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ABSTRACT

This thesis presents a design of sinusoidal nonlinear oscillators which
operate at the desired output amplitude and frequency of oscillation. The
describing function method is used for predicting the existence of limit cycles
and for determining the amplitude of oscillation. An equivalent circuit of the
oscillator used is a feedback configuration of a linear system with band-pass
filter characteristic fed-back via a nonlinear element. The design of a sinusoidal
nonlinear oscillator using an operational transconductance amplifier (OTA) as
a nonlinear element has been done. The experimental results show that the
oscillator circuits can keep the amplitude of oscillation constant and do not
depend on the circuit’s initial conditions.
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CHAPTER 1

Introduction

1.1 Background

A nonlinear oscillator is a nonlinear system that can display oscillation
of fixed amplitude and fixed period without external excitation. The oscillations
of this kind are called limit cycles, or self-excited oscillations. An advantage of
nonlinear oscillator over the linear one is due to a magnitude stabilization phe-
nomenon that keeps the amplitude of oscillation constant and not depending on
the circuits initial condition.

The describing function method is a first-order version of the method of
harmonic balance used to find periodic solutions for nonlinear systems by fitting
a truncated Fourier series. This method applies to a system shown in Figure 1.1
with the linear block having low-pass or band-pass filtering characteristics and
+(-) as a time-invariant nonlinear element. The solution is found using graphical
constructions involving the Nyquist locus. This study employs a numerical inte-
gration ability of mathematical softwares, for example, MAPLE or MATLAB to
obtain the describing function D(A) used in oscillator circuit design.

r=£ {7 a(s) I Y

¥()

Figure 1.1 Feedback connection

Also we give a systematic approach to synthesizing an OTA-based non-
linear oscillator given specifications on amplitude and period (or frequency) of
oscillation. An equivalent feedback configuration of an oscillator circuit with a
linear dynamic system G(s) as a feedforward element and a memoryless nonlin-
earity 9(-) as a feedback element as shown in Figure 1.1, is used in the design.

Traditionally, the solution is found using graphical constructions involv-
ing the Nyquist locus. This tradition has not died out with the universal avail-
ability of computers; rather, it has been strengthened because of the vastly more
informative nature of graphic displays over lists of numbers.



1.2 Objective

This thesis describes a systematic approach to designing the nonlinear
oscillator to achieve the desired specifications on amplitude and frequency of os-
cillation. The approach make use of the understanding of the describing function
of nonlinear elements. Experimental and simulation results are included.

1.3 Scope of the Study

We study here the oscillator system that contains a linear block which has
a band-pass filter characteristic fed back with a single nonlinear element. The
describing function method which is used for predicting the existence of limit
cycles and, more generally, for analyzing the magnitude stabilization phenomena,
is used in synthesizing the nonlinear oscillator.

1.4 Thesis Outline

The oscillator fundamentals in Chapter 2 show a basic form of an oscilla-
tor and the amplitude stabilizing problems. Phase plane analysis [1], a graphical
method used for analyzing the system is described in Chapter 3. The describ-
ing function analysis [1] used for describing characteristic of nonlinear elements
is mentioned in Chapter 4. Chapter 5 shows the design of a sinusoidal nonlin-
ear oscillator. Chapter 6 shows the simulation results by MATLAB SIMULINK
and the experimental result by using an OTA (LM13600) as a nonlinear element.
Conclusions of this thesis are discussed in Chapter 7.



CHAPTER 2

Oscillator Fundamentals

2.1 Introduction

Vz’n a A Vout

g

Figure 2.1 Canonical form of a feedback system with positive or negative feed-
back

Figure 2.1 shows a block diagram for the system in which V;;, is the input
voltage, V,,; is the output voltage of the amplifier block (gain A), and 3 is called
a feedback factor that fed the signal back to the summing junction. E represents
the error term which is the difference of the input voltage and the feedback signal.

The corresponding classic expression for a feedback system is derived as

Vin 1+ AP

@2.1)

Oscillators do not require any external input signal, instead, they use some frac-
tion of the output signal created by the feedback network as an input signal.

Oscillation occurs when the feedback system is unable to find a stable
steady-state because its transfer function can not be satisfied. The system goes
unstable when the denominator in (2.1) becomes zero, i.e., when 1 + A3 =0, or
AB = —1. The key for designing the oscillator is ensuring that A = —1. This
is called the Barkhausen criterion[2]. Satisfying this criterion requires that the
magnitude of the loop gain is unity with a corresponding phase shift of 180° as
indicated by the minus sign. An equivalent complex expression is AF = 14 —
180° for the negative feedback system. For the positive feedback system, the
expression is A = 1/0° and the sign of the AS térm is negative in (2.1).

As the phase shift approaches 180° and |AB| — 1, the output voltage of
the (now unstable) system tends to infinity but, of course, is limited to finite values
by an energy-limited power supply when the output voltage approaches either
power rail or the active devices in the amplifiers change gain. This causes the
value of A to change and forces A3 away from the singularity; thus the trajectory
towards an infinite voltage slows and eventually halts. At this stage, one of three
things can occur:



1. Nonlinearity in saturation or cut-off causes the system to become stable and
lock up at the current power rail.

2. The initial change causes the system to saturate (or cut-off) and stay that
way for a long time before it becomes linear and heads for the opposite
power rail.

3. The system stays linear and reverses direction, heading for the opposite
power rail.

The second alternative produces highly distorted oscillations (usually quasi-square
waves), the resulting oscillators being called relaxation oscillators. The third pro-
duces a sine-wave oscillator.

2.2 Basic Wien-Bridge Oscillator

¥
3

:EQ
=

+

Vo

I Ry

I—AMA—e
»3

Figure 2.2 Wien-bridge oscillator circuit

A Wien bridge oscillator [2, 3] is a type of electronic oscillator that gener-
ates sine waves without having any input source. It can generate a large range of
output frequencies. The bridge comprises four resistors and two capacitors. The
circuit is based on a network originally developed by Max Wien in 1891. The
circuit of Figure 2.2 uses both negative feedback, via R and R;, and positive
feedback, via the series and parallel RC networks. Circuit behavior is strongly
affected by whether positive or negative feedback prevails. The components of
the RC networks need not to be equal-valued. However, making them so simpli-
fies analysis as well as inventory.

The circuit can be viewed as a noninverting amplifier that amplifies V}, by
the amount

A= =14+ — (2.2)



assuming an ideal op-amp for simplicity. In turn, V}, is supplied by the op-amp
itself via the two RC networks as V,, = [Z,/(Zp + Zs)|V,, where Z, = R ||
(1/jwC). Expanding,we get

_Ié _ 1

Vo 3+ j(w/wo)—wo/w

B(jw) = (23)
where wp = 1/RC. The overall gain experienced by a signal in going around the
loop is G(jw) = AB, or

1+ Ra/Ry

CU%) = 35w n) — ool

2.4

This is a band-pass function since it approaches zero at both high and low fre-
quencies. Its peak value occurs at w = wp, that is

1+ Ro/R;

Gljw) = 2=

2.5)
The fact that G(jw) is real indicates that a signal of frequency wp will experience
a net phase shift of zero in going around the loop. Depending on the magnitude
of G(jw), we have three distinct possibilities.

1. G(jwo) < 1, that is, A < 3 V/V. Any disturbance of frequency fo
arising at the input of the op-amp is first amplified by A < 3 V/V, and then by
B(jwo) = % V/V, for a net gain of less than unity. Any disturbance decrease each
times it goes around the loop until it eventually decays to zero. We can state that
negative feedback (via Ry and R;) prevails over positive feedback (via Zg and
Zp), resulting in a stable system. Consequently, the system’s poles lie in the left
half of the complex plane.

2. G(jwp) > 1, that is, A > 3 V/V. Now, positive feedback prevails over
negative feedback, indicating that a disturbance of frequency wg will be amplified
regeneratively, causing the circuit to break out into oscillations of growing mag-
nitude. The circuit is now unstable, and its poles lie in the right half plane. As
we know, the oscillations build up until the saturation limits of the op-amp, the
power supply voltages, are reached. Therefore, V,, will appear as a clipped sine
wave when observed with the oscilloscope or visualized via PSPICE.

3. G(jwo) = 1, or A = 3 V/V exactly. A condition referred to as neu-
tral stability because positive and negative feedback are now applied in equal
amounts. Any disturbance of frequency wy is first amplified by 3 V/V and then by
1/3 V/V, indicating that once start, it will be sustained indefinitely. As we know,
this corresponds to a pole pair right on the jw axis. The conditions ZG(jwp) = 0°
and |G(jw)| = 1 are together referred to as the Barkhausen criterion for oscil-
lation at w = wp. The band-pass nature of G(jw) allows for oscillation to occur
only at w = wp. Any attempt to oscillate at other frequency is naturally discour-
aged because ZG(jw) # 0° and |G(jw)| < 1 there. By (2.5), neutral stability is



only achieved with
By _

R;
It is apparent that when this condition is met, the components around the op-amp
form a balanced bridge at w = wyp.

In a real-life circuit, component drift makes it different to keep the bridge
exactly balanced. Moreover, provisions must be made so that (i) oscillation
starts spontaneously at power turn-on, and (ii) its amplitude is kept below the
op-amp saturation limits to avoid excessive distortion. These objectives are met
by making the ratio Re/R; amplitude-dependent such that at low signal levels
it is slightly greater than 2 to ensure oscillation start-up, and that at high signal
levels, it is slightly less than 2 to limit amplitude. Then, once the oscillation has
started, it will grow and automatically stabilized at some intermediate level where
Ra/R; = 2 exactly.

Amplitude stabilization takes on many forms, all of which use nonlinear
elements to either decrease Ry or increase R; with signal amplitude.

2 (2.6)

2.3 Automatic Amplitude Control

Panigs R
sollorong
>—0—0V0
:EC
o—ANN—-
R,
R,g

Figure 2.3 Hewlett’s low-distortion oscillator

The developed circuit is derived from William Hewlett’s 1939 Stanford
University master’s degree thesis [2]. Hewlett, along with David Packard co-
founded Hewlett-Packard. Their first product was the HP 200A, a precision sine
wave oscillator based on the Wien-bridge. The 200A is a classic instrument
known for its low distortion. Hewlett used an incandescent bulb in the oscilla-
tor feedback path to limit the gain, see Figure 2.3. The resistance of light bulbs
and similar heating elements increases as their temperature increases. If the gain
is inversely proportional to the oscillation amplitude, the oscillator gain stage
reaches a steady state and operates at very low distortion.
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Figure 2.4 Practical Wien-bridge oscillator

Modern Wien bridge oscillators have used field effect transistors or pho-
tocells for amplitude stabilization in place of light bulbs [3]. The circuit of Fig-
ure 2.4 uses a simple diode-resistor network to control the effective value of Rs.
At low signal levels, the diodes are off so the 100-kS2 resistance has no effect. We
thrust have Rp/R; = 22.1/10.0 = 2.21, or G(jwg) = (1 +2.21)/3 = 1.07 > 1,
indicating oscillation buildup. As the oscillation grows, the diodes are gradually
brought into conduction on alternate half-cycles. In the limit of heavy diode
conduction, Ry would effectively change to (22.1 || 100) = 18.1k(2, giving
G(jwo) = 0.937 < 1. However, before this limiting condition is reached, ampli-
tude will automatically stabilize at some intermediate level of diode conduction
where Ry /R; = 2 exactly, or G(jwp) = 1.

InF 158kQ
| e
>—4——QVO
i 20kQ
1 nF—— gfé AN
51kQ D

11kn§

1 MQ

luF—L

Figure 2.5 Wien-bridge oscillator using JFET

A disadvantage of the circuit in Figure 2.4 is that V,,, is quite sensitive
to variations in the diode-forward voltage drops. The circuit of Figure 2.5 over-
comes the drawback by using an n-JFET effectively shorts the 51-k(2 resistance



to ground to give Rp/R; = 2.21 > 2, so oscillation starts to build up. The diode
and the 1-uF capacitance from a negative peak detector whose voltage becomes
progressively more negative as the oscillation grows. This gradually reduces the
conductivity of the JFET until, in the limit of complete cut-off we would have
Ry/R; = 20.0/11.0 = 1.82 < 2, However, amplitude stabilizes automatically
at some intermediate level where Ro/R; = 2 exactly. Denoting the correspond-
ing gate-source voltage as Vg g(crit), and the output peak amplitude as Vo, we
have —Vom = Vgs(crit) — VD(on)- For instant, with Vgg(eriry = —4.3V we get
Vom 2 4.3+4+0.7=05V.

e

Figure 2.6 Wien-bridge oscillator using a voltage limiter

Figure 2.6 shows yet another popular amplitude stabilization scheme us-
ing a diode limiter for easier programming of amplitude. As usual, for low output
levels the diodes are biased in cutoff, yielding Ro/R; = 2.21 > 2. The oscillation
grows until the diodes become conductive on alternate output peaks. These peaks
are likewise symmetric, or +V)y,,. To estimate Von,, consider the instant when Do
starts to conduct. Assuming the current through D is still negligible, and denot-
ing the voltage at the anode of D5 as V5, we use KCL to write (Vor, — V2)/R3
[Va — (—V5)]/Ra, where Vo = Vi, + Vpo(on) & Vom/3 + Vpa(on)- Eliminating
V, and solving gives Vom 2 3[(1 + R4/R3)Vpa(on) + Vs)/(2R4/R3 — 1). For
example, with R3 = 3k$2, Ry = 20k, Vg = 15V, and Vp(,n) = 0.7V, we get
Vom = 5V.

Another way to stabilize the output amplitude is by using a nonlinear
element (in the feedback path of Figure 1.1). An analysis of the amplitude sta-
bilization in LC sinusoidal oscillators were done by Bayard and Ayachi [4] in
2002. .They considered two nonlinear elements, OTA and CFOA, and realized
that OTA- and CFOA-based oscillators of this type are nonlinear and could not be



simply analyzed using linear approximation, since lots of nonlinear information
and characteristics would be lost. They instead used third-order Taylor polyno-
mial approximation in analysis, and state the difference in oscillation existence
between OTA-based and CFOA-based oscillators.
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Figure 2.7 Variation of the output current 40, against the command voltage v for
an OTA: (a) Without simplification; (b) First-order approximation; (c)
Third-order approximation; (d) SPICE simulation.
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Figure 2.8 Variation of the output current %,; against the command voltage v for
a CFOA: (a) Without simplification; (b) First-order approximation,;
(c) Third-order approximation; (d) SPICE simulation.

We present here the describing function method that gives an insight into
analyzing and designing a nonlinear oscillator circuit. Limit cycle analysis can
describe the difference between OTA and CFOA characteristic (OTA has only one
limit cycle which is stable but CFOA has two limit cycles, the one with smaller
amplitude is unstable while the one with the larger amplitude is stable) [5] and
will be used in our oscillator design.



CHAPTER 3
Phase Plane Analysis

3.1 Introduction

Phase plane analysis [1] is a graphical method for studying second-order
systems, which was introduced well before the tumn of the previous century by
mathematicians such as Henr Poincare. The basic idea of the method is to gen-
erate, in the state space of a second-order dynamic system (a two-dimensional
plane called the phase plane), motion trajectories corresponding to various initial
conditions, and then to examine the qualitative features of the trajectories. In such
a way, information concerning stability and other motion patterns of the system
can be obtained. In this chapter, The basic tools of phase plane analysis is used
to acquire intuitive insights on the effects of nonlinearities on control systems.

Phase plane analysis has a number of useful properties. First, as a graph-
ical method, it allows us to visualize what goes on in a nonlinear system starting
from various initial conditions, without having to solve the nonlinear equations
analytically. Second, it is not restricted to small or smooth nonlinearities, but
applies equally well to strong nonlinearities and to hard nonlinearities. Finally,
some practical control systems can indeed be adequately approximated as second-
order systems, and the phase plane method can be used easily for their analysis.
Conversely, the fandamental disadvantage of this method is that it is restricted to
second-order (or first-order) systems, because the graphical study of higher-order
systems is computationally and geometrically complex.

3.2 Concept of Phase Plane Analysis

3.2.1 Phase Portraits

The phase plane method is concerned with the graphical study of second-
order systems described by

1 = fi(z1,z2) (3.1a)
:i)z = fg(il:l, 582) (31b)
where z; and x4 are the states of the system, and f; and f are nonlinear functions

of the states. Geometrically, the state space of this system is a plane having z1
and x5 as coordinates. This plane is called the phase plane.
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Given a set of initial conditions z(0) = z(, Equation (3.1) defines a so-
lution z(¢). With time t varied from zero to infinity, the solution x(t) can be
represented geometrically as a curve in the phase plane. Such a curve is called
a phase plane frajectory. A family of phase plane trajectories corresponding to
various initial conditions is called a phase portrait of a system.

To illustrate the concept of phase portrait, consider the following simple
system.

Example 3.1. Phase portrait of a mass-spring system

The governing equation of the mass-spring system in Figure 3.1a is the linear
second-order differential equation

F+z=0 (3.2)

Assume that the mass is initially at rest, at length zo . Then the solution of the
equation is

z(t) = zgcost
(t) = —=zpsint
Eliminate time ¢ from the above equations to obtain the equation of the trajectory
2 4 &2 = a3

This represents a circle in the phase plane. Corresponding to different initial
conditions, circles of different radius can be obtained. Plotting these circles on the
phase plane, a phase portrait for the mass-spring system is shown in Figure 3.1b.

£ L XN Ax

SRR\
Nk

(@) ®

Figure 3.1 A mass-spring system and its phase portrait

The power of the phase portrait lies in the fact that once the phase por-
trait of a system is obtained, the nature of the system response corresponding to
various initial conditions is directly displayed on the phase plane. In the above
example, the system trajectories neither converge to the origin nor diverge to in-
finity. They simply circle around the origin, indicating the marginal nature of the
system’s stability.
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A major class of second-order systems can be described by differential

equations of the form
Z+ f(z,2)=0 (3.3)

In state space form, this dynamics can be represented as

Ty = T2
2 = —f(z1,22)

with z; = z and zo = Z. Most second-order systems in practice, such as
mass-spring-damper systems in mechanics, or resistor-coil-capacitor systems in
electrical engineering, can be represented in or transformed into this form. For
these systems, the states are z and its derivative . Traditionally, the phase plane
method is developed for the dynamics (3.3), and the phase plane is defined as the
plane having = and £ coordinates. But it’s easy to extend the method to more
general dynamics of the form (3.1), with the (z;, z2) plane as the phase plane.

3.2.2 Singular Points

An important concept in phase plane analysis is that of a singular point.
A singular point is an equilibrium point in the phase plane. Since an equilibrium
point is defined as a point where the system states can stay forever, its location
can be obtained from solving # = 0 for the state z, i.e., from solving

fi(z1,2z2) =0 Ja(z1,22) =0 (34)

The singular point of system (3.2) is simply the origin (0, 0) of the phase plane
For a linear system, there is usually only one singular point (although in
some cases there can be a continuous infinity of singular points, as seen by the
system £ + £ = 0, for which all points on the real axis are singular points).
However, a nonlinear system often has more than one isolated singular point.

Example 3.2. A nonlinear second-order system

Consider the system
i405&+2c+2%2=0

whose phase portrait is plotted in Figure 3.2. The system has two singular points,
one at (0,0) and the other at (—2,0). The motion patterns of the system tra-
jectories in the vicinity of the two singular point have different natures. The
trajectories move towards the point z = 0 while moving away from the point
= -2

One may wonder why an equilibrium point of a second-order system is
called a singular point. To answer this, examine the slope of the phase trajecto-
ries. From (3.1), the slope of the phase trajectory passing through a point (z;, z2)
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is determined by ; o )
L2 2\71, 22

dzy  fi(z1,%2) ©-3)
With the functions f; and fo assumed to be single valued, there is usually a def-
inite value for this slope at any given point in phase plane. This implies that the
phase trajectories will not intersect. At singular points, however, the value of the
slope is 0/0, i.e., the slope is indeterminate. Many trajectories may intersect at
such points, as seen from Figure 3.2. This indeterminacy of the slope accounts
for the adjective “singular”.

