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ABSTRACT

In this thesis we will find more formulas of the same type as the Modified Newton

method for solving systems of nonlinear equations of the form

f(x)=0 (M),

where x € R", f isa function from a subset of R" to a subset of R”

The equation (1) may be written as

fl(xl,xz,...,x,,) =0

f2(x1’x2:'-':xn)=0 (2)

Ja(X1,%,...,%,) =0

and we will find some applications in science and technology and solve for their

solution from new methods.
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CHAPTER 1

INTRODUCTION

A system of n equations in n unknowns Xy, X,,...,X, is called nonlinear if
one or more of the equations is nonlinear. By bringing all nonzero terms to the left

hand side of all equations, any nonlinear n x n system can be put in the general form

filx;, x0,0.0,%x,) =0
fa(x1,%0,00,%,) =0 (1.1

Fu(x,%5,..,%,) =0

filx)=0
X1
. X
or simply fo(x)=0, where x =| .
{ S
fn(x) =0

The system (1.1) will be abbreviated as simply f(x)=0. A vector
x=[x; xp - %, ]T that satisfies f(x) =0 will be called a root or solution of the
nonlinear system (1.1).

For this purpose we use iterative methods that produce the desired solution as
the limit of a sequence of approximations. We shall formulate the Newton’s method
that is theoretical basis for the study of the convergence behavior of the sequence of
approximated values towards the solution is importance for the usefulness and the
efficiency of a method. With this point of view, some methods for determining a
solution of a nonlinear equation are developed and analyzed.

The method for solving the systems of nonlinear equations shown as above is
very important in the study of applied mathematics. Many problems in science and

technology require the method for solving the systems of nonlinear equations.



The method of finding the solutions of systems of nonlinear equations is used
in many applications of various branches in science and technology. For example; a
turbulent flow of fluids in an interconnected network [1], the flow rate V from one
node to another is about proportional to the square root of the difference in pressures at
the nodes (thus fluid flow differs from flow of electrical current in a network in that
nonlinear equations result). For the conduits in Figure 1.1 the pressure at each node.
The values of b represents conductance factors in the relation Vi =bi(pi —p;j )2,

These equations can be set up for the pressures at each node :

At node 1: 0.3,/500 -D1 = 0.2,/p1 -py + 0.1,/p1 - D3
node 2: 0.2,/p1 =Dy =0.1yp, —ps + 0.21/p2 - D3s
node3: 0.1y p; — p; +0.2,/p2—p =0.14p3s — ps;

node4: 0.1\/p, — py +0.11/p3—p4 =0.2,/ps - 0.

Figure 1.1 A turbulent flow of fluids in an interconnected network.

Another one is the problem of the hanging chain [2], which has been used to
test the minimizer. Given a chain of 8 sticks of unit weight and unit length, we are

required to find the shape it will assume when suspended between 2 points spaced 6



required to find the shape it will assume when suspended between 2 points spaced 6
units horizontally apart. In other words, we must find the angles o, B, y and & see
Figure 1.2. Solving this by the ‘energy method’ involves finding an expression for the
chain’s energy, depending on o, B and y let the nonlinear minimizer do the rest. A
different approach comes from statics. We introduce a 5 ™ unknown, the horizontal
component f of the force going through the chain, which is the same in all joints.

Then there is this equations system for a, B, v, § and f:
2f sin(a) =7 cos(a) =0
2f sin(B) —Scos(B) =0
2f sin(y)—3cos(y)=0

2f sin(d) — cos(6)=0

cos(a) +cos(B) + cos(y) + cos(8) =3

Figure 1.2 The problem of the hanging chain.

In order to find the solutions of these problems, we need to solve the systems

of nonlinear equations and their numerical solution that will be stated in chapter 4.



There are several methods for solving systems of nonlinear equations that
satisfied (1.1), one of the basic iterative procedures for approximating a solution of

(1.1) is Newton’s method:
k+1 k NPT
x"=x —[f (x )]_ f(x™) , k=012,... (1.2

where f'(x) is the Jacobian matrix of f(x) denoted by J(x)

6x1 axz axn
Jx)=| o, ox, ox, (13)
O Fu .
_axl axz ax,,_
A il 6
or Jexy=| 72 ff"' il (1.4)
_fn] fn2 fnn

and f; denotes the partial derivative of f;(x) with respect to the j ™ variable and
evaluated at x. So, we can write the new form for an approximation solution of (1.1)

by using the Newton’s method as below
1
xFH = Xk - [J(xk )r f(x*) , k=012,.... (1.5)

There are many mathematicians who gave their best efforts to study the
systems of nonlinear equations base on Newton’s method by letting matrix A(x) be an
invertible operator to replace the Jacobian matrix in Newton’s method, this new
method is called Newton-like method. The form of an approximated solution of (1.1)

by using Newton-like method is

k= ok [aef)[ pexk) , k=012,.. . (1.6)



Podisuk, M. [3] is one of many mathematicians who studied the systems of
nonlinear equations. He published his work in 1991, which is a special kind of the
Newton-like method, which modified from Newton’s method by letting the matrix
H(x) to replace the Jacobian matrix in Newton’s method. Then the approximating

solution of (1.1) by this Modified Newton method is
k+l _ Kk kAl k
x*T=x —[H(x )]_ f(x") , k=012,... 1.D

where H(x) denotes the diagonal matrix

f11 0 0
H(x)= J22 =Sk (1.8)
0 o 00 fon

and f;; is the partial derivative of f;(x) with respect to the i variable.

In this thesis, we will find more formulas of the same type as the Modified
Newton method for solving systems of nonlinear equations. For solving systems of
nonlinear equations, in chapter 2, we will discuss the important theorems concern with
the Modified Newton method. We then will introduce new methods that are developed
from the Modified Newton method for solving the systems in chapter 3. In chapter 4,
we will find the approximating solutions of examples including application problems.
Furthermore, for the purpose of comparison result from these methods, we then also
give tables of results in that section. Finally, we will make a conclusion and

suggestions in chapter 5.



CHAPTER 2

LITERATURE REVIEWS

In this chapter, we will state about definitions, The Kantorovich Theorem, The
Banach Lemma and other theorems and lemmas, which concern with the Modified
Newton method for solving systems of nonlinear equations, which will be used in the
later chapter.

We shall begin our consideration of multivariable problems by discussing the

systems of nonlinear equations in real variables. It is

Given f: X > X
find x € X for which f(x) =10 2.1

where X = R" is n-dimensional real vector space, and f is assumed to be
P

continuously differentiable.

Of course, (2.1) is just the standard way of denoting a system of »-nonlinear
equations in n-unknowns, with the convention that right-hand side of each equation is

zero, and throughout this study we let

D c X denotes the domain of f(x),

D, denotes closed convex subset of D,
N(x,t) denotes the open neighborhood of radius ¢ around x,i.e.

Nx,t)={yeX:|x-y| <8

L(X,Y) denotes a real Banach space,

f € Lipp(D)if |f(x) ~ f(y)] < K|x - y| for some constant X,
{x,} denotes sequence of vectors in R",

B(x) = f'(x) - A(x),

and M(x) = f'(x) - H(x).



In the analysis of Newton’s method, it will be necessary to assume that the

Jacobian matrix,

o fo o S
fnl fn2 fnn

where f; denotes the partial derivative of f;(x ) with respect to the j'h variable and

evaluated at x, is at least continuous at the solution x* ; that is

-0 a h—0.

|Gt +m = £

On occasion, it will also be useful to assume, instead of continuity of f’, that

the derivative satisfies the following property.

Definition 2.1 The mapping f : R"” — R" is (Totally or Frechet) differentiable at x

if the Jacobian matrix (2.2) exists at x and

i [fGe+hB) = f(x) = f' ()R]
hE =

0. 2.3)
h—0 ]

Note that if n =1, Definition 2.1 reduces to the usual definition of
differentiability. Note also that if f is differentiable at x, then f is continuous at x;

this follows from the inequality

|f e+ )= fO)| < |[fCx + B) = £(2) = F(R] +|f (x| 24



Finally, we note that it is possible to say that if the Jacobian matrix is

continuous at x then f is differentiable at x.

One of the basic tools of nonlinear analysis is the mean value theorem. If f is

a differentiable function from R! to R} , this state that

F@) - fO) = f @) (x-y) (2.5

for some point z between x and y. Unfortunately, this result does not extend

verbatim to mappings from R” to R”. However, we are able to prove some results

b
that are often just as useful. First, we define the integral L G(t)dt of a mapping
b
G : [a,b]  R! — R" as the vector with components L g;(Ddt, i =12,...,n where

81,82,-.-,8, are the components of G. Thus, for example, if f : R” — R" the

relation

FO) = F) = [f G+ 1y~ )y - x)de @.6)

is equivalent to
Hi) = £ =[5 fye+ 1y - D)0 - x)de @7
j=1

fori=12,...,n.

For n =1, (2.6) is simply the fundamental theorem of the integral calculus.

Hence the next result is a natural extension of that theorem to n -dimensions.



Lemma 2.1 Assume that f : R® — R” is continuously differentiable on a convex set

D < R". Then forany x,y € D, (2.6) holds.
Proof : For fixed x,y € D define the functions g; : [0,1]] < R! > R! by
8= fi(x+t(y-x), telol],i=12..,n. (2.8)

By the convexity of D, it follows that g; is continuously differentiable on [0,1] and

thus the fundamental theorem of the integral calculus implies that
1 ’
gi(1) - 8i(0) = [ gi(t)dr. 29

But a simple calculation shown that
n
8= fij(x+ 1y - x)(y; - x) (2.10)
j=1

so that (2.9) is equivalent to (2.7).
For the next result, we first need a lemma on integration.

Lemma 2.2 Assume that G : [ a,b ] R' - R™ is continuous. Then

“ [ Gwar < ['lco)ar. @.11)

proof : Since any norm is a continuous function on R”, both integrals of (2.11) exist

and therefore any € > 0 there is a partition a < ¢, < ... < tp, <bof [a,b ] such that
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I:G(t)dt - i G(;)(t; —t;,_1)| <€ (2.12)
i=1
and
b p
[le@ld: - Y [6enle: - i) <e.
i=1
Hence

<

“ [ Gtyar +e

P
> G(t;)(t; — ;)
i=1

L b
< DGt = 1i-1) +& < [ |G| dt + 26
i=1

and, since € was arbitrary, (2.11) must be valid.

By means of lemma 2.1 and 2.2 we can prove the following useful alternative

of the mean value theorem.

Theorem 2.3 Assume that f : R® — R" is continuously differentiable on the convex

set D — R". Then forany x,y € D,
IfG) - G| < sup [F'Ge+ 2y = )y~ . (2.13)
0<1<1
proof ; By lemma 2.1 and 2.2 we have
1 .
|F(x) = £ = “Lf’(x + 1y - X))y - x)dr”
< Jlree= - xfly - e
< sup [|f'(x+ t(y - x)| j(j|y — x|dt
0<rs1

which is (2.13).



1"

Lemma 2.4 Let f' € Lip;(Dy) and let x,y € Dy, then
, 1

lF0) = £ - )0 - 0 < = Kl -5 2.14)

proof : From f : R" — R" is differentiable and satisfied f’ e Lipy(D,), that means

If'(x) - £'(»)] < K|x - y| forall x,y in closed convex subset Dy of D.

Since f'(x)(y — x) is constant with respect to the integration, we have
FO) = £G) = £ = 1) = [+ 1 = D) - 0) = F )y - x)pe
= [If'e+ ity x) - f)l(y-x) e

Hence, the result follows by taking norms of both sides,
I£v) - £~ 000 = 2= [ x 10y = 20 71009 - i
< [lFe+ == ol - e
< [K|x + 2y - x) - 2|y - 2ot
= [Kley - o)y - xfae

1 2
= [Kllly - o a



12

Definition 2.2 Let 7, and ¢’ be non-negative real numbers, g be a continuously
differentiable real function on [ #y,#, +¢'] and G a continuously differentiable
operator on N(xo,t) c X into X. Then the equation = g(¢#) will be said to

majorize the equation x = G(x), or g majorizes G, on N(xy,t") if

”G(XO) = xO" < g(to) =1y (215)
and

IG'(x)]| < &'(¢) where [x—xo|<t-1, <. (2.16)

Definition 2.3 Let #; and ¢’ be non-negative real numbers, g be a real function on
[ 20,2 +t'] ,and G an operator sending N(x(,t') into X. Then the equation
t=g(t) will be said to weakly majorize the equation x = G(x), or g weakly

majorizes G, if (2.15) holds and in addition

IG(G(x)) - G(x)] < g(g(®)) - g(2) (2.17)
when lx—xo|<t-125 <
and IG(x) - x| < g(2) - ¢.

We remark that Lemma 2.4 and Lemma 2.5 are known results in mathematical

analysis and Lemma 2.6 is given by Ortega [4].
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Lemma 2.5 (The Banach Lemma) Let M € L(X,X) and |[ - J| <8 <1, then J™!
existsin L(X,X) and J7' <(1-8)7".

Lemma 2.6 Let {x;} be asequencein X and {t; } a sequence of non-negative

real numbers such that
s = Xe]| St 82, k=012, (2.18)

and t; — <. By these conditions, there exists a point s € X such that x; —

and
Is-xef<t™ -2, k=012,... . (2.19)

proof : The proof is immediate from
P
||xk+p r xk" < 2 Pesi = Xaria|
i=1

Stiep ~
*
<=t ,

which show that {x; } isa Cauchy Sequence.
We shall say that {#; } majorizes {x} if [xpsy — X S trer — 2t , k=012,...

holds.

The following theorem is The Kantorovich Theorem. It is one of the

fundamental theorems in numerical mathematics. The ideas for proof this theorem in

[5].
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Theorem 2.7 (The Kantorovich Theorem) Let x, be in D, and let Ty = [f'(x, )]_l

exist with I'y € Lipg(Dy),

[Tof(xo)|<n and h=Kn< % (2.20)
Define ro(h) = %(1—\/1—2h)n 2.21
n(h) = %(1 T=2h)m. 222)

Then if N(xy,ry(h)) < Dy, the sequence of iterates defined by Newton’s method

exists, remains in N(Xg,7y(h)) and converges to s in N(xq,ry(h)) such that
f(s)=0. If h <?12-, s is the only root in N(xg,r(h)) N Dy, and if h =?1)‘-, s is
unique in N(xg,r(h)) N Dy. Furthermore, the sequence of the iterates satisfy the

error bounds
||s—xm|]s%§—}n—(l~\/l—2h)2’"n. (2.23)

The following theorem is given by Kantorovich [5]. This theorem together
with Lemma 2.6 and Definition 2.2 give the convergence of the sequence {xk } in X

when the sequence of {#; } converges.

Theorem 2.8 If g majorizes G on N(xo,t') and g has a fixed point in [ #,, 7, + ¢’ ],
then G has a fixed point s in N(x,,?). Furthermore, Xpe1 = G(xg) and
tyy = 8(ty), k=012,..., converges to s and ¢ respectively with the real

sequence majorizing the vector sequence.

Next lemma uses the weakly majorizing property and it is given by Dennis [6].
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Lemma 2.9 If g(t) € (1,75 +t') when t € (¢, +t') and g weakly majorizing

Gon N(x,t"), then there are elements e [to, Iy + t'], s € N(x,,t") such that
Xrv = G(xz) (2.24)
and eyl = g(tk) s k= 0,1,2, (225)
* . . . . . .
convergeto s and ¢ respectively with the ¢ sequence majorizing in x sequence.

Theorems 2.10-2.12 in this section are given by Dennis [6]. These theorems

give the convergence of Newton-like method.
Theorem 2.10 Let A be a function on N(xg,r) such that A(x) € L(X,Y) for each
x and A(x) is invertible for each x in N(xy,r) and that there is a real,
nonvanishing, nonincreasing function a(t) on [0,r) such that

||A'1 (x)|| < a(x - xop! (2.26)
If f'e (Lipk(l\_/(xo, r)) thenif o >1 and & > 0 are real numbers such that

a(t) + okt .27

is isotonic on (0,r), and

IB(x)| < a(x — xo) + ok]jx — xo| - & (2.28)

for every x € N(xq,r)
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then g(®) = t +(a(?))"(0.50k* - 5t — a(O)"(A(xo))"l - f(xo)ll) (2.29)
weakly majorizes G(x)=x- (A(Jc))'1 f(x) on N(xy,r).

Theorem 2.11Let f' € Lipk(_ﬁ( xo,r)) and [A(xy)]" exist and be bounded in the
norm by [a(0)]™", If |B(x, )| < a(0) and

1
a(0) “ Az )T 30 o) - (Bexo <3 (2.30)

and
1 = = 0= NT= 2 Ja0) - Bz ] < @D

Then if f has a unique zero s € N(x,,7;), and

X1 = X~ (AT f(x) . m=012,.
converges to s from any x; € N( Xy, ) such that

g — x| < 1y = %(1 ~ 1= 2k )[a(0) < |B(x, )]

If, in addition, ¢,0 and g satisfy the conditions of Theorem 2.10 and

== ok| 4t )T f(xo)at0) < 3 (232)

and
o = o_ll?(l —Ji-2np <, (2.33)

then
Xme1 = X = [AC)T FO) m=0,12,... (2.34)

converges to s .
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In the following theorem, we impose one more condition on A(x) and one

condition on B(x) instead of B(x).

Theorem 2.12 Let f' € Lip, (I_)) where x; € D and D is an open convex subset of

X. Assume that
l4cxo) T £(xo)]| < @ 2.35)
[lacxo)l| < 236)
|4(x) - Atxo)| < Mo +my|x - %o, VxeD 237)
|B(x)] < 8o +8|x = xo|, VxeD. 239)
Then
&%<1,W=H%giﬁg%
and N(xo,15) < D where
= l_—1_‘/——7!1(1 ~B-3o)

BK

implied that f has a solution r € —1\-’( Xy, Tp) which is unique in D n N(x,, ry) where

. 1-AT+2K
" =ﬁ—;{'(1—[3.80).
Furthermore Xpsl = Xpy — [A(xo)]—l(f(x;n ))

converges to s from any x; € D N N(xy,1).

ocB.K.a

If, in addition, B(dy+mng)<1 and h=
(1-Bmo —B.So)?

o= max(l,al—I;—g—Lj, and N(xq,ry) < D,

< l where
2

40422
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1-J1-2h
7o =TEK—(1”B-T10 -B.3g)

then

X1 = Xy = [AG)] ™ F )

convergesto §.

Main Results
The following theorem will ensure that the convergence of the Modified
Newton method for solving system of nonlinear equations which is a special kind of

the Newton-like method. The proof of this theorem in [7]

Theorem 2.13 Let D be an open convex subset of the space X and f'e Lipk(B).
Assuming that f(x) and H(x) satisfy all the conditions of the previous theorems,
then there exists a unique zero s in D so that for any point x; in D the sequence

{xm} where

Xpa1 = X = [HG) Fxm)

converges to § .

The last theorem of this section, Theorem 2.14, shows that the order of the
convergence of the Modified Newton method for solving a system of nonlinear

equations which is of second order. The proof of this theorem in [7]
Theorem 2.14 Let the conditions of Theorem 2.12 be satisfied and 8, = 0, that is
[M(e)| < 8, x - x|, Vax e D. 239)

Then the order of the convergence of the method is equal to 2.



CHAPTER 3

MORE ON MODIFIED NEWTON METHOD FOR
SOLVING SYSTEMS OF NONLINEAR EQUATIONS

In this chapter, we will introduce iterative methods for solving systems of
nonlinear equations. These methods are developed from the Modified Newton method
for solving systems of nonlinear equations.

First, considering the Newton’s method for solving a systems of nonlinear

equations which is expressed in the form
f(x)=0 G.D
we can find the solutions of this system from the following iteration equation
PP | SR s i i ¢ k=012,.... (32

where x isin R™, f isa function from subset of R” to subsetof R" and J(x) is

the Jacobian matrix of f(x)

fll f12 fln
) = f?l ffz f2:n ’ (3.3)
fnl fn2 fnn

where we have used fj; to denote the partial derivative of f;(x)with respect to the j "

variable and evaluated at x, could be written as follows :
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k
fl(xl :x2 yerer Xy
k
1 X ,X o
LR+ S "[J(xlk»xzkn-uxnk)]_ fz( 1 s 2 syeees Xy ;k=012,.... (3.4
k .k k
| Sa(X X0 5 Xy, )|

Second, the Modified Newton method which is one of the Newton-like method

for solving (3.1) which has the form

x**1 =k (HGEF) TR k=012,.... (3.5

where H(x) is the diagonal matrix

f’ 2 :
H(x)_ : 4 0 ’
fnl caal) fnn

and f;; is the partial derivative of f;(x)with respect to the i variable and evaluated

at x, could be written as follows :

[ k k k
fl(xl s Xo ,...,xn )

—

k k k
xk+1 = xk —[H(xlkax2ka-..,xnk)]_ fZ(xl ’x2 :.“,xn ) ’k = 0a1’2,'°° . (36)

k k k
Lfn(xl 3 X9 senes Xy )_

Next, an emphasis will be placed on definitions and theorem, which we will

use for guarantee that our methods are convergence.



3.1 Definitions and Theorem

Definition 3.1.1 We define the matrix D(x) as the matrix H(x) above.

Definition 3.1.2 We define the matrices U, (x), U;3(x), ..

Uy(x) =

Us(x) =

U,(x) =

fu iz
0 f»

f 0

fit f2
0 fn
0

(fu S
0 fn
o

0
S 0
fiz 0
Jfoz fos
Ji3
foz foa

fn—2n—2 fn—2n—1 0
fn—ln-l fn—ln
0 fnn i
0
0
fn-—2n—2 fn—2n-—1 fn—2n
fn-—ln—l fn—ln
0 fnn i
fln
f2n

fn—2n—2 fn—2n—1 fn-2n
fn—ln—l fn—ln
0 fnn

21

o Up(x) of f(x)as

; G.7
; 3.8
(3.9
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Definition 3.1.3 We define the matrices L, (x), L3(x), ..., L,(x) of f(x) as

Ly(x) =

Ly(x) =

Ly(x)=

L flﬂ

Ju 0O

fa f2

0 fao fas
0

(fii O

fr Jn

fa fi fas
0

_0

[ fii O

S fa

1 o fis
Ja11

Jo-tn-2 Ju-1n-1
0 fnn—l

f n-ln-3 f n-ln-2 f n-1n-1
0 f nn-2 f nn-1

Jon-3 Jacin2 Jou-in

f nn-1

0

fnn__

0

Jon.

0

Jon

, (3.10)

, (3.11)

(3.12)



First method

We call this method the D -method.

The first iterative method to solve problem (3.1) is the iterative equations

x** = ko (HEF) TR

Evaluated at x, could be written as follows:

—

k+1 _ Lk kS k
xT=x —[H(xl R 7S )]—

Second method

k
fl(xl » X2 -

folx® :xz ’

k

k
| fu(X75 X0 e,

i n

4 n

k

k

k
X, )J

k=012,...

;k=012,...

23

(3.13)

. (319

From preceding method, replacing matrix H(x) by matrix U, (x) in equation

(3.13) we then obtain new method and call this method the U, -method.

The second iterative method to solve problem (3.1) is the iterative equations

x4 = xF (U (F)7 (")

Evaluated at x, could be written as follows:

—

k+1 k k .k k
Xt =x —[Uz(xl i VSN )].

r k k
fl(xl PR, %) RPN

k . k
Falx", x5 .., x,

k k
Lf,,(xl 13X s

k=0L2,...

;k=0]12,...

. (3.15)

. (3.16)
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Third method
We call this method the U5 -method.

The third iterative method to solve problem (3.1) is the iterative equations

= xF oy xF ) f(xF) k=012,...(3.17)

¢

Evaluated at x, could be written as follows:

B k ook
(X" x2" 000X, )
)

ko k
J2(%7, %7 s Xy

-t

xk+1 = xk - [U3(x1k)x2k:---;xnk)]' ;k = 0)1’2?"‘ . (3'18)

k .k k
| Su(X7 X0 00X, )

Fourth method
We call this method the U, -method.

The fourth iterative method to solve problem (3.1) is the iterative equations
K=k U )T fA) k=012,.. . (3.19
Evaluated at x, could be written as follows:

i k .k
Silx", %7, .., x,

k k
f2(x1 2 X9 seees Xy

p—

xFH =k [U4(x1k,x2k,...,xnk)r ;k=012,....(3.20)

k .k k
| ful(x" %y 0%, )



n th method
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We may continue this same manner and call this method the U, -method.

The fifth iterative method to solve problem (3.1) is the iterative equations

A = 2 U ()7 f ()

Evaluated at x, could be written as follows:

(oY

k+l _ Lk kA k
X =x —[U,,(xl R 7S )T

€n+ 1)” method

. k k k
fl(xl 3 X9 seees Xy )W

kK _k k
Falx" %57, 000%,7)

k=

K- & k
| fa(X7 Xy s Xy )

We call this method the L, -method.

0,1,2,... . (321

;k=012,.. .(322)

The sixth iterative method to solve problem (3.1) is the iterative equations

xk+1 ____xk __(Lz(xk))—

Lrexk)

Evaluated at x, could be written as follows:

—

k+1 _ .k ko k k
X =x —[Lz(xl 2 Xg e Xy )T

i k Uk k
filx",x",000x,")

k k k
f2(x1 3 X9 e Xy )

k=0L2,....

k k
Lfn(xl 2 X9 seee

(3.23)

;k=012,....(3.24)
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(n+2 )th method
We call this method the L5 -method.
The seventh iterative method to solve problem (3.1) is the iterative equations
= 1k - (Ly(x* ) f(xE) k=012,. . (325

Evaluated at x, could be written as follows:

fi(x*, %%, x,%)

ey

k k k
xk+1 = xk - [LB(xlk’ka’-..,xnk)]' fz{xl ,xz .,-“,xn ) ;k = 01112"” ¢ (326)

k k k
WA fowimd

(n+ 3)th method
We call this method the L,-method.

The eighth iterative method to solve problem (3.1) is the iterative equations
=k — (L ()T (k) k=012,.... (3.27)
Evaluated at x, could be written as follows:

[ k ok k
flx, %07, 000x,")

k k k
fz(xl ,x2 ,...,xn )

—

4 = 2k [Lyn®, 16, )] ;k=012,....(329)

| fo(xt xk L x,k)
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(2n - 1)th method
We may continue this same manner and call this method the L, -method.

The ninth iterative method to solve problem (3.1) is the iterative equations
U= xF (L) f(xF) k=012,.... (329

Evaluated at x, could be written as follows:

-

B k k k
fl(xl 3K yeees Xp )

k k k
fz(xl 13Xy sees Xy )

—

xk* = xk - [Ln(xlk,xzk,...,xnk)]_ ;k=012,.... (3.30)

k k k
Lf,,(xl 2 Xy e Xy )

-l

Theorem 3.1 If the matrices D(x), Us(x), Us(x), ..., U, (%), Ly(x), L3(x), ...,
L,(x) of the D-method, U,-method, Us-method, ... , U,-method, L, -method,
L;-method, ... , L,-method respectively satisfy the conditions of the theorem 2.13
and the theorem 2.14 then there exists a unique zero in D so that for any point x° in

D the sequence {x*} converges to this zero and the order of convergence is equal to

2.



CHAPTER 4

SOME EXAMPLES AND APPLICATION PROBLEMS

OF SYSTEMS OF NONLINEAR EQUATIONS

In this chapter, we shall find the solutions by using the Modified Newton
method and new methods obtained from chapter 3 for solving systems of nonlinear
equations. The examples are illustrated and the results of methods are compared.

Systems of nonlinear algebraic equations arise routinely in abroad range of
theoretical and practical applications. Their frequent occurrence is a reflection of the

predominantly nonlinear nature of the physical laws.

Example 4.1 Find a solution of the system [8]

0.25y 0

f(x,y)=0.5sin(xy) — 0.5x -

4.1

ony)=(1=22)% _o) 2ex+ D =0
T T

First we compute f,.= 0.5y cos xy — 0.5 fy=0.5xcos xy - 025
T
8x= (2 — E)ezx —2e gy: E.
T T

Next we select initial values of x and y. Repeat the methods until the error

less than (.0000005 .



The matrix H of Modified Newton method (D -method) for system (4.1) is

0 €|
T

£, 0] {O.Sycos(xy)—O.S 0}

H(x,y)= [0 g e
y

Therefore the Modified Newton method algorithm could be written as follows:

k+1
|:xk:1J [y ] [H(xk,yk)]_{ F(x",y )} ;k=012,...

y x*,y%)

The matrix U, of U, -method for system (4.1) is

0.5y cos(xy)—0.5 05xcos(xy)———2§
YL -
Up(x,9)=1", = . .
&y 0 L
T

Therefore U, -method algorithm could be written as follows:

k+1 k .k
[x,m} [y } s,y [f(x ’yk)J k=012,..

y g(x*,y%)

The matrix L, of L,-method for system (4.1) is

£, 0} [O.Sycos(xy)—O.S 0}

Ly(x,y)= = 0.5 el.
2( )’) I:gx gy (2—7)821—28 ;

Therefore L, -method algorithm could be written as follows:

k+1 k k
|:xk+lj| [y } [L (x*,y )]—l[f(x o ):| ;k=012,.. .

y ky%)
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We obtain the results from D -method, U, -method and L, - method as follows

in the table 4.1.

Table 4.1 Give the results with different initial points of example 4.1

Number of Number of Number of
Initial point
o 0 iterations (k) | iterations (k) | iterations (k) Solutions
(x",y")
from D -method|from U, -method|from L, -method
X=0.2994487
(0,3.5) 16 11 5
¥=2.8369276
x=0.5
(0.75,2.5) 12 6 7
Y=n
X=0.5
(0.8,4) 12 8 10
Y=7

Showing the iterations of table 4.1 in appendix.
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Example 4.2 Find a solution of the system

f(x,y,2)=xyz+x+y-2-125=0

g(x,y,2)=x2+22+y* -1.5=0 4.2)

Wx,y,z)=xz° +y*2+x-y+2-0.625=0

First we compute f,= yz +1 fy=xz+1 fr=xy-1
8:=12x gy= 2y 8,= 2z
h,=z% +1 hy=2yz -1 h,= 2xz +y* +1

Next we select initial values for x, y and z. Repeat the methods until the

error less than 0.0000005.

The matrix H of D-method for system (4.2) is

fe 0 07 [yz+1 0 0
H(x,y,z)=10 g, 0|=| 0 2y 0
0 0 h 0 0 2xz+y*+1

Therefore D -method method algorithm could be written as follows:

Pt 1 fix*,y*, 25 )
| = | b ~[EGR R 2 aexk,vE, ) Sk=012,....
Zk+l Zk h(xk:yk:zk)
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The matrix U, of U, -method for system (4.2) is

o 3 0 yz+1 xz+1 0
U2(x: Y, Z) =0 gy gz = 0 2y 2z .
0 0 h 0 0 2xz+y*+1

Therefore U, -method algorithm could be written as follows:

xk+l xk 1 f(xk:yk:zk)
yH =1 yk —[Uz(xk,yk,zk)]_ g(x*,y*,2%) sk=0L12,....
ZF || 2P h(x*,y*,2")

The matrix U5 of U, -method for system (4.2) is

fx fy fz Yz ANkl xy—1
Us(x,y,2) =0 g, g |= 0 2y 2z .
0 0 h 0 0 2xz+y*+1

Therefore U, -method algorithm could be written as follows:

k .k _k
Y| =1 y* "[Us(x",y",z")T g(x*,y*,2%) sk=012,.. .
I P h(x*,y*,2*)

The matrix L, of L,-method for system (4.2) is

fr 0 0 yz+1 0 0
0

Ly(x,y,2) =8 & =| 2x 2y 0
0 h, h 0 2yz-1 2xz+y2+1



Therefore L,-method algorithm could be written as follows:
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Xk x* | fx*, %, 25)
e i %l i Lok, v%, 29[| x4, 24) sk=012,...
At I P h(x*,y*,2%)
The matrix L; of L, -method for system (4.2) is
f 0 0O yz+1 0 0
L3(x,y,z)= gx gy 0= 2x 2y 0
he hy B | |22+1 2yz-1 2xz+y? +1
Therefore Lj;-method algorithm could be written as follows:
xk+1 xk \ f(xk,yk,Zk)
k  k _k
yk+1 = yk —[L3(xk,yk,zk)r g(x",y",z2") s k=012,....

We obtain the results from D -method, U, -method, U3 -method, L, -method

and L, -method follows in the table 4.2.

Table 4.2 Give the results with different initial points of example 4.2

Number of Numberof | Numberof | Numberof Number of
Initial point | jterations(k) | iterations(k) | iterations(k) | iterations(k) | iterations(k )
(x 0 , y° ,Z 0 ) from from from from from
D-method | U,-method | Uj-method | L,-method | L;-method
0,1,0) 47 18 8 47 20
(1,1.5,1) 52 18 8 42 21
(1.2,1) 50 17 8 45 21

The above methods solution with different 3 initial points always converges to
x=05, y=1and z=05.

Showing the iterations of table 4.2 in appendix.
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Example 4.3 Find the solution of the system

f(x,y,z,w) = =2.0625x + 2y — 0.0625x> + 0.5 =0

g(x,y,z,w)=z-2y+x-0.0625y> +0.125y(z—x) =0
4.3)

h(x,y,2,w) =w-22+y-0.0625z° +0.125z(w-y) =0

J(x,9,2,w) = =1.9375w + z - 0.0625w> - 0.125zw + 0.5 = 0

Next we select initial values for x , y, z and w. Repeat the methods until
the error less than 0.0000005.

Since, in this case the matrices U, (x,y,2,w) = Us(x,y,z,w) = Us(x, y,2, W)
and the matrices Ly(x,y,z,w) = L3(x,y,2,W) = L4(x,y,z,w) so we will consider

only the methods from D -method, U, -method and L, -method.

The matrix H of D-method for system (4.3) is
S 0 0 0
0 g, 0 0
H(x,y,z,w) = y
XA~ b, d
¢ 0000 4%
Therefore D -method algorithm could be written as follows:
(xk+l- ka_ rf(xk,yk,zk,wk)-
k+1 k g(xk:yk:zkxwk)
y =Y = lH(x, y* 2 wh 1 k=
= ,¥5,25,wh) sk=012,....
whH ||k x5, y*, 25, W) |



The matrix U, of U, -method for system (4.3) is

fa

Uz(x:y,Z,W)= 0

0

fy 0 0
g& 8 O
0 h, h,|
0 0 j,

Therefore U, -method algorithm could be written as follows:

T

k+1]

k+1
k+1

N e W

k+1

g

_ [Uz(xk’yk’zk,wk)]‘l

[ F(x*, y%, 2%, w*)]
g(x*, y*, 25 wk)

h(x*, y*, 2%, wk)

Li(xE, v, 25 W) |

The matrix L, of L,-method for system (4.3) is

g
Ly(x,y,z,w) = s

2 A\ WS ST
x 8 0 0
h, h, 0

0" J Jw

0

Therefore L, -method algorithm could be written as follows:

r

k+1

k+1
k+1

N e w

k+1

g

B [Lz(xk,yk’zk,wk)]'l

Ff(xk.yk,zk,wk)_
g(x*, vk, z*, wk)
h(x*, yk, 2%, w¥)
k

LJ(xk, y%, 25wk ) |
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Jk=0L2,....

s k=012,....



