(sC,r.,+1) | C, A (O
Wera,rspert [sC(R+rc,)+u<sz,+ et A

{ R(sCr+1) 1+B sCr.,+1 N4+  SCAsL+r.), -
‘sL+r, [sC(R+rp)+1](sL+r, )sCr | sC(sL,+ r) sCr,+1 1%

RGCyr.,+1) sCr 41 RGCr ) -
-{[(k,-*'k.,ﬁ[ CR+r)HGL+T, z)k] el kyd+ BCR+r)HIGL+r)

AF =A5~Ad+A7

7§ = P %ﬁid+%fz
where Af[(g'*gf*sz,lﬁt )+ [sC(Rij-(ZS+]]-Zs1‘L+r )& sCrC,+l)]+BA
- 1 R(sCyr,+1) sC, J+B sCr. +1 M4  SC(sL+r, I)]
sL+r, [sC(R+r)+1)(sL,+r,)sCr,+1 sC(sI.,+ r)- sCr,+l *’
4 R(sCyr, +1)
oz [sC (R+r )+ 1(sL,+1,,)
R(sCyr.+1) sCr. +1

and Am-_—[(k"“ka;T k] B_Lg—k

[sC,(R+r, z)+1](sL,+ sC,
Substitution of (3.3.2-22-g) into (3.3.2-22-c) yields:

- sCr.+1 . sC(sL+r) sC,rC,+1 __,_.1 i’m _EL
Vo™ .s‘C(.s'I.,+r“)ll sCr+1 P, kd- A A, d+ )

5 = sCr+1 . sC(sL+r,
»TSChL Ay T sCroth

uy A—"l} +{A—u-££ﬂi‘k}d A-/-;z,

V=A 0+ A, d- A4,
sCr.,+1 N4  sC(sL+r,) sCr.+1

where A, = GGl sCr

A, sC

]A._“L A= A_nei -—ra”k,and 4,=4

A

e
4. °
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(3.3.2-21)

(3.3.2-22-a)
(3.3.2-22-b)

(3.3.2-22-)

(3.3.2-22-d)

(3.3.2-22-e)

(3.3.2-22-)

(3.3.2-22-g)

(3.3.2-23-a)
(3.3.2-23-b)

(3.3.2-23-¢)
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Substitution of (3.3.2-19-b) into (3.3.2-13) gives:

- ~ _ (sCr +DR . sC
Y= et W= R )+ 18 5T

W, —(g,+ sCrCl+l)v‘? sgf'+lv‘+kd -] (3.3.2-24-a)

Substitution (3.3.2-22-g) and (3.3.2-23-¢) into (3.3.2-24-a) yields:

(G tDR A Am, __1
Vp= SC(R+'Ez)+]l( s SCI’E‘I’H)( A d+ 1) (g,+scr +])(Aw A A’dd 'Pzz
sC,

+ sCr. +lv* kd]

ra
(sCr,+DR . %! -
=R E ey +1)“ﬂ (6.5 +1) e T

_sC (4., _sC . A
S e "+sCr +1)A~}d+{( ) SCr P A, &t sc +1)Aﬂ} ‘)

_ (sCr,+DR | sC, N
%= sC(R+ V& A e Cr +1) - sCr +1}

M{ ~(g __sg__)_m ~(g.+
SC(R+r)+1" & sCr.,+1” 4
(Cyp,+DR | sC,

sC(R+r2)+1‘( ' SCr Al 4

G$Cro,+DR | (g sC, )A < )4 sC, )
A sC(R+r D & sCr +V 4 8.+ sC,r +l i sCr +l
% _ GCra#DR o,

Co= G =sC Ry 1t & sCr +1)_€ci &+ sCr +1) Aoa)

(3.3.2-24-b)

(3.3.2-24-c)

sC +])A,.,}d (3.3.2-24-d)

)—l( 85Ty +,) L2},

where G (3.3.2-25-a)

(3.3.2-25-b)

=fQ (S 2(‘ +1)R SC __!EZ. e
=75 R & s A4 e, sC,rc.+1)4,z} (3.3.2:25-)

r4

The above transfer functions can be rewritten as:

_ R(sCr+1) a s'+b s’ +c,5'+d s’ +e s'+ f.5+g_ e
Gw_scz(R"'"c:)"'l as'+bs’+es’ +ds+e (3.3.2-26-a)

= \ a,s'+bs+c, o

G, =R(sCyr,+1) s +bstcs vdste ; (3.3.2-26-b)
R(sCr.,+1)  as'+b s+c, £ e

Ga= sC(R+r. )+l as' +bs’ +cs’ +ds+e (3.3.2-26-¢)

Coefficient of these transfer functions are listed in TABLE 3.2. The derivation of these

coefficients is given in the Appendix F.

34  Modeling of DCM Zeta Converter with Averaged Switch Model

3.4.1 Overview of Averaged Switch Model in DCM
- Like the CCM case, the switch network in DCM is identified as shown in Fig 3.12(a).

From [18], it can be shown that the relationship between averaged terminal quantities in Fig.

3.12(a) is given by:

<i(f)>=-L+— ()T<v,(t)> (3.4.1-2)
<,;(:)>=M (3.4.1b)

2L, <v(D)>
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TABLE 3.2
Coefficient of G, (s), G,,(s), and G_(s) of DCM Zeta converter.

a, =C|l1[(kog: -8 /ki)’h +ki +ko] » balv =Clru[(kog: -8 [kl)’é'l + k, +ko] +koC|’2‘| _(g /ki —kog:)lﬁ ?
Ca =(k0gi -8 jki)rl.l "ko

a,=8,g LLCCr (R+1.,)

b, =Clr[C(R+1,) 8,8 Crel Lty + Ly )+ Cro(8 L — 8, L)+ 2808 LL Y+ 2,8 LCr(C, Ry, + L))
n=Cre{(r,+ R E,8CralCoritiy+ L)+ 28,8, L+ L )+ CCI (87— 8,110))

+8,8(Ceu+ 2LYC,Rr, + LY+[Cr +2C,(r, + R)(8. L~ 8, L) - 8 ,CC,Rr 7.

d,=Cl8 (8o +DICT 1, +2Cr (1 + R)+ 2L 2Cr (8,87, — 8 WLy + C,Rr)+ 8,8, Cro R(Crery +21L)
HLC (g L+ g)-g /C,rrl Cra+2C 1 )J(R+1.)]

€,=Cl2Cr[87.,+(8801u— 8 JR+r +C(R+1,Xg 1, + 81+ 8 1)+ (g, +8)]
1.=Cr.(g+g)+8,(Cr+Cr, +C,R)

gw=gf

a,=LC(g,+8+8,+8/x8) > b,=Cr(8o+8+8,+8.87:)tC(8/a D+ 88 L s ¢, =8, (1+81,)

a=LLCC(8,+8,+8+8/:18) 7+ R)

b=CCy(g,+8o+8+ o8Iyt RULA, + L, )+ 8,8 L(LCrn + LC 1+ LC,R+CC R 1)

+CC (& L+ oL Y Rry +rfe )+ LC(C R, + L8, + 8+ 80)+CCy(ry + )L + L)
e=[Cp 1 (1, + R+ L, + )41, (CRr, + LN + 8,+ £, )C H 88,C (Lt + L, +Crtidn)

+CCy(87e +D(n, + 1)+ CCr M, + R)+ o8 Cre (L, + Lin )+ CC Ry, + L

+CCRr (8o + D+ (8 Ly + 8oLy + 808 LRNC I+ Ce )+ (g CR+C YL + L)

d=(g,gr.u+ 81, *DR+1)C,+[Cr (g, + 85+ 8)+ 8.8 +Cren )+ 8L T KR+ )+ Cre (g7, + 857,)
+8,85. L, +C,Rr. )+ g R(Cr. +Cr. )+ g L+ g L+ C(R+r,+r,+1)

e=(1+g7, Y Rg,+1+g,,)

The averaged switch model corresponding with (3.4.1-a) and (3.4.1-b) is drawn as shown in Fig.

3.12(b). Equation (3.4.1) is a nonlinear function of <v,(1)>, <v,(t)>, and d,(?) and rewritten as:

<i,(t)>=‘—1;‘—(ltl)—T<vl(t)>= S<v(t)>,<v,(0)>,d (1) (3.4.2-a3)
<i>= B OTVO>_ 1y iys v 05,d(0) (3.4.2-b)

2L, <v(O)>

The small-signal equations can be found by applying Taylor series expansion [18] to (3.4.2),

which gives:
- - OfwV..D - Vv, D N (A

L+i(f)= ,(V,,V,,D,)+v,(z)9ft—-—l—21 +9,(t) +d(f) (3.4.3-a)
’ A v, i ov, o od =0y

. _ afz(vl,Vl,DZ' _ H WD) o OfVV.d .
L+i(D= f(V,V,,D)+¥(t +9 (¢ +d( (3.4.3-b)
+5(0=f( () o V()“—“—'zlc-;;v2 . 47 ”

From (3.4.3), the DC equations are:
L=f(V,V,D)=V/R, (3.4.4-2)
Il = f;(Vu ,/1’ D|)= sz /(Rzyz) . (3 .4.4‘b)

where R.=2L./(DT) .
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3.5  Duty ratio-to-output voltage transfer function, G,,.(s)

Like CCM, the transfer functions derived from three different modeling methods, i.e.,
SSA technique, PWM-switch model, and averaged switch model are plotted and compared here.
Transfer functions G,,,(s) of the DCM Zeta converter from the SSA technique expressed in
(3.2.2-20-a), from the PWM-switch model expressed in (3.3.2-26-b), and from averaged switch
model simulated with Fig. 3.15 are compared, using the component values listed in TABLE 3.3.
It should be noted that these values satisfy the condition for DCM in (3.1-2).

Fig. 3.16 shows the Bode plots of G, (s) given by the three modeling methods, in the
case when the circuit parasitic is assumed to be zero. It can be seen that the result from the SSA
technique (Fig. 3.16(a)) corresponds with the results from PWM-switch model (Fig. 3.16(b))
and averaged switch model (Fig. 3.16(c)), which closely agree with one another, only up to one-
tenth of the switching frequency (10 kHz). Beyond that, the SSA model starts to deviate from
the PWM-switch and averaged switch models. This discrepancy is due to the fact that the DCM
Zeta converter modeled by the SSA technique yields a reduced-order model, while the converter
modeled by PWM-switch and averaged switch models are full-order models (see (3.2.2-20-a)
and (3.3.2-26-b)). Fig. 3.17 compares the Bode plots of the DCM Zeta converter modeled by
PWM-switch model (Fig. 3.17(a)) and by averaged switch model (Fig. 3.17(b)), taking into

account the circuit parasitic. The results from these two models are exactly the same each other.
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Fig. 3.13. (a) Two-port smali-signal DC model and
(b) Two-port small-signal AC model of the averaged switch model.



(b)
Fig. 3.14. (a) DC averaged switch model and

(b) AC averaged switch model of DCM Zeta converter.
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Fig. 3.15. PSPICE circuit schematic of DCM Zeta converter using averaged switch model.
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TABLE 3.3

Circuit Parameters for DCM Zeta converter.

Circuit Parameters Values
Vg/ ¥, 15-20/5V
C,/C, 47 / 200puF
L/L, 100/ 22pH

redred v, | 0.38/0.095/0.001/0.000220
R 10-38Q
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Chapter 4

Control of Zeta Converter

This chapter is divided into two parts. The first part deals with a Zeta converter whose
output voltage is regulated using Voltage Mode Control (VMC). The second part covers the
converter which employs Peak Current Mode Control (PCMC) scheme. Control block diagrams
for each control method are presented. Based on these control block diagrams, feedback

compensator can be designed to give the converter the desired regulation characteristics.

4.1 Voltage Mode Control (VMC)

4.1.1 Description of VMC

Fig. 4.1(a) shows Zeta converter with Voltage Mode Control (VMC). The power stage
is the Zeta converter circuit described in the preceding chapters. The control stage consists of an
error amplifier and PWM comparator. The output voltage, V,, is fed back and compared with
the reference voltage, V.. The resulting error voltage is processed by a compensator, G(s),
which produces the control voltage, v, to compare with the sawtooth voltage, V. at the PWM
comparator. As shown in Fig. 4.1(b), the MOSFET is turned on when v,.is larger than v, and
turned off when v, is smaller than v . If v, is changed, feedback control will respond by
adjusting v, and the duty cycle of the MOSFET until v, is again equal to V, £

A block diagram of Zeta converter with VMC in Fig. 4.1(a) is depicted in F ig. 4.2. The
power stage is represented by thé three transfer functions: G, (s), G, (s), and G_(s). Note that
the block diagram in Fig. 4.2 is valid for both the CCM and DCM cases. For feedback control
design purpose, the input variables, v, and i, in the power stage can be assumed to be zero
because the effect of the duty cycle (produce by control stage) on the output voltage is of
interest here. Thus the block diagram in Fig. 4.2 is simplified into Fig. 4.3.

The transfer function of PWM comparator is derived from the waveform in F ig. 4.1(b)
and given by:

F=d0_ 1 (4.1.1-1)
v.(s) V,

where V,, is amplitude of the sawtooth voltage.
From Fig. 4.3, the open-loop transfer function is defined as:
T(s) = Gs)G,(s)F, (4.1.1-2)
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The transfer function G, (s) are given in (2.2.2-6-¢) for CCM Zeta converter and in (3.3.2-26-b)
for DCM Zeta converter. Given G,(s) and F,, the feedback compensator, G.(s), can be
designed by appropriately selecting its poles and zeros so that the open-loop transfer function in
(4.1.1-2) has high DC gain and reasonable crossover frequency and owns sufficient amount of

phase margin [18, 21].

4.1.2 Compensator G.(s)

As shown in Fig. 4.4., the feedback compensator is an operational amplifier with an
input and feedback impedances, z, and z,. It amplifies the difference between v, . and v, and
gives the control voltage, v, at its output.

The control voltage, v, is related to reference voltage, v,,, and output voltage, v,, by:

Ve =V, (1+2,/2))—vy2,/ 2 (4.1.2-1)
By introducing the small-signal perturbation v.=V.+V,, v,=V,+V,, and v_ =V, (¥, is
constant), the small-signal model of the compensator is obtained as:

Ve lVp==2,/2,==G(8) (4.1.2-2)

Below lists the some commonly used compensators and their transfer functions .

- PI compensator (Fig. 5)

G (5)=z,/z,=(a,/s)s/w,+1) (4.1.2-3)
where @,=1/(RC,) and @, =1/(RC)).

- One-zero-and-two-pole compensator (Fig. 6)

G (5)=2,/z =(@,/5)(s/ @, +)/(s/ @, +1) (4.1.2-4)
where o, =1/(R(C,+C,)), @, =1/(RC), and w, =1/(RCC,(C+C,)).

- Two-zero-and-two-pole compensator (Fig. 7)

(s/ @, +1)(s/a,, +1)

(4.1.2-5)
(s/w,, +1)(s/ @, +1)

G (s)=22=0,
1

where o, =R /(R +R)), w, =1/(RC,), w,, =1/((R,+R)C,), @, =1/(RC), and
@,, =1/(RR,C,/(R+R,)).

- Two-zero-and-three-pole compensator (Fig. 8)

Ge(s)= z, o (s/w, +1)(s/@,, +1)

Z, 5 (s/@p+1)(s/@,,+1)

where @ =I(R(C+C,)), @,=U(RC), @n=I(RCCHC+C)), a,=U(R+R)C),

(4.1.2-6)

and w,, =1/(RC,).
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Fig. 4.4. General form of feedback compensator.

Fig. 4.5. PI compensator.
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Fig. 4.7. Two-zero-and-two-pole compensator. Fig_ 4.8, Two-zero-and-three-pole compensator.

42  Peak Current Mode Control (PCMC)

4.2.1 Description of PCMC

Fig. 4.9(a) shows Zeta converter with Peak Current Mode Control (PCMC). The control
principle is as follows. At the start of the switching cycle, the clock signal sets a flip-flop to 1
(Q=1), turning on the MOSFET. The MOSFET current, which is -equal to summation of the
inductor currents L, and L,, increases linearly as shown in Fig. 4.9(b). This current is sensed as
Rl and compared with the control voltage, v, from the feedback compensator. When Ry,
reaches v, the output of the comparator resets the flip-flop (9=0), turning off the MOSFET.
The next clock signal will turn on the MOSFET again and the same operation be repeated. If the
load is increased, the output voltage will decrease and hence v, will increase. Due to the
increase in v, the time it takes for RJ; to reach v, is longer, i.e., the duty cycle is increased. The
increased duty cycle will cause the MOSFET current to increase to meet the load current
demand and, at the same time, restore the output voltage to the desired value set by Vo

Fig. 4.10(a) shows the fictitious inductor current waveform, i(2), for d< 0.5. Note that
the fictitious inductor current, which is a sum of i, and i,,, was first introduced in chapter 3 and

is used again here to describe the stability problem in PCMC. For d < 0.5, if there is a small
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perturbation introduced to i(?), it will be eventually subdued as shown in Fig. 4.10(a). Therefore,
the instability does not occur for d < 0.5. On the other hand, the same perturbation will get
amplified for d > 0.5; that is, the instability occurs for 4 > 0.5, as shown in Fig. 4.10(b). To

avoid the instability when d > 0.5, a compensation ramp, ¥__, is introduced to the PWM

rump?
comparator. It is subtracted from the control voltage as shown in Fig. 4.11; therefore, the
MOSFET will tun off when RJ is equal to v.-v,, . The compensation ramp effectively
provides a damping in the current loop, enhancing the loop stability [18]. With the

compensation ramp, the range of the stability is extended beyond d = 0.5 (Fig. 4.11).
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Fig. 4.9. (a) Zeta converter with Peak Current-Mode Control (PCMC) and

(b) Description of its slop compensation between m_ and m,.
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(a)

(b)
Fig. 4.10. Perturbed i(z) waveform (a) d < 0.5 and (b) d > 0.5.

Fig. 4.11. Perturbed i(z) waveform for d > 0.5, with compensation ramp.

4.2.2 Zeta Converter with PCMC

In PCMC, the significant transfer function for the feedback compensator design is
G, (s), which is the transfer function from ;C to :o. To obtain G, (s), the control law for PCMC,
which relates the duty ratio to other circuit variables, must be defined. In this thesis, the control
laws proposed in [18] and [23) are adopted. From here on, the control law in [18] will be

referred to as Erickson model and [23] as Ridley model.

A- CCM Zeta converter with PCMC based on Erickson model
The Zeta converter with PCMC can be drawn in a block diagram form as shown in Fig.
4.12. The power stage is represented by nine transfer function blocks, where the expression for

~ ~

these transfer functions is given in (2.2.1-6-d). The variables Vs d, and i, are considered to be an
input to the power stage and the variables v,, i,,, and i;, an output from the power stage. The
Erickson model [18] is expressed by:

d=F,(%.-Ri-F,5,~F7,) (4.2.2-1)
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D D" . . . .
whereE,=L, F = R , F= R , R is a sensing resistor, M, is a slope of
MT’ * 2L 2L,

compensation ramp. The derivation of (4.2.2-1) is shown in Appendix E. From Fig. 4.12,

i,=G, v +G, d+G, 1, (4.2.2-2-a)
i.,=G,,%, +G,,d+G,,], (4.2.2-2-b)
%,=G,7, +G,d+G,J, (4.2.2-3)

Substitution of (4.2.2-2) and (4.2.2-3) into (4.2.2-1) yields:

d=F,[%.~(G,¥, +Gpnd+G,i, +G,;%, +G,,d +G,,i, )R, —¥,F, ~V,F)] (4.2.2-4-a)

d=F,[%.-(G,,+G,; )9, +(G, +G,,)d+(G,, +G,, )|, IR ¥, F, =, F,] (4.2.2-4-b)

d{1+F,R(G,,+G,,)]=F,[%.~[F, +R(G,, +G, )]v ~R(G,,+G,)), =V, F] (4.2.2-4-c)

G U R +R (G, +G,)P, -RS(G +G,,)i, —%,F] (4.2.2-4-d)
1+F,R.(G,,+G,,

Substitution of (4.2.2-4-d) into (4.2.2-3) gives:
G W FulVe ~[F, +R(G,, +G,,, )V, Rs(G +G,, )i, ~¥,F,]

5. =G ¥ Ll G.i 4.2.2-5-
K 1+F.R,(G,+G,y) R 422:52)
G, F.[F.+R(G,+G,
ol G,FF, ] G,F, 541G, 22 [F +R( )]]ﬂ
1+F,R(G,+G,,)" 1+F,R(G,+G,,) 1+ F,R(G,, +G,) (4.2.2-5-b)

1[0, - GeFR (G, Gun)
1+ ER(G,y+G)

N 1 LT
= G,F G.-G,F F +FR[G,(G,+GC
vO 1+F [RS( )+G F ]l v nvC +[ w N m" g mRS[ w( at dz) (4.2‘2_5_(:)

-G, (G, +G ,)]]v +[G,, +F,RIG(G,,+G.))~G, (G, +G,)NE ]

v, =G . +G, .V, +G,

g (4.2.2-5-d)

Fig. 4.12. Small-signal control block diagram of CCM Zeta converter

with PCMC based on Erickson model.
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where
G.. =~—°= F.G., (4.2.2-6-a)
"y, T1+E[R(G, +G,,)+G, ] -

_G. G EF +FRI[G, (G +Gs1) G (G +G)]

Ghrapn =2 (4.2.2-6-b)
A 1+F [R(G,, +G,,)+ G, F ]
GZV-q:n =X_:0_ = G,+ F;Rs[Gn G +G,, )-G, (A +th2 ) (4.2.2'6'(:)
’Z 1+F;|[RS(GHI +Gﬁ2)+GJhF;/]

For CCM operation, the magnitudes of F, and F, are typically very small; that

12 2
is, F, = DZLRS —0 and F, =%Ri—>0. Thus, (4.2.2-6-a) becomes:

Vo _ F.G,
1+F,R(G,,+G,,)

=9
Ge=2mm=
v(‘

(4.2.2-5)

Equation (4.2.2-5) is shown in the block diagram form in Fig. 4.13. If there is no artificial ramp

M=0), F,= M] — o and (4.2.2-5) can be rewritten as:

Go=too o (4.2.2-8)
Ve R(G,,+G,,)

G,(5) is finally obtained by substituting (2.2.3-6-a), (2.2.3-6-b), and (2.2.3-6-¢) into (4.2.2-8):
~ 2
v. R(G,+G,,) R(as +b,5s +c,5+d)

The coefficients in (4.2.2-9) are listed in TABLE 4.1. The derivation of these coefficients is

given in the Appendix F.

B- CCM Zeta converter with PCMC based on Ridley model
Fig. 4.14 shows the block diagram of CCM Zeta converter with PCMC based on
Ridley’s current mode control model. While the power stage model is the same that in Fig. 4.12,

the control stage is defined by [23]:

d=F,(7.-RH (s)i +k', ¥, —k' %) (4.2.2-10)
4 2 ~ o~
where F,= ' , M= 'RS, K, = DRSTG-Q), k',-D TR, L= Ll V=V,
M, +M)T L L 2 2L, L+L, d

V,7~Vo» M, is a slope of compensation ramp, and M, is a upward slope of the fictitious inductor

current, i(1).

Fig. 4.13. Simplified block diagram of Fig. 4.12 when F =F,~0.
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TABLE 4.1

Coefficients of G,(s) of CCM Zeta converter from Erickson model.

a,=~1,LC.LG,[RI,(1-D)+ DV )(r.,+R)

b, =—C,(1- D)RI,[(r, + RX(L, + L, )(r,,D+1.)r.,C, +C,Ref,(1- DXL, + L,)

+[C2Lz'}‘zru _rrnrczchzD+rLzrczl1C2 +IﬁL7](rcz +R)]

~C,(rey + R)[-(1=DY C,re, (1, + R)L, + L)+ DCyr, (1, L, + L, )+ LD(r, 1, C, D+ L)V,

Ce = —R(l _D)Iz [Crrm (Cz'i‘zrl_z +Cz"czrcn +Lz)('?:1 +R)(]°'D)+C|C2R’gz('iz +rg +Q|)(1—D)

+(re, +1,, )0y + RL + Gy 1, (14 D)IC, +[1 LG, D+ C o1y D41, G L + Crr D(L + L)), + R)
-rczDClR(Lz +l1)+’i':l1R(Cz +C|)]

~(r, + R)[=(=DY C[C,1e, (rfy 7o R+, 1 1, RY+(r + R 1,C + L + L))

+C,D(r, L, +1, L)+ D* L(Crey +1:,C,) 41,7, CC,D(r, + Dr )W,

d, =—(r, + R)Cr,yn,, D+ LD ~C,(r,, +1,, X1, + RY(1= D) +(Cr, + Cyre)r, D' ~(r,, + RY1-DY 1V,
~R(-D)1,[(r., +R)D(C,r}, +2r,r.,C,+ L)+1,C (1, +7, X D+1)+(Cr, +7.,C, +1,1.,C,X1-D)]

Lce 1°C1 c’al

+e, (rl.lclR"'raClR"'Cercz +C|Cz’lz)(1_D)]
€. =-(rcz +R)[Dz’;.l —(rl.z +R)(]"'D)Z]V, "‘R(]"D)lz [ZD’;J (’E‘z +R)+(1_D)(rc1R+RrCl +rcer|)]

a,=(r., + R)C,C,{-{(rs, + R)I(1- DXL, + L,)r,, + L, D, }+ R(r., + R- DRY(L, + L, )V,

+RI, (1, + R)[D(L + L)n, + L, (1- D)1}

b, =[~CC, (re, + RV (DR 47, R1,y7 41, (r, 41, )(1-D))

+(r, + RICCyr, R D-Cyr DL, = RC,C, (1 +1,, X1, + R—RD) -1, C,(1- D)L, + L,)]
+{D'C,r.,(r-, +2R)~ Rr,C, + RC(D* -1)I(, +L)-r,DLC,(2R+1.,)+R*LD'C,-R'DLC, (1-D)y,
+RL[(1-D)(1-DIC R, (7, + R) =R (LG, + LG +C L)+ LCr, (1, + R)

+C,1.,(r-, +2R)(DL +L, D~ L)+ DLC,R"]

+C,r,, (ry + R)C,(Dr,, +1, Xrey + R)+ D(L + L))+ C,C,Dr) (-, + R)']

¢, =[C,(r,, D =R)(r., +R) —C,(1-DX(r,, + R)r;,

+(r, + R)C e, (21, — D'r, )+ DC,R(R= D1, )= DL, =C R(r, +1,)~1,1,,C, (1= D)+ D* (L, + 1,)]
—{Cz'lz'l'z (rcz "’2R)+R2 (Cl +Cz )](I_Dz)—'gzDzCz’m _Cercz’f.z +C|R1Dz(rm +';.|)]V,

+RI,[(r., + RDC, (r,r, + 1)+ 1,Cre, + LD(1- D)+ Dr,, (2—- D)1.,C, (., +2R)+ R*(C, +C,)]
"'(]_'D)2 [Cz (ra ~T )(rcz +R)1 +('glq —[1)('2'2 "'R)_Cle(rLz +rcx)n

d, =[(R+r. ) D*(r, +1,,~1.)-r,—RI+ R’ D'V,

—RI [, D(D=2)(7, + R)—{(R+1., )%, =)~ R J1~DY']

Fig. 4.14. Small-signal control block diagram of CCM Zeta converter

with PCMC based on Ridley model.
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2
+s—2 is an approximate sampling gain of the current loop, where co,=% and
o

(] ”

5

H, (s)=1+

0, =—_3. The derivation of (4.2.2-10) is shown in Appendix E.
T

For CCM operation, the magnitudes of k’, and k', are typically very small and can assume to be

~

zero. To find G, (s), the input variables i, and v, in Fig 4.14 are set to zero. Thus, Fig. 4.14 is

simplified into Fig. 4.15, from which G,(s) is given by:
F.G,(s)

=l (4.2.2-11)
V. 1+F RH(5G, (s5)+G,, (5]
Where F, ! . If there is no artificial ramp (M,=0), then F, - .
(M, +M)T MT
Substituting of (2.2.3-6-a), (2.2.3-6-b), and (2.2.3-6-¢) into (4.2.2-11) yields:
GK_ - (a“_s2 +‘bws+c* )(SCZ'Z‘Z +l)R}‘._ (4.2.2_12)
as'+bs +cs +ds+e,

The coefficients in (4.2.1-12) are listed in TABLE 4.2. The derivation of these coefficients is

given in the Appendix F.