Figure 3.2 Phase portrait of a nonlinear system

Singular points are very important features in the. phase plane. Exam-
ination of the singular points can reveal a great deal of information about the
properties of a system. In fact, the stability of linear systems is uniquely char-
acterized by the nature of their singular points. For nonlinear systems, besides
singular points, there may be more complex features, such as limit cycles.

Note that, although the phase plane method is developed primarily for
second-order systems, it can also be applied to the analysis of first-order systems
of the form

T+ f(x)=0

The idea is still to plot £ with respect to z in the phase plane. The difference now
is that the phase portrait is composed of a single trajectory.
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Example 3.3. A first-order system

Consider the system
i=—z+z°

A phase trajectory of this system is the curve shown in Figure 3.3. The arrows
in the figure denote the direction of the motion, and whether they point toward
the left or the right at a particular point is determined by the sign of & at that
point. There are three singular points for this system, defined by —z + 23 =0,
ie,z = 0, —1, and 1. It is seen from the phase portrait of this system that the
equilibrium point = = 0 is stable, while the other two are unstable.

Ax
i
i
]
1
i

1

v\\

X

Figure 3.3 Phase trajectory of a first-order system

3.2.3 Symmetry in Phase Plane Portraits

In some cases, the phase portrait is symmetric with respect to the z-axis,
or the y-axis, or both. The exploitation of such symmetry properties can simplify
the generation and study of the phase portrait. Usually, symmetry in the phase
portrait can be established directly from the original differential equations (3.1).

The slope of trajectories in the phase plane is of the form

dzy _ fa(z1,22)
dr1  fi(z1,22)

Let the slope be denoted by fo, i.e.,fo(z1,22) = fo/f1. Then, the following
symmetry situations may occur:

Symmetry about the z; axis: In order for the phase portrait to be symmetric
about the z-axis, the slopes at points (z1,z2) and (z1, —2) should be equal in
absolute values, but of opposite signs

fo(z1,z2) = fo(z1, —z2)

This implies that the function fo should be even in 5. The mass-spring system in
Example 3.1 satisfies this condition, and its phase portrait is seen to be symmetric
about the z1-axis.
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Symmetry about the y-axis: Similarly,

fo(z1,2) = fo(—x1, 22)

implies symmetry with respect to the z2 axis. The mass-spring system also satis-
fies this condition.

Symmetry about the origin: In order for the phase portrait to be symmetric
about the origin, one must have

fo(z1,2) = —fo(~z1, —z2)

3.3 Constructing Phase Portraits

Today, phase portraits are routinely computer-generated. In fact, it is
largely the advent of the computer in the early 1960’s, and the associated ease of
quickly generating phase portraits, which motivated many advances in the study
of complex nonlinear dynamic behaviors such as chaos. However, of course (as
e.g., in the case of root locus for linear systems), it is still practically useful to
learn how to roughly sketch phase portraits or quickly verify the plausibility of
computer outputs.

There are a number of methods for constructing phase plane trajecto-
ries for linear or nonlinear systems, such as the so-called analytical method,
the method of isoclines, the delta method, Lienard’s method, and Pell’s method.
Two of them are discussed in this section, nameiy, the analytical method and the
method of isoclines. These methods are chosen primarily because of their relative
simplicity. The analytical method involves the analytical solution of the differ-
ential equations describing the systems. It is useful for some special nonlinear
systems, particularly piecewise linear systems, whose phase portraits can be con-
structed by piecing together the phase portraits of the related linear systems. The
method of isoclines is a graphical method which can conveniently be applied to
construct phase portraits for systems which cannot be solved analytically, which
represent by far the most common case.

3.3.1 Analytical Method

There are two techniques for generating phase plane portraits analytically.
Both techniques lead to a functional relation between the two phase variables z1
and z9 in the form

g(z1,72,¢) =0 (3.6)

where the constant ¢ represents the effects of initial conditions (and, possibly, of
external input signals). Plotting this relation in the phase plane for different initial
conditions yields a phase portrait.
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The first technique involves solving equations (3.1) for z; and x2 as func-
tions of time £, i.e.,
z1(t) = q1(t)  z2(t) = 92(t)
and then eliminating time ¢ from these equations, leading to a functional relation
in the form of (3.6). This technique was already illustrated in Example 3.1.
The second technique, on the other hand, involves directly eliminating the
time variable, by noting that

dzy _ fo(z1,%2)
dz1  fi(z1,z2)

and then solving this equation for a functional relation between z; and 2 . This
technique is used to solve the mass-spring equation in the following example.

Example 3.4. Mass-spring system

By noting that & = (dz/dz)(dz/dt), Equation (3.3) can be rewritten as

:i:%—l—x:O

Integration of this equation yields

One sees that the second technique is more straightforward in generating the
equations for the phase plane trajectories.

Most nonlinear systems cannot be easily solved by either of the above two
techniques. However, for piece-wise linear systems, an important class of non-
linear systems, this method can be conveniently used, as the following example
shows.

Example 3.5. A satellite control system

LIV ] w 1] 6 J1] ¢
+ -U s s

Figure 3.4 On-off control system

A one-dimensional model of a satellite in free space is depicted in Figure 3.4. It
simply consists of a rotational inertia controlled by a pair of thrusters, which can
provide either a positive constant torque U (positive firing) or a negative torque
—U (negative firing). The purpose of the control system is to maintain the satellite
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attitude at the zero angle by firing the thrusters. The mathematical model of the
system is )

f=u
where u is the torque provided by the thrusters and 8 is the satellite angle.

First examine the response of the system in the presence of positive and
negative firing, and then the response when the thrusters fire according to the

control law
_ ) =U if 6>0
“(t)‘{ U if 6<0 S

which means that the thrusters push in the counterclockwise direction if 6 is pos-
itive, and vice versa.
When the thrusters fire with positive torque U, the dynamics of the system
is
6=U
which implies that 0d§ = Udf. Therefore, the phase trajectories are a family of

parabolas defined by .
P =Ub6+c

where c; is a constant. The corresponding phase portrait of the system is shown
in Figure 3.5b.

When the thrusters fire with torque —U, the equation of phase trajectories
is similarly found to be

6> = ~Uz + c1
whose phase portrait is shown in Figure 3.5¢.

4 X

R b
A -

@ ®) ©)
Figure 3.5 Satellite control using on-off trusters

Now, consider the phase plane trajectory when the control law (3.7) is
used. It can be obtained simply by connecting the trajectories on the left half of
the phase plane in Figure 3.5b. with those on the right half of the phase plane
in Figure 3.5c. The vertical axis represents a switching line, because the con-
trol input and thus the phase trajectories are switched on that line. The resulting

. —

00187
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phase portrait. shown in Figure 3.6, is a collection of closed curves which repre-
sent periodic motions. One concludes from this phase portrait that the system is
marginally stable, similarly to the mass-spring system in Example 3.1.

X2

u=+UA

\

Figure 3.6 Complete phase plane portrait of the on-off controller

The Method of Isoclines

Consider the dynamics in (3.1). At a point (z;, z2) in the phase plane, the
slope of the tangent to the trajectory can be determined by (3.5). An isocline is
defined to be the locus of the points with a given tangent slope. An isocline with
slope « is thus defined to be

dzy _ fi(z1,z2) _
dzy  fa(z1,72)

This is to say that points on the curve

fo(z1, z2) = afi(z1, z2)

all have the same tangent slope a.

In the method of isoclines, the phase portrait of a system is generated in
two steps. In the first step, a field of directions of tangents to the trajectories is
obtained. In the second step, phase plane trajectories are formed from the field of
directions.

The isocline method on the mass-spring system is explained in (3.2). The
slope of the trajectories is easily seen to be

d:1:2 _ I

d:vl Z2
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Therefore, the isocline equation for a slope a is
1+ ares =0

i.e., a straight line. Along the line, it’s possible to draw a lot of short line segments
with slope a.. By taking o to be different values, a set of isoclines can be drawn,
and a field of directions of tangents to trajectories are generated, as shown in
Figure 3.7. To obtain trajectories from the field of directions, assume that the the
tangent slopes are locally constant. Therefore, a trajectory starting from any point
in the plane can be found by connecting a sequence of line segments.

Figure 3.7 Isoclines for the mass-spring system

The method of isoclines is used to study the Van der Pol equation, a non-
linear equation in the following example.

Example 3.6. The Van der Pol equation

For the Van der Pol equation
i+pa? -1z +2=0

an isocline of slope « is defined by

ilé_—u(xz—-l):i:—m_a
dr & B

Therefore, the points on the curve

5o T
T (p—pa?)-a
all have the same slope a.
By using 4 = 0.2 and taking a of different values, different isoclines

can be obtained, as plotted in Figure 3.8. Short line segments are drawn on the
isoclines to generate a field of tangent directions. The phase portraits can then
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be obtained, as shown in the plot. It is interesting to note that there exists a
closed curve in the portrait, and the trajectories starting from both outside and
inside converge to this curve. This closed curve corresponds to a limit cycle, as
reflected by the motion patterns in Figure 3.8.

Note that the same scales should be used for the z; axis and zo axis of
the phase plane, so that, the derivative dzo/dz; equals the geometric slope of the
trajectories. Also note that since in the second step of phase portrait construction,
it’s essential to assume that the slope of the phase plane trajectories is locally con-
stant, more isoclines should be plotted in regions where the slope varies quickly,
to improve accuracy.

Figure 3.8 Phase portrait of the Van der Pol equation

3.3.2 Determining Time from Phase Portraits

Note that time ¢ does not explicitly appear in the phase plane having z1
and z, as coordinates. However, in some cases, time information might be in-
terested. For example, one might want to know the time history of the system
states starting from a specific initial point. Another relevant situation is when one
wants to know how long it takes for the system to move from a point to another
point in a phase plane trajectory. There are two techniques for computing time
history from phase portraits. Both techniques involve a step-by-step procedure
for recovering time.
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Obtaining time from At ~ Az /&
In a short time At, the change of z is approximately
Az ~ At (3.8)

where % is the velocity corresponding to the increment Az. Note that for a Az
of finite magnitude, the average value of velocity during a time increment should
be used to improve accuracy. From (3.8), the length of time corresponding to the
increment Az is Az

At = —
X

The above reasoning implies that, in order to obtain the time corresponding to
the motion from one point to another point along a trajectory, one should divide
the corresponding part of the trajectory into a number of small segments (not
necessarily equally spaced), find the time associated with each segment, and then
add up the results. To obtain the time history of states corresponding to a certain
initial condition, one simply computes the time ¢ for each point on the phase
trajectory, and then plots = with respect to ¢ and & with respect to ¢.

Obtaining time from ¢t = [(1/%)dx
Since ¢ = dz/dt, or dt = dx/%. Therefore,

t—to= /:o(l/i:)dx

where  corresponds to time ¢t and zg corresponds to time £5. This equation
implies that, if we plot a phase plane portrait with new coordinates  and (1 /%),
then the area under the resulting curve is the corresponding time interval.

3.4 Phase Plane Analysis of Linear Systems

The phase plane analysis of linear systems not only useful in visually
observe the motion patterns of linear systems, but also help in developing of
nonlinear system analysis because the same motion pattems can be observed in
the local behavior of nonlinear systems.

The general form of a linear second-order system can be written as

1 = ax1 + bzg (3.9a)
T9 = cx1 + dzo (3.9b)

which can be transformed into a scalar second-order differential equation

big = bexy + d(21 — az1)
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Consequently, differentiation of (3.9a) and then substitution of (3.9b) leads to
I = (a + d).’i:1 -+ (Cb - ad)x1
Therefore, simply consider the second-order linear system described by

#+ai+br=0 (3.10)

To obtain the phase portrait of this linear system, first sotve for the time history

z(t) = kMt + ke ford # Ao (3.11a)
z(t) = kM4 koMt fordi =X (3.11b)

where the constants \; and )\ are the solutions of the characteristic equation
/\1=(—a+\/a2—4b)/2, /\2=(—a—\/a2—4b)/2

For linear systems described by (3.10), there is only one singular point (assuming
b # 0), namely the origin. However, the trajectories in the vicinity of this singu-
larity point can display quite different characteristics, depending on the values of
a and b. The following cases can occur

1. A1 and )2 are both real and have the same sign (positive or negative)
2. )1 and )z are both real and have opposite signs
3. \; and )3 are complex conjugate with non-zero parts

4, )1 and )\, are complex conjugate with real parts equal to zero

CASE 1 : STABLE OR UNSTABLE MODE

The first case corresponds to a node. If the signs of the eigenvalues are
negative, both z(t) and &(t) converge to zero exponentially, according to (3.4),
and the singularity point is called a stable node. There is no oscillation in this
convergence, and therefore, the phase trajectories have the features illustrated in
Figure 3.9a. If both eigenvalues are positive, then both z(t) and &(¢) diverge from
zero exponentially, as shown in Figure 3.9b, which is called an unstable node.

CASE 2 : SADDLE POINT

The second case (\; < 0 and Az > 0) corresponds to a saddle point.
The phase portrait of the system has the interesting shape shown in Figure 3.9c.
Because of the unstable pole )z, almost all of the system trajectories diverge to
infinity. In Figure 3.9c, the straight line in the second and four quadrant that
passes through the origin is the only exception. This line corresponds to initial
conditions which make ks (i.e., the unstable component) equal to zero. The other
straight line in the plot corresponds to initial conditions which make k; equal to
zero.
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Figure 3.9 Phase-portrait of linear systems
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CASE 3 : STABLE OR UNSTABLE FOCUS

The third case corresponds to a focus. If the real part of the eigenvalue is
negative, then z(¢) and %(¢) both converge to zero. The system trajectories in the
vicinity of a stable focus are depicted in Figure 3.9d. Note that the trajectories
encircle the origin one or more times before converging to it, unlike the situation
for a stable node. If the real part of the eigenvalues is positive, then z(t) and Z(¢)
both diverge to infinity and the singularity point is called an unstable focus. The
trajectories corresponding to an unstable focus are plotted in Figure 3.9e.

CASE 4 : CENTER POINT

The last case corresponds to a center point, as shown in Figure 3.9f, be-
cause all trajectories are ellipses and the singularity point is the center of these
ellipses. The phase portrait of the undamped mass-spring system belongs to this
category.

Note that the stability characteristics of linear systems are uniquely de-
termined by the nature of their singularity points. However, this is not true for
nonlinear systems.

kN
"

3.5 Phase Plane Analysis of Nonlinear Systems

Phase plane analysis of nonlinear systems is related to that of linear sys-
tems, because the local behavior of a nonlinear system can be approximated by
a linear one. Moreover, nonlinear systems can display much more complicated
patterns in the phase plane, such as multiple equilibrium points and limit cycles.

3.5.1 Local Behavior of Nonlinear Systems

In the phase portrait of Figure 3.2, one notes that, in contrast to linear
systems, there are two singular points, (0,0) and (—2, 0). However, the features
of the phase trajectories in the neighborhood of the two singular points look very
much like those of linear systems. This similarity to a linear system in the lo-
cal region of each singular point can be formalized by linearizing the nonlinear
system, which is shown below.

If the singular point of interest is not at the origin, by defining the dif-
ference between the original state and the singular point as a new set of state
variables, one can always shift the singular point to the origin. therefore, without
loss of generality, just simply consider Equation (3.1). Using Taylor expansion,
Equation (3.1a) and (3.1b) can be written as

&1 = axy + bxa + g1(x1,22)
2 = cx1+ dzo + g2(z1,2)
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where g; and g contain higher order terms.

In the neighborhood of the origin, the higher order terms can be neglected,
and therefore, the nonlinear system trajectories essentially satisfy the linearized
equation

1 = az1+bxre
Zo = cx1+dzs

As a result, the local behavior of the nonlinear system can be approximated by
the patterns shown in Figure 3.9

3.5.2 Limit Cycles

In the phase portrait of the nonlinear Van der Pol equation, shown in Fig-
ure 3.8, one observes that the system has an unstable node at the origin. Further-
more, there is a closed curve in the phase portrait. Trajectories inside the curve
and those outside the curve all tend to this curve, while a motion started on this
curve will stay on it forever, circling periodically around the origin. This curve is
an instance of the so-called “limit cycle” phenomenon. Limit cycles are unique
features of nonlinear systems.

In the phase plane, a limit cycle is defined as an isolated closed curve.
The trajectory has to be both closed, indicating the periodic nature of the motion,
and isolated, indicating the limiting nature of the cycle (with nearby trajectories
converging or diverging from it). Thus, while there are many closed curves in the
phase portraits of the mass-spring-damper system in Example 3.1 or the satellite
system in Example 3.5, these are not limit cycles because they are not isolated.

Depending on the motion patterns of the trajectories in the neighborhood
of the limit cycle, one can distinguish three kinds of limit cycles.

1. All trajectories in the neighborhood of the limit cycle converges to it as
t — oo (Figure 3.10a). In this case, the limit cycle is said to be stable.

2. All trajectories in the neighborhood of the limit cycle diverges from it as
¢t — oo (Figure 3.10b). In this case, the limit cycle is said to be unstable.

3. Some of the trajectories in the neighborhood converges to it, while the oth-
ers diverge from it as £ — oo (Figure 3.10c). In this case, the limit cycle is
is called semi-stable.

As seen from the phase portrait of Figure 3.8, the limit cycle of the Van
der Pol equation is clearly stable. Consider some additional examples of stable,
unstable, and semi-stable limit cycles.
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Example 3.7. Stable, unstable, and semi-stable limit cycles

Consider the following nonlinear systems

(@) 1=z —m(@d+23—1) do=-zm—zo(si+23-1) (3.12)
(b) B1=m+m(@i+23—1) fa=-m+z(si+a5-1) (B.13)
(c) 1 =20 — xl(a:% + a:% —1)? ip= -z — :cg(:z:% + :c% - 1)2 3.149)

First, study system (a) by introducing polar coordinates
r=(z2+22)/?  0=tan"(za/m1)

the dynamic equations (3.12) are transformed as
dr

ar 2
7 r(r 1)
8

ST

When the state starts on the unit circle, the above equation shows that 7(¢)=0.
Therefore, the state will circle around the origin with a period 1/27. Whenr < 1,
then + > 0. This implies that the state tends to the circle frc:n inside. When r > 1,
then # < 0. This implies that the state tends toward the unit circle from outside.
Therefore, the unit circle is a stable limit cycle. This can also be concluded by
examining the analytical solution of (3.12)

1

)= T e /2 RS o
where
= 1 —~1
° 7

Similarly. one can find that the system (b) has an unstable limit cycle and system
(c) has a semi-stable limit cycle.

x2 4 x2 A

D) D
NSZEIAN

(a) ®) (c)
Figure 3.10 Stable, unstable, and semi-stable limit cycles
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3.5.3 Detection of Limit Cycles

It is of great importance for control engineers to predict the existence of
limit cycles in control systems. Phase plane analysis, Lyapunov analysis, and
the describing function method can all be used to predict the existence of limit
cycles, although they differ considerably in terms of application ranges. This
section state a few simple classical results for predicting the existence of limit
cycles in second-order systems of the form (3.1).

The first theorem to be presented indicates a relationship between the ex-
istence of a limit cycle and the number of singular points it encloses. In the
statement of the theorem, N represents the number of nodes, centers, and foci
enclosed by a limit cycle, and S represents the number of enclosed saddle points.

Theorem 3.5.1. (Poincare)[1] If a limit cycle exists in the second-order system,
then N = S + 1 where N represents the number of nodes, centers, and foci
enclosed by a limit cycle, and S for the number of enclosed saddle points.

Theorem 3.5.2. (Poincare-Bendixson)[1] If a trajectory of the second-order sys-
tem remains in a finite region w, then one of the following is true:

- The trajectory goes to an equilibrium point.

- The trajectory tends to an asymptotically stable limit cycle.

- The trajectory is itself a limit cycle.

