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Chapter 1

Introduction

It is well known that the adaptive control is effectively used to cope with the systems
whose parameters are slowly time-varying or uncertain. This is because of the feature of adaptive
control in the sense that its parameters can be adapted to the changing parameters without a priori
information about these uncertain or time-varying parameters. With computer based, the
controller has the ability to collect dynamic information from the process and compute the
controller tuning parameters from these data.

This is quite different from the general control analysis. Normally, in order to design the
control system to obtain the required specification, the open loop polynomial of the plant or its
behavier must be derived. The controller is set as a constant according to the system parameter
and the desired tracking and regulation performance properly chosen by an experienced control
erigineer. For instance, controllers designed using robust control methods tend to be able to cope
with small differences between the true system and the nominal model used for designing. Robust
control guarantees that if the changes are within given bounds, the control law need not be
changed. Therefore the efficiency of the controller can vary more or less depending on this factor.
However, this method is unworkable if the system is so complex that it is difficult to achieve its

dynamic response.

1.1 Motivation

Several algorithms for adaptive control have been introduced in conferrences, journals
and practical applications. Among these one, Model Identification Adaptive Control (MIAC or
self - tuning controller) is one effectively useful in controlling the unknown parameter system. It
identify the system by means of measured input and output data and then form an appropriate
controller by the identified system. In conventional adaptive control system using pole placement
method along with z - transfer function analysis, the problem of unstable poles may appear in the
used compensators, even if the closed - loop system is selected stable.

Since, the controller arbitarily re-tunes its compensators to get the plant’s parameters

having the desired regulation performance (closed loop polynomial), it is possible that the poles



of compensators are placed in the unstable area. For example, in the motor speed control system,
the moment of inertia usually changes in a wide range. In such case it is well known that the
unstable pole appear in the series compensator of controller. And the control performance is
deteriorated.

In addition, Another problem in this method, the oscillation in the control signal, always
occur in transient due to compensators. This defection can make the actuating device of the

physical system damaged.

1.2 Goal and Objective

This thesis is tended to study the use of state space analysis for the adaptive control. The
state feedback is used instead of compensators in order to solve the problem that comes with
them. Therefore the design using state feedback in part of the regulation performance of the

control system is proposed in here.

1.3 Hypothesis to be Tested

Because of no compensators used in this method, it assures that the designer no longer
need to concern the problem of unstable compensators. And the fluctuation in the control signal
could not present since the control signal is only the combination of the refference signal and the

feedback signal.

1.4 Methods and theory

As mentioned above, State feedback is employed in this thesis as the main topic as the
regulation part. The state variables is fed back through one matrix feedback gain K. Furthermore,
these state variables is estimated by the observer in case the system is unaccessable by any
reason. Its model is adapted to the estimated system parameter. The recursive least square
algorithm is used in system identification. The recursive parameter estimation is used for the real
time estimation. So this adaptive control is the real time control system that use the recursive least
square algorithm for estimation.

For experiment of adaptive function, the sample case of the research is selected as the dc

motor speed system which has a vary of the moment of inertia. The extra load is added to normal
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load by the clutch while the motor is running. This adding will affect on the the present speed and
the parameter of the system. The experiments are performed in both the computer simulation and

the real dc motor.

1.5 Comparison of the Proposed Method with Conventional

In classical method, there is inversion of matrix to compute the parameter for the
compensators all the time. This calculation takes long time to find out the exact value of
compensator. On the contrary in this method, since the output signal of the controller is the sum
of two value and the rest are only basic calculation, the calculation time for control signal is quite

shorter than is that of the classical method.

1.6 Limitation of Study

At first, the proposed adaptive control method is tested in the computer simulation in order
to find out the possibility and sum up the problems. The experiments are also performed to
compare the efficiency of the proposed method with the classical one. Afterward this control

method is applied to the real dc motor speed system.

1.7 Process of Study

The thesis is organized into 8 chapters and appendix. Its outline is as follows: Chapter 1
presents introduction of the adaptive control and the purpose of the thesis. Chapter 2 and 3
presents the recursive least squares method for system identification and problem in using this
method. Some sirhulations on system identification are performed.

Chapter 4 presents a basic analysis of control systems in state space. Concept of
controllability and observabilty are given here. The transformation off the system model (from
transfer function model to state space model) is included in this chapter. Chapter 5 treats the
design of control systems in state space. This chapter begin with pole placement design problems
followed by the design of state observer. The ideas of tracking and regulation with independent

objective or MRAC is also described. The accuracy of the state feedback and the observer tested

by program simulation are shown in this chapter.



In chapter 6, the result of the experiments in the computer simulation is given comparing to
other conventional method such as R-ST Tribrance , PID and so on. While in chapter 7 only the
result of the experiments in dc motor speed system is given. The distiction of simulation and real
system are dicussed in here. Chapter 8 gives the overall discussions and suggestions of the

proposed design method.



Chapter 2

Recursive System Identification

When the plant is an unknown parameter plant or time varying parameter, the stable
controller design through pole placement method can not be achieve. Alternatively, system
identification can be performed through an experiment approach to estimate the unknown
parameters from input output measured data of the plant. Many identification methods exist, but
Recursive Least Squares identification method which is the real-time identification based on the
least squares algorithm will be discussed in this chapter. This is due to that the real time
identification is the method which can easily be modified to track time varying parameters.
Therefore it is appropriate for the time-varying parameter plant.

The derivation, properties and use of the recursive least square for system identification

are the objective of the chapter.

2.1 Least Squares Algorithm

Consider Equation (2.1), discrete time transfer function model of a system as shown in
Figure 2.1 with control input sequence and output subject to measurable disturbance drift and

random noise (their information is in Appendix A).

Ay(t) = Bult —1)+ Dv(t) + D(t) + Celt) (2.1)

where
A=l+az”" +--+a, z7™
-1 X -n,
B=by+bz" +--+b, z7"
D=d,+d,z™ +---+d, z7™
d
and

Ne

C=l+cz +--+c, 2~
c

The coefficient of these polynomials (4, B, C and D) is determined by estimation in case of

unknown parametric system.



Control Input u(t)
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Random disturbance + Qutput y(t)
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Figure 2.1 Discrete Time system transfer function of a system and disturbance components.

For the estimation purpose, Equation (2.1) is rewritten in form that focuses on the object to be

estimated and the data available. The backward shift interpretation of z-1 is used to cast equation
He)=0"(0)o +elt) (2.22)
where @ is the vector of unknown parameters defined by

i 2 N SSIPINC2| o)  ZPS (2.2b)

d

and ¢r) is a regression (or measured data) vector containing the input/output variables

information from the system. It is defined by

¢T(t)=[y(t—l),...,y(t—na),...,u(t—l),...,u(t—n,, —1),...,v(t),...,v(t—n,,),...,e(t—l),...,e(t—nc)]

(2.2¢)

However, the assumed model representing the system mostly is ARX model, Figure 2.2, which is
the discrete time model for general plant. Therefore it is convenient to rewrite the measured data

vector in Equation (2.2d) according to the ARX model.

(pr(t)=[y(t—]),...,y(t~n,,)....,u(1—l),...,u(t—n,, —l)] (2.2d)



Control Input u(1) Output y(1)

Y

Random disturbance
e(t) 1

v
N
;

Figure 2.2 Auto regressive with control (ARX Model).

Equation (2.2) is assumed to be an exact description of the system, producing the true data for the

regression vector X. In order to determine the vector X from X, the estimate model is

»i)=o" ()0 +&() 2.3)

@ is a vector of adjustable model parameters and é(r) is the corresponding modeling error. The
main aim is to find & that overall modeling error becomes minimal. Equation (2.2) and (2.3)

imply that &(r) depends on 6.
é)=elt)+o” (t)(e - é) (2.4)

In order to estimate the system parameters, a number N of the consecutive data vector in o(t) are

required. It is indicated in the vector/matrix form of Equation (2.3) as

ye)=w()o+é() (2.5)
in which
y0)=D0) »@) ... yW)]
é()=[e() é@) ... éw)]
and

we)=lp"() ¢"@) ... o"(W)]

If the number N must not be less than the number m of unknown parameters in the vector X, then

Equation (2.5) can be solved as the set of linear functions. However, when noise is present in



practical systems, the error induced by noise defined by Equation (2.6) can become much great.

Furthermore, the number N must be far larger than m.
The Modeling error is defined by rearranging Equation (2.5).

é(t)=yl)-w()o (2.6)

The technique most widely used to minimize such error is Linear Least Squares. The main idea of

the method is to minimize J , the sum of squares of errors.
4
J=Y & (i)=é"¢é (2.7)
i=l

To find the least squares estimate, rewrite Equation (2.7) by replacing the error with the data

vector and parameter vector in Equation (2.6).
7 =(y-wo) (y-w) @.8)
=yry—éTWTy—yTWé+éTWTWé (2.9)

Set the derivative of J with respect to 0 to zero for stationary point.

£=—2W7y+2WTWé=o (2.10)
o0
WTWé=WTy (2.11)

The solution of Equation (2.11) is unique minimal value if the second derivative matrix in

Equation (2.12) is positive definite (See Appendix X for further information of positive definite).

=2w'w) 2.12)



Hence the least squares estimator for the parameter vector is
b= w)' Wy 2.13)
The resulting modeling error X is denoted by

=7 7@ 7G) ... 2] (2.14)

whose components are called residuals.

2.2 Properties of the Least Squares Estimator

The least squares estimator X is a random variable whose properties can be analyzed using
Equation (2.3) for the actual system and disturbance. Two properties, bias and covariance are

important in this respect.

Bias: The term of bias refers to the systematic error can occur in the parameter estimate.

Substituting Equation (2.5) to Equation (2.13) yields
b= w)' W warwe)
b=0+Ww) We) 2.15)

and the term bias is given by a rearrangement of Equation (2.15).

~

6-0=(w 7:W)_' (wre) (2.16)

-[3:00070)] [0

t=]

Multiply the right side of equation by N/N to obtain.

[ Z‘/’ o' ]_l[%g(pt)et)] (N w W) N e @2.17)

=l
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Equation (2.18) is used to show that the estimate model is unbiased in case the data ¢(f) and the

noise et) are correlated.

plim(N"'w7e)=0 2.18)
Noo

Covariance: The term covariance is related to the spread of estimates arising from the random

errors (the accuracy of estimates).

When the data ¢(t) and e{t) are uncorrelated and e(t) is zero mean, the covariance of least

squares is defined by

cov{f)= E[(é ~0)o-o) ]

cov(d)=E ((W’W)'Wre)((w"w)'wfe)r]

cov(f)= E[(W W) wleewwTw )" ]
covlf)=E, [(W WY 'wTE,ee” W W)’ ] 2.19)
In this case the errors are zero mean white noise and uncorrelated, so
Elee’|=021, (2.20)

As consider from Equation (2.19) and Equation (2.20), the covariance of error in LS estimates is

given by
cov(f) = afl@[(W"WT'] (2.21)

If the data is deterministic, the expectation operation can be cut.
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Equation (2.21) indicates that the matrix (WT W)_'the most importance in self tuning system

because it directly dominates on the variability and covariability of the parameter estimates.

2.3 Relationship between the Residual and Data

The relationship between the residual (modeling error sequence) and data is briefly

discussed. Noting that é =y and pre multiplying the Equation (2.5) by W7 , gives
wTy()=Ww'Wwe+w'n (2.22)
Equation (2.13),6 = ("W )" (7 y) , and Equation (2.22) imply that
wWin=0 (2.23)
[0() #(2) #B) ... o(WM)=0 2.24)
o)+ p(2)n(2)+ 0B)B) +... + (N (W) = 0 (2.25)

By recalling the definition of @(¢), 0" (€)= [y(r =1).... y(t=n,)..., ult-1),...,u(t—n, - 1)], Equation

(2.25) can be rewritten as

e -ik(e)=0 for  i=1,..,n,

M=

i

N
Zu(t z)q(t =0 for i=1l.,n,+1

1=l J

\ (2.26)

And so on for other entries in ¢(t). Equation (2.26) imply that

E[y(t ()] =0 for i=l,.,n,

E[u(t —i)n(t)]= 0 for i=1l.,n,+1

(2.27)



12

These two equations, Equation (2.26) and Equation (2.27), sometimes are the expression for

orthogonality property of least squares and are the basis of other results.

2.4 Recursive Least Squares

In self tuning control, the estimation should allow the update estimated model at each
sampling interval as the new available data X as describe in Figure 2.3, the estimation process.
The model based on past information X is used to obtain an estimated Y. An error E generated by
comparing the estimated Y with the real output Y will correct the old model X(t) to the new one
X(t+1). This recursive prediction corrector results in saving significantly computation time.

The estimates in equation (2.8) atstep t and t+1 are given by
o= w ) T ()ye)) (2.28)
0t +1)= @7+ W+ 1)) 7+ )y(e+1) (2.29)

respectively. Where

WT(t+1)W(t+l)=[WT(1) ¢,(,+1){ w () ]

o (t+1)

=W (W @)+ e+ (+1) (2.30)

And

y(t+l

WDy )= 0) ¢(t+1)[ y(’))}
=W () +ole + 1)yt +1) (2.31)
So {r +1)is easily added to the old matrix W7 (¥ (r) to get the new W7 (1+ 1 (¢t +1).

But actually a way to update the inverse of W7 (r+1)W (t+1)without continuous inversion of

matrix is required. Therefore to obtain this requirement, notation P(r) and B(r) are introduced as
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. . System
Control signal System output

wfr) )

o

Model’
W)=pie-1) *

ol -1) >

' | Update

mechanism

A J

Figure 2.3 Visualization of recursive system identification as an interactive process.

@)= e @)

(2.32)
B(e)=w"(t)y(e)
And Equation (2.29), (2.30) and (2.31) yield,
6(c+1)= P +1)B{t +1)
(2.33)
6(c)= P()B(r)
P (t+1)=P7'(0)+ ot + " (t +1) (2.34)
and
B(t +1)= B(t)+ ot + 1)yt +1) (2.35)

The crucial step is to establish the direct update from P(t)to P(t+1) by applying the Matrix

Inversion Lemma.

