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ABSTRACT

This research proposes a new intersection algorithm of sorted sets. The new algorithm
employs a comparison-and-elimination approach to the intersection problem instead of using
search algorithms as existing intersection solutions. It takes (1) O(1) times for the best case; (2)
O(A) times for the average case, where A is an average size of sorted sets; and (3) O(k[L) times

for the worst case, where k is the number of sorted sets and L is the maximum size of the sets.
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CHAPTER 1

INTRODUCTION

1.1 Statement and Significance of the Problem

The intersection problem of sorted sets is to determine a result set containing common
elements appearing in all of these sets. The problem is also known as the multiple search problem
[4] since its purpose is to search for common elements in all input sets using efficient search
algorithms such as binary search, galloping search [10,12,13], interpolation search [14], and
extrapolation search [10]. Existing algorithms differ on how they minimize search to reach a
result set. However, the nature of intersection problem of sorted sets allows us to determine a
result set without relying on them. This research proposes a new approach to intersection problem
of sorted sets using a comparison-and-elimination approach. The new algorithm determines
elements of the result set by repeatedly finding a maximum value of all first elements and a
minimum value of all last elements. These two values becomes a range of possible elements of
result set. Hence, we use them to eliminate elements of all sets not in this range. The common

minimum or maximum values become elements of result set and they are eliminated from all sets.

1.2 Objective
The objective of the research is to develop a linear time complexity algorithm for solving

the intersection of sorted sets using a comparison-and-elimination approach.

1.3 Scope of the study
The research is a theoretical research. It follows a research method of theoretical algorithm
development. The algorithm is developed and demonstrated via example. Its efficiency is also

determined in this research.

1.4 The organization of the proposal
The rest of thesis composes of following chapter: in the next chapter give a review of
literature. Chapter 3 presents a search-free intersection algorithm, and gives its proof of

complexity. Evaluation is given in chapter 4. Chapter 5 gives conclusion and recommendation.



CHAPTER 2

A REVIEW OF LITERATURE

Existing algorithms to the intersection problem are based on search algorithms such as
binary search [13], galloping search [7,8,12,13], interpolation search [14], and extrapolation
search [9,10]. There are a number of intersection algorithms proposed in the literature. They
differ on how they minimize search using these search algorithms to reach a result set. The
standard algorithm [12], called “Small versus Small”, minimizes search by repeatedly intersecting
the remaining two smallest sets by searching for each element in the smaller set from the larger
set or searching for each element in the smaller remaining element set from the larger remaining
element set. The adaptive algorithm [13 ] searches for an element of a particular set from all other
remaining sets using galloping search and binary search. If the eiement being searched for is the
common element, then their positions are remembered as the ending points of the search in order
to minimize search. The sequential algorithm [8] is the adaptive algorjthm performing one entire
galloping search at a time in each next available set instead of a single galloping step. To obtain
less search than the sequential algorithm, the random sequential algorithm [7] randomly chooses
the remaining sets to search for the specific element. The BaezaYates algorithm [2] minimize
search by searching for median element of the smaller set from the larger set and dividing the
problem into two sub-problems for each median element. The problems are then solved
recursively. Each pair of the sorted result set and the remaining smallest set are then intersected

using the same procedure.



CHAPTER 3

A SEARCH-FREE INTERSECTION ALGORITHM

A Search-Free Intersection Algorithm is an algorithm for finding the intersection set of
sorted sets. The algorithm is called a comparison-and-elimination approach to tlie intersection
problem. It is described in details in this section. Firstly, some definitions relating to the algorithm

are introduced in section 3.1

3.1 Basic Definitions

There are 4 definitions relating to the algorithm. They are introduced as follows.

Definition 3.1
Let k sorted sets be A, A,, ..., A,. The intersection set (I) of those sorted sets, shown as
A, NA,N ‘N A,is the set consisting of the elements appearing in every A, A,, ..., A,.
Example 3.1
Assume A, A, and A, are 3 sorted sets, and their elements are assumed as follows.
A, =1{2,4,6,7,8,10,12}
A,={1,3,4,5,6,8,9}
A=1{1,4,5,7,8,9, 11,13}

A, 2 4 & X 9~ 10 12
Ay 1 3 N\MSt5y, 6 gl 9
Ay 1 4l 5 T T 9 11 13

Figure 3.1 An example of definition 3.1

From example 3.1, the intersection set (I) of the sorted sets A,, A,and A, is

{4,8},or AN A,NA,is {4, 8}.