We obtain the results from D -method, U, -method and L, -method follows in

the table 4.3.

Table 4.3 Give the results with different initial points of example 4.3

Number of iterations | Number of iterations | Number of iterations
Initial point
(k) (k) (k)
(x%,5°,2%,w%
from D -method from U, -method from L. -method
(0,0,0,0) 85 43 43
(0.5,0.5,0.5,0.5) 77 39 38
(1,1,0,0) 89 32 41

The above methods solution with different 3 initial points always converges to

x =0.9789103, y=10.7888155, z =0.660767 and w=0.5689128.

Showing the iterations of table 4.3 in appendix.
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Example 4.4 Position of a Two-Link Robot Arm [9]

The position of a two-link robot arm can be described in terms of the angle that
the first link makes with the horizontal axis and the angle that the second link makes
with the first link. In this example, we assume that the lengths of the two links are d,
and d,; the first link makes an angle a with the horizontal axis, and the second link
makes an angle B with the direction defined by the first link. Our problem is to find
the angles o and f that allow the end of the second link to be at a specified point,
with coordinates (p,, p,). The arrangement is illustrated in Figure 4.1. The equations
for these requirements are as follows:

Location of the end of the first link (X, y;)

X = dy cos(a),

N = dl Sm(a.)

Location of the end of the second link (x,,y,)

X, =X +dy cos(o+B),

Yo =W +d2 Sin((x-FB).

Thus, we need to solve

Dy =dq cos(a) +d, cos(a.+B),

Dy = dy sin(a) +d, sin(a. +B),

for the unknown angles ¢ and £.
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Figure 4.1 Initial position two-link robot arm.

Consider a two-link robot arm, as introduced in above. Let the length of the
first link be 5 and the length of the second link be 6. We wish to find the angles so that
the arm will move to the point (10,4), starting from initial angles of «=0.7 ~40.11°

and £=0.7~40.11°.

The system of equations in this case is

f(a, B) = 5cos(a) + 6cos(a + B) - 10 =0,
449

g(a, B) =Ssin(a) + 6sin(la+ f) -4 =0.

Repeat the methods until the error less than 0.0000005.
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The matrix H of Modified Newton method (D -method) for system (4.4) is

_ fr. O _ - 5sin(a) — 6 sin(ax + ) 0
H(a,,B)—[O gﬂ:l—[ 0 6cos(a+,3)]

Therefore the Modified Newton method algorithm could be written as follows:

| 1ak | [k LePY F@F, B5) o
[ﬂkﬂ}—[ﬂk} [H(a B )] [g(ak,ﬂk) k=02,....

The matrix U, of U, -method for system (4.4) is

Uy(a, ) = [fa fﬁ:| ) [— 5sin(a) - 6sin(a + B) - 6sin(a + ﬂ)} |

0 g4 0 6cos(a + )

Therefore U,-method algorithm could be written as follows:

liak+l:| 2 b’;] b [Uz(ak’ﬁk)yl[f(ak,ﬂk)} 1k=012,....

ﬂk+l g(ak,ﬁk)

The matrix L, of L,-method for system (4.4) is

L _ fo O _ - 5sin(a) — 6 sin(a + ) 0
2(% ) = 8. & —{SCos(a)+6cos(a+,B) 6cos(a + )|

Therefore the Modified Newton method algorithm could be written as follows:

. k
{ak l]z[ak}_[Lz(ak,ﬂk)]‘l[f(a ’:Bk)j| 1k=012,....

ﬂk+1 ﬂk g(ak,ﬁk)



Table 4.4 Contains the results from D-method, U, - method and L, - method of

example 4.4
Number of Number of Number of
iterations(k) | iterations(k) | iterations(k)
from from from
D -method | U,-method | L,-method
75 38 32

The above methods solution converges to oo =0.1559838 ~ 8.94 ° and

B =0.4111379 =~ 23.56 °.

Showing the iterations of table 4.4 in appendix.

The initial position and final position of the arm are illustrated in Figure 4.2
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Figure 4.2 Initial and final positions of two-link robot arm.
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Example 4.5 We seek a common solution of the following three equations, which

represent the unit sphere centered at the origin, a cylinder with radius 0 and axis

along the y-axis, and a paraboloid of revolution around the z -axis. [9]

1
f(x,y,z)=x2 +22_Z=0

gx,y,z)=x>+y* +2> -1=0 (4.5)

h(x,y,z)=x*+y* -4z =0

Next we select initial values for x=1, y=1 and z=0. Repeat the methods until

the error less than 0.0000005.

The matrix H of D -method for system (4.5) is

sl 2x 0 0
H(x,y,z2)=|0 g, 01=10 2y 0
0 09 k) 0O 0 -4

Therefore D -method method algorithm could be written as follows:

Paacl I 1 f(x*, ¥, 25 )
_yk+1 = yk —[H(xk,yk,zk)T g(xk,yk,zk) sk=012,....
Pl B P h(x*,y*,2")

The matrix U, of U, -method for system (4.5) is

fo fy O 2x 0 0
Uy(x,9,2)=|0 g, g 1|=|0 2y 2z|.
0 0 h 0 0 -4



Therefore U, -method algorithm could be written as follows:

Pl I 1 f(x*,y%,2%)
yk+1 = yk - [UZ(ka yk,Zk)]' g(xk)yk)zk)

The matrix U3 of Uj-method for system (4.5) is

i fy J2 2x 0 2z
Us(x,y,z)=| 0 g, & {=|0 2y 2z
0 0 h| |0 0 -4

Therefore U, -method algorithm could be written as follows:

xkl x* : fxk,y%,2%)

k .k _k
yk+l = yk —[U3(xk,yk,zk)]_ g(x ’y » < )
2| | ¢ h(x",y*,2%)

The matrix L, of L, -method for system (4.5) is

fr 00 207 A
Ly(x,y,2) =8 & 0|=]|2x 2y 0

0 hy, h | |0 2y -4

Therefore L, -method algorithm could be written as follows:

X [xk 1 f(x*,y*,2%)

_ k Lk _k k k Kk
yk+l = yk —[Lz(x Y 2 )r g(x »Y ,Z )
K| 2K h(x*,y*,z*%)

s k=012,....
;k F 01112:-- .
;k=0)12,....
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The matrix Ly of L;-method for system (4.5) is

fr 0 0 2x 0 0
Ly(x,y,2)=|8x & 0 |=|2x 2y 0
h, h, h 2x 2y -4

Therefore L, -method algorithm could be written as follows:

xk+l xk 1 f(xk;yk,zk)
yk+1 - yk —[L3(xk,yk;2k)]' g(xk:yklzk) ,'k=0,1,2,...
Paacl B P h(x*,y*,2%)

Table 4.5 Contains the results from D -method, U, - method, U; - method,

L, -method and L; -method of example 4.5

Number of | Numberof | Numberof | Numberof | Number of
iterations( k) | iterations(k ) | iterations( k) | iterations(k ) | iterations( k )
from from from from from
D -method | U, -method | Uz -method | L, -method | Lz -method
31 27 22 15 7
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The above methods solution converges to x = 0.4407629, y=0.2360679 and

z =0.8660254.

Showing the iterations of table 4.5 in appendix.
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Example 4.6 Astronomy (dynamical parallaxes) [10]

A binary or double star system is a pair of stars that are orbiting around each
other. If one star is much more massive than the other, we can say that the smaller star

is in orbit around the larger one. The nonlinear system for this system is as follows;

3

a 3
fpu,up)=————-p° =0
T? (g + 1)
g(p, py,p,) =5logp+8.75log ppy +m; +0.2=0 4.6)

h(p, p,p,) =5log p+8.75log p, +m, +0.2=10

where
a is the angle separation
p s the parallax of the star
m, is visual magnitude of the first star
m,, is visual magnitude of the second star
4, is the mass of the first star
M, is the mass of the second star
T is time in year on the earth.

Given values T= 88, a= 4.6, m=4.2, m,=6.0 for a certain double star

system, find the dynamical parallax.

Next we select initial values for p=0.5, p;=0.5 and p,=0.5. Repeat the
methods until the error less than 0.0000005.
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The matrix H of D -method for system (4.6) is

£, 0 0] |73 T +u)-a® 0 0
8.75
H(p,u,uz)=| 0 g, 0 |= 0
0 0 & uy in1o
(17} 0 0 8.75
L uzlnl()_

Therefore D -method method algorithm could be written as follows:

xk+1 x* / flxk, ¥, 2% )
Y =]y ~Ect, 5, 29 aext vt 2) sk=012,....
Zk+1 Zk h(xk,yk,zk)

The matrix U, of U, -method for system (4.6) is

& 1
byl 0 —3p* T3y +y)—o® - p’T? 0
P Iy 8.75
Uy(ppoi2) =1 0 gy 8y, |= - uin10 °
0 0 & 1
L, d 0 8.75
§ lJ.zln].O_

Therefore U, -method algorithm could be written as follows:

pF | 1 pF F0%, b, 1)
k+l | =] & _[U(k k k)]'l T ARTILETIL k=012
o8] - Ky 2 p ’”‘1 sHa 8D ;U1 Y A WA, 2y aae.

k k k
w1 ke TARTRATALY
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The matrix U5 of U;-method for system (4.6) is

fo o fo] |PWTHmw) -’ pTE pT?
! 2 8.75
Us(pu,ba) = 0 &, 8y, |= 0 0
0 0 h L In10
(1) 0 0 8.75
L Ho lnlO_
Therefore Uj;-method algorithm could be written as follows:
Pk+1 Pk f(Pk;Mk,l—sz)
e I I I LTI | [ G LT, k=012
”‘l - ul 3(P »P«] )“’2 ) g(p J“’] )“2 ) ) — Vsyly4&y e,
TPl B TP h(p*, " 1"
The matrix L, of L,-method for system (4.6) is
£, 0 0] [P vt 0 0
L \& - 5 8.75
2 P:Hl:lvlz gp gpl h plnlO H.] lnlO
0 h, hy f 8.75
A U, In10 |
Therefore L, -method algorithm could be written as follows:
ol Y R RTRRTL PR k=012
“’1 - l“"l 2(p :ul )”2 ) g(p ,Ul ’H'Z ) ) — UL4 ...
oSl B TP h(p*, ik, uy*)
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The matrix Ly of Ls-method for system (4.6) is

f, 0 0 32T (u + ) -a®> 0 0
Li( )= 0 |2 5 8.75
3(P, M, M2) = | &p im pinlo W, In10
hy hy By, 5 0 8.75
i pin10 Ho In10 |
Therefore Lj;-method algorithm could be written as follows:
I [ FE ")
= |- [L3(pk, ulk,uzk)]' 20" 1 %) s k=012,....
TPRaal BTN h(p*, " 1,")

Table 4.6 Contains the results from D-method, U, -method, U5 -method, L, - method
and L3 -method of example 4.6

Number of Number of Number of Number of Number of
iterations(k ) | iterations(k) | iterations(k) | iterations(k) | iterations(k)
from from from from from
D-method | U,-method | Uj-method | IL,-method | L;-method
25 19 12 20 14

The above methods solution converges to p = 0.2176964, 1, = 0.7507815
andp, = 0.467519.

Showing the iterations of table 4.6 in appendix.
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Example 4.7 The hydrogen spectrum in atomic physics. [10]

This application is taken from the Bohr theory of the hydrogen spectrum in
atomic physics. A certain constant known as the Rydberg constant, usually denoted by
R, plays an important part in that theory, but it cannot be measured directly. Values
Ry and Ry, can be determined from measurements of the spectrum of hydrogen and
helium, respectively. If we knew the exact mass My of the nucleus of a hydrogen
atom and the exact mass m of an electron, then theoretically, we could determine R

from the equation

m
R, =(1+—)Ry.
0 ( MH) H

Suppose, for the moment, that m and My are unknown (because even our
best values are inferred from other measured variables). The atomic weight Ay of
hydrogen can be measured. Also, Ay = My +m. Similar equations hold for the

helium atom. So we have a system of four equations:

R, =(1+-2)Ry Ry =(1+ -2 )Ry,
MH He
AH =MH+m AHe=MHe+m

In this system, the numbers Ay, Ag,, Ry, and Ry, can be taken determined
from laboratory measurements. The number R, and masses m, My and Mg, will
be regarded as unknown. Their values can be determined by solving the system of
four equations.

The work is simplified if we first make some algebraic changes in the system.

Let x=R,, y= m, z=Mpg, and w= Mpg,. Then our system becomes
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x=(1+ % )Ry,
x=(1+2)Ry
Z
z+y=Ag
2y +w=Apg,
The result is the following system:

f(x:)’:Z,W) :x—(l‘*"“%)RHe =0

g(x,y,Z,W) = x_(1+%)RH — 0
(%))

B(x,y,z,w)=z+y-Ag =0
j(x:y:Z,W)=2y+w._AHe :0

Since x = R, and R, is approximated by the measured number Ry , we have

an initial estimate of x. Similarly, since y is the mass of the electron and we know

that the value is somewhere around of a unit of atomic mass, an initial estimate

of 0.0005 for y seems reasonable. We need values of Ay, Ap., Ry, and Ry, to
perform the calculations. Suppose laboratory measurements produced the following
values: Ay =1.00812, Ap,=4.00388, Ry =109677.68 and Ry,=109722.34. What are
the corresponding values for Rydberg constant R,, and masses m, My and Mg, ? A
machine implementation of the iterations suggested here produced the following
results. Next we select initial values for x= 109677, y=0.0005, z=1 and w=>5.

Repeat the methods until the error less than 0.0000005 .



The following matrix is the matrix H for Modified Newton method

fi 0 0 0 10
_RH
H(x,y,z,w) = 0 ¢ 0 0 =0 Z
S 0 0 kB O 0 0
0 0 0 j,J] [0 0

—_,0 O O
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Therefore the Modified Newton method algorithm could be written as follows:

Xk+1 Xk f(xk) Y, Zk.vwk)
Vi1 Yk [ 1| 8(%rs Yies 2ie» W)
= - H(xk:)’k:zk,wk)] s k=012,....
Zia1 Zk h(Xy, Y, 2k W)
Wee1]  [Wk K(Xgs Yi» 2 Wi)
The following matrix is the matrix U, for U, -method
L -
1¥ T30 \o 1 wHe 0 0
85087 \\0 ~Ry YRy
Us(x,5,2,W) = % =0 —= 0],
LD TR, z 2|
IO g7 0 0 1 0
00 0 1
Therefore the U, -method algorithm could be written as follows:
Xie+1 Xg S(Xgs Yier 2k, Wi )
Yie+1 Vi [ -1 8(Xk, V> Zks W)
= ~Us( Xk, Yir 2k, Wi ) s k=012,....
Zs1 2k 2% Vi i Wi h(Xk, Yk 2o Wie)
Wi 41 Wy k(-xk: Y, Zgs Wk)
The following matrix is the matrix U, for Uz -method
- Ry, i,
fx fy fz 0 I w 0 0
8 8 8w ~Ry YRy
Ui(x,y,2,W) = y oz =0 0|
(BX2W= 0 g, 2
o 0 0 j, 0 0 1 0
0 0 0 1]
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Therefore the U, -method algorithm ¢ould be written as follows:

X+ Xg S(Xk, Vi, 2k, Wi)

Y+ Yk 1| &%k Yies Zpes Wi )

Zk+l = Z —_ [U3(xk,yk,zk,wk)] 1 h(xk Vi Zi Wk) ,'k = 0,1,2,... .
+ ’ F >

Wi 41 Wi K(Xk, Y25, Wi )

The following matrix is the matrix U, for U4-method

—1 - RHe 0 yRHe |
= T, T = 3
0 -R R
Uz, yzw)=| 5 8 8wt ——HOJH g
00~ yl™ H Z z
0 0 0 1]
Therefore the U4-method algorithm could be written as follows:
Xeer || Xk Xk Yie 2 W)
Vet |\ Ve |y | 80Xk Yier Zies Wi )
= U (Xp, Yir 26, W) sk=012,....
Zk+1 Z (e 2 Wi h(Xg, Yis Zres Wi )
W1 Wi k(xkl Yir 2k Wk)
The following matrix is the matrix L, for L, -method
fr 0 0 0 1 ?2 0 0]
;|
& & 0 O 1 00
L2(x, )’,Z,W) = = Z .
0 hy h 0 0 1 1 0
0 0 Jj; Jwl [0 0 0 1




Therefore the L, -method algorithm could be written as follows:

Xkt X S(xXk, Vi, 2, W)

Vi+ Yk 1| 8(Xks Yies Zk» Wi)
= - [Lz(xk:yktzktwk)]— h

Zr+1 Zy (xk»)’k»zkiwk)

The following matrix is the matrix L3 for L;-method

fi 0 0 0 1 0 0
- Ry
Ly(x,y,2,W) = & & 0 07 | z 0
S/ h, hy h, 0 0 1 1
0 Jjy Jz Jw] [0 2 0
Therefore the L; -method algorithm could be written as follows:
Xie+1 Xg S (X Yies 2 W)
Vit | | Ve | 1| 8(X%k, Yie» Zies W)
3 = [Ls (%0, Yo 2 Wi )]
Wes1] Wk k( Xk Yier ks W)
The following matrix is the matrix L, for L,-method
fi 0 0 0 1 % 0
L ) g & 0 0 1 —H£ ¢
xX,y,Z,w)= = b4
! he by By 0| 1o T 1
Jx Jy Jz Jw] [0 2 0

Therefore the L4-method algorithm could be written as follows:

X4l Xk S Xk Yier Zies W)

Yk+1 Yk [ 1] 8(Xks Yi» Zis Wi )
= - L4(xk,)’k»2k,wk)]

4 Zg B(Xr, Yier 2o Wee)

Wi Wy K(Xg, Yi»Zi> Wi )

sk=012,..

o

0

ol

1_
sk=012,...

o

0

o

1_
sk=012,...
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Table 4.7 Contains the results from D -method, U, -method, U; -method, U4 -method

L, -method, L;-method, and L, -method of example 4.7

Number of
iterations( k)
from

D -method

Number of
iterations( k)
from

U, -method

Number of
iterations( k)
from

U -method

Number of
iterations(k)
from

U 4 -method

Number of
iterations(k )
from

L, -method

Number of
iterations( k)
from

L; -method

Number of
iterations( k)
from

L4 -method

28

14

14

15

13

13

13

For this problem, we obtain that

R, =109737.37

electron mass : m = 0.00054837

mass of helium nucleus : Mg, = 4.00278327

mass of hydrogen nucleus : My =1.00757163

hydrogen mass / electron mass

My

m

1837.41.

The value of one atomic mass unit is 1.6599 x 10 **g. So the computed mass

of the electron in this case is equivalent to

0.00054837 x 1.6599 x 10™2* = 9.103x 10728 g.

Showing the iterations of table 4.7 in appendix.
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Example 4.8

For turbulent flow of fluids in an interconnected network, the flow rate V from
one node to another is about proportional to the square root of the difference in
pressures at the nodes. (Thus fluid flow differs from flow of electrical current in a
network in that nonlinear equations result.) For the conduits in Figure 4.3, find the

pressure at each node. The values of b represent conductance factors in the relation

vy = by(pi —p)t "%,

These equations can be set up for the pressures at each node:

At node 1: 0.3,/500 - p; = 0.21/p1 —py +0.14p; - p3;
node 2: 0.2,/p1 —py =0.14py — Py +0.2,/p2 - D3,
node3: 0.14p) — p3 +0.2,/p2 -p3 =0.1yp3 — p4;

node4: 0.1yp, — p, +0.1/ps —ps =0.2./p, — O.

Figure 4.3 A turbulent flow of fluids in an interconnected network.



55

The result is the following system of four equations with four unknowns:

F(P1 P2 P3Pa) = 0.2p1 — pp +0.1p; — p3 —0.3,500 - p; =0
g(P1, P2, P2, Pa) = 0.2{p = pp = 0.1ps — ps —0.2/p —p3 =0 (49)
h(p1, P2, D3 Pa) = 0.1py — p3 +0.24/ps — p3 —0.1{ps = ps =0
J(P1, P2 D3 Pa) = 0.1ypy — pg +0.1/p3 = p4 = 0.2y/p4 =0

Next we select the initial values for p;=400, p,=350, p;=340 and p,=180.
Repeat the methods until the error less than 0.0000005.

The matrix H of D -method for system (4.8) is

fp, O 0 0
0 ¢ 0 0
= P
H(py, p2, P3,P4) = 0 0 hy 0
05 0 V7 ),
Therefore D -method algorithm could be written as follows:

- o e - B -
plk+1 Plk f(plk: PZk: P3k: P4k)

k+1 k — g(plk) p2k1 P3k; P4k)
_| P2 I{( k k _k k 1 .
= —|\H(pi". B, P55 Pa) ;k=012,.. .

k+1 p k [ ,!( lk: k, , k’ 4k)

2 | e | i(nt, B b5 pa") |

The matrix U, of U, -method for system (4.8) is

fo fpy O 0

0 g g 0
Uy (P1, P2, P3,P4) = G
0 0 h, h,

0 0 0 j,



Therefore U, -method algorithm could be written as follows:

[ k+1 ]
D
k+1

k+l
P

k+1
| Pa

D2 _

Plk

Pz:
D3

k
| P4

-

1
- Uz(Plk»sz’Psk»hk)]_

f( P1::P2::»P3::P4:)
&Py P2 D3 »Ps )
h(P1k.P2k:P3k:P4k)

_j(plk,p2k3p3k:p4k)_

The matrix U; of U, -method for system (4.8) is

Us(Pp1,P2, D3, P4) =

I
0
0

0

fo, Jos 0
8p, 8p; 8p,
0 h‘,,3 hp4
0 0 jp4

Therefore U, -method algorithm could be written as follows:

k+1 7]
)41

k+1
sz
+1
D3

k+1
| P4

: A -

plk f(pl:xpz:»P3:;P4:)

k 1| &Py > P2 D3 »Pa )

— izk = U3(plk’p2k:p3k:p4k)r h(p k P k » k P k)
3 1 22 sF3 VP4

24 itn*. 0.5 Pk )

The matrix U4 of U,-method for system (4.8) is

U4(py, P2y P3,P4) =

Foo Tor To Iy

0

&p, 8p &p,

0 0 hy, hy

0 0 0

Ipy

Therefore U,-method algorithm could be written as follows:

41

_ le;
D3

k

Pa |

k

-1
A (Plk:sz»Psk,mk)

f (Pll;:Pz:’P3Z»P4:)
&y .py Py .Ps )
h(plk:p2k)p3kxp4k)

Lf(Plk,sz,Psk,hk)_
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;k=012,.. .

;k=012,.. .

sk=012,.. .



The matrix L, of L, -method for system (4.8) is

fn 0 0 0

_|8n 8p 0

Lz(P1,P2:P3;P4) - 0 hpz hp3 0

0 0 jPa jP4

Therefore L, -method algorithm could be written as follows:
_ o _ . .
pEt) [ pf f(pll’:,pzk,pa’;,p‘;:)
k+1 k

p2k+1 = p2k ~[l’2(plk:p2k:p3k:p4k)]_l g(plk,pzk’p3k,p4k)
D * D hp",py  p3,ps)
P [ pd ok, 2k sk paE) |

The matrix L; of Ls-method for system (4.8) is

'fp1 Sl ()

gPl ng 0 0
Liy(p1, p2sP3,Ps) =

By hy hp O

| 0 Jp, Jp p,

_ Therefore L, -method algorithm could be written as follows:

D

k+l
P2

k+1
D

k+1
P4

k+17]

y21

_ PzI;
Dy
k

k]

| Ps |

S Pl::Pzz:P3k:P4:)
g(pl :p2 )pSk:p4 )

1
- Ls(Plk,sz»Psk’hk)r
h(Plk»sz:P3k:P4k)

_j(plk:ka,p3k1p4k)_J

The matrix L4 of L,-method for system (4.8) is

fn 0 0 0

8p, &p, 0 0
L4y(py, P2, P3,P4) =

hp1 th hp3 0

JPl JPz JP3 ]P4

sk=012,..

sk=012,..



Therefore L, -method algorithm could be written as follows:

4
k+l

sz 1
D3 ¥

| P4

k+1]

k+1

- - .
plk7 f(p1::P2:,P3::P4:)
k (P »P> »P3 +Ps )
D2 k &k _k k.| 8P1P2sP3 P4
= —{La(p1" P2 sP3 » P4 )r
P3k [L h(Plkjpzk»P3k:P4k)
] | j(p*.p." Py ps")
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sk=0L2,.. .

Table 4.8 Contains the results from D -method, U, -method, U5 -method, U4 -method

L, - method, L, - method and L, - method of example 4.8

Number of
iterations(k )
from

D -method

Number of
iterations(k)
from

U, -method

iterations( k)

Number of

from

U, -method

iterations(k )

Number of

from

U -method

iterations( k)

Number of

from

L, -method

Number of
iterations(k )
from

L, -method

Number of
iterations( k)
from

L4 -method

59

31

43

43

54

49

49

The above methods solution converges to p; = 423.1897384, p, =347.7936349,

p2=343.5117615 and p, = 172.8230339.

Showing the iterations of table 4.8 in appendix.
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Example 4.9

Here is the problem of the hanging chain, which has been used to test the
minimizer. Given a chain of 8 sticks of unit weight and unit length, we are required to
find the shape it will assume when suspended between 2 points spaced 6 units
horizontally apart. In other words, we must find the angles o, B, y and §. Solving
this by the ‘energy method’ involves finding an expression for the chain’s energy,
depending on o, B and y let the nonlinear minimizer do the rest. A different
approach comes from statics. We introduce a 5 o unknown, the horizontal component
x of the force going through the chain, which is the same in all joints. Then there is

this equation system for o, B, v, & and x:

2x sin(et) — 7 cos(o) = 0 4.9)
2x sin(B) - 5 cos(B) = 0 (4.10)
2x sin(y) - 3cos(y) = 0 4.11)
2 sin(8) — cos(8) =0 (4.12)
cos(a) + cos(B) + cos(y) + cos(3) = 3 (4.13)

Figure 4.4 The problem hanging chain.
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Equations (4.9) to (4.12) arise from the requirement that, in the state of
equilibrium, the torque on each stick equals 0. Equation (4.13) is purely geometric,
stating that the horizontal length of the chain is 6 units.

The result is the following system of five equations with five unknowns:
f(o,B,v,6,x) =2xsin(a) =7 cos(a) =0
g(a,B,v,8,x) =2xsin(B)-Scos(B) =0
h(a,B,v,8,x) = 2xsin(y)—3cos(y) =0 4.19)
Jj(o,B,v,d,x) = 2xsin(6) — cos(8) =0
q(a,B,7v,9,x) = cos(a) + cos(B) + cos(y) + cos(6) =3 =0

Next we select the initial values for o0 = 0.5~28.65°%, f =0.5~28.65°,

v=0.5~28.65° 8=0.5~28.65° and x=2. Repeat the methods until the error less

than 0.0000005.

The matrix H of D -method for system (4.14) is

fo 0 0 0 0
H(o,B,v,6,x)=| 0 0 h 0 0
0 0 0 Jjs 0
|0 0 0 0 gqg,]
Therefore D -method algorithm could be written as follows:
’ak+1" a3 ‘f(ak Bk ,Yk 5k xkﬂ
Be* | | gk gla*,B*,v*,8%,x%)
-1
Yot || v |- (o Bk ) ok B 8K | k=01,
e jlo B85, 2F)
BN Pl | g(a®,B*,v",8%,x") |




The matrix U, of U, -method for system (4.14) is

fo fo 0 0 0]
0 g 8 O 0
Uy(0,B,7,8,x)=| 0 0 h hy 0
0 0 0 Jj5 Js

(0 0 0 0 g,

Therefore U, -method algorithm could be written as follows:

okt W

k+1
B

k+1

6k+l

xk+1

L -

‘Y =

y _[Uz(ak,Bk,,Yk’Sk,xk)]'l

—f(Otk,Bk,'Yk,Sk,xkﬂ

| g(ak,B¥ 4F, 8%, x*) |

glo®, B v, 8% xF)
h(ot.k,Bk,Yk,Sk,xk)
jlak,BE vF, 8%, %)

The matrix Us of Us -method for system (4.14) is

Gt [ [0
0 g 8 & 0
Us(o,B,7,8,x)={ 0 0 h, hs h|.
0 0 0 Jjs Jx
(0 0 0 0 g,

Therefore U, -method algorithm could be written as follows:

B 1
otk+l

k+1
B

k+1
Y

6k+1

k+1
Lx

—[U3 (o B ¥ 5F, )]-1

gk, B v*,8%,xF)
h(ock,Bk,yk,Sk,xk)

jlok, B, vk, 5%, %)

Flo Bk ,yk,8%,x)

| g(ok,B¥,v¥, 8%, x") |
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;k = 0:1:2: e

sk=012,..



The matrix U, of U4-method for system (4.14) is

fo fo fy f5 O
0 g & & &
Us(o,B,7,8,x)=| 0 0 h, hs h,
0 0 0 j5 J,
0 0 0 0 g,

Therefore U4 -method algorithm could be written as follows:

o
k+1
B

k+1
Y

6k+l

xk+l

k+17]

.

/, [U4 (o BE K 5 o )]‘1

| flok, 8% 4%, 8%, x5)]
gla®, ¥ vk 5%, xF)
h(onk,Bk,'yk,Sk,xk)

Jok, % vk, 8%, x*)

| glo,B* 4,85, %) |

The matrix Us of Us-method for system (4.14) is

—fa f[3 fy f8 fx_
0% 8p. 8/ 85 &
Us(o,B,7,8,x)=| 0 0 h, by h,|
0 0 0 Jjs Ji
100 0 0 g,

Therefore Us-method algorithm could be written as follows:

k+1
B

k+1
Y

6k+1

xk+1

( ok ]

- [US (a'k) Bk; Yk: aerk) B

[ Flo, B¥ v* 8%, x*) ]
gla® B¥ v*,8% x*)
h(ak’Bk,yk’ék’xk)
Jlok, % vk, 8%, xF)

| g(o®, ¥ v, 8%, xF) |

;k=012,..
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sk=0L12,...



The matrix L, of L, -method for system (4.14)

[f, 0 0 o0 0
8. & 0 0 0
Ly(a,B,v,8,x)=| 0 hg h, 0 0
0 0 j, Jjs O
0 0 0 g5 g,]

is

Therefore L, -method algorithm could be written as follows:

The matrix L; of L, -method for system (4.14)

fo 0 0 0
8« & 0 0
Ly(a,B,v,8,x)=|hg hg h, 0 0
0 Jjgp Jy Js 0

0 0 g, g5 g,

ak+l_ Fak 0 f(ak, Bk’ ,Yk, 6k, +F )'
gt | |t oo B 4F 5%, xF)
P | =4 |- L, (o, BE,v* 8%,k )-1 Kok, 8% 4 5%, xF)
gkt sk j(ak’ Bk’yk, 5k xk )
ExuilNE g0, B v*,5%, ) |

is

Therefore L3 -method algorithm could be written as follows:

o(‘k+1 O(‘k
ﬁk'f-l Bk

-1
N I W R
6k+1 6k
xk+l xk

[ Flok, B y*,6% 1)
g(a® B¥ ¥, 8% x¥)
ok, ¥ ,v*, 8%, 1)
Jlok,B5 vk 8%, x*)

| g(oF,B* 7,85, xF) |
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sk=012,..



The matrix L, of L,-method for system (4.14) is

f, 0 0 0 0
8. & O 0
Ly(o,B,y,8,x)=|hy hg B, 0
Jo Jp Jy Js O
0 g3 gy 95 x|

Therefore L,-method algorithm could be written as follows:

(k] [oF] i f(ak’Bk, ,Yk, 5k X )7

gkt | |k g(ol B vk, 5 %)

Yo = oF (Lo B K85 )| Mo BE AR 85 ) | k=01,
gkl sk j(ak’Bk,,Yk, &% x¥)

EasN e | glo, ¥y, 5, %) |

The matrix Lsof Ls-method for system (4.14) is

fo 0 0 0 0
8. & 0 0
Ls(o,B,v,8,x)=|hy hg h, 0 0
Jo Jp Jy Js O

(de 93 4y 95 9x |

Therefore Ls-method algorithm could be written as follows:

'ak+1' ’ak' —f(ak, Bk’yk,ak’xk)1

gkt | |k g(ol, B v5,5% x%)

N I I R WD A AR | BT EN
skt | 5k j(ok B vk, 8%, x¥)

Eau b | glo®, B*,v*,8%,x")
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Table 4.9 Contains the results from D -method, U, -method, U; -method, U, -method,
Us-method, L, - method, L3 - method, L,- method and Ls- method of

example 4.9
Methods Number of iterations
(k)
D -method 80
U, -method 62
U; -method 62
U 4 -method 56
Us -method 64
L, -method 55
L;-method 42
L4 -method 37
Ls -method 39

The above methods solution converges to & =1.0071539 ~ 57.71°,
B=0.8464150~48.50°, v=0.5958635~34.14°, §=0.2222919~12.74°, and
x =2.2121238.

Showing the iterations of table 4.9 in appendix.
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Example 4.10 Flash vaporization

We end this section with yet another example from the multifaceted field of
chemical engineering [11]. A liquid containing 50 mol % of benzene, denoted by B,
25 mol % of toluene, denoted by T, and 25 mol % of o-xylem, denoted by O, is
supplied into a flash evaporator operating at 1 atm or 760 mm Hg, and 100°C. We
want to compute the fraction of the total moles that end up in the gas and in the liquid
phase, as well as the compositions of the gas and the liquid phases.

It is reasonable to assume that the gas in the evaporator is in equilibrium with
the liquid. Furthermore, for lack of a better alternative, we assume that the equilibrium
molar fraction are given by Henry’s law, relating the mole fraction of the it species in
the gas phase fg; to the corresponding mole fraction in the liquid phase fy; at

equilibrium, by means of the equation

Jfoi=mifr; 4.15)

where m; are constants. Raoult’s law says that

S 4.16)
PTot

where P; is the vapor pressure of the oo species, and P, is the total pressure of the
mixture. The vapor pressures of the benzene, toluene, and o-xylene at 100°C are,
respectively, equal to 1370, 550, and 200 mm Hg.

Proceeding with the mathematical formulation, we denote the feed flow rate by
F, the liquid flow rate by L, and the gas flow rate by G, all measured in mol/min.

The mole fractions of the feed stream are

frp=0.50, frr =025 fro =025
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Next, we introduce the unknown fractions of total moles that end up in the liquid and

in the gas phase,

x1=L/F, x2=G/F

And the unknown mole fractions of the species in the gas and liquid phases,

x3=fep *Xs=for X5 =Jco0

x=frp X1=fur X =fro

We have a total of eight unknown and require an equal number of equations.
Two equations arise by requiring that the sun of the mole fractions of all
species add up to unity:
X3+ X4 +x5=1 4.17)
and

Xg +X7+x3 =1 (4.18)

Three additional equations arise by performing mass balances. An over all mole

balance gives L + G = F. Dividing both sides by F, we obtain

Xp+XxXy = 1 (419)

A mole balance for benzene gives Ffr g = Lf] g + Gf, p. Dividing both sides by F,

we obtain

0.50 = X1 Xg + XoX3 (420)
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Working similarly with the toluene, we find
0.25 = Xy X7 + Xy X4 (4.21)

A mole balance for o-xylene is implicit in equations (4.17)-(4.21); that is, it can be

derived from them and does not have to be written down explicitly.