(4+BCD)" =47 - 4" B(C™ + DA™ B) ' DA™ 236)
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to (2.34). Assigning A= P'(t) B=g(t+1), C=1, D=9 (t+1) gives
(o(t +1 kpr (t + I)P(t)
Pit+1)=Plt) I - 2.3
(H ) (t{ l+¢’(t+1)P(tkv(t+l) 237)

Equation (2.37) gives the means to update P(t)to P(¢+1)without matrix inversion and it can be
combined with Equation (2.35) to obtain a direct recursion for X in the following way.

First, define the error variable as
lt+1)=y(t+1)-p" (1 +1)0(r) (2.38)

and used variable y(t+1)in this equation for y(t+1)in Equation (2.35). This gives
B(e+1)=B(t)+ ot + )" 1 +1)8()+ ot + et +1) (2.39)

Then substitute for B(¢), B(t+1) using Equation (2.32) to get
P(e+1)"0(+1)= P()" 0()+ (e +1)p" (¢ +1)8(t)+ P(e + Dople + e e +1)
P(e+1)8(+1)= [P +ole+ o ¢+ 1))+ P+ ple+1)e(e +1)
P(+1)"0(+1)= P(e+1)"6(r)+ P(e+ (e +1)e(e +1)

6 +1)=0()+ P(t + plt + et +1) (2.40)

Multiplying Equation (2.37) by ¢(r+1) gives

Plt+1p(t+1)= P(t{l - fg;’ (1)4“_’:)%)% (:L)])]W +1) (2.41)

and assign new variable L({t+1)= P(t+1)p(t+1), so that
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_ P(e)plr+1)
Le+1)= [1 +o" [t +1)P[E)pt+1) 242)

From Equation (2.41) and (2.42), Equation (2.37) and (2.40) are transformed to the equation that

have variable L(¢+1) as their content and named as shown below.

Estimated System Parameter

6(c+1)=6(c)+ L(e +1)elt +1) (2.43)

The adaptation gain adjusting

P(e+1)=P(e) - Lt + 1) P()ole + )] (2.44).

The recursive least squares algorithm for estimating X is as follows:
At time step t+1:

1) Form ¢fr+1) using new data.

2) Form &(t+1) as equation:

et +1)= y(t+1)-o" (t +1)0()

3) Form L(t+1) using Equation (2.42)

4) Update (t) to obtain 6(t+1):

5) Form P(;+1)using equation (2.44)

6) Wait for the next time step to elapse and loop back to step 1).

2.5 Residual and Prediction Errors

An influence variable in RLS algorithm is the modeling error &(r)which can be related to
the residual associated with the least square procedure. From Equation (2.38), that error is defined
by (t)= y(t)-o” (t)é(t —1). In other words it is the error between the current system output

y(t)and the predicted output using parameter estimates 0({—1). For this reason it is normally

called the priori output prediction error.
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While the true modeling error (called residual or a posterior prediction error) at the current time T

n(0)=y()-¢" (0) (2.45)

There is an only difference between e and n that n is based upon the parameter estimates at step .
This difference should become insignificant after the estimation procedure has run for a long
time. The difference is significant during the first few recursions though. The algorithm in section

2.6 will exploit it. And the residual can be indicated associated with &(¢)in
n(0) =)~ 0" (¢)-6(-1)| (2.46)
Using Equation (2.43), the difference 6()-6(s 1) can be substituted in Equation (2.46) to yield
20)=[1-0" OLEOEE) 2.47)

From Equation (2.42), the above expression can be re-expressed as

X £(t)
0= P10 (248)

2.6 Recursive Extended Least Squares or RELS

This method only adds the priori or posteriori prediction error in data vector. Therefore
the parameter vector é(t)is extended corresponding to the data vector o(t) as Equation (2.49) and

(2.50).

6" =[— ayyees=a, sboseonn by, ,c,,...,c,,t] (2.49)

qor(t)=[y(t—1),...,y(!—n,,),...,u(t—1),...,u(t—n,, —1),8((—1),...,a(t—nc)] (2.50)

The error £(r) in data vector ¢(f) can also be replaced by the residual n(t) (RML algorithm):

o7 ()= [y = e e =n, csule =1t = my, =1 e =1} 0ot =n, )] (2.51)
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The main concept of RELS is still as same as that of normal RLS, minimizing the covariance of

errors. The RELS algorithm is then:

RELS or RML algorithm:
At time step t+1

1. From p(t +1) using new datau(t +1), y(t+1)and

&)= y(0)-¢" (¥(-1) or n(0)=y()-0" ()0(0)

2. P(t+l)= P(t{l— ¢(t+1)¢T(t+l)P(t) ]

1+07 (t+ 1)P()p(e +1)

3, Be+1)= )+ P(e+ ple+ Dele+1)

2.7 Conclusion

The chapter has developed the basic ideas and algorithm associated with recursive least
square and recursive extened least square estimation. Using these algorithms in practical situation

will be provided in Chapter 3 which discusses the effect of some initial parameters and possible

problem.

58053



Chapter 3

Using Recursive Estimation

In chapter 2, the recursive form of least squares estimation and the algorithm basic are
described. Then, here how to apply these algorithms in practical situation is given. There are
roughly four parts (section 3.1 to 3.4) in setting and operating this self tuning estimator. The
different versions of least square are briefly discussed in section 3.5. In the last section some

experiments in simulation and practical are performed under given conditions.

3.1 Initializing the Estimator

The choice of values for the data vector, parameter vector and covariance matrix at the

first time step are considered.

3.1.1 Initial Values for the Data Vector
Usually the way to fill data to the data vector is up to the number of maximum order of
its entries as Equation (3.1). The recursion will start after the first n step of this number. This

ensures that the RLS estimator always has the vector data filled at the beginning.
n=max{n, n,+1 n, n, n.} (3.1

3.1.2 Initial Parameter Values
The typical methods are used for setting the initial estimate of the parameter vector 6(0)
as follows:
i. Sometimes if the system can be approximately known, these parameters are set in the
parameter vector.
ii. The system is expected being an integrator with unit gain. Thus the initial parameter
would be selected as: a, =—1; b, =¢,; while a, =0; b, =0;

The initial value of other parameter estimates (noise and disturbance) are set at zero.
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3.1.3 Initial Values of the Covariance Matrix
To understanding that the size of the covariance matrix has the effect on itself, its

function is written here in Equation (3.2).
. -1
PO=| P10 3olp70) 6
i=l

It is simple to see that the influent of P(0) depends upon whether the inversion of its initial value

is large or small. A standard choice P(0) for is the unit matrix scaled by a positive scalar, ie:
P(0)=r1,, (3.3)

For large P(0) the value of r is adjusted within the range 100 to 1000 and for small P(0) the

value of r is adjusted within the range 1 to 10. The criterion to select the value of P(0) is simply
expressed below:
i. If priori knowledge of system parameters is known in the model, é(())is close
to the true values, P(0) should be large. It causes rapid and large
recursions in the parameter estimates.
ii. If priori no knowledge of system parameters is unknown in the model, é(O) is
far from the true values, P(0) should be small. By this small P(0), the

parameters change slowly.

A System Step Response A System Frequency
; Response Gain
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Figure 3.1 Sample interval selection: illustrating reasonable sample intervals in (a) the time

domain and (b) the frequency domain.
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Figure 3.2 Showing typical pole/zero patterns for (a) fast, (b) slow and (c) acceptable sampling

rate.

3.2 Specification of the Estimator

This section concerns the estimator model selection and other involved parts when the

estimator is coupled to the real world’s system.

3.2.1 Sample Interval Selection
There are some useful guidelines for selecting the sample interval 7 in recursion. Figure
3.1 illustrates the idea of these guiding rules as follows:
i. There should be at least four points on the system response in transient.
ii. The sampling frequency o, (1 /sampling interval T, ) should be four times the system

bandwidth in order to capture all the information in this frequency band.
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Certain symptoms indicating the improper T, appear in the estimated model. The poles of model
clustered around the point of either z = 1 or z = 0. The relationship between 7, and model’s poles

in z plane is shown in Equation (3.4). In case of stable pole s <0:

z=¢e" —1as T, —> o, sampling too slowly.

z=e" -0 as T, - 0, sampling too rapidly. (3.4)

Therefore the estimated model’s poles should appropriately spread in the unit circle on z plane as
shown in Figure 3.2. These remarks are generally correct for recursive estimation. Some

additional considerations are fund, however, in certain self tuning application such as:

Bandwidth Limitations:
In control system, the objective is often to change the response of entire system by
feedback. The sample interval of digital control will limit the attainable closed loop

speed by ZOH working as a low pass filter as figure 3.3.

Ts
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Figure 3.3 [Illustrating the bandwidth limiting properties of the ZOH: (a) as a feedback loop

element, (b) its frequency response.
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External Constraints:
Some applications require the sampling interval being the values according to external
factors: traditional, specification of used devices and so on. In spite of previous

statement, the RLS can operate over a wide range of recommended sampling interval.

3.2.2 Model Type
The idea is decide which of the components, such as disturbance, in the general model

are present or which of the assumed model is the most suitable.
Ay(t) = Bu(f)+ Celr) (3.5)

For example, Equation (3.5) is the model of the system which is subjected to only the control

signal and noise.

3.2.3 Model Order

The model order decision concems the selection of integer n,,n,,n, and etc. These
decisions should be the physical consideration of the system with n, <, . The following remarks
are proper for selecting n, of the noise model:

i. n, =0, ifthe system is deterministic or there are very low.

ii. n, =1 or n, =2 (maximum in practical), if the random noise is-too significant.
In many self tuning controls it is possible to set the model orders less than the technical correct

values. This is because it is important to capture the dominant dynamic features

3.2.4 System Delay
The delay through a system in discrete time can be calculated from knowledge of the
continuous time transport delay and the sample interval. If the transport delay is 7z, then the

corresponding discrete time d is given by

d= int{r—‘l} +1 (3.6)
T

¥

The system delay is always at least one sampling time d =1because of ZOH as shown in

Equation (3.6).
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3.3 Operation Conditions

Mainly this section involves nonlinear behavior and inadequate excitation signal. The

way to dealt with these subjects is divided into following subsections.

3.3.1 System Linearity and Signal Limiting
The assumption that the signal sources and system are linear is only conditionally true in
reality. At most they can be expected to be linear in the operating range. Two major implication

of this subject are described as follows:

Signal Levels: .

Many systems and signal sources have nonlinear characteristics associated with actuation
and sensing, Figure 3.4. Figure 3.5 shows a possible input nonlinearity known as
saturation and dead zone. Signal limiter and dead zone compensator are applied to solve
these problems.

Another input nonlinearity called slew rate limit is the maximum rate of signal change of
the actuator. For large and rapid changing, it becomes the major problem of this thesis
which adversely affects on "the actuating devices. This can also be encountered in

classical pole placement method (using compensators).

Operating Levels:
The system normally functions at a specific operating level. The system is approximately

linear when it is considered in this area, for small excursions.

ulr) u, dr) vir)

. v )
Nonlincar Nonlincar e
> > System > ceon —t
actuator - SENSOr

Figure 3.4 Illustrating the possible presence of input (actuation) nonlinearity and output (sensor)

nonlinearity.
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Figure 3.5 Showing a typical actuator or input nonlinearity with saturation limits U/, and dead

zone limit of 2U ;.

3.3.2 Signal Filtering

In some system, the output variable y{r)is subject to significant wide band noises which
come from the output measurement. Such noised is called sensor noise. It should be removed or
minimized by means of filter since it has no relation to process. A normal low pass filter could be

adequate.

3.3.3 Quantization

A further problem in recursive estimation concerns the quantization process (analog to
digital). With the modern A/D over 12 bits converter, the quantization is quite small. However it
should be ensure that the converters are operating in their full range. The amplitude of the signal

should not be so small that only a few bits are used.

3.4 Covariance Management

As mentioned before about the function of covariance matrix P(f) (sometime called
adjustment gain) on which the estimation depends, in this section the management to keep P(r) in

good condition is discussed. The RLS algorithm is written here again.

0t +1)=6(r) + P(e + Doz + 1)e(e +1) (3.7
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T

P(+1)=P() 1, - ol * ' (t+ 1)t (3.8)
l+o (t + l)p(t)(o(t + l)

3.4.1 Presence of Feedback

Since the feedback signal can cause ambiguity in the relationship between input and

output, so the independent signal is added into the loop as usual control as indicated in Figure 3.6.

3.4.2 Excitation Level of Signal

In recursive estimation, the input signal is sufficient to excite the estimator to identify the
unique system parameter. In practical terms the following forms of signal are suitable for
recursive estimation.

Square wave

Pseudo random binary noise

Uniformly distributed noise

Gaussian distributed noise

3.4.3 Tracking Parameter Change

The adaptive control is designed to adapt its control figure to the vary system in real time
unlike the self tuning control. This variation can result from many reasons such as operating
condition change. To solve the parameter variation problem the forgetting factor is provided to

the estimator. The concept and importance of forgetting factor are discussed in next section.

Control signal
ulr) »|  Estimator
Refference signal System output
u(r) > System » (1)
Feedback
system

Figure 3.6 Operational condition involving feedback.
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3.4.4 Forgetting Factor
The forgetting factor technique is the most popular way of getting adaptable recursive

estimator. Its idea is to weight the information of the least square function.
J, =Y A& i) (3.92)
i=1

The discounting effect of A is upon the past errors as indicated in Equation (3.9b).

J, =T, +éX(i) (3.9b)

!