Theorem 3.5.3. (Bendixson)[1] For the nonlinear system, no limit cycle can exist
in a region w of the phase plane in which 8f;/0z1 + 0f2/0x> appears and does
not change it’s sign.



CHAPTER 4

Describing Function Analysis

4.1 Introduction

The frequency response method is a powerful tool for the analysis and
design of linear control systems. It is based on describing a linear system by a
complex-valued function, the frequency response, instead of a differential equa-
tion. The power of the method comes from a number of source. First, the analysis
" of a system’s behavior, such as stability and sinusoidal response, is reduced to the
relatively simple examination of a set of algebraic equations in the frequency
domain. Second, graphical representations can be used to facilitate analysis and
design. Third, physical insights can be used, because the frequency response
functions have clear physical meanings. Finally, the method’s complexity only
increases mildly with system order. Frequency domain analysis, however, cannot
be directly applied to nonlinear systems because frequency response functions
cannot be defined for nonlinear systems.

For some nonlinear systems and certain conditions, an extended version
of the frequency response method, called the describing function method [1], can
be used to approximately analyze and predict nonlinear behavior. Even though
it is only an approximation method, the desirable properties it inherits from the
frequency response method of linear control, and the shortage of other systematic
tools for nonlinear system analysis. The main use of describing function method
is for the prediction of limit cycles in nonlinear systems, although the method has
a number of other practical applications.

4.2 Describing Function Fundamentals
This section provides some basic concepts associated with the describing
function analysis start with a simple example.

4.2.1 Example of Describing Function Analysis

Consider the Van der Pol equation
i+ -1z +z=0 (4.1)

Determine whether there exists a limit cycle in this system and, if so, calculate
the amplitude and frequency of the limit cycle (pretending that the phase portrait
of the Van der Pol equation in chapter 2 is unseen). To this effect, first assume
the existence of a limit cycle with undetermined amplitude and frequency, and
then determine whether the system equation can indeed sustain such a solution.
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This is quite similar to the assumed-variable method in differential equation the-
ory substitute it into the differential equation, and then attempt to determine the
coefficients in the solution.

Nonlinear Block Linear Block
r ------- . —_;_—-l (Low-Pass Filter)
r —»() I
r=0__- : o lu G( 9= T .
+ : z } s ps +1
- » S5 1
b e K

Figure 4.1 Feedback interpretation of the Van der Pol oscillator

Consider the system dynamics in a block diagram form, as shown in Fig-
ure 4.1 It is seen that the feedback system in (4.1) contains a linear block and a
nonlinear block, where the linear block is a low-pass filter.

Assume that there is a limit cycle in the system and the oscillation signal
z is in the form of

z(t) = Asin(wt)
with A being the limit cycle amplitude and w being the frequency. Thus,

%(t) = Aw cos(wt)

Therefore, the output of the nonlinear block is

u = —z°¢=—A2sin?(wt)Aw cos(wt)

3, 3w
= —i——(l — cos(2uwt)) cos(wt) = —%—-(cos(wt) — cos(3uwt))

It is seen that u contains a third harmonic term. Since the linear block is a low-
pass filter, it’s reasonable to assume that this third harmonic term is sufficiently
attenuated by the linear block and its effect is not present in the signal flow after
the linear block. This means that u can be approximated by

AS

U ——w coswt = A———[ Asin(wt)]

so that the nonlinear block in Figure 4.1 can be approximated by the equivalent
“quasi-linear” block in Figure 4.2. The “transfer function” of the quasi-linear
block depends on the signal amplitude A, unlike a linear system transfer function
(which is independent of the input magnitude).

In the frequency domain, this corresponds to

v = D(A,w)(—z) 4.2)
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Figure 4.2 Quasi-linear approximation of the Van der Pol oscillator

where
2

D(A,w) = ()

That is, the nonlinear block can be approximated by the frequency response func-
tion D(A,w). Since the system is assumed to contain a sinusoidal oscillation,

z = Asin{wt) = G(jw)u = G(jw)D(4,w)(—xz)
where G(jw) is the linear component transfer function. This implies that

A2(jw) p

1+ . . =0
4 (jw)? — p(jw) +1

Solving this equation, then
A=2 w=1

Note that in terms of the Laplace variable s, the closed-loop characteristic equa-
tion of this system is

A?s @
=0 _
S — (43)
whose eigenvalues are
1 1
M= —gM(A? —4) & [P (A2 - 4P -1 “.4)

Corresponding to A = 2, then the eigenvalues A; o = 3. This indicates the
existence of a limit cycle of amplitude 2 and frequency 1. It is interesting to note
neither the amplitude nor the frequency obtained above depends on the parameter
¢ in Equation 4.1.

In the phase plane, the above approximation analysis suggests that the
limit cycle is a circle of radius 2. To verify the plausibility of this result, the real
limit cycles corresponding to the different values of  are plotted. It is seen that
the above approximation is reasonable for small value of 4, but the inaccuracy
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grows as y increases. This is understandable because as p grows the nonlinear-
ity becomes more significant and the quasi-linear approximation becomes less
accurate.

The stability of the limit cycle can also be studied using the above anal-
ysis. Assume that the limit cycle amplitude A is increased to a value larger than
2. Then, (4.4) indicates that the closed-loop poles now have a negative real part.
This indicates that the system becomes exponentially stable and thus the signal
magnitude will decrease. Similar conclusions are obtained assuming that the limit
cycle amplitude A is decreased to a value less than 2. Thus, the limit cycle is sta-
ble with an amplitude of 2.

Note that, in the above approximate analysis, the critical step is to replace
the nonlinear block by the quasi-linear block which has the frequency response
function (A2 /4)(jw). Afterwards, the amplitude and frequency of the limit cycle
can be determined from 1 4+ G(jw)D(A,w) = 0. The function D(A,w) is called
the describing function of the nonlinear element. The above approximate analysis
can be extended to predict limit cycles in other nonlinear systems which can be
represented into the block diagram similar to Figure 4.1.

4.2.2 Applications Domain

Before moving on to the formal treatment of the describing function method,
there is a briefly discuss what kind of nonlinear systems is applies to, and what
kind of information it can provide about nonlinear system behavior.

The Systems

Any systems which can be transformed into the configuration in Fig-
ure 4.3 can be studied using describing functions. There are at least two important
classes of systems in this category.

Nonlinear Element Linear Block

oA e=po o a9

Figure 4.3 A nonlinear system

The first important class consists of “almost” linear systems. By “almost”
linear systems, refer to systems which contain one hard nonlinearity in the con-
trol loop but are otherwise linear. Such systems arise when a control system is
designed using linear control but its implementation involves hard nonlinearities,
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such as motor saturation, actuator or sensor dead-zones, Colomb friction, or hys-
teresis in the plant. An example is shown in Figure 4.4, which involves hard
nonlinearities in the actuator.

Example 4.1. A system containing only one nonlinearity.

Consider the control system shown in Figure 4.4. The plant is linear and the
controller is also linear. However, the actuator involves a hard nonlinearity. This
system can be rearranged into the form of Figure 4.3 by regarding G,G1Gs as the
linear component G, and the actuator nonlinearity as the nonlinear element V.

e O e B e RTOR

y

Gz(s) <

Figure 4.4 A control system with hard nonlinearity

“Almost” linear systems involving sensor or plant nonlinearities can be
similarly rearranged into the form of Figure 4.3.

The second class of systems consists of genuinely nonlinear systems whose
dynamic equations can actually be rearranged into the form of Figure 4.3. For ex-
ample, the nonlinear equation

mi‘+c:i:+k::z:+k1:r3=0

can be rewritten as
mi+ct+ kz = —k1x3

which can be represented by the block diagram shown in Figure 4.5.

1 T
ms? + cs+ k

r=0 3
=0 ()

A

G(s)=

Figure 4.5 Transforming a nonlinear system into the standard form
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Applications of Describing Functions

For systems such as the one in Figure 4.4, limit cycles can often occur
due to the nonlinearity. However, linear control cannot predict such problems.
Describing functions, on the other hand, can be conveniently used to discover
the existence of limit cycles and determine their stability, regardless of whether
the nonlinearity is “hard” or “soft”. the applicability to limit cycle analysis is
due to the fact that the form of the signals in a limit-cycling system is usually
approximately sinusoidal. This can be conveniently explained on the system in
Figure 4.5. Assume that there is a limit cycle in the system, the system signals
must all be periodic according to definition. Since the input to the linear ele-
ment in Figure 4.5, as a periodic signal, can be expanded as the sum of many
harmonics, and the linear element, because of its low-pass property, filters out
higher frequency signals, the output z(¢) must be composed of mostly the lowest
harmonics. Therefore, it is appropriate to assume the signals in the whole system
are basically sinusoidal in form. Remark that the describing function method can
also be used for some other purposes, such as predicting the closed-loop response
of the systems representable by Figure 4.3 in the presence of external sinusoidal
excitation r(t) = ro sin(wt).

Prediction of limit cycles is very important, because limit cycles can oc-
cur in any kind of physical nonlinear system. Sometimes, a limit cycle can be
desirable. This is the case of limit cycles in the electronic oscillators used in lab-
oratories. Another example is the so-called dither technique which can be used
to minimize the negative effects of Coulomb friction in mechanical systems. In
most control systems, however, limit cycles are undesirable. This may be due to
a number of reasons:

1. Limit cycling, as a way of instability, tends to cause poor control accuracy.

2. The constant oscillation associated with the limit cycles can cause increas-
ing wear or even mechanical failure of the control system hardware.

3. Limit cycling may also cause other undesirable effects, such as passenger
discomfort in an aircraft under autopilot.

In general, although a precise knowledge of the waveform of a limit cycle
is usually not mandatory, the knowledge of the limit cycle’s existence, as well
as that of its approximate amplitude and frequency, is critical. The describing
function method can be used for this purpose. It can also guide the design of
compensators so as to avoid limit cycles.
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4.2.3 Basic Assumptions

Consider a nonlinear system in the general form of Figure 4.3. In order
to develop the basic version of the describing function method, the system has to
satisfy the following four condition

1. There is only a single nonlinear component.
2. The nonlinear component is time-invariant.

3. Corresponding to a sinusoidal input e = sin(wt), only the fundamental
component c; (%) in the output ¢(t) has to be considered.

4. The nonlinearity is odd

The first assumption implies that if there are two or more nonlinear com-
ponents in a system,one either has to lump them together as a single nonlinearity
(as can be done with two nonlinearities in parallel), or retain only the primary
nonlinearity and neglect the others.

The second assumption implies that only autonomous nonlinear systems
are considered. It is satisfied by many nonlinearities in practice, such as satu-
ration in amplifiers, backlash in gears, Coulomb friction between surfaces, and
hysteresis in relays. The reason for this assumption is that the Nyquist criterion,
on which the describing function method is largely based, applies only to linear
time-invariant systems.

The third assumption is the fundamental assumption of the describing
function method. It represents an approximation, because the output of a nonlin-
ear element corresponding to a sinusoidal input usually contains higher harmon-
ics besides the fundamental. This assumption implies that the higher-frequency
harmonics can all be neglected in the analysis, as compared with the fundamental
component. For this assumption to be valid, it is important for the linear element
following the nonlinearity to have low-pass properties, i.e.,

IG(w)| >> |GGmw)|  for n=2,3,... 4.5)

This implies that higher harmonics in the output will be filtered out significantly.
Thus, the third assumption is often referred to as the filtering hypothesis.

The forth assumption means that the plot of the nonlinearity relation f(e)
between the input and output of the nonlinear element is symmetric about the
origin. This assumption is introduced for simplicity, i.e., so that the static term
in the Fourier expansion of the output can be neglected. Note that the common
nonlinearities discussed before all satisfy this assumption.

The relaxation of the above assumptions has been widely studied in lit-
erature, leading to describing function approaches for general situations, such as
multiple nonlinearities, time-varying nonlinearities, or multiple-sinusoids. How-
ever, these methods based on relaxed conditions are usually much more compli-
cated than the basic version, which corresponds to the above assumptions.
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4.2.4 Basic Definitions

The describing function is a representation of a nonlinear component that
looks like an application of the frequency response method. First, consider a
sinusoidal input to the nonlinear element, of amplitude A and frequency w, i.e,
e(t) = Asin(wt), as shown in Figure 4.6. The output of the nonlinear component
¢(t) is often a periodic, though generally non-sinusoidal, function. Note that this
is always the case if the nonlinearity f(e) is single-valued, because the output
if f[Asin(w(t + 27 /w))] = flAsin(wt)]. Using Fourier series, this periodic
function can be expanded as

c(t) = % + io:[an cos(nuwt) + by, sin(nuwt)) (4.6)

n=1
where the Fourier coefficients a; and b; are generally functions of A and w, deter-
mined by

ap = -11? /; ic(t)d(wt) (4.7a)
(= % /; 7; c(t) cos(nwt)d(wt) (4.7b)
bn = % / j c(t) sin(nwt)d(wt) 4.7¢)

Due to the forth assumption above, one has ag = 0. Furthermore, the third
assumption implies that we only need to consider the fundamental component
c1(t), namely

c(t) = ¢1(t) = a3 cos(wot) + b1 sin(wot) = M sin(wot + ), (4.8)
where

M(A,wp) =+/a3 + b  and ¢(A,wo) = arctan(ay/b1)

Expression above indicates that the fundamental component corresponding to a
sinusoidal input is a sinusoidal at the same frequency. In complex representation,
this sinusoid can be written as

c1 = Mej(w0t+¢) = (b1 +ja1)ej“’°‘

Similarly to the concept of frequency response function, which is the
frequency-domain ratio of the sinusoidal input and the sinusoidal output of a sys-
tem, the describing function is defined as a complex ratio of the fundamental
component of the nonlinear element by the input sinusoidal,

Meiwot+4)

M 1 .
Aej“»’Ot = —A‘€7¢ = Z(bl + jal) (49)

D(A,w) =
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Figure 4.6 A nonlinear element and its describing function representation

With a describing function representing the nonlinear component, the nonlin-
ear element, in the presence of sinusoidal input, can be treated as if it were a
linear element with a transfer function D(A,w), as shown in Figure 4.6. The
concept of the describing function can thus be regarded as an extension of the
notion of frequency response. For a linear dynamic system with transfer function
H(jw), the describing function is independent of the input gain, as can be easily
shown. However, the describing function of a nonlinear element differs from the
frequency response function of a linear element in that it depends on the input
amplitude A.

Generally, the describing function depends on the frequency an amplitude
of the input signal. There are, however, a number of special cases. When the non-
linearity is single-valued, the describing function D(A, w) is real and independent
of the input frequency w. The realness of D is due to the fact that @) = 0, which
is true because f[A sin(wt)] cos(wt), the integrand in the expression (4.7b) for a;,
is an odd function of wt, and the domain of integration is the symmetric interval
[—n, 7). The frequency-independent nature is due to the fact that the integration
of the single-valued function f[A sin(wt)] sin(wt) in expression (4.7¢) is done for
the variable wt, which implies that w does not explicitly appear in the integration.

Although we have implicitly assumed the nonlinear element to be a scalar
nonlinear function, the definition of the describing function equally applies to the
case when the nonlinear element contains dynamic (i.e., it should be described
by differential equations instead of a function). The describing function method
indeed applies to such systems, but the evaluation of the describing functions for
such nonlinear elements is much more complicated and requires experimental
determination.

4.2.5 Computing Describing Function

A number of methods are available to determine the describing functions
of nonlinear elements in control systems, based on definition (4.9). There are
three such methods: analytical calculation, experimental determination, and nu-
merical integration. Convenience and cost in each particular application deter-
mine which method should be used. One thing to remember is that precision is
not critical in evaluating describing functions of nonlinear elements, because the
describing function method is itself an approximate method.
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Analytical Calculation

When the nonlinear characteristic ¢ = f(e) (where e is the input and ¢
is the output) of the nonlinear element are describe by an explicit function and
the integration in (4.7) can be easily carried out, then analytical evaluation of
the describing function based on (4.7) is desirable. The explicit function f(e) of
the nonlinear element may be an idealized representation of simple nonlinearities
such as saturation and dead-zone, or it may be the curve-fit of an input-output
relationship for the element.

Numerical Integration

For nonlinearities whose input-output relationship ¢ = f(e) is given by
graphs or tables, it is convenient to use numerical integration to evaluate the de-
scribing function. The idea is to approximate integrals in (4.7) by discrete sums
over small intervals. Various numerical integration schemes can be applied for
this purpose. It is obviously important that the numerical integration be easily
implementable by computer programs. The result is a plot representing the de-
scribing function, which can be used to predict limit cycles.

Experimental Evaluation

The experimental method is particularly suitable for complex nonlinear-
ities and dynamic nonlinearities. When a system nonlinearities can be isolated
and excited with sinusoidal input of known amplitude and frequency, experimen-
tal determination of the describing function can be obtained by using a harmonic
analyzer on the output of the nonlinear element. This is quite similar to the ex-
perimental determination of transfer functions for linear elements. The difference
is that not only the frequencies, but also the amplitudes of the input sinusoidal
should be varied. The results of the experiments are a set of curves on com-
plex planes representing the describing function D(A,w), instead of analytical
expressions. Specializes instruments are available which automatically compute
the describing functions of nonlinear elements based on the measurement of non-
linear element response to harmonic excitation.

The next example illustrates how to evaluate describing functions by using
the analytical technique on a simple nonlinearity.
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Example 4.2. Describing function of a hardening spring

The characteristics of a hardening spring are given by

3

y=m+—§-

with z being the input and y being the output. Given an input z(t) = Asin(wt),
the output

y(t) = Asin(wt) + %Assina(wt)
can be expanded as a fourier series, with the fundamental being

y1(t) = a3 cos(wt) + by sin(wt)

Because y(t) is an odd function, one has a; = 0, according to (4.7). The coeffi-
cient b; is

i

by 1 / ’ [A sin(wt) + %A?’sin3 (wt)] sin(wt)d(wt)

T J—m
= A+ia®
Therefore, the fundamental is
Y= (A + -z-A3> sin(wt)
and the describing function of this nonlinear component is
D(A,w) = D(A) =1+ gA2

Note that due to the odd nature of this nonlinearity, the describing function is real,
being a function only of the amplitude of the sinusoidal input.

4.3 Common Nonlinearities in Control Systems

This section takes a closer look at the nonlinearities found in control sys-
tems. Consider the typical system block shown in Figure 4.7. It is composed of
four parts: a plant to be controlled, sensors for measurement, actuators for con-
trol action. and a control law, usually implemented on a computer. Nonlinearities
may occur in any part of the system, and thus make it a nonlinear control system.

Continuous and Discontinuous Nonlinearities

Nonlinearities can be classified as continuous and discontinuous. Because
discontinuous nonlinearities cannot be locally approximated by linear functions.
They are also called “hard” nonlinearities. Hard nonlinearities are commonly
found in control systems, both in small range operation and large range operation.
Whether a system in small range operation should be regarded as nonlinear or
linear depends on the magnitude of the hard nonlinearities and on the extent of
their effects on the system performance.
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Figure 4.7 Block diagram of a control system

Saturation

Saturation is probably the most commonly encountered nonlinearity in
control engineering. The saturation nonlinearity is usually caused by limits on
component size, properties of materials, and available power. It is often asso-
ciated with amplifiers and actuators, both of which are important components
of control systems. In transistor amplifiers and magnetic amplifiers, the output
varies linearly with the input only for small amplitude inputs. When the input
amplitude gets out of the linear range of the amplifier, the output changes very
little and stays close to its maximum value, giving rise to the saturation phe-
nomenon. The characteristics of saturation nonlinearity is plotted in Figure 4.8,
where the solid line is the real nonlinearity and the dotted line is an idealized
saturation nonlinearity.

E

- 4_ —’ .
linear | saturation

Figure 4.8 Saturation nonlinearity

Most actuators display saturation characteristics. For example, the output
torque of a two-phase servo motor cannot increase infinitely and tends to satu-
rate, due to the properties of the magnetic material. Similarly, valve-controlled
hydraulic servo motors are saturated by the maximum flow rate.

