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ABSTRACT

In this thesis we wiil discuss the uniqueness and existence of the solutions
of the ordinary differential equations

y(x)=y™(x) , xel0,a]

with the initial condition

y0)=c

where m is a positive integer greater than 1 and

y3(x) = y(r(x))
¥ (x) =y (%) = y(r ()

Y™ (x) = p(y" (x)).

And we shall give the method to obtain the analytic solutions and the numerical

method to obtain the numerical solutions of the equations.
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Chapter 1

Introduction

The functional differential equations is one type of the differential equations.
The iterative ordinary differential equations is one field of the functional
differential equations. There are many mathematicians who gave their efforts in
the study of this field. We may group the study of this field of the functional

differential equations into three main types.

The first type of the functional differential equations is so called “ the differential
equation with deviating argument ” which has the classical form

y!(x)=F(x, p(x)y(g(x)- (1D

In [1], W.B. Fite proved the existence theorem for the solution of the

ordinary differential equation

YO+ () + r(z)y(a() = 0. (1.2)

i=l

In [2], S. Doss and S.K. Nasr found the conditions that make the functional

equation

B &

- f(x,y(x), y(x + h)),h >0 (1.3)
with the initial condition

¥(%0)= v, (1.4)

has a unique solution.

In [3], W.R. Utz solved the equation
f'(x) = af(g(x)). (1.5)

In [4], D.R. Anderson proved the existence theorem for a solution of the

equation

f'(x)=F(x, f(g(x)). (1.6)



The second type of the functional differential equations is so called “ iterative
ordinary differential equation ” which has the classical form
y'(x)= G(x, y(x)y*(x)..., " (x)) (1.7)
where

¥ (x)=y(¥(x))
y ()= (> ()= »(() 1.8)

Y7 ()= (™).

For this differential equation, G. Barba [5] found the solution of the ordinary

differential equation

&) )= (). (1.9)

In [6], [7] and [8], A. Pelczar proved the existent and unique solution of the

equation
(ST D)) (1.10)
on the interval [0,a] with the initial condition '
NN (1.11)

And in [9], M. Podisuk proved the existent and unique solution of the ordinary

differential equation

%=f(x,y(x),yz(x),..-,y"'(x ) (1.12)
on the interval [0,a] with the initial condition
y0)=c . (113)

where y*(x) denotes the k” iteration of the (unknown) function y(x) and satisfies

(1.12) - (1.13). This work is the main interest of the author.

The third type of the functional differential equations is the mixed type of
the first type and the second type. The following equation is one of this type:

¥'(x)= Hx, (x), w(g () Hg((x)))- (1.14)

Such equation have been considered by V.P. Skripnik [10] and [11].



In this thesis, we shall prove the existence and uniqueness theorems for the
solution of the iterative differential equation
y(x)=y"(x) (1.15)
which is so call “simple iterative ordinary differential equation ” ,
on the interval [0,a] with the initial condition
Ho)=c (1.16)
where y*(x) denotes the k” iteration of the (unknown) function y(x) and satisfies
(1.15) - (1.16).

We shall group the simple iterative ordinary differential equations into three

types as follows :

The first type is the first order simple iterative ordinary differential equations

Y(x)=y"(x) (1.17)
on the interval [0,a] with the initial condition
H0)=c (1.18)

where a,c are positive real numbers,

m is a positive integer greater than 1 and

y* (x) denotes the k” iteration of the (unknown) function y(x) and satisfies
(1.17) -(1.18).

The second type is the system of the first order simple iterative ordinary

differential equations

e | »"E)
¥(x)= yz;(x) =|”2 :(x) =y"(x) (1.19)

v, kX) yn”;(X)

on the interval [0,a] with the initial conditions



=| 7 |=c (1.20)

%0)] L
where a,c, are positive real numbers for i=12,...,n,

m is a positive integer greater than 1 and

B4 ()/, (x))
y2(x)=y(x)=| (Vz (x)

¥, (7, (x))
7))

¥ ()= (2 () = YO ) = yz(yz(syz(x)))
72 (7, 0 )

» gl m‘_'l(x)%
y(x)= 3 x)=] § @) (1.21)
)

The third type is the higher order simple iterative ordinary differential equations

YoUx)=y"(x) (1.22)
on the interval [0, a] with the initial conditions
y0)=c,, y(O)=c,, ¥'(0)=c;,ce, Y(0)=c, (1.23)

such that we shall change to the system of the first order simple iterative ordinary

differential equations
[ y{(x) | —)’2(x)ﬂ
%0 | | 7s6)

o=l (1.24)
V()| | 2|
Ly | ()]

with the initial conditions



noO) [ »0) 7 [a
»(0)=|” 2:(0) = 7 '50) = cf - (1.25)
7,0) (0) ‘.
where a,c, are positive real numbers for i=12,...,n,
m is a positive integer greater than 1 and
nE) =)
7,(x) =y(x)=y()
:ys(x) =y,(x)=»"(x) (126

Poa(®) =0 () =" (x)
a(0)=y"(x)=y" ().

In Chapter 2, we shall determine the existence and uniqueness theorems for
the solutions of the first order simple iterative ordinary differential equations,
while the existence and uniqueness theorems for the solutions of the system of
the first order simple iterative ordinary differential equations and the higher
order simple iterative ordinary differential equations are determined in Chapter 3.

In Chapter 4, we shall find the solutions of some simple iterative ordinary
differential equations for all three types.

In Chapter 5, we shall look for a numerical method for solving the simple

iterative ordinary differential equations.



Chapter 2
First Order Simple Iterative Ordinary Differential

Equations

In this chapter , we shall discuss the uniqueness and existence theorems for

the solutions of the first order simple iterative ordinary differential equations

y'(x)=y"(x) @.1)
on the interval [0,a] with the initial condition
y0)=c 2.2)

where a,c are positive real numbers,

m is a positive integer greater than 1 and
2 (x)=y((x))
(9= ()= 260 2

v ()= s ).

By a solution of the initial value problem (2.1)-(2.2), we meana function
y(x) in class C'[0,a] satisfying (2.1) and (2.2) and its value also in [0,a]. Thus,

the initial value problem (2.1) - (2.2) is equivalent to the integral equation

y(x)=c+ Iy”' (t)dr  for xel0,a]. (2.4)

2.1 Uniqueness of solution

Let y(x) be a function in class C' map [0,a] to [0,a], that is
|y(x)] < a for all xe[0,4] (2.5)
and let
|y(x)-»(F)] < K|x-%| (2.6)

for all x,%e[0,a] and for some positive constant K



and let S =K"?+K" +..+K*+K+1 2.7
T =K"'+K"?+..+K*+K+1 (2.8)

then we have the following lemma.

Lemma 2.1.1. Let u(x) and v(x) be any functions in class C' map [O,a] to
[O,a] which satisfy the conditions (2.5) and (2.6). Then we have
[ ()7 (&) < K™ wl)+ K wol)) + K (1)) ..+ Ko™ () + ™ ()
where w(x)=|u(x)— x)|,
m is a positive integer greater than 1 and
u? (x) = u(u(x)) v (x)=v((x))
PRl E)=eb) PR R0

() = () )= ().

Proof. Let u(x) and v(x) be'any functions in class C' map [0,a] to [0,a] which
satisfy the conditions (2.5) and (2.6) and let w{x)=|u(x)~ v(x)].
We shall prove the assertion by induction.
() =v* ()] = |ululx)-v0()]
|(elx)) ~ () + ulvfx)) - v{o()
| ()= ub )]+ ul() -0 (x))|
Kl u(x)— v(x)| + w(v(x))
Kw(x) + w(v(x)).

