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ABSTRACT

This thesis presents a design of controller by Coefficient Diagram Method (CDM) for a
servo type system which is an augmented system constructed from a linearized rotational inverted
pendulum with an integrator added to its arm. In order to apply the CDM concept, the augmented
system must be converted into controllable canonical form. Then, the controller consisting of the
state feedback gain matrix and an integral gain in sense of CDM can be obtained. This shows that
design procedure for the proposed controller is easy when compared to the existing methods. The
experimental results obtained from the rotational inverted pendulum controlled by the proposed
controller show that the system response has no steady-state error while the amplitude of the
oscillation of the arm angle is still remarkable. Therefore, in this thesis, the friction compensation
using a simple method of Coulomb friction with stiction is also added to the controller.
Consequently, the amplitude of the oscillation of the arm angle can be reduced as shown in the
experimental results.

The swinging-up of the rotational inverted pendulum will also be presented in this thesis.
In order to swing the pendulum up, the position control of the arm angle using proportional plus
derivative (PD) control will be used in accordance with the sign of the injected energy to the
pendulum. The experimental results show that the pendulum can be brought to the inverted

position effectively.
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Chapter 1

Introduction

1.1 Statement and Significance of the Problem

Inverted pendulum is a famous tool for testing the effectiveness of many control
schemes. Owing to their nonlinearity and unstable characteristic, its controller development had
been a great interest of many researchers [1-9). So far, many controllers had been implemented
either linear or nonlinear controllers. The nonlinear controllers guarantee a wide range operation
and overcome the hard nonlinearity [3]. In spite of having some drawbacks, a linear controller,
however, is easier to be designed and implemented [7-8]. As proposed in [7], a linear controller
based on linear quadratic regulator (LQR) with an integrator augmented to the rotating arm angle
can satisfy the required specifications. The integrator was needed to reject the steady-state error in
controlling the inverted pendulum system due to the disturbance generated by the hardware.
Unfortunately the choice in selecting the proper weighting matrix was still trial and error.
Furthermore, when the inverted pendulum is linearized by simply neglecting the friction, it will
lead to limit cycles, which implies to somewhat oscillatory results [8-9]). As reported in [18],
coefficient diagram method (CDM) can satisfy time domain specification and the design is
simple. In CDM the stability and speed of the closed-loop system are related to the stability index
and the equivalent time constant respectively. Consequently, the desired characteristic polynomial
based on these parameters can be composed.

In this thesis, a design of a controller to stabilize the inverted pendulum in upright
position while maintaining the arm position angle in certain position using CDM will be
presented. As the responses exhibit remarkable oscillation, friction compensation using Coulomb
friction with stiction will also be introduced.

The rotational inverted pendulum is a SIMO system with motor torque input and two
outputs i.e. the pendulum angle @ and the arm angle #. By employing the Euler-Lagrange
method, a nonlinear model of the inverted pendulum system can be obtained. As CDM is
applicable to the linear system, the model must be linearized about upright position. After
representing the linear model including one augmented integrator in state space form, it will be
transformed into controllable canonical form utilizing a transformation matrix [25] so that the

CDM concept can be applied. Then, each element of the state feedback gain matrix and the



integral gain can be designed by matching the closed-loop characteristic polynomial of the system
to those obtained from the CDM concept.

As an interesting problem face;i by almost researchers in inverted pendulum, the
swinging-up control of the inverted pendulum will also be presented in this thesis. Some
swinging-up ideas recently proposed including sliding-mode control incorporated with arm
control [3], feedback linearization [4] and energy control [5]. The energy control [5] will be
adopted as an approach in this thesis due to its simplicity. However, the saturation function in its
control law could make undesirable hazard in the experimental apparatus. In addition, this
swinging-up method did not consider limited sector of the arm angle to avoid the twisted cable in
the apparatus. Therefore, in this thesis the position control of the arm angle using PD control
designed by CDM in accordance with the energy control is proposed to replace the saturation
function in [5]. Consequently, the limited arm sector angle can be achieved and the saturation
function can also be replaced effectively by choosing small equivalent time constant zin

designing the arm position control.

1.2 Objective and Research Methodology

Being a famous tool for benchmarking of many control schemes, the study of stabilizing
the inverted pendulum is very challenging. The goal is twofold; firstly testing the effectiveness of
the controller itself, secondly studying the dynamics of the inverted pendulum control system and
possible application of the controller into various field. Moreover, this research become more
interesting as

1. The concept of Coefficient Diagram Method will be used as an approach to design the
controller. The controller itself will not be in CDM controller but rather than the design
of state feedback controller by the concept of CDM. It will be shown that using the same
design specifications with the CDM usual controller namely: the equivalent time constant
7 and the stability index y, we can construct the state-feedback controller which satisfy
the stability and responses speed as the CDM.

2. The concept of CDM is applicable for linear system and the design will be more
challenging as some problems met in applying the controller to the real system. As the
limit cycle caused by the friction is significant, the linearization around the upright
position cannot be performed perfectly. Then another type of controller so called the

friction compensator must be used in order to reduce the effect of the friction.



In doing the research, three stages were conducted. The first stage is the theoretical
phase. In theoretical phase several concepts on control engineering are studied such as the
mathematical modelling, modem control system theory, CDM concept and another control design
issue obtained from some publications. In this phase, the model of inverted pendulum is also
constructed. Assigning Euler-Lagrange method the set of nonlinear first order differential
equation of the inverted pendulum representation can be obtained, and then the linearization
method is performed to obtain the linear model in the neighborhood of the upright position. From
here, the CDM concept is applicable to design either the state feedback or integral controller

which is linear controller.

The rotational inverted
pendulum

Euler - Lagrange method Experiment

v-
P B ooy + @ Identification simg::;g:ﬁ:; i
4
Linear model
Controller design x — Ax + Bu ..
y=Cx

Simulation verification

CDM controller

Y

Implementation

Figure 1.1 Research stages

The next stage is the simulation phase. In this stage, the identification of the inverted
pendulum model is done by testing the constructed model in order to minimize the difference
between the model and the system output, for the same applied input. The controller is also

verified before entering to the next stage. Therefore, the unnecessary loss in time, cost and hazard



can be avoided. Using the results of this stage, the decision can be made whether the controller is
well enough or not to be applied to the physical system.

Finally the last stage is the experimental phase where the last test of the controller is
performed. The experimental results are then obtained in order to show the effectiveness of the
proposed control method. In this stage several problems will arise as the real is always different
with the theoretical. This comes from the fact that all practical control problems have a certain

amount of uncertainty because of the lack of knowledge.

1.3 Scope

This thesis is organized in 6 chapters including reference and appendices.

Chapter 2 describes about the concept of CDM. The performance specifications in
designing a controller by CDM will be explained. Also the stability, speed of the responses and
the robustness of the control system will be evaluated by means of coefficient diagram. To get a
good insight an example about how to use the coefficient diagram will be presented.

Chapter 3 explains the inverted pendulum. It begins with a kind of inverted pendulum
extensively used. Then the model of the rotational inverted pendulum will be formulated using
Euler-Lagrange method to get the nonlinear ODE (Ordinary Differential Equation). From here,
the linearization will be used to obtain the linear model around the upright position. The friction
which is the one of the important factor of many electromechanical designs will also be presented
in brief. Finally the identification of the unmeasured parameters will be presented in the end of
this chapter.

Chapter 4 is the controller design using CDM approach which is the main chapter in this
thesis. The augmented system is derived from the original system by augmenting an integrator in
order to achieve the zero steady state-error. As the friction term is significant then a compensation
based friction model is presented to reduce the limit cycle. The chapter ends with the swinging-up
control of the rotational inverted pendulum, using simple method: position control of the arm
angle incorporated with energy control.

In Chapter 5 the simulation and the experimental results will be presented and evaluated.
This Chapter will describe the experimental apparatus and their parameters used in experiment.
Then the simulation and the experimental results will be presented concurrently. The stability
investigation will also be presented using the coefficient diagram.

At last, Chapter 6 will conclude the results of this research and the future works.



Chapter 2

Coefficient Diagram Method

In the present day, basically there are three control approaches i.e. classical control, modemn
control and polynomial method. The classical control is simple and reliable design approach for
the ordinary control design problems, but it is very difficult for the more complex plants. Then the
modern control has been developed to answer to this weakness. However, it has not reached to the
satisfactory state yet. Another method is polynomial method (or algebraic design approach). In
this method, the controller is algebraically obtained from the characteristic polynomial by solving
the Diophantine equation. Hence, it is not difficult to define the characteristic polynomial from
stability and response specification, but it is very difficult to choose it with guarantee of
robustness.

Coefficient Diagram Method (CDM) [18] is one of the polynomial methods in control
system design. It has been developed to obtain the easiness in designing the controller. Initially
the CDM is not well-known, but its promising results as shown in the application of robotics [11],
process control [12-13], space craft altitude control [14] and vibration control [21] have been
making some interests for some researchers.

The effectiveness of CDM is mainly obtained from the usage of a diagram called as
“Coefficient Diagram”. Coefficient diagram shows the coefficient of characteristic polynomial
and those of numerator polynomials corresponding to sensitivity and complementary sensitivity
function in logarithmic scale, where abscissa is the order of the characteristic polynomial in
descending order. From the shape the designer can visualize the stability, response and the
robustness. Also the frequency response of the sensitivity and complementary sensitivity function

can also be visualized.

2.1 Basic of CDM
2.1.1 Basic Philosophy of CDM
The CDM is an algebraic control design approach with the following five features
1. Polynomials and polynomials matrix are used for system representation
2. Characteristic polynomial and the controller are simultaneously designed

3. Coefficient diagram is effectively utilized



4. The sufficient condition for stability by Lipatov constitutes the theoretical basis of CDM
5. Kessler standard form [3] is improved and used as the standard form of CDM.
CDM design is based on the stability index and equivalent time constant as defined later. Thus for
the specified settling time, a controller of the lowest order with the narrowest bandwidth and of

no overshoot can be easily designed.

2.1.2 Mathematical Model of CDM
The standard block diagram for the CDM design for a single input single output is shown
in Fig. 2.1. The extension to multi input multi output can be made with proper interpretation. The

plant equation is given as
A, (S)x=u+d 2.1
y=B,(s)x (2.2)

where u, y and 4 are input, output and disturbance respectively. The symbol x is called the
basic state variable. 4,(s)and B,(s) are denominator and numerator of the plant transfer function
respectively. It can be easily seen that this expression has direct correspondence with the control
canonical form of the state space expression and x corresponds to the state variable of the lowest
order. All the other states are expressed as the derivatives of x of high order. Controller equation

is given as

A.(s)u=B,(s)y, = B.(s)(y+n) (23)

where y, and n are reference input and noise on the output. A4 (s)is the denominator of the
controller transfer function, B.(s) and B,(s) are called the reference numerator and the feedback
numerator of the controller transfer function. Because this controller has two numerators, it is
called two degree of freedom control system. Elimination of y and uof equation (2.3) by

equation (2.1) and (2.2) gives

P(s)x = B,(s)y, + 4.(s)d - B.(s)n (2.4)
where P(s) is the characteristic polynomial and given as

P(s) = A4,.(s)4,(s)+ B.(s)B,(s) (2.5)

In a similar manner, equation for y and ucan be obtained. Because the system has 3

inputs and 3 outputs, there are 9 transfer functions.



For CDM design, the following four basic relations are selected as standard, namely

P(s)x=P(0)y,, (2.6)
P(s)y = B,(s)B,(5)y,, 2.7
P(s)y =B, (s)A4.(s)d , (2.8)
P(sX=y)=B,(s)B.(s)n. (2.9)

Equation (2.6) is the response of x to y, when B,(s)= P(0), and it is the 0-th order canonical
transfer function of P(s). It is a good measure of the stability and the response speed. Equation
(2.7) is command following characteristics. Equation (2.8) is for the disturbance rejection
characteristics. Equation (2.9) corresponds to the complementary sensitivity function 7'(s), and it
is useful for checking the robustness. In the CDM design, these four basic relations are used as
performance specification. The design of P(s)is first made to satisfy specification on equation

(2.6), (2.8) and (2.9) and then B, (s) is adjusted to satisfy the specification on equation (2.7).

Controller Plant

+ 2 1 b y
P14(s) T e

Y, 1
B;(s) + ¥

v+

C
A

[

B.(s) S

Figure 2.1 Standard CDM block diagram

2.2 Mathematical Relation of CDM

In CDM, the characteristic polynomial is given in the following form

P(s)=a,s"+-+as' +a,= ia,s’ . (2.10)

i=0

Based on equation (2.10) the performance specification known as stability index y,, equivalent
time constant r and stability limit y; can be synthesized as these equations

a} .
Y= , (l=])2y"'1n_l) (2.11)
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o (2.12)

Yy =——+—
Yia Yia

where i=1~n-1, y,=y,=w.
Then the characteristic polynomial in term ofy,, rand a, can be expressed back as

follows

P(s) = ao[{i[ﬁ+)(my}+rs + 1} ) (2.14)

=2\ j=1 ¥iy

Notice that P(s)is expressed in (zs)' and its coefficients are function of y,. Thus for given ,
the response shape of the control system is similar irrespective of 7 . For different r , the response

speed changes while the response shape remain similar.