Equations (4.15) and (4.16) provide us with three additional equations,

1370
Xy = ——Xg, 422
37 760 6 (4.22)
550
X4 = —— X7, 423
N\ “.23)
200
X = ——Xg. 4.24
5= 20 (4.24)
We have obtained the desired system of eight linear and nonlinear equations.
The result is the following system:
fl(xl,xz,x3,x4,x5,x6x7,x8) = X3+ X4 T X5 -1=0
fo (X1, %0, %3,X4,%5,X6X7,X) = Xg + X7 + X3 —1=0
f3(x1,x2,x3,x4,x5,x6,x7,x3)= x1+x2—l =0
f4(x1,x2,x3, Xq,X5,X6,X7, x3) = X1Xg + Xp X3 — 0.50 =0 (425)

fs(xl,X2,X3,X4,XS,X6,X7,X8) = X1 X7 + XXy -0.25 =0

1370
fe (X1, Xy, X3, X4, X5, Xg, X7, Xg) = — =X — X3 =0
760
550
fr(%1, X0, X3, X4, X5, X6, X7, Xg) = —— X7 = X4 =0
760
200
fs(xl,XZ,x3,X4,x5,x6,X7,x8)= Xg — X5 =0

760
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Next we select the initial values for x; =0, x,=0.5, x3=0, x4=0, x5=0, x6=1,

x7=0.5,and xg= 1. Repeat the methods until the error less than 0.0000005.

Table 4.10 Contains the results from D -method, U, -method, U5 -method,

U,4-method, L, - method, L, - method and L, - method of example 4.10

Number of
iterations( k)
from

D -method

Number of

iterations( k)

from

U, -method

from

Number of

iterations( k)

U; -method

from

Number of

iterations( k)

U 4 -method

Number of
iterations( k)
from

L, -method

Number of

iterations( k)

from

L; -method

Number of
iterations( k)
from

L4 -method

36

26

14

14

30

28

18

The above methods solution converges to x;= 0.67461, x,=0.32539,

x3=0.7146673, x4 =0.1987948, x5=0.0865379, x5=10.3964578, x;=0.2746482

and xg=0.32884.

Showing the iterations of table 4.10 in appendix.



CHAPTER 5

CONCLUSION AND SUGGESTIONS

In this chapter, we shall give the conclusion and suggestions. We could notice

from some examples and application problems in chapter 4.

5.1 Conclusion
In this thesis, we found the methods that can solve systems of nonlinear
equations f(x) =0 in the iterative fashion. We used the 2n-1 numerical methods,
where the first method is D -method. The second method is U, -method. The third
method is U;-method. The fourth method is U4 -method. The n" method is U, -
method. The (n + 1)th method is L, -method. The (n + 2)" method is L -method.
The (1 +3)" method is L4~ method and the (2n - 1)" method is L, - method.
An important question to be asked in using any iterative method is: When do

we stop? For our algorithms, we set an absolute tolerance or absolute error; £ , and

n
iterated until either z I filx;) - fi(xj1 )l < ¢, or we reached a maximum number of
ij=1

iterations. It may happen that if we set tolerance too small then we may need initial
value that closed to its solution. In this thesis we will consider the number of iterations
of our methods from assuming that the absolute error is € = 0.0000005 for all
examples.

The results from examples in this thesis are somewhat as good as we expected.
We can see from the example 4.2 at the initial point (1,1.5,1), the U, -method has the
number of iteration 86 % less than the Modified Newton method. And for the example
4.5 with the initial point (1,1,0), the L, -method has the number of iteration 77 % less
than the Modified Newton method. By these results, we can notice that the solution of
our method converges faster than the Modified Newton method.  For the example
4.9, we cannot solve the system of nonlinear equation immediately because we have a

singular matrix, which cannot find the inverse matrix. For this problem, we have to
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rearrange our system in order to get a nonsingular matrix. In some problems, in order
to get the solutions of the system of equations the arrangement of the equation is very
important. The other important thing is that technique to choose the initial value. We
have to choose the initial value, which is close to the root. Sometime, if we choose the
initial point far from the root we cannot obtain the solution for the problem though in
actually this problem has a solution. In order to solve the systems of nonlinear
equation, guessing an initial value is easier than using theorem to find an initial value.

For efficiently guessing an initial value we need to understand the
mathematical modeling of a real problem. In applied area, for examples in engineering
and science, we roughly know the solution; hence we can easily guess an initial value.
However, an efficient guess of an initial value requires deep understanding of the
mathematical model, which is the task of the mathematician. It is easier for engineers
or scientists who model the problem to derive an initial value. Thus the work for
mathematicians is to guess an initial value until a solution is obtained.

It is possible for nonlinear systems to have more than one solution in which all
obtained solutions do not satisfy the real world problem. In this case, engineers or
scientists who model the problem need to resolve or improve upon a better model.
Thus the duty of mathematicians is to create new methods and guess an initial value to

solve the systems of nonlinear equations.

5.2 Suggestions

For solving systems of nonlinear equations, in order to solve complicated
functions or the functions that are difficult to find its derivative, we can modify our
methods by using

k+1 k
_ LT - fitx?)

k+1 k
Xj Aj

fi , bi=12,..., k=0]L2,....

For solving systems of linear equations, we can also use the new matrices as

introduced in chapter 3.
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APPENDIX

The iterations of table 4.1 at the initial point (0,3.5)

The result from D -method

k ok X ER
1 0.2228169 1.8278352 0.7533696
2 0.3962134 2.6305570 0.3712523
3 0.2471582 3.0315003 0.3105540
4 0.2869561 2.7006336 0.0998936
5 0.3053382 2.8062103 0.0406569
6 0.3007790 2.8509919 0.0102464
7 0.2988231 2.8401280 0.0042876
8 0.2993070 2.8354180 0.0011017
9 0.2995154 2.8365860 0.0004572
0 0.2994638 2.8370885 0.0001172
0.2994416 2.8369642 0.0000487
12 0.2994471 2.8369107 0.0000125
13 0.2994494 2.8369239 0.0000052
14 0.2994489 2.8369296 0.0000013
15 0.2994486 2.8369282 0.0000006
16 0.2994487 2.8369276 0.0000001

Estimates values are x = 0.2994487 and Y =2.8369276 after 16 iterations.

The result from U, -method

k xk yk ER
1 0.1163636 1.8278352 0.4895228
0.3918671 2.2802252 0.6562725
0.1847447 3.0245273 0.5104800
4 0.2708351 2.5131255 0.2385511
5 0.3008405 2.7648333 0.0661521
6 0.2990659 2.8402758 0.0037990
7 0.2994882 2.8360043 0.0008820
8 0.2994444 2.8370229 0.0000912
0,2994491 2.8369175 0.0000098
10 0.2994486 2.8369289 0.0000010
0.2994487 2.8369277 0.0000001

Estimates values are X =0.2994487 and Y =2.8369277 after 11 iterations.



The result from L, -method

k ¥ v ER
1 0.2228169 2.7537888 0.1492716
2 0.2909687 2.8323622 0.0178771
3 0.2994093 2.8371055 0.0002498
4 0.2994408 2.8369088 0.0000038
5 0.2994495 2.8369298 0.0000004

75

Estimates values are x = 0.2994495 and y = 2.8369298 after 5 iterations.

The iterations of table 4.1 at the initial point (0.75,2.5)

The result from D -method

k x* y* ER

1 0.6391824 2.8365513 0.2774809
2 0.5678718 3.0879928 0.0896106
3 0.5191945 3.1476403 0.0122882
4 0.5007137 3.1490317 0.0070882
S 0.4988336 3.1419466 0.0013697
6 0.4999498 3,1410016 0.0005618
7 0.5000942 3.1415676 0.0001075
8 0.5000040 3.1416397 0.0000447
9 0.4999925 3.1415947 0.0000086
10 0.4999997 3.1415889 0.0000036
11 0.5000006 3.1415925 0.0000007
12 0.5000000 3.1415930 0.0000003

Estimates values are X =0.5and y

The result from the U, -method

= 1 after 12 iterations.

k x¥ yk ER

1 05653217 2.8365513 02785413
2 0.4987763 3.1484665 0.0065493
3 0.5000988 3.1409722 0.0005796
4 0.4999921 3.1416420 0.0000461
5 0.5000006 3.1415887 0.0000037
6 0.5000000 3.1415930 0.0000003

Estimates values are x =0.5 and y= 7 after 6 iterations.



The result from the L, -method

k x* y k ER

1 0.6391824 3.1968942 02230262
2 0.5342652 32302833 0.0981148
3 0.4939834 3.1481609 0.0108909
4 0.4990834 3.1412787 0.0006100
5 0.5000546 3.1416254 0.0000346
6 0.4999948 3.1415901 0.0000028
7 0.5000004 3.1415929 0.0000002

Estimates values are X =0.5 and y = 7 after 7 iterations.

The iterations of table 4.1 at the initial point (0.8,4)

The result from D -method

k x~ y* ER

1 0.5005928 2.6493156 0.4501992
2 0.6344765 3.1418870 0.1525165
3 0.5372529 3.0942064 0.0669484
4 0.5108286 3.1519902 0.0115312
5 0.4990337 3.1463239 0.0046230
6 0.4992472 3.1411041 0.0005078
7 0.5000812 3.1412130 0.0003740
8 0.5000604 3.1416332 0.0000424
9 0.4999936 3.1416228 0.0000297
10 0.4999952 3.1415894 0.0000034
11 0.5000005 3.1415903 0.0000024
12 0.5000004 3.1415929 0.0000003

Estimates values are X =0.5and y = 7 after 12 iterations.

The result from U, -method

k x* y* ER

1 0.7596808 2.6493156 0.2726739
2 0.5944956 2.8041730 0.3079126
3 0.5025575 3.1337871 0.0084394
4 0.4998108 3.1428335 0.0011599
5 0.5000151 3.1414978 0.0000886
6 0.4999988 3.1416002 0.0000071
7 0.5000001 3.1415921 0.0000006
8 0.5000000 3.1415927 0.0000000

Estimates values are x = 0.5 and y= 7 after 8 iterations.



The result from the L, -method

k x* y* ER

1 0.5005928 3.9231332 0.7766036
2 0.4201809 3.1022327 0.0560110
3 0.7001690 3.4456295 0.6978205
4 0.5370245 3.3586141 0.2280705
5 0.4815022 3.1488960 0.0239360
6 0.5006353 3.1439744 0.0022978
7 0.4996260 3.1414107 0.0002062
8 0.5000298 3.1416085 0.0000170
9 0.4999975 3.1415914 0.0000014
10 0.5000002 3.1415928 0.0000001

77

Estimates values are X =0.5and y = 7 after 10 iterations.

The iterations of table 4.2 at the initial point (1,1.5,1)

The result from the D -method

k xk y k z k ER
1 0.3000000 0.5833333 0.4047619 1.9231755
2 0.8667737 1.3598105 0.6048019 3.4729453
3 0.2716127 0.8207036 0.3682043 1.5819653
4 0.6124320 1.1966601 0.6463132 1.7296618
5 0.3945225 0.8938218 0.4544717 0.8200116
6 0.5764758 1.0833954 0.5588768 0.7814497
7 0,4518769 0.9364438 04655535 0,4701876
8 0.5425688 1.0443735 0.5255347 0.3922719
9 0.4720658 0.9671580 0.4797663 0.2659800
10 0.5209038 1.0248443 0.5144751 0.2060206
1 0.4842871 0.9827251 0.4898197 0.1438700
12 0.5110814 1.0131477 0.5080085 0.1093059
13 0.4917587 0.9905720 0.4945378 0.0774303
14 0.5060597 1.0069123 0.5041627 0.0579557
15 0.4956398 0,9949208 0.4969931 0.0417323
16 0.5032372 1.0037012 0.5021921 0.0308235
17 0.4976500 0.9972946 0.4983879 0.0223994
18 0.5017191 1.0019860 0.5011785 0.0164592
19 0.4987389 0.9985539 0.4991423 0.0119903
20 0.5009197 1.0010608 0.5006316 0.0087980
21 0.4993268 0.9992251_ 0.4995407 0.0064176
22 0.5004928 1.0005667 0,5003369 0.0047022
23 0.4996401 0.9995854 0,4997538 0.0034347
24 0.5002635 1.0003032 0,5001800 0.0025139
25 0.4998074 0.9997783 0.4998683 0.0018376
26 0.5001409 1.0001622 0.5000963 0.0013444
27 0.4998970 0.9998814 0.4999296 0.0009829
28 0.5000753 1.0000867 0.5000515 0.0007191
29 0.4999449 0.9999366 0.4999623 0.0005258




The result from the D-method (cont.)

30 0.5000403 1.0000464 0.5000276 0.0003846
31 0.4999705 0.9999661 0.4999798 0.0002812
32 0.5000216 1.0000248 0.5000147 0.0002057
33 0.4999842 0.9999819 0.4999892 0.0001504
34 0.5000115 1.0000133 0.5000079 0.0001100
35 0.4999916 0.9999903 0.4999942, 0.0000805
36 0.5000062 1.0000071 0.5000042 0.0000588
37 0.49999535 0.9999948 0.4999960 0.0000430
38 0.5000033 1.0000038 0.5000023 0.0000315
39 0.4999976 0.9999972 0.4999984 0.0000230
40 0.5000018 1.0000020 0.5000012 0.0000168
41 0.4999987 0.9999985 0.4999991 0.0000123
42 0.5000009 1.0000011 0.5000006 0.0000090
43 0.4999993 0.9999992 0.4999995 0.0000066
44 0.5000005 1.0000006 0.5000003 0.0000048
45 0.4999996 0.9999996 0.4999997 0,0000035
46 0.5000003 1.0000003 0.5000002 0.0000026
47 0.4999998 0.9999998 0.4999999 0.0000019
48 0.5000001 1.0000002 0.5000001 0.0000014
49 0.4999999 0.9999999 0.4999999 0.0000010
50 0.5000001 1.0000001 0.5000001 0.0000007
51 0.4999999 0.9999999 0.5000000 0.0000005

2 0.5000000 1.0000000 0.5000000 0.0000004

Estimates values are X = 0.5, y=1 and z = 0.5 after 52 iterations.

The result from the U, -method

k x* y* 7 ER
1 0.7158730 0,9801587 0.4047619 0.4839148
% 0.5442843 09137776 0.3962514 0.4025530
3 0.4654145 0.9948350 0.4765198 0.2128664
4 0.4850367 1.0085136 0.5178671 0.0677331
5 0.5028125 1.0036654 0.5074709 0.0451000
6 0.5030346 0.9993312 0.4986121 0.0050478
7 0.5001747 0,9992351 0,4984832 0.0065037
8 0.4995292 0.9999575 0,4999120 0.0021648
9 04998730 1.0001176 0,5002355 0.0009350
10 0.5000520 1.0000318 0.5000635 0.0004888
11 0.5000320 0.9999870 0.4999740 0.0000897
12 0.4009980 0.9999920 0.4999840 0.0000815
13 0.4999942 1.0000005 0.5000010 0.0000169
14 0.4999991 1.0000014 0.5000029 0.0000119
15 0.5000008 1.0000002 0.5000004 0.0000049
16 0.5000003 0.9999998 04999996 0.0000015
17 0.4999999 0.9999999 0,4999998 0.0000010
18 0,4999999 1.0000000 0.5000000 0,0000001

Estimates values are X = 0.5, y=1 and z = 0.5 after 18 iterations.



The result from the U5 -method

k xk y k Z k ER

1 0,8349206 0,9801587 0.4047619 0.9733621
2 0.6082238 0,8411719 0.3440132 0.5340764
3 0.4855186 0,9837688 0.4373984 0.2839950
4 0.4992643 1.0056862 0.5083061 0.0408962
5 0.4999439 1.0002277 0.5003723 0.0016472
6 0.4999976 1.0000141 0.5000280 0.0001210
7 0.4999999 1.0000006 0.5000012 0.0000052
8 0.5000000 1.0000000 0.5000000 0.0000002

Estimates values are X =0.5, y=1and z = 0.5 after 8 iterations.

The result from the L, -method

k xk yk ¥ ER
1 03000000 1.0500000 05761905 03831468
2 04836078 09858761 0,6078163 04237888
3 05452245 09174773 _0.5154646 02371531
4 05757157 0.9512726 04758823 0.1352364
5 0.5332230 0.9965253 0.4628127 0.1229491
6 0.4902034 1.0237665 0.4844433 0.0970611
7 0.4750650 1.0197418 05047758 0.0547444
8 0.4852539 1.0050128 0.5124704 0.0431998
9 0.4999590 0.9938590 05075101 00349137
10 05076140 09923821 0.5000295 00189512
1 0.5063742 09967831 0,4961832 0.0127925
12 0.5014095 1.0012168 0.4968280 00120747
13 0.4979264 1.0026192 0.4993001 0.0073284
14 0.4975856 1.0015534 05010350 0.0043657
15 0.4990511 09999583 05012084 0.0040937
16 05004372 0.9991773 0.5004755 0.0030772
17 0.5008442 0.9993396 0.4997812 0.0017526
18 05004775 0.9998707 04995780 00014264
19 0.4999671 1.0002276 04997614 0,0011758
20 0.4997308 1.0002538 0.5000165 0.0006451
21 0.4997940 1.0000948 0.5001346 0.0004550
2 0.4999659 0.9999498 0.5001030 0.0004119
n 0.5000762 0.9999104 0.5000171 0.0002301
24 0.5000804 0.9999513 0.4999619 0.0001391
25 05000279 1,0000051 0,4999598 0,0001360
26 04999824 1.0000289 04999861 0.0000998
27 04999713 1.0000213 0.5000088 00000575
28 0.4999852 1.0000030 0.5000144 0.0000486
29 05000023 0.9999917 0.5000074 0.0000391
30 0.5000094 0.9999916 0.4999989 0.0000216
31 0.5000066 0.9999973 0.4999953 0.0000159
32 0.5000007 1.0000020 0.4999967 0.0000140
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The result from the L, -method (cont.)

33 0.4099972 1.0000030 0,4999996 0.0000075
34 0.4999973 1.0000015 0.5000014 0.0000047
35 0.4999992 0.9999997 0.5000013 0.0000046
36 0.5000007 0.9999990 0.5000004 0.0000032
37 0.5000010 0.9999993 0.4999997 0.0000019
38 0.5000005 0.9999999 0.4999995 0.0000016
39 0.4999999 1.0000003 0.4999998 0.0000013

0 0.4999997 1.0000003 0.5000001 0.0000007
41 0.4999998 1.0000001 0.5000002 0.0000006
42 0.5000000 0.9999999 0.5000001 0,0000005

Estimates values are x =0.5, y=1and z = 0.5 after 42 iterations.

The result from the L; -method

k x* y* z* ER

1 0.3000000 10500000 0.8428571 14904949
2 0.5532399 0.7857847 0.5208256 0.6455324
3 0.6989790 0.8773819 0.3824371 0.2981676
4 0.5653543 10381859 0.4824157 0.3205733
5 0.4625617 10314665 0.5169554 0.0747406
6 0.4797014 10019039 0.5104949 0.0397540
7 0.5018906 0.9940098 0.4990510 0.0151990
g 0.5046859 0.9981308 0.4976538 0.0072260
9 0.5007758 1.0007930 0.4996156 0.004334
10 | 04992111 10005873 0.5003938 0.0014284
11 | 04996419 0.9999823 0.5001792 0.0008635
12 | 05000745 0.9998732 0.4999627 0.0002444
13 | 05000932 0.9999720 0.4999534 0.0001375
14 | 05000078 10000194 0.4999961 0.0000806
15| 04999825 10000107 0.5000087 0.0000299
16 | 04999940 0.9999986 0.5000030 0.0000179
17 | 05000021 0.9999974 0.4999989 0.0000046
18 | 05000018 0.9999996 0.499999] 0.0000029
19 | 0.5000000 10000004 0.5000000 0.0000014
20 | 04999996 10000002 0.5000002 0.0000006
21 | 04999999 10000000 0.5000000 0.0000004
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Estimates values are x =0.5, y=1and z = 0.5 after 21 iterations.

The iterations of table 4.2 at the initial point (0,1,0)

The result from the D -method

k xk y k z k ER
0.2500000 1.2500000 0.8125000 1.7158203
0.4031008 0.9359375 0.6029605 0.5042648
0.5862069 0.9882751 0.5522188 0.4607108




The result from the D -method (cont.)

4 0.5265708 0.9248961 0.4595182 0.2499196
5 0.5506095 1.0093020 0.4849657 0.1763112
6 0.4871937 0.9810384 0.4752499 0.1803712
7 0.5075651 1.0189286 0.5066487 0.1109849
8 0.4865461 0.9931511 0.4962339 0.0835255
9 0.5044647 1.0085947 0.5068041 0.0655152
10 0.4951225 0.9944174 0.4977875 0.0429276
11 0.5039236 1.0035661 0.5024513 0.0337491
12 0.4978485 0.9968195 0.4980474 0.0242095
13 0.5020022 1.0020594 0.5010790 0.0174623
14 0.4986447 0.9984621 0.4990012 0.0130627
15 0.5009492 1.0011787 0.5006789 0.0094344
16 0.4992444 0.9991869 0.4995260 0.0068941
17 0.5005197 1.0006152 0.5003781 0.0050851
18 0.4996134 0.9995513 0.4997403 0.0036857
19 0.5002874 1.0003233 0.5001934 0.0027090
20 0.4997951 0.9997597 0.4998564 0.0019800
21 0.5001524 1.0001743 0.5001025 0.0014456
22 0.4998889 0.9998726 0.4999238 0.0010591
23 0.5000808 1.0000936 0.5000556 0.0007740
24 0.4999405 0.9999318 0.4999596 0.0005659
25 0.5000433 1.0000500 0.5000298 0.0004142
26 0.4999683 0.9999635 0.4999783 0.0003027
27 0.5000232 1.0000267 0.5000159 0.0002214
28 0.4999830 0.9999805 0.4999884 0.0001620
29 0.5000124 1.0000143 0.5000085 0.0001184
30 0.4999909 0.9999896 0.4999938 0.0000866
31 0.5000066 1.0000076 0.5000045 0.0000633
32 0.4999951 0.9999944 0.4999967 0.0000463
33 0.5000036 1.0000041 0.5000024 0.0000339
34 0.4999974 0.9999970 0.4999982 0.0000248
35 0.5000019 1.0000022 0.5000013 0.0000181
36 0.4999986 0.9999984 0.4999991 0.0000133
37 0.5000010 1.0000012 0.5000007 0.0000097
38 0.4999993 0.9999991 0.4999995 0.0000071
39 0.5000005 1.0000006 0.5000004 0.0000052
40 0.4999996 0.9999995 0.4999997 0.0000038
41 0.5000003 1.0000003 0.5000002 0.0000028
42 0.4999998 0.9999998 0.4999999 0.0000020
43 0.5000002 1.0000002 0.5000001 0.0000015
44 0.4999999 0.9999999 0.4999999 0.0000011
45 0.5000001 1.0000001 0.5000001 0.0000008
46 0.4999999 0.9999999 0.5000000 0.0000006
47 0.5000000 1.0000001 0.5000000 0.0000004

Estimates values are X =0.5, y=1 and z = 0.5 after 47 iterations.
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The result from the U, -method

k xk y k z k ER

1 0.0000000 1.2500000 0.8125000 1.7421875
2 0.5204576 1.0134527 0.7317073 1.0390989
3 0.5542009 1.0156873 0.5008176 0.2605446
4 0.5133133 0.9849315 0.4737607 0.1040315
5 0.4936785 0.9968280 0.4933230 0.0537767
6 0.4964362 1.0015984 0.5031921 0.0113368
7 0.5003246 1.0008841 0.5017814 0.0094462
8 0.5006590 0.9999208 0.4998384 0.0017293
9 0.5000837 0.9998350 0.4996705 0.0013785
10 0.4999076 0.9999791 0.4999582 0.0005400
11 0.4999668 1.0000231 0.5000462 0.0001773
12 0.5000085 1.0000083 0.5000166 0.0001086
13 0.5000073 0.9999979 0.4999958 0.0000131
14 0.5000001 0.9999982 0.4999963 0.0000165
15 0.4999988 1.0000000 0.4999999 0.0000047
16 0.4999997 1.0000003 0.5000006 0.0000024
17 0.5000001 1.0000001 0.5000001 0.0000012
18 0.5000001 1.0000000 0.4999999 0.0000003

Estimates values are X = 0.5, y=1and zZ = 0.5 after 18 iterations.

The result from the U3 -method

k x* yk P ER

1 0.8125000 1.2500000 0.8125000 3.7639160
2 0.6472538 0.9573409 0.4117832 0.2391266
3 0.5174276 0.9483790 0.4265418 0.3039601
4 0.4981010 0.9988067 0.4913173 0.0369170
5 0.4999157 1.0005105 0.5009692 0.0042536
6 0.4999962 1.0000216 0.5000422 0.0001826
7 0.4999998 1.0000010 0.5000019 0.0000082
8 0.5000000 1.0000000 0.5000001 0.0000003

Estimates values are X =0.5, y

The result from the L, -method

=1 and z = 0.5 after 8 iterations.

k xk y k z k ER

1 0.2500000 1.2500000 0.9375000 2.3955078
2 0.4316547 0.8121066 0.8026873 1.1421341
3 0.7510170 0.6484222 0.5667568 0.8595112
4 0.8543594 0.6785607 0.3396643 0.4798531
5 0.7404440 0.9651254 0.3440936 0.5529040
6 0.4721652 1.1201135 0.4053194 0.5747263
7 0.3680911 1.1006522 0.5113832 0.3243067
8 0.4227718 1.0331040 0.5650564 0.2455084
9 0.4937310 0.9724481 0.5424104 0.1790570
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The result from the L, -method (cont.)

10 0.5368121 0.9589895 0.5036611 0.0957779
11 0.5358520 0.9795988 0.4812436 0.0600695
12 0.5108276 1.0043397 0.4824589 0.0631350
13 0.4904637 1.0134976 0.4947619 0.0426624
14 0.4870420 1.0089762 0.5047187 0.0249843
15 0.4941149 1.0006145 0.5065039 0.0221691
16 0.5016471 0.9959331 0.5029742 0.0170772
17 0.5043819 0.9963049 0.4991735 0.0095790
18 0.5028077 0.9990095 0.4978089 0.0073803
19 0.5000945 1.0010511 0.4986005 0.0063370
20 0.4986573 1.0013694 0.4999532 0.0034273
21 0.4988438 1.0006010 0.5006710 0.0022711
22 0.4997229 0.9998035 0.5005786 0.0021418
23 0.5003566 0.9995323 0.5001387 0.0013514
24 0.5004360 0.9997125 0.4098217 0.0008000
25 0.5001802 0.9999991 0.4997820 0.0007373
26 0.4999281 1.0001450 0.4999100 0.0005613
27 0.4998492 1.0001204 0.5000360 0.0003183
28 0.4999116 1.0000262 0.5000754 0.0002550
29 0.5000033 0.9999606 0.5000442 0.0002121
30 0.5000475 0.9999541 0.4099983 0.0001159
31 0.5000377 0.9999820 0.4999762 0.0000803
32 0.5000071 1.0000083 0.4999812 0.0000736
33 0.4999868 1.0000160 0.4999965 0.0000426
34 0.4999855 1.0000090 0.5000066 0.0000256
35 0.4999947 0.9999994 0.5000073 0.0000246
36 0.5000030 0.9999949 0.5000027 0.0000182
37 0.5000051 0.9999961 0.4999985 0.0000105
38 0.5000028 0.9999994 0.4999974 0.0000087
39 0.4999997 1.0000014 0.4999986 0.0000071
40 0.4999983 1.0000015 0.5000002 0.0000039
41 0.4999988 1.0000005 0.5000008 0.0000028
42 0.4999998 0.9999997 0.5000006 0.0000025
43 0.5000005 0.9999995 0.5000001 0.0000013
44 0.5000005 0.9999997 0.4999998 0.0000008
45 0.5000002 1.0000000 0.4999998 0.0000008
46 0.4999999 1.0000002 0.4999999 0.0000006
47 0.4999998 1.0000001 0.5000001 0.0000003

Estimates values are X =0.5, y=1and Z = 0.5 after 47 iterations.

The result from the L3 -method

k o ¥ - ER

1 0.2500000 1.2500000 0.8125000 1.7158203
2 0.4031008 0.9053173 0.6370768 0.6538244
3 0.6226449 0.8694441 0.4233131 0.2420405
4 0.5876033 0.9964351 0.4635000 0.2110204
5 0.4905196 1.0270947 0.5045525 0.0674813
6 0.4791507 1.0081320 0.5103721 0.0330445




The result from the L4 -method (cont.)

0.4966846 0.9966266 0.5017215 0.0185184

0.5033869 0.9974582 0.4982945 0.0061517

0.5015513 1.0000795 0.4992276 0.0037595
10 0.4996761 1.0005495 0.5001617 0.0010578
11 0.4995960 1.0001211 0.5002020 0.0005962
12 0.4999664 0.9999159 0.5000168 0.0003491
13 0.5000757 0.9999537 0.4999621 0.0001294
14 0.5000259 1.0000060 0.4999870 0.0000777
15 0.4999907 1.0000111 0.5000046 0.0000200
16 0.4999923 1.0000015 0.5000039 0.0000124
17 0.5000000 0.9999981 0.5000000 0.0000063
18 0.5000016 0.9999992 0.4999992 0.0000026
19 0.5000004 1.0000002 0.4999998 0.0000016
20 0.4999998 1.0000002 0.5000001 0.0000005

Estimates values are x =0.5, y=1and z = 0.5 after 20 iterations.

The iterations of table 4.2 at the initial point (1,2,1)

The result from the D-method

k x* y* z* ER

1 0.3000000 0.5833333 0.4047619 1.9231755
2 0.8667737 1.3598105 0.6048019 3.4729453
3 0.2716127 0.8207036 0.3682043 1.5819653
4 0.6124320 1.1966601 0.6463132 1.7296618
5 0.3945225 0.8938218 0.4544717 0.8200116
6 0.5764758 1.0833954 0.5588768 0.7814497
R 0.4518769 0.9364438 0.4655535 0.4701876
8 0.5425688 1.0443735 0.5255347 03922719
9 0.4720658 0.9671580 0,4797663 0.2659800
10 0.5209038 1.0248443 0.5144751 0,2060206
11 0.4842871 0.9827251 0.4898197 0.1438700
12 0.5110814 1.0131477 0.5080085 0.1093059
13 0.4917587 0.9905720 0.4945378 0.0774303
14 0.5060597 1.0069125 0.5041627 0.0579557
15 0.4956398 0.9949208 0.4969931 0.0417323
16 0.5032372 1.0037012 0.5021921 0.0308235
17 0.4976500 0.9972946 0.4983879 0.0223994
18 05017191 1.0019860 0.5011785 0.0164592
19 0.4987389 0.9985539 0.4991423 0.0119903
20 0.5009197 1.0010608 0.5006316 0.0087980
21 0.4993268 0.9992251 0.4995407 0.0064176
22 0.5004928 1.0005667 0.5003369 0.0047022
23 0.4996401 0.9995854 0.4997538 0.0034347
24 0.5002635 1.0003032 0.5001800 0.0025139
25 0.4998074 0.9997783 0.4998683 0.0018376
26 0.5001400 1.0001622 0.5000963 0.0013444
27 0.4998970 0.9998814 0.4999296 0.0009829
28 0.5000753 1.0000867 0.5000515 0.0007191




The result from the D -method (cont.)

29 0.4999449 0.9999366 0.4999623 0.0005258
30 0.5000403 1.0000464 0.5000276 0.0003846
31 0.4999705 0.9999661 0.4999798 0.0002812
32 0.5000216 1.0000248 0.5000147 0.0002057
33 0.4999842 0.9999819 0.4999892 0.0001504
34 0.5000115 1.0000133 0.5000079 0.0001100
35 04999916 0.9999903 0.4999942 0.0000805
36 0.5000062 1.0000071 0,5000042 0.0000588
37 0.4999955 0,9999948 0.4999969 0.0000430
38 0.5000033 1.0000038 0.5000023 0.0000315
39 0.4999976 0.9999972 0.4999984 0.0000230
40 0.5000018 1.0000020 0.5000012 0.0000168
41 0.4999987 0.9999985 0.4999991 0.0000123
42 0.5000009 1.0000011 0.5000006 0.0000090
43 0.4999993 0.9999992 04999995 0.0000066
44 0.5000005 1.0000006 0.5000003 0.0000048
45 0.4999996 0.9999996 0.4999997 0.0000035
46 0.5000003 1.0000003 0.5000002 0.0000026
47 0.4999998 0.9999998 0.4999999 0.0000019
48 0.5000001 1.0000002 0.5000001 0.0000014
49 0.4999999 0.9999999 0.4999999 0.0000010
50 0.5000001 1.0000001 0.5000001 0.0000007
st 0.4999999 0.9999999 0,5000000 0.0000005
S2 0.5000000 1.0000000 0,5000000 0.0000004

Estimates values are x = 0.5, y=1and z =0.5 after 52 iterations.

The result from the U, -method

k xk y k z k ER

1 0.7158730 09801587 0.4047619 0.4839148
2 0.5442843 0.9137776 0.3962514 0.4025530
3 0.4654145 0.9948350 0.4765198 0.2128664
4 0.4850367 1.0085136 0.5178671 0.0677331
5 0.5028125 1.0036654 0.5074709 0.0451000
6 0.5030346 0.9993312 0.4986121 0.0050478
7 0.5001747 0.9992351 0.4984832 0.0065037
8 0.4995292 0.9999575 0.4999129 0.0021648
9 0.4998730 1.0001176 0.5002355 0.0009350
10 0.5000520 1.0000318 0.5000635 0.0004888
11 0.5000320 0.9999870 0.4999740 0.0000897
12 0.4999980 0.9999920 0.4999840 0.0000815
13 0.4999942 1.0000005 0.5000010 0.0000169
14 0.4999991 1.0000014 0.5000029 0.0000119
15 0.5000008 1.0000002 0.5000004 0.0000049
16 0.5000003 0.9999998 0.4999996 0.0000015
17 0.4999999 0.9999999 0.4999998 0.0000010
18 0.4999999 1.0000000 0.5000000 0.0000001

Estimates values are X =0.5, y=1and z = 0.5 after 18 iterations.



