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ABSTRACT

This research is a study of inequalities in the Lowner partial order for the
special kind of Hermitian matrices, namely, positive definite symmetric matrices. The
aim is to show the relationship in the form of inequalities in the Lowner partial order
between the following linear combination forms of those matrices:

1. (aA+pB)’and a4’ + BB’

2. (xA+pBB) ®(aC+pD) and a(4" ®C*)+ B(B"@D’);and

3. (ad+ BBY o(aC+ BD) and a(4"oC*)+ B(B’ o D)
where a,fB,r,s are positive real numbers such that r+s= 1, @ denotes the
Kronecker product and © denotes the Hadamard product.

By applying some theorems in the Lowner partial order to these inequalities,
we get inequalities involving trace, determinant and eigenvalue of those matrices in

the same linear combination forms.
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CHAPTER 1

INTRODUCTION

1.1 Importance and Inception

Matrix theory is a field of basic interest and has many applications in scientific
computing, differential equation, probability and statistics, control and system theory,
operations research, optimization, mathematical physics, economics, and engineering
disciplines. A lot of theorems in matrix theory appear in the form of inequalities. These
inequalities show relations or properties of matrices. Here is an example of the applica-

tions of matrix inequalities.
Application in control and system theory:

We can reduce a very wide variety of problems arising in control and system the-
ory to a few standard optimization problems involving linear matrix inequalities (LMIs)
which is of the form &

Fz) = Fo+y =k > 0,

i=1
where z € R™ is the variable and the symmetric matrices F; = FJ € M,(R), ¢ =
0,...,m are given. The symbol F(z) > 0 means that F(z) is positive definite. These

LMIs are the constraints of the optimization problems, for example,

find P>0
subjectto A"P + PA <0, tr(P) =1,

where P € M, (R) is the variable. For more details about LMIs in control and system
theory see [1].

Many inequalities of matrices are appeared in the form of A < B where A, B are
Hermitian matrices (A is Hermitian if A* = A). So what is the meaning of the relation
“ < ” for matrices ? A < B means that B — A is a positive semidefinite matrix (A € M,,
is positive semidefinite if for all vector z € C™. z* Az > 0). This relation is called the
Lowner partial order. The inequalities in the Lowner partial order for positive definite

symmetric matrices arise in various fields, for examples, semidefinite programming and



cone programming (see [2, 3).

In matrix theory, there are three important products of matrices. The first is the
ordinary matrix multiplication which is familiar to ours. The second is the Kronecker
product which is the block matrix defined in such a way that, given A = [a;5] € Mim,n(F)
and B = [bi;] € M, 4(F), the Kronecker product of A and B, denoted by A ® B, is de-
fined by A® B := [aij B] € Minp,ng(F). This notion is very useful in the study of matrix
equations and others applications, and is of interest in its own right. For more details
of its applications see [1, 4]. The last is the Hadamard product which is the entrywise
product. The Hadamard product of A = [aij] € M n(F) and B = [bij] € My n(F),
denoted by A o B, isdefined by Ao B := [asbij) € Mim,«(F). The Hadamard product

arises in a wide variety of ways of applications, for more details see [4, 5.

Also the trace, the determinant and eigenvalues of positive definite symmetric ma-
trices play the important roles in matrix theory and have many applications. There are
many studies about them, for example, Pranayanuntana [6] studied the determinant of the
linear combination of positive definite symmetric matrices. The fact is that if we have
the inequalities in the Lowner partial order for positive definite symmetric matrices, we
can get the inequalities involving the trace, the determinant and eigenvalues of matrices

by using some theorems in the Lowner partial order.

In this research we discuss inequalities in the Lowner partial order for positive
definite symmetric matrices in some linear combination forms of matrices which are in-
volving either the ordinary matrix multiplication, the Kronecker product or the Hadamard
product of matrices and inequalities involving trace, determinant and eigenvalue of those

matrices which are come from inequalities in the Lowner partial order.

1.2 Objectives

The objectives of the research are as follows:

1. To show the relationship between some linear combination forms of positive defi-

nite symmetric matrices in the form of inequalities in the Lowner partial order.

2. To show the relationship involving trace, determinant and eigenvalue of some linear
combination forms of positive definite symmetric matrices in the form of inequali-

ties.



1.3 Scope of the study

We study inequalities in the Lowner partial order for positive definite symmetric
matrices in some linear combination forms (as below). Inequalities involving trace, deter-
minant and eigenvalue are studied for those matrices in the inequalities. The product of
the matrices in the inequalities are either ordinary matrix multiplication, the Kronecker
product or the Hadamard product. We are not interested in inequalities of the form of
block matrix but we may use some techniques of them in order to obtain results. The

scope of this research is as follows:

1. We will study the relationship between the square of linear combination of two
matrices and the linear combination of squares of two matrices as in this form:
(aA+ BB)? and aA? + §B? where a, > 0, respectively.

2. We will study the relationship between (@A + BB) @ (aC + BD)* and aAT ®
C*)+B(B"® D?) where o, B3,r,8 > Osuchthatr + 5 = 1.

3. We will study the relationship between (aA + BB)" o (aC + BD)® and (A" o
C®) + B(B" o D?) for o, B,7,5 > 0 suchthatr +s=1.

4. We will study the inequalities involving trace, determinant and eigenvalue of ma-

trices in the same forms as 1-3.

1.4 Benefits

The expected benefits for this research are:

1. Obtaining inequalities in the Lowner partial order for positive definite symmetric

matrices .

2. Obtaining inequalities of trace, determinant and eigenvalue for positive definite

symmetric matrices.

1.5 Research Methodology

In this research we use the mathematical proofs to find the results.



1.6 Steps of Research and Research Schedule
This research is concluded in 6 steps as follows:

1. Study more about matrix theory such as positive definite matrix, the Kronecker
product, the Hadamard product, inequalities in the Lowner partial order, maps on

matrix spaces, etc., and then determine the objectives and the scope of the research.
2. Show the relationship between (a4 + 8B)? and aA? + B2
e Prove an inequality in the Lowner partial order between (eA + BB)? and
aA? + BB2 where o, 8 > 0 which is the main result in this step.
o Study special cases of the main result.

e Apply some theorems in the Lowner partial order to the main result in order

to get inequalities of trace, determinant and eigenvalue.
e Study special cases of the inequalities of trace, determinant and eigenvalue.
3. Show the relationship between (aA + 8B)" ® (aC + BD)® and a(A” ® C°) +
B(B" ® D?).

o Prove an inequality in the Ldwner partial order between (aA+BB) ®(aC+
BD)? and a(A"®C®)+B(B"® D?) where c, 8,7, > O such that r+s = 1.

which is the main result in this step.
e Study special cases of the main result.

e Apply some theorems in the Lowner partial order to the main result in order

to get inequalities of trace, determinant and eigenvalue.
e Study special cases of the inequalities of trace, determinant and eigenvalue.
4. Show the relationship between (a4 +8B)" o (aC+ D)’ and a(AToC®)+B(B o
D?).
e Prove an inequality in the Lowner partial order between (aA+pBB) o(aC+
BD)® and (AT 0 C*) + B(B7 o D*) where at, 8,7,5 > O such thatr + 5 = 1.
e Study special cases of the main result.

e Apply some theorems in the Lowner partial order to the main result in order

to get inequalities involving trace, determinant and eigenvalue.

e Study special cases of the inequalities of trace, determinant and eigenvalue.



5. Give some numerical examples to guarantee the results and state related applica-
tions. To give the examples we use the mathematical program which is called
Maple 9.5.

6. Finally, discuss and conclude the results, make suggestions for further works and
write the thesis. To write the thesis we use the program for typesetting text and

mathematical formulae which is called LaTex.

The schdule for each corresponding step of the research is shown in Table 1.1.

Table 1.1: The Research Schedule

Work Plan Month

1123(4]516|7|8|9 |10

Step 1 — —

Step 2 —

Step 3 —

Step 4 —

Step 5 >

Step 6 >

1.7 Convention

Throughout this research, we denote the set of all real numbers by R, the set of
all positive real numbers by R* and the set of all complex numbers by C. Denote an

unspecified field by F and the n-tuples vector space which elements come from I by F™.

Upper case letters are used to denote matrices, while lower case letters are used
for vectors. Scalars are usually denoted by Greek letters. We denote the set of allm x n
matrices over the field F by M, (F) , and My, () is abbreviated to M, (F). In the most
common sense in which F = C, My(C) is further abbreviated to Mi,, and M, »(C) to
M n. The identity matrix in M., is denoted by I,. The zero matrix is denoted by O
(which is bolded), while the zero scalar is denoted by 0 (which is unbolded). If the size
(dimension) of a matrix is not stated, it has appropriate size which depends on the con-
text. Unless stated otherwise, every matrix is positive definite symmetric and every scalar

is positive (real number).



This thesis is consisted of 7 chapters. The details for each chapter are as follows.

In Chapter 2, we present the basic notations, the useful concepts and facts about
material which are used in this research. The results of this research are shown in Chap-
ter 3-Chapter 6. In Chapter 3, the relationship between the linear combination forms
of positive definite symmetric matrices in the form of inequalities in the Lowner partial
order are presented. We present the inequalities of trace, determinant and eigenvalue of
the linear combination forms of those matrices in Chapter 4, Chapter 5 and Chapter 6,

respectively. Chapter 7 is the conclusion of this research.

Some applications of this research are presented in Appendix A. We also state
the useful concepts and facts which are related to this research in Appendix B—Appendix
1. They are useful for someone who would like to study or to do the research in matrix

theory or related fields.



CHAPTER 2
DEFINITIONS, THEOREMS AND
LITERATURE REVIEWS

The purpose of this chapter is to catalog briefly, without proof, a number of useful
concepts and facts about the material which is the main portion of this research. We can
see them in the books of matrix theory [4, 5, 7, 8, 9]. Each section consists of definitions,

theorems and literature reviews.

Basic definitions which are familiar to ours are omitted. Some basic notations

which are used in this research are as follows:

Let A € M, o(F), the (3, j)th entry of the matrix A is referred to by aij or (A);.
We denote by AT its transpose, by A its conjugate, by A* its conjugate transpose and
by Al its inverse (if existent, i.e., A nonsingular). The diagonal matrix with main di-

agonal’s entries a1y, a2. . - - @an 18 denoted by diaglai1,a22, . - -, Gan)-

For index sets « C {1,...,m}and 8 C {1,...,n}, we denote the submatrix
that lies in the rows of A indexed by « and the columns of A indexed by S as A(a, §).
If m = n and @ = 3, the submatrix A(c, §) is called a principal submatrix of A and is
abbreviated by A(«a). A leading principal submatrix of A is the principal submatrix of
A determined by deleting the first 7 rows and the first i columns for some i = 1,2,...,n,

ie,m=nanda=6C{1,...,i}.

2.1 Trace, Determinant and Eigenvalue

Definition 2.1.1 ( [7] ). The trace of a matrix A € M,,, denoted by tr(A), is the sum of

all its main diagonal’s entries:

tr(4) = Z ai;- 2.D
i=1



Proposition 2.1.2 ({7]). Let A,B € M, and «, 3 be scalars. Then

tr(eA + BB) = atr(A) + Btr(B), 2.2)
tr(AT) = tr(A), (2.3)
tr(AB) = tr(BA). (2.4)

Definition 2.1.3 ( [7] ). The determinant of a matrix A € M,,, denoted by det(A), is
defined by

det(A) := Y _(-1)*Wayj a0, - anjn 2.5)
J
where t(j) is the number of inversions in the permutation j = (j1,J2,--,Jjn) and j
varies over all n! permutations of 1,2, ..., n.

Proposition 2.1.4 ([7]). Let A, B € M,, and k be a scalar. Then

det(kd) =  k™det(4), (2.6)
det(A") = det(4), 2.7)
det(AB) =  det(A) det(B), (2.8)
det(4?) = &’:T‘ﬁ (in this case, A is nonsingular). 2.9

Definition 2.1.5 ([7] ). Though of as a formal polynomial in t, the characteristic poly-
nomial of A € M,, is defined by pa(t) = det(t] — A). The equation

det(tI — A) =0 : (2.10)
is called the characteristic equation of A.

Theorem 2.1.6 ( Cayley-Hamition Theorem [7] ). Lef pa (t) be the characteristic poly-
nomial of A € My, Then pa(A) = 0.

Definition 2.1.7 ([5] ). Let A € Mi,. An eigenvalue of 4, denoted by \(A), is a scalar

\ € C such that there exists a nonzero vector € C" satisfying
Az = Az (2.11)

and the vector z is called the corresponding eigenvector of A associated with \. The set

of all eigenvalues of A is called the spectrum of A and is denoted by o (A).



Theorem 2.1.8 ( [5] ). Let p(-) be a given polynomial. If A is an eigenvalue of A € M,
and z € C™ is the corresponding eigenvector of A. Then p(}) is an eigenvalue of p(A)

and x is the corresponding eigenvector of p(A).

Corollary 2.1.9 ([5])- Let A € M, be nonsingular. Then 0 ¢ o(A) and if X € 0(A),
then X! € a(A™).

Corollary 2.1.10 ([5]). Let A € My, A € o(A) and let k be a real number and p be a
nonnegative integer. Then kX € o(kA) and NP € o(AP).

2.2 Hermitian Matrix

Definition 2.2.1 ([5,7]). A matrix A € My, is called

symmetric if AT = A,
e Hermitian if A* = A,
orthogonal if AAT =1,
unitary if AA* =1,
normal if AA* = A*A,

e real orthogonal if A is real and unitary.

Theorem 2.2.2 ([5]).  Let A € Mi, be given. Then A is Hermitian if and only if at
least one bf the following holds:

1. z* Az is real for all z € C%;

2. A is normal and all eigenvalues of A are real; or

3. S*AS is Hermitian for all S € M.

Theorem 2.2.3 ( The Spectral Theorem for Hermitian Matrices [5]). Let A€ M. A
is Hermitian if and only if there is a unitary matrix U € M, and a real diagonal matrix
A € M, such that A = UNU*. Moreover, A is symmetric if and only if there is a real
orthogonal P € M, and a real diagonal matrix A € My, such that A = PAPT.

The expression A = UAU* or A = PAPT in the previous theorem is called the

spectral decomposition of A.
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2.3 Positive Definite Matrix

In this section, we introduce the notion of positive definite matrix which plays an

important role in this research.

Definition 2.3.1 ([4, 5, 8] ). A matrix A € My is said to be positive definite if for all
nonzero vector x € C*

2*Az > 0. (2.12)
If the strict inequality required in (2.12) is weaken to * Az > 0, then A is said to be

positive semidefinite or nonnegative definite.
Proposition 2.3.2 ([5] ). Let A,B € M., be positive definite. Then

A is Hermitian,

. A is positive semidefinite,

AT, A and A* are positive definite,

any positive linear combination of A and B is positive definite,
. AF is positive definite for k =0,1,2, ...,

any principal submatrix of A is positive definite,

. all eigenvalues of A are positive real numbers,

o N S oA W N~

the determinant, the trace, all minors and the main diagonal’s entries of A are
positive real humbers,
9. A is nonsingular, A’ is also positive definite and

10. A is of full rank (i.e., rank(A) = n).

S

Theorem 2.3.3 ([5] ). Let A € M. The following statements are equivalent:
1. A is positive definite;

. z* Az > 0 for all nonzero z € C™;

H(A) := 3(A+ A*) is positive definite;

. A is positive semidefinite and nonsingular,

A is positive semidefinite and of full rank;

A L A wN

A is symmetric and 2" Az > 0 for all nonzero vector T € R” (in this case, A is

real);

~N

A is Hermitian and have all eigenvalues positive;
8 A is Hermitian and the determinant of any leading principal submatrix of A is

positive,
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9. A is Hermitian and there exists a nonsingular matrix C € My, such that C*AC is
positive definite;
10. there exists a nonsingular matrix B € M., such that A = B*B; and
11. there exists a nonsingular upper triangular matrix L € M, with positive diagonal

entries such that A = L*L. If A is real, L may be taken to be real.

Theorem 2.3.4 ([5] ). Let A € My, be positive semidefinite and let k > 1 be a given
integer. Then there exists a unique positive semidefinite Hermitian matrix X such that
Xk = A. We also have

1. AX = X A and there is a polynomial p(l) such that X = p(A);
2 rank X = rank A, so X is positive definite if A is; and
3. X isrealif Ais real.

The most useful case of the preceding Theorem is for k = 2. The unique positive
(semi)definite square root of the positive (semi)definite matrix A is usually denoted by
A%. Similarly, A% denote the unique positive (semi)definite kth root of A for each case
k=1,2,...,n

Theorem 2.3.5 ( Hadamard’s Inequality [5] ). If A = [aij] € My, are positive semidefi-

nite, then

n
det(4) < [Jaa (2.13)
i=1
Further, when A is positive definite, then equality holds if and only if A is diagonal.
Donna [10] proved the following theorem:

Theorem 2.3.6 ( [10] ). Let A,B € M, be positive definite. Then for any integers

m,n>1
0 < tr((AB)™) < (tx(AB))™. (2.14)

2.4 The Kronecker Product

In this section, we give the definition and state properties of the Kronecker prod-
uct which is a useful notion in the study of matrix equations and others applications, and

is of interest in its own right.
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Definition 2.4.1 ( [4] ). The Kronecker product of A = [aij] € Mmn(F) and B =
[bi;] € My 4(F) is denoted by A ® B is defined to be a block matrix

a.uB ce alnB
A ® B = E ". E E Mmp’nq(]F)- (2.15)

amlB <t Qa3

Definition 2.4.2 ( [4] ). Let A € M, (F). The kth Kronecker power A®F is defined
inductively for all positive integer k by A®! .= A and

AZF = A@A®KD k=23, . (2.16)

Proposition 2.4.3 ([4] ). In general, A® B # B ® A, that is, the Kronecker product is

not commutative. Some very basic properties of the Kronecker product include:

1. (¢A)®B = a(A®B) = A®(aB),foralla € F,A € M n(F) and B € My o(F);
2. (A@B) =AT®@B", forAe M, (F) and B € My 4(F);

3. (A® B)* = A*®B"*, for A€M and B € Mp.q5

4 (A®B)®C=AQ(B®C),forA€ M. (F), B € My o(F) and C € M, 5(F);
5. (A+B)®C=(A®C)+(4® C), for A, B € My n(F) and C € M, o(F);

6. A®(B+C)=(A®B)+(A®C), for A€ Mm.nF), B,C € Mp,q(F).

Lemma 2.4.4 ( Mixed-Product Property [4] ). Let A € Mpn(F), B € Mp (F),C €
M., x(F) and D € Mg, (F). Then

(A® B)(C® D) = AC® BD. 2.17)

Corollary 2.4.5 ([4]). If A € Mn(F) and B € M, (F) are nonsingular, then so are
A® B and
(A Byl =A1® B (2.18)

Theorem 2.4.6 ([4] ). Let A € My, and B € M, If) € o(Ayandz € C™is
the corresponding eigenvector of A, and if i € o(B) andy € C" is the corresponding
eigenvector of B. Then \j1 € o(A®B) and zQy € C™ is the corresponding eigenvector
of A® B. Every eigenvalue of A ® B arises as the product of the eigenvalues of A and
B. Ifa(A) = {My.... Am} and 0(B) = {141, - in}, then o(A ® B) = {Xipj,i =
1,2,...,m,j =1,2,..,n}. Inparticular, 6 (A ® B) = o(B ® A).
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Corollary 2.4.7 ([4] ). Let A € Mpn(F),B € M, o(F). If A and B are positive

(semi)definite matrices, then A @ B is also positive (semi)definite matrix.

Proposition 2.4.8 ([4]). If AeM,, B €My, then
1. det(A® B) =det(B® A4) = (det(A))™(det(B))"
2. tr(A® B) = tr(B® A) = tr(4) tr(B).

2.5 The Hadamard Product

In this section, we present a matrix product that is much simpler than the ordi-
nary product, but is much less widely understood. It arises naturally in a variety of ways

and enjoys considerable rich structure.

Definition 2.5.1 ( [4] ). The Hadamard product of A = [aij] € Mmn(F) and B =
[bij] € My n(F) is defined by Ao B := [a,-jb,-_,-] € Mm,n(]F).

Definition 2.5.2 ( [8] ). Given a positive integer k, the kth Hadamard power of A =
[aij] € My is defined by A®) ;= [ak] € M.
Proposition 2.5.3 ([4] ). Some very basic properties of the Hadamard product include:
1. Ao B=DBoA, for A, B € Mmn(F);
2. (aA)o B=a(Ao B) = Ao (aB), foralla € F, A, B € M o (F);
3. (Ao BT =ATo BT, for A,B € M o (F);
4. (Ao B)*=A*o B, for A,B € Mo n;
5. (Ao B)oC = Ao (BoC), for A, B,C € Mp(F);
6. (A+B)oC=(AcC)+(Bo C), for A, B,C € My n(F);
7. Ao (B+C) = (Ao B)+ (Ao C), forA. B, C € My, n(F).

Lemma 2.5.4 ([4, 8]). Forany A, B € Min, Ao 3 = (A ® I3)(cx) where @ = {1,n +
1,2n+3,... ,n2}.

Theorem 2.5.5 ( Schur Product Theorem [4, 8]). If A, B € M, are positive semidefinite,
then so is Ao B. If, in addition, B is positive definite and A has no diagonal entry equal
10 0, then A o B is positive definite. In particular, if both A and B are positive definite,
then so is Ao B.
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Theorem 2.5.6 ( [4] ). Let A, B € My, be positive semidefinite. Any eigenvalue M Ao B)
of A o B satisfies

Amin(A)Amin(B) < [min as] Amin(B)
<  MAoB)
< [maz aii] Amaz(B)
< Amaz(A) Amaz(B)-

Theorem 2.5.7 ( Oppenheim’s Inequality [5] )- If A, B € M, are positive semidefinite,
then .
det(4) [T < det(AoB). (2.19)

i=1

Theorem 2.5.8 ([11]). Let A, B € M, be positive semidefinite and o, 3 are real num-
bers. Then

tr (Ao B)®) < tr(A%0B%), a<loraz 1, (2.20)
tr (Ao B)*) 2= tr(A*o B%), 0<ac<l 2.21)

Equality occurs ifand only ifo. = Qora = lor(AoB)* = A%oB™

2.6 The Lowner Partial Order

Definition 2.6.1 ([12] ). A partially ordered set is a nonempty set P, together with a
partial order defined on P. A partial order is a binary relation, denoted by < and read

“less than or equal to,” with the following properties:
1. Reflexivity: foralla € P, a < a.
2. Antisymmetry: for dall a, be P, a<bandb < aimpliesa = b.
3. Transitivity: foralla,b,c € P,a<bandb < cimpliesa < c.

For Hermitian matrices A, B € M, we write B < Aor A > B to mean that
A — I3 is positive semidefinite and we write 3 < Aor A > I3 to mean that A — 3
is positive definite. In particular, A > O indicates that A is positive semidefinite and
A > 0 indicates that A is positive definite. The notion > is reflexive, antisymmetric
and transitive, but that it’s not total order; that is there exists the Hermitian matrix A B
such that neither A > B nor B > A. This is known as the Lowner partial order [13],
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it is induced in the real space of (complex) Hermitian matrix by the cone of positive

semidefinite matrices.

A partial order on the real vector space is often defined by identifying some
special closed convex cone and saying that one element is greater than or equal to the
other if their difference lies in the special cone. In this case, the set of Hermitian matrices
is the real linear space and the set of positive semidefinite matrices is the closed convex
cone. This is clearly a generalization of the familiar case in which R itself is the real
linear space and the nonnegative real numbers are the closed convex cone. This give the

“usual” (total) order (not just a partial order) on R.

Proposition 2.6.2 ([5]). Let A, B,C, D € M, be Hermitian. Then

1. A> A

2. IfAZBandBZC,thenA}_C,

3. IfAZBandBZA,thenA=B,

4. IfAZBandC’ZD,thenA+CZB+D,

5. IfAZBandC'ZO,thenAoC’ZBOC,

6. IfAZBZOandCZDZO,thenAoCZBoDZO.

There exists A, B such that neither A > B nor B > A. The condition A > 0,B 2 0

does not imply AB > 0. It is not true that if A> Band A # B, then A > B, that is,
A > B does not mean that A> Bor A= B.
Proposition 2.6.3 ([5]). Let A, B € My, be Hermitian. Then
A > B implies T*AT > T*BT for all T € My, m; we also have
A > B impliesT*AT > T*BT whenever T € My, ;m has rank .
Theorem 2.6.4 ([5])- If A, B € M, are positive definite. Then
1. A > Bifandonly ifB! > A,
2. If A> B, then det(A) 2 det(B) and tr(A) > tr(B),
3. If A > B, then det(A) > det(B) and tr(A) > tr(B), and
4. More generally, if A > B3, then Ai(A) = M(B) forall i = 1,2, ...,n if the respec-

tive eigenvalues of A and B are arranged in the same order.

Theorem 2.6.5 ( [5, 8, 14, 15] ). Suppose that a Hermitian matrix is partitioned as

e

where A and C are square. This matrix is positive (semi)definite if and only if AandC

are positive definite and the Schur’s complement C — B* A1 B is positive (semi)definite.
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2.7 Function of Matrices

Definition 2.7.1 ([8, 14]). Let f be a continuous real-valued function on a real interval
Q and A € M,, be a Hermitian matrix which its eigenvalues A1, ..., An contained in §Q.
Let A = Udiag[\, ..., \]U* be the spectral decomposition of A with U unitary. Then

the functional calculus for A defined as
f(A) = Udiag[f()\l),...,f()\n)]U*. (2.22)

Proposition 2.7.2 ([14] ). For any such function f,g and Hermitian matrix A in Defini-
tion 2.7.1, the matrices f(A) and g(A) commute and

(f+9)(A) = [(A)+9g(4) (2.23)
(fo)(A) = J(A) g(A). (2.24)
Further, if f(t) < g(t) for all t, then
f(4y £ g(A).

Theorem 2.7.3 ( [7] ). Given a complex-valued function f of complex variable t. Let
A€M,y M. .., A € 0(A) and p(l) be the characteristic polynomial of A,

Via m
p(t) = [[(t = 2)™yn =2 _ma
i=1 i=1
Define h(t) := o+ Pt +:- -+ Balytn L,
Bo, B1,-- -+ Pn—1 areto be solved from the following set of equations:
FO) = RO,

foralll =0,...,n—1 foralli=0,...,m.
Then f(A) = h(A).

2.8 Maps on Matrix Spaces

Definition 2.8.1 ([16, 17]). A function f defined on areal interval ) is said to be matrix
monotone of order n if
A< B = f(4) < f(B)

for all nxn Hermitian matrices A, B whose eigenvalues are contained in Q. If f is matrix
monotone of order n for all n we say [ is matrix monotone or operator monotone. [

is called matrix convex or operator convex if for any 0<e<l,

fA+(1-0B) < ef(A)+1-f(B) (225)
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holds for all Hermitian matrices A, B of all orders with eigenvalues in Q. fis called

operator concave if - f is operator convex.

