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ABSTRACT

This thesis proposes the special matrices called Pascal matrices and applications to digital
signal processing of both the signal filtering field and the signal transformation field, which are
the main fields in digital signal processing area. The first proposal is called the generalized Pascal
matrices for s-z transformation that is used in the field of filter design, the matrix used for variable
mapping between s-domain to z-domain transfer function and vice versa by using an inverse
Pascal matrix. The generalized Pascal matrices consist of forward difference (FD), backward
difference (BD), bilinear (BL), and parametric BD-BL transformations, which depends on some
parameters setting. The second, bilinear Pascal matrix is used for IIR digital filter design along
with automatic frequency transformations from analog prototype normalized transfer function to
lowpass, highpass, bandpass or bandstop filter by using the so-called frequency scaling
coefficients (FSC) matrix. In this way, we can yield a new method for designing digital filters
based on matrix operations. Next, consider the standard biquadratic transfer function that is
normally used in analog domain for biquad filter design. However, in this thesis, the both design
method and filter structure of the biquad digital filter is proposed, which can give five outputs
simultaneously. The design equation for this type of filter uses only one matrix equation that is
modified from the bilinear Pascal matrix, so called modified Pascal matrix for biquad digital filter
design. For a signal transformation field that uses Pascal matrices, the so-called discrete Pascal
transform (DPT) is studied. The Pascal matrices for this transform are different from the Pascal
matrices used for s-z transformations. All the entries of these Pascal transformation matrices come
from the binomial coefficients from Pascal’s triangle directly. Also, this thesis investigates the

frequency characteristic of DPT. In addition, the Pascal matrices for DPT are divided into two

I



types, i.e., highpass type, and lowpass type Pascal matrices, which are based on obtained
frequency responses. Moreover, the hardware structure of DPT both of highpass and lowpass type
based on DPT butterfly unit is shown. The DPT computational structure stems from the binary
matrices, which are factorized from the DPT Pascal matrix and results in the overall structure for
DPT and does not need any multipliers, only adders or subtractors are used for computation. The
experiment of DPT on both 1-D and 2-D signal transformations leads to the development of the
so-called discrete Pascal filter (DPF). There are two types of DPF the same as a division in DPT
as lowpass and highpass type. The effect on output signal of DPF clearly shows more useful
results of DPF than DPT in the sense of signal filtering. The real hardware implementation of both
highpass and lowpass types of DPF will be integrated and can select the operation by selection bit.
All hardware will be implemented on a filed programmable gate array (FPGA) especially, 2-D
signal or digital image processing results can be shown on a VGA monitor directly from FPGA

without any PC connection to a display unit.
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Chapter 1

Introduction

1.1 Background and Literature Reviews

In this chapter, the background and literature reviews for each chapter of this thesis will
be described. This thesis concerns Pascal matrices and applications of these matrices to digital
signal processing both of using Pascal matrices for digital filter design and signal operations.

Chapter 2 : Generalized Pascal matrices for s-z Transformations will be proposed, the so-
called s-z transformations provide a simple way for analyzing and designing discrete-time (DT)
linear system in the z-domain through utilizing continuous-time (CT) linear systems in the s-
domain, and vise versa [1-7]. For designing infinite-impulse-response (IIR) DT linear filters, it is
the most common practice and successful way to convert a CT filter to a DT filter [1]. This is
because CT filter design techniques have been highly advanced, thus the existing closed-form
solutions and well-documented tables can be adopted directly for designing DT filters. One can
design a DT filter with specified design requirements by performing s-z transformations, and the
resulting DT filters can preserve the desired characteristics of the original CT filters [8-12]. On
the other hand, CT filters are still important system components and useful in the applications
where both CT and DT systems have to co-exist. If the required CT filter is difficult to design in
the s-domain, a DT filter can be first designed, and then inverse conversion from z-to-s domain is
applied to get a CT filter. Therefore, both s-to-z and z-to-s transformations, i.e., the mutual
transformations between s-domain and z-domain are required.

In [2-4], it is shown that the bilinear (BL) transformation leads to a unique relation

between the coefficients of the s-domain and z-domain polynomials (transfer function)

HCT(S)=zAnsn 4 H(z)=Zanz'"

n=0



where P is called Pascal matrix that performs a one-to-one mapping between the z-domain
coefficient vector a and s-domain coefficient vector A . The inner elements of the Pascal matrix
P can be recursively computed from the boundary elements by using recurrence formula [3]. For
such a polynomial case, the s-z BL transformation also guarantees the one-to-one mapping
between the polynomial values of H;(s) and H(z). However, for the IIR case, i.e., the

rational polynomial case, assume that the s-domain and z-domain transfer function are

N
Her(6) =er®) ;A,,S
“ DCT(S) iB S"
n=0 "

H() =22 - il
D(z) ﬁ:b z™"

respectively, the mapping between the numerators N;(s) and N(z) only [13], or the mapping
between the denominators D,(s) and D(z) only does not yield a one-to-one mapping between
the coefficients of s-domain and z-domain IIR transfer functions. Consequently, for inverse s-z
transformation, the original coefficients cannot be recovered from the transformed coefficients
through using the inverse Pascal matrix. That is, the forward and backward s-z transformations
are not simply related by the Pascal matrix and its inverse, which will be stated in chapter 2.
Starting from the general model of the first-order s-z transformations introduced in [13],
chapter 2 proposes a one-to-one coefficient mapping between the coefficients of the numerator
pair {Ncr (s), N (z)} or the denominator pair {Dcr (s),D(z)} , which has the following
advantages.
1) The coefficients of the IIR CT filter H..(5) can be uniquely mapped to the
coefficients ofa DT filter H(z), and vice versa. The coefficients {4, B,} are related
to {a,,, b,,} in a closed-form through using the so-called generalized Pascal matrices and
their inverses.
2) The inverses of the generalized Pascal matrices for various first-order s-z
transformations can be analytically derived by utilizing the one-to-one mapping. Such

proofs and derivations of the inverse generalized Pascal matrices cannot be found in the



literature. Although some of the inverse generalized Pascal matrices are given by a few
researchers through observing some examples of the generalized Pascal matrices, no
rigorous proofs are provided to support the results and convince the readers. Some
observations even lead to incorrect conclusions, see the inverse of the generalized Pascal
matrix for the FD case [13]). Moreover, the inverse generalized Pascal matrix for the
parametric BD-BL case is not given and also apply the one-to-one coefficient mapping to
derive closed-form expressions for the inverse generalized Pascal matrices and provide
explicit formulas for various cases such as the bilinear (BL), backward-difference (BD),

forward-difference (FD), and parametric BD-BL transformations.

Besides the above, a recurrence formula for computing the generalized Pascal matrix is
also derived, which.uses the general first-order s-z transformation model [13] and thus embeds
the above BL, BD, FD, and parametric BD-BL transformations. As a result, the FFT-based
numerical method proposed in [14] can be substituted by the new recurrence formula because the
latter is analytical and more computationally efficient. The recurrence formula starts from the
boundary elements (first row and first column) of the generalized Pascal matrix, and then
computes the inner elements recursively, where only the neighboring elements are used.

Chapter 3 : Further Results on Generalized Pascal Matrices and Inverses Using a Unified
s-z Transformation Model will be proposed, a more general first-order s-z transformation model
in [17] is used to derive a more general Pascal matrix, which includes both lowpass-to-lowpass
and lowpass-to-highpass s-z transformations. For simplicity, we call this s-z transformation model
the unified s-z transformation model, and the resulting generalized Pascal matrix the unified
Pascal matrix. As compared with the s-z transformation model in [13,16], the unified one uses
one more parameter (three parameters in total) to incorporate the lowpass-to-highpass
transformation. As a result, the unified Pascal matrix is more general than the generalized Pascal
matrix {13,16], and parameterizes the backward-difference (BD), forward-difference (FD),
lowpass-to-lowpass bilinear (BL1), lowpass-to-highass bilinear (BL2), and parametric BD-BL1
transformations. Although some inverses are mentioned in [17] through observing various unified
Pascal matrices, no theoretical proofs are given, which even leads to an incorrect inverse for the
FD case. In this chapter, using the unified s-z transformation model, rigorously prove the inverses

of the unified Pascal matrices for the BD, FD, BL1, BL2, and parametric BD-BL1



transformations on the basis of one-to-one coefficient mapping of the CT domain and DT domain
[IR transfer functions.

Chapter 4 : Pascal Matrix Operations for Unified Bilinear s-z Transformation will be
proposed, the most successful approach of obtaining the coefficients of IIR filters is converting
from analog filters that there already exists a wealth of information in the literature which can be
utilized. The important method used to convert analog filters into equivalent digital filters is the
bilinear transform [1, 18]. In [13-14,16] proposed using generalized Pascal matrix for various s-z
transforms. This proposed method can obtain digital transfer function coefficients by easy matrix
operations. In order to substitute the relationship between s-z into the transfer function directly, it
is difficult to rearrange the transfer function to obtain coefficients when high orders and this only
suitable to work out on paper, not suitable for computer programming. Also, this chapter proposes
using the Pascal matrix based on bilinear transform for s-z transformation. Moreover, it can
transform the frequency from normalized analog filter prototype to others which does not appear
in [13-14] and covers more than in [8-9].

Chapter 5 : Modified Pascal Matrix for Biquad Digital Filter Design and Its Filter
Structure Realization will be proposed, biquad filter is a filter which can give multiple-outputs at
the same time. The biquad transfer functions are in the form of bi-quadratic equations. Generally,
when we think of this type of filter, we often mean analog biquad filter [19] which can be
implemented by using Op-Amp circuits or other analog devices. The previous papers [20-21]
show that multiple-outputs digital filter in [20] has many different points compared to this
chapter, such as the form of filter structure, analog prototype transfer functions and lack of ability
to control a quality factor. In [21], the concept is based on combinations of FIR lowpass filter
coefficients to give multiple-outputs and the filter structure is based on non-recursive scheme.

Chapter 5 proposes a new one-digital-type biquad filter. Both design concepts and the
particular digital biquad filter structure for hardware realization in re;:ursive scheme are
introduced. The new ideas, which are used and proposed in this chapter, are sz transformation
from analog to digital transfer functions using bilinear-based Pascal matrix operations (8-14, 22]
in order to compute the biquad digital filter coefficients, and a new proposed biquad digital filter
structure which is modified from an ordinary 2™ order IR filter structure.

Chapter 6 : Discrete Pascal Transform and Its Hardware Realization will be proposed,
the discrete Pascal transform (DPT) that was presented by [23] is one of many discrete transforms

such as DFT (Discrete Fourier Transform), FFT (Fast Fourier Transform), DCT (Discrete Cosine



Transform), DWT (Discrete Wavelet Transform), etc. Most of these discrete transforms can be
operated in the form of matrix operation as same as DPT. The interesting problem is that matrix
operation consumes many multiplications and many adders for implementation, all of these
depend on the size or dimension of matrix operator. With some properties of Pascal transform
matrix where the elements in matrix operator are the binomial coefficients and related to the
Pascal’s triangle, we can factorize the Pascal transform matrix into binary (1,0,-1) matrices. Then
we can represent Pascal transform matrix in the form of binary (1,0,-1) matrices, the transformed
output, which is computed from Pascal transform matrix operation, can be computed without any
multipliers. Only adders are used by using an efficient hardware structure that is obtained from
these factorized binary (1,0,-1) matrices [24,26].

The Pascal transform matrix in this chapter is divided into two types that are called
highpass type and lowpass type, respectively [25]. In [26] proposes only the efficient hardware
realization of highpass type DPT that uses highpass type Pascal transform matrix, but in this
chapter also proposes the efficient hardware realization of lowpass type DPT. Moreover, we also
propose the elimination matrix that is used for formulating the factorized binary (1,0,-1) matrices
both highpass and lowpass type which do not appear in [24,26]. Finally the efficient hardware
realization of two-dimensional (2-D) DPT can be shown in the form of one-dimensional (1-D)
DPT structure, and from the DPT hardware structure we will show the improvement of discrete
Pascal filter (DPF) in both 1-D and 2-D case and both highpass and lowpass type.

Chapter 7 : The Discrete Pascal Filter (DPF ) from Frequency Characteristic in DPT will
be proposed, the discrete Pascal transform (DPT), that was proposed in [23-25] and in chapter 6
has an attraction for signal processing applications, especially application of the transform in
digital image processing. Moreover, many previous papers introduced the advantages of the
Pascal matrix for designing digital filter. As mentioned in [23-24], the DPT was used in bump
and edge detection. So, it makes us think of the high frequency component in an image.
Therefore, we make an assumption about the hidden highpass filtering characteristic in DPT. This
chapter will show the method to investigate the frequency characteristic that is hidden in DPT.
The DPT that uses Pascal matrix as shown in [23], we will call the highpass type DPT, and we
also present another one that we will call the lowpass type DPT. All frequency characteristic can
be shown in the frequency response of both 1-D and 2-D filtering. Moreover, we found that the
operation of direct DPT, as proposed in [23-24] has weakness. From the frequency or 'ﬁltering

characteristic investigation, we can improve the operation method from DPT to discrete Pascal



filtering (DPF). The simulation results will show the differences between DPT and DPF output
signal both highpass and lowpass 1-D and 2-D signal filtering and also proposes the applications

of 2-DPF on hardware implementation.

1.2 Thesis Qutlines

The organization of this thesis consists of 8 chapters. Chapter 1 is about research
background and literature reviews that used in this; thesis and the outlines of thesis. In chapter 2,
the generalized Pascal matrices for s-z transformation topic, mathematic proofs shown on
generalized Pascal matrices and their inverses in 4 cases as backward difference (BD), forward
difference (FD), bilinear (BL) and parametric BD-BL transformation. Chapter 3 shows further
results on generalized Pascal matrices for s-z transformation such as in chapter 2, but use a
different model which is called unified Pascal matrix for derive. Chapter 4, the Pascal matrix
operation for unified bilinear s-z transformation explains using of bilinear Pascal matrix for IIR
filter design from analog prototype normalized transfer function with automatic frequency
transformation by frequency scaling coefficients (FSC) matrix. Chapter 5, modified Pascal matrix
used to design equation for biquad digital filter design and the proposed biquad digital filter
structure can be shown which can give 5 outputs simultaneously. Chapter 6, the transform topic
that called discrete Pascal transform (DPT), the basis function for this type of transform will be
shown and the efficient way to create the hardware structure for DPT by Pascal matrix
factorization into binary matrices is also shown. Chapter 7 is developed from chapter 6 to the so-
called discrete Pascal filter (DPF), the frequency investigation of DPT leads to the development
of DPF, the DPF hardware structure is same as the DPT only some input modification. Chapter 8

is the conclusion of overall research in this thesis.



Chapter 2

Generalized Pascal Matrices for s-z Transformations

2.1 Introduction

This chapter proposes a one-to-one mapping between the coefficients of continuous-time
(s-domain) and discrete-time (z-domain) IIR transfer functions such that the s-domain
numerator/denominator  coefficients can be uniquely mapped to the z-domain
numerator/denominator coefficients. The one-to-one mapping provides a firm basis for proving
the inverses of the so-called generalized Pascal matrices from various first-order s-z
transformations. Also, derive recurrence formulas for recursively determining the inner elements
of the generalized Pascal matrices from their boundary ones. Consequently, all the elements of the
whole generalized Pascal matrix can be easily generated through utilizing their neighborhood,
which can be exploited for further simplifying the Pascal matrix generations. Finally, reveal and

prove some interesting properties of the generalized Pascal matrices.

2.2 No One-to-One Mapping Problem

In this section, first consider why one-to-one mapping between the coefficients of IIR s-
domain and z-domain transfer functions are necessary. If not, the inverse transformation (forward
or backward s-z transformation) cannot restore the original coefficients. For simplicity, denote the
s-to-z conversion as forward transformation, and z-to-s conversion as backward transformation.
To derive correct one-to-one coefficient mapping between the coefficients of s-domain and z-
domain IIR transfer functions and correct inverses of the generalized Pascal matrices for various
first-order s-z transformations, need to perform both forward and backward s-z transformations

first, which will be detailed in the following two subsections.

2.2.1 Forward s-z Transformation

Assume that the s-domain transfer function

N
248
Hep(s)=8— = gcr»g; @)
Y Bs T



with

N N
NCT(S)=ZA1'S‘ ) DCT(S)-:ZBISI
i=0 i=0

and z-domain transfer function

N
Zakz ZakzN -+

H(z)= k=0 — k=0 N(z)
ib z* ib 2Nt D(2)
k=0 ¢ k=0 ¢

with

are related to each other through the first-order s-z transformation

z—-1 u+vs
&S z=

wzZ—v ut+ws

s=(-u)-

where u,v # w are real constants [13]. Substituting (2.4) into (2.1) yields

iA,(—ur( z-1 ]

E(Z)= I;O WZ—'lV ;
i| Z2—
§B1(—u) (W _v)

iuiA, (z-1) (v—wz)""

_ =0

iu{B,. (z-1) (v—wz)""!
i=0

N(z)
D(z)

(2.2)

2.3)

2.4)

(2.5)



with
N(z)=Y w4, D" B(2)

—~ N
D(z)=> u'B,-(-D"*" P(2) (2.6)
=0

B(2)=(z-1)'(wz—-v)""

Since P,(z) is the N th degree polynomial in z, it can be expressed as
g N-k
P(2)= Z DiiZ @7
k=0

By using the binomial theorem, can expand (z — 1) and (wz—-v)"" as

(Z _l)i - Z(;J Zl-—n _(_l)n

(wz— v)N——I - Af(N n_ i ) (wz)(N—i)—n (~v)"

To determine p,, , ie., the coefficient of z¥* in (2.7), need the consider the following

combinations of the exponents of z :

N- i-k
N7

VD1 im(k-1)

N-
¥4 =

Nk | i=kk)

N-i i (_l)k vnw(N—I)—n
=\ n k—n

(2.8)
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and

Consequently, the numerator ﬁ(z) in (2.5) can be expressed as

- N
N(z)= Z&k ZN* .9)
k=0
with
*__N i e N-i U -1 ¢\ \N-i-k
ak—%:uA,Z; 0 N ken W (—w)
) D ~ (2.10)
N ~~
=5 MDA - ()"
i=0
and

k(N-i i
k N = n_. k-n .
M(k,i) ”Zo( " )(k—n)v w (2.11)

Using (2.11), can prove that

N
M(k,i)=1 ( jv" (2.12)

Therefore, the matrix M takes the form
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[ 1 1 1 1]
(N\ . N )
v . w
\1) 1
N) N
M= V2 w? (2.13)
\ 2 ) 2
(N N
VN vN—l wl vl wN—l ( ) wN
[\NV) N) ]

In [13], the matrix M is called the generalized Pascal matrix. For the BL, BD, and

parametric BD-BL transformations (w=-1), (2.10) can be rewritten as
~ N —~
ar =Y M(k,0)4,
i=0

or can express the above equation in matrix form as

a=MA (2.14)
with
210 20 u°
- a ~ 2 u'A
a=| |, A=| =l O 2.15)
~ -~ N
| av | _AN ] u” Ay

If we just equate the numerator N (2) in (2.9) to the numerator N(z) in (2.3) as [13],

ie., ar = a,, then the numerator coefficient vector a is related to the vector A as

a,
A _ _ al _ —~
a=a=| . [=MA (2.16)

ay
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we will show later that equating the numerators only will cause no one-to-one coefficient

mapping and incorrect inverses of the generalized Pascal matrices.

