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CHAPTER 1

INTRODUCTION

The theory of infinite matrix transformations between two certain sequence spaces
has been widely studied for along time. However, in the past, most of problems
concerned about matrix transformations between scalar-valued sequence spaces,
furthermore elements of infinite matrices were scalar. In first period, domain and co-
domain of transformations were classical sequence space. In the next period,
mathematicians define and studied for new scalar-valued sequence space. For
examples, in [5-7] Maddox and [9] Simon introduced and studied scalar-valued

sequence space of Maddox. Here are the Maddox sequence spaces:

co(p)= { X = (xlc):lléi_l,?,lxklpk =0} ,
c(p) = {x =(x;) :}imlxk - =0 for some a},
l.(p)= {x = (x,) :suplx, | < 00} and

k

I(P)z{xz(xk):ihklpk < °°} ,

where p =(p,) is abounded sequence of positive real numbers. Grosse and Erdmann,
[4-5] investigated and gave characterization for infinite matrices to transform between
sequence spaces of Maddox. In 1992, S.M.Srirajudeen [10] gave characterization of
infinite matrices, which transform bounded variation scalar-valued sequence space

(bv) into Maddox sequence space, when bv is

bv={x=(xk):i|xk = Xp| < 005 x, =0}.
k=1



A sequence space is a linear subspace of W = C" of all sequences. A matrix space

is a linear subspace of the space W(N?)=C" " of all (complex) matrices. For a

matrix 4=(a,,) and a sequence x =(x,), we put Ax =(Zankxkj if the series

k=1 n=|

Zankxk converges for all ne N.If E and F are sequence spaces, we say that A4
k=1

maps E into F if for each x € E, Ax exists and Ax € F . The matrix space (E, F) is

defined as
(E,F)={AEW(N2)ZA maps E into F }

Let (X , ) be a Banach space with a scalar field K, the space of all sequences in

o

X 1s denoted by W (X) and let O(X) denote the space of all finite sequences in.X .
When X =R or C, the corresponding spaces are written as W and ®. Let N be the
set of all natural numbers, we writex = (x,) withx, € X for all ke N. A sequence
space in X is a linear subspace of W(X). Let p = (pk) be a bounded sequence of
positive real numbers, the X -valued sequence spaces c¢,(X,p), ¢(X,p), I.(X,p),
I(X,p), v(X,p), My(X,p), 1.(X,p), E(X,p), F.(X,p) and M_(X,p) are

define by

co(X,p)={ ¥ =G5 il | =0 }
C(X,p)={ xz(x/;)I,l‘Lﬂclo"xk —-a"p‘ =0 for some a € X },
l«,(X,p)={ x= (%) 2 suplx, [ <o }

l(X,p)={ x=(x): Yl < }



pk<00}’

r -1
MO(X,p)={ x:(xk):Zn/’k”xk”<wforsome nEN }’

k=1

bv(X,p) = { x=(x,): inxk = Xkl

!
M (X,p) =1 *= ) 3" x| <0 for an mEN }
k=1

E (X,p) =1 x=(x;):supk™
k

oo},

F,(X,p)={ x=(x,): SH | <oo }

) { x=(x,): E_r’1010”5kx,‘”p* =0 foreach (6,)€c, }

When p, =1,Vke N; bv(X,p) becomes bv(X) and when X=K, the
scalar field of X, the corresponding spaces are written as c,(p), c(p), I.(p), I(p),
bv(p),M,(p), M_(p) l: (p), E,(p) and F.(p) respectively. This approach to
matrix transformations between vector-valued sequence spaces.

The problem of matrix transformations between vector-valued sequence spaces
are new problem of matrix transformations which are more general than the former
problem, and elements of infinite matrix become operator or functional. These
problems are studied widely by many mathematicians. For examples, in [16], Wu and
Liu gave the matrix characterizations from X - valued sequence spacesc,(X, p),
I .(X,p) and I(X,p) into scalar valued sequence spaces c,(q) and /_(g). In
Thailand there are some mathematicians study in this field. Recently, Suthep Suantai

[11-12] gave characterization of infinite matrices mapping Nakano vector-valued



sequence (/(X,p)) into any BK —space, /, and /_(g). In [1] Chanun Sudsukh
characterized an infinite matrix that transform Maddox vector-valued sequence space
into Nakano sequence space and Nakano vector-valued sequence space into Maddox
sequence space. And Orawan Tripak [8] gave characterization for infinite matrices
mapping vector-values sequence spaces into scalar-valued sequence spaces or mapping

between vector-valued sequence spaces.

There are many open problems about matrix transformations from vector-valued
sequence spaces in to scalar-valued sequence spaces or between vector-valued
sequence spaces. Since we have motivation from S.M.Sirajudeen, so we interested in
the transformations of vector-valued sequence space of bounded variation (bv(X, p))

into scalar-valued sequence of Maddox (I(p),/_ (p),c(p),c,(P)).

The main objective of this thesis is

(1) to discuss about structure of vector-valued sequence spaces of bounded variation
[6v(X,p)]in chapter3,

(2) to characterize infinite matrices such elements of the matrix are bounded linear
functional on the vector space which mapping vector- valued sequence space of
bounded variation into Maddox scalar- valued sequence spaces , 11 (@, M_(),

E,.(q) and F,(g)in chapter4.



CHAPTER 2

PRELIMINARIES

In this chapter, we give some general concepts, definitions and also literature

reviews that contain some theorems, which will be used in the later chapters.

2.1 General Concepts and Definitions

In this part, we give some general concepts about metric spaces, fre' chet spaces,
norm spaces and some related definitions. Then we conclusion some definitions of
sequence space especially bounded variation vector-valued sequence space and
Maddox sequence space which we shall investigate some properties and related in next
chapter. Finally in this part some notations and concepts of matrix transformations

which transform between sequence spaces will be given.
2.1.1 Metric Spaces, Fre'chet Spaces and Norm Spaces

Definition 2.1.1.1 (Vector space (linear space))

A vector space over a field X is a nonempty set X with an operator -+ on
X x X into X and an operator « on X X X into X such that for all scalars a, f8
and elements (vectors) X, ¥, Z € X we have
Dx+y=y+x,2) (x+y)+z=x+(¥+2z),3) there exists & € X such that
X+6 = x, 4) there exists — X € X such that x+(~x) =6 _ 5) lx=x,

Oa(x+y)=ax+0y,7) (a+pf)x=ax+f, 8 a(fr)=(af)x.

Definition 2.1.1.2 (Metric space (semimetric))
A metric (semimetric) space is a pair (X ) d ) , where X is a set and dis a

metric (semimetric) on X | that is,



a function define on X X X such that forall X, ¥,z € X we have:

Metric
(M1) d is real-valued, finite and nonnegative.
M2) d(x,¥)=0 ifandonlyif x=y .
w3) d(x,y) = d(y,x)

M4) d(x,y) < d(x,z)+ d(z,y)

Semimetric
(M1) d is real-valued, finite and nonnegative.
o2) d(x,x)=0

o3) d(x,y) = d(y,x)

M4) d(x,y) < d(x,2)+ d(z,y)

The only different between semimetric and metric is the semimetric space distinct

elements can still be zero distance apart.

Definition 2.1.1.3 (Normed space)
A normed space X is a vector space with a norm defines on it. A norm is a real-
valued function on X whose at x € X is denote by ”JC” and has the properties
oD [ =0
™N2) [x|=0 ifand only if x=0
3) [l = o]
o) |x+ ] <[+ ]

A norm on X defines a metric don X which is given by d(x,y) =”x—— y“ for

all x,y € X, and is call the metric induce by the norm. The norm space X is denoted

by (X[



Definition 2.1.1.4 (Paranorm space, Seminorm space)
A paranorm (X, g)is a linear space together with a paranorm gon it. A
paranorm g : X — R, satisfies (1) g(6) = 0, (2) (%) = g(—x),
3)8(x+y) < g(x)+g(¥) and WA = Ay, x = X, imply Ax — Ao,
A seminorm P on a linear space X | is a function P : X —> R such that
D p(Ax)=|A|p(x), 2) p(x+y) < p(x)+ p(y)
By 1) and 2) we also have p(6) =0and p(x)=0.

Paranorm becomes seminorm.

Definition 2.1.1.5 (Translation invariance)

A metric d induce by a norm on a norm space X satisfies

a) d(x+a,y+a)=d(x,y) v) d(ox,a) =|ajd(x,y) .

Definition 2.1.1.6 (Convergent sequence)
A sequence (x,)in a metric space X = (X ,d) is said to converge or to be

convergent if there is anX € X such that limd(x,,x)=0, we say that (x,)

converges to X, simply x, — x. If (x,) is not convergent, it is said to be divergent.

Definition 2.1.1.7 (Cauchy sequence)

A sequence (x,) in a metric space is said to be Cauchy if for every ¢ > 0 there is
an N, € N such that

d(x,,x,)<e¢ for all mn>N,.

Definition 2.1.1.8 (complete)
A metric space X is said to be complete if every Cauchy sequence in X

converges.



Definition 2.1.1.9 (Fre'chet space)

A vector space X is said to be a linear metric space if X is a metric space such
that both of mapping (x,y) = x+y and (a,x) — ax are continuous. A linear metric
space is call an Fre'chet space (F-space) if the metric don X is complete and

translation invariance, i.e. d(x+a,y+a)=d(x,y) forall x,y,ac X .

Definition 2.1.1.10 (X - space)

The X - valued sequence space E is call a K-space if for each ne N the n™

coordinate mapping p, : £ — X, define by p, (x)=x, is continuous on E.

Definition 2.1.1.11 (FK - space)
If the X - valued sequence space E is an Fre'chet and K —space then E is

called FK-space.
2.1.2 Sequence Spaces

Definition 2.1.2.1

A sequence space is a vector space whose elements are sequences.