Saturation can have complicated effects on control system performance.
Roughly speaking, the occurence of saturation amounts to reducing the gain of the
component (e.g., the amplifier) as the input signals are increased. As a result, if
a system is unstable in its linear range, its divergent behavior may be suppressed
into a self-sustained oscillation, due to the inhibition created by the saturating
component on the system signals. On the other hand, in a linearly stable system,
saturation tends to slow down the response of the system, because it reduces the
effective gain.
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On-off nonlinearity

An extreme case of saturation is the on-off or relay nonlinearity. It oc-
curs when the linearity range is shrunken to zero and the slope in the linearity
range becomes vertical. Important examples of on-off nonlinearities include out-
put torques of gas jets for spacecraft control and, of course, electrical relays.
On-off nonlinearities have effects similar to those of saturation nonlinearities.

Dead-zone

In many physical devices, the output is zero until the magnitude of the
input exceeds a certain value. Consider for instance a D.C. motor. In linear
system analysis, assume that any voltage applied to the armature windings will
cause the armature to rotate, if the field current is maintained constant. In reality,
due to the static friction at the motor shaft, rotation will occur only if the torque
provided by the motor is sufficiently large. This corresponds to a so-called dead-
zone for small voltage signals. Similar dead-zone phenomena occur in valve-
controlled pneumatic actuators and in hydraulic components.

Generally speaking, a dead-zone nonlinearity may occur in various com-
ponents of control systems, including sensors, amplifiers, and actuators. Dead-
zones can have a number of possible effects on control systems. Their most
common effect is to decrease static output accuracy. They may also lead to limit
cycles or system instability. In some cases, however; they may actually stabilize a
system or suppress self-oscillations. For example, if a dead-zone is incorporated
into an ideal relay, it may lead to the avoidance of the oscillation at the contact
point of the relay, thus eliminating sparks and reducing wear at the contact point.

Backlash and hysteresis

Another kind of common nonlinearity in control components, particularly
in mechanical components, is backlash. It is usually caused by the small gaps
which exist in transmission mechanisms. In gear trains, there always exist small
gaps between a pair of mating gears (Figure 4.9), due to the unavoidable errors in
manufacturing and assembly. As a result, when the driving gear rotates a smaller
angle than the gap b. the driven gear does not move at all, which corresponds
to the dead-zone (O A segment in Figure 4.9); after contact has been established
between the two gears. the driven gear follows the rotation of the driving gear
in a linear fashion (AB segment). When the driving gear rotates in the reverse
direction by a distance of 2b, the driven gear again does not move, corresponding
to the BC segment in Figure 4.9. After the contact between the two gears is re-
established, the driven gear follows the rotation of the driving gear in the reverse
direction (C D segment). Therefore, if the driving gear is in periodic motion, the
driven gear will move in the fashion rep’resented by the closed path EBCD.
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Figure 4.9 A backlash nonlinearity

A critical feature of backlash is its multi-valued nature. Corresponding to
each input, two output values are possible. Which one of the two occur depends
on the history of the input. Remark that a similar multi-valued nonlinearity is
hysteresis. which is frequently observed in relay components.

Multi-valued nonlinearities like backlash and hysteresis usually lead to
energy storage in the system. Energy storage is a frequent cause of instability and
self-sustained oscillation.

4.4 Describing Functions of Common Nonlinearities

In this section, there is a computation of the describing functions for a
few common nonlinearities. This will not only allow us to familiarize ourselves
with the frequency domain properties of these common nonlinearities, but also
will provide further examples of how to derive describing functions for nonlinear
elements.

4.4.1 Saturation

The input-output relationship for a saturation nonlinearity is plotted in
Figure 4.10, with ¢ and & denoting the range and slope of the linearity. Since
this nonlinearity is single-valued, we expect the describing function to be a real
function of the input amplitude.

Consider the input e(t) = Asin(wt). If A < a, then the input remains
in the linear range, and therefore, the output is y(t) = kAsin(wt). Hence, the
describing function is simply a constant k.

oft) = kAsin(w)t 0 <wt <wly
"1 ka wt <wt < 7/2

where wt; = sin~!(a/A). The odd nature of c(t) implies that a; = 0 and the
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Figure 4.10 Saturation nonlinearity and the corresponding input-output relation-
ship

symmetry over the four quarters of a period implies that

4

/2
b= - /0 c(t) sin(wt)d(wt)

4 et 4 /2
= — / kAsin?(wt)d(wt) + — / ka sin(wt)d(wt)
T™Jo T Jwty
2kA a a?
= B G (4.10)
Therefore, the describing function is
b 2|  _ja a a?
D(A) = 2 [sm A+A 1 v (4.11)

The normalized describing function D(A)/k is plotted in Figure 4.11 as
a function of A/a. The curve indicates that saturation can be described as an
amplitude-dependent gain, which equals & if the input amplitude A is smaller
than the linearity range, and decreases as the input amplitude increases. The
saturation nonlinearity is inhibitory to input signals larger than a, but it causes no
phase shift because D(A) is real.

As a special case, one can obtain the describing function for the relay-type
(on-off) nonlinearity shown in Figure 4.12. This case corresponds to shrinking
the linearity range in the saturation function to zero, i.e., a — 0, k — oo, but
ka = M. Though hi can be obtained from (4.10) by taking the limit, it is more
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Figure 4.11 Describing function of the saturation of the saturation nonlinearity

easily obtained directly as

4 [m/2 4
by == M sin(wt)d(wt) = —M
mJo s

Therefore, the describing function of the relay nonlinearity is

M
D(4) = ‘fr—A 4.12)

The normalized describing function (D /M) is plotted in Figure 4.12 as a function
of input amplitude. The flat segment seen in Figure 4.11 is missing in this plot,
due to the completely nonlinear nature of the relay. However, we can also observe
the inhibitory nature of the relay, i.e., the describing function decreases as the
input amplitude increases.
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Figure 4.12 Relay nonlinearity and its describing function



4.4.2 Dead-Zone

The dead-zone characteristics are shown in Figure 4.13, with the dead-
zone width being 2§ and its slope k. The response corresponding to a sinusoidal
input e(t) = Asin(wt) into a dead-zone of width 26 and slope k, with A > 4, is
plotted in Figure 5.13. Since the characteristics is an odd function, a; = 0. The
response is also seen to be symmetric over the four quarters of a period. In one
quarter of a period, i.e., when 0 < wt < 7/2, one has

= 0 0wt <wily
C(t) - { k(A sin(wt) - 5) wt; < wt < 7!'/2 (4.13)

where wt; = sin~1(d/A). The coefficient b; can be computed as follows

b = % /0 "2 (&) sin(wt)d(wt) = % / "2 L Asin(wt) — 6) sin(wt)d(wt)

wiy

2kA | — )\ 9 ¢ &2
= T[i‘sm 12‘2\/1“?' (*.14)

Therefore, the describing function is

o |7/ £e8\(% 82
D(A)—-—W—[E-—sm 'Z—"Z 1—22— (415)

This describing function D(A) is a real function and, therefore, there is no phase
shift. It is seen that D/k is zero when A/§ < 1, and increases up to 1 with A/d.
This increase indicates that the effect of the dead-zone gradually diminishes as
the amplitude of the input signal is increased, consistent with intuition.

===
ak

Figure 4.13 Characteristics of a dead-zone nonlinearity
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Figure 4.14 Input and general form of the output for a dead-zone nonlinearity

4.4.3 Backlash

A backlash nonlinearity is plotted in Figure 4.15, with slope k and width
28. When the inputis e(t) = Asin(wt), A > J, the output c(t) of the nonlinearity
is as shown in the figure. In one cycle, the function c(t) can be represented as

c(t) = (A —0)k Tcwt<m—wh
c(t) = (Asin(wt) + Ok T—wt; <wt < §2£
c(t) = —(A-0)k 3% < wt < 21— why

c(t) = (Asin(wt) — )k o —wity < %15

Unlike the previous nonlinearities, the function c(t) here is neither odd nor even.
Therefore, a; and b; are both nonzero. Using (5.7b) and (5.7¢), it possible to state

that

4kd , &
o = ——(z7-1)

b = —/jr—k[g—sin_l (2—:—1)—(272—1)\[—(%—1);] “.17)

Therefore, the describing function of the backlash is givenby

1
|D(A)| = Z\/a%—i-b% 4.18)

ZD(A) = tan"(a1/b1) (4.19)

(4.16)

Note that a phase shift (up to 90) is introduced for larger input signals. This phase
lag may create stability problems in feedback control systems.
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Figure 4.15 Input and general form of the output waveform for a backlash non-
linearity

4.5 Describing Function Analysis of Nonlinear Systems

The most important application of the describing function method in non-
linear system analysis is to predict the existence of limit cycles and determine
their, stability. This application is discussed in this section, following a short
review of the Nyquist criterion in classical control. Other applications of the de-
scribing function method, such as the determination of the closed-loop system
response in the presence of external excitation, will be discussed in later sections.

4.5.1 The Nyquist Criterion and Its Extension

Since the describing function method is a generalization of Nyquist anal-
ysis, a short review and extension of the Nyquist criterion is helpful to a clear
understanding of the describing function method.

‘;t G(s)
H(s)

Figure 4.16 Closed-loop linear system

v

Consider the linear system of Figure 4.16. The characteristic equation of

this system is
6(s)=1+G(s)H(s)=0
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Note that §(s), often called the loop transfer function, is a rational function of
s, with its zeros being the poles of the closed-loop system, and its poles being
the poles of the open-loop transfer function G(s) H(s). Rewrite the characteristic
equation as

G(s)H(s) = -1

Based on this equation, the famous Nyquist criterion can be derived straight-
forwardly from the Cauchy theorem in complex analysis. The criterion can be
summarized in the following procedure:

1. Draw, in the s plane, a so-called Nyquist path enclosing the right-half plane.
2. Map this path into another complex plane through G(s) H(s).

3. Determine N, the number of clockwise encirclements of the plot of G(s) H(s)
around the point (—1, 0).

4. Compute Z, the number of zeros of the loop transfer function J(s) in the
right-half s plane, by Z = N + P, where P is the number of unstable poles
of §(s).

Then the value of Z is the number of unstable poles of the closed-loop system.
Figure 4.17 shows the example of Nyquist contour in s-plane and the G(s)H(s)
locus in G H-plane where G(s)H(s) = 6/[(s + 1)(s + 2)]

Jw Im
s -plane A

+joo Nyquist path G(s)H(s)

]
- T

..
%

Figure 4.17 The Nyquist criterion

A simple formal extension of the Nyquist criterion can be made to the case
when a constant gain K (possibly a complex number) is included in the forward
path in Figure 4.18. This modification will be useful in interpreting the stability
analysis of limit cycles using the describing function method. The loop transfer
function becomes

d(s) =1+ KG(s)H(s)

with the corresponding characteristic equation

G(s)H(s) = —1/K
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The same arguments as used in the derivation of Nyquist criterion suggest the
same procedure for determining unstable closed-loop poles, with the minor dif-
ference that now Z represents the number of clockwise encirclements of the
G(s)H(s) plot around the point —1/K. Figure 4.18 shows the corresponding
extended Nyquist plot.

Im

A G(s)H{(s)

- K > G(s) /‘\

1
H(s) VK.

Figure 4.18 Extension of the Nyquist criterion

4.5.2 Existence of Limit Cycles

Assume that there exists a self-sustained oscillation of amplitude A and
frequency w in the system of Figure 4.19. Then the variables in the loop must
satisfy the following relations

e = —y
e 2UDEA wYe
y = G(jw)e

Therefore, y = G(jw)D(A,w){(—y). Since y # 0, this implies

G(jw)D(A,w)+1=0 (4.20)
which can be written as )

Therefore, the amplitude A and frequency w of the limit cycles in the system must
satisfy (4.21). If the above equation has no solutions, then the nonlinear system
has no limit cycles.

Expression (4.21) represents two nonlinear equations (the real part and
imaginary part) in the two variables A and w. There are usually a finite number of

y(?)

L4y D(A,w) —C—gtlb G(jw)

Figure 4.19 A nonlinear system
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solutions. Itis generally very difficult to solve these equations analytical methods,
particularly for high-order systems. Therefore, a graphical approach is usually
taken. The idea is to plot both sides of (4.21) in the complex plane and find the
intersection points of the two curves.

Frequency-Independent Describing Function

First, consider the simpler case when the describing function D being a
function of the gain A only, i.e., D(A,w) = D(A). This includes all single-valued
nonlinearities and important double-valued nonlinearities such as backlash and.
hysteresis. The equality becomes

Gljw) = —-15(% 422)

Plot both the frequency response function G(jw) (varying w) and the negative
inverse describing function —1/D(A) (varying A) in the complex plane, as in
Figure 4.20. If the two curves intersect, then there exist limit cycles, and the
values of A and co corresponding to the intersection point are the solutions of
Equation (4.22). If the curves intersect n times, then the system has n possible
limit cycles. Which one is actually reached depends on the initial conditions. In
Figure 4.20, the two curves intersect at one point P. This indicates that there is
one limit cycle in the system. The amplitude of the limit cycle is Ay, the value
of A corresponding to the point P on the —1/D(A) curve. The frequency of the
limit cycle is wp, the value of co corresponding to the point P on the G(jw) curve.

Im

G(jw)

w/f

Re

\ /

-1/D(A

Figure 4.20 Detection of limit cycles

Note that for single-valued nonlinearities, D is real and therefore the plot
of —1/D always lies on the real axis. It is also useful to point out that the above
procedure only gives a prediction of the existence of limit cycles. The validity
and accuracy of this prediction should be confirmed by computer simulations.
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Frequency-Dependent Describing Function

For the general case, where the describing function depends on both input
amplitude and frequency (D = D(A,w)), the method can be applied, but with
more complexity. Now the right-hand side of (4.21), —1/D(A,w), corresponds
to a family of curves on the complex plane with A as the running parameter and
w fixed for each curve, as shown on the left of Figure 4.21. There are gener-
ally an infinite number of intersection points between the G(jw) curve and the
—1/D(A,w) curves. Only the intersection points with matched w indicate limit
cycles.

Im Im
-1/D(A,
A o) 4 A

- + Re Qt ‘ t > Re
- N

\.—
P ——

G(jw)D(Aw)

Figure 4.21 Limit cycle detection for frequency-dependent describing functions

To avoid the complexity of matching frequencies at inter ection points, it
may be advantageous to consider the graphical solution of (4.21) directly, based
on the plots of G(jw)D(A,w). With A fixed find w varying from 0 to co, we
obtain a curve representing G(jw)D(A,w). Different values of A correspond to
a family of curves, as shown on the right of Figure 4.21. A curve passing through
the point (—1,0) in the complex plane indicates the existence of a limit cycle,
with the value of A for the curve being the amplitude of the limit cycle, and
the value of w at the point (—1,0) being the frequency of the limit cycle. This
technique is much more straightforward than the previous one, but it requires
repetitive computation of the G(jw) in generating the family of curves, which
may be handled easily by computer.

The following example shows the limit cycle prediction for a system in-
volving a hard nonlinearity.
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Example 4.3.

Consider the system of Figure 4.22, which is typical of the dynamics of electronic
oscillators used in laboratories.

r=0 e K c &) -10s Y .
———’ 8)=
+ 8% +2.1s +100

Figure 4.22 Oscillator dynamics

The locus of G(jw) is plotted in Figure 4.23. Since

welald = —4.76

G(10) = 553 721 1100 —

it intersects the real axis at the point (—4.76,0), and the frequency at the inter-
section point is w = 10.
The describing function of this saturation element is, according to (4.11),
2k K\ 1
D = ——.ls] Z I L IANANAY
(4) = {sm 77 + A 1 yE
The locus of —1/D(A) is a line along the negative real axis. the starting point
of this line is (—1/k,0) because D(A) < k, VA > 0. Therefore, the locus of
—1/D(A) will intersect with the locus of G(jw) if 1/k < 4.76,i.e., k > 0.21. To
be specific, set k& = 0.25 and find the amplitude of the limit cycle. Since at the
intersection point

—ﬁ — G(j10) = —4.76
one has D(A)/k = 0.84. From Figure 4.11, the corresponding value of 4 is
roughly 1.36, since a = 1. Therefore, the describing function analysis predicts a
limit cycle with amplitude 1.36 and frequency 10. i.e., e(t) = 1.36sin(10¢).

One might be interested in knowing why such a limit cycle occurs for this
system. To gain some intuitive understanding, assume that the system starts at a

Im

A
-4.76

N

- ‘
-1/D(A) w

G(w)
Figure 4.23 Graph of describing function

P Re
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small initial state. Since the signals are below the saturation level, the closed-loop
system dynamics are

ij+ (2.1 — 10k)g + 100y = 0

If & > 0.21, the system has negative damping, i.e., increases its energy. The small
signal operation is thus unstable and the signals will diverge. However, the sig-
nals cannot diverge infinitely because of the saturation. Can the signal c(t) stay at
the saturation level? No, because the output of this linear element corresponding
to a constant input decays to zero, as seen by the final-value theorem, or by notic-
ing the differentiator s in the numerator of G(s). Therefore, the system signals
can stay neither at small values, because of instability, nor at saturation values,
because of the above reasoning. Thus, it oscillates and a limit cycle results. The
above describing function analysis confirms this intuitive argument.

4.5.3 Stability of Limit Cycles

Im

A

w/r G(.?“*’ )
/\ P Re

Figure 4.24 Limit cycle stability

Consider the plots of frequency response and inverse describing function
in Figure 4.24. There are two intersection points, predicting that the system has
two limit cycles. Note that the value of A corresponding to point P, is smaller
than the value of A corresponding to FP». For simplicity of the discussion, let the
linear transfer function G(jw) has no unstable poles.

Assume that the system initially operates at point P;, with the limit cycle
amplitude being A; and its frequency being w1. Due to a slight disturbance, the
amplitude of the input to the nonlinear element is slightly increased, and the sys-
tem operating point is moved from P; to Pj. Since the new point P] is encircled
by the curve of G(jw), according to the extended Nyquist criterion, the system
at this operating point is unstable, and the amplitudes of the system signals will
increase. Therefore, the operating point will continue to move along the curve
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—1/D(A) toward the other limit cycle point Pp. On the other hand, if the system
is disturbed so that the amplitude A is decreased, with the operating point moved
to the point P{’, then A will continue to decrease and the operating point moving
away from P, in the other direction. This is because Py is not encircled by the
curve G(jw) and thus the extended Nyquist plot confirms the stability of the sys-
tem. This indicates that a slight disturbance can destroy the oscillation at point
Py and, therefore, that this limit cycle is unstable. A similar analysis for the limit
cycle at point P, indicates that the limit cycle is stable.

Summarizing the above discussion and the result in the previous subsec-
tion, there is a criterion for existence and stability of limit cycles:

Limit Cycle Criterion[1]

Each intersection point of the curve G(jw) and the curve —1/D(A) corre-
sponds to a limit cycle. If points near the intersection and along the increasing-A
side of the curve —1/D(A) are not encircled by the curve G(jw), then the corre-
sponding limit cycle is stable. Otherwise, the limit cycle is unstable.

4.5.4 Reliability of Describing Function Analysis

Empirical evidence over the last three decades, and later theoretical justi-
fication, indicate that the describing function method can efficiently solve a large
number of practical controi problems involving limit cycles. However, due to the
approximate nature of the technique, it is not surprising that the analysis results
are sometimes not very accurate. Three kinds of inaccuracies are possible:

1. The amplitude and frequency of the predicted limit cycle are not accurate.
2. A predicted limit cycle does not actually exist.

3. An existing limit cycle is not predicted.

The first kind of inaccuracy is quite common. Generally, the predicted
amplitude and frequency of a limit cycle always deviate somewhat from the true
values. How much the predicted values differ from the true values depends on
how well the nonlinear system satisfies the assumptions of the describing func-
tion method. In order to obtain accurate values of the predicted limit cycles,
simulation of the nonlinear system is necessary.