For such a function [ and matrices A, B in Definition 2.8.1, if J is continuous,

the condition (2.25) can be replaced by

(3a+B) < FUA+IB)): (2.26)

The set of operator monotone functions and the set of operator convex functions
are both closed under positive linear combination and also under pointwise limits. The
composition of two operator monotone functions are operator monotone. The same is

true for operator convex function.

Operator monotone functions were first studied in detail by K. Léwner in the sem-
inal paper [13]. In this paper, he established the connection between operator monotonic-
ity, the positivity of the matrix of divided differences. Operator convex functions were

studied, soon afterwards, by F. Kraus [16].

In another well-known paper [17] E. Heinz used the theory of operator monotone
functions to study several problems of perturbation theory for bounded and unbounded
operators. The operator monotonicity of the map A — A" for0 <7 < 1 is sometimes

called “Léwner-Heinz inequality”, although it was discovered by Lowner.

Theorem 2.8.2 ( Lowner-Heinz Inequality [13, 17]). f A> B >0and0 <r < L
Then
AL G (B (2.27)

Proposition 2.8.3 ([8] ). 4 real-valued function f defined by f )=t for0<r<1
has an integral representation:

; 00 r—1
Fo / = s, (2.28)
s 0 s+t

Definition 2.8.4 ( [8, 14, 15]). Let @ : M, — M,,, be a map. ® is called unital if
&(I,) = Im. ® is called positive if it maps positive semidefinite matrices to positive
semidefinite matrices: A > 0 = &(A) > 0.  is called linear if for all Aand B in

M, and every scalars «,

d(aA+pB) = ad(4)+ B®(B). (2.29)

00176
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Definition 2.8.5 ([8, 9, 14]). 4 map % : Mm X M, — M, is jointly concave if for all
Hermitian matrices A,B € My and C, D € M, andforall0 < e <1,

PleA+ (1 —)B,C+ (1~ OD)) > (A C)+ (- (B, D). (2.30)

Lemma 2.8.6 ([8, 14]). There exists a unital positive linear map from M,,2 to M, such
that 8(A® B) = Ao B forall A, B € M.

Ando [14] proved the followings:

Theorem 2.8.7 ([14]). Let A € M, be positive definite. A map ® defined by ®(A) = AP
is concave if 0 <p < landiscomvexifl <p<20r—-1<p< 0.

Corollary 2.8.8 ([14]). Let A, B € M,,. Then

AToB" < (AoB) LA B>0,0<r<1;
AToB" > (AoB) JAB>0,-1<r<00r1<r<2
Lemma 2.8.9 ([14]). Let A, B € My, be positive definite. Then a map ® defined by
®(A,B) = (A*+B1)! (2.31)

is jointly concave.



CHAPTER 3
INEQUALITIES IN THE LOWNER PARTIAL
ORDER

The purpose of this chapter is to present our results which are the relationship
between some linear combination forms of positive definite symmetric matrices in the
form of inequalities in the Léwner partial order. These inequalities are shown in Section
3.1-Section 3.3. We also give some numerical examples to guarantee our results in Sec-
tion 3.4.

Before that we have some observations. First, since a positive definite matrix A

is necessarily Hermitian, hence if A is symmetric, then
S (A VW @)
This means that a positive definite symmetric matrix is a real matrix. So in this research

we will consider only real matrices.

The second is when we “compare” two matrices, we must sure that they are
Hermitian. The third is some basic observations about inequalities in the Lowner partial
order: for Hermitian A, B,C € M, if A > B, then

1. A+ C>B+C,
2. aA > aBfora >0,
3. aA < aBfora <0.

It is not true that if C > 0, then AC > BC.
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3.1 Inequalities of the 2nd Power of Linear Combination

of Two Matrices

In this section, we present the relationship between the 2nd power of linear com-
bination and the linear combination of the 2nd power of two positive definite symmetric
matrices in the form of inequalities in the Lowner partial order. First we prove an in-
equality between (A + 8B)? and «A? + BB? which is Theorem 3.1.1.1 in Subsection
3.1.1. Results from some special cases of this theorem are stated in Subsection 3.1.2. In
Subsection 3.1.3, we give some interesting observations which are related to Subsection

3.1.1 and Subsection 3.1.2. We also give some interesting remarks and counter examples.

3.1.1 Main Results

Theorem 3.1.1.1. Let A, B € M, be positive definite symmetric and let o, 3 > 0 be

scalars. Then {

a+p
with equality holds if and only if A = B..

(@A +BB)? < aA’+pB? 3.1

Proof. Consider two block matrices partitioned as

1 A andIB
A A? B B2}’

Notice that A = A*, B = B* and the identity matrix is positive definite.

Since A2— AI"LA = 0and B2~ BI1 3 = 0, the Schur’s complements of these matrices
are positive semidefinite.

By Theorem 2.6.5 both matrices are also positive semidefinite.

Since a, § > 0, we get a—i—ﬁ», EE_—[; > 0. By Proposition 2.3.2, we have

0<a TA+ﬂ I B
- a+pB| A A% a+p | B B?

;fq;A+a+ B

I
- B 2 2
L%wmls atpA” + 5pB
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Since the partitioned matrix in the right hand side of this inequality is Hermitian

and | is positive definite, by using Theorem 2.6.5 again, we obtain

ey P ( * pyp L B)rl( ¢ _pq L n),

a+ a+pf a+p a+f a+f a+
Q B 2 2 ﬂ
(a+ﬁA+a+ﬂB) = a+ﬂA a+tp

(@A+BB? < aA’+pB.

1
a+p
For the case of equality, first assume that A = B.
We easily see that two sides of the inequality (3.1) are equal.

Now assume that

B(aA +B8B)? = aA’+ BB2.
It follows that
ey (AB + BA)+ —93—/32 = aA’+ BB
a+pf +8 '
C!,B 2 aﬂ af 2
A% ¢ AB+BA) - -2 g2 = o0,
oy FABT B - o1
AB+BA = _ 1A+ B,
(A-B? = 0.

Since A and B are symmetric, A — B is also symmetric. Write A — B = [z;]-
Suppose that A — B # 0.

There is a positive integer k, 1 < k < n, such that z;; = zx; # 0.

Consider the (i, 4)th entry of (A — B)>.

n
2
((A - B) )ii 7 inpmpi
p=1
=TTy + TigZoi + 0 T TikTki + -+ TinTni

= (51:51)2 + (:L‘iz)z Ty (mik)2 +---+ (.’L‘in)2
> 0.

But (A — B)? = 0, this leads to a contradiction.
Hence, A — B = 0 or A = B and the theorem is established. O
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Counter Example 3.1.1.2.

If A and B are positive definite and A # B, it does not imply that

1 2 2 2
a+ﬁ(aA +p8B)? < aA*+fB%
. 5 3 11
A counter example is A = ,B= ,a=1,0=1
33 1 2

The reason is A < B does not mean that A< BorA=B.

Remark 3.1.1.3.
1. Theorem 3.1.1.1 shows the relationship between (aA + BB)? and aA® + B2
2. The case of equality in this theorem does not depend on « or 3.

3. When we compare two matrices we must sure that they are Hermitian. In this
theorem, 45(cd + B)2 and A + 8B? are Hermitian since they are positive
definite.

Corollary 3.1.14. Let A, B € My, be positive definite symmetric and let o, 8 > 0 be
scalars. Then
1

a+p
with equalities hold if and only ifA=B.

(A + BB < aA+BB < (a+B)i(aA+ BBYE  (32)

Proof. By replacing A with A% and B with B % in Theorem 3.1.1.1, we get
1

a+p
with equality holds if and only if A = B.

Since f7(aA+ 8B)? and aA? + fB? are positive definite, by applying Léwner—Heinz

(aA? +pBY)? < aA+fB (3.3)

inequality (Theorem 2.8.2) with 7 = 1 /2 to Theorem 3.1.1.1, we get

( : (aA+ﬁB)2)% < (O‘A+ﬂ3)%,

a+p

1 1
— —(aA B < A B)2,
(a+ﬁ)%(a +8B) < (aA+PB)

eA+BB < (at+PeA+pB)E

with equality holds if and only if A = B.
Combining (3.3) and the last inequality, we get (3.2) with equalities hold if and only if
A= B. O
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Remark 3.1.1.5.

1. Corollary 3.1.1.4 shows the relations among (aA% +3B 3 )%, «A+ B and (A% +
B Bz)’i’ or, in another point of view, a lower bound and an upper bound of a A+ 3B.

2. In this Corollary, aflm(aA’i’ + AB%)2, aA+ B and (o + B)%(aA? + 3B2)3 are

Hermitian since they are positive definite.

3.1.2 Special Cases

From the main result (Theorem 3.1.1.1), there are some interesting special cases.

The first case is when a + 8 = 1 which yields a following corollary:

Corollary 3.1.2.1. Let A € M, be positive definite symmetric. Then a map ® defined by
®(A) = A% is convex.

Proof Let0 < € < 1. By specializing o = eand § = 1 —¢ in Theorem 3.1.1.1, we
obtain that for any Hermitian matrices A and B, and for any scalar 0 < € < 1,

(A+(1-¢B)’ < eA’+(1—-¢B. (3.4)

Thus, a map ® defined by ®(A) = A2 is convex from Definition 2.8.1 of operator convex
function. O

Remark 3.1.2.2.

1. We knew that a real-valued function f defined by f (t) := t%is convex. Corollary

3.1.2.1 is a matrix version of this fact.

2. Ando [14] proved that for any positive definite matrix A, a map ® defined by
®(A) = AP isconvex if1 <p < 2. This corollary is a special case of his work

(=2).

The second interesting special case is when a = 3 which yields two following

corollaries:
Corollary 3.1.2.3. Let A, B € My, be positive definite symmetric. Then

AB+BA < A*+B?%, (3.5)
2AB+BA) < (A+B)* < 2(A%+ B?) (3.6)

with equalities hold if and only if A = B.
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Proof. By setting o = 3 in Theorem 3.1.1.1, we get
(A+B)? < 2A*+B%). (3.7)

This implies
AB+BA < A*+B?
which proved (3.5). It follows that
2AAB+BA) < AP+ B2+ AB+BA
= (A+B)~

Combine (3.7) and the last inequality, we get (3.6). The inequality (3.5) can be alterna-
tively proved by using Theorem 3.1.1.1, in this case we get

o? af

2
2 B 2 < 2 2
a+ﬁA +———(X+B(AB+BA)+———Q+[33 < aA*+BB%,
af 2 aﬂ af 9
__9F 24 T (AB+ BA)— ——B < 0
a+ 0 +a+ﬂ( + BA) a+pf = \

AB+BA <  A*+ B2

The last inequality follows from the positivity of af/(a + B).

The case of equalities is same as Theorem 3.1.1.1. O

Remark 3.1.2.4.

1. This corollary shows the relationship among AB+ B4, (A+B )2 and A%+ B? or,

in another point of view, a lower bound and an upper bound of (A + B)2.
2. AB + BA is Hermitian since
(AB + BA)* = (AB)" + (BA)* = B*A* + A'B*=BA+ AB = AB + BA.

(A + B)?,2(A% + B?) and A% + B? are also Hermitian since they are positive
definite.

3. Note that AB + BA is not necessarily positive definite while A? + B? is always

positive definite. Thus, the inequality (3.5) is make sense.

Corollary 3.1.2.5. Let A,B € My be positive definite symmetric. If AB is positive
definite, then
1
(4B)t < S(A+B) (3.8)

with equality holds if and only if A = B.
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Proof. Since AB is positive definite, AB is Hermitian. We get
AB = (AB)* = B*A* = BA.

Since A% and B? are positive definite, by replacing A with A% and B with B 3 in the
inequality (3.5) in Corollary 3.1.2.3, we obtain from the commutativity of A and B that

AYBI 4 AZBT < A+B,
AZBT < %(A +B).
Since AZB? = B%A%, we get
(A}BY)? = AIBIAIBT = A3ARBEBY = AB.
Again, the positive definiteness of AB implies
(AB)} = AlBL
So we get (3.8). The case of equality is same as Corollary 3.1.2.3. O

Counter Example 3.1.2.6.

Corollary 3.1.2.5 is not true if the condition “AB is positive definite” is omitted.

A=21,B=11. ~
11 T 2

The reason is that there are two positive definite matrices such that the product of them

A counter example is

is not positive definite.

Remark 3.1.2.7.

1. In Corollary 3.1.2.5, AB is also symmetric since AB is real and Hermitian.

2. Compare Corollary 3.1.2.5 with the arithmetic mean—geometric mean (AM-GM)
inequality for positive real numbers which is stated that for any positive real num-
bers A and B,

Vab = (ab)? < %(a +b) (3.9)

with equality holds if and only if @ = b.
This means that the geometric mean of positive definite matrices less than or equal
to their arithmetic mean. This is a matrix version of the AM-GM inequality for

positive real numbers.
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3. The condition “AB is positive definite” in this corollary can be replaced by “A
commutes with B” since they can imply each other.
Let A, B € M, be positive definite symmetric. If A commutes with B, then we
have
(AB)* = B*A* = BA=ADB

and
MAB) = N(AB!B}) = \(BEAB?) > 0.

So AB is Hermitian and all its eigenvalues are positive.

By Theorem 2.3.3, AB is positive definite.
A next corollary is a special case of Corollary 3.1.1.4.
Corollary 3.1.2.8. Let A, B € My, be positive definite symmetric. Then
%(A% LBYE < A+B < VAA +BY: (3.10)
with equalities hold if and only if A=B.

Proof. By setting o = [3 in Corollary 3.1.1.4, we obtain

1

a+a(aA%+aB%)2 < aA+aB < f(a+a)iaA’+aB?)l.

a2 1 1 2 1 1 2 1
2—01-(A§ + B?) < «afA+B) < (20)%a?(A*+ B%)Z,
LabwBlP 5 A¥B < V(A% + BY)?.

The case of equalities is same as Corollary 3.1.14. a

3.1.3 Observations
Remark 3.1.2.7 yields a following observation:

Observation 3.1.3.1. Let A, B € M, be positive (semi)definite. Then AB is positive
(semi)definite if and only if A commutes with I3.

Proof. 1t suffices to prove only when A and B are positive definite.

First assume that AB is positive definite. We get
AB = (AB)* = B*A* = BA.
Now assume that A commutes with B. We get

(AB)* = B*A* = BA=AB.
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By Proposition 2.6.3, we have

MAB) = A(AB%BY)
—  AB2AB?)
> 0

So AR is Hermitian and all its eigenvalues are positive.

By Theorem 2.3.3, AB is positive definite and the proof is completed. O

Observation 3.1.3.2. Let A € M, be positive definite. Then for any real number r, A"

is positive definite.

Proof. Assume that A is positive definite. From the spectral theorem for Hermitian

matrices, there exists a unitary matrix {/ such that
A = Udiag[h, )2, A U™

where A1, A2, ..., \p are eigenvalues of A. Since A is positive definite, all eigenvalues
of A are positive. Define a real-valued function f by f(t) = t" forr € R. Hence, the

functional calculus for A is
AT = Udiag\], 25, M) U™
It follows that
(A = (Udiag\], 25, A U*)”
= (U") (diagDi, % - o) o
= U diag]\], Ny, .-, A U*
LE 145
and MAT) = (A4) > 0.

Hence, A” is Hermitian and have all eigenvalues positive.

Thus, A" is positive definite by Theorem 2.3.3. ]
The stronger implications of Observation 3.1 .3.1 are two following observations:

Observation 3.1.3.3. Let A, B € Ml be positive definite.

1. If AB is positive definite, then for any real numbers T and s, AT commutes with
B2,
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2. If there exist nonzero real numbers T and s such that AT commutes with B®, then

AB is positive definite.

Proof. First assume that AB is positive definite.

Let r and s be arbitrary real numbers. We have that A and B? are also positive definite.
Since the positive definiteness of AB is held for arbitrary positive definite matrices A
and B, this implies that A” B* is positive definite. Hence,

ATB® = (A"B%)* = (B*)*(A")* = B°A".
Now assume that there exist nonzero real numbers r and s such that A” commutes with
B#. By Observation 3.1.3.2, A* and B5 are positive definite.
Since the commutativity of A™ and 13° is held for arbitrary positive definite matrices A
and B. This implies that
(ARY(BY) = (B3Y(A*Y,
AB = BA.

So A commutes with B. Using Observation 3.1.3.1, we obtain that AB is positive definite
and this completes the proof. m

Observation 3.1.3.4. Let A, B € M, be positive semidefinite.

1. If AB is positive semidefinite, then for any positive real numbers T and s, A" com-

mutes with 3°.

2. If there exists positive real numbers r and s such that AT commutes with 13°, then

AB is positive semidefinite.

Proof. A proof is similar to the previous observation. The difference is that for positive
semidefinite matrices A and B, A" and B® exist if 7 and s are positive real numbers. But

for positive definite matrices X and Y, XPand Y? exist for all real numbers p, g. O

In the proof of Theorem 3.1 .1.1, we see that if A is symmetric, then A% = 0ifand
only if A = 0. Let’s generalize this statement. We begin with the following observation.

Observation 3.1.3.5. Let A € M, be Hermitian. Then o(A) = {0} ifand only if A = 0.

Proof. Obviously, if A = 0, then o(A) = {0}. Now assume that o(A) = {0}.

Since A is Hermitian, there is a unitary matrix U such that

A = Udiagl0,0,...,0U"
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Hence,
A = 0

That is A = 0 if and only if o(A) = {0}. 0

Observation 3.1.3.6. Let A € My, be Hermitian. Then for any even positive integer k,
A*¥ =0 ifandonly if A= 0.

Proof. Assume that A¥ = 0. Since A is Hermitian, there is a unitary matrix U = [u;]
such that
A = U diag[M, A2, An) U”

where A1, A2, ..., Ap are eigenvalues of A.

Since ); are all real for all ¢, we have
AR = U diag[\5, 2K, N U™

Note that )\’1‘, e S, /\ﬁ are all nonnegative because k is even.

Suppose that A # 0.

From the previous observation, we may assume that A has a nonzero eigenvalue, i.e.,
there exists an integer p, 1 < p < n, such that Ay #0.

Consider the (i, 3)th entry of A® (1 < i < n).

n
AR = Y wimX T
m=1

n
= > Mluiml?
m=1
= Mun (2 + Mluigl® - Meluipl® + -+ M uinl”

Since A*¥ =0, so usp =0 foralli =1,2,...,n.
This mean that all entries in the pth row of U are all zero, i.e., det(U) = 0.
But U is unitary, we have UU* = I and

det(]) = det(UU")
= det(U) det(U")
= det(U)det(U)
= |det(I)%

Since det(]) = 1, sodet(U) # 0. Thisis a contradiction.

Thus, A = 0. The converse statement is obvious. O
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Observation 3.1.3.7. Let A € My, be positive semidefinite and r be a positive real
number. Then A™ = 0 ifand only if A = 0.

Proof. A proof is similar to the previous observation. The difference is that in this case

AT exists if  is a positive real number. O

3.2 Inequalities Involving the Kronecker Product of Power

of Linear Combination of Matrices

The purpose of this section is to show the relationship between (@A + 3B)" &
(aC + BD)® and (A" ® C°) + B(B" & D®) in the form of inequalities in the Lowner
partial order. An inequality between them is shown in Theorem 3.2.1.5 in Subsection
3.2.1. New matrix inequalities which are followed from special cases of this theorem
are stated in Subsection 3.2.2. In Subsection 3.2.3, we give some observations which are

related to Subsection 3.2.1 and Subsection 3.2.2. We also give some interesting remarks.

3.2.1 Main Results

To prove the main theorem, we need some lemmas.
Lemma 3.2.1.1. Let A, B € M, be positive definite. Then A + BV is nonsingular and
(At e BY)t = A- A+ BY'A G.11)
Proof. Since A and B are positive definite, so A and B are nonsingular. Consequently,
A+ B, A", Bl and A"l + B! are existent, positive definite and nonsingular by Theorem
2.3.3. Consider (A"l + B'1)(A — A(A + B) ™ A), we obtain
(A1 + BY)(A— A(A+ B)'A) (A1 4+ BYA(I - (A+ B)'4)
= U+ B - (A+B)4)
— T+ BMA—(A+B) A= BA(A+ BYA
= I1+(B'-(A+B)' - BA4+ By') A
= 1+ (B -(+BlAA+ By') A
= 1+ (B - Bl A+B)(A+ By') A
= I

This means that (A + B1)1 = A— A(A+ B)A.
The proof is completed. O
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Lemma 3.2.1.2. Let A, B € My, be positive definite and let s be any positive real number.
Then

(sTag ' +(I@B)Y) = (4@ B)" ((A @B+ (sl ® 1))'1(1 ® B) (3.12)

Proof. Since A and B are positive definite and s is positive, so all terms in the equality

(3.12) are existent, positive definite and nonsingular. We get

(A9 BY+(sT®1)) ((s-lm N=- (B (AN +(T@B) (1A% n-l))
= (ABYHYEURN+(sIQI)(s'I®T)

—(A® BY)(s'1® B) ((s-lA eN+U® B))-I(S'IA ® B
—(sI® (s 1@B)((sTA® ) +(I® B))'(s'A® B
= (s'A@BhY+(I®)-(I® B)((s-lA eN+(® B))'l(s-lA ® B
_(stae (A +(I®BY) (TA®BY)
= Ia-(s'AeD+UeB)("Ae N+ U8 B))’l(s"A ® B™)
+(s1A® B
= I
This means that
((A@B'1)+(sf®1))“ = (3'1I®I)—(s“I®B)((s’1A®I)+(I®B))'1(s"A®B").
It follows that
(A® B! ((s'lA eI~ (stA((sTAD+(® B) '(sA® 1)) (I® B)™!
= (A'®B) ((s-lA o1) - (sTARN((* A0 )+ (I ®B) (s'A® 1))
(1o B™)
= (A'eB)(s'A® (I ®B™)
_(AteB)(sTARN(sTAR )+ (I® B stAe (I ® BY)
= sUeh)-(HeR(sTMeN+(U® B)) N (stA® B
= (AeBY)+(sTen) .
From Lemma 3.2.1.1, we have
(A®@ B+ (sI® Nt = @eBY) (1A N+ (IeB) (e BY).
Thus,
(sTAe DT+ (I® B ' =(A@BH(A®B!)+(sI® n)'u e B).

The proof is completed. O
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Lemma 3.2.1.3. Let A, B € M, be positive definite, then for any real number r,
(A® B)" = A"® B (3.13)
Proof. Assume that A and B are positive definite.
Let M. Az, ..., An be eigenvalues of A and let p1, po, - - - , in be eigenvalues of B.
Since A and I3 are Hermitian, there exist unitary matrices U 4 and Up such that
A = UashaUj
and B = UpAgUp
where Ag = diag[h, X, .. » An)
and Ap := diaglu,p2,-. ., bnl-
Hence,
A®B = (UahaU})® (UsABUp)

= (Us®Us)(As®AB)(Uz ®Up)

= (Ua ® Up)(diagh, Az, -- -, Mn] ® diaglp, p2, - -- ,un])(Ua® UB)*

= VZV*
where V = U4 @ Upand & := diag[M1p1, A1p2, - - - s A1, A2, A2H25 - - - Antin)-
Since

VV* = (Ua®Up)Ua®Up)* = (Ua®Up)(Ui®Up)
= (UaUx)® (UsUp)
= I,QI,=1_2,

so V is unitary.
From Theorem 2.4.6, the eigenvalues of A ® B are Aiyi; foreachs,j=1,2,...,n.

This implies that A @ B = VEV* is the spectral decomposition of A ® B.
Let f be a real-valued function on R* defined by

fey = fort >0,r €R.

Clearly, f is continuous.
Since all eigenvalues of A, B and AQ B are positive real numbers, the functional calculus
for A, B and A ® B are respectively defined by
f(A) = A"=Ua diag[A\], 5, ..., Al Uz,
f(B) = B =Updiaglui,p5, .., un)Up and
f(A®@B) = (A®B)
= Vdiag[(Am)", Aap2)s - - (Apn)”, Q2p)”s G2p2)" - Ann)TIV*.
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Since A; and p; are positive for all ¢, j, we obtain

(A®BY = VdiagNjuf. Nopsb, .., Xipn, Mppd, Aotz -, At V™
= (Usa® UB)(diag[,\', Do An) ® diaglul, 5. - - .uZ]) (Ua® Up)*

= (UAdiag[/\" 5,---,/\Z]Ui) ® (UBdiag[ﬂLué,..,,#Z]UE)
= ATQB".

The proof is completed. O

Lemma 3.2.1.4. Let &1, @9, . . ., Dy be jointly concave maps from My, x My, into Mp and
let oy, a2, . . . , o, be positive scalars. Then c &1 +aa®2+- - -+ Py is jointly concave.

That is the positive linear combination of ‘jointly concave maps is jointly concave.

Proof. Let A, B € M, be Hermitian and C, D € M, be Hermitian and let 0 < € < 1be

a scalar. It follows straight forward from the definition of jointly concave map that

(1 ®) + ao®2)(eA+ (1 —€)B, eC + (1 —¢€)D)

(1®1)(cA+ (1= B, cC+ (1 - D) +(a®2)(eA+ (1 =) B,C+ (1-¢)D)
a1 ®1(eA+ (1 —€)B,eC+(1 - €)D) + aa®a(eA+ (1 —¢)B,eC+ (1 - €)D)

oy (€®1(4,C) + (1 — €)21(B, D)) + c2(e®2(A,C) + (1 — €)®a(B, D))
ean®1(4,C) +(1 - e)a1®1(B, D) 4 eag®2(A,C) + (1 - €)as®,(B, D)
e(a1®1)(A,C) + (1 — e)(e1®1)(B, D) + e(aa®2)(4,C) + (1 — €)(c2®2)(B, D)
= e(a1®; + ax®2)(4,C) + (1 —)(aa®1 + as®2)(B, D).

| AV |

il

Hence, a1 1 + ag®2 is jointly concave.
Analogously, a1®y + ag®a+ -+ o Py, is jointly concave. O

Theorem 3.2.1.5. Let A, B, C, D € M, be positive definite symmetric andlet o, B, 7,8 >
0 be scalars such thatt + s = 1. Then

(A + BB)" ® (aC + BD)Y > o(A"®C%)+ B(B" ® D?) (3.149)
with equality holds if A= B,C = D.

Proof. Let A1, X2,...,An be eigenvalues of A and let p1, p2, . - - , 4n be eigenvalues of
B. Let f be a real-valued function on R defined by

fity = t fort >0,0<r <L
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Clearly, f is continuous.
Since A;. uj > 0 for each 4, j, so /\,-,u;-l € o(AR B') foreach i, j.
Since the function f(t) = t" has an integral representation:

sintr [ s" 1t
t" = ‘ / ds.
™ 0o s+t

The functional calculus for A x B! is

f(Ag BY) = (A®B!Y

SULTT

= /Ox(.qj %) Y AQBY(A® B+ (s] s n*

ds.
™

It follows from Lemma 3.2.1.2 and Lemma 3.2.1.3 that

A"®@ BT = (A"I)®(B7"B)
= (A"®B")({&B)
= (A® B! (IgB)

L i?%rf /w(sl 2 1)~ (Ag BY(Ag B+ (sl ®1)) ds(I ® B)
0
_sinrm /°° S U AR BY)(A®BY) +(sI® 1) ds(I % B)
™ 0

_sinrr /0°° s A® BY)(A® B+ (sT® 1) (I = B)ds

T

T2
\ g / S (sTAR I+ (I @ BYY)ds.
JO

s

Since s'A ® I and I & B are positive definite, by Lemma 2.8.9 we have the map @
defined by

d(sTARI I8 B) = ((sTAI)'+(I® B

is jointly concave.