2.3 Coefficient Diagram
2.3.1 Motivating Example
In order to visualize the use of coefficient diagram, the example is given. Let the plant

and the controller polynomial are as follows
A, (5)=0255s* +5° + 25" +5+0.2, B,(s)=1, A.(s)=ls, B.(s)=k,s’ +ks+k,
L =L\ ks 1.5, & =1) 1k, 5025 (2.15)

then the characteristic polynomial is expressed as

P(s)=0.255 +5* +25° + 25 +5+0.2. (2.16)
Hence,

a,=[a; - a a]=[025 12 2 1 02] (2.17a)

v=lr. = n nl=[2 2 2 25 (2.17b)

=5 (2.17¢)

vi=[re 7 %]=[05 1 09 05]. (2.17d)

The coefficient diagram is shown as in Fig. 2.2, where coefficient g, is read by the left side scale,
and stability index ¥; , equivalent time constant z and stability limit y, are read by the right side
scale. The r is expressed by the line connecting 1 to r . The stability index ¥; can be graphically

obtained (Fig. 2.3a). If the curvature of the a, become larger, the system become more stable,



corresponding to larger stability index };. If the 4, curve is left-end down (Fig. 2.3b), the
equivalent time constant 7 become small and the response is fast.

The coefficient diagram is also used for parameter sensitivity analysis and robustness
analysis. In this example, the characteristic polynomial P(s) is composed of two component

polynomials: denominator polynomial F,(s) and numerator polynomial F, (s).

P(s)= F,(s)+ R (s) (2.18)
P,(s)=1,(0.255° +5* + 25’ +0.55%) (2.19)
P(s)=k,s* +ks+k,. (2.20)

The sensitivity and complementary sensitivity functions, S(s) and T'(s) are expressed as
S(s) = P, (s)/ P(s) (2.21)

T(s)= B,(s)/ P(s). (2.22)

Figure 2.2 Coefficient diagram

Equation (2.19) is shown in Fig. 2.2 with small circles and dash—dot lines. Equation
(2.20) is shown with small squares with broken lines. Designer can visually asses the deformation
of the coefficient diagram due to the variation of %,, k,, k,. Then he can visualize the variation
of stability and response. Also from equation (2.22) it is clear that the robustness can be analyzed

by comparison of coefficients 4, and %, at the coefficient diagram.
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(a) )

Figure 2.3 Use of coefficient diagram

Thus the coefficient diagram indicates stability, response and robustness which are three
major properties in control system design in a single diagram. It is enabling the designer to grasp

the total picture of control system.

2.3.2 Stability Condition
From the Routh-Hurwitz stability criterion, the stability condition for 3™ order system is
given as

a,a, >a,a,. (2.23)
If it is expressed by stability index

a7 > 1, (2.24)
the stability condition for the fourth order is given as

a, >(a,/a))a, +(a,/a)a,, (2.25)

12> (2.26)

For the system higher than or including 5" degree, Lipatov gave the sufficient condition for
stability and instability in several forms [18], [19]. The conditions most suitable for CDM can be
stated as follows:

“The system is stable if all the partial 4" order polynomial are stable with the margin of
1.12. The system is unstable if some partial 3" order polynomial is unstable.”

Thus the sufficient condition for stability is given as

a > 1.12|:$-a,+2 +ﬂa,_z] , 2.27)

i+l i-1
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7, >1.12y; forall i=2~n-2. (2.28)

The sufficient condition for instability is given as

ai+lai < ai+Zai+l ’ (229)
VinY: S1,forsome i=1~n-2. (2.30)
2.4 Standard Form of CDM

Kessler proposed stability index y,to be 2 for all i in order to decrease the oscillation
and overshoot in the ITAE (Integral Time Absolute Error) form. But it was later found that better
response, no overshoot and shorter settling time can be obtained by increasing y, to 2.5. Thus the

standard value of CDM is

Yot ==Y =¥, =2,7,=25. 2.31)

and the CDM design has settling time
t, =2.57~37. (2.32)

The feature of the CDM standard form can be summarized as follows:

(1) No overshoot of the type 1 system, and proper overshoot about 40 percent for the
type 2 system

(2)  The shortest settling time for the same equivalent time constant 7

(3)  The similar wave form irrespective to the order of system

(4) The low order poles are of the equal decay. The high order poles are in the sector
50 degrees from the negative real axis. The damping ratio £ is 0.65

In the actual design, the choice of the standard stability index is strongly.recommended

due to the stability and response requirements. However it is not necessary to make

Ys ~ ¥, €qual to 2. The condition can be relaxed to

7, >1.57]. (2.33)

Therefore, the designer has a freedom in designing the controller. Sometimes it is advisable to
select the larger stability index, in order to improve the robustness related to the parameters
change. From the sufficient condition by Lipatov, stability is guaranteed when all y,’s are larger
than 1.5. Also it was proved that if all y,’s are greater than 4, all the roots are negative real. Thus,
7;’s are usually chosen between 1.5 to 4. Sometimes the system is built in such manner that some

¥, is larger than the standard value.



Chapter 3

Rotational Inverted Pendulum

Inverted pendulum is a classical example in studying the control system [25], [26]. The
motivations are it is simple and not so complex plant; however it is nonlinear and unstable
system. Therefore, the development of a controller either for stabilizing or swinging-up the

inverted pendulum has been a great interest for many researchers for many years.

3.1 Types of Inverted Pendulum
Basically there are two types of inverted pendulum that is inverted pendulum on cart

which is translational, and rotational inverted pendulum as shown in Fig. 3.1.

L

Figure 3.1 Two basic types of inverted pendulum

As seen in several literatures in order to increase the degree of complexity, some authors
extended the inverted pendulum into some types of inverted pendulum namely n-link inverted
pendulum which most common example are double inverted pendulum or triple inverted
pendulum as depicted in Fig. 3.2. One kind of inverted pendulum which is also developed is dual
inverted pendulum as shown in Fig. 3.3.

\m ""\
4

Unk-2

Link-1

L4
o

. i ﬁ}

Figure 3.2 Multilink inverted pendulums
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Pendulum |
Pendulum 1|

& L:. >

Figure 3.3 Dual inverted pendulums on cart

However, in this thesis the discussion is only focused to stabilize the single rotational

inverted pendulum which is controlled by a controller designed using CDM.

3.2 Modelling of the Rotational Inverted Pendulum

The modelling of the inverted pendulum will be presented in this subsection. The inverted

pendulum in the laboratory is shown in Fig. 3.4 while its notations and units of parameters are

shown in Table 1.

Figure 3.4 Inverted pendulum structure used in laboratory

Table 3.1 Notations and units of the rotational inverted pendulum parameters

Quantity Symbol Unit
Arm angle B rad
Pendulum angle 9 rad
Pendulum mass m kg
Pendulum length l m
Arm length R m
Moment of inertia J kg -m?
Viscous coefficient b kg-m*/s
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In order to derive the dynamics equation of the inverted pendulum, the Lagrange method
will be employed. The orientations of the inverted pendulum either the rotating arm or the
pendulum are shown in Fig. 3.5. Note that the angles are measured counter clockwise and the

zero degree for the inverted pendulum is chosen at the upright position.

A Z—axis

Icos@

pendulum

4 /

Figure 3.5 Inverted pendulum orientation

> X -axis

3.2.1 Kinematics
For the sake of illustration, as shown in Fig. 3.5 the position of point P in the tip of the

rotational inverted pendulum is given as follows

r(8.60)=[r.(8.6),1,(8,0).1.(8.6)] @3.1)
where

r.(B,6) = Rcos f—Isin fsind

r,(B,6) = Rsin  +Icos Bsind

r,(B,0)=1cosf.

The velocity of this point can be obtained by taking the partial derivative of equation (3.1) with

respect to the variables which are the arm angle £ and the pendulum angle @ as

v(8,6)=[7,(5,6),v,(8.6),v,(8.0)] (3.2)
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where

v.(B,0)= —Rsin BB - cosBsin ﬂé—-lsin Ocos BB
v,(B,0)= Rcos 3 +1cosBcos B6 —IsinGsin BB
v.(8,60) =—Isin68.

In order to express the kinetic energy expression which will be used later, the square of the

velocity of point P is derived as
Vv(8,0) = (R* +1*sin® ) > + 2RI cos 86 - I’6* . (3.3)

The position, velocity and the square of velocity of any points in the inverted pendulum can

also be found accordingly by proper interpretation.

3.2.2 Energy Expression
From Fig. 3.5 it is clear that the energy can be found from its position and velocity of every

point of the inverted pendulum control system by these following two equations
1
E = i _[vzdm (3.4)
E =g Ir__dm . 3.5)

Equation (3.4) corresponds to the kinetic energy expression while equation (3.5) is the potential
energy expression. Using these two equations the energy expression of each part of the rotational
inverted pendulum can be found respectively. It should be noted that the reference of the potential
energy is chosen in the level of the inverted pendulum arm. Therefore, any position below the
inverted pendulum arm will have negative potential energy and vice versa.

Centre pillar is the junction between the actuator which is the DC motor and the arm of the
pendulum. In the center pillar, the effect of friction from the coupled DC motor is ineligible. The
moment of inertia is also significant. However, for the sake of linearity, the friction term will be
omitted and treated separately in the next subsection. In this part, the energy expression then can

be written as

E, =%Jﬂ'2 (3.6)
E, =0. G.7
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The arm and the rod of the pendulum are made from aluminum. Compared to the
inverted pendulum load, the weight of this part is small; this implies the small moment of inertia.
As the energy is a function of both mass and moment of inertia, the energy in this part could be
neglected.

Our attention now is to the mass of the inverted pendulum which has ineligible potential

and kinetic energy. In this part the kinetic and potential energy can be formulated from equation

(3.4) and (3.5) as
E, = %l:m(R2 +1%sin?0) #* + 2mRI cos 680 + mlzéz] (3.8)
E, =mglcosf. (3.9)

Therefore, the total kinetic energy and the total potential energy from every part of the inverted

pendulum system are respectively as follows

E,=E, +E,, (3.10)

E,=E,+E,, G.11)

3.2.3 Equation of Motion
Using the computed energy, either potential energy or kinetic energy, the Lagrangian of the

rotational inverted pendulum can be written down as

L=E -E,. (3.12)
Then the following relations must hold
d oL 0L
L > . 3.13
dop o "’ (3.13)
d oL OJL
——-—=1,=0, 3.14
o6 06 ° 3.14)

with 7, and 7, being the external forces applied to the horizontal arm joint and the pendulum
joint respectively. The external forces acting on the horizontal arm joint 7, is the acting torque

produced by the DC motor, and it can be formulated by
t,=1,-bf-NF.T. (3.15)

where N.F.T. stands for the nonlinear friction term and 7, is total torque produced by the DC
motor. On the other hand, 7, can be assumed to be zero as no external force exerts on the vertical

joint. Then the partial derivatives are as follows



AT YT v
nlnvomanan TRz tounimansz Y

oL _, (3.16)
p

Z—Z:m(R2 +1%sin® ) B+ mRIcos60 + J B 3.17)
aL 2 . A2 . A .

55=m1 sinfcos@B° —mRIsin 966 + mglsin G (3.18)
%=lecos€ﬁ+mlzé. (3.19)

Substituting equation (3.16)-(3.19) to equation (3.13)-(3.14), we have
(J +mR* +ml* sin® 6) B + 2ml” sin O cos OO + mRI cos 86 — mRisin 69" =1, (3.20)
mRIcos6f + mi*@ — mi* sinBcosGf* — mglsin@=1,=0. (3.21)

Equation (3.20) and (3.21) can be rewritten in the form of first order system of differential

equations as

do .
— =0 3.22
” (3:22)
a4 5 : —— [—2ml2 sin @ cos 936 — mIRsin 8 cos® 63*
dt J+(mR" +ml*)sin“ @ (3.23)
—mRgsin@cosf + mRIsin 66 + rp]
df
== 3.24
0 B (3.24)
A 2 2 2
ap _ - 1 s A L@+ 6?(Isinecosﬁ/?znugsine)
dt  J+(mR* +ml)sin” 0 Rcosé (3.25)
—2ml*sin@cos 6O — mRIsin66” — 7, ]
In the compact form those can be expressed as
%= fu) (329

where x=[0 6 p p’]r and u=17,.

3.2.4 Equilibrium Points

The equilibrium points are defined as the roots of the equation f(x,u) =0. Hence, the
equilibrium points of system (3.26) can be obtained by inserting § = = = # =0 which implies
to x=[2n7 0 ¢ O]T or x=[2n+D)x 0 ¢ O]T with u=7,=0 where n is any integer

greater than or equal to zero. The first equilibrium points correspond to the upright position, while

46626
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the second are the hanging position. As f is connected equilibrium point, the characteristic of
equilibrium points @ in our system can be visualized by drawing its phase portrait. The phase
portrait of the inverted pendulum using only 8 and § are shown in Fig. 3.6. It is seen from the
figure that the first equilibrium points are saddle point which is unstable while the second are

stable focus. Therefore the upright positions are unstable equilibrium points.

10

(e

<D

H

dg/dt
(=)

Figure 3.6 Phase portrait of 8 and 8

3.2.5 Linearization
As we only interest to design the controller on upright position i.e. 8=0 for

x,=[0 0 0 O]T and u =0, by neglecting the nonlinear friction term on 7, to be
t,=1,-bp (327
then the linearized state equation can be obtained as

_‘ix_ = af(x,u)l + af(x,u)l = Ax+ Bu (3 28)
dt ax |x=0 au |u=0 '

where the system matrix 4 and input vector B are

[ 0 1 0 0] o
g(J +mR?) Rb R
s =700 — -7
A= J J | and B=
0 00 1 0
mRg b 1
—_ 0 0 —— —
! J J | L J

Respectively, the characteristic polynomial of (3.28) is then given as follows
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P(s)=sI-A4

‘ +bl—.lls3 . (—gJ—ng~b1)sz _§{>_S
JI JI Ji

) (3.29)

which can be seen that there is one integrator in the plant. From Routh —Hurtwitz stability
criterion the system is also unstable as one of the coefficients of the polynomial is negative.
Therefore, at least one of the roots is unstable root.

