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ABSTRACT

Tomographic imaging is a technique for exploring a cross-section of an
inspected object without destruction it. Raw data of this process, known as the
projections, are normally achieved by repeatedly radiating coherent waveforms
through the object in a number of viewpoints, and receiving them using an array of
corresponding detector in the opposite position. In this research, as a replacement of
radiographs, a series of photographs taken around the opaque object under the
ambient light is completely served as the projections. From the process of
tomography, the outcome is the stack of pseudo cross-sectional image, not the internal
of which is authentic, but the edge or contour is valid. The parameters of the process,
including the type of algorithm, the number of projections, and the distance from the
object to the projection plane, are investigated comprehensively. Several applications
can implicitly take advantages from the stack of contour, for instance, 3D modeling
and geometric measurements. Also the correction scheme for partially concave
occlusion of the object is brought up. Nevertheless, the process has a problem to
extract the totally-concave-occlusion shape since the concave area does not express
itself on the outline of any projection.
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explained in Chapter 3). These algorithms can be found in a number of applications
such as the virtual reality [31] or the human motion modeling [32-33].
In 1999, the tomographic process is known to have the capability of giving the
shape of an object from its photographs since the coincident experiments of D.T.
Gering and W.M. Wells III [34] using parallel-beam tomography and A.J. Johnson
and his colleagues [35] using cone-beam tomography. Afterwards, the work is
extended many times [36-38]. Even though the lens-based camera is more preferable
due to its convenience, there exist the usages of other camera systems such as pinhole
camera [39], coherence imager [40], and cubic-phase-aberrated system [41].
The advantages of the shape extraction using photographic tomography are as
the following:-
* Giving the full 3D shape of an object within an individual process with
neither image registration nor other supplementary techniques.
Disregarding to both material property and light position.
Using locally available, less complicated, and affordable equipment.
Working on a simple and well-developed reconstruction problem.
Having an ability to adjust the accuracy, depending on the resolution of the
photographs.
Nevertheless, the prerequisites of tomographic process applied to photographs
for 3D shape extraction that should be denoted here are as follows:-
* The inspected object has a convex shape, or has no totally concave occlusion
(See chapter 4).

= The center of rotation of the object (the object must be rotated around itself
to take the photographs in different aspects) and the center of photographs
are an identical line.

= For easily segregating the object from background, the color of background

is recommended to be contrasting from the color of object.



Chapter 3
Tomographic Imaging for
Non-Diffracting Source

Unless the rays of visible light pass through the object, the assumption of the
non-diffracting source is valid because the refractive index of the traveling path is
homogeneous. As a result, the conventional theorem for direct ray can be applied to
the photographic tomography with a few changes (See chapter 4).

In this chapter, the introduction to the tomographic imaging for non-diffracting
source, including a parallel-beam tomography, cone-beam tomography, and algebraic
reconstruction technique, is described concisely.

3.1 Parallel-Beam Tomography

When array of sources and array of detectors are arranged correspondingly, the
rays are considered as parallel beams since all the rays’ paths are paralle]l to one
another. This is the key property of the parallel-beam tomography, the theories of
which include parallel-beam projection, Fourier slice theorem, and parallel-beam
backprojection.

3.1.1 Parallel-Beam Projection

The parallel-beam projection, or the Radon transform, of function f(xy),
denoted by Py (1), is defined as its line integral along the line AB, which makes
perpendicular to another line inclined at angle & from the x-axis, at the distance ¢ from
the origin. Practically, function f{x, y) is the cross-sectional image and function Pg(?)
is the projection at specific angle.

If the rotated coordinates (1, s) from (x, y) with angle € was given by

t cos@ siné | x
|« 3.1
L] [— sind cos 6][ y]

the equation of line AB in Fig. 3.1 would be
xcos@+ ysinf =t (3.2)

-From Fig. 3.1, the projection of function f{x, y) can be expressed by line integral as
P(t)= [f(t,5)ds (3.3)

By changing coordinates to normal and using delta function, Eq. 3.3 is rewritten as

W N

P,t)= [ [f(x.y)8(xcos0+ ysin&—t)dxdy (3.4)

—o0—a0



Fig.3.1 Parallel-beam projection of function f(x, y) at angle 8 [42]

3.1.2 Fourier Slice Theorem [43]

Proving of the Fourier slice theorem relates one-dimensional Fourier transform
of the projection to two-dimensional Fourier transform of the cross section. This
relation is the principle which leads to the filtered-backprojection algorithm.