Lemma 3.2.1.4 states that the positive linear combination of the jointly concave maps is
jointly concave. Hence, from a view of the Riemann integral, the integrand is also jointly
concave, and so is A7 ® B! .

That is, for any Hermitian matrices A. B,C.Dand 0 < e < 1,

(eA+(1—€)B)" 8 (eC+ (1~ D) > ((ATQCT)+(1—€)(B"® D'y,
(eA+(1—¢€)B) ® (eC+ (1 - €)D)® > (A"T®C°)+(1-¢€)(B"& D?)

where s > 0andr +s=1.
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Since 0 < —a—‘#,- < 1, by setting € = 535, we get

1

o ﬂ(a(Ar ® C°) + B(B" ® D))
— a T 8 ﬂ T s
= a+,[3(A ®C)+—_a+,8(B ® D?)
Qa I} T a Jj s
< Giprraes®) © Gt ars)

1 P .
m(aA+ﬂB) ®m(00+ﬂp)
= (a+ﬁ)’"l(a+ﬁ)s((““’ +6B)’ & (aC+ D))
- aiﬁ((aA+ﬂB)r®(aC+5D)s).

Since o + [ > 0, we get

(aA+BBY ® (aC+BD)* > a(A"®C®)+B(B ® D).

For the case of equality, assume that A= B ,C = D. We obtain

(@A + AT ®C+pC)y = ((e+ B)A) @ ((a +B)C)°
= (a+BVA"® (a+p)C°
=  (a+B)(a+B)(A®C%)
= (a+BARC%
= alA"@C%)+B(A"® C?).
So the equality holds. The theorem is established. O

Remark 3.2.1.6.

(aA 4+ BB)" @ (aC + BD)® and a(AT ® C*) + B(B" ® D*) are Hermitian since

they are positive definite.
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3.2.2 Special cases

Now we will consider some special cases of Theorem 3.2.1.5. The first case is
whenx + 3= 1.

Corollary 3.2.2.1. Let A,B € My be positive definite symmetric and let r,s > 0 be
scalars such thatr + s = 1. Then amap @ defined by ®(A,B) = A" @ B¢ is jointly

concave.

Proof. Let0 < ¢ < 1. By specializing @ = cand f =1 —¢ in Theorem 3.2.1.5, we
obtain that for any Hermitian matrices A, B,C, D and any scalar 0 < € < 1,

(A+(1—By ®(C+(1-D)P 2 A ®C)+1-(B"8 D).

Thus, a map @ defined by ®(A, B) = AT ® BS is jointly concave by Definition 2.8.5of

jointly concave map. a

Before going on, we prove some lemmas.

Lemma 3.2.2.2. Let A € M, and let k be a positive integer. If A is positive definite, then

for any real number r,
(ABF)T = (A%, (3.15)

Proof. We use an induction on k. Clearly, this statement is true for k = 1.

Now assume that this is true for positive integer k=np,ie,
(457 = (4D

Since A%? is positive definite, by Lemma 3.2.1.3, we have

(A®A%) = A ®(A%F).
Hence,
(A®(p+l))'r — AT ® (A'r)®P
— (Ar)QO(p+1)'

Thus, this is also true for k =p + 1. The proof is completed. ]
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There are many others special cases. There are 3 types of them: the equality be-
tween the matrices; the equality between the coefficients (scalars «, 5); and the equality

between the powers of matrices. We divide them into 4 cases as follows:
1. the case when A = C, B = D;
2. thecasewhen A =D, B=C;,
3. the case when r = s; and
4. the case when a = (.
Combining all of them, there are 16 possible cases (which include the general

case). The details for each case are shown in Table 3.1 (except for the general case).

Table 3.1: The Special Cases of Theorem 3.2.1.5

Conditions Results
A,B,C,D T, S a, 3 | Corollary | Inequality
- A/ V=63 3.16
- N s - 3224 3.17
- r=s|la=0}{ 3226 3.20
A=CB=D - - 3225 3.18
A=C,B=D - la=pg]| 3227 3.21
A=C,B=D [r=s - 3.2.2.8 3.23
A=C,B=D |r=s|a=0| 3229 3.25
A=D,B=C - - 3.2.25 3.19
A=D,B=C a=p| 3227 3.22
A=D,B=C |[r=s - 3228 3.24
A=D,B=C |r=s|a=p| 3229 3.26
A=B=C=D| - - Equality Case
A=B=C=D| - |a=p Equality Case
A=B=C=D|r=s - Equality Case
A=B=C=D|r=s|a=p Equality Case

We summarize these cases into 7 corollaries as follows (depend on the hypotheses).
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Corollary 3.2.2.3. Let A,B,C,D € M,, be positive definite symmetric andletrt,s > 0

scalars such thatr + s = 1. Then
(A+ B ®(C+ D)} > (Ar(X)Cs)-i-(BT(X) D?) (3.16)
with equality holds if A= B ,C = D.

Proof. By setting o = 3 in Theorem 3.2.1.5, we obtain

(aA+aB)" ® (aC+aD)® 2 a(A” ® C*) + a(B" ® D?),
a(A+B) ®a’(C+ D} > oA"® C®) + a(B" ® D),
ot ((A+ By ®(C+D)) = a(A” ® C°) + a(B" ® D?),
a((A+ By ®@(C+Dy) 2 a((4A” ® C*) + (B” ® D)) .
(A+BYe®(C+D)y =2 (A" ® C°) + (B" ® D°).
The case of equality is same as Theorem 3.2.1.5. The proof is completed. ]

Corollary 3.2.24. Let A, B,C,D € M, be positive definite symmetric andlet o, >0

be scalars. Then

(ad+8B)@(@C+6D)} > alA80) +B(B® D)} 3.17)
with equality holds if A =B,C=D.
Proof. By setting r = s in Theorem 3.2.1.5, wegetr = 1/2 and

(aA+BB)E @ (aC+BD)E 2 (A} ® CY) + B(BE ® DP),
(aA+8B)®(C+BD)E > a(A@C)E+AB® D)t.

The last inequality follows from Lemma 3.2.1.3.
The case of equality is same as Theorem 3.2.1.5. The proof is completed. a

Corollary 3.2.2.5. Let A,B € M, be positive definite symmetric and let o, 8,7, > 0

be scalars such thatr +s = 1. Then

(aA+BBY ®(cA+PB)} = oA @A) +H(B ®©B), (I8
(aA+PBY ® (BA+aB) 2 oA ®@B)+AB @A)  GI19

with equalities hold if A = B. The inequality (3.18) also becomes an equality ifn = 1.
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Proof. By setting A = C,B =D in Theorem 3.2.1.5, we get (3.18). By setting A =
D, B = C in Theorem 3.2.1.5, we get (3.19).
For the inequality (3.18) if A = B, we obtain

(aA+ BA) ® (@A +pA)P = (+ B A" @ ( + p)°A°

=  (a+B)(a+p) (N QA%

= (a+pP)(A" ® A%)

=  a(A"®A%)+ B(AT® A%).
So the equality holds. Similarly, the other one holds when A = 3.
Obviously, the inequality (3.18) also becomes an equality if n = 1. 0O
Corollary 3.2.2.6. Let A,B,C,D € M., be positive definite symmetric. Then

1
(A+B)®(C+D)? = (A® C)} +(B® D)? (3.20)

with equality holds if A= B, C = D.

Proof. By setting o = § in Corollary 3.2.2.4, we get

(cA+aB)@@C+aD)! > alABC):+a(B & D)},
(a(A+BloaC+D)! > a(AeC)t+BeD)),
@A+ByoE+D): = al(AeC)i+BeD)),

((A+B)®(C+D))’i’ > (A®C) +(B® D)L
The case of equality is same as Corollary 3224 a

Corollary 3.2.2.7. Let A,B € My be positive definite symmetric and let r,s > 0 be
scalars such that + s = 1. Then
(A+ B ®A+B) 2 (A" ® A°) +(B" ® B°), (3.21)
(A+BY®(A+B)’ 2 (A" ® B®) + (B"® A%) (3.22)

with equalities hold if A = B. The inequality (3.21) also becomes an equality ifn = 1.
Proof. By setting a = (3 in (3.18) in Corollary 3.2.2.5, we get
(aA+aB) ® (@A+aB)® 2 (A" ® A®) + a(B" ® B?),

oA+ B @ct(A+ By = a(A’®A%)+a(B"®BY),

ot (A+ By ®(A+B)Y) = o((A®A)+(B ®B%),

a((A+BY ®(A+B)) > a((4"®A")+(B"®B%)),
(A+BI®(A+B) = (A®A)+(B ®B")
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Similarly, by setting & = 3 in (3.19) in Corollary 3.2.2.5, we get (3.22).
The case of equalities is same as Corollary 3.2.2.5. a

Corollary 3.2.2.8. Let A, 3 € My, be positive definite symmetric and let v, 3 > 0 be
scalars. Then
((cA+ 8B)})® a(AD)®2 + B(BE)S?, (3.23)
1
(cA+PB)®(BA+aB)? 2 oA® Bt +B(B® At (324)

v

with equalities hold if A= B. The inequality (3.23) also becomes an equality ifn = 1.
Proof. By setting r = s in the inequality (3.18), we getr = 1/2 and
(cA+8BHT > a(A)+ (B,
—  a(A})®24 G(BY)®2
The last equality follows from Lemma 222
By setting r = s in the inequality (3.19), we get the inequality (3.24).
For the inequality (3.23), if A = B, we obtain
(@A+BAH® = ((a+p2an)™
= ((a+p}) (4D
= (a+H)(4)>
_ a(AD)®? 4+ B(A)22.
So the equality holds. Similarly, the other one holds when A = B.
Obviously, the inequality (3.23) becomes an equality when n = 1. O

Corollary 3.2.2.9. Let A,B € M, be positive definite symmeltric. Then

(A+ BB > (A0 (32)%2, (3.25)
(A+B)H® > (A8B)I+(BY® A)? (3.26)

with equalities hold if A = B. The inequality (3.25) also becomes an equality ifn = 1.
Proof. By setting 7 = s in (3.21) in Corollary 3.2.2.7, we get 7 = 1/2 and

A+BEeA+B)E > (A} @ Ab) + (31 @ BE),
(A+B)H* = (AB)®2 4 (BE)¥2.

Similarly, by setting 7 = s in the inequality (3.22) in Corollary 3.2.2.7, we get (3.26).
The case of equalities is same as Corollary 3.2.2.7. Obviously, the inequality (3.25)

becomes an equality whenn = 1. 0
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Remark 3.2.2.10.

For the inequality (3.26) in Corollary 3229, whenn = 1, let A = [a] and

B = [b], we get
@+batnt = (@)E+ (ba)?,
(@) < %(a+b).

This is the AM—GM inequality for real numbers.

3.2.3 Observations

Lemma 3.2.1.3 states that if A and B are positive definite, then for any real
pumber r, (A ® B)" = A” ® B". We knew that for any positive integer p, (A ® B)P =

AP ® BP. What happen when A and B are positive semidefinite or nonsingular?
Observation 3.2.3.1. Let A, B € Mi,..

1. If A and B are positive semidefinite, then for any nonnegative real number r, (A®
B =A"®B".

2. If A and B are nonsingular, then for any integer k, (A® B)* = AF @ B*.

Proof. The proof of the first assertion is similar to Lemma 3.2.1.3. Observe that when
A is positive semidefinite, AT exists for any nonnegative real number 7. For the second
assertion, it suffices to prove only when k < 0. Since A and B are nonsingular, A® B is
also nonsingular by Corollary 2.4.5. It follows that

(A® B = ((4® By
(Alg B

L (A-l)—k ® (B-l)—k
— AF@ Bk

I

The proof is completed. a

Lemma 3.1.3.2 states that if A is positive definite, then for any real number r, A”

is also positive definite. What happen when A is positive semidefinite or Hermitian ?
Observation 3.2.3.2. Let A € M,

1. If A is positive semidefinite, then for any nonnegative real number s, A® is positive

semidefinite.
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2. If A is nonsingular Hermitian, then for any integer k, AF is nonsingular Hermitian.
3. If A is Hermitian, then for any nonnegative integer p, AP is Hermitian.

Proof. The proof is similar to Lemma 3.1.3.2. Observe that when A is Hermitian, AP
exists for any nonnegative integer p; when A is nonsingular Hermitian, AF is exist for
any integer k; and when A is positive semidefinite, AS exists for any nonnegative real

number s. O

Lemma 3.2.2.2 states that if A is positive definite, then for any real number r and
positive integer k, (A®¥)" = (AT)®*. In fact, we knew that for any square matrix A (not
necessarily Hermitian) if &, ! are positive integers, then (A®F)! = (A")®*. What happen

when A is positive semidefinite or nonsingular?
Observation 3.2.3.3. Let A € M, and let k be any positive integer.

1. If A is positive semidefinite, then for any nonnegative real number s, (A®F)® =
( As)®k'

2. If A is nonsingular, then for any integer p, (A®F)P = (AP)®F,

Proof. The proof f the first assertion is similar to Lemma 3.2.2.2. Observe that when
A is positive semidefinite, AT exists for any nonnegative real number r. For the second
assertion, it suffices to prove only when p < 0. Since A and B are nonsingular, from
Corollary 2.4.5, we have (A®F)! = (A'1)®* and consequently

(AP = (4%
= (@)
= (@™
= AP)@k_

The proof is completed. O
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3.3 Inequalities Involving the Hadamard Product of Power

of Linear Combination of Matrices

In this section, inequalities involving the Hadamard product of power of linear
combination of matrices are established. First we prove an inequality in the Lowner
partial order between (aA + BB) o (aC + BD)* and a(AT o C*) + B(B" o D?) in
Theorem 3.3.1.3 in Subsection 3.3.1. This theorem yields another inequalities as its
special cases which are stated in Subsection 3.3.2. In Subsection 3.3.3, we give some

interesting observations which are related to Subsection 3.3.1 and Subsection 3.3.2.

3.3.1 Main Results

To prove the main theorem, we need some lemmas.

Lemma 3.3.1.1. Let ¢ : M — Mn. If @ is linear, then  is an operator monotone if
and only if p is positive.

Proof. Let ¢ : M, — M, be linear.
First assume that ¢ is positive.
Let A, B € M, such that A < B,ie,B—AZ>0.
. The positivity of ¢ implies ¢(B — A) > 0.
Then the linearity of ¢ implies ¢(B) — ¢(A) = 0, ie., p(A) < p(B).
Hence, ¢ is an operator monotone.
Now assume that ¢ is an operator monotone.
Let A € M, be positive semidefinite, i.e., A > 0.
The monotonicity of ¢ implies p(A) = (0 and s0 (A) = ¢(0) 2 0.
Then the linearity of ¢ implies ¢(A —0) = p(A) > 0.
Hence, ¢ is positive.

The proof is completed. O

Lemma 3.3.1.2. Let ¢ : M, — Mp, be positive linear. Let ® : M, x Mp — M, be

jointly concave. Then @ o & is jointly concave.

Proof. Let A,B,C,D € M be Hermitian and let 0 < € < 1 be a scalar.
By Lemma 3.3.1.1, ¢ is an operator monotone. It follows from the linearity and monotonic-

ity of ¢ and the concavity of @ that
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(¢ o ®)(cA+ (1 —€)B,eC+(1—¢D) <p(<1>(eA +(1—€)B,eC+ (1~ e)D))

> o(ed(A,C) + (1 - )®(B, D))
= ep(®(A,0)) + (1 - e)p(®(B, D))
= e(po®)(A,C)+(1—€)po ®)(B. D).
Hence, g o @ is jointly concave. The proof is completed. O

Theorem 3.3.1.3. Let A, B,C,D € M,, be positive definite symmetric and let x, 3,r.,s >
0 be scalars such thatt +s = 1. Then

(@A + BB) o (aC + BD) > a(AToC%)+ B(B" o D®) (3.27)
with equality holds if A= B, C=D.

Proof. From Corollary 3.2.2.1, we have that a map ® defined by ®(A,B) = A" ® B®is
jointly concave forr,s > O such thatr +s= 1.

Since there is a unital positive linear map ¢ such that (A ® B) = Ao B, this implies
that for r, s > O such thatr + s = 1,

(po®)(A,B) = o(®(A, B)) = (AT & B%) = A" o B°.

By Lemma 3.3.1.2, this map is jointly concave.
Hence, for any positive definite matrices A, B,C,Dand0 < e <1,

(cA+(1—€B) o(eC + (1L—e)D)° = (A" o C%) + (1 —€)(B" o D?).
Since 0 < 355 <1, by replacing ¢ with 337 , we get

(aA+ﬂB)ro(aC+ﬂD)s

a+pf a+f a+pf a+p
a T S /3 T o DS
> a+ﬂ(AoC)+——a+ﬂ(B D),
1 r 1 s
el R e
1 T S T -]
> (H_ﬁ(a(A o C%) + B(B" 0 D*)),
_li_ﬂ((aA-i-ﬁB)r o (aC’+ﬂD)s)
> —(ata 00 4887 D).
(aA+BBY o(@C+BD) > a(AToC*)+pB(B o D).
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For the case of equality, assume that A = B, C = D. We obtain

(@A + BA) o (aC + pCy? = ((a+ B)A) o ((a+ BC)°
= (a+B) A o(a+B)°C”
=  (a+B)(a+B (AT ()
=  (a+B)(AT0C)
=  a(AToC%)+ (AT C7).
So the equality holds. The theorem is established. 0

3.3.2 Special cases

Now, let us consider special cases of the main result (Theorem 3.3.1.3). There are
3 types of them: the equality between the matrices; the equality between the coefficients
(scalars); and the equality between the powers of matrices. We divide them into 4 cases

as follows:
1. the case when A =C, B=D;
2 the case when A = D, B =C;
3. the case when r = s; and
4, the case when a = f3.

Combining all of them, there are 16 possible cases (which include the general

case). The details for each case are shown in Table 3.1 (except for the general case).
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Table 3.2: The Special Cases of Theorem 3.3.1.3

Conditions Results
A,B,C,D T, o, | Corollary | Inequality
- - ja=p| 3321 3.28
- r=s - 3322 3.29
- r=s|a=0]| 3324 3.32
A=C.B=D - - 3323 3.30
A=C.B=D - la=p}| 3325 3.33
A=CB=D |r=s - 33.2.6 3.35
A=C.B=D |r=s|a=08| 3327 3.37
A=DB=C - - 3323 3.31
A=D.B=C - ja=p| 3325 3.34
A=D,B=C |r=s - 33.2.6 3.36
A=D.B=C |r=s|a=p8| 3327 3.38
A=B=C=D}| - - Equality Case
A=B=C=D| - |a=p Equality Case
A=B=C=D|r=s - Equality Case
A=B=C=D|r=s|a=0 Equality Case

These cases lead to 7 corollaries as follows (depend on the hypotheses).

Corollary 3.3.2.1. Let A, B,C, D € My, be positive definite symmetric and lett,s > 0

be scalars such thatr + s = 1. Then

(A+B) o(C+D)* > (A oC’°)+(B"oD?) (3.28)
with equality holds if A = B,C = D.
Proof. By setting o = 3 in Theorem 3.3.1.3, we obtain

(aA + aB)" o (aC + aD)* a(A" o C*) + a(B" o D%),

o (A+B) 0a®(C+D)* > a(A"oC®)+a(B o D?),

& a*((A+BY o(C+D)) 2 a((AoC%)+ (B o D%),
(A+B)" o(C+D)* > (A"oC?)+(B"oD").

v

The case of equality is same as Theorem 3.3.1.3. O
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Corollary 3.3.2.2. Let A,B,C,D € M, be positive definite symmetric andleta,3 >0

be scalars. Then
(eA+BB)o(aC+8D)E > a(A} 0 CF) + B(B? 0 DY) (3.29)
with equality holds if A= B,C = D.

Proof. By setting 7 = sin Theorem 3.3.1.3, we get r = 1/2 and then (3.29). The case

of equality is same as Theorem 3.3.1.3. O

Corollary 3.3.2.3. Let A, B € M, be positive definite symmetric and let «, B,r,s >0
be scalars such that T +s = 1. Then
(aA+ BB) o (aA+ BB)® > oA o A%) + B(B" o B%), (3.30)
(aA+BB) o(BA+aB)’ 2 a(AT 0 B®) + (A% o B') (3.31)

with equalities hold if A = B. The inequality (3.30) also becomes an equality ifn = 1.

Proof. By setting A = C,B = D in Theorem 3.3.1.3, we get (3.30). By setting A =
D, B = C in Theorem 3.3.1.3, we get

(aA+BB) o(BA+aB) 2 a(A" o B%) + B(B" 0 A%)

= a(A"oB%) + B(A%0 B").
For the inequality (3.30), if A = B, we obtain
(@A +PBA) o (aA+ BAY = (a+p)ATo(a+ B)° A®
= (a+PB)(@+B)y (A7 0 A%)
= (a+B)(A" 0 A%)
= alAToA’)+p(A"o A%).

So the equality holds. Similarly, the other one holds when A = 3.
Obviously, the inequality (3.30) also becomes an equality whenn = 1. 0O

Corollary 3.3.2.4. Let A, B, C, D € My, be positive definite symmetric. Then
(A+B)io(C+D)f 2 (AtoCH) + (Bt o D}) (3.32)

with equality holds if A = B, C=D.
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Proof. By setting a = 3 in Corollary 3.3.2.2, we get

(aA+aB)%0(aC’+aD)§ > a(A%OC%)-i-a(B’i’OD%).
0¥ (A+B)ioad(C+ D) > a((Af 0 C?) + (BY 0 D?)),
W(A+BlEo(C+D)E > a4 oC}) + (B o D?)),
A+B)lo(C+D)} = (AleCh+ (B% o D?).
The case of equality is same as Corollary 3.3.2.2. O

Corollary 3.3.2.5. Let A,B € My be positive definite symmetric and let r,s > 0 be
scalars such thatr + s = 1. Then
(A+ B) o (A+ B = (Ao A)+ (B" o B®%), (3.33)
(A+B)Yo(A+B) 2 (A" o B%) +(A°0 B) (3.34)

with equalities hold if A = B. The inequality (3.33) also becomes an equality when

n=1
Proof. By setting a = f in (3.30) in Corollary 3.3.2.3, we get

(kA +aB) o(aA+aB)’ 2 a(A7 0 A®) + a(B7 0 B?),

aT(A+BY oo’ (A+ By 2 a(AToA%)+a(B 0B,

TS ((A+BYo(A+B)y) = of(dTeA)+(BTo B*)),

a((A+B)Y o(A+B)) =2 a((A” 0 A*) + (BT 0 B%)),
(A+ By o(A+B)? = (AT0A")+(B"oB)

Similarly, by setting o =  in (3.31) in Corollary 3.3.2.3, we get (3.34).
The case of equalities is same as Corollary 3.3.2.3. O

Corollary 3.3.2.6. Let A,B € M be positive definite symmetric and let o, > 0 be

scalars. Then

(eA+6BH)P 2 a(an)®+ aBHP, (339
(@A+BB)to(BA+aB)t 2 (a+ B)(A? o BY) (3.36)

with equalities hold if A = B. The inequality (3.35) also becomes an equality ifn = 1.
Proof. By setting r = s in the inequality (3.30), we getT =1 /2 and
(@A+BB)o@A+pB)} 2 o(atodn)+ (B} o BY),
(cA+8BHD > a(ah®+pBH®.
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By setting r = s in the inequality (3.31), we get

(aA+BB)o(BA+aB)? 2 a(A} o BY) + B(B1 0 A%)
= a(atoBY) +p(at 0 B2)
= (a+B)(AtoBY)

For the inequality (3.35), if A = B, we obtain
(aA+sAN® = (@+piah)?
= ((a+ A} (AaH®

(a + B)(AD)®
= a(A%)@) + ﬁ(A%)@)_

So the equality holds. Similarly, the other one holds when A = B.
Obviously, the inequality (3.35) becomes an equality whenn = 1. (]

Corollary 3.3.2.7. Let A,B € Min be positive definite symmetric. Then

(eBhH® = (aHP+(BH, (3.37)
(A+BH® > 24loB3) (3.38)

with equalities hold if A = B. The inequality (3.37) also becomes an equality if n = 1.
Proof. By setting r = s in the inequality (3.33) in Corollary 3.3.2.5,wegetT = 1/2and

(A+B)lo(a+BE 2 (A} o A%) + (BY o BY),
(A+BH? > h@+(BH?.

Similarly, by setting 7 = s in the inequality (3.34) in Corollary 3.3.2.5, we get (3.38).
The case of equalities is same as Corollary 3.3.2.5. Obviously, the inequality (3.37)

becomes an equality whenn = 1. O

Remark 3.3.2.8.

For the inequality (3.38) in Corollary 3327 whenn = llet A = [a] and
13 = [b], we get

(@+d)i@+bi 2 2(a2b?),

(ab)r < -12-(a+ b).

This is the AM—GM inequality for real numbers.
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3.3.3 Observations

WeknewthatifA®A=0thenA=0andA0A=OthenA:O. Let us

generalize these statements.

Observation 3.3.3.1. Let A € My, (not necessarily Hermitian). Then for any positive

integer k,
1. A®% =0 ifandonlyif A=0,
2. A®) =0ifandonlyif A=0.

Proof. Use the definition of the kth the Kronecker power and the definition of the kth

Hadamard power. 0

Observation 3.3.3.2. Let A € M, be Hermitian. Then A = I ifand only if 5(A) = {1}.

Proof. Obviously, if A =T, then a(A) = {1}. Now assume that a(A) = {1}.
Since A is Hermitian, there is a unitary matrix U such that

A = Udiagl,},..., ju*.

Hence,
A =g = L

Thatis A = I if and only if (A) = {1}. o

We finish this chapter with the question that does AT = A® implies r = s when

A and B are positive definite. The answer is the following observation.

Observation 3.3.3.3. Let A € My, be positive definite. Then for any real numbers r and
s, AT = A% ifandonly ifr = sor A= I.

Proof. Obviously, if r = s or A = I, then A” = A®. Now assume that A™ = A®.
Recall the spectral decomposition of A, there is a unitary matrix U = [u;;] such that

A = Ud'iag[)\l,)\z,. ..,/\n] U*
where A\1. X2, ..., Aq are eigenvalues of A. It follows that

AT — A3 U diag[X}, X, . .., Xo) U” — U diag[X, A3, ., ARl U”

—  Udiag]\] = AN = A, AL = ARl U

1
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Consider (i,4)th entry of A” — A®. We have

(A — A% = ua(A] = M) +vaz(X — AYas + -+ win(An — A3 )Wn
= O = )+ O = M)l -+ (An - A5 win®
n
3 (O = Mol
m=1
Assume that A # I. Need to show that 7 = s.
Since A is Hermitian, from the previous observation this is equivalent to say that there is
M €0(A),1<psn such that A, # 1.
Suppose that 7 # s.