Definition 2.1.2.2

Scalar sequence spaces of Maddox are following:
ca(p)-{ x=Cx):fips” =0].
c(p)= {x =(x,): ’lr'%lxk - a]p" =0 for some a},
I (p)= {x =(x,): 52p|x,,]p" < 00} and
1<p)={x=<x,,):ilx,,|”* <oo}_

k=1

When p = (p,) is a bounded sequence of positive real numbers.



Definition 2.1.2.3
Let (X , "") be a Banach space with a scalar field K and p = (p,) be a bounded
sequence of positive real numbers. The bounded variation vector-valued sequence

space is

() -{ 5= Sl < |

Definition 2.1.2.4

Let £ be any X -valued sequence space. For xe E and ke N, we write X,
stand for the £* term of x. For ke N denote e, by the sequence (0,0,0...,0,1,0,...)
with 1 in the " position and e by the sequence (1,1,1,...). For z € Xand ke N, let
e* (z) be the sequence (0,00,...,2,0,...) with zin the £” position and let e(z) be the

sequence(z, z, z,...).

Definition 2.1.2.5
Let (X J||) be a Banach space with a scalar field K, E be any X -valued

sequence space. For a fix scalar sequence # = (u, ) the sequence space E, is define as

E{ x=(x) €W (x): (%) € E }

Definition 2.1.2.6 ( AK - property)

Suppose that E contains $(X), the space of all finite sequences in X, then E

is said to have property AB if the set {Z e*(x,):ne N} is bounded in E for every

k=1

x=(x,)€ E. It is said to have AK- property if > e*(x,)—>x in E as n—» oo for
k=1

every x=(x )€ E.



2.1.3 Matrix and Transformations

Definition 2.1.3.1

Let A4 =(f")with f € X', the topological dual of X . Suppose that Eis a
space of X -valued sequence space and F' a space of scalar-valued sequences. Then

A is said to map £ into F, written by 4:E — F, If for each x=(x,) e E,

4 (x)= Z J¢ (x,) converges for €éach n € N, and the sequence Ax= (4,(x)) € F .

k=1

Definition 2.1.3.2
Let (E,F) denote for the set of all infinite matrices mapping E into F. If

u =(u,) and v =(v,) are scalar sequences, let
SBF)= 4= (49 S, € (B, P},

If u,#0 forall ke N, we write u™ =(——1—).

Definition 2.1.3.5 (weak* convergence of a sequence of functional)
Let (f,)be a sequence of bounded linear functional on a norm space X . Then
weak* convergence of (f,)means that there is an f € X 'such that f, (x) = f(x),

Vx € X . This written f,, ——1-—>f

2.2 Literature Reviews

In this part we would like to say some literature reviews of matrices

transformations and some results which necessary for this thesis.



2.2.1 Transformations between Scalar-Valued Sequence Spaces

There are many mathematicians have been studied about matrix transformation
between classical sequence space for a long time. However in this part, we discuss
only about some literature reviews which motivated to this research and some results
will be useful for this research. In 1992, S.M.Sirajudeen [10] gave characterization of
v, 1(q), v,1,(q), (bv,c, (qj) and (bv,c(q)), these are transformations between

scalar-valued sequence spaces. These results are follow:

an

(.o
Zank

k=j

<™,

q"
M") <

Theorem 2.2.1.1 A € (bv,I(q)) ifand only if SUPZ
j

n=1

@
2. an
k=)

Theorem 2.2.1.2 A e (bv,l (q) ifandonlyif SUP(SUP
n\

for some M>1,

Theorem 2.2.1.3 A€ (bv,c,(q)) ifandonlyif

© %
2.
ke=j

—0.(n—> ) for every j and

® Gn
Z ank - =0 and
k=/

Theorem 2.2.1.4 A € (bv,c(q)) ifandonlyif

@0
suplz a,

nj k=j

lim,, lim sup[sup

n J

< and there exist a,,a,,Qs,...

such that

9n

-
Zank —Q;

k=j

— 0. (n— ) foreach j and

Qs
M"} =0.

O
Z o — &,

k=j

lim,, Iim sup(sup

n J



2.2.2 Transformations between Vector-Valued sequence spaces

When the problem of matrix transformations becomes transformation between
vector-valued sequence space, which are new and more general than the former
problem. In [16], Wu and Liu gave the matrix characterizations from X - valued
sequence spaces ¢, (X, p), [, (X,p) and I(X, p) into scalar valued sequence spaces

¢,(q) and I_(q). The important and useful results are as follow:

Theorem 2.2.2.1 Let p=(p,) and q=(q,) be bounded sequences of positive real

numbers with p, <1 for all keN and A=(f/)an infinite matrix. Then

1 1
A:1(X,p)—1,(q) if and only if there exists M € N such that SM? ™ forall

S

nkeN.

Theorem 2.2.2.2 Let p=(p,) and q=(q,) be bounded sequences of positive real

numbers with p, >1 and —1—+t—1—=1 for all ke N and A =(f.)an infinite matrix.
Pe L

Then A :1(X, p) = 1,(q) if and only if there exists M € N such that

@ Ty :‘_‘_ ke
sup[z il M* ) <o,
n ok

=]
We can notice that the condition —1—+;1—=1 was added for useful in the proof.
Pe L
Px
P 1

The sequence (2,) is also a sequence of positive real numbers, 7, >1 and 1, =

Theorem 2.2.2.3 Let p =(p,) be bounded sequences of positive real numbers with
p, <lforall ke N and A= (f;)an infinite matrix. Then 4: (X, p) > c, if and only
if

(1) foreach ke N, f; —* 50 as n—>w and

/¥

(2) there exists M € N such that P <M forall nke N.




Suthep Suantai and Chanun Sudsukh [5] gave necessary and sufficient condition
for infinite matrices mapping Nakano vector-valued I(X, p) and M (X,p) into

sequence space E, (r 2 0) . Some main results are as follow:

Theorem 2.2.2.4 Let r >0 and let p =(p,)be bounded sequences of positive real
numbers with p, <1 and A=(f,)an infinite matrix. Then Ae((X,p),E,) if and

-1
only if there is m, € N such that sup mop—,n""fk" " <.
nk

Theorem 2.2.2.5 Let r>0 and let p=(p,)be bounded sequences of positive real
numbers and let A = (f)an infinite matrix. Then 4 € (M,(X, p), E,) if and only if

1

foreach se N, sup n~"sP
nk

fi|<e.

Chanun Sudsukh [1] characterized an infinite matrix transformation ‘between
Maddox vector-valued sequence space and Nakano sequence spaces. These crucial

theorems which are useful for this research are as follow:

Theorem 2.2.2.6 Let p=(p,) and q=(q,) be bounded sequences of positive real

numbers with p, >land —l—+-tl—=1 and q, >1 for all ke N,and A=(f)an
Pe L

infinite matrix. Then A :1(X, p) = I(q) if the following two conditions hold;

@0

(1) foreach ne N thereexist M, € N such that z

k=1

[y —(ty~
"M, @Y o,

S

(2) there exists M € N such that

sgpi(Z\lfk"lM%)% <,

n=1 \keK

where supremum is taken over all finite subsetsK' of N .



Theorem 2.2.2.7 Let p=(p,) and q =(q,) be bounded sequences of positive real

numbers with p, >land ~l—+ ;l_: 1 forall ke N and A = (f,")an infinite matrix.
Pe U

Then A:1(X, p) — c,(q) ifand on if
i
(1) forall mkeN , m""fk"L-)O as n— o and

I

(2) foreach me N, [Zm"_"

S

e (- ‘o0 uUn 1 orm or n
k=1

Theorem 2.2.2.8 Let p=(p,) and q=(q,) be bounded sequences of positive real

numbers with p, >land —L+ ti =1 forall ke N, and A =(f)an infinite matrix.
Pe I

Then A:1(X,p)—c(q) if and on if there is a sequence (f,)with f, € X' for all
k € N such that

(1) there exists M € N such that i”fk ”“Mn'“‘"') <o,
k=1

1
(2forall mke N, m* (f" - f,)—2=50 as n - and -

fkn _fk

(3) for each me N,[Zm:’:
k=1

t
* r—cu-l)J — Oas r — o uniformly for n>1.

Theorem 2.2.2.9 Let p=(p,) and q=(q,) be bounded sequences of positive real
numbers with p, <1 for all ke N, and A=(f)an infinite matrix. Then

A:I(X, p) > c(q) if and on if there is a sequence (f,)with f, € X' forall ke N

such that

1

(1) there exists M € N such that sup"f,:"A/I"_‘ <0,
k

1
(2 forall mkeN, m*(f] - f,)—~—0 as n— » and

Lfkn ‘fk“<°°'

pi3
(3) foreach me N ,supm®
mk

Furthermore, he gave the important lemma.



Lemma 2.2.2.10 Let £ < W (X ') be an FK-space with AK property and Fan FK-
space of scalar sequences .Then for an infinite matrix 4 = (fk"), A:E — Fifand

only if

(1) foreach ne N ,Z f¥ (x,.) converges for everyX =(x, )€ E
k=1

(2) foreach ke N ,(fk"(x))nd € F forevery x€ X and

(3) A:D(X)—>F is continuous when ®(X) is considered as a subspace of £ .

Orawan Tripak[8] gave characterization of infinite matrices mapping between
sequence space of Maddox and the sequence space ¢,(X, p),M (X, p) M (X, p)
F (X,p)and E (X, p). In this research, the elements of infinite matrices are scalar-

valued. We can see details in  [8].

As the above mention, the main objective of this thesis is to characterize an
infinite matrix to transform bv(X, p) into scalar-valued sequence space of Maddox.
Although now, we know about 5v(X, p) and scalar-valued sequence space of Maddox,
some useful theorems and general concepts of transformations, but before we can
characterize the infinite matrix, we should know some preliminaries structure of these
sequence spaces. Hence next step, our work-is shall investigate structure of these
sequence spaces and some preliminaries, which will be used for characterization, in

chapter 3.