Definition 3.2
Let k sorted sets be A}, A, ... , A,. | is the first index number of A, whose element is not

null, and r; is the last index number of A, whose element is not null. (1 <i<k)



Example 3.2
Assume A |, A,and A, are 3 sorted sets, and their elements are assumed as follows.
A,=1{n,n,4,6,7,8,9,n,n,n}
A,=1{1,2,3,4,6,7,8,9,n,n}
A,={n,n,n,n,n6,7,8,9,10}

Index |1 |2 |3 141{5]61{7 (89|10

A |nin 46178 |9 |n|n|n

Ay |1 121314167 |8]9|n}|n

A: |n|nininin |67 [8[9 10

Figure 3. 2 An example of definition 3.2

From example 3.2, n is assumed as a null value, so the value of I, and r,, where
1 <1 <3, can be shown as follows.
l,is 3, and r,is 7.
l,is 1, and r,is 8.
1,15 6, and r,is 10.
Definition 3.3
Letk sorted sets be A, A,, ..., A,. A set A, (1 <i <k) is an empty set (J), shown as (A, = &),
when it contains only null (n) value.
Example 3.3
Assume A, A, and A, are 3 sorted sets. Their elements are assumed as follows.
A,={n,n,n,n,n,n,n,n,n,n}
A,={n,n,n,4,6,7,8,n,n,n}

A,={n,n,n,n,n,n,n,n,n,n}

Index | 1 2 3 14 5 16 7 8 |9 10

Ay n n n |4 6 7 8 n n n

A n n n \n n n n n n n

Figure 3.3 An example of definition 3.3



Definition 3.4
Letk sorted setsbe A, A,, ..., A,,
L = Max{A[L]},
R =Min{A][r]},
I = the intersection set of k sorted sets A, where A; # J,and 1 <i<k.
An intersection element in the intersection set (I) must be in an interval [L, R].
Example 3.4
Assume A, A,and A, are 3 sorted sets, and their elements are assumed as follows.
A, =1{2,4,6,7,8,10,12}
A,=1{1,3,4,5,6,78,9}
A,={1,4,5,7,8,9,11, 13}

, 2 4 6 |71 |8 10 12
;1  CHsmBCAVA Fertl Af ) Moc
g 1 =15 2\ AF 11 13

Figure 3. 4 An example of definition 3.4

From example 3.4, it shows that 4 ,7 and 8 are the intersection elements of the intersection set (I),
and they must be in the interval [2, 9]. The value of L and R are shown as follows.
L=Max{2,1,1} =2
R =Min{12,9,13} =9

3.2 The Algorithm

The input of a Search-Free Intersection Algorithm is & sorted sets, where the elements in
each set are unique. The output of the algorithm is the intersection set (I). The algorithm details

are described as follows.



Input: k sorted sets (arrays) A,, where 1 <i < £, and the elements in a set A, are unique.
Output: The intersection set (I) = A, NA,N_NA,
Algorithm:

Find L and R (from definition 3.4)
While (L <R) and (Every A, # &)
If (Al1)=A,0L]=...=A[L]) Then
AddA[l]to];
Setevery ALl =null; //(1 <i<k)
If((A[r,]=A,L)=...=Alr]) and
(A,[r,] # null)) Then
AddAr]to;
Setevery Alr] =null; // (1 Zi<k)

While (i <= k)
While (A[1] <L) Then
Set A[1.] = nuil;
Increment L; // (Move right)
End While
While (A[r;] > R) Then
Set A[r] = null;
Decrement 1;; // (Move left)
End While
increment i;
End While
End If
FindL andR
End While

Figure 3.5 A Search-Free Intersection Algorithm
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Example 3.5

Assume A}, A,and A, are sorted sets, and their elements are assumed as follows.
A,=1{3,5,6,7,8,9,11,13}
A,=1{2,3,4,5,6,9}
A,=1{1,4,6,7,8,10, 12}

A 3. 567 89 11 13
Ay 23456 9
Ap o1 4 6.7 8 10 12

Figure 3. 6 Each element of all sorted sets in example 3.5

Round 1: Find L and R
L=Max{3,2,1} =3
R=Min{13,9,12} =9
If any elements in every sorted set (A, A,, and A,) are less than L, and are greater than R, those
elements are removed. Thus,
1, 2 are less than 3, so they are removed.
10, 11, 12, 13 are greater than 9, so they are removed.
Therefore, the elements of A |, A,, and A, after round 1 are shown as follows.
A =1{3,56,7,8,9,n,n}
A,=1{n,3,4,5,6,9}
A,=1{n,4,6,7,8,n,n}

Figure 3. 7 Each element of all sorted sets after round 1

Round 2: Find L and R

L =Max{3,3,4} =4
R =Min{9,9, 8} =8

90179



3 is less than 4, so 3 is removed.
9 is greater than 8, so 9 is removed.
Therefore, the elements of A, A,, and A, after round 2 are shown as follows.
A,=1{n,5,6,7,8,n,n,n}
A,={n,n4,5,6n}
A,=1{n4,6,7,8,n,n}

Figure 3. 8 Each element of all sorted sets after round 2

Round 3: Find L and R
L =Max{5,4,4}=5
R =Min{8,6,8} =6
4 is less than 5, so 4 is removed.
7, 8 are greater than 6, so they are removed.
Therefore, the elements of A, A,, and A, after round 3 are shown as follows.
A,={n,5,6,n,n,n,n,n}
A,={n,n,n5,6,n}

A,={n,n,6,n,n,n,n}

Figure 3. 9 Each element of all sorted sets after round 3

Round 4: Find L and R
L=Max{5,5,6} =6
R =Min{6,6,6} =6
5 is less than 6, so 5 is removed.