We have that X\, — A, are all positive or negative for m = 1, 2,...,nsuch that Ay # 1.
This implies tpm, = 0 forallm = o A—N

This yields that all entries in the pth row of U are all zero. Hence, det(U) = 0.

This leads to a contradiction since U is unitary ( | det(U)| = 1)-

Sor =s.

Now assume that r # s. Need to show that A=1
Suppose that A # 1.
Since A is Hermitian, from the previous observation this is equivalent to say that there is
Neo(A),1<I<n such that \; # L.
We have that A7, — A3, are all positive or negative form = 1,2,...,nsuch that Amm # 1.
This implies uym = 0 for allm=1,2,...,n.
This yields that all entries in the Ith Tow of U are all zero. Hence, det(U) = 0.
This leads to a contradiction since U is unitary (| det(U)| = 1).
SoA=1.
This completes the proof. O

The previous observation states that if A is positive definite, then for any real
number  and s, A” = A® ifand only if 7 = s or A = I. What happen when A is positive

semidefinite or Hermitian ?
Observation 3.3.3.4. Let A € My, be Hermitian.

1. Then for any nonnegative integers p and g, AP = A% if and only if p = q or A=1
or A=0.

2. If A is nonsingular Hermitian, then for any integers h.and k, Ak = A¥ if and only
ifh=korA=1
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3. If Ais positive semidefinite, then for any nonnegative real numbers T ands, AT =
AS ifand only if T =sorA=1orA=0.

Proof. The proof is similar to Observation 3.3.3.3. Observe that when A is Hermitian,
AP exists for any nonnegative integer p; when A is nonsingular Hermitian, AF exists for
any integer k; and when A is positive semidefinite, AT exists for any nonnegative real

number 7. 0

Remark 3.3.3.5.
Compare Observation 3.3.3.4 with a following fact for real numbers. Leta € R.

1. Then for any nonnegative integers p and g, aP = a? ifand only if p = qora = 1

ora=0.

5 If a is nonzero, then for any integers h and k, o = o if and only if h = k or

a=1.

3. If a is nonnegative, then for any nonnegative real numbers 7 and s, a” = a° ifand

onlyifr=sora=1ora=0.

So the previous observation is a matrix version of this fact. We knew that the zero
matrix plays a role like the real number 0 and the identity matrix plays a role like the real
number 1. Actually, a Hermitian matrix plays a role like a real number, a nonsingular
Hermitian matrix plays a role like a nonzero real number, a positive semidefinite ma-
trix (sometimes called nonnegative definite matrix) plays a role like a nonnegative real

number and a positive definite matrix plays a role like a positive real number.



53

3.4 Numerical Examples

In this section, we give some numerical examples to guarantee our results. The

tool we use is the mathematical program which is called Maple 9.5.
Example 3.4.1.

Consider the inequality involving the 2nd power of linear combination of the

[33] =[5

in the case whena =4, g =3.

given matrices

We see that A and B are positive definite symmetric and « and 3 satisfy the

hypothesis of Theorem 3.1.1.1. We get

o |54 g |8
4 51|’ 14 29
[ 14 10
aA+pB =
10 23
[ 906 370
aA+ BB =
& 370 629}
g |1
58 107

1 1112 36
A2 + BB?) — A+BB)? = = > 0.
(a BB?) a+ﬂ(a BB) AP

Therefore,

2 2 2
A AB) < ad’+pBR

This example supports the result of Theorem 3.1.1.1. O



Example 3.4.2.

Consider the inequality involving the 2nd power of the given matrices

[3) L)

We see that A and B are positive definite symmetric. We obtain

o2 - 13 21 g 73 30
| 21 34 30 13
[ 100 ©
(A+B)? = 0 .
0 49
Hence,
76 18
2(A%2+ B*) — (A+B)* = >0.
18 45
Therefore,
(A+B)? < 2(A*+B?).
Next since
7 =
AB = B . BA = i ,
29" 0 1
we get
[ 72 18]
(A% + B?) — (AB+ BA) = >0,
18 45
72 18]
(A+ B)2 —2(AB + BA) = >0.
18 45
L J
Therefore,

2AB+BA) < (A+B? < 2A%+BY).

This example supports the result of Corollary 3.1.2.3.

54
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Example 3.4.3.

Consider the inequality involving the Kronecker product of power of linear com-

bination of the given matrices
5 3 2 -1 20 1 -2
A= ,B= ,C = , and D =
3 2 -1 1 0 2 -2 6
inthecasewhena =1, 8 =2,7r=1/3, s=2/3.

We see that A, B,C and D are positive definite symmetric and ¢, 3,7 and s
satisfy the hypothesis of Theorem 3.2.1.5. We obtain

91 4 -4
oA+ BB = ,aC+pBD = ,
1 4 —4 14
2.076 0.099 2.361 -—1.344
(aA+BB) = , (aC +BD)° ~ ,
0.099 1.581 —1.344 5.719
ol = 1i520) 0614 | | sl EBBH~0 \\
] 0.614 0.906 0 1.587
H2 1108 0202 | | 0787 0970 |
] —0.292 0.906 —-0.970 3.214
It follows that

(2412 0 0974 0 |
0 2412 0 0974

ATQC® o~ )
0974 0 1438 0
|0 0974 0 1438 |
[ 0.043 —1.162 —0.230 0.283 |
U _1.162 3850 0.283 0.938

—-0.230 0.283 0.713 -0.879
| 0.283 -0.938 —0.879 2.912
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Hence,

4091 -2.769 0234 —0.133 |

_9769 11.873 —0.133 0.15

(A + BB) ® (aC + BD)* =~ T
0234 —0133 3.733 —2.125

| —0.133 0.157 —2.125 9.042

4298 —2.324 0.514 0.476
—2.324 10.112 0.566 —0.902

0.514 0566 2.864 —1.758
| 0.476 -0.902 —-1.758 7.262

a(A” ® C°) + B(B" ® D?)

Q

Thus,
(a(A” ® C*) + B(B" ® D*)) — ((aA + BB)" ® (aC + D)%)

0.603 —0.445 —0.280 —0.609 |
—0.445 1.761 —0.699 1.059
~0.280 —0.699 0.869 —0.367
~0.609 1.059 ~—0.367 1.780 |

Q

The eigenvalues of this matrix are 0.019, 0.554, 1.190 and 3.249. So this matrix is
Hermitian and its eigenvalues are all nonnegative. This means that this matrix is positive

semidefinite, i.e.,
(aA+BB) ® (aC + BD)? > a(A"®C%)+ B(B" ® D®).

This example supports the result of Theorem 3.2.1.5. O

Example 3.4.4.

Consider the inequality involving the Hadamard product of power of linear com-

bination of the given matrices

Azls 3},3:{2 4},0:[2 0},andD=[1 —2}
3 2 11 0 2 2 6

inthe case whena =2, f=1,r=2/3, s=1/3.
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We see that A, B,C and D are positive definite symmetric and a, 4,7 and s
satisfy the hypothesis of Theorem 3.3.1.3. We obtain

[ 12 5 5 —2
aA+pBB = ,aC+pD = ,
| 5 5 —2 10
[ 5.082 1.714 | 1689 —0.180
(aA+BB) = , (aC + BD)* =
1714 2.683 —0.180 2.140
- ;
P 2688 1490 | oy 1260 0 |
| 1490 1.198 0 1.260
I 1520 0614 | | 0802 ~0.380 |
| -0.614 0,906 0380 1.752
1t follows that
o 3387 0 |
| 0 1509
Fow 1,219 0.238 |
(o] ~ S
0.238 1.587
Hence,
[ 8583 —0.309
aA+ BBY o (aC + BD)? ~
(9 BBY o|(aC+BD) | 0300 5742 }
[ 7.093 0.233
AT o C®) + (BT o D? = y
( )+ 5 ) | 0.233 4.605}

Thus,
(a(AT o C%) + B(B" o D*%) — ((aA+BB) o (aC + BD)®)

N 0.490 —0.542
~ | —os42 1137 |
We see that this matrix is positive semidefinite, ie.,

(@A + BB) o(aC+BD)* = a(A"0C®)+B(B" o D).

This example supports the result of Theorem 33.13. a
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Consider the inequality involving the Hadamard product of power of linear com-

bination of the given matrices

(V3 12 -1
A= |1/2 V7T-1 0851 | ,B=
| -1 0851 2v2
B 0 e
C = |2 5219 v29|{.D=| -2
[0 V29 8 ~0.1

inthe case whena =3, f =4, r = 3/4, s=1/4.

Vi o 17/4 1
17/4 6V/6—4 3.851
1 381 3V3

1

-2 =01
4567 Y17
¥17 8

We see that A, B,C and D are positive definite symmetric and o, 3,7 and s
satisfy the hypothesis of Theorem 3.3.1.3. We obtain

[ 3V3+ 47
37/2
1

aA+ BB 3\/7+

i
-37r+4e
2.9
| 04
[ 7.172  6.194
6.194 17.371
| —0.200 5596

2.121
—0.043 2.366
| —0.0001 0.261

[ 1442 0.381
0.381 1.395
| —0.650 0.563

[ 1986 0.193
0.193 1.453
| —0.020 0.154

-2

aC + 8D 33.925

(aA + BB)

Q

12

(«C + BD)?

Q

AT

Q

2.1

CS

Q

0.1

37/2

17.957

329 + 4V17
—0.200
5.596
170

~0.651 |
0.563

~0.029 |

1.662

1
17.957

612+ 123
—0.4
329 + 4917
56

24+/6 — 16

1

H

—0.043 ~0.0001

0.261
2.701

?

12

54
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[ 1.759 2.103 0.352
2103 5.649 1.754 |,
| 0.352 1.754 3.301

[ 1222 —0.223 0.031
0223 1379 0.182
0.031 0.182 1.655

BT

Q

DS

Q

It follows that

[ 1.854 0.074 0.019
AT0C® =~ 0.074 2.027 0.087 | ,
| 0.019 0.087 3.512

[ 2150 —0.469 0.011
BoD® =~ —~0.469 7.790 0.320
0.011 0320 5.465

N

Hence,

[ 15213 —0.269 0.00003
(@A +BBY o (aC+BD)° =~ 0269 41.103 1461 |,
| 0.00003 1.461 32876
[ 14164 —1.655 0.100
a(AToC%) +B(BToD%)  w —1.655 37.241 1.539
0.100  1.539 32.396

L

Thus,
(a(AT 0 C°) + B(B" o D*)) — ((aA+BB) o (aC + BD)?)

1.049 1.386 —0.100
R 1.386 3.862 —0.078
—0.100 -0.078 0.480

The eigenvalues of this matrix are 0.415,0.542 and 4.432. So this matrix is Her-
mitian and its eigenvalues are all nonnegative. This means that this matrix is positive

semidefinite, i.e.,
(aA+BB) o(aC+BD)° 2 «(AToC®)+p(B o D?).

This example supports the result of Theorem 3.3.1.3. O



CHAPTER 4

INEQUALITIES OF TRACE

In this chapter, inequalities of trace for positive definite symmetric matrices are
established. These inequalities are shown in Section 4.1-Section 4.3. To guarantee our

results, we give some numerical examples in Section 4.4.

The main tools we use are properties of trace in Proposition 2.1.2 and Theorem

2.6.4 which is stated that for any positive definite matrices A, B € M,
A>B = tr(A) > tr(B).

Note that the traces of positive definite symmetric matrices are always positive

real numbers, assuring that we can compare them.

4.1 Inequalities of Trace Involving the 2nd Power of Linear

Combination of Two Matrices

In this section, we prove inequalities of trace involving the 2nd power of linear
combination of two matrices. The main result is Theorem 4.1.1. The consequent results

and special cases are also considered.

Theorem 4.1.1. Let A, B € My, be positive definite symmetric and let o, > 0 be

scalars. Then

1 2 2 2
<
e ((aA+ﬂB)) < atr(A?) + Btr(B?) 4.1)
with equality holds if and only if A = B.
Proof. Since A and B are positive definite and o, 3 are positive, 50 g35(cxA + BB)? and
aA? + 132 are also positive definite. By applying Theorem 2.6.4 to Theorem 3.1.1.1

and then using properties of trace, we get

tr (aiﬂ(a/l+ﬂ3)2) < tr(aA?+BB%),

Jlr str (@ BBY?) < au(4?)+Hu(BY).



For the case of equality, first assume that A = B.

We obtain from the linearity of trace that

1

So the equality holds. Now assume that

tr ((aA + ﬁB)z)

a -+

3 tr ((aA+BA?) =

61

(o B2
(a+B) tr(A?)
atr(A?) + Btr(A?).

atr(A%) + Btr(B?).

It follows from the properties of trace and the symmetry of A and B that

i S tx(a 4% + aAB + faBA + PBY = atr(A?)+ ftr(BY),
o2 tr(A?) + 2aftr(AB) + A% tr(B?) (e + of) tr(A%) + (8% + aB) tr(B?),
208 tr(AB) afBtr(A?) + aftr(B?),
2 tr(AB) tr(A%) + tr(B?),
n n n n n
222013 ji EZaijaji 4 Zzbijbﬁ’
i=1 j=1 i=1 j—l i=1 j=1
Z Z 2a45bi5 Z Z aj; + b2
i=1j=1 i=1j=1
Z Z(a’z] 2a1.1b1.7 N\ sz) 0 ’
=1 j=1
ZZ(aij — bij)2 0.
i=1j=1
Hence, a;; = byj forallé, j =1,2,...,n. Thatis A = B.

The proof is completed.

O

Corollary 4.1.2. Let A,B € M, be positive definite symmetric and let o, 3 > 0 be

scalars. Then

a+

! 5t ((aA% +ﬁB%)2) < atr(A)+Btr(B) < (a+B)} tr (cA+BBY)Y). (42)

The left equality holds if and only if A = B. The right equality holds if A = B.

Proof. By replacing A with A% and B with B? in Theorem 4.1.1, we get

1 3 tr ((aA’i’ + ﬁB’i’)2) <  atr(A)+ pBtr(B) 4.3)
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with equality holds if and only if A = B.
Then by using Lowner—Heinz inequality (Theorem 2.8.2) to Theorem 3.1.1.1, we get

(5 Jlr Sad+ 8BR)" < (aA+BB)},

1 1
_ 1 A BB < (aA+BB)E,
(a+ﬁ)%(a +6B) < (aA+BB)?

aA+BB < (a+PB)i(aA+BB)L.

Since A+ 13 and (o + /3)%((1/1 + B)% are positive definite, it follows from Theorem
2.6.4 that
tr(@A+BB) < tr((e+ ﬁ)’i’(aA2 + ,BBz)%).
Hence,
atr(A) +Btr(B) < (a+B)Ftr((aA® +BY)?) (4.4)
Combining (4.3) and (4.4), we get (4.2).
For the case of equality, assume that A = B. We obtain

(@4 B)f tr (@A +5AD)E) = (a+B)Eir((a+p)2A))
= (a+B)i(a+p)?tr(4))
= atr(A)+ ftr(A).

So the equality holds.

This corollary can be alternatively proved as follows.

Since A and B are positive definite and ¢, 3 are positive, so ﬁ (aA% +3B 3 )2,aA+BB
and (o + B) % (cA? + B2)2 are also positive definite.

By applying Theorem 2.6.4 to Corollary 3.1.1.4 and then using properties of trace, we
obtain

tr (aiﬁ(a/l%+ﬁl3§)2) < tr(aA+p6B) < tr((a+[})%(a/12+ﬂ32)é)’

1 ki ((aA% +6BY?) < atr(4)+Bu(B) < (a+ B) tr ((aA? + BBY)}).

«

The proof is completed. O

Next we will show the special cases which are come from Theorem 4.1.1 and
Corollary 4.1.2. But first, we prove a following lemma:
Lemma 4.1.3. Let A € My, be positive definite. Then for any positive integer k,
(AR) > (tr(A))E (4.5)

with equality holds ifk = 1 orn = 1.
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Proof. Obviously, equality holds if k = 1 orn = 1.
From Theorem 2.3.6, we have
tr(A%) < (tr(A))*
holds for any positive integers n. k > 1. By replacing A with A7lc', we get

t(4) < (te(A)%).
() < (At

This completes the proof. O

Corollary 4.1.4. Let A, B € My, be positive definite symmetric. Then
i ((A £ B)2) < 2t(A%) +2tr(B?), (4.6)
tr(AB) < %tr(Az) + %tr(B2) @)
with equalities hold if and only if A = B.

Proof. By setting o = (3 in Theorem 4.1.1, we get

2 2 2
a+atr ((aA+aB) ) < atr(A®) + atr(B?),

515 tr (@2(A+ B)?) < a(tr(A%) + tr(13%))

tr ((A+ BY) < 2t(4)+2m(BY)

which prove (4.6) and
tr (A% + AB+BA+ B < zt(a?)+2u(s?),
tr(A2) + tr(AB) +tr(BA) + tr(B?) < 2tr(A%) +2tx(B?),
tH(AB) < % 6r(A?) + % tx(B?)
which proved (4.7). The case of equalities is same as Theorem 4.1 1. O
Remark 4.1.5.

Note that for any positive definite matrices A and B, AB is not necessarily
positive definite (in fact, it is not necessarily Hermitian) but tr(AB) is always positive
real since

n n n
t(AB) = 3 M(AB) = 3 A(ABBY) = Y M(B2ABE) > 0.
1 =1

=1 i=1
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Corollary 4.1.6. Let A, B € My, be positive definite symmetric. Then

%tr ((A%+Bi)2) < tr(A) +tr(B) < V2tr ((A2+B2)%), (4.8)
2tr(ABY) < tr(A) + tr(B) (4.9)

with equalities hold if A = B. The left equality in (4.8) holds if and only if A = B.
If, in addition, AB is positive definite, then for n. > 1

1
2(tr(AB))? < tr(A) +tr(B). (4.10)
Proof. By setting a = (3 in Corollary 4.1.2, we get

tr ((aA’l’+aB%)2) 75 atr(A) + atr(B) < (a—i—a)% tr ((aA2+aB2)%),

a+ o

;—2tr ((A%+B%)2) < otr(4) +tx(B)) < 2a)(a)} tr (4% + BY)Y),

%tr((,{ﬂg%)z) < w(A)+te(B) < V2t ((A2+ BY)Y).

The case of equality is same as Corollary 4.1.2. By replacing A with A% and B with B?
in the inequality (4.7) in Corollary 4.1.4, we get (4.9). Since AB is positive definite, by
applying Theorem2.6.4 to Corollary 3.1.2.5, we get

tr((AB)?) < tr(%(/HB)),

otr (AB)?) < tr(A)+tx(B).

For the case of equality, assume that A = B. We obtain

otr ((A%)2) = 2tr(A)
= tr(A) + tr(A).

1
So the equality holds. Since forn > 1, tr ((AB)é) > (tr(AB))?, it follows that
2(tr(AB)E < tr(A) + tx(B).

The inequality (4.10) can be alternatively derived from (4.9) as follows.
Since AB is positive definite, we have AB = BA and

(A3BE)? = AiBIAIBT = A3AIBIBY = AB.
Again, the positive definiteness of AB implies

(AB)} = AIB3.
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Hence, from (4.9) we have

2tr (AB)Y) < tr(4) +tx(B).

The proof is completed. O

Remark 4.1.7.

1.

4.

5.

6.

If A and B are positive definite symmetric and AB is positive definite, then AB is

also symmetric since AB is Hermitian and

AB = AB = AB,

i.e., AB is real.

Corollary 4.1.6 shows an upper bound and some lower bounds of tr(A) + tr(B).

. What happen when n = 1 in this corollary ?

Let A = [a] and B = [b], the inequality (4.9) becomes

Za%b
(ab)

a+b,
< %(a+b)

= N
IA

with equality holds if and only if @ = b.
This is the AM—GM inequality for positive real numbers. Analogously, we can get
this inequality from any inequality in Corollary 4.1.4 and Corollary 4.1.6.

Note that for positive definite matrices A and B, AzB % is not necessarily positive
definite (in fact, it is not necessarily Hermitian) but tr(Az B%) is always positive

real since

wr(AEBY) = 3 N(ATBY) = S A(A2BEBY) = Y Ai(BEALBE) > 0.
i=1

i=1 i=1

1
(tr(AB))? is real and positive since tr(AB) is real and positive.

Note that the trace of any positive definite matrix is a positive real number. So

every terms in previous theorems and corollaries are positive real number.
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Observation 4.1.8.

1. Let A, B € M, be positive definite. Then for any real numbers r and s, tr( A" B*)

is real and positive.

2. Let A, B € M, be positive semidefinite. Then for any nonnegative real numbers r

and s, tr( A" B®) is real and nonnegative.

Proof. First assume that A and B are positive definite.

Then for any real numbers r and s, we obtain
tr(A"B%) = tr(ArB%Bi)
= tr(BEATBY).
Alternatively, if we consider its eigenvalues, we get

n
t(ATB®) = ) N(A"B®)
t=1

n
= 3 M(A"B%BE)

=1

n
= Y N(BEATBI).
i=1
Since B? AT B? is positive definite, its trace or all its eigenvalues are positive. This
implies that tr( A”B?) is real and positive.
Now assume that A and B are positive semidefinite.

Then for any nonnegative real numbers 7, s, we analogously obtain
tr(A"B%) = tr(BéArB%)
n
or tr(A"B%) = S N(BIATBI).
i=1
Since B2 A™ B# is positive semidefinite, its trace and all its eigenvalues are nonnegative.
This implies that tr(A” B®) is real and nonnegative. O
Observation 4.1.9.
Let A € M,, be Hermitian.
1. Then for any even positive integer k, tr(A¥) = 0 ifand only if A = 0.

2. If A is positive semidefinite, then for any positive real number p, tr(AP) = 0 if and
onlyif A =0.
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Proof. For the second assertion, let A be positive semidefinite and let Ay, A2, ..., Ap be
eigenvalues of A. Assume first that tr(AP) = 0. We get

te(A?) = Y A
i=1

Since all eigenvalues of A are nonnegative and p is positive real, we obtain that A\; = 0
foralli = 1,2,...,n. From Observation 3.1.3.5, we can conclude that A = 0. The

converse statement is obvious. The first assertion can be proved in analogous way. [

4.2 Inequalities of Product of Trace Involving the Power of

Linear Combination of M-atrices

In this section, inequalities of product of trace involving the power of linear com-
bination of matrices are established. Theorem 4.2.1 is the main result. The special cases

of this theorem yield a sequence of corollaries.

Theorem 4.2.1. Let A, B,C, D € My, be positive definite symmetric and let o, B,1,5 >

0 be scalars such thatr + s = 1. Then

tr (@A + BB)) tr((@C +BD)") 2 « tr(A™) tr(C®) + Btr(B") tr(D°) (4.11)
with equality holds if A= B,C = D.
Proof. Since A, B,C and D are positive definite and o and B are positive, so (xA +
BRY" @ (aC + AD)* and a(A™ ® C°) + (B" @ D°) are also positive definite.
By applying Theorem 2.6.4 to Theorem 3.2.1.5 and then using properties of trace, we
obtain -
o ((aA +BB)" ® (aC + 513)8) > tr (a(A" ®C*) +B(B™® Ds)) ,
tr (@A + BB)") tr ((eC +BD)°) = tr (a(A” ® C%)) + tr (B(B" ® D?))
atr(A” ® C%) + Btr(B" ® D?)

atr(AT) tr(C%) + Btr(B") tr(D°).

For the case of equality, assume that A = B,C = D.
We obtain from the linearity of trace that
tr (@A +BA))tr((C+BC)) = & ((a+ B) A7) tr (o + B)°C?)
=  (a+B) (a+pB)tr (A7) tr (C°)
= (a+pB)tr (A7) tr (C°)
=  atr(A")tr(C%) + Btr(AT) tr(C°).
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So the equality holds. The proof is completed. O

From the main result (Theorem 4.2.1), there are some special cases. There are 3
types of them: the equality between the matrices; the equality between the coefficients
(scalars); and the equality between the powers of matrices. We divide them into 4 cases

as follows:
1. the case when A = C, B = D,
2. the case when A = D, B =C;
3. the case when r = s; and
4. the case when a = 3.
Combining all of them, there are 16 possible cases (which include the general

case). The details for each case are shown in Table 4.1 (except for the general case).

Table 4.1: The Special Cases of Theorem 4.2.1

Conditions Results
A,B,C,D r.s | a,B | Corollary | Inequality
- - Ja=p] 422 4.12
- B8 - 423 4.13,4.14
- r=s|a=0| 425 4.17,4.18
A=C/B=D - - 424 4.15
A=C.B=D - |la=p| 426 4.19
A=C,B=D |[r=s - 427 421,423
A=C.B=D |r=s|la=p| 428 4.25,4.27
A=D,B=C - - 424 4.16
A=D,B=C - |la=p| 426 4.20
A=D.B=C |r=s| - 427 | 422,424
A=DB=C |r=s|la=p| 428 426,4.28
A=B=C=D - - Equality Case
A=DB=C=0D - a=f} Equality Case
A=B=C=D|r=s - Equality Case
A=B=C=D|r=s|a=p Equality Case

We summarize these cases into 7 corollaries as follows (depend on the hypotheses).
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Corollary 4.2.2. Let A, B,C, D € My, be positive definite symmetric and let .5 > 0 be

scalars such thatr + s = 1. Then
tr((A+B))tr (C+ D)) > te(A") tx(C?) + tx(B") tr(D°) (4.12)
with equality holds if A= B,C = D.

Proof. By setting @ = 3 in Theorem 4.2.1, we obtain

tr (@A +aB)")tr ((aC+aD)’) =  at(A)tr(C%) +a tr(B") tr(D?),
tr(a"(A+ B)")tr (@*(C+D)*) = a(tr(A7) tr(C*) + tr(B7) tr(D%)) ,
o tr ((A+ B)")a’ tr (C+D)y*) = a(tr(AT) tr(C®) + tr(B") tr(D®)),
aatr ((A+B))tr (C+D)’) = a(tr(A7)tr(C%) +tx(B7) tr(D%)),
tr(A+B))tr (C+D)*) > te(A7)tx(C*) + tr(B") tr(D?).
The case of equality is same as Theorem 4.2.1. The proof is completed. O

Corollary 4.2.3. Let A, B,C, D € My, be positive definite symmetric andlet a,3 > 0
be scalars. Then

tr (aA+BB)Y) tr (aC+BD)E) > atr(Al) te(CH) + Btr(B2) tr(D?) (4.13)
with equality holds if A= B,C = D.

Moreover, if n > 1, this inequality can be improved further to a Jfollowing inequality:

tr ((A + ﬂB)’i’) tr ((aC + ﬂD)’l‘) > a(tr(A) tr(C))% + B(tr() tr(l)))%.
(4.14)
Proof. By setting r = s in Theorem 4.2.1, we have r = 1/2 and then (4.13). The case of
equality is same as Theorem 4.2.1. From Lemma 4.13, forn > 1, we get
tr (A + ﬁB)%) tr ((aC + ﬂD)’i’) > a(tr(A))% (tr(C)) + B( tr(B)) (tr(D )
= a(tr(4) tr(C’))é + B(tr(B) tr(D)) .

