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ABSTRACT

The content of this thesis is to discuss the numerical methods for solving

ordinary differential equations of form
V()= fx,p(x),y" (0 y" (x)) . x€[a,b] (1)
with the initial condition
ya)=c @)
where m is a positive integer greater than 1 and

Y2 (x) = y((x))
P2 = y0*®) = o))

Y@ = Yo" ).
By this thesis will content the four methods as
1. The first method is the Forth-order Runge-Kutta Method and the Four Points
Newton Divided Difference Method.
2. The second method is the Forth-order Runge-Kutta Method and the Cubic
Hermite Interpolation.
3. The third method is the Simpson's Rule and the Four®Points Newton Divided
Difference Method. -
4. The forth method is the Simpson's Rule and the Cubic Hermite Interpolation.
And finally, we choose the second method for solving the differential

equations in this form.
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CHAPTER 1

INTRODUCTION

The functional differential equations is one kind of the differential equations.
There are many mathematicians who gave their best efforts to study these problem.
We may separate the study of this field into three categories.

The first type of the functional differential equations is called "the differential
equation with deviating argument' which has the classical form of

Y'(x) = F(x, y(x), y(9(x))) - (L.1)

W. B. Fite is one of many mathematicians who studied the differential equations
of this type. He published in [1] his work, in 1972, which included the proof of the
existence theorem of the solution of the ordinary differential equation of the form

Y )+ ilp,-(x)y“’"') () +r@)y(g(x) =0. (1.2)
i=

Later, in [2], D. R. Anderson proved the existence theorem for a solution of the
equation

J'(x) = F(x, f(g(x))). (1.3)

The second type of the functional differential equations is called "iterative

ordinary differential equation' which has the classical form of

' (%) = G(x, p(2), ¥2 (X);1s Y™ () (1.4)
where
»2 (%) = y((x)
P =y ()

Y ) =y (%),
For this type of differential equations, G. Barba [3] found the solution of the

ordinary differential equation of the form

J@L )= f(f ). (1.5)



In [4], [5] and [6], A. Pelczar -proved the existence and uniqueness of the

solution of the equation

%=f(x,y(x),y(y(x)) (1.6)

on the interval [0,a] with the initial condition
»0)=c. (1.7)
Furtherance [10], M. Podisuk proved the existence and uniqueness of the

solution of the differential equation

(OB ORI (1.8)

on the interval [0,a] with the initial condition

y(0) =c (1.9)
where y*(x) denotes the #” iteration of the (unknown) function y(x) which satisfies
(1.8) - (1.9). This work is the main interest of the author.

The third type of the functional differential equations is the mixed type of the
first and the second type. The following equation is an example of this type:

Y'(x) = H(x, y(x), (&(x)), ¥(g(y(x)))). (1.10)

Such, equation have been studied extensively by V. P. Skripnik [7] and [8].

In the fact these equations is difficult to find the exact solutions. Many
mathematicians accordingly research in this field. One of many methods that they use,
are numerical methods.

In this thesis, we shall study the numerical methods for solving an iterative

ordinary differential equation of the form

V' = £ (6 (2,72 (), " () (L.11)
on the interval [g,b] with the initial condition
y@@) =c (1.12)

where y*(x) denotes the ¥” iteration of the (unknown) function y(x) and satisfies
(1.11) - (1.12) and find the best numerical method for solving it when we can not find

the exact solution.



CHAPTER?2"

ON ITERATIVE ORDINARY DIFFERENTIAL
EQUATIONS

In this chapter we shall discuss the uniqueness and existence of the solutions of the

iterative ordinary differential equations

Y@ = £ )y YD) @.1)
on the interval [a,b] with the initial condition
ya) =c (2.2)

where 0<a<band c are positive real numbers, m is a positive integer greater than

1 and

Y2 = y(r(x) ..
Y @) = 302 @) = vy 2.3)

Y@ = " ).
By a solution of the initial value problem (2.1) - (2.2) , we mean a function y(x) of
the class C'[a,b] satisfying (2.1) and (2.2). Thus, the initial value problem (2.1) - (2.2) is

equivalent to the integral equation

Y@ = e+ [ £y, Y2 Orn Y7 O 24)

2.1 Uniqueness of solution
Let 0<a<band y(x) be a function in class C' map [a,b] to [a,b], that is
()| < b 2.5)
for all x €[a,b]
and let
ly(x) - y&)| < Kx - %| 2.6)
for all x,x [a,b] and for some positive constant K.

We obtain the following lemma.
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Lemma 2.1.1 Let u(x) and v(x) be any functions of the class C! which maps [a,b] to [a,b]
and satisfies the conditions (2.5) and (2.6). We have

W™ (x) — V)| < K™ hw(x) + KT 2w() + .+ Kw(v™T2(x) + wor™ T (x)

where w(x) = [u(x) - v(x)|,
m is a positive integer greater than 1 and

u?(x) = u(u(x) vA() = v(v(x))
(@) = w@? (2) = uw@@) V) =0 @) = 00

u™(x) = u(™ (%)) v (x) = v (%) [14].

