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ABSTRACT

Finite Difference Methods are numerical methods, which have been widely
used for a few decades in area of science and engineering because of the various kinds
of equations can be solved without difficulty.

This research is the study of LOD (Locally One-Dimensional) and ADI
(Alternating Direction Implicit) Methods which are finite difference methods
developing by B.J. Noye and K.J. Hayman for higher accuracy. This work will be
carried out using those finite difference methods with constant-coefficient in three-

dimensional time dependent diffusion equation is expressed in this form
u, =a(un+uyy+uu), 0<x<A40<y<B0=<z=<(CO0=<t<T.

The comparison of the numerical solutions, analytic solutions and conclusion, the
comparative properties of those methods using these results in the area of thermal

science are also discussed.
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CHAPTER 1

INTRODUCTION

1.1 Statement and Significance of the Problems

In relation to physical science, diffusion can simply be defined as the process
where the flow of energy or matter from a higher concentration to a lower
concentration results in a homogeneous distribution. Although the definition of
diffusion may seem complicated, the process and effects of diffusion are such that
encompass many aspects of daily life. Diffusion is also a process, which occurs in
various forms. The distribution of thermal energy through a hot cup of tea or the
distribution of odoriferous molecules throughout a room resulting from an uncorked
perfume bottle are examples of the process of diffusion. Other examples of the effects
of diffusion are the conduction of heat through objects or the emission of thermal rays
from a concrete wall or the sun. Although these examples of diffusion demonstrate a
process, whith is multifaceted, these different types of diffusion do follow similar laws
and properties.

Since diffusion plays an important role in the physical and engineering
sciences, our intention in this research is to focus on a three-dimensional diffusion
equation. An emphasis will be placed on the qualitative mathematical concepts of
existence, uniqueness, and continuity of solutions. An attempt will be made to offer
perspectives to the relation between analytic and numerical methods as well as
between qualitative methods and results.

Many practical diffusion equations lead to problems not conveniently solvable
by classical methods, such as method of separation of variables. Thus many scientists
are interested in numerical methods for solving these problems. Finite difference
methods (FDMs) are numerical methods which have been widely used for a few
decades in teaching, modeling in thermal science and molecular diffusion. In 1994,

B.J. Noye and K.J. Hayman published a journal entitled “New LOD and ADI methods



for the two-dimensional diffusion equation”. In this Journal, Noye and Hayman
developed the FDMs, which presented new LOD and ADI methods, which are splitting
methods, to solve two-dimensional diffusion equations. The two-dimensional

diffusion equations are expressed in the form of
u, =a(u,“+uyy), 0<x<A,0<y<B,0<t<T. (1.1)

1.2 Objective of the Study

This research is the study of the FDMs developed by B.J. Noye and K.J.
Hayman. These methods will then be expanded to apply to three-dimensional time-
dependent diffusion equations subject to a constant coefficient which is expressed in

the general form as

u, = a(un+uyy+uu), 0<x<A4,0<y<B, 0<z<C,0<t<T (12
subject to initial condition

u(x,y,z,0) = F(x,y,z), 0<x<A,0<y<B,0<z<C (1.3)

and Dirichlet boundary conditions which are expressed in the following form

u0,y,2,t) = G,(5,2), O<y<B, 0<z<C,0<t<T (1.4)
u(4,y,2,t) = G,(3,2), O0<y<B, 0<z<C,0<t<T (1.5)
u(x,0,z,t) = Gi(x,2), O<x<A,0<z<C,0<t<T (1.6)
u(x,B,z,t) = G,(x,2), O0<x<A4, 0<z<C,0<t<T ()]

u(x,y,0,t) = Gs(x,y), O<x<A, 0<y<B,0<t<T (1.8)



u(x,y,C,t) = Gg(x,y), O<x<A, 0<y<B,0<t<T. (1.9)

Where Fand G, to Gy are piecewise continuous functions and all auxiliary
conditions in equations (1.3)-(1.9) are linear equations. For diffusion of molecules, the
function u(x, ¥, Z, t) represents chemical concentration when « is a diffusion
coefficient. In diffusion of heat or heat conduction, the function u(x, ¥, 2, t)

represents temperature distribution varying in time when o is thermal diffusivity.

1.3 Scope of the Study

The aim of this study is to show that the partial differential equations (1.2)-
(1.9) is a well posed problem, then we will show properties of the numerical methods,
a relationship between error and grid spacing by plotting a graph. We will then make a
conclusion and compare the properties of each method and then solve problems in
diffusion effects.

Formulating a written thesis was based on the information-presented here and
involved the following procedures. In chapter 2, we provided literature reviews, which
involved definitions and theorems, which were later used in chapter 3-4. Chapter 3
focused on presenting information which showed that the partial differential equations
(1.2)-(1.9) is a well posed problem and an analytic solution of the problem is also
solved. In chapter 4 we presented properties of finite difference equations (FDEs), of
the LOD and ADI methods respectively. In chapter 5 we presented examples and
applications of the problems and we showed the relations between analytic and
numerical methods by plotting a graph and showing the relationship between error and

grid spacing. Finally, we made a conclusion and suggestion in chapter 6.

1.4 Process of the Study
1. Demonstrating equations (1.2)-(1.9) is a well posed problem.

2. Showing properties of the numerical methods.



3. Finding numerical solutions of the problem that were studied and
compare the solution with analytic solution.
4. Solving the diffusion problem in thermal science area.

5. Conclude and discuss the results.

1.5 Expected Results
1. Using the numerical methods to apply in finding numerical solutions of
three-dimensional diffusion equations.
2. Using the numerical methods for discussion about diffusion effects in
thermal science area, for example a discussion about brick.
3. A Guideline for mathematicians in the study of various kinds of partial

differential equations.



CHAPTER 2

LITERATURE REVIEW

2.1 Definitions and Theorems
We start this section by giving basic definitions and notations.

R” denotes n-dimensional Euclidean space then point x € R" given by
X=(XyyXgpeeer X, )

A domain Qc Ié” is a connected open subset.

Q denotes all limit points or closure of € .

The boundary 9Q) of a domain € is the set of limit points of ) which
arenotin Q ie. dQ = Q \ Q where “\ ” denotes set subtraction.

The finite cylinder ¥ = Qx (0, T).

I ={(x, t)e ¥ : xeoQor ¢t =0} denotes parabolic boundary.

C(‘{’) ={u/u is continuous on ¥}.

c* (Q) denotes the functions having all derivatives up to the order k
continuous in Q, for k € N where N denotes the natural number .

C**(¥) denotes Banach Space, where the integer s > 1denotes the set

of functions u(x, t) that are continuous in the finite cylinder, ¥ together with the

@ +ay . ta,+f

derivatives ~ vy for all (nonnegative integer) «,,a,,...,,,8 when
ox;*...0x;" Ot

a +a,+...+a, +28<2s.

Next, we will interpret the proof of the existence for a diffusion equation by
R.C. McOwen [1]. If Q is a bounded domain in R", which we view as a physical
body with a as a positive constant, then the diffusion equation

u = aViu, xeQ, t>0 2.1

t



governs the distribution or diffusion of heat or molecules, i.e., u(x, t) represents the
temperature or the concentration distribution at the point x and time . We generally
take @ =1 in equation (2.1) since otherwise this may be achieved by re-scaling the

time variable : £ — a t then we can write equation (2.1) in the following form

u, = Vu, xeQ, t>0 2.2

subject to initial and homogeneous boundary conditions

ux,0) = f(x), xeQ (2.3)
u(x,t) = 0, x € 0Q Q.4)
2 2 2
where Vzu:—a—lzi+-a—l:+...+ 0 l:
x, Ox, ox,

If we assume the initial temperature distribution f(x) is in C z(f_l) with

f(x)=0 on 6Q, then we can write
16) = 30,4, @3)

where a, = I f(x)g,(x)dx. In (2.5), ¢, denotes the normalized eigenfunctions of the
Q

Laplacian on ) with Dirichlet boundary conditions. The series in (2.5) is an

expansion of the eigenfunctions. It converges absolutely and uniformly on Q by

expansion theorem [Appendix A]. Let u(x, t) = Zun (t)g, (x), and insert this

n=1

expression in (2.2), we then pass derivatives through the summation, yield
u,(t)+ A,u,(t) = 0, which has the general solution u,() = A.e™ . At t=0 we

can find u,(0)=4,, so u(x,0) = iA,,qﬁ,, (x) and a comparison with (2.5) shows
n=1

a, = A,. Thus the solution of (2.2), (2.3) and (2.4) is given by



u(x,t) = iane""'gﬁn (x) (2.6)

n=1

where the g, are given in (2.5). Notice that the series (2.6) converges absolutely and
uniformly on Q x [0, ) since the factor e only improves the convergence of (2.5);
this justifies the interchange of differentiation and summation that we performed in the

derivation. Combining a, = j f(x)¢, (x)dx and (2.6) together and interchanging the
Q

integration and summation, we obtain

uet) = [3 e, (2)6,0)f0)dy . @)

n=1

This means that if we formally define

K(xy.1) = e, (x)4,0) 29

n=1

we can write the solution of (2.2)-(2.4) as an integral transformation of the initial

condition

u(x,t) = IQ K(x,y,2) f(y)ay. (2.9)

This completes the proof of the existence of the problem (2.2)-(2.4).
The following theorem will be used for showing that problem (1.2)-(1.9) has
unique solution. This theorem also describes that the maximum value of u(x,t) is on

parabolic boundary, I" .

Theorem 2.1 (Weak Maximum Principle) Let u € C*'(¥)NC (?) satisfy Vu>u,

in ¥. Then u achieves its maximum on parabolic boundary I" of ¥,

max u(x,t) = max u(x,) . (2.10)
(x,[)e? (x,t)er

Proof [1].



Next, consider the Laplace equation which is expressed as

Viu = 0, xeQ 2.11)
with its boundary condition is denoted by

ux) = g, x e oQ (2.12)

Definition 2.1 A function u(x) is called the classical solution of problem (2.11)-

(2.12), if u(x) € C*(Q) ~ C(Q) and satisfies the problem (2.11)-(2.12).

Lemma 2.1 If 6Qe C? and y € C(0Q), then the problem (2.11)-(2.12) has a
classical solution.

Proof [2].

In studying partial differential equations, it is important to discuss the
qualitative properties, which are existence, uniqueness, and continuos of solution. In
the same way, for the study of difference solution, stability of the difference schemes
are important. Furthermore, we can study the accuracy of a FDE by considering order
of accuracy. R.F. Warming and B.J. Hyett [3] developed a technique helping consider
the order of the FDE with modified differential equation (MDE). We then can
consider order of the FDE by applying this technique. For considering stability we

will use von Neumann’s method (Fourier series method).

2.2 Numerical Methods

The splitting method is widely used for solving multi-dimensional problems.
In this research, new splitting m\ethods [4] are extended in order to solve the problem
(1.2)(1.9). First, we will discuss the LOD method, which has an explicit scheme. We

then will consider the ADI method, which has an implicit scheme.



We let the Notation U;'; denotes an approximation of function u(x,y,t) by
using a FDM to approximate its values at grid point (jAx, jAy, nAt). The grid spacing
Ax, Ay and At are computed by Ax=A/I, Ay=B/J, At=T/N where I,J and N
are integers. Thus we can use the notation (f, j,n) to denote grid point ({Ax, jAy, nAt)

fori=012,....I, j=012,...,J and n=012,....N .

2.2.1 LOD Method
In order to solve the equation (1.1) by using LOD, we split (1.1) into one-

dimensional diffusion equations,

(2.13)

—;-u = au,,. (2.149)

Each of these equations is then solved over half of the time step used for the
complete two-dimensional equation, the formula for use in the x-sweep of the first half

time step to solve (2.13) when i =23,...,] -2 is

n+ Sy n n
Uit = 1_2(65x ~D)ULay +ULay)

2
+

;x 2-3s,)(Ur +U;;L,.)+%(2—5s,+6s§)u" (2.15)

i-1,j ij

for each j=0,1,...,J.
When computing values of U};* from the values of U]} in the y-sweep used

in the second stage, the formula used with j=23,...,J -2 foreach i=12,...,] -1is

Uyt = %(GSy —1)(U,’f"ff/22 +U:’J+y22)

+ 2%(2 “3s, U U )+ %(2 - 55, +652)Ur (2.16)

i,j-1 i,j+1
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This new method has fourth order and stable, in von Neumann sense, for

0<s,<2/3 and 0<s,<2/3 (2.17)
when s, = a At/(Ax)’ and 5, = @ At/(Ay) .