As the main interests are the rotating arm angle £ and the pendulum angle @ then the

output equation can be given by

y=Cx (3.30)
1 00 o
where C =
0010

3.3 Frictions

As described in [16] and [17], friction can generate limit cycles with cannot be simply
neglected otherwise it will lead to the oscillatory system. However, except the viscous friction,
the other friction components such as coulomb friction and stiction friction are nonlinear
quantities that cannot be linearized. Therefore, the effect of the friction will be treated separately
by the so called friction compensation. Some of friction models extensively used will be

described in the following parts.

3.3.1 Coulomb Friction
The Coulomb friction, which is the most commonly used friction model, can be

{
expressed in mathematical form as

F =F.sgn(B). (3.31)

A friction estimation used for compensation is obtained from this mathematical model as

7 {Fc sgn(p) if|B> v

Vs <o (3:32)

The friction estimation however is non-smooth, which can be a problem in certain
applications. The constant &v is used to avoid the discontinuity at #=0. Although very simple,
this model captures the essential behavior of friction and has been shown in many applications.

Fig. 3.7a shows the representation of the coulomb friction.
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3.3.2 Coulomb Friction with Stiction
Stiction is the phenomenon that initiating a motion requires a larger force than retaining

it. The simplest memoriless friction model with stiction is as follows

Fsgn(f)  iff=0,
F={ F if $=0and |F|<F, (3.33)
F,sgn(F) otherwise

with F being the resultant forces acting at the friction joint. It should be noted that this friction
model is a function of ﬁ and F. This model effectively removes the friction. However, the
control signal becomes discontinuous and chattering at velocities close to zero.

There are numbers of more complicated friction models such as friction observer and
coulomb friction with Stibeck effect which is used to compensate the friction more effectively.
However in this thesis, only the above two models will be applied as the friction is not the main

empbhasis of this thesis.

1.5 1.5
\Fs
e i BH Y ) Lianonan ) , ..... O L
Eo_s weeea B RO " I N s (S P, SARS 1
£ o
§
s-O.S
-1
TS0 B0 w0 <0 2 0 2 40 0 8 10 o e e 40 0 0 2 40 8 @ 100
Am angle (rad} Arm angle (rad)
(a) Coulomb friction (b) Coulomb friction with stiction

Figure 3.7 Friction models

3.4 Parameters Identification

As several parameters of inverted pendulum cannot be obtained directly by measurement,
the offline identification is done in order to find the values of the parameters. Firstly, the first
order differential equation model of inverted pendulum model is composed by using the Matlab’s
m-file and simulink as shown in Appendix A. Then the open-loop response of the inverted
pendulum is measured. Finally, utilizing the Matlab optimization toolbox whose source code is
also attached in Appendix A, the unknown parameter is optimized by fitting the simulation result

to the plant’s measurement data.
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The step of the plant parameters identification is depicted in Fig. 3.8. The plant
parameters that need to be identified are the DC motor moment of inertiaJ , the viscous friction
coefficient b and the Coulomb and stiction constant F, and F, respectively. The results of

parameter identification are compared to the real experiment and will be presented at chapter 5.

. Swnt
identification

Obtain the
experimental
results

Y

Construct the
mathematical
model

Initial guess
for the
unknowns

Optimization

Y

Compare the
simulation result to
the experimental
result

. Finish_
identification

Figure 3.8 Process of parameters identification



Chapter 4

Controller Design

In this Chapter, the controller design procedure will be described. The stabilizing control
designed using CDM approach including friction compensation will be presented first. Then the
swinging-up control will also be presented in spite of not the main interest in this thesis. As
mentioned in the previous chapter, the linearization around upright position cannot be performed
easily due to the significant friction term. Therefore, in the linearized model the friction term is
treated separately by using compensator. For CDM which is developed for a class of linear
system, in order to design the controller, the nonlinear model (3.26) will be suppressed and
represented only by its linearized model around upright position as given in (3.28). For the
swinging-up control, the inverted pendulum at upright position cannot be stabilized by using only
swinging-up control. Consequently, around the upright position the swinging-up control law must
be switched into stabilizing control law. The control strategy for the swinging-up and the

stabilizing control is shown in Fig. 4.1.

Switching
condition
Stabilizing
control
—e Inverted
u pendulum X r-
\ AL system
Swing - up
control

Figure 4.1 Control strategy

4.1 Stabilizing Control Structure

The control system structure with the state feedback gain matrix and compensation is
depicted in Fig. 4.2. As shown later, this control system structure has main drawback i.e. the
offset appeared in the output mainly the rotating arm angle #. This error occurs as we do not
really know the parameters of the system. In order to achieve the asymptotic stability these errors
need to be rejected. As stated by Khalil in [26], integral control approach can be used to ensure

asymptotic regulation under all parameter perturbations that do not destroy the stability of the
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closed-loop system. Hence, an integrator is augmented to the system as shown in Fig. 4.3 and it is

called as the augmented system.

+ [ s 570)

Figure 4.2 State feedback system with compensation

Using the augmented system, the offset appeared in the outputs could be rejected
effectively; however the order of the system will be increased by one, which implies to a higher
order controller.

Defining
%,(2) = r(t)— Hx(¢) 4.1

then the state equation and output equation of the augmented system shown in Fig. 4.3 can be

given as follows:

x,()=A4,x,@)+Bu(t)+Gr(t) 4.2)

y(0)=Cx,(), (4.3)

where

x 40 B 0 cl .. :
x, = A, = ,B,=| |,G= and C, = , r(#) is the reference signal to the
X, -H 0 0 1 0

arm angle, H=[0 0 1 0] is derived from the second row of C matrix and x,(t)is the state

variable obtained by augmenting an integrator to the arm angle.

A B
If the pair of 4 and B in (3.28) is controllable and 4, =[ 0] is full rank, then the

augmented system is completely state controllable. Therefore, the control law u(¢)can be

assigned as

u(t)=-K x (1) 4.9
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where K, =[K -k] and where K =[k k .. k,_, k,_] is the state feedback gains matrix

and k, =—k,_ is the integral gain. Then the following relation can be obtained as

£,(0)=(4, - B,K,)x,(t)+Gr(f) = A,x (1) + Gr(r). 4.5)

I x y(0)

Figure 4.3 Control system structure

Therefore, the origin of system (3.26) using equation (4.5) can be made locally stable
around the upright position by choosing the state feedback gains matrix K and the integral gain,

such that 4, — B K, is Hurwitz.

4.2 CDM Controller

In this sub-section, the design procedure for assigning the feedback gain matrix X and
integral gain £, of the system shown in Fig. 4.3 by CDM is proposed. It can be done by matching
the closed-loop characteristic polynomial of equation (4.5) to the characteristic polynomial
designed by CDM. The generalized controller design can be characterized as the following

procedure:

1. Transform the closed-loop system (4.5) into controllable canonical form as
z2()= T"'Ac,Tz(t) +T7'Gr(t) (4.6)

by introducing a new statez(f)=T'x,(f). The transformation matrix T is defined as

T =MW , where M and W are given by [25]

M=[B, 4B, A4'B, - A4"'B,|
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5 & s 1
5 6, 1 0
w=| 0 0|,
5., 1 0 0
10 0 0]

and where &, ,,0, ,,...,0,are the coefficient of the open-loop characteristic polynomial
R,(s)=!sI—Aa|=s" +8, 8" ... +85+6,.

2. Find the closed-loop characteristic polynomial of system (4.6) as

Py(s)=|sI-T74,T

=5" (8, +hk)S" 4 (8, +k, )82+ + (5, + ), 4.7
where
KT=[k k- ko 1k]- (4.8)

3.Choose the equivalent time constant rand the stability indexy and derive the desired

characteristic polynomial

n=1{ n-l i~ 1 n-1
r = 3 T/ e Jog Tt e |

=2\ j=i k=t i=0 \_ j=1

- n-1 1
=s"+a,_s"" +---+as +a, 4.9)

from the characteristic polynomial in equation (2.14) which is assumed to be monic (i.e.

n-l
a, =1)sothat g, = (H ¥..,)/¢". The derivation of equation (4.9) is shown in Appendix B.

J=l
4. Finally we can equate the closed-loop characteristic polynomial (4.7) with the desired

characteristic polynomial (4.9) to obtain

K,=[a,-6, &-6 .. a,,-8,, la,,—6,,]T". (4.10)

By using the CDM concept the poles can be located in favorable region according to the design
specification. In case of the rotational inverted pendulum, using the model given in Chapter 3, the
state feedback gains matrix and the integral gain can be obtained by setting n to 5. If we do not
want to augment the integrator to the system then n=4 will be used. In the next chapter the

closed-loop pole location from the real experiment and the coefficient diagram will be shown.
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4.3 Friction Compensation

The friction compensation is introduced because of the ineligible limit cycles generated
mainly by motor driving the arm. Some methods for friction compensation have been described in
[8]. However, a simple method of Coulomb friction with stiction F which can effectively reduce

the oscillation amplitude is rewritten from equation (3.33) as

F,sgn(p) if §#0,
F={ F if f=0and |F|<F,, (4.11)
F, sgn(ﬁ ) otherwise

where F, is the coulomb friction constant, F, is the stiction constant and F is the resultant forces

acting on the slip ring. In this case F =#xl (t)+—_‘-}b—x4(t)+—}u(t) which is the unit of arm

angle angular acceleration.
The friction compensation added to the system is shown in Fig. 4.3 and then is applied

to the control law as
i=Kx, +F. (4.12)

It should be noted here that the friction in this case is treated as disturbance entered to the control
system and it is compensated by adding the signal generated by the friction model. As the friction

model used is discontinue then there is some scattering appeared in the control law 2.

4.4 Swinging-up Control

The swinging-up of the rotational inverted pendulum is the minor issue of this thesis. It is
described because of the interesting problem faced by most researchers of the inverted pendulum.
Some swinging-up ideas recently proposed including sliding-mode control incorporated with arm
control [3], feedback linearization [4] and energy control [5]. The simplest method is the
swinging-up control of the inverted pendulum using energy control scheme proposed by Astrom
and Furuta [5] which will be used as an approach in this thesis.

The swinging-up strategy using energy control is simple. First the energy is pumped to
the system to collect the energy until the desired energy level of the upright position then switch
the control law to u to catch and stabilize the inverted pendulum into upright position. The way
of pumping the energy is by giving some acceleration to the pendulum pivot, which is the arm
angle, based on the information of the sign of the injected energy. The swinging-up control is

performed until the prescribed energy level can be achieved. On the other words, when the
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pendulum angle & can be brought into prescribed sector of angle, the swinging-up control of the
pendulum is then switched to stabilizing control as described in section 4.1 and 4.2.

Although our inverted pendulum is rotational, for the sake of computation simplification,
we will use the pendulum on cart model instead of the complete model developed in the previous
chapter. If we fix the base of the pendulum into its arm as shown in Fig. 4.4 then the model can be

simplified to be [5]

2
Jpj—t;g=%(mglsin0—mlacos€) (4.13)

where J is the moment of inertia of the pendulum and a is the acceleration of the rotating arm

or in this case

2
RLE
dt

=q. (4.14)

Isin@
a=Ri_1é
dr

Figure 4.4 Inverted pendulum when the base is fixed to its arm

It should be noted here that in designing the state feedback gains and the integral gain, the
pendulum’s moment of inertia J, is neglected. However, in the swinging-up control it is
considered otherwise the equation of motion (4.13) will be meaningless without considering the
pendulum’s moment of inertiaJ .

The total energy of equation (4.13) is given by
E=%J‘,9.2 +mglcosB. (4.15)

It should be noticed that the potential energy is still chosen such that the arm position has zero
energy level. In order to know the energy is pumped correctly we must obtain the direction
whether the energy is injected or removed from the system. It can be determined from the rate of

energy as
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E=J 60 - mglfsin6 = -malfcosf . (4.16)

The last equation tells us that the energy can be pumped to the system when the arm acceleration
a is in the opposite direction of @cosO. If the acceleration is enough, we can drive the energy to
desired level then we set acceleration to zero, at which the inverted pendulum can be swung up in
one swing. If the acceleration is not enough, we can apply the maximum arm angle acceleration,
however multiple swings will be needed to bring the pendulum to the inverted position. As

described in Appendix C, the appropriate control law is chosen as follows
u=mRa=mR-sat(Y(E-E,) -sgn(fcos6)). CRY))

where W is a constant gain, E, is the desired energy level, sgn is the sign function and sat is the
saturation function as explained in Appendix C.

However, the main drawback of this control law is the safety of the experiment. As the
energy is computed using information of state equations, the accuracy of its information relies on
the accuracy of the state variables as well. Therefore, it is very difficult to achieve desired energy
level even some tolerance is given. Moreover, the saturation function will sense whatever small it
is. This situation will lead to harm the apparatus as the DC motor using maximum torque will
always be applied.

In our case, it is very difficult to apply the control law (4.17), because some of the state
variables cannot be measured and are only obtained by the approximation using backward
difference which will be mentioned in section 4.5. Therefore, the desired energy level will be
almost impossible to be reached by the energy computation. Instead, here we propose position
control of the arm angle to replace the saturation function in (4.17). The advantage of this method
is the arm angle always swings in restricted sector of angles or never rotates in full rotation.
Therefore, some kinds of harm like twisted cable in the experiment can be avoided.

In order to swing the pendulum up, let’s consider the arm angle equation of motion (3.25)

which is also the 4" row of the inverted pendulum equation of motion (3.26) as

dp _ 1 |:J+mRz +ml* sin” @

lsin@ 6'2+ ind
dt  J+(mR*+mi*)sin’ 6 (Sm cos@p* + gsin )

Rcos6@ (4.18)
~2ml* sin@cos 36 — mRIsin 06* — 7, |.