C- DCM Zeta converter with PCMC based on Ridley model

Fig. 4.16 illustrates typical slop compensation waveforms of the DCM DC-DC

~

converter. In DCM operation, the fictitious inductor current, i(7), is zero at the beginning of each

~

switching period, and only the duty cycle, d,, during the on time is required to function as

~

control signal; that is, v is neglected [23]. Hence, (4.2.2-10) can be rewritten as:
d=F, @, +k',7,) ' (4.2.2-13)

: -DRT , o
Where F, and v, are the same as those in (4.2.2-10), k', =—L——, and k’ = 0. The derivation

E

of (4.2.2-13) is shown in the Appendix E.
From (4.2.2-13), the block diagram of DCM Zeta converter with PCMC based on Ridley’s
current mode control model is depicted in Fig. 4.17 which is hence simplified into Fig. 4.18,

from which G,(s) can be defined:

G, =¥,/%.=F.G,(s) (4.2.2-14)
where F, — ! ifthere is no anificial ramp (M_=0), F, -1
(M, +M)T MT

Fig. 4.15. Simplified block diagram of Fig. 4.14.
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TABLE 4.2
Coefficient of G, (s) of CCM Zeta converter from Ridley model.

a, =LC[(r,, +R)1=~ DY, + I,R(Dr.,~Dr,, ~1.,)}
b, =—[I‘)Dz —Cl (rLz +R)(1_D)(ru 1 —&‘)D)]V, _IzR[rLlelD'*'rurc‘lCl @ -Dz)
+(1-D)AC,(1-D)+LD]]

¢, =-{D'r,—(R+r,)(1-D)y W, +1,R1-D)(Dr.,~r,,—2Dr,)

a =LLC,C,(r., + R)D'r,, +1., D(A-D)+(R+r,,X1-D)']

b,=F,R.H C,C,(r, + R){[(r,, + RX(L, + L, Y1~ D)+ L, Dr., WV, - I, R, D(L, + L, )+ 1, L, (1~ D)]} =
CLD*r +70DU=D)+(R+7,, Y~ DY JC,(rzy + R)7 (L, D=L, D~ L)1, L, =1, L}~ L L, ~ L7, RG]
C= F;‘nRtHe [(I_D)(rcz + R)[r“C,(r“ +R)+C'lrl.12 +L2D]C2 "(R+rcz )(I‘IDI.—’-CI’;J(?I —rglchz)Cz
HRr,CC (R4 21, )+ G R (1, G +1,C)+ G, + RYE + L)I(A- D)+ 1, G (G, R+ L D),

~F, R.H RIC.C, (rzy + R, D(r, +7,,) ey +7,(1=DY ]

+1,CD(Cyrey R+ L + L)+ (1- D)LCr, +(r, + RXDL + DL, - L)C, 1), +

[D'r,, +1.,D(A~D)+(R+r, 1= DY (1., + RNC,C, (r,, + 1., DXr,, +1;, —1, D)+ LC, D’ +L,C,(1-DY']
+C| (11 +rczRCz )(rn e _rC|D)+C|l1(’lz +rc1D+R)]

d,=F,R.H,[C(r}, +2r,,R)(1=D)+C, (1~ D' Y1, R4 1, 1, +1,, R)=(R+1:,)[(r, = 1 )D'C,

-1,,C,(1- D)}+(1-DXC, +C,)R +7.,C/(r,, + R+ D’r..)-D*(L, + L)+ L,DV,
+F_,RSH‘[(1—D)’[CzrczR-—rclel +Lz +Cz (ru "’Z‘l)(rcz +R)]
~L,D(1-D)+1,,C,D(D~-2)(R+1,)~1,C D(R+1,)=1,C,(r, D+,

+[D2r“ +YC,D(1— D)+(R+r“ )(I"D)Z][Cz (rcz +R)[r“Dz +n, (]_D)z +DrCl (]—D)]

+1.,C,(7,, + Dr, + R)(1 = D)+1,,C,(R+1,, )+ Dr, 1,C, + LD* +(RC, 1., + L, )(1-D)’]
e,=F,RH,[V,[(1~D)r, +R)+ D" (r, =1, )}-[r, D2~ D)+(1-D) (r, =R -1, )IRL, ]

+[Dz’;.| ‘”;:ID(I_D)"'(R'H'Lz)(l_'D)2]2

3
Ve ka2 o 5458 Lo
Yok R\ T
m ;\\mz /
N Iy
0 aT T

Fig. 4.16. Typical slop compensation waveforms of the DCM DC-DC converter.
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Chapter 5

Design of Feedback Compensator

This chapter illustrates feedback compensator design of Zeta converter with VMC and
PCMC. The design is carried out for both CCM and DCM cases. Simulation results are given to

confirm the validity of the designed compensators in regulating the output voltage.

5.1 Zeta Converter with VMC

A — Compensator Design for CCM Zeta converter with VMC

Closed-loop control of Zeta converter with VMC is shown in Fig. 5.1. A PI
compensator is selected for CCM Zeta converter in Fig. 5.1(a) and a one-zero-and-two-pole
compensator for DCM Zeta converter in Fig 5.1(b).

To design the compensator, a small-signal control block diagram of the converter is
needed. This was developed in chapter 4 and is repeated again here in Fig. 5.2., where T(s) =
G,,(s)F,G(s) is the open-loop transfer function.

TABLE 5.1 lists circuit parameters for CCM Zeta converter. It should be noted that
these parameters satisfy both the condition for CCM in (2.1-2) and the condition for LHP zeros
in (2.2.2-7-b). Substituting the parameters from TABLE 5.1 into G,(s) in (2.2.3-6-¢) and F_ in
(4.1.1-1) and multiplying them, the uncompensated open-loop transfer function, T(s)=F_G,(s),

can be found.

T.(s)= 1.648x10*s* +8.774x10"s* +1.758x10? s +6.505x10'
v s*+8452s° +1.647x10°5%*+5.878x10'" s+4.969x10"

Ty(s) has two pairs of complex poles at @, , = 9.77x10° rad/s and O = 7.215x10° rad/s, one

(5.1-1)

real zero at @, = 5.2632x10" rad/s, and a pair of complex zero at @,, 3= 0.866x10° rad/s. The
asymptote Bode plot of T,,(s) is shown in Fig. 5.3.

Next, the PI compensator is designed to compensate for T(s) in (5.1-1). Its transfer function
was given in (4.1.2-3) and is repeated again here.

G ()=2,/2,=(w,/s)(s/a, +1) (5.1-2)
where «,=1/(RC,) and @, =1/(RC)).

From (5.1-2), the pole at the origin will help increase the low frequency gain of the open-loop
transfer function, T(s)=T,(s)G(s). The zero, ®,, and gain, @, can be tuned to give T(s) the

desirable crossover frequency and phase margin respectively. The design objective is to achieve
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T(s) with the crossover frequency, @, of 10 kHz and phase margin of more than 45 degrees. To

achieve this, the zero of G(s) has been set at @,=3x10’rad/s and the gain at coo=8.65x103 rad/s.

Fig. 5.2. Small-signal control block diagram of CCM/DCM Zeta converter with VMC.
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TABLE 5.1.

Circuit Parameters for CCM Zeta converter.

Circuit Parameters Values
Vg/ Vo) Ve 15-20/ 5/ 1.8V
C/CJ/LJ/L, 100/200pF/ 100/ 55uH

red redryr/ R | 0.19/0.095/0.001/0.00055/1-5Q
I 0
T=1)f 10ps

Fig. 5.3 shows asymptote Bode plot of T;(s), G(s), and T(s). Based on the selected ®, and @,
component values of the PI compensator are calculated, getting: R ,=10KQ, R,=3.4KQ, and

C,=20nF. Substitution of these component values into (5.1-2) gives:

_147x10°( s i
Ge(s)=—— kalo’”) (5.1-3)

To verify whether or not the design objectives have been met, G(s) in (5.1‘{3), Ty(s) in (5.1-1),.

and T(s) (the product of G(s) and T,(s)) are plotted with MATLAB, as depicted in Fig. 5.4, It
can be seen that T(s) (solid line) has the phase margin of 53 degrees and crossover frequency of

10 KHz, thus satisfying the design objective.

B — Compensator Design for DCM Zeta converter with VMC

In chapter 3, G,,,(s) of DCM Zeta converter was derived by SSA téchnique and PWM-
$witch model. In this section, the model derivea by the latter méthod in (3.3.2-26-b) is used in
the compensator design because it is a full-order model (Recall that G,,(s) derived by SSA
technique is a reduced-order model) and takes into account of circuit parasitic. The small-signal
‘block diagram for DCM Zeta converter is indicated in Fig. 5.2. The compensator design process
for the DCM converter follows the same step as that for the CCM case. Substituting the
converter parameters from TABLE 5.2 into G, (s) in (3.3.2-26-b) and F,_ in (4.1.1-1) and

multiplying them, the uncompensated open-loop transfer function, T (s)=FG,,,(s), is obtained:

T, (s)= 8.856x10*s* +4.9x10°s* +2.673x10" s +7.463x10"
v s*+3.195x10°5* +1.783x10°s* +6.853x10" s+5.379x10'°

T(s) has two real poles at @, = 0.8x10’ rads, ®,= 3.145x10° rad/s and a pair of complex pole

(5.1-4)

at @, = 0.1463x10° rad/s, one zero at W, = 5.2632x10" rad/s and a pair of complex zeros at

®,,, = 1.2654x10° rad’s.
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Fig. 5.3. Asymptote Bode plot of T,(s), G(s), and T(s) of CCM VMC Zeta converter.
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Fig. 5.4. Bode plots of G(s), T,(s), and T(s) of CCM VMC zeta converter.

The one-zero-and-two-pole compensator is designed to compensate for Ty(s) in (5.1-4). Its
transfer function was given in (4.1.2-4) and is repeated again here:

G (s)=2,/2,=(@,/5)(s! @, +D)/(s/ @, +1) (5.1-5)

The design objective here is the same as that in the CCM case, i.e., T(s) with the crossover
frequency of 10 kHz and phase margin of more than 45 degrees. To achieve this, the zero and
pole of G.(s) has been set at ®,,=18.94x10" rads, ,,=18.56x10° rad/s, and the gain at
0)0=1.7x105 rad/s. Fig. 5.5 shows asymptote Bode plot of T(s), G.(s), and T(s). Depended on

the selected ®,, ®,, and ®,, component values of the one-zero two-pole compensator are
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calculated, obtaining: R=120€2, R,=120Q2, C,=5nF, and C,=44nF. Substitution of these

component values into (5.1-5) gives:

S
R |
Gc(s)=1-7>;105 18.960" : (5.16)
18.56x10°

To verify that the design objective has been met, Bode plots of G(s) (broken line), T /(s)
(continuous line), and T(s) (cont_inuoils line with +) are plotted as shown in Fig. 5.6. It can be

seen that T(s) has the phase margin of 58 degrees and crossover frequency of 10 KHz, satisfying

the design objective.
' TABLE 5.2
Circuit Parameters for DCM Zeta converter.
Circuit Parameters Values

V! Vo 15-20/ 5V
Vi p 1.8V

C 63 47/200pF

L/L, 100/22pH

Pe// Yol T fryy 0.38/0.095/0.001/0.00022€2

R 10-38€2
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4 Ty (s
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Fig. 5.5. Asymptote Bode plot of T(s), G(s), and T(s) of DCM VMC Zeta converter.
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Fig. 5.6. Bode plots of G(s), T,/(s), and T(s) of DCM VMC Zeta converter.

5.2 Zeta Converter with PCMC

A — Compensator Design for CCM Zeta converter with PCMC

Closed-loop control of Zeta converter with PCMC is shown in Fig.5.7, where one-zero-
and-two-pole compensator is used. Fig. 5.8 depicts the block diagram for compensator design.
Recall from chapter 4 in CCM, and there are two current-mode control models, namely

Erickson model and Ridley model.
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- Compensator design based on Erickson model

Gyc(s) of the Erickson model was derived and given in (4.2.2-9). Substituting the

relevant parameters from TABLE 5.1 and a sensing resistor, R, of 0.1€2 into (4.2.2-9):

- 0.5475s° +2.9138x10"s* +5.8406x10"s+2.1609x 10
ve §*+6.719x10°s* +1.0328x10%s +3.6464x10"*

Gy(s) has one real pole at ®,, = 3.9495x10° rads, a pair of complex poles at @, , = 9.6093x10’

G (5.2-1)

rad/s, one real zero at @, = 5.2632x10" rad/s, and a pair of complex zeros at @, , = 0.866x10"
rad/s.

The one-zero-and-two-pole cempensator is selected to compensate for G, (s) in (5.2-
1). Its transfer function was given in (5.1-5). Like VMC, the design objective is to accomplish
Gvc(s)Gc(s) with the crossover frequency of 10 kHz and phase margin of moré than 45 degrees.
To achieve this, the zero and pole of G.(s) has been set at w,= 21x10° rad/s, @, = 5nx10° rad/s,
and the gain at o, = 7.4x10° rad/s. F ig. 5.9 shows asymptote Bode plot of G,.(s), G(s),
Gyc(s)G(s). Based on the selected ®,, ®,, and ®,, component values of the one-zero two-pole
compensator are calculated, getting: R,=5.31 K2, R,=2.7 KQ, C¢=3 nF, and C,=2 #oF.

Substitution of these component values into.(5.1-5) gives:

7.4x10% s/27x10% +1
s 8/5ax10°+1

To validate the design, Bode plots of Gy(s), G(s), and G, (s)G.(s) are plotted as shown in Fig.

Gi(s)= (5.2-2)

5.10. It can be seen that G,(s)G.(s) has the phase margin of 82 degrees and crossover

frequency of about 10 KHz, meeting the design objective.

[ e e e e e e e - ——————— -

Corg il n Power Stage!

SN
l
”
o
;—W—I—‘ b
ot
[ 8]
l
AA
~
| U U

r
]
]
]
]
i
:
]
]
t
U
at
|
I
|
]
]
i
]
|
]
1
]
]
1
|
]
)
|
]
]
]
]
|
|
|
|
)
!
i
]
1
-
1
N Q.
)
t
]
N1
]
1
]
s
]
]
]
]
1
L)

20
\i= T
N
o P ——

]
—————ee 0 v"f:

Compensator

w 10
=
A
<
1
LN\
-
;::@:i_
S—
&

]
[}
J
Compensation Ramp

Fig. 5.7. CCM/DCM Zeta converter with PCMC.



66

Fig. 5.8. Block diagram for compensator design for Zeta converter with PCMC.
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Gycls) of the Ridley model was derived and given in (4.2.2-12). Substituting the
relevant parameters from TABLE 5.1 into (4.2.2-12) and neglecting the sampling gain of the

current loop (i.e. H (s) = 1) gives:

Gy (s)= 7.018x10%s* +3.736x10°s* +7.487x10'25+2.77x 10" (5.2-3)
ve 5*+1.367x10°s° +1.026x10°s2 +1.383x10"5+5.172x10'

Gy((s) has two real poles at @, = 0.0436x10° rad/s, ®p, = 1.2953x10° rad’s, a pair of complex

pole at @,, , = 0.0957x10° rad/s, one zero at @,, = 5.2632x10" rad/s, and a pair of complex zero
at 0, , = 0.866x10" rad’s. .

The same one-zero-and-two-pole compensator, G(s) in (5.2-2), is still used here and
designed to compensate for G,.(s) in (5.2-3) to accomplish Gvc(s)Gc(s) with the crossover
ﬁequéncy of 10 kHz and phase margin.of miore than 45 degrees. Fig. 5.11 shows asymptote
Bode plot of G, (s), G(s), and G, (s)G(s).

To validate the design, Bode plots of G,(s) (broken line), G.(s) (continuous line with +), and
Gyc(s)G(s) (continuous line) are plotted as shown in Fig. 5.12. It can be seen that G,(s)G(s)
has the phase margin of 53.3 degrees.and crossover freqﬁency of around 10 KHz, meeting the
design objective..

- Case II: Including the effect of the sampling gain H(s)

Substituting the related converter parameters from TABLE 5.1 with a sensing
resistance of 0.1€2 into the derived model using Ridley's PCMC model in (4.2.2-11); equations

(5.2-3) will be then defined, including sampling equation (H,(s)).

G. = 5.4026x10°5>+2.8761x10'%s? +5.7637x10'%s+2.1324x 107 (5.2-4)
Ve 5°+2.8306x10°s* +1.02x10"s* +7.3918x10"s% +1.0462x10°5+3.9815x102

Gy has one pole-at @, = 0.0435x10° rad/s, double pairs of complex pole at @, , = 0.0957x10°

rad/s, ©,, ='F3,.1-6l.:1x105 rad/s, one zero at @, = 5.2632x10" rad/s, and a pair of complex zero at

o

®,,, = 0.866x10" rad’s.
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Fig. 5.11. Asymptote Bode plot of G, (s), G.(s), and G,(s)G(s)-.
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Fig. 5.12. Bode plots of G,(s), G(s), Gy(s)G(s) of CCM Zeta converter
‘with PCMC based on Ridley model.

The same compensator G.(s) is also valid and designed to compensate for G,,(s) in
(5.2-4), where the design objective is still met. Fig. 5.13 depicts asymptote Bode plot of G(s),
G(s), and G (s)G(s).
To ensure the design, the Bode plots of G,(s) (broken line), G.(s) (continuous line with +), and
G, (s)G(s) (continuous line) are plotted as shown in Fig. 5.14. It can be seen that G,(s)G(s)
has the phase margin of 71.2 degrees and crossover frequency of approximately 10 KHz,

meeting the design objective.
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The comparison of CCM Zeta converter with PCMC of G,,(s) based on Erickson and Ridley'

models (excluding and including H (s)) is illustrated in Fig. 5.15(a). It was found that the results

from these models agree well each other at low frequencies, that is, below one-tenth of

switching frequency or red line (Fig. 5.15(a)); this idea is proven and guaranteed by Fig.

5.15(b), that is, below the red line. Above this frequency, the results become divergent. On the

other hand, the PCMC model from the Ridley's model is the accurate one [23], i.e., this model

can accurately predict PCMC

CCM Zeta converter at higher frequencies.
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Accurate region for compensator design
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Fig. 5.15. Bode plot and (a) G, and (b) G,(s)G(s) of CCM Zeta converter with PCMC

based on Erickson and Ridley models.

B — Compensator Design of DCM Zeta converter with PCMC
In DCM, G,(s) was derived and given in (4.2.2-14). Substituting the related converter

parameters from TABLE 5.2 with a sensing resistance of 0.1€2 into the derived model using

Ridley's PCMC model in (4.2.2-14); (5.2-5) will be then defined:

_1.202(1.5944x10°s* +8.8193x10°s* +4.8117x10"s+1.3435x10'*)
5*+3.1953x10°s* +1.7838ex10°s* +6.8531x10"5+5.3792x 10"

Gy has one pole at ®,, = 0.008x10° rad’s, Wy, = 3.1449x10° rad/s, a pair of complex poles at

(5.2-5)

vC

Wpy 4 = 0.1463x10’ rad/s, one zero at W, = 5.2632x10° rad/s, and a pair of complex zeros at ©y,5

= 1.2654x10" rad/s.
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A one-zero-and-two-pole compensator, G.(s) in (5.1-5), is necessary to compensate for
Gy(s) in (5.2-5). The design objective is herein the same as in CCM case. To achieve this, the
zero and pole of G(s) has been set at ,=3nx10" rad/s, (DP=1t-XIOS rad/s and the gain at ©,=7x10"
rad/s. Fig. 5.15 illustrates asymptote Bode plot of Gy(s), G(s), and G,,(s)G(s). Relied on the
selected ®,, ®,, and ®,, the one-zero-and-two-pole compensator’s component values are
calculated, getting: R;=2.2 K, R=2 KQ, C=4:7 nF, and C,=2 nF. Substitution of these

component values into (4.1.2-4) gives:

7x10* s/3xx10%+1
s s/ax10°+1

To ensure the design, the' Bode plots of G,,(s) (broken line), G(s) (continuous line with +), and

G.(s)= (5.2-6)

Gy(s)G(s) (continuous line) are plotted as shown in Fig. 5.16. It can be seen that Gy(s)G(s)
has the phase margin of 65.3 degrees and crossover frequency of about 10 KHz, meeting the

design objective.
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Chapter 6

Results

In the last chapter, feedback compensator design of CCM/DCM Zeta converters with

VMC and PCMC was carried out. This chapter presents the performance evaluation of the Zeta

converters employing the designed compensators. It is shown that the designed compensators

are able to yield good performance for the Zeta converters. Finally, some experimental results

.are given to support the validity of theoretical design;

6.1

Simulated Results

6.1.1 CCM Zeta Converter with VMC

A SIMULINK model of a CCM Zeta converter with VMC is depicted in Fig. 6.1. The

power stage is represented by the small-signal state-space equation in (2.2.2-5):

[ fa(=D)tr, D
O |y _CatRADR#n)eR D R8O
4|50 |_ L0, +R) L La+B L0 |,
dt v(‘l(t) ._]"'D... __Q 0 0 Y'n(t)
0] | G G 72(0)
0 ~\ |5 ) A e
| C,(r-;+R) C,(r,+R) |
[ A\ G5 nl¥, [(1- DY(R+r,)+ Dr, ]I, Dr, R]
L LRA-D)
D r,R ’I[V,(’}.z+R)(1"D)-12R['Z-|(I_D)"‘D’lx]] 5 (6)
L L +R) Lrq-Dy ) (6.1.1-1)
-n[DV, +RI,(1-D)] =
0 0 E - | d(r)
CR(1-D)
' R
0 ——— 0
| Glat+R) i
< <129 A0)
= = Tes 7 i (f) ) K
%) [0 7R R i@ |l m+R 0] 38
Vea ()
v,
g
IZ
mux | x"=Ax+Bu+Byd (1]
Ge(s) 11, Yo
ref Power Stage
Compensator PWM
Comparator

Fig. 6.1. SIMULINK model of CCM Zeta converter with VMC.
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Substituting the converter parameters from TABLE 5.1 into (6.1.1-1) with Vg=15V and

R=1£), the small-signal state-space equation used in the simulation is therefore:

(0] [-01435x10" 0 ~0.75x10" 0 0
Al [0 -02451x10' 0.4545x10' -1.6604x10° | 7, (1) |,
dt| 7,0 | |0.75x10° -0.25x10* 0 0 )
V()] 10 0.4566x10* 0 -04566x10" | ¥.,(1)
2.5x10° 0 1.9998x10° 5 ()]
< 4545510 1.5774x10° 34195410 | 6112
0 0 -0.6266x10' 1.
0 -4.5662x10° 0 o |
;il:l(t) -i;'(t)
7,(ty=[0- 0.0858 0 09132] ’L((‘t)) +Jo -0.0868 0]7(r)
vCl -
el )
Vo, ()| | d(0)

The PWM comparator block in Fig. 6.1 is represented by transfer function in (4.1.1-1):
FM === (611'3)

The designed compensator in (5.1-3) is used in the compensator block in Fig. 6.1:

8.65x10( s
s ~\3x10° )

The mux block combines three input signals (Vg, I, and'd) into vector form for the power stage

(6.1.1-4)

G.(s)=

block whose output signal is vo- The V,_ block is for specifying the reference voltage which, in
this case, is 5V.

Fig. 6.2 shows the simulated output voltage start-up transient. The output voltage settles to 5V
after about 160us, with the maxi}num voltage overshoot of 6.4V. Fig. 6.3 shows the simulated
output voltage response, when the load current is switched from 1A to 4A. The maximum
voltage drop during the transient is around 0.6V. The feedback control is able to keep the output

voltage at 5V after the transient which lasts about 300ts.
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Fig. 6.2. CCM Zeta Converter with VMC: output voltage response during a start-up.
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Fig. 6.3. CCM Zeta Converter with VMC: output voltage response

during the load current step from 1A to 4A.

6.1.2 DCM Zeta Converter with VMC

Step response is used to test the performance of the designed cOmpensator. A 5V step
voltage is applied at the input of the open-loop transfer function, T(s)=(i’d1.v(s)FMGc(s), and the.
output voltage response is measured at the output.

The transfer functions Gy, (s), F,,, and G(s) used in the simulation are:
2.967x10's’ +1.579x10° s> +3.165x10% s +1.171x10"

G () 6.1.2-1
o) 84525 +1.647x1 057 +5.878x10" 5.+ 4 969x107 ( !
dis) 1 1
_ds_ 1 _ 1 6.1.2-2
MTS(s) V, 1.8 - ( !
_L_.+]
6.)-L200 TE3mTT 129
— 41
18.56x10°

The produet of (6.1.2-1), (6.1.2-2), and (6.1.2-3) thus yields the open-loop transfer function

T(s)=G,, (s)F,,G(s):
4.725x10% 5% +2.749x10°s* +1.749x1 0P 5% + 2.1 14x1 0" s +9.227x1 0%
s°+84525* +1.647x10°s* +5.878x10" s* +4.969x10"° s

Fig. 6.4 shows the simulated step response or the output voltage start-up transient of the

(6.1.2-4)

T(s)=

converter. The output voltage settles to 5V after about 228us, with the maximum voltage

overshoot of 6.19V or 23.7%.

6.1.3 CCM Zeta Converter with PCMC
To test the performance of the compensators designed for PCMC, a step-responsé

method is again used, i.e. a 5V step voltage is applied at the input of the open-loop transfer
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function, G,,.(s)G.(s), and the output voltage response is measured at the output. Recall that
there are two PCMC models: Erickson and Ridley models. The performance of the designed

compensator is therefore accessed for each model.

Erickson mode]
_0.5475s5° +2.9138x10%s* +5.8406x107s+2.1609x10'

Gy = 6.1.31
YT P 16.719x10°5 +1.0328x10°5+3.6464x10" (6.13-1)
A
R S
Gc(s)=7'4’s‘1° 220 (6.1.3-2)
!
SExI0

Fig. 6.5 shows the simulated step response or output voltage start-up transient. .The output

voltage settles to 5V after about 113us, with the maximum voltage overshoot of 5.65 V or 13%.
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Fig. 6.5. CCM Zeta Converter with PCMC based on Erickson model:

output voltage response during start-up.
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Ridley model

The transfer functions G,,.(s) (neglecting H,(s)) and G(s) used in the simulation are:

__ 7.018%10%5°+3.736x10°s* +7.487x10'%5+2.77x10" (6.1.3-3)
Ve 5% +1.367x10°s° +1.026x10°s% +1.383x107s+5.172x10' o

S
_74x10° 2107 )
S
5rx10°

Fig. 6.6 shows the simulated output voltage start-up transient. The output voltage settles to 5V

(6.1.3-2)

Gc(s)

+1

after about 146s, with the maximum voltage overshoot of 6.09V or 23%.

The transfer functions G,,.(s) (including H (s)) and G(s) used in the simulation are:

G. = 5.4026x10's> +2.8761x10'°s2+5.7637x10'8s +2.1324x10% (6.1.3-4)
Ve 5’ +2.8306x10°s* +1.02x10"s* +7.3918x10"s? +1.0462x10"5+3.9815x10% o

S
4
Gc(s)=7'4’s“° 2”’;10‘ (6.1.3-2)
5ax10° A

Fig. 6.7 shows the simulated output voltage start-up transient. The output voltage settles to 5V

after about 108s, with the maximum voltage overshoot of 5.67 V or 14.6 %.

6.1.4 DCM Zeta Converter with PCMC
Like CCM, a step-response method is used to investigate the performance of the PCMC
Zeta converter in the DCM, that is, the open-loop transfer function, G,,.(s)G(s). Only the CMC

model from Ridley is shown here.

_1.202(1.5944x10°s* +8.8193x10°s% +4.8117x10"5+1.3435x10"*) (6.141)
Ve 54 4+3.1953x10%s% +1.7838ex10°s% +6.8531x105+5.3792x10'
_ 7x10* s/37x10% +1

G 6.1.4-2
<) s s/ax10°+1 ( )
6= /’L
51 T
o 4
El
&3
<
2
1
30 1 2 3 4 5 6 7
Time (sec) x10™

Fig. 6.6. CCM Zeta Converter with PCMC based on Ridley model (H_(s) excluded):

output voltage response during start-up.
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Fig. 6.7. CCM Zeta Converter with PCMC based on Ridley model (H_(s) included):

output voltage response during a start-up.

Fig. 6.8 illustrates the simulated output voltage start-up transient. The output voltage settles to

5V after about 244 s, with the maximum voltage overshoot of 6.V or 20%.

6.2  Expeérimental Results

To verify the performance of the designed compensator, the prototype CCM Zeta
converter with VMC shown in Fig. 6.9 has been designed and built. Circuit parameters of the
prototype converter closely follow the values listed in TABLE 5.1. Tile PI compensator

designed in section 5.1 is used to compensate for the feedback loop.

| I | | | i |
s st A 1 .y i i

l I | I I ! I

| | | | i | I
4[ | SN e el I W

_u' .T | T o T

e | | [ | | l

Y e NS SR SN S S S

> I | 1 I | | |

| ! 1 | 1 | |
vY | SRS SR N R DU IV NI R

| I T | ] I I

| | I ! | | |

| i | { | | |
f-—-—-—t-———-—4-——t—-—"———+-——

| | 1 | ] ] !

I i | | | i !

0 | i 1 1 1 1 !
0 1 2 3 4 5 6 7 8
Time (sec) x10*

Fig. 6.8. Output voltage response of PCMC DCM Zeta converter using Ridley model.
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Fig. 6.9. Prototype CCM Zeta converter with VMC: (a) Circuit schematic and (b) its photo.
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6.2.1 Measurement of Converter Waveforms

The experimental setup for measuring waveforms in the prototype Zeta converter is
depicted in Fig. 6.10.
The test procedure is as follows:
1. Supply an input voltage, V,, of 15-20V to power circuit and a voltage of 15V to the control
circuit.
2. Ai;ter the power up in step 1, the output voltage is now regulated at 5V.
3. Varyiﬁg the load resistor, R, and the input voltage, ¥, measure the value of the output voltage
and waveforms of v,,, i, ,, and i, ,.
TABLE 6.1 shows the measured output voltage as the input voltage and load current varied. It )
can be seen that‘the output voltage is regulated at about 5V throughout the entire operating
range of converter.
These measured results are the simulated waveforms of ¥V, i,,, and i,, produced by PSPICE
simulation of the CCM Zeta converter in Fig. 6.11. The waveforms of v, i,,, and i,, measured
at V=15V and [;=1A (R=5€0), V=15V and I,~4A (R=1.25Q), ¥<20V and [;=1A (R=5)),
and Vg=20V and /,=4A (R=1.25Q) are displayed in Fig. 6.12(a) to Fig. 6.15(3) respecti\;ély.
The measured results in Fig. 6.12(a) to 6.15(a) agree reasonably well with their simulated

counterparts in Fig. 6.12(b) to 6.15(b), proving the accuracy of the CCM Zeta converter design.