CHAPTER 3

STRUCTURE OF bv(X, p)

The purpose of this chapter is to offer and prove some preliminary structures and
useful properties of bounded variation vector-valied sequence space; bv(X, p), when
p=(p,) be a bounded sequence of positive real numbers, which will be used for

characterization infinite matrices in the later chapter.

3.1 FK and AK Properties

We first give general property about FK —space which contains ®(x). In this

way we will show that bv(X, p) is an Fre'chet -space, K -space and contains ®(x)

property.

Proposition 3.1.1 bv(X, p) contains P(x).
Proof.

Let x =(x,) € ®(x), this means there exists N, € N such that x, =0,Vk > N,.

Pr

@ Pr Ny
So we have Y |x, = x| =% —x,,| <co.Hence bv(X, p)contains (x). #
k=1

de

» %,I' o P y,w o
Proposition 3.1.2 (2"4, +n,|” J < (Z"gj )" ] +[Z||nj
/= J=! j=1
when M =max{l,supp,}.
Proof.

For the proof of this inequality we divide (p;) into two cases.

Casep, <1; In this case we can observe that M =1, that is we have to show that

g

She, enl < Skl + S



sinc ke nl s el
<ol bk

ol s 2l 2l

Case p, >1; Inthis case we have to show that

T < (Ser) (S )

Let e, + )" ="
b =l +n,0 |
< "4 /“ HW/ " ”’71“ "“’f“pﬁl

S

Shol < Skl Shlbl”

Considers,

Sl (S ) (S ) oo

when —1—+L=I;VjeNand —1—+—1—=1
P, 4, M Q

S AR T T

Thus 3. | < {(gllall”’)% * [gllmll"’J%'Mgllwfﬂp’ )yg;(ﬁ, ~Da, =p,-



: . 1 .
Dividing by the last factor on the right and noting that 1 — 1 = IvE we obtain that

Y
;J . #

g e 5o

o (S s (S ) o [Sm

e (Sfenb |« (2] (S

Proposition 3.1.3  bv(X, p) is an Fre'chet space, where(p,) is bounded sequence
of positive real numbers and p; <1 forall je N.

Proof.

Let (x,,);,., be any Cauchy sequence in the space bv(X, p) where the

(m) _(m)

x,=(6, 6, {m

»63  ...) 1s a sequence in the Banach space X . Since the paranorm on

bv(X, p), when p, <1, is given by

X

b

gx=>ls, -5,
J=1
then the semimetric, which induce by the paranorm g(x), is
0 Py
d(x,y) = gx=») = 2 |G, =1)= (6,0 —7m)
J=1

when x =(¢;)and y=(n,). Since (x,) is Cauchy sequence, this means that for any

g, >0 there 1s an N(g,) € N such that for all m,n> N(g,),



c m n n n 7,
d(x,,x,) = 2|6\ =gy~ (g4 - " <, 3.1)
=1
It follow that for every fixed j=1,23,... , we have

1
[ gty =i =g < &7 Vm,n> N(e,).

Now we want to show that (¢%") is Cauchy sequence in the Banach space X,

that is we want to show that for any £ > 0 there is an N(¢) € N such that

lstm 5] <& , Vm,n> N(s).

s
Thus for any £ > 0, we choose ¢, < (EJ where 1=min{i} ; J fixed.
J

1sksj pk

Since we have

67 =58 = 65 =67 = (6 = D) + (i - 54
< 6§ =6 =65 = + e -2

!
- (nr)
< &p F "gj'—"l —g}fiﬂ,

oz -6 =l =6 -6 - 6% + (6~
< e -6y - 65 =5 Hem - 6]

!
—_ ) (
< &Epja +”§§":’z"§jﬁ)2"a

1 1
* (m) () - — )
. “gjm ___gjn " < &p + &Pt "gj’fz —gj.’_’)z




“g(m) (n)“ < Zgl,,‘ +l (m) g_I(n)”
(m) (n) (m) _ () (m) n) (m) (n)
HEEEE N CREDRGERTS N Ty
1
< gm+0, ; g™ and ¢\" are zero

i
tmy (n) -
e < e

Since (p,) is bounded sequence of positive real numbers then (—1—) is also
Py

bounded sequence, that is 1</ < —l— <m , when I = min{—l—} and m= max{L}.
p

pk 1sk< Isk<y pk

Thus we have

) l
g" Se,ﬁn <g, ;forall g <1.

Considers,

Thus we can have

(m) _ (")

Hg Zgum <& , Vmn> N(g)=N(g,).

Hence for every fixed j, the sequence (5,,¢'?,¢...) is a Cauchy sequence of

X -valued [¢}™ e X ]. Since X is any Banach space thus it converges, say ¢" g,
as m-—>c. Using these infinitely many limits ¢,,¢,,6;,..., we define
x =(6,,6,,63,...) and want to show that x € bv(X, p) and x,, - x. From (3.1) with

n — o we have



d@x,,0) = D" -¢)-(" -5, <& ;Vm>N(e) (32)
J=l
Since x,,=(5,"") € bv(X, p), there is a real number £,, such that
o P
Z’gjﬂ') - g.s',fl) <k m
=l
Now we want to that x =(g,) € bv(x, p) , that is, we need to show that
@ Py
She-cl < =
Since
) 4] ) Py
Sl =6l =2ls, ~6,0 -6~ +(6 -]
= =
L P; o
<Yls, -0 -6 =g+ el -54m|” s by prop3.2.1
J=l J=1

< &+k, ,

Py
<

hence i”g =60 I
Jj=l

That is, we can show that x =(¢,) € bv(X, p), and furthermore, the series (3.2)

(m)

represents d(x,,x). Since d(x,,x) >0 when m—> (g;

—>¢;,Vj € N)hence

x, —> x. Since (x,,) was any Cauchy sequence in bv(X, p), this prove completeness

of bv(X, p). It is not difficult to show that the semimetric d is translation invariance

because the semimetric d induced by the paranorm g(x). Hence we have bv(X, p),

when p, <1,isa Fre'chet space.

Proposition 3.1.4 bv(X,p) is an Fre'chet space, where(p,) is bounded sequence

of positive real numbers and p, > 1 forall je N.



Proof.

Let (x,),._, be any Cauchy sequence in the space bv(X, p) where the

m

(m) _(m)

x,=(c,",¢{",¢i™ ..)). Since the paranorm on 4v(.X, p) when p; >1 is given by

o Py A
g(x)=(2”§j -6, } when M =supp,,
J= J

where (p;) is a bounded sequence of positive real numbers. Then the semimetric,
which induce by the paranorm g(x), is
i

M
k]

d(x,y) = g(x-y) = [il\(g_, ~1,)= (5, =7, ]

whenx =(g;)and y=(7,). Since (x,) is Cauchy sequence, this means that for any

& >0 there is an N(g) € N such that for all m,n> N(g,),

© Py \M
d(x,,x,) =[Z||(g§”’ I R (YT ] <&, (3.3)
Jj=l

It follow that for every fixed j=1,2,3,... , we have

M
|<a,7,‘ ,Vm,n> N(g,).

lssm =gty = (g4 =iy

Now we want to show that (gj.’")) 1s Cauchy sequence in the Banach space X,
that is we want to show that for any ¢ > 0 there is an N(&) € N such that

(m) (n}

”gj S5 | <€ , Vm,n> N(¢).

£ d M
Thus for any ¢ > 0, we choose ¢, < (—) where / =min{———-} ;J fixed.
J

1sksj pk



Since we have

o =] = e =™~ (im s+ (61 -]
< Jeim =g = (st =g + e -5

M
< &in ¥t ”g g/ l”

(M =6 = (6" =)+ (st =6

H@”’Gﬂ)(d” —sm)| st -5

'(m M| =
Jeiz =<3 =]

< 511’11 +“§1-z g5 z"

e =e®) < s + st Jom-c]
”gon) (n) Zg, m+ ||g<m) l(n)”
(m) ( (m)
”g”’ (n) "(g m) _ >) (¢im - >)” "g(”’) (n)
M
< gmnt0, ; ¢ and ¢{" are zero

e —e] < S
k=1

Since (p;)is bounded sequence of positive real numbers then (—A{j is also bounded

P

sequence, that is [ < M <m,when = mm{ M }and m= max{ﬂ} . Thus we have
p Pk

D <ksj Isksj

M 1
a,'"Sa,Ansg, ;forall g, <1.

Considers,



[

LM N L € 4
Den <y e =jg <ji|= =g,
J

k=1 k=1

Thus we can have

A

-l <Sarse v o <N
k=]

Hence for every fixed j, the sequence (g.,.“),gj.z’,g‘.” ...) 1s a Cauchy sequence of

(m)

X -valued [¢'™ € X 1. Since X is any Banach space thus it converges, say ¢;

J 6,
as m—>o. Using these infinitely many limits ¢,,5,,6,,..., we define
x=(6,,67,63,---) and want to show that x e bv(X,p) and x, — x. From (3.3) with

n — oo we have
1

d(xm,x>=(i||(g;""—g,)—(gj-ﬁ'.’—g,-,>l|p']M <& ;Ym>N@E)  (34)
=

Since x_=(¢ j(”" ) € bv(X, p), there is a real number &, such that

P \m
p—— ) k).

Py

o

(m) _ _(m)
Z”C;j =G
=1

<k, or [il
=

Now we want to that x = (¢ ) € bv(x, p), that is we need to show that

© P
Z"gj’”gj-lul < 0. Since
J=1

1

) Py \M
(k-

(ao Py 1\4L
=1 206, =)= =)+ g — gl ]
=1 .