The result from the U5 -method

k )Ck yk z k ER

1 0.8349206 0.9801587 0.4047619 0.9733621
2 0.6082238 0.8411719 0.3440132 0.5340764
3 0.4855186 0.9837688 0.4373984 0.2839950
4 0.4992643 1.0056862 0.5083061 0.0408962
S 0.4999439 1.0002277 0.5003723 0,0016472
6 0.4999976 1.0000141 0.5000280 0.0001210
7 0.4999999 1.0000006 0.5000012 0.0000052
8 0.5000000 1.0000000 0.5000000 0.0000002

Estimates values are X

The result from the L, -method

=0.5, y=1and z = 0.5 after 8 iterations.

k xk y k Z k ER

1 0.3000000 1.0500000 0.5761905 0.3831468
2 0.4836078 0.9858761 0.6078163 0.4237888
3 0.5452245 0.9174773 0.5154646 0.2371531
4 0.5757157 0.9512726 0.4758823 0.1352364
5 0.5332230 09965253 0,4628127 0.1229491
6 0.4902034 1.0237665 0.4844433 0.0970611
7 0.4750650 1.0197418 0.5047758 0.0547444
8 0.4852539 1.0050128 0.5124704 0.0431998
9 0.4999590 0.9938590 0.5075101 0.0349137
10 0.5076140 0.9923821 0.5000295 0.0189512
11 0.5063742 0.9967831 0.4961832 0.0127925
12 0.5014095 1.0012168 0.4968280 0.0120747
13 0.4979264 1.0026192 0.4993001 0.0073284
14 0.4975856 1.0015534 0.5010330 0,0043657
15 0.4990511 0.9999583 0.5012084 0.0040937
16 0.5004372 0.9991773 0.5004755 0.0030772
17 0.5008442 0.9993396 0.4997812 0.0017526
18 0.5004775 0.9998707 0.4995780 0.0014264
19 0.4999671 1.0002276 0.4997614 0.0011758
20 0.4997308 1.0002538 0.5000165 0.0006451
21 0.4997940 1.0000948 0.5001346 0,0004550
22 0.4999659 0.9999498 0.5001030 0.0004119
23 0.5000762 0.9999104 0.5000171 0.0002301
24 0.5000804 0.9999513 0.4999619 0.0001391
25 0.5000279 1.0000051 0.4999598 0.0001360
26 0.4999824 1.0000289 0.4999861 0.0000998
27 0.4999713 1.0000213 0.5000088 0.0000575 -
28 0,4999852 1.0000030 0.5000144 0.0000486
29 0.5000023 0.9999917 0.5000074 0,0000391
30 0.5000094 0.9999916 0.4999989 0.0000216
31 0.5000066 0.9999973 0.4999953 0.0000159
32 0.5000007 1.0000020 0.4999967 0.0000140
33 0.4999972 1.0000030 0.4999996 0.0000075
34 0.4999973 1.0000015 0.5000014 0.0000047
35 0.4999992 0.9999997 0.5000013 0.0000046
36 0.3000007 0.9999990 0.5000004 0.0000032
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The result from the L, -method (cont.)

The result from the L3 -method

37 0.5000010 0.9999993 0.4999097 0.0000019
38 0.5000005 0.9999999 0.4999995 0.0000016
39 0.4999999 1.0000003 0.4999998 0.0000013
40 0.4999997 1.0000003 0.5000001 0.0000007
41 0.4999998 1.0000001 0.5000002 0.0000006
42 0.5000000 0.9999999 0.5000001 0.0000005

Estimates values are X =0.5, y=1 and z = 0.5 after 42 iterations.

k xk yk z k ER
1 0.3000000 1.0500000 0.8428571 1.4904949
2 0.5532399 0.7857847 0.5208256 0.6455324
3 0.6989790 0.8773819 03824371 0.2981676
4 0.5653543 1.0381859 0.4824157 0.3205733
5 0.4625617 1.0314665 0.5169554 0,0747406
6 0.4797014 1.0019039 0.5104949 0.0397540
7 0.5018906 0.9940098 0.4990510 0.0151990
8 0.5046859 0.9981308 0.4976538 0.0072260
9 0.5007758 1,0007930 04996156 0.0043342
10 0.4992111 1.0005873 0.5003938 0.0014284
11 0.4996419 0.9999823 0.5001792 0.0008635
12 0.5000745 0.9998732 0.4999627 0.0002444
13 0.5000932 0.9999720 0.4999534 0.0001375
14 0.5000078 1.0000194 0.4999961 0.0000806
15 0.4999825 1.0000107 0.5000087 0.0000299
16 0.4999940 0.9999986 0.5000030 0.0000179
17 0.5000021 0.9999974 0.4999989 0.0000046
18 0.5000018 0.9999996 0.4999991 0.0000029
19 0.5000000 1.0000004 0.5000000 0.0000014
20 0.4999996 1.0000002 0.5000002 0.0000006
21 0.4999999 1.0000000 0.5000000 0.0000004

Estimates values are x =0.5, y=1and z = 0.5 after 21 iterations.

The iterations of table 4.3 at the initial point (0.5,0.5,0.5,0.5)

The result from the D -method

k xk y k z k Wk ER

1 0.7185185 0.4961832 0.4961832 0.4961832 0.2248892
2 0.7126081 0.5930564 0.4924519 0.4944325 0.2967030
3 0.8023983 0.5880837 0.5357264 0.4927204 0.1879637
4 0.7973288 0.6498718 0.5325099 0.5125298 0.2139929
5 0.8539693 0.6458141 0.5705724 0.5110458 0.1429448
6 0.8500559 0.6899095 0.5679225 0.5283609 0.1568961
7 0.8901782 0.6867581 0.5965232 0.5271458 0.1053227
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The result from the D -method (cont.)

0.8872098 0.7186302 0.5944574 0.5400886 0.1141795

0.9160515 0.7162463 0.6152408 0.5391483 0.0764552
10 0.9138406 0.7391646 0.6136824 0.5485169 0.0823237
11 0.9344960 0.7373981 0.6286015 0.5478115 0.0549636
12 0.9328759 0.7537729 0.6274506 0.5545177 0.0589114
i3 0.9475902 0.7524841 0.6380869 0.5539989 0.0392414
14 0.9464177 0.7641244 0.6372494 0.5587703 0.0419230
15 0.9568552 0.7631947 0.6447974 0.5583939 0.0278779
16 0.9560142 0.7714386 0.6441944 0.5617750 0.0297135
17 0.9633950 0.7707733 0.6495335 0.5615045 0.0197347
18 0.9627957 0.7765962 0.6491026 0.5638937 0.0209992
19 0.9680033 0.7761229 0.6528704 0.5637007 0.0139348
20 0.9675782 0.7802281 0.6525641 0.5653856 0.0148102
21 0.9712467 0.7798927 0.6552188 0.5652485 0.0098218
22 0.9709461 0.7827830 0.6550019 0.5664350 0.0104301
23 0.9735275 0.7825460 0.6568702 0.5663380 0.0069140
24 0.9733154 0.7845790 0.6567170 0.5671727 0.0073379
25 0.9751305 0.7844119 0.6580307 0.5671043 0.0048627
26 0.9749811 0.7858410 0.6579227 0.5676911 0.0051587
27 0.9762566 0.7857233 0.6588459 0.5676428 0.0034179
28 0.9761514 0.7867273 0.6587699 0.5680551 0.0036248
29 0.9770475 0.7866445 0.6594185 0.5680212 0.0024013
30 0.9769735 0.7873498 0.6593650 0.5683108 0.0025461
31 0.9776028 0.7872916 0.6598205 0.5682869 0.0016865
32 0.9775508 0.7877868 0.6597829 0.5684903 0.0017880
33 0.9779926 0.7877459 0.6601027 0.5684735 0.0011842
34 0.9779561 0.7880935 0.6600763 0.5686163 0.0012554
35 0.9782663 0.7880648 0.6603008 0.5686045 0.0008314
36 0.9782407 0.7883089 0.6602823 0.5687048 0.0008813
37 0.9784584 0.7882887 0.6604399 0.5686965 0.0005837
38 0.9784404 0.7884601 0.6604269 0.5687668 0.0006186
39 0.9785932 0.7884459 0.6605375 0.5687610 0.0004097
40 0.9785806 0.7885661 0.6605284 0.5688104 0.0004342
41 0.9786879 0.7885562 0.6606060 0.5688063 0.0002876
42 0.9786790 0.7886406 0.6605996 0.5688410 0.0003048
43 0.9787543 0.7886336 0.6606541 0.5688381 0.0002018
44 0.9787481 0.7886929 0.6606496 0.5688625 0.0002139
45 0.9788009 0.7886880 0.6606878 0.5688605 0.0001417
46 0.9787966 0.7887296 0.6606847 0.5688775 0.0001501
47 0.9788336 0.7887261 0.6607115 0.5688761 0.0000994
48 0.9788306 0.7887553 0.6607093 0.5688881 0.0001054
49 0.9788566 0.7887529 0.6607282 0.5688871 0.0000698
50 0.9788545 0.7887734 0.6607266 0.5688955 0.0000740
51 0.9788727 0.7887717 0.6607398 0.5688948 0.0000490
52 0.9788712 0.7887861 0.6607387 0.5689007 0.0000519
53 0.9788840 0.7887849 0.6607480 0.5689002 0.0000344
54 0.9788830 0.7887950 0.6607472 0.5689044 0.0000364
55 0.9788920 0.7887941 0.6607538 0.5689040 0.0000241
56 0.9788912 0.7888012 0.6607532 0.5689070 0.0000256
57 0.9788975 0.7888006 0.6607578 0.5689067 0.0000169
58 0.9788970 0.7888056 0.6607574 0.5689088 0.0000179
59 0.9789015 0.7888052 0.6607606 0.5689086 0.0000119
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The result from the D -method (cont.)

60 0.978901] 0.7888087 0.6607604 0.5689100 0.0000126
61 0.9789042 0.7888084 0.6607626 0.5689099 0.0000083
62 0.9789039 0.7888108 0.6607624 0.5689109 0.0000088
63 0.9789061 0.7888106 0.6607640 0.5689108 0.0000059
64 0.9789059 0.7888123 0.6607639 0.5689115 0.0000062
65 0.9789075 0.7888122 0.6607650 0.5689115 0.0000041
66 0.9789074 0.7888134 0.6607649 0.5689120 0.0000044
67 0.9789084 0.7888133 0.6607657 0.5689119 0.0000029
68 0.9789083 0.7888141 0.6607656 0.5689123 0.0000031
69 0.9789091 0.7888141 0.6607662 0.5689122 0.0000020
70 0.9789090 0.7888147 0.6607661 0.5689125 0.0000021
71 0.9789096 0.7888146 0.6607665 0.5689125 0.0000014
72 0.9789095 0.7888150 0.6607665 0.5689126 0.0000015
73 0.9789099 0.7888150 0.6607667 0.5689126 0.0000010
74 0.9789099 0.7888153 0.6607667 0.5689127 0.0000011
75 0.9789101 0.78881353 0.6607669 0.5689127 0.0000007
76 0.9789101 0.7888155 0.6607669 0.5689128 0.0000007
77 0.9780103 0.7888155 0.6607670 0.5689128 0.0000005

Estimates values are x = 0.9789103, y=0.7888155 and z = 0.6607670

w =0.5689128 after 77 iterations.

The result from the U, -method

k x* y* z* wk ER

1 0.7120460 0.4931735 0.4942020 0.4961832 0.2156308
2 0.7966554 0.5868542 0.4896900 0.4935237 0.1706609
3 0.8494913 0.6449817 0.5313835 0.4914525 0.1421446
4 0.8868203 0.6862158 0.5673155 0.5105486 0.1061965
5 0.9135827 0.7159004 0.5940922 0.5268832 0.0769169
6 0.9327052 0.7371768 0.6134547 0.5389905 0.0550889
7 0.9463036 0.7523407 0.6273060 0.5477128 0.0392094
8 0.9559372 0.7631004 0.6371560 0.5539359 0.0277909
9 0.9627431 0.7707104 0.6441331 0.5583530 0.0196404
10 0.9675421 0.7760804 0.6490617 0.5614776 0.0138517
11 0.9709211 0.7798637 0.6525366 0.5636827 0.0097550
12 0.9732981 0.7825261 0.6549832 0.5652363 0.0068628
13 0.9749690 0.7843981 0.6567041 0.5663297 0.0048247
14 0.9761430 0.7857137 0.6579138 0.5670986 0.0033901
15 0.9769676 0.7866379 0.6587637 0.5676389 0.0023813
16 0.9775467 0.7872869 0.6593607 0.5680184 0.0016722
17 0.9779532 0.7877426 0.6597799 0.5682850 0.0011741
18 0.9782387 0.7880625 0.6600742 0.5684722 0.0008242
19 0.9784390 0.7882871 0.6602808 0.5686036 0.0005786
20 0.9785796 0.7884448 0.6604258 0.5686958 0.0004061
21 0.9786783 0.7885554 0.6605276 0.5687606 0.0002850
22 0.9787476 0.7886331 0.6605991 0.5688060 0.0002001
23 0.9787962 0.7886876 0.6606492 0.5688379 0.0001404
24 0.9788303 0.7887259 0.6606844 0.5688603 0.0000986
25 0.9788543 0.7887527 0.6607091 0.5688760 0.0000692
26 0.9788711 0.7887715 0.6607265 0.5688870 0.0000485
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The result from the U, -method (cont.)

27 0.9788829 0.7887848 0.6607386 0.5688948 0.0000341
28 0.9788912 0.7887941 0.6607472 0.5689002 0.0000239
29 0.9788970 0.7888006 0.6607532 0.5689040 0.0000168
30 0.9789011 0.7888051 0.6607574 0.5689067 0.0000118
31 0.9789039 0.7888083 0.6607603 0.5689086 0.0000083
32 0.9789059 0.7888106 0.6607624 0.5689099 0.0000058
33 0.9789073 0.7888122 0.6607639 0.5689108 0.0000041
34 0.9789083 0.7888133 0.6607649 0.5689115 0.0000029
35 0.9789090 0.7888141 0.6607656 0.5689119 0.0000020
36 0.9789095 0.7888146 0.6607661 0.5689122 0.0000014
37 0.9789099 0.7888150 0.6607665 0.5689125 0.0000010
38 0.9789101 0.7888153 0.6607667 0.5689126 0.0000007
39 0.9789103 0.7888155 0.6607669 0.5689127 0.0000005

Estimates values are x = 0.9789103, y=0.7888155 and z = 0.6607669

w =0.5689127 after 39 iterations.

The result from the L, -method

k xk yk 2k wk ER
1 0.7185185 0.5962680 0.5402754 0.5158598 0.2460414
2 0.8053093 0.6537349 0.5742022 0.5310943 0.1676375
3 0.8574489 0.6933617 0.5996148 0.5423144 0.1193811
4 0.8932769 0.7215769 0.6178067 0.5502737 0.0853507
5 0.9186920 0.7416159 0.6306739 0.5558780 0.0606330
6 0.9366899 0.7557670 0.6397278 0.5598102 0.0428192
7 0.9493733 0.7657168 0.6460775 0.5625626 0.0301086
8 0.9582782 0.7726913 0.6505205 0.5644858 0.0211066
9 0.9645139 0.7775698 0.6536244 0.5658281 0.0147644
10 0.9688725 0.7809771 0.6557903 0.5667641 0.0103124
11 0.9719153 0.7833544 0.6573006 0.5674165 0.0071953
12 0.9740375 0.7850119 0.6583531 0.5678710 0.0050167
13 0.9755167 0.7861669 0.6590863 0.5681875 0.0034959
14 0.9765474 0.7869714 0.6595970 0.5684079 0.0024353
15 0.9772652 0.7875318 0.6599526 0.5685614 0.0016961
16 0.9777652 0.7879220 0.6602001 0.5686683 0.0011810
17 0.9781132 0.7881936 0.6603725 0.5687426 0.0008223
18 0.9783556 0.7883827 0.6604925 0.5687944 0.0005724
19 0.9785243 0.7885144 0.6605760 0.5688305 0.0003985
20 0.9786417 0.7886060 0.6606341 0.5688555 0.0002774
21 0.9787234 0.7886698 0.6606746 0.5688730 0.0001931
22 0.9787803 0.7887142 0.6607028 0.5688852 0.0001344
23 0.9788200 0.7887451 0.6607224 0.5688936 0.0000936
24 0.9788475 0.7887666 0.6607360 0.5688995 0.0000651
25 0.9788667 0.7887816 0.6607455 0.5689036 0.0000453
26 0.9788801 0.7887920 0.6607521 0.5689065 0.0000315
27 0.9788894 0.7887993 0.6607567 0.5689084 0.0000220
28 0.9788958 0.7888043 0.6607600 0.5689098 0.0000153
29 0.9789003 0.7888078 0.6607622 0.5689108 0.0000106
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The result from the L, -method (cont.)

30 0.9789035 0.7888103 0.6607637 0.5689115 0.0000074
31 0.9789057 0.7888120 0.6607648 0.5689119 0.0000052
32 0.9789072 0.7888132 0.6607656 0.5689123 0.0000036
33 0.9789082 0.7888140 0.6607661 0.5689125 0.0000025
34 0.9789090 0.7888146 0.6607665 0.5689126 0.0000017
35 0.9789095 0.7888150 0.6607667 0.5689127 0.0000012
36 0.9789098 0.7888153 0.6607669 0.5689128 0.0000008
37 0.9789101 0.7888155 0.6607670 0.5689129 0.0000006
38 0.9789103 0.7888156 0.6607671 0.5689129 0.0000004

Estimates values are x =0.9789103, y=0.7888156 and z = 0.6607671

w =0.5689129 after 38 iterations.

The iterations of table 4.3 at the initial point (1,1,0,0)

The result from the D -method

k| X y¥ XX wh ER
1 1.1666667 0.4864865 0.4705882 0.2580645 2.3181907
2 0.7211729 0.7749171 0.3659662 0.4842351 1.6775050
3 0.9706055 0.5309732 0.6137819 0.4341725 1.5052068
4 0.7486143 0.7643421 0.4772804 0.5484144 1.2818864
3 0.9601156 0.5979649 0.6408393 0.4859374 1.0838586
6 0.8081815 0.7725286 0.5340970 0.5602569 0.9439459
7 0.9661661 0.6522854 0.6499120 0.5118855 0.7852728
8 0.8568869 0.7789189 0.5715925 0.5641934 0.6838390
9 0.9710531 0.6920711 0.6544015 0.5288717 0.5650151
10 0.8925095 0.7828024 0.5978845 0.5661375 0.4906689
11 0.9740561 0.7205173 0.6569171 0.5407273 0.4037599
12 0.9179425 0.7850931 0.6164724 0.5672285 0.3497833
13 0.9758520 0.7406948 0.6583814 0.5490832 0.2870268
14 0.9359663 0.7864591 0.6296003 0.5678654 0.2482103
15 0.9769414 0.7549533 0.6592543 0.5549722 0.2032766
16 0.9486961 0.7872914 0.6388551 0.5682464 0.1755616
17 0.9776177 0.7650066 0.6597871 0.5591176 0.1435786
18 0.9576686 0.7878109 0.6453703 0.5684799 0.1238910
19 0.9780477 0.7720847 0.6601204 0.5620329 0.1012208
20 0.9639845 0.7881430 0.6499523 0.5686264 0.0872859
21 0.9783271 0.7770631 0.6603338 0.5640818 0.0712640
22 0.9684263 0.7883598 0.6531727 0.5687206 0.0614257
23 0.9785121 0.7805625 0.6604732 0.5655211 0.0501259
24 0.9715482 0.7885038 0.6554351 0.5687823 0.0431922
25 0.9786363 0.7830209 0.6605660 0.5665319 0.0352343
26 0.9737414 0.7886008 0.6570240 0.5688234 0.0303539
27 0.9787208 0.7847476 0.6606285 0.5672416 0.0247553
28 0.9752817 0.7886669 0.6581397 0.5688512 0.0213230
29 0.9787787 0.7859601 0.6606711 0.5677398 0.0173872
30 0.9763633 0.7887123 0.6589229 0.5688701 0.0149749
31 0.9788187 0.7868113 0.6607004 0.5680895 0.0122093
32 0.9771226 0.7887437 0.6594727 0.5688832 0.0105145
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The result from the D-method (cont.)

33 0.9788465 0.7874089 0.6607206 0.5683350 0.0085720
34 0.9776556 0.7887654 0.6598587 0.5688922 0.0073817
35 0.9788658 0.7878284 0.6607347 0.5685074 0.0060176
36 0.9780298 0.7887806 0.6601296 0.5688985 0.0051818
37 0.9788792 0.7881228 0.6607445 0.5686283 0.0042241
38 0.9782924 0.7887912 0.6603197 0.5689028 0.0036373
39 0.9788886 0.7883294 0.6607513 0.5687132 0.0029649
40 0.9784768 0.7887986 0.6604532 0.5689059 0.0025530
41 0.9788952 0.7884745 0.6607561 0.5687728 0.0020810
42 0.9786061 0.7888038 0.6605468 0.5689080 0.0017919
43 0.9788998 0.7885763 0.6607594 0.5688146 0.0014606
44 0.9786969 0.7888074 0.6606126 0.5689095 0.0012577
45 0.9789031 0.7886477 0.6607618 0.5688439 0.0010251
46 0.9787607 0.7888099 0.6606587 0.5689105 0.0008827
47 0.9789053 0.7886979 0.6607634 0.5688645 0.0007195
48 0.9788054 0.7888117 0.6606911 0.5689113 0.0006195
49 0.9789069 0.7887331 0.6607646 0.5688790 0.0005050
50 0.9788368 0.7888130 0.6607138 0.5689118 0.0004348
51 0.9789080 0.7887578 0.6607654 0.5688891 0.0003544
52 0.9788588 0.7888138 0.6607297 0.5689121 0.0003052
53 0.9789088 0.7887751 0.6607660 0.5688962 0.0002487
54 0.9788743 0.7888145 0.6607409 0.5689124 0.0002142
55 0.9789094 0.7887873 0.6607664 0.5689012 0.0001746
56 0.9788851 0.7888149 0.6607488 0.5689126 0.0001503
57 0.9789098 0.7887958 0.6607666 0.5689047 0.0001225
58 0.9788927 0.7888152 0.6607543 0.5689127 0.0001055
59 0.9789100 0.7888018 0.6607668 0.5689072 0.0000860
60 0.9788981 0.7888154 0.6607582 0.5689128 0.0000740
61 0.9789102 0.7888060 0.6607670 0.5689089 0.0000603
62 0.9789018 0.7888155 0.6607609 0.5689129 0.0000520
63 0.9789103 0.7888090 0.6607671 0.5689101 0.0000424
64 0.9789045 0.7888157 0.6607628 0.5689129 0.0000365
65 0.9789104 0.7888110 0.6607671 0.5689110 0.0000297
66 0.9789063 0.7888157 0.6607641 0.5689129 0.0000256
67 0.9789105 0.7888125 0.6607672 0.5689116 0.0000209
68 0.9789076 0.7888158 0.6607651 0.5689129 0.0000180
69 0.9789106 0.7888135 0.6607672 0.5689120 0.0000146
70 0.9789085 0.7888158 0.6607657 0.5689130 0.0000126
A\ 0.9789106 0.7888142 0.6607672 0.5689123 0.0000103
72 0.9789092 0.7888158 0.6607662 0.5689130 0.0000088
73 0.9789106 0.7888147 0.6607672 0.5689125 0.0000072
74 0.9789096 0.7888159 0.6607665 0.5689130 0.0000062
75 0.9789106 0.7888151 0.6607673 0.5689127 0.0000051
76 0.9789099 0.7888159 0.6607668 0.5689130 0.0000044
77 0.9789106 0.7888153 0.6607673 0.5689128 0.0000036
78 0.9789101 0.7888159 0.6607669 0.5689130 0.0000031
79 0.9789106 0.78881355 0.6607673 0.5689128 0.0000025
80 0.9789103 0.7888159 0.6607670 0.5689130 0.0000021
81 0.9789106 0.7888156 0.6607673 0.5689129 0.0000017
82 0.9789104 0.7888159 0.6607671 0.5689130 0.0000015
83 0.9789107 0.7888157 0.6607673 0.5689129 0.0000012
84 0.9789105 0.7888159 0.6607672 0.5689130 0.0000011
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The result from the D-method (cont.)

85 0.9789107 0.7888158 0.6607673 0.5689129 0.0000009
86 0.9789105 0.7888159 0.6607672 0.5689130 0.0000007
87 0.9789107 0.7888158 0.6607673 0.5689130 0.0000006
88 0.9789106 0.7888159 0.6607672 0.5689130 0.0000005
89 0.9789107 0.7888158 0.6607673 0.5689130 0.0000004

Estimates values are x = 0.9789107, y=0.7888158 and z = 0.6607673
w =0.5689130 after 89 iterations.

The result from the U, -method

k x¥ yk z* wk ER
1 0.9662233 0.7745013 0.5920304 0.2580645 0.8307644
2 0.9644190 0.7725884 0.6393326 0.5406046 0.0408203
3 0.9680400 0.7766385 0.6487302 0.5593446 0.0157583
4 0.9711885 0.7801633 0.6527152 0.5635574 0.0097366
5 0.9734760 0.7827254 0.6551546 0.5653162 0.0066833
6 0.9750928 0.7845369 0.6568302 0.5664063 0.0046780
7 0.9762299 0.7858110 0.6580031 0.5671549 0.0032845
8 0.9770286 0.7867062 0.6588265 0.5676788 0.0023067
9 0.9775895 0.7873349 0.6594048 0.5680465 0.0016198
10 0.9779833 0.7877763 0.6598109 0.5683047 0.0011372
11 0.9782597 0.7880862 0.6600959 0.5684860 0.0007984
12 0.9784538 0.7883037 0.6602961 0.5686133 0.0005604
13 0.9785900 0.7884564 0.6604366 0.5687026 0.0003934
14 0.9786856 0.7885636 0.6605352 0.5687654 0.0002761
15 0.9787527 0.7886388 0.6606044 0.5688094 0.0001938
16 0.9787998 0.7886916 0.6606529 0.5688403 0.0001360
17 0.9788329 0.7887287 0.6606870 0.5688620 0.0000955
18 0.9788561 0.7887547 0.6607110 0.5688772 0.0000670
19 0.9788723 0.7887729 0.6607278 0.5688879 0.0000470
20 0.9788838 0.7887857 0.66073935 0.5688954 0.0000330
21 0.9788918 0.7887947 0.6607478 0.5689006 0.0000232
22 0.9788974 0.7888010 0.6607577 0.5689069 0.0000114
24 0.9789041 0.7888086 0.6607606 0.5689087 0.0000080
25 0.9789061 0.7888108 0.6607626 0.5689100 0.0000056
26 0.9789074 0.7888123 0.6607640 0.5689109 0.0000039
27 0.9789084 0.7888134 0.6607650 0.5689115 0.0000028
28 0.9789091 0.7888141 0.6607657 0.5689120 0.0000019
29 0.9789096 (0.7888147 0.6607661 0.5689123 0.0000014
30 0.9789099 0.7888150 0.6607665 0.5689125 0.0000010
31 0.9789101 0.7888153 0.6607667 0.5689126 0.0000007
32 0.9789103 0.7888155 0.6607669 0.5689127 0.0000005

Estimates values are x = 0.9789103, y=0.7888155 and z = 0.6607669
w =0.5689127 after 32 iterations.



The result from the L, -method

k x* y* zF wk ER

1 1.1666667 0.5495495 0.2586116 0.3915414 1.5939149
2 0.7755913 0.4985009 0.4402434 0.4742121 0.4188691
3 0.7149949 0.5623615 0.5116534 0.5037528 0.2389804
4 0.7739292 0.6253473 0.5552766 0.5228093 0.1942997
5 0.8316324 0.6726315 0.5861753 0.5364201 0.1431826
6 0.8745456 0.7067565 0.6082605 0.5461042 0.1032385
7 0.9053528 0.7311058 0.6239329 0.5529443 0.0736690
8 0.9272558 0.7483544 0.6349887 0.5577531 0.0521894
9 0.9427322 0.7605094 0.6427560 0.5611234 0.0367802
10 0.9536190 0.7690433 0.6481974 0.5634805 0.0258246
11 0.9612530 0.7750192 0.6520020 0.5651266 0.0180850
12 0.9665940 0.7791962 0.6546584 0.5662750 0.0126417
13 0.9703251 0.7821121 0.6565115 0.5670757 0.0088253
14 0.9729285 0.7841458 0.6578032 0.5676335 0.0061555
15 0.9747439 0.7855634 0.6587033 0.5680222 0.0042907
16 0.9760089 0.7865511 0.6593302 0.5682928 0.0029895
17 0.9768902 0.7872391 0.6597668 0.5684812 0.0020823
18 0.9775040 0.7877181 0.6600708 0.5686124 0.0014501
19 0.9779314 0.7880517 0.6602825 0.5687038 0.0010097
20 0.9782290 0.7882839 0.6604298 0.5687674 0.0007029
21 0.9784361 0.7884456 0.6605324 0.5688116 0.00048%4
22 0.9785804 0.7885581 0.6606038 0.5688424 0.0003406
23 0.9786807 0.7886365 0.6606535 0.5688639 0.0002371
24 0.9787506 0.7886910 0.6606881 0.5688788 0.0001651
25 0.9787993 0.7887290 0.6607121 0.5688892 0.0001149
26 0.9788331 0.7887554 0.6607289 0.5688964 0.0000800
27 0.9788567 0.7887738 0.6607406 0.5689015 0.0000557
28 0.9788731 0.7887866 0.6607487 0.5689050 0.0000387
29 0.9788845 0.7887955 0.6607543 0.5689074 0.0000270
30 0.9788925 0.7888017 0.6607583 0.5689091 0.0000188
31 0.9788980 0.7888060 0.6607610 0.5689103 0.0000131
32 0.9789018 0.7888090 0.6607629 0.5689111 0.0000091
33 0.9789045 0.7888111 0.6607642 0.5689117 0.0000063
34 0.9789064 0.7888126 0.6607652 0.5689121 0.0000044
35 0.9789077 0.7888136 0.6607658 0.5689124 0.0000031
36 0.9789086 0.7888143 0.6607663 0.5689126 0.0000021
37 0.9789092 0.7888148 0.6607666 0.5689127 0.0000015
38 0.978%097 0.7888151 0.6607668 0.5689128 0.0000010
39 0.9789100 0.7888154 0.6607669 0.5689128 0.0000007
40 0.9789102 0.7888155 0.6607670 0.5689129 0.0000005
41 0.9789103 0.7888156 0.6607671 0.5689129 0.0000003

Estimates values are X = 0.9789103, y=0.7888156 and z = 0.6607671

w = 0.5689129 after 41 iterations.
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The iterations of table 4.3 at the initial point(0,0,0,0)

The result from the D-method

k x* y* z* wk ER

1 0.2424242 0.0000000 0.0000000 0.2580645 0.5024534
2 0.2419948 0.1194030 0.1311475 0.2575137 0.6150522
3 0.3571664 0.1851474 0.1899325 0.3220634 0.4806971
4 0.4198534 0.2702529 0.2553552 0.3504376 0.4718503
5 0.5009454 0.3331320 0.3110433 0.3818095 0.4065439
6 0.5602979 0.3994089 0.3571984 0.4082423 0.3713151
7 0.6226210 0.4502805 0.4020864 0.4299710 0.3207812
8 0.6700735 0.5016111 0.4370102 0.4509551 0.2872331
9 0.7177711 0.5407959 0.4715634 0.4671693 0.2457485
10 0.7539329 0.5797361 0.4978663 0.4831276 0.2173920
1t 0.7897552 0.6001356 0.5238098 0.4952108 0.1841420
12 0.8166496 0.6381054 0.5433117 0.5070823 0.1614354
13 0.8430861 0.6597633 0.5624466 0.5159703 0.1356238
14 0.8627638 0.6809815 0.5767010 0.5246659 0.1180904
15 0.8820069 0.6967228 0.5906255 0.5311244 0.0985839
16 0.8962356 0.7120805 0.6009285 0.5374202 0.0854010
17 0.9100993 0.7234085 0.6109599 0.5420685 0.0709592
18 0.9203002 0.7344275 0.6183452 0.5465874 0.0612392
19 0.9302134 0.7425211 0.6255185 0.5499091 0.0507085
20 0.9374817 0.7503770 0.6307802 0.5531320 0.0436428
21 0.9445318 0.7561297 0.6358821 0.5554933 0.0360482
22 0.9496877 0.7617049 0.6396145 0.5577813 0.0309644
23 0.9546822 0.7657786 0.6432291 0.5594537 0.0255305
24 0.9583282 0.7697223 0.6458685 0.5610725 0.0218992
25 0.9618567 0.7725994 0.6484223 0.5622538 0.0180333
26 0.9644291 0.7753826 0.6502845 0.5633965 0.0154530
27 0.9669171 0.7774108 0.6520853 0.5642293 0.0127136
28 0.9687293 0.7793718 0.6533971 0.5650345 0.0108868
29 0.9704811 0.7807997 0.6546652 0.5656209 0.0089512
30 0.9717563 0.7821798 0.6555883 0.5661876 0.0076611
31 0.9729886 0.7831841 0.6564803 0.5666000 0.0062962
32 0.9738852 0.7841545 0.6571293 0.5669986 0.0053869
33 0.9747514 0.7848605 0.6577564 0.5672885 0.0044258
34 0.9753815 0.7855425 0.6582125 0.5675686 0.0037857
35 0.9759902 0.7860385 0.6586531 0.5677723 0.0031096
36 0.9764328 0.7865176 0.6589735 0.5679690 0.0026594
37 0.9768603 0.7868660 0.6592830 0.5681121 0.0021840
38 0.9771711 0.7872024 0.6595080 0.5682503 0.0018676
39 0.9774713 0.7874470 0.6597253 0.5683508 0.0015336
40 0.9776895 0.7876833 0.6598833 0.5684478 0.0013113
41 0.9779003 0.7878550 0.6600359 0.5685183 0.0010768
42 0.9780535 0.7880209 0.6601468 0.5685865 0.0009206
43 0.9782015 0.7881415 0.6602539 0.5686360 0.0007559
44 0.9783090 0.7882579 0.6603318 0.5686838 0.0006463
45 0.9784129 0.7883425 0.6604070 0.5687186 0.0005306
46 0.9784884 0.7884242 0.6604616 0.5687521 0.0004536
47 0.9785613 0.7884837 0.6605144 0.5687765 0.0003724
48 0.9786143 0.7885410 0.6605527 0.5688001 0.0003184
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The result from the D -method (cont.)

49 0.9786655 0.7885827 0.6605898 0.5688172 0.0002614
50 0.9787027 0.7886230 0.6606167 0.5688338 0.0002235
51 0.9787386 0.7886522 0.6606427 0.5688458 0.0001835
52 0.9787647 0.7886805 0.6606616 0.5688574 0.0001569
53 0.9787899 0.7887010 0.6606799 0.5688658 0.0001288
54 0.9788082 0.7887209 0.6606931 0.5688740 0.0001101
35 0.9788259 0.7887353 0.6607059 0.5688799 0.0000904
56 0.9788388 0.7887492 0.6607152 0.5688856 0.0000773
57 0.9788512 0.7887593 0.6607242 0.5688898 0.0000634
58 0.9788602 0.7887691 0.6607308 0.5688938 0.0000542
59 0.9788689 0.7887762 0.6607371 0.5688967 0.0000445
60 0.9788752 0.7887830 0.6607416 0.5688995 0.0000381
61 0.9788814 0.7887880 0.6607461 0.5689015 0.0000312
62 0.9788858 0.7887928 0.6607493 0.5689035 0.0000267
63 0.9788901 0.7887963 0.6607524 0.5689050 0.0000219
64 0.9788932 0.7887997 0.6607547 0.5689063 0.0000187
65 0.9788962 0.7888022 0.6607568 0.5689074 0.0000154
66 0.9788984 0.7888045 0.6607584 0.5689083 0.0000132
67 0.9789005 0.7888063 0.6607600 0.5689090 0.0000108
68 0.9789021 0.7888079 0.6607611 0.5689097 0.0000092
69 0.9789036 0.7888091 0.6607621 0.5689102 0.0000076
70 0.9789046 0.7888103 0.6607629 0.5689107 0.0000065
71 0.9789057 0.7888112 0.6607637 0.5689110 0.0000053
72, 0.9789064 0.7888120 0.6607642 0.5689114 0.0000045
73 0.9789072 0.7888126 0.6607648 0.5689116 0.0000037
74 0.9789077 0.7888131 0.6607651 0.5689119 0.0000032
75 0.9789082 0.7888136 0.6607655 0.5689120 0.0000026
76 0.9789086 0.7888140 0.6607658 0.5689122 0.0000022
77 0.9789089 0.7888143 0.6607660 0.5689123 0.0000018
78 0.9789092 0.7888145 0.6607662 0.5689124 0.0000016
79 0.9789095 0.7888147 0.6607664 0.5689125 0.0000013
80 0.9789096 0.7888149 0.660766; 0.5689126 0.0000011
81 0.9789098 0.7888151 0.6607667 0.5689127 0.0000009
82 0.9789099 0.7888152 0.6607668 0.5689127 0.0000008
83 0.9789101 0.7888153 0.6607669 0.5689128 0.0000006
84 0.9789102 0.7888154 0.6607669 0.5689128 0.0000005
85 0.9789102 0.7888155 0.6607670 0.5689128 0.0000004

Estimates values are x =0.9789102, y=0.7888155 and z =0.6607670
w = 0.5689128 after 85 iterations.