Then by applying Equation (4.9) in Equation () to construct the minimum of J (see prove in

Appendix), the covariance matrix P(f) becomes
PH)=aP (e - 1)+ o) (1) (3.10)

That is

P(t+l)=l"P(t{Im— olt+ " t+ )Pt) } G.11)

A+  (t +D)P(t)p(r +1)

3.45 Estimator Wind-up

From Equation (3.10) if no data information (very small or zero value) enters the data
vector, the covariance matrix P{t) will increase every step. That means the previcus data
information is reset to original zero value. This causes the parameter estimates become erratic
until the estimation completely fails because of numerical overflow problem. The Estimator

wind-up is prevented by use of such techniques as Start-Up Forgetting Factor.

Start-Up Forgetting Factor:
As stated above for the ideal forgetting factor, it should be unity when the system
parameters are constant. Conversely it should be low when system parameters change.

The concept of this method is that, at the beginning, the forgetting factor is small and
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increases at specific rate toward unity. To do so, the forgetting factor A becomes the

function associated with time (the solution of first order differential equation).
At)=A(0)+( - /1(0))(1 —e ) (3.12)

Where ¢, is time constant of the system. And Equation (3.12) can be cast in the simple

recursion form.
M) =ai(t-1)+(1-a); a=e™" (3.13)

3.5 Computational Alternatives for Recursive Estimation

Sometimes the problem of inadequate computational precision or restricted computation
time may be encountered in use of the basic form of the recursion based on Matrix Inversion
Lemma.

The matrix inversion lemma version of RLS can be ill conditioned. In particular, errors
can accumulate and cause the error in both estimates and covariance matrix. A class of matrix
factorization algorithm, Numerically Robust Recursion, gives increased computational precision.
It has approximately the same program operating requirement as the basic RLS.

Some situations exist, particularly in digital signal processing, in which the matrix
inversion and is too slow. A class of fast algorithm, Fast Least Square Recursion can overcome

such problem. However, in most circumstances, the standard RLS is completely adequate.

3.6 Simulation Example

In this section the RLS algorithm is tested through its operation to estimate system

parameter in case of parameter invariant and variant system.

3.6.1 Parameter Invariant System

In this simulation example, the square wave of 5 v amplitude and 200 samplings period
as shown in Figure 3.7 is used as the input excitation signal to the plant without the presence of
noise and constant disturbance. The RLS algorithm estimates the system’s parameters under the

following examples:
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Figure 3.7 Reference signal (5 cycles pulse signal).

Examplel. The plant transfer function G, (z") is defined as

G, (z"')=z"

0.0562 +0.0438z "

1-1.4574z7" +0.47242 >

1000
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Given RLS Estimator parameters N, =2, N, =1, d=1, P(0)=10*1I, 07 = [O.l 02 03 04]

and the sampling number of 1000 with sampling time T, = 0.001.

Simulation results:
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10 b oo e e e

b

by

-1.0

System Parameter 0{x]
<
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-2.0
0 200

400 600 800
Number of Sampling

Figure 3.8 Estimated parameters of G, (z" )

Example 2. The plant transfer function G,

Gz(z"])=z_l

(z™') is defined as

0.0281+0.0220z"

1-1.4651z7" +0.4726272

1000
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Given RLS Estimator parameter N, =2, N, =1, d=1, P(0)=10*1, 67 =[o.1 02 03 0.4]

and the sampling number 1000 samplings with sampling time 7, =0.001.

Simulation results:

20
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800 1000

Figure 3.9 Estimated parameters of G, (z').

3.6.2 Parameter Variant System

In this example, the plant parameters are changed from G, (z‘l )to G, (z"'.) at the sampling

number 200 and then change back at the sampling number of 600.

G, (z"')=z'I

0.0562+0.0438z7"

1-1.4574z7" +0.47242 72

G, (z")= 7%

0.0281+0.0220z"

1-1.4651z7" +0.4726272

The RLS Estimator parameter and reference signal are as same as previous example.

Simulation results:
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Figure 3.10 Estimated parameters of G, (z" )and G, (z" )
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When consider the results indicated in Figure 3.8, 3.9 and 3.10, the RLS estimator can estimate

the system parameter very well. The change of load does not have effect on estimation.

3.7 Practical DC Motor Example

The experiment for dc motor estimation is executed here. The experiment is divided into

two parts of simple case and load changing case as follows.

3.7.1 Simple case
In this example, the RLS estimator identifies the dc motor parameter in case of constant

load inertia of motor at J = 0.6 x 10* kgmzand 1=30x10" kgmz. The sampling time is selected

as 0.005 sec.

Experimental Result:

2.0 - ;
f j
le i fa
= 1.0 pPpre—ors . ,\r-v-;vv'. Honemen. | A
o~ L 1 S ) ] N1
ko L ! 5'
1 ; I
2 7|- 4T Ak LAY O AR 1
3 ' i § !
5 i i} ' r
810 | ~ it e 4 7 S e
i !
! !
! / |
-2.0 : - :
(4} 200 400 600 800 1000

Number of Sampling

Figure 3.11 Plant output of the motor with J = 0.6 x 10” kgmz.
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Figure 3.12 Estimated plant denominator g, =1.339,a, =-0.5291 J=06x10" kgmz).
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by b
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Figure 3.13 Estimated plant numerator b, =0.1154,6, =0.1769 (J=0.6 x 10° kgmz).
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Figure 3.14 Plant output of the motor with J = 3.0 x 10* kgmz.
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Figure 3.15 Estimated plant denominator a, =1.7757,a, =-0.8370(J=3.0x 10" kgm).
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Figure 3.16 Estimated plant numerator b, = 0.0045,5, =0.0558 (J=30x10" kgmz).
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3.7.2 Plant Parameter Change
In this example, the RLS estimator identifies the dc motor parameter in case of the load
inertia of motor changing from J = 0.6 x 10* kgmzto J=30x10" kgm2 at the sampling number

of 500. The sampling time is selected as 0.005 sec.

Experimental Result:
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Figure 3.17 Plant output.
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Figure 3.19 Estimated plant numerator b,,, .
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As comparing the value of estimated parameters in Figure 3.17 and 3.18, they can go to the

correct value after the load changed (refer to the system parameters in section 3.7.1).

3.8 Conclusion

In this chapter a recursive system identification algorithms has been derived. The way to
start and run a recursive estimator includes:

Starting up the estimator.

Initial design choices required to set up the estimation model and data collection

procedure.

The experimental conditions which may be encountered and the various signal

conditioning procedures which can be used.

The modifications required for a recursive estimator to track parameter changes.

The guideline provided here is general useful in estimation. Section 3.6 shows the application of
RLS algorithm to the parameter identification in both simple case and changing parameter case.
In addition, the RLS estimation is applied to the real dc motor in Section 3.7.

Now the concept and using of RLS estimation have been derived. The next chapter will

discuss the analysis in the state space which plays another important role in the research.



Chapter 4

Analysis of Control System in State Space

As the statement in chapter 1, introduction, the modern control theory is used as the main
concept of adaptive control system in this thesis. So the analysis of modemn control will be
discussed briefly in this chapter. Since our study involves the digital signal processing, it is
convenient to place the discrete time model instead of continuous time one in every aspects of its
property (such as controllability).

A modern system may have many inputs and many outputs and they may be interrelated

in a complicated manner. To analyze such a system, the state space is the best suite approach.

4.1 State Space Representations of Transfer Function

This section will present the state space representation in the controllable and observable

canonical form. The way to obtain this is shown as follows:

4.1.1 Controllable Canonical Form

To begin with, consider a system defined by
Y+ ayle=1)+-+a, ylk—=n,)=byulk)+bulk-1)+--+b, u(k—n,) 4.1)
where u is the input and y is the output. Equation (4.1) can also be written by z transform as

Ny

Y(z) b +byz™ 4ot b, 2

= A(z-l) 4.2a
) (4.2a)

Uz) l+a,z” +-+a, z7™ - B(z‘l

or

Y(z) _ boznh +blznn—| +...+b"h _ A z~| (4.2b)

- - -1
U(z) 2™ +a,z" " 4 +a, Blz

Rearrange Equation (4.2) by separating it into two parts and assume #, =n, =n, then



Y(z) =p +(bx —aby)z" +(by —ayby )" +--+(b -a;b)
U(Z) ° 2" +a,z" 4 ta

n

which can be modified to
Y(z)= bU(z)+ ):'(z)
That is

)+ (bl —albo)z" +(b2 —azblo)z"" +"'+(bz _azbo)U(z)
" +a;z"" 4+ +a,

Y(z)=5b,U(z

Rewrite two last equations, Equation (4.4) and (4.5) in the following form:

¥(z) 2 U(z) = 0(z)

(b, —albo)z" +(b2 -—azbo)z"" -l----+(b2 ——azbo) S +a,z"'l +-ta,

Then, from this last equation, the following equations are obtained:
Y(2)= (b, - ab, 2" 0(z)+ (b, —ayb, )" Ofz) + -+ +(b, — 2,6, )0(z)
2"Qlz)=~a2"'Qz) - 4,0(z) + U(z)
Now define state variables as follows:

Xl(z)=Q(Z)
X, (2)=20(z)= 2, (2)

Kos(6)= 0= X, 52
X,(2)=2""0(z)=2X,.,(z)

35

(4.3)

(4.4)

4.5)

(4.6)

@.7)

(4.8)
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They are rewritten as

x (k+1)=x,(k)
x,(k+ l)=.x3(k)

: 4.9)
Xp-2 (k + 1) = Xy (k)
Xpt (k + 1) =X, (k)
Noting that z"Q(z)= zX, (z) , Equation (4.8) can be rewritten as
zX,,(z)=—a,X,,_I (z)—---—a,,X,(z)+U(z) (4.10a)
or
x,(k+1)=-a,x,_,(k)--a,x, (k) +u(k) (4.10b)

And in the way, from Equation (4.4) and (4.7) we obtain
Y(z)= boU(z)"” (bl = albO)Xn (z)+ (bz “azbo)X -1 (z)"' M1k . (bn ~ anbO)Xl (z) (4.11a)
J’(k)= bo"(k)'*' (bl —ayb, )xn (k)+ (bz —ayb, )xn—l (k)+ 1P (bn -a,b, )xl (k) (4.11b)

Combine Equation (4.9), (4.10b) and (4.11b) to form the state space representation in the

controllable canonical form as indicated as:

[ x(k+1)] [ 0 I 0 - 0T x(®?7 [0]
x,(k+1) 0 0 I 0 | x| |0
: =| : : : P4t fulk) (4.12)
x, ,(k+1) 0 0 0 - 1 |x,,()]| |0
_xn—l(k+l)d | —8, —Q,, —4,, - “al__xn(k)_ L1
—xl(k)—1
xz(k)
y&)=[b, -a,by by —Gnaby .. by—ayb, b -ab,] i |+bulk) (4.13)
xn-l(k)
| x, (k) |
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4.1.2 Observable Canonical Form

Equation (4.2a) can be modified into the following form with n, =n, =n:
Y(z)=bU(z)+ 2z (b,U(z)-a, ¥ (2))+...+ b,z U(z) - a,z”"Y(z) (4.14)

Define state variables as follow:

X, ()= bUE)-a () X, ()

X, (&)= 11U ()= 0, ()4 X, )]

0=~ b V()07 () + £,(0)

X,(6)=~[6,U6)-a,7C)] (4.15)
Then Equation (4.14) can be written as
Y(z)=b,U(z)+ X, (z) (4.16)

By substituting Equation (4.16) into Equation (4.15) and multiplying both sides by s, we obtain

2X,(2)= X, (2)-a, X, (2)+[b ~a5 U )
X, (z)=X,., (z)-a,x, (z)+ [bz —a,b, ]U(z)

zX,(z)= X, (z)— a, 23X, (z)+[bn-l —a,.,b kl(z)
2X,(z)=-a, X, (z)+[b, —a,b U (z) @.17)
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¢

Taking the inverse z transforms of the preceding n equations and writing them in the reverse

order, we get

x,(k+1)= Xy (k) - ax (k)+[b “albo]“(k)
Xp-1 (k+l)=xn—2( )—azx,,(k)+[b2 —azbo]"(k)

xZ(k+l)=xl(k)_an-2x (k)+[b,.- | = b (k)
x,(k+1)=-a,x (k)+[b -a bO]u( ) (4.18)

Also, the inverse z transform of Equation (4.16)
(k) =boulk)+ x, (k) (4.19)

Rewriting the state and output equations in the standard vector matrix forms gives Equations

(4.20) and (4.21). This is the observable canonical form:

[ x(k+1)7] [0 0 - 0 -a, T x®& 7] [ 86, —a,b, i
%, (k+1) 1 0 = 0 —a,, | %) | |5 ~a,-2bo
: = NP A : u(k) (4.20)
x,,k+1)| {0 0 - 0 —a, [x, (&) | b,-arb,
2, k+1)] (0.0 - 0 =a || x,()] | &-ab |

_xl(k)—
xz(k)
ye)=[o 0 - 0 1] i |+boulk) (4.21)
xn—l(k)
| x, (k) |

Both controllable and observable canonical forms of state space representation can be expressed

the discrete time state equation as:

x[k + I]= A(,x[k]+ B‘,u[k]

y[k]= €, x[k]+ D, ulk] 4.22)
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4.2 Solution of Discrete-Time Equations

In order to compute the solution of discrete time state equation in Equation (4.22), the

number k is defined as integer and greater than zero.
x[l] =Ay, x[0]+ B, u[O]

x[2)= A, x[1)]+ B, ufl]= 42x[0]+ A, B, u[0]+ B, ull]

Proceeding forward to obtain

k-1
x[k]= 4t x]0]+ ZA,'}"""Bdu[m] (4.23a)
m=0
k-1
slk}=c,akx[0]+ > € 45" Byulm]+ D, ulk] (4.23b)
m=0

4.3 Controllability

The discrete time state equation, Equation (4.22), or the matrix pair (A,B) is said to be
controllable, if for any initial state x[0] = x, and any final state x1, there exists an input sequence
of finite length that transfer x0 to x1. Otherwise the equation or (A,B) is said to be uncontrollable.