2.2.2 ADI Method

The difficulty with the use of the LOD method is that the restrictions on At
require inordinately many rows of calculations. One then looks for a method in which
At can be made larger without loss of stability. B.J. Noye and K.J. Hayman developed
a new ADI method in 1994 [4], this new method is fourth-order accuracy. In order to

solve (1.1) by new ADI method, the formula in y-sweep is

(65, ~ 1)U, —4(t+3s, )urst +(6s, - 1)U,
= -5 (Uln—l, a1 Ul jun t Ul 1t Ui’i-l.jd-l)
—as, (U, +UL, )+ @s, 1)UL, +4U7, +UT,) (2.18)

i-1,j i+l,j

and for x-sweep

(6s, —)UM2 — 4(L+3s,)UT* + (65, — 1)U

i-1,j ij i+1,j

—_ n+l n+l n+l n+l
= —s,[Um L UL URL L UL

i-1,j- i+1,j i+1,j+1
—as U + U )+ (s, -0)Ur, + Ut + UL 2.19)

In order to solve equation (1.1), we first use the y-sweep equation and we then use the
x-sweep equation, respectively. The double sweep of these equations is
unconditionally von Neumann stable. Thus this method is solvable for all values of

5, >0and s, >0.



CHAPTER 3
THE QUALITATIVE PROPERTIES AND ANALYTIC
SOLUTION OF THE THREE-DIMENSIONAL

DIFFUSION EQUATION

In this chapter we will discuss the qualitative properties which are existence,
uniqueness, continuity and analytic solution for the three-dimensional time-dependent

diffusion equation, respectively.

3.1 Existence
From what we discussed in chapter 2, the problem which we study, can be

expressed as

u, = (g +u, +uy), O<x<A,0<y<B,0<z<C, 0<t<TG.I)
its initial condition is given by

u(x,y,20) = F(x,y,z), 0<x<A4,0<y<B,0<z<C (3.2
and time-independent boundary conditions are

u(0,y,z,t) = G,(y,2), 0<y<B,0<z<C, 0<t<T (33)

u(4,y,2,1) G,(y,2), O0<y<B,0<z<C, 0<t<T (34

u(x0,2,t) = G,(x2), 0<x<A4,0<z<C,0<t<T (35
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u(x,B,z,t) = Gu(xz), O0<x<4,0<z<C, 0<t<T (3.6)

u(x,y0,t) = Gs(x,y), O<x<A4,0<y<B, 0<t<T (3.7

u(x,y,C,t) = Gs(r,y), 0<x<A,0<y<B,0<t<T. (38

The equation (3.1) is accompanied by seven non-homogeneous auxiliary conditions

(3.2)-(3.8). By the linearity of the equation (3.1), we then can decompose by letting

u(x,y,2,1) = uy(x,y,2,8)+u,(x,y,2) (3.9)

here u (x, Y, z) is a time independent solution of the equation, which can be expressed

in the form

Viu (x,y,z) = 0 (3.10)

and satisfies the boundary conditions on the edges

u,0,9,2) = G,(3,2), 0<y<B,0<z<C (3.11)
u,(4,y,2) = G,(32), 0<y<B,0<z<C (3.12)
u,(x,0,2) = G;(x2), 0<x<A,0<z<C (3.13)
u,(x,B,z) = G,(x2), 0<x<4,0<z<C (3.14)
u,(x,5,0) = Gs(x,y), 0<x<A,0<y<B (3.15)

]

u,(x,5,C) = Gg(ry), 0<x<4,0<y<B. (3.16)
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2 2 2
When V2u_ denotes the Laplacian of u,, which equal 9 u;, + g u;, 0 u2 )
ox oy 0z

uo(x,y,2,t) satisfies the original diffusion equation (3.1), with homogeneous

(Y

and

boundary conditions

Uy (x, Y, 2, t) = 0, 0<t<T forallsix edges (3.17)

and its initial condition obtained by combining (3.2) and (3.9) yields

uy(x,y,20) = F(x,y,2)-u.(x,y,2) . (3.18)

Then we claim that the following sum solves the original problem (3.1)-(3.8)

ux,y,z,t) = uy(x,y,z,t)+u,(xy2) (3.19)

We may now turn to consider 4, (x, ¥, 2, t) + U, (x, ¥,7) on the edge which x=0
u0,y,z,t) = 0+G, = G, (3.20)
on the edge x=A4
wd,y,z,t) = 0+G, = G, (3.21)
on the edge y=0

u(x,0,z,¢t) = 0+G, =

1
0

(3.22)
on the edge y=B

u(x,B,z,t) = 0+G, = G, (3.23)

on the edge z=0

u(x,y0,t) = 0+G, = G, (3.29)
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on the edge z=C
u(x,y,C,t) = 0+G, = G, (3.25)

and inside the cube

Viulx,y,z.t)= Vuy(x,3,2,) + VU (x,y,2)

3.26
=u,+0 (326)

In order to show existence of u,(x,y,z,£) and u,(x,y,z), we first consider the
problem (3.10)-(3.16). This problem satisfies the Laplace’s equation (2.11)-(2.12),
when Qe R®. Thus by Lemma 2.1, we obtained the problem (3.10)-(3.16) has a
classical solution. Again from chapter 2, since the problem (3.1), (3.17)-(3.18)
satisfies the problem (2.2)-(2.4), there exists u,(x, y, z,¢) which could be expressed as
(2.9). Hence there exists u(x,y,z,¢) which equals u,(x, y,z,£)+u,(x,y,z). Therefore

the sum u,(x, y, z, ) + U, (x, , z) solves equations (3.1) through (3.8).

3.2 Uniqueness
Let u,veC*(¥)N C( @) are two non-identical solutions of problem
(3.1)-3.8) and u”(x,y,7,2) = u(x,y,z,t)- v(x, y, z,t), we then substitute " (x, y, z, 1)

in this problem to obtain

u: = V', (x.y,2)eQ, t>0 (3.27)
u (x,y,20) = 0, (x,y,2)eQ (3.28)
u(x,y,z2,t) = 0, (x,y,2) e Q (3.29)

when bounded domain Q = [0, 4]x[0, B]x[0,C]. Applying equation (2.10) with

—u"(x,y,2,¢) and u"(x, y, z,t), we then obtain
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max_u = max_—-u . (3.30)
(x,3.2,)¥ (x,y.24 ¥

Hence u" =0 in ¥ thus u=v.

3.3 Stability or Continuous Dependence
Let u(x, Y, 2, t) be the unique solution to the model (3.1)-(3.8) in domain

Qc R® and v(x,y,z,t) bethe unique solution to the following model

v, = V% (3.31)
subject to initial condition

(1,7,20) = Fxy,2)+4,(x,2) (3.32)
and boundary conditions

v(0,%.2.t) = G,(y,2)+A,(.2) (3.33)

W4,y,2,t) = G,(y,2)+A,(3,2) (3.34)

v(x0,2,1) = G;(x,z)+A,(x,2) (3.35)

v(x0,2,) = G,(x,2)+As(x,2) (3.36)

v(x,3,0,2) = Gs(x,y)+As(x,y) (3.37)

v(x,y,C,t) = Gs(x,y)+A,(x,). (3.38)

When A, € Cl(‘T’) in Q for i =123,....7 and forsome & > 0, |A,| < £. We

replace u(x,y,28) = v(xy22)-u(xy,2?) in equations (3.1)-(3.8), we then obtain

u', = V' (3.39)
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subject to initial condition

u'(x,y,20) = A(xy.2) (3.40)
and boundary conditions
0,521 = A0(2) (3.41)
u'(4,y,2,t) = A,(3,2) (3.42)
u (x0,z,t) = A,(xz2) (3.43)
u'(x,B,z,t) = As(x,2) (3.44)
u'(x,y0,t) = Aslxy) (3.45)
u'(x,,Ct) = A(xy). (3.46)

Similarly, setting — u'(x, ¥, 2, t) = u(x, ¥, 2, t)— v(x, ¥, 2, t) and replacing into
equations (3.1)-(3.8). According to theorem 2.1, u (x,y,z,¢) is bounded by the

maximum and minimum values of A; (for some i). Thus
|u'(x,y,z,t)| <|Algse or  |v-u| < e. (3.47)

This shows a small change, €, in the boundary and/or initial values produces
an equally small change in the solution. This proves that u(x,y,z,t) is continuous
with respect to small changes in data functions (initial and/or boundary conditions) that

the change in u(x, y, z, ) is the same as the change in those functions.
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3.4 Analytic Solution

In this part, we will find analytic solution by using the methods of separation of
variables. In the same manner as section 3.1, using linearity property with the problem

(1.2)-(1.9), setting

u(x,y,2,t) = uy(x,y,2,t) + u(x,5,2) (3.48)

when uw(x, Y, z) is a solution of the diffusion equation in probleml, which is

expressed in the form

Problem 1 aViu,(x,y,z)= 0 (3.49)

which satisfies the boundary conditions on the edges

u,00,y,2) = G,(3,z), 0<y<B,0<z<C (3.50)
u,(4,5,2) = G,(3z), 0<y<B,0<z<C (3.51)
u,(x,0,z) = Gy(x,z), O0<x<A4,0<z<C (3.52)
u,(x,B,z) = G,(x,z), O0<x<A4,0<z<C (3.53)
Uy (x,y0) = Gs(xr,y), 0<x<A4,0<y<B (3.59)
u,(x,y,C) = Gs(x,y), 0<x<A4,0<y<B. (3.55)

and u,(x, y, z,t) satisfies the following problem.

Problem 2 u, = aViu(x,y,z1) (3.56)

with homogeneous boundary conditions



|
o

uy(x,5,2,1) = 0<t<T forallsix edges

which an initial condition

Uy (x,%,20) = F(x,y,2)-u,(x,,2)

18

(3.57)

(3.58)

Since the problem (3.49)-(3.55) has six non-homogeneous boundary

conditions, again we takes advantage of linearity of problem (3.49), by dividing the

problem into the following six problems.

Problem1.1  aV?y(x,y,z) =0 inside the cube
% (0,y,2) = G,(y,z) ontheedge x = 0
w(x,y,2) =0 on the other five edges
Problem12 aVZu,(x,y,z) =0 inside the cube
u,(4,y,z2) = G,(y,z) ontheedge x = A4
u,(x,y,2) = 0 on the other five edges
Problem13  aViu(x,y,z)= 0 inside the cube
4(x0,z) = G,(x,z) ontheedgey =0
U, (x, Y, z) = 0 on the other five edges
Problem14 aVu,(x,y,z)= 0 inside the cube
u,(x,B,z) = G,(x,z) ontheedgey = B

u,(x,5,2) = 0 on the other five edges

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.649)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)
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Problem 1.5 aVu(x,y,z) = 0 inside the cube (3.71)
us(x, y,0) = Gs(x,y) ontheedgez =0 (3.72)
us(x, y,2) =0 on the other five edges (3.73)
Problem1.6 &V’ (x,y,z)=0 inside the cube (3.74)
ug(x,y,C) = Gs(x,y) ontheedge z = C (3.75)
us(x, y,2) =0 on the other five edges (3.76)

Here we only show the work for finding a solution of Problem 1.1 by using

separation of variables method.