In the swinging-up stage it is reasonable to assume that all of the inertia factors of the inverted
pendulum are small compared with the DC motor moment of inertia. Then equation (4.18) can be

simplified to be
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df 5 1 .

—=f=—(-1, +bpf), 4.19
il r; (-7, +bp) (4.19)
which is linear. Therefore, the transfer function of the arm angle S to the DC motor torque 7, is

given by

Y(s) 1
U(s) Js>=bs’

(4.20)

In order to control the position of the rotating arm angle, the PD controller is going to be

employed. As shown in Fig. 4.5 the control law then is given by

u=k,(r-p)-k,B, (4.21)
or in the frequency domain it can be rewritten as

U(s)=k,(R(s)=Y(s)) - k,s7(s). (4.22)

Y(s)

~Js® +bs

Figure 4.5 Position control of the arm angle

Therefore, the closed-loop transfer function from Y(s)to R(s) is as follows

)_;(S) _ kp
R(s) -Js*+(b+k)s+k,

(4.23)

It is proposed that the proportional and the derivative gains will be designed by CDM.
Using equation (2.14) as described in Chapter 2, the desired characteristic polynomial is

composed as follows

P(s)=a, (is2 +7s+1). (4.24)

1

By matching the coefficient of the polynomial in equation (4.23) and equation (4.24) the

proportional gain k,and the derivative gain k, can be obtained respectively as follows

k, = —-J% , (4.25)
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ky=k,r=b. (4.26)

In order to swing the inverted pendulum up, this arm angle position control is combined
with the energy control. The direction of the energy term @cos@ in equation (4.16) is

incorporated to the direction of reference angle in the control law (4.22) to be
r=-r, sgn(f cosd) 4.27)

where r, is the positive reference constant. Consequently, the control law proposed by [5] in
equation (4.17) can be replaced using position control of the arm angle and its energy rate
information in equation (4.21) and (4.27). The complete swinging-up control of the inverted

pendulum is depicted in Fig. 4.6.

> . r+ + _u | Inverted pendulum
r,sgn(fcosf) — A _ system

1

vy © v

Figure 4.6 Swinging-up control of the inverted pendulum

4.5 Approximation of the Velocity

In order to implement the controller the information of the full state is needed. However,
not all the state variables are available from the measurement. Therefore, an observer or at least
the approximation of the unmeasured state variables must be provided. The linear observer
unfortunately risky to be applied as the responses is oscillatory. Hence, the backward different
method is used to approximate the angular velocity of the arm angular velocity and the pendulum

angular velocity as

)~ 1K) 7k ~1)
T,

s

n(k 4.17)

where 77(k) is the angular velocity of the arm or the pendulum, 7, is the sampling period, 77(k)
and 7(k—1) is the angle of the arm or the pendulum at current sampling and last sampling

respectively.



Chapter 5

Results and Discussions

In this chapter the effectiveness of the controller is going to be evaluated. First the
experimental arrangement of the inverted pendulum apparatus will be presented, and then the

simulation and experiment will be performed.

5.1 Experimental Setup

The physical parameters of the rotational inverted pendulum used in the experiments
either obtained from measurement or identification process are shown in Table 5.1. The moment
of inertia of the DC motor and its viscous friction coefficient were obtained from offline
identification as described in Chapter 3 while the pendulum mass, the pendulum length and the
arm length can be obtained directly from measurement. The comparison of the open-loop
responses of the model using identified parameter to the real experimental data using the initial
value of the state variable [$7 0 0 O]T is depicted in Fig. 5.1. It is seen that the oscillation of
the identified parameter model is suspended with its amplitude approximately 0.3 rad. The model

of the real plant thus can be obtained and will be used to design the controller by CDM.
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Figure 5.1 Open-loop response comparison
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Table 5.1 Parameters of the rotational inverted pendulum

Pendulum mass (m ) 0.05 kg
Pendulum length (/) 0.48 m

Arm length (R) 047 m

Moment of inertia (J ) ‘ 0.03264 kg -m*
Viscous coefficient (b) 0.00351 kg -m* /s
Coulomb friction constant ( F.) 0.04 kg m?/s?
Stiction friction constant ( F,) 0.12 kg-m*/s’

The experimental apparatus is depicted in Fig. 5.2. It consists of three main parts: the
inverted pendulum system, the interfaces and the digital controller. The pendulum system
composes of pendulum, rotating-arm, a high torque permanent magnet DC motor and two angular
positions sensors to detect the pendulum angle 6 and the arm position angle . The interface
devices are two microcontrollers PIC16C55 to filter the quadrature signal from each encoder, one
microcontroller 89C1051 as a sampling clock generator, one eight-bit D/A converter and servo
amplifier. A personal computer with Intel Pentium II 350 MHz processor is used as the digital

controller. The control program is written in C language and the sampling period is set at 25

milliseconds.
---- INTERF)CE INVERTED PENDULLM
: 11 :
PiC16C55 :
CONTROURR | | § " v e
PIC16C55 e .
Pondulwn
D/A 8 bits 7
S Sel’vo ; Arm senmz
amplifier | :

focw] . L2

Figure 5.2 Experimental apparatus [7]

5.2 Simulation Results
The simulation has been done as previously mentioned in Chapter 1 as an easy way to
check the effectiveness of the controller as well as to avoid unnecessary action in developing the

control system. In order to perform the simulation, the nonlinear pendulum model in (3.26) was
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used with its parameters depicted in Table. 5.1. Then the first order ODE model in Matlab can be
composed for simulation. The goal of using its nonlinear model is to achieve the most precise

results compared to the real situations.

5.2.1 Responses of the System without Integrator

The feedback gains of the system without integrator are found by setting the standard
stability index y, =2.5, 7, =y; = 2. Even though the equivalent time constant 7 can almost be
selected freely in theory, it must still be experimentally practical. Therefore, in this thesis, the
value of the equivalent time constant z is set to be 0.8 second, which is found from the closed-
loop system using the feedback gains stated in reference [7]. The state feedback gains K then can
be found to be [4.0270 0.8183 0.4916 0.3960]. The response of the system is then depicted in
Fig. 5.3. It is seen that the system can be stabilized around upright position and the arm angle can
also be brought back to the original position. When compared the results obtained by simulation
to the experimental results shown in Fig. 5.14, later the results are not consistent as in the real
situation steady-state error occurred in the controlling arm angle. However, this can be considered
as uncertainty or disturbance entering the system. By introducing a constant step disturbance in

model (3.26) as
i=fxu)+[0 0 d 0] (5.1)

where d is a constant, then the responses of the system without integrator using the modified

model can be viewed in Fig. 5.4 which is having steady-state error.

0.3 y v T ~ -

0.2 1 1
01 i 4
©
< 9 W A/ ,‘\
0.1} :

0.2} i

0 5 10 15 20 25 30
time (sec)

0.1

0.05 1
(>4
-0.05¢+ E
_0.1 1 n A i 1
0 5 10 15 20 25 30
time (sec)

Figure 5.3 System responses without integrator from the original model
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Figure 5.4 System responses without integrator from the modified model

5.2.2 Responses of the System with Integrator

The standard stability index y, =2.5,y7,=y;=7, =2 and equivalent time constant
7 = 2.8 seconds, which is also from the results of reference [7], are used in order to find the state
feedback gains and integral gain. According to the design method described in Chapter 4 the state
feedback gains and integral gain can be found to be
K,=[-1.8298 -0.3141 -0.0653 -0.0777: 0.0233]. After adding the integrator the steady-
state error seen in Fig. 5.4 can be rejected as shown in Fig. 5.5. However, the amplitude of
oscillation of the arm angle by using the same stability index and equivalent time constant is
greater and is not desired. The easiest way to decrease the oscillation amplitude is by decreasing
the equivalent time constant 7. Another method to decrease the amplitude of oscillation is using
friction compensator as described in Chapter 4. However, the effect of the friction compensation
cannot be simulated as the friction itself remains unknown while the compensation is just only an
approximate to counter attack the friction. Figure 5.6 is the result when we decrease the

equivalent time constant 7 to 1.2 seconds.

Table 5.2 Comparison of system with and without integrator

System Amplitude of Amplitude of
Oscillation (beta) Oscillation (theta)
Without integrator 0.09 rad 0.02 rad
With integrator 1.2 rad 0.1 rad
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For comparison, the performances of system responses of the system with and without

integrator can be seen in Table 5.2.
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Figure 5.5 Responses of the system with integrator when 7 = 2.8 seconds
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Figure 5.6 Responses of the system with integrator when 7 =1.2 seconds

5.2.3 Tracking Capability

In this subsection, the tracking capability is going to be observed. For this purpose, a
changed reference of the rotating arm angle from O rad to 1 rad of which each time interval will
be applied at ¢ =10 seconds . The results depicted in Fig. 5.7. It is shown that the rotating arm
angle can track the given reference while the pendulum angle can still be stabilized around the

upright position. Despite an overshoot in the pendulum angle occurs during stepping period, the
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overall responses show the good tracking capability with zero steady-state error at the steady

state.
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Figure 5.7 Responses of tracking capability

5.2.4 Parameters Variation

The following subsection presents the response of the system when the length of the
pendulum is varied. The aim is to show the robustness of the controller under the parameter
perturbation. For this purpose, the pendulum length will be increased or decreased 6 cms, and
then the closed-loop poles investigation will be done to observe the effect of the parameter
variations.

The responses of the system using the nominal value of 48 cms can be seen in Fig. 5.6
while the responses of the system when the pendulum length is increased and decreased by 6 cms
are respectively depicted in Fig. 5.8 and Fig.5.9. It is seen that all of the three figures has similar
system responses which means the robustness of the controller.

The closed-loop pole movements of the perturbed system are summarized in Fig. 5.10
and Table 5.3. By observing their poles movements we can conclude that the longer the pendulum
the more stable the system will be achieved as the dominant closed-loop poles move to the left.
On the other hand, for the shorter pendulum the system tends to be unstable as the dominant

closed-loop poles move to the right.
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Figure 5.9 System responses when / =42 cms
Table 5.3 Closed-loop poles of the system due to length variation
Pendulum
Closed-loop poles
length (cms)

42 -0.2118 +2.9389j | -0.2118-2.9389; | -1.1182 -4.5824 | -25.8088
45 -0.2415 +2.9930; | -0.2415-2.9930j | -1.1168 -4.8705 1 -21.8494
48 -0.2757 +3.0513j | -0.2757 -3.0513j | -1.1155 -5.2643 | -18.2272
51 -0.3153 +3.1143j | -0.3153-3.1143j | -1.1141 -5.8711 -14.7528
54 -0.3619 +3.1829j | -0.3619-3.1829j | -1.1128 -7.2178 | -10.8347
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Figure 5.10 Closed-loop poles movement due to length variation

5.2.5 Effect of Stability Index 7,

The system responses corresponding to the variation of stability index will be observed.
By varying the stability index from the standard stability index y, =2.5,y,=y,=7,=2 to
"=V,=Vs=¥;=2 and to ¥, =y, =y;=y,=2.2 then their corresponding gain K, of the

augmented system for 7 =1.2 seconds can be obtained as mentioned in Table 5.4.
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Figure 5.11 Effect of stability index

As depicted in Fig. 5.11 the dark line, the light line and the dashed line respectively show their
simulation results. It is shown that the responses of the system with different values of stability
index oscillate around the zero radian line, which means that the integrator added to the arm angle
of the rotational inverted pendulum can reject the steady-state error. The contro! signal of the
system with different stability index depicted in Fig. 5.12 show that the lower the oscillation

amplitude, the smaller the control signal will be.
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Figure 5.12 Control signal of the system with different stability index
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Table 5.4 State feedback gains and integral gains of various y,

7,’ Ku
[25 2 2 2] [-7.5092 -1.5808 -1.9274 -1.0074 1.6062]
[2 2 2 2] [-4.6803 -0.9611 -0.7895 -0.5094 0.6579]
[22 22 22 22] | [-8.7764 -1.8768 -2.0477 -1.2040 1.7064]

5.3 Experimental Results

In order to verify the effectiveness of the controller the experiments in controlling the
pendulum angle @ and the arm angle A has also been done. The photograph of the rotational
inverted pendulum is depicted in Fig. 5.13. The results of the experiment are summarized in the

following sub-sections.

Figure 5.13 Inverted pendulum used in laboratory

5.3.1 Responses of the System with and without Integrator

The responses of the system without any integrator are displayed in Fig. 5.14. For both
systems using the standard stability index, the equivalent time constants are set to be 0.8 second
and 2.8 seconds respectively. It is seen that the steady-state error occurred at both the pendulum

angle and the rotating arm angle. In reality, however, the offset at the pendulum angle is never
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occurred as it is impossible to keep the pendulum forever using finite energy other than in its
equilibrium points. Therefore, the offset is nothing other than the measurement error. In contrast
to the offset in the pendulum angle, the offset or steady-state error in the arm angle needs to be
rejected by introducing an integrator. It has been demonstrated by the simulation as shown in Fig.
5.5. The results were also consistent with those obtained by simulation assuming that the steady-

state error due to the external disturbance.
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Figure 5.14 Responses of the system without integrator when 7 = 0.8 second
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Figure 5.15 Responses of the system with integrator when 7 = 2.8 seéconds



42

When the integrator is augmented the error can be successfully removed as shown in Fig.
5.15 but the amplitude of oscillation will be greater than those of the system without integrator
using the same stability index. These phenomenons are well predicted by the simulations.
Referring to the simulation results in Fig. 5.6, it is seen that decreasing the equivalent time
constant 7 to 1.2 seconds will decrease the amplitude of oscillation; the similar results in the

experiment are also obtained as depicted in Fig. 5.16.
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Figure 5.16 Responses of the system with integrator when 7 =1.2seconds

5.3.2 Parameters Variation

In experiments the length of the inverted pendulum can only be increased or decreased
approximately 6 cms. There are two reasons for this. First, when the length of the pendulum
increases the more vibration in the responses due to un-modelled dynamics will occur. It leads to
harm the apparatus and the safety in doing the experiments. Second, in the laboratory the
pendulum rod with different length is not available. The experiment is done by using the single
rod by shifting the rod either up or down the pivot. Therefore, when decreasing the pendulum
length in one point there will be a balance in mass for upper and lower part of the pivot implies to
the lost of controllability.