2.2.2 Backward s-z Transformation

Conversely, we want to transform the.z-domain transfer function

N N

> az’ az"" N

. . z

H(z)='2— =20 -7
> bz bz"" (2)
=0

i=0

to the s-domain transfer function

24 N
HCT(S) = N = D (s)
B, s* Ccr
k=0

by using the first-order sz transformation (2.4). Substituting

_ u-tvs

ut+ws

into (2.17) yields

ia(u+vs))“ R
I’-}cr(s)= N\ u+ws _ =1Xcr(s)
ibl(u+vs) Dcr(s)
u+ws

1=0

with

- N
Ncr(s) = Za, (u+vs)V ' (u+ws)
1=0

Der(s) = zN: b,(u+vs)"™ (u+ws)'

Using binomial series expansion of (1 + vs)" and (u+ ws)' , can obtain

(2.17)

(2.18)

(2.19)

(2.20)



o~ N ~
Ner(s) = Z Ars*
k=0
with

_ N
A =u"Y M (k,i)a,
i=0

13

(2.21)

(2.22)

In [13], the numerator N cr(s) isequatedto Ner (s) in(2.18), i.e., A = A, , which leads to

N
u (Wt 4,)=) M(k,ia,
1=0

i.e.,

~ N
u ™ de =) M(k,i)a,

i=0

with Ax =u*4, . Thus,

ie.,
a=u " (M™ K)
For the BL transformation, comparing (2.16) with (2.24) leads to
="My,

where M, denotes the generalized Pascal matrix for the BL case, and its elements are

a1,

It should be pointed out here that the inverse (2.25) is incorrect, the correct one is

(2.23)

(2.24)

(2.25)

(2.26)
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Mj =2""M,, (2.27)

The proof is given in proof of inverse Pascal matrix section. The reason for the incorrect
relation (2.25) between the generalized Pascal matrix and its inverse is due to the direct mapping
between the numerators only or between the denominators only. This means that we cannot
restore the original s-domain coefficients {A,,,B"} from the z-domain coefficients {a,,,b,,} , or
vice versa, i.e., the coefficient mapping is not one-to-one mapping. More importantly, it misleads
to wrong inverses of the generalized Pascal matrices for various transformations such as BD, FD
cases and cannot rigorously prove the inverse generalized Pascal matrix for the BD-BL

parametric transformation, which will be shown later. For example, see the example presented in

[8], where the transfer function of the third-order (N = 3) s-domain lowpass filter is

5153+
H. . .(s)= 2.28
cr() 5153 +4.3445 +2.781s% +0.929s" 2.28)
For simplicity, assume % = 2/T =1, which leads to
5.153 5.153
“ 0 ~ 4.344
A=A= , B=B=
i 2.781
0 0.929
as shown in (2.15). If (2.16) is used, then
[a b=M,[A B
1 1 1 115153 5.153
3 1 -1 =3|| 0o 4344
= (2.29)

3 -1 -1 3 1 2.781
1 -1 1 -1jf 0 0929
[6.153 13.207]
14.459 14.235
14.459 11.121
| 6153 2.661 |




15

i.e., the z-domain transfer function is

6.153+14.459z" +14.459z7% +6.1532"
13207 +14.235z™ +11.121z7* +2.6612">

H(z)=
For the backward s-z transformation, if (2.23) is used as [13], then

A B|-M,[a b]
1 1 1 17][6.153 13.207
3 1 -1 -3[{14.459 14.235
3 -1 -1 3 |[14.459 11.121
1 -1 1 -1j[ 6153 2.661
[41.224 41.224]

1 o 34.752
|8 22248
| 0 7432 |
ie.,
41.224 +8s*

Her(s) =
T (8) = 24+ 34,7525 + 22,2485 + 1.4325°

Clearly, both the numerator and denominator coefficients of Her (s) are different from those of

H_,(s) in(2.28). In contrast, if (2.24) is used, then

(a b]=M;|A B
=2"M, [A B] (2.30)
0.7691 1.6509
1.8074 1.7794
~11.8074 1.3901
0.7691 0.3326

i.e., the z-domain transfer function becomes
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0.7691+1.8074z™' +1.8074z2 +0.7691z"

H(z)= - P 5
1.6509+1.7794z" +1.3901z™ +0.33262z

and conversely

5.153 5.153
~ . 0 4344
[A BJ:MBL[a Bl=l | 2781
0  0.929]
ie.,
5153+

Her(s) =
cr(8) = 515344 3445 + 27815 + 0.9205°

Obviously, the coefficients of H cr(s) here are identical to those of H(s) in (2.28).

Therefore, the original s-domain coefficients can be completely restored.

2.3 Inverse Matrices Using One-To-One Mapping

The incorrect conclusion of the inverse Pascal matrix (2.25) is caused by equating only
numerators. Let us go back to (2.19), where a new s-domain transfer function H cr(s) is
transformed from the z-domain transfer function H(z) in (2.17). To perform the first-order s-z
transformation (2.4), the constraint

s=0 & z=1

is imposed, i.e., the point s =0 in the s-plane must be transformed into the z =1 in the z-plane

[13]. It follows from (2.19) that

N N
Za,u” eu Z au®
. i=0

i=0

=0 h N S
> bu" > bu
i=0

i=0

Her(s) (231)

On the other hand, obtain from (2.17) that
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i

H@)| =% (2.32)

i=0

Comparing (2.31) with (2.32) indicates that both the numerator and denominator
coefficients of H (z) are scaled by a factor u" after the backward s-z transformation. However,
if we want to derive a one-to-one mapping between the coefficients of the numerators N ;(s) in

(2.18) and N(z) in (2.17), the correspondence

N ) N
N (z)|z=l = z a,z" Moo= z a,
i=0 z=1 i=0
|} (2.33)
X k Y k
Nep®)_ =2 4s"| =240 =4
k=0 s=0 k=0

must be satisfied. Therefore, need to divide Ax in (2.22) by 4" and then set the result to 4, as

Ax
N

N
=u™*Y M(k,i)a, = 4 (2.34)
i=0

As a result, we have

~ N
A =uk 4, =) M(k,Da,
i=0

or in matrix form
A=Ma (2.35)
namely,

a=M"'A (2.36)

Next, go back to (2.5), where a new z-domain transfer function Her (2) is transformed from the

s-domain transfer function H,(s) in (2.1). Since

58064
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A =% Al vy

= = .37
z=1 ZuiBl . 01 (V _ W)N—I Bo(v - W)N
=0
and
i )
A0’
Hep (S)L=o =4 = L (2.38)
B,

we know that the numerator and denominator coefficients of H;(s) are scaled by a factor
(v—w)" after the forward s-z transformation. Therefore, the coefficients ax in (2.10) are related
to the coefficients @, in (2.2) as

-~

Ak

ZV_——W—W =a, (2.39)

2.3.1 Bilinear (BL) Transformation

For the BL transformation, the parameters u ,v,and w take the values

u -727, T : sampling period
v=1

w=-1

and the generalized Pascal matrix reduces to the so-called Pascal matrix, whose elements are

defined as (2.26). For example, if N =4, then the Pascal matrix is

11 1 1 1]
4 2 0 2 4
M,=|6 0 2 0 6 (2.40)
4 2 0 2 4
1 -1 1 -1 1]
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As for the inverse Pascal matrix, substituting v=1 and w=-1 into (2.39) yields a, = 27 &k ,
ie.,
a= 2_N a 2.41)
Substituting (2.14) into (2.41) results in
a=2"M, A (2.42)

and comparing (2.36) and (2.42) yields the inverse Pascal matrix (2.27) for the BL case.

2.3.2. Backward-Difference (BD) Transformation

For the BD transformation, the parameters #,v, and w take the values

'72-, T : sampling period
0
-1

T ¢ w
I

Using the general definition (2.11), can compute the elements of the generalized Pascal matrix as

My (k,) =i[N ;i)(kin)o"(—l)*-" =Uc)(—1)" (2.43)

For k>, Mgy (k,i)=0,and for k=i, My,(k,i)=(-1)*. For example, if N =4, then

11 1 1 1
0 -1 2 -3 —4 _
Mp,=/0 0 1 3 6 (2.44)
00 0 -1 —4
00 0 0 1

As for the inverse of the generalized Pascal matrix, substituting v=0 and w=—1 into (2.39)
yields 4, =a, , ie.,

a=a (2.45)
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Substituting (2.14) into (2.45) obtains

a=M,,A (2.46)
and comparing (2.36) and (2.46) yields the inverse matrix for the BD case as

M;lD =My, (2.47)

2.3.3. Forward-Difference (FD) Transformation

For the FD transformation, the parameters % ,v, and w take the values

u

-% , T :sampling period
1
w=0

By using the general definition (2.11), can express the elements of the generalized Pascal matrix

M, (k,i)= Z( )(kin}-1"~0"'"=(N:] (2.48)

For k>N-—i,ie, k+i>N, M, (k,i)=0, and for k+i=N, M_,(k,i)=1. As

as

for the inverse matrix, substituting v=1 and w =0 into (2.39) yields a, =a,.The a, in(2.10)

N-i\( i . .

n )(k—n}"ww ’ '(—I)N_(k )

N=i\( i e
)(k n) O(N 1) ( 1) (k+1)

n

J ( 1)(l'+l)—N

can be further manipulated as

>
a0

M» 1M

8
[

N

a0

O
?~‘ —

I
IM= IM= iD=
)
i
/N

22

-
(]

N-k

[\/]z M=

W (k,i)A:

g
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with
i

W (k,i) =(N_k

j(—l)('”"’"” (2.50)

The relation (2.49) can be expressed in matrix form as
i=a=WA 2.51)
Comparing (2.36) with (2.51) yields the inverse Pascal matrix
M, =W (2.52)

To get a closed-form solution for W, compare M, (k,i) in (2.48) with W (k,i) in
(2.50) and conclude that the matrix W can be obtained from the matrix M, by the following -
steps.
Step-1: Flip M, in up/down direction to get a new matrix U;
Step-2: Flip U in left/right direction to get a new matrix V;

(k+1)-N

Step-3: Multiply the element of the matrix V' in (k,i) position by -1 to get the

final matrix W , i.e.,
W (k,i) = (-1)* NV (k,i) (2.53)
where (k,i) represent the row and column positions, respectively, k,i=0,1,...,N.

For example, if N = 4 , then the generalized Pascal matrix and its inverse are

11 1 1 1] 0 0 0 0 1]
43210 0 0 0 1 —4
M,=|6 3 10 0|, Mp={0 0 1 -3 6
41000 01 2 3 —4
1 0 0 0 O] (1 -1 1 -1 1]
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It should be noted here that the inverse Pascal matrix for the FD case is mentioned in {13],

where W (k,i) is computed by
W (k,i) = (D) V(k,i) (2.55)

Unfortunately, the conclusion (2.55) is incorrect for the general case, which is only valid for odd

N . This is because
(_1)(k+l)—N — (_1)(k+1+l) .(_1)—(N+l)

| DM forodd N
—(-1)**"*'  forevenN

2.3.4.- Parametric BD-BL Transformation

For the BD-BL transformation, the parameters ¥ ,v, and w take the values

u= -'%-L , T :sampling period
r

v
w=-1

By using the general definition (2.11), can compute the elements of the generalized Pascal matrix

as

M, (k,i)= i(N; i)(k i n) r (1" (2.56)

Also, substituting v=r and w= -1 into (2.39) yields a, = (r+ 1)'"&,‘ ,i.e.,
a=(r+1)"a (2.57)

Substituting (2.14) into (2.57) yields
a=(r+1)"M,A (2.58)

and comparing (2.36) and (2.58) obtains the inverse matrix for the parametric BD-BL case as



M;' =@ +1)"M,
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(2.59)

As special cases, if 7 = 0, then the parametric BD-BL transformation becomes the BD

transformation, and if # =1, it becomes the BL transformation. For other 7, the inverse matrix

M;,l can be obtained by scaling the matrix M, by a factor (r + 1) . As an example, if N =4

and = 0.5, then the generalized Pascal matrix is

1 1
2 0.5

M,=| 15 -075

and its inverse is

0.5 -0.625
10.0625 —0.125  0.25 0.5

—0.75

1
-1

0.5

[0.1975 0.1975  0.1975
0.3951 0.0988 —0.1975

M;' =|0.2963 -0.1481 -0.1481

Thus, we can verify

o O =

M,M; =

o O

o O O = O

2.4 Lowpass-To-Highpass Transformation

o O - O O

0.0988 -0.1235 0.0988-
[0.0123 -0.0247  0.0494

O = O O O

1
-2.5
1.5
0.5

0.1975

—0.4938

0.2963
0.0988

-0.0988 0.1975 |

o

- O O O

]
-4
6
-4
1_

0.1975 |
~0.7901
1.1852
~0.7901

(2.60)

So far, we detailed the first-order s-z transformation (2.4), which is a mode! for lowpass-

to-lowpass mapping, ie., s=0z =1. In this section, consider the lowpass-to-highpass BL

transformation, i.e., s =0 <> z= —1. Therefore, the s-z transformation model is
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S=u-— (2.61)

where u is a real constant. In the following subsections, first consider the one-to-one coefficient
mapping from the s-domain transfer function to the z-domain transfer function (forward s-z
transfer function), and then consider that from the z-domain to s-domain (backward s-z
transformation). Based on the s-to-z and z-to-s one-to-one mapping, can derive a closed-form
inverse Pascal matrix for the lowpass-to-highpass case. It will be seen that the inverse Pascal
matrix for this lowpass-to-highpass BL case can be easily obtained by modifying the Pascal

matrix in the lowpass-to-lowpass BL case (2.26).

2.4.1. s-to-z Transformation

Substituting s =u(z +1)/(z—1) into (2.1) yields

S ud (j—i—})

H(z)=2 5
oz
Sea(z)

N
D u'd(z+1) (z- pr-
=42 (2.62)

N
> u'B(z+1) (z-)"
i=0

_NG@)
D(2)
with
N)=3 ARG, Do=YuBRE)
and

B(2)=(z+))'(z-D""

Using the binomial expansions

z+1) = i(;) zZ"

n=0

(Z I8 l)N—i = g(Nr: 1) Z(N,-l)—n N (_1)n

n=0
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the numerator N(z) can be expressed as

—~ N
N@z)=) az"* (2.63)
k=0

with

a, =iZ:;u"A,-i(N :](ki )(—1)"

n=0 —h

Here, we want to perform the one-to-one mapping from the numerator Nr(s) in (2.1) to’ N (2),
ie.,

Ny (s) & N(z)

on the basis s =0 <> z=-1. Since
(2.64)

and

N .

ZulAi . Ol '(‘Z)N—l
- i=0

N

z=-1 ZulBl . Ol .(_2)N-—l
=0
o N
= %;T (2.65)
0
42"
B,-2"

H(z)

it is clear that both the numerator and denominator coefficients of H(s) are scaled by a factor

2V after the s-to-z transformation. Hence, we have

~

a,
r _~A-N~ __
551——2 a, =a
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ie.,

v (N
2””214',4,.2( ) ')[k'n)(-l)"=a,c (2.66)

i=0 n=0 -

Further, since (—1)" =(-1)*"-(~ 1)¥, the relation (2.66) can be rewritten as
N ~
27NN (<1 My, (kD) Ai = q (2.67)
i=0

with 4; = u'A;, and M (k,i) is defined in (2.26) for the lowpass-to-lowpass BL case. If we

let

M (k,i) = (-1)* My, (k,i) (2.68)

then (2.67) can be rewritten in the matrix form
a=2" lVIK

—~

or A=2" IVI_la (2.69)

Eq. (2.68) indicates that the matrix M can be easily obtained from M, by multiplying the rows

of M, with (—l)k , k=0,1,...,N . As an example, for N =3, we have the Pascal matrix

1 1 1 1
31 -1 3
M, = (2.70)
3 -1 -1 3
1 -1 1 -1

then matrix M can be obtained by changing the signs of the second row (k =1) and fourth row
(k=3) of My, as

2.71)

1

w

!

]

Pt
_— L W) e



27

Instead of changing the signs, the generalized Pascal matrix M can also be obtained by

flipping the columns of M g, . This can be proved as follows. It follows from (2.66) that

 ven
M(k,»:z( ) ’)(kin](—l)"

Thus,

~ £ (i\(N-i
M(k,N—i)=Z[;)( k_;)(—l)"

n=0

Let n' =k —n, then

M(k,N—i) = i(k jn’)(NTi)(_l)k_n-

n
e (N=i)( i .
=Z<;( n )(‘k—n](_n
=My, (k,0)

Therefore, flipping the columns of M, can also yield M.