Solution of Problem 1.1 The equation (3.59) is a three-dimensional Laplace’s
equation which can be expressed as a product of factors, each depending as a single

variable
w(xy,2) = X ()Z(k) 3.77)

If we insert equation (3.77) into equation (3.59) we can manipulate equation (3.59)

into a form where only one variable occurs on each side of the equation

aViu(x,y,z) = 0

- o« 2 Y OE) v a -gy;(x<x)m>z<z>>

+a 2 XEYO2E)
=a(X" ()Y ()Z(2) + X()Y "(0)Z(z) + X(x)Y (¥)Z"(2)) (3.78)

thus

X'(x), Y'0), 2@ _
70 + 76) + Z0) = 0. (3.79)
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Using orthogonality in the two homogeneous directions, we set the y-dependent term

of equation (3.79) equal to — A* and the z-dependent term to — B2, we obtained

X -(R+p)x=0 (3.80)
Y+ A Y =0 (3.81)
Z'+p*Z = 0. (3.82)

Next, we will solve the above ordinary differential equations. We first consider the

equation (3.81), its general solution is

Y(y) = 4 sin(Ay)+ A4, cos(Ay) (3.83)

with its boundary conditions are Y(0)=Y(B)=0, now we apply the boundary
condition Y (0) =0 implies that 4, = 0. The cosine term vanishes in the equation
(3.83), thus Y(y) = 4, sin(4 y). Only the boundary condition at y = B has not been
satisfied. Y(B) =0 implies that

Y(B) = 0 = 4,sin(1B). (3.84)

Either 4, =0 or sin(A B)=0.1If 4, =0, then Y(y) =0. This is the trivial solution

but we need A that have nontrivial solutions. Thus, the eigenvalues A must satisfy

sinfAB) = 0. (3.85)

Thus A B must be zero of the sine function. Hence A B=mz, A B must equal an

integral multiple of 7, where m is a positive integer. The eigenvalues A are

A = — for m =1,23... (3.86)
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The eigenfunction corresponding to this eigenvalue is

Y(y) = 4 sin(mgy ) (3.87)

where A, is an multiplication constant. Similarly, solving equations (3.80) and (3.82)

and substituting the solution into the expression (3.77) to obtain

u,(x,y,2)= {A1 sinh ((\//12 + p? kx ~ A))+ A, cosh ((,//12 + ,Bz-kx - A))}

x [4, sin( y)+ 4, cos(A y)][A5 sin(B z) + A cos(B 7). (3.88)

To find the constants A,, A4,, A;, A; and B we may now apply the boundary
conditions (3.61) yield

4, = 4 =0 (3.89)
nx
B, = < for n=123... (3.90)

Combining equations (3.87)-(3.90), we get

v, = H, sinh(ﬂ (%jz + (%jz (x - A)}

. mry ., nwz
x SIn———=— sin——, 391
B C 391

The constant H,, is obtained by combining the constants A4,, 4, and A;. The
subscript m,n accounts for all values of m = 1,2,3,...and n=12,3,.. . The general
solution is the linear combination of all these solutions (Principle of Superposition,
Appendix A). Based on the above, we obtained the expression for the general solution

for the diffusion is
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5 el Y 4 (2T e ) sin™ sin
w=yYH, smh{ﬂ (B) +(C)( A)Jsm 5 S (92

m=1 n=1

Next , we will apply the boundary condition (3.60), &,(0,y,z) = G,(»,z),

w 2 2
. m n . mry
> H,, sinh — —| (-4
We notice that the quantity ma 51 [7[ ( B) ¥ (C) ( )] S B depends

m=1

only on index n (after the summation is carried out), we then let

< . m 2 n : -~ . mry
1.(y)= ;HW, smh[n (B) + (Cj ( A)] sin— (3.94)
thus equation (3.93) becomes
60.0)=31, (y)sin(zz%) | (3.95)

Utilizing the orthogonality property of sin(nz/C)z in equation (3.95), we multiply
both side of the equation (3.95) by sin(pz/C)z, we obtained

o © c
.([Gl(y, Z)sin(pgz)dz = ;I,. (Y)!lsin(pgzjsin(%) dz

-1 (y)% (3.96)

thus

1,(y) = %IGI . 2) sin(n?ﬂ z) dz (3.97)
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Using definition of I,(y) from equation (3.94) and substituting it in equation (3.97),

we again apply the orthogonality property of the function sin(mz/ B)y yields

[owos2 s
BC sinh[n(— A)\[ % + %2]

The solution of Problem 1.1, (x, Y, z) is completed, by combining equation (3.92)

H, = (3.98)

and (3.98). The result is expressed in the following form

(57c W
. ;; l L G, si{%)dzlsi %’-"—;)dy?
| m(< noEn ] |

ik ] (2] - of =)o) am

Similarly, by using separation of variable method to solve Problem 1.2 to Problem 1.6,

we obtained

]

sl

e sinh(zz A\/(ﬁ) +(£

B C

§ J
(mry) . (nzrz) . m\  (nY

xsm( 3 )sm( a )smh{:r\/(B) +(Cj x] (3.100)
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)dx
L

m

n

C

el

\ A4
jsin(f%%j sinkl z(y — B) (

g
X

. (mm
X Sin
A

)

m n

)2 + (Cﬂ (3.101)

A

sm

sm/{n <~

(

) (%j + Z ] (3.103)
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In order to find u,(x, y, 2, ), using the same procedure as finding #,(x, y,z), to obtain

5o )
xsm(_) s,,(qzy)sz,{ z )gxp': an (i P, ZZ tog H (3.105)

When u,(x,y,2,0) = F(x,y,z)-u,(x,y,z) (Appendix C).



CHAPTER 4

NUMERICAL METHODS FOR THE
THREE-DIMENSIONAL DIFFUSION EQUATION

In principle, we can extend the numerical methods in chapter 2 to higher space
dimensions. We then extend the LOD method in section 4.1 and the ADI Method in
section 4.2, respectively. We also discuss stability in von Neumann sense of both

methods.

4.1 The LOD Method
In order to solve the equation (1.2) by using new LOD method we split this

equation into three one-dimensional heat equations,

1 ou o*u
lou _ Ou 4.1
3o Lo “1
2
%%’:- = a% 42)
1 ou o*u
L 43
3 ot aé‘zz “3)

Each of these equations is then solved one third of the time step used for the
complete three-dimensional equation. First of all we introduce some basic notations.

We let the Notation U’

ij denote an approximation of function u(x,y,z,t) by using

FDM to approximate its values at grid point (iAx, jAy,kAz,nAt). The gﬁd spacing

Ax, Ay,Az, and At are computed by Ax=A/I, Ay=B/J, Az=C/K, At=T/N

where I,J,K and N are integers. Thus we can use the notation (i, j,k,n) to denote

grid point (fAx, jAy,kAz,nAt) for i=012,...,I, j=012,...J, k=012,....K and
n=0.12,...,N .
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Next, we shall now show the formula used in solving equation (4.1) where

i=234..,1-2is

n+ sx n n
Ui,j,11{3 = 5(6“9; - 1) (Ui—2, et Ui+2, j,k)

2; £(2-35,)Ur,, + Ul )+ %(2 ~ 55, +652)U7,, (4.4)

+

for all j=0,1,2,...,J and k=01,2,...,K. The problem in finding values of Ul";'lf
which can not be derived by using (4.4) can be overcome by using a re-arrangement of
the unconditionally stable inverted version of the equation (4.4), which is obtained by

setting At for— At in (4.4). Putting { = 3 and re-arranging gives

~ 6(2 +5s, + 6s§)U,,+1/3

Un+1/3 _ 8(2 + 3sx)
s,(6s, +1) ¥

n+1f3 n+l!
Lk (6s, +1) (U +u 3)

2,jk 4,j.k

12 .

“4.5)
This gives values of Ul";l,fa forall j=0,12,...,J and k=0,1,2,...,K , because all the
values on its right hand side are known. The values of U }'fll'/jf'k may be calculated using

a similar formula obtained by replacing At by— At and setting i =1 -3 in the

equation (4.4) to obtain
n+lf3 8(2 + 3sx) (Un+1/3 U—n+l/3 ) 6(2 + SS x + 655) U'n+1/3
Ulije= m 12k TUVrajx)— s, (6sx N 1) I3.jk
" 12
~Upd, + RS Uisjn (4.6)

forall j=0,12,...,J and k =0,1,2,...,K . Similarly, for computing values of U":¥*

i,j.k

from the values of U,"ﬁc/z’ in the y-sweep used in the second stage, the formula used

with j =234,...,J -2 foreach i =12,...,] -1and k=12,...,.K -1 is
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- :_2 6s, - 1)U, +UmE,)

ij.k

+ E;J- @-3s,)ure, + U, )+ % @-5s, +6s2)Ur @7

H

The formulas for computing the values U;;2” and U3, are

82 +3s ) 6(2 + 53, + 65)
n+2{3  _ Y n+2/f3 n+2f3) Y Y n+2f3
Ui,lJc = (6sy + 1) (Ui,ZJc + Ui.4Jc ) s, (6 s, + l) 13,k
U e U @3
y\Py
and
8(2 +3s,) 6(2 + 55, + 65)
n+2{3 — y 'n+2/3 _n+2/3 _ Y Y .n+2/3
Ui,J—l,k 6Sy + 1 (UI,J—Z,k + Ul,J——4JC) sy (6Sy + 1) iJ-3,k

12 n+l/3

Y § (G U; . 49
i,J-5k W iJ-3k 4.9)

For computing values of U}}, from the values of US%* in the z-sweep used in the

third stage, the formula used with k =2,3,4,...,K -2 foreach i =1,2,3,...,] —1 and
j=123,..J-1is

U = s, ), +UBE)

12
+ 252 2 -35,)UrP, +Un)+ % (2-5s, +652)UnP  (4.10)

as in x and y-sweep, the formula for computing values of U ,”;'11 is

e 32+5s, +6s2)

n+l (6sz + l) n+l1 n+l
urt = 2 (g R

|57 8(2 + 352) i,7,0 i,j4
3 n+2/3

-yt — ur=-. 411
i,j3 2sz (2+3sz) i,j,2 ( )
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At the end of the complete procedure involving diffusion in those X, y and z
directions, the known boundary values U "] o are used. We include the values on the
n+l1

right hand side of equation (4.11), which all values are known. The values of U/}

are found by using similar equation

32+5s, +652)
4s, (2 + 3sz) hIR-2

+1 - (6sz + 1)
KT 82+ 3s,)

n+1 n+l
(Ui,j,K Ut j,K—4 )

~Uifes =3, (23+ ) Vs .12)
4.1.1 MDE
Before considering stability of finite-difference approximation, we must find
modified differential equations (MDEs) of the above equations by using a technique in
[3]. The technique involves determining the actual partial differential equation which
is solved numerically, by the application of a given difference method to solve a
problem. The MDE is derived by expanding each term of a finite-difference equation
into Taylor’s series and then eliminating time derivatives which are higher than first
order and mixed time and space derivatives by a method described below.
In order to obtain the MDE of equation (4.1), first let us expand each term of
the given difference algorithm in a Taylor’s series at grid point (xi, yj,zk,t"). The

terms which appear in equation (4.4) are

n+ n 1 ou 1 2u n
UBE = it 3t s e ar i
1 o° ou 1 8% n
162 at l_;k ? + m-é?‘*— ,"j'kAt‘t + ... (413)
n ou 16 u
Ulil_,k =u”k_-5x—,]kAx 26 ljk 2
1&u, 5. 13% .
igax_g ik 24 pery Lip A+ 4.19)

and
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ou 0%u

Uint2,j,k = ui"jk izax .JkAx"'za ,],‘sz
:leﬁl‘ l]kAx3 + i qu t]kAx4 (4'15)

Placing the values in right hand side of equations (4.13)-(4.15) into equation

(4.4), by manipulating and not write the symbol ', ;& to obtain

2 2 3 2 4
l?ﬁ—aa?+ 21 6’i‘At— 31 6’?At’ -“—Qém
3o e Fila 2 o
4 5 6
b D L D GO e @ O
T 3% .51 ot 9 or° 12 &
6 7 8 8
61 gy L OUpe, @ Oppe @ OUy
NN 3. o 1008 2t 160 ox
8
3818/;8 A +.. = 0. (4.16)