The occurence of the other two kinds of inaccuracy is less frequent but
has more serious consequences. Usually, their occurence can be detected by ex-
amining the linear element frequency response and the relative positions of the G
plot and —1/D(A) plot.



54

Violation of filtering hypothesis

The validity of the describing function method relies on the filtering hy-
pothesis defined by (4.5). For some linear elements, this hypothesis is not satis-
fied and errors may result in the describing function analysis. Indeed, a number of
failed cases of describing function analysis occur in systems whose linear element
has resonant peaks in its frequency response G(jw).

Graphical Conditions

If the G(jw) locus is tangent or almost tangent to the —1/D locus, then the
conclusions from a describing function analysis can be erroneous. This is because
effects of neglected higher harmonics or system model uncertainty may cause
the change of the intersection situations, particularly when filtering in the linear
element is weak. As a result, the second and third types of errors listed above may
occur. A classic case of this problem involves a second-order servo with backlash
studied by Nychols. While describing function analysis predicts’ two limit cycles
(a stable one ai high frequency and an un table one at low frequency), it can be
shown that the low-frequency unstable limit cycle does not exist.

Conversely, if the —1/D locus intersects the G locus almost perpendicu-
larly, then the results of the describing function are usually good.



CHAPTER 5

Design of Sinusoidal Nonlinear Oscillator

5.1 Approach and Methods

r=0 u y
T G(s)=C(sI-A)'B |

Y(y) ¥() y

Figure 5.1 Feedback connection

We consider the system shown in Figure 5.1, with the linear system G(s)
having low-pass or band-pass filtering characteristics and (-) as a time-invariant
nonlinear element. The design needs to meet some basic requirements. In order
to develop the basic version of the describing function method, the system has to

satisfy the previous assumption.

5.1.1 Periodic Function

Consider a sinusoidal input to the nonlinear element, of amplitude a and
frequency wp. The output of the nonlinear component w(t) = %(y(?)) in Fig-
ure 5.1 is always periodic: Corresponding to a sinusoidal input y = asinwt, the
output becomes 1 (asin(wo(t + 27 /wp))) = ¥ (asin(wgt)). Using Fourier series,
this periodic function can be expanded as

» 3~ [an cos(nwot) + ba sin(nuwot)] - (5.1

w(t) = 5

n=1

Since the set {'\}_i’ cos(wot), sin(wot), cos(2wot), sin(2wet), . . .} is a complete or-
thonormal basis with respect to the inner product < f(t), g(t) >:= 1 [7_ f(t)g(t)d(wot).
The coefficients can be found as ag =< f(t),1 >, an =< f(t), cos(nwot) >,

b, =< f(t),sin(nwpt) > or

w0 = = [ wtydwn) 52)
tn = = [ w(t) cos(nunt)dwot) 5:3)
by = -71; /_ :w(t) sin(nwot)d(wot) (5.4)
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Furthermore, since G(s) used has band-pass or low-pass characteristics, this im-
plies that only the fundamental component wi(t) is needed to be considered,
namely

w(t) ® w1(t) = a1 cos(wot) + by sin(wot)
= M sin(wot + ¢), (5.5)

where M (a,wo) = 1/a? + b} and ¢(a,wo) = tan~(a1/b1), which indicate that
the fundamental component corresponding to a sinusoidal input is a sinusoidal at
the same frequency. In complex representation, this sinusoidal can be written as
wy = MeI@ott®) — (b) + ja;)eiwot.

5.1.2 Using of Describing Function Method

The describing function of the nonlinear element is defined to be the com-
plex ratio of the fundamental component of the output of the nonlinear element
by the input sinusoid, i.e.,

w_F Mei(wot+9) _(n + jap)etwot

1 )
D(a,wp) = = ‘(‘L'(bl + jai).

Since w(t) is an odd function, by assumption 4, (5.3) becomes

ay = ;1; /:ﬂ w(t) cos(wot)d(wot) = 0

b ]\ (& 3
D(a,wp) = -&—1- O /A - wy (¢) sin(wot)d(wot)

For the case of single-valued nonlinearities, the describing function D is
a function of the gain a only, D(a,wp) = D(a).

™
D(a) = 317—r o 2(asin 6) sin 0d(6); 6 = wot

5.1.3 OTA Nonlinear Behavior

The simplified equivalent circuit diagram is given in Figure 5.2. Accord-
ing to [4] and [5], ipyT of the OTA equivalent circuit in Figure 5.2 is

touT = :zi E?; 1 =1 tanh(

wherev = vt —v~,and Vp = %.

2VT) (5.6)
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Figure 5.2 OTA equivalent circuit

5.2 Calculation of System Parameters
For the linear system in Figure 5.1 having band-pass filter characteristics

of the form
—WpSs

2 4 208 + wp
where wy is the resonant frequency in rad/sec and 2o is the bandwidth in rad/sec
of the band-pass filter. If a self-excited oscillation exists the frequency of os-
cillation will be w = wy. Therefore the condition of oscillation (condition for
existence of limit cycle) becomes
2 AN

% X w—‘; == /0 W(asin ) sinf do (5.8)
where Q is the quality factor of the band-pass filter. The far right-hand side of
(5.8) is the describing function of the function ¢)(-), and for a fixed () it depends
only on the magnitude of oscillation a, as follows:

G(s) = 6.7

D(a) == -a% /0 " W(asinf)sind db. (5.9)

For known values of & and wy, (5.8) is an equation in only one unknown vari-
able, a, and with the aid of modern computers, one can solve (5.8) numerically
for a or plot D(a) against a. In the next section, we will give an example showing
how to design an OTA-based sinusoidal nonlinear oscillator of specified ampli-
tude and frequency of oscillation.



CHAPTER 6

Simulation and Experimental Results

6.1 Introduction

This chapter describes a systematic approach to designing a sinusoidal
nonlinear oscillator which uses an operational transconductance amplifier (OTA)
as a nonlinear element to achieve the desired specifications on amplitude and
frequency of oscillation. The describing function method is used for predicting
the existence of limit cycles and, more generally, for analyzing the magnitude
stabilization phenomena. The results are simulated using MAPLE and MATLAB

SIMULINK.

6.2 System Design
As an illustration of the design procedure, let us consider the following
example.

Example 6.1.

Given the specifications on the frequency of oscillation wp = 120 rad/s and on the
amplitude of oscillation a = 0.3 volts, then follows the following steps in design-
ing an OTA-based sinusoidal nonlinear oscillator of the feedback configuration in
Figure 5.1.

First, consider the OTA nonlinear behavior in (5.6). With I = 1mA, we

have
ioyr = 0.001 tanh(20v) 6.1

since Vi = 25 mV. Then we can realize 1(y) = lO tanh(20y) using an additional
amplifier of gain 20 V/A at the output of the OTA.

From (5.9), plot D(a) with respect to a, for ¥(y) = 516 tanh(20y), as
shown below in Figure 6.1.

With wg = 120 rad/sec and a = 0.3 V, then Q = ETIIT35 = m:s‘lgéfsﬁ =
11.92091526, where D(0.3) = 0.08388617 was evaluated numerically from (5.9)
by MAPLE program, so was the bandwidth 2a = wp/Q = 10.06634116. There-
fore the transfer function of our band-pass filter in (5.7) becomes

—120s
G($) = 777 10.066341165 + 14400 (6.2)
The condition of oscillation in (5.8) can be written as
_ W0 i) =
Q =T 2a N G(JwO) o D(a) (6'3)
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Figure 6.1 D(a) for y(y) = 316 tanh(20y).

and in order for the limit cycle to exist it is required that

2 1

o =3 < Dmaz = D(O), (6.4)
and in the case here, (6.4) is satisfied with @ high enough for G(s) to be very
selective.

Note: Condition (6.4) confirms an existence of a limit cycle which can also be
seen as in the graph of D(a) in Figure 6.1. If the desired value of amplitude of
oscillation a yields a too low value of Q in (6.3) or if Dynaz is not greater than
1/Q in (6.4) then either an OTA circuit have to be redesigned or an amplifier may

be required at the input or/and output of 9(-).

0<

Im

G(jw)
=03 -1/Dmaz = 1/D(0)
1/D(0.3)= -11.92 =25
G Ny — > > Re

_ 0
w=120 radﬁ 'I/D(“)} 5,

Figure 6.2 Plots of G(jw) and —1/D(a)

The plot of G(jw) and b—l—a— of the obtained sinusoidal nonlinear oscilla-

tor on complex plane is shown in Figure 6.2. Both graphs intersect at w = 120
rad/sec and a = 0.3 volts, at this point G(5120) ~ —11.9209. The corresponding
limit cycle is stable since points near the intersection and along the increasing-a

side of the curve —1/D(a) are not encircled by the curve G(jw). Simulation
using MATLAB SIMULINK was done as follows:
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6.3 MATLAB SIMULINK Simulation

—
Scope1
u X=Ax+ Bu | x o LY
0 = Cxe D uit) |—_>f-1zou H o1
Constant State-Space X1 Gain Scope
w2 o1
X2 Scope2
[ f(u) le
L= I
Fen psi(.)
"]
XY Graph

Figure 6.3 MATLAB SIMULINK block diagram

State and output equation of the transfer function G(s) in (6.2) are as
follows:

[ 1007 14400 | [ 1

R ) T

y = [-120 0] [ml (6.5b)
1| %92

which can be used to create a MATLAB SIMULINK block diagram as shown in
Figure 6.3. The phase plane plot of z(¢) is shown in Figure 6.4.

5
x 10

x(:)(t) . 3x10
Figure 6.4 Phase plane plot of z = [z1, z2)”.

The limit cycle in Figure 6.4 shows that z1(t) has amplitude of 0.0025
volts, therefore after multiplied by the gain of —120, the amplitude of y(Z) be-
comes 0.3 volts as expected.
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Figure 6.5 Plot of y(t) with y(0) = 0.25.

The graphs of the output y(t) for two different initial conditions are also
plotted against time ¢. Figure 6.5 shows the graph of y(t) with initial condi-
tion y(0) = 0.25, and Figure 6.6 shows the graph of y(t) with initial condition
y(0) = —0.005. Both graphs show the same frequency of oscillation wp = 120
rad/sec (about 23 cycles.in 1.2 seconds) and also show the magnitude stabiliza-
tion phenomenon of output amplitude of oscillation a = 0.3 volts. This feature
make a sinusoidal nonlinear oscillator superior to the linear ones.

03}

amplitude (volts)
o
=

0 02 04 08 08 12 14 16 18 2

1
time (sec)

Figure 6.6 Plot of y(¢) with y(0) = —0.005.
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6.4 Experimental Results

6.4.1 OTA Characteristic Test

+12V

Figure 6.7 OTA test circuit

The OTA IC LM13600 is used as a nonlinear element for a nonlinear
oscillator system in Figure 5.1. First an OTA characteristic, as in (5.6), is tested
by applying a triangular signal! into a test circuit in Figure 6.7.

Vour  (500mV/div)
3
CHI0MmY,  CHEMGawiV. 2 T Seugav
DE Y i DCE1 ; : ;
: : | NORMIR 78
£ A
¢
!
¢
A P Vi
¥ f (100mV/diy;
H

Figure 6.8 OTA characteristic

The input/output relationship is shown as an zy-graph in Figure 6.8 where z-axis
and y-axis represents V;, and Vy,; respectively. Sample data from a graph of
Figure 6.8 is shown as following.

1 According to a data sheet, input voltage is & 5 V maximum and input bias
current [y is 2 mA maximum.
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zi| | Vin | | -05 —04 —-03 -0.2 -0.1 -—0.08 —0.06
vl | Vow| |-13 -13 -1.3 —-1.3 -1.25 -1.18 -1.08

-0.04 —-0.02 0 0.02 0.04 0.06 0.08 0.1 0.2 03 04 0.5
—0.85 —-0.55 0 0.55 0.85 1.08 1.18 1.25 1.3 13 1.3 13

Make data fitting by using a least squares method.
m
min Y (v — f(ti, 2))? (6.6)
i=1
where

f(t,a,b) = atanh(bt); a=13
f(t,b) = 1.3tanh(bt) ©.7)

With the data from metrix above, summation in (6.6) can be expanded as

S := (g1 = f(t1,6))% + (w2 — f(t2,5))* + ...+ (v10 — f(t19,0))?
= (=13 — f(=0.5b))% + (= 1.3 — f(—0.4b))% + ...+ (1.3 — £(0.5b))* (6.8)

then differentiate (6.8) to find a minimum point (solution by MAPLE).

%gb) — 0 =  b=2021582696
2S(b)
) = 0.008308713086

Note that the second derivative test confirms that b = 20.21582696 is the mini-
mum point.

Vout

1

J
0.54
0

0.5

YRR 02 0 02 0.4

Figure 6.9 Data fitting using a least squares method
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By fitting the data to a graph of tanh function?, and from the derivation above,
we obtain a practical OTA characteristic as

Yout = 1.3 tanh(20v) (6.9)

According to Ry, = 1k£2, it cancelled the bias current term 1 mA in (5.8). Note
that the load resistance Ry, is used to convert the output current from OTA into a
voltage that will be used to feedback the system.

6.4.2 High-Q Low-Bandwidth Op-Amp Band-Pass Filter

Figure 6.10 Band-pass filter circuit

The best choice for G(s) block in Figure 5.1 is an op-amp based high-Q
low-bandwidth band-pass filter, as shown in Figure 6.10, which has the following
characteristics

Vout —(HO,B)S
= 6.10
Vin 82+ fBs+wd (6.10)
where
1
wo = 2Tfp= —F——= (6.11)
R R
ﬁ1+'§2
R3
= = 1
Hy SR (6.12)
B = 2a= (6.13)

CR3

Zplot a graph of tanh function using MAPLE with the desired parameters and
compare with the experimental result (graph captured from an oscilloscope)
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As the requirement in (6:2) where wp = 120 rad/s, 8 = 2a = 10.07,
using® C = 4.7uF we get the following results.

120
Hy = 15057 =11.92
Ry = — = 2 = 42.2k0
3 T 0B 47x1007x10°6
Ry 422x108
B = om = 2x1l82 177k
For R2,
RiRoR3 - 1
Ri+ Ry C2w(2)
(177 x 10%) x (422 x 103) x Ry 1
(1.77 x 103) + Ry (4.7 x 10-6)2 x 1202

23.76 Ry = 1770+ R
22.T6Ry = 1770
R =/ Q182

Band-Pass Filter Test

Applying a sinusoidal signal into the circuit of Figure 6.10 with input
amplitude of 1V and vary input frequency between 0 and 100 Hz, the frequency
response center frequency is

f_wO_ 120
0= or T 2x3.14

and from (6.2) at wy = 120 rad/s, a filter gain becomes

120(;120)
(7120)2 + 10.07(5120) + 1202
144003

1208.45
~ 12

=~ 19Hz

G(j120) =

3Capacitance can be varied but the best choice is one that make all resistances
not too high or too low.
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Figure 6.11 Band-pass filter characteristic

6.4.3 Proposed Oscillator

The oscillator circuit is the feedback system of the band-pass filter block
G(s) ( Figure 6.10) and OTA network (Figure 6.8). A buffer is inserted between
both block in the feed-forward path to prevent a loading effect and an inverting
amplifier is used to create a negative feedback. A complete circuit is shown in
Figure 6.12

Since the desired nonlinearity for this design is ¥(y) = 5—10 tanh(20y), we
use Ry, = 15.38Q instead of Ry, = 1k as in the test circuit previously.



Band-Pass Filter
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Figure 6.12 Oscillator circuit
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6.4.4 Output Signal

The oscillation starts when applying a supply voltage to the circuit of
Figure 6.12, without any external excitaion. The oscillator generates a sinusoidal
output, the oscillation is recorded and has the wave form as shown in Figure 6.13.

\oue (200MVidg

CHIXZ8OmV; : : R 00mp/ v
[~ 2 : H : {100mb/av)
: : . : : NORM 10kS /8

t
{100ma/iv,

Figure 6.13 Output signal from oscillator

The output amplitude is 0.3 V as expected and the frequency of oscillation
read from the waveform is fo = 18.52 Hz (wp = 116 rad/s). The error occurred is
due to the actual values of resistance used are different from the designed values.
This problem can be solved using adjustable resistance in a band-pass filter block
to adjust the resistance ratio in (6.11).

Consider the characteristic equation (6.5). To observe the system’s limit
cycle, plot the zy-graph of z1(t) = —155y(t) against z2(t) = [ z1(t)dt. Note
that the state z2 can be simply measured by applying an integrator to the output
y. The result is shown in Figure 6.14.

2{f) (500mVIdiv)
CHIWAONV | CHRwS0maV: : T T 2tma/av
Ac 1 oc 1 : H (20ms /av)
a T )
s - i ¢ (Somvirdiv:
. xr B

Figure 6.14 Detection of the oscillator’s limit cycle
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Using the same method with new desired parameters (@ = 0.3 V, fo = 100
Hz) and (a = 0.5 V, wy = 100 Hz), results are shown in Figure 6.15 and 6.16.

Voug_(200mVAd)

P 4-tefetrr s

Figure 6.15 Output signal at a = 0.3 V, fo = 100 Hz

Vour (200mVid)

|

Figure 6.16 Output signal at e = 0.5V, fo = 100 Hz




CHAPTER 7

Conclusions

Experimental results from the previous chapter show that nonlinear oscil-
lators designed by this method oscillate at the desired amplitude and frequency
of oscillation. The result from a real circuit is similar to a simulation result from
MATLAB and satisfy the design specifications on amplitude and frequency of
oscillation. Once the supply voltage is applied, the oscillator generates a sinu-
soidal signal by itself without any external excitation. The oscillation amplitude
is stable and independent of initial conditions.

The describing function works well on this kind of oscillator as the sys-
tem’s nonlinearity satisfy the assumptions and it can describe a magnitude stabi-
lization phenomena. A graphical method is also easier to understand and solve.

Further Improvements and Studies

The benefits of this design method is a clear description in nonlinear be-
haviors (using a describing function) and its magnitude stabilization phenomena.
Another applications can be something that display or work at a fixed amplitude,
i.e., temperature, voltage, pressure, etc. The oscillator itself can also be applied
as a signal function generator.
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Appendix A

Operational Transconductance Amplifiers

A.1 Preface

The OTA is popular for implementing voltage controlled oscillators (VCO)
and filters (VCF) for analog music synthesizers, because it can act as a two-
quadrant multiplier as well see later. For this application the control input has to
have a wide dynamic range of at least 60 dB, while the OTA should behave sen-
sibly when overdriven from the signal input (in particular, it should not lock up
or phase reverse). Viewed from a slightly different angle an OTA can be used to
implement an electrically tunable resistor that is referenced to ground, with extra
circuitry floating resistors are possible as well.

The primary application for an OTA is however to drive low-impedance
sinks such as coaxial cable with low distortion at high bandwith. Hence, “im-
proved” OTA such as the MAX436 or OPA660 have optimized these characteris-
tics, but made it either impossible (MAX436) or considerably harder (OPA660)
to use them as two-quadrant multipliers. Four quadrant multipliers on the other
hand are hideously expensive, so that “obsolete” OTA like the CA3080 are still
in widespread use.

A.2 Principle of Operation

An OTA is a voltage controlled current source, more specifically the term
“operational” comes from the fact that it takes the difference of two voltages as
the input for the current conversion. The ideal transfer characteristic is therefore

Lout = gm (V4 — V) (A.1)
or, by taking the pre-computed difference as the input,
Iout = gmVin (A.2)

with the ideally constant transconductance g, as the proportionality factor be-
tween the two. In reality the transconductance ! is also a function of the input
differential voltage and dependent on temperature, as we will later see.