The effects of the length variation are depicted in Fig. 5.17 and 5.18 respectively. It is
seen that that the experimental results behave like the simulation results. The inverted pendulum
still can be stabilized and their responses are also similar which means the robustness in stability

and performance of the controller with respect to the inverted pendulum length pérturbation.
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Figure 5.18 System responses when [ =42 cms

5.3.3 Effect of Stability Index y,

The experimental results of the system with varying stability index from the standard
stability index 7, =2.5,7, =y, =y, =2 to p,=y, =y, =y, =2 and to 7, =y, =y, =¥, =2.2
for 7=1.2 seconds are depicted in Fig. 5.19. In the same way to the simulation results, the
experimental results are also shown by the dark line, the light line and the dashed line
respectively. It is shown that the responses of the system with different values of stability index

behave like the simulations do. They are oscillating around the zero radian line, which means that



44

the integrator added to the arm angle of the rotational inverted pendulum can reject the steady-
state error. ‘

In contrast with the simulation results, however, the lower amplitude of oscillation
implies to the higher control signal as shown in Fig. 5.20. It is also shown that the control signals

are chattering due to approximation of the velocity by backward difference as described in

Chapter. 4.
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Figure 5.19 System responses when the stability index is varied



45

The coefficient diagram of the proposed control system with varying stability index is
shown in Fig. 5.21. As described in Chapter 2, if the curvature of the coefficient of the
characteristic polynomiala;, becomes larger, the control system become more stable,
corresponding to larger stability index }; . By relating the responses in Fig. 5.19 to its coefficient
diagram in Fig. 5.21, one can infer that the greater curvature of the coefficient diagrams implies
to the smaller oscillation of its corresponding system responses. On the‘other words, the more

stable system will lead to the smaller oscillation.
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Figure 5.20 Control signal of system with different stability index
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5.3.4 Effect of Friction Compensation

Indeed increasing the stability index can reduce the amplitude of oscillation. However,
the control signal will be high which is undesirable. Therefore, simple model based friction
compensation using Coulomb friction with stiction is developed and then is applied to the system
at ¢+=10 seconds. Fig. 5.22 shows the responses of the inverted pendulum when the standard
stability index y, and equivalent time constant r=1.2 seconds are used. It is seen that the

oscillation amplitude of the arm angle B can be reduced significantly.
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Figure 5.22 System responses when friction compensation is applied
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Figure 5.23 Control signal when friction compensation is applied
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The control signal of the friction compensation effect is depicted in Fig. 5.23. It is seen that the
envelope of the control signal of the system without any friction compensation is approximately
the same magnitude with that of when the friction compensation is applied, in spite of more

chattering.

5.3.5 Tracking Capability

In order to show the tracking capability, the reference input of the arm angle is changed
from zero radian to one radian at 10 seconds for equivalent time constant r=1.2 seconds. The
result depicted in Fig. 5.24 shows that the output arm angle can track the constant reference input
and oscillates around the one radian line, while the effect of the step change in arm angle does not
affect the oscillatory behavior of the steady-state response. It can also be observed that the

rotational inverted pendulum angle is still almost unaffected at the steady-state.
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Figure 5.24 Responses of tracking capability

5.3.6 Swinging-up Control

In order to swing the pendulum up as soon as possible, the response of the position
control of the arm angle must be fast enough. This requirement implies to the small choice of the
equivalent time constant of the position control. However, the choice of an unnecessarily fast
equivalent time constant of the position control will make the position control being superior over
the energy control. It means that tﬁe energy cannot be pumped to the system even though the

direction of energy has not changed its sign yet. Therefore, the choice of the equivalent time
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constant of the position control is also constrained.
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Figure 5.25 Responses of swinging-up control
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Figure 5.26 Control signal of swinging-up control

Based on those considerations, in this experiment the equivalent time constant 7.and the stability
index y, of the arm angle position controller is set to be 0.25 second and 2.5 respectively. Then
the proportional gain k, and the derivative gain k, are found to be -1.3056 and -0.3299
respectively. The reference constant 7, is set to be 1 radian and the condition for the control

switching is chosen such that 8 =0.2 radian. For the stabilizing controller the equivalent time
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constant is chosen as 1.2 seconds and using the standard stability index. Consequently, the state
feedback gains and the integral gain can be seen in Table 5.4. The swinging-up results are
depicted in Fig. 5.25 and its control signal is shown in Fig. 5.26. It is seen that the pendulum can
be brought to the upright position in approximately 5 seconds and the arm angle can also be
brought back to zero radian line. Moreover, during the swinging-up period the arm angle is
restricted in the 1 radian sector angle around the zero radian line. As depicted in Fig. 5.26, during
the swinging-up period, the control signal is normally higher than that during the stabilization

period.



Chapter 6

Conclusion and Future Works

6.1 Conclusion

In conclusion, the controller designed by CDM incorporating simple friction
compensation for a servo type system which is a rotational inverted pendulum with an integrator
added to its arm have been proposed. First the simulation is done to verify the effectiveness of
the controller. Then the controller is implemented to control the system. It is shown that the
responses of the control system are well predicted by the simulation results. Both the
experimental and simulation results show that the satisfied performances have been achieved. The
good capabilities of angle position error rejection and tracking can also be obtained and shown. In
addition, the coefficient diagram used for investigating system stability due to the variation of
stability index y, has also been shown. Moreover, the swing-up control has also been done.

The friction compensation using the simple model of coulomb friction with stiction is
also built to attenuate the effect of the friction in the control system. It is seen that the amplitude

of oscillation due to the friction can be substantially rejected.

6.2 Future Works

In the future the friction model should be given more emphasis. A better model of the
friction will reduce the amplitude of oscillation generated by the friction more significantly.

The CDM concept applied in this thesis is focused to linear system without considering
the uncertainty. The analysis of the uncertainty either structured or non-structured in the plant still
cannot be coped by using the method developed so far in this thesis. However, it is an interesting
research topic on the robustness of the control system to be dealt in the next works.

The development of an observer is also needed in the next research. It is shown that the
control signal and the angular velocity are chattering due to rough approximation which is
undesirable.

Finally the swing-up procedures; an improvement of swing-up procedures is keenly
needed. Instead of trial and error method, optimization of the gains of the position control which

is designed by CDM should be done in order to achieve the minimum swing-up time.
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Appendix A

Listing programs

A.1 First order ordinary differential equation (ODE) model
Type : Matlab’s m-file

File name : mypenduluml.m

function dxdt=mypenduluml (t, x)

m=0%05;
1=0.48;
R=0.47;
g=9.8;
J=0.0234;
b=0.0034;

u=0;
$friction model using coulomb friction with stiction
g

Fs=0.12; Fc=0.04;

if x(4)>0
tauf=Fc;

elseif x(4)<0
tauf=-Fc;

elseif (x(4)==0 & abs(u)<Fs)
tauf=u;

elseif u>0
tauf=Fs;

else
tauf=-Fs;

end;

% The first order ODE

A=m*R"2;
B=m*1"2;
C=m*R*1;
D=m*R*g;
E=sin(x(1)); F=cos(x(1)); G=(J+(m*1*2+m*R*2) *sin(x (1)) "2);

dxdt(1)= x(2);
dxdt (2)= ((J+A+B*E"2) *F*E*x (4) *2-2*C*F"2*E*x (4) *x (2) -...

AXE*F*x (2) ~2+ (g/1) * (J+A+B*E~2) *E- (R/1) *F* (u-b*x (4) ~tauf)) /G;
dxdt (3)= x(4);



dxdt (4)= (-C*F*2*E*x(4)"2-2*B*F*E*x(4)*x(2)+C*E*x(2)~2-...
D*F*E+u-b*x (4) -tauf) /G;
dxdt= dxdt’;

senter this command :n the command line

>> optrons = odeset ('RelTol',le-3, 'AbsTol',le-3);

>> [t,»],=ode23 ('mypenduluml', [0 30],[{0.1 0 0 O],cptions);
>> plot(t,=x1(:,1));

>> figure; plot(t,=1(:,2));

>> figure; plotit,x1(:,3));

>> figure; plot(t,x1(:,4));

A.2 The linearized model
Type: Matlab’s m-file
File name : linearized model.m

%$linearized model of the pendulum

C

$parameters c¢f the inverted pendulum obtained from optimization

m=0.005;
1=0.48+0.06;
R=0.47;
J=0.03264;
b=0.351;
g=9.8;

% the linearized model is dx/dt=Ax+Bu,
% The augmented system is

% Ahat=[ A 0]

g [ -H 0]

$ Bhat=[ B ]

% [ 01

A={0 1 0 O;
g* (J+m*R~2)/ (J*1) 0 O R*b/ (J*1);
000 1;

-m*R*g/J 0 0 -b/J):

Ahat=[A zeros(4,1);-[0 0 1 0} 0};
eig(R);

B=[0;-R/(J*1);0;1/3);
Bhat=[B;0];

K=[-7.5092 -1.5808 -1.9274 -1.0777 1.6061];
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Acl=Ahat-Bhat*K;

eig(Acl) the closed-loop poles

poles=poly(Acl);

plot ({0 1 2 3 4 5],poles, 'k'); plot of CDM in linear scaling

A.3 Parameters optimization

Type : Matlab’s m-file

File name : optim_the param.m

function F = optim_the paraml (initi, xdata)

%globa. ydata;
J=initi(1l);

b=initi(2);

Fe=initi (3);

Fs=initi (4);
$xdat=xdata;

[sza szb]l=size (xdata);
“timespan=xdata(sza,l);
stolerance=0.001;
txdat={(0::15)"' xdatal:
xdat=xdata;

R=0.47;

1=0.48;

m=0.05;

L=J+m*R"2;
M=m*1"2;
N=M*R*]1;
0O=M*0.98%*1;

Q.

% Choose solver and set model workspace to this function
opt = simset('solver','odeb5', 'SrcWorkspace', 'Current', 'AbsTol’, le-
10, 'FixedStep',0.025);

% {tout, xout,yout] = sim(’'pendulum optim par', [0 1261],0pt);
[tout, xout,yout] = sim('pendulum optim parl’, (],opt, xdat);
size (tout);

tout;

$size (ydata) ;

global ydata;

F =yout-ydata;

szf=size (F);

size (xout);
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A.4 Simulink model

Type : Matlab’s simulink model

File name : pendulum_with_fric.mdl
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A.5 To find the gains without integrator

Type : : Matlab m-file

File name : : without integ.m

% Model of the inverted pendulum
format short

syms s



gl=2.5;
g2=2;
g3=2;
tau=2.8;

d0=(g3*g2~2*gl~3) / (tau~4);
dl=dO0*tau;

d2=(dl*tau) /gl;
d3=(dl*tau~2)/(g2*gl~2);
d4=(dl*tau~3)/(g3*g2"~2*gl~3);

Kcdm=[{d4 d3 d2 dl d0];
roots (Kcdm) ;

$The system from pe' Tao

A= [ O 1 0 0 ;
27.3254 0 0 0.1053 ;
0 0 0 1 ;
-7.0558 0 0 -0.1075 1 :
B=[ 0 ;
-29.9990 ;
o

30.6373 |
cC= (00 1 O0];
D= [ 0 0 0 0];

M=[B A*B A~2*B A"3*B];
a=poly (A);
a0=a(5);al=a(4);a2=a(3);a3=a(2);ad=a(l);

%*The results

%5S=s*eye (5)-Al

3det (SS)
$s5°5+43/400*s"4-7691416328609359/281474976710656*s" 3~
3860613601327648031341/1759218604441600000000*s"2
$s5°~5+0.1075874-27.32545"3-2.1945*s"2

W=[{al a2 a3 1
a2 a3 1 o0
a3 1 0 O
1 0 0 0);

T=M*W

That=inv (T) ;

contrl=That*A*T

K=[d0-a0 dl-al d2-a2 d3-a3]:;
KK=K*That

A.6 To find the gain with integrator

Type : : Matlab m-file

File name : : with integ.m



Model of invert pendulum
format short
syms s
gl=2.5;
g2=2;
g3=2;
gi=2;
tau=2.8;

a0={(g4*g3~2*g2~3*gl~4) /(tau”5);
al=al0*tau;

a2=(al*tau)/gl;
a3=(al*tau”~2)/(g2*gl"2);
ad=(al*tau~3)/(g3*g2~2*gl~3);
aS=(al*tau~4)/(gd*g372*g2"~3*gl~4);

Kcdm=[a5 a4 a3 a2 al a0]j;
roots (Kcdm) ;

3 of the inverted pendulum system just designed
$Enter neccessary matrices

A= [ O 1 0 0 ;
27.3254 0 0 0.1053 ;
0 0 0 1 ;
-7.055 0 0 -0.1075 1
B=[ 0 :;
-29.9990 ;
o

30.6373 1
cC=[00 1 03;
D= ([ 0 0 O 0}~

Al=[A zeros(4,1):
-C zeros(1,1)];
B1=[B;0];