AN IN AT

Assume that
[ ()" () < K™ wlx) + K wlo()) + K w2 (6)+ ..+ K[y (x))+ wlv™ ().
Let us consider
| () ()] = fule” ()0 ()
ulu () -y () + o (2)) -0 ()
ulu” ()~ ()] + () -0 ()
K|u()-v" ()] + wh ()
K"w(x)+ K" wv(x))+ K™ w(v2 (x))+ e

+K zw(v"'2 (x))+ Kw(v”'l (x))+ w(v" (x))

A A A I



This completes the proof of Lemma 2.1.1. . #

Remark 2.1.2. If u(x) and v(x) are functions which satisfy the conditions of
Lemma 2.1.1. Then it can be seen that w(v"'“’ (x))Sa where m is a positive

integer greater than 1.

Theorem 2.1.3. If aS, <e™®™" and y(x) satisfies the conditions of Lemma 2.1.1,

then there exists at most one solution of the initial value problem (2.1) - (2.2).

Proof. Let u(x) and v(x) be two solutions of the initial value problem (2.1) - (2.2).

Hence u(x)=c+ .[u'” (t) ar
0

and v(x)=c+ Jv"’ (t) at for x € [0,a].
0

Let w(x)=|u(x)—v(x)| then we have

2
=
N’
A 1]
Clm it O
R
R o
G N
| &
< !
E
ORI e T
N’ <
3
& =
"
XY

=
e

X

K™ [w(e)dt+ K™ | w(v(t)) dt+ K™ jw(v2 ()t +...

0 0

IA

X

+K I w(v”"2 (t))dt + jiw(v'""l (t))dt (2.9)

X

< K™ jw(t)dt+K'”'2 Jadt+K’”‘3 J{adt+...+KJ£adt+ Iadt.
0 0 0 0

0
. owlx) < K™ Iw(t)dt+a2(K“'z+K'"'3+---+K+1)
0
< K™ [wlt)dt +a’s,,. (2.10)
0

From (2.10) and well known theorems concerning the differential (integral)
inequalities , Gronwall — Reid - Bellman inequality , it follows that

wlx) < a®S,e*" < a’S,e*" . | (2.11)



From (2.9) and (2.11) it follows that
w(x) < K™ Iw(t) dt +ae™"" (as, )
0

< a(aSme”K"_l )2 :
By induction on n, it can be shown that
w(x) < a(aSme”Km_l)' , n=123....

*™ so aS e <1 and w(x) is upperly bounded by the

Since aS, <e”
sequence which tends to zero as n— o . Since w(x)z 0 ,it must be equal to

zero. This ends the proof of Theorem 2.1.3. #

Theorem 2.14. If aT, <1 and y(x) satisfies the conditions of Theorem 2.1.3 ,

then there exists at most one solution of the initial value problem (2.1) - (2.2).

Proof. Assume that u(x) and v(x) are two solutions of the initial value problem

(2.1)-(2.2) and let w(x)={u(x)-v(x)]
and Pzglkz)ii(]lu(x)—-v(x)l.

It follows from the proof of Theorem2.1.3 that

wie) < K7 [ul)der K72 o)+ K7 [l @)+

+K I w(v Q& (t))dt + J{w(v g (t))dt (2.12)

0

< k™ _)‘il’aft+K""2 det+K”’"3 IPdt+ ..,+KIPa’t+ IPdt.
0 0 0 0 0

w wx) < aP(K™ 4+ K"+ K™ 4o+ K +1)= PaT,. (2.13)
From (2.12) and (2.13) it follows that
w(x) < Pa’T,(K™ +K™? + K™ 4.+ K +1)= P(aT, ).
By induction on n, it can be shown that
wix) < P,y , n=123,...

Since a7, <1, P must be zero. This ends the proof of Theorem 2.1.4. #
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2.2 Existence of solution

Let us assume that

c+a’® < a (2.14)
and  a(K™ +K™? 4. +K+1) < 1 (2.15)
and let consider the following sequences :
Viaal®) = e+ [y ()ar 2.16.1),
0
Vaa®) = et [yit(, () (2.162)
0
Vopal®) = ot [yr2(2 () (2.163)
0
Vurn @) = et [ (1)) (2.16.m)
0

where n=0,1,2,... and
Y10 () Y20 ()., ¥,(x) are fixed functions of the class C' map [0,a] to

[0,a] such that
| 710 ()

Hence, we have the following theorem.

Poa @ o@] < @

>

Theorem 2.2.1. Let the assumptions of Theorem 2.1.3 , the conditions (2.14) and
(2.15) hold. Then the sequences (2.16.1) - (2.16.m) converge uniformly to the

(unique) solution y = y(x) of the initial value problem (2.1) - (2.2).

Proof. We put
Y

= max ()= 1, (0)]

Yo = max |y, (-2 ()]

mn

Y,, = m[(?.x] I Ymn (x)—ym,,,_1 (x)l where n=1,23,... .



1

It can be shown by induction » on that

Yl,n S I/VIn--IYI,l
Y2,n = WZn_] YZ,l
Ym,n < Wn':—l Ym,l
where W, =a—U—'-, W, = aU, ey W, = U, ,
I/1 V2 Vm

U=K""+K"+...+K+1 ,
U,=K"?+K"> +.. . +K+1 ,
Uy =K"? + K"+ +K+1

SIE

n=1

h=1,

V,=1-ak™" |,
,=1-aK™ —aKk™? |

o
Il

V,=1-aK™ —aK"? ~aK"> -, ~aK .

Since aT, <1 ,s0 W; <land W™ tends to zeroas n —»> for j=12,....,m.
Hence Y,, tends to zero as n—>o for j=12,...,m. This means that for
i=12,...,m, if .{y,.’"} (z)} is a subsequence of {y,.,,, (z)} tending uniformly to some
¥ (z) then y, (z) is a solution of the initial value problem (2.1) - (2.2). Since the
family {y,.,,,} is the Arzela-Ascoli family, thus for every subsequence {y,.,,,j }of {y,.’,,}
there exists a subsequence {y".'"/} uniformly convergent and the limit needs to be
a solution of the initial value problem (2.1) - (2.2). Thus , the sequence {y,. J,} tend
uniformly to the (unique) solution y = y(x) of the initial value problem (2.1) -
(2.2). This ends the proof of the Theorem 2.2.1. #

Remark 2.2.2. In (2.2),if ¢=0, then the solutions of the initial value problem
(2.1)- (2.2) are identically zero.
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2.3 Fixed-point method

In this section we shall use the classical method for proving the existence
and uniqueness theorem. We shall now apply fix-pointed techniques which are

somewhat and elegant.

Theorem 2.3.1. The initial value problem (2.1) - (2.2) has a unique solution defined
on the interval [0,a] if
i) y(x) is continuous on [0,a],
i)  |yx)|<a forall xe[0,q],
iii) | y(x)-y(F)|<K|x-%| forall x,% e[0,a] and
for some positive constant K and

iv) al, <1.

Proof. Let S denote the family of all continuous functions on the interval [0,a].
We define the norm of any function y in [0,a] as

y|. = sup | ¥(x)].

I, = sup )
It can be seen that, with this norm, S is a Banach space.

Define the set S(p) as

S(p)=t{yes/|y]s=<p}
and the operator 7' by

(TyXx)=c+ J{y"' (t)dt for ye S(p) and x e [O, al

where p=c+a’.

Then, we have

())] < e+ [|y"0)]a

and hence, ||, < c+a’=p.