(m Py }—:’— il P\
<3l == =g J *{Z”gj””—g}'_”,’} J by prop.3.1.2
Jj=1 J=1

< e¢+(k,),



r,

A

That 1s, we can show that x =(g,) € bv(X, p), and furthermore, the series (3.4)
represents d(x,,x). Since d(x,,x) >0 when m — o (gj’”) —¢,;,Vj€N) hence
x, —> x. Since (x,)was any Cauchy sequence iri bv(.X, p), this prove completeness
of bv(X, p). It is not difficult to show that the semimetric d is translation invariance
because the semimetric d induced by the paranorm g(x). Hence we have bv(X, p),

when p; >1,isa Fre'chet space. #

Next we want to show that bv(X,p) is a K space when p, <1. In several

situations it is immaterial whether we work with a norm or paranorm. Now we define
) Py

norm on bv(X, p) when p, <1 by “x“ = znxk = X4 " +"limx”.
k=1

We can show that the p, : bv(X, p) > X is linear mapping. Since
p(ax+ fy)=(ax+ fy),
=m’l + @}Il

=ap,(x)+ fp,(y).

Since bv(X,p) and X are normed space and p, :bv(X,p) — Xis a linear
operator. Where D(p,) ¢ bv(X), p, is said to be bounded if there is a real number
¢ such that for all xe D(p,),

D, (x)l] < c"x" ,and p, is continuous if and only if p,
is bounded. Hence we will also have bv(X, p) is K ~space when p, <1, if we can

show that p, is bounded linear mapping.

Proposition 3.1.5 Let x = (x, ) be any sequence and p =(p,) be a bounded sequence
of positive real numbers then ’ltim”xk “p‘ =0 implies }‘im”xk ” =0,
Proof.

Since we have p =(p,) be a bounded sequence of positive real numbers.



For show this we also divide into two case, considers any k€ N ;

if x| <1; wehave |x, "™ <|x ™ <],

N 3 lim|lx,|™ = 0 since
limflx, [ < limfe, |, let supp,= m thus lim|lx,|” = 0. This implies

lim x, | = 0.

k—o

P =0, since

iffx,|>1; we have |x, li"m Sl <l - 1f /l,l_r.ll”x"

Il(i_rilo”x,‘ P ll_r:lo”x,‘ |, let inf p, =1 thus ll_r)g"x,‘ ”I = 0. This implies
] = 0.
It is true thatllri_I’n"x,r |” =0 implies }‘l_r)rolouxk |=0both p, <1 and p>1. #

Proposition 3.1.6 bv(X, p) is K —space when p=(p,) be a bounded sequence of
positive real numbers and p, <1.
Proof.

In the proof bv(X, p) is K— space. This means that we want to show that for each
neN the n” coordinate mapping P, :bv(X,p) > X, define by p,(x)=x,, is
continuous on bv(X, p). Since we know that p, is continuous if and only if it is

bounded on bv(X, p). Now we need to show that p, is bounded on bv(X,p). For

each (x,) e bv(X,p) it means i”xk — x| <o, then lim"x,‘ — %™ =0, this
= 30

implies }ﬂ"xk - X4 ” =0, by proposition 3.1.5. Then there exists k, € N such that

Ixe =% <LVEk >k, then we have |x,-x,,, I<lxe = x|, Vk > kybecause

P, s1.Foreach 1<k <k, if |x, —x,,,[ <1 implies Jx, - x,,.[| < |x, — %[
bee =xeal

if |]xk—xk+,||>1, we have [lxk—xk+,[|=llx . "p‘
L R Y

Ixe = xea™, let L, =

x, —Xx .
_—__”3'1 k—x hliyk (g}zslk): L, <wandL, >1 since |x, ——xk+,||p” < =, — X || where p, <1).
k k+1



<

Mforl<k<k,. Thus [x, —x,,,

< max L, |x, —x,,,

That s "xk—xM 1sksky

L“xk —-x,.|" ,Yke N when L= max(l,lmax sup L, ). Hence we obtain

<ksk,

", VkeN and [limx| < L|limx].

o
Z"xk = Xial
k=1

x
< LZ e = x4
k=]

Since % =2 (x, =X )+ %, »
thus x ||= g(xk =X )+ Xl . Letm— oo,
we have |x || = g(x,, — X, )+ lim x,,,
= g(x,, ~x,,,)+limx
<56 _xkﬂ)’qpimxu
< Z"xk — xp |+ lima]
< Lg”xk x| +Llima] ; from above
= Ll +imap
=Ll ,
“la =[] < 2 , Vxe D(p,).



Thus p, is a bounded linear operator. Hence p, is a continuous linear operator. So we

obtain p,(x)=1x, is continuous coordinate. Hence we yield that bv(X,p) is

K - space. #

Corollary 3.1.7 bv(X, p) is FK —space when p, <1.

Proof. From proposition 3.1.3 and 3.1.6 we obtain corollary 3.1.7. #

Remark 3.1.1 bv(X) is a Banach space and in addition it is BK-space.

Since bv(X) is bv(X,p)when p, =1,Vke N and it is a normed space if we

define
Ml Bimss Sk -5l
=]
we can check that |x] satisfied norm definition as follow:

bv{X)

L], ., 20 obviously that [limx]+ i”xk —x,,)=0
k=1

ZHxH =0 ifand onlyif x =0=(0,0,0...)

bv(X)

(=) 1 x=0 then [, limal+ S, —x. <o+ Sfol=0.
(=) If |[limx"+kz.;"xk ~X;,|=0 then |limx]| =0 and g"xk -x,,[=0.

We have limx = 0and|x, - x,‘_," =0,thus x, =x,_,,Vke N. Since

limx = limxk= I{imx,‘_, =0 ,hence x, =x,_,=0,Vk e N.Thatis x=0

3"CUC hy(x)=la| ”x bv(X)’

Since Jlimaa] + 3 lex, - 5| =l ima-+1ef 3, x|
=] k=1



“[efJim ]+ 3l = 5,.)

= laf [,

A+ M, <l

hv(X) +”y|hv(.\’) '

Since [lim(x+ )|+ 3G+ )y =G+ 2]
k=1

= Jimx-+ )]+ 3005 = %) + Oy = )|
< [tim x| + lim y + Z(“xk = x|+ e = yea)
< ima+lim o+ (ol 5+ 2 =220

=|Ix|lhv(X) +”)’”,,‘,(X) ’

When we induce a metric d by the norm. We can say that bv(X) is Banach space.
Furthermore, we know that bv(X, p) is K —space when p, <1, thus bv(X)is also

BK-space.

Proposition 3.1.8 bv(X, p) has property 4K.

Proof. From definition, bv(X, p) has property 4K if Ze" (x,)— x,Vxe bv(X, p)

k=i

as n—>o. Let x=(x,) be any sequence in bv(X, p). Sincex=Ze" (x,), thus

x_z":ek(xk) x‘iek(xk)
k=1 k=1

n—> 0. #

lim =

n—w

=0. That is Ze"(xk) - x,Vxebv(X,p) as
k=1



In addition, we already know from [1], the space I(q)is a FK —space with

property AKX under the paranorm g(x) = (Z"xk ”"‘) , where M =max{l,supp,}.

3.2 Kothe — toeplizt dual of bv(X, p)

In the later chapter we shall characterize infinite matrices which transform
bounded variation vector-valued sequence space into Maddox sequence space . For
this, we need to use [1,lemma3.2.1]. We can see that the condition (1) in this lemma is
equivalent to Kothe _toeplizt dual or # - dual .So in this part before we find out the
B - dual, we now show that/(X, p) c bv(X, p).

Proposition 3.2.1 Let x =(x,) be any sequences , If Il‘im"xk " =0 then there exist L

such that ”x,‘+l ﬂ < L"xk " ,VkeN.
Proof.

Foreach ke N, if ||xk+l “ <|x, " nothing to do, if |x,,, " > ”xk |, we have

"xh," " M" == o let L, " M" (L, >1), so ka+1|,<L "ku| Since hm"xk"_

[l )

that means supL, <o ;L, >1 occurred finite time if not ,I‘im][x,‘ ” # 0 and let

L=supL,, Thus x| < L|x,|. Vke N. #

Proposition 3.2.2 [(X, p) € bv(X, p), when(p,) is a bounded sequence of
positive real numbers.

Proof

w© Pr
Let x=(x,)el(X, p) this means Z”xk” <. Next we have to show that
k=1
P Px

Z”xk x,m” <oo. Since Z[|xk[| <o that means llmllxk|| =0, this implies
k=1 k=1

zlm"x,‘ " =0, by proposition 3.1.5 then there exists a positive real number L, >1 such

that ”x,m ” <L ”xk ",Vk € N, by proposition 3.2.1. Thus ”ka"pk < (L, "xk ")p" <



Pi

L, |

,Vke N whenL =supL,”™ (supL,™ <o because (p,) bounded sequence).

P
<o, we divide

«O [oe]
P Py =
Hence Z”xm < LZ”xk ” . For show that Z”xk = X4
k=1 k=1 k=1

(p, ) into two cases :

Case p, <1; we know that

- 2]
Z"xk = Xl
k=1

Pr

” , by proposition 3.1.2

-2
el ™ + 2l
k=1

Ix ™ + Li”xk |”* ; by above

)
< 2
k=1
)
< 2
k=1
< 00,

o x=(x,) ebv(X,p), thus [(X, p) € bv(X, p) for p, <1.

Case p, >1; for P =sup p,, we know that

© P yP « P yf’ @ yi’
[Z"xk ] J < (Z"xk" J +(z||xh,n"*) . by proposition 3.1.2
k=] k=1 k=1

® Pr yf’ 0 yi’
S(Z"x,‘" ] +(Z(L,"x,‘u)”') ; by above

k=l

0 Py yP o yl’
< (Z”xk I ] +(LZ||xk ||p‘) ; by above
k=1 k=l
<o,
. x=(x,)ebv(X,p), thus I(X,p)c bv(X,p)for b, >1.

Thus we can conclude that I(X, p) < bv(X, p) both p, >1 and p, <1. #
The following propositions are f - dual of bv(X, p) when p, <1 and p, >1.