To summarize, an ideal OTA has two voltage inputs with infinite impedance
(i.e. there is no input current). The common mode input range is also infinite,

IThe term “transconductance” comes about because the ratio of the output
current over the input voltage, g,,, has the unit of a conductance if looked at
“across the amplifier”. The proportional factor of output vs input for an amplifier
with current input and voltage output has the unit of a resistance and such an
amplifier is called a transresistance amplifier.
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while the differential signal between these two inputs is used to control an ideal
current source (i.e. the output current does not depend on the output voltage) that
functions as an output. The proportionality factor between output current and
input differential voltage is called transconductance.

V+w+\'

gnVin
J' @ O out

T

Figure A.1 An ideal OTA

Any real OTA will thus have circuitry to process the input voltages with
low input current over a wide common mode input range, to produce an internal
representation of the input differential voltage and to provide a current to the out-
put that is relatively independent of the output voltage. Since an OTA can be used
without feedback, the maximum output current and with it the transconductance
can often be adjusted.

A.2.1 The Bipolar OTA

The most simple bipolar OTA consists of a differential pair to convert the
input voltage difference to two currents I, and I_. These two currents are then
mirrored to the output so that their difference becomes the output of the OTA,
while the rest of the OTA is made up of bias circuitry. The truly great feature of
this “long-tailed differential pair” as it is often called is that the tail current, which
is a necessary part of the biasing, can be used to control the transconductance.

v [
Ip Ip+
Vir o—-’_—. }———O‘— Vit
IE l l IE+
|

Figure A.2 Bipolar differential pair (with npn transistors, biasing not shown)
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The Bipolar Differential Pair

The collector current of an npn transistor is (with some simplifying as-
sumptions) related to its base-emitter voltage Vg by

V;
Io = Isexp “%E (A3)

with the temperature voltage (k is the Boltzmann constant and ¢ the elementary

charge)
kT

The collector current can also be expressed as a multiple of the base current,
viewing the transistor as a current amplifier with a gain of (3,

Ic = pIp (A.5)
which makes the emitter current?
Ig=-{Ic+1g)=—-(B+1)Ip (A.6)

The tail current I of the differential pair is composed of the emitter currents of
the individual transistors.

To=| Tpil Klgs (A.7)
MR 4 Ao X (A8)
B+ B-

and finally with 34 > 1 and - >> 1, this simplifies to
Ly=I+1_ (A.9)

This simply means that as long as (3 is sufficiently high, its exact value is not at
all important. Note however, that the 3 of a bipolar transistor is dependent on
the collector current and therefore exact matching of B+ and — can only occur
at zero differential input voltage. Furthermore at low tail currents the error made
in the simplification from (A.8) to (A.9) becomes quite noticeable as § drops
off from its maximum value. Nevertheless for now well stick to the simplified
equations and proceed to combine (A.3) and (A.9) to

Ip = Ig, exp VBE+ + Ig_exp VBE- (A.10)
Vr Vr
When the transistors are matched and at the same temperature this results in
Ip = Ig (exp VBEY | exp VBE“) (A.11)
Vr+ Vr—

2Traditionally all currents for a single transistor are directed towards the crys-
tal, hence the minus sign. The positive counting current direction in a circuit is
often different for various reasons.
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which can be solved for Ig to
Iy
v, VBE-
exp —i’f,g + exp 2= g

Ig = (A.12)

The output current of the OTA is the difference of the two collector currents in
the pair

Ipi=1,—1_ (A.13)
and using (A.3) and (A.12) this gives the rather unwieldy expression
VBE+ VBE-
Ly=1I =P BITE =P Bii (A.19)
0=1s - .
exp -——iv‘f,ﬁ + exp V‘{’,ﬁ = exp -—-—fv‘f,f + exp —V?,g =

which can be simplified to

(A.15)

1 1
Iout = Io o I -
- (1+eXPVBE' TVBE 1 + exp YBE TVBE‘)

and further with V;,, = Vg4 — Vgg— to

1 1
Lut = Ip e — - (A.16)
(1+exp-v‘;m 1+exp-v‘i-;ﬂ)

Notice that the dependence on Ig is gone, due to the matching of both
transistors and keeping them at the same temperature, but were still not having an
explicit and compact dependence on the input voltage. This is exactly what well
develop next and we start by extending to the common denominator

(1 + exp VinVr) — (1 +exp —-V},,VT)]
Tout = I A.17
"R 3 [ (1 + exp VinVT)(l + exp _VinVT) ( )
which reduces to v '
i — exp —_i‘ﬂ.
Tout = I — ﬁzm Vzv- (A.18)
2 +exp y +exp 2t
or v
2sinh
e = T2 Ve (A.19)
2 + 2cosh T};}
which correspond to? v
Lyt = Iptanh —= A.20

This puts us into a much better position to find out what g, really is. The differ-
ential definition of the transconductance is:

Aoy

9m = aVin

3 Another proofs of this equation are derived in the next appendix.

(A.21)
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and with (A.20),

Iy 2 Nin
gm = SV sech A (A.22)

Thus it shows that the transconductance is anything but constant, depending both
on temperature and input voltage as has been stated earlier. The second term is
a bell shaped curve that equals 1 at zero input, falling off rapidly at both sides to
asymptotically approach zero. The practical input range depends on how much
error? one is willing to tolerate, but seldom exceeds 20 mV. In fact, using (A.22),
to keep the linearity error below one percent (or -40 dB below the signal) the
input range is limited to +0.2V or 5 mV at room temperature. The maximum
input range is approximately +5V , 125 mV at room temperature or equivalently
28 dB of overdrive beyond the linear input range. Beyond this more than 99% of
the tail current flows through just one of the two transistors and no changes in the
output can be effected. The limiting action is comparably smooth, so overdriving
an OTA from the input can be musically quite useful. The temperature voltage
in the argument of that term conspires to make the bell shape wider at higher
temperature, which means that the linear input range of the OTA is smaller at low
temperature as the g, drops off more rapidly from its maximum value. Often
well find just the first part of the above expression as the transconductance, ac-
companied by some mumbling about small input voltages. The transconductance
is however strictly proportional to the tail current, which provides the function of
a two-quadrant multiplier. This is typically used to set and modulate the transcon-
ductance, which is useful for instance for building VCO and VCF in analog syn-
thesizers. Making the tail current proportional to absolute temperature (which can
be done using a AVpg-Arrangement) gets rid of the the temperature dependence
in the first part of the expression. Of course this just makes the transconductance
for zero input a constant and thus does not compensate the temperature depen-
dence for any useful circuit.

Input Diode Linearization

Making a better OTA involves flattening the transconductance charac-
teristic to achieve a wider input range and of course removing the temperature
dependence. Flattening the transconductance curve generally reduces the peak
transconductance for any given circuit, however. Both objectives can be achieved
by connecting a “differential pair” of diodes to the inputs, fed by another current
source. In short, the diodes in connection with a resistive input network will pro-
vide a compression of the input voltages to the differential transistor pair which
expands them into a current, while through their matching to the input transistors

40Of concern would typically be the absolute error in the instantaneous output
current for CV processing (after I-V-conversion) and total harmonic distortion
(THD) for audio signal processing.
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the temperature dependence of the inputs is also canceled.’

Figure A.3 Principle of input diode linearization

Look at the loop made up of the linearizing diodes® and the base-emitter
diodes of the differential pair. Now for the voltages in that loop’

Vp+ + Vi = Vp-+ Vi (A.23)
holds with some reordering and expressing it in terms of the currents this becomes
I_ )
vl 25 L oo ooy dD+ (A.24)
Isy Is— Isp- Isp+

When all elements are matched, the saturation currents are identical and with
some further simplification we get

N G G2

which means that the current ratios must also be equal:
I, Ip-
e as, (A.26)
With (A.9), (A.13) and
Ip = Ipy+1p- (A.27)
Lin = Ip_—1Ip;t (A.28)

5This is an example of a translinear circuit, whose principle is that the input-
output relations are linear even though potentially none of their internal nodes
bear any linear relationship with the inputs or outputs.

SIn an integrated circuit these diodes generally will be transistors with the base
and collector shorted. Diode connected transistors have a diode characteristic
that is close to ideal over a wider current range and provide better matching than
simple diodes.

"The linearizing diodes can also be put in parallel to the base-emitter diodes
(like it is done in the CA3280). The operating principle is not changed by that
modification all equations from (A.25) on are indeed identical, but the biasing
requirements are different.
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(which again assumes 3 > 1) we can rewrite the currents

I, = %(I0+th) (A.29)
I = -;-(Io——th) (A.30)
Iny = 5(Ip~1Iin) (A31)
Ip- = 5(Ip+1T) (A32)

and simplify further to

Io + Iyt Ip + Iip

IO == Iout - ID = Iin (A33)

(Io + Iowt)(Ip — Iin) = (Ip + Iin)(do — Iout) (A.34)

Io(Ip — Iin) + Iowt(ID = Iin) = Io(IDp+ Iin) = Iout(ID + Iin) (A.35)
Iowt(Ip = Iin + Ip + Iin) = Io(Ip + Lin — Ip + Iin) (A.36)

and finally arrive at

I where  |Iin| < Ip (A.37)
D

Tout =

Looking at the last equation we find of course that we have a current amplifier®
rather than a transconductance amplifier as the independent variable is now a cur-
rent instead of a voltage. On the positive side, the temperature dependence of
the transconductance is compensated. Of course one can use a resistor in front
of each input for the voltage to current conversion, which should be dimensioned
so that the maximum input current does not exceed the diode bias current at the
maximum input voltage. It can also be observed that the maximum transconduc-
tance is achieved for vanishing diode biasing. While it appears at first that the
transconductance can be made infinitely large, this is not the case as the input
range is also zero at that point. We know of course that for vanishing diode bias
current the OTA reverts to its non-linearized form.

When driven by voltage signals, resistors can be used to provide voltage
to current conversion (the potential at the bases of the input transistors is almost
constant). With equal input resistors the transconductance becomes

Iyt = LVE,, where |Vin| < Rinlp (A.38)

Rinl D
which also means that compensating for temperature is not as easy as it looked
at first, depending on how you produce the currents for the tail and diodes. Over-
driving a linearized OTA at the input more or less just clips the signal. Changes in

8The equation just derived may look familiar: it is the very same as for the
famous Gilbert cell, where gain is the ratio of inner to outer current.
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the input potential that are effected by changes in either I or Ip produce common
mode inputs and are thus suppressed at the output as long as the common mode
input range is not exceeded. The driving stage should be designed with careful
consideration of the comparatively low and non-constant input impedance of a
linearized OTA.

A.2.2 The FET OTA

An OTA could obviously also be implemented in CMOS technology by
replacing the current mirrors and the input differential pair with their FET equiv-
alents. Assuming ideal current mirrors and current sources again, the only real
change is the switch to a FET differential pair.

ID-l l Ip.

V,,,.o————H: :H——o Vims
I | | 15

P2

Figure A.4 FET differential pair (with nMOS enhancement FET, biasing not
shown)

The FET Differential Pair

We notice that the input resistance is infinite and hence there is no input
current. Also, the source and drain currents are equal if we neglect leakage cur-
rents. The drain current of the nMOS enhancement FET with a threshold voltage
of V3, in pinch-off regime is with some simplifying assumptions

Vi 2
I =Ipws (3E-1)  |Vos > Vi (A39)
th

Thus,

Iy = I +I_=1Ig,+Ig_=Ipy+1Ip- (A.40)
Vin = Ves+ — Ves- = Vint — Vin— (A41)



80

and with the transforms

i = L (A.42)
IDsat
Ve = <£—1) >0 (A.43)
Vin
I = %g 1 (A.44)
the equations
Ves+ 2
I = Ips = Ipus (~o2t -1) (A45)
Ve 2
I = =1Dm_< %i - 1) (A.46)
can be written more simple as
ipt = Uhst (A.47)
ip. = vig. (A.48)

Transformation and substitution into (A.41) yields under the assumption of matched

transistors
v+ 1= Viz = VT = Vig(V/ix — Vi2) (A.49)
Writing out the output current and using the identity (v/A — vVB)(vVA+vB) =
|A| — | B| together with (A.49) provides
iout % TG
= (Uin+1)(Vit = Vi-) (A.50)

= (vin+ DVao(yfiy — 1/io)

The maximum input range is therefore ==+/%V}1, the signal is clipped beyond that
point as the tail current flows through just one transistor in the differential pair
and the other is closed. Recalling that

o=1=14+1_ (A.51)

we can substitute

sin?z + cos?z =1 (A.52)

and use trigonometric identities to observe
i+ +1i- = sinz+cosz = V2sin(z + Z—) € [1,v2] (A.53)

\/i— - \/i__ = sinz — cosz = v2sin(z — %) € [-1,1] (A.59)
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Through substitution of (A.54) into (A.49) we solve for

in+ 1
x = arcsin (v:’}z% ) + % (A.55)

With (A.50), (A.53) and the identity sin(z + §) = cosz we can finally express
the output current as a function of input voltage

iout = (Vin+ 1)\/ 24 cos (a.rcsin Yin \/_2_:_1) (A.56)
0
Iowt = 2I0 cos (arcsin Vin - )
Vth\/ 249 Vinv/2io
. Vin
= 2Ipzcos(arcsin z z= - A.57

~ 2Iyz |Z L1

which gives

dlout Al dz v 2701 Dsat Ipsat ;
= = ~ = 2 o
L [ B Tala TN PN Rk (A.38)

This means that the gm of a FET OTA is not proportional to the tail current’ as for
the bipolar OTA, but rather to its square root. As long as one wants exponential
control, it is sufficient to double the scale factor. Then each octave of transcon-
ductance translates into two octaves of tail current. The square law characteristic
of the FET is not nearly as precise as the exponential characteristic of a bipolar
transistor, so it is challenging to maintain tracking over many octaves.

For linear control, one could conceivably rig up a circuit with another
matched FET to deliver a current proportional to the input voltage (the biasing
may be somewhat tricky). Also, the input range of the FET OTA varies consid-
erably with the transconductance, to keep linearity to one percent the input range
again has to be in the Millivolt range.

A.3 Applications

The OTA as voltage controlled resistor

If there is a resistor that is referenced to the virtual ground of an oper-
ational amplifier, then it is easy to use an OTA to make that resistance voltage
controlled. The resistor is replaced by a voltage divider to the real ground so that
the divider puts out about 5 mV, which gets connected to the positive input of

9The same result is more laboriously arrived at via developing the full expres-
sion into a power series, differentiating that and truncating to the linear term. The
quadratic term is shghtly more than 1.5 times larger than that of the equivalent
power series for the sech? part of the expression for the bipolar OTA.
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the OTA. The negative input is connected to ground as well, while the output of
the OTA goes into the virtual ground of the operational amplifier. The apparent
resistance can then be controlled by adjusting Iy accordingly.

Another applications can be found in any OTA IC datasheets.

A4 OTAIC

A4.1 The CA3080

The CA 3080 is probably the most simple bipolar OTA that you can find.
It consists of only the input differential pair and the current mirrors that bias the
input transistors and produce the output current. In particular, the mirror for the
tail current is a simple Widlar type and emitter degeneration cannot be used as
the tail current can vary widely. It is therefore important to keep the differen-
tial and current inputs at the same potential, otherwise the transconductance gets
modulated by the common mode input voltage. Unfortunately the datasheet does
not show the circuit for measuring the CMRR, but it appears that the common
mode amplitude was low for the test and the input potentials about the same. The
output current mirrors are all Wilson type, the pnp mirrors also use a Darlington
pair for the cascode transistor.

CA3080 %

et s
—®

oV

Figure A.5 CA3080
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A4.2 The LM13600/LM13700

The LM13700 improves upon the CA3080 by adding linearization to the
OTA inputs. While this improves the linear input range greatly, it lowers input
impedance and changes the distortion properties. It uses a Wilson mirror also for
the tail current. Since a Wilson mirror needs more voltage headroom, the common
mode voltage range is reduced on the negative rail and the potential for the tail
current input is increased in comparison with the CA3080, which may become
important in certain applications. The LM13600 and the LM13700 differ only
in the way the bias current for the buffer (which is not shown here) is produced.
The LM13700 uses a constant bias current according to the datasheet, while in
the LM13600 the bias is a mirrored copy of the tail current. This can lead to CV
feedthrough to the output when the tail current is changed rapidly. However the
datasheet for the LM 13700 does not show any biasing of the buffer at all, so one
can only speculate how it is achieved. What is clear is that there must be some
biasing and the only hint one can find of that is some mumbling about “controlled
impedance buffers”.

AbSE
G

[~ %;
o

or.

0; 0?

&

Figure A.6 LM13700

A.4.3 The NES517

The OTA section of the NE5517 is identical to the LM13700. The buffer
bias is almost constant, only somewhat varied with the tail current, presum-
ably to compensate the change in output impedance of the OTA section. The
datasheet consequently claims “constant impedance buffers”. Since all figures in
the datasheet are identical I suspect that the missing bias network in the datasheet
of the LM13700 looks the same. This is corroborated by the fact that various
distributors use both types as replacements for each other.
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A4.4 The CA3280

The CA3280 also adds linearization, but in a slightly more complicated
way then the LM 13700 that maximizes the common mode input range when the
lineaization diodes are used. It also uses a Wilson mirror for the tail current. The
output mirrors are not shown in detail on the datasheet. While its safe to assume
theyre Wilson types, it is hard to know exactly if they use Darlington pairs. The
relatively wide bandwith leads me to assume that theyre plain pnp transistors like
the LM13700, however.

CA3280
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Figure A.7 CA3280
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A.4.5 The “Diamond Transistor” OPA660

The “Diamond Transistor” OPA660 has a different tack on the OTA theme.
The negative input is a low impedance terminal, in effect becoming both an input
and a (differential) output.

A4.6 The MAX435/MAX436

The MAX435 is an OTA with differential outputs and a gain setting net-
work, the MAX436 drops the differential output and has a different internal gain
factor. The maximum output current is controlled by a set current like the con-
ventional OTA. It is unclear whether these OTA could be used without the gain
setting impedance and if the transconductance would then be controllable through
the set current.



Appendix B
Proofs of an OTA Characteristic Equation

B.1 First Derivation
This alternative (and a bit shorter) derivation of (A.20) (provided by Ian
Fritz) results:

_ expait 1 exp3pt 1
T = Io V; —Vin —V; V;
expoph 1 +exp it  expopft1+exp 2

= IO( V; exp%:‘? —2Vin -V, expi% 2V-)
exp—&‘+exp—f;1exp—§v;,n expgv';+exp7#exp§#
_ Oexp—{}*-—expivs,ﬂ
exp—{}1+exp Wy
_ Vin
B 2Vp

The different signs of the multiplicands can be motivated by symmetry consider-
ations.

B.2 Second Derivation

The second alternative derivation comes from the lecture notes on analog
multiplication by Paul Junor. It starts off with a slightly different reduction of the
common denominator, while the introduction of the half-argument can again be
motivated by symmetry considerations.

(1 + exp —Vm) —((1+exp _Vm)
(1 + exp T}ﬂ) + ((1 + exp Tm)

out =

Substituting the identity
z
exp 0 exp—z2=1

gives
I (exp —27;; exp A + exp 2Vin2Vp) — (exp 2VT exp —#‘ + exp —2V;n2V7r)
t = lIo
(exp Fyi= exp —f}‘ + exp 2Vin2Vr) + (exp 532 exp 33 + exp —2Vin2Vrr)

which enables the following extraction

V; -V V; —V; V; -V;
exp 1 [exp Sy + exp 5] — exp Sy [exp 5t + exp 3]
exp %{';g: [exp %{‘;g; + exp __th_zv:'r ] + exp —ﬁn;V'T [exp 7'11“2‘; + exp 5‘@}}-]

Iout IO
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dropping the terms in brackets gives
, -V;
exp 2%';3: — exp W;‘

Iout = IO 72 V.
exp 5{}; -+ exp _'m2VT

which interpreted as hyperbolic function reads

sinh 2—“,%

cosh —f}h
Vin

2Vp

It =

B.3 Another Proof
Another proof starting with developing an expression for the individual
collector currents via (A.3) and with (A.9) or we can simply take it out from the
first part of (A.16):
AN
N p S SO AR T
1+exp -V,:r',n
motivated by the fact that with no signal each branch of the differential pair sees
half the tail current we pull this out as the scaling factor

L e AN W
g 21+exp:‘¥Tin
and substitute the 2
Io (1 +exp ) + (1 —exp )
+F 5
2

1 —exp <72 VT

_ oy, Lo
2 1+exp_7V;‘fl

and via one of the addition theorems we find

I Vin
L= (14 temn e )
and due to symmetry
=21 )
-2 2Vr
and finally we arrive via (A.13) at
_ I Vin ) Iy ( Vin )
o = 3 (Ht hsz 2 17
= Igtanh Vin

2Vr
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Absolute Maximum Ratings

it Military/Aerospace specified devices are required,
please contact the National Semiconductor Sales
Office/Distributors for availabliity and specifications.