Proof. Let u(x) and v(x) be any functions of the class C" which maps [a,b] to [a,b] the
conditions (2.5) and (2.6) and let

w(x) = lu(x) > v(x)l.

We shall prove the assertion by induction.

w2 ()~ V2 () = W) - YO

= [u(u(x)) = u(v(x)) + u((x)) = v())|
(From triangular inequality)
< Ju(u(x) = u(E)] + uEE) - vex)
< Ku(x) = v(x)| + wv(x))
< Kw(x) + w(v(x)).
Assuming that

u”(x) - v"(x)‘ < K" Mw(x) + K" 2w(n(x) + o+ Kw(" 2 (x)) + w1 (x).

We get

W) v ()] = () - ")
= () - " (@) + w0 (6) = 0" ()

(From triangular inequality)
< " (@) — w6 )| + "G = 90" ()

W (x) = V()| + WO ()

~ <K

< K"w(x) + K" ww(x)) + ... + Kw(v" "1 (x) + w(v" (x)).
This completes the proof of Lemma 2.1.1.



Remark 2.1.2 If u(x) and v(x) are functions which satisfy the conditions of Lemma 2.1.1.

Then w(»™ -1 (x)) < b where m is a positive integer greater than 1 [14].

m+l1

Now, let fix,z1,22, ...,Zm) be defined and continuous in the domain D =[a,b] and
let
lf(x,zl,zz,...,zm)—f(x,El,Zz,...,Zm)lSM1l21 —E)| - Malzg ~Eo| - Mlzm —Z| (2.7)
for all (x,2], 2950 Zm) » (XsZ215225sZp) I D and M;, Ma,...,Mp in R" and let
P, = My + KMy + K*M3 + .. + k™M, (2.8)

S, = My + (K +1)M;3 + (K2 + K+ DMy + ... + (K”’_2 +.+K+D)M, 29
Ty = Py +Spm (2.10)

then we have the following theorem.

Theorem 2.1.3 If bS,, < ¢~PPm and f satisfies the above conditions then there exists at

most one solution to the problem (2.1)-(2.2).

Proof. Let u(x) and v(x) be two solutions of the problem (2.1)-(2.2). Hence
X
ux) = ¢+ [ £t u0, w2 (£),..., u™ (0)dt
a

and v(x) = ¢ + j £t 9(0), V2 sy V()i for x € [a,b].

a

Let w(x)= lu(x) —v(x)‘ then we have



w(x) =

xj £t w0, 42 O w™ @)t = [ £, 90, VP O V(O

<

<

[ YU S ~ I S

[Mllu(t) _ )| + leuz(t) V2] + .+ Mmlum(t) - vm(t)ﬂdt

< My [w()dr + MZ[KIw(t)dt + | w(v(t))dt}

a

+ M{K2 [witydr + K [woveydr + [ w(vz(t))dt} >

a a

+ M,{K’"“l [wieyr + K™% [w(u()de + ... + jw(vm_l(t))dt:|.

a a a

w(x) < [M1 + KMy DKMy ot Km"leHw(t)dt
a

+ [Mz + KM; + K2My + ...+ Km"sz]]w(v(t))dt

a

+ [M3 + KMy + K*Msg + ... + Km"3Mmﬁw(v2(t))dt /4

a

+[My,_q + KM,,,”w(vm_z(t))dt + M, jw(v’"“(t))dr

a a

X
< Py [w(0)dt + [MZ + KM3 + K2My + .. + Km'szﬁ(b)dt

a a

+ [M3 + KMy + K*Ms + ... + Km”3Mmﬁ(b)dt + .
a

+ My + KM [wOo™ 2 (0)dt + M,y [ (B)al.

a a

X
w(x) < Py, [w(dr + b2s,,.
a

@2.11)

2.12)



From (2.12) and Gronwall inequality [13], it follows that
w(x) < b2S,e"m < b2S, obfm. (2.13)
From (2.11) and (2.13) it follows that

X
w(x) < Py, [w(O)dt + (628 ,,e"m)pS,,

a

< b(bSmebP'")z.

By induction on n, we get
w(x) < b(bSmebP m T , n=123,....

Since bS,, < e oFm , SO bSmebP 7 <1 and w(x) is bounded by the sequence
which tends to zero as n — . Since w(x) > 0, it must be equal to zero. This

completes the proof of Theorem 2.1.3.

Theorem 2.1.4 If b7, < 1 and y(x) satisfies the conditions of Theorem 2.1.3, then there

exists at most one solution of the initial value problem (2.1)-(2.2).

Proof. Assume that u(x) and v(x) are two solutions of the initial value problem (2.1)-(2.2)

and let
w(x) = [u(x) ~ v(x)|
and
P = max |u(x) = v(x).
x€[a,b]

It follows from the proof of Theorem 2.1.3 that

a a

w(x) < My [w(e)dr + M{Kj‘w(t)dt + w(v(t))dt}

b X X
+ M3 K2 [w(tydt + K [wov@)dr + [we2@)de | + ...
3

a a a

+ Mm[K”'“l [wtydr + k™2 fwoede + .. + | w(vm_l(t))dt}

Q a a



w(x) < PMib + PMb(K + 1) + PM3b(K2 +K+1)+ ..
+ PMb(K™ '+ K™% 4+ K +1) = PbT,,.
By induction on #, it can be shown that
w(xy < P(bT,,)" , n=123,...