M=[Bl Al1*B1l Al1~2*Bl A1~3*Bl Al~4*Bl];

%SS=s*eye (5) Al

$det (SS)
25°5+43/400%s"4-7691416328609359/281474976710656*s"3~
3860613601327648031341/1759218604441600000000%5"2
%5°5+0.10755%4-27.32545"3-2.1945%5"2

w={ 0 -2.1945 -27.3254 0.1075 1;
-2.1945 -27.3254 0.1075 1 0;
-27.3254 0.1075 1 0 0;
0.1075 1 0 0 0;
1 0 0 0 03:

T=M*W

That=1inv(T) ;
contrl=That*Al*T;

K=[a0 al a2+2.1945 a3+27.3254 a4-0.1075];
KK=K*That
KKK=[KK (1) KK(2) KK(3) KK(4)1:;
ki=-KK(5);
%$the closed-loop system
AA=[A-B*KKK B*ki:;
-C 01;



BB=[0;
G,
VH
0;
0.21:; A . "t e the
cc=[C 0]:
DD=[0]);
£t=0:0.02:6;

[y,x,t]=step(AA,BB,CC,DD,1,t);
plot (t,x);grid _

title(' ERespunuse Curves »nl, =2,
xlabel ('t Soc')

ylabel ('xl, =/, =3, =4, #b")

text(1.3,0.04, '=1")
text(1.5,-0.34,'x2")
text(1.5,0.44, 'x3")
text (2.33,0.26, "x4"')
text(1.2,1.3, 'x5")

“flgure

x1=[1 0 0 0 0]*x"';
x2=[0 1 0 0 0)*x"';
x3=[0 0 1 0 0]*x"';
x4=[0 0 0 1 0]*x';
x5=[0 0 0 0 1)*x';

subplot(3,2,1);
plot(t,x1);grid
title('x1l versus t')
xlabel ('t Sec')
ylabel ('x1"')

subplot (3,2,2);

plot (t,x2);grid
title('x2 versus t')
xlabel ('t Sec')
ylabel ('x2"')

subplot (3,2,3);

plot (t,x3) ;grid
title('x3 versus t')
xlabel ('t Sec')
ylabel ('x3"')

subplot(3,2,4):
plot(t,x4);grid
title('x4 versus t')
xlabel ('t Sec')
ylabel ('x4"')

subplot (3,2,5);

plot (t,x5):;grid
title('x5 versus t')
xlabel ('t Sec')
ylabel ('x5")

.neerized moded

®3,

=4,

X5 versus t')

Us L Ng
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A.7 To find the CDM equivalent parameters from LQR method

Type : : Matlab m-file

File name : : equivalent mr tao.m

format short
syms s

Medeo oz ri- Lo ool rendulur

borigina. syster
A= [ O 1 0 0 ;
27.3254 0 0 0.1053 ;
0 0 0 1 ;
-7.055 0 0 -0.1075 1 ;
B=[ 0
-29.9990 ;
0

30.6373 15
C=[00 1 0):
D= [ 0 0 0 0}

faugmented system

Al=[A zeros(4,1);
-C zeros(1,1)1:

B1=[B;0];

[

; Retrievai of tau
B

3.1622777e-001); 3 gain from LQR method
KKK=[KK (1) KK{(2) KK(3) KK(4)];
ki=-KK(5);
AA=[A~-B*KKK B*ki;

-C 0]:

BB=[0;
0;

CC=[C 0]
DD=[0]:

% Characteristic polynomial of pe' Tao

a=poly (AA)

al=a (6);al=a(5);a2=a(4);a3=a(3);ad4=a(2),;ab5=a(l);

tau=al/a0 %the tau
gl=al”~2/ (a0*a2)



g2=a2°2/(al*a3)
g3=a3"2/(a2*a4)
g4=a4~2/ (a3*ab)

al=(gd4*g372*g2~3*gl~4)/(tau"5);
al=al*tau;

a2=(al*tau)/gl;
a3=(al*tau”2)/(g2*gl"2);
ad=(al*tau~3)/(g3*g2°2*gl~3);
ab5=(al*tau~4)/(g4*g3~2*g2~3*gl~4);

Klgrbycdm=[a5 a4 a3 a2 al a0]
M=[B1 Al1*Bl1 Al1~2*B1 Al1~3*Bl Al~4*Bl};

wthe result s ..
%s”5+0.10758"4-27.32548"3-2.1845*s"2

W={ 0 -2.1945 -27.3254 0.1075

-2.1945 -27.3254 0.1075 1
-27.3254 0.1075 1 0

0.1075 1 0 0
1 0 0 0

T=M*W;

That=inv (T) ;

That*Al1*T;

K=[a0 al a2+2.1945 a3+27.3254 a4-0.1075];
KK2=K*That
KK

if KK2-KK<0.001

disp('correct!!');
else

disp('your comrputation is totally wrong');
end

OO OO

—t o e Ne N
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A.8 Control source codes

Type : : C/C++file

File name : s wfric3.c

#include <DOS.H>
#include <STDIO.H>

#define TCK 0x0d
#define DATA 1200

void interrupt (*Old_ISR)();

volatile int port300,port301,port302,port303;
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volatile int spl,sp2,encoder_p,encoder_m,i;

volatile float theta,theta_t,thetadot,beta,beta_t,betadot;
volatile float Ktheta,Kthetadot,Kbeta,Kbetadot,Ki,Mi,R;
volatile float fbl,fb1ldot,fb2,fb2dot,output,t=0.025;

volatile float Fbar,Fs,Fc,Fhat; //for the friction model

//interrupt for stabilizing controller using friction compensation
void interrupt My_ISR()

{
disable();

port300 = inportb(0x300);
port301 = inportb(0x301);
port302 = inportb(0x302),

encoder_p=(port302*16)+((port301&0xf0)/16);
encoder m=((port301&0x£)*256)+port300;

theta=((float)(encoder_p-sp1))*0.001571;
thetadot=(theta-theta_t)/t;

beta=((float)(encoder m-sp2))*0.001571;
betadot=(beta-beta_t)/t;

theta_t=theta;
beta_t=beta;

fbl=Ktheta*theta;
fbldot=Kthetadot*thetadot;
fo2=Kbeta*beta,
fo2dot=Kbetadot*betadot;

Mi=Mi+((-Ki)*(0-beta)*t);
// friction compensator
//added on 8-4-2547

Fbar=-7.0558*theta-0.1075*betadot+30.6373*output;
Fc=0.15;
Fs=0.18;
if(betadot==0)
{if(Fbar>0)
Fhat=Fs;

else

Fhat=-Fs;

}

else
{if(betadot>0)
Fhat=Fc;

else
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Fhat=-Fc;
}

output=Mi-fb1-fbldot-fb2-fb2dot+Fhat;

output=output/(0.3*0.181);
port303=output+0x7f;
outportb(0x303,port303);
outportb(0x20,0x20); /* End of Interrupt */
=i+t
enable();

}

/linterrupt for swinging-up and stabilizing controller
/*
void interrupt My_ISR()

{
disable();

port300 = inportb(0x300);
port301 = inportb(0x301);
port302 = inportb(0x302);

encoder_p=(port302*16)+((port301&0xf0)/16);
encoder m=((port301&0x£)*256)+port300;

theta=((float)(encoder_p-sp1))*0.001571;
thetadot=(theta-theta_t)/t;

beta=((float)(encoder m-sp2))*0.001571;
if (beta>3.14)

beta=beta-6.28;

if (beta<-3.14)

beta=beta+6.28;

betadot=(beta-beta_t)/t;

theta_t=theta;
beta_t=beta;

if (fabs(theta)>0.2)
{
Ec=thetadot*cos(theta); //rate of pumped of the energy
// reftb=0.4;
// Ec=thetadot;

if (fabs(Ec)<0.1&fabs(beta)>0.0005)
CoE=-1;
else

// if (fabs(Ec)>0.01&fabs(beta)>0.005)
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CoE=1;

r=r*CoE;
// retb=r;
output=+1.3*(r-beta)-0.33*betadot; //PD controller for arm postion

output=output/(0.3*0.181);
port303=0x7f+output;

outportb(0x303,port303);
}
if(fabs(theta)<0.2)
{
fb1=Ktheta*theta;
fbldot=Kthetadot*thetadot;
fb2=Kbeta*beta;
fb2dot=Kbetadot*betadot;
Mi=Mi+((-Ki)*(0-beta)*t);
output=Mi-fb1-fbldot-fb2-fb2dot;//Fhat;
output=output/(0.3*0.181);
port303=0x7f+output;
outportb(0x303,port303);
}
i=it+;
outportb(0x20,0x20); /* End of Interrupt */
enable();
}
*/

void main()
{
FILE *fpwl, *fpw2,*fpw3,*fprl;

clrscr();
if((fpw1 = fopen("theta55.m","w"))==NULL)
{

puts("cannot open file theta.m\n");
exit(1);

}

fprintf(fpwl,"a=[");

if((fpw2 = fopen("beta5s.m","w"))==NULL)
{

puts("cannot open file beta.m\n");
exit(1);
}

fprintf{fpw2,"a = [ ");



if((fpw3 = fopen("output55.m";"w"))==NULL)
{

puts("cannot open file output.m\n");
exit(1);

}
fprintf(fpw3,"a=[");

if(fprl = fopen("gialc2.dat","r"))!=NULL)
{
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fscanf(fprl,"%e %e %e %e%e",&Ktheta,&Kthetadot,&Kbeta,&Kbetadot,&Ki);

fclose(fprl);

}
else printf("Coudn't open the file \"gain.dat\"\n");

sp1=2000;

sp2=0;

Mi=0;

outportb(0x305,0x04); /* Clear All PIC Microcontroller */
delay(5);

outportb(0x305,0x07); /* Enable Encoder Microcontrollers */
outportb(0x303,0x7f); /* Stop Motor */

while (tkbhit())
{
port300 = inportb(0x300);
port301 = inportb(0x301);
port302 = inportb(0x302);
encoder_p=(port302*16)+((port301&0xf0)/16);
encoder m=((port301&0x£)*256)+port300;
theta=((float)(encoder p-sp1))*0.001571;
beta=((float)(encoder m-sp2))*0.001571;
gotoxy(24,12);
printf("theta=%f beta=%f" theta,beta);
}
getch();
theta_t=theta;
sp2=encoder_m;
beta=((float)(encoder_m-sp2))*0.001571;
beta_t=beta;
1=0;

outportb(0x304,0x34); /* Set Samping Period */
outportb(0x305,0x03); /* Enable Sampling Clock Microcontrollers */
Old_ISR = getvect(TCK); /* Recieve Interrupt Vector */
setvect(TCK,My_ISR); /* Set Interrupt Vector to My ISR */
outportb(0x21,(inportb(0x21) & 0xdf)); /* Enable IRQS5 */

while ('kbhit() & encoder_p <2200 & encoder_p >1800 & i<DATA)
{



gotoxy(7,14);
printf("theta=%f thetadot=%f beta=%f

betadot=%f" theta,thetadot,beta,betadot);

fprintf(fpw1,"%f %f;\n" t*i,theta);
fprintf(fpw2,"%f %f;\n" t*i,beta);
fprintf(fpw3,"%f %f;\n",t*i,output);
}

outportb(0x21,(inportb(0x21) | 0x20)); /* Disable IRQS */
setvect(TCK,Old_ISR); /* Return Interrupt Vector to Old ISR */
outportb(0x303,0x7f);/* Stop Motor */

outportb(0x305,0x04); /* Clear All PIC Microcontroller */

fprintf(fpw1,"%f %f];\n",t*i,theta);
fprintf(fpw2,"%f %f];\n",t*i,beta);
fprintf(fpw3,"%f %f];\n",t*i,output);

fprintf(fpwl,"x = a(z, 1);\n");
fprintf(fpw2,"x = a(:, 1);\n");
fprintf(fpw3,"x = a(:, 1);\n");

fprintf(fpwl,"y = a(:, 2);\n");
fprintf(fpw2,"y = a(:, 2);\n");
fprintf(fpw3,"y = a(:, 2);\n");

fprintf(fpw1,"figure(1)\n");
fprintf(fpw2," figure(2)\n");
fprintf(fpw3," figure(3)\n");

fprintf(fpw1,"plot(x,y)\n");
fprintf(fpw2,"plot(x,y)\n");
fprintf(fpw3,"plot(x,y)\n");

fprintf(fpw1,"xlabel('Time(sec))\n");
fprintf(fpw1,"ylabel('Theta(rad))\n");
fprintf(fpw2,"xlabel('Time(sec))\n");
fprintf(fpw2,"ylabel('Beta(rad)")\n");
fprintf(fpw3,"xlabel('Time(sec)")\n");
fprintf(fpw3,"ylabel('Control Signal’)\n");

fprintf(fpw1,"title('Graph of Theta(Pendulum)’)\n");
fprintf(fpw2,"title('Graph of Beta(Base))\n");
fprintf(fpw3,"title('Graph of Control Signal’)\n");

fclose(fpwl);
fclose(fpw2);
fclose(fpw3);
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Appendix B

Derivation of Equation 4.21

The Characteristic polynomial of the designed system is

P(s)=a, HZ(]}——/—)(”) }+1s+l]

As the characteristic polynomial must be monic then

w4,
n-1 }’n-j
a, =
n
T

Multiplying to all term then we get

a, =a,t
-1 8L e 4
& },"'I }’n—j
=T =y
ylk 1 T

a-if -l
Gy +oeka,, =a, {z[n+}'}
=2\ j=t Vi-j

Therefore, in the compact form, the characteristic polynomial can be rewritten as

P(s)=s +§(H7§"Hy"" s)+i(l'[7n-/ ]

n-
=2\ j=i k=1 T =0\ Jj=1

(B.1)