Proposition 3.2.3 Let (f,) be a sequence of continuous linear functional on X and

p=(p,) a bounded sequence of positive real numbers with p, <1. Then Z fi(x)
k=1

converges for all x=(x,)ebv(X,p) if and only if there exists M € N such that



1
Sljp"gj"M P <o, where g;is the bounded linear functiohal on X define by

g,,'(x)=if,‘(x)f0rall xeX.

Proof.

1
Suppose that there exist M € N such that sup"g f "M PI' < 0, then there exist
j

I
a K > 0 such that ”gjuSKM”’ forall j e N, and for each x =(x,) € bv(X, p), we

know that (z;) =(x, —x, ) € [(X, p) then there exist j, € N such that
1
M”’"zj"s] ,Vj 2 j,.By p; <1 for all j 2> j,,

wiwe k] < ]| s

Consider,

ifk(xk) = _lll_l;l;laz.f;:(xk)
k=1 k=1

- 31_{2[2 8y (x;=%;) =81 (%, ):'
J=1

il

[Ms ©[Ms

g;(x;—x,) 3 8a(x,)—>0,J >0

gj(zj) N zj=xj"'xj_|

~,

glg,(zj)l < 12"31""21"

- Slelled + Sle e
Slofe] + Snl] : s
Slellel + KMk 5 above

- Sl + 05 e

< o0,

IA

IA



This implies z g ;(z;) converges, since we have z fi(x)= z g ,(z,), so we obtain

J=1 Jj=l

that ka (x,) converges for all (x,) € bv(X, p).

k=1

Conversely, assume that Z f(x,) converges for all (x,) € bv(X,p). Then

k=1

ka (x,) converges for all (x,)€l(X,p) because I(X,p)cbv(X,p). For each

k=1

x=(x,)el(X,p), choose scalar sequence (#,) Wwith It,,|=l such that

f[itx)= |f,, (x, )I for all k e N. Since (¢,x,) € I(X, p), by our assumption, we have

Z f:(t,x,) converges, so that

ilfk(xk)|<°° forall x=(x,) € (X, p). (3.5)
k=1

1

Now suppose that sup"g ,”m Pi = o for all me N .For each i € N, choose sequence
it

(m,) and (j,) of positive integers with m, <m, <m;... and j, <j, <J;... such that

m, >2" and ngl ”m,.'p_l,,' >1.Choosex, € X with "ij “=l such that

|gh(xj’ Im p,, Zﬂ(x )Im ry >1

k= j,

with also

1f, G m 7 >1 (3.6)

1
Let y=(,), ¥, =m; r, X, if k = j, for some i,and 0 otherwise. Then

P Py
Zﬂykll = Z—<z =1, sothat (y,) € I(X, p) and
k=1

i=] m i=l

1
(m p/ixj)

Z|fk 2 )l

i=l

= mep—nlf,, (x, )|=°o :by (3.6)

i=]



and this contradictory with (3.5). Therefore, there exist M e N such that
i

supl}g j"M K < . The proof is complete. #
il

Proposition 3.2.4 Let (f,‘) be a sequence of continuous linear functional on X and

(p,) be a bounded sequence of positive real numbers with p, >land L + 1 =1 for
P L

all ke N. Then ka (x,) converges for all x =(x,) e bv(X, p) if and only if there

k=l

exists M € N such that Z"gjul'M'“’")<oo, where g,is the bounded linear
=1

Junctional on X define by g ,(x) = Z S, (x) forall xe X.
k

=j

Proof.

Suppose that i"g j"" M ™™ <o for some M e N. For each
=

x =(x,) € bv(X, p). Considers,

© J
PRSI AN
k=1 k=]

= ;l_rgl:zg, (Xj '"xj-l)—g.m (x, )J

= Zg,(xj — %) ; 8in(x,)—>0,J 5>

1M 7+ Mz |




0 @ Pi
=Sl s w5

.

A

0.

Which implies Z g /(z;) converges, thus Z Jfi(x,) converges for all x=(x,)

J=1

ebv(X,p).

On the other hand, assume that Z Jfi(x,) converges for all x=(x,)
k=1

e bv(X,p) then z fe(x,) converges for all (x,)el(X,p) Dbecause

I(X,p)cbv(X,p). For each x=(x,) €l(X,p), choose scalar sequence (f,)with
It =1such that f,(r,x,)=|f,(x,)|for all keN. Since (s,x,)€l(X,p), by our

assumption, we have z S (t,x,) converges, so that
k=1

ilfk(xk)l<°° forall x=(x,) €el(X,p). (3.7

We want to show that there exists M e Nsuch that Z"gj"’/ MO <o
Jj=l
Suppose thatZ"g /”,Im-(ll ™ =, ¥meN. For each ie N, choose (m,)and (j,) of
=
positive integers with m, <m, <m,... and j, <j, <j,... such that m, >2' and

Z"gj"l’ m, ™ >1.Choosex, € X with "xl“ =1 such that

Jia1<JS )i
t =2 lj
) ~()-1) .
Zlg/(xj)l m T = Z ka(xj) m, /"7 >1 with also
Jrr<JS Jia<isiy lk=j
(11 .
> G) m > , VieN.
Ji-1<JSJ;
Let a, = Z|fj(x/)lljm,'('/_') and
J-1<JSJ;

—(I,—

put y=(yj) » Y =a/_lmi for ji., <Jj<J.

Foreach i € N, we have



Py

2

ij"pl = 2

-1 —t,-1) -1
a, m; "' lf,(x,)l X;

Jiy<d<d, Ji<usd,

- =Py, ‘s . _

jl—|<.l<jl
_ I B s ) Iy
= 2.a7"m m T (x)
Ji-1<a<d; -
-1 - ~t,-1} yoo
< a 'm, Zm, g ifj(xj)' ; —p; <-1
Jir<J<d;
= - _ -1 1
=a, m a, = m < —

© p ©
So we have that Z"yjll j < 2—2}’— < «.Hence, y=(y,) €l(X,p).
j=1 i=1

Foreach i € N, we have

_ -1~ U
Yl = X et m e s,

Ji<J<h Jra<J<Uy

_ -1 ~1,=1) fy

= Za,. m, "’ |f}.(xj)|

Ji<J<)
- -1 =(1,-1) !
= 4 me g !fj(xj)[]
Ji<i<dy
= 1.

Then Zl 50 )l = oo, which contradicts with (3.7). The proof is complete.
J=1



CHAPTER 4
MATRIX TRANSFORMATIONS ON THE BOUNDED

VARIATION VECTOR-VALUED SEQUENCE SPACE

The main objective, to characterize infinite matrices which transform vector-value
sequence space of bv(X, p) into Maddox scalar-valued sequence space and apply the
previous results to obtain necessary and sufficient conditions for infinite niatrices
mapping bv(X, p) into M_(q), l.(9), E,(q), F,(q), whenp=(p,)and g =(q,)
are bounded sequences of positive real numbers, will be shown in this chapter. We

categorize this chapter into two parts.
4.1 Mapping into Maddox Sequence Spaces

In the first part we discuss some theorems that characterize infinite matrices which
transformbv(.X, p) into Maddox scalar-valued sequence space. Furthermore, we

divide this part in to two cases, in the case p, <1and in the case p, >1.
4.1.1 In the Case P, <1

Theorem 4.1.1.1( A4 :bv(X,p) > 1(q) ; p, <1)
Let A=(f,,") be an infinite matrix of bounded linear functional on X . Let

p=(p,) and q=(q,)be bounded sequence of positive real numbers with p, <1.

Then A:bv(X,p) — I(q) ifand only if

(1) for each ne N, there is M, € N such that Sup"g}'HM ,,%’ <, where g} is
J

the bounded linear functional on X define by g;(x) = Z fi(x) ,VxeX.
k=]

i
-
Prs



ql’
fk"(x)l <oforall xe X and

(2) for every ke N, Z
n=l

(3) for each r € N, there exists M, € N such that

. s 1 =
s+ Y x| <= Y
keK n=1

r

qn

ka”(xk)

|
< J—
kek s

Jorall x =(x,) e O(X) and for all subsets K of N .

Proof.

Assume that 4:bv(X, p) = I(q). Since bv(X, p) and I(g) are FK —space, by
[1,Lemma 3.2.1] and proposition 3.2.3 the condition (1) and (2) are obtained. Now we
have to show that (3) holds. Since bv(.X, p) and /(g) are FK —space and bv(X, p)
has AK —property, we have by [1,Lemma 3.2.1] that 4:®(X) — I(q)is continuous
when ®(X) consider as a subspace of bv(X, p). Let £ >0 be given, then there exists
6 > 0 such that

ka" (x;)

keK

%
<é¢& forall x =(x,) e ®(X),

o«

2.

n=l

el =i + 2 e =5, ™ <5
ek

. . | . .
That is for each £>0,3re N with r >—, for each rthere exists M, e N with
£

M, 2> L such that
1)

In
W n 1
DDA <= for all x = (x,) € O(X)
n=1 jkeK r
: .1
when ”x” = [lim x”+§”xk - X ”p < v

Thus the condition (3) holds.