One-dimensional Fourier transform of the projection at angle 8 is given by

So(@)= [P (e dt (3.5)

where w is the frequency axis. Substituting Eq. 3.3 into Eq. 3.5 yields

- | ~-o0

Sy(w) = wj[ T f(t,s)ds]e"ﬂ'm'd: (3.6)
Change the coordinates to (x, y) by using Eq. 3.3 and Eq. '3.4
So(@) = j a]f(x, yle et Adxdy (3.7)
Two-dimensional Fourier transform of the cross section is written as

F(u,v) = j j £(x,y)e = dxdy (3.8)

-0 —0



Fourier Transform

> <

Space Domain Frequency Domain

Fig.3.2 The relationship between the projection of the object and the Fourier
transform of the object function

From Eq. 3.7 and Eq. 3.8, it is obviously seen that the one-dimensional Fourier
transform of the projection Sy(w) is related to the two-dimensional Fourier transform
of the cross section F(u, v) when the polar coordinates (@, 8) is changed to the
Cartesian coordinates (u, v), or

Sy(w) =F(®0,0) = F(wcos6,0sin8) = F (u,v) 3.9
This relation is the Fourier slice theorem which is stated by [44] as the following

The Fourier transform of a parallel projection of an image f(x, y) taken
at angle @ gives a slice of the two-dimensional transform, F(u, v),
subtending an angle @ with the u-axis. In other words, the Fourier
transform of Pg(t)gives the value of F(u, v) along line AB in Fig. 3.2.

3.1.3 Filtered-Backprojection Algorithm

From the Fourier slice theorem, the filtered-backprojection algorithm is derived
to reconstruct the cross section from a series of projections. Practically, the
backprojection can be thought as smearing all the filtered projections across a 2D-
plane.

Two-dimensional inverse Fourier transform of the F(u,v) is given by

Fxy) = [ [Fuve™ " dudy (3.10)

Change from the Cartesian coordinates (u, v) to the polar coordinates (®, 8) by using
u=wcosf
v=wsin@ 3.1

dudv = odwdf
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Fig.3.3  The concept of reconstruction by backprojection

From Eq. 3.10 and Eq 3.11

270

f(x, y) = J‘J‘F(w’e)ejz:rm(xcoso+ysino)wdwd0
00
Expand the outermost integration to two parts, from 0 to = and from 7 to 27z
f(x,y)= ,]_,]_ F(,Q)e/2meosoessind 10000
00
+ Tj‘ F(0,0+180)e j27w[xcos(8+180° )+ ysin(0+180")) ododd
00

Using this property
F(®0,0+180°)= F(~w,0)

Eq. 3.13 can be rewritten as

f(x,y)= ﬂp(a»,e)eﬂm'[a>|dwd9

0 -0

10

(3.12)

(3.13)

(3.14)

(3.15)

From the Fourier slice theorem in Eq. 3.9, the projections are related with the cross

section by this expression

f(x,y)= j ISo(w)|w|ef2”'da>d0

Q -0

(3.16)
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The equation above is the filtered-backprojection algorithm, in which lwl is the ramp
filter and S¢(w) is the Fourier transformation of the projection Pg(t). The algorithm
can be separated into two steps, the backprojection and the filtration, or

F(x,y) = [Q,(xcos6+ ysin)do (3.17)
0
0,0 = [S,(@)ole”™dw (3.18)

3.2 Cone-beam Tomography

Differing from parallel-beam tomography, cone-beam tomography has a point
source confronted with a two-dimensional array of detectors; therefore, the rays’ paths
form the conical shape. The parallel-beam algorithm could be implemented in this
situation if and only if the distance between source and the detector approached to
infinity; otherwise, it must be replaced by the cone-beam algorithm.

3.2.1 Cone-Beam Projection

In three-dimensional volume, the rotated coordinates (z, s, r) from (x, y, z) with
the azimuth angle 0 and the elevation angle y is written in a matrix form as

t 1 0 0 cos@ sinfd Of x
s|={0 cosy siny{|-sin@ cos@ Ofy (3.19)
r 0 -siny cosy 0 0 1}z

The projection at coordinates (, r) is the intersection of two planes, which are
t=xcos@+ ysiné (3.20)
r =—(—xsin@+ ycos@)siny +zcosy (3.21)

Hence, the three-dimensional parallel projection is given by
Sﬂ
B,(r)= [fts,rds (3.22)
S

By changing the coordinates to normal and using the delta function with Eq. 3.20 and
Eq. 3.21, the projection is rewritten as

F,, )= I”dxdydzf(x, ¥,2)0(xcos@+ ysinf —1)

vol

xO(—(—xsin@+ ycos@)siny +zcosy —r) (3.23)

From the equation, the projection ray is specified by 4 variables, (z, €) in the
horizontal plane, and (r, y) in the vertical plane.
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Fig.3.4 3D parallel-beam geometry
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Fig.3.5 Cone-beam geometry

For the given cone-beam projection Rg(p, {) where f is a rotating angle and (p, {)
are coordinates on the detector plane, the equivalent parallel ray can be found from

Ry(p,8)=F,,(t,r) (3.24)
The parallel variables (¢, ) and (r, y) is calculated from

Dy
m (3.25)
6 = B +arctan(p/ Dy,)

t=p

DSO

JDL+ ¢ (3.26)

y = arctan(¢ / D)

r=¢

where Dy is the distance from the center of rotation to source.
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3.2.2 Cone-Beam Backprojection

Based on Felkamp’s cone-beam algorithm [45], the cone-beam backprojection is
derived from the tilted fan-beam geometry on the basis of the filtered backprojection
algorithm. Only the formula is described here regardless of the proof.