The following statements are equivalent for controllability:

1. The n dimensional pair (A,B) is controllable.

2. The n x n matrix
k-l N\
W, lk-11= arB,B](4]) (4.24)
m=0

is nonsingular.

3. The n x np controllability matrix

c=B, 4,8, 4B, - A7'B,] (4.25)
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has rank n (full row rank).
4. Thenx (n+ p) matrix [A, -AI B,] has full row rank at every eigenvalue, 4 , of A.
5. If, in addition, all eigenvalues of A have magnitudes less than 1, then the unique

solution of

is positive definite. The solution is called the discrete controllability Gramian. The

discrete Gramian can be expressed as

W= A7B,8] (4] (4.27)

m=0

There is one important difference between the continuous and discrete time cases. If a continuous
state equation is controllable, the input can transfer any state to any other state in any nonzero
time interval. If a discrete time state equation is controllable, an input sequence of length n> u
can transfer any state to any other state. If an input sequence is shorter than u , it is not possible

to transfer any state to any other state. u is called the controllability index and defined as

yzmax{y,,pz,y3,...,y,,} (4.28)

Whereas p is the number of input and g, is the number of linearly independent column

associated with b_in controllability matrix C . It is clear that if C has rank n, then

Mty p ey, =0

4.4 Observability

The discrete time state equation, Equation (4.22), or the matrix pair (A,C) is said to be
observable, if for any unknown initial state x[0] = x, and any final state x,, there exists an finite
integer k, >0 such that the knowledge of the input sequence u(k) and output (k) from k=0 to
k = k, suffices to determine uniquely the initial state x[0]. Otherwise the equation or (A,B) is said

to be unobservable.
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The following statements are equivalent for observability determination.

1. The n dimensional pair (A,C) is observable.

2. The n x n matrix

W, [k-1]= kf; (a7) cic,ar (4.24)

m=

is nonsingular or positive definite.

3. The nq x n observability matrix

0=| C,A} (4.25)

(CaA;

has rank n (full row rank).

4. The (n+ q) x n matrix

has full column rank at every eigenvalue, A, of A.

5. If, in addition, all eigenvalues of A have magnitudes less than 1, then the unique

solution of
W,-AW,A,=C,C, (4.26)

is positive definite. The solution is called the discrete controllability Gramian. The

discrete Gramian can be expressed as

W, = i(AJ f'cte, 4 4.27)

m=0

All other properties for the continuous time case can be applied to the discrete time case without

any modifications.
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The advantageous uses of controllability and observability can be summarized as definitions for
transformation of state space representation as follows:

1. The system in Equation (4.22) can be transformed by a nonsingular linear

transformation z = Tx, to the controllable form (4.12), if and only if system is

completely controllable. If this condition is true, T is uniquely defined by

-
4
T=| (4.28)
e
where 7 is the unique solution of
(B 4B 4’B - 4™'Bl]=[o 0 0 - 1] (4.29)

2. There exists a nonsingular transformation z = 7Tx taking Equation (4.22) to (4.12) with

z, = y = Cx, if and only if the system is observable and
clp 4B 4B - a™'Bl=[0 0 0 - 1] (4.30)
And then, T is unique and is the matrix in Equation (4.28) with 7 =C.

3. The system in Equation (4.22) is observable if and only if the dual system is
controllable. The system in Equation (4.22) is controllable if and only if the dual

system is observable. The dual system of Equation (4.22) is defined as

x[k+1]= AT x[k]+ CT ulk]

y[k)= B x[k]+ Dulk] (4.31)

The subscript d has been dropped since only the discrete time case is referred.
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4.5 Controllability to the Origin and Reachability

In the literature, there are three different controllability definitions:
1. Transfer any state to any other state.
2. Transfer any state to the zero state, called controllability to origin.

3. Transfer the zero state to any state, called controllability to the origin or reachability.

In the discrete time case, if A is nonsingular, the three definitions are equivalent. But if A is
singular, only (1) and (3) are equivalent. This means sometimes when A is singular the system is

not reachable but still controllable to the origin.

4.6 Controllability after Sampling

Consider a continuous time state equation

x(t)= Ax(t)+ Bu(z)

0)=Cxle)+ Dule) (4.32)
If the input is piecewise constant or
ulk]:= u(kT, )= ul) for kT, <t <(k +1)T, 4.33)
then the equation can be described in Equation (4.22), as developed in Appendix.
x[k +1]= A, x[k]+ B, ulk] (4.2 bis)
ylk]= € x[k]+ D, ulk]
With
A, = B, =(J?e”’dt)8, c,=C ,D,=D (4.34)

Whether the discrete time Equation (4.22) is controllable or not depends on sampling interval T,

and the position of the eigenvalues of A. This can be indicated by following theories.
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1. Suppose Equation (4.32) is controllable. A sufficient condition for its discretized
equation, Equation (4.34), with sampling interval 7, to be controllable is that
|Im[,1, —AI] #2mm/ T, for m=123,..., whenever IRe[A, —/Ij] =0. For the single input
case, the condition is necessary as well.

2. If a continuous time linear state equation is not controllable, then its discretized state
equation, with any sampling interval T, is not controllable.

The theorem (2) is apparent. If a state equation is not controllable using any input, it is, of course,

not controliable using only piecewise constant input.

4.7 Conclusion

This Chapter considered the state space representation in different forms. The priciple
concepts and some necessary properties of the state space (controllability and observerabilty) are

also given. Subsequent Chapter will discuss the design of control involving these properties.



Chapter §

Design of Control System in State Space

The concepts of controllability and observability were discussed in the previous chapter,
in’ order to study the internal structure of systems and to establish the relationship between the
internal and external descriptions. In this chapter their implications in the design of feedback

control systems.

5.1 State Feedback

Consider the n dimensional single variable state equation

x[k +1] = Ax[k]+ Bulk]

ylk)= cdi] G

where D is supposed being zero to simplify discussion. In state feedback, the input u is given by
ult]=rik)- kel =r =[k, Koy kBE] (5.2)

as indicated in figure 5.1. Each feedback gain is a real constant. This is called the constant gain
negative state feedback or, only, state feedback. Substituting Equation (5.2) into Equation (5.1)

yields

xfk +1]= (4 - BK)x[k]+ Brlk]

ylkl= ] G

The pair (A-Bk, B) ,for any 1 x n real constant vector k, is controllable if and only if (A,B) is
controllable. This can be easily understood from Equation (5.4).

The controllability matrix of open and closed loop system is defined by

C-|g 4B 4B . 4B] and C,=[B (A-BK)B (A-BKY'B - (A-BK)"B]

respectively. Then
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Figure 5.1 State feedback.

1 -kB ... —k(A-Bk)'B
szcg Lo —k(ATBk)B (5.4)
olr 877, | 1

Although the controllability property is invariant under any state feedback, the observability
property is not.

The state feedback can be used to arbitrary place eigenvalues to any positions. Further
more, the feedback gain can be computed by direct substation, if the state equation is controllable.

For example, the system in controllable form in Equation (4.12) is written again as

0 1 0 0 0
0 0 1 - 0 0
xfk+1]=| : } o (x[k]+| ¢ k]
0 0 0 1 0
[—Gn —Gpy TOp —a L1

}’[k]=[bn~‘anbo b,y —a,by - by—ayb bl‘albo]x[k]‘*'bo”(k) (5.5)
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If (A ,B) in Equation (5.3) is the same value as Equation (5.5) then

[0 0 0 ] 0]
0 0 ! 0 0
xfk+1]=| ¢ : : P (x[k]+] ¢ k)
0 0 0 1 0
-a,~k, -G~k —a -k, - —a-k] [ 1]

}’[k]=[bn —apby b, —a, by -+ by—aby b —a,bo]x[k]+b0u(k) (5.6)

Feedback Transfer Function: The transfer function of open loop system for state equation in

Equation (5.5) is defined as

n n-1
boz" +b,2" 7 +...+D,

Glz)=Cd-A)'B+d == — (5.7)
2" +az" +...+a,
After state feedback, the state equation becomes Equation (5.6) and has the feedback transfer
function as
boz" +b,z"" +...+b
) n
G,(z2)=Cled-A)'B+d== = — (5.8)

2" +a,z"" +...+a,
where a, =a, +k,.

The numerator of Equation (5.7) and (5.8) are the same. In other words, state feedback does not
affect on the zeroes of the plant transfer function. This is a general property of state feedback:
feedback can shift the poles of a plant but has no effect on the zeros. So if one or more poles are

shifted to coincide with any zeros, the state equation will be not observable.

5.2 Desired Eigenvalue Selection

As shown in last section, if the system that is controllable, then it is stabilizable (able to
be stable by state feedback) and every eigenvalues of x[k+l]=(A—Bk)t[k] can be assigned
arbitrarily. Otherwise the number of poles of closed loop which can be shifted to any place equals

to the rank of controllability matrix.
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The problem is how to choose the eigenvalue. This section will discuss about the
criterion to select the preferable eigenvalues. This depends on the performance criteria, such as
response time and overshoot, used in design. One way to do this is find the state feedback that

minimized the quadratic performance index called :

0
* -
J=>(x;0x, + xiRx, T, (5.9)
k=0
fm s Im -
¢
1 R
i
IR K NN
0.‘ | // } o
I\\‘.Q‘ ’ } ’)
. : ~ 4 ¢ Re -
v Yo ) -1\ 0 ‘
C Vi N
] \\‘_t
P S ] \(_..-
- = !

Figure 5.2 Desired eigenvalues location.

However this method, quadratic optimal control, requires much complex of computation. It would
not be suitable for real time adaptive control. Another simpler way is to assign the feedback pole

being in the region in figure 5.2 by comparing with the pole in continuous time as.

z=¢™ =e™[cos(im[s])+sin(Im[s]) /] (5.10)

The speed of the response is reflected by the position of z on the real axis. That is the closer to
unity position of z is, the slower the response. On the contrary, the closer to zero, the faster the

response. And the frequency of oscillation in response is up to the position on complex axis.

5.3 Regulation and Tracking

5.3.1 Regulation Problem
Consider the system in figure 5.1. Suppose the reference signal is zero, and the system

response is exited by some nonzero initial condition x0. The problem, called regulator problem, is



49

to find a state feedback gain so that the response dies out at a desired rate. This problem can occur
anytime while the control system is maintaining the plant’s output at stable point. By that time if
there exists some disturbances that make the response deviate from the needed point, this

situation can be said to be the regulator problem.

As refer to state feedback, all discrete eigenvalues of the system can be shift to any

position, the response caused by x0 can disappear at any rate. It is shown as
ylk]= ca* x[o]= c[4 - Bk} x[0] (5.11)
If all eigenvalues lie inside the unity circle, the effect of initial variables will decay to zero at the

design rate. Thus the desired regulation can be easily achieved by introducing state feedback.

5.3.2 Tracking Problem

Another close related problem is the tracking problem. Suppose the reference signal is a
constant or r[k]= a fork >0. The problem is to design an overall system so that y[k] approacéhes
r[k]= aask — o . The tracking problem is slightly more complex. In general, in addition to state

feedback, we need a feed-forward gain p as
ulk]= prlk]- kx(k] (5.12)
Then the transfer function for input R(z) changes from Equation (5.8) to

byz" +bz" +...+b, (5.13)

G, (z): ;%3 =P

z"+a@z" +...+a,

Ask >, the output y[k+n]=....=)[k]=G ,(1)a, for any constant reference signal. Therefore

from Equation (5.13) the system gain is defined by
[ +@zm + . .+a@, [r(2)= plboz” + 52" +...+8, [R(z) (5.14)
y[k+n]+E,y[k+n—l]+...+5,,y[k]= plbo +5, +..+b, Ja

[1+a@ +...+3,1G, (a=plby +b, +...+b, Ja



50

2 (5.15)

So In order for y[k]to track any step reference input (unity system gain), the feed forward gain is

assigned as

by +b +...+ l+a, +...+q
1=Gf(1)=po_:.!_i—_bﬁ. or P:l}l_.i_a_”_
l+a, +...+a, by +b, +...+b,

(5.16)
which require every zeros z not equal to one or, equivalently, b, +b, +...+b, #0. This will make

system gain always being zero, and equivalently, tracking is not possible.

5.3.3 Robust Tracking and Disturbance Rejection

The state equation describing a plant may change due to change of load, development, or
aging. Thus plant parameter variations often occur in practice. The equation used in design
usually called the nominal equation. The feedforward gain p in Equation (5.12), computed for the
nominal plant transfer function, may not give. Then the output will not track asymptotically any
step reference input. Such a tracking is said to be nonrobust.

In this subsection a different design that can achieve robust tracking and disturbarice
rejection is discussed. Consider a plant in Equation (5.1). The constant disturbance is introduced

into the system as shown in figure 5.3. With this disturbance, the state equation is modified as

x|k + 1] = Ax[k]+ Bu[k]+ Bv[k] (5.17)
yk]=Cxli] '

To design the overall system so that the output y(t) will track asymptotically even with the

presence of disturbance and plant parameter variation is called robust tracking and disturbance

rejection. In order to achieve this design, in addition to introducing state feedback, we will

introduce a discrete transfer function (z—1)" with amplifying gain &, and a unity feedback from

output as shown in figure (5.3). Let the output from (z-1)" be denoted by x, [k] Then the system

has the new state vector [x' [k] X, [k]]r and
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Figure 5.3 State feedback with robust tracking and disturbance rejection.

x, [k +1)=rlk]- ylk]+ x, [k]= r[k]- Cxlk]+ x, [£] (5.18)

. ka{x] (5.19)

Xa

Introducing Equation (5.18) for new state variable x, [k]and substituting Equation (5.19) into

Equation (5.17) gives

[ x[k+1]] [ 4 0[ x[k]}+[8]u[k]+[?]r[k] +[§:lv[k] (5.20)

x,[k+1]] =€ 1fx,[k]) [0

:, Ecil]]] = _A__ ég1: - lfk,, J[ ;[E;]ﬂ + mr[k]+ [ﬂv[k] (5.21)

The eigenvalues of the A-matrix in Equation (5.20) can be assigned arbitrarily by selecting a
feedback gain[k k], if (A, B) is controllable and G(z)=C(zl - A)"' B+d has no zero atz=1.