The result from the U, -method

k x* y* z* wk ER

1 0.3049853 0.0645161 0.1290323 0.2580645 0.4966220
2 0.4802704 0.2476939 0.1954742 0.3210292 0.4153508
3 0.6091694 0.3844552 0.3015647 0.3531140 0.3580077
4 0.7078302 0.4904465 0.3926911 0.4038219 0.2813047
5 0.7823798 0.5714133 0.4641499 0.4466287 0.2136540
6 0.8376900 0.6320078 0.5182804 0.4797464 0.1588210




The result from the U, -method (cont.)

0.8781074 0.6765768 0.5584214 0.5045774 0.1162174

0.9073063 0.7089293 0.5877348 0.5228509 0.0840536

0.9282253 0.7321874 0.6089012 0.5361209 0.0602718
10 0.9431227 0.7487912 0.6240598 0.5456640 0.0429508
11 0.9536864 0.7605853 0.6348519 0.5524787 0.0304713
12 0.9611544 0.7689334 0.6425031 0.5573204 0.0215492
13 0.9664226 0.7748274 0.6479113 0.5607479 0.0152052
14 0.9701332 0.7789814 0.6517260 0.5631681 0.0107118
15 0.9727440 0.7819054 0.6544127 0.5648740 0.0075378
16 0.9745796 0.7839618 0.6563029 0.5660748 0.0053001
17 0.9758695 0.7854071 0.6576318 0.5669193 0.0037246
18 0.9767755 0.7864225 0.6585657 0.5675130 0.0026164
19 0.9774118 0.7871357 0.6592216 0.5679300 0.0018374
20 0.9778585 0.7876365 0.6596822 0.5682229 0.0012901
21 0.9781722 0.7879880 0.6600056 0.5684286 0.0009057
22 0.9783923 0.7882348 0.6602327 0.5685730 0.0006358
23 0.9785469 0.7884081 0.6603921 0.5686743 0.0003133
25 0.9787315 0.7886150 0.6605824 0.5687954 0.0002199
26 0.9787849 0.7886749 0.6606376 0.5688305 0.0001543
27 0.9788224 0.7887169 0.6606762 0.5688551 0.0001083
28 0.9788487 0.7887464 0.6607034 0.5688724 0.0000760
29 0.9788672 0.7887672 0.6607224 0.5688845 0.0000533
30 0.9788801 0.7887817 0.6607358 0.5688930 0.0000374
31 0.9788892 0.7887919 0.6607452 0.5688989 0.0000263
32 0.9788956 0.7887990 0.6607518 0.5689031 0.0000184
33 0.9789001 0.7888041 0.6607564 0.5689061 0.0000129
34 0.9789033 0.7888076 0.6607597 0.5689081 0.0000091
35 0.9789055 0.7888101 0.6607619 0.5689096 0.0000064
36 0.9789070 0.7888118 0.6607635 0.5689106 0.0000045
37 0.9789081 0.7888130 0.6607646 0.5689113 0.0000031
38 0.9789089 0.7888139 0.6607654 0.5689118 0.0000022
39 0.9789094 0.7888145 0.6607660 0.5689122 0.0000015
40 0.9789098 0.7888149 0.6607664 0.5689124 0.0000011
41 0.9789100 0.7888152 0.6607666 0.5689126 0.0000008
42 0.9789102 0.7888154 0.6607668 0.5689127 0.0000005
43 0.9789104 0.7888156 0.6607670 0.5689128 0.0000004

Estimates values are x =0.9789104, y=0.7888156 and z =0.6607670
w = 0.5689128 after 43 iterations.

The result from the L, -method

k xk yk zF wk ER

1 0.2424242 0.2063573 0.2488547 0.3834623 0.4674482
3 0.4401756 0.3403168 03615451 0.4351283 0.4427358
4 0.5675995 0.4571157 0.4430951 0.4723993 03591741
5 0.6769442 0.5478697 0.5040951 0.4999548 0.2758280
6 07607981 0.6158695 0.5490686 0.5200257 0.2060944
7 0.8230130 0.6657620 0.5816928 0.5344471 0.1510474
8 0.8683282 0.7018198 0.6050707 0.5447089 0.1091139




The result from the L, -method (cont.)

9 0.9009041 0.7275942 0.6216770 0.5519615 0.0779848
10 0.9241010 0.7458732 0.6334008 0.5570633 0.0553067
11 0.9405079 0.7587642 0.6416420 0.5606404 0.0390067
12 0.9520569 0.7678196 0.6474178 0.5631430 0.0274026
13 0.9601588 0.7741630 0.6514572 0.5648910 0.0191972
14 0.9658291 0.7785981 0.6542783 0.5661107 0.0134227
15 0.9697910 0.7816948 0.6562464 0.5669611 0.0093723
16 0.9725560 0.7838549 0.6576184 0.5675538 0.0065379
17 0.9744842 0.7853607 0.6585745 0.5679666 0.0045576
18 0.9758280 0.7864099 0.6592406 0.5682541 0.0031757
19 0.9767642 0.7871407 0.6597044 0.5684543 0.0022121
20 0.9774163 0.7876496 0.6600273 0.5685937 0.0015405
21 0.9778703 0.7880040 0.6602522 0.5686907 0.0010726
22 0.9781864 0.7882507 0.6604087 0.5687583 0.0007468
23 0.9784065 0.7884225 0.6605177 0.5688053 0.0005199
24 0.9785597 0.7885421 0.6605936 0.5688380 0.0003619
25 0.9786664 0.7886253 0.6606464 0.5688608 0.0002519
26 0.9787406 0.7886832 0.6606831 0.5688767 0.0001754
27 0.9787923 0.7887235 0.6607087 0.5688877 0.0001221
28 0.9788283 0.7887516 0.6607265 0.5688954 0.0000850
29 0.9788533 0.7887712 0.6607389 0.5689007 0.0000591
30 0.9788708 0.7887848 0.6607475 0.5689045 0.0000412
31 0.9788829 0.7887942 0.6607535 0.5689071 0.0000287
32 0.9788913 0.7888008 0.6607577 0.5689089 0.0000199
33 0.9788072 0.7888054 0.6607606 0.5689101 0.0000139
34 0.9789013 0.7888086 0.6607626 0.5689110 0.0000097
35 4 0.9789041 0.7888108 0.6607641 0.5689116 0.0000067
36 0.9789061 0.7888124 0.6607650 0.5689120 0.0000047
37 0.9789075 0.7888134 0.6607657 0.5689123 0.0000033
38 0.9789085 0.7888142 0.6607662 0.5689125 0.0000023
39 0.9789091 0.7888147 0.6607665 0.5689127 0.0000016
40 0.9789096 0.7888151 0.6607668 0.5689128 0.0000011
41 0.9789099 0.7888153 0.6607669 0.5689128 0.0000008
42 0.9789101 0.7888155 0.6607670 0.5689129 0.0000005
43 0.9789103 0.7888156 0.6607671 0.5689129 0.0000004

Estimates values are x =0.9789103, y=0.7888156 and z = 0.6607671
w =0.5689129 after 43 iterations.

The iterations of table 4.4

The result from the D -method

k o i ER
1 1.2109755 1.3987772 17.1332397
2 0.7315968 0.1328928 6.2901647
3 0.2187899 1.1811254 7.0967465
4 1.2815707 0.4878798 16.4323737
5 0.3995267 0.3997076 3.4560856
6 0,1440196 0.1183178 2.4693111




The result from the D-method (cont.)

0.3047163 0.59578350 3.7049785

0.0455716 0.2761146' 2.5622513

0.2210385 0.6382815 2.8445408
10 0.0345225 0.3733544 1.9522655
11 0.1723121 0.5854628 1.6969877
12 0.0666326 0.4118765 1.2193446
13 0.1543055 0.5258934 0.9368773
14 0.0978620 04212949 0.7200837
15 0.1503465 0,4836094 05251829
16 0.1193656 04210717 0.4268465
17 0.1507744 0.4564854 0.3041719
18 0.1330718 0.4186795 0.2569685
19 0.1520999 0.4394873 0.1810307
20 0.1416545 0.4163602 0.1568423
21 0.1533157 0.4288773 0.1098160
22 0.1470140 0.4146020 0.0966852
23 0,1542211 0.4222301 0.0674598
24 0.1503634 0.4133844 0.0600006
25 0.1548432 0.4181047 0.0417778
26 0.1524594 0.4125762 0.0373972
27 0.1552545 0.4155083 0.0260069
28 0.1537726 0.4120519 0.0233740
29 0.1555207 0.4138807 00162425
30 0.1545960 04117161 0,0146351
31 0.1556910 0.4128596 0.0101651
32 0.1551126 0.4115027 0.0091737
33 0.1557992 0.4122189 0.0063699
34 _0.1554368 0.4113676 0.0057545
35 0.1558675 0.4118166 0.0039950
36 0.1556404 0.4112824 0.0036112
37 0.1559107 0.4115641 0.0025068
38 0.1557682 0.4112287 0.0022669
39 0.1559379 0.4114055 0.0015735
40 0.1558484 0.4111950 0.0014232
41 0.1559550 0.4113060 0.0009878
42 0.1558988 0.4111737 0.0008937
43 0.1559657 0.4112434 0.0006203
44 0.1559304 0.4111604 0.0005612
45 0.1559725 04112042 0.0003895
46 0.1559503 0.4111520 0.0003524
47 0.1559767 04111795 00002446
48 0.1559628 0.4111468 0.0002213
49 0.1559794 0.4111640 0.0001536
50 0.1559706 0.4111434 0.0001390
51 0.1559810 04111543 0.0000965
52 0.1559755 0.4111414 0.0000873
33 0.1559821 0.4111482 0,0000606
34 0:1539786 04111401 0.0000548
33 0.1559827 04111443 0.0000380
56 0,1559806 04111392 0.0000344
57 0.1559832 04111419 0.0000239
58 0.1559818 0.4111387 0.0000216
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The result from the D-method (cont.)

39 0.1559834 0.4111404 0.0000150
60 0.1559826 04111384 0.0000136
61 0.1559836 0.4111395 0.0000094
62 0.1559830 04111382 0.0000085
63 0.1559837 04111389 0.0000059
64 0.1559834 0.411138]1 0.0000054
65 0.1559838 04111385 0.0000037
66 0.1559835 04111380 0.0000034
67 0.1559838 04111383 0.0000023
68 0.1559837 04111379 0.0000021
69 0.1559838 0.4111381 0.0000015
70 0.1559837 04111379 0.0000013
71 0.1559838 0.4111380 0.0000009
72 0.1559838 0.4111379 0.0000008
73 0,1559838 0.4111380 0.0000006
74 0.1559838 04111379 0,0000005
75 0,1559838 0.4111379 0.0000004

Estimates values are o0 = 0.1559838 and 3 = 0.4111379 after 75 iterations.

The result from the U, -method

k ok B k ER

1 1.2109755 1.4651653 169739398
2 05767498 01335735 3.8088815
3 02748100 03239077 09695848
4 01992298 03614238 |  0.1974691
5 0.1811972 0,3795779 0.0928906
6 0.1719872 03911385 00589162
7 0.1661177 03985065 00374543
8 0.1623813 0.4031768 0.0237024
9 0.1600147 0.4061270 00149566
10 | 0.1585205 0.4079865 00094211
11 0.1575790 0.4091570 0.0059277
12 0.1569864 0.4098931 0.0037271
13 0.1566138 0.4103559 0.0023424
14 0.1563796 0.4106466 0.0014718
15 | 01562325 0.4108293 00009246
6 | 0.1561400 04109441 0.0005808
17 | 01560819 0.4110162 0.0003648 |
18 | 0.1560455 0.4110614 00002291
19 | 01560225 04110899 0.0001439
20 | 01560082 04111077 00000904
21 | 01559991 0.4111189 0.0000568
22 | 01559934 04111260 0.0000356
23 | 01559899 0.4111304 0.0000224
24 | 01559876 04111332 0.0000141
25 | 01559862 0.4111349 0.0000088
26 | 0.1559854 0.4111360 0.0000055
27 0,1559848 0.4111367 0,0000035
28 | 01559844 0.4111371 0.0000022 _
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The result from the U, -method (cont.)

29 0.1559842 04111374 0.0000014
30 0.1559841 0.4111376 0.0000009
31 0.1559840 0.4111377 0.0000005
32 0.1559840 0.4111377 0.0000003

Estimates values are o = 0.155984 and [3 = 0.4111377 after 32 iterations.

The result from the L, -method

k ok pr ER
1 1.3945603 1.3987772 17.7332942
2 1.1304847 0.4717857 14.5778288
3 0.7845440 0.6989656 11.4480618
4 1.1267613 1.2762476 16.8431799
5 1.1602021 1.3756912 16.9372957
6 1.0290545 0.7301739 14.7236213
7 03726444 0.8510101 6.7643833
8 0,0340576 0.2657856 2.7869199
9 0.0059357 0.6773571 0.5293212
10 0.0689810 0.5857281 0.2543379
11 0.1029151 0.5166065 0.1439754
12 0.1232922 0.4759858 0.0843167
13 0.1357014 0.4513141 0.0506838
14 0.1433436 0.4361537 0.0309661
15 0.1480838 0,4267636 0.0191139
_16 0.1510375 0.4209178 0.0118742
17 0.1528834 04172668 0.0074066
18 0.1540390 0.4149818 0.0046316
19 0.1547634 0.4135499 0.0029010
20 0.1552177 0.4126519 0.0018188
21 0.1555029 0.4120884 0.0011410
22 0.1556818 0.4117347 0.0007161
23 0.1557942 04115126 0,0004496
24 0.1558648 0.4113732 0.0002823
25 0.1559091 0.4112857 0.0001772
26 0.1559369 0.4112307 0.0001113
27 0.1559544 0.4111962 0.0000699
28 0.1559653 0.4111745 0.0000439
29 0.1559722 0.4111609 0.0000276
30 0.1559760 0.4111568 0.0000020
31 0.1559793 0.4111469% 0.0000109
32 0,1559810 0.4111436 0.0000068 1
33 0.1559821 04111414 0,0000043
34 0.1559827 0.4111401 0.0000027
35 0.1559831 0.4111393 0.0000017
36 0.1559834 0.4111387 0.0000011
37 0.1559836 0.4111384 0.0000007
38 0.1559837 0.4111382 0.0000004

Estimates values are o = 0.1559837 and [3 = 0.4111382 after 38 iterations.
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The iterations of table 4.5

The result from the D -method

k xk y k Z k ER

1 0.6250000 0.5000000 0.5000000 1.8593750
2 0.3125000 0.6093750 0.1601563 0.8036804
3 0.5152100 1.0240259 0.1172485 1.2020825
4 0.4868831 0.8639628 0.3285176 0.5169733
s 0.3893453 0.8110608 0.2458717 0.3421724
6 0.4380904 0.8912876 0.2023524 0.2213010
7 0.4576415 0.8759933 0.2465792 0.0673552
8 0.4355313 0.8545312 0.2442000 0.0780230
9 0.4363106 0.8664999 0.2299778 0.0339424
10 0.4440382 0.8699166 0.2352973 0.0245603
11 0.4411840 0.8645772 0.2384812 0.0142940
12 0.4394652 0.8651495 0.2355343 0.0048280
13 0.4410512 0.8668315 0.2354033 0.0057063
14 0.4411182 0.8660599 0.2364807 0.0023544
15 0.4405419 0.8657319 0.2361613 0.0018857
16 0.4407129 0.8661125 0.2358922 0.0009606
17 0.4408570 0.8660987 0.2360947 0.0004213
18 0.4407486 0.8659702 0.2361205 0.0004136
19 0.4407348 0.8660184 0.2360409 0.0001585
20 0.4407774 0.8660471 0.2360587 0.0001416
21 0.4407678 0.8660206 0.2360806 0.0000666
22 0.4407561 0.8660195 0.2360670 0.0000353
23 0.4407634 0.8660291 0.2360639 0.0000295
24 0.4407650 0.8660262 0.2360697 0.0000104
25 0.4407619 0.8660238 0.2360688 0.0000105
26 0.4407624 0.8660256 0.2360671 0.0000048
27 0.4407633 0.8660259 0.2360680 0.0000029
28 0.4407629 0.8660252 0.2360683 0.0000021
29 0.4407627 0.8660253 0.2360679 0.0000007
30 0.4407629 0.8660255 0.2360679 0.0000008
31 0.4407629 0.8660254 0.2360680 0.0000003
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Estimates values are X = 0.4407629, y=0.8660254 and z = 0.2360680 after 31 iterations.

The result from the U, -method

k ¥ y k Z k ER

1 0.6250000 0.5000000 0.5000000 1.8593750
2 0.3125000 0.9492188 0.1601563 0.5090637
3 0.5152100 0.9213041 0.2496681 0.3699221
4 0.4397306 0.8176446 0.2785606 0.3337941
5 0.4158989 0.8761320 0.2154764 0.1222622
6 0.4526843 0.8787084 0.2351448 0.0790331
7 0.4414003 0.8578637 0.2442629 0.0603569
8 0.4363045 0.8667371 0.2326911 0.0205836




The result from the U, -method (cont.)
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9 0.4425997 0.8684677 0.2353987 0.0153860
10 0.4411231 0.8646979 0.2375327 0.0101360
11 0.4399768 0.8659799 0.2355730 0.0031390
12 0.4410289 0.8664777 0.2358752 0.0028602
13 0.4408661 0.8658209 0.2363225 0.0016355
14 0.4406265 0.8659909 0.2360022 0.0004455
15 0.4407981 0.8661071 0.2360230 0.0005137
16 0.4407870 0.8659957 0.2361111 0.0002542
17 0.4407398 0.8660152 0.2360604 0.0000734
18 0.4407669 0.8660398 0.2360585 0.0000913
19 0.4407680 0.8660214 0.2360751 0.0000396
20 0.4407591 0.8660230 0.2360674 0.0000166
21 0.4407632 0.8660279 0.2360661 0.0000163
22 0.4407639 0.8660249 0.2360691 0.0000065
23 0.4407623 0.8660249 0.2360680 0.0000035
24 0.4407629 0.8660258 0.2360676 0.0000028
25 0.4407631 0.8660254 0.2360682 ( 0.0000010
26 0.4407628 0.8660253 0.2360680 0.0000007
27 0.4407629 0.8660255 0.2360679 0.0000005

Estimates values are X = 0.4407629, y=0.8660255 and 2z

The result from the U5 -method

= (0.2360679 after 27 iterations.

k x* yk zk ER

1 0.6250000 0.5000000 0.5000000 1.8593750
2 0.5843750 09492188 0.1601563 09871899
3 0.4429059 0.7825774 03106276 0.5714901
4 0.4708331 0.8862801 0.2021482 02591712
5 0.4361931 0.8478545 02517941 0.1291975
6 0.4461430 0.8713390 0.2272804 0.0597852
7 0.4390984 0.8624347 0.2395688 0.0278807
8 0.4418263 0.8674217 0.2341502 0.0135241
9 0.4403233 0.8652610 02369077 0.0063933
10 0.4409940 0.8663671 0.2356403 0.0031025
11 0.4406568 0.8658530 0.2362669 00014834
12 0.4408153 0.8661061 02359703 0.0007164
13 0.4407380 0.8659861 02361145 0.0003440
14 0.4407749 0.8660442 0.2360455 0.0001658
15 0.4407571 0.8660163 02360788 0.0000797
16 0.4407657 0.8660298 02360628 0.0000384
17 0.4407615 0.8660233 02360705 0.0000185
18 0.4407635 0.8660264 0.2360668 0.0000089
19 0.4407626 0.8660249 0.2360686 0.0000043
20 0.4407630 0.8660256 0.2360677 0.0000021
21 0.4407628 0.8660253 02360681 0.0000010
22 0.4407629 0.8660255 0.2360679 0.0000005

Estimates values are X = 0.4407629, y=0.8660255 and z = 0.2360679 after 22 iterations.



The result from the L, -method

k xk y k Z k ER

1 0.6250000 0.8750000 0.4375000 1.2734375
2 0.3593750 0.8660714 0.2851563 0.3403862
3 0.4143809 0.8660254 0.2197876 0.1025249
4 0.4505576 0.8660254 0.2304279 0.0434889
5 0.4437891 0.8660254 0.2382505 0.0134776
6 0.4396068 0.8660254 0.2367372 0.0050973
7 0.4404045 0.8660254 0.2358135 0.0015736
8 0.4408993 0.8660254 0.2359890 0.0006022
9 0.4408052 0.8660254 0.2360981 0.0001860
10 0.4407468 0.8660254 0.2360773 0.0000711
1 0.4407579 0.8660254 0.2360644 0.0000219
12 0.4407648 0.8660254 0.2360669 0.0000084
13 0.4407635 0.8660254 0.2360684 0.0000026
14 0.4407626 0.8660254 0.2360681 0.0000010
15 0.4407628 0.8660254 0.2360679 0.0000003
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Estimates values are x = 0.4407628, y=0.8660254 and z = 0.2360679 after 15 iterations.

The result from the L -method

k xk y k 7 k ER

1 0.6250000 0.8750000 0.2500000 0.5781250
2 0.4625000 0.8660714 0.2343750 0.0642415
3 0.4421347 0.8660254 0.2362671 0.0030252
4 0.4406586 0.8660254 0.2360445 0.0002081
S 0.4407755 0.8660254 0.2360708 0.0000249
6 0.4407614 0.8660254 0.2360676 0.0000029
T 0.4407630 0.8660254 0.2360680 0.0000003

Estimates values are x = 0.440763, y=0.8660254 and z = 0.236068 after 7 iterations.

The result from the D -method

The iterations of table 4.0

k| p* " " ER
1 0.3500923 0.4656800 0.2288426 135.9110891
2 0.2826142 0.5616720 0.3302022 59.8563918
3 0.2472254 0.6409040 0.3957813 24.6545412
4 0.2309401 0.6957332 0.4329424 10.6434886
5 0,2235616 0.7252334 04515972 4,6407020
6 0,2202736 0.7393242 0.4603842 2.0250266
7 0.2188248 0,7457215 0.4643681 0.8841805
8 0.2181895 0.7485613 0.4661365 0.3858327
9 0.2179118 0.7498104 0.4669143 0.1684408
10 0.2177904 0.7503572. 0.4672548 0.0734975
11 0.2177374 0.7505963 0.4674037 0.0320850
12 0.2177143 0,7507007 0.4674687 0.0139997




The result from the D-method (cont.)

13 02177042 0.7507462 0,4674971 0.0061115
14 0.2176998 0.7507661 0.4675094 0.0026666
15 0.2176979 0.7507748 0.4675148 0.0011641
16 0.2176970 0.7507786 04675172 0.0005079
17 0.2176967 0.7507802 0.4675182 0.0002217
18 0.2176965 0.7507810 0.4675187 0.0000967
19 0.2176964 0.7507813 0.4675189 0.0000422
20 0.2176064 0.7507814 0.4675190 0.0000184
21 0.2176964 0.7507815 0.4675190 0,0000080
22 0.2176964 0.7507815 0.4675190 0.0000035
23 0.2176964 0.7507815 0.4675190 0.0000015
24 0.2176964 0.7507815 0.4675190 0.0000007
25 0.2176964 0.7507815 0.4675190 0.0000003

The result from the U, method

k

k Pk #1k Hy ER
0.3558123 0.4656800 0.2288426 147.3384061
2 02692016 05573594 03280829 37.9895680
3 02347887 0.6557648 04044690 9.6674594
4 02237520 07161747 0,4455929 3,6892198
5 0.2197525 0.7387431 0.4600106 1.2598774
6 0.2183896 07467161 0.4649873 0.4281175
7 0.2179291 0.7494140 0.4666674 0.1438075
8 0.2177745 0.7503228 0.4672334 0.0483433
9 0.2177226 0.7506276 0.4674232 0.0162055
10 02177052 0,7507299 04674869 0,0054380
11 0.2176993 0.7507642 0,4675083 0,0018231
12 | 02176974 07507757 04675154 0,0006115
13 0.2176967 0.7507796 0.4675178 0.0002050
14 0.2176965 0.7507809 0.4675186 0.0000688
15 0.2176964 0.7507813 0.4675189 0.0000231
16 0.2176964 0.7507815 0.4675190 0.0000077
17 02176964 07507815 04675190 0,0000026
18 0.2176964 07507815 04675190 00000009
19 02176964 07507815 0.4675190 00000003

The result from the U5 method

k| p* it " ER

1 0,4010052 0.4656800 0.2288426 2513588387
2 0.2772399 0.5255412 0.3124469 42.7843842
3 0.2280845 0.6403851 0.3951967 3.2203469
4 0.2194979 0.7251772 0.4510852 1.2382010
5 0.2180375 0.7469247 0.4651024 0.0777759
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Estimates values are p = 0.2176964, 1y =0.7507815 and u, = 0.467519 after 25 iterations.

Estimates values are p = 0.2176964, u=0.7507815 and 1, = 0.467519 after 19 iterations.



The result from the U, method

6 02177612 0.7501034 0.4670967 0.0066851
7 0.2177087 0.7506537 0.4674394 0.0010826
8 0.2176987 0.7507572 0.4675039 0.0002004
9 0.2176968 0.7507769 0.4675161 0.0000380
10 0.2176965 0.7507806 0.4675185 0.0000072
11 0.2176964 0.7507814 0.4675189 0.0000014
12 0.2176964 Q.7507815 0.4675190 0.0000003

The result from the L, method

k Pk /11k #2k ER

1 03500923 05513415 0.2288426 163.7336189
2 02772100 0.6374816 03302022 63.1916031
3 02411491 0.7011177 03994243 225047301
4 02262310 0.7328950 0.4389476 79012675
5 02206782 0.7447411 0.4569820 27333424
6 02187107 0.7487620 0.4638469 09257292
7 0.2180385 0.7501048 0.4662725 03120377
8 0.2178113 0.7505548 0.4670989 0.1047268
9 0.2177350 0.7507055 0.4673780 0.0351508
10 | 02177093 0,7507560 0.4674717 0.0117867
11 0.2177007 0.7507730 0.4675032 0.0039535
12 | 02176978 0.7507787 0.4675137 00013257
13 02176969 0.7507806 0.4675172 0.0004446
14 | 02176966 07507812 04675184 00001491
15 02176964 07507814 0.4675188 0.0000500
16 02176964 0.7507815 0.4675190 0.0000168
17 | 02176964 07507815 0.4675190 0.0000056
18 02176964 07507815 0.4675190 0.0000019
19 02176964 0.7507815 0.4675190 0.0000006
20 | 02176964 0.7507815 0.4675190 0.0000002

The result from the L3 method

k| p* u B, ER
1 0.3500923 0.5513415 0.3145042 190.9895306
2 0.2728752 0.6413825 0.3934432 65.7633061
3 0.2362908 0.7087321 0.4406648 20.1810481
4 0.2228137 0.7394867 0.4604561 5.4686845
5 0.2188728 0,7483519, 0.4660058 1.2675811
6 02179358 0.7503037 0.4672215 0.2593764
7 0.2177428 0.7506899 0.4674620 0.0503354
8 0.2177053 0.7507640 0.4675081 0,0096257
9 0.2176981 0.7507782 0.4675170 0.0018349
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Estimates values are p = 0.2176964, uq=0.7507815 and n, = 0.467519 after 25 iterations.

Estimates values are p = 0.2176964, 1 =0.7507815 and £, = 0.467519 after 20 iterations.



The result from the L; method (cont.)

10 0.2176967 0.7507809 0.4675186 0.0003496
11 0.2176965 0.7507814 0.4675190 0.0000666
12 0.2176964 0.7507815 0.4675190 0.0000127
13 0.2176964 0.7507815 0.4675190 0.0000024
14 0.2176964 0.7507815 0.4675190 0.0000005
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Estimates values are p = 0.2176964, p1;=0.7507815 and L5 = 0.467519 after 14 iterations.

The result from D -method

The iterations of table 4.7

k X y* z* wk ER
1 109733.3122300 -0.0000062 1.0076200 4.0028800 67.4507909
2 109722.1700500 0.0005111 1.0081262 4.0038924 25.2918606
3 109736.3461200 0.0004089 1.0076089 4.0028578 16.9501884
4 109733.5494500 0.0005390 1.0077111 4.003062] 6.3544828
5 109737.1128300 0.0005133 1.0075810 4.0028021 4.2581388
6 109736.4100400 0.0005460 1.0076067 4.0028534 1.5958060
7 109737.3062700 0.0005396 1.0075740 4.0027880 1.0695746
8 109737.1301400 0.0005478 1.0075804 4.0028009 0.4007095
9 109737.3550700 0.0005462 1.0075722 4.0027845 0.2686511
10 | 109737.3108800 0.0005482 10075738 4.0027877 0.1006159
11 109737.3673800 0.0005478 1.0075718 4.0027836 0.0674782
12 109737.3562900 0.0005483 1.0075722 4.0027844 0.0252642
13 109737.3704900 0.0005482 1.0075717 4.0027833 0.0169489
14 109737.3677100 0.0005484 1.0075718 4.0027835 0.0063435
15 109737.3712700 0.0005483 1.0075716 4.0027833 0.0042568
16 | 1097373705800 0.0005484 1.0075717 4.0027833 0.0015925
17 | 109737.3714700 0.0005484 1.0075716 4.0027833 0.0010691
18 109737.3713000 0.0005484 1.0075716 4.0027833 0.0004000
19 1097373715200 0.0005484 1.0075716 4.0027833 0.0002686
20 109737.3714800 0.0005484 1.0075716 4.0027833 0.0001001
21 109737.3715300 0.0005484 1.0075716 4.0027833 0.0000671
22 109737.3715200 0.0005484 1.0075716 40027833 0.0000252
23 | 1097373715400 0.0005484 10075716 4.0027833 0.0000169
24 | 1097373715300 0.0005484 10075716 4.0027833 0.0000062
25 109737.3715400 0.0005484 1.0075716 4.0027833 0.0000041
26 | 1097373715400 0.0005484 1.0075716 4.0027833 0.0000013
27 109737.3715400 0.0005484 1.0075716 4,0027833 0,0000010
28 109737.3715400 0.0005484 1.0075716 4,0027833 0.0000005

Estimates values are X =109737.3715400, y=0.0005484, z=1.0075716 and

w =4.0027833 after 28 iterations.



The result from ¥/, -method

k| X y* z* wk ER
1 1097222875500 -0.0000024 1.0076200 4.0028800 44.8822702
2 109733.5733200 0.0004098 1.0081224 4.0038848 11.3121830
3 109736.4143000 0.0005136 1.0077102 4.0030604 2.8395614
4 109737.1300500 0.0005396 1.0076064 4.0028528 0.7163010,
1.5 109737.3106000 0.0005462 . _1.0075804 4.0028008 . 0.1807504
6 | 1097373561600 00005478 | 120075738 4.0027877 0.0456129,
7 109737.3676600 0.0005482 1.0075722 4.0027844 0.0115107
8 109737.3705600 0.0005483 10075718 4,0027836 0.0029050
9 109737.3712900 0.0005484 10075717 4.0027833 0.0007331
10 1097373714800 0.0005484 1.0075716 4.0027833 0.0001850
11 109737.3715200, 0.0005484 1.0075716 4.0027833 0.0000466
12.] 1097373715300 0.0005484 1.0075716 4.0027833 0.0000117
13 109737.3715400, 0.0005484 1. . 1.0075%16 40027833 . 0.0000033:
14 1097373715400 00005484 * 10075716 2l .4.0027833 [ 0:0000005.

Estimates values are X = 109737.3715400, y = 0.0005484, z=1.0075716 and

w = 4.0027833 after 14 iterations.

The result from U5 -method

A

k xk y k Z k Wk ER

1 109722.2875500 -0.0000024 1.0076200, 4.0028800 44.8822702
2 109733.5733200 0.0004098 _1.0081224 4.0038848 11.3121830
3 109736.4143000 0.0005136 1.0077102 4.0030604 2.8395614
4 109737.1300500 0.0005396 1.0076064 4.0028528 0.7163010
5 ) 109737,3106000 0.0005462 1:0073804 4.0028008 0.1807504
6 109737.3561600 9.0005478 - 1.0075738 4.0027877 10,0456 129
7 109737.3676600 :0.0005482 1.0075722' 4.0027844" 0.0115107
8 109737.3705600 0.0005483 1.0075718 4.0027836 0.0029050
9 109737.3712960 0.0005484 1.0075717 4.0027833 0.0007331
10 109737.3714800 0.0005484 1.0075716 4.0027833 0.0001850
11 109737.3715200 0.0005484 1.0075716 4.0027833 0.0000466
12 109737.3715300 0.0005484 1.0075716 4,0027833 0.0000117
13 109737.3715400 0.0005484 1.0075716 40027833 0.0000033
14 109737.3715400 0.0005484 1.0075716 40027833 0.0000005

Estimates values are x = 109737.3715400, y= 0.0005484, z=1.0075716 and

w = 4.,0027833 after 14 iterations.
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The result from U4 -method

k| o y* z* w* | ER

1 109776.9907200 -0.0000024 1.0076200 40028800 154.2886009
2 109747.3492800 0.0009124 1.0081224 4.0038848 29.6011077

3 109740.0493600 0.0006395 1.0072076 4.0020552 7.4490001

4 109738.0095100 0.0005729 1.0074805. 4.0026000 2.0781682

5 1 109737.5241700 0.0005542 1.0075471 4.0027341 __0:4933080

6 109737.4078600 0.0005498 ..d £0075658 . 40027716 J. 01185325 . |
7 1097373801600 00005487 J .1007s702.. | . 40007805 . |. . 00281491
8 1092373735900 00005484, | ., 1.00%5713 40027826 | 00066913
9 109737.3720200 0.0005484 1.0075716 4.0027831 0.0015896

10 | 109737.3716500 0.0005484 1.0075716 4.0027832 0.0003778

11 | 1097373715700 0.0005484 1.0075716 40027833 0.0000897

12 | 109737.3715500 0.0005484 1.0075716 4.0027833 0.0000212

13 | 1097373715400 0.0005484 1.0075716 4.0027833 0.0000051

14 | 1097373715400 00005484 10075716 40027833 0.0000013

15 | 1007373715400 0.0005484 1.0075716 4,0027833 . 0.0000004

Estimates values are x = 109737.3715400, y = 0.0005484, z=1.0075716 and

w = 4.6027833 after 15 iterations.