2.4.2. z-to-s Transformation

Substituting z = —(u+5)/(u —s) into (2.17) leads to

Her(s)=H(2)|

N (””)W
— a~ —
— i=0 ' u—=s

i( N u+rs\'
i=0 l(”"s)

S Doyt )" u—s)

] i(—l)'b,-(u +85)" (u~s)’

with
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Ner()=Y.(-'aQ(s),  Der(s)=2(-1)'bQ.(s) 2.72)
and

0,(s)=(u+s)""(u-sy

Here, we want to expand the Nth degree polynomial Q,(s) as
s k
0(8)=2 4
k=0

Since

N-i —_7
u+s)V' = Z[N l} N gn

n=0 n
. 2.73)
i d I i-n n
(u—s) =Z(n)u —5)

the coefficient q,, can be determined by considering the following combinations of the

exponents of §:

S 5
Sl 'Sk_l

S =495°-§5

k-k

Thus, we can get

n —-n

N-k L(N-i i k-n
-3 L)

Consequently, the numerator Ner (s) in (2.72) can be expressed as

L(N-i ~i)-n i —(k-n -n
S Lt

~ N —~
Ner(s)="Y Aes*
k=0
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with
~ N .
A=Y (-'ag,
1=0

N
=u" > (1) My, (k,i)a,
i=0

Consider the mapping § =0 & z=-1, we have

- i(_l)iaz -u"
H cr(s)| = =0

N

> (-1'b-u”

i=0

Z(—I)N'—‘ a; Z(_l)‘ a;
H(Z)I — =0 _ i=0

Ze=-} - N

TN
>.D"'b, Z(—l)' b,

i=0

Therefore, both the numerator and denominator coefficients of H(z) in (2.17) have been scaled

by a factor u" after the z-to-s transformation, which implies

-~

A . ]
;7=u (=) My, (k,)a, = 4,

i=0

ie.,
- N
Ae =u* 4, =) (1) My (k,D)a, (2.74)
i=0
‘If we let
M = (=1) My, (k,i) (2.75)

then (2.74) can be expressed in matrix form as

A=Ma (2.76)
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Eq. (2.75) indicates that the matrix M can be easily obtained by multiplying the
columns of M, with (—l)i,i =0,1,...,N, ie., the even columns (odd i) will change their
signs. For example, if N =3, we have M, given in (2.70) and M can be obtained by

changing the signs of the second column (i =1) and fourth column (i=3)of My, as

1 -1 1 -1

M-> 1 -3 Q.17
3 1 -1 -3
11 1 1

Instead of changing the signs of even columns of the Pascal matrix M, for the
lowpass-to-lowpass BL case, the generalized Pascal matrix M can also be obtained by flipping

the rows of M, , which can be proved as follows. Replacing kin (2.26) with N —k yields

My (N=k,i)= Z( )((N - n)(—l)‘”‘*""

Since i 2(N —k)—n,ie, n>(N —k)—i,My (N —k,i) canbe written as

k= & (N i _1\(N-K)-n
Mu (N k’l)_n=(Nz-;c)—l( n )((N "k)“”]( R

Let n'=(N —k)—n,then n=(N—k)—n', and

My, (N—k,i)= Z((N k). ][')(—1)"'

i P

Mk, 1) = (1) My, (ki)

£ (N—i , .
=§( ) I)(kin)(_l)k—n+l

and i k—n,ie, n2k—i,then A/Z(k,i) can be written as

(2.78)

On the other hand, since
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— £ (N=i\( |
M(k,i)= Z( - t)(k i n)(_l)k—nu

Let n'=k—n,then n=k—n',and

T = i(N—i)( ’:) 1y

L (N=i\(i .
nzo(k ’;) ;)(_l)nu

Further, let #'=i—n,then n=i—n", and

—~ 0( N-—i j -
M(k.i)= Z( k+ n'ii)(i—ln')(—l)h-n

; (2.79)
= -1
Z“(k+n lj(l J( y
Comparing (2.78) with (2.79), we know
M(k,i) =M, (N —k,i)

That is, the generalized Pascal matrix IVI can be obtained by flipping the rows of the Pascal
matrix M, . By comparing (2.69) with (2.76), can get

~ -1 NS

M =27"M (2.80)

Moreover, M (k,i) in (2.75) can be rewritten as

M(k,i)= (-1 My, (k,))-(-1)'*
= (=1 My, (k,i)- (=D 2.81)
= M(k,i)-(-))*"

As a result, we can obtain

M (ki) =27 Mk, D) (=D 2.82)
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~ ] ~
Therefore, if we want to compute the M from M itself, we can first multiply the elements

M (k,i)by (- 1)¥* and then divide the resulting matrix by 2V

2.5 Recurrent Generation Formulas

In [14], it is shown that the elements M (k,i)of the generalized Pascal matrix M in
(2.13) can be computed through using the FFT and IFFT. Although this idea is interesting, the
final results are numerical solutions and not in a closed-form. In this section, we derive a general
recurrence formula for computing the elements M (k,i), where the parameters v and W can
take any real values, but v# w. Consequently, the BL, BD, FD, and parametric BD-BL
transformations can be regarded as special cases. As compared with the DFT-based numerical
algorithm [14], the recurrence formula can recursively compute the elements M(k,i) in a

closed-form, and the computational complexity can also be reduced significantly.

2.5.1 Lowpass-to-Lowpass Case
The BL, BD, FD, and parametric BD-BL transformations belong to this lowpass-to-
lowpass case, where the first-order s-z transformation model (2.4) is used. Start from the-element

expression

CON_DY
M(k,i)= Z( l](k ! }v”w"'” (2.83)
n=0 —h

n

As shown in (2.13), if k=0, i.e., the first row of matrix M, Then M (0,i)=1,andif i=0,

i.e., the first column, then

M(k,0) =(IZ ] v

Starting from the first row and first column, can recursively compute all the elements M(k,i)

using the closed-form recurrence formula
M(k,i) = M(k,i—1)+wM(k—1,i 1) ~vM(k—1,) 2.84)

which can be proved as follows. Since
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(T

then
N-—i N N-(i-1) B N-i
n | n n-1
and
N-i i) N-(@-1) i _N—i i )
n \k-n) n k-n) \n-1\k-n (2:85)
Substituting the identity
[ela) e e
= +
k-n k—-n-1 k—n
into (2.85) leads to
L H L )
n \k-n n k—n n (k-1)—-n n-1\k-n
Thus, can obtain
N k(N—i A
M(k")—,,z_.;( n )(k—n}'w 2.87)
=a,+a,—q,
with
E(N-G-D)fi-1
a1=nz=;( S )J(;_ )v"w"‘"=M('k,i—l)
_ k(N-(@i-1) i-1 0 ken
% —,,Z.;( n )((k—l)—n)
_E(N-G-D) i-1 n. (k=1)-n
=2\, ][(k—l)-n)vw Y
=wM(k-1,i-1)
and
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If welet n'=n—1,then n=n'+1,and @, canbe rewritten as

G (N-iY( i o
o, = Z ' ! B ! . V" +lwk—(n +1)
=0\ B (k 1) n

_\(N- i n. (k=D)-n"
—,,Z;,[ n' )((k—l)—n')v v v

=vM(k-1,i)

Substituting ¢, , &, , and ; into (2.87) yields (2.84). This recurrence formula indicates
that once the constants v and W are given, all the elements M (k,i) can be recursively
computed by using their left and top neighbourhood. For computing each M (k,i), at most 2
multiplications and 2 additions are required. Using the recurrence formula (2.84), the BL, BD, FD,

and parametric BD-BL transformations can be simplified as follows.

For BL transformation, v=1, w= —1, then
Mg (k,i)= MBL(k,i—l)—MBL(k-l,i—l)—MBL(k—l,i) (2.88)

For BD transformation, v=0, w= —1, then we have
MBD(k,i)=MBD(k,i-l)—MBD(k—l,i——l) (2.89)

For FD transformation, v=1, w= 0, then
M, (k,D) =MFD(k,i-l)—MFD(k—l,i) (2.90)

rametric BD-BL transformation, v=r , w=—1, then

M, (k1) = M, (k,i 1)~ M, (k=L i=1)—rM,(k~1i) 2.91)

As an example, let us consider N=3 for the parametric BD-BL case. Using the

recurrence formula (2.91), can verify

1 1 1 1
3r 2r-1 r-2 -3
M, = 2.92
P13p2 p22r 2r+1 3 @92

r —r? r -1



35

Finally, some remarks should be given on the computational complexity (computation time).
If the FFT-based algorithm [14] is used, while (N + 1) is not equal to an integer power of two,
then zero-padding is necessary before performing the FFT. Therefore, the computational
complexity also depends on how far the number (N+1) from the smallest integer power of two
towards infinity. The most efficient case for the algorithm [14] is that (N + 1) is exactly equal to
the integer power of two. Assume that (N + 1) = 27, p is an integer. First, the vectors a,and b,

in [14] must be computed before the FFT.

After generating the vectors a,and b, , the FFT-IFFT process requires

3N +Dlog,(N+1)+(N +1) = (N +1)3p+1)

complex multiplications and

3(N+Dlog,(N+1)+ N=(N+1)3p+1)

complex additions. Since one complex multiplication requires 4 real multiplications, and one
complex addition requires 2 real additions, thus the FFT-based algorithm [14] requires 4(N +
1)(3p + 1) real multiplications and 2(N + 1)(3p + 1) real additions. In contrast, the recurrence
formula (2.84) only requires at most 2 real multiplications and 2V real additions. As a result, the

ratio of real multiplications is

2N 1
P (2.93)
AN+1)@Bp+1) 2(3p+1)
and the ratio of real additions
2N =~ 1 (2.94)
2(N+l)(3p+1) 3p+1

Therefore, the recurrence formula requires lower computational complexity than the
FFT-based algorithm [14). For example, if N= 16, and v= 0.5, w=-1, then 15 zeros must be
padded before the FFT-IFFT process, and the FFT-based algorithm [14] requires 137002 Flops
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including all the multiplications and additions to complete the computation of the generalized
Pascal matrix M, while the recurrence formula only requires 3355 Flops, the ratio of the
multiplications is about 0.0245, i.e., only about 2.45% of the multiplications are required by using
the recurrence formula. Taking the M computed directly from (2.83) as the true result, then the
FFT-based algorithm [14] and the recurrence formula (2.84) lead to normalized root-mean-
squared (RMS) approximation errors 1.97x107™% , and 0, respectively, i.c., no errors are
caused. Moreover, it follows from (2.93) and (2.94) that the computational complexity can be
further reduced as N becomes large. With the first, last columns and first, last rows pre-computed,
i.e., once the boundary elements of M in (2.13) are pre-computed, the inner elements of M can
also be recursively computed from the four comers independently. This recursive computation
from four comers almost does not change the computational complexity because only the last

column and last row need to be further pre-computed before starting the recurrent computation.

2.5.2 Lowpass-to-Highpass Case
The generalized Pascal matrix M =|:A7 (k, l):l is used for the first-order lowpass-to-

highpass s-z transformation (2.61). The elements M (k, i) can also be computed by the recurrence

formula

M(k,i)=M(k,i=1)+M(k-1,i—1)+ M(k-1,i) (2.95)

which can be proved as follows. Since

s

substituting (2.86) into the above equation leads to

~ E(N-G-DY(i-1), L &(N-G-DY i-1 ),
EUD Y LI U e &

r (N-i\( i .
—,,=o(n—l](k—nj(—l) (2.96)

=A7(k,i-1)+1t7(k—l,i—l)—-zk:(]: —:)(k y n)(—l)"
n=l - -
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If welet n'=n—1,then n=n'+1,and

L (N-i\( i . E(N-i i o
g("—l](k“")(—l) B Z;( n' )((k—l)-"')( ) 2.97)

=-M(k-1,i)

Combining (2.96) with (2.97) arrives at the recurrence formula (2.95). As for the generalized
Pascal matrix M , it can be determined from (2.75) or (2.81) if My, or M is known. As an

alternative way, can also use the recurrence formula
Mk,i) = M(k-1,i=1)—~ M(k-1,i) - M(k,i-1) (2.98)

2.6 Properties of Generalized Pascal Matrices

In this section, “./e prove some interesting properties that the sum of each column (except
the first or last column) elements of the generalized Pascal matrices M (for w=-1), M , and
IVI is zero. First, let us consider M in (2.13), where we assume that .S, denotes the sum of the G

+ 1th column elements, i.e.,
N
S, =Y M(ki) ;i=0,,...,N
k=0

then can prove the following interesting property.

Property-1:1f w=-1, v# w, then

N . _
5 = {(l +v)" fori=0 (2.99)

0 fori=1,2,....N

Proof: For w = —1, the recurrence formula (2.84) can be modified to

M(k,i)+vM(k=1,i)= M(k,i—1)- M(k—1,i 1)

For i 21, summing up the two sides separately leads to

i[M(k,i)+vM(k—l,i)]= i[M(k,i—l)—M(k—l,i—l)]

k=0
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The left-hand side can be rewritten as
N
3 [M(k,i)+vM(k—1,D)]=(1+V)S, - vM(N,i)
k=0
and the right-hand side becomes

i[M(k,i—l)—M(k—l,i—l)]=M(N,i—l)

k=0
where assume that the boundary elements M (—1,i) and M (~1,i—1) are zero. Thus,
(1+v)S, —vM(N,i) = M(N,i-1)

i.e.,

_vM(N, i)+ M(N,i-1)

S; (2.100)
1+v
Moreover, as mentioned in (2.12), since
M(N,i)y=v""'w =v"(-1)
and
M(N,i-1)= yV (—l)"l
=—y. vN-l (__l)l
=-vM(N,i)
thus (2.100) becomes
S,=VM(N")“”M(N”)=0 (i=12,...,N (2.101)

1+v
If i=0,then

M(k,i)= M(k,0) =(1Z ) Wt
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thus

S, = iM(k,O) e i@/}" =1+ (2.102)

k=0 k=0

Combining (2.101) with (2.102) together completes the proof of the property-1 (2.99).
Obviously, the BL, BD, and parametric BD-BL transformations (w = —1) have the property
(2.99). As an example, let us check the generalized Pascal matrix M, in (2.60) for the

parametric BD-BL case, where N =4 and v=r =0.5. Clearly,

S = A+r)"¥ =1.5% =5.0625  fori=0
C Lo fori=1,2,3,4

Further, the Pascal matrix (2.40) for the BL case, the generalized Pascal matrix (2.44) for the BD

case, and (2.92) for the parametric BD-BL case also have the property (2.99).
Next, consider the property of M in (2.69), whose elements are
M(k,i)=(-1)* M, (k,i) (2.103)

and My, (k,i) denote the elements for the BL case (2.26). Manipulating the recurrence formula
(2.95) as
M(k,i)- M(k—1,i) = M(k,i-1)+ M(k-1,i-1)

and summing up the two sides, can obtain

i[ﬁ(k, i)~ M(k-1,)]= i[ﬁ(k,i—l) +Mk-1,i-1)]
k=0

k=0

Since the left-hand side becomes

i[ﬂ(k,i)—ﬂ(k—l,i)hﬂ(N, i)

k=0
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and the right-hand side reduces to

i[ﬁ(k,i—l)ﬂ\?(k —l,i—l)] =28 —M(N,i-1)

k=0

we have

2811~ M(N,i—1)= M(N,i)

thus

5 M(N,i-1)+M(N,i)
-1 =
2

Since it follows from (2.103) that
M(N,i)=(=D" My (M,i)= (D"
MN,i=1)=(-)" -(-1)"" ==M(N,)

can obtain
S.a=0 ;i=12,...,N (2.104)

~ o~ ~ ~ N
ie., So,S1,...,Sn-1 are zero. For the last column of M, since M, (k,N) =(k)(—l)k,and

~ N
M(k,N) =(—1)"MBL(k,N)=[k]

then

k=0

- N __ NN
S~=ZM(k,N)=Z(k)=2”

As a result, can arrive at the Property-2

Si =

~ 0 Jori=0,1,...,(N-1)
2.10
{2" fori=N 2.103)

As an example, the M in (2.71) satisfies (2.105).
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Finally, we consider the generalized Pascal matrix M in (2.76), whose elements are given as

M(k,i) = (1) My, (k,)

Thus,

Z M(k,i)= (I)ZMBL(kz) -1'S,

where S, is given in (2.99) with v = 1. Hence, I have the Property-3

~ 2N .=0
Si= fori (2.106)
0 fori=12,....N

As an example, can see that the 1VI in (2.77) satisfies (2.106).

2.7 Proof of Inverse Pascal Matrix

For BL transformation, substituting v=1 and w = —1 into (2.11) yields

M, (k,i)= Z( )( kin)(—l)"‘" (2.107)

Substituting n'=k —n into (2.107), can get

M, (k,i) = i( :r __ni.)(;,)(—l)"'
s

(A=) = i(i)(—x)"

Using the binomial expansions

n=0

N-if N —ij
A+x)"" = Z( ‘}‘"

n=0 n

can get the expansion
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N

A-x)'A+x)"" =D My, (k,i)x* (2.108)
k=0

Now, consider the Nth degree polynomial
@ =[0+x)-0 O+ x)+1-x)]""

which can be expanded as

£ =10+ x) - (= )IA+x)+ -

[Z(-l)’ ( )(1+x)"’ (1- x)’] [g(Nl_i)(l+x)‘”""'(1—x)'}

{ N-i 4
—ZZ(—I)’( )kN , )a =) (L4200 (2.109)

i N-i (N—-i\ &
—ZZ(-I)’( )\ / )'ZMBg(k,j+l)x*

J=01=0 k=0
N| & N- (iX(N-i

= [ZZ(—I)’ )( ')MBL<k,f+1>}x*
k=0| j=0 i=0 \J l

Performing substitution n= j+1I yields ~ .

iZ(—l)’[ )( ) Mg, (k,j+1)= ii( 1)’( )(N_;)MBL(k,n) (2.110)

j=0 1=0 n=0 j=0

Furthermore, since

200 ) o

can simplify (2.110) as

ig(—l)-’( ]( )“IBL(k ]+1) ZMBL(k n)MBL(n l) (2111)

7=0 1=0

Substituting (2.111) into (2.109) yields



fN(x)=i[

k=0

Moreover, since

Sy@ =10+ == +x)+ 0 -]

n

N

4 My, (k,n)My (n, i)}\"‘

=(2x)i-2N_'
=2le
we have
N[N
EJZMammMMmﬂﬂ=ﬂf
k=0] n=0
which leads to
il 2V if k=i
M, (k,)M, (n,i)=
Z 5 (ks )M g, (1) {O e
Consequently, we know
2 0 . 0
0o 2V 0
MBLMBL = .
0 0 2N
ie.,
M;}, =2_NMBL

2.8 Proof of Recurrence Formula

Since M (k,i) can be rewritten as

M(k,i)=(-1)

) (
n=0

My, (ki)

N-i i (—1)"'" . _1),
n k—n (

N—i i 1k+l ln
P )
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(2.112)

(2.113)



substituting (2.86) into (2.113) leads to

M(k,i)= B+ B, - B,

with
E(N=(i-1
A=Z( . ))(k_ ]( DR
N-(i-1
AT
=vM (k,i—-1)
N-(@-1 .
0[ (l )) (k )("‘l)kﬂ'(—'l)n
N -1
( (1 ))((k l)— )( 1)(k—l)+(l—l)_ (__l)n
= —M(k-1,i-1)
and

N—i i 1 k+i 1 n
n—1 L k—n D™D
/ i k+i n
n—l)(k—n)(_l) {(-1)

Ifwe let n'=n—1 then n=n'+1, and f;can be rewritten as

_k_l N-i i k+1 n'+1
9 () P JD e

R N-i i Dy
-g( - )((k_l)_n,} (1)

il
M~
—
D

Substituting f3;, B,, and f; into (2.114) yields (2.98).
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(2.114)
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2.9 Conclusion

In this chapter, we have proposed a one-to-one mapping method for transforming the s-
domain IIR transfer functions to the z-domain ones or vice versa using the first-order s-z
transformations. The original prototype IIR filter can be completely restored from the transformed
one. Based on the one-to-one mapping, we have proved various inverses of the generalized Pascal
matrices, such rigorous proofs cannot be found in the literature. Also, recurrence formulas have
been derived for recursively computing the generalized Pascal matrices from their boundary
elements, which simplifies the generations of the generalized Pascal matrices. Finally, we have
proved some interesting properties of the generalized Pascal matrices. Various examples have
been included to verify and illustrate the generalized Pascal matrices, inverses, recursive

computations and interesting properties.