In considering the above equation, we need to eliminate all the time derivatives

appearing in the above equation (except g—l: ). The procedure requires repeated use of

2
equation (4.16) itself. To eliminate the% term, we multiply equation (4.16) by the

operator — %ﬁt-% and then add the result to (4.16). Which results as

4

’u  (At)} u ., (A1)} 8w A1) du
- +a At* -

At
o s 273 or 273 o’ 2°.35.5 o
4 2 2 6
NG ) R - 4.17)
2.32.5 2.3 |ox

3

0 u2 which can be removed by applying
X

The result of new equation has term

a At 5?2
the operator — —2——% to equation (4.16) and adding the result to the new equation

(4.17). The calculation can be conveniently organized into table 4.1. The first two
rows list the derivatives through sixth order and their coefficients appearing in
equation (4.16). The subsequent rows show the coefficients of the derivative terms

obtained after operation on equation (4.16) with the differential operator shown on the
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left-most column. The table is continued until the desired numbers of time derivatives
are deleted. The final equation is obtained by adding the coefficients in each column

and multiplying by the derivative at the top of the column. Hence, the MDE of

equation (4.4) is
2 2 4 6
lgﬁ-—aa—l; = 2 [ oA A 6?_'_ 4.18)
30t ox 6 2 15 )ox
then
1ou  d%u _alax) o%u
———a— = 30s.~ —-15 2 Ax 4.19
3o o T 005 155 +2)Tgeolay). @)

Following the same procedure MDE of equation (4.5) and (4.6), respectively are

l1ou 0%u a(Ay)* o°u

35795 = e (380s,” — 155, + 2)$+ o{l(y)} @20
lou  o%u a(Az)* 2 %u 6

LML . -1 o . @2
TR = (80s,> - 155, +2) - +of(a)} . @21

Terms appearing in the MDE which are not in the original partial differential
equation represent a type of truncation error. These error terms allow one to determine
the order of accuracy of a finite-difference approximation.

Combining equation (4.19) through (4.21), gives

2 2 2 6
w_fO0u Ou Fu) __al) Go0 g5 L)%
a \a' o o 180 o
a,(ay)* 2 *u (A7) o%u
-2 (3057 ~155, +2)2 % & -
o (30s,* —15s, + )ayﬁ o~ (305, —15s, +2) 2% —

o{(ax)*}+ o{(ay)*}+ 0 {(a2)°} . (4.22)
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Since the lowest-order terms (truncation error) of the preceding equation is of

0{(Ax)4 +(Ay)* + (Az)4} . Thus we determined the order of accuracy is fourth-order by

consider the right hand side of the preceding equations.

Table 4.1 Procedure for calculation the MDE of equation (4.4).

in each column

: o ou | 8%u | d%u| 0%uw |0%u | d%u o’u 0’u o'u | 9‘u
Partial Derivatives | 5 | 5o\ 550l 07 | ox° | 210x® |ot%ox | a° | ox* | 2eond
Coefficient 1 At At | —a?Ar
of (4.16) 3 |—@| 0 |2.32 |0 0 0 | 273% |75 0
At 8 At alt - At?
_2Y(4.16 LA aar
6at( ) 2.37| © 6 0 .| 0 0
2
_abdt 37 (4.16) A 0 o @l
2 ox? 6 2
2 2 2
4 & (416 A 1o | o
22.3 a? 2%.3¢
ant? 8?3 (4.16)
3?2 Brox?
a’At* 5 (416)
22.3 ox*
_a¥ & (4.16)
2.3 589X
__ & & 416
2*.%¥.50¢
Sum of coefficients L
3 |-al 0] 0 | 0] o0 0 0 0| o




33

Table 4.1 (cont.)

d*u d*u d*u | o%u d%u d%u o°u o’u o*u o%u
at*ox® |ot*ox | ot* |ox® | oatax* | at?ox® |arlax? |ot'ox| ot ox°
a Ax*
2.32.5
At At
0 0O |———1| 0 0 0 0 |—4—m|_,2 2
23_35 0 23.36_5 azAtAx
2¢.3
— Af? AL - Attt
0 4 0|2 0 0 | —
0 2.3 2%.3 0 24.3°¢ 0
Af? — aAt? a’Ar?
_.;7 0 0 0 0 0 27 37 0 0 27
aAt?
s At? Aatt
- a?Ar?
2 3
=0 o fo el 0 |20 0 0
2 A 42 3At2
Z:A;2 0 0 0 0 _(;2
3
- aAr?
ST 37 0 0 0
- Attt
2437 .5 0
a’iAt?
6
a?AtAx?
0 0 0 0 0 0 0 0 0 - 12
alAx?
90

4.1.2 Stability

In this section we will determine von Neumann stability (Appendix B), which is

applied with the problem (4.4), first let U, . = e7*?e it ghbh Ptk \when o7° = &

then substitute in (4.4) yields

1
at— . . S . - . : . . .
5 3 e'ﬁxbxheiﬂzbzhe’ﬁsbsh - X (65,: — 1) (gae'ﬁl(bx 2)he’ﬁzbzhe iBybsh + gaelﬁl (By+2)n e’ﬁzbzhelﬁsbsh)
12
N 2;‘, (2 _ 35;)(§a P (B1=Dh yiBybsh o Btk & PALRSY AN eip,b,h)

+ L (2 ~5s, + 6s§)f“e"”"""eiﬁz"”'e"ﬁ’b”‘. (4.23)

2
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Cancelling all common terms, by dividing (4.23) with £%e'Ahk g#abak gisbsh

1

& = ;—"2 (65, — 1) (€7 + &¥#4)+ —2?";1 (2-3s,) (" + 5)+ % (2 - 55, + 652). (4.29)

ifh ~iph
. . e + . . .
Then using the definition, B a— = cos f h,thus the amplification factor is

1 2
63 = Sx(—65;_l)cos2 IBIh+ ﬁx_(_z_?_sL).cos ﬂlh + 3_75“'3_-'-6&_ (425)
1
where B, =mn;m e I and let £3 =G, the condition
|G| <1 for all f3, (4.26)

is required for stability. For all positive values of s, we obtain the FDE (4.4) is stable
over the interval (0,2/3] (Appendix B).

In the same procedure as above to apply with (4.7) and (4.10), we obtain that
the FDEs is stable over all s, and s, in the interval (0,2/3].

4.2 The ADI Method

In order to solve problem (1.2)-(1.9) by the new ADI method, we use three

stages procedure. The first stage for use in the z—direction sweep is
(65, — DU,y — 40 +3s,)UL + (65, - UM,
= -5, (U in-x,j,k-l + Uin—l,j,ku + Ui,:-l, jre-1 T Ui,:-l,j,k+l)_ 4s, (Uin—l, ik T Uin+1,j,k)
-5 (Ux" ikt FUL g YUy + U7 j+1,k+1)— 4s, (Ux" ax TUT j+1,k)
+ (25, + 25, 1)Uy +4UT,, +UT,0t) 427)
then for second stage in the next time step where the formula use in y—direction

sweep is
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(6Sy - I)U:;_zlk - 4(1 + 3Sy)U:';i + (6Sy _ I)an;flk
n+l n+l n+l n+l n+l il

= 7% (U"‘l'f‘l"‘ + U e T Ul jan +U i+l.j+1,k) —4s, (U i U ;+1.ch)
n+l n+l n+l nal - ”

s (Ui'j'l'k“ T Unjren + Ui..i+1,k-1 + Ui,j+1,k+1)_ ds, (U ijk-1 T U 1,j,k+1)

+(2s, +2s, ~)UL, +4UL +UL,) (4.28)
finally, the formula for use in the x—direction sweep is

(6s, -1)U,, -4+ 35 ) U + (65, — 1)UL

i+1,j.k

— n+2 n+2 n+2 n+2 _ n+2 n+2
- sy (Ui—l,j—l,k + Ut—l,j+1,k + i+1,j-1,k + Ui+1,j+l,k) 4sy (Ui,j—l,k + Ui.j+1,k)

n+2 n+2 n+2 n+2 . n+2 n+2
-5, (Ul—l,j,k-l +U e YU ik TULL j,k+1)_ 4s, (Ui. ik H UL j,k+1)

+(2s, +25, 1)U, + 4UT2 +URE,). (4.29)

The recursive procedure is carried on by using (4.27) then (4.28) and (4.29)
respectively, then start at (4.27) again with the same procedure. The equations (4.27)-
(4.29) can be expressed in a tridiagonal form of matrix equations, Ax=B. The
elements of matrix A occur only on the main diagonal and on one subdiagonal above
and below. This phenomenon of the matrix can be solved by the efficiency Thomas
algorithm (Appendix D).

In order to show stability of the ADI method, we replace U" =

pPar
En e PPk g iBadk oI into (4.27) to obtain

(6 s, - l)frwl o PPk ibak (eiﬂ,(r—l)k + eip,(r+1)k)_ 4(1 +3s, )§n+l Pk Pk o iBsrk
=5, {fn eiﬂ’qk( g ADk B0k | A1)k iB(r)k | iB(pH)EiB(-Dk AP e,-/g(m)k)}

-, { £ eiﬂqu( PV IBrK o ibala-Vk B (e o oiBilg+0k By (g1 eiﬁ_,(m)k) }
- 4Sx{ £ P eiﬂark(eiﬁ](P-l)k + eiﬁ,(pﬂ)k) _ 4Sy{ n gibipk eiﬂark( oPala-1)k + eipz(q+1)k) }
+ (2sx + 2sy _ 1) { fn eiﬂlqk eiﬂzqk (4elﬂsfk + eiﬂ;(r—l)k + eiﬂ,(r+l)k) } ' (430)

Y

Dividing the preceding equation by &" e Ar+AdAk e oet
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(65, - 1)le™* + eiﬂ”‘)— 41+ 35, )¢
= s ek 1 g ARG o JRRGIBE L AR | _ g (i gk )
_ Sy{e—iﬂzk g Bk gk gk | Jhak sk | bk ik } - 4=9y{ e Pk | Pk }
+(2s, +2s, —1){a+eP* 4B+
e o) g ) g (o
-5, “/’Zk(e‘%" +eiﬂ3")+ei’{”"(e‘i"-’k +e"‘y‘)} —4sy{e"'ﬂ1" + Pk }

+(2s, +2s, —1){d4+eBr 4 eBF ] @31)
Using e™* + ¢"* =2 cos B, k , for i =1,2,3, to obtain

£= 4s,(cos Bikcos pk)  4s,(cos Bk cos Bik)
2(632 - l)cos Bok —(4+ 12s,) 2(6sz - l)cos Bk —(4+12s,)
N (— 8s, cos B,k —8s, cos B,k + (2sx +2s, - 1) (4 +2cos p, k))

2(6s, —1)cos Bk — (4 +12s,)

(4.32)

We then apply cos 8 k =1~ 2sin’ %E, a, = sin’ %—k;i =123 andlet £ = ¢, in

(4.32) to obtain

_ [(4-16q, )as, + a,5,)+2(2a, -3)
i {{< _;>E“i‘fzaf;ffiz;§; }

4,
~12a,s, +(2a, -3) (433)

Using the same procedure apply with (4.28) yields

~24a,s, +2(2a, - 3)

_ {(2a2 -3)(1 - 4(a,s, +ass, ))}. 434)

~12a,s, + (2a, - 3)

£ = {(24 —16a,)(a;s, + a;5,)+2(2a, - 3)}




37

Similarly, for (4.29)

_ [ 16a,)(as, + a5, )+ 2(2a, - 3)
* ~24a,s, +2(2a, - 3)

{(2a,-3)( 4a,s, + ass, ))}' (435)

~12a,s, +(2a, - 3)

Thus

G= £.5,¢;
_ {(203 -3) (1 - 4(a1sx + azsy))} » {(2% -3) (1 - 4(a1sx + 4,5, ))}

~12a,s, +(2a, -3) ~12a,s, + (2a, - 3)

) {(2a1 ~3)(1 - 4(a,s, + ays, ))} |

~12a,s, +(2a, -3)

(4.36)

Let s=s, =5, =5, yields

{(2a3 -3)(1 - 4(a, +a, )9)} {(2412 -3)(1-4(a, +a, )s)}

- 12a,s + (2a, - 3) -12a,s + (2a, - 3)

{(2a1 =3)(1 - 4(a, +a, )y)}. 437)

~12a,5s +(2a, - 3)

The condition

G| <1 for all B, ;i=123 (4.38)

is required for stability. In order to find the values of s which satisfy the condition in

(4.38), we must substitute G = &.£,&, into (4.38) yields

| =lElg el <1 (4.39)
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let us consider the case |§ ]< 1 Iéyl <1 and Iézl < | which satisfy (4.39).
2 ﬂ

Consider a; = sin

2,3:

;i=123 when B, =mn;mel, if kel we then
ﬂ
2

=0 and sin?

obtain sin =1. Hence we can divide values of a,, a, and a,

into 8 cases. Next, we will show the values of s which satisfy the condition |§z| <1.