Thus, 7:S(p)— S(p).
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Further, for u,ve S(p) , we have

| (Tu)x)- (Tv)(x)| <

IA

|| Tu-Tv ||s

IA

Since a7, <1

Mapping Principle ,

x

[lum@)=v"()]|ae

0

< K™ I[ (1)- t)ldt+K'"2Hu(v —v(v(t))|dr +

X

K ” u(v2 (t))— v(v2 (t))l dt+..+K 6” u(v""2 (t))—- v(v"’"2 (t))| dt
+H(”” ”"t))|dt

ak™ l"u v||s +ak™ 2||u—v"S +aK’"“3"u—v"S +
+aK"u_v"s +a"u—vlls

a"u—v"S(K’"“' K KO KR +...+K+l)
aTm“u—v”S.

,s0 T is a contraction on S(p). By the Banach Contraction

we have a unique fixed point. This means that u =v, which

ends the proof of Theorem 2.3.1. J [ #



Chapter 3
System of The First Order Simple Iterative Ordinary
Differential Equations and Higher Order Simple

Iterative Ordinary Differential Equations

In this chapter , we shall discuss the uniqueness and existence theorems for the
solutions of the system of the first order simple iterative ordinary differential

equations and higher order simple iterative ordinary differential equations.

3.1 System of the first order simple iterative ordinary differential

equations

We shall consider the equations

y@E)] [yr)
y()=| 28 B e

(3.1
»a®)] ()
on the interval [0,a] with the initial conditions
hg (O) ¢

(0) J’z(O) c‘z —c (32)

Y (0) c,
where a,c; are positive real numbers for i =1,2,---,n,

m is a positive integer greater than 1 and

7063
V@)= rtota)=| 20
270, )
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#001(5)
76567656066 -| 20 )
1.6,6,6)

" (x)= y(ym—l (x)): Y2 (y;" - (x)) (3.3)

and y, :[O,a]—)[O,a] for i=12,---,n.
By a solution of the initial value problem (3.1) - (3.2), we mean a function
y(x) which is continuous differentiable function and satisfying (3.1) and (3.2) in

the interval [O,a]. Thus, the initial value problem (3.1) - (3.2) is equivalent to the
integral equation

y(x)=c+ jy"' ()a:  for xef0,d] (3.4)
0
or yi(x)=c, + _[y,f"(t) a , i=12,---,n. (3.5)
0
3.1.1 Uniqueness of solution

Let "" be the absolute value norm, let y(x) be a continuous differentiable

function on the interval [0,a] and let

|»,(x)] < a , i=12..,n forall xe[0,q] (3.6)
which implies that
|»(x)] < na = N (3.7)
and let
|y.(x)-»,&)| < K|x-%| (3.8)

for all x,xe [O,a] and for some positive constant X, , i=12,...,n.

If welet K= K,, then we have

i=1

|9,()-» )| < K|x-%| for i=12,-,n (3.9)
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Now, let
S =K"2+K"? +.. . +K*+K+1 (3.10)
T, =K' +K"*+.. . +K*+K+1 (3.11)

then we have the following theorems.

Theorem 3.1.1.1. If aS, <e™®" and y(x) satisfies the conditions (3.6) — (3.9),

then there exists at most one solution of the initial value problem (3.1) - (3.2).

Proof. Let u(x) and v(x) be two solutions of the initial value problem (3.1) - (3.2).

Then ulx)=c+ jfu'” (r) dr for all x € [0,a]
0
or u,(x)=c, + jiu,.'"(t)dt ; i=12,...,n
0
and v(x)=c+ fv"’ (t) at for all x €[0,4] _
0
or v(x)=c, + J{v,'"(t)dt , e N, W7
0

Let w(x) = " u(x)— v(x) "
= ()= ()] + 13 () =y ()] + [, () =, ()
= 3 o) )]

Thus, we have

X

W) = 3| Jur@a- [vr@)ar

i=l 0

A

i flu}"(t)—v,’"(t)l dt

i=l ¢

IA

K3 [l @)= @+ K723 [ 6) -6, 6)]de +

i=l ¢ i=l ¢

173 [l s 61+ K3: flubr )b O

i=l ¢

o3 Jlubr )b )

i=l ¢



* w : '
FMENANTN MazvNMITAnIt "

IA

K™ )= vOde+ K™ [JaGO)-v(o)]de+
K j" u(v2 (t))—- v(v2 (t))“ dt+..+K j" u(v”"2 (t))— v(v""2 (t))” dt
+ [l @)~ @)t (3.12)

IA

K™ jw(t)dt+K'”'2 Ith+ Km det+... +K deH det.
0 0 0 0 0
. ow(x) = k™ jfw(t)dt+aN(K""2+K”"3+---+K+1)
0

< K™ [w(t)dt+aNs,. (3.13)
0

From (3.13) and well known theorems concerning the differential (integral)
inequalities , Gronwall — Reid — Bellman inequality , it follows that
w(x) < aNS,e™" < aNS,e*" . (3.14)
From (3.12) and (3.14) it follows that

w(x)

IA

K" [w(e)dt + Ne"" (aS,, )
0

< N(aSme"KH)z.
By induction on 7, it can be shown that
w(x) < N(aSme“KM)' s &2 o~
Since aS,, <e™ ™™, s0 aSme"Km-’ <1 and w(x) is upperly bounded by the
sequence with tends to zero as n— o . Since w(x)>0 ,it must be equal to zero.

This ends the proof of Theorem 3.1.1.1. #

Theorem 3.1.1.2. If aT, <1 and y(x) satisfies the condition of Theorem 3.1.1.1,

then there exists at most one solution of the initial value problem (3.1) - (3.2).

Proof. Assume that u(x) and v(x) are two solutions of the initial value problem

(3.1)-(3.2) and let w(x)= I u(x)—v(x) I
and P = max [ux)-v(x)|.

34965
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It follows from the proof of Theorem 3.1.1.1 that
o) = K" )5 K7 flubl)-60)le
S K of|| ul? )2 Q)]+ ...+ K j" ™2 ()= v () e
+ flub )b 0 619
< K’"“det+K’”"2det+K""3det+...+Kdet+det.

2w wx) < aP(K™' + K"+ K" 4+ K +1)=PdT,. (3.16)
From (3.15) and (3.16) it follows that
w(x) < PaT, (K™ + K"+ K" 4ot K +1)= P(aT, ).
By induction on » , it can be shown that

w(x) < PlT,) , n=123,....

Since al;, <1, P must be zero, which ends the proof of Theorem 3.1.1.2. #
3.1.2 Existence of solution

Let us assume that

c,+a’ £ a , i=12,-n (3.17)
and  alK™ + K" 4w KH1) < 1 (3.18)
and let consider the following sequences :
Vian(®) = o+ [yn (@) (3.19.1)
0
V@) = et [y vy O)at (3.19.2)
0
V@) = et [yr2(2 (O)ar (3.19.3)
0
ym,n+l(x) = ¢+ _[ym,n (y:’:l (t))dt (319-m)
0

where n=0,12,... and
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Yio (x), Va0 (x)-., Vno (x) are fixed functions of the class C' map [O,a] to
[0,a]" such that

[ 7o)

Hence, we have the following theorem.

Yaa @[] < M.

>

Theorem 3.1.2.1. Let the assumptions of Theorem 3.1.1.1 , the conditions (3.17)
and (3.18) hold. Then the sequences (3.19.1) - (3.19.m) converge uniformly to the
(unique) solution y = y(x) of the initial value problem (3.1) - (3.2).

Proof. We put
Yoo = ot 5,000 ()]
Yo = i&&ﬁ Il yz,n(x)—)’2,n—1(x)“

vl g{oai(] " Yn (x)— Qs (x)“ where n=123,... .