Chapter 3

Further Results on Generalized Pascal Matrices and Inverses

Using a Unified s-z Transformation Model

3.1 Introduction

This chapter derives an explicit expression for a new generalized Pascal matrix called
unified Pascal matrix from a unified first-order s-z transformation model and rigorously proves
the inverses for various first-order s-z transformations. After deriving a recurrence formula for
recursively generating the inner elements of the unified Pascal matrix from its boundary elements,
we also show that the recurrence formula leads to computationally unstable solutions for high-
order systems due to the so-called catastrophic cancellation in numerical computation, but the
unstable problem can be solved through partitioning the whole unified Pascal matrix into several
small matrices (sub-matrices) and then using the recurrence formula to compute the sub-matrices
individually from their boundary elements. This operation almost retains the same computational
complexity while guarantees numerically stable solutions. Moreover, an interesting property of

the unified Pascal matrix is proved.

3.2 Unified Pascal Matrix

Continuous-time (CT) linear systems (filters) can be transformed to discrete-time (DT)
ones through s-to-z transformations for easy system analysis, and infinite-impulse-response (IIR)
digital filters can be indirectly designed through transforming CT linear filters into DT filters [1-
12]. Conversely, DT linear systems (filters) can also be converted to CT ones through z-to-s
transformations. In such transformations, the bilinear (BL) transformation leads to a
transformation matrix called Pascal matrix [8-12], which is a special case of the generalized
Pascal matrix [13-14). In [16], the inverses, recurrence formulas, and some interesting properties
of the generalized Pascal matrices using two types of first-order s-z transformation (lowpass-to-
lowpass and lowpass-to-highpass) models have been proved on the basis of one-to-one coefficient

mapping between the CT and DT domain rational transfer functions
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He(s)= = =0 (3.1)
DCT(S) B Sk
;0 s
i "
az
Hz)=2@) _ = (3.2)

In this section, we use the more general s-z transformation model (unified s-z
transformation model) in [17] to derive a more general Pascal matrix, we call it the unified Pascal
matrix for short. Besides the BD, FD, BL1, and BL2 transformations discussed in [17], we also
include the parametric BD-BL1 transformation. Further, an explicit expression for the elements of

the unified Pascal matrix is also derived.

3.2.1 Transformation Model and Transformation Matrix
Assume that the rational s-domain (CT) transfer function (3.1) and the z-domain (DT)
rational transfer function (3.2) are one-to-one mutually transformed through the first-order s-z

transformation model
l+az™

c#—-}-ﬂ—z_:r (3.3)

S =

where ¢, i, &, [ are real constants [17], S # au . The BD, FD, BL1, BL2, and parametric
BD-BL ltransformations can be parameterized as Table 3.1, where the constants c1, c2, ¢3, ¢4, ¢5
are related to the sampling period T, and S # —u for lowpass-to-lowpass transformations s = 0
< z = 1 (BD, FD, BLI, parametric BD-BL1), and P # u for lowpass-to-highpass

transformation s =0 <> z=-1 (BL2).
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Table 3.1 Parameters for Various s-z Transformations

Transforms Formula ¢ (u,a,p)
BD s=q(-z") | ¢ | (1,-1,0)
-l
FD s=e =2 | ¢ | (0-LD)
zZ
BL1 szgllil ¢ | (1-L1)
1+ 27!
-1
BL2 S=C41—+‘Z'__l‘ C4 (1319'1)
1-z
-1
Parametric BD-BL1 | s=c —I-L_l Cs (1,-1,9
14+rz

For simplicity, we set X = 2" and rewrite the transformation model (3.3) as

s itex (.4)

M1+ Px

Thus, H(z) in (3.2) becomes

H(x)=%r— (3.5)

k
Bk(c l+ax)
p+ fx (3.6)

D At (1+ ax) (u+ px)"

— k=0

S Bt (rax) (u o)™

= M= iD=

Based on the assumption that H(x) is transformed from H,;(s)using the unified s-z

transformation model (3.4), we can set H (x)=H(x), e,
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N
Ac l+ax ,u+,BxNk ax*
k
— k=0
~ (3.7

ZBkc (1+ax) (u+Bx) Yt
=0 k=0

However, the mappings between the numerator coefficients A4, <> a,and denominator
coefficients B, <> b, are not one-to-one. In this paper, we want to find the one-to-one mappings

A, © a,and B, & b,.

Clearly, it is incorrect to set

ZA ct (1+ax) ,u+,Bx) Zak
ZB c"(1+ax) ,u+,6x) be

because (3.7) can be modified to

i At (1 +ax)k (u+ ,Bx)N—k i(lak)x"

0 =41 (3.8)
D Bt (1+ ax) (u+px)"" D (Ab)x*
k=0 k=0 -

for an arbitrary non-zero scaling factor 4, 4 # 0. Denoting the numerator and denominator

coefficients of H(x) byd, = Aa, and l;,, = Ab, , respectively, then we have

ZA c"(1+ax) (,u+,6x) i&,‘x‘
Ax) =2 = (3.9)

ZB ct (1+ax) (,u+,6x) il;,,x"
k=0

k=0

Therefore, the constant A must be determined in order to get the one-to-one mappings

A, <> a,and B, <> b, . Since the numerator and denominator of H(x) have the same form,

we only focus on the numerator, i.e.,

ZAkc (+ax)f(u+px)"™ Zak (3.10)

k=0



Denoting
AT=[4 4 4 - 4]
c® ]
Cl
D = c?
L 0 c* ]
AT =[4c" A 4 - Ayc" |=AD,
a'=[a, a a, - a]
xT=|:l x x* - xN]'
and
P (1,2,8,%)=[B(x) R&x) B - B
with

P(x)=(1+ax) (u+Bx)"", k=0,1,-,N
the numerator relation (3.10) can be rewritten as
P’ (,u,a,ﬂ,x)/i =x"a

Moreover, since the Nth degree polynomial P, (x) in (3.12) can be expressed as
N -
R(x)=) p,x' =xp,
i=0

with

pe=[Pox P Pre v Puxl

we have

PT(#’a:ﬂax)=xT[p0 pl p2 o pN]

Substituting (3.15) into (3.13) yields

80>
|

)
>
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(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)



with

P=[Po P Py pN]

Similarly, the relation between the denominator coefficients in (3.9) can be written as
b=PB

Combining (3.16) with (3.17) yields

[a B]=P[A B]

=PD,[A B]

51

(3.17)

(3.18)

i.e., both the numerator and denominator coefficients of the s-domain transfer function H;(s)

are mapped to those of the z-domain transfer function H (2).

3.2.2 Explicit Element Expression

It is clear from (3.15) that each column of the transformation matrix P corresponds to

the coefficients P,(x) in (3.12). Here, we want to find an explicit expression for the elements of

P. Since

(1+ ax)k = i[:)a"x" = i [x

n=0

k
with £, =| {a",and
n

vk EA(N=Kk) n-ryon n
(us+ B) =Z( . }4‘ " (Bx)

n=0

Nk(N -k
= (N=k)-n pn _n
S e
N-k

= Z g"x"
n=0

(3.19)

N-k
with g, =[ " ) p¥O B e can compute the coefficients p,, (elements of P) in (3.12)

as
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=3 (")a (N —k) ki gien (3.20)
‘o\n i-n

— I N_k k N-k~i+n _n pi-n

22V W

where “*” denotes the convolution operation. Substituting 7' = i — ninto (3.20) arrives at

O (N=EY & ) v s o
pu;=2( " )(i_n.Jﬂ”" a™'p

3.21)

If k = N, then the elements of the last column of P are

l 0 N -n,i-n pn _ N i
PI,N—Z;[n)[i_n}u a”p —(iJa (3.22)

If i = 0, then the elements of the first row of P are

% N—k k N-k-n__-n pn
o

— #N—k

If k= 0, then the elements of the first column of P are

L(N-0 0 i-n pn
pl,0=Z( n )(i—n)“}v—"a b
n=0
(3.23)

N
=( ,J/‘N—lﬂl
1
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If i = N, then the elements of the last row of P are

- y N_k k N-k-n__N-n nn
20 il

since
N-k
#0, for N-k2>n
n
and
k #0 for k>N
3 or k2 N—n
N-n
then
N-k k
#0, for n=N-k
n N-n
and

Dyy=¢C k.B Nk (3.29)

Consequently, the transformation matrix P takes the form

J ) (3.25)

P=[p,]= @]ﬂ“ﬂ’ (Z

i it apht - g -

For simplicity, we refer to P as the unified Pascal matrix.



54

3.2.3 Recurrence Formula

Using the explicit element expression (3.21), we can derive the recurrence formula

Pik = HDij —@Picy + BPirin (3.26)

(f:){,.fn){i_ﬁ_l)
o) iened o

Further, since

N
) = L e ey (R
) X G S
_(N; k](i—ﬁ—l)

Substituting (3.29) into (3.21) yields ' )

_ i (N-k k N—k-n __i-n on
Pi,k";( n )(i—n)u ap

_ i (N-k-1\k+1 N-k-n_i-n pn

—n=0( n )(i—n)u ¢ ﬂ

i (N-k-1\k+1 N-k-n _i-n on
G o

L(N-k k N-k-n_i~-n pn
T emafr e

as follows. From

we have

(3.28)

I
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where
E(ON=-k-1\k+1 N—k-n _i-n
) () i
_' N-k-1\k+1 N~(k+l)=n -, i=n
22 U P
=lupl,k+l
i N——k k N-k-n __i-n pn
l’—;( n )(i—n—l)u /
_ i1 (N -k k Nek=n__(i-1)-n
_,,=o( . )(l_n__l)u a7«
=0D; 14
and

LIN-k-1\k+1 .
/12 ZO( N ](ijn}‘N—k-nal-nﬂn
LIN-k-1\k+1
;( - )(l jn}‘N-k_"al—"ﬂn

=ap;_ 14

It

Let n'=n-1,thenn=n"+1,and

HON k-1 k+1 —k-n" _] I-n -l -1
A= Z( )(i—l n}u

_ 'z-':(N k- 1)( k+1 )HN—(I:H)-na(l—l)"" BB

i-n-1

= )B pi—l,k+l

Substituting 4,, A,, and A, into (3.30) gets the recurrence formula (3.26). The recurrence

formula (3.26) can also be proved as follows. Since

N
B(x)=(l+ax) (u+Bx) " =) pu¥
=0 y (3.31)
Bo(®)=(1+ax)" (u+Bx)" " = pyu¥
=0
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we have
p(x) _ (l+ax) (u+px)"
Pen(®)  (1+ax)™ (u+px)""
= .‘_l.l+_ﬂx (3.32)
1+ax
N .
Z pi,kx'
=40 1
Z Dign*
i=0
Hence,
N 1 N .
(1 + ax)z PiX = (l‘ + ﬂx) Z pl,lu-lxl
i=0 i=0
N N .
Z [Pu; +aPix ]xl = Z[ﬂpum + BPirin ]x‘
=0 i=0
ie.,
PiutODiy =HDignt B Piin (3.33)

but p_, =0, p_ s,y =0. Asaresult, we arrive at (3.26).

For the BD, FD, BL1, BL2, and parametric BD-BL1 transformations, the explicit
element expressions and recurrence formulas can be further simplified as follows:

4 For the BD case, (u,a, ) =(1,~1,0), the element expression becomes

3 e

k i
=(.](—1)
i

and the recurrence formula becomes

(3.34)

Pik = Pixnt Piag (3.35)



4 For the FD case, (¢4, , ) = (0,—1,1), the element expression is

R

n

= k (—1) V-0
"[i—(N—k))( D

_ k (_1\N-(i+k)
“(N—i))( D

and the recurrence formula becomes
Pix = Priox % Piapnt

4 For the BL1 case, (4,a, f) =(1,~1,1), the element expression becomes

1) o

=g(N;k)[: _’_cnj_(_l),-n

and the recurrence formula is

Piy =Pignt Piag t Picipn

4 For the BL2 case, (4, a, ) =(1,1,—1), the element expression becomes

Al e

- g(N;k)[i fn] -1y

and the recurrence formula becomes

Piy = Pijgs1 ~ Piag ~ Dictpen

57

(3.36)

(3.37

(3.38)

(3.39)

(3.40)

(3.41)
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& For the parametric BD-BLI case, (4,a, ) =(1,~1,r) , then the element expression becomes

b G

and the recurrence formula is

(3.42)

Dix = Piga t Piig TTPirpent (3.43)

3.3 Inverses of Unified Pascal Matrices

In this section, we prove the inverses of unified Pascal matrices for the BD, FD, BL1,
parametric BD-BL1, and BL2 transformations, which is based on the one-to-one coefficient
mappings between the rational CT and DT transfer functions. To derive the inverses, we need to
perform both s-to-z and z-to-s transformations, and then find the relations between the
numerator/denominator coefficients of CT and DT transfer functions. For simplicity, we call the
s-to-z transformation the forward s-z transformation, and z-to-s transformation the backward s-z

transformation.

It follows from the unified transformation model (3.4) that x can be expressed as

l+a's
=c— (3.44)
p#'+ Ps
with a'= _E ,and g'=—ac . Therefore, the s-to-z transformation (forward s-z transformation)
C

is defined as

i+ax

Hcr(s)‘j&lﬁ(x)

and the z-to-s transformation (backward s-z transformation) is defined as

l+a's

H(x) Eﬁ—’ﬁcr(s)
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We will show that although
H(x)=H(x)

and

ﬁcr(s)=Hcr.(S)

their numerator and denominator coefficients are not necessarily equal. In other words, both
numerator and denominator coefficients may be scaled by a non-zero scaling factor. Without
considering such a scaling factor, the inverses of the unified Pascal matrices cannot be rigorously

derived.

3.3.1 s-to-z Transformation
The resulting z-domain transfer function (3.9) after the s-to-z transformation can be

rewritten as
N

> A (+ax) (u+ px)*

H(x)=%2

N

> Bt (1 +ax) (u+px)"*

N
Z AkaPk (x)
_ k=0
N

N (3.45)
B.c'B(x)

Eod
o

x!

Ll

[\/>]z

|
o~
)
(=3

M=
-.k~’

b
[}
S

with

B(x)=Q+ax)(u+px)"* =) p,x'

=0

and Dix is defined in (3.21). The numerator of I:I (x) can be further rewritten as
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thus
N . & _
aq; = Z pi,kAkc = Z pl,kAk
k=0 k=0

with ;‘ik = Akck . The relation between the numerator coefficients d,and 4;can be expressed in

matrix form

i=PA (3.46)
or
A=P'a (3.47)
where
W] [A] [4¢
a, 4 Ac'
izla | A< |=| ac
_aN- L‘ZN_ _ANCN_

Similarly, the relation between the denominator coefficients b, and B; can be expressed as

b=PB
with B, = B,c*.