This can be proved by the close-loop system gain

G(z)/(z—-l) _ G(z)
1+GR)/-1) (z-1)+G() (5.22)

Gf(z)=

o) __ol)_, (529

=060 50
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Equation (5.23) indicates that the close-loop gain always equals one. But if G(z)has one unity

zero z =1, that is G(z) = (z—1)G (z), then the close-loop gain becomes

_ (-16G)  _ G)
)= )60 1+60) G23)

Moreover, it can also be proved by the controllability matrix of the system in Equation (5.20), or

e

The matrix can be modified by elementary operations, not affecting the rank of matrix.

the pair

1 a, ..o Gy a,
0 I bRl a,
o Pl o 5 : (5.24)
niTOyel.. ] 2 .
00 0 [by+by+...+b,]

From Equation (5.24) the rank of controllability matrix is n, if b, +b, +...+b, #0. This means the

transfer function G(z) does not have its zero atz =1.

5.4 State Observer

The state feedback under the implicit assumption that all state variables are available or
measurable has been introduced in the preceding section. This assumption may not hold in
practice because of any measuring or accessing problem. In this case, in order to apply state
feedback, the device generating an estimate of the state is design. It is called state observer. The

full dimensional state observer with the estimated variable [k]Jis indicated as

[k +1]= A%[k]+ Bulk] (5.25)



53

and as Figure 5.4 this observer can be called an open loop type. There are two disadvantages in
using an open loop observer. First, the initial state must be corrected and set each time. Second,
the error from disturbance or initial state setting can grow up if the matrix A has unstable poles.
Therefore this observer is not satisfactory.

The observer can be modified from figure 5.4 to figure 5.5, the closed loop state
observer. The output y[k]=Cx[k] is compared with $[k]= C&[k]. Their difference passes through

a constant matrix | to correct the estimated state variable. The open loop observer is modified as

& +1]= Az[k]+ Bulk]+ 1(y[k]- Ccx[k]) (5.26)
which can be written as
Xtk +1]
s =
ulk] B : - C k]
Control signal + System output
Ak
State variables
4
i A+
; N /_ X x|k
: B i Estimated State
; + variables
’ A

‘State observer

Figure 5.4 Open-loop state observer.

dk+1
N ey B gy e

n[l;] — 3 < N C
Control signal + System output
xik|
1 State variablgs
+
— l O
- Tifw)
¢
/.. x[h+1 ¥
e - k]
+ Estimated State
variables
S | s

State observer

Figure 5.5 Closed-loop state observer 1.
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Figure 5.6 Closed-loop state observer 2.
[k +1])= (4-1C)x[k]+ Bulk]+ tlk] (5.27)

and is shown in figure 5.6. It has two inputs, u[k] and y[k], and output, an estimate state %[k].

Defining the error between the real state and the estimated one yields
e[k]= x[k]- 2[k] and efk +1]= x[k +1]- &[k+1] (5.28)
By subtracting Equation (5.27) from (5.1), the equation of estimate error of the observer becomes

efk +1]= xfk +1]= &k +1] = [Ax[k]+ Bulk]]- [(4 ~ 1€)[k]+ Bu[k]+ tCx[k]]
= (4-1C)x[k]- (4 - iC)x[k]

or
e[k +1]= (4 -1C)elk] (5.29)
If all eigenvalues of (4—IC) can be assigned arbitrarily, then the rate for e[k] to approach zero or

the rate for the estimated state to approach the real state can be controlled. This can be the case if

the system in Equation (5.1) or pair (A,C) is observable.
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5.5 Feedback from Estimated State

If the real state is not available, the estimated state variables are used for feedback.

ulk]=rlk]- kx[k) (5.30)

This connection is called the controller estimator configulation. Considering the feedback system

and he abserve yields
sl + 1= Al - Bl B[]
&l +1]= (4 - 1C)[k] - Bk + Bre]+ rCxli] (5:31)
——"/ 4
e o P e 0
Adelc of 3 (532

Then the system is transform by the transformation

[z[[:]]] } [x[kTEkl[k]] t [; f;}[;{iﬂ > [ig:ﬂ (5.33)
where

P=P'= } (5.34)

The state equati i x[k]- = x[k i
quation by the transformation =P . [k] is

elk]]

Plille acesndr (5
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x[k +1]] ) P[ A ~ Bk ]P_, [x[kI . P[B]r[k]

| elk+1]| "¢ A-1C-Bk elk]] | B
il el ek

yk]=lc ot[[f]]] (5.35)

The system in Equation (5.35) has the eigenvalues of the union of those of (A—Bk)and
(A =-Iic ) . Thus inserting the state observer does not affect the eigenvalues of the original state
feedback. And the eigenvalues of the observer are not affected by this connection. Moreover, the
transfer function of the system is still as same as that of the system fed back by the real state

vector.

G (z)=C(zI - A+ Bk)'B

5.6 Conclusion.

This chapter has considered the design of state feedback and the observer. Next chapter,
these control theory will be included with the RLS estimator to establish the adaptive state

feedback.



Chapter 6

Adaptive State Feedback Control in Computer Simulation

Before applying the new control approach to the real dc motor, the perfomance of control
should be verified in computer simulation in order to sum up the problems and find out their
solution. In this chapter the simulation program is made for this purpose.

At the beginning of the chapter, the description of computer simulation is presented.
Then the control method is explained in the next two sections. For the last section the experiments

are conducted on the important aspects of control.

6.1 Computer Simulation

As mentioned above, this section discusses the way to simulate the dynamic of dc motor.
Since this program simulation is made on the basis of state equations, it consists of 2 main parts:

modeling the system in state space and transforming it to discrete form.

6.1.1 Modeling in State Space

The equivalent circuit of a dc motor, the permanent-magnet type, is shown in Figure 6.1.
In this figure, the armature circuit is illustrated with an ideal voltage source E, , inductor L, and
resistor R, . This presentation is really the Thevinin equivalent circuit of the rotor structure.

The internal generated voltage in this machine is given by equation

E,=ko(t) 6.1)

/\N\’fw\

Ra Lo l i

L= Input Voltage -
S (=) Back EMF

Figure 6.1 The equivalent circuit of DC motor and torque — acceleration relation.
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The induced torque developed by the machine is given by
r, =k,i,(f) (6.2)

where k, and k, are the back E.M.F constant and torque constant respectively. And, as the circuit

in figure 6.1, the differential equation of the armature current £, {t) is

~ R,i, () E, +V(e)

Li (0)+R,i,()+E,=V() thatcanbe rewrittenas i (t)= 7 (6.4)
The angular acceleration of dc motor associated with the moment of inertia is given by
. Z T or,+7,
)==-=——— 6.3
co( ) IR N ' 6.3)
Substituting Equation (6.1) into (6.3) and Equation (6.2) into (6.4), then
i (t)— - k LJolt)— —-1 )+ —V(t) (6.5)
d)(t):kT'ia )+~ 6.6)
These last two equations can be combined together into a state space equation as
k, ]
r R N .
L0 2k R i@ | L o '
a La La

which has the state variable x =[w(r) i, ()] as and the input vector u = [V ) , (t)]’ as . Since

the output is the angular speed a(¢)so the output equation for state equation (6.7) is

o=t { E’)} (6.8)
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6.1.2 Discretization

Consider the solution of continuous time state equation.

x(t) = e x(0)+ I e Bu(z)dr (6.9)
0

Suppose the input is generated by a digital to analog converter with the function of ZOH, then the

input will be piecewise constant as
u(t)= u(kT) = ulk] for kT <t <(k+1)T (6.10)

For k =0,1,2,.... This input changes the value only at the discrete time instants. For this input, the

solution of Equation (6.9) at ¢ = kT and?=(k +1)I" becomes

kT
x[k]:: x(kT) = e*" x(0)+ Ie"(KT"’)Bu(r)dt (6.11)
0
and
(k+1)r
x[+1]:= x((k + 1)T) = e4®V x(0)+ jeA((k+'V")Bu(r)dr (6.12)

0

Equation (6.12) can be written as

kT (k+1)r
xlk+1]=e" [e"‘("*')r x(0)+ !e"(“")Bu(r)drjI + Ie"("rﬂ")Bu(r)dt (6.13)

0 kT

After substituting Equation (6.10) and (6.11) into (6.13) and introducing the new variable

a = kT + T — the Equation (6.13) becomes

x[k +1]= e x[k]+ [}ef'“da]Bu(k) (6.14)

0



60

Thus, the discrete time state equation of the system, an input changes value only at discrete time

instants, is the form of Equation (4.22) that is

x[k + l]= Adx[k]+ Bdu[k]
k)= C,xlk]+ D,ulk]

Ts
with 4, =e*™ , B, =U e“’dt)B ,C,=C , D, =D asshown in Equation (3.4).

0

The computation of B, can be modified as Equation (6.15), if and only ifA4 is a

nonsingular matrix.
B,=A"(4,-1)B (6.15)

This discrete time state space can be computed its solution, or response, in computer due to its
recursive operation.
6.2 Adaptive State Feedback and Observer

The system parameter from RLS estimator in form of Equation (2.2b) can be rearranged

in the transfer function form as.

G(z_l )= z (6.16)

x{k+1
Reference signal + /— System output
k] B = e C — 4]
- «
Estimated State 3{k]l—, | K A x|k]
variables W State variables
n[k]
> .
Control Signal
State
Observer
Controller RLS
Synthesis Estimator

System parameter

Figure 6.2 Adaptive state feedback controller.
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where n,, n, and d are the estimator parameters properly chosen. And according to chapter 4,

this transfer function can be transform into the state space representation as.

[ xk+1) ] [ 0 1 0 - 07 x()7] [o]
x, (k+1) 0 0 1 0 | x| |o
: = : : : P+ (k) (6.17)
x, (k+1)[ | 0 0 0 - 1 x| |o
| Xn,-1 (k+1)d [ = 8n, —Ona TAp2 Tt T Xy, (k)_ 1]

[ * (k) ]
X2 (k)

: (6.18)
Xn,-1 (k)
| x,, (k) |

where the coefficient b, is always zero because of the effect of ZOH. This state equation is used
as the system reference and the model for the observer. The feedback gain K will be adapted
according to this system parameter as shown in figure 6.2. At this point the feedback gain K is
computed by

k, k.. .. kl=la@, -a, @, -a a, -a| (6.19)

a ng-1

where the variable 7, is the coefficient of the closed loop polynomial which come from the
desired closed loop poles. This can be easily understood that the feedback gain and the model of
the observer are adapted to the estimated system. It is the reason to perform the experiments to
test the accuracy of feedback as well as the observer. While, the observer gain 1 is set any real

constant matrix.

6.2.1 Accuracy of Adaptive State Feedback
The state feedback is tested for accuracy in this section. To begin with, the estimated
state vector is fed back from the observer through the feedback gain vector. This multiplied

matrix becomes scalar and rounds up with the reference signal afterward.

0.0562 + 0.0438z""
1-1.4574z7" +0.4724z"

The system transfer function is selected as G(z"' ) =z
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System output
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xlk +1]
+ [—
% B z % C
A x[k]
State variables

variables N\
“\ 1
. =
State
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/
Controller RLS
Synthesis Estimator
System parameter

Figure 6.3 Block diagram of the accuracy test including 2 RLS estimators.

while the closed-loop polynomial is selected as

D(z"')=1-1.77z" +0.7812z~

The pulse signal with amplitude of 1 volt is supplied as the reference signal. There are two RLS

estimators are used in this test, one for closed-loop system parameters, another one for open-loop

system parameter.

Simulation results:

The results of this test are shown all together in Figure 6.4. These results indicate that the

estimator, state observer, state feedback can do their responsibility exactly. Considering The

estimated closed loop system parameter (Fig 6.4 (c)), feedback gain K (Fig 6.4 (a)), and open

loop system parameter(Fig 6.4 (b)), they have the correct relation corresponding to state feedback

theory. Moreover, the error between the actual output and observer’s output decreases to zero

within the first 50 samplings. This assures that the estimated state- variables always equal to the

real one after that.
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Figure 6.4 The experimental data of state feedback accuracy trial.

After that, in order to confirm the operation of state feedback, the control is adjusted for

the other closed loop poles. Figure 6.5 shows that the response of system is faster when the closed

loop poles are near zero (Figure 6.5 (a)) and slower when the closed loop poles approach unity

(Figure 6.5 (d)).
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Figure 6.5 The experimental results of y[k] and u[k] of adaptive state feedback and feed-forward

gain with different closed loop poles.

6.2.2 Adaptive Observer Gain 1

In some case of very widely changing system, the fix rate of the error to approach zero
may be necessary. From section 4, the system transfer function can be transform to the observable
state equation as Equation (4.20) and (4.21). By this equation, it is possible to make the observer
dispose of its error at any fix rate by means of adaptive observer gain 1 which can be adapted to
the changing system. However, the quality to assign the poles-of the control system is still
needed. Therefore in order to establish this option, the properties of the controllability and
observability must be obtained first.

This section will give the direct way to check the controllability and observability from
the transfer function of the system. To simplify the discussion the system’s order is 4 and the

delay time is O then Equation (6.1) becomes

-4

G(z")— b,+bz"' +b,z” +bz" +b,z (6.202)
l+az* +a,z? +a,z” +a,z™ )



and the coprimness of the above fraction is defined by the matrix S.

a, b, 0 0 0

a, b, a, b, 0

a, b, a, b, a,
| b a, b, a,
1 b a b a,

0 0 1 b aq

0 0 0 0 1

|0 0 0 0 O

IS

>

w

o

~

o

-

)

)

(=]

0 0
0 0
0 0
a, b,
a, b,
a, b,
a, b

1 b, ]

6.2

That is the system is coprime or controllable and observable if the matrix S is nonsingular.