Conversely, assume that the condition (1), (2), (3) hold .The condition (1), by

proposition 3.2.3, implies that Z fr (x;)converges for all x = (x, ) € bv(X, p). By

k=]

condition (2) we have ( . (x)):=I €l(q), forall ke N and for all x e X, thus
A:D(X)— I(q). Now, we shall show that 4: ®(X) —/(q) is continuous when

@(X)1s considered as subspace bv(X, p). For each r € N, there exist £ > 0 such that

g2 —1- Foreach M, € N, there exist § > 0 such that § > A; , thus we have

y

r

n

- o]

2,

n=|

Zf/c” (x,)

1
> <5< when [lima+ 3, .| << foral

r

x =(x,) € O(X) and for all subsets K of N, thatis 4:D(X)—> I(g)is continuous

By [1,Lemma 3.2.1] 4: bv(X, p) = I(q) is obtained. #

Theorem 4.1.1.2( 4 : bv(X, p) = 1(q); p, <1)
Let A= ( fk") be an infinite matrix of bounded linear functional on X . Let

p=(py)and q=(q,)be bounded sequence of positive real numbers with p, <1.

Then A:bv(X,p)—>1(q) if
supz
J  n=l

when g’ is the bounded linear functional on X define by gi(x)= Z S (x)
k=j

qll
<o 4.1)

g;

forallxe X and forall ne N .

Proof.

n

gil<w. And let

% ,
g7 <o, that is for each meN,sup
j

Let Supi
J  n=t

x=(x,)ebv(X,p), so that we have Z"xk =X ”"" <, say converges to L.
k=1

Considers,

4,0 = S/ = limY £k

k=1



/-

= llm{zg (x; =x;)—8halx, ):l

= Zg./ (X, =x,,) ; &a(x,)—>0,J 50,
-

Let us write H = max{l,supgq, } then we observe that |/1|q" <

4, (x)lq

i (x / l)
=
(2 X=X “J
%
< [sresISh -,
J j=I
B N " ,
S (sqp "g; ”L‘Z”x/ =X pl) ; Zﬂxj X "S L,Z”x, X ”I'
J j=I j=l Jj=1

’?ll,VneN

; L,=LL.

n
2

9n
2

So that ZIA,, )| s
n=1

’
n=l

<o.Thus 4:6v(X,p) > 1(q).

The following from here we shall characterize infinite matrices which mapping

from bv(X, p) into /,,(g),c,(q)and c(q). When g7 is the bounded linear functional

on X defineby gJ(x)= Z f (x) forallx e X and for all ne N, we have

k=j



> fiG) =1lmY £(x,)
k=1 ' k=1

J
= 31_1;{10[Zg7 (xj - xj_l ) - g.’l1+l (x./ ):'
j=1

=Zg}’(xj—xj_,) 5 8sm(x,)>0,J 5 o0,

Let z, =x, -x,, so that when (x,)ebv(X,p), we have(z,) e I(X, p) . When the
infinite matrix A= (f,(") and B= (g}’), we have A:bv(X,p)—>I_(q),
A:bv(X,p)>co(q), A:bv(X,p)—>c(q)if and only ifB:I(X,p)—>1.(q),
B:l(X,p)—>cy(q), B:l(X,p)—>c(q) respectively. Since we already have some
theorems from [1] to characterize infinite matrix 4:5v(X,p)—>1_(q),

A:bv(X,p) > cy(q),A:bv(X, p) > c(q).

Theorem 4.1.1.3(A4 : bv(X, p) > 1_(q))
Let A= (f,"’) be an infinite matrix of bounded linear functional on X . Let

p=(p,)and q=(q,) be bounded sequence of positive real numbers with p, <1.

Then A:bv(X,p)—>1_(q) if and only if there exists M € N such that

o
SM%" /. forall n,jeN. 4.2)

g;

When g; is the bounded linear functional on X define by g/ (x)= Z fo (x)for all
k

=Jj

xeXand, forall ne N .

Proof.

When g7 is the bounded linear functional on X define by g7 (x) = Z fi(x),
k

=f

for allxe X and for all ne N, so we have Z'fk"(xk) = Zg}’(xj—xj_,). Let
k=1 Jj=l

2 =X, X

so that when (x,)ebv(X,p), we have (z;)el(X,p). Hence if



A= (fk") and B= (g'/' ), we have A:bv(X,p)—>I (g)if and only if
B:l(X,p)—>1[,(q). Since we have theorem aboutB:/(X,p)—I_(q). By
[1,theorem1.3], thus we have A:bv(X,p)— 1 (g) if and only if ”g;’“ < M,}/”'+%n ,

Vn, j € N .The proof is complete. #

Theorem 4.1.1.4(A4: bv(X, p) = ¢,(q))
Let A= (fk”) be an infinite matrix of bounded linear functional on X . Let

p=(p,)and q=(q,)be bounded sequence of positive real numbers withp, <1.

Then A:bv(X, p) — cy(q) ifand only if

(1) forall mke N, m}{"’g;—-'i——>0as n—» o,

Pj
(2) for each me N there exists M, € Nsuch that m /" & <M, for all

g;
n,jeN.

When g} isthe bounded linear functional on X define by gj(x)= Z [ (x)

k=j

forall xe Xandforall ne N.

Proof.

When g7 is the bounded linear functional on X define by gj(x)= Z fi(x)

k=j

k=1

for allxe X and, for all ne N, so we have ka"(xk) = Zg;f(xj——xj_,). Let
J=1

z;=x;—x,, so that when (x,)e€bv(X,p), we have (z,)el(X,p). Hence if

A=(f7) and B=(g"), we have A:bw(X,p)—>c,(q)if and only if
B:l(X,p) —>cy(q).

< Bl(X,p)—>[)c
l
2= (mA"g;') (X,p)—>c,, forall meN.
By[1,theorem1.5 and proposition 2.3(i), we have 4 :bv(X, p) = c,(q) if and only

if the conditions (1)and (2) hold. #



Theorem 4.1.1.5(A: bv(X,p) > c(q)) Let A= (f,f ) be an infinite matrix of bounded
linear functional on X . Let p=(p,)and q=(q,)be bounded sequence of positive
real numbers with p <1. Then A:bv(X, p) — c(q) if and only if there is a sequence
(g;) with g, € X' forall je N such that

(1) for some M € N, sup“gj“M%" <0,
J
(2) forall m,je N, m%’” (g;' —gj)—L>0 as n — o and

P/
qn

(3) foreach me N supm
J

g _gj"pj < foralln,jeN.

Where g; is the bounded linear functional on X define by g7(x)= Z Je (x) forall

=j
xeXandforallneN.

t

Proof,

When g7 is the bounded linear functional on X define by gi(x)= Z So ()

k=j

for allx € X and, for all ne N, so we have Zf,,"(xk) = Zg;.'(xj—xj_,). Let
k=l J=l

z; =x;—x;, so that when (x,)ebv(X,p), we have (z;)el(X,p). Hence if
A=(f7) and B=(g}), we have A:bw(X,p)—>c(g) if and only if
B:I(X, p) = c(q). By [1,theorem 3.1.8], we have A:bv(X, p) — c(q) if and only if
the conditions (1), (2) and (3) hold. #

4.1.2 In the Case p; >1

This part we give characterization infinite matrix which transformations from
bv(X,p) into Maddox scalar-value sequence space whenp, >1. Similar in the
previous section we can have A:bv(X,p)—>I(q), A:bv(X,p) —1.(q),
A:bv(X,p)—> ¢y(q), A:bv(X,p) > c(qg) because we already have theorems that



characterize the infinite matrices A4:I(X,p)—>Il(q), A:I(X,p)—>1(q),
A:I(X,p) > c,(q), 4:1(X,p)—> c(g) in[1].

Theorem 4.1.2.1(bv(X, p) > I(g))
Let p=(p,)and q =(q,) be bounded sequence of positive real numbers such that

p, >1 and L+t—1—=l Jor all ke N, and A=( k”) an infinite matrix. Then
Pe L

A:bv(X, p)—>l(q) ifand only if

MUY <o

n

(1) foreach ne N, there exists M, € N such that Z g}'
=

S )

k=j

(2) foreach jeN, Z

n=1

<X forevery xeX and

(3) for each r € N there exists M, € N such that

9a

1
< -
r

Py ®
lexk—xk-lll = Z

keK n=I1

2,

JjekK

(i Ji (%= x,, )J

k=j

Jor all x=(x,)e ®(X)and all finite subsets K of N .Where g; is the bounded

linear functional on X define by g;(x) = Z fi(x) forall xe X .

k=j

Proof.

When g7 is the bounded linear functional on X define by g/ (x) = Z fo(x)

k=j

for all x € X and, for all ne N, so we have Zﬂ"(xk) = Zg}'(xj -x;,). Let
k=]

J=l
z; =x; —x,, sothat when (x,) € bv(X, p), we have (z,) € (X, p). Then if
A= (f,"') and B = (g;' ), we have 4:bv(X, p) = I(g) if and only if
B:I(X,p)—I(q). Since we have B:I(X, p) = [(g) in [1,theorem 4.1.1] and

proposition 3.2.4, thus the condition (1), (2) and (3) are hold. ’ #



Theorem 4.1.2.2 (bv(X,p) —>1_(q))
Let p=(p,)and q=(q,)be bounded sequence of positive real numbers such

that p, >1and L +t—1— =1 forall ke Nand A =( ,,") an infinite matrix. Then
Pe 4

A:bv(X,p) =1 (q) ifand only if there exists M € N such that

@0 -1;
SUP(Z g’ m g J <o (43)

J=1

Where g} is the bounded linear functional on X define by g;(x)= Z fi (x) for all

k=j

xelX.

Proof.

When g7 is the bounded linear functional on X define by gi(x)= Z S (x)

k=j

for all x € X and, forall ne N, so we have Zf,"’(xk) = Zg}'(xj —-x,,).Let

k=1 =

z; =Xx; —x,, so that when (x,) € bv(X, p), we have (z,) € /(X, p). Hence if
A= (fk") and B= (g;’ ), we have 4:bv(X, p) > [_(g)if and only if

"M—%')<oo

holds. #

e

Jj=1

B:l(X,p)—>1,(q).By [l,theorem 1.4] thus the SUP(Z

Theorem 4.1.2.3 (bv(X, p) = ¢,(q))
Let p=(p,)and q=(q,) be bounded sequence of positive real numbers such

that p, >land —1-+tl =1 forall keNand A =( k") an infinite matrix. Then
Pr 4

A:bv(X,p) > cy(q) ifand only if

J

] .
(1) forall mke N, m ""gj'-' ——0as n— o,



’/
(I hn

L r-(:_,.—l)

(2) foreach me N, Z(m g;‘" ) as r — oo, uniformly for n>1.
J=l

Where g is the bounded linear functional on X define by gi(x)= Z fi (x) for all
k=

xelX.