It can be shown by induction on » that

Y, S Y
}/‘2’" '<‘ WZn—]‘YZ,l
Ym,n < WI:“IYm,l
where W, =f_g’_, W, = Gt N, HLE au, ,
171 V2 Vm

U=K""+K"™?+.. . +K+1 ,
U,=K"?+K"> +.. +K+1 ,
U, =K"?+K™* +...+K+1 ,

U, =1,

n=1,
V,=1—akK™"

V,=1-ak™' —ak™?

V,=1-ak™' —aK"? —aK"? -...—aK .
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Since a7, <1 ,so W, <1 and Wj""1 tends to zeroas n—>co for j=1,2,....m.
Hence YM tends to zero as n—>ow for j=12,...,m. This means that for
i=12,....m, if {y,.’,,j (z)} is a subsequence of {y,.’" (z)} tending uniformly to some
y,(z) then 3,(z) is a solution of the initial value problem (3.1), (3.2). Since the
family {y,,,,} is the Arzela-Ascoli family, thus for every subsequence {y,. ” }of {y, J,}
there exists a subsequence {y,.,mj } uniformly convergent and the limit needs to be a
solution of the initial value problem (3.1) - (3.2). Thus, the sequence {y, m} tend
uniformly to the (unique) solution y = y(x) of the initial value problem (3.1) - (3.2).

This ends the proof of the Theorem 3.1.2.1. ' #
3.2 Higher order simple iterative ordinary differential equations

We shall consider the equations

y)=y"(x) (3.20)
on the interval [0,a] with the initial conditions
¥0)=c,, y(0)=c, , y"(0)=c; ,..., y*(0)=c, (3.21)

where a,c; are positive real numbers for i=12,...,n ,

m is a positive integer greater than 1 and
2 ()= y((x))
7 E)=5p )= 5o0() .

v ()=l (2).
If we let
7 )= x)
Y2 (x) = yl, (x)
¥s (x)=»5(x) (3.23)

ya(6) = ¥ ()

then we have the following system of the first order simple iterative ordinary

differential equations
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y,'(x)zyz(x) > y1(0)=cl
.y;(x)zys(x) ) J’2(0)=c2

y:r—l(x)z:yn(x) > yn—l(o)zcn—l
m)=y"(x) . »,0)=c,.
Thus, the Theorem 3.1.1.1, Theorem 3.1.1.2 and Theorem 3.1.2.1 can be

(3.24)

applied to the system (3.24).



Chapter 4
Some Examples of The Simple Iterative Ordinary

Differentiél Equations

In this chapter,, we shall find the solutions of some equations of the simple

iterative ordinary differential equations.

Example 4.1. Find the solution on the interval [O,—lz—:l of the equation

y'(x)=y* ()= y((x)) | @)

with the initial condition
¥(0)=0.25. 4.2)

Let y,(x)=0.25 then by the equation (2.16.1), we get

y{x) = 025+ fyo(yo(t))dt = 0.25+(0.25)x

y.(x) = 025+ [3(n()dr = 025+(0.3125)x +(0.03125)’
0

3 = 025+ [0 ()er

= 025+(3.30078x107 )x+(5.12695x 1072 )x? +(4.435221x 107 )x*
+(1.52587x107 )x* +(6.10351x107¢ )x*

y&) = 025+ [r,0 ()t

= 025+(3.36086x107 )x+(5.92627x102)x? +(8.369x10 )°
+(1.03805x10)x* + (1.65254x10™* )x* +(5.13064x 107 )x*
+(2.27891x107 )x” + (1.11981x 107 )x* +(5 64832107 )x°
+(2.88698x107)x'® +(1.49034 107 )x** +(6.62681x107 )"
+(1.75158x107 )5 +(6.74152 107 )x™ +(3.35821x 107 )x'*
+(1.77152x107%)x' + (8.02786 %107 )x'7 +(2.12115%10 )"
+(8.02153x107° )x +(3.93583x 107 )™ +(2.04969x 1071° )
+(8.59010x10™" )x? +(1.12052x 107" )x™ + (8.48685x 1071 )x*
+(2.81777x107 )} +(1.01015x 107 )%,
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We may use y, (x) as the polynomial approximation to the solution of the

initial value problem (4.1)-(4.2). #

Example 4.2. Find the solution on the interval I:O,%] of the equation

Y()=y(x)=y00k) 43)

with the initial condition
y(0)=02 . (4.4)
Let y,(x)=02 then by the equation (2.16.1), we get

n@) = 02+ [l

= 02+(0.2)x

3l = 02+ [y oh@))ar

= 0.2+(0.248)x +(0.004)x*

() = 02+ 300N

= 02+(2.62190x10™ )x+(7.73754x10 )x? +(1.08809x107* )’
+(6.50056x107 Je* +(5.22482x 107 )x°* + (1.84497 x 107" )x®
+(1.27008510% )x” + (5.07904 10 )x® + (1.82044 x 1071% )x” .

We may use y, (x) as the polynomial approximation to the solution of the

initial value problem (4.3) - (4.4). #

Example 4.3. Find the solution on the interval [0,%] of the equation

()= (x)=yHOE)) (4.5)
with the initial condition
y(0)=0.25 . (4.6)
Let y,(x)=025 then by the equation (2.16.1), we get
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) = 025+ [0

= 0.25+(0.25)x

y(x) = 025+ _[Jﬁ()’](yl ¥ (e))ar

)
- 0.25+(3.32031x10"1)x+(1 95312x107 )x?

3 = 025+ [, 020 ())e

= 0.25+(3.70059x107 )x +(6.14468 10 )x? +(3.56125x 107 )°
+(1.12804x107 )x* +(4.09421x107° ) +(1.02371x10712 )x*
+(3.33276x10"% )x” + (8.54887x107%% )x® + (2.206 10 )x°
+(5.17225x102)x™ + (1.36131x10% )x" +(3.08724x 1072 )
+(6.39176x107 )x + (113262107 )™ +(1.77301x 107 )

We may use y, (x) as the polynomial approximation to the solution of the

initial value problem (4.5)— (4.6). #

Example 4.4. Find the solution on the interval [O,%:l of the equation

n@=y»k)  ¥0)=025 @7
%0)=x0,6) ,  ¥0)=02. 48)
Let y, (x)=0.25 and Va0 (x)=02".

Then by the equation (3.19.1),we get
yulx) = 025+(0.25)x
Yo (x) = 0.2+(0.2)x

ya(x) = 025+(03125)x+(0.03125)x?
Yoa(x) = 02+(024)x+(0.02)x1

0.25+(3.30078x10™ )x + (5.12695x 102 )x? + (4.43522x 107 )x*
+(1.52587x10 )x* +(6.10351x10 )x°

Yos(0) = 02+(2488x10™ )x+(2976x107)x? +(2.03733x107 )2’
+(4.8x107 )x* + (1.6x10 )x*

i3 (x)
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7)) = 025+(3.36086x107 )x +(5.92627x107 )x* +(8.369x10 )x*
+(1.03805%107 )x* +(1.65254x10™ )x° +(5.13064x 10~ )x®
+(2.27891x107 )x” +(1.11981x107 )x* +(5.64832x 107 )’
+(2.88698 107 )x™ + (1.49034x107 )x'" +(6.62681x 107" )x"
+(1.75158x107 )™ +(6.74152x 107 )x™ + (335821107 )x*
+(1.77152x107%)x'® +(8.02786x107° )7 +(2.12115x10 )"
+(8.02153x107° )%™ +(3.93583x107° )x* +(2.04969x107° )™
+(8.59010x10™" )x? + (1.12052x10™" )x® +(8.48685x 107 )x*
+(2.81777%107 )x* +(1.01015x 107 )x*

aa(6) = 02+(2.51051x107 )x+(3.25722x107 )x? +(3.29223x 10 )’
+(2.76651x107 )x* +(2.52334x107% ) +(4.72305x 107 )x°
+(1.42397x107)x” +(5.03046 1077 )x* + (1.84082 107 )x°
+(6.83323%107 )" + (2.56258 107 )x! +(8.3797x10 )«
+(1.38547x107 )" +(3.31057x 1070 )x™ + (1.14845x107° )"
+(4.41662x107 )5 +(1.49258 107" )x'7 + (2.68385x 10712 )x'®
+(6.8457x107 )" +(2.40016x 107 )x™ +(0.16573 x 1071 )™

(2.93793x107)x? +(2.93889x 107 )x® 4 (1:73655x 107 Jx*

(3.99939x 10" )x?* + (1.18396 1077 )x™.