Casel Let g, =l,a,=1and aq, =1

Igz[ |%2‘ <1 thus 5s>0. (4.40)

Case2 Leta =16, =1and a, =0
|§z| =[1-8s<1 thus 0<s<1/4. (4.41)

Case3 Let g, =1,a, =0 and a, =1

—(1-4s)

<1 thus 5=0. (4.42)
-125 -1

Ié:ZI =

Cased Leta, =1,a, =0 and g; =0

£ = 1-45 <1 thus 0<s<1/2. (4.43)

CaseS Let g, =0,a, =1and q, =0

&= [1-4s<1  thus 0<s5<1/2. (4.44)
Z

Case 6 Let g, =0,a, =1 and a; =1
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(1-4s)

<1 thus §>0. (4.45)
125 +1

A

Case7 Let g, =0,a, =0 and a, =1

1

<1 thus s2>0. (4.46)
125 +1

&2/ =

Case8 Leta =0,a,=0and g, =0

£, = 1 satisfies |§z| <1 for all values of s . 4.47

Considering the values of &, when k¢ [I. (24, ~3)(1 - 4(a, + 3, ) can be
-12a,s + (2a, - 3)
Bk

expressed as a function of sin > as

(z sin® B ja _ 4(a, +a,)5)
§z(sin £ )—_-
2 —12s sin* 3= ’83 (25m2 ’B; 3)

(4.48)

. . Bk . . .
its extremum of ¢, (sm %—) occurs at sin & = 0, we then substitute this value into

(4.33) to obtain

£, (sm ) (1-4a, +a,)). (4.49)

¢, (sm 23—) =

stability, from this condition requires that 0 < s <

Hence the condition ](1 ~4(a, + a, )9] <1 is required for

<. Choosing th
2, ra) oosing the

minimum value of we obtain 0 < 5 < 1/4. Combining all the results leads

2(‘11 + az)



40

to the conclusion that 0 < s < 1/4. Since s = @ At/(Ax)’ and « is a positive constant
thus 0 < s £ 1/4.

Similarly, apply the above procedure with &, in (4.35) and &, in (4.34), we
obtain that 0 < s <1/4. Hence the FDEs (4.27)-(4.29) are stable over the interval
(0,1/4]. This shows the method is conditionally stable in three-dimensional problem
since we need to use the values of s in the interval (0, 1/4] to make the problem
stable.

In chapter 2, we discussed the advantages of the ADI method for solving two-
dimensional diffusion equations over the LOD method. Although the ADI method is
difficult and requires the solving of simultaneous equations, it proves useful since At
can be made larger without loss of stability. Here we apply the ADI method for
solving three-dimensional equations and presented them as conditionally stable. The
result of our findings is that the ADI method loses its advantage over the LOD method

in solving three-dimensional equations.



CHAPTER 5

EXAMPLES OF DIFFUSION PROBLEMS

In this chapter we will discuss easy examples of heat diffusion problems which
involve heat conduction in different mediums. All problems are considered as
conduction problems when convection and radiation heat transfer are neglected. As
part of our discussion, a comparison of exact solution and numerical solution will be
made by using different values of s in example 5.1. We will compare analytic
solutions and numerical solutions by using examples 5.2-5.4 to demonstrate the

differences in the sequel.

Example 5.1 In this example, using u(x, y,z,t) = exp (-3an’t) sin 7x sin zy sin nz
+100xyz, which is the exact solution of equations (1.2)-(1.9) to verify theoretical
predictions, numerical tests were carried out on the region 0 < x,y,z <1. Using this
function to define both initial and boundary conditions. The initial condition is given

by setting ¢ = 0 then we obtained
u(x,y,2,0) = sinmxsinny sinnz +100xyz,  0<x,y,z<1 .1

while Dirichlet boundary conditions are obtained by settingx =01,y =0,1 and

z = 0,1 respectively, we obtained

u0,y,2,t)=0, 0<yz<l (5.2)
u(l,y,z,t)=100yz, 0<yz<l (5.3)
u(x,O, Z, t)= 0, O<x,z<1 5.4
u(x,1,z,t)=100xz, 0<x,z<l (5.5
u(x,y,0,¢)=0, O<x,y<l (5.6)

u(x, y,1,¢)=100xy, 0<x,y<l. 5.7
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and boundary conditions are

u(x,y,C,t)=100, on the edge z=0.5 (5.18)
u(x,y,z,t)= 217, on other five edges. (5.19)
It is difficult to find u(x, ¥, 2, t) by using the technique in chapter 3. Since
besides finding u,, by add u, through u,. WE need to solve u,(x,y,z, t) which is
difficult because of the function #)(x, y,z,O) = 100 —y(x, y,z) . In order to avoid this

task we let uw(x,y,z) =9(x,y,z) +I,. In the purpose of finding H(x, bA z) we then

substituting &(x, y,z)=u, (x,y,z)- T, into equations (5.16)-(5.19) to obtain
0.+6,+6, =0, 0<x<0.30<y<02,0<2z<05 (5.20)
subject to boundary conditions

6(x,y,C)=73, on the edge z=0.5 (5.21)

H(x, Yy, z)= 0, on other five edges. (5.22)

From chapter 3 by separation of variables method we obtain 6(x, y,z) which is

expressed as

r 5
0.3] 0.2
I I73 sin(@jdy sin(m——jdx
200 ol 0 0.2 0.
3 2

e(x: Y Z) == 2]
(5.23)

o5l 2)of (2 (2T )

From u(x,y,z,t)=u, (x,y,2,0)+u, (x,y,z) and u_ (x,y,2)=0(x,y,2)+T, we

+
o
o=

then obtain u(x, y, z,2)=1u, (x,y,z,8)+6 (x,, z)+ 27, which can expressed as
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ux,y,z,t) =

SRl re{eol 2 ol 5
Pﬂijl ((IJ@S"{O 5)@[— 64 10—6”2((0}.732)2 i (oqz)2 ' H ¥

IPABHEH poe o T T

mmc) i
200w o
3 22
(.29

0.3

afosef 2] (2]

+27.

when u, (x, Y, z,O) =73- O(x, y, z) . Though we used this technique to find the
solution, which is expressed in (5.24). It still quite complicated to find the solution,
need computer program. To compare analytic solutions with numerical solutions, let

M=Ay=NA=002m, At =36.5396912396 0903 s for s=13 and for s=1/4 we

obtain At = 27.4047684297 0677 s . The result shows in table 5.12-5.13.

Table 5.12 Temperature distribution of the stainless steel box at the point

(0.060.06,2,30A¢), using s = 1/3.

z (m) Analytic Solution LOD Solution ADI Solution
0.02 29.43541840844241 29.50994772884720 26.71666049196591
0.04 31.75295482959679 31.89725103439875 27.75545230609763
0.06 33.85191612543116 34.05473662290049 29.67419595158131
0.08 35.66159788876389 35.90828510473261 31.79505150294970
0.10 37.14764851187400 37.42201122713243 33.41207463734823
0.12 38.31113302851820 38.59713814261775 34.68953714750978
0.14 39.18167021966178 39.46436992438210 35.63985037539236
0.16 39.80729654514131 40.07287871913121 36.31196921855338
0.18 40.24395270826155 40.47907375890643 36.76448925897734
0.20 40.54683677787824 40.73761980388274 37.05383307208017




Table 5.13 Temperature distribution of the stainless steel box at the point

(0.060.06,2,30A¢), using s = 1/4.
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z (m) Analytic Solution LOD Solution ADI Solution
0.02 31.09343034365165 31.21221259850601 29.20810025919441
0.04 34.92458682580948 35.15519756520413 32.40261389069304
0.06 38.28099438338364 38.60133156880246 35.91901770994107
0.08 41.03390983418130 41.41645451719038 38.87154516189499
0.10 43.14867262717019 43.56574652776546 41.09488725765771
0.12 44.67171768657886 45.09947423787112 42.43064538549579
0.14 45.70264037375149 46.12251780508861 43.81154109714510
0.16 46.36270468094061 46.76046921799351 44.52678991894489
0.18 46.76919514907618 47.13244817522414 44.94245841741817
0.20 47.02019903153988 47.33538235928614 45.16626577082022

Using data in table 5.12-5.13 to plot graphs, which are showed in the figure 5.11 and

5.12 respectively.

Temperature distribution of the

O 41 -

»

56

=

s

8

g 31 —¢— Analytic Solution
—=— LOD Solution
—*— ADI Solution

26 T T

0.2

Figure 5.11 Temperature distribution of the stainless steel box using s = 1/3.
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Temperature distribution of the
stainless steel box (

34 ~—&— LOD Solution
—&— ADI Solution
29 T T T ]
0 0.05 0.1 0.15 0.2

z (m)

Figure 5.12 Temperature distribution of the stainless steel box using s = 1/4.

Consider the above graphs we observe that LOD method gives a better
approximation than the ADI method. In both figures as z increases, resulting in the
temperature ;)f the stainless steel box increase, since the box is mounted by a hot
surface at z =0.5m. The LOD method gives a better approximation than the ADI
method in both cases of s. However the ADI method when s = 1/4 gives a better

approximation than s = 1/3.
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CHAPTER 6

CONCLUSION AND SUGGESTIONS

6.1 Conclusion
In this section we will give a conclusion of the advantages and disadvantages of

the numerical methods and the analytic method, which are summarized as

6.1.1 The LOD method

6.1.1.1 Advantages
1) It is easier to program when compared with the’ ADI method.
2) The method gives an accurate approximation. The MDEs
which are expressed in equations (4.19)-(4.21) show that the order of the truncation
errors (i.e. the first term in right hand side of equations (4.19)-(4.21), E, (Ax)",
E x (Ay)* and E, < (Az)*) are four. Hence the LOD method has fourth order of
accuracy. If we plot a graph of —log,, |EI] against —log,, (Ax) the graph will give
slope four. The theoretical order of accuracy in chapter 4 can be tested by numerical
experiment. The function u(x,y,z,t) = exp(-3ax’t)sinz xsinzysinzz +100xyz in
example 5.1 will be used to find the values at grid point (0.5,0.5,0.5,1), where
a =0.01 and Ax = Ay = Az.
The table 6.1 shows values of numerical solution by using the LOD method.
The values at the grid point (0.5,0.5,0.5,1) will be considered when numbers of grid
spaces are 10,20,30,40,50,60 and values of s are 1/2,1/3,1/4,1/5,1/6. Table 6.2
presents errors of LOD solutions when compared with the exact solution,
4(0.5,0.5,0.5,1) = 13.24372187941077 °C. We then present values of — log,, (Ax)
and —log,,| error| in table 6.3 by using data in table 6.2 when error =u-U, u

denotes an exact solution and U denotes a numerical solution.
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APENDDIX A

In this section, we give basic definitions and theorems.

Definition A.1 Let M be any set. A metric for M is a function o with domain

M x M and range contained in [0, 00) such that

L o(x,x)=0, (xe M)

2. p(x,y) > 0, (x,ye M, x=y)
3. p(%y)=p (%), (x,y e M)

4. p(xy)<px2)+p(y) (x,y,z € M).

If p isametric for M, the ordered pair (M , p) is called a metric space.