The proof is completed. O

Corollary 4.2.4. Let A, B € M, be positive definite symmetric and let a, 3,7,s > 0 be

scalars such thatr + s = 1. Then

tr (@A + BB)") tr ((eA+ BB)°) > atr(AT)tr(A%) + Btr(B") tr(B°), (4.15)
tr (a4 + BB)") tr ((BA+aB)®) > atr(A7)tr(B°) + Btr(A®)tr(B") (4.16)

with equalities hold if A = B. The inequality (4.15) also becomes an equality when

n=1.
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Proof. By setting A = C,B = D in Theorem 4.2.1, we get (4.15). By setting A =
D, B = C in Theorem 4.2.1, we get

tr ((eA+ BB)") tr (BA+aB)®) > atr(A7)tr(B®) + Btr(B7) tr(4%)
= atr(A")tr(B®%) + Btr(A®) tr(B").

For the inequality (4.15) if A = B, we obtain

tr (@A + BA) ) tr (A + BA)*) = tr((a+ B)TAT) tr ((« + B)*A®)
= (a+B) tr(A")(a+ B)° tr(A®)
= (a+pB)tr(A")tr(A%)
= atr(A")tr(A°%) + Btr(A7) tr(A®).

So the equality holds. Similarly, the other one holds when A= B.
Obviously, the inequality (4.15) also becomes an equality whenn = 1. O

Corollary 4.2.5. Let A, B,C, D € M, be positive definite symmeltric. Then
tr(A+ B (C+D)Y) > (AD)u(CE)+ (B te(DE).  (417)

with the equality holds if A= B,C = D.
Moreover, if n. > 1, this inequality can be improved further to a Jollowing inequality:

tr((A+BYu(C+D)) > (A€} +(tx(B) (D)2, (418)

Proof. By setting r = s in Corollary 4.2.2, we getr =1 /2 and then (4.17). The case of
equality is same as Corollary 4.2.2. From Lemma 4.1.3, forn > 1, we get

1

w((A+BhE(CD) > (5)} (@) + (x(B)F (D)}
= (6e(A) tr(C))} + (tx(B) tr(D))E.

The proof is completed. O

Corollary 4.2.6. Let A,B € M, be positive definite symmetric and let r,s > 0 be

scalars such thatr + s = 1. Then

i ((A+B))tr((A+B)) > tr(A")r(A) +tx(B)x(B%),  (419)
tr ((A+B))tr ((A+ B)®) > tr(A7)tr(B®) + tr(A°) tr(B") (4.20)

with equalities hold if A = B. The inequality (4.19) also becomes an equality when

n=1.
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Proof. By setting & = 8 in (4.15) in Corollary 4.2.4, we obtain

tr ((eA+aB)") tr (@A +aB)®) > atr(A") tr(A%) + atr(B7) tr(B®),

)
tr (@ (A+ B))tr(¢®(A+ B)®) > atr(A7)tr(A%) +a tr(B") tr(B®),
a"a’tr ((A+ B))tr (A+ B)®’) > a(tr(AT)tr(A%) + tr(B") tr(B*)),

atr ((A+B))tr (A+B)°) > a(tr(A7)tr(A%) +tr (B") tr(B®)),

tr (A+B))tr (A+B)*) = tr(A")tr(A°) +tr(B") tr(B°).
Similarly, by setting o = 8 in (4.16) in Corollary 4.2.4, we get (4.20).

The case of equalities is same as Corollary 4.2.4. O

Corollary 4.2.7. Let A,B € My be positive definite symmetric and let c, g > 0 be

scalars. Then
2 1.2 1.2
( ((aA + BB)? ) > a(tr(A2))" +a(tr(B2))", (421)
tr (e + BB)}) tx (BA+aB)?) > (a+B) tr(A2) tr(B2) (4.22)
with the equalities hold if A = B. The inequality (4.21) also becomes an equality when
n = 1. Moreover, if n > 1, these inequalities can be improved further to the following
inequalities:
2
(tr ((aA + ﬂB)%)) > atr(A) + Btr(B), (4.23)
1
tr ((cA+ BB} tr (BA+aB)E) > (a+B)(x(A)u(B)*  (429)
Proof. By setting 7 = s in (4.15) in Corollary 4.2.4, we get 7 = 1 /2 and then (4.21).
Obviously, the equality holds when n = 1. By setting r = s in (4.16) in Corollary 4.2.4,
we getr = 1/2 and
1,\2 1 1 1 1
(tr ((aA + ,33)2)) > atr(A2)tr(B2)+ Bir(B?)tr(A?)
= (a+B) tr(A?) tr(B2).

The case of equalities is same as Corollary 4.2.4.
By using Lemma 4.1.3 in (4.21) and (4.22), we obtain that forn > 1,

ir ((ad + BB)}) tr ((BA +aB)E) > a((tr(A))%)2 +8((x(B)?)’
= atr(A)+p8tr(B),

i ((@A+ BBt (BA+aBY) > (a+B)(tx(4)F (tx(B))?
—  (a+B8)(t(A)u(B))*.

The proof is completed. O
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Corollary 4.2.8. Let A, B € My, be positive definite symmetric. Then

172
(tr((A+B)§)) >
(tr((A+B)%))2 > 2tr(A?)tr(13%) (4.26)

(4.25)
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with the equalities hold if A = B. The inequality (4.25) also becomes an equality when

n = 1. Moreover, if n > 1, these inequalities can be improved further to the following

inequalities:
(tr ((A+ B)i’))2 > tr(A) + tr(B). 4.27)
(tr ((A+ B)é))2 > 2(tr(A4) tr(B))%. (4.28)
Proof. Set o = (3 in Corollary 4.2.7. O
Remark 4.2.9.

For the inequality (4.26) in Corollary 4.2.8, whenn = 1,let A = [a] and B = [b},
we obtain
(@+b)? > 2abbE,

@)z <  (a+b).

This is the AM—GM inequality for real numbers.
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4.3 Inequalities of Trace Involving the Hadamard Product

of Power of Linear Combination of Matrices

In this section, we present inequalities of trace involving the Hadamard product
of power of linear combination of matrices. The main result is Theorem 4.3.1. This

theorem leads to a sequence of corollaries as its special cases.

Theorem 4.3.1. Let A, 13,C, > € My, be positive definite symmetric and let «x, 3,1, s >
0 be scalars such thatt + s = 1. Then

tr («d+BB) o(aC+BD)’) 2 « tr(A" o C%) + Btr(B" o D°)  (4.29)
with equality holds if A = B,C = D.

Proof. Since A, B,C and D are positive definite and o and 3 are positive, by Schur
product theorem (Theorem 2.5.5), we have that (oA + BB)" o (aC + $B)® and a(A" o
C*®) + B(B" o D*) are also positive definite.

Then by applying Theorem 2.6.4 to Theorem 3.3.1.3 and using the linearity of trace, we
obtain

tr (@A +BB) o(aC+BB)’) =2 & (a(AT 0 C®) + B(B o D?))
= atr(A"oC?%) + Btr(B" o D?).

For the case of equality, assume that A = B,C = D.
We obtain from the linearity of trace that

tr (A + BAY o(aC+ AC)) = tr((a+B) A o(a+hB)°C?)
= (a+pf)(a+B)tr(A" 0 C?)
= (a+pB)tr(A" o C?)
=  atr(A"oC®) + Btr(A" 0 C?).

So the equality holds. The proof is completed. O
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There are 3 types of special cases of the main result (Theorem 4.3.1): the equality
between the matrices; the equality between the coefficients (scalars); and the equality

between the powers of matrices. We divide them into 4 cases as follows:
1. thecase when A =C, B = D;
2. thecase when A= D, B =C;
3. the case when r = s; and

4. the case when a = .

Combining all of them, there are 16 possible cases (which include the general

case). The details for each case are shown in Table 4.2 (except for the general case).

Table 4.2: The Special Cases of Theorem 4.3.1

Conditions Results
A, B,C,D T, S o, | Corollary | Inequality
- - la=p]| 432 430
- r=s - 433 431
- r=s|la=0 435 4.34
A=C,B=D - - 43.4 4.32
A=C,B=D - |a=p| 436 4.35
A=C,B=D |[r=s - 43.7 437
A=C,B=D |r=s|la=§| 438 4.39
A=D,B=C - - 434 433
A=D,B=C - la=p| 436 4.35
A=D,B=C |r=s - 4.3.7 4.38
A=D,B=C |(r=s|a=0 4.3.8 4.40
A=B=C=D - - Equality Case
A=B=C=D| - a=f Equality Case
A=B=C=D|r=s - Equality Case
A=B=C=D|r=s|la=p Equality Case

We summarize these cases into 7 corollaries as follows (depend on the hypotheses).
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Corollary 4.3.2. Let A, B,C, D € My, be positive definite symmetric and let r,s > 0 be

scalars such thatr + s = 1. Then
tr ((A+B) o (C+D)*) = tr(A"0C®)+tr(B" o D) (4.30)
with equality holds if A = B,C = D.

Proof. By setting @ =  in Theorem 4.3.1, we obtain

tr ((xA+ aB)" o (aC + aD)®) > atr(A"oC%)+a(B o D?),
tr(@’(A+ B) oa®(C+D)*) 2= atr(4"oC%)+a(B oD,
tr (a"a*((A+ B) o (C+ DY) 2 at(40C%)+a(B 0D,
atr((A+B) o (C+D)*) 2= a(tr(A" 0 C%) + (B" 0 D%)),
tr ((A+ B)' o(C+D)*) 2  tr(A"0C®) +tr(B" o D?).
The case of equality is same as Theorem 4.3.1. The proof is completed. o

Corollary 4.3.3. Let A,B,C,D € My, be positive definite symmetric and let o, 3 > 0

be scalars. Then

tr (aA+ BB)Y o (aC+BD)E) >  atr(AfoC?)+ Bu(BioDT) (431)
with equality holds if A= B,C = D.
Proof. By setting r = s in Theorem 4.3.1, we get 7 = 1 /2 and then (4.31). The case of

equality is same as Theorem 4.3.1. O

Corollary 4.3.4. Let A, B € My, be positive definite symmetric and let o, B,7,3 > 0 be

scalars such thatt + s = 1. Then

tr ((¢A+ BB) o (@A + BB)®) 2> atr(A"0 A%)+f tr(B" o B%), (4.32)
tr (@A + 8B) o (BA+aB)®) > atr(A"oB%)+ Btr(A®o B")  (4.33)

with equalities hold if A = B. The inequality (4.32) also becomes an equality if n = 1.

Proof. By setting A = C,B = D in Theorem 43.1, we get (4.32). By setting A =
D, B = C in Theorem 4.3.1, we obtain from the commutativity of the Hadamard product
that

tr (@A + BB) o (BA+aB)®) > atr(A"o B®) + Btr(B" o A%)
= oatr(A" o B®) + ftr(A°o B").
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For the case of equality, assume that A = B. We obtain

tr (A + BA) o (@A+ BAY) = tr((a+B)A o (a+B)A)
= tr{(a+B) (a+B)° (A" o A%))
= tr((a+B)A o A%))
= (a+pB)tr(A" o A°)
= atr(A" o A%) + Atr(A" 0 A%).

So the equality holds. Similarly, the other one holds when A = B.
Obviously, the inequality (4.32) also becomes an equality when n = 1. O

Corollary 4.3.5. Let A, B,C, D € My, be positive definite symmetric. Then
tr((A+B)o(CH+D)Y) > tr(AboCH) +u(B2o DY) (4.34)

with equality holds if A = B,C = D.

Proof. By setting r = s in Corollary 4.3.2, we getr = 1 /2 and then (4.34). The case of

equality is same as Corollary 4.3.2. O

Corollary 4.3.6. Let A, B € M, be positive definite symmetric and let r,s > 0 be
scalars such thatr + s = 1. Then
tr((A+ B o(A+B)’) > tr(A7 0 A%) +tr(B" 0 B%), (4.35)
tr ((A+B) o(A+B)) > tr(A"0B’) +tr(A%0 B) (4:36)

with equalities hold if A = B. The inequality (4.35) also becomes an equality ifn = 1.

Proof. Set o = (3 in Corollary 4.3.4. O

Corollary 4.3.7. Let A, B € My, be positive definite symmetric and let v, 8 > 0. Then

tr (@4 + pB)H?) > atr (A3)®) + Btr (B})@), (4.37)
tr (((aA + ﬂB)%)@)) > (a+ f)tr(A% o BY) (4.38)

with equalities hold if A = B. The inequalities (4.37) also becomes an equality when

n=1.

Proof. Setr = s in Corollary 4.3.4. a
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Corollary 4.3.8. Let A, B € M, be positive definite symmetric and let , B > 0. Then

e (((A+BHP) 2 b (D) +u ((BH), (4.39)
tr(((A+ BH®) > 2tr(A% o BY) (4.40)
with equalities hold if A = B. The inequality (4.39) also becomes an equality when
n=1
Proof. Set a = (3 in Corollary 4.3.7. 0
Remark 4.3.9.

For the inequality (4.40) in Corollary 4.3.8, whenn = 1, let A = [a] and B = [b],
we obtain
(a + b)) 2(atbt),
@F < la+b)

Vv

This is the AM—GM inequality for real numbers.
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4.4 Numerical Examples

In order to support our main results, some numerical examples for the inequalities
of trace are given here. The tool we use is the mathematical program which is called
Maple 9.5.

Example 4.4.1.

Consider the inequality of trace involving the 2nd power of linear combination

o[- [2]

in the case whena =4, § = 3.

of the given matrices

We see that A and B are positive definite symmetric and « and 3 satisfy the

hypothesis of Theorem 4.1.1. We get

i 4]

(45
i A K 14} ’
L14 29
296 370
BT [370 629}
Hence,
; ﬂtr ((A+BB)?) =~ 131571,
atr(A?) 4+ Btr(B%) = 151
Therefore,

i 3 tr((aA+BB)?) < atr(A®) +Btx( B?).

This example supports the result of Theorem 4.1.1. a
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Example 4.4.2.

Consider the inequality of product of trace involving the power of linear combi-

nation of the given matrices

A=53 2
3 2 -1

inthe case whena =2, =1, r=1/3, s =2/3.

,B=

0 2

We see that A. B,C and D are positive definite symmetric and «, 3,7 and s
satisfy the hypothesis of Theorem 4.2.1. We get

[ 2208 0.453 | 2.886 —0.691
(aA+BB) = , (aC + BD)* = ,
0.453 1.574 —-0.691 4.614
L -
o 1520 0614 | o, 1587 0
| 0.614 0.906 0 1587 |’
ol 2 1198 ~0292 | o, . | 0787 0070 |
—0.292 0.906 —-0.970 3.214
It follows that,
tr((@A+pB)) =~  3.782
tr ((aC + 8D)*) 7.500,
(A7)~ 2.426,
tr(B7) 2.104,
tr(C*) 3.174,
(D)~ - 4.001.
Hence,
tr (A +BB) ) tr ((«C + BD)°) =  28.365,
atr(AT)tr(C®) + Btr(B") tr(D°) =~  23.818.
Thus,

tr (A + BB)") tr ((aC + AD)°) 2

This example supports the result of Theorem 4.2.1.

atr(AT) tr(C®) + Str(BT) tr(D?).
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Example 4.4.3.

Consider the inequality of trace involving the Hadamard product of power of

linear combination of the given matrices
5 3 2 -1 2 -
A = * B = 4 C = 0 9 and U = 1 2
3 2 -1 1 0 2 -2 6
inthe case whena =2, =1, r=2/3, s =1/3.

We see that A.B,C and D are positive definite symmetric and «, 8,7 and s
satisfy the hypothesis of Theorem 4.2.1. We get

[ 8583 —0.309
aA+pBB) o(aC+3D)° =
( S el ) ] —0.309 5.742 ]
e o ST ONN
0 1.509
[ 1
Ve /A 1219 0238 |
0.238 1.587
Hence,
tr (A + BB) o (aC + BD)*) =~ = 14.325,
tr(A"oC%) =~  4.896,
tr(B"oD%) ~  2.806,
atr(AT o C®°) + Btr(B"o D) =  12.598.
Thus,

tr (@A + AB)") tr (aC + BD)*) = atr(A7) tr(C°) + Btr(B) tr(D?).

This example supports the result of Theorem 4.3.1. O
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Consider the inequality of trace involving the Hadamard product of of power of

linear combination of the given matrices

v3i o122 -1
A= |[1/2 V7T-1 0851
| -1 0851 2v2
E 0
C = |2 5219 ¥29|.D=
|0 V29 8

VT o017/4 1

=|17/4 6V/6—-4 3.851 |,

1 3851 33

e -2 =0.1
-2 4567 J17
-01 Y17 8

inthecasewhena =1, =2, r =1/4, s =3/4.

We see that A, B,C and D are positive definite symmetric and o, p,r and s
satisfy the hypothesis of Theorem 4.3.1. We get

(@A + BB) o (aC+BD)* =~

[ 17.275 —0.298 0.008
—0.298 34.082 1.742 |,
| 0008 1742 45444

[ 9481 0.142 0.010

ATo C® ~ 0.142 3.602 0.171 | ,
5 0.010 0.171 5.859
[ 2200 —0.390 0.00008
BT o D* R —0.390 5.021 0.287
i 0.00008 0.287 6.814
Hence,
tr ((¢A + BB) o (aC + BD)*) ~  96.801,
tr(A” 0 C°) 11.942,
tr(B" o D?) 14.035,
atr(ATo C®%) + Btr(B"o D) ~  91.965.
Thus,

tr (@A + BB) o (aC + BD)*)

atr(A” o C*) + ftr(B" o D®).

This example supports the result of Theorem 4.3.1. O



CHAPTER S

INEQUALITIES OF DETERMINANT

The aim of this chapter is to present inequalities of determinant for positive def-
inite symmetric matrices. These inequalities are shown in Section 5.1-Section 5.3. We

also give some numerical examples to guarantee our results in Section 5.4.

In order to obtain these inequalities, we use properties of the determinant in
Proposition 2.1.4 and Theorem 2.6.4 which is stated that for any positive definite ma-
trices A. B € M,,,

A>B =3 det(A) > det(B).

Note that the determinants of positive definite symmetric matrices are always

positive real numbers. This assures that we can compare them.

5.1 Inequalities of Determinant Involving the 2nd Power of

Linear Combination of Two Matrices

In this section, we present inequalities of determinants involving the 2nd power of
linear combination of two positive definite symmetric matrices. First we prove Theorem
5.1.1 which is the main result. Then we state some corollaries which are followed from

this theorem.

Theorem 5.1.1. Let A, B € M, be positive definite symmetric and let o.,3 > 0 be

scalars. Then

F.[:—mi(det(aA +6B))° < det(ad®+BB?) (5.1)

with the equality holds if A = B.
Proof. Since A and B are positive definite and o, 3 are positive, s0 735 (A + B)? and

aA? + 3B? are also positive definite. By applying Theorem 2.6.4 to Theorem 3.1.1.1

and using properties of determinant, we obtain
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d 2 2 > ( 2)
et(aA*+pBB*) >  det s ﬁ(aA + 8B)
_ ( ! )n det ((aA + FB)’)
a+f
= Gipr (det(aA + BB))".
For the case of equality, assume that A = B.
We obtain from the properties of determinant that
1 2 1 2
(a + ’3)2n 2
= ~———det(A
CET
= (a+pf)"det(A?)
= det(aA? +BA?).
So the equality holds. The proof is completed. a
Lemma 5.1.2.
Let A € M.

1. If A are positive definite, then for any real number r,

det(A™) = (det(A)). (5.2)

2. If A are positive semidefinite, then for any nonnegative real number s,

det(A®) = (det(4))’. (5.3)

Proof. Assume that A is positive definite. Let A1, Az, .., An be eigenvalues of A.
Since A is Hermitian, there exists a unitary matrix U such that

A = Udiag[)q,/\g,...,)\n]U*.

Hence,
AT = Udiag[A], B A U™
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It follows that
det(A”) = det (Udiag[A], X5, ... /\;] U*)
= det(U) det (diag[A], N5, ..., Ay]) det(U*)

= det(V) H AT det(U™)
=1

= det(U") (HA) det ((U7)")
= (det(U))" (det(4))" (det(U"))"
= (det(U) det(A) det(U"))"

= (det(A))".

Now assume that A is positive semidefinite.

Analogously, for any nonnegative real number s, we get
det(4®) = (det(A))s.

The proof is completed. a

Corollary 5.1.3. Let A, B € M, be positive definite symmetric. Then

i ﬂ ——(det(aA?+BB7))’ <det(aA+ﬂB)<(a+,3)’f(det(aA2+ﬁB2)> (5.4)

with the equality holds if A = B.
Proof. By replacing A with A% and B with B3 in Corollary 5.1.1, we get

o ﬁ (det(aA7 + ﬁBz)) < det(aA+ B) (5.5)

with equality holds if A = B.
Then by using Lowner—Heinz inequality (Theorem 2.8.2) to Theorem 3.1.1 .1, we get

1 3 !
(et B?)" < (aA+PB)T,

(+ﬁ)%(aA+ﬁB) < (aA+PB)E,
a

aA+BB < (a+P)i(aA+BB)E.

Since A+ B and (o + ﬁ)% (aA+ ,BB)% are positive definite, it follows from Theorem
2.6.4 that
det(ad+BB) < (c+P)% det ((ad? + BB?)2). (5.6)
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Combining (5.5) and (5.6), we get (5.4).
For the case of equality, assume that A = B. We obtain

(@ + B) det (e + £)2A))

= (a+B)F(a+ )7 det(A))
= det(ad + fA).

(o + f)F det (/2 + BA%)3)

il

So the equality holds.
This corollary can be alternatively proved as follows.
By applying Theorem 2.6.4 to Corollary 3.1.1.4, we obtain

1
Qa

det (

L
(a+p)"
((H% )"(det(o”ﬁJrﬂBi’))2 < det(ad +0B) < (a+B)F(det(aA’ + 5B

The proof is completed. O

; (aA® + gB%)2) < det(eA+BB) < det ((a +0)%(aA® + ﬂBz)%) ,

det (aA} + fBY?) < det(aa +BB) < (a+)E det ((@A® + 8BY?),
3

Corollary 5.1.4. Let A, B € My, be positive definite symmetric. Then
(det(A+ B))> <  2Mdet(A®+ B?) (5.7)
with equalities hold if A = B.

Proof. By setting @ = f in Theorem 5.1.1, we obtain

@—;);(det(aA +aB)? < det(aA?+aB?),
" 2
= (det(A + B)) < o"det(A%+ B?),
(det(A+ B))® < 2%det(A’+ B%).
The case of equality is same as Theorem 5.1.1. O

Corollary 5.1.5. Let A, B € My, be positive definite symmetric. If AB is positive defi-

nite, then
9" det(A) det(B) < det(A? + B?) (5.8)

with equality holds if A = B.

Proof. Since AB are positive definite, from Observation 3.1.11, we have AB = BA. 1t
follows from the inequality (3.5) in Corollary 3.1.2.3 that

2AB < A’+B% (5.9)



86

Since 2AB and A%+ B2 are positive definite, by applying Theorem 2.6.4 to the inequality
(5.9), we get

det(A2+ B%) >  det(2AB)
= 2"det(A)det(B).
The case of equality is same as Corollary 3.2. O

Corollary 5.1.6. Let A, B € M, be positive definite symmetric. Then

1

51; (det(A? + BY))® < det(A+B) < 2% (det(A2 + 32)) % (5.10)
If. in addition, AB is positive definite, then
2" (det(A) det(B))% < det(A + B). (5.11)
All equalities hold if A = B.

Proof. By setting a = (3 in Corollary 5.1.3, we obtain

1
———(det(cA? + aB%))’ < det(aA+eB) < (2a)%(det(aA2+aB2))’

)

(2 )"

—(det (a3 +BY)) < adet(A+B) < 2%(1%(det(a(/\2+132))>%
)

[ ]

2"
2

n 1
2“ (det(A? +B2) < adet(A+B) < 2%a"(det(A®+ B?))?,

o 1
5;(det(A’z +BY)? < det(A+B) < 2¥(det(A%+BY)7.

The equality case is same as Corollary 5.1.3.
By replacing A with A% and BB with B? in the inequality (5.7) in Corollary 5.1.4, we
obtain

det(2A§B%)

= 2"det(A?)det(B?)

— 2n(det())F(det(B))?
—  2"(det(A)det(B))*.

det(A + B)

The case of quality is same as Corollary 5.1.5. O
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Remark 5.1.7.

1. Whenn = 1, let A = [a] and B = [b], the inequality (5.11) becomes

2(ab)’i’ <  a+b,
@ < Sa+d)

with equality holds if and only if a = b. This is the AM~GM inequality for posi-
tive real numbers. Analogously, we can get this inequality from any inequality in
Corollary 5.1.4, Corollary 5.1.5 and Corollary 5.1.6.

2. Corollary 5.1.6 shows an upper bound and some lower bounds of det(A + B).

3. Remember that the determinant of any positive definite matrix is always positive

real numbers.

4. Note that for positive definite matrices A and B, AB is not necessarily positive
definite (in fact, it is not necessarily Hermitian) but det(AB) is always real and
positive since

det(AB) = det(A) det(B) > 0

or alternatively, if we consider its eigenvalues, we have

n n n
det(AB) = [[A(AB) = H/\,-(A_B%Bi) = [[n(B24BE) > o.
: i=1

=1 i=1

A generalization of this statement is Observation 5.1.8.

Observation 5.1.8.
Let A, B € M,,.

1. If A and B are positive definite (not necessarily symmetric, i.e., not necessarily

real), then for any real numbers r and s, det(A™ B® ) is real and positive.

2. If A and B are positive semidefinite (not necessarily symmetric, i.., not neces-
sarily real), then for any nonnegative real numbers r and s, det( A" B?) is real and

nonnegative.

3. If A and B are nonsingular Hermitian (not necessarily real), then for any even

integers p and g, det(APBY) is real and positive.

4. If A and B are Hermitian (not necessarily real), then for any even nonnegative

integers p and g, det(AP BY) is real and nonnegative.
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Proof. Assume that A and B are positive definite. From Lemma 5.1.2, we have

det(A"B°) = det(A") det(B®)
= (det(A))" (det(B))"

> 0.

Alternatively, if we consider its eigenvalues, we get
n
det(A™B%) = [ M(ATB%)
i=1

n

=[] x4 BEBY)
i=1

= [Inwiasi)
i=1

> 0.

Now assume that A and B are positive semidefinite.
Analogously, for any nonnegative real number r and s, det( A" B®) is real and nonneg-
ative. Notice that in this case A” and B? exist if r and s are nonnegative. The cases of

nonsingular Hermitian and Hermitian are followed like that. O
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5.2 Inequalities of Determinant Involving the Kronecker

Product of Power of Linear Combination of Matrices

In this section, we show inequalities of determinant involving the Kronecker prod-
uct of power of linear combination of positive definite symmetric matrices. Theorem
521 is the main result. Others inequalities are followed from this theorem as its special

cases.

Theorem 5.2.1. Let A, B,C, D € M, be positive definite symmetric andlet o, 3,7,58 >
0 be scalars such thatr + s = 1. Then

(det(aA+BB))" (det(aC+BD))™ =  det (a(A"®C®)+B(B"®D*)) (5.12)
with equality holds if A = B,C = D.