Therefore, the elements of A, A, and A, after round 4 are shown as follows.



A,={n,n,6,n,n,n,n,n}
A,={n,n,n,n,6 n}

A,={n,n,6,n,n,n,n}

Figure 3. 10 Each element of all sorted sets after round 4

Round 5: Find L and R

L =Max{6,6,6}=6

R =Min{6, 6,6} =6
In this round, A,[1,] = A,[1,] = A,[L,], so the element 6 is added to the intersection set (I). After
that, A, [1,], A,[L,], and A;[1,] will be set to be null value. After round 5, the elements of A}, A,,
and A, are shown as follows.

A ={n,n,n,n,n,n,n,n}

A,={n,n,n,n,n,n}

A,={n,n,n,n,nn,n}

e, T q}i

3
Figure 3. 11 Each element of all sorted sets after round 5

Round 6: Find L and R

L=Max{n,n,n}=n

R=Min{n,n,n} =n
In this round, (L. > R), and (A, A,, and A, = &), so the algorithm is terminated. Finally, the
intersection set (I) of the sorted sets A, A,, and A, (A, N A,NA,)is {6}.
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3.3 Time complexity

In this section, time complexity of a Search-Free Intersection Algorithm is evaluated. The
best case, average case, and worst case of time complexity are summarized in theorem 3.1 as
follows.
Theorem 3.1: the best case of a search-free intersection algorithm is performed on O(1), the
average case is performed on O(k)x), where A is an average size of sorted sets, and the worst case
is performed on O(k[L), where Ll is maximum size of over all k sorted sets.
Best case proof:

Suppose . = m, and R = n, and there doesn’t exist element between m and n, or m = n.
This is the best case where the algorithm can be terminated in 1 round. Therefore, its time
complexity is O(1).
Average case proof:

Suppose A =li| A,]~ The algorithm can perform in A rounds. Therefore, its time
k i=1

complexity is O(A).
Worst case proof:
Suppose L = p, R = g, p =max(|A}), and there exist p elements in A, including p and q.

Therefore, the algorithm’s time complexity is O(kp).



CHAPTER 4

EVALUATION

4.1 Space complexity
Consider the algorithm in figure 3.5, the set A, (1 <i <k) consists of elements a,; (a,, is

positive integer).

A={a,a,. ... a,,}

A={a,,0,p. iy}

................................ (2
A={a,,0,,. e a,.}

The variable A[j] is two dimensional array that can be stored in memory size 2kA bytes,
where A =1 i' |
k i=] ‘47

The array type of variable left index £, and right index r, in definition 3.2 are integer and
counter i, j are also integer, the variable (I) for store the result of intersection element is the same
data type. Therefore all four variables use 4x2bytes= 8 bytes. The function for finding L and R
takes 2x4 =8 bytes. The total memory is 2(kA+8) bytes

4.2 Time complexity

The algorithm in figure 3.5 first finds L and R values to define the intersection range the
algorithm takes (k+k) time. It then performs two following parts. The first part checks the
condition of the value of all first elements or value of all last elements, if it is true the result will
be added and set them to null value. This part take ((R-L)+1) (4k+3)1 time. The second part
takes ((R-L)+1)[k+(k+k+1)+(k+k+1)+k)] times to locate common elements. It also takes ((R-
L+1)k+k) time to calculate new L and R. Therefore, total time is k+k+((R-L)+1)[

4k+3+k+H((k+k+1)+H(k+k+1)+k)+k +k] = O(kpt), where [ = ((R-L)+1) and k is a constant.



CHAPTER 5

CONCLUSION AND RECOMMENDATION

This research proposes an algorithm for finding the intersection set of sorted sets. The
algorithm uses a comparison-and-elimination approach to find the intersection set instead of using
existing search algorithms. Time complexity of a Search-Free Intersection algorithm which is our
approach is O(1) times for the best case, O(A) times for the average case, where A is an average
size of sorted sets, and O(kp) times for the worst case, where k is a number of sorted sets, and  is
the maximum size of k sorted sets. However, this paper doesn’t contain an experiment for
measuring actual time of finding the intersection set of k sorted sets. Therefore, our future work is
to make the experiment with the standard collection in order to determine data characteristics

appropriate for the proposed algorithm.
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