Digital Oscilloscope TDS 754D

CHICH2 CH3 CH4 Digltal Volt Metre
0 0 o 0
[+
r 1
l
+ D n
I
Ve : Vo Load
-1 _
A
DC Power Supply
PAD35-10L

DC Power Supply APS-1

6.10. Experimental setup for measuring v, i, ,, i;,, and V..



TABLE 6.1

The measured values of VO(V) at different values of Vg and J

V, (V)
Vv, (V)
I=1A | I=2A | 1,73A | I=4A | I,=5A
15 4.999 4.926 4.887 4,846 4.835
20 4999 4915 4,884 4.845 4.831
c1 e ‘-\ L2 L2 %
. } I AN A e _45_1_.
\’(, / 100uF 0.19 55uH 0.00055
4 ] V_| DS
¥8’§F i 100uH e
- =0.0vV u|
1 ve V% ;? 200ufF deé
—_— TD=0 —S D1 {RVA
T TR=1n ! Dbreak rc2
18Vde TF=1n g
PW = 25u 0.095
PER=10u =%

.§
15

Fig. 6.11. Circuit schematic of CCM Zeta converter. for PSPICE simulation.
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Fig. 6.12. Waveforms of v, i, ,, and i, for V=15V and /,=1A (R=5Q):
(a) PSPICE simulation and (b) Experiment.
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Fig. 6.13. Waveforms of v,, i,,, and i, for V=15V and /,=4A (R=1.25Q):
(a) PSPICE simulation and (b) Experiment.



84

30 : , o e o
ol e e
10 :

-10

.

e
h oD

e, 3 ¥ P, o
4 ‘M Joe SO O 4000 U SN NP 0O O OO0 N £ 00
ve p o xsw - v 7
TS . N - B o < N~ v Ry

) : . AMSH ~g ] ~y

—

49 49.01  49.02  49.03  49.04  49.05

(@) Vps,ew=25V, 1, =1A, 1, =0.27A.

C4 Mean
308mA

"1 C4 Freq

1 100.000kH2
1 Low signal
amplitude

oV - ‘MLS!TOLOI;.{;"CM"J" SV 14 May.2009
0A Chda 1.?0 A 18:30:23

=

(b)
Fig. 6.14. Waveforms of v, i;,, and i, for ¥, =20V and /,=1A (R=5€2):
(a) PSPICE simulation and (b) Experiment.
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Fig. 6.15. Waveforms of vy, i, ,, and iy, for ¥, =20V and 1,=4A (R=1.25Q):
(a) PSPICE simulation and (b) Experiment.

6.2.2 Measurement of Output Voltage Response

The experimental setup for measuring the output voltage response due to a step load change is
depicted in Fig. 6.16.

The test procedure is as follows:

1. Supply an input voltage, ¥, of 15V to power circuit and a voltage of 15V to the control
circuit. .
2. After the power up in step 1, the output voltage is now regulated at 5V. The load resistor is

5€2, so the output current is 1A.
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3. Three external 5€2 load resistors are switched in parallel with the existing 5Q resistor to
release the step load change from 1A to 4A.

4. The output voltage of the converter during the step load change is captured by the digital
oscilloscope.

Fig. 6.17 shows the captured output voltage response during the step load change from 1A to
4A. The maximum voltage drop during the transient is around 0.4V. It takes approximately
300pus for the output voltage to resettle to 5V after the load change. This result indicates that the
designed PI compensator not only makes the converter stable under the load current disturbance,

but also yields a fast transient response.

Digital Oscilloscope DL1520

CHI CH2
o)
B~ &) bR R a O =< 1
2. el s A 2oL % P3N
+ 1o U U= e [
[~ L k G/ .
1V, * AD 11V Load
{ | Contro! Ty {
— | LCircuit (2] 1] =
| _________CCMZeta converter!
DC Power Supply
PAD35-10L 13V

DC Power Supply APS-1

Fig. 6.16. Experimental setup for a step load change.

CH1=500mV: 5 : : : : e 100us/div

NORM:1ONIS /3

Fig. 6.17. Output voltage response during the step.load change from 1A to 4A.



Chapter 7

Conclusion

A DC-DC converter has been widely used in the modern portable electronic equipment
and systems. Of many kinds of the DC-DC converters, the converters capable of operating in
either step-up or step-down mode, such as SEPIC and Zeta converters, are more attractive for
this application. Modeling is of great significance to understand the converters' characteristics
and provide a basis for the feedback control design. This thesis has studied dynamic modeling
and control of a Zeta converter. To find its model, three well-known modeling methods — SSA
technique, PWM-switch model, and Averaged switch model — were applied to explore the
converter's model. There are two feasible modes of operation in the Zeta converter: Continuous
Conduction Mode (CCM) and Discontinuous Conduction Mode (DCM). Both operational
modes have been studied. In CCM, it was observed that the obtained models from the three
modeling methods yield the same results. In DCM, it was found that the model derived form
SSA technique is a reduced-order one which can prédic‘t the converter's characteristic up to thé
one-tenth of the switching frequency, compared to the models from PWM-switch model and
Averaged switch model (full-order models).

Voltage Model Control (VMC) and Peak Current Mode Control (PCMC) were employed to
regulate the output voltage of Zeta converter. More importantly, it was found that the accurate
region for compensator design of PCMC based on Erickson and Ridley models are consistent
with each other up to one-tenth of switching frequency. Feedback compensator design was
carried out for four circuit categories; (1) CCM Zeta converter with VMC, (2) DCM Zeta
converter with VMC, (3) CCM Zeta converter with PCMC, and (4) DCM Zeta converter with
PCMC, to meet the design objective which is to achieve a crossover frequency of 10 KHz and
phase of more than 45 degrees. To evaluate the performance of the designed feedback
compensators, the Zeta converter in category (1) has been comprehensively simulated for the
step load change and start-up transient using the developed SIMULINK model (Fig. 6.1). The
results show that the converter is capable of good output regulation when subjecting to these
disturbances. Similar results were obtained for the Zeta converter in categories (2), (3), and (4).
Finally, the prototype Zeta converter in category (1) was built and tested for output regulation
and step load change. It was revealed that the converter possesses tight output voltage regulation

(TABLE 6.1) and fast response to a step load change (Fig. 6.17), as predicted by simulation.
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Appendix A

Condition for Zeta Converter Operating in CCM

From Fig. A.1, the averaged inductor currents, /,, and J,,, must be greater than one-half
of their ripple components, Ai;, and Ai,,, for the circuit to remain in CCM. The conditions for

Zeta converter operating in CCM [24] are:
A,

Iy>=2 (A.1-2)
Ai p

I,> ;“ (A.1-b)

From (2.2.2-1) and (2.2.2-4), we have:

di,_. Vg _rLliLl

- - A.2-
dt L (A2)

D'V,
I £ (A.2-b)

Y (-DY(R+r,)+r,D* +r.,D(1-D)

In CCM, with a small-ripple approximation (steady-state operation) [18], equation (A.2-a)

yields:
’ V —-nr,lI
Ai, ~ DT £ 8 (A.3)
]
Substitution of (A.3) into (A.1-a) gives:
DT
1, >EZ(V' -rd,) (A.4-a)
DTr, DT
=>,0+—)>— A4-b
al 2L, )> s ( )
(A.2-b) and (A .4-b) yields:
DV, DTr,. DT
(1+——= v A.5-a).
(-DYy (R+1,,)+r, D'+, D(-D)" = 2L, * 2L * - (A.5-2)
=>D+-DZLZ"L>ﬁ—[(1—D).’(R+n,)+q,D’+rnDa—D>] (A.5-b)
:>D>%(1—D)[(I—D)(R+r“)+rC,D] (A.5c)
RT _pya+lnJo D -
:D>2L,(l D) (]+R+RI—D) (A.5-d)
iLI I iLz 7
ILl,mnx / “ le;max ¥ - .
ILl B [ 7 -'%"' "7 "‘; """ K 7 =" Aill 1L2,min L -j-- ---.-- 1 = -:.- . ’A1L2
0 (dT(1—-d)TT 2T t 0 ldra-dyrr 2T t
(a) i,, waveform. (b) i, waveform.

Fig. A.1. Inductor currents' waveforms.



24 O-DY n % D

b

RT D R RI1-D
(lD)2 Ty Jo D

=L >y U+ R+ R D)
:>A>z1.min
_(I—D)z ¢ ", r(‘l D
where L, = 3Df 1+ " l_D).

From (2.2.2-1) and (2.2.2-4), we can write:

di Ry . Rr
d:z = Lz[vg +¥Ye, — < =, (rytra + < )]
2 c2
D(1- D)V

la=py (R+1,,)+1,,D* +1,D(1-D)
D[(1-DX(r,, +R)-Dr, 1V,
<= (A=DY(R+r,)+r, D +r,D(-D)
- RD(1-DY,
*“(1=DY(R+1,,)+1,D* +1,D(1-D)

(A.5-€)
(A.5-D)

(A.5-g)

(A.6-3)

(A.6-b)

(A.6~c)

(A.6-d)

In CCM, with a small-ripple approximation (steady-state operation) [18], (A.6-a) yields:

_y _R 7R
r,+R

TR+r

2

Aj

1.2 _le (rl,z +r,

)

DT

From (A.G-c)n and (A.6-d), we can define:-
R(1-D)

7 - Rire
@ TR+r,  (1=-DY(R+n,)+n,D} +r,D(1-D)

Substituting (A.7), (A.8), and (A.6-b) into (A.l-b) gives:

D’{.[(I“D)(52+R)-D"l.l_ ]

DT R
1/.z>'2_L:[Vg+V(|_V('zm ILz(rl. +r P )]
pr.., DHIO=D, +R)-Dr, - £e-0))
[1’“21,("2*’6'*( 2 2L Ve TGS DY (Rer)+n D +rDA=-D) ]
D(1-D)V, . DT r,R
= U-Dy (Reny+r. D+ DA-D)L ar, tatat ,+R)]>
DV, (1~ D)+ R)-Dr, -2 0=D))
Lt Dy (Rer )+ D+ DA=D) |
DT IR
=>(]_D)[1+Ez:(’lz +’t‘|+’;‘2+R)]>
—Ll[(l ~DY(R+, 1)+r“D‘+rC,D(1——D)+D[(l—D)(ru+R)—DL,—%?z]]

=>1—D>—2Ll‘z[(l-D)’(R+)'L,)+r'L,D1 +1,D(1- D)+ D{(1-D)r,, + R)-Dr,,

RU=D)_ D, 7+ 2]

R+r, et R
D(-D
=>1- D>—Lz[(l ~DY (R+1,,)+7, D(1~D)+D(1—D)(rL,+R)—ET£r)
R

=D(1-DXr,, +1,)-D(A-D)~— Jaty

-, +R

(A.7)

(A.8)

(A.9-a)

(A.9-b)

(A.9-c)

(A.9-d)

(A.9-¢)

(A.9-f)
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D]—D>-2—7—‘—[(1—-D)z (R+1r,)+ D(1-D)(r,,+ R)-D(1-D)(r,

L

=1-D>=L-(1-D)(R+r,)

2L,
=1L >—(-]—;2%@(1 +_r%)
L>L,,
where L, . = (l;?)R @ +iR’-)

In short, for CCM operation L, and L, must satisfy the fdllowing conditions:

L>

(I—D)’R,1 hy te D

-2Df
(1-D)R
2f

YR RI1-D
T
(1+R)

)

+R)]
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(A.9-g)
(A.9-h)
(A.9-0)

(A.9-)

(A.10)
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State-Space Equations of CCM Zeta Converter

I. State-Space Equations of Zeta converter

1.1 State-Space Equations of Zeta converter for time interval dT

Fig. B.1 shows Zeta converter for time interval dT, from which apply KVL and KCL;

hence, we can define:

di
. Li _
M _LI U 0
ar
i), Ve T
a L L*"
L, ﬂz_ ==yl = Ve, = ¥V, Ve o F eydey
dt
i i del
1 L2 Yt
dv,. i
= — = k2
at -
+ . .y v() > > v +r(1’(2
g =4, 1 —? =hy—hL = R
. R . R . 1 av
=i, = i, = i, — Ve, =C,—=2
R+r., R+r, R+r., dt
d, R . R . 1

= [ A Lo vV,
d  C,(R+ry) " CuR+ry)* C/(R+r,) &

Substituting (B.1.1-4-b) into (B.1.1-2) yields:

di Ri Ri v,.
12 _. 1.2 74 2

Lz ==~ Ve, —'}'z( - = )+v +Ve u'lz
dt R+r., R+r, R+r,

di i Rr,i, v, v
= ="'"L_z'(ru+rr|+ cz ) . €27 4 8. CL

+ -l
a I R+, L(R+ ) L(R+r) L L

Vo =V +rczzcz

Substituting (B.1.1-4-b) into (B.1.1-6-a) gives:

=>v, +7.,( R i R i ! v,.,)
=V, +1, - - .
[ «2 2 L2 z 2
R+r,., R+r,., R4r,
R Rre, . Rre, .
=V, =V, + - i,

i
L2
R+r., R+r, R+r.,

Cl el ’cu ira Q "Lz

/'\

T

1,Q

Fig. B.1. Zeta converter for time interval dT.

(B.L1-1-a)
(B.L1-1-b)
(B.11-2)

(B.11-3-a)
(B.L1-3-b)
(B.L1-4-a)
(B.L1-4-b)

(B.I.1-4-c)

(B.1.1-5-a)

(B.1.1-5-b)

(B.I1.1-6-a)

(B.I.1-6-b)

(B.1.1-6-¢)
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Reorganize (B.1.1-1-b), (B.L.1-5-b), (B.1.1-3-b), (B.1.1-4~c), and (B.I.1-6-c) into a matrix form;

then, we obtain the state-space equation for this switch-on position below:

r, _ .
~-LL 0 0 0 1
L, 7 0
[ -1 R 1 -R
dio || 2O AR T T | || —mR
_:1; 1:1 = 2 1 c2 2 2\'C2 ;2 + Lz Lz(rcz +R) {il:l
Cl 0 _E 0 0 Cl 0 0 Z
v v,
¢ B R . . “ o -R (B.L1-7)
_— 0O —— C,(r, +R)
C,(r,+R) C,(r,+R) i -
. 3 ) il.l
v, =0 e R 0 R Ui +{0 R Y
¢ r,+R by # R || Ve, r, +R |l i,
VCI

1.2 State-Space Equations of Zeta converter for time interval (1-d)T
Fig. B.2 illustrates Zeta converter for time interval (1-d)7, from which apply KVL and
KCL; hence, we can write:

(B.1.2-1-2)

di . /
LI _d;_| ==ty Vo — el
ﬂ:-iii'_,-“ Ja (B.1.2-1-b)
dt L, A
L iz _ =Fyahiy = Veg = gl (B.1.2-2)
2 dt 2 [4 €C2°C
; v,
iy =1, =C, d: : (B.1.2-3-a)
o B 0y (B.1.2-3-b)
& C
iy =i, i, 2 (B.1.2-4)
" 2 N -
Vy =V + i, (B.1.2-5-a)
= vy =y + 1y (i~ -%’) ‘ (B.1.2-5-b)
vy =Ry e R (B.L2-5-¢)
R+r,, R+r., R4r,
Substitution of (B.1.2-5-c) into (B.1.2-4) yields:
R R 1 dv,
., = [, - i, — =C,— B.1.2-6-a
ez R+r, & R+r., i R+r., Y=t dt ( ‘
G rg i, L, n,
= -
L : ¥
V. 2R I.®
8 T
iy

F 1g B.2. Zeta converter for time interval (1-d)T.
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., R R 1

- - - . B.12-6-b
d  CR+r)  C(R+ry) * CAR+ry) ( )
Substituting (B.1.2-6-a) into (B.1.2-2) produces:
di . R R 1
Lzﬁ =Nl ~Ver _rﬂ(R+rm I, = R+rn U R+ - vc'z) (B'I'2-7-a)
= Lo Ray R R (B.1.2-7-b)
dt L R+r,, L(R+r.,) L(R+r.,)

From (B.1.2-1-b), (B.1.2-3-b), (B.1.2-5-c), (B.1.2-6-b), and (B.1.2-7-b), we can define a state-

space equation during a switch-on position.

-~ pun

r,+r, -1

_utia 0 . 0 _ .
L ’ L 0 0

oo gty o K _Jin] o _mR
dfi, _ L, r,+R L(rey +R) [} §), . L@, +R) || v,
dt| v, 1 0 0 0 e | 10 0 i,

vl 2 CI 2 0 .-R -

; . g . 2 _ __Cz it B | (B.1.2-8)
L C,(r.,+R) C(r, +R) |

Ly

v=lo R o R N L fo R
° r., +R rcz_+RJ Ve, | rq,_+R I
v(‘Z ;
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Appendix C

State-Space Equations of DCM Zeta Converter

I State-Space Equations of Zeta converter

1.1 State-Space Equations of Zeta converter for time interval d,T

Fig. C.1 shows Zeta converter for time interval d7, from which recall state-spac.e

equation for this interval in (B.1.1-7) by neglecting r.,, r,, r,, and r,,.

r

iv] o o o o i, ] [,
dlig o o v - i, | (L, [v]
| ve |10 -1C, 0 0 ve, 1710 *
| Vel [0 1C, 0 ~UGCR)|v,] |0

(C.L1-1)

v,=[0 0 0 1] é:zl +[o][¥, ]

VF.z

L2  State-Space Equations of Zeta converter for time interval d,T
Fig: C.2 depicts’ Zeta converter for time interval d,T, from which repeat state-space

equation for this interval in (B.1.2-8) by excluding 7., r,, r,, and r,,.

rd B\ LA ;

i, |_ - i

Ll ha 2 ;‘zl + T [v‘]
0

o

v |"111c, 0 0 0
v,| |0 VC, 0 =I(C,R)

'I.l

<

<

< (C.L2-1)

v,=[0 0 0 1] 3‘: +[o][v, ] .

VY,
L 2

L3  State-Space Equations of Zeta converter for time interval 4,T
Fig. C.3 illustrates Zeta converter for time interval d,T, from which apply KVL and

KCL; hence, we can write:

di
Sy, -1,

L

Ve, + 1L, ”

-0 (C.13-1)

Fig. C.1. Zeta converter during the first state d,7.
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Ie, ¥

TC2 V,2R

Fig. C.2. Zeta converter during the second state d,T.

av
I, = [“ = CI d:' (C.I.3'2'a)
dv. i
B i C.13-2-
@ C (€1320)
av
1(_2 = ILZ —-f;—z = CZ d;z (C.I.3f3'a)
dv, 1 1
=l ey (C.13-3-b
a c,* Cr, )
b, =~i, (C.I.3-4-a)
G iy (C.1.3-4-b)
dt dt
From (C.1.3-1) and (C.1.3-4-b), we can write: -
/A 4.'1,.z )%'.;.L = vc?'-._- Ver (C.1.3-5-3)
di, 1 1
dy _ C.13-5-b
d L+ -y L+, Yer ( )

Rearrange (C.1.3-2-b), (C.1.3-3-b), (C.1.3-4-b), and (C.L.3-5-b) in a matrix form; hence, the

state-space equation for the third interval d,T of the Zeta converter is given by:

iy ] [0 0 =L +L) WL+L) ], | [0

i ha |2 0 0 (L +L) WL +L)]||i, s 0 [v] -
dt| Ve ]/C| 0 0 0 Ve 0 3
| el LO VG 0 ~UGCR) v, | [0] - (C136)

: i, f €L

i

v,=[0 0 0 1] v +[0][v, ]
\ v(‘l

Fig. C.3. Zeta converter during the third state d,T.
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Appendix D

Routh-Hirwitz to. Prove All Poles of CCM Zeta Converter

Staying in the Left-Half Plane (LHP)

From TABL:E 2.1, to facilitate the follow calculation, all parasitic components are

supposed to be zero (r,=0, r-,=0, r,,=0, and r,,=0), so we will obtain:

a=L,C,L,CR (D-1-2)
b=LC|L, (D-1-b)
c= (1-D)’L,C,R+L,c,}ap’+ LCR (D-1-c)
d=L,D’+L,1-D)’ (D-1-d)
e=R(I-D)’ (D-1-¢)

So Routh-Hirwitz is used to check the roots of (D-2) to know whether its roots sfay on the Left-
Half Plan (LHP) or not. The coefficients of (D-2) are first checked, and it can be found that
from (D-1) all these.coefficients of (D-2) are positive. Then, we go on to find the successive
coefficients as follows. .

as"+bs +cs +ds+e =0 (D-2)

From (D-1), we can define:

be=LCL[(-DyLC,R+LC,RD*+CLR] (D-3-2)
ad=LCLCRI(1- DL+ LD (D-3-b)
= d=(bc-ad)/b={LC,L{(1~ DY LRC,+C,RLD*+CLR}-LCLC,R(-DY L LD WL L) (D-3-)
= A=C/LR>0 (D-3-d)
B=e=R(-D) . (D-3-¢)
A=(Ad-Bb) A=[CLR(1- DY L+ LD'}-(1~ DY RLCLIACLR)=LD*>0 (D-3-0)
A=A=LD>0 (D-3-g)

From (D-3-¢), (D-3-f), (D-3-g), and (D-3-h), these coefficients are positive, so from Routh-
Hurwitz criterion, all the roots of (D-2) must stay only in LHP, as in shown TABLE D.

TABLED

Coefficients of conditions for the LHP zeros.

a c e 0
b d 0 0
A=(bc—-ad)/b B=e C=0
A=(Ad-Bb)4 = B=0 C=0

A=4




101

Appendix E

Current Model Control

I- Erickson Model: CCM
Fig. E.1 shows accurate determination of the relationship between the average inductor
current <R i(1)>, and v [18]. In this figute, the summation of the inductor currents L, and L, is

equal to a current i(2). Therefore, Zeta converter gives:

(bt e ®D

R <i> =dR <i, >, +d'R.<i,>,, : : (E-2-a)
R <i> =(<v.>, mnsz d R“m‘dT)+(<vC X m°2dT d'R"m;d'T) (E-2-b)
R, <i> =<v.> —mdTl - Rsrr;d’T Rsmzzd" L (E-2-c)

A small-signal current mode control is found by perturbation and linearization of (E-2-c). Let
<i)>=T+i(0); V> =Vrv(); dO=D+d()); m)=M,+m 0 m Q=M tm,0); m=M,

*=]-d=]-D-d=D"d. Substitute these equations into (E-2-c), we can define:

= A ‘ - T g -, T A MR Y

Ry +1)=(V 9.~ (D+ T R, (M, + ) D+d) ~= R (M, + 7, (D'~ ) (E-3-a)
=R.(I+D)=(V, +\7(.)—Mn(D+c?)T—1RS(M, +m ) (D +2Dd+d*)

A % 0 (E-3-b)

—-2—R$(Mz +m,)(D?-2D'd+ d’.)
From (E-3-b), we can separate DC terms from AC terms respectively, so we can get:
RI=V.-M DT —%RS(M,D’ +M,D%) (E-4-a)
=>RI=V, —M,DT—%RSM,D (E-4-b)
Tz 5 T 2 ~ i 2 ~ T T2 ~ 3 =~
R.i=%.—(M,T+DMT-D'M,TYd~—R.D'ti, ~—R. D" m,~—R.(M,d" +2Dmd+md")
2 2 2 (E-5-a)

'—%RS(M,D"—ZD'&,J+51,J’)

Rs <i(t) >, i Rs <i(t)>pr

0 dr T t
Fig. E.1. Accurate determination of the relationship between

the average inductor current <RJ(#)>, and v,.
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So the first-order AC terms are:

=Ri=v.—(MT+ DM,T~D‘M,T)J—-§-D’R,.&, —%D" R.m, (E-5-b)
- 2 2 )
=>Ri=v.-MTd I DzR‘ ", TDzks Z (E-5-¢)
where DM, =D'M, .
- 1 . - TDR . TD°R .. .
d= ¥ : S -5-
= M,,T(v' Ri———=m———m,) - (E5-d)
From (C.1.1-1) and (C.1.2-1), we have:
A- For the interval dT, we can write:
di, v, .
d: =Z=mu.l (E-6-2)
diy Ve Y Yo
= L1+Lz+1’—m,_,_I (E-6-b)
di 2 vx
= _dl;‘ =Z =My, (E-6-c)
where v, =v,,.
o> i =, + AL < (A el (E-6-d)
L1 L2 Ty L‘ Lz 3 Ls -
B- For the interval (1-d)T, we can define:
di, v,
7; = _f =-—my, (E-7-a)
di 1 '
jt}'=_zv(‘1 =My, (E-7-b)
where v, »v,, =v,.
iy =y Ty = )y e (E-7-0)
L12 122 A 17 (%] LE 0
Substituting (E-6-d) and (E-7-c) into (E-5-d) produces:
A - TD'R,. TD"R; .
d= M'T(v(. -Ri 2L, v, 2L, Vy (E-8-a)
L v - -
>d= T (%.-Ri-F,%,-F7,) (E-8-b)
2 2
L 2L,

£

II- Ridley Model: CCM
Fig. E.2 illustrates current waveform and its slop compensation. To take the advantage
of Ridley model, Zeta converter is first rearranged, as depicted in Fig. E.3, from which, wé

define v, =v, and v,, =-v, . Hence, we can write:
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©
Fig. E.3. Simplified PWM-switch CCM Zeta converter for PCMC analysis.

md'T
2
Ai=MdT=M,d'T (E-10-a)

R, <i>=<v.>-dTM, - (E-9)



1) %R, "R,
st M= (o) o)

R P A
L

(3 E

—~=d'T

— v
=v,d=v,d

Vog
v, +Vy

=d=

=d'=1-d=

vnll +vn]

Substituting (E-10-d) and (E-10-e) into (E-9) yields:

’ v, TR. v,V
R, <i>=<v.>~M T—=% Ry Vs

v, tV,, 2L, v, +V,,

- Find k', (Fig. E.4):

R 2SIz _9<w> o o( vy ) TR, 8 ( . ,,]
T oov ov ov,, kv +v, 2L.8vmkvm+v"[

. v Z

:&a<z>=M"T e : T& 7. v,

Tov, T o(v,tv,) 2L (v +V,)
:&8<i> L Ve TR, Vg

T ov, v +v, ) 2L, (v, v, )
_o<i> _MT v, 1 T Vs

ov,, R v, +v, v, +v, 2L v, +vl)2

<i> MTD TD
- =

v, RV, 2L
where d= and d'= Von

vnn +vnl vrn+va]

From Fig.-E.4, we have:
3=E,,(k',\7u!—Rs<7>)
v, =Di1',,+Vap3

4L
L+1,
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(E-10-b)

(E-10-¢)

(E-10-d)

(E-10-¢)

(E-11)

(E-12-a)

(E-12-b)

(E-12-c)

(E-12-d)

(E-12-¢)

(E-13-a)
(E-13-b)

In steady state, we can have ¥,,=0, V=0, and ¥_=¥,_; hence, (E-13-b) will become:

("
-Dv
V.

o

d=

(E-13-a) and (E-14) yields:
_,;; =F, (k' %,-R <i>)

-Dv,

d

=

= —Fk'¥,~F,R <>

ap

<i> 1{,, D
=D——=— k'

Matching (E-12-¢) and (E-15-c) produces:

(E-14)

(E-15-2)
(E-15-b)

(E-15-c)



Fig. E4. Simplification of Fig. E.3 for finding k',

k' +——

MTD TD? 1[ D ]

RV, 2L, R\ ' FV,
o MID_TD'R D(M,+M,)T
v, 2L v,
2
g - TDR_DmT
2L, -V, .
*R.. DV,
k= TD'R,. DT D'V, R
2LI:' l/ap LE
D'V, R,
where m,=-—'£.
E
>k, =_ﬂ(2+ D}Efi(l_ﬂ)
L \\z 21 2

- Find ¥’ (Fig. ES):

d<i> O<v.> . 0 ( Vy. | TR, 0 ( V. Vor
R; s =M, T— ; :
o, o, Oy \ Ve by ) 2L By \ Vi by,

:& a<i>=_M"Tv,,.+v.g ._v;,I TR‘ VM vm +vaj-_v;wl

o, v, +vy) 2L, v, +v,)

. 2

=>Rsa<’>=—M,T v, : TR, - v,m' :

ov,, v, +v,) 2L v, +v, ,!_)
_o<i>_ MT v, 1 T v,

ov, R v, +v, v, +v, 2L (v, +v,)

<i> MTD TD,z

=
vy RV, 2L

From Fig. E.5, we have:

d=F,(k, %, ~RH,(5)<i,+I;>)

v, =Dy +V d

In steady state: ¥,,=0, ¥ =V _=¥,, (E-18-b) can be defined as:
D'v,

14

@

d=
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(E-16-a)
(E-16-b)
(E-16-c)

(E-16-d)

(E-16-¢)

(E-17-a)
(E-17-b)
(E-17-c)
(E-17-d)

(E-17-¢)

(E-18-a)
(E-18-b)

(E-19)



Fig. E.5. Simplification of Fig. 3 for finding k..