Definition A.2 Let (M, p) be a metric space and let {S,, }:;1 be a sequence of points
in M. We say that {S,, }:;1 is a Cauchy sequence if given & > 0, there exists N € |

such that
p(S,,S )<e, (m,n)=N.

Let X be a vector space over a scalar field (the real numbers R or the complex
numbers C) on which we have defined a norm [}f|; i.e; for every xe X, |1 is a

nonnegative real number satisfying the following properties

1. |x|=0 ifand onlyif x=0
2. |ax||=|a|-|x| forallscalar &

3. e+ =< I+ -
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The norm induces a distant function d(x,y)=|x - y| so that Xis a metric, called a
normed vector space. If the normed vector space X is a complete metric space (i.e. all

Cauchy sequence converge), then we shall call X, a Banach space.

Definition A.3 Let (M, p) be a metric space. If e M and x >0 , then Bla;r] is

defined to be the set of all points in M where distance to @ is less than r that is
Bla;rl={xe M/ p(x,a)}<r.

Definition A.4 Let M be a metric space. We say that the subset G-of M is an open
subset of M (or, more simply, that Gis open) if for every x € G, there exist a

number r > O such that the entire open ball Bx; r] is contained in G .

Theorem A.1 Let (M, p) be a metric space and let Abe a subset of M. Then if A4

has either one of the following properties, it has the other

1. It is impossible to find nonempty subsets A;,4, of M such that
A=A UA,, A ~A,=9, A, nAr=¢. (Here A, means the closure of 4, in

(M, p)).
2. When (4, p) is itself regarded as a metric space, then there is no set except

A and ¢ which is both open and closed in (4, p).

Definition A.5 Let (M, p) be a metric space and let A be a subset of M. If 4 has
either (and hence both) of the properties 1 and 2 of theorem 1, we say that A4 is

connected.

Definition A.6 Let (M, p) be a metric space. We say that the subset 4 of M is

bounded if there exists a positive number L such that

px,y)<L, (x,yed).
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Definition A.7 Let E be a subset of the metric space M. A point x € M is called a

o0

limit point of E if there is a sequence {x, }

n=1

of points of £ which converges to x.

The set E of all limit point E is called the closure of E .

Definition A.8 Let Z a, be a series of real numbers

n=1

«©

1. If 3" |a,| converges, we say that > a, converges absolutely.

n=1 n=1

2. If ian converges but ilan|diverges, we say that ian converges

n=1 n=1 n=1

conditionally.

Definition A.9 A problem is well posed if a solution exists, unique and depends

continuous on its data.

Definition A.10 If there exists a subdivision o = {a: a, <a, < Q,,<a, = b}
of [a,b] such that f is continuous on each of the open subintervals (@,,,a,) when

(v=12,...,n). The function f is called a piecewise continuous function.

Principle of Superposition : If » and u, satisfy a linear homogeneous equation, then
an arbitrary linear combination of them, ¢, +c,u,, also satisfies the same linear

homogeneous equation.

Considering, the kernel K(s, t), could be expanded in a series
K(s,7)=> 2@ (Sﬂ)fpf ® A.D)
i=1 (]

which would converge uniformly in each variable, then it would follow that every

function g(s) of the form



g(s)= I K(s, t)h(t)at (A2)

where h(t) is any piecewise continuous function, could be expanded in the series

26)=> 2.2,(5) A3)

i=1

h, g,
when g, =(g, ¢i)=(_‘/?¢_)'

i

Theorem A.2 (Fundamental Expansion)[15] Every continuous functions g(s) which,
as in (A.2), is an integral transform with symmetric kemnel K(s,) of a piecewise
continuous function h(t) , can be expanded in a series in the eigenfunctions of K (s, t) ;

this series converges uniformly and absolutely.
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APPENDIX B

B.1 Von Neumann Stability
The most widely used procedure for determining the stability (or instability) of
finite difference approximation is called von Neumann stability [12-14]. In essence, it
introduces errors as represented by a finite Fourier series and then considers the
growth (or decay) of these errors as x increase. The procedure applies only to linear,
constant coefficient problem. Because of the linearity, each Fourier component can be
treated separately and superposition used to add all other components.
For simplicity, consider any finite difference approximation in which u,, is a
scalar quantity. Now we introduce a decomposition of the error at grid points on a

given x level
P .
UQ) = YA, (B.1)
p

where p is equal to the number of grid points on the x line, \,Bpl is the frequency of

the error, and i is the complex number -1 . Because of linearity we need only
consider one of these p terms and thus only need e”?” (where B, is real). Hence we

can write the solution of the FDM in separate form as
Ux,y) » e’*e®’ (B.2)

where y =7(ﬂ) is, in general, complex. Note that the solution at x=0 equals the
error introduced at x=0. We see from (B.2) that in order for the original error not to

grow as X increases, we need

| el <1 (B.3)

for all y . Alternatively, we may write this condition for stability as
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le”'l <1 (B.4)

which is call von Neumann condition. For convenient, one defines G = e”™ = the

amplification factor and thus the stability constraint (B.4) becomes

6] < 1. (B.5)

B.2 Stability of the LOD Method

In this section, the stability of the LOD method by using von Neumann stability
will be presented. In 1986, B.J. Noye and K.J. Hayman publised a journal entitled “An
Accurate Five-Point Explicit Finite Difference Method for Solving the One-
Dimensional Linear Diffusion Equation” [5]. In this journal, Noye and Hayman
presented stability range of (4.25). In order to show the stability range of (4.25), we
first consider the value of f, =mn when mel, if Ax=hel we then obtain
cos B,h = £1. Consider the case cos f,h =1, equation (4.25) reduces to G =1, so

(4.26) is satisfied. If cos B,h = -1, equation (4.25) becomes
G=1- %"(16 ~24s.) (B.6)

from which (4.26) requires that
0<s, <2/3. ®B.7)

For Ax¢ I, we find that the extremum of the function cos B,k in (4.25) occurs at

6s, — 4

cos Bh =
Ay 6s, —1

(B.8)

which when substitute into (4.25) gives
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G = 3s, -1

= B.9
6s, +1 ®.9)

and this satisfies the condition (4.26) for all positive values of s, combining all the

above results leads to. the conclusion that the FDE is stable over the interval (0,2/3].
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APPENDIX C

Here, we will demonstrate the work on finding u, (x, ¥z, t) that satisfies

equations (3.56)-(3.58), by using separation of variables method, defining

uy(x, y,2,t)=w (x,5,2)T(t). (C.1)

Substituting equation (C.1) into equation (3.56), yields

T '(t) _ a
T() v(xy,2)

Ve +v,, +¥2) = —u C2)

hence we obtain
T'+ul =0 (C3)
a(wn+w,,+wu)+ﬂw=0 (C4

in which its boundary conditions are (0, y,z) = w(4,y,2z) = w(x,0,2) = w(x, B,z) =

w(x, y,0)= y(x,y,C)=0.

Using separation of variable method again for problem (C.4), and letting

w(xy,2) = XY (7)Z(2) €5

insert this equation into equation (C.4), we have

:—-——————="‘/12 (C6)

then
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X' +2*X=0 (o))
and
Y s p (C.8)
Y Z «a

Seeking orthogonality in the two homogeneous directions, we set the y-

2

dependent term of equation (C.8) equal to — B and the z-dependent term to — 2, to
obtain

Y"+B%Y =0 (C.9)

Z"+y*Z =0 (C.10)
for any values at the separation constants — 4>, — f#? and — y?

p=a(®+p*+y?) (C.11)
thus we can then express (C.3) as

T +ali? + B> +7*)T = 0. (C.12)

Solving the above ordinary differential equations (C.7), (C.9)-(C.10) and (C.12), by

substituting the solution into the equation (C.1) yields

uo(x, y,2,) = (4, sin(Ax) + A, cos(Ax)) (4, sin(8 y)+ A, cos(8 y))
(4, sinly z) + A, cos(y 7)) exp {— oz(l2 + B + yz)t} . (C13)
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To evaluate the constants A to 4 , A , f and y, we will make use of the
conditions (3.57) as well as the orthogonality property of the sine functions. One

immediately notices that boundary condition (3.57) when x =y = z =0, yields
A, =A, =44 =0. (C.14)

Next, applying other boundary conditions, yields

_Dpr _
/‘Lp = —14-, P= 1,2,3... (ClS)
g, =L, g=123... (C.16)
B
_Iz r=123 (C.17)
7" C 3 P ot .

Combining equations (C.13)-(C.17) we then summarize the expression for the

diffusion as follows

2 2 2
oy = A, sin(pf)sin(qu) sin(’ ézz ) e,q,(_ aﬂ{% + % + %N (C.18)

The constant A4,, was obtained by combining the constants A4, 4, and A;.

The subscript p,q,r accounts for all values of p,(p = 1,2,3,...), all values of
g,(g =123,...) and all values of r,(r =1,23,...) yield solutions for the problem.

Based on the above, the general solution for the diffusion is the linear combination

®w o © . _ 2 2t
Uy =D 0. > A sm(gi—zx—jx exp(-—azz—p—J

p=l q=1 r=1

2.2 22
X sin(%) X axp(%qj X sin(%) X axp(a%zrzj (C.19)
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where the exponential term was conveniently split into three parts. We notice that the

© _ 2.2
quantity ZAM, sin(p ij e.xp( azzp .tJ depends only on g and r when specific
p=l

values have been assigned on the index p, defining

© _ 2.2
G,(xt)=> 4, sin(-l-@—) exp(aﬂ—zptj : (C.20)
< 4 A

Combining equation (C.19) and (C.20) yields

® o _ 2 2
wtens-E o u{ ol 25

(rmz -arn’r’t
x{szn( c )axp( o j} (C21)

~an’q®t
B2

Similarly, the quantity ZGq,(x, t)sin(q—Z—y—) e.xp( J depends only on r
g=1

(after the summation is carried out) we can then define

@ . 2,2
G,(x,y,1)=>.G,(x1) sin(-q——;p)—) axp(—-a—zzi-t-j , (C22)
q=1

Combining equation (C.19) and (C.22) yields

@ _ 2.2
(%, y,2,t) = .G, (x,5,1) sin(%zz-j axp(ozcﬂ_ZrtJ . (C.23)
r=1

Next, we apply the initial condition (3.58)

1 (x,5,2.0) = F(x,3,2) - u,(x,y,2)= > G,(x,7,0) sin(r—ziJ . (C29

r=1
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Utilizing the orthogonality property of the sine function in equation (C.24), we obtain
2 .[rmz
G,(x,y0) = ra _[(F(x, ¥, 2)—u,(x,y,2))sin < | % (C.25)
0
From (C.22) we have

G,(x,y,0) = ZGq,(x O)sm(q;zy)

T{F (x5, 2) - u,(x, y,Z)}sin(%”zj dz. (C.26)

Utilizing the orthogonality property of the sire function in equation (C.26), to obtain

B

G, (x, O)—— [J' {F(x,y,z)-u,(x,y, z)}sm( c ) dz] sm(q;yj dy . (C27)

BC,

Combining equation (C.20) and (C.27) and applying the orthogonality property of the

sine function yields the final expression for 4,,,

Aoy = BC <I D {F(x,7,2) - . (x,,2) Sln( . ) dz}sm(q;”)dy>~vm[p mjdx (C28)

Substituting equation (C.28) into equation (C.19) results in the diffusion

w2 o 5 ST ten 0l 2 e o 2o f 22) o

2 2 2
x Sin p_;zx_) sin( 5 )szn( ZZ) axp[ 2(% + %7 + % )t} (C.29)

Considering (C.25) when initial temperature u(x, y, z,0) is a constant and the

diffusion problem has homogeneous boundary conditions, we obtain
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C
G,(x,y0) = %HJ‘si (n(r:zj dz = ————(1 cosrm)
0

0, r areeven
= 16H
qrBCr?

, T are odd (C30)

when H =u(x,y,2,0). Since cosrz=(-1) which is equal 1 when r is an even and

— 1 for r is an odd, to obtain (C.30) as

(C3D

G.(5.y0)= == (i-(-1y).