The three-dimensional function f{x, y, z) is related to the two-dimensional
projection Rg(p,¢) by the following equation

2

fy=t o IR (P22 p) D0 gpip (3.27)
0

2 2

Dy, —s \/Dso+§' +p

The reconstruction can be simplified by separation into 3 steps, weighting, convolving,
and backprojecting.
* Weighting the projection data

Dy,
\/Dsz'o + 42 + PZ

* Convolving the weighted projection data with the filter kernel

R, (p.{)=

Ry(p,Q) (3.28)

Qs(P,$)=R; (p,&)*h(p) (3.29)
» Backprojecting to obtain the three-dimensional function

2 Dy,
3§ (Dso —

so

fx,y,2)= R Qﬁ[D ol Dsoz )dﬂ (3.30)
S

0 SDso

N | —
~N

3.3 Algebraic Formulation

The algebraic formulations such as the Algebraic Reconstruction Technique
(ART) [46], the Simultaneous Iterative Reconstruction Technique (SIRT) [47], and
the Simultaneous Algebraic Reconstruction Technique (SART) [48] can reconstruct
the cross section with different approach from the filtered-backprojection technique.
The cross section is regarded as a group of unknown variables with the
underdetermined condition from the projections, and can be solved by using the
numerical procedures. This method has the flexibility to reconstruct the tomographic
image in the presence of limited projection [49], but it has a foible on the time
consumption due to the iteration. It is noted that the study of this research is limited to
the ART.

The projection equation of the ART can be expressed as the following

N
=Y w;f; i=12,...M (3.31)
j=

Here, f; is the value of reconstruction grid element, p; is the value of the i 1 " projection
point or ray sum, thc weight factor wy; is the fraction area of the j™ image cell
intercepted by the i’ i" ray, N is the number of pixels, and M is the number of projection
points.
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Fig. 3.6  Algebraic Reconstruction Technique, each cell representing an unknown

variable in the linear equations

For the large and unequal M and N, the conventional inversion of metric to find
the solution to the problem is not an option. A numerical procedure is introduced to

search an answer repetitively. First, the initial conjectures, f;

, are made for the

solution. By substituting them in Eq. 3.32 and Eq. 3.33, more improved result could
be obtainable. When this process is done repeatedly until the certain point, the

solution will be nearby the real answer.

i -y, Pi—4;
10 =1+ B,

2
Z Wik
k=

N
q; = ka(l—l)w'k
k=1

i

(3.32)

(3.33)



Chapter 4
Modified Tomography for
Silhouetted Projections

The entire process of modified tomography applied to the silhouetted
projections is elucidated in this chapter. It starts with how the camera system is
related to the cone-beam projection and how the pseudo cross-sections are obtained
from the series of photographs, followed by the problem of patch’s occlusion and
classification of the problem. In the end, the device used to help record the
photographs around the object will be discussed thoroughly.

4.1 Modified Tomography

In order to modify the tomographic algorithm to have a capability of extracting
shape from photographs of the object, it is required that the relation between the
camera system and the projection be substantiated. This requirement is about to be
fulfilled in the subsequent section. Consequently, the modification of tomography can
be done unambiguously.

4.1.1 Camera System and Cone-Beam Projection

Normally, projections are gathered from radiation of specific frequency of ray
through the object, and each projection can be described mathematically by the
function of integration as explained in the preceding chapter. For the shape extraction
purpose, the projections are absolutely different because they are the photographic
images which are taken from scene radiation of the opaque object rather than having
the ray penetrate the object. However, both types of projections have a common
character since the ray, whether it is the visible light or not, travels directly in the
homogeneous substance.

Object Object Image  Image
Focal Principal Principal  Focal
Plane  Plane Plane Plane
Image
> ’
Y
- - > +

b
¥

Fig.4.1 The ordinary optical system [36]
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Table 6.4 The estimated surface area compared to the true area of the specified

object
oset | gty | T | Bt | srercs

Lg;;‘:'i:’ 2932.22 52.810 58.949 11.625
Woodcarving 1337.36 N/A 102.472 N/A
Foam Cube 7616.05 16.335 17.656 8.087
Mannequin 718.78 N/A 355.679 N/A
Roman Doll 1871.43 N/A 114.054 N/A
Hourglass 2322.28 N/A 224.192 N/A
Foam Head 101.405 N/A 2290.828 N/A
Viniature 1352.03 N/A 392.370 N/A

ruck

The results shown in Table 6.4 are devoid of real values, which are generally
difficult to carry out. Even so, the conclusion can be made from the limited evidences
that the estimated surface areas are larger than they should be, around 10 percent,
resulting from the existence of rough surface. Decreasing the area by the

compensation can improve the result.