3.3.2 z-to-s Transformation
Substituting x =c(l+a's)/(u'+ Bs)into H(x)in (3.5) yields
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Her(s)=H(x)|,  1as

u'+Bs

ac*(1+a's) (u'+ ps)"™*

bt (1+a's) (u'+ ps)* ™

a,c* 0, () (3.48)

M= IM=EM= IM=[E[M=

b,c* 0, ()

4s'

-~
1]
o

D of
Bs

M=

where

O () =(+a's) (u+Bs)" " =3 q,5'
L(N-KY( k Nokon
q,_k=2( )(l._n)(ﬂ') )y g

n=0 n

. (3.49)
i (N-k\ k —k-n o
=Z( )( )(‘ac)” -y
n=0 n l—n C
A N-k\ k .
— (_\N-k-i | i-n __N-k-n pn
S
The numerator of I;VCT(S) can be rewritten as
N . N
ZA,S' = Zakc"Qk )
i=0 k=0
v [
=zakc I:quks']
k=0 i=0
N[N
= Z[Z akckql k}'l
i=0 |_k=0
Thus,
. N
4= g,ac" (3.50)



62

Similarly, we can get

N
B, = qu,kbkck

k=0

To derive one-to-one coefficient mappings between the numerator coefficients A4, <> g, and

denominator coefficients and B, <> b, , the one-to-one mapping

s=0&z=1

is imposed on the numerator/denominator values of H (s)and H(x) in the lowpass-to-

lowpass (BD,FD, BL1, parametric BD-BL1) transformations, i.e.,

24

N
= z ax
5s=0 = x=1
N N
_ i
2. Bs| = ;bix -
which leads to
N N
4=Ya, By=)5h (3.51)
i=0 i=0
Likewise, the one-to-one mapping
s=0&z=-1

is imposed on the lowpass-to-highpass (BL2) transformation, i.e.,

N , N ;
,Zo: As L=o = g‘a,x
N N
> B,s'l =Y bx'
i=0 =0 =

x=—]

x=—1

which leads to

4= a(-1), By=)b(-1) (3.52)

i=0 i=0



Substituting s = 0 into (3.48) yields

i ac “unv*

A

k—O

cr(s) =

Zb ct(uy*

k=0

N
Y act (~ac)**
=

=N
Z bkc" (—ac)"*
k=0

N

Zach (—a)V*

= k=0

N
z bch‘ (—a )N_k

k=0

For lowpass-to-lowpass transformations (& = —1), we have

Z a,c”
H..( S)I S~ -

Z b.c”

k=0

Considering

He (9|, =H®E)|,, =

x=1

we get the relation between 4; and 4, as

L4
[

On the other hand, for lowpass-to-highpass transformation (@ =1), we have

63

(3.53)

(3.54)
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) iak .(_l)N—k oV
He () = k;0
L=° Zbk (VN

> a (=) ()"

_ k=0

> b (=) ()"

k=0

Considering
~ k
Z a, - (_ 1)
Hep (S)|s=o = H(x)l,\':—l = k_;lo———-
Z bk : (_l)k

k=0

we obtain the relation

Lo=4 (3.55)

3.3.3 Inverse Matrix (BD Case)

For BD transformation, using the element expression (3.34) and substituting the

parameter values (1,2, §) =(1,—1,0) into (3.49) yields

qhk“’”""‘"'Z( n }(z )#""a”""‘"ﬂ"

n=0 -n
d N_k k N~k~i  i~n ¢ 1\N-k-nn
BT oo
=(§)<—1)“-(—c)”'*“' (3.56)
=(k)(_1)l 'CN—k-i
i
- pu‘ 'CN_k-i

Thus,



=2.,4cC ¢ Dix
k=0
o &
_ i
=c 'Zpi,kak
k=0

and

ie.,

N ~
Z Pt = Ac' =4,
k=0

which can be expressed in matrix form as

o~ 3!

Pa=

or

a=P'A

Considering

N
> 4A-Da+0"
k=0

| X= N .
'Y Bt -1 40y
k=0

HO),., = Hr ()0 =2

H(x)

|

we get the relation between &; anda, as

>

I
RS

ie.,

80>
]
-

65

(3.57)

(3.58)

(3.59)
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Substituting (3.59) into (3.46) yields
a=PA (3.60)

and combining (3.58) with (3.60) arrives at

Pl=p (3.61)

For example, if N = 3, using (3.34) yields

11 1 1
o -1 2 -3
1o 0 1 3
0 0 0 -1

P

Then

| —
—
I -
[\

—

-3
3

P-l

1

=~

I
(=)

o

o
|

—

1

S O O = O O O -

PP

S O = O
oS = O O
-0 O O

3.3.4 Inverse Matrix (FD Case)
For FD ftransformation, using the element expression (3.36) and substituting

(u,a, B) =(0,—1,1) into (3.49) leads to

i (N-k\ k .
q,,k = (_C)N—k—l .Z( i ](i J'ul—naN—k—nﬂn

n=0 —n

3 (N; k)( ' ]<—c)”“*" 0 (DR

I—n

N-k N—k=i N—k-i
=( i ]-(—l) (=¢)

= N _(N —k)
i

(3.62)
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Hence,
~ N k
Al = Zakc ql k
k=0
N N-k
— Zakck Nk [ . )
k=0 1
N N-k
gl
k=0 !
and
A N-k
I—f'v—zcl.Zak.( ) ):A‘
c k=0 1
ie.,
N A -~
> D =Ac' = 4 (3.63)
k=0
with
. N-k
P = ; (3.64)

Eq.(3.63) can be rewritten in matrix form as
Pa=A (3.65)

Considering

S 4,k 1-1) 1+ 0"

ﬁ(x) » = k;O =i.
S Bta-nasoyt B
k=0
4

H@)|, = Her (9)], =2

:=0—B
0

we get the relation between 4, andg; as

>

|
8
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1e.,

8>
]
0

Substituting a = a into (3.47) yields
Pla=A (3.66)
and combining (3.65) with (3.66) yields the inverse matrix -
P! =P (3.67)
It is clear from (3.36) and (3.64) that the matrix f’(P'l) can be obtained by flipping the rows and

columns of P, and then multiplying the resulting elements by (— l)N"(k“) . For example, if N =3,

using (3.36) gets

0 0 0 1
0 0 1 -
P= 3
01 -2 3
1 -1 1 -1

Then, its inverse P can be obtained through computing P by flipping the rows and columns of

P, and changing the signs of elements as

1 111
a4 A 3210
P =P= (3.68)
3100
1 000
Consequently, we can verify
1 00O
01 00
PP =
0 010
0 0 01
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It should be noted here that the inverse for the FD case given in [17] is incorrect for odd N, where

D= (—I)M Pn-in-k (3.69)

For example, if N = 3, then (3.69) leads to

-1 -1 -1 -1
prop=| 2 10 (3.70)
T3 -1 0 0 )
-1 0 0 O
and
-1 0 0 O
-1 0 O
PP! =
0O 0 -1 O
0 0 0 -1

The main reason for such an incorrect inverse is that the inverses mentioned in [17] are based on
observing some concrete examples of the unified Pascal matrices, but no rigorous proofs are

provided.

3.3.5 Inverse Matrix (BL1 Case)
For BL1 transformation, using the element expression (3.38) and substituting

(4,a, B) =(1,—1,1) into (3.49) yields

L(N-k\ k
q‘-k = (_C)N—k-—l .Z( . )( \]ﬂl—naN—k-—nﬂn

n=0 i-n

t(N-k\( k )
= Z( . J(z i n)(__c)N-k—l . (_I)N—k—n

n=0

vori o[ N=KY B
- e

_ N-k-i
=C *Dix

thus



N
y k
4= zakc ik

k=0

N

_ Kk Nek-i

= § ‘,akc € P
k=0

N

— ~

=c - § :akpi,k
k=0

and
;1’ .
— =i —
N-C 'zakp/,k = 4,
c k=0
ie.,

N - -~
zpi,kak =Ac =4

k=0

which can be expressed in matrix form as

or

a=P'A

Considering
" N
> At 1-)FA+0)"
—_ k=0
N

H(x) .
= 3 Bfa-Dta+0)tt

wl

H(x)lx-l = CT(S)L=0 =_‘;g

we get the relation between a, anda, as

&i

=
ie.,

a=2"a

70

(3.71)

(3.72)
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Substituting 4 =2" a into (3.46) yields
a=2"PA (3.73)
and comparing (3.72) with (3.73) gets the inverse matrix
pt=2"p (3.74)

3.3.6 Inverse Matrix (Parametric BD-BL1 Case)

For parametric BD-BL1 transformation, using the element expression (3.42) and

substituting (&, , ) =(1,—1,r) into (3.49) obtains

L(N-kY &k .
ql'k = (_C)N-—k-i ‘Z( )( . )#l—naN-k—nﬂn

=\ n i-n
i (N-k k
=(—c N-k-i -1 N-k-n "
S M
i (N-k k )
= Nk 1Y
,,Z::; n i—-n D
=c . Di
Thus,
4= Zakc “Gix
k=0
N
_ zakck _CN—k—lpik
k=0 ’
N-i Y
=C ’zakpu;
k=0
and
Py . N
éﬁ':‘:_l 'Zakpuc =4
4 k=0
ie.,

N ~
zpi,kak = A'icl =4,
k=0
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or

a=P'A (3.75)

Considering
N

> A Q-D 1+ ryV*

k=0
N

Bt a-nf(+r)"*
=0

H(x)

x=1

k

_4-1+n)"
 By-(1+r)"

H (x)|x=l = HCT(S)L=0 = _gi

we get the relation between @; anda, as

~

& __,
a+n¥

iel,

a=(1+r)"a
Substituting & = (1+7)" a into (3.46) yields
a=(1+r)"PA (3.76)
and comparing (3.75) with (3.76) arrives at
Pl=(1+r)"P (3.77)
3.3.7 Inverse Matrix (BL2 Case)

For BL2 transformation, using the element expression (3.40) and substituting

(4,a, ) =(1,1,—1) into (3.49) obtains
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N——k ( k \ i-n -k-n nn
p et

MN

ki
9ix = (—'C)N : .
. n J\U-n

N-kE\( k
= (_C)N—k-—l . . ll-n 'IN—k—" ’('—1)"
o\ on Ni-n)
L (N=KY( k)
=(—c)"*. R COVA
o\ h J\!—h)

= ()" D

X
I}
o

-

3

-

3

thus

4,=) ac"q,

k=0

N
k N-k-
= zakc : (_C) ,pi,k
k=0

akck (=) - ("C)_H DPix

= IM= I

ag-(=¢)" -c* - (1) p,,

1l

a (=) - -(-1)"' p,,
=0

Eoad

and

"ai =C-—l 'iak (_1)k+l p'k — A
(—C)N prs [X i
Let
ﬁl,k = ("‘l)k“ Dy (3.78)

we get

N el
z Piua, = 4c' = 4,

k=0

ie.,

Pa=A (3.79)

On the other hand, utilizing the one-to-one mapping s = 0 <> z = —1 for the lowpass-to-highpass

(BL2) transformation, we have



N

> 4 A-DFa+D¥*

A(x)

74

42"

N

k=0
k

(=]

), = Hor O o =52

r=-1
0

Hence, the relation between @, and g, is

a
ie.,

a=2"a
Substituting 4 =2V a into (3.46) yields

2¥a=PA
ie.,

A=2"P!a

Comparing (3.79) with (3.81) yields the inverse matrix

pPl=2"p

Y B -1 DY

B,-2"

(3.80)

(3.81)

(3.82)

Finally, let us see the example in [17], where ¢, =1, and the CT transfer function is

S5+s
H =
al®) = s
ie.,

55
.. 0 4

A B]l=[A B]=
[A B]=[s B]=| |
01

(3.83)

(3.84)



75

The unified Pascal matrix for this N =3 case

1 1 1 1
-3 -1 1 3
pP=
3 -1 -1 3
-1 1 -11
and P can be computed using (3.78) as
1 -1 1 -1
~ |13 -1 -1 3
P=
31 -1 3
1 1 1 1

As a result, the inverse can be computed as

10.125 -0.125 0.125 -0.125

plo2 NP 0.375 -0.125 -0.125 0.375
0375 0.125 -0.125 -0.375
0.125 0.125 0.125 0.125

Using (3.18), we yield

1 1 1 1[5 5

|3 -1 1 30 4

13 -1 -1 3)|1 3 (3:85)
-1 1 -1 1]0 1
C 6 13

_|-14 -13

1411
| 6 -3

and using the relation (3.80) leads to



76

0.75  1.625
= =175 -1.625

bl=2"{a bl= 3.86

[2 b]=2"[4 ] 175 1375 (3.86)
075 -0.375

Consequently, we obtain a DT transfer function

0.75-1.75z7" +1.7522 -0.75z7°

H(z)=
@) 1.625-1.625z" +1.37522 -0.375z°

Using (3.81), we can recover the original coefficient vectors [A B] of the CT transfer function

from [a b]as

55
0 4
[A B]=2"P"'[a b]= |3 (3.87)
01
In contrast, the DT transfer function H(z) obtained in [17] is
6-14z7"+14z7%-627
H(z)=
@)= B 117 -3
ie.,
6 13
[a b]= B (3.88)
14 11 ’
-6 3

the original coefficient vectors [A B] cannot be recovered because the z-to-s relation (3.81)

leads to
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0 8
- o -8 24

[o B]=[A B]=2"P'[a b]= 08 32 (3.89)
40 40

that are different from the original (3.84).

3.4 Property and Proof

In this section, we prove that the sum of all the elements of each column (except for the
first column for BD, FD, BL1, and parametric BD-BL1 and the last column for BL2) is zero. Let

S, represent the sum of all the elements of the (k + 1)th column of the unified Pascal matrix P, i.e.,

N
S=Y Py k=01--N
i=0

It follows from (3.14) that

Sy =B (x) o1
= (1+ax) (u+ fx)"™|
=(+a) (u+ P

x=]

Therefore, we obtain S, for BD, FD, BL1, parametric BD-BL1, and BL2 transformations as
follows:

4 For the BD case, (4, a, f) =(1,-1,0), then

, k=0
S, =(1-D*A+0)"* =1"
y =(1-D"(1+0) {0’ £ 0
4 For the FD case, (u,a, f)=(0,—1,1), then
, k=0
S, =1~-D*O+)"*=4"
r =(1-1)°(0+1) {0’ F0
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# For the BLI case, (¢, , ) =(1,-1,1), then

2V k=0
S, =(1-D*A+DV*={"
e =1=-1)"(1+1) {o, F0

4 For the parametric BD-BLI1 case, (1, a, ) =(1,—-1,7), then

a+n¥, k=0

Sy =(-1FA+r)"* =
 =(1=1)"(1+r) {0’ F0

4 For the BL2 case, (u4,a, f) =(1,1,~1), then

S, =1+ Q-1+ ={2N’ k=0
0, k#0

3.5 Catastrophic Cancellation Problem

The recurrence formulas (3.35), (3.37), (3.39), (3.41), and (3.43) provide a recurrent way
for generating the inner elements of the unified Pascal matrices from their first rows and last
columns for the BD, FD, BL1, BL2, and parametric BD-BL1 transformations, respectively.
However, for high-order system transformations, such recurrence formulas lead to large errors
due to the so-called catastrophic cancellation problem in numerical computation. Assume that the
unified Pascal matrices computed using the explicit element expressions (3.34), (3.36), (3.38),
(3.40), and (3.42) are true values, then the recurrence formulas generate unified Pascal matrices
that are far away from the true ones and even useless for high-order system transformations.

To evaluate the generation errors, we assume that P, denotes the true unified Pascal
matrix for some s-z transformation, and Py denotes the one generate from a recurrence formula,

then the normalized root-mean-squared (RMS) error is

& LS 1 NP (3.90)
|

where " . " denotes the Euclidean norm. As an example, let us consider the BL1 transformation.

Using the recurrence formula (3.39), we obtain the error &, versus the system order N as shown



79

in Table 3.2. It can be observed from Table 3.2 that the error &, increases drastically as N
increases. The errors are caused by the catastrophic cancellation and such errors are gradually
accumulated as N increases, which makes the recurrent computation useless for high-order cases.
To solve this problem, we can partition the whole unified Pascal matrix into several small
matrices (sub-matrices) and then compute the first rows and last columns of the sub-matrices by
using the explicit element expression (3.38). Finally, the recurrence formula (3.39) are used to
generate the sub-matrices separately.

Another approach is to first compute all the boundary elements (first and last rows, first
and last columns) as shown in (3.25), then the inner elements are computed individually from the

four corners through modifying the recurrence formula (3.39). It follows from (3.39) that

Pigat = Pix — Pirx — Picipn
U (3.91)
Pix = Pigk1 7 Prag-1 7 P

Thus, the recursive computation can be started from the elements of the first row and first

column. Similarly, (3.39) can be modified to

Pkt =Pk —Piga — Piag
U (3.92)
Pix = Prag-1 ~ Pisrg — Pig

i.e., the recurrent computation can be started from the elements of the first column and last row.

Finally, we can modify (3.39) to

Pk =Pig — Pigar — Picrpn
U (3.93)

Pix = Piag — Pinka — Pign

i.e., the recurrent computation can also be started from the elements of the last row and last
column. Consequently, the whole unified Pascal matrix can be partitioned into four sub-matrices
with almost the same size, and then the four sub-matrices are individually generated starting from

the above four corners (directions). Such partitions reduce the number of iterations for each block
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generation and thus avoid the error accumulation. Table 3.2 also shows the error £, versus
system order N when using this four direction approach. Clearly, the errors are small enough and
neglectable. For other s-z transformations, the catastrophic cancellation problem can be similarly
solved through modifying the corresponding recurrence formulas and using the explicit element

expressions.

Table 3.2 Normalized RMS Error &, (%) Versus System Order

Order N Recurrence Formula (39) Four-Direction
50 0.0000 0.0000
51 0.0000 0.0000
52 0.0000 0.0000
53 0.0000 0.0000
54 5.2252x10" 0.0125x10°¢
55 9.0465x10" 1 0.0016x107°
56 5.2199x10' 0.0352x10°¢
57 1.0868x10" - 0.0055x107°
58 2.0446x10'" | 0.8294x10°¢

3.6 Conclusion
A unified first-order s-z transformation model has been used to derive a more general

Pascal matrix (unified Pascal matrix) so that both lowpass-to-lowpass and lowpass-to-highpass

transformations are included in this single model. The main contributions oti this chapter can be

summarized as follows.

4 The inverses of unified Pascal matrices for various s-z transformations have been rigorously
proved by using the one-to-one coefficient mapping between the rational CT and DT transfer
functions.

4 An explicit formula for expressing the elements of the unified Pascal matrix has been derived,
which provides a direct way for generating a unified Pascal matrix.

4 An interesting property of the unified Pascal matrix has been proved.

4 A partitioning method has been proposed for solving the catastrophic cancellation problem

such that the recurrence formulas can still be efficiently utilized along with the explicit element

expressions to generate numerically stable unified Pascal matrices.



Chapter 4
Pascal Matrix Operations for Unified Bilinear s-z

Transformation

4.1 Introduction

This chapter presents an alternative method used for analog domain to digital domain
transformation based on bilinear transformation which is obtained from the previous chapter. The
Pascal matrix for bilinear transformation is used to transform analog transfer function on s plane
to digital transfer function on z plane. Moreover, the frequency transformation from normalized
analog lowpass filter prototype to digital lowpass, highpass, bandpass and bandstop filter will be
considered to incorporate the Pascal matrix operation. The proposed method can clarify the
computation complexity of original bilinear transform, especially to solve difficulties of the
higher order of digital filter because all of the computations use matrix operations. Therefore, it is

easy and appropriate to program this method on a personal computer or scientific calculator.