The result from L, =nréthiod

k X~ ¥ 2 wk ER

1 109733.3122300 0.0005072 ~1.0076128 4.0028800 3.3518069
2 109736.2437100 0.0005380 1.0075820 4.0028655 0.8459680
3 109737.0878300 0.0005458 1.0075742 4.,0028039 0.2128148
4 109737.3001700 0.0005477 1.0075723 4.0027885 . 0.0535345
5 109737.3535900 0.0005482 1.0075718 40027846 0.0134664
6 109737.3670200 0.0005483 1,0075717 4.0027836 0,0033879
7 109737.3704000 0.0005484 1.0075716 4,0027834. 0.0008519
8 109737.3712500 . 0.0005484 1.0075716 4.0027833 00002144
9 109737.3714700 0.0005484 1.0075716 4.0027833 0.0000540
10 109737.3715200 0.0005484 1.0075716 4.0027833 0.0000135
11 109737.3715300 0.0005484 1.0075716 4.0027833 0.0000036
12 1097§7.37 15400, 0.0005484 1.0075716 4.0027833 0.0000010,
13 109737.3715400 0.0005484 1.0075716 4.0027833 0.0000004

Estimates values are x = 109737.3715400, y = 0.0005484, z=1.0075716 and

w = 4.0027833 after 13 iterations.
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The result from L; smeghiod

k i y*¥ Z* wk ER
1 109733.3122300 0,0005072 1.0076128 4.0028655 3.,3518428
2 109736.2437600 0.0005380 1.0075820 4.0028039 0.8460959
3 109737.0880700 0.0005458 1.0075742 4.0027885 0.2126780
4 109737.3002900 0.0005477 1.0075723 4.0027846 0.0534563
5 109737.3536300 0.0005482 1.0075718 4.0027836 0.0134361
6 109737.3670400 0.0005483 _1,0075717 4.0027834 . 0.0033772
7 109737.3704100 ..0.0005484 1.0075716. A4.0027833 0.0008490
8 109737.3712500 0.0005484 10075716 4.0027833 0.0002130
9 109737.3714700 0.0005484 1.0075716 4.0027833 0.0000536
10 109737.3715200 0.0005484 1.0075716 4.0027833 0.0000137
11 109737.3715300 0.0005484 1.0075716 4.0027833 0.0000035
12, 109737.3715400 0.0005484 1.0075716 4.0027833 0.0000010
13 109737.3715400 0.0005484 1.0075716 4.0027833 0.0000004

Estimates valuesare x = 10973737154, y=0.0005484, z=1.0075716 and

w = 4.0027833 after 13 iterations.

The result from L4-method

k x* y* g1/ [k ER

1 109733.3122300 0.0005072 1.0076128 4.0028655 33518428
2 109736.2437600 0.0005380 1.0075820 4.0028039 0.8460959
3 109737.0880700 0.0005458 1.0075742 4.0027885 0.2126780
4 109737.3002900 0.0005477 1.0075723 4,0027846 0.0534563
s 109737.3536300 ._0.0005482 1.0075718 4,0027836 0.0134361
6 1097373670400 0.0005483 1,0075717 4,0027834 0,0033772
7 109737.3704100- 0.0005484 1,0075716 4.0027833 0,0008490
8 109737.3712500 0.0005484 1.0075716 4.0027833 0.0002130
9 109737.3714700 4  0.0005484, . 1.0075716 40027833 1. .0.0000536
10 109737.3715200 . 0,0005484 . . 1.0075716. 4.0027833 | 0.0000137
11 109737.3715300 0.0005484 1.0075716 4.0027833 _ 010000035
12 109737.3715400 0.0005484 1.0075716 4,0027833 0,0000010
13 109737.3715400 0.0005484 1.0075716 4.0027833 0,0000004

Estimates values are X = 109737.3715400, y=0.0005484, z=1.0075716 and

w = 4.0027833 after 13 iterations.

The result from D -method

The iterations of table 4.8

k k k k
k | P P3 - P4 ER
4227880807 | 3451254001 | 3a1spa1s1 | 4717300530 | 01495377
2 | asgotspors | 3aeameara | 3arom0s1m3 | 1720825769 | 00260293
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The result from D -method (cont.)

_3 4223922212 346.4299345 342.2440226 172.1653089 0.0186227
4 422.5235414 346.6692933 342.4647842 172.2803128 0.0155095
5 422.6401858 346.8655114 3426472752 172.3749708 0.0127999
6 422.7360558 347.0274751 342.7979335 172.4531105 0.0105693
7 422.8151938 347.1611299 342.9223236 172.5176087 0.0087273
8 422.8805103 347.2714385 343.0250282 172.5708514 0.0072066
9 422.9344247 347.3624879 343.1098305 172.6148055 0.0059510
10 422.9789308 347.4376472 343.1798530 172.6510937 0.0049142
i1 4230156729 347.4996943 343.2376733 172.6810546 0.0040581
12 423.0460074 347.5509201 343.2854190 172.7057926 0.0033512
13 423.0710529 347.5932143 343.3248462 172.7262189 0.0027675
14 423.0917326 347.6281357 343.3574049 172.7430856 0.0022855
15 423.1088082 347.6569707 343.3842920 172.7570134 0.0018874
16 423.1229082 347.6807810 8434064959 | 1727685147 0:0015587,
17 1. 423,1345514. 347.7004426 3434248325, 172.7780124 0.0012873
18 423.1441663 347.7166789 343.4399754 172.7858556 0.0010631
19 423.1521062 347.7300868 3434524811 172.7923327 0.0008780
20 423.1586630 347.7411591 343.4628089 172.7976817 0.0007251
21 423.1640779 347.7503029 343.4713382 172.8020991 0.0005988
22 423.1685496 347.7578542 343.4783821 172.8057472 0.0004945
23 423.1722425 347.7640903 343.4841994 172.8087600 0.0004084
24 423.1752923 .347.7692404 | 343.4890037 172.8112481 0.0003373
235 423.1778110 347.7734936 |, 343.4929714 172.8133029 0.0002786
26 423.1798911 347.7770061 343.4962482 172.8149999 0.0002301

27 423.1816089 _347.7799070 343.4989544 1728164014 0.0001900
28 423.1830276 347.7823027 343.5011894 172.8175588 0.0001569
29 423.1841993 347.7842812 343.5030352 172.8185147 0.0001296
30 423.1851669 347.7859152 343.5045595 172.8193042 0.0001070
31 423.1859660 347.7872647 343.5058185 172.8199561 0.0000884
32 423.1866260 347.7883792 343.5068582 .| . 172.8204946 0:0000730
33 423.1871711 347.7892996 3435077169 172.8209393 0.0000603
34 423.1876212 +347.7900597 3435084261 172.8213065 . Q.00004?8 .
35 423.1879930 347.7906875 343,5000118 172.8216099 0.0000411
36 423.1883000 347.7912060 343.5094955 172.8218603 0.0000340
37 423.1885536 347.7916342 343.5098949 172.8220672 0.0000280
38 423.1887630 347.7919878 343.5102249 172.8222381 0.0000232
39 423.1889359 347.7922799 343.5104973 172.8223792 0.0000191
40 423.1890788 347.7925211 3435107224 172.8224957 0.0000158
41 423.1891967 347.7927203 3435109082 172.8225920 0.0000130
42 423.1892042 347.7928848 3435110617 172.8226714 0.0000108
43 423.1803746 347.7930207 3435111885 172.8227371 0.0000089
44 423.1894411 347.7931329 343.5112931 172.8227913 0.0000074
45 423.1894960 347.7932255 343.5113796 172.8228361 0.0000061
46 423.1895413 347.7933021 3435114510 172.8228731 0.0000050
47 423.1895787 347.7933653 343.5115100 172.8229036 0.0000041
48 423.1896096 347.7934175 343.5115587 172.8229288 0.0000034
49 423,1896352 347.7934606 343.5115989 172.8229496 0.0000028
S0 423.1896562 347.7934962 343.5116321 | 172.8229668 0.0000023
] | 423.1896737 347.7935256 3435116596 . | 172.8220811 0:0000019
52 423.1896880 347.7935499 343.5116822 172.8229928 0.0000016
53 423.1896999 347.7935700 343.5117009 172.8230025 0.0000013
54 423.1897097 347.7935865 343.5117164 172.8230105 0.0000011
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The result from D -method (cont.)

55 423.1807178 347.7936002 343.5117201 172.8230171 0,0000009
56 423.1897245 347.7936115 3435117397 172.8230226 0.0000007
57 423.1897300 347.7936208 343.5117484 172.8230271 0.0000006
58 423.1897346 347.7936285 343.5117556 172.8230308 0.0000005
59 423.1897384 347.7936349 343.5117615 172.8230339 0.0000004

Estimates values are p;=423.1897384, p,=347.7936349, p;=343.5117615,
D4=172.8230339 after 59 iterations.

The result from the U, method

k| p* | opt | p* | opt | ER
1a | 4192830015 | . 3479700435 | 3435227560 | 1728728932 02061893
2 422.8766087 347.8297109 343.5122698 172.8321248 0.0169926
3 423.1708627 347.8126992 343.5262135 172.8314059 0.0016597
4 423.1948736 347.8079811 343.5247410 172.8298633 0.0002639
5 423.1956263 347.8050065 343.5222518 172.8284981 0.0001419
6 423.1945972 347.8027042 343.5201460 172.8273963 0.0001159
7 423.1936315 347.8008741 3435184557 172.8265164 0.0000027
8 423.1928484 « 347.7994150 343.5171067 172:8258145 0,0000740
9 423.1922227 347.7982513 343.5160305 172.8252547 0.0000590
10 423.1917235 347.7973231, 343.5151722 172.8248082 0.0000471
11 423.1913254 347.7965827 3435144876 172.8244520 0.0000375
12 423.1910078 347.7959922 343.5139416 172.8241680 0.0000299
13 423.1907545 347.,7955213 343.5135061 172.8239414 0.0000239
14 423.1905525. 347.7951456 343.5131587 172.8237607 0.0000190
15 423.1903913 347.7948460 343.5128816 172.8236165 0.0000152

16 423.1902628 347.794607Q 343.5126606 172.8235015 0:0000121 |
17 423.1901603 347.7944164 3435124844 1.72:8234098 0,0000097
. 18 .423.1900785 347.7942643 .343.5123438 172.8233367 . 0.0000077
19 423.1900133 347.7941430 343.5122316 172.8232784 0.0000061
20 423.1899613 347.7940463 343.5121422 172.8232318 0.0000049
21 423.1899198 347.7939692 3435120708 172.8231947 0.0000039
22 423.1898867 347.7939076 343.5120139 172.8231651 0.0000031
23 423.1898603 3477938585 343,5119685 172.8231415 0,0000025
24 423.1898392 347.7938194 3435119323 172.8231227 0,0000020

25 423.1898224 347.7937882 343.5119035 172.8231076 0.0000016 .

26 423.1898090 347.9937633 | 3435118804 172.8230957 1 .-0.0000013
27 423.1897984 347.7937434 343.5118621 172.8230861 0.0000010
28 423.1807898 347.7937275 343.5118474 172.8230785 0.0000008
29 423.1897830 347.7937149 343.5118357 172.8230724 0.0000006
30 423.1897776 347.7937048 343.5118264 172.8230676 0.0000005
31 423.1897733 3477936968 3435118190 172.8230637 0.0000004

Estimates values are py=423.1897733, p,=347.7936968, p;=343.511819,
D4=172.8230637 after 31 iterations.



The result from the U5 -method

k| pf p* | s P ER
1 419.5381790 347.4509062 343.0452044 172.6238991 0.1733695
2 422.6744304 347.4219255 343.1372620 172.6364737 0,0124028
3 4229981159 347.4881221 343.2266320 172.6754019 0,0044013
4 423.0560524 3475491010 - 343,2855547 172.7053748 0.0031826
5 423.0847569 3475984886 3433313987 192.7291777 0.0025106
6 423.1061391 347.6379654 343.3678855 172.7481643 0.0020004
7 423.1230690 347.6694705 3433969954 172.7633146 0.0015955
8 423.1365656 347.6946067 343.4202229 172.7754028 0.0012727.
9 423.1473320 347.7146590 343.4387547 172.7850467 0.0010151
10 423.1559204 347.7306544 3434535386 172.7927398 0.0008096
11 42§.162771 1 347.7434128 3434653317 172.7988763 0,0006457
12 423.1682353 3477535889 343.4747383. 172.8037708 030095 150
13 423.1725934 ] 347.7617048 L 343.4822410 172.8076746 0.0004107
14 423.1760692 .347.7681775 343.4882249 172.8107881 0.0003275
15 423.1788412 347.7733396 343.4929973 172.8132712 0.0002612
16 423.1810519 347.7774564 343.4968033 172.8152514 0.0002083
17 423.1828149 347.7807394 343.4998387 172.8168306 0.0001661
18 423.1842209 347.7833575 343.5022593 172.8180901 0.0001325
19 423.1853421 347.7854453 343.5041897 172.8190944 0.0001056
20 423.1862362 247.7871103 343.5057291 172.8198953. 0.0000842
21 423.1869492 347.7884381 _343.50695 67 172.8205340 0.0000672
22 i, 423.1875178 347.7894969 . 343.5079357 172.8210433 0.0000536
23 423.1879712 347.7903412 343.5087163 172.8214495 0.0000427
24 423.1883328 347.7910145 343.5093389 172.8217734 0.0000341
25 423.1886211 347.7915514 343.5098353 172.8220317 0.0000272
26 423.1888511 347.7919796 343.5102312 172.8222376 0.0000217
27 423,1800344 3477923210 343.5105469 172.8224019 0,0000173
28. 423.1891807 347.7925933 343.5107986 172 R:)?S‘%?X 0,0000138
29 423.1892972 347.7928104 343.5109994 172.8226373 f 0.000011(0
30 423.1893902 347.7929835 _343.5111595 l72:822720§ 0.0000088
31 423.1894644 347.7931216 3435112871 172.8227870 0.0000070
32 423.1895235, 347.7932317 343.5113889 172.8228400 0.0000056
33 423.1895706 347:7933 195 343.5114701 172.8228822 0.0000044
34 423.1896082 347.7933895 343,5115348 172.8229159 0,0000035
35 423.1896382 347.7934453 343.5115865 172.8229427 0.0000028
36 423,1896621. 347.7934898 343.5116276 172.822664]. 0.0000023
37 423.1896812 347.7935253 343.5116605 172.8229812 0.0000018
38 423.1896964 347.7935537 ., 343.5116866 172.8229948 :0.0000014
39 423.1897085 347.7935762 3435117075 172.8230057 0.0000011
40 423.1897182 347.7935942 343.5117241 172.8230144 0.0000009
41 423.1897259 347.7936086 343.5117374 172.8230213 0.0000007
42 423.1897320 347.7936200 343.5117480 172.8230268 0.0000006
43 423.1897370 347,7936292 343,5117564 172.8230312 0.0000005

Estimates values are p=423.189737, p, = 347.7936292, p;=343.5117564,

D4 =172.8230312 after 43 iterations.
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The result from the U, method

k| pf P, ps P ER
1 419.5381790 347.4509062 343.0452044 172.6238991 0.1733695
2 4226744304 ' 347.4219255 }43.1372620 172.6364737 +20.0124028
3 4229981159 3474881221 343.2266320 172.6754019 0:0044013
4 423.0560524 347.5491010 343.2855547 172.7053748 0.0031826
5 423.0847569 347.5984886 343.3313987 172.7291777 0.0025106
6 423.1061391 34746379654 343.3678855 172.7481643 0.0020004
7 423.1230690 347.6694705 343.3969954 172.7633146 0.0015955
8 423.1365656 347.6946067 343.4202229 172.7754028 0.0012727
9. 423.1473320 347.7146590 343.4387547 172.7850467 0.0010151
40 423.1559204 , {. 347.730654‘_4 343.45353 86 - 112,1927398 0.00(78996 -
111 4231627711 347.7434128 343.4653317 172.7988763 0.0006457 )
12 423.1682353 3477535889 3434747383 . 172.8037708 00005150
13 423.1725934 347.7617048 343.4822410 172.8076746 0.0004107
14 423.1760692 347.7681775 343.4882249 172.8107881 0.0003275
15 423.1788412 347.7733396 343.4929973 172.8132712 0.0002612
16 423.1810519 347.7774564 343.4968033 172.8152514 0.0002083
17 423.1828149 347.7807394 343.4998387 172.8168306 0.0001661
18 423.1842209 347.7833575 343.5022593 172.8180901 0.0001325
19 423.1853421 347.7854453 343.5041897 172.8190944 0.0001056
20 423.1862362 347.7871103 343.5057291 172.8198953 00000842
21 423.1869492 347.7884381 343.5069567 172.8205340 0.0000672.
22 423.1875178 347.7894969 343.5079357 172.8210433 0.0000536
23 423.1879712. 347.7903412 343.5087163 172.8214495 0.0000427
24 423.1883328 347.7910145 343.5093389 172.8217734 0.0000341
25 423.1886211 347.7915514 343.5098353 172.8220317 0.0000272
26 423,1888511. 347.7919796 343,5102312 172.8222376 0,0000217
27 423.1890344 3&7.7923210 343.5105469% 172.8224019 0,q0Q0173
28 423, 18%07 347.7925933 343.5107986 172.8225328 0.0000138.
29 423.1892972 347.7928104 343.5109994 172.8226373 0.0000110
30 423.1893902 347.7929835 3435111595 172.8227206 0.0000088
31 423.1894644 347.7931216 3435112871 172.8227870 0.0000070
32 423.1895235 347.7932317 343.5113889 172.8228400 0.0000056
33 423.1895706 347.7933195 343.5114701 172.8228822 0.0000044
34 423,1896082 347.7933895 343.5115348 172.8229159 0.0000035
35 423.1896382 347.7934453 343.5115865 172.8229427 0.0000028
36 423.1896621 347.7934898 343.5116276 172.8229641 0.0000023
37 423.1896812 347.7935253 343.5116605 172.8229812. 0.0000018
38 423.1896964 347.7935537 343.5116866 172.8229948 0.0000014
39 423.1897085 347.7935762 343.5117075 172.8230057 0.0000011
40 423.1897182 347.7935942 343.5117241 172.8230144 0.0000009
41 423.1897259 347.7936086 343.5117374 172.8230213 0.0000007
42 423.1897320 347.7936200 343.5117480 172.8230268 0.0000006
43 423.1897370 347.7936292 343.5117564 172.8230312 0,0000005

Estimates values are p;=423.189737, p,=347.7936292, p3=343.5117564,

D4=172.8230312 after 43 iterations.
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The result from the L, -method

k1 opf | et | P ps* ER
1 422 7880807 345.2696775 342.0277249 172.1044414 0.1573815
2 422.0982483 3463581577 342:2703056 172.1936177 0.0372149
3 422.5037048 346.6849390 342.4984302 172.3296382 0.0182220
4 422.6509560 346.8956533 - 342.6892067 172.4240434 0.0140902
5 422.7530578 347.0651764 342.8440624 172.4993715 0.0113698
6 422.8354254 347.2025066 342.9696326 172.5603625 .0.0091897
7 4229021713 3473138006 | 343.0714986 172.6097986. 0.0074350
8 422.9562799 347.4040424 343.1541651 172.6498898 0.0060206
9 423.0001647 347.4772479 . 3432212707 172.6824163 0.0048788
10 4230357723 347,5366553 3432757580 172.7088149 0.0039558
11 423.0646733 347.5848803 343.3200086 172.7302460 0.0032089
12 4230881374 347.6240373 343.3559515 172.7476486 0.0026041
13 423.1071916 347.6558379 1. 3433851504 172.7617826 0.0021139
14 423.1226675 347.6816685 343.4088733 172.7732636 0.0017164
15 423.1352390 347.7026526 343.4281489 172.7825908 0.0013939
16 423.1454524 347.7197014 L 343.4438120 172.7901690 0.0011322
A7 423.1537508 347.7335541 343.4565405 172.7963268 0.0009198
18 4231604538 347.7448108 343.4668846 172.8013306 070007493
19 423.1659732 347.7539585 3434752914 172.8053970, 0.0006072.
20 423.1704262 347.7613926 343,4821240 172.8087017 0.0004934
21 423.1740452 347.7674344 3434876771 172.8113876 0.0004010
22 423.1769864 347.7723448 343.4921906 172.8135704 0.0003259
23 423.1793768 347.7763357 343.4958591 172.8153446 0.0002648
24 423.1813197 347.7795795 343.4988409 172.8167866 0.0002152
25 423.1828989 347.7822160 343.5012645 1728179587 0.0001749
26 4231841824 347.7843589 343.5032344 172.8189113 0.0001422
27 423.1852256 347.7861008 343.5048356 172.8196857 0.0001156
28 423.1860736 3477875165 3435061372 172.8203151 0.0000939
29 423.1867629 347.7886673 343.5071951 172.8208266 0.0000763
30 423.1873231, 347.7896027 343.5080550 172.8212425 0.0000621
31 423.1877785 §47.7903630 343.5087539 172.8215805 0.0000504
32 423.1881486 _347.7909810 343.5093221 172.8218552 0.0000410
33 4231884495 . 3:1-7.79 14834 1., 343.5097839 172.8220785 0.0000333
34 423.1886941% 3477918917 .. | .343.5101593. 172.8222601 0.0000271
35 .423.1888929 347.7922236 3435104644 .172.8224076 0.0000220
36 423.1890545 347.7924934 343.5107124 172.8225275 0.0000179
37 423.1891858 347.7927127 3435109141 172.8226250 0.0000145
38 423.1892926 347.7928909 343.5110779 172.8227043 0.0000118
39 423.1893793 347.7930358 3435112111 172.8227687 0.0000096
40 423.1894499 347.7931536 343.5113194 172.8228210 0.0000078
41 423.1895072 347.7932493 343:5114074 172.8228636 0.0000064
42 423.1895538 3477933271 343.5114790 172.8228982. 0.0000052
43 423.1895917 347.7933904 3435115371 172.8229263 0,0000042
44 423.1896225 347.7934418 3435115844 172.8229492 0.0000034
45 423.1896475 347.7934836 343.5116228 172.8229677 0.0000028
46 423.1896679 347.7935175 343.5116540 172.8229828 0.0000023
47 423.1896844 347.7935452 343.5116794 172.8229951 0.0000018
48 423.1896979 347.7935676 343.5117000 172.8230051 0.0000015
49 423.1897088. 347.7935859 343.5117168 172.8230132 0.0000012
50 423.1807177 347.793%007 343.5117305 172.8230198 0,0000010
51 423.1897249 327.7936127 343.5117415 172.8230252 0.0000008.
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The result from the L, -method (cont.)

52 423.1897308 347.7936225 343.5117505 172.8230205 0.0000007
53 423.1897355 347.7936305 343.5117579 172.8230331 0.0000005
54 423.1897394 347.7936370 343.5117638 172.8230359 0.0000004

Estirftates values are py=423.1897394, p,=347.793637, p;=343.51 17638,

D4=172.8230359 after 54 iterations.

The result from the L;-method

k| pf P, p* | b ER
1.l 4227880807 345.2696775 341.8158919 172.3930695 0.1386174
2 422.0634434 346.2277392 342.2197141 172,2807536 0,0478780
3 422.4515679 346.6393438 342.4952191 1723886176 0,0250521
4 422.6350059 346.8929524 342.7090200 172.4797649 .0.0178248
5 422.7553929 347.0836108 342.8772976 172.5518222 0.0137745
6 422.8470660 347.2328078 343.0100831 172.6086644 0.0108044
7 422.9189843, 3473503581 343.1149565 172.6535297 0.0085034
8 422.9756895 347.4431273 343.1978319 172.6889646 0.0067024
9 4230204587 347.5163974. 343.2633515 172.7169665 00 052881 N
10 1 423.0558284. .. 342.45 742992 -3433151677 1727391042 0.0041755
11 423,0837858 447.6200761 3433561578 . 172.7566120 ,..0.0032990
12 423.1058928 347.6562795 343.3885906 1727704618 0.0026077
13 423.1233790 347.6849193 3434142571 172.7814204 0.0020621
14 423.1372136 347.7075805 343.4345717 172.7900928 0.0016311
15 423.1481612 347.7255143 343.4506521 172.7969569 0.0012905
16 423.1568255 347.7397088 343.4633820 172.8023903 0.0010212
17 423.1636837 . 347.7509448 343.4734601 172.8066916 0.0008083 _ |
18 423.1691127 347.7598397 3434814393 172.8100970 0,0006398
19 423.1734107 3477668818 3434877569 172.8127931 0,0005065
20 423.1768135 3477724573 343.4927593 172.8149278 0,0004010
21 423.1795077 347'.77687 19 343.4967202, 172.8166181 0.0003174
22 423.1816410 347.7803673 343.4998566 172.8179565 0.0002513
23 423.1833301 347.7831350 343.5023401 172.8190163 0.0001990
24 423.1846676 347.7853266 343.5043068 172.8198554 0.0001576
235 4231857267 347.7870620 . 343.5058641 172.8205200 0.0001248
26 423.1865653 347.7884363 343.5070972 172.8210462 0:0000988
27 423.1872294 347.7895245 343,5080738 4 172.82146%9 | 0,0000782
28 423.1 877553 347,7903862 343.5088471 -. 172.8217928 0.0000620 .
29 423.1881717 347.7910685 343.5094595 172.8220541 0.0000491
30 423.1885014 347.7916089 343.5099444 172.8222611 0.0000388
31 423.1887626 347.7920368 343.5103284 172.8224249 0.0000308
32 423.1889694 347.7923757 343.5106325 172.8225547 0.0000244
33 423,1891331 347.7926440 343,5108733 172.8226574 0.0000193
34 423.1892628 347.7928565 343.5110640 172.8227388 0.0000153
33 423.1893655 347.7930248 343.5112150 172.8228032 0.0000121
36 423.1894468. 347.7931580 343:5113346 . 172.8228543 0.0000096
37 423.1895112 347.7932635 343.5114293 172.8228947 0.0000076
38 423.1805622 347.7933471 343.5115043 172.8229267 0.0000060
39 423.1896026 347.7934133 343.5115637 172.8229520 0.0000048
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The result from the Lz -method (cont.)

40 423.1896346 347.7934657 343.5116107 172.8229721 0.0000038
41 423.1896599 347.7935072 343.5116480 172.8229880 0.0000030
42 423.1896799 347.7935400 3435116774 172.8230006 0.0000024
43 423.1896958 347.7935661 3435117008 172.8230105 0.0000019
44 423.1897084 347.7935867 343.5117193 172.8230184 0.0000015
45 423.1897184 347.7936030 343.5117339 172.8230247 0.0000012
46 423.1897262 347.7936159 343.5117453 172.8230296 0.0000009
47 423.1897325 347.7936262 343.5117547 172.8230335 0.0000007
48 423.1897374 3477936343 343.5117620 172.8230366 0,0000006
49 423.1897413 347.7936407 343.5117678 172.8230391 0.0000005

Estimates values are p;=1423.1897413, p,=347.7936407, p3=343.5117678,

D4=172.8230391 after 49 iterations.

The result from the L, -method

k| p* i AN psF ER
1 422.7880807 345.2696775 341.8158919 172.3930695 0.1386174
2 422.0634434 346,2277392 342.2197141 172.2807536 0.0478780
3 422.4515679 346,6393438 342.4952191 172.3886176 0.0250521
4 422.6350959 346.8929524 342.7090200 172.4797649 0.0178248
5 422.7553929 347.0836108 342.8772976 172.5518222 0.0137745
6 422.8470660 347.2328078 343.0100831 172.6086644 0.0108044
7 422.9189843 3473503581 343.1149565 172.6535297 0.0085034
8 422.9756895 347.4431273 343.1978319 172.6889646 0‘0062024
9 423.0204587 347.5163974 343.2633515 172.7169665 0.0052881
10 423.0558284 347.5742992 3433151677 172.7391042 0.0041755
11 423.0837858 347.6200761 3433561578 172.7566120 0.,00329%0
12 423.1058928 3476562795 343.3885906 172.7704618 0.0026077
13 423,1233790 347.6849193 343.4142571 172.7814204 0.0020621
14 423.1372136 347.7075805 343.4345717 172.7900928 0.0016311
15 423.1481612 347.7255143 343.4506521 172.7969569 0.0012905
16 423.1568255 347.7397088 343.4633820 172.8023903 0.0010212
17 423.1636837 347.7509448 343.4734601 172.8066916 0.0008083
18 4231691127 347.7598397 343.4814393 172.8100970 0.0006398
19 423.1734107 347.7668818 343.4877569 172:8127931 0.0005065
20 423.1768135 347.7724573 343.4927593 172.8149278 0.0004010
21 423.1795077 347.7768719 343.4967202 172.8166181 0.0003174
22 423.1816410 347.7803673 343.4998566 172.8179565 0.0002513
23 423.1833301 347.7831350 343.5023401 172.8190163 0.0001990
24 423.1846676 347.7853266 343.5043068 172.8198554 0.0001576
25 423.1857267 347.7870620 343.5058641 172.8205200 0.0001248
.26 423.1865653 347.7884363, 343.5070972 172.8210462 0.0000988
27 423.1872294 347.7895245 343.5080738 172.8214629 0.0000782
28 423.1877553 347.7903862 343,5088471 172.8217928 0;0000620
29 423.1881717 347.7910685 343.5094595 172.8220541 0,0000491
30 423.1885014 347.7916089 343.5099444 172.8222611 0.0000388
3L 423.1887626 347.7920368 343.5103284 172.8224249 0.0000308
32 423.1889694 347.7923757 343.5106325 172.8225547 0.0000244
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The result from the L, -method (cont.)

33 423.1801331 347.7926440 343:5108733 172.8226574 0.0000193 .
34 423.1892628 347.7928565 343.5110640 1728227388 0.0000153
35 423.1893655 347.7930248 343.5112150 172.8228032 £.0000121
36 423.1894468 347.7931580 3435113346 172.8228543 0.0000096
37 423.18051.12 347.7932635 3435114293 172.8228947 0.0000076
38 423.1895622 3477933471 3435115043 172.8229267 0.0000060
39 423.1896026 347,7934133 343.5115637 172.8229520 0.0000048
40 423.1806346, 347.7934657 3435116107 172.8229721 0.0000038
41 423,1896599 347.7933072 343.5116480 172.8229880 0.0000030
42 423.1896799 3477935400 4. 343.5116774 172.8230006 0.0000024
43 423.1806938 347.7935661 343.5117008 172.8230105 0.0000019
44 423.1807084 | 347.7935867 . 343.5117193 172.8230184 0.0000015
45 423.1807184 347.7936030 343.5117339 172.8230247 0.0000012
46 423.1807262 347.7936159 343.5117455 172.8230296 0.0000009
47 423.1897325 347.7936262 343.5117547 172.8230335 0,0000007
48 423.1807374 347.7936343 343.5117620 172.8230366 0.0000006
49 423.1807413 347.7936407 3435117678 172.8230391 0.0000005

Estimates values are p;=423.1897413, p,=347.7936407, p3=343.5117678,

D4=172.8230391 after 49 iterations.

The iterations of table 4.9

The result from D~method

k|. of p* ¥ §* x* ER

1 1.1153780 0.9181512 0.6444943 0.2393024 1.8665805 31.6022833
2 1.0808444 0.9294546 0.6769488 0.2617288 2.0704433 13.8231705
3 1.0365805 0.8790661 0.6269273 0.2369522 1.9897429 19.8643115
4 1.0538639 0.8985646 0.6459732 0.2461915 2.1208144 8.5704631
5 1.0260083 0.8672648 0.6155828 0.2315296 2.0688263 12.5972339
6 1.0369521 0.8794931 0.6273407 0.2371357 2.1532113 5.3938081
7 1.0192711 0.8597848 0.6084610 0.2281673 2.1197013 8.0418127
8 1.0262483 0.8675342 0.6158398 0.2316479 2.1740911 3.4269437
9 1.0149562 0.8550115 0.6039441 0.2260504 2.1524767 5.1557808
10 1.0194252 0.8599561 0.6086233 0.2282428 2.1875624 2.1904902
11 1.0121841 0.851952 0.6010603 0.2247050 2.1736130 3.3146496
12 1,0150553 0.8551211 0.6040475 0.2260985 2.1962589 1.4055709
13 1.0103994 0:8499854 0.5992113 0.2238447 2.1872527 2.1348013
14 1.0122478 0.8520224 0.6011265 0.2247357 2.2018749 0.9041495
15 1.0092490 0.8487190 0.5980234 0.2232926 2.1960586 1.3765083
16 1.0104405 0.8500307. 0.5992538 0.2238644 2.2055024 0.582532
17 1.0085068 0.8479024 0.5972567 0.2229374 2.2017455 0.8882274
18 1.0092755 0.8487481 0.5980498 0.2233053 _2.2078458 03757034
19 1.0080277 0.8473756 0.596763 0.2227085 2.2054188 0.5734278
20 1.0085239 0.8479212 0.5972744 0.2229455 2.2093598 0.2424699
21 1.0077184 0.8470354 0.5964444 0.2225609 2.2077918 0.3703127
22 1,.0080388 0.8473877 0.5967744 0.2227138 2.2103379 0.1565511
23 1.0075185 0.8468158 0.5962387 0.2224656 2.2093249 0.2391915

118



The result from D -methed-(cont.)