6.3 Reference Model for Tracking Problem

For the tracking problem, the reference model, called tracking model, is introduced in
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0b)

front of the closed loop system as shown in figure 6.6. It is desired that the system output follows

the desired trajectory that is the output of tracking model. The tracking model can be determined

by

Reference signal

/—y' [l\' +d + l]
] Gm(z"”) » T( "l)

Amiz

)

 W=Gnle Y=z 28]
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(6.
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Figure 6.6 The adaptive state feedback control with tracking model and pre filter.
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The coefficients of Equation (6.21) are defined corresponding to the satisfied performance (rise

time and overshoot). The pre-filter T(z") can be determined by

T(z")= D(z") or T(z")=—,@ (6.22)

B(1) B(1)

where
D(z")=1+0,z" ++- + &,z (6.23)

6.4 Adaptive State Feedback Simulation Example

In this section, the adaptive state feedback control for dc motor is tested for its efficiency
in the various issues: tracking, regulation and disturbance rejection. Therefore the experiments

will comprise 3 tests as follows.

Normal load Extra load

Clutch

Encoder

Controller

Figure 6.7 Dc motor system with electronic clutch is used to connect the extra load.
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a) Response of Motor with different load inertia
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Figure 6.8 The speed and armature current of simulated dc motor under particular condition.

6.4.1 Tracking Efficiency Test

In order to check the tracking performance of control system, the response in transient
must be sequently observed. So the reference signal of square wave form is supplied into the
control system to excite the response during program running. In the same time the load inertia is
changed by connecting the extra load. The dc motor system and its dynamic are shown in Figure
6.7 and 6.8, respectively.

The net moment of inertia switches between 0.6 x 10 kgm2 and 3.0 x 10* kgm2 at the

400" and 1200” sampling. The tracking and regulation (closed loop polynomial) are set up as

follows:

Tracking performance: Gm(z'l ) = 0030475200438z -
1-1.4574z7' +0.4724z"

Regulation performance: D(z’l )= 1-0.7z7 +0.122°

Simulation Results:
The controlled output in Figure 6.9 (c) entirely has the same profile as the desired

response with the exception of load changing point (see at Figure 6.9 (e)). At this point, they are
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Figure 6.9 The experimental outcomes of tracking efficiency test.
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Figure 6.10 The experimental outcomes of tracking efficiency test with the moment of inertia 0.2

x 107 kgm2 to 0.6 x 10™ kgmz.
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siightly different. While there is no occurrence of fluctuation in the control signal as shown in
Figure 6.9 (d).

Figure 6.10 (a) demonstrates the response of dc motor whose the moment of inertia
gradually changes from 0.2 x 10* kgm2 to 0.6 x 10™ kgmz(Figure 6.10 (c)). The set point response
is determined as same as the response of 0.4 x 10* kgm2 moment of inertia. Considering Figure
6.10 (b), the control signal is above the steady state level when the load is heavier than 0.4 x 10"
kgmz. In the same way, the control signal is below the steady state level when the load is lighter

than 0.4 x 10° kgmz.

6.4.2 Regulation Efficientcy Test
When the response is stable, the regulation performance is checked by activating the

clutch to connect the extra load and suddenly deactivated afterward.

a) The actual output (V] b} Cantro! Signal [v]
50 T - 100
A i :
= W
P s
5 = 2 u(k)
& S QL 4) Joc P
3 P o ~ N
50 20 = el S
L} [ .
2 5 (77
£ g
5 Q
(5]
3
-50 -100
0 400 600 800 1000 ] 200 400 800 800 4000
Tracking Regulation  Number of Sampling Number of Sampling

Figure 6.11 (a) Plant output and (b) control signal of the regulation test.

Simulation Results:
The actual output deviates immediately and then come back to the stable point again with

the regulation rate as shown in Figure 6.11 (a) and the control signal in Figure 6.11 (b).

6.4.3 Disturbance Rejection Test
This experiment is performed under the condition that the output is stable and the friction
torque of the system varies in range of 0 — 2 Nm in square wave form as in figure 6.12(c).

Simulation Results:
The actual output deviates every time that the friction torque alters. But, the controller
have the ability of disturbance rejection, it is able to control the speed return to the stable point by

itself approximately within the period of 40 samplings.
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a) The actual output [v} b} Cantrol Signal [v}
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Figure 6.12 (a) Plant output and (b) control signal of the disturbance rejection test.

6.5 Efficiency Comparison Test

In this section, the adaptive state feedback control is compared with the other control
methods especially with the adaptive control using the R-S-T compensators. Any advantage,
drawback and features of state feedback will be concluded into the table form at the end of

section.

6.5.1 Classical Method

The classical adaptive control method (further information given in Appendix A) in
figure 6.13 is applied in this test in order to verify the response and the control signal with the
same tracking and regulation performance as the section 6.4.1.
Simulation Results:

‘ Although the plant output and control signal in Figure 6.14 (c) and (d) are almost close to

those from the state feedback control, when investigate the output at the load changing points, it
inferior to the one from state feedback method. In addition, the control signal of this method also

has the apparent fluctuation in the transient.

ylk+d+ l]
Reference signal [ . System output
Akl Gmle) 1(z") 1SE) el G) k]
Tracking model i
L R(:"‘)
u[k]
Controller RLS Control Signal
Synthesis [ Estimator
System paramcter

Figure 6.13 R-S-T tri-branch classical adaptive control.
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Figure 6.14 The experimental outcomes of R-S-T tri-branch classical adaptive control.

In order to differentiate between compensator and state feedback method more clearly,

the further experiments are performed under the given conditions of various tracking and

regulation performance. Figure 6.14 through 6.17 show the output signal and control signal of

these exp

eriments.

Figure 6.16 and Figure 6.17 show that the control signal of the classical method which

has the compensator usage has more fluctuation when the regulation rate is set for faster response.

On the contrary, there is no fluctuation of control signal the state feedback method for both

regulation rate and tracking rate adjustment as indicated in Figure 6.14 and Figure 6.15.
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Figure 6.15 The experimental results of y[k]and u[k]of adaptive state feedback with different

tracking rate as the response of motor with load varying from 0.2 x 10* kgm2 to 0.6 x

10* kgm’.
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Figure 6.16 The experimental results of y[k]and u[k]of adaptive state feedback with different
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Figure 6.18 The experimental results of y[k]andu[k]of R-S-T independent tracking and

regulation with different closed loop poles of 0.0 to 0.9 (regulation rate).



76

6.5 Conclusion

Taking every experiment results into account, the adaptive state feedback could be the
useful method for the DC motor system. So in next Chapter, the practical dc motor experiments

are performed.



Chapter 7

Adaptive State Feedback in Practical DC Motor

The performance of the adaptive state feedback is provided in the previous section. With many
simulation examples and comparison test with the classical method, we have shown that this method is
useful and superior to the old one. Here it is prepared to apply this mathod to the real DC Motor.

The characteristic of dc motor is given in the section 7.1, while every following section is

concerned with experiment and analysis.

7.1 DC Motor System Specification

Table 7.1 The design constant of dc motor and symbols of variables: L, = armature inductance, R, =

armature resistance, K = torque constant, K, = back EM.F. constant, etc.

Symbol Description Value Unit
-1, |:armature inductance- 6 H
- R, : armature resistance 43 9]
-K, : torque constant 7.154x10 2 Nm/A
-K, : back E.M.F. constant 7.162x 102 | ¥ sec/rad
-K, : power amplifier gain 15 " T
-J, : moment of rotor inertia 04x 10 Kgm
) : moment of load inertia 0.2x10 2 Kgm :
- S, : conversion constant o to @, 3.183x10 V sec/rad
- R : resistance for current detection 0.2 Q
-1, : friction torque 0.001 Nm
-r : apply voltage - vV
- : anmature current - A
-~ : rotor speed - Rad/sec
- W, : voltage output of rotor speed - vV

The dc motor set used in the experiment is shown in Figure 7.1. The DC Motor set consists of an
amplifier (Kp=15), an encoder (1000P/R), an electronic clutch (24 vdc) and a dc motor. The major
constants of dc motor set are shown in Table 7.1. The heavy load is connected by the electric clutch at the
motor shaft. When the sampling time is selected as T, = 0.005 [sec], the discrete time model of plant
G, (z") (light load) and G,,(z") (heavy load) are estimated by RLS estimator, respectively, as shown in

Equation (7.1) and (7.2).



78

Figure 7.1 DC Motor set for performing the speed control.

- (z-‘)— 1,001 1543+0.176972" .1)
i 1-1.33901z" +0.529052"° )

- (Z,.)_ S 0.004525+0.05581z"" (7.2)
’ 1-1.775792"" +0.83703z 2 '

and the response of the system G,(z")and G,,(z“) are plotted in Figure 7.2 (a) and Figure 7.2 (b)
respectively. They are approximately equal except only that the first one G,(z") has the lower overshoot

than the latter G, (z ™).

7.2 State Feedback Test

Adaptive state feedback is tested for its operation of pole placement as well as the RLS
estimation and state variable generation in this section. Since the test of feedback is done once by
observing the real closed loop polynomial in the simulation program, so in this section, the examination is

under consideration of its actual response, by comparison with the selected polynomial.
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Figure 7.2 The response of motor: a) in case of light load G,(z'), b) in case of heavy load G, (z).

The control method is state feedback without tracking model. The sampling time is chosen as
0.005 sec. and the program period is the period of 1000 samplings. The motor’s load is constant.

The experiment examples are performed by the different selection of closed loop polynomials.
For the reason of simple inspecting, they are all defined by various damping ratio (0.1 — 1.0) as same as
the continuous time second order system in order to obtain the response with low and high overshoot.
Experimental result:

Figure 7.3 shows the outcomes of this experiment. It agrees with expected results and theory. The
overshoot increases and swings higher when damping ratio is closer to zero (0.1). This indicates that state

feedback able to control the plant response as designed effectively.
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7.3 Adaptive State Feedback Examples

In this section, the control method of adaptive state feedback is investigated in case of load,

control performance and observer gain change.

7.3.1 Load Change

The control method is selected according to figure 6.6, State feedback with tracking model. The
closed loop polynomial is chosen as D(z“‘)=1—0.31z'l +0.02z7*. The motor’s load changes at the 500"
sampling. In Example 1, the system parameter changes from light G, (z")to heavy G,,(z") and, in Example
2, the system parameter changes in the opposite way from heavy G, (z"')to light G, (z").

The tracking model is selected as

Gz )= 2 0.012+0.008z™"
1-1.727 +0.82z 7

Experimental result:

Considering Figure 7.4, the output signal y[k](7.4(a)) follows the desired response very closely,
while all related factors (control signal, observer output, etc) are in normal condition even by, the time
load changes. The errors of RLS estimator and observer are equal to zero across the program length. This
confirms that the estimated state variables are generated correctly. With the correct value of state
variables, the closed loop system has the new behavior as designed.

And, when consider the results of Example 2 in Figure 7.5, the motor can respond as good as in
example 1. From these two examples, it can be concluded that load change does not have any adverse

effect on the motor’s speed.
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Figure 7.4 The experimental results of example 1 (Light to Heavy).
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Figure 7.5 The experimental results of example 2 (Heavy to Light).
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7.3.2 Constant Tracking Mode] with Different Regulation Rate at Sampling Time 0.005 sec

The effect of the regulation rate on the control performance is checked in this section as same as
in the simulation program. The state feedback with tracking model is used for control method. The
tracking model is set at an any constant rate. Only the regulation rate (pair of closed-loop poles) is
changed from the value of 0.1 to 0.9,

The tracking model is defined as

0.012+0.008z""'

A S
Gnle™)=2 1-1.72" +0.822

The pairs of poles are used as follows: (0.1 0.2), (0.3 0.4), (0.5 0.6), (0.7 0.8) and (0.9 0.1).

The motor’s load changes at the 500" sampling from light G,(z")to heavy G,,(z").

Experimental result:
According to Figure 7.6, the control performance with different value of closed loop poles has the
same efficiency. The motor’s output can track the desired response without the problem in control signal

for every pair of poles.
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Figure 7.6 The experimental results y[k]and u{k]of adaptive state feedback with different closed loop
poles (regulation).



7.3.3 Constant Regulation with Different Tracking Rate at Sampling Time 0.005 sec

The effect of the tracking rate on the control performance now is checked in this subsection as
same as the experiment in the simulation program. The state feedback with tracking model is used for
control method. The regulation rate is constant at poles 0.1 and 0.2.

The tracking rate changes from slow to fast rate of these polynomials as follows.

0.012+0.008z""'

Examplel. Gmiz™" )=z""
P m(z ) z 1-1.7z7" +0.82z7

0.019+0.011z7"
1-1.7z7' +0.82z72

Example2. Gm(z - )= z™

. 0.039+0.021z7"

Example3. Gmlz™' )=z
P ( ) 1-1.527" +0.5622

0.049+0.031z7"
1-1.4z7" +0.48272

Example4. Gm(z " )= z™

The iotor’s load changes at the 500" sampling from light G,(z")to heavy G,,(z").

Experimental result:

According to Figure 7.7 through Figure 7.11 (Example 1 to Example 4 respectively), the cvontrol
performance with different value of tracking rate has the same efficiency in case of light load. The
motor’s output can track the desired response no matter faster or slower rate. While in case of heavy load,
the motor speed has the unpleasant overshoot when the tracking rate is faster. This problem is caused by

the error between the real state variables and estimated ones which can be verify from their output. It can

be solved by the observer gain adjustment that will be tested in the next subsection.
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Figure7.7 The experimental results y{4] and u[£] of Examplel (Control with different tracking rate).
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Figure7.8 The experimental results y{k] and u[k] of Example2 (Control with different tracking rate).
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Figure?.9 The experimental results y{k] and u[k] of Example3 (Control with different tracking rate).
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Figure7.10 The experimental results y[k] and u[k] of Example4 (Control with different tracking rate).
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7.3.4 Observer Gain 1 Test

The’ response is worse when the desired response is faster as the results of figure 7.25. This
problem happens because the value of state variables are not exact at every point. Therefore the observer
gain [ is adjusted to give the faster rate of (4—IC) ({1 11, [10 10]", [12 12]" and [13 13])in this
section.

where D(z")=1-03z"+0.02z7and Gm(z")=2z"(0.049+0.031z")/1-1.4z" +0.48z. The

motor’s load changes at the 500" sampling from light G,(z")to heavy G,,(z").