Since b7, < 1, w(x) must be zero. This completes the proof of Theorem 2.1.4.

2.2 Existence of solution
Let us assume that
c+bK <b (2.14)
and T, < 1. (2.15)

We consider the following sequences

Mne1(x) = ¢+ [ £t 31 0@, Y nOsey et (2.16.1)

a

Vone1®) = ¢ + [ 1l yan@us I OFE G mrr @) (2.162)

a

Ymns1() = ¢ + [ £, Y 01105 Y n Qa1 O
a (2.16.m)

Vmsn D1 s Vi G, ()l
n=0,1,2,...
where yyg(x), ¥2,0(X)s» Ym+1,0(%) are fixed functions of the class c! map [a,b]
to [a,b], such that

yi,O(x)L [y'z,O(x)L---, |y§n+1,0(x)! < K.

We have the following theorem.



Theorem 2.2.1 Let the assumption of Theorem 2.1.3, the conditions (2.14) and (2.15) are

satisfied. Then the sequences (2.16.1)-(2.16.m) converge uniformly to the (unique)
solution y = y(x) of initial value problem (2.1)-(2.2).

Proof. We put

¥, = max )m(x) Y1, n-1(%)

x€(a,b]

Yn n}axb]I}Q n(%) = ¥2 n- l(x)l

Y,

N

max iym (%) = Y ne1 (%)

x€[a,
wheren=1,23,....

It can be shown by induction » on that

¥, < Mg

)
3
IA
Sy
=)
1%
(o]

=
]
|

S
|

Uy=M + K+ DMy + K2+ K+DMy+ ..+ K" £ K" + .+ DM,
Uy =M + (K + DMy + .+ (K" 3 + .+ K+DM,,_,

+ (K™ 2 4+ K+ DMy + M)
Us = My + (K + DMy + ..+ (K™% + .+ K + )M,,_;

+ (K™ 3 4 A K+ DMy + M) + (K™% 4+ K + DM,

= (M + My) + (K + )M3 + (K2 + K+ )My + ... + (K’"'2 +..+ K+ 1M,
Vl ‘-=].

V, =1-bK"" M,
Vs =1-bK"™ %M, | - bK™ M,

~

V, =1-bKMy ~ bK*M5 — ... - K™ 2M,,_; — bK™"M,,.
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Since Wy = b7, <1, so Wj <1 for j=23,..m, W}’_l tends‘to Zero as
n — . Hence Y ion tends to zero as n > o for j =2,3,...,m. This implies that if
{yi, " } is a subsequence of { y; ,} tending uniformly to some y;(z) fori=1.2,...,m,
then y;(z) is a solution of the initial value problem (2.1)~(2.2). Since the family { Yin}is
the Arzela-Ascoli family [13], there exists a subsequence { Yiom; } uniformly convergent
for every subsequence { y; n } of { i »} The limit must be a solution for the initial value

problem (2.1)-(2.2). Thus, the sequence {y; ,} converge uniformly to the (unique)

solution y = y(x) of the initial value problem (2.1)~(2.2).



CHAPTER 3
NUMERICAL METHODS FOR SOLVING

ITERATIVE ORDINARY DIFFERENTIAL
EQUATIONS

In this chapter we shall look for a numerical method for solving the iterative

differential equation of the form

V(%) = £ @), 2 (0, Y7 (%)) 3.1
on the interval [a,b] with the initial condition
ya) =c (3.2)

by using the iterative integral equation

Vie1(®) = ¢ + [ £ 3@, RO Y7 O, (3.3)

a
The formula (3.3) shall insure that the following methods shall converge
because of the theorem (2.2.1).

The regular numerical method for the solving the initial value problem

Y'(x) = g(x, y(x)) (3.4)
on the interval [q,b] with the initial condition
ya) =c (3.5)

such as the Taylor Method and the Runge-Kutta Method can not be used to solve the
problem (3.1)-(3.2). To find the value of y;+; at the point x;+; by using the previous

value yy at the point x; can not be accomplished because the right hand side of the
problem (3.1)-(3.2) is not g(x, y(x)). We have y™(x) instead of g(x, y(x)) where

we know only the value y; but not the values of y; (yg), Vi (y,%),..., yk(y,':'_l). The

author has devised the four methods to solve this kind of problems.
These four method use the same idea which include the iteration technique ,
the combination of numerical method for solving ordinary differential equation and

interpolation. For each iteration, we shall solve for the value of y(x) for the whole
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interval [a,b]. After that we partition the closed interval [a,b] into n equally

subintervals by the points a=x < x| <x3 <...<x, =b.