Proof. Since A and B are positive definite and o and (3 are positive, so (a4 + BB)" &
(aC + BD)? and a(A™ ® C*) 4+ B(B" ® D°) are also positive definite. Then by applying
Theorem 2.6.4 to Theorem 3.2.1.5 and using properties of determinant and Lemma 5.1.2,

we obtain

det («(A® B +B(A®B)*) < det ((eA+ BB) & (aC + BD)°)
= (det(aA+ BB)7)" (det(aC + BD)*)"
= (det(aA +4B))"™ (det(aC + 1)

For the case of equality, assume that A = B,C = D.
We obtain from properties of determinant and Lemma 5.1.2 that

(det(aA + BA))™ (det(aC + BC))™

ns

= (det((a+ B)4))" (det ((a+PB)C))
- (det ((a+ ﬂ)A)T)) (det ((e+ B)C)s))
= det (((a +8A)" ® ((a+ ﬂ)C)s)

= det ((c+ B) A" ® (e + B)°C”)

= det((a+B) (a+pB)* (A" ®C?))

= det ((a + B)(A" ® C*))

= det (a(A” ® C°) + B(A" ® C*)).

So the equality holds. The proof is completed. O



90

Now, let us consider special cases of the main result (Theorem 5.2. 1). There are
3 types of them: the equality between the matrices, the equality between the coefficients
(scalars) and the equality between the powers of matrices. We divide them into 4 cases

as follows:
1. thecase when A=C, B = D;
2. the case when A = D, B = C;
3. the case when r = s; and
4. the case when @ = 3.

When we combine all of them, we have 16 possible cases (which include the
general case). The details for each case are given in Table 5.1 (except for the general

case).

Table 5.1: The Special Cases of Theorem 5.2.1

Conditions Results
AB,C,D T, a, | Corollary | Inequality
- ; LRess B\YY e 5.13
- TREH - 523 5.14
- r=s|la=0 5.2.5 5.17
A=C.B=D | - - 524 5.15 TS
A=CB=D - |a=p]| 526 5.18
A=C.B=D |[r=s - 5.2.7 5.20
A=C,B=D |r=s|a=p 5.2.8 5.22
A=D,B=C - - 524 5.16
A=D,B=C - |la=p| 526 5.19
A=D,B=C |[r=s - 5.2.7 5.21
A=D.B=C |r=s|a=0| 528 5.23
A=B=C=D - - Equality Case
A=B=C=D - a=p Equality Case
A=B=C=D|r=s - Equality Case
A=B=C=D|r=s|la=p Equality Case

These cases yield following corollaries:
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Corollary 5.2.2. Let A, B,C, D € My, be positive definite symmetric and let r,s >0 be

scalars such thatr + s = 1. Then
(det(A+ B)™ (det(C+ D)™ > det(ARC) +(B& D))  (5.13)
with equality holds if A = B,C = D.

Proof. By setting a = 3 in Theorem 5.2.1, we obtain

(det(cA + aB))™ (det(aC +aD)™ > det(a(A®C) +a(B® D)%),
o "(det(A+B))"’ Ps(det(C+ D)™ > o™ det((A®C) +(B® D)),
o™ (det(A+ B))™ (det(C + D)™ > o™ det (A® C)" + (B® D)%),
(det(A+ B))" (det(C+D))™ >  det ((A®C)" +(B®D)’).
The case of equality is same as Theorem 5.2.1. The proof is completed. D

Corollary 5.2.3. Let A, B,C, D € M, be positive definite symmetric andlet o, > 0

be scalars. Then

(det(aA + BB) det(aC + BD)% > det(a(A®C)? +B(B® D)%) (5.14)
with equality holds if A= B,C = D.
Proof. By setting r = s in Theorem 5.2.1, we getr = 1 /2 and then

det (¢(A® C')é +B(B® D)%) < (det(@A+ ﬂB)) (det(aC + ﬂD))
= (det(aA + BB) (det(aC + ﬂD))’.

For the case of equality, assume that A = B,C = D. We obtain from properties of

determinant and Lemma 5.1.2 that

det (o + B)(A ® B)%)

= (a+ ﬂ)"2 det ((A ® B)?)

— (et B)F(a+H)T (det(4))F (det(4
= (e+9)” det(A)Z ((e+8)" det(Bz)
=  (det(cd + BB))*(det(aA +fB))?
—  (det(cA + BB)det(aA + BB))%.

det (a(A® B)? + B(A® B)*)

N’

¥

(SR

So the equality holds. The proof is completed. O



92

Corollary 5.2.4. Let A, B € M, be positive definite symmetric and let o, 3,7, > 0 be

scalars such thatr + s = 1. Then

(det(aA + AB))" > det (a(A” ® A°) + B(B" ® B%)), (5.15)
(det(a A + BB))"™ (det(BA + aB))™ > det (a(A” ® B®) + B(B" ® A%))  (5.16)

with equalities hold if A = B. The inequalities (5.15) also becomes an equality when

n=1.

Proof. By setting A = C,B = D in Theorem 5.2.1, we get (5.15). By setting A =
D, B = C in Theorem 5.2.1, we get (5.16). For the case of equality, assume that A=B.
We obtain from properties of determinant and Lemma 5.1.2 that

det (a(A” ® A°) + B(A" ® A%)) = det ((e+f) (A" ® A%))
= (a+ A" det(A” ® A°)
= (a+B)" (det(A")" (det(4")"
= (a+B)" (det(4))" (det(4))™
= (a+p)" (det(4)"
= (det(aA+BA))".

So the equality holds. Similarly, the other one holds when A = B. Obviously, the
inequality (5.15) also becomes an equality when n = 1. a

Corollary 5.2.5. Let A, B,C, D € M, be positive definite symmetric. Then
(det(A+ B) det(C+ D) > det (A®C)! + (B® D)?) (5.17)
with equality holds if A = B,C = D.

Proof. Sett = s in Corollary 5.2.2 orseta = f in Corollary 5.2.3. O

Corollary 5.2.6. Let A, B € My, be positive definite symmetric and let r,s > 0 be

scalars such that r 4+ s = 1. Then

(det(A+B))" > det((A"®A%) +(B"® BY)), (5.18)
(det(A+B))" = det((A"®B°)+(B"®A%)) (5.19)

with equalities hold if A = B. The inequalities (5.18) also becomes an equality when

=1
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Proof. Set a = (3 in Corollary 5.2.4. O

Corollary 5.2.7. Let A, B € My, be positive definite symmetric and let a,3 > 0 be

scalars. Then

(det(aA +BB))" > det(a(A})®2 +(B)E?),  (520)
(det(aA + BB)det(BA+aB))? > det(a(A® B)E + (B ® A)T) (521)

with equality holds if A = 13. The inequalities (5.20) also becomes an equality when

n=1
Proof. By setting r = s in (5.15) in Corollary 5.2.4,wegetr =1/2and
(det(ad + BB))" > det (a(Ab @ A1)+ B(B? @ BY),
— det (a(A})®2 + B(B)%2)).
By setting r = s in (5.16) in Corollary 52.4, wegetr =1/2and
(det(aA +BB) det(BA+eB))" > det(a(4l @ BY) + 4(BE @ A1),
— det (a(A® B) +B(B® A)Y).

The case of equalities is same as Corollary 5.2.4. O

Corollary 5.2.8. Let A, B € My, be positive definite symmetric. Then

(det(A+B)" > det((A})% + (BD)®?), (5.22)
(det(A+B)" > det((A®B)}+(B®A)?) (5.23)

with equality holds if A = B. The inequalities (5.22) also becomes an equality when

n=1

Proof. Set a = (3 in Corollary 5.2.7. O

Remark 5.2.9.

1. For the inequality (5.23) in Corollary 5.2.8, whenn = 1,let A = [a] and B = [b],

we obtain

atb 2 (ab)t+(a)?,
@)} < %(a +b).
This is the AM—GM inequality for real numbers.
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2. For the inequality (5.23) in Corollary 5.2.8,if A® B = B ® A, we obtain

(det(A+B))" >  det(2(A® B)?)

2"’ det (A® B)?

27" (det(42))" (det(B))",
det(A+B) >  2"det(A?)det(B?).

Then by replacing A with A% and B with B2, we get
2" det(A)det(B) < det(A%+ B?).

This is the inequality (5.8) in Corollary 5.1.5.

Observation 5.2.10.
Let A € M,,. Then for any positive integer k,
det(A®%) = (det(4))™. (5.24)
Proof. Since det(4 ® A) = (det(A))" (det(4))", we get
det(A®?) = (det(A))"(det(4))".
It follows inductively that, for any positive integer k,
det(A®%) = det(ARAQ---®4)
L (oA (det( A" (deb( )"

= ((der(a)”)
= (det(A)™.

The proof is completed. 0
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5.3 Inequalities of Determinant Involving the Hadamard

Product of Power of Linear Combination of Matrices

In this section, inequalities of determinant involving the Hadamard product of
power of linear combination of matrices are presented. Theorem 5.3.1 is the main result.

Special cases of this theorem are also considered.

Theorem 5.3.1. Let A, B,C, D € My, be positive definite symmetric and let , B,r,s >

0 be scalars such that  + s = 1. Then
det ((aA + BB)" o (aC + ﬁD)s) > det (a(Ar oC*)+f(B" o Ds)) (5.25)
with equality holds if A = B,C = D.

Proof. Since A, B.C, D are positive definite and a, 3 are positive, by Schur product
theorem (Theorem 2.8.2), we have (aA+8B)"o(aC+(B)® and a(AToC?)+p(B o D?)
are also positive definite.

Then by applying Theorem 2.6.4 to Theorem 3.3.1 3, we get (5.25).

For the case of equality, assume that A = B,C = D.

We obtain from the properties of the Hadamard product that

det (@A +BA) o (aC+pC)°) =  det ((e+B)A"o(a+B)°C%) .
= det((a+B)(a+B)(AT0C))
= det((a+B)(A" o C?))
= det (a(A” 0 C®) + B(A® 0 C%)).

So the equality holds. The proof is completed. O

From the main result (Theorem 5.3.1), there are many special cases. There are
3 types of them: the equality between the matrices; the equality between the coefficients
(scalars); and the equality between the powers of matrices. We divide them into 4 cases

as follows:
1. the case when A = C, B = D;
2. the case when A = D, B =C;;
3. the case whenr = s; and

4. the case when a = (3.
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Combining all of them, there are 16 possible cases (which include the general

case). The details for each case are shown in Table 5.2 (except for the general case).

Table 5.2: The Special Cases of Theorem 5.3.1

Conditions Results
A,B,C,D r.s | a,8 | Corollary | Inequality
- - ja=p8] 532 5.26
- r=s| - 533 5.27
- r=s|la=p0| 5335 5.30
A=C,B=D - - 534 5.28
A=C.B=D - |la=p| 536 5.29
A=C,B=D |r=s - 5.3.7 5.31
A=C,B=D |r=sla=0 5.3.8 5.35
A=DB=C - - 534 5.29
A=D,B=C - la=p| 536 5.32
A=D/B=C |r=s - 5.3.7 5.34
A=DB=C |r=s|{a=0 53.8 5.36
A=B=C=D]" - - Equality Case
A=B=C=D [/~ la=0 Equality Case
A=B=C=D|r=s - Equality Case
A=B=C=D|r=s|a=p Equality Case

We summarize these cases into 7 corollaries as follows (depend on the hypotheses).

Corollary 5.3.2. Let A, B,C, D € M,, be positive definite symmetric and letr,s > 0 be
scalars such that v + s = 1. Then
det (A+B) o (C+ D)) = det((A"oC®%)+(B"0D?%) (5.26)
with equality holds if A = B,C = D.
Proof. By setting @ = (3 in Theorem 5.3.1, we obtain
det ((aA + aB) o (aC + aD)*) > det(a(A" 0 C®)+a(B’o D?)),
det (@ (A + B)" 0 o®(C + D)®) det (¢(A” 0 C°) + a(B* 0 D*)) ,
det (a'aS((A +B) o (C+ D)s)) det (a((A’" 0 C®) + (B0 D“’))) :
a™det ((A+ B)" o (C + D)®) a™det ((A" 0 C°) + (B® o D%)),
det ((A+ B)" o (C + D)®) det ((A” 0 C®) + (B" o D%)).

AV AR Y/

v
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The case of equality is same as Theorem 5.3.1. The proof is completed. O

Corollary 5.3.3. Let A, B,C, D € My, be positive definite symmetric and let a,3 > 0

be scalars. Then
det (aA+ BB)¥ o (aC+BD)E) > det(a(Ao C}) + B(BY o DY)) (5.27)
with equality holds if A = B,C = D.

Proof. By setting r = s in Theorem 5.3.1, we getr = 1/2 and then (5.27).
For the case of equality, assume that A = B,C = D.
We obtain from the properties of the Hadamard product that

det ((eA+ BA) o (aC +BC)) = det((e+B)2A%o (a+ B)2C?)
= det((a+Bia+Mi(A2oCT)
—  det((c+B)(A}oCH))
= det(a(at o Ch) 1 B(AY 0 CF)).
So the equality holds. The proof is completed. a

Corollary 5.3.4. Let A, B € Miy, be positive definite symmetric and let o, 8,7, 5 > 0 be

scalars such thatr + s = 1. Then

det (A + BB) o (aA + BB)*) > det(a(A"0 A°) +B(B o B®), -(5.28)
det (@A + BB) o (BA+aB)’) 2 det (a(A” 0 B®) + B(A® 0 B")) (5.29)

with equalities hold if A= B,C = D. The equality (5.28) also becomes an equality if

n =1

Proof. By setting A = C, B = D in Theorem 5.3.1, we get (5.28).
By setting A = D, B = C in Theorem 5.3.1, we get (5.29).
For the case of equality, assume that A = B. We obtain

det ((aA + BAY o (A + BA)®)

Il

det ((a + B) A" o (a + B)° A)
= det((a+B)(a+B)*(A" o A%))
= det((a+B)(A 0 A%)

= det(a(A"0oA%)+B(A0 A%).

So the equality holds. Similarly, the other one holds when A = B.
Obviously, the equality (5.28) also becomes an equality whenn = 1. O
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Corollary 5.3.5. Let A, B,C, D € My, be positive definite symmetric. Then

det (A+ Bl o(C+D)Y) > det((AtoCh)+(B2o D¥)) (530
with equality holds if A= B,C = D.
Proof. By setting r = s in Corollary 5.3.2, we get 7 = 1/2 and then (5.30). The case of
equality is same as Corollary 5.3.2. O
Corollary 5.3.6. Let A,B € My, be positive definite symmetric and let ,s > 0 be

scalars such thatr + s = 1. Then

det (A+ B) o (A+ B)°’) > det((A70A%)+ (B0 B*)), (5.31)

det ((A+ B) o(A+ B)®) > det (A" B°) +(A%0 BM) (5.32)
with equalities hold if A = B. The inequality (5.3 1) also becomes an equality if n = 1.
Proof. Set o = {3 in Corollary 5.3.4. O
Corollary 5.3.7. Let A, 3 € My, be positive definite symmetric and let ., 3 > 0 be

scalars. Then
det (A +5B))?) = det (a(AH)® 4+ g(B2)@), (533)
det (a4 + BB) o (BA+aB)) > det(a(42)® + BBHA)  (534)

with equalities hold if A = B. The inequality (5.33) also becomes an equality if n = 1.

Proof. By setting r = s in (5.28) and (5.29) in Corollary 5.3.4, we get (5.33) and (5.34),
respectively. For the inequality (5.33), if A = B, we obtain

det (a4 + pA)H)P) = det(((e+ p)2a1)?)
= det (o +8)1)*(4H)?)
= det (e +B)(42)®)
= det (a(AD)® + B(AT)?).

So the equality holds. Similarly, the others one hold if A = B.
Obviously, the inequality (5.33) becomes an equality whenn = 1. O

Corollary 5.3.8. Let A, B € M, be positive definite symmetric. Then
det (4 + BHP) > det (AH® + (B, (5.35)
1
det(Af o BY) < = det ((a+ R, (5.36)

with equalities hold if A = B. The inequality (5.3 5) also becomes an equality if n = 1.
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Proof. Set a = 3 in Corollary 5.3.7. Obviously, the inequality (5.35) becomes an
equality whenn = 1. O

Remark 5.3.9.

For the inequality (5.36) in Corollary 5.3.8, whenn = 1,let A = [a] and B = [b],

we obtain

@) < s(a+vd)’
(@) < —;—(a+b).

This is the AM—GM inequality for real numbers.

Observation 5.3.10.

Let A € M, be positive definite. Then for any positive integer k,
det(A®) > (det(A)* (537)

with equality holds if n =1 or k = 1.
Proof. Hadamard’s inequality (Theorem 2.3.5) and Oppenheim’s inequality (Theorem
2.5.7) imply

det(Ao A) > det(A)det(A).

It follows inductively that, for any positive integer ,

det(A®) = det(AoAo---0A)
k
> det(A) det(A) --- det(A)

= (det(4))*.

Obviously, the equality holds whenn = lork = 1. O
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5.4 Numerical Examples

In this section, we give some numerical examples to support our main results.

The tool we use is the mathematical program which is called Maple 9.5.
Example 5.4.1.

Consider the inequality of determinant involving the 2nd power of linear combi-
21 2 2
,B=
1 2 25

We see that A and B are positive definite symmetric and « and 3 satisfy the

nation of the given matrices

in the case whena =1, 3 = 2.

hypothesis of Theorem 5.1.1. We get

Nailagk S\ P } ,
(5 2
et B[ A5 2 32}
| 32 63
Hence,
(—a—%ﬂ? (det(aA+ BB))® ~ 254444,
det ((A%) + B(B%)) = 299
Therefore,
(ng);(det(aA +BB))? < det(a(A%) +B(B%).

This example supports the result of Theorem 4.1.1. 0
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Example 5.4.2.

Consider the inequality of determinant involving the Kronecker product of power

of linear combination of the given matrices

5 2 -1 2 1 -2
A= 3 , B= ,C= 0 ,and D =

3 2 -1 1 0 2 -2 6
inthe casewhena =1, =2, 7=2/3, s=1/3.

We see that A. B,C and D are positive definite symmetric and «, 3,7 and s
satisfy the hypothesis of Theorem 5.2.1. We get

91 4 -4
aA+pBB = ,aC+pBD = ,
g 1 4} - [——4 14}

5.825 —1.156 0.893 0.466
~1.156 8.713 0.466 —0.275

0.893  0.466  2.963 —0.688
| 0.466 —0.275 —0.688 4.683

A" ®C%) +B(B"®D%) ™

Hence,
det(cA+BB) = 35,
det(cC +pBD) = 40,
(det(cA + AB))" (det(aC +BD))"  ~  1339.052,
det (a(AT®C*) +B(B"® D%)) ~~  609.600.
Thus,

(det(aA + BB))" (det(aC+BD))"™ 2 det (oA ® C°) +H(B"® D%)).

This example supports the result of Theorem 5.2.1. O
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Example 5.4.3.

Consider the inequality of determinant involving the Hadamard product of power

of linear combination of the given matrices
5 3 2 -1 2 1 -2
A= , B= ,C = 0 ,and D =
3 2 -1 1 0 2 -2 6
inthe case whena =2, =1, r=1/3, s=2/3.

We see that A. B,C and D are positive definite symmetric and ¢, 8,7 and s
satisfy the hypothesis of Theorem 5.2.1. We get

- 6.372 —0.313
aA+ BB) o(aC+ BD)° =
( BB) ( AD) I —-0.313 7.262 :\
[ 5767 0.238
a(AToC%)+ B(B"o D?) = :
L 0.238 5.788
Hence,
det (@A + BB)" o (aC + D)*)  ~ 46175,
det (@(A" 0 C®) + B(B" 0 D%)) =~  33.323.
Thus,

det (@A + BB) o (aC + BD)’) =  det (a( AT 0 C°) + B(B" o D?)).

This examples supports the result of Theorem 5.3.1. O
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Example 5.4.4.

Consider the inequality of determinant involving the Hadamard product of power

of linear combination of the given matrices

(V3 12 -1 V7174 1
A= |1/2 Vi-1 0851 |,B=|17/4 6/6-4 3851 |,
| -1 0851 2v2 1 381 3V3
(r 2 0 e -2 =01
C = |2 5219 ¥29 |,D=| -2 4567 VI7
|0 V29 8 -01 V17 8

in the case whena = 4, f =3, r = 3/4, s=1/4.

We see that A, B,C and D are positive definite symmetric and a, B,r and s
satisfy the hypothesis of Theorem 5.3.1. We get

[ 14.442 0233 0.010
(@A +BB) o(aC+pD)* ~ 0.233 35337 1.248 |,
| 0010 1248 30.944

[ 13.868 —1.113 0.108

al(AT o C*)+ B(B" o D?%) ™ —1.113 31.479 1.306
| 0.108  1.306 30.442
Hence,
det ((@A + BB) o (aC + BD)*) =  25697.513,
det (@(A"0 C*)+ B(B 0 D*))  m~  21312.460.
Thus,

det (@A +BB) o (aC+pBD)°) = det (a(A” 0 C®) + B(B" o D?)).

This examples supports the result of Theorem 5.3.1. 0O



CHAPTER 6

INEQUALITIES OF EIGENVALUE

In this chapter, inequalities of eigenvalue for positive definite symmetric matrices
are presented. These inequalities are shown in Section 6. 1-Section 6.3. Some numerical

examples in Section 6.4 support our results.

To prove these inequalities, we use properties of eigenvalue in Theorem 2.1.8 and
Corollary 2.1.10 and Theorem 2.6.4 which is stated that for any positive definite matrices
A,B €M,

A>B = M(A) 2 X(B)
forall i = 1,2,...,n if the respective eigenvalues of A and B are arranged in the same

order.

Since eigenvalues of positive definite symmetric matrices are always real (in fact,

they are positive), so we can compare them.

6.1 Inequalities of Eigenvalue Involving the 2nd Power of
Linear Combination of Two Matrices

In this section, we prove inequalities of eigenvalue involving the 2nd power of
linear combination of two matrices. The main result is Theorem 6.1.1. The consequent

results and special cases are also considered.

Theorem 6.1.1. Let A,B € M, be positive definite symmetric and let a,3 > 0 be
scalars. Then

1 ' 2 ) 2 2
TrNea+oB)” < i(aA? + BB?) (6.1)

for all i = 1,2,...,n if the respective eigenvalues. of them are arranged in the same
order. The equality holds if A = B.
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Proof: Since A and B are positive definite and o and 3 are positive, so 5(aA+8B)?
and A2 + BB? are also positive definite. By applying Theorem 2.6.4 to Theorem 4.1.1

and using properties of eigenvalue, we obtain

(@A +BB%) > M ( ﬁ(aA + BB) >
= ( (aA+ BB) )
- ( (ah + BD))’
for all i = 1,2,...,n if the respective eigenvalues of them are arranged in the same
order.
For the case of equality, assume that A = B.
We obtain from the properties of eigenvalue that
1 2 1 2
—pad o) = oo (Mi((a+8)4))
0 R
7l a+p (A
= (a+ ﬁ))\i(Az)
= AfaA® +pA%).
So the equality holds. The proof is completed. O

Lemma 6.1.2. Let A € M.
1. If A are positive definite, then for any real number T,
MNAD) = () (6.2)

for all i = 1,2,...,n if the respective eigenvalues of them are arranged in the

same order.
2. If A are positive semidefinite, then for any nonnegative real number s,
XA = () (6.3)

for alli = 1,2,...,n if the respective eigenvalues of them are arranged in the

same order.

Proof. Assume that A is positive definite. Let A\, A2, . . ., \n, be eigenvalues of A.

Since A is Hermitian, there exists a unitary matrix U such that

A = Ud’iag[)\l,Az,...,)\n]U*.
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Hence,
A" = Udiag[M, )5, ..., A ] U™
Foreachi = 1,2,...,n, let y; be eigenvalues of A” with associated eigenvectors ;. It
follows that
Udiag\[, A, .. AR U e = e,
(U diagN{, Ny, ... M) U* —pil)zi = 0.

Hence, U diag[\j, M}, ..., An] U* — p;1 is nonsingular and consequently,

det (U diag[M], A5, ..., A\ U™ = wl) = 0
det(U*) det (U diag[A], N5, ..., Al U™ — pil) det(U) = O
det (U*U diag[A], A5, - - - Aq] UrU -ty = 0,
det (diag\[, A5, .., Apl—wl) = 0
M- ) —pi) - —m) =0
That is for each 4, j1; = )\g forsomej=1,2,...,n.

So if the eigenvalues of A and B are arranged in the same order, we get
(A7) = ()

foralli=1,2,...,n.

Now assume that A is positive semidefinite.

Analogously, for any nonnegative real number s, we get .
MAY = (@)

for all i = 1,2,...,n if the respective eigenvalues of them are arranged in the same

order.

The proof is completed. O

Corollary 6.1.3. Let A, B € M, be positive definite symmelric. Then

; 5 (i(and +8BH)? < M(aA+6B) < (a+ Bt (M(an+88)" (64)

[64

forall i = 1,2,...,n if the respective eigenvalues of them are arranged in the same
order. The equalities hold if A = B.
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Proof. By replacing A with A% and B with B? in Theorem 6.1.1, we get
1

B(Ai(aA% +pBY)’ < X(eA+BB) 65)

for all i = 1,2,...,n if the respective eigenvalues of them are arranged in the same
order.
For the case of equality, assume that A = B. We obtain

1 1 112 1 1.\ 2
(A2 P = :
o (ilaa? + A7) a+ﬂ(/\,((a+ﬁ)A?))
1 2
= ; A
= (a+P)(4)
=  \{aA+ BB).
So the equality holds.
Then by taking square root in (6.1), we get
1
NaA+8B) < (a+ B (M(aa’+ BBY) (6.6)
for all i = 1,2,...,n if the respective eigenvalues of them are arranged in the same

order.
Combining (6.5) and (6.6), we get (6.4).
For the case of equality, assume that A = B. We obtain

(ot B (Nilad + ﬂAz))% = @A+ ﬂ)Az))%
. (a+ﬂ)5)\,-((a+ﬁ)'1’A)
= (a+P)Xr(4)
= N(aA+BA).
So the equality holds.

This corollary can be alternatively proved as follows.

By applying Theorem:2.6.4 to Corollary 3.1.1.4, we obtain

1 1 1,2 1 1
M(aglatt +08Y7) < Naa+pB) < Nl B)Had+ 05D,
1

a+pf

1
a+p
for all i = 1,2,...,n if the respective eigenvalues of them are arranged in the same

i(aAt + BBY?) < M(aA+BB) < (a+ B)%\; ((aA2 +6BY?),
3

(u(edt + BBY)? < M(aA+BB) < (a+5)} (Mo +6B7)

order. O
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Corollary 6.1.4. Let A, B € M), be positive definite symmetric. Then
(M(A+B)? < 24+ BY) (6.7)

forall i = 1,2,...,n if the respective eigenvalues of them are arranged in the same
order. The equality holds if A = B.