4.2 Pascal Matrix for Bilinear Transformation
This part reviews the concept of Pascal matrix operations from the previous chapter that

used bilinear transformation which came from the binomial theorem as follows,

(a+b)" = Z(Z]a"‘*b" @1

k=0

1 .
where " = " that called binomial coefficients and each n has binomial coefficients in
k] (n-k)k!

the form of Pascal triangle. The important relationship between s-z of bilinear transform as

1= z7!
1+2z™ “2

S
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Consider the N" order analog and digital transfer function as follows,

N
D45
H(s) =47 (4.3)
> Bs'
i=0
and
N
Yaz"
H(z)=% (4.4)
Y6,z
=0
Using eq. (4.3) and the relationship in eq. (4.2) will give
i
iA; =27 iA A-zN'a+zH"
1=0 1 + Z-l - !
H(z)= _ = A0 (4.5)
N -t - —t\ N~
3B, 1-z Y B,(1-z") A+z)M
1=0 1+ Z-l =0

From eq. (4.5) can use the binomial theorem to distribute and consider only numerator part, also

S A4~z arzy = ZA[Z[ ,i)(—l)*f*f(” : j} 9

As shown in [11-13] and in chapter 2 and 3, the terms in bracket will be formed as the
matrix size (N+1)X(N+1) that called Pascal matrix for bilinear transform. With rearranging and

changing, a new index can show the relationship between eq. (4.5) and eq. (4.4) as

N s N .
Yaz'=) 4, [P,, J ]Z" 4.7)
i=0 =0

where the Pascal matrix [P, 1] can be defined as
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NN
P,~,,-=Z( jj(ifn](—l)’-n 5j = 0L N )

i and j means row and column index, respectively.
Also, the column vector of digital filter coefficients can be computed by vector product

of Pascal matrix with column vector of analog filter coefficients as follows,

[a]= [P,.,j][A,.] (4.9)

The denominator can be computed in the same manner as in eq. (4.9), only change [a,.] and [A,]

to [5,] and[B,]l, respectively.

4.3 The Frequency Transformation

The operations in eq. (4.9) is only bilinear transformation from analog to digital domain,
but in practical use often uses the normalized analog filter prototype at the start of design.
Therefore, the frequency scaling must be used to incorporate the Pascal matrix and this result in
proposed bilinear transform involves two separate transformations: normal bilinear transform as
shown in eq. (4.9) and the frequency transformation. At first, the normalized analog transfer

function is frequency scaled by replacing as follows,

S
§= for lowpass to lowpass (4.10)
QC
QC
§= _S— for lowpass to highpass 4.11)
s +Q.Qc,
= for lowpass to bandpass 4.12)
5(Qcz Q1)
s(Qq, —Q
s= (—C-Z——CL)- for lowpass to bandstop (4.13)

s2+Q.,Q,,
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Hence, apply the bilinear transform by replacing s follow by eq. (4.2) in the new transfer

function and using the relationship between analog frequency and digital frequency is

Q=tan22
2

For computational efficiency, the two transformations can be combined into one as follows,

—1+z'l 2

S—l_z_l/tanw;T=CO COCT

given T= 1/F; and @, =27Lf, it can be got

-— -1 —_ "
s=co wfe )l zlzcl z
Fg J1+z- 1+z~

(4.14)

4.15)

Eq. (4.15) is an example for analog lowpass to digital lowpass transformation where

constant ¢ is value of cot(7T f. / F). The others can be proven in the same manner that is

summarized as follows,

Analog lowpass to digital highpass transformation is:

-1
s=k1+z

1-z~

Analog lowpass to digital bandpass transformation is:
J1-2z7 A4z
5= Z_l +k z_l
1+2z -z

Analog lowpass to digital bandstop transformation is:

. -
s=1 lz—l+kl+z4
142 1-z

T where k=tan(7Tf./Fy

(4.16)

4.17)

(4.18)

where £ = kk, and &=V/k, -k, , by k,=tan(7Tf, / Fy) and k,=tan(7Tf, / Fy), respectively.
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In order to transform from analog to digital filter by eqgs. (4.15)-(4.18), The Pascal matrix

is the same as in eq. (4.8), except for bandpass and bandstop transformation in which the size of

the matrix will double. Properties of the Pascal matrix, can be simplified in order to create the

Pascal matrix from the first row and the first column of the matrix using the recurrence formula.

The first row: P, 0,j — 1 for all j

N
The first column: P,',o = ( for all i

Each element in Pascal matrix can be obtained by

P,=P

i,j ij-1 "

Pf-l, -1 P,

_l'j

Except for highpass transformation, eq. (4.20) and (4.21) will change to

N {
The first column: Po=|  |=D
i

Each element in Pascal matrix can be obtained by

 + B,

Pi,j =Pi,j-l +PF, i-1, J

i-1, j-

4.19)

(4.20)

@4.21)

(4.22)

(4.23)

Moreover, each of the constants that happened from the frequency transformation will be

combined in matrix operations, when compared with eq. (4.9), it can be rewritten as follows,

[a,]=[P4]=[P 1 Aux, 1[4,]

4.24)

The matrix [4,] is the product between auxiliary or frequency scaling coefficient (FSC)

matrix with original vector [4,] . The auxiliary or FSC matrix occurs from the effect of frequency

transformation which can be defined as follows,
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For lowpass transformation:

¢ si=j
AuxED) = ’ @425
" 0 ;others )
For highpass transformation:
(HP) k' s i=J
Aux, "’ = (4.26)
0 ;others

From eqs. (4.25) and (4.26), notice that these auxiliary matrix are diagonal matrix as

shown in egs. (4.27) and (4.28), respectively.

1 0 0 0 0]
0 0 0 0
[Awx"]1=10 0 ¢ 0 0 (4.27)
L
L 0O 0 0 o0 ¢ |

1 0 0 0 0
0 kK 0 0 0
[41=| 0 0 kK 0 0 (4.28)
S
0 0 0 0 &Y

In case of bandpass and bandstop transformation the auxiliary matrix will be divided into 2 matrix

as follows,
[Aux,,j] = [chl,.’j ][AuxZ,‘j] (4.29)

The matrix [duxl, j] have size 2N+1)X(WN+1), since the order of bandpass and bandstop

transformation will be double. The matrix [4ux2, j] still has size (N+1)X(N+1).
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For bandpass transformation: The non-zero elements in matrix [ 4ux]{’;?] can be obtained by

j,k“(jm-:)/z

Auxl{T) = — ——— (4.30)
JH+N-—i | i+j—-N !
2 2
where i=0,1,2,...,2N and j=0,1,2,....N
Example in case N=2
0 0 £]
0k 0
[4wxl{P1={1 0 2k
01 O
[0 0 1]
The matrix[4ux2{] can be obtained by
Al . .
¢ i=j
Auxzfﬁ” = . 4.31)
0 ;others
For bandstop transformation: The non-zero elements in matrix[Aux1{’]can be obtained by
N—i !k"N—(1+j)/2
Auxl %) = G (4.32)

-

where i=0,1,2,...,2N and j=0,1,2,...,.N
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Example in case N=2

k* 0 0
0 k0
[Auwd®P1=|2k 0 1
0 10
|1 0 0
The matrix [ 4xx2{%"] can be found by
AN-i .+ _
Aw2® =4 ¢ 217 (4.33)
; 0 ; Oothers

From eqs. (4.31) and (4.33), notice that these auxiliary matrix are diagonal matrix as

shéwn in eqs. (4.34) and (4.35), respectively.

(1 0 0 0 O]

0 & 0 0
[4w2fP]=|0 0 & 0 0 (4.34)

: : 0

(0 0 0 0 &)

ey 0 0 0 0]

0o &' 0o 0 0
[Aw2®1=| 0 0 &2 0 0 4.35)

: : 0

L0 0o 0 0 1|

Notice that, the Pascal matrix that is used for bandpass and bandstop transformation is still

generated from eq. (4.8) but the upper limit is changed from N to 2N.

4.4 Design Examples and Results
In the design, examples will show the use of the bilinear s-z with frequency
transformation by Pascal matrix operation to transform from the normalized analog filter transfer

function prototype to digital highpass filter and bandstop filter.
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Let the normalized 2™ order Butterworth transfer function in s domain as follows,

1
H(s)=——F—F
) s? +w/§s+l

For transformation to highpass digital filter by giving filter specifications as cut-off
frequency 30 Hz and sampling frequency 250 Hz. Using eq. (4.16) can be found value k as

follows,

k = tan(mr x30/250) = 0.39593

and use egs. (4.19), (4.22), (4.23), (4.24) and (4.26) to compute the filter coefficients in z domain

as follows,
a, 1 11 0o [t
a,=—2 0 2|[o 03959 o0 |[[of.
a, 1[0 0.1568 || 0
a, 1
a |=|-2
a, 1
and
b, 1 1 1]t o 0 1
b |=|-2 0 2{l0 03959 o [[+2

b, 1 -1 1fi0 0 0.1568| 1

b,| [ 1.7166
| b, |=|~1.6865
b,| | 0.5968

Normally, the term b, must be equal to 1. Also, all coefficients must be scaled by b,=1.7166.

Therefore, the transfer function of highpass digital filter can be shown as

0.5825-1.1651z"' +0.5825z*

H(2)=
) 1-0.9825z" +0.3477z2
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The amplitude response corresponds with this transfer function can be shown in Fig. 4.1
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Fig. 4.1 Amplitude Response of Designed Highpass Digital Filter
For transformation to bandstop digital filter by giving filter specifications as lower cut-

off frequency 30 Hz, upper cut-off frequency 50 Hz and sampling frequency 250 Hz. Using eq.

(4.16) can be found value £, and £, as follows,

k, = tan(7 x 30/250) = 0.39593
and k, = tan( 7 x 50 /250 ) = 0.72654

Also, k=kk, =028766 and &=1/k,—k =3.0247

and use egs. (4.19), (4.20), (4.21), (4.24), (4.29), (4.32) and (4.33) to compute the filter

coefficients in z domain as follows,

[a,] 1 1 1 1 1700827 0 0]
al |4 2 0 -2 —4| o o277 off1486 0 0}l
al=l6 0 -2 0o 6oss3 o 1| O 30247 0)0
a,| |4 -2 0 2 -4f o 1 oL O 0 1]j0
la,) [t -1 1 -1 1] 1 0 0]
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a,| [ 15.1690 ]

a | |-33.5664
“|a, |=| 48.9072
a, —33.5664
la,] [ 15.1690 |
and
51 [t 1 1 1 1700827 0 0]
b |4 2 0 -2 -4| 0 02877 0||%1486 O 0l 1
b|=|l6 0 -2 0 605753 o 1|l O 3.0247 0|2
b| |4 -2 0 2 -4 o 1 of[ O 0 11
b, [t -1 1 -1 1] 1 0 0]

by | [ 21.6762 ]
b | |-39.65%
~|b, |=| 46.9072

b, | |-274732
| 10.6619 |

Normally, the term b, must be equal to 1. Also, all coefficients must be scaled by b;=21.6762.

Therefore, the transfer function of bandstop digital filter can be shown as

0.6998 —1.5485z" +2.2563z7% —1.54852z° + 0.6998z*
1—-1.8296z7" +2.1640272 —1.2674z° +0.4919z7*

H(z)=

The amplitude response corresponds with this transfer function can be shown in Fig. 4.2
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Fig. 4.2 Amplitude Response of Designed Bandstop Digital Filter
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4.5 Conclusion

This chapter proposes an alternative method used for bilinear s-z transformation using
Pascal matrix operations in cooperation with the frequency transformation. The proposed method
has high efficiency in the case of high order filter design and is simpler than the directly
substituting the relationship between s-z into the transfer function. The formulas used to generate
each of matrices have been shown already. The design examples show the computation steps and

the obtained transformation results.



Chapter S

Modified Pascal Matrix for Biquad Digital Filter Design and

Its Filter Structure Realization

5.1 Introduction

This chapter presents a new design method for designing a biquad digital filter which can
give five frequency responses simultaneously, those are lowpass, highpass, bandpass, bandstop,
and allpass filtering. The proposed method is based on Pascal matrix operation for bilinear s-z
transformation, the Pascal matrix is used for transforming the normalized analog biquad transfer
functions to digital biquad transfer functions. Moreover, the previous Pascal matrix will be
modified to give only one matrix equation for proposed design method instead of six matrix
equations in general case. Finally, the filter structure realization is proposed for biquad digital

filter implementation, which corresponds to the proposed design matrix equation.

5.2 Pascal Matrix for Bilinear s-z Transformation

Transformation from s-domain to z-domain of analog transfer function to digital transfer
function by using bilinear transform camr replace the relationship between direct s-z into the
equation in direct s-domain. Then we have to rearrange the equation to get the transfer function in
z-domain. Generally, this method has some complexity since we have to rearrange and form the
equation to obtain the digital coefficients. It will increase the computational complexity especially
in a high order case. The method shown here same as described in 3 previous chapters and is
presented in [8-17] which will enhance the bilinear s-z transform so that it can be easily computed
by the matrix operation. The matrix used in bilinear transformation will be called Pascal matrix
for bilinear transformation. The reason to call this matrix Pascal matrix is that the idea used to
formulate this transformation matrix using the binomial theorem and the binomial coefficients are

related to the Pascal’s triangle. From the binomial theorem,
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(a+b)" = Z[ZJ a"*b* (5.1)

k=0

where (")= n! which is called binomial coefficients and can be shown in the form of
k) (n-k)Ww

Pascal’s triangle as in Fig. 5.1

Fig. 5.1 Pascal’s Triangle

Therefore, consider again for the linkage from the binomial theorem to Pascal matrix for

bilinear transform creation. The relationship between s-z variable in bilinear transformation is

_1-Z"

§= -1
1+z

(5.2)

In addition, consider the N" order analog and digital transfer function in eq. (5.3) and (5.4),

respectively

H(s) =2 (5.3)

H(z)=5—— (54)

Using eq. (5.3) and the relationship in eq. (5.2) would give
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N

ZA[ -.] iA,(l—Z")'(HZ")”"

i=0

$a)ion ] T Ba-y ey

i=0 l +z" =0

(5.5)

H(z)=

From eq. (5.5), can see the digital transfer function in terms of analog coefficients. Use the

binomial theorem to distribute and now consider only numerator part as below

ZA(l )Y A+ = ZA[Z( )(—1)* "NZ( ) } (5.6)

k=0

After rearranging, change some new index and compare with eq. (5.4) to get digital coefficients.

Also, from eq. (5.6) we would get eq. (5.7)

T EATE

The term in bracket will be formed into the matrix size (N+1) x (N+1) which is called Pascal

matrix for bilinear transform. Therefore, the Pascal matrix [P, J] can be defined as

_ L N_j j SR Lo N S
_g[ . Ii_n]( D" ;i j=01,..,N (5.8)

where i and j are row and column index, respectively.
Therefore, the column vector of digital coefficients can be computed by vector product of

Pascal matrix with column vector of analog coefficients as follows,

Za, ‘=3 4lp,

i=0

[ai] = l,j][Ai] (5.9)

The denominator part can be computed in the same manner. Not only the general form of
Pascal matrix creation where each element can be determined from eq. (5.8), but also have the
shortcut method or recurrence formula to generate each element in Pascal matrix using only the

elements in the first row and column for other elements creation as shown in previous chapter.
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5.3 Modified Pascal Matrix and Proposed Biquad Digital Filter Structure

The previous section helps us to understand how to create the Pascal matrix for bilinear
transform. This method is an easy way to find the digital coefficients by using the analog
coefficients from prototype transfer function multiplied by the Pascal matrix without replacing the
relationship between s-z variable into analog prototype transfer function directly. Also, it can
reduce the complexity in order to rearrange the equation to get the digital transfer function. In this
chapter, we focus on using the principle of transform through Pascal matrix to design biquad
digital filter. Therefore, we will start at the analog prototype transfer functions for biquad filter.
The standard form in biqudratic equations for lowpass (LP), highpass (HP), bandpass (BP),
bandstop (BS) and allpass (AP) filtering are shown in eqgs. (5.10)-(5.14), respectively.

Hp(s)= Q. (5.10)

Q+ (Q%)s +5?

(5.11)

H,,(s)= s”
v Q%+ (Q/Q): + 57

Q,

2 2
Qy+s

e o o
2 (4
H p(s) = z *EQ?Z%::: (5.14)

If we use only Pascal matrix for bilinear transformation to obtain the digital coefficients,
we have to use up to 6 matrix equations to transform analog coefficients to digital coefficients as

1 equation for a denominator term, which is common term for all equations from egs. (5.10)-
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(5.14), and 5 equations for each numerator term. The used Pascal matrix has the dimension 3x3

(for 2" order transfer function).

For example, eq. (5.10) will be transformed from s-z by matrix equations as follows,

a [1 1 1179
0 for numerator part

a| [1 =1 1]|0

Ry
il
[\
[

[
[\

B 1 1 17 @
and b {=|2 0 -2 Q/Q for denominator part
| b, 1 -1 1 ] 1

Therefore, from eq. (5.10) we would have

Qg + ZQg z! +Q§ z7? (5.15)
@+ Q/Q+1)+(2Qf, ~2)z7 +(Q2 —Q/Q+ 1)z

H,p(2)=

From eq. (5.15),
bo=Q§+Q/Q+1, b, =2Q2 -2 and b2=Q§—Q/Q+1

Practically, the value of b, must equal 1; also all coefficients in eq. (5.15) will be

normalized by (q? + 0/ +1y- Therefore, from eq. (5.15), the equation of digital lowpass transfer
( (1] Q )

function can be shown as in eq. (5.16), and consider eq. (5.12) and (5.13) in the same manner to

achieve digital transfer function as shown in eq. (5.17) and (5.18), respectively.

G,(1+2z7 +27)
H =t (5.16)
w(?) 1+d,z" +d,z7°
Gyp(1-227" +27%)
H =M (5.17)
wr (2) 1+d,z7 +d,z7°
—z2
and 0\ Gy lonEul oaly) (5.18)

1+d,z” +d,z7°
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where

b
11Q
Gpp =—|—=
vl
In addition, we call G,,, G, and G, “LP gain”, “HP gain” and “BP gain”, respectively.

The development to proposed design of biquad digital filter structure is considered by

digital transfer function in egs. (5.16)-(5.18). The denominator part of all equations is the same,

which is 2 common term, as below

W) _ ! (5.19)
X(z) 1+dz7" +d,z7?