3.1 First method

This method uses the Forth-order Runge-Kutta Method and the Four Points
Newton Divided Difference Method to solve the problem (3.1)-(3.2).
First let yo(xg) = ¢ k=12,...,n

then we use the Forth-order Runge-Kutta Method to find y j(xg) at

X1,X2,...,X, Where y;(xq)=c and

1
YjGre1) =y () + = hky + 2k + 2k5 4 kg) (3.6)
where
h o= Xn — X0
n

AT IR T1679 016 7167%) WAt C41¢79))

h k k A k
by = [ + 25yl + El,y,-(yj(xk) + ;‘>,..., YI ) + 5‘» 3.7

h k k - k
ky = fGok + 25 250a) + 25, 2500 + s Y705 00) + 7))

kg = flxp + b yi(op) + Fan y () + k3)oey V7T (0 000) + K3)).
By the Four Points Newton Divided Difference Method we find the value
Yj (x), x # x; for k = 0,1,2,..,n, from the interpolation polynomial of degree 3 ,

P; |(x), that

Pii(x) = yj(x-2) + (x = x,2) fIx1-1, %21
+ (x = xp_2)(x = x7_1) fTx15 %1, x-2] (3.8)
+ (x = xp_0)(x = xp_)(x = xp) fIxp415 X1 X215 X1-2]

where x;_; < x < x; and

s x1a] = Yj-1(6-1) = yj-1(x;-2) .
X[-1 = X[
SUxps %11 = fTxi-1, %121
x| = X2
S x5 xp1] = fIxp, %15 %3]
Xl+1 — X1=2 :

SIxp %21, xj-2] = (3.9)

STxre1s %15 X215 X121 =
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) .
Repeat until S lyi-1) = yi@)| < E L j=123,...
k=1

for a sufficiently small E.

3.2 Second method

This method uses the Forth-order Runge-Kutta Method and the Cubic Hermite
Interpolation to solve the problem (3.1)-(3.2).

First let yo(xx) = ¢ k=12,...n

then we use the Forth-order Runge-Kutta Method to find y j(xg) at
X],X,...,X, like the first method. By the Cubic Hermite Interpolation, we find the
value y ; (x), x # xy for k = 0,1,2,.., n, from the interpolation polynomial of degree

3,P;,(x), that

Pij =+ ca(x~xp) +e3(x — x)? + eq(x — x))° (3.10)

where x; < x < x;,1 and

¢y = y-1(x))
€2 =4
i1 (1) = j-109)
o = Yj-1 1+122 yj-1(x —-%1—04}:
3.11

s s Vi-1(x41) = yji—1(x)) 3-11)
C4 — _Z+_1.+._l.._2 \f

PR P

st= SO0 Y j 1 G Y 1 O G Y 1 D).

n
Repeat until Z‘}’j-l(xk) - J’j(xk)l <E , j=123,...
k=1

for a sufficiently small E.

3.3 Third method

This method uses the Simpson's Rule and the Four Points Newton Divided
Difference Method to solve the problem (3.1)-(3.2).

First let yolxg) = ¢ ,k=12,..,n
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then we use the Simpson's Rule to find y;(x;) at x,x;,..,x, where

y;(xp)=c and
Yjka1) = 3;G50) + < B+ 4fy + 13) (3.12)
where
B o= Xp — Xp
- n
AT TR S IR C TIRTC79) Wy ¢ JIRTE79))
fo = fly + fz’-,y,-_l(m) . g] y,--1<yj_1(<xk> + g} (3.13)

e, ,-_1(<xk> ¥ g)»

f3 = FGrats Yt G Vo121 G Y11 0 G 1))
By the Four Points Newton Divided Difference Method, we find the value
y j_l(x), x = x for £ = 0,1,2,.., n, like the first method.

n
Repeat until Dy - i@ < E L =123,
k=1

for a sufficiently small E.

3.4 Forth method

This method uses the Simpson's Rule and the Cubic Hermite Interpolation to
solve the problem (3.1)-(3.2).

First let yolxg) = ¢ ,k=12,...,n

then we use the Simpson's Rule to find y;(x;) at xi,%,...,%, like the third
method. By the Cubic Hermite Interpolation, we find the value y j-1(x), x # x; for

k = 0,1,2,.., n, like the second method.

n
Repeat until Zlyj_l(xk) - yj(xk)l <E , j=123,..
k=1

for a sufficiently small E.



CHAPTER 4
EXAMPLES OF THE ITERATIVE ORDINARY
DIFFERENTIAL EQUATIONS

In this chapter, we shall find the analytic solutions and numerical solutions by
using the four methods obtained from chapter 3 to solve some iterative ordinary

differential equation problems.

4.1 Analytic solution
From chapter 2, we can find the analytic solutions of iterative ordinary

differential equations

YO = FC ¥ ), Y2 ) Y™ () (4.1)
on the interval [a,b] with the initial condition
wa)=c (4.2)
by letting
y(x) = lim yp.q(x) (4.3)
n—w
yo(x) = ¢
where p . (4.4
Yne1(®) = ¢ + [ £ a®, ya@rw yy @)t 1 = 012,..

a

Example 4.1 Find the solution on the interval [0, —;—} of the equation

Y@ =y ) (4.5)
with the initial condition
1(0)=0.25 . (4.6)
Let yo(x) = 0.25 then by the equation (4.4), we get

x ~—
n(x) = 025 + [yo(yo(®)ar
0
= 0.25 + 0.25x
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025 + [(n@ar

ya(x) =
0
= 0.25 + 0.3125x + 0.03125x2
X
y3(x) = 025 + [y2(ya ()t

0
0.25 + (3.30078 x 107 1)x + (5.12695 x 1072)x? + (4.435221 x 1073)x3

+ (1.52587 x 107%)x* + (6.10351 x 1076)x?

ya(x) = 025 + [ y3(y3(0)dt
0

0.25 + (336086 x 10~ H)x + (5.92627 x 1072)x? + (8.369 x 1073)x3

+ (1.03805 x 1073)x* + (1.65254 x 10™4)x> + (5.13064 x 107)x®

+ (227891 x 107°)x” + (1.11981 x 1073)x® + (5.64832 x 107%)x?