Proof. By setting o = § in Theorem 6.1.1, we obtain

1
Z(/\i(aA + (3zB))2 < M(eA?+aB?),
o? 2 2, p2
éz(/\i(A + B)) < aM(A®+ B%),
(M(A+B)? < 2:u(42+BY).
The case of equality is same as Theorem 6.1.1. O

Corollary 6.1.5. Let A, B € M, be positive definite symmetric. If AB is positive defi-

nite, then

A(AB) < N(A2+ BY) (6.8)

foralli = 1,2,...,n if the respective eigenvalues of them are arranged in the same
order. The equality holds if A = B.

Proof. Since AB are positive definite, from Observation 3.1.11, we have A3 = BA. It
follows from the inequality (3.5) in Corollary 3.1.2.3 that

24AB < A2+ B

Since 24 B and A2 + B2 are positive definite, by applying Theorem 2.6.4 to this inequal-

ity, we get
M(A2+B?%) = X(24B)
= 2M(AB)
for all i = 1,2,...,n if the respective eigenvalues of them are arranged in the same
order.

It is easy to see that the equality holds when A=B. ]
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Corollary 6.1.6. Let A, B € My, be positive definite symmetric. Then
1 1
-2-(A,-(A% +BY)? < MA+B) < VE(MAT+ 32))2 (6.9)
foralli=1,2,...,nif the respective eigenvalues of them are arranged in the same
order.

If, in addition, AB is positive definite, then
1
2(xi(AB))? < Mi(A+ B) (6.10)

foralli =1,2,...,nif the respective eigenvalues of them are arranged in the same

order.
All equalities hold if A = B.

Proof. By setting o = 3 in Theorem 6.1.3, we get

IA

Lot aBh)? < AoA+an) < Gl (Mot +an?)
5%(/\1'(0:(14%+B%)))2 < ak(A+B) < \/éa%(xi(a(A%B?)))%,
g;(,\i(A5+B%)2 I DHAASB) 7= Vaa(A(4%+ BY)?,

%(Ai(/ﬁurla%))2 < MNA+B) < \/é(/\i(Az'i’Bz))%'

The equality case is same as Corollary 6.1.3.
By replacing A with A% and B with B % in the inequality (6.8) in Corollary 6.1.5, we

obtain
MA+B) = N(2ARBY) -
= 2u((4B)?)
= 2(\(4B)) 2,
The case of quality is same as Corollary 6.1.5. O
Remark 6.1.7.

1. Whenn = 1, let A = [a] and B = [b], the inequality (6.10) becomes

2ab)t < a+b,

1 1
(ab)? < 5(“ +b)

with equality holds if and only ifa = b. This is the AM—GM inequality for positive
real numbers. Analogously, we can also get this inequality from any inequality in
Corollary 6.1.4, Corollary 6.1.5 and Corollary 6.1.6.
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2. Corollary 6.1.6 shows an upper bound and some lower bounds of A\;(A + B).

3. Remember that the eigenvalues of any positive definite matrices are always positive

real numbers.

4. Note that for positive definite matrices /A and /3, Af3 is not necessarily positive def-
inite (in fact, it is not necessarily Hermitian) but A(AB) is always real and positive

since
MAB) = N(ABBY) = A(B3AB?) > 0.

A generalization of this statement is Observation 6.1.8.

Observation 6.1.8.
Let A, B € M.

1. If A and B are positive definite (not necessarily symmetric, i.., not necessarily

real), then for any real numbers r and s, A(A” B?) is real and positive.

2. If A and B are positive semidefinite (not necessarily symmetric, i.e., not neces-
sarily real), then for any nonnegative real numbers r and s, A(A”B?) is real and

nonnegative.

3. If A and B are nonsingular Hermitian (not necessarily real), then for any even

integers p and g, \(APBY) is real and positive.

4. If A and B are Hermitian (not necessarily real), then for any even nonnegative

integers p and g, A\(APBY) is real and nonnegative.
Proof. Assume that A and B are positive definite. We obtain
MATB®) = AA"BiB%)
—  AB%A"B?)

> 0.

Now assume that A and B are positive semidefinite.
Analogously, for any nonnegative real number 7 and s, A\(A" B®) is real and nonnegative.
Notice that in this case A” and B? exist if 7 and s are nonnegative.

The cases of nonsingular Hermitian and Hermitian can be proved in analogous ways. U
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6.2 Inequalities of Eigenvalue Involving the Kronecker Prod-

uct of Power of Linear Combination of Matrices

In this section, we present inequalities of eigenvalue involving the Kronecker
product of power of linear combination of matrices. First we establish Theorem 6.2.1
which is the main result. Then we state a sequence of corollaries which is come from

special cases of this theorem.

Theorem 6.2.1. Let A, B,C, D € My, be positive definite symmetric and let o, 3,7, 5 >
0 be scalars such that r + s = 1. Then
(Mi(aA +BB)) (Mj(aC+6D))° = M(a(A"®C)+ B(B"® D%)) (6.11)

foralli,j=12,...,n and k = 1,2,...,n? if the product of eigenvalues in the left
hand side are arranged in the same order as the right hand side.
The equality holds if A= B,C = D.

Proof. Since A and B are positive definite and o and 3 are positive, so (@A + 3B)" ®
(aC + BD)? and a(A” ® C°) + B(B™ ® D?) are also positive definite.
Then by applying Theorem 2.6.4 to Theorem 3.2.1.5 and using properties of eigenvalue
and Lemma 6.1.2, we obtain
Me(a(A®B) +B(A® B)Y) < Me((aA + BB) ® (aC + BD)°)

= X((aA+ BB)") \j((aC + BD)*)

= (M(eA+6B))" (Ai(aC + BD))°
foralli,j = 1,2,...,nand k = 1,2,--- ,n2 if the product of eigenvalues in the left
hand side are arranged in the same order as the right hand side.

For the case of equality, assume that A = 3,C = D.
We obtain from properties of eigenvalue and Lemma 6.1.2 that

(st BA) Ol +60)° = (llat AN (As((a+9C))
= M((e+2A) ) (((@+ pO)’)
- (@ +P4) & (@+B)0))
= Ml(a+ BV A" ® (a+ B)°C?)
= Ml(a+B)(a+ B (A ®C))
= Me(a(A” ® C°) + B(A” ® C°)).

So the equality holds. The proof is completed. ]
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Remark 6.2.2.

Note that for the inequality (6.11) in Theorem 6.2.1, on the left hand side there
are n? possible products of the eigenvalues. What about for the right hand side? Since the
size of a( A"®C?)+B(B" ® D*) is n?, there are n* eigenvalues (counting multiplicities).

So each side has the same number of real numbers to compare.

From the main result (Theorem 6.2.1), there are many special cases. There are
3 types of them: the equality between the matrices; the equality between the coefficients
(scalars); and the equality between the powers of matrices. We divide them into 4 cases

as follows:
. 1. the case when A =C, B = D;
2. the case when A = D, B = C;
3. the case when r = s; and

4. the case when a = f3.

Combining all of them, there are 16 possible cases (which include the general
case). The details for each case are shown in Table 6.1 (except for the general case).
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Conditions Results
A, B,C,D r.s | a,B | Corollary | Inequality
- - |la=p] 623 6.12
- T=3s - 6.2.4 6.13
- r=s|la=/ 6.2.6 6.16
A=C.B=D - - 6.2.5 6.14
A=C,B=D - la=p| 627 6.17
A=C.B=D |r=s - 6.2.8 6.19
A=C,B=D |r=s|a=p]| 629 6.21
A=DB=C - - 6.2.5 6.15
A=D.B=C - |la=p) 627 ©6.18
A=D,B=C |r=s - 6.2.8 6.20
A=DB=C |r=s|la=0]| 629 6.22
A=B=C=D - - Equality Case
A=B=C=D o [l =93 Equality Case
A=B=C=D|r=s - Equality Case
A=B=C=D|r=s|a=p Equality Case

We summarize these cases into 7 corollaries as follows (depend on the hypotheses).

Corollary 6.2.3. Let A, B,C, D € My, be positive definite symmetric andletr,s > 0 be

scalars such thatr + s = 1. Then

M(A+B) (NC+D)° = (A7 ®C%)+(B @ D)) (6.12)

foralli,j =1,2,...,nandk = 1,2,... .n? if the product of eigenvalues in the left

hand side are arranged in the same order as the right hand side.

The equality holds if A= B,C = D.

Proof. By setting & = 8 in Theorem 6.2.1, we obtain

(M(ad +aB))" (A(aC +aD))’
o (Mi(A + B)) @ (0(C + D))’
a(M(A + B)) (\(C + D))°
(\(A + B))" (\(C + D))

(AR VAR \Y4

v

Ae((A” @ C%) + a(B™ @ D?)),
aX (AT @ C%) + (B" @ D%)),
a (AT ® C°) + (B" & D)),
(AT ® C*) + (B" ® D*))
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foralli,j = 1,2,...,nand k = 1,2,... ,n? if the product of eigenvalues in the left
hand side are arranged in the same order as the right hand side.

The case of equality is same as Theorem 6.2.1. The proof is completed. O

Corollary 6.2.4. Let A, B, C,D € M, be positive definite symmetric and let cx, 3>0

be scalars. Then
1
(@A + BB A(aC + D)7 = M(a(A® O)f + p(B& D)?)  (6.13)

foralli,j =12,...,nand k =1, 2,...,n? if the product of eigenvalues in the left
hand side are arranged in the same order as the right hand side.
The equality holds if A= B,C = D.

Proof. By setting 7 = s in Theorem 6.2.1, we get 7 = 1/2 and then

M(@(A® O} +BBODY) < (Mad+8B)? (y(aC+ BD))?
= (M(ad+BB) (N(eC + BD))"*
for all i, = 1,2,...,nand k = 1,2,... _n2 if the product of eigenvalues in the left
hand side are arranged in the same order as the right hand side.
For the case of equality, assume that A = B,C = D. We obtain
MA@ B +AABBY) =  M(a+B(A®B))
(e + )M ((A® B)?)
_ (@Ot A )Y}
_ (@ ANA) (@B}
—  (Mlaa+8B)}(3j(ad +5B)
— (A4 BB j(aA + BB)).

So the equality holds. The proof is completed. O

Corollary 6.2.5. Let A,B € M, be positive definite symmetric and let o, 3,7,5 > 0 be

scalars such that v + s = 1. Then

(Ai(aA+BB)) (@A +BB))* 2 M(a(A7® A) + (B ® BY)), (619)
(A(aA+BB)) (A(BA+aB))" > M(a(A”® B)+B(B"® AT) (615

foralli,j =12,...,n andk = 1,2,... ,n? if the product of eigenvalues in the left
hand side are arranged in the same order as the right hand side.

The equalities hold if A= B. The inequality (6.14) also becomes an equality if n = 1.
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Proof. By setting A = C,B = D in Theorem 6.2.1, we get (6.14). By setting A =
D, B = C in Theorem 6.2.1, we get (6.15).
For the case of equality, assume that A = B. We obtain

Me((AT ® A%) + BA" @ A%)) = )\k((u + B)(A” ® A®))
= (a+ B)A(AT ® A%)
= (a+ B)M(AN)Ai(4%)
= (a+B)(M(A) (N(A)°
= (a+B)A(4)
= M(ad + GA).

So the equality holds. Similarly, the other one holds when A = B.
Obviously, the inequality (6.14) also becomes an equality when n = 1. O

‘Corollary 6.2.6. Let A, B,C, D € M, be positive definite symmetric. Then
1
MA+BXNC+D)? = M(A®C)E+(B® D)2)  (6.16)

foralli,j =1,2,...,nandk = 1,2,... .n2 if the product of eigenvalues in the left
hand side are arranged in the same order as the right hand side.
The equality holds if A = B,C = D.

Proof. Set r = s in Corollary 6.2.3.or set a = 3 in Corollary 6.2.4. O

Corollary 6.2.7. Let A,B € My, be positive definite symmetric and let r,s > 0 be
scalars such thatr + s = 1. Then
(M(A+B) (MA+B)" = M(AeA)+(B"®B%), (617
(M(A+B)"(j(A+B))’ = M((A"®B)+(B"® A%)) (6.18)

foralli,j =1,2,...,nandk = 1,2,... .2 if the product of eigenvalues in the left
hand side are arranged in the same order as the right hand side.

The equalities hold if A = B. The inequality (6.17) also becomes an equality if n = 1.
Proof. Set a = (3 in Corollary 6.2.5. O

Corollary 6.2.8. Let A,B € M, be positive definite symmetric and let o, 3 > 0 be

scalars. Then
A (a(AT)®2 + B(B2)B?) (6.19)
Ml(a(A®B)E + (B A)T)  (620)

N
v

(/\,-(a/l + BB)Nj(aA + ,BB))
(Ai(aA + BB) Mj(BA + aB))

(N1
\Y
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foralli,j =12,...,nand k = 1,2,...,n? if the product of eigenvalues in the left
hand side are arranged in the same order as the right hand side.
The equalities hold if A = B. The inequality (6.19) also becomes an equality ifn=1

Proof. By setting r = s in (6.14) in Corollary 6.2.5, we getr = 1/2 and
(M(aA +BB) Mlad+BB)? > M(a(A® AY)+4(BE @ BY)),
= Ae(a(a)®? + B(B)P).
By setting 7 = s in (6.15) in Corollary 6.2.5, we getr = 1/2 and
(M(aA + BB) M (BA+ aB)E > M(a(Ab & BY) + B(BE @ AD)),
= M((A® B)E + BB A)2).
The case of equalities is same as Corollary 6.2.5.

Obviously, the inequality (6.19) becomes an equality whenn = 1. O

Corollary 6.2.9. Let A, B € My, be positive definite symmetric. Then
1
(M(A+B)NA+B)E = M((4%H) + A(B®)Y), (621)
1
(MA+B)MA+B)? > M(4®B)i+(B® A)2) (6.22)

foralli,j =1,2,...,nandk = 1,2,... ,n? if the product of eigenvalues in the left
hand side are arranged in the same order as the right hand side.
The equalities hold if A = B. The inequality (6.21) also becomes an equality ifn=1

Proof. Set o = (3 in Corollary 6.2.8. O

Remark 6.2.10.

For the inequality (6.22) in Corollary 6.2.9, whenn = 1,let A = [a] and B = [b],

we obtain
a+b > (ab)t+(ba)t,
@) < %(a +b).

This is the AM-GM inequality for real numbers.

Observation 6.2.11.
Let A € M,,. For any positive integer k, if A € o(A), then \* € o (A®F).

Proof. From Theorem 2.4.6, we have A\ € 0(A ® A). That is A2 ¢ g(A%?).
It follows inductively that \* € o (A®F) for any positive integer k. O
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6.3 Inequalities of Eigenvalue Involving the Hadamard Prod-

uct of Power of Linear Combination of Matrices

We present inequalities of eigenvalue involving the Hadamard product of power
of linear combination of matrices in this section. The next theorem which we establish
is the main result. The special cases of this theorem are considered in a sequence of

corollaries.

Theorem 6.3.1. Let A, B,C, D € My, be positive definite symmetric and let o, B, 1,5 >
0 be scalars such that + s = 1. Then

Xi((@A+BB) o (aC + BD)°) 2 Xi(a(A” 0 C™) + B(B" o D)) (6.23)

for all i = 1,2,...,n if the respective eigenvalues of them are arranged in the same
order. The equality holds if A= B,C = D.

Proof. Since A, B,C and D are positive definite and o and 3 are positive, by Schur
product theorem (Theorem 2.5.5), we have that (@A + BB)" o (aC + #B)® and (A" o
C*®) + B(B" o D?) are also positive definite.

Then by applying Theorem 2.6.4 to Theorem 3.3.1.3, we get (6.23).

For the case of equality, assume that A = 3,C = D. We obtain

Xi((@A + BA) o (aC + SN sl e 488 e B)°C?)
=  X{le+B)(a+pB)(AT0 C?))
= X(@+B)(A"oC?))
= ifa(ATo C%) + (A% 0 C?)).

So the equality holds. The proof is completed. O
There are 3 types of special cases of the main result (Theorem 6.3.1): the equality

between the matrices; the equality between the coefficients (scalars); and the equality

between the powers of matrices. We divide them into 4 cases as follows:
1. the case when A = C, B = D;
2. the case when A= D, B =C;
3. the case when r = s; and

4. the case whena = 3.
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Combining all of them, there are 16 possible cases (which include the general

case). Except for the general case, the details for each case are given here.

Table 6.2: The Special Cases of Theorem 6.3.1

Conditions Results
A B,C,D r.s o, | Corollary | Inequality
- - la=p| 632 6.24
- T=3§ - 6.3.3 6.25
- r=s|la=p| 635 6.28
A=C.B=D - - 6.3.4 6.26
A=C,B=D - |la=pg| 636 6.29
A=C.B=D |r=s - 6.3.7 631
A=C,B=D |r=s|a=p0| 638 6.33
A=D,B=C - - 6.3.4 6.27
A=D,B=C - |la=p} 636 6.30
A=D,B=C |r=s - 6.3.7 6.32
A=D,B=C |[r=s|a=p| 638 6.34
A=B=C=D|. \ - Equality Case
A =MB =GP, - Bl Equality Case
A=B=C=D|r=s - Equality Case
A=B=C=D|r=sla=p Equality Case

We summarize these cases into 7 corollaries as follows (depend on the hypotheses).

Corollary 6.3.2. Let A, B,C, D € My, be positive definite symmetric and let T, 5 > 0 be

scalars such that r 4+ s = 1. Then
)\i((A +B) o (C+ D)s) > /\i((A' oC®)+(B"o D"’)) (6.24)

for all i = 1,2,...,n if the respective eigenvalues of them are arranged in the same
order. The equality holds if A= B,C = D.
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Proof. By setting o = (3 in Theorem 6.3.1, we obtain

Y

Xi((aA +aB) o (aC + aD)?)
Xi(a" (A + B) 0 o®(C + D))
Ai(a"a?((A+B) o (C+ DY ))
aXi((A+ B) o (C + D)*)
Xi((A+ B) o (C+ D)?)

Xi(a(A™ 0 C®) + a(B® 0 D%)),
M(a(AT 0 C%) + a(B® 0 D%)),
Mi(a((A70 C*) +(B%o %))
aXi((AT 0 C®) + (B* 0 D%)),

v 1V

v

> Ai((A70C®) + (BT o D*)).

for all i = 1,2,...,n if the respective eigenvalues of them are arranged in the same
order.

The case of equality is same as Theorem 6.3.1. The proof is completed. O

Corollary 6.3.3. Let A, B,C,D € M, be positive definite symmetric and let a,3 > 0

be scalars. Then
M((@A+ B o (aC+8D)E) > Nla(AToCh)+ B(B%oD?)) (625

for all i = 1,2,...,n if the respective eigenvalues of them are arranged in the same
order. The equality holds if A= B,C = D.

Proof. By setting 7 = s in Theorem 6.3.1, we have r = 1 /2 and then (6.25).
For the case of equality, assume that A = B, C = D. We obtain

M((a+B)EAL o (a+ B)3CH)
= lla+B)i(a+p)E(AL 0 CY))
= M((a+B)(A% o CY))

= M(a(atoCh) + p(at o CY))

Xi((aA + BA)E o (aC + BOYE)

I

for all i = 1,2,...,n if the respective eigenvalues of them are arranged in the same
order. So the equality holds. O

Corollary 6.3.4. Let A, B € M, be positive definite symmelric and let o, B,7.5 > 0 be

scalars such thatr + s = 1. Then
Xi((aA+BB) o(aA+ BB)*) > Mi(a(A"o A%)+ B(B™ o B®%)), (6.26)
Ai((aA+BB) o (BA+ aB)®) = Ai((A"oB%)+(A%0 B™)) (6.27)
for all i = 1,2,...,n if the respective eigenvalues of them are arranged in the same

order. The equality holds if A = B. The inequality (6.26) also becomes an equality if

n = 1.
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Proof. By setting A = C,B = D in Theorem 6.3.1, we get (6.26). By setting A =
D, B = C in Theorem 6.3.1, we obtain from the commutativity of the Hadamard product
that

Ai((@A+BB) o (BA+ aB)®) > Xi((A70 B®) + (B" 0 A%))
= M((A"0B®%)+ (A%0 B"))
for all i = 1.2,...,n if the respective eigenvalues of them are arranged in the same
order.

The case of equalities is same as Theorem 6.3.1.

Obviously, the inequality (6.26) also becomes an equality when n = 1 O
Corollary 6.3.5. Let A, B,C, D € My, be positive definite symmetric. Then
MA+BEo(CH+D)E) > N((AfoCH)+(BEoDY)) (6.28)

for all i = 1,2,...,n if the respective eigenvalues of them are arranged in the same
order. The equality holds if A= B,C = D.

Proof. By setting r = s in Corollary 6.3.2, we get (6.28). The case of equality is same
as Corollary 6.3.2. a

Corollary 6.3.6. Lez A, B € My, be positive definite symmetric and let r,s > ( be

scalars such that r + s = 1. Then

M((A+BYyo(A+B)) = N((AN®+(B)®), (6.29)
M((A+B) o(A+ B)*) = X{(AToB")+(A%0 B")). (6.30)
for all i = 1,2,...,n if the respective eigenvalues of them are arranged in the same

order. The equality holds if A = B,C = D. The inequality (6.29) also becomes an
equality ifn = 1.

Proof. Set o = {3 in Corollary 6.3.4. 0O

Corollary 6.3.7. Let A, B € My, be positive definite symmeltric and let a,3 > 0 be

scalars. Then
N((@a+B)H)P) > A(a(ah)® +5(BH®), (63D
M((@A+BB)E o (BA+aB)Y) 2 N(a(AD)® +5(BHP)  (632)

for all i = 1,2,...,n if the respective eigenvalues of them are arranged in the same
order. The equality holds if A = B. The inequality (6.31) also becomes an equality when

n=1
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Proof. By setting r = s in the inequalities (6.26) and (6.27) in Corollary 6.3.4, we get
the inequalities (6.31) and (6.32), respectively. For the inequality (6.31), if A= B, we
obtain

(@A + Ao (@a+BAY) = M((c+pirh)?)
= n(((@+mD)*(41)®)
= N((a+B)(AH)
= Ai(a(A2)® + p(AZ)@)
So the equality holds. Similarly, the others one hold if A = B. O

Corollary 6.3.8. Let A, B € M, be positive definite symmetric. Then

M(((a+Bn?) 2 A((AH® + (BEH@), (6.33)
aatoBY) < Sx(((a+BH?) 6:39)
forall i = 1,2,...,n if the respective eigenvalues of them are arranged in the same

order. The equality holds if A = B. The inequality (6.33) also becomes an equality when

n=1.

Proof. Set oo = 3 in Corollary 6.3.7. O

Remark 6.3.9.

For the inequality (6.34) in Corollary 6.3.8, whenn =1, let A = [a] and B = [b],

we obtain

1.1
aZb2

IA

DL
(@) < —;—(a+b).

This is the AM—-GM inequality for real numbers.
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6.4 Numerical Examples

In order to support our main results in the previous sections, we give some nu-
merical examples in this section.

Example 6.4.1.

Consider the inequality of determinant involving the 2nd power of linear combi-

nation of the given matrices
21 2 2
A= , B=
1 2 2 5
in the case whena =4, = 3.

We see that A and B are positive definite symmetric and o and [ satisfy the
hypothesis of Theorem 5.1.1. We get

[ 14 1
aA+pBB = 0 .
LlO 23
aA? + ,BB2 p= IR
L58 107 ~
Do,

When we solve the characteristic equations we get

M(@A+BB)  ~ 1534,
X(@A+BB) =~ 29466,
M(aA?+ 5B~ 9.498,

A(aA® + pB%) ~  141.504.
Hence,
a Jlr 5 (M(aA+BB))° =~ 8109,
1 ﬂ(/\z(aA +BB))?  ~ 124035
Therefore,
—(ueA+6B)’ < Mi(a(d) +A(E),
i 5(0a(d + BB)? < de(a(4®)+B(B?).

This example supports the result of Theorem 6.1.1. O
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Example 6.4.2.

Consider the inequality of eigenvalue involving the Kronecker product of power

of linear combination of the given matrices

A=53,B= 2 -1 ,C=20,andD= 1 =2
3 2 -1 1 0 2 -2 6

inthe casewhena =1, =2, r =1/3, s = 2/3.

We see that A. B,C and D are positive definite symmetric and «, 3,7 and s

satisfy the hypothesis of Theorem 5.2.1. We get

9 1 4 —4
aA+ BB = oaC+ph = ,
] 1 4 -4 14

[ 49208 —2324 0514 0476 |
_9324 10112 0.566 —0.902
0514 0566 2.864 —1.758
| 0.566 —0.902 —1.758 7.262

(AT C)+B(B"®D°) =

When we solve the characteristic equations we get

Q

A(cA + BB) 3.807,
Xa(aA+BB) =~ 9193,
AM(aC+BD) ™~ 2597,

M(eC+BD) =~ 15403,
M((A"®C%)+B8(B"®D%)) =~ 1933,
A(a(A"®C)+B(B"®D%)) = 3798,
As(a(AT®C%)+A(B"® D))~ 1531,

M(a(A”®CY)+B(B ®D%) ~ 11274
Hence,

(M(aA+BB)) (M(eC+ D))" ~ 2499,

(M(aA+BB)) (M(eC +BD))" =~  3.957,

(M(eA +BB)) (Ma(aC +BD))" =~ 9664,

(Ma(aA +BB) (e(aC + D))"~ 12938
Thus,

(M(ad +BB)) (A(aC + D))’ 2 M(a(A"®C%)+B(B"® D*))
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forall 4,7 = 1,2 and k = 1,2,3,4 if the product of eigenvalues in the left hand side are
arranged in the same order as the right hand side.

This example supports the result of Theorem 6.2.1. O

Example 6.4.3.

Consider the inequality of determinant involving the Hadamard product of power

of linear combination of the given matrices
3 2 -1 20 -
A= 5 ,B= ,C= , and D = ! 2
3 2 -1 1 0 2 -2 6
in the case whena = 1, 8 =2, r = 2/3, s =1/3.

We see that A, B, C and D are positive definite symmetric and «, 3,7 and s
satisfy the hypothesis of Theorem 5.2.1. We get

[ 6.460 —0.126
A+ BB) o(aC+(D)° =
¢ PEY A kY —0.126 5.933 }
- 5.825 0.466
a(A" o C®)+B(BToD%) =~ . ~ .
] 0.466 4.683
Hence,
M((aA+BBY o (aC+BD)) =~ 5904,
A((@A+ BBY o (@C+pD)) ~ 6489,
M(a(AToC%) +B(BToD?) ~ 4516,
do(a(AT0C%) + B(B"0 D)) ~ 5987

Thus, foralli = 1,2,
Ai((eA+BB) o (aC + BDY) = Xi(a(AToC%)+ B(BT o D%)).

This example supports the result of Theorem 6.3.1. )
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CHAPTER 7

CONCLUSIONS

Discussions

. Compare the special case of Theorem 3. 1.1.1 when a+ 8 = 1 to the previous work,
we see that it is the work by Ando [14]. When n = 1 this theorem becomes the
well—known AM—GM inequality for positive real numbers. Hence, this theorem is

generalizations of some previous works.

In Theorem 3.2.1.5 and Theorem 3.3.1.3, any matrix is necessarily positive definite
since the proof of each theorem requires the nonsingularity of matrices (positive

semidefinite or Hermitian matrices is not necessarily nonsingular).