(B.2)

(B.3)

(B.4)

(B.5)

(B.6)



APPENDIX C

Swinging-up the Inverted Pendulum by Energy Control [5]

Let consider again the inverted pendulum shown in Fig. 4.4. To be convenient it is
depicted again in Fig. C.1. We have shown before that the energy and the rate of energy

expressions are respectively described as

E=%Jp0'2+mg1cose. ((o8))
E= Jpéé - mglésin 0 =-malfcosh . (C.1)
Y M
Ising
&'

Figure C.1 Inverted pendulum when the base is fixed to its arm

Therefore, instead of controlling the original equation of motion, we can control its
energy. The last equation tells us that the energy can be pumped to the system when the arm
acceleration a is in the opposite direction of Gcosf . A control strategy can be designed from
Lyapunov method. Consider this choice of control law

u =mRa (C.3)
such that the arm acceleration a is

a=¥(E-E,)-0cosf. (C4
Using ¥ = }%(E - E,)* as Lyapunov function candidate then we can find

V = -ml¥ (% (E - E,)fcos8) (C.5)
which is negative semi-definite. This Lyapunov function decreases as long as ##0and
cosf # 0. Since the pendulum cannot maintain a stationary position with @ =+7, , therefore the

control law (C.3) will drive the inverted pendulum toward its desired value E,. To change the
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energy as soon as possible the control signal should be as large as possible. This is achieved by
the following control law

u=a=rt,,, sgn((E-E,)-fcosb), (C.6)
where 7, is the maximum torque could be generated by the DC motor. However it may result
the chattering. Therefore, it motivates the following choice of control law

u =sat(¥(E - E,)-sgn(6 cos 9)) (C.7)
where Y is a constant gain, E, is the desired energy level, sgn is the sign function and sat is the

saturation function given as
T, (X>0)
sat(x)=4 0 (x=0). (C.8)
(x<0)

Tm max
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CDM Controller Incorporating Friction Compensation for Rotational Inverted Pendulum
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Abstract: A controller designed by CDM for a servo type system which is an augmented system constructed from a rotational
inverted pendulum with an integrator added to its arm, is presented in this paper. In order to be able to apply the CDM concept, the
augmented system must be linearized and converted into controllable canonical form. Then, the controller consisting of the state
feedback gain matrix and an integral gain in the sense of CDM can be obtained. This shows that design procedure for the proposed
controller is easy. The experimental results obtained from the rotational inverted pendulum controlled by the proposed controller
show that the system response has no steady-state error, however, the oscillation amplitude of the arm angle is still significant.
Therefore, in this paper, the friction compensation using Coulomb friction with stiction is also added to the controller. The
oscillation amplitude of the arm angle that can be reduced remarkably is also shown in the experimental results.

Keywords: Rotational inverted pendulum, coefficient diagram method, state feedback, friction compensation

1. INTRODUCTION transformation matrix [10] so that the CDM concept can be
. 4 applied. Then, each element of the state feedback gain matrix
Inverted pendulum is a famous tool for testing the and the integral gain can be designed by matching the closed-

effectiveness of many control schemes. Owing to their loop characteristic polynomial of the system to those obtained
nonlinearity and unstable characteristic, the controller from the CDM concept.

development had been a great interest of many researchers [1- The experimental results of the proposed control system

6). So far, many controllers had been implemented cither with and without friction compensation are also shown.
linear or nonlinear controllers. The nonlinear controllers

guarantee a wide range operation and overcome the hard
nonlinearity [2-3). In spite of having some drawbacks, a lincar
controller, however, is easier to be designed and implemented
[4-6]. As proposed in [4], a linear controller based on linear
quadratic regulator (LQR) with an integrator augmented to the
rotating arm angle can satisfy the required specification. The

2. PLANT AND CDM CONCEPT

2.1 Overview of the plant

After applying Newton-Euler formulation, the inverted
pendulum model is derived as the nonlinear equation as

integrator was needed to reject the steady-state error in follows [4]

controlling the inverted pendulum system due to the noise Ve

generated by the hardware. Unfortunately the choice in 32 (x(l))+g (x('))u’ O
selecting the proper weighting matrix was still trial and error, whell

Furthermore, when the inverted pendulum is linearized by
neglecting the friction simply, it will lead to limit cycles,

which implies to somewhat an oscillatory result [7-8]. As g

reported in [9], coefficient diagram method (CDM) can satisfy __( ‘S‘?‘zﬂx-! )[ mIRE sinx, - bx, - (J +mR’)xsz.]
time domain specification and the design is simple. In CDM f(x)= miR"sin” x, + JI Rceosx,
the stability and speed of the closed-loop system are related to x,
the stability index and the equivalent time constant 1 . .
respectively. Then, the desired characteristic polynomial based m‘mz—xl(""&? cossinx, + mIRx}sin, - bx,)
on these parameters can be composed. 0
In this paper, a design of a controller to stabilize the
inverted pendulum in upright position while maintaining the {M)
arm position angle in certain position using CDM will be g(x)= miR"sin"x, +J1 | 1*
presented. As the responses exhibit significant oscillation, Y
friction compensation using Coulomb friction with stiction L
will also be introduced. J +mR*sin® x,
The rotational inverted pendulum shown in Fig. 2 is a
SIMO system with motor torque input and two outputs i.e. the and where [, x x, x‘]f =[9 g B B]" , u=t,,1,is

pendulum angle 8 and the arm angle P . By employing the

Newton-Euler formulation, a nonlinear model of the inverted the torque applied to the pivot, 8 is the pendulum angle, B is

pendulum system can be obtained. As a linear controller will the arm angle, m is the mass of the pendulum, / is the
be designed, the model must be linearized about upright distance from the pivot point to the center of mass of the
position. After representing the linear model including one pendulum, R is the length of the rotating arm, J and b are the
augmented integrator in state space form, it will be moment of inertia of the rotating arm and the pivot’s friction
transformed into controllable canonical form utilizing a coefficient respectively.
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The equilibrium points which satisfy the following equation
0= f(x(r)) + g(x()u @

are x,=[0 0 ¢ 0] or x,=[x 0 c 0] and u,=0

where ¢ is any constant. First equilibrium point corresponds
to the upright position which is unstable, while the second is
the hanging position. Linearizing about its upright position we
have

x(t) = Ax(t) + Bu(r) 3)
where
0 1 0 0 0
2 -R
Jg +mgR 0 0 bR R
a=| I and p=| /' |.
0 00 1 0
—mgR = L
J J J

As our main interests are the arm angle P and the
pendulum angle 6 , the output equation is

y0)=Cx(0),
where C= 1000 J
0010

2.2 Concept of CDM

In CDM, the characteristic polynomial is given in the
following form

(G

P(s)=as"+--+as +a,= Za,s‘ ¢
i=0

&)

Based on Eq. (5) the performance specification known as
stability index y,, equivalent time constant v and stability

limit y; can be synthesized as these equations

¥, = s (i=lr2»'",n_l) (6)
@445
=2, ©)
G
.1 1
Y=+, ®
Yo Vi

where i=l~n~1, y,=y,=w.
Then the characteristic polynomial in term of y,, T and g,
can be expressed back as follows

P_(s)=ao[{ (ﬁ+)(‘rs)'}+rs+l].

ot Ying
The choice of stability index y, due to the control design
specifications must satisfy the following inequality

2

i=2

®

v, > 15, (10)
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and v normally can be chosen from settling time specification
as
1t =1,/(2.5~3). (1)

However, in general the stability index known as standard
stability index is recommended as
Yyt ==Y =Y =27, =2.5. (12)

3. CONTROL SYSTEM STRUCTURE

Fin)

Fig. | Control system structure.

In this section, the CDM controller design procedure and
friction compensation will be described respectively. Since an
integrator is added to the arm of rotational inverted pendulum
system for rejecting the steady-state error, the augmented
system can be constructed as shown in Fig.1, and

x,(0)=Ax (0)+Bu(t)+Gr(t) (13)
»=Cx, (@), (14)
X0y =r()-Hx(@) (15)

can also be obtained, where

Pal ol e ed]

and where r(f)is thé reference signal to the arm angle,

X

X =
a [X

(]

oA

yB=

H=[0 0 1 0] isderived from second row of C matrix and

x,(t)is the state variable obtained by augmenting an
integrator to the arm angle.
If the pair of 4 and B in Eq. (3) is controllable and

[ ':{ z] is full rank, then the augmented system is

completely state controllable. Therefore, the control law u(f)
can be assigned as

A=

u(t)=—K,x, (1) (16)

where K, =[K -k],and where K =[k, k, ko k)
is the state feedback gains matrix and k, = -k, is the integral
gain. Then the following relation can be derived as

£,0)=(4, - BK,)x,(0) +Gr(e) = A,x, )+ Gr(t).  (17)

3.1 CDM controller
In this sub-section, the design procedure for assigning the
feedback gain matrix X and integral gain k, of the system



shown in Fig. 1 by CDM is proposed. It can be done by
matching the closed-loop characteristic polynomial of Eq. (17)
to the characteristic polynomial obtained from CDM as the
following procedure:

1. Transform the closed-loop system (17) into controllable
canonical form as

) =T"A,Tz(t)+ Gr(r) (18)

by state z() =T7'x,(1). The
transformation matrix 7 is defined as T = MW , where
M and W are given by [10)

introducing a new

M=[B, 45, 4’5, 48,
5 &, 5., |
5 & 10
W=| : : 0 0},
5., | 0 0
10 0 0

and where &, _,,6,_,,...,8, are the coefficient of the open-
loop characteristic polynomial

P(s)=|sI-A,|=5"+5, s +...+ 85+, .

2. Find the closed-loop characteristic polynomial of system
(18) as
P(s)=|st =T 4,T|
=5"+ (8, + K )+ (8, +h )T H 4 (5, + k), (19)
where
KT=[k k v 1E]. (20)
3. Choose the equivalent time constant rand the stability

index y, and derive the desired characteristic polynomial

)

from the characteristic polynomial (9) which is assumed to

P(s)=s +Z

=2

+2

i=0

(Hr.-, =

=

(Hﬂ"l’lr"" =K

Jsi k=l

/)

=5"+a, "+ +as' +a, @n

n=l
be monic (i.e. a,=1) so that g, .—_(Hy,{_l)/r' .
=

4. Equate the closed-loop characteristic polynomial (19) with
the desired characteristic polynomial (21) to obtain
S,

K,= [ao -8 -6 .. a,.,-6,, la,, _5..4]7.-l . (22)

3.2 Friction compensation

The friction compensation is introduced because of the
ineligible limit cycles generated mainly by motor driving the
arm. Some methods for friction compensation have been
described in [8). However, a simple method of Coulomb

friction with stiction F which can effectively reduce the
oscillation amplitude is employed and expressed as
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Fsgn(p)  ifB=0,
F={ F if f=0and [F|<F, 23)
F,sgn(F) otherwise

where F,is the coulomb friction constant, F,is the stiction
constantand F is the resultant forces acting on the slip ring.

In this case F = —mgR

-b i
x,(1)+ 7.\',(:) + 714(!) .

The friction compensation added to the system is shown in
Fig. 1 and then is applied to the control law as

G=Kx +F. (24)

4. EXPERIMENTS

4.1 Experimental setup

In order to verify the effectiveness of the controller the
experiments in controlling the pendulum angle @ and the arm
angle £ has been done. The physical parameters of the

rotational inverted pendulum used in the experiments are
shown in Table 1.

Table 1 Parameters of the inverted pendulum.

Pendulum mass (m ) 0.05 kg
Pendulum length (/) 048 m

Arm length (R ) 047 m

Moment of inertia (J ) 0.03264 kg-m*
Viscous coefficient (5) 0.00351 kg -m* /s

As shown in Fig 2, the experimental apparatus consists of
three main parts: the inverted pendulum system, the interfaces
and the digital controller. The pendulum system composes of
pendulum, rotating-arm, a high torque permanent magnet DC
motor and two angular positions sensors to detect the
pendulum angle & and the arm position angle #. The

interface devices are two microcontrollers PIC16CSS5 to filter
the quadrature signal from each encoder, one microcontroller
89C1051 as a sampling clock generator, one eight-bit D/A
converter and servo amplifier. A personal computer with Intel
Pentium II 350 MHz processor is used as the digital controller.
The control program is written in C language and the sampling
period is set at 25 milliseconds.

D/AB bitsl

3
1 | amplifier |

Fig. 2 Experimental apparatus.



4.2 Effect of stability index y,

First, the system responses corresponding to the variation of
stability index will be observed. By varying the stability index
from the standard stability index y, =2.5,y,=y,=y,=2 to

n=ri=v;=v,=2andto y, =y, =y, =y,=2.2 then their
corresponding gain K, of the augmented system for r=1.2

seconds can be obtained. As depicted in Fig. 3 the dark line,
the light line and the dashed line respectively show their
experimental results. It is shown that the responses of the
system with different values of stability index oscillate around
the zero radian line, which means that the integrator added to
the arm angle of the rotational inverted pendulum can reject
the steady-state error.
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Fig. 3 System responses when the stability index is varied.
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Fig. 4 Coefficient diagrams.
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As reported in {9] the stability in CDM can be qualitatively
observed visually using graphical interpretation known as
coefficient diagram. The coefficient diagram of the proposed
control system with varying stability index is shown in Fig. 4.
By relating the responses in Fig. 3 to its coefficient diagram in
Fig. 4, one can infer that the greater curvature of the
coefficient diagrams implies to the smaller oscillation of its
corresponding system responses. On the other words, the more
stable system will lead to the smaller oscillation.