+ o+

We may use y, (x) and Vo (x) as the polynomial approximation to the

solution of the initial value problem (4.7) - (4.8). #

Example 4.5. Find the solutionon the interval [O,%] of the equation

y"(x)=y((x)) (4.9)

with the initial conditions

y(0)=025 , »'(0)=025. (4.10)

Let J’I(x)=.)’(x) and
y()=yi{x).
Thus, we have the following system of the first order simple iterative ordinary

differential equations



y{(x)= Y2 (x)

¥ ()= 20())

with the initial conditions
y»(0)=025 ,  ,(0)=025.
- Let ,,(x)=025 and

¥20(x)=025.

Then by the equation (3.19.1) we get

Y1 (x) = 025+ Iyz,o(t) dt
0

= 0.25+(0.25)x

Y (x) = 025+ IyLo ()’1,0 (t)) dt

= 0.25+(0.25)x

}’1,z(x) = O.25+Iy2’](t)dt
0

= 0.25+(0.25)x +(0.125)x

J’z,z(x) = 025+ jyl,x(.)’m(t))dt

= 0.25+(0.3125)x +(0.03125)x

J’1,3(x) = 025+ JY2,2(t)dt
0
= 0.25+(0.25)x+(0.15625)x* + (1.04166x102 )*
J’2,3(x) = 025+ jJ’x,z(yl,z(t))dt
0

= 0.25+(3.20312x107 )x +(3.90625x107? )x* + (1.5625x 107 )’
= +(1.95312x107 )x* +(3.90625x 10 )x*

26



Y14 (x) 025+ _[J’2,3 (t)dt
0

= 0.25+(0.25)x+(1.60156x10™ )x* +(1.30208x 1072 )
= (3.90625x10 )x* +(3.90625x 107 )x* +(6.51041x 107 )x*

Va4 (x) = 025+ ths ()’1,3 (t))dt

= 0.25+(1.05794x102 )x +(1.07065x 107 )x* + (8.18358x 10 )x*
= +(3.82242x107 )x* +(1.25025x 107 )x* +(2.55806 x 107 )

= +(9.79356x107 )x” +(4.30497x107° )x® + (1.27952x10™* )x°

= +(6.96453x1077 )x".
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We may use y,, (x) as the polynomial approximation to the solution of the

initial value problem (4.9) - (4.10).

#



Chapter 5
A Survey of Numerical Method for Solving The Simple

Iterative Ordinary Differential Equations

In this chapter, we shall look for a numerical method for solving the simple

_ iterative ordinary differential equations

y()=y") (5.1)
on the interval [0,a] with the initial condition
y(0)=c. . (52)

5.1 First Method

We shall begin by partitioning the interval [0,a] into n equally subintervals,
that is P T AN xd e aaaas vy <=8
Choose any k<7 and a polynomial 7, (x) which will approximate y(x) at
the points x,,x;,%,,...,%, so that
P,c,o(x)= a, +ax+a,x* +..+ax"
where i (x0)=c.
Find the approximated values of y(x) at the points x,,x,,...,x, by the

integral equation

y(x,)=c+ j Pr()dr ,i=12,..,k. (5.3)

Xo

Then use these values to find the polynomial P, (x) by Newton’s Divided-
Difference Interpolation. Let £, (x) is of the form
P (x)=by +bx+b,x* +.. . +bx*.
Let E=|b0 —-a, |+|bl —-aq |+...+|bk -a, ]

If E<¢& where £ is any small positive real number that we have chosen
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ahead of time or the number of iterations reach M where M is any large positive

integer that we have chosen ahead of time then we shall use the values

T, =c+ f P (t)ar (5.4)
*o

as the approximated value for y(xl). If not, we shall let g, =b, ,i=0,12...,k
and repeat the algorithm until it is satisfied.
Again choose any 7, (x) which will approximate y(x) at the points x,,x,,
veesXps Xy, SO that
P,,’o(x)= a, +ax +a,x* +...+a,x*
where Py (x,)=T,.
Find the approximated values of y(x) at the points Xy5X3,...,X;,%,,, by the

integral equation

y(x)=T+ J.IPk’f'o(t)dt L i=23,.,k+1 . (5.5)

Then again use these values to find the polynomiai P (x) b); Newton’s
Divided-Difference Interpolation. Do the same method as before then we get 7, to
approximated value for y(x, ). Continue the algorithm until we have had the other
points which are less than £ points and then we use Newton’s Divided-Difference
Interpolation to find 7, (x), Py 5= P, (x). Thus , we shall have 1,,7,,...,T,

as the approximated values of y(x) at the points x,,x,,...,x, respectively.

5.2 Second Method

This method is the same idea as the first method but instead of using only
one value each step we shall use all & wvalues , that is we shall use the
formula (5.4) to find 7,,7,,...,7, as the approximated values of y(x) at the

points x,,X,,...,x, by the formula

T, =c+ ka';(r)dr Li=12,.. k. _ (5.6)
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Then use 7, as the initial value of y(x) at x,, that is we shall use the
formula (5.5) to find the approximated values of y(x) at the points x,,;,%;,,,...»

X515 Xy Dy the integral equation

y(x)=T, + .fpk'fo(t)dt Ji=k+Lk+2,...2k. (5.7)

X

Continue the process as the first method.

5.3 Third Method

We shall begin by partitioning the interval [O, a] into n equally subintervals,
that is P : x;=0<x <x,<...<x,,<Xx,=a.
Choose any k<n and a polynomial P, (x) which will approximate y(x) at
the points x,,X,,%,,...,%, so that
Py (x)= a, +a,x +a,x’ +otax”
where B, Sy,
Find the approximated values of y(x) at the points x,,x,,...,x, by the

fourth Runge- Kutta formula for i=0,12...,k~-1,

1
y(x,+,)= y(x,.)+—6—h(k1 +2k, + 2k, + k4) (5.8)
where
h .~ xn B xO
n
k, = Py (x,)
1= Lho . (5.9)
ky=k; = Pk':'o(xi +5)

ko =Pl (x; +h).
Then use these values to find the polynomial P, (x) by Newton’s Divided-
Difference Interpolation. Let P, (x) is of the form
P (x)=by +bx+b,x* +...+bx*.

Let E=lb0 —a0|+|b, —a1[+...+|bk —-a, |
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If E<¢& where & is any small positive real number that we have chosen
ahead of time or the number of iterations reach M where M is any large positive

integer that we have chosen ahead of time then we shall use the values

T, :y(x0)+—;—h(k, +2k, + 2k, +k,) (5.10)
where
h = xn _xO
n
k) =Pl:‘l(x0)
) (5.11)
kz =k3 =P,"f',(xo +—2‘)

k, = B\ (x, +h).

as the approximated value for y(x,). If not, we shall let a,=b, ,i=012...,k
and repeat the algorithm until it is satisfied.