Chapter 7
Conclusions and Suggestions

Eventually, all the goals have been accomplished successfully, and they will be
paraphrased shortly in this chapter. Additionally, there are a few suggestions that
should be declared in order to make the result more improved and more useful.

7.1 Conclusions

The 3D shape extraction using photographic tomography is studied extensively.
The main idea of the method is that the tomographic imaging is used to reconstruct
the stack of pseudo cross-sectional images from a series of photographs taken around
the object. The shape of the stack can closely resemble the shape of original object.

Compared with other 3D shape extraction techniques, the equipment used to
collect the data for this technique is much lesser in complexity. It mainly consists of
the rotating platform and the digital camera which is locally available and affordable.

The optimum condition of each parameter to reconstruct the shape of the object
has been verified carefully. The first parameter is the reconstruction technique; the
modified backprojection gives the best result within the shortest time. The second is
the number of projections, which should be more than 20 for the half plane. The last is
the reconstruction geometry; the parallel-backprojection algorithm could be applied if
the distance between the model and camera were greater than 16 times of the model’s
thickness.

The only lapse that makes the photographic tomography imperfect is the
concave occlusion, the total concave and the partial concave. The solution to the
partially concave occlusion is to rotate and reconstruct the object respecting to more
than one axis, and then combine the registered outputs together. Conversely, the
solution to the totally concave occlusion is still obscure.

Several applications, including the 3D modeling and the geometric
measurements, have been demonstrated. For the modeling, the marching cube
algorithm along with the shading and illumination model is applied to the volumetric
data to provide the 3D visualization with both bogus and true colors. The results have
a similar appearance to the originals except for the occluded area. For the geometric
measurements, the volume measurement can closely estimate the volume of the object
whereas the surface measurement can estimate the area not as good as it could.

Despite some drawbacks, the proposed technique is tested successfully to
generate the shape of a variety of objects.

7.2 Suggestions

Because of the storage size of the reconstructed volume, the awareness of
reduction of the volume is important. Excluding the data compression scheme, the
curve fitting technique [60, 61] is interesting. Because only the surface is the main
feature of the entire volume, it is a good idea to discard other unnecessary data. The
artificial surface can fit the real surface of the volume by means of a few control
points, and all that have to be stored are the controls points’ coordinates. This scheme
not only tremendously lessens the data size, but it also removes the noises that make
the reconstructed surface rough.
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Appendix
3D Modeling with True-Colored Mapping

In Section 6.1, only the shapes of the models are rendered regardless of their
factual colors. In order to display them with the true colors, the supplementary
process must be brought up. Generally, the texture mapping technique [60] is
employed to attain this option; however, this technique requires user’s cooperation to
identify matching points between the texturing image and the rendered model, and the
specula artifacts of the non-Lambertian surface make the texture look weird while the
viewpoint is changed. Another technique, which takes an advantage from the
tomography, needs less collaboration from the user due to the consistency of the
geometry. The diagram of latter technique illustrated in Fig. A.l1 explains how to
obtain the colored cross-section in an RGB mode.

From the diagram, the set of color photographs serving as the projections are
split into 4 components composed of red, green, blue, and alpha channel. The alpha
channel is actually the silhouetted projection used in the preceding subject. These 4
channels of projections are separately and simultaneously backprojected and
normalized to impede the saturation of individual color. Consequently, the outputs of
the reconstruction are 4 stacks of cross sections ready to be rendered by the modified
marching-cube algorithm. In the modified algorithm, all of the color channels are
combined and converted into the true-color cross-sections and then segmented to
separate the foreground from the background using solid cross-sections reconstructed
from the alpha channel.

The original model, the colorless model, and the true-colored model of the
Chinese doll in the similar viewpoints are revealed in Fig. A.2 to Fig. A.4. Even
though the projections have the specula artifacts because of the shiny surface of the
object, the model rendered using color plates from the tomography does not express
such persistent artifacts (the occurrences of specula in the rendered model are
generated later from the lighting model) because the spots of luster are averaged down
during the backprojection process. The separations between colors in the vertical
direction of the model is apparent, e.g. in the junction of shirt and trousers, whereas
those in the horizontal direction are a bit obscure, e.g. in the joints of body and arms.
The model’s color resulting from smearing of the backprojection is faded out
compared with that of the archetype. However, the overall outcome is acceptable if
the process is considered as automation. It is noted that the rough surface is caused by
the limit of image resolution.
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