+ (2.88698 x 107%)x!10 & (1.49034 x 107%)x!! + (6.62681 x 107 7)x!2
+(1.75158 x 10~ )x'3 + (6.74152 x 107 8)x™ + (3.35821 x 107 3)x!°

+ (177152 x 10731 + (8.02786 x 107 )x!7 + (2.12115 x 10~9)x!8
+(8.02153 x 1071%)x!? + (3.93583 x 10719)x20 4+ (2.04969 x 10710)x?!
+(8.5901 x 107 1)x% 4+ (1.12052 x 107123 + (8.48685 x 10713)x24
+ (2.81777 x 107 ™) + (1.01015 x 10715)x%6.

In this problem, we may use y4(x) as the approximation to the solution of the

initial value problem (4.5)-(4.6).

Example 4.2 Find the solution on the interval [O, %} of the equation

Y = ¥ () 4.7)
with the initial condition
»(0)=02. (4.8)
Let yo(x) = 0.2 then by the equation (4.4), we get '

-~

nx) =02+ [yo(olro)dt
0

= 0.2 + 0.2x



y2(x) = 02 + [y @)ar

0
= 0.2 + 0.248x + 0.004x>

73(x) = 02 + [32000(n@))dt
0

0.2 + (2.6219 x 107 1)x + (7.73754 x 1073)x? + (1.08809 x 10™*)x>
+ (6.50056 x 107 7)x* + (522482 x 10™7)x> + (1.84497 x 10711)x®
+ (127008 x 10712)x7 + (5.07904 x 10716)x® + (1.82044 x 10718)x°.

In this problem, we may use y3(x) as the approximation to the solution of the

initial value problem (4.7)-(4.8).

Example 4.3 Find the solution on the interval [0,1] of the equation

Y@ = %) +1-x? (4.9)
with the initial condition
»0)=0. (4.10)
Let yo(x) = O then by the equation (4.4), we get
3
s
nkx) =x X
(x)—-x_ 2x5 +i_£+x_11
72 3x5 21 81 891
22x7
y3(x) = x = ———— + (higher power terms)
3x5x7
23x9
= x — —————  + (higher power terms
Y4(x) 375270 (higher p )
24x11
=X - + (higher power terms
¥5(0) * 3xS5xT7Tx9x11 (higher p )
2n—lx2n+l
Yn(x) = x + (higher power terms).

T 3xS5xTx..x(2n+ 1)
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Hence we have

Yo(x) = Ry
) = x - R

ya(x) = x — sz5 + (higher power terms)

y3(x) = x - R_q,x7 + (higher power terms)

yn(x) = x — R,x?"*! & (higher power terms)

where

Ry

I

=)

20
I

n

3x5xTx.x@2n+1)

Thus we have R,, and the coefficients of the higher power terms tend to zero

as n tend to infinity. Hence the exact solution of the given equation (4.9)-(4.10) is
y(x) = x.

4.2 Solution from numerical methods

Now we shall find the solution of the iterative ordinary differential equation
using the four numerical methods in chapter 3. Then we shall compare them with the

exact solution.

Example 4.4 Find the solution on the interval [0,0.5] of the equation

Y@ =y ® (4.11)

with the initial condition
¥(0)=0.25. (4.12)
We use the analytic solution from y4(x) in example 4.1, we then divide the
interval [0,0.5] into 8 equally subintervals and repeat the methods until the error, E,

less than 0.000005.
We obtain the result as follows in the table 4.1-4.4.



Table 4.1 The result of example 4.4 from the first method.

i X Approximate value y4(x) Absolute error
0 0.00000 0.2500000000 0.2500000000 0.0000000000
1 0.06250 0.2714254693 0.2712389291 0.0001865402
2 0.12500 0.2933598062 0.2929533341 0.0004064721
3 0.18750 - 0.3158195747 0.3151560698 0.0006635049
4 0.25000 0.3388221084 0.3378604148 0.0009616936
5 0.31250 0.3623855533 0.3610800974 0.0013054559
6 0.37500 0.3865289105 0.3848293264 0.0016995841
7 0.43750 0.4112720923 0.4091228263 0.0021492660
8 0.50000. 0.4366359604 0.4339758805 0.0026600799

The arithmetic mean of absolute error is 0.0011147330.