Again choose any £, (x) which will approximate y(x) at the points x,x,,
vees X5 Xy, SO that

Pk’o(x)= a, +ax+a,x’ +..+ax

where Pk’o(x1)=Tl.

Find the approximated values of y(x) at the points x,,x,,...,%,,x,,, by the

fourth Runge-Kutta formula for i=12,...,k,

1
y(xi+l)=y(xi)+gh(kl +2k, + 2k, +k4) (5.12)
where
h = xn _xO
n
k, = P (x;
L= Py (x) 51

k,=ky= R(f},(x,. +g)

k= Bl (x, +h)
Then again use these values to find the polynomial P, (x) by Newton’s
Divided-Difference Interpolation. Do the same method as before then we get T, to
approximated value for y(xz). Continue the algorithm until we have had the other

points which are less than k points and then we use Newton’s Divided-Difference
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Interpolation to find £, (x), P, 5, (x),.... P, (x). Thus , we shall have T},T;,...,T,

as the approximated values of ¥(x) at the points x,,x,,...,x, respectively.

5.4 Fourth Method

This method is the same idea as the third method but instead of using only
one value each step we shall use all k& values, that is we shall use the
formula (5.10) and (5.11) to find 7,7,,...,7, as the approximated values of y(x)
at x,,X,,...,x; by the fourth Runge-Kutta formula for i=0,,2,....k-1,

1
y(xm)= y(xl)+gh(kl +2k, + 2k, +k4) (5.13)
where
h= X, —Xp
n
k. =B\ (xi)

> (5.14)
k, =k, = Pk':'l(x, +5)
k, =Pk'f'1(x,. +h)

Then wuse 7, as the initial value of y(x) at x,, that is we shall use the

formula (5.12) and (5.13) to find the approximated values of y(x) at the points

Xis1sXpazse-» Xop1» X DY the fourth Runge-Kutta formula for i=k,k+1,...,2k-1,

1
y(x, )= p(x)+ gh(k, +2k, + 2k, + k,) (5.16)
where
h —_ xn - xO
n
k, = Pk’:’() (x/)
” h
b=y =545
k, =Pl (x, +h). (5.17)

Continue the process as the third method.
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5.5 Examples

Example 5.5.1. We shall use the method mentioned above to solve the problem

y'(x)=y((x) (5.18)

y(0)=025 , OSxS%. (5.19)
First, divide the interval I:O,—;—} into 8 equally subintervals. So we have nine

points, they are 0, 0.0625, 0.125, 0.1875,.0.25, 0.3125, 0.375, 0.4375 and 0.5.

We shall use k=1, k=2 and k=3, that is we use

P, (x) =0y T ax (5.20)
P, (x)=a, +ax+a,x (5.21)
‘PS,i(x)=a0 +a1x+a2x2 +a;x’ (5.22)

and £=10""" and M =200.

The results of the first method are in the Table 5.1, Table 5.2 and Table 5.3
respectively. The results of the second method are in the Table 5.4 and Table 5.5
for (5.21) and (5.22) since the result of (5.20) will be the same as the first
method. The results of the third method are in the Table 5.6, Table 5.7 and
Table 5.8 respectively. The results of the fourth method are in the Table 5.9 and
Table 5.10 for (5.21) and (5.22) since the result of (5.20) will be the same as
the third method.



Table 5.1 The result, Example 5.5.1, of the first method (k=1)
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X

approximated value

y,(x) (Example 4.1)

absolute error

0.0000 0.2500000000 0.2500000000 0.0000000000
0.0625 0.2711310131 0.2712389291 0.0001079160
0.1250 0.2928419612 0.2929533341 0.0001113729
0.1875 0.3151347295 0.3151560698 0.0000213403
0.2500 0.3380123167 0.3378604148 0.0001519020
0.3125 0.3614787595 0.3610800974 0.0003986621
0.3750 0.3855390758 0.3848293263 0.0007097494
0.4375 0.4101992247 0.4091228263 0.0010763984
0.5000 0.4354660785 0.4339758805 0.0014901979

The Correlation Coefficient between approximated value and y,(x) is 0.999994127.

Table 5.2 The result , Example 5.5.1 , of the first method UirT)

X

approximated value

¥, (x) (Example 4.1)

absolute error

0.0000 0.2500000000 0.2500000000 0.0000000000
0.0625 0.2714170935 0.2712389291 0.0001781643
0.1250 0.2933467486 0.2929533341 0.0003934145
0.1875 0.3158039238 0.3151560698 0.0006478540
0.2500 0.3388048448 0.3378604148 0.0009444301
0.3125 0.3623669873 0.3610800974 0.0012868899
0.3750 0.3865090818 0.3848293263 0.0016797555
0.4375 0.4112511363 0.4091228263 0.0021283100
0.5000 0.4366102267 0.4339758805 0.0026343462

The Correlation Coefficient between approximated value and y,(x) is 0.999998172.
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Table 5.3 The result, Example 5.5.1, of the first method (k=3)
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X

approximated value

¥, (x) (Example 4.1)

absolute error

0.0000 0.2500000000 0.2500000000 0.0000000000
0.0625 0.2714253748 0.2712389291 0.0001864457
0.1250 0.2933597522 0.2929533341 0.0004064181
0.1875 0.3158196505 0.3151560698 0.0006635807
0.2500 0.3388224061 0.3378604148 0.0009619913
O.é 125 0.3623862065 0.3610800974 0.0013061091
0.3750 0.3865301310 0.3848293263 0.0017008047
0.4375 0.4112740883 0.4091228263 0.0021512620
0.5000 0.4366351935 0.4339758805 0.0026593130

The Correlation Coefficient between approximated value and y,(x) 1s 0.999998235.

Table 5.4 The result, Example 5.5.1 , of the second method (k=2)

X

approximated value

¥, (x) (Example 4.1)

absolute error

0.0000 0.2500000000 0.2500000000 0.0000000000
0.0625 0.2714170935 0.2712389291 0.0001781643
0.1250 0.2933404828 0.2929533341 0.0003871488
0.1875 0.3157969825 0.3151560698 0.0006409128
0.2500 0.3387953235 0.3378604148 0.0009349087
0.3125 0.3623565340 0.3610800974 0.0012764366
0.3750 0.3864976897 0.3848293263 0.0016683633
0.4375 0.4112387143 0.4091228263 0.0021158880
0.5000 0.4366008210 0.4339758805 0.0026249404

The Correlation Coefficient between approximated value and y,(x) is 0.999998111
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---------- approximated value , ———— y,(x) (Example 4.1)
Figure 5.3 Graph of Table 5.3
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---------- approximated value , —— y,(x) (Example 4.1)

Figure 5.4 Graph of Table 5.4



Table 5.5 The result, Example 5.5.1, of the second method (k£ =3)
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X

approximated value

¥, (x) (Example 4.1)

absolute error

0.0000 0.2500000000 0.2500000000 0.0000000000
0.0625 0.2714253748 0.2712389291 0.0001864457
0.1250 0.2933595802 0.2929533341 0.0004062461
0.1875 0.3158191722 0.3151560698 0.0006631025
0.2500 0.3388218788 0.3378604148 0.0009614641
0.3125 0.3623856305 0.3610800974 0.0013055332
0.3750 0.3865295006 0.3848293263 0.0017001742
0.4375 0.4112734009 0.4091228263 0.0021505745
0.5000 0.4366385373 0.4339758805 0.0026626568

The Correlation Coefficient between approximated value and y,(x) is 0.999998209.