Experimental result:

After the value of observer gain is higher, the output has no longer the overshoot in the period of
heavy load. In case of light load, however, the output of the first cycle becomes worse. The abrupt change
occurs in this area as indicated in Figure 7.11 through 7.14. Since, when we use the observer gain as [1
I]T, therefore it is obvious that it is caused by the inappropriate observer gain (in this case it is too high for
light load condition).

For that reason, the observer gain is switched between [1 1]T and [13 13}T for light load and

heavy load. As shown in Figure 7.15(b), the output now has no unexpected fluctuation and overshoot.
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Figure7.11 The experimental results of adaptive state feedback observer gain I = [1 1]T.

b) Output Signal ylk]
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Figure7.12 The experimental results of adaptive state feedback observer gain I = [10 10]".
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Figure7.14 The experimental results of adaptive state feedback observer gain I =[13 13]T.
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Figure7.15 The experimental results of adaptive state feedback observer gain / switches between [1 1]T

and [13 13]".

7.4 Conclusion

The chapter has presented the adaptive state feedback experiments on the praétical DC motor
with different parameter. The response of the motor is stable even though when the system parameters
change. This demonstrates the utmost advantage of the adaptive control that can keep the entire response
of the system. The next chapter will disscuss every experiments of this chapter again and gives some

suggestions.



Chapter 8

Conclusion and Suggestion

The adaptive state feedback of dc motor speed control has been introduced for tracking
and regulation problem in the thesis. The pole placement method with state feedback is used to
shift the position of closed loop poles to the satisfying position. Since the situation is assumed
that the system is unaccessable (unable to measure the internal states), the state observer becomes
the, requirment of such a system. This observer can exactly do its task as the state variable
geheration on condition that its mathematical model is quite right as the real system parameter.
Furthermore, this model is used for the state feedback gain selection criterion. The controller
compares it with the designed one and compute the proper value for the feedback gain. With this
reason the system identification is the most important part in the adaptive control which should be
studied profoundly for its properties and using. And since this study involves the use of state
variables in pole placement, the basic of state space analysis and control design shold be learnt.

Chapter 2 provides the recursive least square algorithm. It discusses the theory of least

-

=

square to estimate the system parameters and its properties at first. Then the recursive least
squarestimation, allowing the update estimated model at each sampling, is given as well as the
altemative algorithm, Recursive Extended Least Squares.

Chapter 3, the using recursive estimation, helps explain the correct direction of RLS
algorithm with the real situation. The initializing parameter and specifying estimator, the
operation level and effect of covariance are described. At the end of chapter, some examples of
estimation in the progam simulation and dc motor are given. As the experiment results the RLS
estimator can identify the parameters of the system well even it in case of system parameter
change.

In Chapter 4, section 4.1 state space representation demonstrates how the transfer
function is transformed into the state space equation. Controllability and observablity are also
presented.

Chapter 5, design of control system in state space, considers the concept of state
feedback as pole placement. It shows that the position of closed loop poles can be arbitrarily
chosen if the system is controllable. This means the system is able adjusted to any control

demand. The theory of closed loop state observer is explained that it can dispose of the error of
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state variables because of initial state setting. So feedback the estimated state variables from the
observer is usable. It is not quite as great as the direct feedback from real state variables of plant
though. At this point the way to construct the adaptive state feedback is clearified. the RLS
estimator, state feedback and state observer are joined together. The function of this combination
is named “the adaptive state feedback”.

In Chapter 6 the way to make the simulation program is given in the first section:
modeling in state space and discretization. This progam simulation will be used for every
experiment in this chapter. The accuracy of adaptive state feedback is verified in example of
section 6.2.1. It indicates that the closed loop polynomial has the same value as setting.

Concerning the tracking problem, sometimes it is needed being independent of the
regulation one. For that reson, the reference model or tracking model is applied to control system
together with a pre-filter. They are placed in front of the feedback point. The refference model
produces the signal that has the preferable trajectory to the original of the system. While the pre-
filter works at compensating for the closed loop system gain like feedforward gain. It is also
adjusted to the system parameters accordingly.

In this research, the proposed method, adaptive state feedback, is tested in the computer
simulation of dc motor system before applying it to the real dc motor. The programe simulation
provides the approximately exact response of the motor’s speed and current under given
conditions. The tracking efficientcy test is the fisrt test. The square wave is supplied and the load
is changing during control. The output will respond as same as desired one over the program time
except at changing point. The output is subjected to the load changing for a while at this moment.
Then it completely disappeares at the subsequence pulse. This happens because when system
parameter changes the estimator need a short time to correct its model. Secondly, the regulation
efficientcy test is performed by increasing the load inertia when the output begins stable. The
speed of motor deviate from the stable point and then it is recovered by the regulation at the
setting rate.

The results of the experiments on tracking and regulating performance indicate that it is
practicable to control the dc motor as same as the classical method which has the compensators.
However, it is also able to deal with the fluctuation problem in control signal that happens to the

use of compensators.

Finally, in Chapter 7 the adaptive state feedback is used for controling the real dc motor

speed. The load is increased by adding the additional disk. It is coupled to the shaft of motor
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when the electric clutch is engaged immediately the system parameter changes. The range of
parameter changing depends on the extent of disk or the moment of inertia [N.m]. So there can be
two options that can make the system changing: system 1 G, (z") (clutch off J = 0.6 x 10* kgmz)
to system 2 G,,(z") (clutch on J = 3.0 x 10" kgm2 ) or vice versa. The experimental results in
practical dc motor show the good performance of the proposed method in both cases. Although
there is a little overshoot in case that the motor is controlled to respond more rapidly, the overall
performance is still acceptable. As many and different experimental results of the adaptive state
feedback, the thesis conclude that it is one of effective methods for the dc motor speed control.

In this research, the efficiency of closed loop system, however, is still manually chosen
by the designer. This duty requires the knowledge of control theory in order to gain the suitable
efficiency for each system. Therefore it can make trouble for unskilled users and the automatic
function of optimal pole selection for each system may become the interesting issue.

And, since this thesis focuses only on the adaptive controller of dc motor, the experiment
of adaptive state feedback should be more widely performed in various plants as well.

The simulation used in Chapter 3 and 6 is written on visual basic 6 program, while the

program communicating the 12 bit A/D and D/A board for dc motor drive and data acquisition in

Chapter 7 is on C++ programming language.
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Appendix A

A.1 Poles Placement

The R-S-T tri-branches digital controller is shown in figure A.1, r(k)is the reference
input, u(k)is control signal and y(k)is the output of the plant. Since this method does not
introduce the additional zero, so it is unnecessary to concern about the overshoot of the response.

The plant transfer function is

-d pf -1
- B ]
Gp(q ')=qu_ql ,d = delay time. (A1)

The series compensator S(q") is in the forward part, the parallel compensator R(q") is in the

feedback part, and T(q ") is the pre-filter. The closed loop transfer function is

2OV S Sy .
Bl R e ) =

in which
A(q")=l+a,q°l +..+a,q”" (A3)
Blg™)=b, +big” +-tbpg™ (A4)

where n and m are the order of A(q") and B(q") respectively. The closed loop polynomial is

plg™)=alg™ Jslg™ )+ a7 Bla™ )Rla™)

=1+dyg” +..+d,yq™ (A.5)
plant
ASLA RO N S P LR O B L0
q ] T S(¢™) Ag™)
|

Figure A.1 Pole placement with R-S-T controller.
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This equation is known as the Diophantine equation or Bezout identity. The coefficient of D(q “'.)
is linear combination of constant coefficients of B(q"') and A(q“) and unknown coefficient of

S{g™")and Rig) which are given as
Slg)=14597 +t 5,07 (A6)
Rlg")=r, +ng™ +.trng™ (A7)
where nd, ns and nr are the order of Dlg” ) S{g™) and Rg™) respectively. From Equation (A.5),

(A.6) and (A.7) the coefficients can be matched and the Diophantine equation can be calculated

from the following matrix equation:

(1 0 oZhil S 8 o1
a, b, by S
a, a b, b
R
0 . d,
a,., U Nebas by |l Sps _ - (A72)
a, a,, g B osetreo < ¢\ & || 7d .
0 a, a, 0 b, b, | n .
0 0 |
LN
| 0 0 a, 0 e A AL T
MX=D (A.8)

Matrix M is known as the Sylvester matrix, D is the vector of the coefficient of Equation (A.5)
and X is a vector of unknown controller parameters, D(q") is specified by the designer and M is
a constant matrix. The solvability of the Diophantine equation can be considered from the
Sylvester matrix M.

First, the plant polynomial must co-prime, it means that B(q") and A(q“) must have no
common factors. If such common factor exist, then the roots also appear as the root of the
Diophantine equation. Thus, the system is forced to accept the roots as the pole and resulting in

constrained pole placement. Furthermore, coprimeness of B(q")and A(q"') ensures that the



99

Sylvester matrix is nonsingular. Therefore, if the Sylvester matrix is nonsingular and square, then

the controller parameters can be calculated as follows:

X=M"'D (A.9)

A.1.1 Order of R-S-T Controller

The dimension of the Sylvester matrix depends on the order of the controller. By
choosing the proper controller order such that the Sylvester matrix is square, the controller
parameter can be uniquely solved if A(q") and B(q") do not have any common factors.
However, the non-uniqueness solution will be due to the orders of S(q") and R(q") where
difference choices of ns and nr will give difference S(q") and R(q ").

To condition the problem for a unique solution, the number of equation and number of
unknown in Equation (A.8) are equated. While the number of unknowns is the number of
coefficients in the compensator S(q ") and R(q'l ), the number of equations is simply the number

of coefficients in the D(q") or it is the order of A(q “') plus the order of S(q'l ) . Therefore,

num —unknow = ns+ nr +1 (A.10)
num — equation = n+ ns (A.11a)
num — equation = nd (A.11b)

Since both the plant and controller transfer function are assumed to be proper, the order of the
D(q") can be represented by nd = n + ns. By equating the number of equations in Equation

(A.11a) to the number of unknowns, the following relationship is obtained

ns—nr+l=n+ns (A.12)
nr=n-1 (A.13)
nsnr (A-14)

Hence, for a unique solution, the order of R(q") must be one less than the order of A(q"), ie.
nr = n—1. Meanwhile, properness of the controller must be maintained by satisfying ns = nr .
The fact that ns is cancelled in Equation (A.12) implies that S(q") can be chosen arbitrarily

provided that the controller is proper. From Equation (A.5) ns depends on the value of d, such as
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ns<m+d+1 (A.1523)
From Equation (A.11b), nd—n=ns , then
nd<n+m+d-1 (A.15b)

Given the 4" order plant, for example, if d = 2, then. The Sylvester matrix will be squared with

the dimension of rx 1, ie 7 = n+m—9 , for 3" order of R(q") and a 4" order of S(q").

A.2 Regulation and Tracking

The closed loop poles which are the roots of the polynomial D(q") defines the
regulation performances of control system. D(q") is specified directly from the desired
performance which is the disturbance rejection speed of the null reference output response. By

doing so, D(q") can be written in the form of binomial as follows

d

D(q")=(1—aq" (A.16)

Where a is the stable poles of the discrete time close-loop system and ensuring the condition

-4 .-t
v ,}*(h' )

BQ)

¥

O<a<l (A7)
Yk ed v i plant
rea P g 4 HiK) o Kt ! .“(kl
_[{’l!_l..(il..._) 2 T( 7 ! ) ———b-”\ :,—p - = = 4 __:;{...,_) o
Amg) s S} AT
¥
E i /\’(1,’ Ty e
; L R A ST
' : R

g W0 (g™ VB* (")
Ani(g B

Figure A.2 Regulation and tracking performance.
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Then, the controller S(q") and R(q") can be designed under the desired regulation performance.
When the reference in put changes, it is desired that the system output follows a desired trajectory

' (k) .This trajectory may be stored or generated each time the reference is changed by using a
-1

myq
Amig™

dynamic model, this is known as “tracking”, see figure A.2. the dynamic model .can be

determined from desired performances (rise time, overshoot and settling time) by passing the step
function, for example, through a second order normalized continuous time model and
transforming into pulse transfer function. To approach the reference trajectory and the delay d can

be compensated, then

(d+l)
y ) =12 " r(k) (A.18)

where
Bm(q'l )=bm0 +bmq™ +bm,g % +...
Am(q")= l-i-amlq“amzq'2 +...

and ¢ B( ) should be rewritten as ¢ “#*VB" ( ).B(q" )= q"'B '(q _')

For this, first y"(k+d +1) is generated from r(k) as shown below

-1
y'(k+d+1)=—§—-;3m q_l r(k). (A.19)
Am\g

Ideal tracking is achieved by selecting the pre-filter T(q") properly to ensure a unitary steady
stae gain of the overall system and the compensation of the regulation dynamics T(q" )

This leads to the choice:

rg")=6Dg™") (A.20)

In which

- B(l) B # (A.21)
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The control law equation becomes

Slg™ Wty + Rlg™ Wby =Tlg™ " (k+d +1) (A.22)
Then
iy T b G )= Rg™ o (A23)
sla™)

which yields the complete pole placement as shown in figure 2.2. The transfer function between

the reference and the output is

g )x 5'(°) (A24)

A.3 Tracking and Regulation with Independent Objectives or MRAC

In some case the designer needs to obtain the desired tracking performance (changing of
the rejection of disturbance reference or noise) independent of the desired regulation performance
(changing of the reference). For example, it is necessary in a situation for which the desired
regulation response time is significantly smaller than the desired response time for a change in
reference or vice versa. This case results in the simplification of the zero B(q“) of the discrete
time plant model. By doing so, the strategy can only be applied to discrete time models with
stable zeros which implies that the plan must be 2 minimum phase. The structure of this method is

shown in figure A.3.