Table 4.2 The result of example 4.4 from the second method.

i X Approximate value V4(x) Absolute error
0 0.00000 0.2500000000 0.2500000000 0.0000000000
1 0.06250 0.2714254661 0.2712389291 0.0001865370
2 0.12500 0.2933597942 0.2929533341 0.0004064601
3 0.18750 0.3158195510 0.3151560698 0.0006634812
| 4 0.25000 0.3388220715 0.3378604148 0.0009616567
5 0.31250 0.3623854908 0.3610800974 0.0013053934
6 0.37500 0.3865288169 0.3848293264 0.0016994905
7 0.43750 0.4112719526 0.4091228263 0.0021491263
8 0.50000 0.4366357479 0.4339758805 0.0026598674

The arithmetic mean of absolute error is 0.0011146681.




Table 4.3 The result of example 4.4 from the third method.

i X Approximate value Y4(x) Absolute error
0 0.00000 0.2500000000 ~0.2500000000 0.0000000000
1 0.06250 0.2714942459 0.2712389291 0.0002553168
2 0.12500 0.2935139464 0.2929533341 0.0005606124
3 0.18750 - 0.3160797215 0.3151560698 0.0009236517
4 0.25000 0.3391818314 0.3378604148 0.0013214166
5 0.31250 0.3628642722 0.3610800974 0.0017841748
6 0.37500 0.3871146587 0.3848293264 0.0022853323
7 0.43750 0.4119794902 0.4091228263 0.0028566639
8 0.50000 0.4374918480 0.4339758805 0.0035159675

The arithmetic mean of absolute error is 0.0015003485.

Table 4.4 The result of example 4.4 from the forth method.

i X Approximate value V4(x) Absolute error
0 0.00000 0.2500000000 0.2500000000 0.0000000000
1 0.06250 0.2714254722 0.2712389291 0.0001865431
2 0.12500 0.2933598107. 0.2929533341 0.0004064766
3 0.18750 0.3158195842 0.3151560698 0.0006635144
4 0.25000 0.3388221302 0.3378604148 0.0009617154
5 0.31250 0.3623855890 0.3610800974 0.0013054916
6 0.37500 0.3865289742 0.3848293264 0.0016996479
7 0.43750 0.4112721982 0.4091228263 0.0021493719
8 0.50000 0.4366361521 0.4339758805 0.0026602716

The arithmetic mean of absolute error is 0.0011147814.
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Figure 4.1 Graph of the result from the four numerical méthods of example 4.4

compare with analytic solution.
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Example 4.5 Find the solution on the interval [0,0.5] of the equation

Y@ =y () (4.13)
with the initial condition
y(0)=02. (4.14)
We use the analytic solution from y;(x) in example 4.2, we then divide the
interval [0,0.5] into 8 equally subintervals and repeat the methods until the error, E,
less than 0.000005.

We obtain the result as follows in the table 4.5-4.8.

Table 4.5 The result of example 4.5 from the first method.

i X Approximate value y3(x) Absolute error
0 0.00000 0.2000000000 0.2000000000 0.0000000000
1 0.06250 0.2168553220 0.2164171263 0.0004381957
2 0.12500 0.2337898263 0.2328948617 0.0008949646
3 0.18750 0.2508039954 0.2494333659 0.0013706295
4 0.25000 0.2678983063 0.2660327989 0.0018655074
5 0.31250 0.2850732259 0.2826933209 0.0023799050
6 0.37500 0.3023292038 0.2994150924 0.0029141114
7 0.43750 0.3196666612 0.3161982741 0.0034683871
8 0.50000 0.3370859741 0.3330430269 0.0040429472

The arithmetic mean of absolute error is 0.0019305164.




Table 4.6 The result of example 4.5 from the second method.

i X Approximate value y3(x) Absolute error
0 0.00000 0.2000000000 0.2000000000 0.0000000000
1 0.06250 0.2168553294 0.2164171263 0.0004382031
2 0.12500 0.2337898444 0.2328948617 0.0008949827
3 0.18750 - 0.2508040288 0.2494333659 0.0013706628
41  0.25000 0.2678983617 0.2660327989 0.0018655627
5 0.31250 0.2850733113 0.2826933209 0.0023799904
6 0.37500 0.3023293300 0.2994150924 0.0029142376
7 0.43750 0.3196668442 0.3161982741 0.0034685701
8 0.50000 0.3370862358 0.3330430269 0.0040432089

The arithmetic mean of absolute error is 0.0019306020.

Table 4.7 The result of example 4.5 from the third method.

i X Approximate value y3(x) Absolute error
0 0.00000 0.2000000000 0.2000000000 0.0000000000
1 0.06250 0.2170606569 02164171263 0.0006435306
2 0.12500 0.2341633601 0.2328948617 0.0012684984
3 0.18750 0.2513081099 0.2494333659 0.0018747440
4 0.25000 0.2684948521 0.2660327989 0.0024620532
5 0.31250 0.2857239597 0.2826933209 0.0030306388
6 0.37500 0.3029955062 0.2994150924 0.0035804138
7 0.43750 0.3203094231 0.3161982741 0.0041111490
8 0.50000 0.3376656624 0.3330430269 0.0046226355

The arithmetic mean of absolute error is 0.0023992959.