Substitution of (E-19) into (E-18-a) yields:

D', i ¢
L F (K5, - R <T>)
Vup
DY, 4 -
=L _F k5, -FR <>

*

<i>" 1(,, D
.LESLY o
Vg R V.F.

Matching (E-17-¢) with (E-20-c) gives:

_MID T, L, D
RV, 2L Ry VoFa
M ¢ 2 [
MDD D
Vup 2LE l/”’,F;
L __TD°R_M[TD' DM +M)T
oL, v, ¥,

- up up
2 ]
o < TD°R D'MT
2L, V.

wp
2 (] 'V
=k’ = D R‘+DTD 2fs
2L, Vv, L
D'V,R,
,; .
2 >3
g -_TD°R D'TR,
2L, L,
2
g DOTR
2L,

Where m, =

I1I- Ridley Model: DCM
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(E-20-a)
(E-20-b)

(E-20-¢c)

(E-21-a)
(E-21-l;)
(E-21-c)
(E-21-d)

(E-21-¢)

(E-21-)

(E-21-g)

Fig. E.6 illustrates typical slop compensation waveforms of the DCM DC-DC

converter. In DCM operation, the fictitious inductor current, i, is zero at the beginning of each



107

~

switching period, and only the duty cycle, d,, during the on time is required to function as

~

control signal; that is, v, is neglected [23]. From Fig. E.6, we can hence define:

v.=v, +mdT (E-22-2)

=>v.=(m+m)dT (E-22-b)

=>d=—t (E-22-c)
(m +m,)T

F rom-(E-22-c), the converter in DCM with a controlled on-time is given by:
V

d=— (E-22-d)
(Cafs +M)T
LE
v.R,
h =Yl
wihere {rn, LE
- Find k';

The on-time slop, m,, is a function of on-time voltage, inductor value, and current-sense gain
value, R.. The small-signal perturbation due to changes in on-time voltage can therefore be

found by_» taking the partial derivative of equation (E-22-d) with respect to this voltage.

ad, 0 [ 2
R =" Wi (E-23-a)
o, a"m[(ﬁs—wm
LE

od, V.| -R, 1
_od V.| -R (E-23-b)

o, T| L (_‘11}_?3_+Mn)2

Ll'.'

_ 04 _DM+M)T(-R 1 J (E-23-0)

. T L (M+M,) .
- _d_l =A—D.Rs 1 e '(E-23-d)

v L. (M+M)

Fig. E.7. depicts Zeta converter's control structure for DCM PCMC, from which we can define:
d=Fk %, ' (E-24-a)

= ~—' = I‘:k 'I (E'24'b)
v

Fig. E.6. Slop compensation waveforms of the DCM DC-DC converter.
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Fig. E.7. Zeta converter's control structure for PCMC in the DCM.

Matching (E-23-d) and (E-24-b) yields:
T Y (E-25-a)
L (M+M,)
PO ' Mt 7 (E-25-b)
F, L. (M+M,) [575],
1] SR
K, = ] E-25-
=t I L (M+M) (E-25-¢)
(M, +M )T
=k, =2RT (E-25-d)
LI:‘
-Find k':
%, _ o ( v, % (E-26)
&, v\ (LR/LA+M)T)
(E-27)

=k’ =0

r
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Appendix F

function([Gvil,Gvi2, Gdil, Gdi2,Gvv,Gzv,Gdv] = CCMZETASSA(rcl,rc2,rLl,rL2...
,C1,¢2,11,L2,R,D, Vg, 1z)
@ CCMZETA program is used to find various transfer functions of
..CCM Zeta by SSA technigue
Cl, CzZ, L1, and L2 are capacitors and inductors
rel, xc2, rLl, rL2 are ESRs of capacitors and inductors *
Vg is input voltage, Vo is ocutput voltage, Iz is logd current,
...Dl is duty ration, and R is a standing load
clc; clear all;
syms rcl rc2 riLl riz €1 C2 L1 L2 R D Vg Iz Il 12 V1l v2 s
% The state-space matrices and average matrices
Al = T-rL}/L1, O, O, O
0, (1/L2)*(-rL2-rcl-{((rc2*R)/(xc2+R}))), 1/L2, =R/ (L2*(rc2+R))
0, -1/¢c1, 0, O
0, R/{(C2*(xc2+R)), 0, -1/(C2*(rc2+R))]:
A2 = [-(rLl+rcl)/Ll, O, -1/L1, O
0, =-(1/L2)*(xL2+(rc2*R/(xrc2+R))), 0,-R/(L2*(rc2+R))
1/c1, 0, 0, O
0, R/(C2*(rc2+R)), 0, -1/(C2*(rc2+R))];
A = Al*D + A2*(1-D);
Bl = [1/L1, O
1/L2, rc2*R/(L2* (xc2+R))
0, 0
0, -R/(C2*(rc2+R))]):
B2 = [0, O
0, rc2*R/(L2* (xc2+R))
0, O 3
0,. -R/(C2*(rc2+R))}]:
B = B1*D + B2*(1-D):;
Cl = [0, rc2*R/(rc2+R), 0, R/{rc2+R)];
C2 = [0, rc2*R/(rc2+R), 0, R/(rc2+R)];
C = C1*D + C2*(1-D);
El = {0, -rc2*R/(xrc2+R)]
B2 = {0, -rc2*R/(rc2+R)]
E = E1*D + E2*(1-D);
% Sready-state equations
U = [vg; Iz]):
X = -inv(A) *B*U; % where X={I11; 1I2; V1; VZ};
fprintf ('Stead-state equaticns are: \n')
fprintf('{iLl, IL2, vcl, VcllT = \n")
pretty(simplify(-inv(A)*B))
Vo = C*X+E*U;
fprintf('vo=: \n')
pretty(simplify (Vo))
% Fiding matrix Bd and Ed
Bd = (Al-A2)*X + (B1-B2)*U;
Ed = (C1-C2)*X + (E1-E2)*U;
I = eye(4,4);
Bul=B(:,1); Bu2=B(:,2);
Bul=E(:,1); Eu2=E(:,2);
Ccl1={1, 0, 0, 0}; Cl12=[0, 1, O, 0]; Cl3=(0, O, 1, O]; Cl4=[O0, O, O, 1}:
% Various transfer functions
fprintf£('Input-voltage-to-inductor-current-Ll transfer function is: \n’')
fprintf('Gvil(si=iLl(s}/vgisi= \n")
Gvil = Cll*inv{s*I-A)*Bul;
simplify(Gvil); collect(simplify(Gvil)):; pretty(collect(simplify(Gvil)))
fprintf (*Input-voltage~-to-inductor-current-L2 transfer function: \n')
fprintf('Gvil(s)=1iL2(s}/vg{s)= \n')
Gviz = Cl2*inv(s*I-A)*Bul;
simplify(Gvi2); collect(simplify(Gvi2)); pretty(collect(simplify(Gvi2)))
Gvvl = C13*inv(s*I-A)*Bul; % Gvvl(s)=vCl(s)/vg(s)
Gvv2 = Cl4*inv(s*I-A)*Bul; % GvvZ(s)=vC2(s)/vg(s)

B ek XD e

’
’

Gzil = Cli*inv(s*I~A)*Bu2; 3 Gzil{s)=iLl{s}/iz(s)
Gzi2 = Cl2*inv(s*I-A)*Bu2; % Gzi2(s)=iL2(s)/iz(s)
Gzvl = Cl13*inv(s*I-A)*Bu2; % Gzvl(s)=vCl(s}/iz({s)
Gzv2 = Cl4*inv(s*I~-A)*Bu2; % Gzv2(s)=vC2{s}/iz(s)

fprintf ('Duty ratio-to-inductor-current-Ll transfer function: \n')
fprint£('Gvil(s)=1iL1l{s)/d(s)= \n"')
Gdil = Cll*inv(s*I-A)*Bd;



simplify(Gdil); collect(simplify(Gdil)}; pretty(collect(simplify(Gdil}))
fprintf('Duty ratic-tc-inductor-current-L2 transfer function: \n')
fprintf ('Gvi2{s;=iLl{s}/dis}= \n')

Gdi2 = Cl2*inv(s*I-A)*Bd;

simplify(Gdi2); collect{simplify(Gdi2)); pretty{collect(simplify(Gdi2)))
Gdvl = Cl3*inv(s*I-A)*Bd; 3 Gdvlis)=vClis)/d!ls)

Gdv2 = Cl4*inv(s*I-A)*Bd; % Gdv2is}=vC2{s)/d{s}

fprintf('Input-voltage~to-output-voltage transfer function: \n’')
fprintf ('Gvvisi=voisl/vgisi= \n')

Gvv = C*inv(s*I-A)*Bul+Eul;

simplify(Gvv); collect(simplify(Gvv)); pretty(collect(simplify(Gvv)))
fprintf ('Cutput impedance transfer function: \n')
fprintf('Gzvisi=vois)/izis}= \n')

Gzv.= C*inv(s*I-A) *Bu2+Eu2;

simplify(Gzv); collect(simplify(Gzv)); pretty(collect(simplify(Gzv)))-
fprintf ('Duty-ratio~to-output-voltage transfer function: \n')
fprintf('Gdvisi=vo(s)/d(s})= \n')

Gdv = C*inv(s*I-A) *Bd+Ed;

simplify(Gdv}; collect(simplify(Gdv)): pretty(collect(simplify(Gdv)))
fprintf{'Eajoy! \n') ' ’

fprintf ('Geod luck! \n')
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function|[Gvv,Gdlv]} = DCMZETASSA(Cl,C2,Ll,L2,R,D1l,Vg)
% DCMZETASSA program is used to £ind various transfer functions of
...DCHM Zeta by SSA technigue
% €1, €2, Ll, and L2 are capacitors and inductors
% Le=L1*L2/{L1+LZ};
% T is a pericd, ¥Yg is input voltagqe,
...D1 is duty ration, and R is a standing lcad
clc; clear ail;
syms L1 L2 R Cl C2 D1 Vg s T Le
t The state-space matrices
am =" (0; 0, -1/(LI1+L2), 1/(L1+L2)-
0, 0, 1/7(L1+4L2}, =1/(L1#L2)
1/cl, 0,. =D172*T/(2*C1*L2), D1”2*T/(2*C1l*L2)
-1/C2, 0, D1*T/{2*C2*L2), (-1/C2)*(D1*T/(2*L2)+1/R)};:
Bm = [0; 0; -D172*T/(2*Cl*Le); D1*T/(2*C2*Le)];
Bdl = [0; 0; -D1*Vg*T/(Cl*Le); Vg*T/(2*C2*Le)];
Cm = {0, O, O, 1});
Em = {0];
Edl = (0}:
I = eyel(4,4):

fprintf(’'Input-voltage-to-output-voltage transfex function: \n')
fprintf('Gvv{s}=vais)/vg{s}= \n"')

Gvv = Cm*inv(s*I-Am) *Bm+Em;

simplify(Gvv); collect(simplify(Gvv)); pretty(collect (simplify(Gvv)))
fprintf{‘dDuty-ratio-to-output-voltage transfer function: \n')
fprintf('Gdlvis}=vo(s)/dl(s¥= \n')

Gdlv = Cm*inv(s*I-Am)*Bdl+Edl;

simplify(Gdlv); collect(simplify(Gdlv)): pretpy(collect(simplify(Gdlv)))
fprintf(’'Enjoy! \n')
fprintf ('Goeod luck!

\n')

1]
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..CCM Zeta by PWM-switch model

C1l, €2, L1, and L2 are capacitors and inductors

rcl, r¢2, rLl, rL2 are ESRs of capacitors and inductors

Vg is input voltage, Ve is output voltage,

.1 is duty ration, and R is a standing lecad

% where K=D2"2; M=Dl/sgrt(Kj;

% gi=M~2/R; gf=2*M/R; go=1/R; ki=2*M"2*Vg/(R*Dl}; ko=2*M*Vg/{(R*D1};
clc; clear all;

syms gi gf go ki ko s L1 L2 Cl C2 R A Vacd Aac Vcpd Acpg Aacg Aacd Acpd...
rLl rL2 r¢l rc2 A B Racz Acpz

[ LN

B = go+1/(s*L2+rL2)+(R*(S*C2*rc2+1)/((s*CZ*(R+rC2)+1)---
* (s*L2+rL2))) *(go+s*Cl/(s*Cl*rcl+l));
A = ((s*Cl*rcl+1)/(s*C1l))*{gi+(1/(s*L1+xrLl))*(1+s*C1*(s*L1+rLl)/{(s*Cl*rcl+l)));

Rac = gi+gf+1/(s*L1+rLl)+(R* (s*C2*rc2+1)/((s*C2* (Rtrc2)+1)...
* (s*L2+rL2))) *(gf-s*C1l/(s*Cl*rcl+l))+B*A;
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Racg = 1/{s*L1+rLl)-(R*(s*C2*rc2+1)/((s*C2* (R+rc2)+1)...
* (S*L2+rL2)}) *(s*C1l/(s*Cl*rcl+1) ) +B* ((s*Cl*rcl+l) /...
(s*C1l* (s*L1+rLl)))*(1+s*C1l* (s*L1+rL1l)/(s*Cl*rcli+l));

Aacd = ki+ko+R* {s*C2*rc2+1)*ko/ ((s*C2* (R+rc2)+1)*.
(s*L2+rL2))+B* ((s*Cl*rcl+l)/(s*Cl))*ki;

Aacz = R*(S*C2*rc2+1)/((s*C2* (R+rc2)+1)* (s*L2+rL2));

Acpg = ((s*Cl*rcl+1)/{s*C1*(s*L1+rLl)))*(1+s*Cl*(s*L1+rLl)...
/(s*Cl*rcl+l))-A*Racg/Aac;

Acpd = A*Aacd/Rac-{s*Cl*rcl+l)*ki/(s*Cl);

Acpz = A*Racz/RAac;

fprintf('Duty-ratio-to-output-voltage transfer function: \n')
fprintf ('Gdlvis)=vo({s}/dlis)= \n’)
Gdv_dv = [RA(STCLVIR+reli+liviko~(gf-5+Cl) *Aecd/hRac- lgo+s™Cl) vacpd);
Gdlv = ((s*C2*rc2+1)*R/(s*C2* (R+rc2)+1))*(ko-{gf-s*Cl/...
(s*Cl*rcl+l)) *Aacd/Bac-(go+s*Cl/(s*Cl*rcl+l)) *Acpd);
simplify(Gdlv); collect(simplify(Gdlv)); pretty(collect(simplify(Gdlv)})

Gvv = ((s5*C2*rc2+1)*R/(S*C2* (R+rc2)+1))*((gf-s*C1l*(s*Cl*rcl+l))...
* (Racg/Rac) - (go+s*Cl* (s*Cl*rcl+l) ) *Acpg+s*Cl* (s*Cl*rcl+l));

Gzv = ((s*C2*rc2+1)*R/(s*C2* (R+rc2)+1}))* ((gf-s*Cl/(s*Cl*rcl+l)).
* (Aacz/Rac)+(go+s*Cl/ (s*Cl*rcl+1) ) *Acpz) ;

fprintf('Enjoy! \n')

fprintf ('Gocd luck! \n')

® Fxndxng transfez functions Gve of CCM Zeta converter in POMC &

sddddddnddddddndddddanudddddddddsduddaddddddddaddidddnddddd 494y
function{Gvec] = PCMCCCMZETA(rcl,rc2,rlLl,rL2...
,C1,c2,L1,L2,R,Rs,D,Vg,12)
% PCMCCCMZETA program is used to find Gvc of PCMC CCM Zeta
.from Erickson and Ridley model respectively.
€1, ¢2, L1, and L2 are capacitors and inductors
rc¢t, re2, rLl, rL2 are ESRs of capacitors and inductors
¥g is input veltage, Vo is output voltage, Iz is load 'current,
..D is duty raetion, Rs is a sensing resistor
...He is a sampling eguation, and P is a standing load.
clc; clear all;
syms rol re2 ril riz L1 Lz R €1 C2 L ¥g 1z I1 I2 V1 ¥2 s Fm Rs He
¥ The state-space matrices and average matrices
Al = [-rL1/L1l, O, O, O
0, (1/L2)*(-rL2-rcl-((rc2*R)/(rc2+R)}), 1/L2, -R/(L2*(rc2+R})
0, -1/c1, 0, O
0, R/(C2* (rc2+R)), 0, -1/(C2*(xc2+R)})];
A2 = [-(rLl+rcl)/Ll, 0, -1/L1, O
0, -(1/L2)* (xL2+(rc2*R/(xc2+R))), O,~R/(L2*{rc2+R))
i/c1, 0, 0, O
0, R/{C2*(xc2+R)), 0, -1/(C2*(xc2+R})}]};
= Al*D + A2*(1-D);
Bl = {1/L1, O
1/L2, rc2*R/(L2*(rc2+R))
0, 0
0, -R/(C2*(rc2+R))];
B2 = {0, O
0, rc2*R/(L2* (rc2+R))
0, O
0, -R/(C2*(rc2+R))}:
B = B1*D + B2*(1-D):;
‘Cl = [0, rc2*R/(xc2+R), 0, R/(rxc2+R)]};
C2 = {0, rc2*R/(rc2+R), 0, R/(rc2+R)]};
C = C1*D + C2*(1-D);
El = [0, ~rc2*R/(rc2+R)};
E2 = [0, -rc2*R/{rc2+R}]);
E = E1*D + E2*(1-D);
% Steady-state equations
U = [vg; Iz]:
X = -inv(A)*B*U; % where X={I1l; I2; Vi; V2}:
fprintf('Stead-state equations are: \n')
fprint£('{IiLl, ILZ, Vcl, Ve2]T = \n')
pretty(simplify(-inv(A)*B))
Vo = C*X+E*U;
fprintf('Vo=: \n"')
pretty(simplify(Vo)}
% Fiding matriz Bd and Ed
Bd = (Al1-A2)*X + (B1l-B2)*U;
Ed = (C1-C2)*X + (El—EZ)*U,
I = eye(4,4);
Bul=B(:,1); Bu2=B(:,2);
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Eul=E(:,1); Eu2=E(:,2):

c11={1, 0, 0, 0); ci2=({0, 1, O, 0}; Ccl13={0, O, 1, 0}; Cl4=[0, O, O, 1};
% Various transfer functions

Gvil = Cll*inv(s*I-A)*Bul;

Gvi2 = Cl2*inv{s*I-A)*Bul;

Gvvl = Cl3*inv(s*1-A)*Bul;

Gvv2 = Cl4*inv(s*I-A) *Bul;

Gzil = Cll*inv(s*I-A)*Bu2;

Gzi2 = Cl2*inv(s*I-A) *Bu2;

Gzvl = Cl3*inv(s*I-A)*Bu2;

Gzv2 = Cl4*inv(s*I-A)*Bu2;

Gdil = Cll*inv(s*I-A)*Bd;

Gdi2 = Ci2*inv(s*I-A)*Bd; .
Gdvl = Cl3*inv(s*I-A)*Bd;

Gdv2 = Cl4*inv(s*I-A)*Bd;

Gvv = C*inv(s*I-A)*Bul+Eul;

Gzv = C*inv(s*I-A)*BuZ+Euz; .
Gdv = C*inv(s*I-A)*Bd+Ed;

fprintf(’Conczol—voitaqe—éo-outputﬁvolgage transfer function: \n')

fprintf('#¥odel from Erickson \n'}

fprintf('Gvcis)=veis) /vc(si= \n'}

Gvec = Gdv/(Rs* (6dil+Gdi2)); collec¢t (simplify(Gvc)):; pretty(collect(simplify(Gvc)))
fprintf (*Model from Ridley \n')

fprintf('Gvc{s)=vo(s)/vc{s)= \n")

Gvc = (Fm*Gdv)/(l+Fm*Rs*He* (Gdil+Gdi2));

simplify(Gvc); collect(simplify(Gvc)):; pretty(collect(simplify(Gvc)))

fprintf ("Enjoy! \n')

fprintf ('Good luck! n')



Appendix G

function[] = VMCCCMZETAl ()

clc, clear ail

disp('To run this proragame {VMCCCMZETA), please type:’)
disp('VMCCCMZETA")

function[] = VMCCCMZETA()

% VMCCCMZETA program is used to show the results of

. YNC CCHM Zeta by S$SE technigue

Cl, €2, L1, and LZ are capacitors and inductors

rcl, rc2, rLl, rL2 are ESRs of capacitors and inductors
Vg is input voltage, Vo is cutput voltage, Iz is lgad current,
..+Dl is duty ration, and R is a standing lcad

clc; clear all;

Cl1=100*1le~6; rcl=0.19; C2=200*1e-6; rc2=0.095;
‘L1=100*1e-6; rLl=1*1le-3; L2=55*le-6; rL2=0.55*1le-3;
Vg=15; Vo=5; D=Vo/(Vo+Vg); R=1; I2=0;

FL S T )

% The state-space matrices and average matrices
Al = [-rL1/L1, O, O, O
0, (1/L2)*(-rL2-rcl-{{rc2*R)/(xc2+R))), 1/L2, -R/(L2*{(rc2+R))
0, -1/c1, 0, O
0, R/(C2*(rc2+R)), 0, =1/(C2* (xc2+R})];
A2 = [-{rLl+rcl)/L1, 0, -1/L1, O
0, -{(1/L2)*(rL2+(rc2*R/{rc2+R))), 0,-R/{(L2* (rxc2+R))
1/c1, 0, 0, 0
0, R/(C2*(xc2+R)), 0, -1/(C2*(rc2+R))]);
A.= RAl*D + A2*(1-D);
BL = (1/L1, O
1/L2, rc2*R/(L2*{rc2+R}Y)
0, 0
0, -R/{(C2*(rc2+R)})]:
B2 = [0, O
0, rc2*R/(L2* (rc2+R))
0, O
0, -R/(C2*({rc2+R))1}:
B = B1*D + B2*(1-D);:
Cl = [0, rc2*R/(rc2+R), 0, R/(rc2+R)];
C2 = [0, rc2*R/(rc2+R), 0, R/(rc2+R)];
C = Cl*D + C2*(1-D);
1 = {0, -rc2*R/(rc2+R)]:
2 = {0, -rc2*R/(rc2+R)};:
= E1*D + E2*(1-D);
Steady-srate equations

(Vg; Iz];

-inv(A) *B*U; + where X={I1l; I2; V1; Vv2}:
Vo = C*X+E*U;

* Fiding matrix Bd and &d

Bd = (Al-A2)*X + (B1-B2)*U:

Ed = (Cl1l-C2)*X + (El1-E2)*U;

1 = eye(4,4);

Bul=B{:,1); Bu2=B(:,2);

Eul=E(:,1); Bu2=gE(:,2):

cili={1, 0, 0, 0); ci1z2=[0, 1, O, 0O]; Ci13=(0, O, 1, O]; Cl4=[0, O, O,
% Transfer functions

[numvil, denvil] = ss2tf(A,Bul,Cll, [0]);

Gvil = tf(numvil,denvil);

[numvi2, denvi2] = ss2tf(A,Bul,Cl2, [(0]);

Gvi2 = tf(numvi2,denvi2);

[numvvl, denvvl} = ss2tf(A,Bul,Cl13,[0]));

Gvvl = tf(numvvl,denvvl);

[numvv2, denvv2] = ss2tf(A,Bul,Cl14,({0]);

Gvv2 = tf(numvv2,denvv2);

[numzil, denzil] = ss2tf(A,Bu2,Cll1, [0]);
Gzil = tf(numzil,denzil);
{numzi2, denzi2] = ss2tf(A,Bu2,Cl12,[0]):
Gzi2 = tf(numzi2,denzi2);
[numzvl, denzvl) = ss2tf(A,Bu2,C13,10]):
Gzvl = tf{numzvl,denzvl):;
[numzv2, denzv2] = ss2tf(A,Bu2,Cl4,(0}):
Gzv2 = tf(numzvZ,denzv2);

1]
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{numdil, dendil] = ss2tf(A,Bd,Cl1,[0}):
Gdil = tf(numdil,dendil);

{numdi2, dendi2] = ss2tf(A,Bd,C12,[0]);
Gdi2 = tf(numdi2,dendi2);

[numdvl, dendvl] = ss2tf(A,Bd,C13,[0]});
Gdvl = tf(numdvl,dendvl);

{numdv2, dendv2] = ss2tf(A,Bd,Cl4,(0]);
Gdv2 = tf (numdv2,dendv2);

% Transfter funcitoen

[numv, denv] = ss2tf(A,Bul,C,Eul);

Gvv = tf(numv,denv); rinput voltage-tc-output wvoltage transfer function
{Gvvisi=vo(s) /vgisi}

[numz,denz] = ss2tf(A,Bu2,C,Eu2);
Gzv = tf(numz,denz}; 3output impedance transfer function (Gzvi{s}=vo(s}/iz{s}}

[numd, dend} = ss2tf(A,Bd,C,Ed);
Gdv = tf{(numd,dend); %control-to-output transfer function (Gdv(s)=vo(s)/d(s}}

% PWM transfer function -
Vref=5; Vm=1.8; %Vie=1.8 V

Fm = 1/Vm; $Fm=D/Ve = 1/vm;

% PI Compensator (PM=52.8 at about f=10kHz)

iRise time=27le~5; setlling time=0.000156; peak magnitude=6.29 and overshoot=25.83
R1=10*le3; R2=3.4%*1e3; Co0l=20*1le-9;

wi=1l/(R2*Col); wz=1/(R1*Col);

num=[1/wzl, 1]; den=(1/wi, 0}; Gc=tf(num,den};

% Voltage Mode Contrel (VMC) design

Tu=Gdv*Fm; 4 Tu is uncompensated open-locp transfer function

T = Tu*Gc; % T is compensated open-loop transfer function

Tv = feedback(T, {1}): 3 Tv is clsoed-loop transfer function

% Frequency responses of 6¢, Tu, and T ’

figure(l); bode(Gec,':r',Tu,'--¢',T,'")

legend('Geis} ', "Tu{si=Gdv{s).Pm', 'T(s)=Gdv(s;.Fm.Gc(s) ', -1); -
Tv2=5*Tv; ’

+ Step response of Vo
figure(2); step(Tv2)

et ettty viernniety

%2 UMC of .DCM Zeta converter with PWM-switch model =

A A A R A At At S A R L S A S At S A A T
functionf[] = VMCDCMZETAPWMI ()

clc, clear all

disp('To rxun this proragame {VMCDCMZETAPWM), please type:')
disp('VMCDCMZETAPWM')

function{] = VMCDCMZETAPWM()

© VMCDCMZETEPWM program is used to denocte the results of -
... VMC DCM Zeta by PWM-switch model

1+ Cl, C2, Ll, and LZ are capacitors and inductors

% rcl, rec2, rLl, riL2 are ESRs of capacitors and inductors

4 Vg is input voltage, Vo is output voltage,

...Dl and D2 are duty ratios, and R is a standing load

clc; clear all; ’

rcl=0.38; rc2=0.095; rLl1=0.001; rL2=0.00022;

Cl=47e-6; C2=200e-6; L1=100e-6; 1L2=22e-6; R=10; Vg=15;

fs=100*1e3; T=1/fs; Le=L1*L2/(L1+L2);

D1=0.2; D2=sqrt(2*Le/(R*T)); D3=1-D1-D2; Vo=Vg*D1/D2;

K=D242; M=D1l/sqrt(K):

“M=DP1/D02;

gi=M~2/R; gf=2*M/R; go=1/R; ki=2*M"2*Vg/(R*D1l); ko=2*M*Vg/(R*Dl):;

adv = C1*L1*((-ko*gi+gf*ki)*rcl-ki-ko}:

bdv = (Cl*(-ko*rcl*gi-ki-ko+gf*rcl*ki))*rLl+gf*ki*Ll-ko*Cl*rcl-ko*gi*Ll;
cdv = (-ko*gi+gf*ki) *rLl-ko;

a = C2*C1l*L2*L1* (gf+go+go*rcl*gi+gi)* (rc2+R):;

b = (C2*Cl*L2* (gf+go+go*rcl*gi+gi)* (rc2+R))*rLl...

+{C2*C1*L1* (gf+go+go*rcl*gi+gi) * (rc2+R) ) *rL2+(Cl* (go*L2*gi*Ll...
+C2*R*gi*L1+go*C2*R*L2+go*C2*rc2*L2+C2*rc2*gi*L1+R*C2*rc2*go*gi*Ll) ) *rcl...
+(C2* (C1*L2+R*go*C1*L1+C1l*L1+go*L2*gi*L1+R*C1*gf*L1+R*C1*gi*Ll)) *rc2...
+gf*C1*L2*L1+gi*C1*L2*L1+go*L2*C1*L1+go*C2*R*L2*gi*L1+C2*R*C1*L1+C1*C2*R*L2;

c = ((C2*Cl* (gf+go+go*rcl*gi+gi)* (rc2+R})*rL2+ (gi*Cl*(C2*rc2+C2*R+go*L2...
+R*C2*rc2*go) ) *rcl+ (C2* (R*Cl*gi+go*L2*gi+C1+R*go*C1l+R*Cl*gf)) *rc2. ..
+C1*C2*R+gi*C1l*L2+gf*C1*L2+go*L2*Cl+go*C2*R*L2*gi) *rLl...
+((go*Cl*(gi*L1+C2*R+C2*rc2))*rc1+(C2*(go*gi*L1+Cl))*rc2+gf*C1*L1+C1*C2’R...
+go*C2*R*gi*L1+gi*C1*L1+go*C1*L1)*rL2+(C1*(gi*L1+R*go*gi*L1+R*C2*rc2*go...
+C2*R+C2*rc2+go*L2))*rcl+(c2*(R*C1+gi'L1+go*L2+R*go*gi*L1))*rc2+go*L2*gi*L1...
+C1*L2+R*C1*gf*L1+R*C1*gi*L1+go*C2*R*L2+C1*L1+C2*R*gi*L1+R*go*C1*L1;

d = ((go*CZ*rc2*gi+go*c1+go*C2*R*gi+go*C1*rcl*gi+gf*C1+gi*C1)*rL2+C1*rc1*gi...