Supply Voitage (Note 1)

LM13600 36 Vpg or 18V

LM13600A 44 Vpg or £22V
Power Dissipation (Note 2) Tp = 25°C 570 mwW
Differential Input Voltage +5V
Diode Bias Current (Ip) 2mA
Amplifier Bias Current (Iagc) 2mA
Output Short Circuit Duration Continuous
Butfer Output Current (Note 3) 20 mA

Electrical Characteristics (Note 9

Operating Temperature Range 0*Cto +70°C
DC input Voltage +Vgto —Vg
Storage Temperature Range -65"Cto +150°C

Soldering Information
DuakIn-Line Package

Soldering (10 seconds) 260°C
Small Outline Package

Vapor Phase (60 seconds) 215°C

infrared (15 seconds) 220°C

See AN-450 “Surface Mounting Methods and Their Effect
on Product Reliability” for other methods of soldering sur-
tace mount devices.

Parameter Conditions LM13600 LM13600A Units
Min Typ Max Min Typ Max
Input Offset Voltage (Vog) 0.4 4 0.4 1 mv
Over Specified Temperature Range 2 mv
lapc = 5 pA 0.3 4 0.3 1 mv
Vog Including Diodes Diode Bias Current (Ip) = 500 pA 0.5 5 0.5 2 mvV
Input Offget Change 5 pA < lapc < 500 pA 0.1 3 0.1 1 mv
Input Offset Current 0.1 0.6 0.1 0.6 pA
Input Bias Current 0.4 5 0.4 5 rA
Over Specified Temperature Range 1 8 1 7 pA
Forward .
Transconductance (gm) 6700 | 9600 | 1300C | 7700 | 9600 | 12000 | pmho
Over Specified Temperature Range 5400 4000 umho
Om Tracking 0.3 0.3 daB
Peak Output Current Ry = 0,1a8c = 5 pA 5 3 5 7 nA
RL = 0,}agc = 500 pA 350 500 650 350 500 650 BA
Ry = 0, Over Specified Temp Range | 300 300 BA
Peak Output Voltage
Positive RL = 0,5 pA < lagc < 500 pA +12 | +14.2 +12 | +14.2 v
Negative AL = ©,5pA < lagc < 500 pA -12 | —144 —-12 | —-14.4 '
Supply Current Iagc = 500 pA, Both Channels 26 26 mA
Vos Sensitivity
Positive AVos/AV+ 20 150 20 150 | pw/V
Negative AVos/AV— 20 150 20 150 | pV/vV
CMRR 80 110 80 110 dB
Common Mode Range +12 | +13.5 +12 | £135 Vv
Crosstalk Referred to Input (Note 5)
20Hz <f <20 kHz 100 100 d8
Differential Input Current lapc = 0, Input = +4V 0.02 100 0.02 10 nA
Leakage Current Iagc = 0 (Refer to Test Circuit) 0.2 100 0.2 5 nA
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Electrical Characteristics (vote 4) (Continued)

Parameter Conditions LM13600 LM13600A Units
Min Typ Max Min Typ Max
Input Resistance 10 26 10 26 kfl
Open Loop Bandwidth 2 2 MHz
Slew Rate Unity Gain Compensated 50 V/ps
Buffer Input Current (Note 5), Except lapc = O pA 0.2 0.4 0.2 0.4 pA
Peak Buffer Qutput Voltage (Note 5) 10 10 v

Note 1: For selections to a supply voitage above 1 22V, contact factory.

Note Z For

P J

at high
which applies for the device soldered in a printed circuit board, operating in stil alr,
Note 3: Buffer output curent should be limited so as to not exceed package dissipation.

Note 4: These specifications apply for Vg = 115V, Tp = 25°C, amplifier bias cument (iagc) = 500 pA, pins 2 and 15 open unless otherwise specified. The inputs

to the buffers are grounded and outputs are open.

Note 5: These specifications apply for Vg = 15V, lagc ™ 500 pA, Royt = 5 ki connected from the buffer output to —Vg and the input of the butfer is

d to the

amplifier output.

Schematic Diagram

v

One Operational Transconductance Amplifier

"

DIODE BIAS
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~INPUT
4.1

AMP BIAS
NPT
1,16

A 40

»——{ an et

BUFFER
INPUT

BUFFER
OUTPUT RS

L oBUTPUT
5,12

Yos

the device must be derated based on a 150°C maximumn junction temperature and a thermal resistance of 175°C/W
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Typical Performance Characteristics

Input Offset Voltage
5
l||||u,‘mmurllmm
$ S T
| W1 ]
& 3T
= olsseelll LI
3 e
At
B3
E 4
-5
£
= .7
-8
JuA 1A 10pA 100zA  1000uA
AMPLIFIER BIAS CURRENT (15 5c)

PEAK DUTPUT CURRENT (pA)

10,A 1004
AMPLIFIER BIAS CURRENT (iagc)

py

INPUT LEAKAG E CURRENT (pA)

=

B 1 2 3 4 § S\

INPUT DIFFERENTIAL VOLTAGE

Amplifier Bias Voltage vs
zmAmpIMBthunem
S 100 IIlI'IIIIIII‘llIIIIIIlIIIIIIIIn
vs00 I ssoe L =il
o _"“._-nunlIIIIIlIlIII!!!"
= yavo | zseel I+
=3 |III|—' IIIlI
> 1000 | -"“ L
<t
' il
- 72 .u,gllmmllllnm
£ ue llI i1 {1 lllIIIIIIIIIlIIIH
% ool Lt 1T
S B I A

TuA 1GA 104A - 1005A 1000
AMPLIFIER BIAS CURRENT (Iagc)

Input Offset Current

0°

-

INPUT OFFSET CURRENT (nA)
S

- JuA TpA 10pA 100pA  1000pA
AMPLIFIER BIAS CURRENT (Iagc)

Peak Output Voltage and
Common Mode Range

(T vour I TTIIT TTTTR
o [ Vematl [Tl

CLIT s s v T T
[T reoan = s={J{{f [ {1
I ra = 2sec (T T
lllll'l\m.!.ql"lllllllllllllli‘

Illlwllllll‘illll HIIIIIIMI!

Vourllf [ TTIe 1T
||||||H.|||||] .||||l|||l||||||||
JuA TaA 1A 100 10004

AMPLIFIER BIAS CURRENT (Iagc)

Transconductance

AuA 1pA
AMPLIFIER BIAS CURRENT {148¢)

Input and Output Capacitance

W s e~

~

CAPACITANCE (pF)

-

0
JuA A 104A 1004A  1000.A
AMPLIFIER BIAS CURRENT (15g¢)

10uA 100A 1000pA

Input Blas Current

10

INPUT BIAS CURRENT (nA)

YA A 1A
AMPLIFIER BIAS CURRENT (15p¢)

100pA  10002A

Leakage Current
10¢
Wit m 'our*" 38

i 1 t 8 i{

-
=3
>

_s
ot

LEAKAGE CURRENT (pA)
]2 &

10
-58°C -25°C 0°C 25°C 50°C 76°C100°C 125°C
AMBIENT TEMPERATURE (T))

Input Resistance

-

INPUT RESISTANCE (M)

s om M WuA - 100:A 1000.A
AMPLIFIER BIAS CURRENT (Ipgg)
Qutput Resistance

OUTPUT RESISTANCE (M)

"OTA WA 104A 1001A 10004A
AMPLIFIER BIAS CURRENT (Iapg)

TL/H/7980-3

91



Typical Performance Characteristics (continued)

Distortion vs Differential
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Circuit Description

The differential transistor pair Q4 and Qs form a transcon-
ductance stage in that the ratio of their collector currents is
defined by the differential input voltage according to the
transfer function:

Is

s M

kT
ViN=—In

IN q
where V| is the differential input voltage, kT/q is approxi-
mately 26 mV at 25°C and Is and I4 are the collector cur-
rents of transistors Qg and Q4 respectively. With the excep-
tion of Qg and Q43, all transistors and diodes are identical in
size. Transistors Q¢ and Q2 with Diode Dy form a current
mirror which forces the sum of currents |4 and |5 to equal

lasc

lg + 15 = lasc (2

where Iagc is the amplifier bias current applied to the gain
pin.

For small differential input voltages the ratio of I4 and Is
approaches unity and the Taylor series of the In function
can be approximated as:

KT ls _ KT ls—l4

—_—n- = — K}

q la q I ®
laBc

g = lg = —

4= s =4y

lascq
Vm[ 2T Is =13 (4)

Collector currents |4 and |5 are not very useful by them-
selves and it is necessary to subtract one current from the

’VS
1S
-_— -
I_o—ls Ip+ls
2 7
Is D,!
'
—E - ¢
I
1O
-Vs

other. The remaining transistors and diodes form three cur-
rent mirrors that produce an output current equal to |5 minus
|4 thus:

|
ViN [ A:ff ] = lout (5)

The term in brackets is then the transconductance of the
amplifier and is proportional to lagc.

Linearizing Diodes

For differential voltages greater than a few millivolts, Equa-
tion 3 becomes less valid and the transconductance be-
comes increasingly nonlinear. Figure 1 demonstrates how
the internal diodes can linearize the transfer function of the
amplifier. For convenience assume the diodes are biased
with current sources and the input signal is in the form of
current Ig. Since the sum of I4 and Ig is Iagc and the differ-
ence is lgyT, currents |4 and Is can be written as follows:

| = ‘aec _lour | _lasc , lour
17787 2 '° QN 2

Since the diodes and the input transistors have identical
geometries and are subject to similar voltages and tempera-
tures, the following is true:

b, Is !agc , lout
kT, 2 s | 2 U2
—In =—In
9 o . 9 lasc_ lou
2 A"
2| I
S lout =18 (—"i'-‘—’) tor fig) < 2 ®)
Ip 2

4]
lout * Is=la  f——Oloyt * Zl:(l_n_c)
o

TL/H/7980-8

FIGURE 1. Linearizing Diodes
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Linearizing Diodes (continued)

Notice that in deriving Equation 6 no approximations have
been made and there are no temperature-dependent terms.
The limitations are that the signal current not exceed Ip/2
and that the diodes be biased with currents. In practice,
replacing the current sources with resistors will generate
insignificant errors.

Controlled Impedance Buffers

The upper limit of transconductance is defined by the maxi-
mum value of Ipgc (2 mA). The lowest value of Iagc for
which the amplifier will function therefore determines the
overall dynamic range. At very low values of Iagc, a buffer
which has very low input bias current is desirable. An FET
follower satisfies the low input current requirement, but is
somewhat non-linear for large voltage swing. The controlled
impedance buffer is a Darlington which modifies its input
bias current to suit the need. For low values of Iagc, the
buffer’s input current is minimal. At higher levels of Iage,
transistor Q3 biases up Q42 with a current proportional to
Iagc for fast slew rate. When Iagg is changed, the DC level
of the Darlington output buffer will shift. In audio applica-
tions where Ipgc is changed suddenly, this shift may pro-
duce an audible “pop"”. For these applications the LM13700
may produce superior results.

D3

RTH R 415

RTH=RB

Applications—Voltage Controlled
Amplifiers

Figure 2 shows how the linearizing diodes can be used in a
voltage-controlled amplifier. To understand the input bias-
ing, it is best to consider the 13 kQ resistor as a current
source and use a Thevenin equivalent circuit as shown in
Figure 3. This circuit is similar to Figure 1 and operates the
same. The potentiometer in Figure 2 is adjusted to minimize
the effects of the control signal at the output.

For optimum signal-to-noise performance, Iagc should be
as large as possible as shown by the Output Voltage vs.
Amplifier Bias Current graph. Larger amplitudes of input sig-
nal also improve the S/N ratio. The linearizing diodes help
here by allowing larger input signals for the same output
distortion as shown by the Distortion vs. Differential Input
Voltage graph. S/N may be optimized by adjusting the mag-
nitude of the input signal via Ry (Figure 2) until the output
distortion is below some desired level. The output voltage
swing can then be set at any level by selecting Ry.
Although the noise contribution of the linearizing diodes is
negligible relative to the contribution of the amplifier’s inter-
nal transistors, Ip should be as large as possible. This mini-
mizes the dynamic junction resistance of the diodes (re) and
maximizes their linearizing action when balanced against
Rin. A value of 1 mA is recommended for Ip unless the
specific application demands otherwise.

GAIN
CONTROL

TL/H/7980-9

A%
—O1lgur = Is (mac)
o

FIGURE 3. Equivalent VCA Input Circuit

TL/H/7980-10

7
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Stereo Volume Control

The circuit of Figure 4 uses the excellent matching of the
two LM13600 amplifiers to provide a Stereo Volume Control
with a typical channel-to-channel gain tracking of 0.3 dB. Rp
is provided to minimize the output offset voltage and may be
replaced with two 5100 resistors in AC-coupled applica-
tions. For the component values given, amplifier gain is de-
rived for Figure 2 as being:

v,
= 940 X Iagc
VIN

If Vg is derived from a second signal source then the circuit
becomes an amplitude modulator or two-quadrant multiplier
as shown in Figure 5, where:

—2lg —2ls Vinzg 2lg (V™ + 1.4V)
-—=S - SN et
R To ML e b Re

+5V

TL/H/7980-11

FIGURE 4. Stereo Volume Control

Vi 30K

lasc
—

N2
moouLaTion @ ALY

VINI O
CARRIER 10K

s TL/H/7980-12

FIGURE 5. Amplitude Modulator
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Stereo Volume Control (continued)

The constant term in the above equation may be cancelled
by feeding Is X IpRc/2 (V™ + 1.4V) into lp. The circuit of
Figure 6 adds Ry to provide this current, resulting in a four-
quadrant multiplier where Rg is trimmed such that Vg = 0V
for Vin2 = OV. Ry also serves as the load resistor for lp.
Noting that the gain of the LM13600 amplifier of Figure 3
may be controlled by varying the linearizing diode current Ip
as well as by varying Iagc, Figure 7 shows an AGC Amplifier
using this approach. As Vg reaches a high enough ampli-
tude (3 Vgg) to turn on the Darlington transistors and the
linearizing diodes, the increase in Ip reduces the amplifier
gain so as to hold Vg at that level.

Voltage Controlled Resistors

An Operational Transconductance Amplifier (OTA) may be
used to implement a Voltage Controlled Resistor as shown

0K

in Figure 8. A signal voltage applied at Ry generates a Vjy
to the LM13600 which is then multiplied by the g, of the
amplifier to produce an output current, thus:

~R+tRa

Rx
9gm Ra

where g, = 19.2 Iagc at 25°C. Note that the attenuation of
Vo by R and Rp is necessary to maintain VN within the
linear range of the LM13600 input.

Figure 9 shows a similar VCR where the linearizing diodes
are added, essentially improving the noise performance of
the resistor. A floating VCR is shown in Figure 10, where
each “end” of the “resistor” may be at any voltage within
the output voltage range of the LM13600.

10K

Vin ©

A

-5V

TL/H/7980-13
FIGURE 6. Four-Quadrant Multiplier
WK
oUTPUT
AMPLITUDE
TL/H/7980-14
FIGURE 7. AGC Amplifier
A5V
0K
—V\VN—O-15V
ALY
X A
TL/H/7980-15

FIGURE 8. Voltage Controlled Resistor, Single-Ended
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Voltage Controlled Filters

OTA's are extremely useful for implementing voltage con-
trolled filters, with the LM13600 having the advantage that
the required buffers are included on the I.C. The VC Lo-Pass
Filter of Figure 11 performs as a unity-gain buffer amplifier
at frequencies below cut-off, with the cut-off frequency be-
ing the point at which Xc/gm equals the closed-loop gain of
(R/Rp). At frequencies above cut-off the circuit provides a
single RC roll-off (6 dB per octave) of the input signal ampli-
tude with a —3 dB point defined by the given equation,

where gn, is again 19.2 X lagc at room temperature. Figure
12 shows a VC High-Pass Filter which operates in much the
same manner, providing a single RC roll-off below the de-
fined cut-off frequency.

Additional amplifiers may be used to implement higher order
filters as demonstrated by the two-pole Butterworth Lo-Pass
Filter of Figure 13 and the state variable filter of Figure 14.
Due to the excellent g, tracking of the two amplifiers and
the varied bias of the buffer Darlingtons, these filters per-
form well over several decades of frequency.

nK

+15V

10K

—AAA—O-15V

TL/H/7980-16

FIGURE 9. Voltage Controlled Resistor with Linearizing Diodes

100 K

100 K

TL/H/7980-17
ve
Vo
fo= Rt
(R*Rp)24C
-5V
TL/H/7980-18

FIGURE 11. Voltage Controlled Low-Pass Filter
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Voltage Controlled Filters (continued)

0K

>0 Vo

4 ty = —PAIm
AN (R+Rp)27C
100 K _L
'K i“ R 0.0054 Tc R
ey e -5V
i TL/H/7980-19
FIGURE 12. Voltage Controlled Hi-Pass Filter
15K 1 = —TAGm
Ve O ° " (R+Rp)22C

-5V

TL/H/7980-20
FIGURE 13. Voltage Controlled 2-Pole Butterworth Lo-Pass Filter
15 K
20K
—\ N
BANDPASS 0UT

TU/H/7980-21

FIGURE 14. Voltage Controlled State Variable Filter
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Voltage Controlled Oscillators

The classic Triangular/Square Wave VCO of Figure 15 is
one of a variety of Voltage Controlled Oscillators which may
be built utilizing the LM13600. With the component values
shown, this oscillator provides signals from 200 kHz to be-
low 2 Hz as Ic is varied from 1 mA to 10 nA. The output
amplitudes are set by |5 X Ra. Note that the peak differen-
tial input voltage must be less than 5V to prevent zenering
the inputs.

A few modifications to this circuit produce the ramp/pulse
VCO of Figure 16. When Vg3 is high, Ig is added to Ig to

increase amplifier A1's bias current and thus to increase the
charging rate of capacitor C. When Vo3 is low, I goes to
zero and the capacitor discharge current is set by Ic.

The VC Lo-Pass Filter of Figure 11 may be used to produce
a high-quality sinusoidal VCO. The circuit of Figure 16 em-
ploys two LM13600 packages, with three of the amplifiers
configured as lo-pass filters and the fourth as a limiter/in-
verter. The circuit oscillates at the frequency at which the
loop phase-shift is 360° or 180° for the inverter and 60° per
filter stage. This VCO operates from 5 Hz to 50 kHz with
less than 1% THD.