Table 4.8 The result of example 4.5 from the forth method.

i X Approximate value y3(x) Absolute error
0 0.00000 0.2000000000 0.2000000000 0.0000000000
1 0.06250 0.2170532168 02164171263 0.0006360905
2 0.12500 0.2341481269 0.2328948617 0.0012532652
3 0.18750 0.2512848509 0.2494333659 0.0018514850
4 0.25000 0.2684634622 0.2660327989 0.0024306633
5 0.31250 0.2856840668 0.2826933209 0.0029907459
6 0.37500 0.3029467813 0.2994150924 0.0035316889
7 0.43750 0.3202517024 0.3161982741 0.0040534283
8 0.50000 0.3375989627 0.3330430269 0.0045559358

The arithmetic mean of absolute error is 0.0023670336.
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Figure 4.2 Graph of the result from the four numerical methods of example 4.5

compare with analytic solution.
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Example 4.6 Find the solution on the interval [0,1] of the equation

, 1 1 1
Y'(x) = -

+ + 2% (x) - 4.15
L+2x 1+x  (1+x)? v -y (413)

with the initial condition
w0)=0. (4.16)

X
1+x

The exact solution is y = . We shall divide the interval [0,1] into 8

equally subintervals and repeat the methods until the error, E, less than 0.000005.

We obtain the result as follows in the table 4.9-4.12.

Table 4.9 The result of example 4.6 from the first method.

1 X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1110894270 0.1111111111 0.0000216841
2 0.25000 0.1999815166 0.2000000000 0.0000184834
3 0.37500 0.2727075940 0.2727272727 0.0000196787
4 0.50000 0.3332896388 0.3333333333 0.0000436945
5 0.62500 0.3845534598 0.3846153846 0.0000619248
6 0.75000 0.4284957725 0.4285714286 0.0000756561
7 0.87500 0.4665703864 0.4666666667 0.0000962803
8 1.00000 0.4998876741 0.5000000000 0.0001123259

The arithmetic mean of absolute error is 0.0000499698.




Table 4.10 The result of example 4.6 from the second method.
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i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1111166877 0.1111111111 0.0000055766
2 0.25000 0.2000096192 0.2000000000 0.0000096192
3 0.37500 - 0.2727404636 0.2727272727 0.0000131909
4 0.50000 0.3333506783 0.3333333333 0.0000173450
5 0.62500 0.3846364627 0.3846153846 0.0000210781
6 0.75000 0.4285964830 0.4285714286 0.0000250544
7 0.87500 0.4666960276 0.4666666667 0.0000293609
8 1.00000 0.5000333949 0.5000000000 0.0000333949

The arithmetic mean of absolute error is 0.0000171800.

Table 4.11 The result of example 4.6 from the third method.

i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1125129076 0.1111111111 0.0014017968
2 0.25000 0.2002883146 0.2000000000 0.0002883146
3 0.37500 0.2681330711 0.2727272727 0.0045942016
4 0.50000 0.3203010014 0.3333333333 0.0130323319
5 0.62500 0.3602928473 0.3846153846 0.0243225373
6 0.75000 0.3922372966 0.4285714286 0.0363341320
7 0.87500 0.4228271950 0.4666666667 0.0438394717
8 1.00000 0.4473178894 0.5000000000 0.0526821106

The arithmetic mean of absolute error is 0.0196105441.




Table 4.12 The result of example 4.6 from the forth method.

i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1111153254 01111111111 0.0000042143
2 0.25000 0.2000074919 0.2000000000 0.0000074919
3 0.37500 0.2727376663 0.2727272727 0.0000103936
4 0.50000 0.3333472019 0.3333333333 0.0000138686
5 0.62500 0.3846322731 0.3846153846 0.0000168885
6 0.75000 0.4285915533 0.4285714286 0.0000201247
7 0.87500 0.4666903396 0.4666666667 0.0000236729
8 1.00000 0.5000267960 0.5000000000 0.0000267960

The arithmetic mean of absolute error is 0.0000137167.
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Figure 4.3 Graph of the result from the four numerical methods of example 4.6

compare with exact solution.
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Example 4.7 Find the solution on the interval [0,1] of the equation

y(x) = y2(x) - i— ~ % (4.17)

with the initial condition y
y(0)=0.5. (4.18)

The exact solution is y = 1—Tx We shall divide the interval [0,1] into 8

equally subintervals and repeat the methods until the error, E, less than 0.0000035.

We obtain the result as follows in the table 4.13-4.16.

Table 4.13 The result of example 4.7 from the first method.

1 X Approximate value Exact value Absolute error
0 0.00000 0.5000000000 0.5000000000 0.0000000000
1 0.12500 0.4374998840 0.4375000000 0.0000001160
2 0.25000 0.3749997394 0.3750000000 0.0000002606
3 0.37500 0.3124995502 0.3125000000 0.0000004498
4 0.50000 0.2499992936 0.2500000000 0.0000007064
5 0.62500 0.1874989370 0.1875000000 0.0000010630
6 0.75000 0.1249984342 0.1250000000 0.0000015658
7 0.87500 0.0624977181 0.0625000000 0.0000022819
8 1.00000 -0.0000033078 0.0000000000 0.0000033078

The arithmetic mean of absolute error is 0.0000010835.




Table 4.14 The result of example 4.7 from the second method.