24 1.0077255 0.8470433 0.5964518 0.2225643 2.2109699 0.1011054
25 1.0073895 0.8466739 0.5961059 0.2224041 2.2103154 0.154518

26 1.0075231 0.8468208 0.5962435 0.2224678 2.2113783 0.0653085
27 1.0073061 0.8465823 0.5960201 0.2223644 2.2109554 0.0998273
28 1.0073924 0.8466772 0.596109 0.2224055 2.2116422 0.0421905
29 1.0072522 0.8465231 0.5959647 , | 0.2223387 2.2113689 0.0644975
30 1.0073080 0.8465844 0.5960221 0.2223633 «2.2118126 0.0272579
31 1.0072174 0.8464848 0.5959289 0.2223221 2:2116361 0.0416727
32 1.0072534 0.8465244 0.5959660 0.2223393 2.2119228 0.0i761 13
33 1.0071949 0.8464601 0.5959057 0.2223114 2.2118087 0.0269259
34 1.0072182 0.8464857 0.5959297 0.2223225 2.2119940 0.0113790
35 1.0071804 0.8464441 0.5958908 0.2223045 2.2119203 0.0173978
36 1.0071954 0.8464607 0.5959063 0.2223117 2.212040 0.0073523
37 1.0071710 0.8464338 0.5958811 0.2223000 2.2119923 0.0112415
38 1.0071807 0.8464445 0.5958911 0.2223046 2.2120697 0.0047506
39 | 10071649 I 0.846427] 0.5958749 0.2222971 2.2120389 0.0072637
40 1.0071712 0.8464340 0.5958814 0.2223001 2.2120889 0.0030696,
41 1.0071610 0.8464228 0.5958709 0.2222953 2.2120690 0.0046934
42 1.0071650 0.8464273 0.5958750 0.2222972 2.2121013 0.0019834
43 1.0071584 0.8464200 0.5958683 0.2222941 2.2120885 0.0030327
44 1.0071611 0.8464229 0.5958710 0.2222953 2.2121093 0.0012816
45 1.0071568 0.8464182 0.5958666 0.2222933 2.2121010 0.0019596
46 1.0071585 0.8464201 0.5958683 . 0:2222941 22121145 0.0008281

47 1.0071558 0.8464171 0.5938655 0.2222928 2.2121091 1. 0.0012662
48 | 1.0071568 0.8464)83 0.5958666 0.2222933 2.2121179 0.0005351"
49 1.0071551 0.8464163 0.5958648 0.2222924 22121144 0.0008181
50 1.0071558 0.8464171 0.5958655 0.2222928 2.2121200 0.0003457
S1 1.0071546 0.8464158 0.5958643 0.2222922 22121178 0.0005286
52 1.0071551 0.8464163 0.5958648 0.2222925 22121214 0.0002234
53 1.0071543 0.8464155 0.5958640 0.2222921 2.2121200 0.0003416
54 1.0071546 0.8464159 0.5958643 0.2222922 2.2121223 0.0001444
S5 1.0071542 0.8464153 0.5958638 0.2222920 2.2121214 0.0002207
56 1.0071544 0.8464155 0.595864 0.2222921 2.2121229 0.0000933
57 1.0071540 0.8464152 0.5958637 0.2222920 22121223 0.0001426
58 1.0071542 0.8464153 0.5958638 0.2222920 2.2121233 0.0000603
59 1.0071540 0.8464151 0.5958636 0.2222919 2.2121229 0.0000922
60 1.0071540 0.8464152 0.5958637 0.2222920 2.2121235 0.0000389
61 1.0071539 .0.8464151 0.5958636 0.2222919 2.2121233 0.0000595
62 1.0071540 0.8464151 0.5958636 0.2222919 2.2121237 0.0000252
63 1.0071539 0:8464150 0.5958636 0.2222019 2.2121235 0.0000385
64 1.0071539 0.8464151 0.5958636 02222919 L. 2.2121238 0.0000163
65 1.0071539 0:8464150 0.5958635 0.2222919 2.2121237 0.0000249
66 1.0071539 0.8464150 0.5958636 0.2222919 2.2121238 0.0000105
67 1.0071538 0.8464150 0.5958635 0.2222919 22121238 0.0000161
68 1.0071539 0.8464150 0.5958635 0.2222919 2.2121239 0.0000068
69 1.0071538 0.8464150 0.5958635 0.2222019 2.2121238 0.0000104
70 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000044
71 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000067
72 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000028
73 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000043
74 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000018
75 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000028
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The result from D -method (cont.)

76 1.0071538 0.8464150 0.5958635 0.2222919 2.2121240 0.0000012
17 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000018
78 1.0071538 0.8464150 0.5958635 0.2222919 2.2121240 0.0000008
79 1.0071538 0.8464150 0.5958635 0.2222919 2.2121240 0.0000006
80 1.0071538 0.8464150 0.5958635 0.2222919 22121240, | 0.0000005
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Estirnates values are 0= 1.0071538, B =0.846415, y=0.5958635, 6 =0.2222919 and

x= 2.212124 after 80 iterations.

The result from U, -method

k o k {3 k v k 8 k xk ER

1 1.1153780 09181512 0.6444943 0.2713669 1.8665805 19.3922139
2 1.0808444 0.9294546 0.6769488 0.2452388 1.9854240 7.8943157
3 1.0547894 0.8996118 0.6470068 0.2410889 2.0327866 7.6142897
4 . 10346166 08881091 0.6357137 0.2356021 2.0816924 4.8146811
5 1.0342315 0.8764450 0.6243963 0.2323635 2.1125124 3.8774688
6 1.0277522 0.8692092., 0.6174423 0.2297150 2.1379019 2.7468176
7 10224522 | 08633137 06118140 | 0.2278744 '2.1559367 2.1081742
8 1.0187082 0.8597618 0.6078701 0.2264622, 21699151 | 15529981
9 1.0158181 0.8559641 0.6048437 0.2254295 2.1802419 1.1761965
10 1.0136896 0.8536130 0.6026248 0.2246489 2.1881002 0.8791118
11 1.0120737 0.8518304 0.6009458 0.2240675 2.1939857 0.6636294
12 1.0108656 0.8504989 0.5996937 0.2236292 2.1984393 0.4988768
13 1.0099526 0.8494934 0.5987492 0.2233003 2.2017917 0.3764133
14 1.0092661 0.8487377 0.5980401 0.2230523 2.2043243 0.2836600
15 1.0087478 0.8481675 0.5975052 0.2228657 2.2062344 4.2140686
16 1.0083571 0.8477378 0.5971025 0.2227249 2.2076769 0.1614994
17 1.0080623 0.8474135 0.5967986 0.2226187 2.2087657 0.1219109
18 1.0078397 0.8471689 0.5965694 0.2225386 2.2095879 0.0920227
19 1.0076718 0.8469842 0.5963964 0.2224782 2.2102087 0.0694796
20 1.0075449 0.8468448 0.5962659 0.2224325 2.2106775 0.0524600
21 1.0074492 0.8467396, 0.5961674 | 0.2223981 22110315 0.0396142
22 1.0073769 0.8466601 0.5960930 0.2223721 2.2112989 0.0299147
23 1.0073223 0.8466001 0.5960368 0.2223524 2.2115008 0:0225915
24 1.0072811, :0.8465548 0.5959944 02223376  |. 2.2116533 0.0170613
25 1.0072499 0.8465206 0.5959623 | 0.2223264 2.2117685 0.0128853
26 1.0072264 0.8464947 0.5959381 0.2223180 2.2118555 0.0097315
27 1.0072086 0.8464752 0.5959199 0.2223116 22119212 0.0073498
28 1.0071952 0.8464604 0.5959061 0.2223067 2.2119708 0.0055510
29 1.0071851 0.8464493 0.5958957 0.2223031 2.2120083 0.0041925
30 1.0071774 0.8464409 0.5958878 0.2223003 2.2120366 0.0031665
31 1.0071717 0.8464346 0.5958818 0.2222983 2.2120580 0.0023916
32 1.0071673 0.8464298 0.5958774 0.2222967 2.2120741 0.0018063
33 1.0071640 0.8464261 0.595874 0.2222955 2.2120863 0.0013643
34 1.0071615 0.8464234 0.5958714 0.2222946 2.2120955 0.0010304
35 1.0071596 0.8464213 0.5958695 0.2222939 2.2121025 0.0007783
36 1.0071582 0.8464198 0.5958680 0.2222934 2.2121078 0.0005878
37 1.0071571 0.8464186 0.5958669 0.2222930 2.2121117 0.0004440




The result from U, -method (cont.)

38 1.0071563 0.8464177 0.5958661 0.2222927 2.2121147 0.0003353
39 1.0071557 0.8464170, 0.5958654 0.2222925 22121170 0.0002533
40 1.0071552 . 0:8464165 0.595865 0.2222924 2.2121187 0.0001913
41 1.0071549 ..0.8464161. 0.5958646 0.2222922 2.21212 0.0001445
42 1.0071546 0.8464158 0.5958643 .0.2222921 2212121 0.0001091
43 1.0071544 0.8464156 0.5958641 0.2222921 22121217 0.0000824
44 1.0071543 0.8464155 0.5958640 0.2222920 2.2121223 0.0000622
45 1.0071542 0.8464153 0.5958639 0.2222020 2.2121227 0.0000470
46 1.0071541 0.8464152 0.5958638 0.2222919 2212123 0.0000355
47 1.0071540 0.8464152 0.5958637 0.2222919 2.2121232 0.0000268
48 1.0071540 0.8464151 0.5958637 0.2222919 2.2121234 0.0000203
49 1.0071539 0.8464151 0.5958636 0.2222919 2.2121235 0.0000153
L 50 1.0071539 0.8464150 0.5958636 0.2222919 2.2121237 0.0000116
51 1.0071539 0.8464150 0.5958636 0.2222919 2.2121237 0.0000087
52 1.0071539 0.8464150 0.5958635 0.2222919 2.2121238 0.0000066
53 1.0071539 0.8464150 0.5958635 0.2222919 2.2121238 0.0000050
54 1.0071539 0.8464150 0.5958635 0.2222919 2.2121239 0.0000038
55 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000028
56 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 :0.0000021
57 1.0071538 ~0.8464150 0.5958635 0.2222919 2.2121239 0.0000016 ..
58 1.0071538 _0.8464150 0.5958635 02322919 2.2121239 0.0000012
59 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000009 _
60 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000007
61 1.0071538 0.8464150 0.5958635 0.2222919 2.2121240 0.0000005
62 1.0071538 0.8464150 0.5958635 0.2222919 2.2121240 0.0000004
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Estimates values ate ot =1.0071538, 3 = 0.846415, y= 0.5958635, & =0.2222919 and

X = 2.212124 after 62 iterations.

The result from U5 -method

k| of Bk ¥k 5* x* ER
1 1.1153780 .0.9181512 0.6444943 0.2713669 1.8665805 19.3922139
2 1.0808444 0.9'294346 0.6769488 . 0.2452388 1.9854240 7.8043157
3 1.0547894 0.8996118. 0.6470068 0.2410889 2.0327866 7.6142897
4 1.0446166 0.8881091 0.6357137 0.2356021 2.0816924 4.8146811
5 1.0342315 0.8764450 0.6243963 0.2323635 2.1125124 3.8774688
6 1.0277522 0.8692092 0.6174423 0.2297150 2.1379019 2.7468176
7 1.0224522 0.8633137 06118140 0.2278744 2.1559367 2.1081742
8 1.0187082 0.8591618 0.6078701 0.2264622 2.1699151 1.5529981
9 1.0158181 0.8559641 0.6048437 0.2254295 2.1802419 1.1761965
10 1.0136896 0.8536130 0.6026248 0.2246489 2.1881002 0.8791118
11 1.0120737 0.8518304 0.6009458 0.2240675 2.1939857 0.6636294
12 1.0108656 0.8504989 0.5996937 0.2236292 2.1984393 0.4988768
13 1.0099526 0.8494934 0.5987492 0.2233003 2.2017917 0.3764133
14 1.0092661 0.8487377 0.5980401 0.2230523 2.2043243 0.2836600
15 1.0087478 0.8481675 0.5975052 0.2228657 2.2062344 0.2140686
16 1.0083571 0.8477378 0.5971025 0.2227249 2.2076769 0.1614994
17 1.0080623 0.8474135 0.5967986 0.2226187 2.2087657 0.1219109




The result from U; -method (cont.)

18 1.0078397 0.8471689 0.5965694 0.2225386 2.2095879 0.0920227
19 1:0076718 0.8369842, 0.5963964 0.2224782 2.2102087 0.0604796
20 1.0075449 0:3468448 0:5962659 0.2224325 2.2106775 0.0524600
21 1.0074492 0.8467396 0.5961674 0.2223981 2.2110315 0.0396142
22 1.0073769 0.8466601 0.5960930 0.2223721 2.2112989 0.0299147
23 1.0073223 0.8466001 0.5960368 0.2223524 2.2115008 0.0225915
24 1.0072811 0.8465548 0.5959944 0.2223376 2.2116533 0.0170613
25 1.0072499 0.8465206 0.5959623 0.2223264 2.2117685 0.0128853
26 1.0072264 0.8464947 0.5959381 0.222318 2.2118555 0.0097315
27 1.0072086 0.8464752 0.5959199 . 0.2223116 22119212 0.0073498
28 1.0071952 0.8464604 0.5959061 0.2223067 2.2119708 0.0055510
29 1.0071851 0.8464493 0.5958957 0.2223031 2.2120083 0.0041925
30 1.0071774 0.8464409 0.5958878 0.2223003 2.2120366 0.0031665
31 1.0071717 0.8464346 0.5958818 0.2222983 2.212058 0.0023916
32 1.0071673 0.8464298 0.5958774 0.2222967 2.2120741 0.0018063
33 1.0071640 0.8464261 0.5958740 0.2222955 2.2120863 0.0013643
34 1.0071615 0.8464234 0.5958714 0.2222946 2.2120955 0.0010304
35 1.0071596 0.8464213 0.5958695 0.2222939 2.2121025 0.0007783
36 .1.0071582 0.8464198 0.5958680 0.2222934 2.2121078 0.0005878
37 1.0071571 0.8464186 0.5958669 0.2222930 2.2121117 0.0004440
38 1.0071563 0.8464177 0.5958661 0.2222927 22121147 0.0003353
39 1.0071557 0.8464170 0.5958654 0.2222925 2.2121170 0.0002533
40 1.0071552 0.8464165 0.5958650 0.2222924 22121187 0.0001913
41 1.0071549 0.8464161 0.5958646 0.2222922 2.2121200 0.0001445
42 1.0071546 0.8464158 0.5958643 0.2222921 22121210 0.0001091
43 1.0071544 0.8464156 ,0.5958641 0.2222921 22.2121217 0.0000824
44 1.0071543 0.8464155 0.5958640 0.2222920 2.2121223, 0:0000622
45 1.0071542 0.8464153 0.5958639 0.2222920 2.2121227 0.0000470
46 1.0071541 0.8464152 0.5958638 0.2222919 2.212123 0.0000355
47 1.0071540 0.8464152 0.5958637 0.2222919 2.2121232 0.0000268
48 1.0071540 0.8464151 0.5958637 0.2222919 2.2121234 0.0000203
49 1.0071539 0.8464151 0.5958636 0.2222919 2.2121235 0.0000153
50 1.0071539 0.8464151 0.5958636 0.2222919 2.2121237 0.0000116
51 1.0071539 0.8464151 0.5958636 0.2222919 2.2121237 0.0000087
52 1.0071539 0.8464151 0.5958635 0.2222919 2.2121238 0.0000066
53 1.0071539 0.8464151 0.5958635 0.2222919 2.2121238 0.0000050
54 1.0071539 0.8464151 0.5958635 0.2222919 2.2121239 0.0000038
55 1.0071538 0.8464151 0.5958635 0.2222919 2.2121239 0.0000028
56 1.0071538 0.8464151 0.5958635 0.2222919 2.2121239 0.0000021
57 1.0071538 0.8464151 0.5958635 0.2222919 2.2121239 0.0000016
58 1.0071538 0.8464151 0.5958635 0.2222919 2.2121239 0.0000012
59 1.0071538 0.8464151 0.5958635 0.2222919 2.2121239 0.0000009
60 1.0071538 0.8464151 0.5958635 0.2222919 2.2121239 0.0000007
61 1.0071538 0.8464151 0.5958635 0.2222919 2.2121240 0.0000005
62 1.0071538 0.8464151 0.5958635 0.2222919 2.2121240 0.0000004
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Estimates values are o.=1.0071538, = 0.8464151, y= 0.5958635, § =0.2222919 and

Xx= 2212124 after 62 iterations.



The result from U,-method

1 1.1153780 0.9398068 0.6444943 0.2713669 1.8665805 18.3699618
2 1.0808444 0.9004528 0.6769488 0.2461807 1.9786337 9.8304445
3 1.0562593 0.8861962 0.6486567 0.2401852 2.0400394 7.3504071
4 1.0430681 0.8749618 0.6340125 0.2349757 2.0875397 5.1122860
S _1.0329983 0.8671753 0.6230665 0.2314560 2.1210235 3.7091426
6 1.0259717 0.8615043 0.6155455 0.2289187 2.1456266 2.6685001
7 1.0208465 0.8574224 0.6101193 0.2271086 2.1634681 1.9396265
8 1.0171498 0.8544522 0.6062362 0.2257995 2.1765175 1.4102514
9 1.0144566 0.8522916 0.6034234 0.2248517 2.1860466 1.0287332
10 1.0124957 0.8507149 0.6013838 0.2241622 2.1930203 0.7511970
11 | 10110636 0.8495633 0.5998988 0.2236599 2.1981245 0.5492718
12 1.0100171 0.8487210 0.5988159 0.2232931 2.2018631 0.4019109
13 1.0092514 0.8481046 0.5980249 0.2230251 2.2046021 0.2942718
14 1.0086910 0.8476533 0.5974466 0.2228290 2.2066094 0.2155494
15 1.0082805 0.8473227 0.5970234 0.222;6355 2.2080807 0.1579378
16 1.0079797 0.8470804 0.5967136 .0.2225804 2.2091593 0.1157508
17 1.0077593 0.8469028 0.5964866 0.2225033 2.2099501 0.0848470
18 1.0075978 0.8467727 0.5963203 0.2224469 2.2105299 0.0622017
19 1.0074793 0.8466773 0.5961984 0.2224055 2.2109550 0.0456045
20 1.0073925 0.8466073 0.5961090 0.2223752 2.2112667 0.0334382
21 1.0073289 0.8465560 0.5960435 0.222353 2.2114953 0.0245187
22 1.0072822 0.8465184 0.5959955, 0.2223367 2.211663 0.0179792
23 1.0072479 0.8464908 0.5959603 0.2223247 2.2117859 0.0131841
24 1.0072228 0.8464706 0.5959345 0,222316 2.2118760 0.0096681
25 1.0072044 0.8464557 0.5959156 0.2223095 2.2119422 0.0070899
26 1.0071909 0.8464449 0.5959017 0.2223048 2.2119906 0.0051993
27 1.0071810 0.8464369 0.59589015 0.2223014 2.2120262 0.0038128
28 1.0071738 0.8464310 0.5958840 0.2222988 2.2120523 0.0027961
29 1.0071685 0.8464268 0.5958786 0.2222970 2.2120714 0.0020505
30 1.0071646 0.8464236 0.5958745 0.2222956 2.2120854 0.0015037
31 1.0071617 0.8464213 0.5958716 . | 0.2222946 2.2120957 0.0011028
32 1.0071596 0.8464196 0.5958694 0.2222939 2.2121032 0.0008087
33 1.0071581 0.8464184 0.5958679 0.2222933 2.2121088 0.0005931
34 1.0071569 0.8464175 0.5958667 0.2222929 2.2121128 0.0004349
35 1.0071561 0.8464168 0.5958658 0.2222926 2.2121158 0.0003190
36 1.0071555 0.8464163 0.5958652 0.2222924 2.212118 0.0002339
37 1.007155 0.8464159 0.5958648 0.2222923 2.2121196 0.0001715
38 1.0071547 0.8464157 0.5958644 0.2222922 2.2121207 0.0001258
39 1.0071545 0.8464155 0.5958642 0.2222921 2.2121216 0.0000923
40 1.0071543 0.8464153 0.5958640 0.2222920 2.2121222 .0.0000677
41 1.0071542 0.8464152 0.5958639 0.2222920 2.2121227 0.0000496
42 1.0071541 0.8464152 0.5958638 0.2222919 2.2121230 0.0000364
43 1.0071540 0.8464151 0.5958637 0.2222919 22121233 0.0000267
44 1.0071540 0.8464151 0.5958636 0.2222919 22121235 0.0000196
45 1.0071539 0.8464150 0.5958636 0.2222919 2.2121236 0.0000144
46 1.0071539 0.8464150 0.5958636 0.2222919 2.2121237 0.0000105
47 1.0071539 0.8464150 0.5958636 0.2222919 2.2121238 0.0000077
48 1.0071539 0.8464150 0.5958635 0.2222919 2.2121238 0.0000057
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The result from U; -method (cont.)

49 1.0071539 0.8464150 0.5958635 0.2222919 2.2121239 0.0000042
50 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000003
51 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000022
52 1.0071538 0.8464150 0.5958635 0.2222919 22121239 0.0000016
53 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000012
54 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000009
55 1.0071538 0.8464150 0.5958635 0.2222919 2.2121240 0.0000006
56 1.0071538 0.8464150 0.5958635 0.2222919 2.2121240 0.0000005
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Estimates values are ov=1.0071538, [3 = 0.8464150, y=0.5958635, & =0.2222919 and

Xx=2.2121240 after 56 iterations.

The result from Us-method

k ok Bk vk 8* W& ER

1 1.1340095 0.8964956 0.6444943 0.2713669 1.8665805 20.2703681
2 1.0527067 0.9602390 0.6769488 0.2446839 1.9894238 6.8119827
3 1.0452429 0.9089067 0.6460382 0.2414744 2.0296854 7.7973926
4 1.0345229 0.9011812 0.6364435 0.2357788 2.0799969 4.5115102
5 1.0285229 0.8837711 0.6247827 0.2327712 2.1087314 3.9715703
6 1.0230777 0.8762570 0.6182883 0.2300341 2.1348110 2.7043414
7 1.0194053 0.8681701 0.6124944 0.2282229 2.1525330 2.1790510
8 1.0164126 0.8632918 0.6086110 0.2267549 2.1670090 1.5840059
9 1.0142431 0.8590464 0.6054707 0.2256997 2.1775397 1.2351004
10 1.0125435 0.8561150 0.6032040 0.2248767 2.1858049 0.9230651
11 1.0112743 0.8537570 0.6014354 0.2242646 2.1919888 0.7106761
12 1.0102949 0.8520333 0.6001180 0.2237938 2.1967659 0.5375989
13 1.0095541 0.8506890 0.5991038 0.2234384 2.2003829 0.4119085
14 1.0089860 0.8496818 0.5983379 0.2231664 2.2031592 0.3132922
15 1.0085538 0.8489060 0.5977512 0.2229597 2.2052722 0.2396155
16 1.0082231 0.8483184 0.5973053 0.2228017 2.2068898 0.1827054
17 1.0079709 0.8478680 0.5969644 0.2226813 2.2081238 0.1396526
18 1.0077781 0.8475252 0.5967045 ,0.2225893 2.2090674 0.1066101
19 1.0076309 0.8472630 0.5965059 0.2225191 2.2097880 0.0814738
20 1.0075183 0.8470630 0.5963544 0.2224655 2.2103389 0.0622322
21 1.0074324 0.8469101 0.5962385 0.2224245 2.2107597 0.0475580
22 1.0073667 0.8467933 0.5961501 0.2223932 2.2110814 0.0363364
23 1.0073165 0.8467041 0.5960825 0.2223693 2.2113272 0.0277689
24 1.0072782 0.8466359 0.5960309 0.2223511 2.2115150 0.0212197
25 1.0072488 0.8465838 0.5959914 0.2223371 2.2116586 0.0162168
26 1.0072264 0.8465440 0.5959612 . 0.2223264 2.2117683 0.0123931
27 1.0072093 0.8465136 0.5959382 0.2223183 2.2118521 0.0094714
28 1.0071962 0.8464903 0.5959206 0.2223120 2.2119162 0.0072384
29 1.0071862 0.8464726 0.5959071 0.2223073 2.2119652 0.0055320
30 1.0071786 0.8464590 0.5958968 0.2223036 2.2120026 0.0042279
31 1.0071728 0.8464486 0.5958890 0.2223009 2.2120312 0.0032313
32 1.0071683 0.8464407 0.5958830 0.2222987 2.2120531 0.0024695
33 1.0071649 0.8464346 0.5958784 0.2222971 2.2120698 0.0018874




The result from U -method (cont.)

a

34 1.0071623 0.8464300 0.5958749 0,2222959 2.2120826- 0.0014425
35 1.0071603 0.8464264 0.5958722 0.2222949 2.2120923 0.0011025
36 1.0071588 0.8464237 0.5958701 0.2222942 2.2120998 0.0008426
37 1.0071576 0.8464217 0.5958686 0.2222936 2.2121055 0.0006440
38 1.0071567 0.8464201 0.5958674 0.2222932 2.2121098 0.0004922
39 1.007156 0.8464189 0.5958665 0.2222929 2.2121132 0.0003762
40 1.0071555 0.8464179 0.5958658 0.2222927 2.2121157 0.0002875
41 1.0071551 0.8464172 0.5958652 0.2222925 2.2121177 0.0002197
42 1.0071548 0.8464167 0.5958648 0.2222923 2.2121191 0.0001679
43 1.0071546 0.8464163 0.5958645 0.2222922 2.2121203 0.0001283
44 1.0071544 0.8464160 0.5958643 0.2222921 2.2121212 0.0000981
45 1.0071543 0.8464157 0.5958641 0.2222921 2.2121218 0.0000750
46 1.0071542 0.8464156 0.5958639 0.2222920 22121223 0.0000573
47 1.0071541 0.8464154 0.5958638 0.2222920 2.2121227 0.0000438
48 1.0071540 0.8464153 0.5958638 0.2222919 2.2121230 0.0000335
49 1.0071540 0.8464152 0.5958637 0.2222919 2.2121232 0.0000256
50 1.0071539 0.8464152 0.5958637 0.2222919 2.2121234 0.0000195
S1 1.0071539 0.8464151 0.5958636 0.2222919 2.2121235 0.0000149
52 1.0071539 0.8464151 0.5958636 0.2222919 2.2121236 0.0000114
53 1.0071539 0.8464150 0.5958636 0.2222919 2.2121237 0.0000087
54 1.0071539 0.8464150 0.5958636 0.2222919 2.2121238 0.0000067
55 1.0071539 0.8464150 0.5958635 0.2222919 2.2121238 0.0000051
56 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000039
57 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000003
58 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000023
59 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000017
60 1.0071538 0.8464150 0.5958635 0.2222919 22121239 0.0000013
61 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000010
62 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000008
63 1.0071538 0.8464150 0.5958635 0.2222919 2.2121240 0.0000006
64 1.0071538 0.8464150 0.5958635 0.2222919 2.2121240 0.0000005
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Estimates values are o.= 1.0071538, 3 = 0.846415, y = 0.5958635, 8 =0.2222919 and

Xx= 2212124 4fier 64 iterations.

The result from L, -method

k ok ¥ vk 5% x* ER
1 1.1153780 0.9181512 0.6444943 0.2393024 2.4359713 58.4547319
2 0.9615696 0.7997931 0.5516698 0.2024285 2.1908938 23.475503
3 1.0115416 0.8512488 0.6003894 0.2243782. 2.2841659 12.7452526
4 0.9925800 0.8304789 0.5810648 0.2154990 2.2273117 4,6468931
5 1.0040597 0.8430186 0.5926898 0.2208251 2.2412753 2.8074714
6 1.0012247 0.8399127 0.5897971 0.2194931 2.2262532 0.7365879
7 1.0042745 0.8432540 0.5929096 0.2209266 2.2263351 0.7207509
8 1.0042578 0.8432357 0.5928925 0.2209188 2.2212807 0.0278637
9 1.0052866 0.8443644 0.5939462 0.2214052 2.2197471 0.2495180
10 1.0055990 .0.8447073 0.5942666 0.2215532 2.2175674. 0.0838234
11 1.0060433 0.8451951 0.5947224 0.2217639 2.2163765 . 0.1101400




The result from L, -method-(cont.)

12 1.0062861 0.8454617 0.5949717 0.2218792 2.2152733 0.0623289
13 1.0065111 0.8457088 0.5952028 0.2219861 2.2145308 0.0564176
14 1.0066626 0.8458752 0.5953585 0.2220581 2.2139294 0.0384600
15 1.0067853 0.8460101 0.5954846 0.2221165 2.2134932 0.0309107
16 1.0068743 0.8461078 0.5955761 0.223 1588 2.2131557 0.0225212
17 1.0069432 0.8461835 0.5956469 . 0.2221916 2.2129043 0.0173814
18 1.0069945 0.8462399 0.5956997 0.2222160 2.2127129 b.0129641
19 1.0070336 0.8462828 0.5957399 0.2222346 2.2125690 0.0098657
20 1.0070630 0.8463151 0.5957701 0.2222486 2.2124600 0.0074190
21 1.0070852 0.8463396 0.5957929 0.2222592 2.2123778 0.0056183
22 1.0071020 0.8463580 0.5958102 0.2222672 2.2123157 0.0042370
23 1.0071147 0.8463719 0.5958232 0.2222732 2.2122688 0.0032031
24 1.0071243 0.8263825 0.5958331 0.2222778 2.2122333 0.0024180
25 1.0071315 0.8463904 0.5958405 0.2222812 2.2122066 .0.0018269
6 1.0071370 0.8463964 0.5958462 0.2222838 2.2121864 0.001379¢6
27.] 10071411 08464010 | 05958504 0.2222858 22121701 | 0.0010421
28 1.0071442 0.8464044 0.5958536 0.2222873 2.2121596 0.000787
29 1.0071466 0.846407 0.5958560 0.2222884 2.2121508 0.0005945
30 1.0071483 0.8464089 0.5958579 0.2222892 2.2121443 0.000449
31 1.0071497 0.8464104 0.5958592 0.2222899 2.2121393 0.0003391
32 1.0071507 0.8464115 0.5958603 0.2222904 2.2121356 0.0002561
33 1.0071515 0.8464124 0.5958611 0.2222907 2.2121327 0.0001935
34 1.0071520 0.8464130 0.5958617 0.222291 2.2121306 0.0001461
35 _1.0071525 0.8464135 0.5958621 0.2222912 2.212129 0.0001104
36 1.0071528 0.8464138 0.5958625 0.2222914 2.2121277 0.0000834
37 1.0071531 0.8464141 0.5958627 0.2222915 2.2121268 0.000063
38 1.0071532 0.8464143 0.5958629 0.2222916 2.2121261 0.0000475
39 1.0071534 0.8464145 0.595863 0.2222916 2.2121256 0.0000359
40 1.0071535 0.8464146 0.5958632 0.2222917 2.2121252 0.0000271
41 1.0071536 0.8464147 0.5958632 0.2222917 2.2121249 0.0000205
1.0071536 0.8464147 0.5958633 0.2222918 2.2121247 0.0000155
43 1.0071537 0.846414 0.5958634 0.2222918 2.2121245 0.0000117
44 1.0071537 0.8464148 0.5958634 0.2222918 2.2121244 0,0000088
45 1.0071537 0.8464149 0.5958634 0.2222918 2.2121243 0.0000067
46 1.0071538 0.8464149 0.5958634 0.2222918 22121242 0.000005
47 1.0071538 0.8464149 0.5958635 0.2222918 2.2121241 0.0000038
48 1.0071538 0.8464149 0.5958635 0.2222918 2.2121241 0.0000029
49 1.0071538 0.8464149 0.5958635 0.2222918 2.2121241 0.0000022
50 1.0071538 0.8464149 0.5958635 0.2222918 2.212124 0.0000016
5 1.0071538 0.8464149 0.5958635 0.2222918 2.212124 0.0000012
52 1.0071538 0.8464149 0.5958635 0.2222918 . 2.212124 0,0000(509
53 1.0071538 0.8464149 0.5958635 0.2222918 2.212124 0.0000007
54 1.0071538 0.8464149 0.5958635 0.2222918 2.212124 0.0000005
55 1.0071538 0.8464149 0.5958635 0.2222918 2.212124 0.0000004
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Estimates values are o= 1.0071538, B = 0.8464149, Y = 0.5958635, & =0.2222918 and

X= 2.212124 after 55 iterations.



The result from L, -method

k| aF i vk 5k x* ER
1 1.115378 0.9181512 0.6444943 0.2393024 2.3307744 41.91756
2 0.9825267 0.8201022 0.5717086 0.211311 2.2203271 10.0284037
3 1.0054849 0.8445825 0.5941491 0.2214976 2.2343594 2.4733806
4 1.0026273 0.8414485 0.5912264 0.2201508 2.2244235 0.3401767
S 1.00465468 0.8436623 0.5932906. 0.2211025 2.2215432 0.2272984
6 1.0052331 0.8443057 0.5}389 14 0.2213799 2.2186369 0.0742587
7 1.0058253 0.8449557 0.5944987 0.2216605 2.2167625 0.0699744
8 1.0062074 0.8453753 0.5948909 - 0.2218418 2.2153985 0.0458865
9 1.0064856 0.8456808 0.5951766 0.221974 2.2144416 0.0332328
10 1.0066808 0.8458952 0.5953772 0.2220668 2.2137630 0.0233549
11 1.0068193 0.8460474 0.5955195 0.2221326 2.2132834 0.0165566
12 1.0069172 0.8461549 0.5956201 0.2221792 2.2129441 0.0117058
13 1.0069864 0.846231 0.5956913 0.2222122 2.212704 0.0082822
14 1.0070354 0.8462848 0.5957417 0.2222355 2.2125343 0.0058584
15 1.0070701 0.8463229 0.595'7774 0.222252 22124142 9.004 1441
16 1.0070946 0.8463498 0.5958026 0.2222636 2.2123293 0.0929313
17 1.0071119 0.8463689 0.5958204 0.2222719 2.2122692 0.0020735
18 1.0071242 0.8463824 0.595833 0.2222777 2.2122267 0.0014666
19 1.0071329 0.8463919 0.5958419 0.2222819 2.2121966 0.0010374
20 1.007139 0.8463987 0.5958482 0.2222848 2.2121754 0.0007338
21 1.0071433 0.8464034 0.5958527 0.2222869 2.2121603 0.000519
22 1.0071464 0.8464068 0.5958559 0.2222883 2.2121497 0.0003671
23 1.0071486 0.8464092 0.5958581 0.22228%4 2.2121422 0.0002597
24 1.0071501 0.8464109 0.5958597 0.2222901 2.2121368 0.0001837
25 1.0071512 0.8464121 0.5958608 0.2222905. 2.2121331 0.0001299
26 1.007152 0.8464129 0.5958616 0.222291 2.2121304 .0.0000919
27 1.0071525 0.8464135 0.5958621 02222912 2.2121285 0.000065
28 1.0071529 0.8464139 0.5958625 0.2222914 22121272 0.000046
29 1.0071532 0.8464142 0.5958628 0.2222915 2.2121262 0.0000325
31 1.0071535 0.8464146 0.5958632 (0.2222917 2.2121251 0.0000163
32 1.0071536 0.8464147 0.5958633 0.2222917 2.2‘121248 ,0.0000115
33 1.0071537 0.84654148 0.5958633 0.2222918 . 2.2121245 . 0.0000081
34 1.0071537 0.8464148 0.5958634 0.2222918 2.2121244 0.0000058
35 1.0071537 0.8464149 0.5958634 0.2222918 2.2121243 0.0000041
36 1.0071538 0.8464149 0.5958634 0.2222918 2.2121242 0.0000029
37 1.0071538 0.8464149 0.5958635 0.2222918 2.2121241 0.0000020
38 1.0071538 0.8464149 0.5958635 0.2222918 2.2121241 0.0000014
39 1.0071538 0.8464149 0.5958635 0.2222918 2.2121240 0.0000010
40 1.0071538 0.8464149 0.5958635 0.2222918 2.2121240 0.0000007
41 1.0071538 0.8464149 0.5958635 0:2222918 2.2121240 0.0000005
42 1.0071538 0.8464149 0.5958635 0.2222918 2.2121240 0.0000004
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Estimates values are ot =1.0071538, B = 0.8464149, v=0.5958635, & =0.2222918 and

x= 2212124 after 80 iterations.