The cases of equality in Theorem 3.2.1.5 and Theorem 3.3.1.3 follow from the
equality cases of the jointly concave maps ®(A,B) = A" ® B® and ®(A,B) =
AT o B3, respectively. T

For all inequalities in the Lowner partial order in Chapter 3, if the equalities do not
hold, the sign “< ” is still “<” not “<” since A < B does not mean that A < B or
A = B, similarly for “>".

For the inequalities of trace, determinant and eigenvalue, the proofs of them require

the positive definiteness of matrices. So any matrix is necessarily positive definite.

There are some special cases of the main theorems for inequalities of trace, deter-
minant and eigenvalue in Chapter 4-Chapter 6 which are reduced to the AM-GM
inequality for real number. Hence, these theorems generalizes this well-known
fact.

At the end, we observe that there are analogous notions between inequalities in

the Lowner partial order for positive definite symmetric matrices and inequalities for

posi

tive real numbers (this is a total order) as well as the analogous notions between Her-

mitian matrices and real numbers. We knew that the zero matrix plays a role like the real

number 0 and the identity matrix plays a role like the real number 1. Actually, a Her-

mitian matrix plays a role like a real number, a nonsingular Hermitian matrix plays a role
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like a nonzero real number, a positive semidefinite matrix (sometimes called nonnegative
definite matrix) plays a role like a nonnegative real number and a positive definite matrix

plays a role like a positive real number.

Hermitian Matrix is a generalization of a real number since the dimension of a
number is 1 but the dimension of the matrix is n X and the Hermitian Matrix has some
properties similar to properties of the real number. So, as we see, for example the AM—
GM inequality, if any matrix inequalities holds, it still holds for the case of real numbers.
But there are some inequalities for real number such that they are not hold for Hermitian

matrices. The important reasons are
1). the dimension of a number is 1 but the dimension of a matrix isn X 7,

2). there are two Hermitian matrices which are not comparable (the Lowner partial

order is just a partial order),

3). the matrix multiplication is not commutative.

7.2 Summary of the Main Results

~

In this research, we use the concepts of Schur’s complement and maps on matrix
spaces to prove new inequalities in the Lowner partial order between the three linear com-
bination forms which are involving the squares, the Kronecker product and the Hadamard
product of positive definite symmetric matrices. These inequalities lead to inequalities
of trace, inequalities of determinant and inequalities of eigenvalue of the same linear
combination forms. Our results show the relationship between matrices in the form of
inequalities and suggest the analogous notions between inequalities in the Lowner partial

order for positive definite symmetric matrices and inequalities for positive real numbers.
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7.3 Suggestions for Further Works

The ways to extend this research are followings:

1. For the case of equality in any inequality, you can improve these inequalities by
finding more sufficient conditions for the equalities hold or, if possible, finding
necessary and sufficient conditions for the equalities hold (this means that, in this

case, we know that equality holds if and only if what).

2. Some inequalities of trace, determinant and eigenvalue which are special cases of
theorems may be improved if we know more properties of trace, determinant and
elgenvalue or if we add some assumptions. For example, we knew that tr(AF) >
(tr(A) )7C holds for any positive integers k and n > 1. Does it hold for any positive
real number (or real number)?. If we know, we may improve the inequalities which
are involved the traces of positive real (or real) power of matrices (i.e., tr(A”) in

this research).

3. In this research, any inequality holds for positive definite symmetric matrices. Does
it still hold for positive semidefinite symmetric matrices ? But notice that positive
semidefinite symmetric matrices is not necessarily nonsingular and the proofs of
Theorem 3.2.1.5 and Theorem 3.3.1.3 require the nonsingularity of the matnces\ ~

So, maybe we need to add some assumptions.

4. In this research, we consider only real matrices. What happen when we extend the
study to complex matrices? Note that, in this case, we consider positive definite

Hermitian matrix which is not necessarily symmetric.

5. In this research, the power of matrices r, s are restricted tor,s > 0andr +s = 1.
We can generalize it by removing the condition 7 + s = 1 or extending the study
to the case when

er>0,8< 0,
er<0,5<0,
e 7 <0,s<0o0r
in the general case: r, s are real numbers. An another way to extend this research

is studying the cases when 1 + s # 1. So in this case 7, s can be greater than 1 (in

this research r, s must be less than 1 because of the positivity of 1, s).
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6. We can extend the study to finding the inequal ities between a AP + 3BP and (e A+
BB)P in the followings cases:
e p is a positive integer,
e p is a negative integer,
e pis areal numberandp > 1,
e pisareal numberand0 <p <1,
e pisareal numberand —1 <p < 0,

e pisareal numberandp < —1.
Then, if possible, find the inequalities between Y i AY and (3070 A

7. In the proofs of Theorem 3.2.1.5 and Theorem 3.3.1.3, the concept of maps on
matrix spaces play an important role. We hope that we can get more inequalities in

matrix theory by using these concepts.

8. Since matrices are linear operators, we may extend this study to bounded linear

operators on (real or complex) separable Hilbert space or another spaces.
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Appendix A
SOME RELATED APPLICATIONS

In Control theory, to analyze the stability of dynamical systems, we have to solve

the differential equation p
Zi—[,m(L) = Az(l). (A1)
It is shown that this is equivalent to find a positive definite matrix X which satisfies the

linear matrix inequality
ATX+XA < O (A2)

Indeed, we can pick @ = QT > 0 and then solve the following matrix equation which is
called the Lyapunov equation

ATXEXA = =Q (A.3)

where Q is a positive definite symmetric matrix. The equation has a positive definite
symmetric solution X if and only if matrix A is stable, i.e., all of its eigenvalues have
negative real parts. Given a stable matrix A and a matrix Q of the same size, by taking

trace, a necessary condition for X to be a solution to the equation is
1
tr(XA) = 95 tr(Q). (A4)

This is one of the reasons leading to the study of the trace of the product of two matrices,

one of which is assumed to be positive semidefinite.

There are many study of trace bounds on the solutions of Lyapunov equation.
For example, it is shown by Wang [18] that for real symmetric matrix A and positive

semidefinite symmetric matrix B of the same size

Amin(A) tr(B) < tr(AB) < Amaz(A) tr(B) (A5)

where Amin(A) and Amaz(A) are the smallest and largest eigenvalues of A, respectively.

Lasserre [19] showed that for Hermitian matrices A and B, assuming that all

eigenvalues are arranged in decreasing order A\1(A) > A2(4) = -+ 2 An(A) and
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A1(B) > Xo(B) = -+ 2 An(B), then
S ANB) € 4(AB) € LMAMB. (A9
i=1 i=1

In another paper, Zhang [20] presents a family of eigenvalue inequalities for the product

of a positive semidefinite matrix.

Some results of this research are inequalities of the trace of product of positive
definite symmetric matrices and inequalities of product of eigenvalue of positive definite
symmetric matrices. These inequalities may apply to find the solutions of the Lyapunov

equation.

For more details about linear matrix inequality in control and system theory and

the Lyapunov equation, see [1].



Appendix B

FAMOUS INEQUALITIES IN THE LOWNER
PARTIAL ORDER

Theorem B.1 ( Lowner-Heinz Inequality [13, 17}]). IfA> B3 >0and0 <7 < 1. Then

AT > B (B.1)

Theorem B.2 ( Furata’s Inequalities [3, 211). fA> B >0, then
(BT AP Br)l/q > eltaziall (B.2)

and
A+2r)/a - > (ATBP Ar)llq (B3)

forr>0,p>0,q>1with (1+2r)g>p+2r
The next two corollaries are the special cases of Furata’s Inequalities.
Corollary B3 ([8]). IfA> B >0, then
(BT AP B > pBlet2r)/p (B.4)

and
AP+20)/P > (ATBP Ar)llp (B.5)

forallr > Oandp 2 1.
Corollary B4 ([8]). fA=B 20, then
(BA2B)Y? > B? (B.6)

and

A2 > (ABA)Y2 (B.7)
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Theorem B.5 ( Young’s Inequality [8] ). Letp,q > 1 be real numbers such that 1/p +
1/g=1IfAB 20isa commuting pair, however, AB > 0 and via a simultaneous

unitary diagonalization, then

AB < larilpe (B.8)
p q

Theorem B.6 ( Ando-Hiai Inequality [8, 21]). Let A, B be positive definite matrices. If
for0<a<l
Aba-ipai)tar <L

then
A"E(A"EBATE)AT <

holds for all r > 1.

Theorem B.7 ( Holder’s Inequalities [14, 8] ). Let A, B be positive definite matrices.
Then

i=1

k k 1/p k 1/q
Y AioB; < (}: Af) o (Z B§> (B.9)
i=1 i=1

forp,q > land%+%=1and

k k -1/p k -1/q
S AjoBi 2 (Z A;P) o (Z B;Q) (B.10)

f0r1)212q>00nd%—%=1.

Theorem B.8 ([5, 8] )- If A, B € M, are positive definite. Then

AloB!l >  (AoB)T, (B.11)
AloAl >  (AcA)T, (B.12)
AloA > 1 > (Atoayh (B.13)

Lemma B.9 ([8] ). Let ® be a unital positive linear map from M, to M. Then

B(A?) 3(A)? (A20),
(A > B(A)T (A>0)

\Y
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Theorem B.10 ([8,9]). Let ® be a unital positive linear map from My, to M, and f an

operator monotone function on [0,00). Then for every A 2 0,

f(@A) = ®(f(A))- (B.14)

Theorem B.11 ([8, 9] ). Let ® be a unital positive linear map from M,, to M,, and g an

operator convex function on [0. 00). Then for every A>0,

g(@(4)) < 2(g(4))- (B.15)

Corollary B.12 ([8]). Let ® bea unital positive linear map from M,, to Mi,. Then
P(A") O(A)" JA>0,0<r <]
®(A") = d(A) LA>0, -1<7r<00r1<r1 <2
d(logd) < log(®(4)) ,A>0.

IA

Corollary B.13 ([8]).
AToB” < (AoB) VAL B>0,0<r< ]
AToB" >  (AoB) JAB>0,1<r<00r1<r<2

(logA+logB)ol < log(AeB) ,A,B>0.
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ANALYTIC INEQUALITIES

Theorem C.1 ( AM-G.M.-HM. Inequality [22] ). Let a1,02,-.-,0n be positive real

numbers. Then

7. (11+(l‘2+"'+(ln

< Yaaz--an < (C.1)

1,1 4 ...41L :
a1+az+ + o n

Thatis HM. < GM. < AM.

Theorem C.2 ( Weight A.M-G .M. Inequality [22] ). Letay,a2;. . - 0n andvy.vg,...,Vn

be positive real numbers such thatvy +v2 + -+ Vn = 1. Then

vap+veaz + -+ Unln S ajtap® -+ ap’. (C.2)

Theorem C.3 ( Cauchy—Schwarz Inequality [22] ). Let a1,a2,.--18n and by, ba, ..., bn

be real numbers. Then
n 2 n n
(Z a,-b,-) < (Z a,?) (Z b,?). (C.3)
i=1 i=1 i=1

Theorem C.4 ( Triangle Inequality [22] ). Let a1,a2,.-.,0n and by, ba, . .., by be real

f:(ai +b)2 < ,‘iag + ,‘Zbg. (C4)
i=1 i=1 i=1

Theorem C.5 ( Jensen Inequality [22] ). Let a1, @2, .- .,0n, T, S andr < sandn > 2.

Then L L
(Z az) < (}: a;) : (C5)
i=1

i=1

numbers. Then

Theorem C.6 ( Power Mean Inequality [22]). Letay,a2,..-,Gn,7 S andr < s. Then

1 1
(a’i+a’{+---+a;)f < (a{+a§+~-+af,)-", (C6)

n n
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Theorem C.7 ( Young Inequality [22] ). Let a, b, p, q be positive real number such that
1,1
;,—l—a—l.Then b
b < T+ (C.7)
P q

Theorem C.8 ( Holder Inequality [22] ). Let 1,22, Tnandy1,y2,-- -, Yn be positive

real numbers and let p, q be positive real numbers such that % + % = 1. Then

- 1 1
pyL -z + - Tag S (@ HTp RO A uR)T (CF)

Theorem C.9 ( Minkowski Inequality [22] ). Let ay,a2,..-,0n and by, bo, ..., by be

positive real numbers and let p > 1 be positive real numbers such that % + (—11 = 1. Then

(}n:(a,- + bi)P> . < (f: a’;> 2 (zn: bf) g (C9)
i=1 )

i=1 i=1

Theorem C.10 ( Bernoulli Inequality [22] ). For any real number a. > —1 and positive

integer n > 2. Then
(a+1)" £ 1l+na (C.10)



Appendix D
ABSTRACT CONES

Let R, be the set of non-negative reals. An abstract cone is analogous to a real
vector space, except that we take the non-negative reals as scalars. Since the non-negative
reals do not form a field, we have to replace the vector space lawv + (—v) = Obya
cancellation lawv +u =w +u = v =w. We also require strictness, which means, no

non-zero element has a negative.

Definition D.1. (4bstract cone) An abstract cone is a set C, together with two opera-
tions +: CxC — Cand-: Ry xC —C and a distinguished element 0 € C, satisfying
the following laws for all v, w,u € Cand )\, p€Ry:

Additive laws:
0+v = v
v+ (wtu) = (v+w)+u
v4+w = w—+v
v+u =wtu = v =Y (cancellation)
v4w =0 = v=w=0 (strictness)
Multiplicative laws:
lv = v
Gupe = M)
A+py = A+
Av+w) = dwtw,
Example D.2. R, is an abstract cone. The set
R? = {(z1,--- 1 Zp)lT1,- .-, Tn € R4}
is an abstract cone, with the coordinatewise operations. More generally, if Cy,...,Cn

are abstract cones, then so is C1 X ... X C.,.. The set of all complex Hermitian positive

7 X m-matrices,

on = {AeM(@OQ)A= A* Vv € C".v*Av > 0}
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is an abstract cone. Also, for any signature 0 = Ny, ..., Ts the set of positive matrix

tuples g := Ppy X - -+ X P,, is an abstract cone.

Definition D.3. (Cone order) Let C be an abstract cone. The cone order is defined by
setting v C w if there exists u € C such that v +u = w. Note that the cone order is a
partial order. If v T w, then the element u such that v +u = w is necessarily unique,

and thus we may also write w = w — V.

You can see more concepts of abstract cones in [23].



Appendix E
MORE ON THE FUNCTIONAL CALCULUS

E.1 Function of One Variable

Consider a square matrix A. Itis natural to define A2 as the matrix AA and A3 as
the matrix AAA. In continuation of this idea we set Ak = AF"1A for k > 2 and

p(A) = agl +a1A+ agAL + - - + apAF

for a polynomial p(t) = ao +a1l + agt? + - - - + agt’ . We have thus learned to take
a polynomial of a square matrix. Notice that p(A) and A commute. If in particular A
is a real symmetric (and thus Hermitian) matrix of order n, we may apply the spectral

theorem and write A on the form
A = QDQ?

where () is an orthogonal matrix, that isQl=Q",and Disa diagonal matrix with the

eigenvalues of A counting multiplicity as diagonal elements. Setting

A
D =
An
we calculate
M
42 = QD@D = @D} = Q| . |@
X,
and more generally
i
AF = QDFQ1 = Q Q!
U
and
p(A1)
p(A) = Qp(D)Q" = Q Q!
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for any polynomial. We may use this construction to define the functional calculus for

any function f defined on the spectrum of A simply by setting

f(A)
f(A) =@Q Q!
f()
If f is a polynomial, then this definition of f(A) coincides with the elementary calcula-
tion given above. There is a certain ambiguity in the diagonalisation of A because the
diagonal elements in D can be permutated corresponding to permutations of the columns
in (). However, the definition of f(A) is unaffected by this ambiguity. It becomes easier

if we consider the spectral representation of A given by

P
A=) MNP
i=1
where A1, . .., \p are the eigenvalues of A (not counting multiplicity) and Py, ..., Pp are

orthogonal projections with the identity matrix as sum. This representation is unique and
P
FA) = > )P
i=1

The functional calculus can be extended to self-adjoint operators acting on an infinite-
dimensional Hilbert space, but we will consider the theory only for matrices in order to

avoid unnecessary complications.

E.2 Function of Several Variables

Let us consider the function f(2,5) = ts of two variables and two Hermitian
matrices A and B of orders n and m. We would like to define the matrix f(A. B). What
would be a good definition? Korényi [27] proposed that the definition should be the

Kronecker product
f(A4,B) = A® B
of Aand B. If
a1 --- CQln
A =
ant --- GOnn

then the Kronecker product is given by the block matrix

auB alnB
A®B =

anlB e annB
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which is of order nm. If f can be written as a product f(t,s) = fi(t) fa(s) of two

functions each depending of only one variable, then we set
FAB) = A(A)® fr(B)

The definition can then be extended by linearity in f (we want the mapping f — f(A, B)
to be linear) and continuity. We may also extend the definition to functions of more than

two variables and obtain:

Definition E2.1. Let f : [y X --- x [y = R be a real function (of any kind) defined on
a product of real intervals, and let © = (z1,...,%k) bea k-tuple of Hermitian matrices
such that the eigenvalues of z; are contained in I; fori = 1,..., k. Wesay that such a
k-tuple is in the domain of f- If

pi
r, = Z)‘tiiptii /=1, N

ti=1

is the spectral resolution of T, we define

D1 Pk
f(x) = Z'”Zf(Atla"',)‘tk)Phl@'"®Ptkk
t1=1 tp=1

as the function f applied to the k-tuple £ = (T1,- -+ »Tk)-

If the k-tuple z = (z1,. .., k) is of order (n1,. - ., Ttk)s then f () is a Hermitian
matrix of order ny..... ny. We shall henceforth consider only real and symmetric ma-
trices, although all statements remain valid for Hermitian matrices and in many cases
also for bounded self-adjoint operators on a Hilbert space. It is not obvious to extend the
concept of monotonicity from functions of one variable to functions of several variables.
This is so because there is no natural order structure on tuples of matrices. It is com-
pletely trivial to define the notion of matrix convexity for functions of several variables,
simply because the definition of matrix convexity only involves the order structure for

matrices.

Definition E.2.2. 4 function f : Iy x--- X I, — Rdefinedona product of real intervals

is said to be matrix convex of order (n1, .. -, ny), if the matrix inequality
fex+(1—0y) < f@)+1-fW)

holds for any € € 0,1} and all k-tuples of matrices T = (z1,...,%Tk) andy = W1y - Yk)
of order (ny, . .., ny) in the domain of f.
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(1 — €)y is contained in the domain

The definition is meaningful since also ez +
oy M)

of f. We say that f is operator convex, if f is matrix convex of every order (ny, .

See more advanced concepts in Hansen [26].



Appendix F
HISTORY AND APPLICATIONS OF THE

KRONECKER PRODUCT

F.1 History of the Kronecker Product

The following information is interpreted from the paper “On the History of the
Kronecker Product” by Henderson [24]. You can see it also in Schicke [25].

Apparently, the first documented work on Kronecker products was written by Jo-
hann Georg Zehfuss between 1858 and 1868. It was he, who established the determinant

result
det(A® B) = (det(A))™(det(B))", (F.1)

where A and B are square matrices of dimension n and m, respectively.

7Zehfuss was acknowledged by Muir (1881) and his followers, who called the de-
terminant det(A ® B) the Zehfuss determinant of A and B.

However, in the 1880’s, Kronecker gave a series of lectures in Berlin, where he
introduced the result (F.1) to his students. One of these students, Hensel, acknowledged

in some of his papers that Kronecker presented (F.1) in his lectures.

Later, in the 1890’s, Hurwitz and Stéphanos developed the same determinant

equality and other results involving Kronecker products such as:

I[n®I, = Inn,
(A® B)(C® D) = (AC)®(BD),
(A®B)! = A'eB’,
(AQ B)T = AT® B".
Hurwitz used the symbol X to denote the operation. Furthermore, Stéphanos derives the
result that the eigenvalues of A ® B are the products of all eigenvalues of A with all
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eigenvalues of B.

There were other writers such as Rados in the late 1800’s who also discovered
property (F.1) independently. Rados even thought that he wrote the original paper on
property (F.1) and claims it for himself in his paper published in 1900, questioning

Hensel’s contributing it to Kronecker.

Despite Rados’ claim, the determinant result (F. 1) continued to be associated with
Kronecker. Later on, in the 1930’s, even the definition of the matrix operation A ® B

was associated with Kronecker’s name.

Therefore today, we know the Kronecker product as “Kronecker” product and not

as “Zehfuss”, “Hurwitz”, “Stéphanos”, or “Rados” product.

F.2 Applications of the Kronecker Product

The following facts are come from Schécke [25].

The Kronecker product can be used to present linear equations in which the un-

knowns are matrices. Examples for such equations are:

AX = B, (F2)
AX+XB = C, (F.3)

AXB~=7C, (F.4)
AX+YB = C. (F.5)

These equations are equivalent to the following systems of equations:

(I ® AjvecX = wecB corresponds to (F.2), (E.6)

[(I1® A)+ (B"® I)lvecX = wecC corresponds to (F.3), (E.7)
(BT"® A)vecX = vecC corresponds to (F.4), (F.8)

(I ® AyeeX + (BT ® I)vecY = wecC  corresponds to (F.5). (F.9)

Note that with the notation of the Kronecker sum, equation (F.7) can be written as

(A® B"vecX = wecC.
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The above properties of the Kronecker product have some very nice applications.
Equation (F.3) is known to numerical linear algebraists as the Sylvester equation. For
given A € M, B€ M, C € Mg, n, One wants to find all X € My, , which satisfy the
equation. This system of linear equations plays a central role in control theory, Poisson
equation solving, or invariant subspace computation to name just a few applications. In
the case of all matrices being square and of the same dimension, equation (F.3) appears

frequently in system theory.

The question is often, whether there is a solution to this equation or not. In other
_words one wants to know if the Kronecker sum A & BT is nonsingular. From our knowl-
edge about eigenvalues of the Kronecker sum, we can immediately conclude that this
matrix is nonsingular if and only if the spectrum of A has no eigenvalue in common with

the negative spectrum of /3 :
o(A)N(-o(B)) = 2
An important special case of the Sylvester equation is the Lyapunov equation:
o RALK ' & Pt

where A, H € M), are given and H is Hermitian. This special type of matrix equa-
tion arises in the study of matrix stability. A solution of this equation can be found by

transforming it into the equivalent system of equations:
[(AT®I)+ (I ® AMvec(X) = wvec(H),

which is equivalent to

[A* @ ATvec(X) = wvec(H).
It has a unique solution X if and only if A* and — AT have no eigenvalues in common. For
example, consider the computation of the Nesterov-Todd search direction. The following

equation needs to be solved:
1
§(va +VDy)=ul -V?

where V is a real symmetric positive definite matrix and the right hand side is real and
symmetric, therefore Hermitian. Now, we can conclude that this equation has a unique
symmetric solution since V' is positive definite, and therefore V and —VT have no eigen-

values in common.
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Another application of the Kronecker product is the commutativity equation. Given
a matrix A € M,,; we want to know all matrices X € M, that commute with A, i.e.
{X : AX = X A}. This can be rewritten as AX — XA =0, and hence as

(I ® A) — (AT ® I)]vec(X) = 0.

Now we have transformed the commutativity problem into a null space problem which

can be solved easily.

Graham mentions another interesting application of the Kronecker product. Given

A € M, and i € K, we want to know when the equation
AX — XA=pK (F.10)
has a nontrivial solution. By transforming the equation into
(1 ® A) — (AT ® I]vec(X) = pvec(X).
which is equivalent to
[A @ (=A")vec(X) = pvec(X),

we find that p has to be an eigenvalue of [A® (—AT)], and that all X satisfying (F.10) are
eigenvectors of [A®(— AT)] (after applying vec to X). From our results on the eigenvalues
and eigenvectors of the Kronecker sum, we know that those X are therefore Kronecker

products of eigenvectors of AT with the eigenvectors of A.

This also ties in with our result on the commutativity equation. For u = 0; we
get that 0 has to be an eigenvalue of [A & (—A™)] in order for a nontrivial commutating

X to exist.

There are many other applications of the Kronecker product in e.g. signal process-

ing, image processing, quantum computing and semidefinite programming.



Appendix G
FAMOUS DETERMINANT INEQUALITIES

Corollary G.1 ( Hadamard’s Inequality [5} ). For any matrix B = [bij] € My,

n n 1/2
|det(B)l < H( |bij|2> (G.1)
i=1 \j=1

and

n n 1/2
|det(B)] < H( |b,-j|2> . (G2)
1

j=1 \i=
Furthermore, when B is nonsingular, then equality holds if and only if the rows (respectively,

columns) of B are orthoganal.

Theorem G.2 ( Fisher’s Inequality [5] ). Suppose that

P = A B
B* C

is positive definite matrix that is partitioned so that A and C are square and nonempty.
Then
det(P) < det(A) det(B). (G3)

Theorem G.3 ( Ostrowski-Taussky’s Inequality [5] ). If A € My, is such that T1(A) :=
1(A + A*) is positive definite, then
det (H(A)) < |det(A)l. (G4)

Equality holds if and only if A is Hermitian.

Theorem G.4 ( Minkowski’s Inequality [5]). If A, B € M, are positive definite, then

[det(A+B)Y/™ > det(A)/"+ det(B)/™. (G.5)



.Appendix H
EIGENVALUE INEQUALITIES

In this appendix we arrange the eigenvalues of matrices in the decreasing order.

Theorem H.1 ( [9] ). Let A, B be positive semidefinite with A(A) < 1, then for 0 <
s<1
M(A*BS) < L (H.1)

Theorem H.2 ( [9] ). Let A, B be positive semidefinite with M(A) < 1, then for 0 <
s<1
M(A°B°%) < (M(4B))”. (H.2)

Theorem H.3 ([9]). Let A, B be positive semidefinite with M(A) <1, thenforl >1

(M(4B) < M(4'BY. (H3)

Theorem H.4 ( [9]). Let A, B be positive semidefinite. Then
1. [\ (AYEBMY) is a monotonically decreasing function of L on (0, 00).

2. [\ (At B!t is a monotonically increasing function of t on (0, o).



Appendix I
THE WELL-KNOWN TRACE INEQUALITIES

Theorem 1.1 ( Golden-Thompson Inequality [9] ). Let A, B be Hermitian matrices. Then

tr(eA*B) < tr(efeB). (L1)

Theorem 1.2 ( Lieb-Thirring Inequality [9] ). Let A, B € My, be positive semidefinite
and let m, n be positive integer such that m 2 k. Then

tr ((A™B™¥) < tr((A™B™)) (1.2)

the special case tr ((AB)™) < tr(A™B™). (1.3)

Theorem L3 ([9] ). Let A, B be Hermitian matrices. Then for every positive integer m

lte (AB)*™)] < tx(A>"B*™), (1.4)
tr(A™B™?) < ti(A™B*™), (15)
tr ((AB)™) <t ((APmBPM)?). (1.6)

Theorem L4 ( [9] ). Let A, B be positive semidefinite matrices and let s,t be positive

real numbers witht > 1. Then

tr (BY2ABY2)") <t ((B?A'B*?)). 1.7
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