Proof.

When g7 is the bounded linear functional on X define by g (x) = Z fi(x)

k=j

for allx € X and, for all ne N, so we have Zﬂ'(xk) = Zg;(xj—xj_,j. Let
=1

k=l

z;=x;—x,, so that when (x,)ebv(X,p), we have (z;)el(X,p). Hence if
A=(fr) and B=(g"), we have A:bv(X,p)—>c,(g) if and only if
B:1(X,p) > cy(q). Since we have [1,theorem 4.1.3], thus the conditions (1) and (2)

hold. #

Theorem 4.1.2.4 (bv(X, p) - c(q))
Let p=(p,)and q=(q,)be bounded sequence of positive real numbers such

that p, >1land 1 + 1. 1 forall ke Nand A= (f,f) an infinite matrix. Then

Do L
A:bv(X, p)— c(q) if and only if there is a sequence (g,) with g, € X' for all
j € N such that

"M <o

(1) there exists M e N ,Z"gj
=1

] >
(2) for all mk e N,mA" (g;’ —gj)—L>0 as n— o and

‘J/
2

rj U

(3) foreachme N , Z(m g;_gj ) as r - o, uniformly for n=1.
j=1



Where g is the bounded linear functional on X define by gi(0= Z £ (x) for all
k=j

xeX.

Proof.

When g7 isthe bounded linear functional on X define by g7(x) = Z 17 (x),
k=j

for allx € X and, for all neN, so we have S ) = > gh(x, —x,,). Let
j=1

k=1

zj=xj-x

ja1 so that when (x,)€bv(X,p), we have (z;)€l(X,p). Hence if
A= (j,[') and B= (g}'), we have A:B(X,p)—>c(q)if and only if
B:I(X,p) —>c(q). Since we have [1theorem 4.1.4], thus the conditions (1), (2) and

(3) are hold. #
4.2 Mapping into M_(q), IE(Q),E,(Q) and F,(9)

We now give characterization of the infinite matrix transformation 5v(X, p) into
M_(q), é&(q), E (q9) and F,(g) by use the previous results. Similarly in the

previous part we divide in to two cases.
4.2.1 Inthe Case of Py <1

Theorem 4.2.1.1(4 : bv(X, p) > M ,(@); P, <1)
Let A=(j,[') be an infinite matrix of bounded linear functional on X . Let

p=(p)and q=(q,)be bounded sequence of positive real numbers with p, <1.

Then A:bv(X, p) > M_(q) ifand only if
‘/\ln%j <w1

where g, is the bounded linear functional on X define by g @)= [ (),
ey

)}
g

(1) for each mne N, there is M, e N such that  SUp
J

Vxe X.



/e £ (x)

<o forall xe X and

(2) for every mke N, Z

n=}|

(3) for each m,r € N, there exists M, € N such that

w | o 1
limx]+ > Jx, —x, | < _A;_ = Zm/'fk" (x¢)
keK

r n=l [keK .

1
< —
r

Sorall x =(x,)e ©(X) and for all subsets Kof N .

Proof.
By [1, proposition 2.3(vii)], we have M_(q) = ﬂl y_ - By [1, proposition 2.2
m=1 (m74n)
(ii) and (iv)], we have

A:bv(X,p)>M_(9) < A:bv(X,p)—>ﬂ1 Jon)

m=1 (m

SN AZbV(X,p)—>l( Yo forall me N

PN (m){"'f,,") :bv(X,p)—>1 forallmeN

nk

and we have the theorem 4.1.1.1, 4:bv(X, p) - I(g), taking g, =1,Vne N.

Thus the conditions (1)-(3) hold. #

Theorem 4.2.1.2( 4 : bv(X, p) = L, (@)

Let A= ( f,‘”) be an infinite matrix of bounded linear functional on X . Let p =(p,)
and q=(q,)be bounded sequence of positive real numbers with p, <1. Then
A:bv(X,p)—> 11 (q) if and only if there exists M € N such that

m%ﬂ

1
]
<M? forall mn,jeN. 4.4)

g;



When g7 is the bounded linear functional on X define by g7(x)= Z S (x)for all
. !

=/

xe X and, forall ne N .

Proof.

By [1, proposition 2.3(vi)], we have 1;'2 (9)= ﬂl

w(m){’") ) By [1’ PI'OPOSition 2.2

m=]

(i) and (iv)], we have

A:bv(X,p)—>1 (q) < A:bv(X,p)— ﬂl Yo
2 ey Om7 %

o A:bv(X,p)—>1 ) forall me N
'In)

a(m

|
=N (mAf,,"j bv(X,p)—>1, forallmeN,

n.k

and we have the theorem 4.1.1.3; A4:bv(X,p) > 1_(q),taking g, =1,Vne N.

Thus the condition (4.4) hold. #

Theorem 4.2.1.3(A4:bv(X,p) > E.(q))Let A= ( fk") be an infinite matrix of
bounded linear functional on X . Let p=(p,)and q=(q,)be bounded sequence of
positive real numbers with p, <1, and let r 20. Then A:bW(X,p)— E . (q) zf and
only if there exists M € N such that

n—%ng SM%’I.'.){L’

foralln,jeN. (4.5)

n
J

When g is the bounded linear functional on X define by g/ (x)= Z fi (x) forall

k=j

xeXand, forallne N.
Proof.

By [1, proposition 2.3(viii)], we have £, (9)=1, (Q)( Ty



By [1, proposition 2.2(iv)], we have

A:0v(X,p) > E.(q9) o A:bv(X,p)—L.(9) ”

. (/fj Bv(X, )= L, (q) .

nk

and we have the theorem 4.1.1.3 ; 4:bv(X, p) = I_(g).Thus the condition (4.5)

holds. #

Theorem 4.2.1.4 (A4 :bv(X,p) > F.(q); p, <1)
Let A= ( fk") be an infinite matrix of bounded linear functional on X . Let
p=(p,)and q =(q,) be bounded sequence of positive real numbers with p, <1

andlet s20. Then A:bW(X,p)— F.(q) ifand only if

(1) for each ne N, there is M, € N such that  Sup nA"gj“M,,%’ <o,
J

where g is the bounded linear functional on X define by g, (x)=Z fix)

k=j

Vxe X.

qﬂ
f,‘" (x)l <forall xe X and

(2) for every ke N, Zn’
n=}

(3) for each r € N , there exists M, € N such that

Jimsf+ ey 5 <5 = S

keK n=|

In
1
<_
r

D)

keK

Jor all x=(x,)e ®(X) and for all subsets Kof N .

Proof.

By [1, proposition 2.3(ix)], we have F,(g)=1 (Q)( % . By [1,proposition 2.2

(iv)], we have



A:bv(X,p) > F(q) & AIbV(X,p)—ﬂ(q)/q

o [n%"f,,") bV (X, p) > I(g) |

and we have the theorem 4.1.1.1 » A:bv(X, p) —>1_(g).Thus the conditions (1)-(3)

hold. H#

4.2.2 In the Case of p, >1

Theorem 4.2.2.1 (bv(.X, p) - M., (9))

Let p=(p,)and q = (g, ) be bounded sequence of positive real numbers such that

Py >1 and i+ti=lforall ke N, and A=(j},") an infinite matrix. Then
Pr I

A4:6v(X, p) > M_(q) if and only if

(1) for each n,me N, there exists M, € N such that

o

5o b, 0 <o

J=l

-]

PWAES

k=j

@
(2) for each j,me N, Z’m/’"

n=1

<O forevery xe X and

(3) for each m,r e N there exists M , € N such that

>,

Jfek

D) I = Zm/

(iﬂ”(xj _xj—l)J

1
< -
k=j r

Jor all x=(x)e O(X) and all finite subsets K of N. Where g; is the bounded

linear functional on X define by g’ (x) = Z Se(x) forall xe X .
k= i

Proof.



0

By [1, proposition 2.3(vii)], we have M, (q) = ﬂl S, By [1, proposition 2.2

m=l {(m

(ii) and (iv)], we have
A:bUX,p) > M (g) o A:bv(X,p)>[ |l

m=1 (m”4")

o A:bv(X,p) 1 y for all me N
. (m”/ )

i
o (m/'ﬂ") bv(X,p) > for all me N,

nk

and we have the theorem 4.1.2.1; 4:5v(X, p) - I(g),taking ¢, =1,Vne N.

Thus the conditions (1)-(3) hold. #

Theorem 4.2.2.2 (bv(X, p) = 1,(9))

Let p=(p,)and q=(q,) be bounded sequence of positive real numbers such
that p, >1and —1—-+;1—=1 for all ke Nand A =(fk") an infinite matrix. Then
P

A:bv(X,p)—> {‘1 (9) ifand only if there exists M € N such that

-t
n ']M %’
g; < foralme N. (4.6)

o !
sup[zm/%
n \ j=1

Where g is the bounded linear functional on X define by g7 (x)= Z fe (x) for all

kaj
xe X.
Proof.

By [1, proposition 2.3(vi)], we have _12 (@)= nl nony By [1, proposition 2.2
=l wo(m’/ In

(i1) and (iv)], we have

A0 X,p) > 1,(q) o A:bw(X,p)—> () S
- m=l wo(m” 9"



o A:bv(X,p)—>1 forall me N

1
oo(mA" )

I
o (m/’"f,"') :bv(X,p)—> 1, forallmeN,

nk

and we have the theorem 4.1.2.2; A4:bv(X,p)—1_(q),taking g, =1,Vne N.