+go*L2*gi+R*C2*rc2*go*gi+C1+R*C1*qf+R*go*C1+R*C1l*gi+C2*rc2*gi+C2*R*gi..
+R*go*Cl*rcl*gi) *rLl+ (go*C2*rc2+go*C2*R+go*gi*L1+Cl+go*Cl*rcl) *rL2..
+(C1+R*go*Cl) *rcl+C2*rc2+R*go*gi*L1+R*C2*rc2*go+C2*R+go*L2+R*Cl+gi*Ll;
e = (l+gi*rLl)*(R*go+l+go*rLl2);

% Transfer funcrions

numl = [C2*rc2, 1);

denl = [0, 1]:;

Gdvl = tf(numl,denl):;

num2 = {adv, bdv, cdv]};

den2 = {a, b, ¢, d, e];

Gdv2 = tf(num2,den2):;

%$Gdv = -R*Gdvl*Gdv2;

n = =R*conv(numl,num2) ;

d = conv{denl,den2);

Gdv = tf(n,d);

¥ VMC - Open-loop transfer functicn

Vref=5; Vm=1.8; iVm=1.8 V

Fm = 1/Vm; Fm=D/Ve = 1/Vm;
Tu=Gdv*¥Fm;

a One-zerc-and-two-pele compensator

% PM=53.2

i Rise time=1.95%*le-5; setlling time=0.000228; peak magnitude=6.19 and
overshoot=23.7% :

R1=0.12*1e3; R2=0.12*1e3; Co2=5*1e-9; Col=44*le-9;

wi=1/(R2* (Col+C02)); wzl=1/(R1*Col); wpl=1/(R1*((Col*Co2)/(Col+C02)));:
nl=[0, 11; dil={1/wi, 0]:

n2={1/wzl, 1); d2=[1/wpl, 1];

Gecl=tf(nl,dl);

Ge2=tf (n2,d2);

Gec=series(Gcl,Gec2);

: Closed-locp transfer function

T = Tu*Gces

Tv = feedback(T, (1]);

figure(l): bode(Gc,’'.:x’',Tu,’'.--g',T,"'.-")

legend('Ge(s) ', 'Tu(s}=Gdvis).Fn', 'T({s)=Gdv(s).Fm.Gc{s}',-1);

Ty2=5%Tv; —

figure(2); step(Tv2)
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% PCMC of ccn Zeta converte* 3
functlon[] = PCMCCCMZETAERICKSONI()
clc, clear ail
disp(’'To ru

his proragame {(PCMCCCMZETAERICKSON!, please type:')
dlsp('DCMCPCVZETA R

ICKSGN')

function{] = PCMCCCMZETAERICKSON ()
% PCMCCCMZETAERICKSON program is to show the results of PCMC CCM Zeta converter
..from Brickson model
¢ Cl, €2, L1, and L2 are capacitors and inductors
% rcl, rc2, rLl, rL2 are ESRs of capacitors and inductors
i Vg is input voltage, Vo is output voltage,
.bl is duty ratio, and R is a standing load
cle; clear all;
C1=100*1le-6; rcl=0.19; C2=200*le-6; rc2=0.095;
L1=100*le-6; rLl=l*le-3; L2=55*le-6; rL2=0.55*1le-3;
vg=15; Vo=5; D=Vo/(Vo+Vg); R=l; Iz=0;
Le=L1*L2/(L1+L2); f£s=100*1e3; Rs=0.1; % Rs is a sensing resistor
-+ The state-space matrices and average matrices
Al = (-rL1i/L1, O, O, O
0, (1/L2)*(-rL2-rcI-{(rc2*R)/(rc2+R)}}, 1/L2, -R/(L2* (rxc2+R))
0, -1/c1, 0, ©
0, R/(C2*(rc2+R)), 0, -1/(C2*(rc2+R}))}:
A2 = [-(rLl+recl)/Ll, 0, -1/L1, O
0, —-{1/L2)*(rL2+(rc2*R/(rc2+R)))}, 0,-R/(L2*(rc2+R))
i/¢i, 0, 0, O
0, R/({C2*(rc2+R)), 0, -1/(C2*(xc2+R))]:
A = Al*D + A2*(1-D);
Bl = (1/u1, ©
1/L2, rc2*R/(L2*{rc2+R})}
0, 0
0, -R/(C2*(xrc2+R)}];
B2 = [0, O
0, rc2*R/(L2*(rc2+R})
0, 0
0, -R/(C2*(rc2+R))}:
B = B1*D + B2*(1-D);
Cl = [0, rc2*R/(xc2+R), 0, R/(rc2+R)]
C2 = [0, rc2*R/(rc2+R), U, R/(rc2+R)]

’
.
’
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C = Cl1*D + C2*(1-D);
El = [0, -rc2*R/{(rc2+R)]:
E2 = [0, -rc2*R/(rc2+R)};
E = E1*D + E2*(1-D);

"; ——————————————————————————————————————

U = [vg; Iz]:

$X = {I1; 12; V1; VYZ];

X = -inv(A)*B*U; % steady-state relations
EVe = C*X+E*U ¢ steady-state relations

Bd = (R1-A2)*X + (B1-B2)*U;
Ed (C1-C2)*X + (E1-E2)*U;
I eye(4,4);

Bul=B(:,1); Bu2=B(:,2);
Eul=E(:,1); Eu2=E(:,2):

[}

cil={1, O, O, 0O); Ci2=[0, 1, O, O];'Cl3;[0, 0, 1, 0); Ci4=(0, O, O, 1};

% Transfer functions

[numvil, denvil)} = ss2tf(A,Bul,Cll, [0]);
Gvil = tf(numvil,denvil);

[numvi2, denvi2] = ss2tf(A,Bul,Cl2,[0]);
Gvi2 = tf(numvi2,denvi2);

{numvvl, denvvl] = ss2tf(A,Bul,Cl13,{0]);
Gvvl = tf(numvvl,denvvl};

[numvv2, denvv2] = ss2tf(A,Bul,Cl4,[0]);
Gvv2 = tf(numvv2,denvv2);

[numzil, denzil] = ss2tf(A,Bu2,Cl11,[0]));
Gzil = tf(numzil,denzil);
[numzi2, denzi2) = ss2tf(A,Bu2,Cl12,{0]):
Gzi2 = tf(numzi2,denzi2);
{numzvl, denzvl}] = ss2tf(A,Bu2,Cl1l3,[0]};
Gzvl = tf(numzvl,denzvl);
[numzv2, denzv2] = ss2tf(A,Bu2,Cl4,[0]);
Gzv2 = tf(numzv2,denzv2);

[numdi), dendil) = ss2tf(a,Bd,Cl1, [0}]):
Gdil = tf(numdii,dendil);

[numdi2, dendi2)} = ss2tf(A,Bd,C12,(0}]);
Gdi2 = tf(numdi2,dendi2);

[numdvl, dendvl] = ss2tf(A,Bd,C13,(0]);
Gdvl = tf(numdvl,dendvl);

{numdv2, dendv2} = ss2tf(A,Bd,Cl14,[0]};
Gdv2 = tf(numdv2,dendv2);

% Transfter funciton

[nunmv, denv] = ss2tf(A,Bul,C,Eul);

Gvv = tf(numv,denv); %$input voltage-to-output voltage transfer function

(Gvv(s)=vo(s)/vg(s))

{numz,denz] = ss2tf(A,Bu2,C,Eu2);

Gzv = tf(numz,denz); *ourput impedance transfer function (Gzv(sj=vo(s)/iz(s}))

[numd, dend) = ss2tf(A,Bd,C,Ed};

Gdv .= tf(numd,dend):; %control-to-output transfer function (Gdv(s)=vo(s)/d(s})

% Model from Erickscn

Fm=1;

num_vc = numd;

den_vc = numdil+numdi2;

Gvc_cpm = tf(num_vc,den_vc):

Gvc = (1/Rs)*Gvc_cpm; tGvc_cpm_0 = Gdv/((Gdil+GdiZ)*Rs);
minreal (Gvc)

% One-zero-and-two-pole compesnator design

R1=5.31*1e3; R2=2.7*le3; Col=3*1le-9; Co2=2*le-9;

wi=1/(R2* (Col+C02)); wzl=1/(R1*Col); wpl=1/(R1*({Col*Co2)/({Col+C02)));
nl=[0, 1}); di=[1/wi, O0]; Gcl=tf(nl,dl);

n2=[1/wzl, 11; d2=[1/wpl, 1}: Gc2=tf(n2,d2)}:

Gc=series (Gcl, Ge2) ;7

num=conv(nl,n2); den=conv(dl,d2); Gvcc=Gvc*Gc;

Tcl=feedback (Gvcec, [1])

figure(l), bode(Gvc,'--',Gc,"'+-"',Gvce, ')
legend('G_v_c','G_c','6_v_cG c',~1)

figure(2), step(5*Tcl)

function{] = PCMCCCMZETARIDLEY1()

clec, clear all

disp{’'To run this proragame (PCMCCCMZETARIDLEY), please type:')
disp('PCMCCCMZETARIDLEY')
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function[] = PCMCCCMZETARIDLEY ()

% PCMCCCMZETARIDLEY pregram is to indicate the results of PCMC CCM Zeta converter
..from Ridley model, excluding He (sampling equation)
cl, €2, L1, and L2 are capaciters and inductoers

rcl, re2, rLl, rL2 are ESRs of capacitors and inductors
Vg is input voltage, Vo is output voltage,

...D1 is duty ratic,-and R is a standing load

clc; clear all;

C1=100*1le-6; rcl=0.19; C2=200*le-6; rc2=0.095;
L1=100*1e~6; rLl=1*1le-3; L2=55*le-6; rL2=0.55*1e-3;
Vg=15; Vo=5; D=Vo/(Vo+Vg); R=1; Iz=0;

ihi of (¥ .

Le=L1*L2/(L1+L2); £s=100*1le3; Rs=0.1; % Rs is a sensing resistor
4 The state-space matrices and average matrices
Al = [-rL1/L1, O, O, O

0, (1/L2)*(-rL2-rcl-{(xrc2*R)/(rc2+R))), 1l/L2, —R/(LZ*(rc2+R))_
o, -1/Cc1, 0, O . .
0, R/{(C2*(xc2+R)), 0, =-1/(C2*(xc2+R)}];:
A2 = [-(rLl+rcl)/L1, O, -1/L1, O
0, -(1/L2)*(rL2+(rc2*R/(xc2+R))), 0,-R/(L2* (rc2+R))
1/ci, 0, 0, O-
0, R/(C2*{rc2+R)), 0, -1/(C2*(rc2+R))];
A = Al*D + A2*(1-D);
Bl = [1/L1, 0 .
1/L2, rc2*R/(L2*(rc2+R))
0, 0
0, ~R/(C2*(rc2+R)));
B2 = [0, O
0, rc2*R/(L2*{rc2+R))
0, 0
0, -R/(C2*(rc2+R))1:
B = Bl1*D + B2*(1-D):;
Cl = [0, rc2*R/(xc2+R), 0, R/(rc2+R)];
C2 = [0, rc2*R/(xc2+R), 0, R/{rc2+R})]
C = Cl*D + C2*(1-D);
El = [0, -rc2*R/(rc2+R)];
E2 = [0, -rc2*R/(rc2+R)];
E = E1*D + E2* (1-D); )

;
;

24 = [Il:; 1I2; Vvi; v2}:

X = -inv(A)*B*U; % steady-state relations
Vo = C*YU+E*U ; % steady-state relations
e

Bd = ({Al-A2)*X + (B1-B2)*U;

Ed = (C1-C2)*X + (El1-E2)*U;

I = eye(4,4);

Bul=B(:,1); Bu2=B(:,2);

Eul=E(:,1); Bu2=E(:,2);

cil=(1, 0, 0, 0}; Cl2=[0, 1, O, 0]; C13=[0, O, 1, O); C14=[0, 0, O, 11:
¢ Transfer functions

[numvil, denvil] = ss2tf(A,Bul,Cl1i, (01):
Gvil = tf{numvil, denvil):;

[numvi2, denvi2] = ss2tf(A,Bul,Cl12,[0]);
Gvi2 = tf(numvi2,denvi2);

[numvvl, denvvl] = ss2tf(A,Bul,C13,[(0]):
Gvvl = tf(numvvl,denvvl);

[numvv2, denvv2] = ss2tf(A,Bul,Cl4,({0});
Gvv2 = tf(numvv2,denvv2):;

[numzil, denzil] = ss2tf(A,Bu2,Cl1, [0]);
Gzil = tf(numzil,denzil);
[numzi2, denzi2} = ss2tf(A,Bu2,Cl2,[01):
Gzi2 = tf(numzi2,denzi2);
[numzvl, denzvl} = ss2tf(A,Bu2,Cl13, [0]);
Gzvl = tf(numzvl,denzvl);
[numzv2, denzv2] = ss2tf(A,Bu2,Cl4, [0]);
Gzv2 = tf(numzv2,denzv2);

[numdil, dendil] = ss2tf(A,Bd,Cll1, {0]):
Gdil = tf(numdil,dendil);

[numdi2, dendi2} = ss2tf(A,Bd,Cl2,(0])):
Gdi2 = tf(numdi2,dendi2);

{numdvl, dendvl} = ss2tf(A,Bd,C13,(0]));
Gdvl = tf(numdvl,dendvl);

[numdv2, dendv2] = ss2tf(A,Bd,Cl14,[0]);
Gdv2 = tf (numdv2,dendv2);

& Transfter funcitoen

[numv, denv] = ss2tf(A,Bul,C,Eul);
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Gvv = tf{(numv,denv); sinput voltage-to-cutput voltage transfer function
(Gvvis)=vo(s} /vg(s}}

[numz,denz] = ss2tf(A,Bu2,C,Eu2);

Gzv = tf(numz,denz); ioutput impedance ftransfer function (Gzv({s)=vo{s)/iz{s}}

[numd, dend] = ss2tf(A,Bd,C,Ed);

Gdv = tf{numd,dend); %¥control-tco-cutput transfer function (Gdvis)=vo(s)/d(s})
% Model from Ridley: excludes sampling eqguation (or He=l).

num _e=[0, 1); den e={0, 1]; He=tf(num e,den_e);

M1=Vg*Rs/Le; Fm=fs/Ml;

num_vc=Fm*numd;

den_vc=dend+Fm*Rs* (numdil+numdi2);

Gvc=tf (num_vc,den_vc);

minreal (Gvc)

%4 One-zero-and-two-pcle compesnatoer design

R1=5.31*1e3; R2=2.7*1e3; Col=3*le-9; Co2=2*le-9;

wi=1/(R2* (Col+Co2)); wzl=1/(R1*Col}; wpl=1/(R1*((Col*Co2)/(Col+C02)));
nl={0, 1]; dl=[1/wi, 0}; Gcl=tf(nl,dl);

n2=(1/wzl, 1}; d2=[1/wpl, 1}; Gc2=tf(n2,d2);

Ge=series (Gcl, Gc2); .

num=conv{nl,n2); den=conv(dl,d2);  -Gvcc=Gvc*GC;

Tcl=feedback(Gvcc, {1]):

figure(l), bode(Gvc,'--',Gc, *+-',Gvce, ')

legend('G_v ¢','G_¢','G_v_cG_¢c’,-1)

figure(2), step(5*Tcl)

function(] = PCMCCCMZETARIDLEYHE1 ()

clc, clear all

disp('To run this provagame (PCMCCCMZETARIDLEYHE), please type:')
disp (' PCHMCCCHMZETARIDLEYHE)

function{] = PCMCCCMZETARIDLEYHE ()
PCHMCCCMZETARIDLEY program is to show the results of PCMC CCM Zeta converter
...from Ridley model, including He (sampling eguation)
Cl, €2, L1, and L2 are capacitors and inductors
rcl, rcz, rLl, rL2 are ESRs of capacitors and inductors
Vg is input voltage, Vo is output voltage,
...D1 is duty ratio, and R is a standing lcad
clc; clear ail;
C1=100*1le-6; rcl=0.19; C2=200*1le-6; rc2=0.095;
L1=100*1e-6; rLl1=1*le-3; L2=55*1e-6; rL2=0.55*1le-3;
Vg=15; Vo=5; D=Vo/(Vo+Vg); R=1l; I2=0;
Le=L1*L2/(L1+L2); £s=100*1e3; Rs=0.1; % Rs is a sensing resistor
% The state-space matrices and average matrices
Al = {-rL1/L1, O, O, O
0, (1/L2)*({-rL2-rcl-((xrc2*R)/(rc2+R))), 1/L2, -R/{(L2*(rc2+R))
‘0, -1/c1, 0, O
0, R/{(C2*(rc2+R)), 0, ~1/(C2*(rc2+R))]:
A2 = [{-(rLl+rcl)/rLl, 0, -1/L1, O
0, ~(1/12)*(rL2+(rc2*R/(rc2+R))), 0,-R/(L2* (rc2+R))
1/c1, 0, 0, 0
0, R/(C2*(rc2+R)), 0, -1/(C2*(xc2+R)}]:
A = Al*D + A2*(1-D);
Bl = {1/L1, O
1/L2, rc2*R/(L2* (rc2+R))}
0, 0
0, -R/(C2*(xc2+R))}};
B2 = [0, O '
0, rc2*R/(L2*{xc2+R))
0, 0
0, -R/(C2*(rc2+R))]:
B = B1*D + B2*(1-D):
Cl = {0, rc2*R/(rc2+R), 0, R/(xc2+R)]:
C2 = {0, rc2*R/(rc2+R), 0, R/(rc2+R)}:
C = C1*D + C2*(1-D);
El = [0, -rc2*R/(rc2+R));:
E2 = [0, -rc2*R/(rc2+R)];
E = E1*D + E2*(1-D);

»

)

2]

B e e o e e e o o e —_—
U = (Vg; Iz);

*¥ = [Il; I2; V1; V2};

X = -inv(A)*B*U; % steady-state relatiocns
%Yo = C*¥+E*U ; % steady-state relations

Bd = (Al1-A2)*X + (B1-B2)*U;
Ed = (C1-C2)*X + (E1-E2)*U;
I = eye{4,4);

Bul=B(:,1); Bu2=B(:,2);
Eul=E{(:,1); Eu2=gE(:,2);




Cli=[1,

0, 0, 0}; Ci12=[0, 1, 0O, 0); C13={0,

1 Transfer functions

[numvil,

denvil] = ss2tf(A,Bul,Cil, [0]);

Gvil = tf(numvil,denvil);

{numviz,

denvi2] = ss2tf(A,Bul,C12,(0}):

Gvi2 = tf(numvi2,denvi2);

{numvvl,

denvvl] = ss2tf(A,Bul,Cl13,([0]):

Gvvl = tf(numvvl,denvvl);

[numvv2,

denvv2] = ss2tf(A,Bul,Cl4, {0]):

Gvv2 = tf({numvv2,denvv2);

[numzil,

denzil) = ss2tf(A,Bu2,Cl1,[0}):

Gzil = tf(numzil,denzil);

[numzi2,

denzi2] = ss2tf(A,Bu2,Cl12,{0});

Gzi2 = tf(numzi2,denzi2);

[numzvl,

denzvl] = ss2tf(A,Bu2,C13,([0]);

Gzvl = tf(numzvl,denzvl};

[numzv2,

denzv2] = ss2tf(a,Bu2,C14,(0));

Gzv2 = tf(numzv2,denzv2);

{numdil,

dendil} = ss2tf(a,Bd,C11, [0]);

Gdil = tf(numdil,dendil);

[numdiZ,

dendi2] = ss2tf(A,Bd,C12,{0));

Gdi2 = tf¢numdi2,dendi2);

[numdvl,

dendvl) = ss2tf(A,Bd,C13,{0]);

Gdvl = tf(nurdvl,dendvl);

[numdv2,

dendv2] = ss2tf(A,Bd,C14,[0]);

Gdv2 = tf(numdv2,dendv2);
i Transfter funciton
[numv, denv] = ss2tf(A,Bul,C,Eul);

Gvv = tf(numv,denv);

(Gvvis)=vo(s)/vg(s)}

[numz,denz] —= ssthkA,BuZ,C,Eu2);

Gzv. = tf(numz,denz);

{numd; dend) = ss2tf(A,Bd,C,Ed);

Gdv = tf(numd,dend); icontreli-to-output transfer functicon (Gdvis)=ve({s)/d(s)!}

0,

1,

koutput impedance transfer

0]; Cci4=[0,

function (Gavisi=vo(s)/izis))

o, 0,

1):

tinput veltage-tc-output voltage transfer function

% Model from Ridley: includes sampling equation {or He diffexrs from 1).
wn=pi*fs; Qz=-2/pi; -
num_e=(1/wn~2, 1/(wn*Qz), 1]; den e=[0, 1}; He=tf(num e,den_e);
M1=Vg*Rs/Le; Fm=fs/M1;
num_vc=Fm*numd;
dendl={0, 0, dend];
den_vc=dend1+Fm*Rs*conv(num~e,numdil+numd12);
Gve=t£ (num_vc,den_vc) ;
minreal (Gvc)

¥ One-zerc-and-two-pole compesnatcr design

R1=5.31*1e3; R2=2.7*1le3; Col=3*le-9; Co2=2*le-9;
wi=1/(R2*(Co1#+Co2)); wzl=1/(R1*Col); wpl=l/(R1*{(Col*Co2)/(Col+Co2)));
nl=[0, 1); dl={1/wi, 0); Gcl=tf(nl,dl);

n2={1/wzl, 1]; d2=[1/wpl, 1]; Gc2=tf(n2,d2);

Ge=series (Gecl, Ge2) 7
num=conv(nl,n2); den=cohv(dl,d2); Gvce=Gvc*Ge;
Tcl=feedback(Gvcc, [1]);

figure(1), bode(Gvc,'--',Gc,'+-',Gvce,'")

legend(’

G v ce','Gc','G_ v cG c',-1)

figure(2), step(5*Tcl)

function[] = PCMCDCMZETARIDLEY1 ()
clc, clear all

disp('To run this proragame {PCMCDCMZETARIDLEY}, please type:')
disp(*'PCMCDCMZETARIDLEY')

function[] = PCMCDCMZETARIDLEY ()

&

..from

(LN

k4

Ridley model

Cl, €2, 1Ll, and L2 are capacitors and inductors
rcl, rc2, rLl, rL2 are ESRs of capacitcrs and inductors
: Vg is input voltage, Vo is output vocltage,

...P2l and D2 are duty ratios, and R is a standing load
cle; clear all;
6; L2=22e-6; Cl=47e-6; C2=200e-6; R=10; Vg=15;

L1=100e-
rL1=0.001; rL2=0.00022; rcl1=0.38; rc2=0.095;

£5=100*1e3; T=1/fs; Le=L1*L2/(L1+L2);

D1=0.2;

D2=sqrt (2*Le/{(R*T)); D3=1-D1-D2;

PCMCDCMZETARIDLEY program is to show the results of PCMC DCM Zeta converter
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Vo=Vg*D1/D2; K=D2"2; M=Dl/sqrt(K):; ¥M=D1/D2;

gi=M"2/R; gf=2*M/R; go=1/R; ki=2*M~2*Vg/(R*D1); ko=2*M*Vg/(R*D1);
T=1/fs; Le=L1*L2/(L1+L2); Rs=0.1; fs=100*1le3;

i cocefficients cof transfer fucniton

adv = C1*L1*((-ko*gi+gf*ki)*rcl-ki-ko);
bdv = (C1* (~ko*rcl*gi-ki-ko+gf*rcl*ki)) *rLl+gf*ki*Ll-ko*Cl*rcl-ko*gi*Ll;
cdv = (~ko*gi+gf*ki)*rLl-ko;

adil = L2*C1*C2*(ki+ko+ki*go*rcl)* (R+rc2):;
bdil = (Cl*CZ*(ki+ko+ki*go*rc1)*(R+rc2))*rL2+(ki*C1*(go*L2+R*C2*rc2*go...

+C2*R+C2*rc2))*rc1+(C2*(R*ko*C1+k1*go*L2+k1*R*Cl))*rc2+L2*(kl*C1+ko*C1+k1*go*C2*R),
cdil = (ki*Cl+ki*go*C2*R+ki*go*Cl*rcl+ko*Cl+ki*go*C2*rc2)*rL2.

+k1*(C2*rc2+C1*rc1)*(1+R*go)+(L2*go+R*C2+R*C1)*k1+R*ko*C1-
ddil = ki*(go*rL2+1+R*go):

adi2 = C1*L1*(gi*rcl*ko-gf*rcl*ki+ki+ko):;
bdi2 = (Cl*(gi*rcl*ko~gf*rcl*ki+ki+ko))*rL1+Cl*rcl*ko-ki*gf*L1+gi*L1*ko;
cdi2 ko*gi*rLl+ko-gf*ki*rLl;

ddi2 = C2*(rc2+R); )

a = C2’C1*L2*L1*(gf+go+go*rc1*gl+g1)*(rc2+R),

b =, *
(C2*C1*L2*(gf+go+go*rc1*gi+gi)*(fc2+R))*rLl+(C2*C1fL1*(gf+go+go*rc1*gi+gi)*(rc2...
+R)) *rL2+(C1* (go*L2*gi*L1+C2*R*gi*L1+go*C2*R*L2+go*C2*rc2*L2+C2*rc2*gi*Ll+. ..
R*C2*rc2*go*gi*Ll)) *rcl+ (C2* (C1*L2+R*go*C1*L1+C1*L1+go*L2*gi*L1+R¥C1*gf+L1+. ..
R*C1*gi*L1}) *rc2+g£*C1*L2*L1+gi*C1*L2*L1+go*L2*C1*L1+go*C2*R*L2*gi*L1+. ..
C2*R*C1*L1+C1*C2*R*L2;

c = ((C2*Cl*(gf+go+go*rcl*gi+gi)* (rc2+R))*rL2+(gi*Cl* (C2*rc2+C2*R+go*L2+. ..
R*C2’rc2’go))*rc1+(02*(R*Cl*gi+go*L2*gi+c1+R*go*C1+R*C1*gf))*rc2+C1*C2*R+gi*C1*L2...
+gf*C1*L2+g0o*L2*Cl+go*C2*R*L2*gi) *rL1+((go*Cl* (gi*L1+C2*R+C2*rc2) ) *rcl+. ..

(C2* (go*gi*L1+Cl) ) *rc2+gf*Cl*L1+C1*C2*R+go*C2*R*gi*L1+gi*C1*L1+go*C1*L1) *rL2. ..
+(Cl*(gi*Ll+R*go*gi*L1+R*C2’rc2*go+C2*R+C2*rc2+go*L2))*rc1+(C2*(R*C1+gl*L1+
go*L2+R*go*g1*L1))*rc2+go*L2*gl*L1+C1’E2+R*C1*gf*L1+R*C1*gl*L1+go*C2*R*L2+C1*L1
+C2*R*gi*L1+R*go*C1l*L1l;

d-=. ((go*C2*rc2*gl+go*C1+go*CZ*R*gi+go*Clfrcl*gifgffC1+gi*Cl)*rL24CI*rc1*gi+...
go*L2*gi+R*C2*rc2*go*gi+Cl+R*Cl*gf+R*go*C1+R*C1*gi+C2*rc2*gi+C2*R*gi+, .
R*go*Cl*rcl*gi) *rLl+(go*C2*rc2+go*C2*R+go*gi*L1+Cl+go*Cl*rcl) *rL2+ (C1+R*go*Cl) *rcl. ..
+C2*rc2+R*go*gi*L1+R*C2*rc2*go+C2*R+go*L2+R*C1+gi*L1;

e = (l+gi*rLl)* (R*go+l+go*rL2);

% Transfer functions

numl = [C2*rc2, 1}; denl = [0, 1}; Gdvl = tf(numl,denl);

num2 = [adv, bdv, cdv]; den2 = [a, b, ¢, d, e]l; Gdv2 = tf(num2,den2);

nun_dv = -R*conv(numl,num2); den_dv = conv(denl,den2); Gdv = tf(nun_dv,den_dv);

num dil = [adil, bdil, cdil, ddil); Gdil = tf({num dil,den_dv);

num_di2l = (adi2, bdi2, cdi2}; num_di22 = [ddi2, 1}:;

num di2 = conv(num_di2l, pum di22); Gdi2 = tf(num _di2;den_dv):

%%%% Model from Ridley 7]
Ml=Vg*Rs/Le; Fm=fs/Ml;

Gve=Fm*Gdv;

% One-zerc-and-two-pole. compesnator désign
R1=2.2*1e3; R2=2*le3; Col=4.7*1le-9; Co2=2*le-9;
wi=1/(R2*{Col+Co02)).; .wzl=1/(R1*Col); wpl=1l/(R1l*((Col*Co2)/{Col+Co2)));

nl=(0, 1]; dl=[1/wi, 0]; Gecl=tf(nl;dl);

n2=(1/wzl, 11; d2=[1/wpl, 1}:; Gc2=tf(n2,d2);

Ge=series (Gcl,Ge2); Gvece=Gvc*Ge;

figure(l), bode(Gvc,'--',Gc,'+-',Gvec*Ge, '"), legend('G_y_c','G_c','G“y_cG_c’,-l)
Tcl = feedback(Gvce, (1))

figure(2), step(Tcl)



(1

(2]

(3]

[4]

(5]
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Dynamic Modeling of a Zeta Converter with State-
Space Averaging Technique

Eng \/uthchhay and Chanin Bunlaksananusom
Faculty of Engine€ring, King Mongkut’s Institute of Technology Ladkrabang (KMITL),
Chalongkrung Rd. Ladkrabang, Bangkok 10520

Abstract- A Zeta converter is a fourth-order DC-DC converter
made up of two fnductors and two capacitors and capable of
operating In either step-up or step-down mode. Compared with a
Cuk or Sepic converters, the Zeta converter has recdved the least
attention and its dynamic properties have never’been reported
before in the literatare. This paper presents dynamic medeling of
a Zeta converter with State-Space averaging (SSA) technique.
The medeling leads to a small-signal linear dynamic model of the
converter, from which the transfer functiens used for feedback
control design can be determined. Simulation resnlts are
presented to verify the accuracy of the obtained model.