In the same manner, as the preceding procedure, to obtain G, (x,O) in (C.27)

which is expressed as

G,(x..0)= ch, - Ci-C1y)
0, qor r areeven
- 16H
qrBCr?

, p andr are odd (C32)

and 4, in (C.28) as

Ay = o[- Y- GO - 1)

i ABCpgrrx

0, porgqgorrareeven

_TTIZ_S, p and gand r are odd
par. n

(C33)

hence we can manipulate (C.29) as

i 27 o 9 i I r.e.r
U (%,y,2,7) ZZZ szr{A)sn(B)szr(C)ax;{ an{AﬁBﬁC’ jtj| (C.34)

p=lg=lr=l
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equals __G4H when

since A, equals O when p,q or r is an even, and A4
pr 4 P-4 BCpgrn’®

par

p,q and r are odds. Thus

Uy (%,3,2,1) = iiifiupuxzquxzru) Si'( & ;1)7::) Si’{ = l)ﬂy)m( @ J(r:l)ﬂ)

p=04=0 r=0 B
xexp{_aﬂz[(lv-l; ), eg+1", @rey H €39
A B C
64H

when A,y aga)2r) = . The above computation

(2p +1)(2g +1)(2r + 1)ABCx?
and manipulation of u,(x,y,z,¢t) demonstrates that only odd terms are desired in
(C.35). Hence, for diffusion problems in which all boundary conditions are zero, it
requires a shorter time in running a computer program as compared to other kinds of
boundary conditions (constant boundary conditions etc.). It shows that for computing

uy(x,y,z,t) only odd terms of summation are used in (C.35).
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APPENDIX D

D.1 Thomas Algorithm
We start this appendix by introducing a popular algorithm for solving a
tridiagonal matrix, it is known as the Thomas algorithm. Consider the matrix equation,

which can be expressed as

Tx

]
o

(D.1)

where T is a tridiagonal matrix. Augmenting T with b and writing in expanded

form, we obtain

@, a, 0 0 O 0 0 0 | b

a, a, a, 0 0 0 0 0 !b,

0 a, a, a, O 0 0 0 i b,

0 0 a, a, a 0 0 0 15| ®2
P : Do

0 0 0 0 0 Gy Gy Gs | by

0 0 0 0 0 - 0 Qppy Gnp 1 b, ]

For simplicity, the tridiagonal matrix T will be stored as the three singly
subscripted column vectors /,d and u. The elements d,,d,,...,d, correspond to the
major diagonal elements a; of the full matrix 7. The elements [,,[;,...,1[,
correspond to the elements below the major diagonal of T are elements a;;, of the
full T matrix. The elements u,u,,...,u4,; correspond to the elements above the
major diagonal of T are a;;,, elements in the full 7 matrix. The elements [, and u,
do not exist.

Equation (D.1), when expressed in terms of the /,d and # column vectors,

becomes
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d w 0 0 0 0 0 0
I, d, u, 0 0 0 0 0

0 L d, u 0 0 0 0|

0 0 I, d, u, 0 0 0 ([x]=[] (D.3)
0 0 0 0 O I, 4., u,

0 0 0 0 O 0 & d,

Augmenting the 7 matrix by the b vector and performing the row reduction

operations yields

d, w, 0 0 0 0 0 0! b

L, d, u, 0 0 0 0 0 !b

0 I, d, u, 0 0 0 0 ! b z

0 0 I, d, u 0 0 0 §b4 2-221-1{1. (D.4)
: . . . : . |

0 0 0 0 0 L, d., u, ib,,_l

0 0 0 0 0 I, d, b,

This procedure is repeated until /, has been eliminated from row n.

The first row of T is unchanged. All the elements of [ are reduced to zero
exactly, without calculation. The row elimination multipliers, (l,. /d;,), can be stored
in place of the elements of /. Since the elements above the elements of u are all zero,
name of the elements of u are changed, so they are not recalculated. Consequently,
the only terms that need to be recalculated in the T matrix are the elements of d. The
elements of the b vector ‘must be recalculated, corresponding to the row operations

indicated in equation (D.4). The upper triangularized T matrix and the transformed b

vector become
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- d, u, 0 0O 0 - 0 0 0 | b |
|
(,/d,)) d, u, 0 O 0 0 0 ! b
0 (/) di w 0 0 0 0!
0 0 (,/d) d u, 0 0 0 | b, |(D.5)
. . . . . . . | .
: : : Do : : Lol
{
0 0 0 0 0 - (/d,) d, u, ib;,.-1
L0 0 0 00 - 0 (/) 4 b ]
The row reduction equations are
' L .
di =d, - —u_, i=123,..,n. (D.6)
di—l
The ¢lements of the transformed b vector are computed from
b = b, (D7)
b, = b,.——l,"——b,.'_l, i=123,...,n. (D.8)
di—l

The computation of the transformed b vector can be done after the reduction of
the T matrix by using the elimination multipliers stored in place of the [ vector. The

solution vector x is obtained by back substitution, then equation (D.5) becomes

bl
X = -2 D9
S (D.9)
xo= DiTWYa a3 . (D.10)

4 [
d;

Thus the Thomas algorithm, for programming for a digital computer, is summarized as
1. Store the nxn tridiagonal matrix T in the three nx1 column vectors
l,d and u. The right-hand-side vector b is also an n x1 column vector.

2. Compute the d; terms from the equation
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L

———,—u,._l, [ = 1,2,3,...,n (D].l)
di—-l

dtf:di—

store the row reduction multipliers (I, /d,_, ) in place of [, .

3. Compute the b; terms from the equations

b = b, (D.12)

b; b,.—i—b

I3
{ ’ i-1>
di—l

i=123,..,n. (D.13)

4. Solve for x; using back substitution from the equations.

x, =t D.14
-2 (D.14)
x, = i’;al‘ii i=n-Ln-2..1. (D15

Next, we apply the above algorithm to write the ADI method program for
solving a problem in example 5.1 (Chapter 5). We then show the LOD method
program to find numerical solutions in Appendix D.3. In all examples, we let

Ax = Ay = Az.

D.2 The ADI Method Program for Solving Example 5.2

%The ADI method program

a=1; % ¢t , Thermal diffusivity (17 /s)
s=1/2; % Grid Fourier Number

dx =1/10; % AX , Gridspacing

dt = (s*dx*dx)/(2); % At , Time step size
I=(1/(dx))-1; J = (1/(dx))-1; K = (1/dx)-1;

M = I*J*K;

N =20,

t=0:dt:N*dt;

x=0:dx:1; y=0:dx:1; z= 0:dx:1;
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forn=1
fori=1:I+2
for j=1.J+2
for k = 1:K+2
U(n,1,j,k) = sin(x(@)*pi)*sin(y(j)*pi) *sin(zk)*pi) +(100*x(D)*y()*z(k)); %elnitial value
end
end
end

end

fori=1M
d@)=-4*(1+(3*s)); %Diagonal element
end
fori=1:M-1
if mod(i,K) ==
uz(i) = 0;
else uz@) = ((6*s)-1); %Matrix U in z-direction
end
1z(i+1) = uz(i); %Matrix [ in z-direction
end
fori=1:M-1
ifmod(,)) ==
uy@) = 0;
else uy(i) = ((6*s)-1); %Matrix i in y-direction
end
IyGi+1) = uy(); %Matrix [ in y-direction
end
fori=1:M-1
if mod(@iD) ==
ux(i =0;
else ux(@) = ((6*s)-1); %Matrix 4 in x-direction
end
1x(i+1) = ux(@); %Matrix [ in x-direction
end



forn=2:N
fori=1
forj=1:J+2
fork = 1:K+2
U(n,i,j,k) =0;
end
end
end
fori=1I+2
forj=1:J+2
fork = L:'K+2
U(n,i,j,k) = 100*y()*z(k);
end
end
end
fori=1:I+2
forj=1
fork = 1:K+2
Ulw,ijk) =0;
end
end
end
fori=1I+2
forj=J+2
fork =1:K+2

U(n,i,j,k) = 100*x(1)*z(k);

end
end
end
fori=1I+2
forj=1:J+2
fork=1
U,i,j,k) =0;
end

end
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%Boundary value at X = 0

%Boundary valueat X = A4

%Boundary valueat y = 0

%Boundary value at y = B

%Boundary value at Z = 0



end
fori=1:1+2
for j=1:J+2
for k=K+2
U(,i,j,k) = 100*x@)*y(); %Boundary valueat 7 = C
end
end
end

end

forn=1
fori=2:I+1
forj=2J+1
for k = 2:K+1
fln,i,j,k) = (-s*(U(n,i-1,j,k-1)+U(n,i-1,j,k+1)+U(n,i+1,j k-D+U(n,i+1,j,k+1)))...
-((4*3)*(U(n,i-1,j,k)+U(®n,i+1,i,k)))...
-(s*(U(,i,j-1,k-D+U(n,1,j- Lk+1D+U(n,i,j+1,k-1)+U@,i,j+1,k+1)))...
-(4*9)*(U(n,i,j-1,0)+U(@,i,j+1,k))...
+H((2*)+(2*5)-D)*(U(n,i,j,k-D+4*U(n,i,j,00)+U(w,i,j,k+1)));
end
end

end

if 1z(0) < uz(i)
f@,i,j,k) = fln,i,j,k)-(((6*5)-1)*Uln+1,i,j,k-1));
elseif 1z(i) = = uz(@@)
fn,i,,k) = fn,i,j,K)+H@*(1+(3*s))N*U(n+1,ij,k));
else
fln,i,j,k) = fln,i,j,k)-((6*s)-D*Ua+1,i,j k+1));
end
m=1;
fori=2:1+1
forj =2:J+1
fork = 2:K+1
b(m) = f(n,i,j,k); %Assign matrix b in (D.1)

m=m+l;

o8



end
end
end

clear f;

d1(1) =dQ); %Computing matrix d ,-, , b‘.,
b1(1) = b(1);
fori=2:M
d1() = (d@)-((1z()*uzG-1))/d1G-1));
b1G) = b@)-((z()*b1G-1))/d1G-1));
end
x(M) = b1(M)/d1(M);
fori=M-1:-1:1
x@) = (b1()-(uz()*x(+1))/A10);
end
m=1;
fori=2:1+1
forj=2:J+1
for k = 2:K+1
Um+1,1,j,k) = x(m); %Assign U(2,1,j,k)
m=m+l;
end
end
end

end %(end of n=1)

forn=2
fori=2:I+1
forj=2:J+1
fork = 2:K+1
fn,ijk) = -*U,i-1,j-1,k) + Un,i-1,j+1,K)+U(n,i+1,j-1,)+U(,i+1,j+1,K))...
-((4*s)*(U(n,i-1,j,K)+U(m,i+1,j,K)))...
-(s*(U(n,1,j-1,k-1)+Um,ij-1k+D+U(n,i,j+1,k-1)+U(n,ij+1,k+1)))...
-((@*9)*(U,ij,k-D+Um,i,j,k+1)))...
H{(@2*9)+(2*)-1)* (U, 1,j-1,)+E* U, i )+ Ui +1,K)));
end

end
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end
if ly(@) < uy()
fln,1,j,%) = fln,i,j,K)-((6*s)- D*Uln+1,i,j-1,K));
elseif Iy(i) = = uy(d)
£(n,1,3,) = fo,i,j,0)+H@*(1+3*))*Uln+1,i,,K);

else
fin,ij,k) = f(n,i,j,k)-(((6*s)-)*Un+1,i,j+1,k);
end
m=1]1;
fori=2:I+1
fork=2:K+1
forj = 2:J+1
b(m) = fn,i,j,k);
m=m+l;
end
end
end
clear f;
b1(1) = b(1);
fori=2:M
b1(@) = b(D)-((ty(®)*b1G-D)/d1G-1));
end
x(M) = b1(M)/d1(M);
fori=M-1:-1:1
x(@) = (b1()-(uy@*x(+1)))/d1();
end
m=1;
fori=2:I+1
for k =2:K+1
forj = 2:J+1
U(n+1,i,j,k) = x(m); %Assign U(3,1,j,k)
m=m+1];
end
end
end

end%(end of n=2)



forn=3
fori=2:1+1
forj=2:J+1
fork = 2:K+1

ftn,i,jk) = -s*(U(n,i-1,j-1,K)+U(0,i-Lj+1)+U(,i+1,j-1,k)+U(g,i+1,j+1,k). ..