The result from L,-method

k| af thd vk sk x* ER
1 1.1153780 0.9181512 0.6444943 0.2393024 2.1481172 13.2034673
2 1.0200422, 0.8608960 0.6095605 0.2286896 2.1492340 3.1482388
3 1.0200977 0.8607015 0.6093307 0.2285753 2.1715277 0.1083822 |
4 1.0154853 0.8555963 0.6044962 0.2263083 2.1847091 0.2357891
) 1.0127706 0.8525989 0.6016693 0.2249886 2.1937211 0.1428766
6 1.0109199 0.8505587 0.5997499 0.2240951 2.1997662 0.0960739
7 1.0096808 0.8491942 0.5984684 0.2234996 2.2038278 0.0640066
8 1.0088494 0.8482792 0.597610 0.2231012 2.2065552 0.0427869
9 1.0082916 0.8476657 0.5970349 0.2228345 2.2083862 0.0286352
10 1.0079173 0.8472541 0.5966493 0.2226558 2.2096154 0.0191815
11 1.0076661 0.8469780 0.5963907 0.2225360 2.2104404 0.0128555
12 1.0074976 0.8467928 0.5962172 0.2224556 _2.2109941 0.0086206
13 1.0073845 0.8466685 0.5961008 0.2224017 2.2113657 0.0057819
14 1.0073086 0.8465851 0.5960228 0.2223656 2.2116151 0.0038786
15 1.0072577 0.8465291 0.5959704 0.2223413 2.2117825 0.0026022
16 1.0072235 0.8464916 0.5959352 0.2223251 2.2118948 0.0017460
17 1.0072006 0.8464664 0.5959116 0.2223141 2.2119702 0.0011715
18 1.0071852 | 0.8464495 0.5958958 0.2223068 2.2120208 0.000786
19 1.0071749 0.8464381 0.5958852 0.2223019 2.2120547 0.0005275
20 1.0071680 0.8464305 0.595878 0.2222986 2.2120775 0.0003540
21 1.0071633 0.8464254 0.5958733 0.2222964 2.2120928 0.0002375
22 1.0071602 .0.8464220 0.5958700 0:2222949 2.2121030 0.0001594
23 1.0071581 0.8464196 0.5958679 0.2222939 2.2121099 0.0001070
24 1.0071567 0.8464181 0.5958664 0.2222932 2.2121145 0.0000718
25 1.0071557 0.8464171 0.5958655 0.2222928 2.2121176 0.0000482
26 1.0071551 0.8464164 0.5958648 0.2222925 2.2121197 0.0000323
27 1.0071547 0.8464159 0.5958644 0.2222923 2.2121211 0.0000217
28 1.0071544 0.8464156 0.5958641 0.2222921 2.2121221 0.0000146
29 1.0071542 . 0.8464154 0.5958639 0.2222920 2.2121227 0.0000098
30 1.0071541 0.8464152 0.5958638 0.2222920 2.2121231 0.0000066
31 1.0071540 0.8464151 0.5958637 0.2222919 2.2121234 0.0000044
32 1.0071539 0.8464151 0.5958636 0.2222919 2.2121236 0.0000030
33 1.0071539 0.8464150 0.5958636 0.2222919 2.2121237 0.0000020
34 1.0071539 0.8464150 0.5958636 0.2222919 2.2121238 0.0000013
35 1.0071539 0.8464150 0.5958635 0.2222919 2.2121239 0.0000009
36 1.0071538 0.8464150 0.5958635 0.2222919 22121239 .0.0000006
37 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000004
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Estimates values are o= 1.0071538, 3 = 0.846415, y=0.5958635, 6 =0.2222919 and

X= 22121239 after 37 iterations.



The result fromn Ls -mgthed

“

k o ¥ ¥ 5k x* ER

v | 11153780 | 09181512 | 0.6444943 | 02393024 | 23401243 | 433873917

2 | 09806452 | 08180855 | 05698783 | 02104907 | 22369899 | 85189410

3 | 10020968 | 08408678 | 05906851 | 02199005 | 22392093 | 1.5683084 |
4 | 10016434 | 08403710 | 05902234 | 02196892 | 22004057 | 00782401

s | 10036335 | 08425511 | 05922540 | . 02206243 | 22042877 | 0.1651231

6 | 10046744 | 08436926 | 05933189 |. 02211156 | 22205043 | 00016258

7 | 10054447 | 08445380 | 05041083 | 02214801 | 22179238 | 0.0668110

8 | 10059706 | 08451153 | 05046478 | 02217295 | 22161340 | 0.0457575

o | 10063356 | 08455160 | 05950225 | 02219027 | 22148970 | 0.0317378
10 | 10065879 | 08457932 | 05952817 | 02220226 | 22140416 | 0.0219477

11 | 10067624 | 08450840 | 05954611 | 02221056 | 22134500 | 00151841
12 | 10068831 | 08461175 | 05955852 | 02221630 | 22130409 | 00105023

13 | 10069666 | 08462003 | 05956710 | 02222097 | 22127581 | 0:0072637
14 | 10070244 | osa62727 | 05957304 | 02222302 J. 22125625 } 000050235
15 | 10070643 | .p8463166 | 05957714 | ..02222492 | 22124272 | 0.0034781 _
16 | 10070919 | 08463469 | 05957998 | 02222624 | 22123336 | 00624025

17 | 10071110 | 08463679 | 05958195 | 02222115 | 2212269 | 0.0016614
18 | 10071242 | 08463824 | 05958331 | 02222778 | 22122242 | 0.0013489

19 | 10071334 | 08463025 | 05058424 | 02222821 | 22121933 | 00007945
20 | 10071307 | 08463008 | 05958480 | 02222851 | 22121719 | 0.0005494
21 | 10071440 | os4sa082 | 05958534 | 02220872 | 22121571 | 0.0003799
22 | 10071471 | 08464075, | 05958565 | 02222886 | 22121469 | 0.0002627
23 | 10071491 | 08464098 | 05958587, | 02222896 | 22121308 | 0.0001817 .
24 | 10071506 | 08464114 | 05958602 | 02222003 | 22121349 | 0.0001256

25 | 10071516 | 08464125 | 05958612 | 02222908 | 22121316 | 0.0000869
26 | 10071523 | 08464133 | o0so0sse10 | 02222011 | 22121202 | 0.0000601

27 | 10071528 | 08464138 | 05958624 | 02222013 | 22121276 | 0.0000415

28 | 10071531 | 08464141 | 05958627 | 02222015 | 22121265 | 0.0000287
20 | 10071533 | 038464144 | 05058630 | 02222016 | 22121257 | 0.0000199
30 | 1oo7isss | osasaras | osossesy | 02022017 | 20121252 | ©.0000137
31 | 10071536, | 08464147 | 05958632 | 02222017 .| 22121248 | . 0.0000095
32 | 10071537 | 08464148 | 05058633 | .02222018 | 22121245 | 0.0000066
33 | 10071537 | 08464148 | 05958634 | 02222018 | 22121244 | 0.0000045
34 | 10071537 | 08464140 | 05958634 | 02222018 | 22121242 | 0.0000031
35 | 10071538 | 08464149 | 05958634 | 02222918 | 22121242 | 0.0000022
36 | 10071538 | 08464149 | 05058635 | 02222018 | 22121241 | 0.0000015
37 | 10071538 | 08464149 | 05958635 | 02222918 | 22121241 | 0.0000010
38 | 10071538 | 08464140 | 05058635 | 02222018 | 22121240 | 0.0000007
30 | 10071538 | 08464149 | 05058635 | 02222018 | 22121240 | 0.0000005
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Estimates values are .= 1.0071538, 3 = 0.8464150, y = 0.5958635, & =0.2222919 and

X= 22121240 after 39 iterations.



The result from D -method

The iterations of table 4.10

S
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k xlk x2k X3k x4k x,sk x6k x—,* xSk ER

1| 16220508 | -0.6229508 | 0.3750000 | 0.2099237 | -0.1315789 | 02080292 | 0.2900763 | -0.5000001 | 9.4831571
2| -0.7486339 | 17486330 | 09216553 | 0.1543522 | 0.1320775 | 05112832 | 0.2132867 | 0.5018946 | 2.0577042
3 10274951 | -0.0274951 | 07135703 | 03500626 | 0.0724816 | 03958492 | 0.4837229 | 0.2754301 | 7.1213203
4] 06721943 | 03278057 | 0.5774558 | 0.1795569 | 0.0316916 | 03203404 | 0.2481150 | 0.1204279 | 5.4694085
51 03012492 | 0.6987508 | 0.7887515 | 0.1989407 | 0.1135644 | 04375556 | 0.2748999 | 0.4315446 | 3.8854350
6 | 0.8221950 |.0.1778050, | 0.6874950 | 02242107 | 0.0756696 | 03813841 | 03008185 J 0.2875445 | 9.2483794
7 | 06125066, | 03874934 .| 0:7001196 | 0.1902690 | 0.0812625 | 03883875 | 02629172 | 03087975 | 4.0499591
8 | 06419603 | 03580397 | 0.7284685 | 0.2026152 | 0.0917619 | 0.4041139 | 02799773 | 03486952 | 3.4808954
9| 07043788 | 02956212 | 0.7056229 | 0.2007851 | 0.0831339 | 03914405 | 0.774485 | 03159088 | 2.3654109
10| 0.6544698 | 03455302 | 07160810 | 0.1970141 | 0.0871345 | 03972420 | 0.2722377 | 0.3311110 |_0.8665662
11| 06777119 | 03222881 | 0.7158514 | 0.2000178 | 0.0869790 | 03971147 | 0.2763883 | 03305203 | 0.3675769
12| 0.6772090 | 03227910 | 0.7130031 | 0.1986077 | 0.0859203 | 03955346 | 02744398 | 03264970 | 0.3452595
13| 06709424 | 03290576 | 0.7154720 | 0.1986380 | 0.0868489 | 03969042 | 02744816 | 03300257 | 0.2419886
14| 06763772 | 03236228 | 07145131 | 01990164 | 00864774 | 03963722 | 02750044 1 03286142 | 0.0828487
15| 06742708 | 03257292 | 07145062 | 01986882 | 00864798 | 03063684 | 0.2745509 | 03286233 | 0.0377310
16| 0.6742556 | 03257444 | 07148320 | 01988152 | 0.0866002 | 03965491 | 0.2747265 | 0.3290807 | 0.0365770
17| 0.6749720 | 03250280 | 0.7145846 | 0.1988162 | 0.0865064 | 03964119 | 0.2747278 | 0.3287243 | 0.0244792
18| 0.6744280 | 03255720 | 0.7146774 | 0.1987729 | 0.0865422 | 0.3964634 | 0.2746680 | 03288603 | 0.0086496
19| 06746322 | 03253678 | 0.7146849 | 0.1988058 | 0.0865444 | 03964675 | 0.2747134 | 0.3288686 | 0.0042831
20| 0.6746486 | 03253514 | 07146499 | 01987934 | 0.0865313 | 03964481 | 02746964 | 03288191 | 0.0039182
21| 06745716 | 03254284 | 07146752 | 0.1987924 | 0.0865409 | 03964622 | 0.2746950 | 03288555 | 0.0024582
221 06746274 | 03253726 | 0.7146666 | 0.1987971 | 0.0865376 | 03964574 | 02747014 | 03288428 | 0.0008796
23] 0.6746084 | 03253916 | 07146653 ] 0.1987937 | 0.0865372 |,0.3964567 | 0.2746968 | 0.3288412 | 0.0004723
24| 0.6746056 | 03253944 | 07146691 |.0.1987949 | 0.0865386 | 0.3964588 | 0.2746984. | 0.3288465 | 0.0004163
25| 06746139 | 03253861 | 0.7146666 | 0.1987950 | 0.0865376 | 03964574 | 0.2746986 | 0.3288420 | 0.0002457
26| 0.6746083 | 03253917 | 0.7146674 | 0.1987945 | 0.0865379 | 03964578 | 02746979 | 03288440 | 0.0000897
27| 0.6746101 | 03253899 | 07146676 | 0.1987949 | 0.0865380 | 03964579 | 0.2746984 | 0.3288443 | 0.0000518
28| 0.6746105 | 03253895 | 07146672 | 0.1987948 | 0.0865378 | 03964577 | 02746982 | 03288437 | 0.0000440
291 06746096 | 03253904 | 07146674 | 0.1987947 | 0.0865379 | 03964578 | 0.2746982 | 03288441 | 0.0000244
30| 06746102 | 03253898 | 0.7146673 | 0.1987948 | 00865379 | 0.3964578 | 0.2746983 | 0.3288440 | 0.0000091
31] 0.6746100 | 03253900 | 0.7146673 |,0.1987948 | 0.0865379 | 03964578 | 0.2746982 { 0.3288430 | 0.0000056
32| 06746099 | 03253901 | 0.7146674 | 0.1987948 .| 0.0865379 | 03964578 | 0.2746982 | 03288440 | 0.0000046
33| 0.6746100 | 0.3253000 | 0.7146673 | 0.1987948 | 0.0865375 | 039654578 | 02746982 | 03288440 | 0,0000024
34| 06746100 | 03253900 | 07146673 | 0.1987948 | 0.0865379 | 0.3964578 | 0.2746982 | 0.3288440 | 0.0000009
35| 0.6746100 | 03253900 | 0.7146673 | 0.1987948 | 0.0865379 | 03964578 | 0.2746982 | 0.3288440 | 0.0000006
36| 06746100 | 03253900 | 0.7146673 | 0.1987948 | 0.0865379 | 03964578 | 0.2746982 | 0.3288440 | 0.0000005

Estimates values are X;=0.67461, x,=0.32539, x5 = 0.7146673, x4=0.1987948,
X5=0.0865379, Xxg=0.3964578, x7=0.2746982 and Xxg=0.328844 after 36 iterations.
The result from U, -method

k xlk xjk xjk x4k xSk x6k )C7k x8k ER

1| 1.0000000 | 0.0000000 | 0.6052632 | 0.2631579 | -0.1315789 | 0.3357664 | 0.3636364 | -0.5000000 | 41.9187127
21 03905016 | 0.6094084 | 09582813 | 0.1732976 | 0.0791045 | 05316013 | 02304658 | 03005972 | 42.1121886




The result from U, -method (cont.)
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3 | 1.0740633 | -0.0740633 | 07025199 | 02183755 | 0.0602455 | 03897191 | 0.3017553 | 0.2289320 | 16.0576535
4 | 06474405 | 03525505 | 07632044 | 0.1765501 | 0.0811910 | 04233835 | 02439601 | 0.3085256 | 7.1637201
5 | 07745385 | 0.2254615 | 07186153 | 0.2001937 | 0.0875412 | 03986479 | 0.2766313 | 0.3326564 | 3.4248584
6 | 06832425 | 03167575 | 07194373 | 0.1930216 | 0.0854528 | 03991039 | 0.2667207 | 0.3247208 | 0.7150549
7| 06850278 | 03149732 | 07163707 | 0.1981764 | 0.0879409 | 03974027 | 0.2738438 | 03341754 | 03572970
8 | o.6783462 | 03216538 | 07138346 | 0.1982245 | 0.0865141 | 03950958 | 02739102 | 03287535 | 02773199
o | 06727760 | 03272231 | 07149304 | 0.1985555 | 0.0868668 | 03966037 | 0.2743676 | 03300939 | 0.1196387
10 06751882 | 03248118 | 07142166 | 0.1989166 | 0.0865865 | 03962077 .| 02748666 | 0.3200286 | 0.0743354
111 06736183 | 03263817 | 07146526 | 0.1987610 | 0.0865594 | 03964496 | 0.2746515 | 03289257 | 0.0342358
12| 0.6745775 | 03254205 | 07145857 | 0.1988549 | 0.0865523 | 03964125 | 02747814 | 0.3288989 | 0.0097458
13| 0.6744305 | 03255605 | 0.7146500 | 0.1987977 | 0.0865279 | 03964482 | 0.2747023 | 03288062 | 0.0060717
14| 0.6745718 | 03254282 | 07146669 | 0.1988052 | 0.0865394 | 03964576 | 0.2747126 | 0.3288496 | 0.0025617
15| 0.6746001 | 03253909 | 07146634 | 0.1987973 | 0.0865342 | 03964556 | 02747017 | 03288299 | 0.0008308
16| 0.6746012 | 03253988 | 07146711 | 0.1987947 | 00865376 | 03964599 | 02746981 | 0.3288427 | 0.0007291
17] 0.6746183 | 03253817 | 07146671 | 0.1987953 | 0.0865374 | 03964577 | 02746990 | 0.3288420 | 0.0003278
18| 0.6746006 | 03253904 | 0.7146684 | 0.1987943 | 0.0865377. 1 03964584 | 02746975 | 03288434 | 0.0001465
191 0.6746123 | 03253877 | 07146675 | 0.1987948 | 0.0865379 | 03964579 | 0.2746083 | 0.328%441 | 0.0000782
20| 0.6746103 | 03253807 | 07146674 | 0.1987946 | 0.0865379 | 03964579 | 02746980 | 0.3288439 | 0.0000187
21| 0.6746102 | 03253898 | 07146674 | 0.1987947 | 0.0865379 | 03964578 | 0746082 | 0.3288441 | 0.0000084
22| 0.6746101 | 03253899 | 07146673 | 01987948 | 0.0865379 | 03964578 | 0.2746982 | 03288440 | 0.0000070
23| 0.6746099 | 03253001 | 07146673 | 0.1987948 | 0.0865379 | 03064578 | 0.2746982 | 03288440 | 0.0000031
24| 0.6746100 | 03253900 | 07146673 | 0.1987048 | 0.0865379 | 03964578 | 0.2746982 | 0.3288440 | 0.0000018
25| 0.6746100 | 03253900 .| 07146673 J. 0.1987948 | 0.0865379 [ 03064578 | 0.746982 | 0.3288440 | 0.0000008
26| 0.6746100 | 03253900 | 07146673 0.1987948 | 0.0865379. | 03964578 | 02746982 | 03288440 | 0.0000002 .
Estimates values are X;= 0.67461, X, = 0.32539, X3 =0.7146673, Xx4=0.1987948,
X5=0.0865379, x¢=0.3964578, X7=0.2746982 and xg=0.328844 after 26 iterations.
The result from U;-method

k ka xzk x3k x4k xsk x6k x-,k xsk ER

1 | 1.0000000 | 0.0000000 | 1.1447368 | -0.0131579 | -0.1315780 | 0.6350365 | -0.0181818 | -0.5000000 | 31.5277372
2 | 12649331 | -0.2649331 | 07256975 | 0.1734748 | 0.1008277 | 04025767 | 02397107 | 0.3831453 | 14.4872778
3 | 0.6984926 | 03015074 | 07117597 | 0.1941054 | 0.0041349 | 03948448 | 02682183 | 0.3577126 | 1.0642761
4| 06681911 | 03318089 | 07119800 | 0.1993524 | 0.0886676 | 03949670 | 0.2754687 | 03369369 | 0.0352962
s | 06686793 | 03313207 | 07140819 | 0.1992306 | 0.0867274 | 03961109 | 0.2753005 | 03295642 | 0.1183955
6 | 06732338 | 03267662 | 07146417 | 0.1988876 | 0.0864707 | 03964436 | 02748265 | 03285886 | 0.0329900
7 | 0.6745536 | 03254464 | 07146955 | 0.1987967 | 00865079 | 03964734 | 0.2747008 | 0.3287209 | 0.0030997
8 | 06746718 | 03253282 | 07146769 | 0.1987900 | 0.0865331 | 03964631 | 0.2746917 | 03288258 | 0.0011043
9 | 06746309 | 03253691 | 07146685 | 0.1987933 | 0.0865382 | 03954584 | 02746962 | 03288452 | 0.0004658
10| 0.6746125 | 03253875 | 0.7146671 | 0.1987946 | 0.0865383 | 03964577 | 0.2746980 | 03288454 | 0.0000731
11| 0.6746095 | 03253905 | 07146672 | 0.1987948 | 0.0865380 | 03964577 | 0.2746983 | 03288443 | 0.0000061
12| 0.6746097 | 03253003 | 07146673 | 0.1987948 | 0.0865379 | 03964578 | 0.2746983 | 03288440 | 0.0000058
13| 06746000 | 03253001 | 07146673 | 0.1987948 | 00865379 | 03964578 | 0.2746982 | 03288440 | 0.0000013
14] 0.6746100 | 03253000 | 07146673 | 0.1987948 | 0.0865379 | 03964578 | 0.2746982 | 03288440 | 0.0000001

Estimates values are Xx;= 0.67461, X, =10.32539, x3=0.7146673, x4 =(.1987948,

X5 =0.0865379, Xg=0.3964578, x7=0.2746982 and Xg=0.328344 after 14 iterations.




The result from U 4-method
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k| x* X" X" x," xs* X" x7* xg" ER

1 | 1.0000000 | 00000000 | 1.1447368 | -0.0131579 | -0.1315789 | 0.6350365 | -0.0181818 | -0.5000000 | 31.5277372
o | 12649331 | -0.2649331 | 07256975 | 0.1734748 | 0.1008277 | 0.4025767 | 02397107 | 03831453 | 14.4872778
3 | 0.6984926 0.3015074 0.7117597 0.1941054 0.0941349 0.3948448 0.2682183 03577126 1.0642761
4 | 0.6681911 0.3318089 0.7119800 0.1993524 0.0886676 0.3949670 0.2754687 0.3369369 0.0352962
s | 06686793 | 03313207 | 07140419 | 0.1992306 | 0.0867274 | 03961109 | 0.2753005 | 03295642 | 0.1183955
6 | 06732338 | 03267662 | 0.7146417 | 0.1988876 | 0.0864707 | 03964436 | 0.2748265 | 0.3285886 | 0.0329900
7 | 06745536 | 03254464 | 07146955 | 0.1987967 | 0.0865079 | 03964734 | 0.2747008 | 03287299 | 0.0030997
s | o0.67a6718 | 03253282 | 07146769 | 0.1987900 | 0.0865331 | 03964631 | 0.2746917 | 03288258 | 0.0011043
o | 06746309 | 03253601 | 0.7146685 :| 0.1987933 | 00865382 | 03964584 | 02746962 | 03288452 | 0.0004658
10| 0.6746125 0.3253875 0.7146671 0.1987946 0.0865383.. | .0.3964577 0.2746980 0.3288454 0.0000731
11| 06746005 | 03253905 | 07146672 | 0.1987948 | 0.0865380 | 03064577 | 0.2746983 | 03288443 | 0.0000061
12| 0.6746097 | 03253003 | 0.7146673 | 0.1987948 | 0.0865379 | 03964578 | 0.2746983 | 0.3288440 | 0.0000058
131 06746000 | 03253901 | 0.7146673_| 0.1987948 | 0.0865379 | 03064578 | 0.2746982 | 03288440 | 0.0000013
14| 0.6746100 0.3253900 0.7146673 0.1987948 0.0865379 0.3964578 0.2746982 0.3288440 0.0000001

Estimates values are X;= 0.67461, X, =0.32539, x3=0.7 146673, x4=0.1987948,
X5 =0.0865379, xg=10.3964578, X7= 0.2746982 and Xxg = 0.328844 after 14 iterations.
The result from L, -method

X xlk xzk xsk x4k xsk xsk x7k xsk ER

1| 16220508 | -0.6229508 | 03750000 | 0.2099237 | -0.0763350 | 0.2080292 | 0.2900763 | -0.2900763 | 75.0747602
2 | -0.7486339 | 17436339 | 0.8664122 ' 0.1543522 | 0.1522853 | 0.4806374 | 0.2132867 | 0.5786841 | 73.8432028
3 | 09498086 | 00501914 | 0.6933625 | 03500626 | 0.0093789 | 03846390 | 0.4837229 | 0.0356397 | 28.9519777
4| 06263201 | 03736700 | 0.6405585 | 0.1834655 | 0.0952224 | 03553463 | 0.2535159 | 0.3618450 | 10.7826606
s | 0.4928000 | 05071791 | 07213121 | 02017522 | 0.0962813 | 0.4001440 | 0.2787849 | 03658688 | 7.0872515
6 | 0.6800845 | 03100151 | 07019665 | 0.2104080 | 0.0813449 | 03804121 | 0.2907455 | 03091105 | 2.7055424
7.1 0.6461803 0.3538197 0.7082472 0.1979249 0.0887083 0.3928962 0.2734963 0.3370916 0.9789843
8 | 0.6603664 | 03396336 | 07133667 | 0.2005256 | 0.0868457 | 03957363 | 0.2770900 | 03300138 | 0.4161670
o | 0.6717452 | 03282548 | 07126286 | 0.1996582 | 0.0864138 | 0.3953268 | 0.2758913 | 0.3283724 | 0.2044064
10! 06701148 | 03208852 | 07130280 | 0.1989678 | 0.0867726 | 03960477 | 0.2749374 | 03297358 | 0.1046222
11| 0.6729828 0.3270172 0.7142596 0.1990665 0.0865470 0.3962316 0.2750736 0.3288787 0.0440462
12| 0.6737130 | 03262870 | 07143865 | 0.1988930 | 00865617 | 03963020 | 02748340 | 0.3289344 | 0.0231038
13| 06739923 | 03260077 | 07145453 | 0.1988489 | 0.0865592 | 03963901 | 0.2747731 | 03289249 | 0.0136865
14| 0.6743416 0.3256584 0.7145919 0.1988321 0.0865421 0.3964159 0.2747498 0.3288602 0.0070964
151 0.6744441 | 03255550 | 07146258 | 0.1988110 | 00865430 | 03964347 | 0.2747206 | 0.3288635 | 0.0039501
16| 0.6745186 | 03254814 | 07146460 | 0.1988048 | 0.0865403 | 03964460 | 0.2747121 | 0.3288532 | 0.0021921
17] 0.67a5631 | 03254369 | 07146549 | 0.1988003 | 0.0865390 | 0.3964509 | 0.2747058 | 0.3288482 | 0.0011760
18] 0.6745827 | 03254173 | 07146607 | 0.1987976 | 0.0865387 | 03964541 | 0.2747021 | 03288470 | 0.0006536
191 0.6745054 | 03254046 | 07146637 | 0.1987964 | 0.0865383 | 03964558 | 0.2747005 } 03288454 | 0.0003568
20| 0.6746020 | 03253980 | 07146653 | 0.1987956, | 0.0865381 .| 0.3964567 | 0.2746994 | 03288448 | 0.0001947
21 0.6746056 | 03253044 | 07146663 | 01987952 | 0.0865380 | 03964572 | 0.2746989 | 03288444 | 0.0001073
22| 0.6746076 | 03253924 | 0.7146667 | 0.1987950 | 0.0865380 | 03964575 | 0.2746986 | 0.3288442 | 0.0000586
23| 06746087 | 03253913 | 07146670 | 0.1987949 | 0.0865379 | 0.3964576 | 02746984 | 03288441 | 0.0000321
241 0.6746093 0.3253907 0.7146672 0.1987948 0.0865379 0.3964577 0.2746983 0.3288441 0.0000176
251 0.6746096 0.3253904 0.7146672 0.1987948 0.0865379 0.3964577 0.2746983 0.3288440 0.0000096
26 | 0.6746098 0.3253902 0.7146673 0.1987948 0.0865379 0.3964578 0.2746983 0.3288440 0.0000053
271 0.6746099 0.3253901 0.7146673 0.1987948 0.0865379 0.3964578 0.2746982 0.3288440 0.0090029
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28| 06746099 | 03253901 | 07146673 | 0.1987948 | 0.0865379 | 03964578 | 0.2746982 | 03288440 | 0.0000016
29| 0.6746100 | 03253900 | 07146673 | 0.1987948 | 0.0865379 | 0.3064578 | 0.2746982 | 0.3288440 | 0.0000009
30| 06746100 | 03253900 | 07146673 | 0.1987948 | 0.0865379 | 0.3964578 | 0.2746982 | 03288440 | 0.0000005
Estimates values are X;= 0.67461, X,=0.32539, x3=0.7146673, x4=0.19879483,
x5 =0.0865379, Xg=0.3964578, x7= 02746982 and xg=0.328344 after 30 iterations.
The result from L, -method

k xlk xzk x3k x4k xSk x6k x7k x8k ER

1| 16229508 | -0.6229508 | 03750000 .| 02099237 | 01320775 | 02080292 | 0.2000763 | 05018945 | 58.4433733
2 | 07486339 | 1.7486339 | 0.6579988 | 0.1543522, | 0.1109716 | 03650213 | 02132867 | 0.4216920 | 45.1270719
3 | 05392865 | 04607135 | 07346762 | 03500626 | 0.0286104 | 0.4075576 | 0.4837229 | 0.1087195 | 26.1256483
4| 07174040 | 02825960 | 0.6213270 | 0.2073124 | 0.0970660 | 0.3446777 | 0.2864681 | 0.3688542 | 12.5806589
s | 04385580 | 05614411 | 0.6956207 | 0.1962450 | 0.0902456 | 0.3858918 | 0.2711749 | 03429333 | 7.4912330
6 | 0.6315868 | 03684132 | 07135094 | 0.2141420 | 0.0811261 [ 03958154 | 0.2059053 | 03082793 | 2.8437824
7| 0.6720600 | 03279400 | 07047319 | 0.2014259 | 0.0870316 | 0.3009462 | 0.2783339 | 03307199 | 12216486
8 | 0.6524576 | 03475424 | 07115426 | 0.1989488 | 0.0869380 | 03947243 | 02749111 | 03303646 | 0.6757711
o | 06677096 | 03322904 | 0.7141132 | 02001409 | 0.0861293 | 0.3961504 | 0.2765583 | 03272913 | 0.2549940
10| 06733906 | 03266094 | 07137298 | 0.1992121 | 0.0865230 | 03959377 | 0.2752749.| 03287873 | 0.0930026
11 06725460 | 03274540 | 07142649 | 0.1988684 | 0.0865699 | 03962345 | 0.2748000 | 0:3280655 | 0.0550215
12| 06737246 | 03262754 | 07145617 | 0.1989194 | 0.0865080 | 0.3963092 | 0.2748705 | 03287303 | 0.0234219
13| 06743778 | 03256222 | 07145726 | 0.1988482 | 0.0865323 | 0.3064052 | 0.2747721 | 03288227 | 0.0079106
14| 0.6744017 | 03255983 | 07146195 | 0.1988088 | 00865398 | 03964313 | 0.2747176 | 0.3288512 | 0.0050592
15] 0.6745048 | 03254952 | 07146514 | 0.1988073 | 0.0865356 | 03964490 | 0.2747156 | 03288354 | 0.0027175
16| 0.6745750 | 03254250 | 0.7146570 | 0.1988011 | 0.0865371 | 0.3964521 | 0.2747070 | 0.3288409 | 0.0010649
17| 0.6745873 | 03254127 | 0.7146618 | 0.1987969 | 00865379 | 0.3964547 | 0.2747011 | 0.3288441 | 0.0005828
18| 0.6745978 .| 03254022 | 0.7046652.:| 0.1987961 |. 0.0865377 | 03964566 | 02747001 | 03288433 | 0.0003146
19| 0.6746053 | 03253947 | 07146662 | 0.1987955 | 00865378 | 0.3964571 | 0:2746992 | 0.3288436 | 0.0001359
20| 06746074 | 03253926 | 0.7146667 | 0.1987951 | 0.0865379 | 0.3964574 | 0.2746986 | 03288439 | 0.0000690
21| 0.6746086 | 03253914 | 0.7146671 | 0.1987949 | 0.0865379 | 03964576 | 0.2746984 | 03288439 | 0.0000366
22| 0.6746094 | 03253906 | 0.7146672 | 0.1987949 | 0.0865379 | 03964577 | 0.2746983 | 0.3288439 | 0.0000168
23| 0.6746097 | 03253903 | 07146673 | 0.1987948 | 0.0865379 | 03964578 | 0.2746983 | 03288440 | 0.0000083
24| 0.6746098 | 03253902 | 07146673 | 0.1987948 | 0.0865379 | 03964578 | 0.2746983 | 03288440 | 0.0000043
25| 0.6746099 | 03253901 | 07146673 | 0.1987948 | 0.0865379 | 03964578 | 0.2746982 | 03288440 | 0.0000020
26| 0.6746100 | 03253900 | 07146673 | 0.1987948 | 0.0865379 | 0.3964578 | 0.2746982 | 03288440 | 0.0000010
27| 0.6746100 | 03253900 | 0.7146673 | 01987948 | 0.0865379 | 0.3064578 | 0.2746982 | 03288440 | 0.0000005
28| 0.6746100 | 03253900 | 07146673 | 0.1987948 | 0.0865379 | 03964578 [ 02746982 | 03288440 | 0.0000002

Estimates values are X;= 0.67461, X, =0.32539, X3 =0.7146673, x4=0.1987948,

X5=0.0865379, X¢=0.3964578, X7=0.2746982 and Xy = 0.328844 after 28 iterations.
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k xlk xzk . x3k . x4k " x5k x6k x7k x8k ER
1] 0.2402477 ! 0.7597523 03750000 | 0.2099237 | 0.1320775 0.2080292 | 0.2900763 | 0.5018945 | 35.6389 108
21 0.7649601 | 0.2350399 | 0.6579988 | 0.2289942 | 0.0838291 | 0.3650213 ' 03164283 | 03185505 | 10.7291506
3 { 0.6049565 | 0.3950435 | 0.6871768 | 0.1934871 " 0.0924812 | 03812076 | 02673640 | 03514284 | 3.0973205
4| 06758787 | 03241213 | 0.7140317 | 0.2030897 | 0.0850689 | 0.3961052 | 0.2806330 | 0.3232618 | 0.6488772
s | 06683952 | 03316048 | 0.7118414 | 0.1987182 | 0.0869783 | 0.3948901 | 0.2745925 | 0.3305174 | 0.2308249
6| 06738284 | 03261716 | 0.7143035 | 0.1991706 | 00864543 | 0.3962560 | 0.2752175 | 0.3285265 | 0.0372928
71 06739672 | 03260328 | 07183751 | ©0.1988420 | 0.0865634 | 0.3962057 | 0.2747634 | 0.3289400 0.0174886
8 | 0.6744503 | 03255497 | 0.7145946 | 0.1988336 | 0.0865344 | 0.3964175 | 0.2747519 | 03288307 0.0056326
o | 0.6745324 | 03254676 | 0.7146320 | 0.1988044 | 0.0865395 | 0.3964382 | 0.2747115 | 0.3288502 0.0022990
10| 0.6745852 | 03254148 | 0.7146561 | 0.1987995 | 0.0865378, | 03964515 | 0.2747047 | 0.3288438 | 0.0008108
11| 0.6745998 | 03254002 | 0.7146627 | 0.1987963 | 0.0865380 | 0.3964552 | 0.2747003 | 0.3288445 | 0.0003125
12| 0.6746064 | 03253936 | 0.7146657 | 0.1987954 | 0.0865379 | 0.3964569 | 0.2746991 | 0.3288440 | 0.0001141
13| 06746086 | 03253914 | 0.7146667 | 0.1987950 | 0.0865379 | 03964574 | 0.2746985 | 0.3288440 | 0,0000430
14] 0,6746095 | 03253905 | 0.7146671 | 0.1987949 | 0.0865379 | 0.3964577 | 0.2746983 | 0.3288440 0.0000159
15| 06746098 | 03253902 | 0.7146673 | 0.1987948 | 0.0865379 | 0.3964577 | 0.2746983 | 0.3288440 0.0000060
16| 0.6746099 | 03253901 | 0.7146673 | 0.1987948 | 0.0865379 | 0.3964578 | 0.2746982 | 03288440 | 0.0000022
17] 0.6746100 | 0.3253900 | 0.7146673 | 0.1987948 | 0.0865379 | 0.3964578 | 0.2746082 - 0.3288440 - "_0.0000008
181 0.6746100 | 03253900 | 0.7146673 | 0.1987948 | 0.0865379 | 0.3964578 0.2746982 0.3288440 0.0000003

Estimates values are x;= 0.67461, X, = 0.32539, X3 = 0.7146673, x4=0.1987948,

X5=0.0865379, Xs=0.3964578, X7=0.2746982 and Xxg= 0.328844 after 18 iterations.
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