I. INTRODUCTION

Nowadays, a. DC-DC converter is widely used as a power
supply in electronic systems. The converter incorporates
feedback control to maintain the constant output voltage.
However, changes in an input voltage and/or load current will
cause the converter's output voltage o deviate from the
desired value. If is a task of the feedback:control to correct this
error and quickly' bring the output voltage back into the
regulated level. Modeling plays a key role in revealing the
insight of the converter’s dynamic behavior as well as
providing a basis for feedback control design. In the last two
decades, there has been a continually active research on DC-
DC converters; as a consequence, several modeling methods
have been proposed [1]. Among them, the State-Space
Averaging (SSA) technique [2] is cne of the best-known
methods. It provides a systematic way to model the converter
and gains widespread acceptance. The SSA modeling consists
of threc stages: (1) Formulation of state-space equations of the
converter for each subinterval in a switching cycle, (2)
Average of these equations to get a single averaged state-space
equation, and (3) Perturbation of the averaged equation to get
a linear small-signal state-space equation, from which various
transfer functions can be determtined. Since the SSA is a
matrix-based techmique, i.e. all the steps described above are
done in a matrix form, formal matrix treatment can be applied
to facilitate the modeling process.

The SSA technique is commonly used to model the second-
order converfers such as buck, boost, and buck-boost
converters [1- 4]. Modeling of the fourth-order converters
such as Cuk and Sepic converters has also been studied (5- 7);
however, the techniques used were besed on circuit averaging
approach rather than the SSA. Like Cuk and Sepic converters,
a Zeta converter is the fourth-order converter made up of two
inductors and two capacitors and capable of working in either
step-up or step-down mode. Its dynamic characteristics,
however, have never been reparted before in the literatures.

978-1-4244-2101-5/08/$25.00 ©2008 IEEE
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This paper presents dynamic modeling of a Zeta converter
with the SSA technique. The paper is arganized as follows.
The SSA technique is reviewed in Section.Il. Modeling of the
Zeta converter with the SSA techmique is demonstrated in
Section III. Simulation results are presented in Section IV.
Section V gives a conclusion of this work.

1. OVERVIEW OF SSA TECHNIQUE

For the DC-DC converters operating in Continuous
Conduction Mode (CCM), there exist two power circuit states
within one switching period, T. One is when the MOSFET is
turned on for an interval 4T, and another is when the
MOSFET is turned off for an interval (1-d)T, where d is a duty
cycle. The state-spact equations for these two circuit states are:

{—‘-{—x-@— =A x(l)+ Bu(r) o

¥(0) = Cx(e)+ Eju(r)

{ - Q) = A, x()+ B, u(t) @
(r) - Cyx() + Eju(l)

To find the averaged behavior of the converter over one
switching period, (1) and (2) are weighed average by the duty
cyclé as:

dx(r) 0

{ A x(2) +Bou(n) 3)
y(t) Cox()+ E u(r)

where

A, =Ad+A (1-d), B, =B d+B,(1-d), C,=C,d+C,(1-0),

and E, =Ed +E,(1-d).

Equation (3) is a nonlinear continuous-time equation. It can be
linearized by small-signal- perturbation with x=X+1% ,
y=Y+§, u=U+d, and d =D+d, where the ~ symbol
represents 2:smal) sighal, and the capital letter a-DC value, it’
should be noted that X>> &, Y>>§, Us>di, and D>>d.
The perturbation yields the steady-state and linear small-signal
state-space equations in (4) and (5) respectively.

ax _ -
{E- =AX+BU=0 ( 4)
Y =CX+EU
O _ azy+ Bag) + B,d()
& 4 Q)
¥() = Cx(r) + Ed() + B, d()
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where
A=AD+A(1-D), B=BD+B,(1-D), C=CD+C,(1-D),

E=ED+E,(1-D) , B,=(A, -A)X+(B -B)U , and

E, =(C, -C,)X +(E, -E,)U.
The steady-state solution of the converter can be found by
solving (4) which gives:
X =-A"BU
) ©
Y =(-CA'B+E)0
The small-signal transfer function of the converter can be

found by applying the Laplace transform to (5). [n a matrix
form, we get:
() = [(:1 -A)'B  (s1-A)"B, ]['f(’)]
d{s) m
a(s)
a(s)
In DC-DC converters, the input variable il usually contains the
input voltage and load current. Hence, ii is express as = [u;
u;)T, the matrix B as B=[By; B,z), and the matrix E as E={E,
E,;]). Therefore,

§s) = [c(:l'- A)'B+E C(s1-A)"B,+ E‘J[

(1)
()= [m -A)'B,, (I-A)'B,; (d-A)" n,] (s

d(s)
: &) ®
$0) ={C(R-AY' B,y + By CL-AY'Bs 4By ClsI-A)'B, + By ]| i)
as) .

For the fourth-order coriverter; (s1-A) By, (Si—A)"B.z, ‘and
(s1-A)'By arc the matrices that have four rows and one
column. So the above equations can be extended into:

(

G () G 0 G,
g, (s)
G, () G, () Gt ||™
i) = "’) “') ") ()
Ow'(: G:v, sy G_(s d )
) &~ (s I0)
Gw'(s) Gﬂ’(:) G"’ (s)
#,(s)
i(s)=[Gw(:) G, (s) G..(s):l i, (s)
-;(s)
where

G )l - A B 1, 6, =G =A) B )L, ()=l -a) B,
e e a-a B 5, 6, () = le1-A) B, 1, 0, (e l61-0) 7B, 1,
G, @) elet- o's 0, o, () =k~ PV SRR G, () ~ia- PO N
e W =t-A)B,1,, 0, 0)-ki-A) B, 0, )=IE-a) B,
6 ()= Cld -A)")_l +2,, G_(s)= O -A)"n‘ +2, wd

6, )= Ca-A)'D, +E,
" IIL. MODELING OF A ZETA CONVERTER B SSA TEGHNIQUE

A Zeta converter shown in Fig. 1(a) is made up of the
MOSFET switch (Q), diode (D), two inductors (L; and L,),
and two capacitors (C, and C,). The resistor R is a standing
load, while r¢; and re; are Equivalent Series Resistances
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(BSR) of the capacitors C, and C; respectively. The current
source, I;, models the load current.

In CCM, the converter exhibits two circuit states. The first
state is when the MOSFET switch is turned on (Fig. 1(b)).
During this imterval (dT), the currents through L, and L, are
supplied by V,, aid hence ir; and i, increase linearly as
shown jn Fig. 2. This interval is called the charging mode. The
second state exists when the MOSFET switch is turned off
(Pig. 1(c)). During this interval ((1-6)T), L, and L; relesse the
stored energy to C; and the output section. Thus, i; and i,
decrease linearly as shown in Fig. 2. This interval is known as
the discharging mode.

Q S o [ Ry

. . +C, +
Ve 11 D s RV, 1
i -
() Zeta converter.
S bl
N T
Ve h @ RiVe @Y
iy |
{(b) Zeta converter when MOSFET is tamed on.
- G g b L,
i T v W
! ; . + 1
Vsé L R Vo ‘®L
{ J T2 -
| Ity
(c) Zeta conventer when MOSFET is turned off.
Fig. 1. Operation of Zeta converter.
iy by
I w551
N ™ B gk (P 7l
P .
o [FT[Can T T o [@TO-DTIT b33
(a) iy waveform (b) 12 waveform

Fig. 2. Current waveforms.
A. State-Space Description
Following (1) and (2), the state-space equations of the Zeta
converter for the on and off states of the switch can be written
from Fig. 1(b) and (c) respectively, given:

331'&- %‘-(5-1)4“’11&(5-:)4»{'-5

ﬂT;i- i‘(’a‘*f}_’i&‘)‘u +%5—~1—1—(7:—+-)—z)—v,, ’%5"},—(::1—1)'1’
Se-ga-n-s ' 10
ﬂ;f"c,(r:m)"" c,(r‘:'fx)'ﬂ C,(r:+R)l’

yuliR, R, _Tak,

'grc.#k“"‘raf'Rv"-fa*-R

It should be noted that the equations are expressed in a
compact form using the switching function, 5. When the
switch is on, 8 =1, (10) will then become the on-state equation.
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‘When the switch is off, & =0, (10) will then become the off-
state equation. From (4) and (5), the averaged matrices for the
steady-state equations and the linear small-signal state-space
equations are:

[Zag.py o aepy 0]

L D
0 -_l(,mp+_'czx_) L

A=AD+A(-D)=| D2 ezt R L
! -D
Lo-p =2 0
Fu-n ZF

o R 6 -

L Gl +B) Gy + Ry

— =R
L +R)

0

an

B=B,D+B,(1-D)= 12

€=CD+C,0-D)=

13

(14)

E=ED+E,(0-D)={0 —'—'ﬂ—]

(-D),
Rirgylz — V)
L,XDrey + RO - D)}
~DV,, ~ RI,(1- D)

[Drey +R(1- D)X - DYG,

L & .

Ep = () ~Cp)X +(E, -E;)U =[0]
B. Steady-State Equations

Given the averaged matrices (11) to (16), the steady-state
solution of the converter can be obtained from (6):

By = (A - A)X+(By -B,)U= (15)

(16

o N
R@1-D)
Tn 1 1-D
Y . B S [",]
Voo | 1D+ RO-D) I, an
L% ' “Ta
i - ra
_ (Vg = e DR
®  Dr, +R(-D)

If rc; and rc; are assumed to be zero, the conversion ratio of

|4
the Zota converter will become =1—93,whiehisme
T 1-
same as Cuk and Sepic converters.
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C. Linear Small-Signal State-Space Equations

Given the averaged matrices (11) to (16), the lincar small-
signal state-space equations of the Zeta converter can be
formulated as given in (5):

Tag.py 0 gm0
] L
i, - ;o
: o Lo poaly 22 |-
EARTY L TR L LU B ([ 1@
— - *
Fra® | (L, H 2, a®
%00 4 q S ()
0 3 -1
- G0y + B) Gyl *R)
2, N .
L 0= D),
D __ta? Rlesls =¥ 30
(s s X) (Dr + RO - D) .
Lﬁ 5 (1] L’ Q i’ {l) (1 8)
-ov, -R1,G-D) [ .
[] [ —t ||
(Dr,, +RG - D) - DIC,
0 =X [
- Gl + B J
W -
R IR0 - R .
s = [o Sl R ] _“( |, [o e n:l Lo | 19
~ TR I+t R}V, () T+ R it
a9 T
D_Finding Transfer Functoins

From (9), there are altogether fifleen transfer fimctions that
can be determined from (18) and (19). However, only a few of
them are significant for feedback control design purpose.
These transfer fimctions are:

The duty ratio-to-output voltage transfer function
Gpls) = %) _ o -a)'B, +E,

d(s)

R (a5’ +B8+c)d,s+1) 20)
 Q-DN(Dr, +0-DWR gy’ 4b,5" 4oy’ +dysve,

The input voltage-to-output voltage transfer function

v,(s)
G, ()= =

V‘S

=C(s1-A) 'By +E

T (a)s’ +Bs+&Xdls + 1), @

4 3 2
as +bs +c5 +ds+te,
The cutput impedance transfer function

v.(s)

G = .’(
t(s

. 3 ”. 2 3
a’s +bs +c's +dle e

=CWl-A)"B, +Ey

=-R 4 3 2 (22)
as +bs +es +ds+e,

The coefficients in (20) to (22) are listed in TABLE L.

o
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TABLE]
COBFFICIENTS OF Gas), Go(S), AND Gu(5).

1c2?

2
4=, <1 1, )0 -DIRLC,, ¢ = (¥, ~r, L, X1-D) R, 4, = Cyy

b, =[CR (1~ D) ~L,D W, -(LD+ Cr, (1= DY(1- DRI, .

& =LC, b =C0-D),c=1-D,d =Cg,.

11? (108}

a’ =LCLCyr

\Cilers b’" =LC(L +r,r CD)+r r CLC (1-D),

€1¢a" 2

)
2
cr” =5, 4,C,0-D) +r,CL, + 1, v, CCDXI ~ D) + LD C, +1,C,D),

& =1,0-0) +1D" s (r,C, +7,C,),D0-D), ¢ =1, DO~D).

8, = R4rLCLC,, e =[0-D)R+Dr J(1- D),

b, =(r, + R = D)1, CL,C,

Gt et ]

+LCIL, + R C, +(R+1 ), C.D),
. 2
e, =L, C,(R+r X1-D)+7 CL +CCr. r . D+CCRr +

CC,R D)L= D) +[(R+ D, )C,+ (Rer,)C,D' 1L, ,

4, =[(r,RC, + L)1 - D)+ (r,, + R), C,D+ (R+ 7 D), C,X1-D)+ LD".

G (a1

IV. SIMULATION RESULTS

Fig. 3 shows Bode plots of Ga(s) in (20), Gw(s) in (21), and
G.(8) in (22) generated with MATLAB. To plet these transfer
functions, the following converter parameters are used:
L=100yH, Ci=100uF, rc=0.19Q, L~55uH, Cy=200,F;
1=0.095Q; V=15V, Vg=5V, 120, and R=1Q. All the three
transfer functionis have the same four complex poles: p;2=(
2.5234+9.4385{)x10° and p;.=( 1.7028+7.0112i)x10”. Gou(s)
has one real and two complex zeros: z= 5.2632x10' and
Zp3=( 0.030120.8655()x10°. G,(s) has one real and two
complex zeros: z= 5.2632x10* and 233~
0.0717+0.86301)x10%. G.(s) has two real and two complex
zeros:  zp= 52632x10%,  zy= 0.0969x10°, and  z.=(
0.0670+0.8193)x10".

Fig. 4(a) shows®a start-up transient of the converter
simulated with MATLAB using (18) and (19). The output
voltage is settled to about 5V, approximately 4ms after Vi was
applied. This result agrees well with the PSPICE simulation
result of the Zeta converter using an ideal switch shown in Fig.
4¢b), confirming the accuracy of the derived model.

1

| T Tt 50 0

i
0 :. ~~~~~
2 3
LB ;
é.u.
0|
i
tw
i
0,
1 (. i i
10 0’ s W w* 1w
Fioquency (ndisec)

Fig. 3. Frequency responses of Gu(s), Gin{s), and Gafs).
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V. CONCLUSION

In this paper, dynamic modeling of a Zeta converter has
been performed with the State-Space Averaging (SSA)
technique. Theresults yield an insight into the steady-state and
small-signal dynamic properties of the converter as shown by
(17), (18), and (19) respectively. To provide a basis for
feedback control design, three relevant transfer functions
(Gau(s), Guu(s), and G (s)) were derived and their Bode plots
presented. Finally, simulation results are given to validate the
small-signal dynamic model of the Zeta converter.
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Dynamic Modeling and Control of a Zeta Converter

E. Vuthchhay', C. Bunlaksananusorn', and H. Hirata®

! Faculty of Enginecring, King Mongkut’s Institute of Technology Ladkrabang (KMITL), Bangkok 10520, Thailand
? Department of Applied Computer Engineering, Tokai University, Kanagawa 259-1292, Japan

Abstract— A Zeta converter Is a fourth-order de-de converter
made up of two inductors and two capacitors and capable of
operating in either step-up or step-down mode. Compared with
other converters in the same class, such as Cuk and. Sepic

converters, the Zeta converter has received the least attention,

and more importantly, its dynamic modeling and centrol have
never been reported before in the literature. This paper presents
dynamic modeling and control of a Zeta converter. The State-
Space Averaging (SSA) technique is applied to find small-signal
linear dynamic madel of the converter, whereby various transfer
functions of the converter can be determined. Based on the
controi-to-output transfer function, the compensator in PWM
feedback loop can be designed to regulate the output voltage,
Simulation results show- that the converter exhibits good
performance during a start-up and step load change.

1.  INTRODUCTION

Nowadays, a dc-dc converter is widely used as a- power
supply in electronic systems. The converter incorporates
feédback control to regulate its output voltag,e However, the
changes in an input voltage and/or load current will cause the
converter's output voltage to deviate from the desired value, It
is a task of the feedback control to correct this error and
quickly bring the output voltage back into the regulated level.
Modeling plays a key role in revealing the insight of the
converter’s dynamic behavior as well as providing a basis for
feedback control design. In the last two decades, there has
been a continually active research on de-dc converters; as a
consequence, several modeling methods have been proposed
[1]. Among them, State-Space Averaging (SSA) technique [2]
is one of the best-known methods. It provides a systematic
way to model the converter and has gained widespread
acceptance. The SSA modeling technique consists of three
stages: (1) Formulation of the state-space equations of the

converter for cach subinterval in a switching. cycle, (2).

Avcrage of these cquations to get a single averaged state-
space cquation, and (3) Perturbation of the averaged .cquation
to get a linear small-signal state-space equation, from which
various transfer functions of the converter can be determined.
Since the SSA is a matrix-based technique, i.e. all the steps
above are carried out in a matrix form, formal matrix
treatment can be applied to facilitate the modeling process.
The SSA technique was commonly used to model the
sccond-order converters such as buck, boost, and buck-boost
converters [2-4). The modeling of the fourth-order converters
such as Cuk and Sepic converters has also been studied [S-7];
however, the used techniques were based on circuit averaging.
Like Cuk and Scpic convcrters, a Zeta converter is the fourth-
order converter made up of two inductors and two capacitors

978-1-4244-2336-1/08/5$25.00 © 2008 IEEE
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and capable of working in cither step-up or step-down mode.
So far, the dynamic modeling and control of the Zeta
converter have.never been reported before in the literature.

This paper. therefore, presents dynamic modeling and control
of a Zeta converter. The SSA technique [2] is applied to find
small-signal linear dynamic model of the converter, whereby
the various transfer functions of the converter can be
determined. Of these, the control-to-output transfer function is
used for feedback control design. This transfer function has
two pairs of the complex poles on the left half plane and a
pair of the complex zeros which can locate either on the left
or right half plane, depending on the circuit parameters. The
Right-Half-Plane (RHP) zcros arc undesirable because they
cause cxtra 360 degrees phasc-lag to the control-to-output
transfer function. In this paper, the condition to avoid the
RHP zeros.is established. Finally, based on the control-to-
output transfer function, the compensator in PWM feedback
loop is designed to regulate an' ouitput voltage of the converter.

1. OVERVIEWOF SSA TECHNIQUE

For dc-dc converters operating in Continuous Conduction
Mede (CCM), there exist two circuit states within one
switching period, T. One is when the MOSFET is turned on
for an interval dT, and another is when the MOSFET is turned
off for an interval (1-d)T, where d is a duty cycle. The state-
space equations for these two circuit states are represented by:

dx(1)
{ " =A x(t)+B u(t) @)
¥(1) = C,x(1) + Eu(r)

m (VA LX(N+B,u(0) @
y(l) =C,x(f) + Eju(n)
To find the averaged behavior of the converter over one
switching period, (1) and-(2) are weighed average by the duty
cycle:
dx(r)

o =Ax()+B su(l) @)
¥(t) = Cyx(1)+Egu(t)
where.

A,=Ad+A(I-d), B, =B d+B (1-d), C,=Cd+C,{I-d),
and E, =E,d+E,(I-d).

Equation (3) is a noulinear continuous-time equation. It can
be lincarized by small-signal perturbation with x=X+%,

y=Y+%,u=U+ii, and d=D+d , where the ~ symbol
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represents a small signal value and the capital letter a dc value.

It should be noted that X>>%X, Y>>§, U>>t, and

D>>d. The perturbation yields the steady-state and linear
small-signal state-space equations in (4) and (5) respectively.

ax -
{dl =AX+BU=0 @
Y=CX+EU

dx(0)

—-——-Ax(l)+Bu(l)+B d )

y(t) Cx(l)+Eu(r)+Edd(t)
where
A=AD+A,(1-D), B=BD+B,(1-D) . C=C,D+C,(-D),

E=E,D+E,(1-D) , B =(A -A)X+(B -B)U , and

E, =(C, -C)X+(E, -E,)U.

The steady-statc solution of thc converter can be found by
solving (4), which gives:

X=-A"BU

{Y ~(-CA'B+E)U ©
The small-signal transfer function of the converter can be
found by applying the Laplace transform to (5). In a matrix
form, we get:

i(s):[(sh A'B (sl—A)"B ][3?;]

. . : (:) (@]
) =[ec1-a) B+E Csi-A)'B, +E, | &
In the de-dc converters, the input variable @ usually contains
the input voltage and load current. Hence; @ is express as fi=
lu#; usf7, the matrix B as B=[B,; By;], and the mawix E as
E=|E,; Eu}. Therefore, (7) becomes:
i)
s -[(-4)"8, 1-4)7B, (:l-A)"B‘:{li,(:)J
a(s)
B}
)= [Csl-A"B, B, Cls3-A)'By+E,; Clst-AY s.-s,{u,(:):
d(s)
For the fourth-order converter, (sI-A) By, (sI—A)"B.z, and
(s1-A) "B, arc the matrices that have four rows and one
column. So, (8) can be expanded into:

G'i.(") G"l (s) G‘;‘(’) B,
Gy (9) Gy (o) Gy (0 || 50
G..,(x)' G, () G, (%)

() G, () G, ()

®

x(s)=
(&)

i (s)
=[G () G0 G 19)]] 400
i d(s)

where

O, ()=((1-A)"B ), Gy (D=[(A-A)"B, ]y, Gy () =[(1-4)"B, ]y,
Oy, (D=I01-4) "B, 1y, Oy () =[(1-4) "By Ly, O, (=101~ A)'B, 1y,
G, ()= [6G1-AY "B, )y, G,y () =[(1~A) ' By Ly, Oy ()= (1-A)'B,),,,
G, (= [1-A"' B, 1y O, ()=161-A) "B, 1, G, ()=[(4-4)"B, ],
0,,(5)=C:1-A) "B, +£,,, G, ()= C(s1-A) "B, +E_,, and

G, (5)=Clst-A) "B, +E,
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ill. MODELING OF A ZETA CONVERTER BY SSA TECHNIQUE

A Zeta converter is shown in Fig. 1(a). It is comprised of
the MOSFET switch (Q), diode (D), two capacitors (C, and
C,), and two inductors (L, and L,). The resistor, R, represents
a standing load, and the current source, 1;, models the load
current. The resistors, rc1, Iz, Ly, and 1y, are an equivalent
serics resistance of the capacitors and inductors respectively.
Their values are usually very small, compared to R. In the
ideal converter, these equivalent series resistance will be zero.

In CCM, the converter exhibits two circuit states. The first
state is when the MOSFET switch is tumed on (Fig. 1(b)).
During +this interval (dT), the inductors L; and L; are in a
charging phase, and hence i, and iy, increase lincarly as
shown inx Fig. 2. The sccond state is when the: MOSFET
switch is rned off (Fig. 1(c)). During this interval ((I-d)T),
L; and L, are in a- discharging phase; L, discharges the stored
energy to C;, and L, discharges the stored energy to output
section. Thus, iy and iy, decrease linearly as shown in Fig. 2.

The output voltage, Vy, is a dc voltage that contains small
tipple due to the switching action. For the ideal Zeta converter,
the relationship between Vg and V, is given by:

Vo D

M S 5 10)

where M is a voltage conversion ratio. It can be seen that Vy.
could be larger or smaller than V,, depending on the duty
cycle. From Fig. 2., the averaged inductor currents, Iy, and Ia,
must be greater thap one-half of their ripple components, Aipy

and’ Aiys, for the circoit to remain in CCM [8].-It cag be
shown that for CCM operation 1, and L; must satisfy the
following conditions:

- D)’ i JJa D
frs) U+ R an
>4 D’R( +ﬁl)
2f/ R
ﬁl Ter iu’f‘-_g‘ T
y
L TC + .
v 3D Vo(R @1
B fl-l 2 s Z
hy
(a) Zeta converter.
I R
iy I
v L‘ ==C2 + ()
L 7 I
(3 W ey 3 R z
i |

(b) Zeta converter when MOSFET is turned on.

Gy
-l:wv—

iy Ly 1y
NN

==C2 -

(c) Zeta converter when MOSFET is tumed off.
Fig. 1. Operation of Zota converter,
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A.  State-Space Description

The state-space equations of the Zeta converter for the on
and off states of the switch can be written from Fig. 1(b) and
(c) respectively, which is given in (12):

| 4
By, B0 sae s

L L 11 L
o, -1 R 7R
paid = St - Yo, ot 7
N L T R w2 (12)
d‘J.-.u(‘ 5)-.‘15
@ "G, <
&g ! R__,
‘{' C(’c:"R)u Gl +R) ? Cla=-R)*
.R R R
-_.f'__ -l
Yo r,,d-Rl" [ -—Rv" rczoRI'

Note that the equations are expressed in a compact form using
the switching function, 5. When the switch is om, § ~1, (12)
will become the on-state equation. When the switch is off, &
=0, (12) will become the off-state equation.

The averaged matrices for the steady-state and the linear
‘small-signal state-space equatlons can be 'written according to
(4) and (5). .

(v]

-_rg(l-D)+r“ 0 1=

B 12000
0 (i 3R Drq+n)+rR D -R
A=l D Lz(',?j‘z"R) L L(+R) (13)
= 84 0 0
G G
0 __BRA 4 (2ilish
L Cylr2=R) Gy ~R)
(D
L0
D rQR
B=i L, Ly(r,+R) (14)
0 0
—R
Cy(rey +R)
1R raR
Iaf i Lor oA
c- [0 e +R 0 ra+R] as)
~raR
E=| [0 #ﬁ] 16)

IL‘I[V,[(]'D)(R""Lz)"’D"m]‘lzD"uR]

Ly 0,0+ BX-D) e 0-D)+ DudRl] |y
a-0) iov, < riz0-Dy
0
E,=[0] (18)

B.  Steady-State Equations

Given the averaged matrices from (13) to (18), the steady-
state solution of the converter can be obtained from (6):
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b 1
R(1-D)
Iy l L
Al L Mo [H 1
)
’;cz 1+-—‘E*- ;;M ~(ra t=p) z 19
1 —(ra l“'nM‘"uﬁ)
Vo=tV - Ly(ra + ruM +1p, ﬁ)]M'I
where fl=-T'rl—r- and M=1—Db'.
n4ia uast -
1+ R +RAI+R‘V

Notice that if rey, req, rLi, and £, are assumed to be zcero, the
output equation in (19) will be reduced to M=V,,/V,=D/(1-D),
the same as the expression for the ideal converter in (10).

C. Linear Small-Signal State-Space Equations

Given the averaged matrices (13) to (18), the linear small-
signal state-space equations of the Zeta converter can be
formulated in according with (5):

._Og..u.’.ﬂl 0 - !-TD 1)
in® l o rn+R)(Dr!J +n 4R D _R i:u(’) |
Al Llg+R) L TR pia0 |,
W | 11D D b o [R®
w0 G G (N0
: R [ P
: Glre +R) Cliy+ B
' ‘¥ J0- DXR+13)4 Dra)=1, D7, R) )
L T T T ULRG-DE - (20)
; D rgR AVt R - D) -1 R 0-D)s Dryli s ©
L Tia*R) LRA-DY :’:(l)
° o —ADV, +RI,0-D)) 0
GRO-D)
[/ 0
Cloa+R

) 20)
r-R % il -, A
Feal?)