W) +dz™" + d,z?]=X(2)

Take inverse z-transform yields
w(n) = x(n) —d,w(n-1)~d,w(n-2) (5.20)

From eq.(5.20), the equation must be used likewise in every digital transfer function. In

addition, the equation will become a common circuit which can be shared to all transfer functions

and the structure of this circuit can be shown as in Fig.5.2

M w(n) > wir)

x(n}

Fig. 5.2 Common Circuit Structure Realization



Thus, consider the numerator parts in egs. (5.16)-(5.18) as follows,

For LP output;
: Y 1 -2
Give ;((zz)) =Gp(l+227" +272)
Yip (1) = Gp[w(n) + 2w(n - 1)+ w(n-2)]
F P output;
) Y, - -
Give %:Gm(l—zz '+27%)
Vir (M) =G pp[W(n) = 2w(n—1) + w(n - 2)]
For BP output;
Give EP(—Z) = GBP(I_Z—Z)

W(z)
Yop (1) = Gpp[W(n) —w(n-2)]
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(5.21)

(5.22)

(5.23)

From egs. (5.21)-(5.23) we can see that the output of each transfer function is a function

of signal w(n), w(n-1) and w(n-2). Thus, the structure that is used for computing each output as

LP, HP and BP output can be shown as follows,

w(n)

) D v o e
] \ /\l/ :
w1y D/\m LA
) o~ ad
“n-2) LoD >

Fig. 5.3 Three Output Calculation Circuit Structure Realization

Moreover, we can evaluate the BS and AP output using analog prototype transfer

function in eqs. (5.13)-(5.14), respectively. The digital transfer functions of both BS and AP filter

can be shown as follows
For BS output;

Hy(2)=H ,(2)+ Hyp(2)
G422 +27)+ G (1-227" +27%)

1+ d,z"l + dzz'2
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Like egs. (5.16)-(5.18), we use the same denominator part. So, we would have
Yps(2) _

W) —Gu,(l+22"l +z‘2)+GM,(l—22'| +272)

Vs (m) =G p[w(n) + 2w(n— 1) +w(n-2)]
+Gp[w(n) = 2w(n—1)+ w(n—2)]

and we can notice from eq. (5.21) and (5.22), as below

Vs (M) = Yo (M) + yp (1) (5.24)

For utput;
H,(z)=H,(@)+ Hyp(2)— Hpp(2)
= Hp5(2)~ Hyp(2)

Therefore, we can consider it in the same manner as the case of BS output and summarize it to

Y2 _ Gp(l+2z7 +27)+Gpp(1-227" +277)
W(z)

-Gyp(1-27%)
Y. (n) = Gp[w(n) + 2w(n—1) + w(n ~2)]
+Gp[w(n)—2w(n—-1)+ w(n—2)]
= Gpplw(n) —w(n-2)]

and we can notice from eq. (5.23) and (5.24), as below

Yar (M) =yps (1) =y () (5.25)

Therefore, from eqs. (5.20)-(5.25), the new proposed biquad digital filter structure that
gives five outputs simultaneously can be shown as in Fig. 5.4. The proposed structure is
formulated from the direct II structure with some extended multipliers and adders in feed-forward
path to give multiple outputs while the number of shift registers or delay units are the same as a

single output version of ordinary 2™ order IIR filter. Five parameters, Gyp, Gy Gip» d and d,, are
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necessary for this filter structure. Therefore, the matrix equation for designing proposed biquad

digital filter is
(G, [1 0 0] ,
G,| o 1 ofl ¥%
G,l=lo o 1]* Q/Q (5.26)
d, 2 0 -2 k
| d, | |1 -1 1
where | _ 1 , Qo = analog center frequency (rad/s), and Q = quality factor.

Q +Q/Q+l
Consequently, we can use only 1 matrix equation as in eq. (5.26) for designing a biquad
digital filter. The vector of design parameters (left hand side of eq. (5.26)) can be obtained from
matrix transformation that transforms analog transfer function parameters (Qo, O and k) to digital
parameters corresponding to the new proposed filter structure in Fig. 5.4 This matrix transform
will be called modified Pascal matrix for biquad digital filter design and, all of these, we will

claim to be a new design suite for biquad digital filter.

x(n)— AR AN f[LJ&"" —p> y1e(7)
(4 > Vs(7)
2 _l F 3
T > yie(r)

M

é_—’ y Ap(”)

1% 8 )

Fig. 5.4 The New Proposed Biquad Digital Filter Structure

5.4 Design Examples and Simulation Results

In design example of biquad digital filter, the filter specifications are as below,
fo=2kHz and f=10kHz

The analog frequency can be determined by the equation shown below

Q, tan( -'ff‘"] 0.7265rad ! s

5



102

Next, determine 3 values of quality factor (Q) for this example as shown in Table 5.1 The
summary of input parameters and the obtained output parameters, which are computed from eq.
(5.26), is shown in Table 5.1. The simulation results shown in Fig. 5.5-5.9 are frequency response

of five outputs respectively at the same time in 3 cases of quality factor.

Table 5.1 Input Parameters and Obtained Output Parameters for Design Examples

Analog Input Parameters Digital Output Parameters
0 QO k GLP GBP GHP dl dz
0.6 0.7265rad/s | 0.3651 | 0.1927 | 0.4421 | 0.3651 | -0.3448 | 0.1157

0.707 | 0.7265rad/s | 0.3913 | 0.2066 | 0.4021 | 0.3913 | -0.3695 | 0.1957

1.2 0.7265rad/s | 0.4688 | 0.2474 | 0.2838 | 0.4688 | -0.4426 | 0.4324
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5.5 Conclusion

The new proposed method for designing a biquad digital filter based on modified Pascal
matrix for bilinear s-z transformation is very easy since it needs only one matrix equation to
compute the filter coefficients which correspond to the new proposed filter structure. Moreover,
computing the denominator is the same as an ordinary 2" direct form II structure, and the number
of delay units used is the same as a single output filter. With some modification in feed-forward
path, this structure can give 5 outputs by an extension circuit compared to normal 2™ order IIR

filter that can give only 1 output.



Chapter 6

Discrete Pascal Transform and Its Hardware Realization

6.1 Introduction

This chapter presents the discrete Pascal transform for digital signal processing, the
operations of discrete Pascal transform is based on Pascal transform matrix (this Pascal transform
matrix is different from the Pascal matrix for s-z transformation that proposed in 4 previous
chapters) which perform as the operator for signal transformation. The Pascal transform matrix
used in the discrete Pascal transform which is proposed in this chapter is divided into 2 types.
Generally, the matrix transformation is necessary to have many multipliers and adders, which is
dependant on the dimension of the used matrix operator. The factorization of Pascal matrix into
binary matrices will allow the transformation using Pascal matrix to operate without multipliers
and_only adders are used. Therefore, the hardware realization for transformation circuits can be
efficiently designed by using the butterfly unit for discrete Pascal transform to establish the whole
structure. Moreover, the hardware structure of two dimensional discrete Pascal transform will be

proposed for a 2-D signal processing case

6.2 Basis Function of Discrete Pascal Transform
The discrete Pascal transform (DPT) X of the one-dimensional (1-D) signal vector x is

defined as

X = Px (6.1)

where P is the Pascal transform matrix sizz NxN, and X is input signal vector, Xis
transformed output signal vector size N x1. In this chapter, we divide the type of Pascal matrix
into 2 types by basis function of the Pascal transform matrix. The first type, we call highpass type
DPT which is the same as proposed in {23-26] and another type, we call lowpass type DPT. The

reason for calling these type names was mentioned in [25] and in the next chapter.
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A. Basis Function of Highpass Type DPT
From eq. (6.1), the Pascal matrix P in the case of highpass type DPT has the basis function

as follows,

1\ (B)
PP (x) = PHP(x. k) = (_1)k'_" =(=1)f (z J x,k=0,12,..,N-1 (62)
B. Basis Function of Lowpass Type DPT

In the same manner as eq. (6.2), the basis function of lowpass type DPT can be shown as

x(k) x
Pk(u’)(x) =P (x, k) = T = (k) ;x,k=0,1,2,..,N-1 6.3)

where N is dimension of Pascal transform matrix and

x) x!
k) ki(x-k)!

that we call binomial coefficient and is related to the Pascal’s triangle. The only difference
between eq. (6.2) and (6.3) is that the term (—1)* appears only in eq. (6.2). This term will make
alternating the sign of the columns of highpass type Pascal transformation matrix. Both eq. (6.2)
and eq. (6.3), P(x,k) are the element in Pascal transformation matrix P as shown in eq. (6.1)

depending on type needed, x™ is the row index and k" is the column index.

The function x*’ is called falling factorial powers which can be shown as follows,

x!
(x-k)!

x(k) =x(x—l)(x—2)...(x—k+2)(x—k+1) = ;k>1 6.4

where x® =1 and k is also called the order of basis function.
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For example, we can show the 3™ order basis function as follows,

In the case of highpass type, it has 4 polynomials, these are
B (x)=1

B (x)=—x

B (5) = x(x=1) = = (x = DE"(3)

PP (5) == 3(x =)z -2) = =2 (s~ DE(3)
and we can summarize to the recurrence formula as below
1
. BP0 = __k_-ﬁ(x -k)B(x) (6.5)

In the case of lowpass type, it also has also 4 polynomials, these are
EP(x)=1

}::(LP) (x) =x

B (x)= —;—x(x )= _;.(x ~1)P(x)
B (x)= éx(x -)x-2)= %(x - 2)P(x)
So, the recurrence formula can be shown as,

1
P (@)= (- DB () 6.6)

Therefore, we can use these 4 polynomials that are obtained from each basis function to generate

the element in Pascal transform matrix both of highpass and lowpass type as follows,

1 0 0 0 1000
1 -1 0 0 1100
P™ =[ PP (x,k)]= P* =[P (x. k)] =
I (x)]l—ZIO [(x’)]1210
1 =3 3 -1 13 3 1
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The basic properties of these P _matrices are the following,

1. The elements of the first column are equal to 1.

2. All matrices are lower triangular.

3. For highpass type P"™ matrix: the sum of the elements of each row (except the first row) is
equal to zero.
For lowpass type P*"" matrix: the sum of the elements of each row is equal to 2%; x" is the
row index.

4. For highpass type P""™ matrix: the inverse[P(HP) ]—l matrix is equal to the forward P®P)
matrix , or[P‘""’]_I =pHn

For lowpass type P matrix: the inverse [P‘"”]—l matrix is equal to (—1)"** multiply to the

forward P matrix, or [P‘"”]'l = (-1 PR,

6.3 Efficient Hardware Realization of DPT and Its Butterfly Unit

In [23] proposes only the basic of DPT in the form of matrix operation and does not
focus on hardware realization. Meanwhile, [24] proposes the hardware implementation of DPT
but the method used to decompose or factorize the Pascal transform matrix into binary (1,0,-1)
matrices is not as compact as the one proposed in [26] which can give a very efficient hardware
structure with all compact factorized binary (1,0,-1) matrices. This section will show the method
to factorize the Pascal transform matrix of both highpass and lowpass type into binary (1,0,-1)

matrices using elimination matrix while some details do not appear in [26].

6.3.1 Pascal Matrix Factorization to Binary (1,0,~-1) Matrices

Consider matrix P®™ that has the dimension N = 2, which can be denoted to

P,‘“”=[l o]
1 -1

and from equation of highpass type 2-point DPT we would get

P
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Therefore,

Xy =x, (6.7a)
Xl = xo - xl (6.7b)

Fig. 6.1 Butterfly Unit of Highpass type DPT

The data flow graph that is obtained from eq. (6.7a) and (6.7b), we call a butterfly unit of
highpass type DPT. Actually, we do not need the constant multiplier (-1) since we can design the
subtractor instead of the adder. The reason to draw a data flow graph as shown in Fig.6.1 is that
we want to distinguish the structure compared with a butterfly unit of lowpass type DPT and, in

this chapter, both subtractor and adder will be classed the same.

Consider again to P®" that has the dimension N =2,

pen [1 0
11

and from equation of lowpass type 2-point DPT we would get

Xo| |1 Of1x
x| oax
Therefore,
Xy =X, (6.8a)

X, =x,+x (6.8b)

from eq. (6.8a) and eq. (6.8b), we can make the data flow graph as below,
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X0 ‘\‘/‘\ | Xo
X1 NV X 1
Fig. 6.2 Butterfly Unit of Lowpass type DPT

The data flow graph that is obtained from eq. (6.8a) and (6.8b), is also called a butterfly
unit of lowpass type DPT. The butterfly unit shown in Fig.6.1 and Fig.6.2 will be the basic

element that is used to establish any N-point DPT.

The method to factorize the Pascal transform matrix into binary (1,0,-1) matrices and to
obtain the efficient hardware structure of any N-point DPT using Gaussian elimination [27] can

be described as follows,

Lowpass type DPT
The lowpass type elimination matrix E®™ has entry Eﬁlf) =land E&) =1 [27].

x,x-1

Assume Pf" P) for consideration,

First Step for matrix elimination:

1 1 1000
=1 1 11 0100
EPRE= 0 1 21 [Tlor 1o
-1 331] o1 21
~'10]
"o pm
Second Step:
1 0 0 0)[t o0 o] [t oo 0]
1 o1 o7jo 1 o oflo1o00] o100
[OE‘,L”][OP,‘L”]=0 1 1 offo 11 0/ oo 10
0 0 -1 1)lo 1 21|00 1 1]
(1 0 0 ]
=lo1 o
0 0 P7 ]
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Third Step:
1 0 0 0][t 0 0 O
Lo 0o 0o 01 0 ollo 100
0.1 030 1 0 1=1 0 1 ollo o1 o
0 0 E?|l0 0 PM™®
00 -1 1Jl0 0 11
1 0 0 0
0100
= :I
0010 (1]
0 0 01
So that,
10 0 Lo
wp) || p@?) | _
o1 0 | pen [B7][E7]-m0 -
0 0 EM 3
| O_,IO o7
. pap _[wern]™!
R —[E4]|:0 E‘,'“"] 0 1 oP 6.10)
0 0 EI

Therefore, we can factorize the lowpass type Pascal transform matrix P‘,(u) )into binary (1,0)

matrices as

PR =

[ = S Sy

1
1
1
1

Pk pk et
—
— ek
p—
—

1
2 1

331
This method of matrix decomposition or factorization is the same as the one used in [24]

which cannot give the compact form of binary matrices. Using the property of inverse of lowpass

type Pascal transform matrix as mentioned in section 6.2.

10
1 0
(LP) { _ x+k 1y (LP)
01 0 [0 EM][E ]=1 e 6.1D)
0 0 EI® ?

we can show that
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1 0 O
1 0
(LP) _ ¢ 1\%+k 1\ 1\t (LP)
PP =(-1)"™[0 1 0 |x(-1) [o E(u,,]x( 1y [E$P ] 6.12)
0 0 EM :
Finally, we can factorize P.,(L " into binary (1,0) matrices by this method as
ge3 Stage2 Stagel
1 1 1 1
pen _ 1 1 _ 1 1 11
¢ 1 21 1 11 11 (6.13)
1 3 31 11 11 1 1

and this is the compact form of binary matrices that is factorized from lowpass type Pascal

transform matrix.
Highpass type DPT

The highpass elimination matrix E®™ has entry Eﬁfzp) =-1 except Eézp) =1, and
Eiﬂ =1. Assume P.fHP ) for consideration,

First Step for matrix elimination:

1 1 10 0 0
o |1 -1 1 -1 01 0 0
BORE= 0 i21 [Tlot 4o
o1t =33 -1 [0 1 -2 1
10
Lo 1]
Second Step:
100 offt oo 0]t 000
1 ot o7 lo1 o oflo1 o ofo10 0
[0E§“"’][0P§“"’]=01—1001-1o=001o
00 1 —1jfo 1 -2 1] [0 01 -
10 0
=01 o
00 P
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Third Step:
Lo oo o 1 00 0[1 00 0
o1 olo1 olforoojoroo
0 0 E®|o o pam| [0 01 OJj0 0 1 0
? ? 0 0 1 -1j{0 0 1 -I
1 0 0 0
0100
= =[1
0010 [t
0 0 0 1
So that,
Lo ol o
(HP) (HP) | __
01 0 | o [5E7]re"]-00 -
0 0 EFP 3 '
R L o7
., p@® _[g@n T 01 0
‘ [4]0E§m (HP)
0 0 E¢

Therefore, we can factorize the highpass type Pascal transform matrix P*? into binary

(1,0,-1) matrices as

P® = =
‘ 1 2 1 1 -1 -1 1 -1 1

1 -3 3 -1j {1 -1 -1 -1 1 -1 -1 1 -1

Similar to the case of lowpass type, this form of binary matrices are not compact form. Using
the property of inverse of highpass type Pascal transform matrix is equal to its matrix. Also, we

can show that

1o o7, k
(HP) _ (HP)
P=0 1 0 [0 E(;m][E4 ] (6.15)
0 0 EM™

Finally, we can factorize P{"" into binary (1,0,-1) matrices as follows,
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Stage3 Stage2 Stagel
1 1 1 1
pan _|1 1 | 1 1 -1
&
1 -2 1 1 1 -1 1 -1 (6.16)
1 -3 3 -1 1 -1 1 -1 1 -1

and this is the compact form of binary matrices that is factorized from highpass type Pascal
transformation matrix and is the same as binary (1,0,-1) matrices that is used in fast DPT [26].
The above method can be used to factorize any dimension N of both type of Pascal transform

matrix into binary matrices with efficiency.

6.3.2 DPT Flow Graph
From previous section, we can factorize both of highpass and lowpass type Pascal
transform matrix into binary matrices. The Pascal transform matrix in dimension N =4or P,

can be factorized to three binary matrices. We can summarize in general form as follows,

1
P=]]lg.], :xk=012,. ,N-1

I=N-1

6.17)

=[G Iy G Ivzz - -[ue ]

where [g,, ], is binary matrix at stage / *  Therefore, from eq. (6.13)
P =(¢$" Lg% LIg"],
1 1 1

1 1 11

- 1 11 11 ©.18)
1 1 11 1 1

and from eq. (6.16)
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P =[¢5" 1, [g5 " Llgu ")

= (6.19)

To simplify the method to factorize the Pascal transform matrix both lowpass and

highpass type into binary matrices, we propose steps to create each binary matrix as follows,

or Lowpass type:
1. The main diagonal entries are ‘1’ for all stage.