TL/H/7980~22

15V

~jm

it
Vo2
(V+ = 0.8V)R,
Ry + Ry
_ 2VpkC

A G

Vek

FIGURE 16. Ramp/Pulse VCO

[ _ 2VkC
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Voltage Controlled Oscillators (continued)

30 K
+15Vo

THO<1%
VpO—4 —
10 x%’
-5V 100 K 5
MV A'AY
TL/H/7980-24
FIGURE 17. Sinusoidal VCO
10K The operation of the multiplexer of Figure 20 is very straight-
——AAA- forward. When A1 is turned on it holds Vg equal to Vi and
R WK when A2 is supplied with bias current then it controls V. Cg
M5V ¢ —oVe and Rc serve to stabilize the unity-gain configuration of am-
2K He plifiers A1 and A2. The maximum clock rate is limited to
I “n"z v 1 about 200 kHz by the LM13600 slew rate into 150 pF when
— the (Vin1-Vin2) differential is at its maximum allowable value
%LM13600 of 5V.
o S The Phase-Locked Loop of Figure 21 uses the four-quad-
R R rant multiplier of Figure 6 and the VCO of Figure 18 to pro-
05uF & S duce a PLL with a +5% hold-in range and an input sensitivi-
b -5V ) % i ty of about 300 mV.
= ¢ ~15 v
TL/H/7980-25 J_
FIGURE 18. Single Amplifier VCO Ao TRIGeER
Figure 18 shows how to build a VCO using one amplifier F.'mr tE
when the other amplifier is needed for another function. ~ Tus
Additional Applications
Figure 19 presents an interesting one-shot which draws no ) .
power supply current until it is triggered. A positive-going
trigger pulse of at least 2V amplitude turns on the amplifier
through Rg and pulls the non-inverting input high. The am-
plifier regenerates and latches its output high until capacitor ~ ,.";\}‘.
C charges to the voltage level on the non-inverting input. i o,

The output then switches low, turning off the amplifier and
discharging the capacitor. The capacitor discharge rate is
increased by shorting the diode bias pin to the inverting in-
put so than an additional discharge current flows through D;
when the amplifier output switches low. A special feature of
this timer is that the other amplifier, when biased from Vo,
can perform another function and draw zero stand-by power
as well.

FIGURE 19. Zero Stand-By Power Timer
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Additional Applications (continued)

2V

10K %
-1v

TL/H/7980-27

FIGURE 20. Multiplexer

AR

1
L IN914

TL/H/7980-28

FIGURE 21, Phase Lock Loop

The Schmitt Trigger of Figure 22 uses the amplifier output
current into R to set the hysteresis of the comparator; thus
VH = 2 X R X Ig. Varying Ig will produce a Schmitt Trigger
with variable hysteresis.

Figure 23 shows a Tachometer or Frequency-to-Voltage
converter. Whenever A1 is toggled by a positive-going input,
an amount of charge equal to (Vi — V) Cy is sourced into Cy
and Ry. This once-per-cycle charge is then balanced by the
current of Vo/R;. The maximum fyy is limited by the amount
of time required to charge Cy from V|_to V} with a current of
Ig, where V|_and Vy represent the maximum low and maxi-

mum high output voltage swing of the LM13600. D1 is add-
ed to provide a discharge path for C; when A1 switches low.
The Peak Detector of Figure 24 uses A2 to turn on A1l
whenever V|y becomes more positive than Vg. A1 then
charges storage capacitor C to hold Vg equal to V|\PK.
One precaution to observe when using this circuit: the Dar-
lington transistor used must be on the same side of the
package as A2 since the A1 Darlington will be turned on and
off with A1. Pulling the output of A2 low through D1 serves
to turn off A1 so that Vg remains constant.

14
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Additional Applications (continued)

TL/H/7980-29
FIGURE 22. Schmitt Trigger

A1
%LM13600

0 Vo= 10mvx SN
W

TL/H/7980-30

FIGURE 23. Tachometer
+15Y PEAK DETECT 6
-15V o———
HOLD
w914

+15V

Vo

0K e v

o

TL/H/7980-31
FIGURE 24. Peak Detector and Hold Circuit
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Additional Applications (continued)

The Sample-Hold circuit of Figure 25 also requires that the
Darlington buffer used be from the other (A2) half of the
package and that the corresponding amplifier be biased on
continuously. The Ramp-and-Hold of Figure 26 sources g
into capacitor C whenever the input to A1 is brought high,
giving a ramp-rate of about 1 V/ms for the component val-
ues shown.

The true-RMS converter of Figure 27 is essentially an auto-
matic gain control amplifier which adjusts its gain such that
the AC power at the output of amplifier A1 is constant. The
output power of amplifier A1 is monitored by squaring ampli-
fier A2 and the average compared to a reference voltage
with amplifier A3. The output of A3 provides bias current to
the diodes of A1 to attenuate the input signal. Because the
output power of A1 is held constant, the RMS value is con-
stant and the attentuation is directly proportional to the
RMS value of the input voltage. The attenuation is also pro-
portional to the diode bias current. Amplifier A4 adjusts the
ratio of currents through the diodes to be equal and there-
fore the voltage at the output of A4 is proportional to the
RMS value of the input voltage. The calibration potentiome-
ter is set such that Vg reads directly in RMS volts.

UL

RAMP
ENABLE ©

>

%1 3
=5V TUH/7980-32
FIGURE 25. Sample-Hold Circuit

TL/H/7980-33

+sV
Ay
anE % LM12600
vine
-y
S F
h_' - 3
Ay
Ve HLM1458
=1% ACCURATE
*

FIGURE 27. True RMS Converter
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Additional Applications (continued)

The circuit of Figure 28 is a voltage reference of variable
temperature coefficient. The 100 k) potentiometer adjusts
the output voltage which has a positive TC above 1.2V, zero
TC at about 1.2V and negative TC below 1.2V. This is ac-
complished by balancing the TC of the A2 transfer function
against the complementary TC of D1.

The log amplifier of Figure 29 responds to the ratio of cur-
rents through buffer transistors Q3 and Q4. Zero tempera-
ture dependence for Voyr is ensured because the TC of the
A2 transfer function is equal and opposite to the TC of the
logging transistors Q3 and Q4.

The wide dynamic range of the LM13600 allows easy con-
trol of the output pulse width in the Pulse Width Modulator
of Figure 30.

For generating Iagc over a range of 4 to 6 decades of cur-
rent, the system of Figure 31 provides a logarithmic current
out for a linear voltage in.

Since the closed-loop configuration ensures that the input
to A2 is held equal to 0V, the output current of A1l is equal to
I3 = —V¢/Re.

The differential voltage between Q1 and Q2 is attenuated
by the R1, R2 network so that A1 may be assumed to be

415V

K

operating within its linear range. From equation (5), the input
voltage to A1 is:

_ —2kTlz _ 2kTVg

Vin1
. q2  qlRc

The voltage on the base of Q1 is then

+
Vg1 _ (R1+Ry) ViN1

Ry
The ratio of the Q1 and Q2 collector currents is defined by:

KT 1 T
=K inlc2 o KT} lasc

Vgi
. q ler q l

Combining and solving for Iagc yields:

2(R1+Rp) Vc]
| g oxp | ————
ABC = |1 exp [ RilzRc
This logarithmic current can be used to bias the circuit of
Figure 4 provide a temperature independent stereo attenua-
tion characteristic.

100K

=15V 1798035

FIGURE 28, Delta VBE Reference

~Vin ~Vae
FIGURE 29. Log Amplifier

o (2Vs — 1.2V) (R4) (Re) ~ Vin R2
el (R3+Ry) (Rs) Vger Ry

TL/H/7980-36

104



Additional Applications (continued)

.

cLock v 0—]
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TL/H/7980-37
FIGURE 30. Pulse Width Modulator
5V
=Vg 150K 0
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FIGURE 31. Logarithmic Current Source
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A Design of an OTA-based Sinusoidal Nonlinear Oscillator

Poramate Pranayanuntana and Pongrapee Kaewsaiha
Department of Control Engineering, Faculty of Engineering
King Mongkut’s Institute of Technology Ladkrabang
3 Moo 2 Chalongkrung Rd. Ladkrabang Bangkok 10520, Thailand
Phone 0-6667-3205, E-mail: kpporama@kmitl.ac.th, p_kaewsaiha@hotmail.com

Abstract

This paper describes a systematic approach to de-
signing a sinusoidal nonlinear oscillator which uses an op-
erational transconductance amplifier (OTA) as a nonlinear
element to achieve the desired specifications on ampli-
tude and frequency of oscillation. The describing func-
tion method is used for predicting the existence of limit
cycles and, more generally, for analyzing the magnitude
stabilization phencmena. The results are simulated using
MAPLE and MATLAB SIMULINK.

Keywords: OTA, nonlinear oscillator, describing func-
tion

1. Introduction

A nonlinear oscillator is a nonlinear system that can
display oscillation of fixed amplitude and fixed period
without external excitation. The oscillations of this kind
are called limit cycles, or self-excited oscillations. An ad-
vantage of nonlinear oscillator over the linear one is due to
a magnitude stabilization phenomenon that keeps the am-
plitude of oscillation constant and not depending on the
circuit’s initial condition.

The describing function method [2, 3} is a first-order
version of the method of harmonic balance that used to
find periodic solutions for nonlinear systems by fitting a
truncated Fourier series. This method applies to a system
shown in Figure 1, with the linear system G(s) having
low-pass or band-pass filtering characteristics and (-) as
a time-invariant nonlinear element. Traditionally, the so-
lution is found using graphical constructions involving the
Nyquist locus. The presented design technic employs a
numerical integration ability of mathematical softwares,
for example, MAPLE or MATLAB to obtain the describ-
ing function D(a) used in oscillator circuit design.

Also we give a systematic approach to synthesizing
an OTA-based nonlinear oscillator given specifications on
amplitude and period (or frequency) of oscillation. An
equivalent feedback configuration of an oscillator circuit
with a linear dynamic system G(s) as a feedforward el-
ement and a memoryless nonlinearity (-) as a feedback
element, as shown in Figure 1, is used in the design.

el ¥ o G(s) = C(sI-A)'B

v() y
N, ¥(-)

Figure 1. Feedback connection

2. Approach and Methods

The study needs to meet some basic requirements.
In order to develop the basic version of the describing
function method, the system has to satisfy the following
assumption;

1. There is only a single nonlinear cotiponent

2. The nonlinear component is time-invariant

3. Corresponding to a sinusoidal input y=a sin(wpt)
only the fundamental component w (¢) in the output
w(t) = P(asin(wpt)) has to be considered

4. The nonlinearity is odd

The definition of the describing function, conditions
for existence and stability of limit cycles, and nonlinear-
ity of OTA are quoted. Then, a parameter calculation, a
design example and simulation results are given.

2.1. Periodic Function

Consider a sinusoidal input to the nonlinear ele-
ment, of amplitude a and frequency wp. The output of
the nonlinear component w(t) = (y(t)) in Figure 1 is
always periodic: Corresponding to a sinusoidal input y =
asinwt, the output becomes (a sin(wp(t + 27/wyg))) =
9 (asin(wot)). Using Fourier series, this periodic function
can be expanded as

[o ]
a 2
w(t) = 70 + ngzl [@n cos(nwpt) + by, sin(nwpt)]. (1)
Since the set {%,cos(wot),sin(wot),cos(2wot),

sin(2wpt), ...} is an orthonormal basis with respect
to the inner product <f(t),g(t)>=2% [T f(t)g(t)dt,

a - & a a o - v
ﬂ-l,ﬂ’z‘"w“ﬂ]’“'l“”"?nii"'lﬂﬂ] 53N 29 (EECON-29)  9-10 NWOAINUU 2549 u"TJ“U‘amﬂﬂIuTauﬁ“w‘ﬂaﬁmu’
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The coefficients can be found as ap=<f(t),1>,
an=<f(t), cos(nwot)>, bp=<f(t), sin(nwot)>
Furthermore, since G(s) used has band-pass or low-
pass characteristics, this implies that only the fundamental
component ws () is needed to be considered, namely

w(t) ®wi(t) = aycos(wot) + by sin(wot)
= M sin(wot + ¢), )

where M(a,wp) = +(/a2+b and é(a,wp) =
tan~!(a;/by), which indicate that the fundamen-
tal component corresponding to a sinusoidal input
is a sinusoidal at the same frequency. In com-
plex representation, this sinusoidal can be written as
wy = Mel@ot+9) — (b) + ja,)ewot,

2.2. The Describing Function Method
The describing function of the nonlinear element is
defined to be the complex ratio of the fundamental com-
ponent of the output of the nonlinear element by the input
sinusoid, i.e.,
J(wot+e
bl i _ N

aeiwot a

4 1 -

e’ = b1 +jar). ()
For the case of single-valued nonlinearities, the de-

scribing function D is a function of the gain a only, i.e.,

D(a,wp) = D(a). By assumption 4, we obtain

D(a) = @)

b _ < w(t), sin(wot) >
a a

since w(t) is odd function.

2.3. Existence of Limit Cycles

In order for a self-sustained oscillation of amplitude
a and frequency wy in the system of Figure I to exist, the
variables in the loop must satisfy the following relations:

w = D(a)y,
y = —G(jwo)w.

Therefore, we have y = —G(jwo)D(a)y. Because
y # 0, this implies

G(jwo)D(a) +1=0 (%)
which can be written as

G(jwo) = — ()

1

D(a)’

Plot of both the frequency response function G(jw)
(varying w) and the negative inverse describing function
(=1/D(a)) (varying a) in the complex plane are investi-
gated. If the two curves intersect, then there exist limit
cycles, and the values of a and w corresponding to the
intersection points are the solutions of (6). If the curves
intersect n times, then the system has n possible limit cy-
cles. Which one is actually reached depends on the initial
conditions. Note that for single-valued nonlinearities, D,
is real and therefore the plot of (—1/D) always lies on the
real axis.

111

v,

Ny

Figure 3. OTA equivalent circuit.

2.4. Stability of Limit Cycles

Each intersection point of the curve G(jw) and the
curve (—1/D(a)) corresponds to a limit cycle. If points
near the intersection and along the increasing-a side of the
curve (—1/D(a)) are not encircled by the curve G(jw),
then the corresponding limit cycle is stable. Otherwise,
the limit cycle is unstable.

In Figure 2, there exist two limit cycles. Points P,
and P, correspond to the two existing limit cycles of a
system. P corresponds to the unstable limit cycle, while
P, refers to the stable one. Refer to [2, 3] for detailed
treatment of the describing function method.

2.5. OTA Nonlinear Behavior

The simplified equivalent circuit diagram is given
in Figure 3. According to [1] and [4], iouT of the OTA
equivalent circuit in Figure 3 is

exp(f7) -1 (L)
I————exp(%)_*_1 = I tanh Vi @)

wherev =vt —v~,and Vpr = %.

iouT =

3. Calculation of the system parameters
For the linear system in Figure 1 having band-pass
filter characteristics of the form
G(s) =

—wpSs
s2 + 208 + wp

®
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where wy is the resonant frequency in rad/sec and 2« is
the bandwidth in rad/sec of the band-pass filter. If a self-
excited oscillation exists the frequency of oscillation will
be w = wyp. Therefore the condition of oscillation (condi-
tion for existence of limit cycle) in (6) becomes

Foow 2 [ . .

L E/o 1 (asin@)sinb df
where @ is the quality factor of the band-pass filter. The
far right-hand side of (9) is the describing function of the
function %(-), and for a fixed 1(-) it depends only on the
magnitude of oscillation a, from (4), as follows:

(€)

7I'
D(a) := = / 1(asinf)sinf db. (10)
am Jo

For known values of @ and wy, (9) is an equation in
only one unknown variable, a, and with the aid of mod-
ern computers, one can solve (9) numerically for a or plot
D(a) against a. In the next section, we will give an ex-
ample showing how to design an OTA-based sinusoidal
nonlinear oscillator of specified amplitude and frequency
of oscillation.

4. Example

Given the specifications on the frequency of oscil-
lation wp = 120 rad/s and on the amplitude of oscillation
a = 0.3 volts, then follows the following steps in design-
ing an OTA-based sinusoidal nonlinear oscillator of the
feedback configuration in Figure 1.

First, consider the OTA nonlinear behavior in (7).
With I = 1mA, we have

iour = 0.001 tanh(20v)

since Vr =~ 25 mV. Then we can realize 9(y) =

4 tanh(20y) with an additional amplifier of gain 20 V/A
at the output of the OTA.

From (10), plot D(a) with respect to a, for ¥(y) =
% tanh(20y), as shown below in Figure 4.

Witli wp = 120 rad/sec and a = 0.3 V, then
Q = D(03) = 008388617 — 11.92091526, where

D(0.3) = 0.08388617 was evaluated numerically from
(10) by MAPLE program, so was the bandwidth 2a =
wo/Q = 10.06634116. Therefore the transfer function of
our band-pass filter in (8) becomes

—120s

C() = 7iTooeesanies v a0 D
The condition of oscillation in (6) can be written as
e ) = —
Q=350 =~Glwn) = 53 (12)

and in order for the limit cycle to exist it is required that

2 1
s L

i < Dinaz = D(0),

(13)
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Dmax g4
03
D(a)
D 02
01 -1/G(j120)
1/Q=0.0839
v 0.1 02 0.3 04

Figure 4. D(a) for ¥(y) = 51—0- tanh(20y).

and in the case here, (13) is satisfied with Q high enough
for G(s) to be very selective.

Note: Condition (13) confirms an existence of a limit cy-
cle which can also be seen as in the graph of D(a) in
Figure 4. If the desired value of amplitude of oscillation
a yields a too low value of @ in (12) or if D,,,, is not
greater than 1/@ in (13) then either an OTA circuit have
to be redesigned or an amplifier may be required at the
input or/and output of (-).

G(jw)

a=03 ~1/Dmax= 1/D(0)
1/D(0.3)=-11.92 =-25
e P \y

W=120 radﬁ -1/D(a)”  G=0

Figure 5. Plots of G(jw) and —1/D(a)

; 1 ; .
The plot of G(jw) and ~ D@ of the obtained si-

nusoidal nonlinear oscillator is shown in Figure 5. Both
graphs in Figure 5 intersect at w = 120 rad/sec and
a = 0.3 volts, at this point G(5120) =~ —11.9209. The
corresponding limit cycle is stable since points near the
intersection and along the increasing-a side of the curve
—1/D(a) are not encircled by the curve G(jw). Simula-
tion using MATLAB SIMULINK was done as follows:

a a o o a a o -t v -
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5. MATLAB SIMULINK Simulation

The state and output equation of the transfer func-
tion G(s) in (11) are as follow:

~10.07 14400 | [ z 1
= [ R[5 ][]0

z2

[-120 0][ 2 ] (1)

Y

The phase plane plot of z(t) is shown in Figure 6.

Figure 6. Phase plane plot of z = 27, z]7.

The limit cycle in Figure 6 shows that z, (t) has am-
plitude of 0.0025 volts, therefore after multiplied by the
gain of —120, the amplitude of y(t) becomes 0.3 volts as
expected.

The graphs of the output y(t) for two different initial
conditions are also plotted against time ¢. Figure 7 shows
the graph of y(t) with initial condition y(0) = 0.25, and
Figure 8 shows the graph of y(t) with initial condition
y(0) = —0.005. Both graphs show the same frequency
of oscillation wy = 120 rad/sec (about 23 cycles in 1.2
seconds) and also show the magnitude stabilization phe-
nomenon of output amplitude of oscillation a = 0.3 volts.
This feature make a sinusoidal nonlinear oscillator supe-
rior to the linear ones.

04

03

02 04 068 08 1 12 14 16 18 2
time (sec)

Figure 7. Plot of y(t) with y(0) = 0.25.

113
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- =)

0 02 04 06 08 1 1t2 14 16 18 2
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Figure 8. Plot of y(¢) with y(0) = —0.005.

6. Conclusion

For a high Q band-pass filter G(s), the describing
function method gives a very accurate forecast of the exis-
tence of oscillations and their stabilized amplitudes. This
describing function method gives an insight into analyz-
ing and designing a sinusoidal nonlinear oscillator cir-
cuit. Together with the desired frequency of oscillation wq
and conditions as (12) and (13) are concerned in choos-
ing G(s) that guarantees the existence of a limit cycle.
The characteristics of the describing functions D(a) of
the nonlinear element () in the system of Figure 1 gives
information about stability of the limit cycle. The abil-
ity to plot D(a) benefits in designing while the ability to
solve D(a) numerically is vital in the determination of
the amplitude of oscillation, both were possible due to
availability of mathematical softwares such as MAPLE,
MATLAB, etc. The proposed design procedure guides us
directly to what is needed to be done in order to get the
designed circuit to oscillate at desired amplitude and fre-
quency of oscillation.
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