D.  Finding Transfer Functions
Referring to (9), fifteen transfer functions can be
determined from (20). However, only a few of them are useful
for feedback control design. These transfer functions are:
The duty ratio-to-output voltage transfer function
Gols =‘Y§((—")1=C(sl -AY'B,+E,
S,
1__(a5' #8854+, )dus +1) en
Q-D) ‘as'+bs’+est+dste
The input voltage-to-output voltage transfer function
G =30%= C(s1-A)'B,, +E,,
l
(@,57+b s+c Xd s+]) (22)
=DR as'+bs’ +cs’ +ds +e
The output impedance transfer finction

G, (s)= (()) =CGI1-A)'B, +E,,
=_ZR(_.L+_’_’.:-'_“¢)(_".&‘ @3

as' +bs’ +es? +ds+e
The coefficients in (21) to (23) are listed in TABLE L.
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TABLE [
COEFFICIENTS OF Gau(s), Gr(s), AND Gn(s).

ay = LOJF, (1~ DXR +1,)~ I, R{(1- D)rey 4 Dry, ),
ba ==Y, (LD ~C,(1- DXR+ 1, (1~ Diry + 1,1}
-1, RULD(1- D)+ rAG(1- DY # 7, Gl +ryD - D)),

a2V (= D) (R4 13) =Dy, \-1, RA-DN2Dry 4170 (1-DY), g =Gyt
d, =Cilay by =Gl +10 (- D)}, &uzl=D, dp =Cyreye
9, = LLGGrcs, ¢n =i D(-D)+ 1, D* + r5(1-DY,

by, = LG(L; 4 D1y Cy) 4 (1 - DYreyrca LLGT, # Ly + Ly )i GGy
Cp = 3= DO ~DWeryCy + R Gl 4 Do Ca# Fea?ir o))+ L DN, Gy #7n )
e GlraD +rp) 4yl 403},

d,, a L,D* +(1-D)(1 ~ DXL, #7530, Cy) + Doy (e Gy 4 72C) 473G

+1{Grg +GDrgy 41, 0°C,).

o= LOLGIR 1y, ex(l DY(R4r) brgDOV--Dy i, D,

be LGl +1CRY+ GR 4 Mrea G0~ DY+ D uCy + Calriply #7 L))

| =0 D) - DY s (Drey #ra G )es + RYG 410G (e Ca R4 1))

1Cylrey ¢ ONLD® +(Drgy 4 1)y G 1+ Clly(Dry 1 RY 41 Ly 4 1yaly 4 7yrn GRI
Al D + Q- DY Ly + 1R +£,,Co R #1p)]+[a (1= D) 4 7, DY R # 7, )DC,

HQ =~ DYy 41, Mz + Dry + NG

Iv. PWM FEEDBACK CONTROL

A. Description of PWM Feedback Control

Fig. 3 (a) shows feedback control of a Zeta converter with
PWM technique. The output voltage, vo, is fed back and
compared with the reference voltage, V . The resulting error
voltage is_processed by a controlier, G(s), which produces

the control voltage, ve. to compare with the sawtooth voltage,

Vaw, at the PWM comparator. As shown in Fig. 3 (b), the
MOSFET is turncd on when vcis Iarger than Ve, and turricd
off when v¢ is smaller than v,,.. If vo is changed, feedback
control will respond by adjusting v and the duty cycle of the
MOSFET until vq is again equal t0 V.

Fig. 4 shows a small-signal block diagram of the converter
in Fig. 3 (a) The power stage is represented by the three
transfer functions: Gy (s), Gw(s), and G, (s) derived earlier.
The transfer function of the PWM comparator can be derived
from the wavc!‘orm in Fig. 3 (b). It is given by:

24 VL)
u= Ve(s ) VM
where V) is an amplitude of the sawtooth voltage. G(s) is a
controller or compensator. From Fig. 4, the open loop transfer
function is defined as:

T(s)=G(s)Gav(s)Fm 25)

Given Gg(s) in (21) and Fy in (24), we can design. the
compensator Gc(s) by appropriately selecting its poles and
zeros so that (25) has high dc gain and reasonable crossover
frequency, while possessing sufficicnt amount of phase
margin [1].

Before proceeding to design the compensator, it is
worthwhile to firstly examine the transfer function Gg(s) in
(21), which has three zeros and four poles. It can be proved by
the Routh-Hurwitz criterion [9] that all the poles of Gg(s) are
located on the Ieft half plane. The das+! term on the
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Plane (RHP) zeros. The RHP zeros are undesirable because
they contributc additional 360 degrees phasc-lag to Gus),
making feedback loop compensation very difficult, The LHP
zeros from the quadratic term are given by:

=by, i,’b},—4ad,c,,
- 5 0 (26)
o
It can be proved that (26) yields only a complex conjugate,

not real number. Hence, to avoid the RHP zeros, the
following conditions must be satisfied:

bi, <daycs,
{bw >0 @n

where
Ay, =LGV,(1-DXR +1y,)s €4 =V, [(1-D)}(R+1,,)~D?ry)s
and b, =-V, lL,D’ -GQ- D)(R+ru)[(1 Dyrey +ry 1.

. & R
H Powct Stay

H Q 91 o g L: T gc

i —i dibl :
E Ll ::C2 “

A 3D . Yoz R

i LT < =

H \ iy

L X R

0;dr | T 2T 3T
®)

Fig. 3 (a) Zeta converter with PWM feedback control
(b) Waveforms of PWM comparator.

Fig. 4. Swall-signal block diagram of Zeta converter with

numerator always gives the Left-Half-Plane (LHP) zero since PWM feedback control.
dy, is positive. Howcver, there is a possnblhty that the
quadratic term, aus +bM+c,h can yicld a pair of Right-Half-
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B. Feedhack Loop Compensation

The compensator design is illustrated with the Zeta
converter whose circuit parameters are as shown in Table II.
It should be noted that thesc paramcters satisfy both the
condition for CCM in (11) and the condition for LHP zeros in
(27). Since both the input voltage and load current can vary,
the design is performed for the worst case condition, which
occurs when Vg = 15V and R = 1Q. Substituting the relevant
parameters from TABLE IT into (21) and (24), the product
Tu(s)=FuGa.(s) can be found:

T (S)_l .648x10*5* +8.774x10s* +1.758x10" s+ 6.505x1 0" %)
YT 51 484525 +1.647x10%s? + 5.878x10" ¢ + 4.969x10°

A Pl compensator shown in Fig. 5 has been selected to

compensate Ty(s) in (29). Its transfer function is given by:

Ge)= 2 ";o (E‘:u) @9)

where @, = —= " .
° R,C R,C,
The pole at the origin helps increase the low frequency gain
of the open-loop transfer function, T(s). The zero, @z and
gain, wg, can be tuned to give T(s) the desirable crossover
frequency and phase margin respectively.
The design objective here is to achieve T(s) with the
crossover frequency of [0kHz and phasc margin of more than
45 degrecs. To achieve this, the zero of Ge(s) has been set at
w,;~3x10%ad/s and the gain at w,~8.65x10° rad/s. Based on
these valucs, PI compensator’s component values are
calculated, getting: R,=15KQ, R;=43KQ, and C,=4.7nF.
Substitution of the component values into (30) gives:
8.65x10°( s
~Gc(‘>"—s—(m“)
Fig. 6 shows the bode plots of Ge(s) (dotted line), Tu(s)
(dashed linc), and T(s) (solid linc). It can be seen that T(s) has
the phase margin of 53 degrees and crossover frequency of
10KHz, meeting the design objective.

and @, =

(30)

Fig. 5. Pl compensator.

TABLE Nl
CONVERTER PARAMETERS.
Circuit Parameters Values
v, 15-20v
Vo 5v
R 1-50
G 100pF
C, 200pF
T 0.19Q
Ia 0.095Q
Ly 100uH
Ly 55 H
wm 1mQ
na 0.55mQ
Iz 0
'M 1.3v
T=1/f 10us
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Fig. 6. Bode Plots of Ge(s), Tu(s), and T(s).

V. RESULTS

A SIMULINK model of a PWM controlled Zeta converter
is depicted in Fig. 7. The lincar small-signal statc-space
equations in (20), Fu in (24), and Ge(s) in (30) are inputted
into the power stage, PWM comparator, and compensator
blocks respectively. The mux block combines three input
signals (Vy, Iz, and d) into vector form for using in the power
stage block.

Fig. 8 shows the simulated output voltage stan-up transient.
The output voltage settles to 5V after about 160ps, with the
maximum voltage overshoot of 6.3V. Fig. 9 shows the
simulated output voltage response, when-the load current is

“"switched back and forth between 1A.and 3A The maxifhum
voltage drap/raise during the transient is around 028V, The
feedback control is able to keep the output voltage at 5V after
the transient which lasts about 100s.

V1. CONCLUSION

In this paper, dynamic modcling and coatrol of a Zeta
converter have been presented. The State-Space Averaging
(SSA) technique was applied to find the small-signal linear
dynamic model of the converter (cquation (20)), from which
the transfer functions Guu(s) in (21), Gw(s) in (22), and G,(s)
in (23) were derived. Gy, (s) was particularly important for
feedback control design. The quadratic term on the numerator
of Gau(s) could yicld the RHP zeros and; to prevent this, the
condition in (27) was establish. Based on Gafs), the
compensator in PWM feedback loop was designed to regulate
the output voltage. Sitmlation results show that the converter
exhibited good performance during a start-up and step load
change.

max H x"=Ax-BuiB,d

Power Stage

Yo

Fig. 7. SIMULINK model of Zeta converier with PWM feedback control.
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Modeling of a SEPIC Converter for Feedback Control Design

E. Vuthchhay, V. Watti, and C. Bunlaksananusorn
Faculty of Engineering, King Mongkut’s Institute of Technology Ladkrabang (KMITL), Bangkok 10520, Thailand

Abstract

A SEPIC (Single-Ended Primary Inductor
Converter) DC-DC converter is capable of operating in
either step-up or step-down mode and widely used in
battery-operated équipment..Recently, modeling of the
SEPIC converter has .been performed by replacing the

rnonlinear switches (i.e. MOSFET -and diode) with the’

PWM switch model [1, 2] and by averaged switch model
[3]- This paper presents an alternative method to model
the SEPIC converter using the State-Space Averaging
(SSA) technique. The modeling leads to a small-signal
linear model of the converter, from which the transfer
functions used for feedback control design can be
determined. Simulation results are presented to verify the
accuracy of the obtained model.

1. Introduction,

Nowadays the use of a DC-DC converter is
widespread in modemn portable electronic cquipment and
systems. In battery-operated portable devices, when not
connected to the AC mains, the battery provides an input
voltage to the converter, which then converts it into the
output voltage suitable for use by the electronic load.
The battery voltage can vary over a wide range,
depending on a charge level. At the low charge level, it
may drop below the load voltage. Hence, o continue
supplying the constant load voltage over the entire
battery voltage range, the conveiter must be able to work
in both buck and boost modes. The DC-DC converters
that meet this operational requirement are Buck-boost,
Cuk, and SEPIC converters. However, the Buck-boost
and Cuk converters, in their basic form, produce the
output voltage, whose polarity is reversed from the input
voltage. The problem can'be. corrected by incorporating
an isolation transformer into the circuits, but this will
inevitably lead to the increased size and cost of the
converters. On the other hands, the SEPIC (Single-
Ended Primary Inductor Converter) converter is capable
of operating in both step-up and step-down modes and
does not suffer from the polarity reversal problem. It is
therefore attractive for the aforementioned application.

The SEPIC converter consists of an active
power switch, a diode, two inductors, and two capacitors
and is thus a fourth-order nonlinear system. Feedback
control is usually incorporated into the converter's
circuit to regulate its output voltage, typically by means
of Pulse Width Modulation PWM). To facilitate the
feedback controller design or system stability analysis,
the linear model of the converter is needed. Recently,
modeling of the SEPIC converter has been carried out by
some rescarchers. The linear converter models were
found by substitution of the power switch and diode of

The 31* Ekctrical Englacering Conference (EECON-31)

the converter by the so called small-signal PWM switch
model [1, 2] and small-signal averaged switch model 3,
4] respectively. The resulting linear equivalent circuits of

-the SEPIC converter, however, appeared to be rather

comphcatcd Much effort-had to be spent to manipulate
and analyze the circuit to find the transfer function of
this iriterest. This papet presents modeling of a SEFIC
converter with the State-Space Averaging (SSA)
technique [4, 5). Unlike the PWM and averaged switch
model methods, the SSA technique is performed via
matrix; hence formal matrix treatment can be applied to
facilitate the modeling process. The objective of this
paper is to show that the SSA technique is an effective
tool to model the SEPIC converter.

2. Overview of SSA Technique
For DC-DC converters operating in Continuous
Conduction Mode (CCM), there exist two circuit states

-within one swiiching périod, T. One is when the

MOSFET is tutned on for an iriterval dT, and enother is

‘when the MOSFET is turned off for an interval (1-d)T,

where d is a duty cycle. The state-space equations for
these two circuit states are represented by:

{:XTE') = Alx(t) + Blu(t)
() =C,x(n+E,u(r)

{i"‘(ﬁ =A,x(r)+B,u(f) ')
70 = C,x()+ Byu(r)

To find the averaged behavior of the converter over one
switching period, (1) and (2) are weighed average by the
duty cycle:

M

{d:’(:) $X(1) + Bgu(n) 3

_y(t) = Cx(#)+ Equ(r)

where

A,=Ad+A (I-d), B, =B d+B (1-d), C,=Cd+C,Q-d),

and B, =B d+E,(1-d).

Equation (3) is a nonlinear continuous-time equation. It

can be linearized by small-signal perturbation

withx=X+%, y=Y+y, u=U+ii, and d=D+d,

where the ~ symbol represents a small signal value and

the capital letter a dc value. It should be noted that
X>>%, Y>>y, U>u, and D?>3. The

perturbation yields the steady-state and linear smali-

signal state-space equations in (4) and (5) respectively.
ax _ =

{Ti? =AX+BU=0 4)
Y=CX+EU
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{di( ) = AX(s) + Bi(r) + B, d(t) ®
() =Cx()+Ea()+E d(r)

where

A=A D+A,(1-D), B=B D+B,(I-D), C=C,D+C,(i-D),
E=TF,D+E,(-D), B,=(A,~A,)X+(B,-B,)U, and

E =G -G)X+(F-E)U.
The steady-state solution of the converter can be found
by solving (4), which gives:
=-A"BU ©
=(-CA”B+E)U :
The small-signal transfer function of the converter can
be found by applying the Laplace transform to (5). Ina
matrix form, we get:

30=[1-47"B 1-a)", ]['im]

= i(s)
§)=[ce1-AY'B+E  C(sd-A)"'B,+E ][d( )]

In the DC-DC converters, the input variable @ usually
contains the mput voltage and load current. Hence, Ui is
express as = [1; u;]", the matrix B as B=[By; Ba], and
the matrix E as E—[E., Ey]. Therefore, (7) becomes:

)
to=[(@1-AyBy (T-AT'By (1-A)B, u,(,:)}
d(s)

®

(s)
§e)=[ ClA-AT "By +Ey Cll-A)'By+By O(I-AJ'B, +1q,{ul (s)j}
d(s)
For the fourth-order converter, (sl—A)" By, (GI-A) B,
and (sI-A)” By are the matrices that have four rows and
one column. So, (8) can be expanded into:

[ 4 ((:) o4 ((s )) Oa ((’) i (s)

. G, (s) G, () Gy (5) |12

=16 () 66 G‘: ) 3,((:))

‘ G, () G, () G, ()]~ ©
,(s)

§()=[6,, 5 G, () G, )| &) |

| ‘ d(:)

where

0‘ (z)=[{sI- A) B.. ‘,,O‘ (t)'[(ﬂ—A) n_,],,c" (3)-[(:I—A') B‘ L

8, ()6E-AY n.],,,o ()=lI-A) n_,],l,a ()={(I-A) B.},,,
o {00 By, Oy (=(61-A) By, O, (=16T-A' By,
Gy (')'l('!-A)‘ i s 2 O, ()= {(1-4)"B, 2 o> o, (e)=[(s3-A)" B.L,,
G (s)-C(d—A)lB_,J-l_.,O,(r)-C(.l AY' By +E,, nd

Q,, (6)=CGT-A)"' B, +E, .

3. Modeling of a SEPIC converter by SSA
Technique

A SEPIC converter is shown in Fig. 1(a). It is
comprised of the MOSFET switch (Q), diode (D), two
capacitors (C; and C;), and two inductors (L and L,).
The resistor, R, represents a standing load, and the
current source, Iz, models the load current. The resistors,
Tcn Toze Tws and 1z, are an equivalent series resistance of
the capacitors and inductors respectively. Their values
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are usually very small compared to R. In the ideal
converter, these equivalent series resistance are zero. In
CCM, the converter exhibits two circuit states. The first
state is when the MOSFET switch is tumed on (Fig.
1(®)). During this interval (dT), L; is charged by the
source, V,, and L, by the capacitor C,. Hence iy and i,
ncrease linearly as shown in Fig. 2. The second state is
when the MOSFET switch is turned -off (Fig. 1(c)).
During this interval ((1-d)T), L, and L, are in a
discharging phase; L, and L, release the stored energy to
the capacitors and load respectively. Thus, ir; and iy,
decrease linéarly as shown'in Fig. 2.

The output yoltage, Vo, is a DC voltage that
contains smiall ripple die to the switching action. For
ideal SEPIC converter, the relationship between Vo and
V, is given by:

Vo D
M 7 £T6p )
where M is a voltage conversion ratio. It can be seen that
Vo could be larger or smaller than V,, depending on the
duty cycle. From Fig. 2, the averaged inductor currents,
Ins and Ij,, must be greater than one-half of their ripple
components, Al and Aiy,,.for the circuit to. remain. in
CCM. 1t can be shown that for CCM operation Ly and L,
must satisfy the followmg conditions:

Q-DYR, 1 1 R,LMr,,, i

LS5 G—*pR* R "R’

e an
(-DR, | y
L’: 2f AY

, 1 ratRy Mrc, e
D R+ R MR

o
E
|8

Vi Qe 1 —ic, VoiR ®r

R (PL

(b) SEPIC converter when MOSFET is tumed on.
iy Lom Gy

1L
e L
l iz .
\A L, VoiR DL
| &
(¢) SEPIC converter when MOSFET is tumed off.
Fig. 1. Operation of SEPIC converter.

I fu . by
<A Vi Lz T i

0 4T -HTIT 2T t 0 (4T~ HIT 7 t

(8) Ly wavefqrm (b) iy waveform.
Fig. 2. Current waveforms.
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3.1 State-Space Description of SEPIC Converter
The state-space equations of the SEPIC
converter for the on and off states of the switch can be
written from Figs. 1(b) and (c) respectively, which are
given by
=l + -0+ RYI-0-0x e T Bl %

NS W S N
(] 5X7,L—-IL.,L‘—QI;-)R’ il(rh5+rm+(l 5)R,]+-i‘-6
&_m.q Py 2)
¢u-9-¢
d“g—z 1-6 ——o B I

vo=(1-8)(Fy +igy ) Ry +—-’-v,_., R dy

Note that the cquatxons are exprcsscd in a compact form
using the switching function, 8. When the switchis on, 3
=], (12) will become the on-state equation. When the
switch is off, 8 =0, (12) will become the off-state
equation.

The averaged matrices for the steady-state and
the linear small-signal state-space equations can be
written according to (4) and (5).

_r[4+(rg+RE)(D—-l) D-lp D-l D- lR
L L Ly
(D~-DR, 1+ D+ R(1-D) p 'D—l
44 Ly,
Aep = Na T, (13)
G i g
1-D R -D . =1
Cry Cyy Cy(r,+ R)
(1 1=Dp
L Lt
1-D
o 2Ry
o a9
ZRe
Citea
c-la-pr a-D, f—'] (15)
L %
E=[0 -R,] = @16)
V[R.(Mr T R )-MRT-Mr RR,1,
T)(l~D)r L
Y[Rty + 72~ MR- (1, + Mr )RR,
B,= 7-Dy L, an
~R[MV, et Rly)
M-DyeCR
_ =BG, _

MV, - RI,

Ey= :m"'ﬁ)?—'bz ’ as)

3.2 Steady-State Equations
Given the averaged matrices in (13) to (18), the
steady-state solution of converter is obtained from (6):

M n
R Re
L Ja o
{/"2 _M|RR MR, (19)
ol 1 mq L Ry Ga-Mie
Ver R,R *M1-D
A R

_Mr,
Vo= Q{V +(_‘All_?€fl D Ry—ry—MOI;)
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where R,_ , R=Rir,, n= (1*12_)(_’5_:_”,_% + Mz.u)
=P D =
n—l+n+(l DR * M=pop= o and L. =L+L,.

Notice that if ey, rez, i, 8nd r; are assumed to be zero,
the output equation in (19) will be reduced to
M=Vo/V,=D/(1-D}, the same as the expression for the
ideal SEPIC converter in (10).

3.3 Linear Small-Signal State-Space Equations
Given the averaged matrices (13) to (18), the
linear small-signal state-space equations of the SEPIC

‘converter can be formulated in accordance with (5):

ntintEO-) D1 Lo 01, D-1p
. 4 L T he |
in@ (D-DRy rp+Da+Re@-D) D D-1 D-Lp ’}1(‘)
4,0 L L L gt il |,
atva®) | 11-0 =D 0 o (7@
a8 | G [=] 20}
I—D -5 2, 0 -1
C:’c-: ey * G+ A
i 1-D VR Mrn 4 rpa+ ——B——)—MR’ - Mry RRg I,
— Ry 1-D . 3
L7 =Dy (20)
3 -"—DR, VR v ““) MR | trey + My )] RR; |"7,(l)
L . 'lﬂ D)"rr"3 L {(')
0 s -Re{MV, + Riz| 1dt)
- DyeGR
o f ~MV,~Rl,
e - DRG,
: e wvrs, 150
- @ - 1¢) R =Nz
%0 [a ORe G-DIRy O ;;1,:0(3 o{o &y =i "c:] Eg]
Yo

3.4 Finding Transfer Functions

Referring to (9), fifteen transfer functions can
be determined from (20). However, only a few of them
are useful for feedback control design. These transfer
functions are:
The duty ratio-to-output voltage transfer function

de(:)=29z(-s—))-=C(sl—A)“B +E,

345" +by S+t +dp sty 21
=Ko as* +bs>+es’ +ds+e @1
1

R.D'+R(n-M)D" A
The input voltage-to-outpiit voltage transfer function
G ()= ?’(’3 2022 - C(s1- Ay 'B,, +E,,

At g rd,

as*+ b+ ot +ds+e

The output impedance transfer function
Oul= 2 =Cl-AY By 4By

2 54 +b So P+ d ste,
=R as?+bS +estrdse @3)

The coefficients in (21) to (23) are listed in TABLE .

where K,=

(22)

4. Simulation Results

To validate the accuracy of the SEPIC converter
model, Gufs) in (21) is plotted and compared with the
Ridley’s result [2], using the same circuit parameters:
L,=100pH, ri=1mQ, Ly=100pH, n;=ImQ, C,=680uF,
ra=3mQ, C=22001F, re=ImQ, V=10V, Vo=15V,
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170, and R=1€. The result is shown in Fig. 3. Fig 4
also gives the same result, using circuit block CCM1 of
the averaged switch model [4]. The plotted G@(sg has
four complex poles at p;~(-0.0158+2.7771i)x10° and
P14=(-0. 2403*1 1578i)x10°% and two real zeros at z;=—
4.5455x10°, z;70.0510x10° and two complcx zeros at
23,70. 00100, 0277)x10°. -This Tesult is exactly the
same as that in [1- 3], validating the accuracy of the
derived model with the SSA technmique.

Fig 5(a) shows a start-up transient of the
SEPIC converter sinulated with (20). V=10V was
applied at t=0s, and D=0.6. It takes about 120ms for Vo
to settle to 15V. This result agrees well with the PSPICE
simulation result of the SEPIC converter simulated using
an ideal switch shown in Fig. 5(b).

5. Condusions

In this paper, modeling of* a SEPIC converter
has been performed with the State-Space Averaging
(SSA) technique. The results yield an insight into the
steady-state and small-signal dynamic properties of the
converter in (19) and (20) respectively. To provide a
basis for feedback control design, three relevant transfer
functions (Ge(s), Gw(s), and Gn(s)) were derived. The
derived G4(s) was found to be the same as that in [1- 3].

The results in (20) and.(21) were highly consisterit with. .
that from PSPICE simulation, proofing the accuracy: of

the derived model.
TABLE 1
Cocefficients of Ga(5), Ga(s).and Gy(s):

05 =T LGLGR] (DV,+ RD'L),
By = D 1y L5, Re= DE (1 ey Gy + ) =16,Ca DA (D + 1:)IRCY,
- D'GRRIA11C, Ll R D1y #1341, RD')

R UGy + L)+ i LG (- DRl

Co = RV DPLG i+ RIC, (afin + esler T fea Y L]

= DGyl }- G DX Drg + 1 X L+ 1 feaCa )+ Dh -

D' RRIAG D'ry + (4 D eyl +1a)+ Ly - B G U + i)+
DL(yG+ 1y G )+ Diafen GOy + DGR, Lty +7 + )Gy T Ib
dy=— D'RRrI.z[Rr[ DXL Ty Gy 20 Gy Y+ Citia (¥ 7))
+(y RO 1y R DXry 47 )G, + (i Re 4 ey GG+ 10,C,) D
+R,’.V[D"'[C,',R(ru+ra)+rnq( Ry T UG+ Gyl XR+1,))
=D (G4 1 G- LD’ = DriaG ), -

€4 =V, Ryl D" Rob 1)~ D'ry 1= D R RIA 2 DRy g+ D' GenBe+ 125 R
&, = 15 LCGR, B, =CRIMG(Dntn)+ L), &, = DRy,
S = Rl (0 +1,C) D47 G )

G =~ LOLOR,  en=-Re(D'ry- D% 1)~ DD Ret 1R,
b =G 4L - GO s RL DD+ R Lty + s 400 5 D41 [, DY),
G = =2 GRDD L+ Cy (i fen a1 D= Rl G (L D+ L, D
TG G0 + 5,0 GRATG (Dl + iy X +ia D+ iy 4105
d =~ (Glialea ¥ Glialin + G e ROD- Rl(D et 1o XDl 1)
+1,D*+ L, D)~ (1, CRD+7,C, DD+ 1,C, D41, D*)1y R
a=LGLOR, e=R(Dry+DPry+ DD'rg ) (D R+15)D'R,
b=GRIGRIL 7 + L+ D) D G bR+ LRV EL ),
c=GRA DGR+ + i)+ D L+ B( Dy 4 i)+ L1+
RGIG(Dy+ 1)+ 1a D'+ D" L+ LD RO+ 10 )D'RGL,
d=R G (Dry + T X+ 1y D)+ 1CRO'+ L0 + LD}

+(r D41, D1, DDYREC, +(RD"+ 1, Y + 1, + i DRG D"
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Modeling of a SEPIC Converter Operating in

: Continuous Conduction Mode
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Faculty of Engineering, King Mongkut’s Institute of Technology Ladkrabang (KMITL),
Chalongkrung Rd. Ladkrabeng, Bangkok 10520
vouthchhay _oeung(@yahoo.com and kbchanin@kmitLac.th

Abstract - A SEPIC (Single-Ended Primary Inductor Converter)
DC-DC converter is capable of vperating in either step-up or step-
down mode and widely used in battery-operated equipmerit. There
are two possible modes of operafion In the SEPIC converter:
Continuous Conduction Mode (CCM) and Discontirmous
Conduction Mode (DCM). This paper presents modeling of a
SEPIC converter operating In CCM using the State-Space
Averaging (SSA) technique. The modeling leads to a small-signal
linear model} of the converter, from which the transfer functions
used for feedback comtrol design can be determnined. Results are
presented to verify the accuracy of the obtained model.

I.  INTRODUCTION

Nowadays, the use of a DC-DC converter is widespread in
modem portable electronic equipment and systems. In battery-
operated portable devices, when not connected to the AC mains,

‘the battery provxdes afh input voltage to the converter, which®
then converts it into the output voltage suitable for use by the
electronic load. The battery voltage can vary over a wide range,
depending on a charge level. At the low charge level, it may
drop below the load voltage. Hence, to continue supplying the
constant load voltage over the entire battery voltage range, the
converter must be able to work in both buck and boost modes.
The DC-DC converters that meet this operational requirement
are Buck-boost, Cuk, and SEPIC converters. However, the
Buck-boost and Cuk converters, in their basic form, produce the
output voltage, whose polarity is reversed from the input voltage.
The problem can be corrected by incorporating an isolation
transformer into the circuits, but this will inevitably lead to the
increased size and cost of the converters. On the other hands, the
SEPIC (Single-Ended Primary Inductor Converter) converter is
capable of operating in both step-up and step-down modes and
does not suffer from the polarity reversal problem. It is therefore
attractive for the aforementioned application.

The SEPIC converter consists of an active power switch, a’
diode, two inductors, and two capacitors and is thus a fourth-
order nonlinear system. Feedback control is usually incorporated
into the converter's circuit to regulate its output voltage,
typicelly by means of Pulse Width Modulation (PWM). To
facilitate the feedback controller design or system stability
analysis, the linear model of the converter is needed. Recently,
modeling of the SEPIC converter has been carried out by some
researchers. The linear converter models were found by
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substitution of the. power switch and diode of the converter by
the so called small-signal PWM switch model [, 2] and smali-
signal averaged switch model [3, 4]. This paper presents an
altemative modeling method for a SEPIC converter, using the
State-Space Averaging (SSA) technique (4, 5). Unlike the PWM
and averaged switch model methods which are based on
equivalent circuit manipulation, the SSA technique is performed
via matrix; hence, formal matrix treatment can be applied to
facilitate the modeling process.

. OVERVIEW OF SSA TECHNIQUE

For DC-DC converters operating in Continuous Conduction
Mode (CCM), there exist two circuit states within one switching
period, 7. One is when the MOSFET is turned on for an interval.
dT, and ancther is when the MOSFET is tumed off for sn
interval (1-d)T, where d is & chty cycle. The state-space
equations for these two circuit states are represented by:”

{dx/a’t Ax+Bu

=C x+Eu i M
{dx/dt-Azx+Bzu 5
y=C,xx+Eu @

To find the averaged behavior of the converter over one
switching period, (1) and (2) are weighed average by the duty
cycle:

dx/dt=Ax+Bu

y=C,x+Eu
where A=A d+A (a-d B’=B‘d+Bz(l—d) \
C,=Cd+C,(1-d) » and E, =E,d+E,(I-d) .
Equation (3) is 2 nonlinear continuous-time equation. It can be
linearized by small-signal perturbation withx =X +x, y=Y + §,
u="U-+d,and d=D +d, where the™ symbol represents a smali-
signdl value and the capital letter a DC value. It should be noted
that X >> % Y>> §; U >> @, and D >> d The perturbation
yields the steady-state and Jinear small-signal state-space
equations in (4) and (5) respectively.