2. All entries in upper triangle are equal to 0’.

3. At stage 1", consider for the row" x=N-LN-2,..,] by

for eachx = if ¢, ='1" theng, ., ="'

4. Otherwise are ‘0°.

For Highpass type:

1. Consider in the main diagonal,

At stage " , consider for the row. x=N-LN-2,..1 by

q,,="1' others are'l'

or consider in this manner

for stage I=N-1

Diag([q,1y.)=0111...1 -1]; ‘1’ have N-1 elements, others are ‘-1’

for stage [=2

Diag({g,,)=M11-1-1...-1]; ‘1” have 2 elements, others are ‘-1”



for stage [=1

Diag({g}) =01 -1 =1 ~L...-1};

2. Al entries in upper triangle are ‘0’.

3. At stage I, consider in each row,

‘1’ has 1 element, others are ‘-1’

ifg,,='"-1"theng, ="'

4. Otherwise are ‘0’
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The data flow graph showing hardware realization of DPT can be created from factorized

binary matrices and its structure consists of many butterfly units which are the basic

computational element in DPT.

The lowpass type 4-point DPT can be computed by

X, 1 X, X, =x,
Xt x X=X +x
X, |71 21 |lx|T X,=x+2x+x, (6.20)
X, 1 3 3 1}x X; =x,+3x,+3x, +x,
1 1 1 X,
_ 1 1 X,
1 1 11 X,
11 11 1 1] x
tage3 tage2 Stagel
Therefore, the lowpass type 4-point DPT flow graph can be shown in Fig. 6.3
Slalge 1 Slafe 2 ?lafe 3
| | !
Xg —e : : : >
0 | | ! o
| | |
X ag & : : X1
1
¥ U N \/;\ >X,
] I 1
) \%} >X,
|

-4

Fig. 6.3 The Lowpass type 4-point DPT flow graph
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We use 6 lowpass type butterfly units for realizing lowpass type 4-point DPT. This

structure is suitable for hardware implementation and very easy to implement. Especially, in

VLSI design this structure is very compatible to the pipeline technique by placing the pipeline

register on each stage as shown in Fig.6.3 to enhance the speed of computation of DPT.

The highpass type 4-point DPT can be computed by

X, 1 Xo Xy =%,
X, 1 -1 X, X, =x,—x
x|t 21 5| X, =x,-2x+x,
X, 1 =3 3 -ljjx X, =x,—3x +3x,—x;
1 1 1 X,
B 1 1 -1 x,
B 1 1 -1 1 -1 x,
1 -1 1 -1 1 -1 x
Stage3 Stage2 Stagel

Therefore, the highpass type 4-point DPT flow graph can be shown in Fig. 6.4

Stage 3

(6.21)

> Xo

» X,

> X,

2

Fig. 6.4 The Highpass type 4-point DPT flow graph

This type of DPT also uses 6 highpass type butterfly units for realization.

» X3
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6.3.3 Computational Complexity of DPT

If we consider the number of operation of direct DPT from definition matrix
multiplication in eq. (6.1), the number of multiplications (A, ) and the number of additions (or
subtractions in the case of highpass type) ( 4, ) will be

M,=N* and Ay=(N-1N

However, the Pascal transform matrix is a lower triangular matrix where all entries in the
first column are ‘1’ and the entries in main diagonal are ‘1’ or ‘-1°. Also, no multiplications are
needed for operating those entries. Then, the number of multiplications and number of additions

would be

N(N -3 N-1)N
MN=1+————-—( ) and AN=———( )

2 2
Finally, from DPT flow graph (butterfly based) which is based on Pascal matrix factorization into

binary matrices can compute the transformed results without multiplications. Thus,

: (N-DN

and AN 2

M, =0
The summary of computational complexity of any N-point DPT can be shown as in Table 6.1.

Table 6.1 Computational Complexity of N-point DPT

Direct Matrix | Pascal Matrix Butterfly
Multiplication | Multiplication | Based DPT
2 NN-3)
M, N +— 0
N (N-DN (N-D)N
AN (N-DN 2 2
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6.4 Two-Dimensional DPT and Its Improvement to DPF structure

The two-dimension (2-D) DPT can be computed by [23-25]

X =PxP” (6.22)

where P is the Pascal transform matrix and its transpose PT, X is transformed output of an

input image matrix x , all of matrix size NxN .

for example, we will consider highpass type 2-D DPT with N =3

1 Xoo Xop X2 |1 1 1
T
X=[P™][x][P*™] =|1 -1 |[x, %, %a| -1 -2 6.23)
1 =2 1])[x0 X1 X2 1
X 00 X, 01 X2 Xo.0 Xo,1 Xo.2 1 1 1
1 X Xy X, |= Xo0 — %10 Xou — %1 Xo,2 ~ X2 x -1 -2
Xap X, X, Xoo —=2X 5+ X0 Xoy— 2x, %y, X, — 2%, +X,, 1

This Matrix Is a result of c;Iumn operation
Jor each input column vector, and assume (o be [ Ya _,]

Thus,
X 0,0 X 0,1 X 02 Yoo You Yoz 1 1 1
Xio X X2 1= Yo Yy N2 -1 -2 (6.24)
X 2,0 X 21 X 22 Yoo Y2y Va2 1
Yoo Yoo—Yor Yoo —2Vor+Yo2
= [ Noe Vo= Va N~ 2y, + )i,
Lyz,o Yoo~ Vay Voo~ 2yz,1 + yz,L
Mmaﬁxi:amullafmopfmﬂmﬁreadnlnpulmwdor
which is ed from column ofemﬂon. Thercfore, total resulls
mean 2-1) operation (2-D DPT)
Finally,

Koo Xey Xoa Zoo Teo = Fou Koo = 2%y, + %53
Xie Xy Xy, )= [CPEY [5o0 ~ 5ol = %0y = %4) [Xo0 = X101 = 20xg; = By )+ (202 = 515
(K40 =280 + Fpab =150, = 20, # 33,1 (200 = 25,0+ 53,0 = 2xey = 25 + 53,04 (%o = 255 + 535

KXo Xa Xia (Top =210+ X3,
(6.25)



We can summarize 2-D DPT flow graph with N =3 as in Fig. 6.5

Xo0,0 'm » Xoo
Xo.1 ,17 » Xo,1
Xo02 ~Z7 » Xo2
xo— | H | Jio, » Xi0
b 1) P— |, Y11 // > Xl,l
x1.2 > Y12 / » Xi2
X20 — » X20
X2,1 > X2,1
X22 > » X22

Fig. 6.5 The 2-D DPT flow graph
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where the processing elements of highpass (left) and lowpass (right) type are as below,

respectively

7 <7

X X, % >X
e x, = %
% X X3 X

The DPF (Discrete Pascal Filter), which is mentioned in [25], can be formulated from the

DPT by making the relation between the inputs and focus only on 1 output. Using DPF, the

computational operation will be changed from matrix multiplication in DPT to convolution in

DPF. With a little modification, we can obtain the hardware realization of 1-D DPF of both

highpass type and lowpass type as follows

Fig. 6.6 The 2™ order Highpass type 1-D DPF
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Fig. 6.7 The 2™ order Lowpass type 1-D DPF

The order of DPF is equal to the dimension of Pascal transform matrix minus 1, (N -1 ).

2-D DPF which is based on 2-D DPT flow graph in Fig.6.5, can be modified as shown in Fig. 6.8.

[/

x(m,n) >
x(m-1,n) > Z7
*(m-2,1) 7
s | L | L e N 7
x(m-1,n-1) Ly e N / .v(gn,n)
x(m-2,n-1) » o /
xmn2)__{ | L > |/
x(m-1,n-2) L |/
x(m-2,n-2) > |/

Fig. 6.8 The 2-D DPF with Convolution Mask size 3x3

The processing element of highpass (left) and lowpass (right) type are as below, respectively

g

Vg

v

Practically, the 2-D DPF in Fig. 6.8 used for processing image has to work along with

input image arrangement circuit as shown in Fig. 6.9.
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p- x(m-1,n)
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Fig. 6.9 The Input Image Arrangement Circuit

From all above described in sections 6.3 and 6.4 can be applied to higher order or higher

dimension DPT or DPF applications.

6.5 Conclusion

The DPT hardware realization of both 1-D and 2-D and both highpass type and lowpass

type is proposed. The hardware realization using Pascal matrix factorization or decomposition

into binary (1,0-1) matrices can give the efficient structure based on butterfly unit for DPT. The

obtained DPT flow graph can be used for transformation without multiplications, only additions

are needed. Moreover, the DPF which is improved from DPT is also proposed.



Chapter 7
The Discrete Pascal Filter (DPF) from Frequency

Characteristic in DPT

7.1 Introduction

This chapter presents the investigation of frequency or filtering characteristic that is
hidden in the discrete Pascal transform. The Pascal matrix that is used for signal transformation
by discrete. Pascal transform in this chapter is divided into 2 types, the first type has hidden high-
pass filtering characteristic and another type has hidden low-pass filtering characteristic. This
chapter will show the method to investigate those characteristics by the transfer function of
discrete Pascal transform systems formulated and used to analyze the frequency characteristic of
such systems. Moreover, the relationship between the dimension of Pascal matrix and frequency
characteristic will be shown. Finally, the result from the investigation will be applied for both 1-D

and 2-D signal filtering applications.

7.2 The Hidden Frequency Characteristic in DPT and Its Discrete Pascal Filter
The discrete Pascal transform (DPT) X of the one-dimensional (1-D) signal vectorx is

defined as

X =Px 1.1)

where P is the Pascal transform matrix size N x N , and x is input signal vector, X is a transformed
output signal vector size Nx1. In this chapter, we divide the type of Pascal matrix into 2 types
by the basis function of the Pascal transform matrix. The first type, we call highpass type DPT
which is the same as the one proposed in [23] and another type, we call lowpass type DPT. We

will explain the reason for using these names in this section.

The two-dimensional (2-D) DPT can find the transformed output in the following [23]

X =PxPT (7.2)
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where P is the Pascal transform matrix in NxN dimension, and its transpose is PT, Xis a
transformed output of an input image matrix x.

In [23-24] does not explain the practical usage, in which normally the size of input image
must be bigger than the size or dimension of the matrix operator. Only the same size of input
image and Pascal matrix operator is shown with small size of assumed input image. In the real
applications, we use normal input image size such as 256x256 pixels. So, it is impossible to use the
same size for Pascal matrix operator. The block processing is necessary for this case the same as
when we use the DCT (Discrete Cosine Transform) matrix to transform the input image to the
frequency domain. The DCT coefficients can be obtained by using DCT matrix size8x8 for
transforming image. Similar to the DCT, we can use the smaller size of Pascal transform matrix to
operate with the real input image and the DPT coefficients can be obtained. Therefore, it is not a
problem to apply the smaller size of Pascal transform matrix to operate with the bigger size of input
image, but the obtained coefficients do not give a satisfactory transformed output image, and we
cannot see the edge of an image in this way. If we focus on the effect that happens on the output
image, the direct DPT cannot give good results and cannot give the results we expected at the edge or
high frequency components of an image. We will show the transformed output of the direct DPT on
both 1-D signal and 2-D signal or image in section 7.3.

Since the DPT has the Pascal transform matrix performing as the key operator, so if we
consider such matrix as the system and the input of this system would be input vector or input matrix
x depending on weather the case is 1-D or 2-D signal, and the output of this system would be the
transformed output X . Therefore, the system function or transform function of this system must be
formulated for investigating the characteristic, especially the frequency or filtering characteristic of

both the highpass type and lowpass type Pascal transform matrix and both 1-D and 2-D signal case.

7.2.1 Frequency Response of Highpass Type DPT
Consider the 1-D DPT with N =3, fromeq. (7.1) we would get

x1 M o o]x
X |=[1 -1 offx @3)
x| 1 -2 1%

In order to formulate the transfer function, it is necessary to make the relationship for each input data

by giving
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x,=x(n) ; presentdata
x, =x(n—1) ; 1sample delayed data
x, =x(n-2); 2 samples delay data

Also, from eq. (7.3) we would get

X, 1 0 0fx(n-2)
X, |=|1 -1 0} x(n-1) 71.4)
X, 1 =2 1|l x(n)
Thus, we can summarize
X, =x(n-2) (7.52)
X, =-x(n-1)+x(n-2) (7.5b)
X, =x(n)-2x(n-1)+x(n-2) (7.5¢)

and we can show a system diagram to represent the highpass type DPT as below

-2
z X 0

x(r) g 247 X,

127422 | X.

Fig. 7.1 Block Diagram of Highpass type DPT System

From Fig. 7.1, we can see that this system has 3 outputs. But since we assume that input x, is

the present input data x(n), so the output X, should be the present output y(n) . Then from eq. (7.5¢)

we would get

y(n) =x(n)—2x(n-1)+x(n-2) (7.6)

Take the z-transform, the transfer function of highpass type DPT can be shown as
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H®(z2)=1- 277+ 272 (1.7

We can notice that the transfer function coefficients comes from the last row of highpass type
Pascal transform matrix in eq. (7.3). From the obtained transfer function as shown in eq. (7.7), we can

investigate the frequency characteristic as shown in Fig. 7.2.

—
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Fig. 7.2 Amplitude Response of Highpass type DPT at N =3

So, we can observe that the frequency characteristic of such Pascal transform matrix is
highpass filter and this is the reason why we call it highpass type DPT. The order of transfer function
is equal to the dimension of Pascal transform matrix minus 1. Therefore, from eq. (7.7), we will
call 2™ order highpass type discrete Pascal filter (DPF) instead of DPT because the process of the
operating signal has changed from matrix multiplication as in eq. (7.1) and eq. (7.3) to the convolution
between filter coefficients and input signal as in eq. (7.7). For the higher dimension N or higher order
DPF can be considered in the same manner.

Fig. 7.3 shows the amplitude response of highpass type DPF by showing the order of filter
from 2™ —99" order. We can notice that this type of filter has something different from the ordinary
filter. For the ordinary filter, when the order is increased, the slope of the filter will be also increased
with the same cut-off frequency. In this type of filter, when the order is increased, the slope of adjacent
order changes slightly. The distinct change is cut-off frequency. In the case of highpass type DPF,
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when higher order the cut-off frequency is increased, if focusing on bandwidth of passband, when

higher order the passband will be narrower.

o
=)

Fod
oo

o
=

o
=

Normaiized Amplitude
o o
E bl

o
%

o
N

o
—

o o1 02 03 o4 05 06
Normalized Frequency (pi rad)

Fig. 7.3 Amplitude Response of Highpass type DPF from 2™ t0 99" order

Consider the 2-D DPT with N =3, from eq. (7.2) we can express.

Xoo Xou Xoaz 1 0 Ofjxo X; X1 1 1
X, X Xa|=|1 -1 Ofx, x, x,[0 -1 -2 (7.8)
Xy Xy X 1 =2 1fx,, Xx; x,[[0 0 1
Xo.0 Xo, Xg4 1 1 1
= [ Xo0 ~ %10 Xoy — %) Xo2 ~ %2 0 -1 -2
I Xoo =2X0F X0 Xoy = 2X +Xyy  Xop —2X,+ Xy, | 0 0 1

column operation

The first matrix multiplication is comparable to the column operation of 3 vectors of 1-D
signal. After that multiply again to the transpose of its Pascal matrix, which is comparable to the row
operation of 3 vectors of 1-D that is obtained from column operation. Therefore, the final result is 2-D

operation, or 2-D highpass type DPT in eq. (7.9).

Xeo Xoy Xoa Ton Xoo = %oy Xoo =2%0y + %oz
Xo Xy Xui= (%ap — 3] (%ap =20 —{x0s = 2y} [*on = %01 = 2050, = X+ %2~ 53]
X Xy X5 [Xop =2x0 + X;0)  [Xo0—2xg + X35 ] = [Xey =22, + X3) [x.,—qu+xu]-2[x._,—2x,_.+x,_,]+[x._,—2xu+xu] (7-9)
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Chapter 8

Conclusions

Conclusions of overall Pascal matrices research in this thesis can be summarized as
follows, in chapter 2, a one-to-one mapping method for transforming the s-domain IIR transfer
functions to the z-domain ones or vice versa using the first-order s-z transformations have been
proposed. The original prototype IIR filter can be completely restored from the transformed one.
Based on the one-to-one mapping, various inverses of the generalized Pascal matrices have been
proven. Also, recurrence formulas have been derived for recursively computing the generalized
Pascal matrices from their boundary elements, which simplifies the generations of the generalized
Pascal matrices. Chapter 3, a unified s-z transformation model was used to derive and prove a
more unified Pascal matrix. Both lowpass-to-lowpass and lowpass-to highpass transformations
are included in this single model. Chapter 4 proposed the method for s-z transformation using
Pascal matrix operations cooperate with the frequency transformation, this method is very
efficient in the ca;e of high order filter design and simpler than substituting the relationship
between s-z into the transfer function directly. The new method for designing a biquad digital
filter based on modified Pascal matrix and its filter structure realization has been proposed in
chapter 5, it is very easy since it needs only one matrix equation to compute the filter coefficients,
which correspond to the new proposed filter structure. Moreover, computing the denominator is
the same as an ordinary 2™ direct form II structure, and the number of delay units used is the
.same as a single output filter. With only some modification in feed-forward path, this structure
can give 5 outputs by an extension circuit compared to normal 2™ order IIR filter that can give
only 1 output. In chapter 6 the DPT hardware realization of both 1-D and 2-D and both highpass
type and lowpass type was proposed. The hardware realization using Pascal matrix factorization
or decomposition into binary (1,0-1) matrices can give an efficient structure based on a butterfly
unit for DPT. The obtained DPT flow graph can be used to transform without multiplications,
only additions are needed. In the last chapter, the investigation of frequency characteristic or
filtering characteristic that is hidden in the DPT was proposed, both highpass type and lowpass type
DPT and both 1-D and 2-D signal were considered. The results from frequency characteristic
investigation can be used to upgrade the ordinary DPT to DPF. The DPF can give good results in
sense of signal filtering and can clarify the weakness of ordinary or direct DPT.
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