A.3.1 Regulation
The regulation performance is specified by D(q‘I ) To compensate B’ (q" ), S(q" )should

has B° (q" )and in order to compute R(q" )and S(q" ), the following equation must be solved

B(g™ Dl )= alg™)slg J+ a8 (a7 JRlg™). (A25)

In this equation, S(q‘I )Should has B (q -')
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se™)=8"g")sla™") (A.26)
In which
s(g7)=1+s)g7" + .t sig™ (A.27)

From Equation (A.25) and (A.26), one obtains
Dlg™)=Alg™)s'lg™)+ a7 R(g™) (A.28)

This equation has unique solution for

deg Dlg )<n+d,degs'(g™)=d, Rlg™)=1 (A.29)
In which

R(q'l ): ro+nq” A1,

A.3.2 Tracking

From figure A.3 the tracking performance is define by the transfer function

) gV Bmlg™)
T (A.30)

The output of the tracking (dynamic) model specifies the desired trajectory y (k) with d + 1

steps in advance to accomplish the asymptotically tracking. To ensure this, the prefilter will be

selected as
T{g")=Dlg™") (A31)
Then, from figure 2.3, the controller equation can be obtained:
Sg™ ey + Rlg™ Wy =Dlg™ " (k +d +1) (A32)

And u(k) can be written as
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yik+d=n Jant
i p
G5 NN - u(k){ -d . - l v(k)
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' Am(q™) i
Figure A.3 Regulation and tracking with independent objectives.
. Dlg™ )" (k+d+)=Rlg™ k) (A.33)

slg™)

A.4 Conclusion

This appendix presents digital control design. The controller has a tri-branches structure

known as R-S-T canonical form, in which the control law equation is

From the pole placement strategy, the digital controller is designed in two steps
1. the computation of the polynomials S(q")and R(q")through the Diophantine equation
in order to match the desired regulation performances.
2. The computation of the pre-filter T(q") in order to approach the desired tracking
performances.
The orders of S(q")and R(q")polynomials are depend only on the complexity of the plant
model.
The tracking and regulation with independent objectives design strategy (MRAC) can exactly
match the desire tracking and the regulation performance, but the discrete time plant model must

have stable zeros.
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Appendix B

B.1 Deterministic signals

B.1.1 Offset

The simplest kind of signal is a constant value d. A system with offset d be represented

by the equation
s(t)y=d (B.1)

When present in a control system, the offset is removed by integral action in a feedback
controller, but some self tuning schemes estimate d and subtract out its effect by modifying the
control signal. In a signal processing application, a constant signal level is often present due to the

way in which the sensing instrumentation is designed. In addition, a constant signal is often used

~ N

-
LY

as a test of system functionality when no other signal is present.

B.1.2 Drift
A generalization of the constant offset is the drift signal where the offset becomes a

function of time. in many situations drift can be modeled by a polynomial function of time D(t).
s()=D({)=d, +dit+..+d,1". (B.2)

A first order drift polynomial (nd = 1) will cover many situations, especially the common case
where the output offset is slowly changing at a constant rate. Also it is convenient to assume that

D(t) is filtered by the A(q"') object of equation (B.3), so that the effective drift is D(¢)/ A(q").

B(q" )= by +b,q™ +..+b,q7"
A(q'I ):1 +a,qg” +..+a,q”" (B.3)

A further form of time dependent drift occurs when the offset is periodic. Periodic drift can be
represented in a model by the appropriate periodic function (e.g. sinusoidal, square wave,

triangular wave). For example, a sine wave drift can be modeled as
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D(t)=d, sin(QTt) + d,. cos(QTY). (B.4)

The pai’ameter Q determines the period of the oscillation and the quantities ds and dc jointly
determine the amplitude and phase. In self tuning schemes ds, dc are usually unknown but the
period Q is known. The self-tuning algorithm must then determine ds,dc the influence of D(f)
can then be measured and removed by modulating the control signal u(t) in a control situation. In
a signal processor a model of D(f) can be subtracted from the signal s(s). The situation is more
difficult if the parameter Q is unknown.

A deterministic signal may not be an explicit function of the time index, (although this is
usual) but may be expressed in terms of some other independent variable. For example, if the
offset is known to vary as a linear function of a variable w (which might be the operating

temperature of a process or attitude of an aircraft), then an appropriate offset model is
s(w)=Dw)=d, +d\w+...+d w" (B.5)

B.1.3 Measurable signal sources N

Often, system output or signal source is influenced by a known source vc(;) via a
disturbance transfer function. The disturbance can be represented by a discrete time transfer
function acting upon a sequence v(z) representing a sampled version of the known source. Thus a

measurable disturbance is represented by

s()= —3 v(1) (B.6)

where
D=d, +d,q” +..+dq™

A=l+aqg™" +..+a,q™"™

Note the following points concemning D =d, +dg™" +...+ dq™:
(a) Some of the leading coefficients d,,d,... may be zero, corresponding to a time delay in

the disturbance transfer function.
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(b) Unless the continuous time signal v,(r). is z transformable, then the disturbance
representation (B.6) is theoretically in correct. In practice, however, the errors caused are

small compared with the improved performance obtained by modeling the disturbance.

A known disturbance is usually removed in a conventional control scheme by feed
forward control. This is also the case in self tuning with the added feature that the coefficients of
D are estimated and may be used to subtract out the influence of v(rf) by modifying u(t). 4
similar subtraction procedure is used in signal processors for interference cancellation. In this
situation the signal w(r) represents some measurable function of a process which is interfering

with a desired signal.

B.1.4 Random signals

An important class of random signals is that associated with small unpredictable changes
in a system and unobservable noise like disturbances. Such disturbances can be aggregated and
modeled by a single noise source which is often assumed to be stationary, gaussian noise
sequence. Such a sequence can be represented by a white guassian noise sequence e(?) with zero

mean and variance &2 which has been passed through a stable linear time invariant filter N (q") .

If s() is the noise sequence as measured at the output of N then s(f) will have a power

spectrum (or spectral density function) given by
S.. (@) = N(exp(jo))N(exp(~j»))5] (B.7)
Note that g is evaluated on the unit circle g = exp(—jw).

Since S_(w) is the only quantity we can measure which will give us information about N, we
are free to construct any N which will match the power spectrum. If the power spectrum can be
approximated by a rational polynomial function of cos(w), then it is always possible to obtain a
noise transfer function N which is stable (all poles inside the unit circle) and has all its zeroes on
or inside the unit circle. Zero on the unit circle are not interest here and in their absence the noise
transfer function will be inverse stable (or minimum phase by analogy with the corresponding

term for continuous time systems), with all zeroes in the left half-plane.
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In general, a stationary random signal source is represented by the stable transfer function model:
s() = %e(l) (B8)

where

-nc

-1
C=cy+¢q +..+C,q

A=l+aq" +..+a,,q™
The above model for a random process is termed an auto regressive moving average (ARMA)

model.

The stationary noise model of equation B.8 is not always sufficient to represent random drift
disturbances which influence some systems. In such circumstances, a random noise model is

postulated in the form of a stationary increment to s(¢):

s(t)=s(t=1) +-j-e(:) (B.9a)

or
s(t)= %e(t) (B.9b)

Where A=1-¢"', the first difference operator. The incremental assumption builds an integrator
into the noise model and consequently this form is termed an auto regressive integrated moving
average (ARIMA) representation. In the special case C =1= 4, the signal is an integral of the

white noise and is often referred to random walk or Brownian motion.

B.1.5 Overall signal model
The representations of deterministic, random and measurable disturbances can be drawn
together to form a composite signal model which will meet most signal representation situations.

Specifically, by combining the equations (B.2), (B.6) and (B.8) we can write:
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s(t) = —(t—) + = v(i)+— e(t) (B.10)

Using this model it is possible to represent almost any signal form which might be encountered in

self-tuning studies.
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Appendix C

C.1 Probability

An event A is any outcome of interest from an experiment. The probability P(A) (or prob
(4)) of this event can be thought of as the limit, as the experiment is repeated indefinitely, of the

ratio of the number of times A occurs to the number of trials. This definitely implies that
0< p(4) <1 (C.1)

If 4,,A4,,...,are events, no two of which can occur together (mutually exclusive), then the event

that 4, or 4, or ...occurs is given by
P(A4, or 4, or..)=P(A4)+P(4,)+:- (C.2)
and it assumed that
P(A4;))+ P(Ay)+---=1 (C.3)

if the list of events covers all possible outcomes of the experiment.

If two outcomes A4, B do not preclude each other, then
P(Aor B)= P(A)+ P(B)+ P(Aand B) (C.4)

in an obvious notation. Clearly the last term vanishes for exclusive events to yield a special case
of (C.2).
A key concept in estimation theory is that of conditional probability. The probability of 4

occurring, given that B has occurred, is denoted by P(AIB) and is defined by

P(Aand B) = P(4|B)P(B) (C.5)
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If A, B are independent events, so that the occurrence of B has no effect on the likelihood of A
occurring, then we can replace P(AIB) by the unconditional probability P(A4) so that C.5

becomes
P(Aand B) = P(A)P(B) (C.6)
The event ‘A and B’ is the same as ‘B and A’ and (C.5) leads to the useful relationship
P(B[A) = P(A[B)P(B)/ P(4) (C.7

C.2 Random Variables

The events generally of interest to engineers are the occurrence of specific numerical
values of physical variables (temperature, voltage, etc). A variable whose value is determined by
the (uncertain) outcome of an experiment is called a random variable (abbreviated to rv). The
probabilistic behavior of a v X is completely specified by its probability distribution function

(pdf) F,(x) orits probability density function f (x) defined by

Fo()=P(X<x)= j f.(u)du (C.8)

so that £, (x) is the gradient of F, (x). It follows that

J' f.()dx=1 (C.9)

Note that F, (x) is a probability but that f(x), although positive, can take large values. It also

follows that
P(x< X Sx+&) =~ f,(x)dr (C.10)

for small & , provided the density function is bounded. This is true of a continuously distributed

rv for which the probability is zero of any specific value occurring. If X takes a set of discrete
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values of x,,X,,..., with probabilities p(x,), p(x,),..., then the density function can be cast in

the form

fx@®) =) px)6(x~x,) (C.11)

where &() is the direct delta function. In general, a density function may be partly continuous
and partly of the blip structure (C.11)
For two rvs X, Y the probabilistic structure is specified by the joint pdf Fy, (x,y) or joint
density f, (x,y) defined by
x oy
Fy (%, )= P(X <xand¥ < y) =J' J' vy (@, v)dudy (C.12)
It follows that, for X alone,

Fy()=Fry(s) [y =[Sy (C.13)

and similarly for Y. the extension to more than two rvs is straightforward. If X, Y are independent

rvs, then Equation (C.5) and (C.12) imply that
Fy(5,0)=FyF00 [ )=f &N 0) (C.14)

C.3 Expectations and Moments

The expectation (average, mean) or first moment of a rv X is defined as the weighted average
Ey(X)=my =fwxfx(x)dx (C.15)

A measure of the dispersion or size of fluctuation of X around its mean value is given by the

second central moment or variance oy, (o or var X) defined by

Oy = Ex[X=Ex[X]] = Ex[X*]-(Ex[x))* (C.16)
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The standard error (or standard deviation) o, is defined as the positive square root of the
variance and has the same dimensions as X. the moments give useful but only partial information

about the pdf in general.

A useful (but often conservative) relationship is given by the Chebyhev inequality

P(x|z )< :‘:ITEX [X?] (C17)

where ¢ is any positive constant.
The extension to moments involving more than one rv is straightforward, by simply

calculating the weighted average using the appropriate joint density. This leads to
E y [8(X) +h()] = Ex [g(X)]+ Ey [A(Y)] (C.18)
and, if X, Y are independent,
Eyy [g(X)R(Y)) = E  [g(XD)Ey [A(Y)] (C.19)

where g, h are arbitrary functions (subject to the existence of the moments). A useful second order

moment that gives some indication of the degree to which X and Y are related is the covariance
Oy =Eq[(X—my )Y —my )= E [ XY]=m ym,y (C.20)

The rvs are uncorrelated if o, is zero and it is easy to see from (C.19) that this is implied by
independence. Uncorrelated rvs, however, are not necessarily independent.

A useful measure of correlation is given by the dimensionless scalar correlation

coefficient
Pyy =Cy [ Oy0Oy (C.21

which always lies between -1 and +1, taking one of the extreme values if X and Y are linearly

related.
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Generalizing (C.20) to the case of n rvs X =(X,,X,,...,X,)" leads to the covariance
matrix (cov X)whose (i, j) element is the covariance between X, and X (i # j) and whose G, 1)

diagonal element is var .X;.

C.4 Stochastic Convergence

The estimates generated by a recursive estimation algorithm form a sequence of rvs and
it is usually of interest to know how the sequence behaves and in particular whether it converges
in some sense. In general, it is too restrictive to demand that every realization of the sequence
converges, but there are a number of weaker forms of convergence, two of which are relatively

easy to use.
The sequence {x(t)} tends to the rv x in the mean-square sense (ms) if
E|x(1) —x|2 -0 as t—® (C.22)
The sequence {x(t)} tends to the v x in probability if, for any positive, &,
Pllx(r)~x|>£]—>0 as t—o (C.23)
written

Plimx(t)=x as t—>o© (C.24)

Using the Chebyshev inequality (C.17) it follows that ms convergence implies convergence in

probability. The converse is not true.
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