4.3 Effect of friction compensation

Indeed increasing the stability index can reduce the
amplitude of oscillation. However, the control signal will be
high which is undesirable. Therefore, simple model based
friction compensation using Coulomb friction with stiction is
developed and then is applied to the system at ¢ =10 seconds.
Fig. 5 shows the responses of the inverted pendulum when the
standard stability index y, and equivalent time constant
r=1.2 seconds are used. It is seen that the oscillation
amplitude of the arm angle B can be reduced significantly.

0.3
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g [ MAAAANA AR AN AN
¥ X
0.2
0 5 10 15 20 23 0
Time(sac)
(a)
Q.1
0.05
$o \/W\/\vaww«mwwnwmfw
x
£.08
0.1
5 10 15 20 F-3 30
Tirne{sec)
®

Fig.5 System responses when friction compensation is applied.

4.4 Tracking capability

In order to show the tracking capability, the reference input
of the arm angle is changed from zero radian to one radian at
10 seconds for equivalent time constant r=1.2 seconds. The
result depicted in Fig. 6, shows that the output arm angle can
track the constant reference input and oscillates around the one
radian line, while the effect of the step change in arm angle
does not affect the oscillatory behavior of the steady state
response. It can also be observed that the rotational inverted-
pendulum angle is still almost unaffected at the steady state.
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Fig. 6 Tracking capability response.



5. CONCLUSION

In conclusion, the controller designed by CDM
incorporating simple friction compensation for a servo type
system which is a rotational inverted pendulum with an
integrator added to its arm have been proposed. The controller
is implemented to control the system and the satisfied
performances have been achieved. The good capabilities of
angle position error rejection and tracking can be obtained as
shown in the experiments. Furthermore, the coefficient
diagram used for investigating system stability due to
variation of stability index y, has also been shown.
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Abstract

In this paper, a design of the augmented state feedback
controller by using the concept of Coefficient Diagram
Method (CDM) for a servo type of the rotational
inverted pendulum system is presented. An Integrator is
augmented to the system due to the responses exhibiting
steady-state error. In order to apply the CDM method,
the augmented system must be firstly linearized and
converted into controllable canonical form by a
transform matrix. Then a feedback gain matrix in sense
of CDM can be obtained. One can observe that the
design procedure of the proposed controller is easy
compared to other methods. The experimental results
are shown in order to verify the effectiveness of the
controller.

1 Introduction

An inverted pendulum is a nonlinear and unstable
system and the developments of its controller have been
a great interest for many researchers [1]-[6]. So far
many kinds of inverted pendulum were implemented
such as inverted pendulum on cart and rotational
inverted pendulum. Some authors proposed nonlinear
controller especially for those having strong non-
linearity [2],[3]). Also, some issues on linearization
method of the inverted pendulum such as approximate
linearization were raised [4], [5].

In the contrary to the nonlinear controller, a linear
controller is easier to be designed and implemented. As
proposed in [6], a linear controller based on LQR with
an integrator augmented to the rotating arm angle can
satisfy the design specification. The integrator is needed
to reject the steady-state error in controlling the inverted
pendulum system due to the hardware of the system.
Unfortunately the choice of the weighting matrix was
still trial and error.

Coefficient Diagram Method, however, as reported in
[7] can satisfy time domain specification. Thus, this
paper will employ the CDM concept to design the state
feedback gains and the integral gain of the inverted

0-7803-8653-1/04/$20.00 © 2004 IEEE
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pendulum servo system instead of LQR. In CDM the
stability and speed of the closed-loop system are related
to the stability index y, and the equivalent time constant

r respectively. Then based on these parameters, the
desired characteristic polynomial can be composed.

In order to apply the CDM concept, the system has to be
linearized and transformed into the controllable
canonical form by a transformation matrix. Then each
element of the gain matrix can be designed by matching
the closed-loop characteristic polynomial of the system
to that obtained from the CDM concept.

2 Model of the Inverted Pendulum

From [6] the dynamic behavior of the system
represented in Fig. 2 is described by

7, =miRG cos@ ~ miRG* sin@+bf +(J + mRY)
mgsin@ = mRf cos6 + mif

)
@
where 7, is the torque applied to the pivot, 8 is the
pendulum angle, B is the arm position angle, m is the
mass of the pendulum, / represents the distance from
the pivot point to the center of mass of the pendulum, R
is the length of the rotating arm, Jand & are the

moment of inertia of the rotating arm and the pivot’s
viscous friction coefficient respectively.

By linearizing the above equations about upright
position, the state and the output equations of the
rotational inverted pendulum system can be obtained as
follows

x(t) = Ax(t) + Bu(t) 3)
y()=Cx(t) )
where
0 10 0 0 .
mgR? +Jg bR R 10
= 00 — 7l 00
4= 7 JI p= andc=
0 00 1 0 01
_mgR ., B 1 00
J J J



The input control signal u(r) is the input torque 7,

proportional to input voltage of DC motor current
driver, the output y,(r) is the inverted pendulum angle

@ and y,(¢) is the arm angle 8, and the state variables
are x,(0)=6, x,()=0, x,(t)=p and x,(t)=f.

2.1 Augmented System

In this subsection, an integrator is augmented to the
system of equation (3) and (4) in order to reject the
steady-state error at the arm angle. Since the pendulum
angle 6 will be naturally kept around zero radian, only
the arm angle B is used for the augmented system.
Thus, the output matrix C is reduced to
H=[0 0 1 0]. The block diagram of the linearized

augmented system is illustrated in Fig. 1.

r +_e

Figure 1. Augmented system

The state equation and output equation of the
augmented system shown in Fig. 1 are given as follows

x, (1) = 4,x, () + Bu(t)+ Fr(t) 6))
y()=Hx, (1) Q)
where 3(r) is the controlled output arm angle y, (1),
r(¢) is the arm angle reference signal of the rotational

inverted pendulum system and e(t) is the augmented
state variable for the arm angle output, and

ol e ar]

_[*®
o]

If the pair of 4 and B of equation (3) is controllable and

L

becomes completely state controllable. Therefore, the
control law u(f) can be assigned as given by

g] is full rank, then the system in equation (5)

u()=-Kx,()=-[K —k]x,()
= _[kl k1 kn-l I kn]xn(’) (7)

where K and &, are state feedback gains and integral
gain respectively. Therefore, the closed-loop system of
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the augmented system (5) and (6) with the control law
(M is

%,(N=(4,-B,K,)x,(t)+ Fr(1). 8

The state feedback gains and integral gain of the control
law will be designed by CDM later.

3 Concept of CDM

In CDM, the controllers are designed based on the
stability index known as y, and the equivalent time
constant known as r which are synthesized from the

characteristic polynomial of the closed-loop transfer
function.

P(s)=as"+a, s +---+as+a,. ®
From the characteristic polynomial P(s) given in (9), the
stability index y, and the equivalent time constant r are

respectively described in general term as the following
equations [7]

2
== (i=1,2n1) (10
;.14
2= do (mn
9

In order to meet the specifications, the equivalent time
constant = and the stability index y, are normally

chosen as

! [§

=353 (12)

1> 1.5y; (13)
where ¢, is the specified settling time and ,; is the
stability limit defined as

R Y (14)

Vi Via

In general the stability index is recommended as

Va1 ==Yy =¥, =2,7,=25 (15)

known as standard stability index.

Finally the characteristic polynomial known as the
desired characteristic polynomial can be expressed as

P(s)=a, H;(ﬁ;’}-ﬂ(uy} tos+ 1]

=as"+a, s +...+as+a,,

(16)

where a,,a,,,---,a, are the coefficients of the desired
characteristic polynomial.



4 Controller Design

The open-loop polynomial of the augmented system (5)
is given by

P(s)=|sl - 4]

” n-~]
=5"+8, " +...+5,5+3,,

amn

where §, ,,..., 8, are the coefficients of the polynomial.

n-1>
In order to be able to apply the concept of CDM, the
state variable controllable form of the augmented

system (5) must be obtained via the transformation
matrix T given by

T=MW (18)
where M and W from [8] are given by
M =[B AB AB A""B] a9
and
6, 6, - J,, 1
5, o, 1 0
w=l: Y ; (20)
5., |1 0 0
0 0 0
By defining the relation of
x, (0 =Tz(r), 29

system (5) can be transformed into controllable
canonical form as

#1)= A z()+ B.r(f) (22)

where 4 =77"(4,-B,k,)Tand B,=T7"'F. Consequently,
its characteristic polynomial is

p(s)=|st - 4

. . 2 (23)
=5" +(k, +38, )" +-- -+ (ky + 8)s + (k, + 5)

where
kil k]

Hence, state feedback gains K and integral gain &, of
the gain matrix K, can be obtained by equating the
closed-loop augmented characteristic polynomial (23) to

the desired characteristic polynomial (16). Note that the
desired characteristic polynomial must be monic (that is

n=1

a,=1), which implies to a,=([]7.,)/z". Finally, the
J=t

gain matrix K, for the augmented system (5) can be

found as

Ka = [ao —80 an-2 _5I I an-l _5n-l]T-l M (24)
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5 Experiments
5.1 Outline of the System

The experiments have been done in order to show the
effectiveness of the controller. As shown in Fig. 2, the
experimental apparatus consists of three main parts: the
inverted pendulum system, the interfaces and the digital
controller.

Figure 2. Rotational inverted pendulum system

The pendulum system composes of pendulum, rotating-
arm, a high torque permanent magnet DC motor and
two angular position sensors to detect the pendulum
angle ¢ and the arm position angle . The interface

devices are two microcontrollers PIC16C55 to filter the
quadrature  signal  from each encoder, one
microcontroller 89C1051 as a sampling clock generator,
one eight-bit D/A converter and servo amplifier. A
personal computer with Intel Pentium II 350 MHz
processor is used as the digital controller and the
sampling time is set to be 25 milliseconds . The physical
parameters of the rotational inverted pendulum system
in the laboratory can be found in Table 1.

Pendulum mass (m ) 0.05 kg
Pendulum length (/) 48 cms

Arm length (R) 57 cms

Moment of inertia (/) | 0.03264 kg-m®
Friction coefficient () | 0.00351 kg-m?/[s

Table 1. Parameters of the inverted pendulum

5.2 Response of the Augmented System

By assigning the equivalent time constant 7 to bel.2
seconds and varying the stability index y, from y, =25,
n=r=rn=2ton=pp=y=y=2andto y,=y,=
7, = ¥, =2.2, then the corresponding feedback gains and
integral gains KX, of the augmented system can be

obtained as summarized in Table 2. The experimental
results when the constant reference input of the arm
angle is zero radian are depicted in Fig. 3. as shown by
dark solid line, dash line and light solid line
respectively. It is seen from Fig. 3 that the responses of



the system with different values of stability index y,
oscillate around the zero radian line. This means that the
effectiveness of the integrator, which is added to the
rotational inverted pendulum arm, can reject the steady-
state error.

0.3

By Fyady 52
0.2 WIS V512 13" 22
[ 2]
g 0
' X I
0.2 yy=2.5. 75 y;'7‘=2
——
0 5 10 15 20 25 2
(a)
0.2
o1
T o PR Sy
<
0.1
0.2 -
[} 5 10 15 20 25 30
®)
Time(sec)

(a) Arm angle, (b) Inverted pendutum angle
Figure 3. System responses with various y,

The system stability can be evaluated by using the
coefficient diagram as shown in Fig. 4 [7]. In CDM, the
greater curvature of the coefficient diagrams implies to
the more stable system. The light solid line shown in
Fig. 4 has the most curvature, therefore, this system is
the most stable when compared to the dark solid line
and the dash line. As demonstrated in Fig. 3, the more
stable system implies to the smaller amplitude of
oscillation.

7 K,
[25 2 2 2]
2 22 2]
[22 22 22 22]

[-7.5092 -1.5808 -1.9274 -1.0074 1.6062]

[-4.6803 -0.9611 -0.7895 -0.5094 0.6579]

[-8.7764 -1.8768 -2.0477 -12040 1.7064]

Table 2. State feedback gains and integral gains of
various ¥,

ﬂ"

0~ 1,225, 7,%y577,"2
o N Rtrtr?
| -0~ 1= 12213%522

4 3 2 1 ]
i

Figure 4. Coefficient diagram of various y,
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5.3 Tracking Capability

In this subsection, the responses of the arm angle and
the rotational inverted pendulum angle when the
reference input of the arm angle changes from zero
radian to one radian at 10 seconds will be investigated.
In this experiment the same controller designed by r=
1.2 seconds and standard stability index will be
employed. The experimental resuits are shown in Fig. 5.
One can observe from the response shown in Fig. 5(a)
that the output arm angle can track the changed
reference input properly. Furthermore, the response of
the arm angle still oscillates around the one radian line,
while the effect of the step change in arm angle does not
affect the oscillatory behavior of the steady state
response. It can be also observed from Fig. 5(b) that the
rotational inverted pendulum angle is still almost
unaffected except at the point of the step change
occurred.

1 ["‘\“ R A R T P N |
Fos
s o
OF N N
05
5 10 15 20 25 £
{a)
02
0.4
g, °’\J\/‘\./\_'\/\ N T N
0.1
02 .
() 5 10 15 20 25 F)
®)
Time(sec)

(a) Arm angle, (b) Inverted pendulum angle
Figure 5. Responses to the step change

6 Conclusions

An augmented state feedback controller based on CDM
for controlling the rotational inverted pendulum servo
system has been proposed in this paper. The controller
has been implemented to control the system and the
satisfied performances have been achieved. The results
have shown that the proposed controller can reject the
angle position error of the arm. It is also observed that
choosing the stability index p, appropriately can
increase the system stability. Furthermore the output of
the system can still track the changed reference input
without the error at the steady state.
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