©)

{dX/di=AX+BU=0 @
Y =CX+EU

dx/dt=Ax +Bi+B,d

§=Cx+Ed+E,d ®
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where A=A,D+A,(1-D), B=B,D+B,(1-D), C=C,D+C,(1-D)
E=E,D+E,(1-D), -(A A,)X+(B B W,
and | B,=(A, -A,)X+(B, ~B,)U.
The steady-state soluuon of the converter can be found by
solving (4), which gives:
{x =-A"'BU
Y=(-CA B+E)U ©
The small-signal transfer function of the converter can be found
by applying Laplace transform to (5). In a matrix form, we get:
i¢)=[1-4"B  (1-4)"B i) de)f
y©=[c1-4)'B+E c(1-4)"B, +E i) d())
In the DC-DC converters. the input variable it usually contains
the mput voltage and load current. Hence, {i is express as &t = [u,
)7, the matrix B as B = [B,, B}, and the matrix E as E = [E,,
E.z] Therefore, (7) becomes:
Ho=[(1-A1'B, (-AT'B, w-A)*n.]z‘«:) i) dis)| ®
ey CE1-AT'By+Ey CLI-AY'Bg+Ey CU1-AY'By+E, J50) B dea]
For the fourth-order converter, (sl-A)"B.;, (sI-A) "By, and
(s1-A)"'B, are the matrices that have four rows and one column.
So, (8) can be expanded into:
G, () Gy () Gg (o)
Gy, () Gy (5) Gy ()
G (.t) G,, (:) G,, (v)
(:) G , &) G,,v’ ()
L _ - T
(s)-[cwm G, (s) Gy, (M, (9) &y () &)
where
G, ()=(A-AY'B, ), Gy (I=L-AY'B),, G, (=l1-AY "B},
G (=161-AV By Yy, G, ()=llst-A) By, G, (s)l(T-A) By,
Gy ()=WA-AT By by Gy (D=U-A) "By Ly, Gpy (s3=lls1-A)"B, ,,,
Gy, ()=[(1-A) By 14, Gy (s)=(-4) " B,),,, Gy, ()=lld-A) "B, 1y,
G, ()=ClA-AY B,y +E,, G, (:)=Cld-A) "By +E,, and
Oy (',r)=C(.ﬂ—A)_l B,+E,.

I, MoDELING OF SEPIC CONVERTER BY SSA TECHNIQUE

A SEPIC converter is shown in Fig. 1(a). It is comprised of
the’ MOSFET switch (), diode (D), two capacitors (C; end C;),
and two inductors (L; and L;). The resistor, R, represents a
standing load, and the current source, Iz, models the load current.
The' resistors, rey, 7o, rpy, and rp, are equivalent series
resistances (ESRs) of the capacitors and inductors respectively.
Their values are usually very small compared to R. In the ideal
converter, these ESRs are zero. In CCM, the converter exhibits
two cirguit states. The first state is when Q is tumned on (Fig.
1(b)). During this interval (dT), L, is charged by the source, ¥,
and L, by the capacitor C,. Hence iy, and iy, increase linearly as
shown in Fig. 2. The second state is when Q is tumed off Fig.
1(c)). During this interval ((1-d)T), L, and L, arc in a

IEOL [0 iy o1 ds))
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discharging phase; L, and L, release the stored energy to the
capacitors and load respectively. Thus, i;; and iy, decrease
linearly as shown inFig. 2.

The output voltage, V,, is 2 DC voltage that contains small
ripple due to the switching action. For ideal SEPIC converter,
the relationship between Vo and 7, is given by:
M=V,/V,=D/Q-D) 10)
where M is a voltage conversion ratio. It can be scen that Vo
could be larger or smaller than V, depending on the duty cycle.
From Fig. 2, the averaged mductor currents, I;; and I;5, must be
greater than one-half of their ripple components, Aiy; and Air,,
for the circuit to remain in CCM.'It ‘can be shown that for CCM
operation L; end L, must satisfy the following conditions:

L, O—D)’Rf 1 + VR My '11)
2Df ‘_l_'g_ 1-D R R R
(11
-D)R, 1 1 r.+R, Mr, [ )
L, (et TRy Mry M)
37 ¢ =D R R

141
R
where R, =r RAr,+R) .
A State-Space Description of SEPIC Converter

The state-space equations of the SEPIC converter for the on

and off states of the switch can be written from Figs. 1(b) and (c)
respectn cly, which age given by:

-—J!{ru+a-5>(rc.+x,)1-a-a)(—iu o A A

: - L 'L mh L L
#'—'(1“5)('5"'1%" L,)Rl f}[’hJ”'zz +(1- &Rx]*—l:—‘;
S o5t a2

1
-8 R R,
P éz’bz (i +3) Ry C,p;,k Y1 Eo Iy
R,
Vo =(1-8)Iy +y)Ry +é-,, ~Ryly

inth ol D
= i~
< 2 ol _’g +
v, 4 L, LVeER
Sy —
iz ¢
(2). SEPIC converter.
iy L n, __{Cl 2y by .
= T2 !iCI +
v, fz VoER
in 2 —
(b) SEPIC converter during the first state ;7.
S rey iy
12 Ii"" +
L G v,zR
Iy ez —

(¢) SEPIC converter during the second state 4,T.
Fig. 1. Operation of the SEPIC converter in CCM.
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Fig. 2. Current waveforms.

Note that the equations are expressed in a compact form using
the switching function, 5. When the-switch is on, é =1, (12) will
become the on-state equation When the switch is off,  =0; (12)
will become the off-state equation.

The averaged matrices for the steady-state and the linear
small-signal state-space equations can be written according to (4)
and (5)

(14 e+ RXD-DVL,  (D-DRe/ Ly (D-WV1, (D-DRSUr)
A= (D-DR, /L, [Dry+Re(1- D) VL D/Lz (D- I)Rl/(L)’CI) 13)
Q-Dyq
[0-DIRHCrey Q- D)R,/(C,re,) o —mc,(rc,m)l
[V, Q-DRy/L, ]
B=| 0 O-D)R;/lq
0 (14)
0 —Re!(Qra)J
c=[(1 D)R; (1-D)R; O Rglr,} a5)
E=[0 -F] 7, (6
V,|Ry{Mr+7,;+ RIi- D)}-MR?)=Mr RR I,
7q-DyRL
= V[Ralry, #RIQ-~D)}-MR*}- (s + Mr, DRR, I, an
B 170-DyrR°L,
~Re(MV, +RI )i~ DY GRY]
—(MV‘*RIz)/[(l‘D)'IRCz]
B, =10y MV, +RI M[nR(-D)] (18)

B.  Steady-State Equations
Given the averaged matrices in (13) to (18), the steedy-sta’a:
solution of converter is obtained from (6):

IL '2:1MI(RzR) DR

Il af /@R /MRy

Vo |1 R 500 B (9
V;z el Ry =(ry+ My + 1y My IR~ 1, 10— D)

Vo= W, + 117 RNMRS1~ D))= Ry~r =ML, W SR,

where Ry=r,RNre,+R), Ly =L, +L,, Ry R 47, M= DI1-D)=DID'

L 1=ln+r /((-D)R), and n=(t+r/RYr,,/R+Mr,IR+M 1 /R).
Note that if ey, ez, ris, and rp, are assumed to be zero, the
equation (19) will be reduced to M=Vo/V,=D/(1-D}, the same as
the expression for the ideal SEPIC converter in (10).

‘C.  Linear Small-Signal State-Space Equations

Given the averaged matrices (13) to (18), the lineas smdll-
signal state-space equations of the SEPIC converter can be
formulated in accordance with (5):
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R+ RYD-)  D-1 g, 271 D=
= % I

) 3 L L I

In | |(D-DR; _ry4Dra+RQ-0) p D1, [l
dli, 2 [k |
2 - A |8

Yol | G q Vo

1-Dp 1-Dp .=t
Cra Gut  Gad

i

110, ViR My +1,+ TRy MR- M R,

L oL mi-DirR, '

o 1Dy V‘[R,(rn+l—fB)—MR']-(rn+Mru)lzRR, 2 (20)

A W(D)'ak'lz] b
=R, [MV, + R, d
—

S 770 DraC-"r

0o R MY, ~

L Gn m- D)RG

1E v, 1%
;,:[g-p)x, 4-Dk 0 % I:‘: +[o & 5 GR a 3

e,

D.  Findng Trangfer Functions
Referring to (9), fiftecn transfer functions can be determined
from (20). However, only a few of them are useful for feedback
control 'design. These transfer functions are:
The duty ratio-to-output voltage transfer function
Gu()= vo(.v)ld(:) =C(sI-A)'B,+E,
=K (a8 +5, 8, s +d, s +e ) A
where X, =VR.D'+R(n-M)D" . ]
The input voltage-to-output voltage transfer function
G,.()=",(s)/5(s)=Cisl-AY'B,, +E,,
=RDYa, s +b st +c, s+d_JA
The output impedance transfer function
G, ()=0,(s)/E,(5)=C(s1-A)'B,+E,,
=Rla s+ S+c s +d ste )A
where  A=qgs+b5+cs? +ds+e
The coefTicients in (21) to (23) are listed in TABLE L.

IV. RESULTS

To validate the accuracy of the SEPIC converter model, G(s)
in (21) is plotied and compared with the results from the other
two methods, PWM switch model [1, 2] and averaged switch
model [3, 4] They are shown in Fig. 3(a) to Fig. 3(c)
respectively. The following circuit parameters are used to create
these plots: L, = 100pH, ryy = ImQ, L, = 100uH, ry; = ImQ, C,
= 680}F, rc; = 3mL, C; = 22004/F, 7 = I, ¥, = 10V, Vo=
15V, I; = 0, and R = 102 The plotted Gy (s) in Flg 3(a) has four
complex poles at py2 = (~0.0158+2.7771)x10° and s = (-
0.2403£1.157 o)xxo’ and two real zeros at 2, = —4.5455x10°, z,
0.0510x1 and two complex zeros at 2z,
{0.0010+£0.0277i)x10". It can be seen from Fig. 3(s) to Fig. 3(c)
that Ga(s) derived by the SSA technique is exactly the same as
the other two methods, validating the accuracy of the model
derived by the SSA technique.

@n
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TABLE L

COEFFICIENTS OF Gad(s), Gr{s). AND Gn(s).
ap=-r. LCLC,R(DV,+RD'l,),
By =D ry Ly R~ Dl (11 sCy +13) =1 DL (Drey 41, WREGY,
‘D(leﬁ Ll Re(Dry ""n)""'wRD"
FRAL (e G+ L i Ly (= D),
=R DG+ NG ey ¥ restn ruea Y )
=D’ ’:acala]'(‘D(D’a‘"nxln"’u'caca)*qu"al'
D lle lC,lD rn+(l¢D)r‘,]lrc,C (P Moy WL ILC (7470 )+
D"l('u( +a(y y+ Dy, GG *D('R el Ly (440, XCina ),

(1)
' '1.»=‘D.mlz|RrID(’1-'&.'hQ*2'c- aG Gy +7)]
Hr,RD + 1, R DX, +"xX‘|+( aRe + e R XG4 7:,C )D]
+RV, | DICR(r;+ 13 y+0,Cilny =1, )+(r“CI+C,:hXR+r“)]
DM G+, Cy )= LD =Dy G,
‘Jv=';l¢[Dh(R*'h)‘D*’n I-D erzim&'n*”('hﬂr*'h”)l'
0 =10 LCGR, b, =CR IR Ci(Dry4n)+L), d, = DRy,
6 =R G 42, GID+1,G )
@y =1 hiGLORy, o= =ReDry=D"1yy)-DD' 5o R4, R),
b =C 1 C Ol R RL DD R AT, + 1y, 45, LD+, LDY),
t',,-—l’,:,(:,RDD'IL, "’C.("n’h Heler )Rl G UL D+ DY+
1esCo b D+ LD =GR [y Co (D 413, Xy + oDV Ly 4L,
doy =+ Gt cl’cr’u*(—"'v)RDD Rel(D'rey +1y X Dry +1,,)C,
+l,l)’+l..l) |~y GRD+1. C. D+ 1, Co1¥ +1, C,D" ) R, .
a=lGLOR,  e=RD'ry+D"r, + DD DR+, 'z)D'R,
l’“s"‘r[‘z&["fh*h(’u")i’n)}'( N, by Rt LR+ L),
_e=GRID' G, R(ru-)r"-l»r Va1, D'+ L(Dry 41, )4 rp o J+
RIGIG (D47, X+ 2aDy+ DLt LD+ (RD's 7, \D'RCL,,
d=RICADr+ 1, X1, +1, DV 1 CRD' D} +1,D")
H, D' +1,D" + 1, DDVRC, HRD' 1, X113+ 2 )RE,D'

V. CONCLUSION

In this paper, modeling of a SEPIC converter in CCM has
been performed with the State-Space Averaging (SSA)
‘technique. The results yield an insight into the steady-state and
small-signal dynamic properties of the converter, as given in (19)
and (20) respectively. To provide a basis for feedback control
design, three relevant transfer functions (Ges), Gu.(s). and
G,(s)) were derived. The derived transfer function, G, (s), was
verified to be accuratc as shown in Fig. 3, where the frequency
responses. of the derived Gy.(s) were seen to-be identical to the.
AC simulation results by PSPICE of the SEPIC converter
employing the PWM-switch model (Fig. 3(b)) and averaged
switch mode! (Fig. 3(c)). Though niot shown in the paper, .other:
derived transfer functions, G..(s) and G(s), have been found to
be accurate as well.
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Abstract - A SEPIC (Single-Ended Primary Inductor Converter)
DC-DC converter fs cipable of operating in either step-up or step-
down mode and widely used in battery-operated equipment. There
are two possible modes of operation in the SEPIC converter:
Continuous Conduction Mode (CCM) and Discontinuous
Conduction Mode (DCM). This paper presents modeling of a SEPIC
couverter operating in DCM using the State-Space Averaging (SSA)

The modeling Jeads to & small-signal linear model of the
converter, from which (he transfer functi used for feedback
control deslgn can be determined. It is found that the derived model
is a reduced-order model, which can accurately predict the
converter's characteristics up to one-tenth of the switching

frequency.

I. INTRODUCTION

A SEPIC (Single Endéd Primary Inductor Convertet) converter
is a fourth-order dc-dc converter capable of delivering an output
voltage which can be greater or lower than an input voltage.
There are two ‘possible modes of operation in the SEPIC
converter: Continuous  Conduction Mode (CCM) and
Discontinuous Conduction Mode (DCM). Although the converter
may have been designed for the CCM operation, it can plunge
into the DCM operation at light Joads. In some cases, the
converter is even intentionally designed to operate in DCM
because of the faster dynamic response compared with the CCM
(1, 2} Recenuy. the small-signal dynamic characteristics of the
DCM SEPIC converter have been modeled [3]. In this work, the
active switch and passive diode of the SEPIC converter were
substituted by the PWM-switch model {4). Transfer functions of
interest, e.g. duty ratio-to-output or input-to-output transfer
function, were then derived from the resulting cquivalent circuit.
However, the modeling process in [3] had assumed the converter
is being ideal and neglected the Equivalent Seres Resistance
(ESR) of the capacitors. The ESR affects the value of zeros in the
final transfer functions - excluding it from the modeling process
only adds to the inaccuracy in the final model.

This papers presents modeling of the DCM SEPIC converter
with State-Space Averaging (SSA) technique (1], taking into
account the effect of the capacitors’ ESR. The transfer functions
for feedback control design are derived and compared with the
results from the DCM averaged switch model [2]. It is found that
the derived model is a reduced-order model, which can

978-1-4244-3388-9/09/$25.00 ©2009 IEEE
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-accurately predict the converter’s characteristics up to one-tenth

of the switching frequency.
II. OVERVIEW OF SSA TECHNIQUE IN DCM

A SEPIC converter is shown in Fig. 1(a). Due to the switching
action of the MOSFET, Q, and diode, D, the converter will
exhibit three different circuit states in one switching period, T,
when operating in DCM. The first state exists when Q is turned
on for a time interval 4;T (Fig. 1(b)), the.second state when Q is
turned off (i.e. D turned on) for a time interval 4,T(Fig. 1(c)),
and the third state when both Q and D are turned off for the rest
of the time period d;T (Fig. 1(d)). Note that d; and d, are the duty
cycle of Q and D respectively, and dy equals /-d;-d;. The general
state-space equations for, these three circuit states are:

{dx/ dt=Ax+Bu

y=Cx+Ea for time interval d,T (l-ay
dx/di = A;x+B;u A

{)’ =Cx+Eu 1 for time interval d,T (1-b)
dx/dt=A,x+Bu - A (1-¢)
{y =Cx+Eym for time interval d,T

Since the SEPIC converter is made up of two inductors L; and L,
and two capacitors C; and Cj, the state vector x, thus, comprises
of iy, ir2 ver, and vea. The input voltage v, is typically assigned.
as the input vector u, and the output voltage vp as the output
vector y. To find the averaged behavior of the converter over one
switching period, T, equations (I-a) to (1-c) are weighed average

by the duty cycles as:
dx/dt=Ax+Bu
=Cx+Ed . )
where  A=Ad+Ad+Ad, B=Bd+B,d,+Bd,
C=Cd,+Cd,+Cg, and E=Ed+Ed +Ed,

Equation (2) is a nonlinear continuous-time equation. It can beé
linearized by small-signal wbation with x=X+x, y=Y+9,
w=U+4, d,=D,+a,, dy=Dy+d;, and d;=Dyd;-d; where the tilde
symbol * ~ " represents a small-signal value and the capital letter
a DC value. It should be noted that X>>%, Y>>¥, U>>4, D;>>d,,
D;>>d;, and Dy>>ds. The perturbation yields the steady-state
and linear small-signal state-space equations in (3) and (4)
respectively.

{dX/dt=Ax+BU=O

Y=CX+EU &)
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di/dt-Ax+Bu+B,,d,+B‘,d, )
§=Ci+Ea+E d+Ed,
‘where A=AD+AD+A D, B=BD+B,D+BD, C=CB+CD+Ch,
E=EDB+E,D+ED, -By=(A~A)X+(B,-B)U, B,=(A;-A)X+(B,-B)U,
Eu=(C-CXHE-E)U, and B, =(C-G)X+(E;,-Ey)U.
Equations (1) to (4) provide a systematic way to model the DC-
DC converters in DCM. When applied to the DCM SEPIC
converter, the direct solution of (3) and (4) will not produce
correct results because the chosen state variables, i;; and iz, are

actvally not independent from each other. Hence, only one of

these currents can be said to be a true state variable. If both iz;
and iy, are to remain as a $tate variable as in equations (2) to (4),
some constraints must be imposed on them. As shown in (1], thé
steady-state and linear small-signal state-space equations in (3)
and (4) are subject to the following constraints:

I=iW Vo Lo L. T) (5-a)
where I=1y,;, +1;;.

dildt=0
{x =(0i /ov )v +(a 10v,)0,+(0, Iad)d, (5-b)
wehre i=i,+i,.

To find the steady-state solution, due to the reason above, the
relationship between /;; and Ip; must be first established before
the other unknown, such-as V¢; V¢, and Vo, can be found by
solving (3): .
X=-A" BU
Y =(-CA”'B+ E)U. (©)
The constraints in (5) will result in d; and one inductor current be
eliminated from the linear small-signal state-space equations in,
(4). The disappearance of ‘one inductor current means the
system’s order has been reduced by one. For this reason, the
converter’s model derived by the SSA technique in DCM is
known as a reduced-order model [3, 5]. Consequently, the linear
small-signal state-space can be rewritten as:
dx/di=A_%+B,7 +B_,d, )
§=Ca3+E.5,+Enud, ™
Finally, by applying the Laplace transform to (7), transfer
functions for feedback control design, e.g. duty ratio-to-output or
input-to-output transfer function, can be derived.

I11. MODELING OF SEPIC CONVERTER IN DCM

In Fig. 1(a), the resistances rc; and rc; are Equivalent Series
Resistances (ESRs) of the capacitors C; and C; respectively.
Although their values are small, these ESRs cannot be neglected
in the modeling process as they have a direct impact on the
accuracy of the final model. Fig. 2 depicts the current waveforms
iy and iy, of the converter, when operating in DCM. The currents
iy and iy, are increasing during the time interval 4,7 and
decreasing during the time interval d,T. During the time interval
d;T, these currents have a constant value, with the amplitude of
iz; and iy, being equal but flowing on the opposite direction (Fig.
1(d)); that is, #z; = -iz2. The equality in the amplitude of iz, and iz,
is always true during the time interval 4,7, and this essentially
makes iz; and iz, depend on each other.

Authorized Ticensed use imited to King Institute of
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A.  State-Space Description

Chosen x = (i ir2 ves V2]’ u = v, and y = vo, the matrices
Ay, Ag, Ay, By, By, B3, Gy, G, Cs, Ey, E;, and E; in (1) are
dctermmed from the circuits in Figs. l(b) to 1(d).

o 0
Al f”" i, 3 (8-2)

L° o o ~R I(C,r‘.,R)

(Rz—rc.)/l‘ =Rl -VL ~R /L)
A=y RJL, -Rqu g -R /(L’c:) (&b

R./(C{a) RJ(Cra) o ~R./(C:raR)

/(L +L) O ~U(L+L) O
A= "211(11‘”1) 0 V(l.+l,) 0
PG (8-c)

0 00 -& /(c,r,k)
B,={vL 00 0]" (8-d)
B,={1/1, 0 0.0]" (8-¢)
By +L) -1(L+L) 0 0] (8-
G,={0 00 R/r,) 8-g)
C={Re Ry 0 Relrg] (8:h)
C,=[0 00 R,/ra] (8-i)
E,=E,=E,=(0] (8-j)

S raig D
S X o]
1 V.3
e
(a) SEPIC converter.
in L i oy lo T

(%;", '%'CI Vo2 R

(b) SEPIC converter amng the fisst state d; 7.

iy rcn in
: |

fc2 4+
CzVoER

() SEPIC converter dunng the scoond state dpT.

(d) SEPIC convester during the third state d,T.
Fig. 1. Operation of the SEPIC converter in DCM.

Fig. 2. Custent waveform of #; and [z,
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Referring back to (3) and (4), the matrices for the steady-state
equations and the linear small-signal state-space equations are
determined from (8):

—an);‘. (’a+£z)D1 'RAD: "Ku -[;R:Dz
o
([ =k g,
Qzél_Dx %& 0o 0 (9-a)
ReDy 2D 0 =R
| G G GraR
B=| (D+D,)/L,+DI(L,+L,) ~DAL+L) 0 0]T ©9-b)
C=[RD, RD, 0 Rr;] 9-)
E=[0] 9-d
~raln/(h+ L)+V, /L
B[ ltoy s, 00
0
-(( ¥ I y) ,+V, lr) /
B~ ’n+11:‘+ll;;.:ﬂ ;l[:-(y # Ire Rz re'h 9-H
L ] Rzuu"‘lu)/(cx’n)
E,=[0!
L Q-
E,={R, lu‘*‘lu)] Eg.ﬁ;

B. Steady-state equations

As stated above, the relationship between the steady-state
inductor currents, Iy, and fp,, must be determined before other
steady-state values can be found. This is done by averaging the
capacitor current i¢; in Fig. 3 over a switching period, 7. In Fig. 3,
ics can be expressed as:

i = —zu for time interval 4,T (10-a)
i =iy for time interval d T (10-b)
fey =iy =—iy, for time interval d,T (10-c)

Average of i¢; over a switching period, T, gives:
Ta=L o~ + 1 ODHDA DY+ ~1 . 3D (D, +D)) (40)]
In steady-state, I¢; is equal to zero. Thus the relationship between
Ip; and I, is obtained as:
1,=1,D,/D, (12)
Given the averaged matrices in (9-a) to (9-d) and the relationship
‘in (12), the steady-state solution of converter can be obtained by
using (5).
Iy (B/DYnIR
I =¥ nD/(RDy)
Val ¢ 1
Ya nD/D,
where 7=U/[1+ReD/(RD)+ L+ L, (1-D)/ D Yo DIIRD(L + Lp)]]

3 -

LaT 44T
Fig. 3. Corrent waveform of ic.
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From Fig. 2, the average value of Iy, and I, are expressed as:
1y=DT(D+ DY, iCL)+1,, (14-a)
1, =DT(D+ DYV, I2L)~1,,, (14-b)
Matching the summation of J;; and J;; in (13) to those in (14), D,
can be defined as:

Dy=\[2L,/(RT)

where Ly =(L+L)Y(LL) and Ry=(R+75)/(Rr,).

(15)

C. Linear Small-Signal State-Space Equationis
. Referring to (7), linear small-signal state-space equation is:

drs s =
p 1,_, iy Vo VCZT A.['n by U Va]’"’B v +B_“d, 16)
oLl T Ve chJr"'E-V "‘E-n

Vo =
where

fa(Kn~K;Kn/n) 0 —K; Ko/n-TDK K2L)~K,, DKy, Hinly)-V L)
KK/ =K o K3 Ko/ n+TDK K2LY+Ky, -D,(Khl(nl,‘)-lll,]

rfl'x.,w-c,) 0 (us-tx%rfa'?c?hq»rxn«ncp RSB,
(D # D)1 L+ Dy L+ Ly~ K3y (Dy D) linly)~TD K g/ 2Ly)
—(2:0')/[' Dyf(ly+ L)+ KDy DY/ L)+ TOK 5121
= |-ros

(D +DHHLCIHDy R INIDIQLC)

Ca=lraRelKialn 0 RllKy/n+(Dy~IRp, IMTDIRLY} 1~ IR Dy (nLy)]
E, =[RJ(D+DYKnLYHDy =R, ITDR 2]
VL= Ky ALl K Fp oLy =L+ Li)}=K 1K g Dy

-;'x/lg. Ky HaL-red Kppdya Hindoy= T (U + L)+ Ky K/ D,
V) Lyl LYK RCY Dy IRy I MINDC)
!_‘l=[(V‘II.,-r,_,lull,)R,llnﬁD,—lR,,In)R‘Ilbl]
Ka=D/L-DylL, Ky=DKL+L)-DylL, Kyy=DJL+ DL +L,),
Kp=ReDyIL~Ky R yIn, Ky =RellL+Vol L, a=(Rel+Vo) g, n=),
Ky =U{14TDra /@)= [=DTV, /2L, a0d Ry =roDy/ Ly +Re Dy ILy.

D.  Finding Transfer Function

Applying the Laplace transform to (16), various transfer
functions can be derived for the converter. Due to the limited
space, only two important transfer functions are presented: the

An

duty ratio-to-output voltage and input-to-output transfer
fonctions, Gg«(s) and G.(s), respectively.
Gy (5)=9,(s)/d (5)=C(sI-AY B, +E,,

(TDY, N LC K5 +B,, 5+ 5+ d ) an
. las+{2+ R(RDYV(CRNS +bs <)
G, (5)=Vp(s)/¥,(s) =C(sI~ ~A)'B,+E,,

TD,/AELCC) o +hs +eys +dy) a8

las +[2+ R /IRD )Y (CR)Ns* +bs+c)
Coefficients of Ggy.(s) and G(s) are listed in TABLE 1.

IV. RESULTS

Fig 4(a) shows a frequency response of de;(s) in (17). The
plot is generated by MATLAB using the SEPIC converter's
circuit parameters in TABLE II (these values cause the converter
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to operate in DCM). Fig. 4(b) shows the same plot from PSPICE
simulation using the DCM averaged switch model [2]. Generally
accepted as being accurate, this PSPICE result is used to validate
Gai(s) in (17). The two results are closely agreed at frequencies
below 10 KHz, i.e. one-tenth of switching frequency, beyond
which the result from (17) starts to diverse from its PSPICE
counterparts. The discrepancy occurs due to the fact that the
former is a reduced-order model, while the latter is a full-order
model [2; 5). Gas) in*(17) being a reduced-order model is
evident in (16), where all elements in the second column of A
matrix are zero, which literally means i;> is no longer a state
variable, thus reducing the system's order by one.
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TABLE I
CONVERTER PARAMETERS

Circuit Parameters Values
Ve/ Yo 15/5v
C/Cs 471 200pF
ra/re 0.38/0.0950

100
Li/L, 100/ 30pH
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V. CONCLUSION

In this paper, modeling of a DCM SEPIC converter with State-
Space Averaging (SSA) technique has been presented. The
modeling yielded a steady-state and linear small-signal equations
of the converter in (13) and (16) respectively. From (16), the
transfer functions Gg(s) and G.\(s), which provide a basis for
feedback control design, were derived. The obtained Gy,(s) was
compared against the result from the DCM averaged switch
model [2]. Good consistency between the two results was
observed only at frequencies below 10kHz, or one tenth of the
switching frequency. Above this frequency, the derived Gqsu(s)
became invalid. Due to this limitation, if the derived models in
(17) and (18) were to be used in feedback control design, a
crossover frequency must be selected in the frequency region
where these models are legitimate.
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