Table 5.6 The result, Example 5.5.1 , of the third method (k=1)

X

approximated value

¥, (x) (Example 4.1)

absolute error

0.0000 0.2500000000 0.2500000000 0.0000000000
0.0625 0.2711310131 0.2712389291 0.0001079160
0.1250 0.2928419612 0.2929533341 0.0001113729
0.1875 0.3151347295 0.3151560698 0.0000213403
0.2500 0.3380123167 0.3378604148 0.0001519020
0.3125 0.3614787595 0.3610800974 0.0003986621
0.3750 0.3855390758 0.3848293263 0.0007097494
0.4375 0.4101992247 0.4091228263 0.0010763984
0.5000 0.4354660785 0.4339758805 0.0014901979

The Correlation Coefficient between approximated value and y,(x) is 0.999994127.
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Figure 5.5 Graph of Table 5.5
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Figure 5.6 Graph of Table 5.6



Table 5.7 The result, Example 5.5.1 , of the third method (£ =2)

43

X approximated value | y,(x)(Example4.1) absolute error
0.0000 0.2500000000 0.2500000000 0.0000000000
0.0625 0.2714170935 0.2712389291 0.0001781643
0.1250 0.2933467486 0.2929533341 0.0003934145
0.1875 0.3158039238 0.3151560698 0.0006478541
0.2500 0.3388048448 0.3378604148 0.0009444301
0.3125 0.3623669873 0.3610800974 0.0012868899
0.3750 0.3865090819 0.3848293263 0.0016797555
0.4375 0.4112511363 0.4091228263 0.0021283100
0.5000 0.4366102268 0.4339758805 0.0026343462

The Correlation Coefficient between approximated value and y,(x) is 0.999998172.

Table 5.8 The result of , Example 5.5.1, the third method (k=3)

X

approximated value

¥, (x) (Example 4.1)

absolute error

0.0000 0.2500000000 0.2500000000 0.0000000000
0.0625 0.2714253748 0.2712389291 0.0001864457
0.1250 0.2933597522 0.2929533341 0.000406418?
0.1875 0.3158196505 0.3151560698 0.0006635808
0.2500 0.3388224061 0.3378604148 0.0009619914
0.3125 0.3623862066 0.3610800974 0.0013061092
0.3750 0.3865301311 0.3848293263 0.0017008048
0.4375 0.4112740884 0.4091228263 0.0021512621
0.5000 0.4366351937 0.4339758805 0.0026593131

The Correlation Coefficient between approximated value and y,(x) is 0.999998235.
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Figure 5.7 Graph of Table 5.7
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---------- approximated value , ———— y,(x) (Example 4.1)

Figure 5.8 Graph of Table 5.8



Table 5.9 The result of , Example 5.5.1, the fourth method (k=2)
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X

approximated value

¥, (x) (Example 4.1)

absolute error

0.0000 0.2500000000 0.2500000000 0.0000000000
0.0625 0.2714170935 0.2712389291 0.0001781643
0.1250 0.2933404828 0.2929533341 0.0003871488
0.1875 0.3157969825 0.3151560698 0.0006409128
0.2500 0.3387953235 0.3378604148 0.0009349087
0.3125 0.3623565340 0.3610800974 0.0012764366
0.3750 0.3864976897 0.3848293263 0.0016683633
0.4375 0.4112387144 0.4091228263 0.0021158881
0.5000 0.4366008210 0.4339758805 0.0026249405

The Correlation Coefficient between approximated value and y,(x) is 0.999998111.

Table 5.10 The result of , Example 5.5.1 , the fourth method (k =3)

absolute error

X approximated value | y,(x)(Example4.1)
0.0000 0.2500000000 0.2500000000 0.0000000000
0.0625 0.2714253748 0.2712389291 0.0001864457
0.1250 0.2933595802 0.2929533341 0.0004062462
0.1875 0.3158191723 0.3151560698 0.0006631025
0.2500 0.3388218789 0.3378604148 0.0009614641
0.3125 0.3623856306 0.3610800974 0.0013055332
0.3750 0.3865295007 0.3848293263 0.0017001743
0.4375 0.4112734010 0.4091228263 0.0021505747
0.5000 0.4366385374 0.4339758805 0.0026626569

The Correlation Coefficient between approximated value and y,(x) is 0.999998209.
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Figure 5.10 Graph of Table 5.10
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Example 5.5.2. We shall use the method mentioned above to solve the problem

y'(x) =y (»(x)) (5.23)

1
y(0)=02 , 0<x< 5 (5.24)
First, divide the interval [0,%] into 8 equally subintervals. So we have nine

points, they are 0, 0.0625, 0.125, 0.1875, 0.25, 0.3125, 0.375, 0.4375 and 0.5.
We shall use k=1, k=2 and k=3, that is we use

P, (x)=a,+ax ) (5.25)
Py, (x)=a, + ayx+a,x’ (5.26)
Py (x)=a, + ax + a,x* +a,x> (5.27)

and £=10"" and M =200.

The results of the first method are in the Table 5.11, Table 5.12 and Table
5.13 respectively. The results of the second method are in the Table 5.14 and
Table 5.15 for (5.26) and (5.27) since the result of (5.25) will be the same as
the first method. The results of the third method are in the Table 5.16, Table
5.17 and Table 5.18 respectively. The results of the fourth method are in the
Table 5.19 and Table 5.20 for (5.26) and (5.27) since the result of (5.25) will

be the same as the third method.



Table 5.11 The result, Example 5.5.2, of the first method (k£ =1)
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X approximated value | y,(x)(Example 4.2) absolute error
0.0000 0.2000000000 0.2000000000 0.0000000000
0.0625 0.2168016057 0.2164171263 0.0003844794
0.1250 0.2337036355 0.2328948617 0.0008087738
0.1875 0.2506992593 0.2494333659 0.0012658934
0.2500 0.2677826091 0.2660327989 0.0017498101
0.3125 0.2849485847 0.2826933209 0.0022552637
0.3750 0.3021927099 0.2994150924 0.0027776174
0.4375 0.3195110219 0.3161982741 0.0033127478
0.5000 0.3368999860 0.3330430269 0.0038569591

The Correlation Coefficient between approximated value and ¥5(x) 15 0.999999044.

Table 5.12 The result , Example 5.5.2 , of the first method (k=2)

X approximated value ¥, (x) (Example 4.2) absolute error
0.0000 0.2000000000 0.2000000000 0.0000000000
0.0625 0.2168551503 0.2164171263 0.0004380239
0.1250 0.2337896719 0.2328948617 0.0008948102
0.1875 0.2508039707 0.2494333659 0.0013706048
0.2500 0.2678985054 0.2660327989 0.0018657065
0.3125 0.2850737765 0.2826933209 | 0.0023804555
0.3750 0.3023303185 0.2994150924 0.0029152261
0.4375 0.3196686946 0.3161982741 0.0034704204
0.5000 0.3370690169 0.3330430269 0.0040259900

The Correlation Coefficient between approximated value and y,(x) is 0.999999395.
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Figure 5.11 Graph of Table 5.11
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Table 5.13 The result , Example 5.5.2 , of the first method (£ =3)
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X approximated value | y,(x)(Example 4.2) absolute error
0.0000 0.2000000000 0.2000000000 0.0000000000
0.0625 0.2168553921 0.2164171263 0.0004382657
0.1250 0.2337900062 0.2328948617 0.0008951444
0.1875 0.2508043439 0.2494333659 0.0013709780
0.2500 0.2678989119 0.2660327989 0.0018661130
0.3125 0.2850742214 0.2826933209 0.0023809005
0.3750 0.3023307880 0.2994150924 0.0029156956
0.4375 0.3196691999 0.3161982741 0.0034709258
0.5000 0.3370695587 0.3330430269 0.0040265318

The Correlation Coefficient between approximated value and y,(x) is 0.999999396.