-(4*s)*(U(n,i,j-1,K)+U(n,ij+1,K)...

-s*(U(,i-1,j,k-D+U(o,i-1,j,k+ D+U(n,i+1,j k-D+U(@,i+1jk+1))...

-(4*s)*(U(n,i,j,k-1)+U(n,i,j k+1))...
+({((2*s)+(2*s)-1)*(U(n,i-1,j,k)+@*U(n,i,i,k))+U(m,i+1,j,k)));
end
end
end
if 1x(@) < ux(@)
f@,i,,k) = flo,i,j,K-(((6*s)-D*Uln+1,i-1j,K);
elseif 1x(Q) = = ux(i)
fln,i,,k) = fln,i,j,K)+H@*(1+(3*s))*Ula+1,i,j,K);
else
f(o,i,j,k) = fln,i,j,k)-((6*s)-D)*Ula+1,i+1,j.K));
end
m=1;
forj=2:J+1
fork =2:K+1
fori=2:I+1
b(m) = f(n,i,j,k);
m=m+l;
end
end
end
clear f;
b1(1) = b(1);
fori=2M
b1(@) = b()-((1x()*b1G-1))/d1G-1));
end
x(M) = b1(M)/d1(M);
fori=M-1:-1:1
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x(@) = (b1()-(ux(@)*xG+1)))/d1(D);

end
m=1;
forj=2:J+1
fork = 2:K+1
fori=2:I+1
U@+1,i,j,k) = x(m); %Assign U(4,1,j,k)
m = m+l;
end
end
end
end %(end of n)
Yp-=mmmmmmmm e Finding U(n,i,j,k)whenn>4 - -----------------
forr=1:3
q=(*t1,
forn=q
fori=2:I+1
forj=2:J+1
fork = 2:K+1
f,ijk) = Cs*(U,i-1jk-1)+U@,i-1j k+1D+U(n,i+1,j k-1D+U(,i+1,j,k+1))...
-(@*9)*(Un,i-1,j,K)+U(@,i+1,j,K))...
-(s*(U@,1,j-1,k-1)+U(n,i,j-1,k+1)+U(0,i,j+1,k-1)+U(n,i,j+1,k+1)))...
-(@*)*(U(n,1,j-1,k)+U(m,i,j+1,k))...
+({((2*s)+(2%s)-1)*(U(n,1,j, k-1)+(4*U(n,1,j,K))+U(n,i,j,k+1)));
end
end
end
if 1z()< uz(i)
fln,i,j,k)=1f(n,1,j,k)-(((6*s)-1)*U+1,i,j,k-1);
elseif 1z(1)==uz(i)
fn,1,,k)=Mn,i,j,k)+((4*(1+(3*s)))*U(n+1,i,j,k));
else
f,i,j,k)=fn,1,j,k)-((6*s)-1)*Ul+1,i,j,k+1));
end
m=1;

for i=2:1+1
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for j=2:J+1
for k=2:K+1
b(m)=f(n,i,j,k);
m=m+1;
end
end
end
clear f;
d1(1)=d(1);b1(1)=b(1);
fori=2:M
d1(i) = (d(@)-(Qz()*vzG-1))/d1G-1)));
b1@) = b()-((1z()*b1(-1))/d1(i-1));
end
x(M) = b1(M)/d1(M);
fori=M-1:-1:1
x(@) = (b10)-(uz@*xG+1)))/d1G);
end
m=1;
fori=2:I+1
forj =2:J+1
fork =2:K+1
U@+1,i,j,k) = x(m);
m=m+l;
end
end
end
end %(end of n)
Yp- == =- - - Using formula in equation 2 to compute U(n,i,j,k) in the next time step- - -
forn=q+1
fori=2:I+1
forj=2:J+1

fork =2:K+1

fln,i,j,k) = -(s*(U(n,i-1,j-1,k) + U(n,i-1,j+1,k)+U(n,i+1,j-1,K)+U(n,i+1,j+1,k)))...

-((4*)*(U(n,i-1,j,k)+U(@,i+1,j,K)))...

-(s*(U(n,1,j-1,k-1)+U(n,1,j-1,k+ 1)+U(n,i,j+1,k-1)+U@,i,j+1,k+1)))...

(@ U@AT K DHUQLKHD). .
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+H(2*9)+(2%9)-1)*(U(n,i,j-1,)+@* Ui, )+ U,ij+1,K)));
end
end
end
if ly()< uy(Q)
fn,i,j,k)= fln,i,j,k)-(((6*s)-1)*Ula+1,ij-1,K));
elseif ly(D==uy(®)
fln,i,j,k)= fln,i,,k)+(@*(1+(3*9))) *Uln+1,i,,k));
else
f(n,i,j,k)= fln,i,j,k)-(((6*s)-1)*U(n+1,i,j+1,%);
end
m=1;
fori=2:I+1
for k = 2:K+1
forj=2:J+1
b(m) = fln,i,j,k);
m=m+l;
end
end
end
clear £,
b1(1) =b(1);
fori= 2M
b1@) = b()-((y®*b1(-1))/d1G-1));
end
x(M) = b1(M)/d1(M);
fori=M-1:-1:1
x(@) = (b1@)-(uy()*x(i+1)))/d1G);

end

m=1;
fori=2:1+1
for k = 2:K+1
forj=2:J+1
Ula+1,i,j,k) = x(m);

m=m+l;
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end
end
end
end %(for n)
Y%-------- Using formula in equation 3 to compute U(n,i,j,k) in the next time step - - - - - - - -
forn=q+2
fori=2:I+1
for j = 2:J+1
for k = 2:K+1
fn,i,j,k) = -s*(U(n,i-1,j-1,K)+U(n,i-1,j+1,0+U(@,i+1,j-1,k)+U0(0,i+1,j+1,K)...
-@*9)*(U,i,j-1,k)+U(@,ij+1,k))...
-s*(U(n,i-1,j,k-D+U(@,i-1,j,k+1)+U0(0,i+1,j,k-D+U(@,i+1,5,k+1))...
-(4*)*(U(n,i,j,k-1)+U(n,ij,k+1))...
H@H*) DU LI+ U I U@L
end
end
end
if Ix()< ux(@@)

fn,i,j,k) = f{n,i,j,K)-(((6*s)-1)*Uln+1,i-1,j,K));
elseif 1x(i) = = ux(@@)
f(n,i,j,%) = fln,i,j,k)+H@*(1+3*s)*U+1,i4,k);
else
fn,i,j,k) = f(n,1,j,K)-(((6*s)-1)*Un+1,i+1,j,k));
end
m=1;
forj=2:J+1
fork =2:K+1
fori=2:I+1
b(m) = f(n,i,j,k);
m=m+l;
end
end
end
clear f;
b1(1) = b(1);
fori=2M



b1@) = b(@)-((x®1)*b13i-1))/d1G-1));
end
x(M) = b1(M)/d1(M);
fori=M-1:-1:1
x(@) = (b10)-(x@)*x(+1)))/d10);
end
m=1;
forj = 2:J+1
for k=2:K+1
fori=2:+1
U@+1,,j,k) = x(m);
m=mtl;
end
end
end
end %(end of “for n””)

end %(end of “for r’)

D.3 LOD Method Program for Solving Example 5.1

% The LOD method program

a=1;

s=1/2;

dx=0.1;

dt=(s*dx*dx)/a;

X=LY=1Z=1,

I=X/dx)+1;T = (Y/dx)+1;K= (Z/dx)+1;N = 20;
x=0:dx:X; y = 0:dxY; z= 0:dx:Z;

D1 = ((s*((6*5)-1))/12);

D2 = (((2*)*(2-(3*s)))/3);

D3 = ((2-(5*s)+(6*s*5))/2);

El = (8*(2+(3*)))/((6*s)+1));

E2 = ((6*(2+(5*s)+(6*s*s))/(s*((6*s)+1)));
E3 = (12/(s*((6*s)+1)));

F1 = ((6*s)+1)/(8*(2+(3*))));

F2 = ((3*(2+(5*s)+(6*s*s))/(s*((12*)+8)));
F3 = (3/(s*((6*s)+4)));
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for n=1
for i=1:1
forj=1:J
for k=1:K

u(n,i,j,k) = (sin(pi*x()*sin(pi*y(j))*sin(pi*z(k)))+100*x(D)*y(j) *z(k); %initial value

end
end
end
end
forn=2:N
fori=1
forj=1J
fork=1K
u(,ij,k) =0;
end
end
end
fori=1I
forj=1J
fork=1K
u(,ij.k) = 100*y()*zk);
end
end
end
fori=1I
forj=1
fork=1K
u(,ijk) =0;
end
end
end
fori=11
forj=1J
fork=1K

%Boundary value at X = 0

%Boundary value at X = A

%Boundary value at ¥ = 0
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un,ij,k) = 100*x(i)*z(); %Boundary valueat y = B
end
end
end
fori=1:1
forj=1J
fork=1
u(n,i,j k) =0; %Boundary value at 7 = 0
end
end
end
fori=1:1
for j=1:J
for k=K
u(n,ij,k) = 100*x(0)*y(); %Boundary value at z = C
end
end
end

end

Yom=mmmmmmmmmmm s mmm e m x-direction- - == --~-=-=----~----------
forn=2:N
fori=3:1-2
forj=1.J
fork=1K
w(n,i,j,k) =D1*u(n-1,i-2,j,k)+uln-1,i+2,j,k))+D2*(u(n-1,i-1,j k)+uln-1,i+1,j,k))...
+D3*u(n-1,i,j,k);
end
end
end
fori=2
forj=1J
fork=1K
w(n,ij,k) = E1*(w(n,i+1,j,k+w(n,i+3,j,k)-E2*w(n,i+2,j,k)-w(n,i+4,j,k)+E3*un-1,i+2,j,k);
end
end

end



109

fori=1-1
forj=1:J
fork=1K
w(n,ij,k) = E1*(W(n,i-1,j,k)+w(n,i-3,j,k))-E2*w(n,i-2,j,k)-w(n,i-4,j,K)+E3*u(n-1,i-2,j,k);
end
end
end
R y-direction= - - - - - -~ ccc-cneaeaaia cae oo
for i= 2:I-1
forj=3:J-2
fork=1K
v(n,i,j,k) = D1*(w(n,i,j-2,k)+w(n,i,j+2,k))+D2*(w(n,i,j-1,K)+w(n,i,j+1,K))+D3*w(n,i,j,k);
end

end
forj=2
fork=1K
v(,ij,K)=E1*(v(n,i,j+1,k)+v(n,ij+3,k)-E2*v(n,i,j+2,K)-v(n,ij+4,K)+E3*w(n,ij+2,k);
end

end
forj=1J-1
fork=1K
v(n,ij,k) = E1*(v(n,i,j-1,k)+v(n,i,j-3,K))-E2*v(n,i,j-2,k)-v(n,i,j-4,K)+E3 *w(n,i,j-2,k);
end

end
R z-direction- - - - ===~ --ee-meeiaai e
for j = 2:J-1
for k =3:K-2
u(n,ij,K)=D1*(v(n,ij,k-2)+v(n,ij,k+2))+D2*(v(n,i,j,k-1)+v(n,i,j,k+1))+D3*v(n,i,j,k);
end
for k=2
u,i,j,)=F1*(u(,ijk-1)+un,ijk+3)+F2*u(n,i,jk+1)-un,ijk+2)-F3*v(n,ij k+1);
end
for k=K-1
u(,i,j,=F1*(u(n,ij,k+1)+un,ij,k-3))+F2*u(n,ij,k-1)-u(n,ij,k-2)-F3*v(n,ijk-1);
end
end
end

end Y%(end of ‘for n”)
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