Thus the condition (4.6) hold. ' #

Theorem 4.2.2.3 (bv(X,p) = E.(q))

Let p=(p,)and q=(q,)be bounded sequence of positive real numbers such

that p, >1and —l-+l=1 for all ke Nand A=(f,,") an infinite matrix and let

Pr kL

r2>0. Then A:bv(X, p) = E,(q) if and only if there exists M € N such that

—ri; ©
sup(n 4 Z| g;
n J=1

P
M 4 ] <00 @.7)

Where g is the bounded linear functional on X define by g (x) = Z Sy (x) for all

k=aj

xelX.

Proof.

By [1, proposition 2.3(viii)], we have E.(q)=1, (Q)( - - By [1, proposition
n n

2.2(iv)], we have

A:bv(X,p) > E.(9) o A:bv(X,p)—>1,(q9) "

o (n‘%"f:) bv(X, p) = L.(9)

nk

and we have the theorem 4.1.2.2 ; A4:bv(X, p) = I_(q) .Thus the condition (4.7)

holds. #



Theorem 4.2.2.4 (bv(X, p) = F.(q))
Let p=(p,)and q =(q,) be bounded sequence of positive real numbers such that

p, > and L+—1—=1 forall ke N, and A=(fk”)an infinite matrix and let s> 0.
P L

Then A:bv(X, p) > F.(q) ifand only if

s 4
—(t,-1
nA"gj MY )<oo,

n

(1) for each ne N, there exists M, € N such that Z
=

© 9,

Z S (x)

k=j

(2) for each je N, 2 1°

n=1

<™ forevery xeX and

(3) for each r € N there exists M, € N such that

9n

1
<._.
r

P ©
lexk—xk-xll = Z”S

kekK n=|

2,

jek

(iﬁn(x]’ _xj—l)]

k=j

for all x=(x,)e ®(X)and all finite subsets K of N .Where g/ is the bounded

linear functional on X define by g} (x) = Z fi(x) forall xe X .

k=j

Proof.
By [1, proposition 2.3(ix)], we have F,(q)=1 (CI)( Sony” By [1,proposition 2.2

(iv)], we have

A:ov(X,p) > F(q) & 4:bv(X,p)—>1g) ,

o (n%f:) bv(X, p) > 1(q)

nk

and we have the theorem 4.1.2.1; 4:bv(X, p) > I (q) . Thus the conditions (1)-(3)
hold. #



CHAPTER 5

CONCLUDIONS AND SUGGESTIONS

In this chapter we shall give conclusions, suggestions and the possible way to

apply the matrix transformation in daily life or real world problem.
5.1 Conclusions
In this research, when we let p =(p,) and g = (g, ) be bounded sequences of
positive real numbers, let 4 = ( f:) be an infinite matrix of continuous functional

and let r,s > 0, we obtain the main following results:

Theorem 4.1.1.1 (4:5v(X,p) = 1(q); p, <1)

A:bv(X, p)—>1(q) ifand only if

(1) for each ne N, there is M, € N such that Sup‘ g,"- M,,%’ <, where g, is
. J

the bounded linear functional on X define by g7 (x) = Z fi(x) ,Vxe X.

k=j

q"
5 (x)l <©forall xe X and

(2) for every ke N, Z
n=}

(3) for each r € N, there exists M, € N such that

9

. X 1 “ n 1

”hmx"+2”xk —xk_,llp <— = Z ka (x) <-—

kek M, n=1 [keK r

Jorall x=(x,) e ®(X) and for all subsets K of N .
Theorem 4.1.1.2 (4:5v(X,p) = 1(q); p, <1)
A:v(X,p)>Ug) i
i 9
su_legj < 4.1)
J on=l



Theorem 4.1.1.3 (A4:bv(X,p)—>1,(q),p, <1)

A:bv(X, p) —1_(q) if and only if there exists M € N such that

ol
< M%" 7z forall n,jeN . 4.2)

g;

Theorem 4.1.1.4 (A:bv(X,p) —>cy(q),p, <1)
A:bv(X,p) = c,(q) ifand only if
| .
(1) forall mke N, m/’"g}’—w———>0as n-—>c,

P; _
(2) for each me N there exists M, € Nsuch that m % & <M, for all

g;

njenN.

Theorem 4.1.1.5 (A4:5v(X,p) > c(q),p, <1)
A:bv(X, p) = ¢(q) if and only if there is a sequence (g,;) with g, € X' for all
J € N such that

(1) for some M € N, Sup“gj“M—%" <0,
J
e v
(2) forall m,je N, m ""(g}' —gj)—-—v—>0as n—oo and

P/
9n

(3) foreach me N supm
J

Ig}' —g,”p' <®forall n,je N.

Theorem 4.1.2.1 (bW(X, p) - 1(q), p, >1)
A:bv(X, p) - I(q) if and only if

"M <o

n

(1) foreach ne N, there exists M, € N such that Z g}
j=1

9n

S ()

k=j

(2) foreach je N, Z

n=\

<X forevery xeX and

(3) for each r € N there exists M, € N such that



In

Shy x| = 3

1
< —
keK n=1 r

Z[i £, —x,-,)]

jeK\k=j

forall x=(x,)€ &(X) and all finite subsets K of N.

Theorem 4.1.2.2(0v(X,p) = 1.(@), P > 1)
A:bv(X,p)—1,(q) ifand only if there exists M € N such that

‘jM %.)<oo (43)

g;

j=1

ol 3

Theorem 4.1.2.3 (bv(X, p) = ¢o(@) s P > 1)
A:bw(X,p) > c,(q) if and only if

(1) forall mkeN, m}{]"g;—‘v.—)()as n— o,

ts

“j r—(tj-l)

; )
g as r —> o, uniformly for n1.

(2) for each me N, Z(m
j=1

Theorem 4.1.2.4 (bv(X, p) > ¢(9) s P > 1)

A:bv(X,p)—>c(g) if and only if there is a sequence (g;) with g; € X' forall
j € N such that !

’

(1) there exists M € N 'i“gj“tj MYV <o
j=1

(2) for all m,k eN,m%’" (gj' —gj)—w.——>0 as n—> o and



© ) R p l
o il 7 P (o)) x
(3) foreachme N, Z(mA g~ gj‘ r ') as r 2> o uniformly for n21.
j=l
Where g7 is the bounded linear functional on X define by g7 (x)= Z fi (x) for
k=j

all xe X.

And by applying these results, we obtain the characterization of infinite matrices

which transform bv(X, p) into {E(q) M_(q),E.(q)and F,(q).

When we compare this results with theorem 2.1-2.4, we can see the results of this
research are generalize and cover these theorems, if we taking any Banach space X be
scalar-field (Ror C) space, p, =1,VkeN and any continuous functions in an
infinite matrix be any scalars, which S.M. Srirajudeen study in 1992.

For example in the theorem 4.1.1.3 say that

‘ Let A= (jk”) be an infinite matrix of bounded linear functional on X . Let
p=(p,)and q=(q;) be bounded sequence of positive real numbers with p, <1.
Then A:bv(X, p)—> 1,(q) ifand only if there exists M e N such that

<M” % forallnjeN. (4.2)

g;

When g7 is the bounded linear functional on X define by g7 (x) =Z i (x)for all

k=j

xe Xand forallne N.”

1+
Wetake p, =1 forall ke N ,we obtain “g; “ <M /o forall n,je N thatis

lg;] <M’ M/ = |g7 M <M’ forall n, j N This means

g;



In
M") <M forall ne N thatis

2|

I IS
suplg;.’ M < MA” forall ne N = (sqp]
J J

9n
g; M~ ) < oo for some M € N .When we take the Banach space X' =R,

sup(sup
n J
we have 4= (fk”): R — R and when we define f,'(x,)=a,x,,Vx, € X =R, thatis

any continuous functions in an infinite matrix ( f ,(".) will be any scalars in an infinite

-2}
Z @i

k=y

Gn
M"J < o0, the theorem 2.2.1.2 which
n\ J

matrix (a,, ). Thus we obtain sup(sup

4

S.M.Srirajudeen characterized in 1992.

We should to realize that this research is the one form of characterizations. There
can have difference ways to characterize an infinite matrix that mapping bV(X , P)
into Maddox sequence space. And furthermore there are many open problems to
characterize infinite matrix transformations between vector-valued sequence space. If
some one interested in to study in this field, they can do it.

In the finally we shall offer some possible way to application matrices
transformation with daily life problem. Maybe, for this we need to increase more and

more research.
5.2 Applicatien of Infinite Matrix Transformations

In the mathematical, the transformations is used to transform problems in one
system into another system that easy than ones. When we obtain the solution, we can
transform it back to the original system. The matrix transformation is also similar to
another transformation.

Generally, we use finite matrices with daily life. For example, it was used in the
computer graphic (4X4) and image processing (4X4). We know that an infinite

matrix contains finite matrix, so we can apply infinite matrix as well as finite matrix.



In addition, we expect that the infinite matrix transformation can apply with data
communication. If we require to send a message (sequence of binary bits) to another
destination and we need to secure the message. We can use infinite 'matrix
transformation to transform and send it. The destination can encode with certain |
matrix, which can convert it to the real original message. We can set the length of each
input data as long as you request. We can check that in each one message (sequénce of
binary bits) is in bv(p) and /(p). So we can transform the message with infinite
matrices which we already characterize it. The de-multiplexed signals are
synchronized by input clock where the output levels have to be digitized by logical
devices.

Furthermore, infinite matrix transformation is probably to apply with Quantum
Teleportation and Dense Coding [14].

All of we discuss as above it will true when in each field, that we want to apply

with, when we study more and more.
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