Table 5.14 The result , Example 5.5.2 , of the second method (k=2)

X approximated value | y,(x)(Example 4.2) absolute error
0.0000 0.2000000000 0.2000000000 0.0000000000
0.0625 0.2168551503 0.2164171263 0.0004380239
0.1250 0.2337895003 0.2328948617 0.0008946386
0.1875 0.2508037815 0.2494333659 0.0013704156
0.2500 0.2678982899 0.2660327989 0.0018654910
0.3125 0.2850735422 0.2826933209 0.0023802212
0.3750 0.3023300512 0.2994150924 0.0029149588
0.4375 0.3196684068 0.3161982741 0.0034701327
0.5000 0.3370890548 0.3330430269 0.0040460279

The Correlation Coefficient between approximated value and y,(x) is 0.999999305.
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Figure 5.13 Graph of Table 5.13
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---------- approximated value , ——— y,;(x) (Example 4.2)
Figure 5.14 Graph of Table 5.14




Table 5.15 The result , Example 5.5.2 , of the second method (& =3)
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X approximated value ¥, (x) (Example 4.2) absolute error
0.0000 0.2000000000 0.2000000000 0.0000000000
0.0625 0.2168553921 0.2164171263 0.0004382657
0.1250 0.2337900056 0.2328948617 0.0008951439
0.1875 0.2508043427 0.2494333659 0.0013709767
0.2500 0.2678989105 0.2660327989 0.0018661116
0.3125 0.2850742198 0.2826933209 0.0023808989
0.3750 0.3023307864 0.2994150924 0.0029156940
0.4375 0.3196691982 0.3161982741 0.0034709241
0.5000 0.3370899032 0.3330430269 0.0040468763

The Correlation Coefficient between approximated value and y,(x) is 0.999999307.

Table 5.16 The result, Example 5.5.2 , of the third method (.k =1)

X approximated value | y,(x)(Example 4.2) absolute error
0.0000 0.2000000000 0.2000000000 0.0000000000
0.0625 0.2168016057 0.2164171263 0.0003844794
0.1250 0.2337036355 0.2328948617 0.0008087738
0.1875 0.2506992593 0.2494333659 0.0012658934
0.2500 0.2677826091 0.2660327989 0.0017498101
0.3125 0.2849485847 0.2826933209 0.0022552637
0.3750 0.3021927099 0.2994150924 0.0027776174
0.4375 0.3195110219 0.3161982741 0.0033127478
0.5000 0.3368999860 0.3330430269 0.0038569591

The Correlatich Coefficient between approximated value and y,(x) is 0.999999044.
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Figure 5.16 Graph of Table 5.16



Table 5.17 The result , Example 5.5.2 , of the third method (k¥ =2)
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X approximated value | y,(x)(Example 4.2) absolute error
0.0000 0.2000000000 0.2000000000 0.0000000000
0.0625 0.2168551503 0.2164171263 0.0004380239
0.1250 0.2337896719 0.2328948617 0.0008948102
0.1875 0.2508039707 0.2494333659 0.0013706048
0.2500 0.2678985054 0.2660327989 0.0018657065
0.3125 0.2850737765 0.2826933209 0.0023804555
0.3750 0.3023303185 0.2994150924 0.0029152261
0.4375 0.3196686946 0.3161982741 0.0034704204
0.5000 0.3370690169 0.3330430269 0.0040259900

The Correlation Coefficient between approximated value and y,(x) is 0.999999395.

Table 5.18 The result, Example 5.5.2 , of the third method (k=3)

X approximated value | y,(x)(Example 4.2) absolute error
0.0000 0.2000000000 0.2000000000 0.0000000000
0.0625 0.2168553921 0.2164171263 0.0004382657
0.1250 0.2337900062 0.2328948617 0.0008951444
0.1875 0.2508043439 0.2494333659 0.0013709780
0.2500 0.2678989119 0.2660327989 0.0018661130
0.3125 0.2850742214 0.2826933209 0.0023809005
0.3750 0.3023307880 0.2994150924 0.0029156956
0.4375 0.3196691999 0.3161982741 0.0034709258
0.5000 0.3370695587 0.3330430269 0.0040265318

The Correlation Coefficient between approximated value and y,(x) is 0.999999396.
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Figure 5.17 Graph of Table 5.17
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Table 5.19 The result, Example 5.5.2 , of the fourth method (k=2)
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X approximated value | y,(x)(Example 4.2) absolute error
0.0000 0.2000000000 0.2000000000 0.0000000000
0.0625 0.2168551503 0.2164171263 - 0.0004380239
0.1250 0.2337895003 0.2328948617 0.0008946386
0.1'875 0.2508037815 0.2494333659 0.0013704156
0.2500 0.2678982899 0.2660327989 0.0018654910
0.3125 0.2850735422 0.2826933209 0.0023802212
0.3750 0.3023300512 0.2994150924 0.0029149588
0.4375 0.3196684068 0.3161982741 0.0034701327
0.5000 0.3370890548 0.3330430269 0.0040460279

The Correlation Coefficient betwéen approximéted value and y,(x) is 0.999999305.

Table 5.20 The result , Example 5.5.2 , of the fourth method (& =3)

X approximated value ¥5(x) (Example 4.2) absolute error
0.0000 0.2000000000 0.2000000000 0.0000000000
0.0625 0.2168553921 0.2164171263 0.0004382657
0.1250 0.2337900056 0.2328948617 0.0008951439
0.1875 0.2508043427 0.2494333659 0.0013709767
0.2500 - 0.2678989105 0.2660327989 0.0018661116
0.3125 0.2850742198 0.2826933209 0.0023808989
0.3750 0.3023307864 0.2994150924 0.0029156940
0.4375 0.3196691982 0.3161982741 0.0034709241
0.5000 0.3370899032 0.3330430269 0.0040468763

The Correlation Coefficient between approximated value and y,(x) is 0.999999307.
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Figure 5.19 Graph of Table 5.19
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5.6 Conclusion

Table 5.21 The Correlation Coefficient between approximated value and y,(x)

in Example 5.5.1

Method
First Second Third Fourth
k= 0.999994127 | 0.999994127 0.999994127 0.999994127
k=2 0.999998172 | 0.999998111 0.999998172 0.999998111
k=3 0.999998235 0.999998209 0.999998235 0.999998209

Table 5.22 The Correlation Coefficient between approximated value and y, (x)

in Example 5.5.2

Method
First Second Third Fourth
k=1 0.999999044 | 0.999999044 | 0.999995044 0.999999044
k=2 0.999999395 | 0.999999305 0.999999395 0.999999305
k=3 0.999999396 | 0.999999307 | 0.999999396 0.999999307

From the Table 5.21 and Table 5.22, if we consider that the Correlation
Coefficients have five significant figures, we will find that the Correlation
Coefficients of the four methods are the same values (0.99999). This means
that we can choose each one of the four methods for solving the problems.
Anyway we should prefer to use the second method. Because of each step for
the first method and the third method, we can have the approximate value of
y(x) in one point. While in each step of the second method, we can have
the approximate value of y(x) in &k points. Also in the fourth method, we can
have the approximate value of y(x) in k points. But it is difficult to do. So

we suggest that the second method is the best. If we consider that the
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Correlation Coefficients have nine significant figures, the first method or the
third method are suitable . The reason is the both of two methods have the
maximal Correlation Coefficient. However we should prefer to use the first
method more than the third method. Because of using the step of the first

method is easter than the third method.
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