3

i X Approximate value Exact value Absolute error
0 0.00000 0.5000000000 0.5000000000 0.0000000000
1 0.12500 0.4374999015 0.4375000000 0.0000000985
2 0.25000 0.3749997833 0.3750000000 0.0000002167
3 0.37500 ° 0.3124996267 0.3125000000 0.0000003733
4 0.50000 0.2499994184 0.2500000000 0.0000005816
5 0.62500 0.1874991303 0.1875000000 0.0000008697
6 0.75000 0.1249987278 0.1250000000 0.0000012722
7 0.87500 0.0624981609 0.0625000000 0.0000018391
8 1.00000 -0.0000026480 0.0000000000 0.0000026480

The arithmetic mean of absolute error is 0.0000008777.

Table 4.15 The result of example 4.7 from the third method.

i X Approximate value Exact value Absolute error
0 0.00000 0.5000000000 0.5000000000 0.0000000000
1 0.12500 0.4374998565 0.4375000000 0.0000001435
2 0.25000 0.3749996904 0.3750000000 0.0000003096
3 0.37500 0.3125002240 0.3125000000 0.0000002240
4 '0.50000 0.2500002180 0.2500000000 0.0000002180
5 0.62500 0.1874994704 0.1875000000 0.0000005296
6 0.75000 0.1249997057 0.1250000000 0.0000002943
7 0.87500 0.0625004700 0.0625000000 0.0000004700
8 1.00000 -0.0000003613 0.0000000000 0.0000003613

The arithmetic mean of absolute error is 0.0000002834.




Table 4.16 The result of example 4.7 from the forth method.

i X Approximate value Exact value Absolute error
0 0.00000 0.5000000000 0.5000000000 0.0000000000
1 0.12500 0.4374999077 0.4375000000 0.0000000923
2 0.25000 0.3749997977 0.3750000000 0.0000002023
3 0.37500 0.3124996537 0.3125000000 0.0000003463
4 0.50000 0.2499994631 0.2500000000 0.0000005369
5 0.62500 0.1874992034 0.1875000000 0.0000007967
6 0.75000 0.1249988416 0.1250000000 0.0000011584
7 0.87500 0.0624983408 0.0625000000 0.0000016592
8 1.00000 -0.0000024444 0.0000000000 0.0000024444

The arithmetic mean of absolute error is 0.0000008040.
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Figure 4.4 Graph of the result from the four numerical methods of example 4.7

compare with exact solution.
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Example 4.8 Find the solution on the interval [0,1] of the equation

Y = Y@+ 3 - % 4.19)

with the initial condition

»(0)=0.5. (4.20)
The exact solution is y = 1_;_x We shall divide the interval [0,1] into 8

equally subintervals and repeat the methods until the error, E, less than 0.000005.

We obtain the result as follows in the table 4.17-4.20.

Table 4.17 The result of example 4.8 from the first method.

i X Approximate value Exact value Absolute error
0 0.00000 0.5000000000 0.5000000000 0.0000000000
1 0.12500 0.4375000083 0.4375000000 0.0000000083
2 0.25000 0.3750000335 0.3750000000 0.0000000335
3 0.37500 0.3125000726 0.3125000000 0.0000000726
4 0.50000 0.2500000871 0.2500000000 0.0000000871
5 0.62500 0.1874999747 0.1875000000 0.0000000253
6 0.75000 0.1249995629 0.1250000000 0.0000004371
7 0.87500 0.0624987258 0.0625000000 0.0000012742
8 1.00000 -0.0000022655 0.0000000000 0.0000022655

The arithmetic mean of absolute error is 0.0000004971.




Table 4.18 The result of example 4.8 from the second method.
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i X Approximate value Exact value Absolute error
0 0.00000 0.5000000000 0.5000000000 0.0000000000
1 0.12500 0.4375000194 0.4375000000 0.0000000194
2 0.25000 0.3750000554 0.3750000000 0.0000000554
3 0.37500 - 0.3125000881 0.3125000000 0.0000000881
4 0.50000 0.2500000498 0.2500000000 0.0000000498
5 0.62500 0.1874998107 0.1875000000 0.0000001893
6 0.75000 0.1249991823 0.1250000000 0.0000008177
7 0.87500 0.0624982145 0.0625000000 0.0000017855
8 1.00000 -0.0000025306 0.0000000000 0.0000025306

The arithmetic mean of absolute error is 0.0000006151.

Table 4.19 The result of example 4.8 from the third method.

1 X Approximate value Exact value Absolute error
0 0.00000 0.5000000000 0.5000000000 0.0000000000
1 0.12500 0.4329121310 0.4375000000 0.0045878690
2 0.25000 0.3677303233 0.3750000000 0.0072696767
3 0.37500 0.3044856181 0.3125000000 0.0080143819
4 0.50000 0.2431794202 0.2500000000 0.0068205798
5 0.62500 0.1838525868 0.1875000000 0.0036474132
6 0.75000 0.1264276029 0.1250000000 0.0014276029
7 0.87500 0.0709473886 0.0625000000 0.0084473886
8 1.00000 0.0173992783 0.0000000000 0.0173992783

The arithmetic mean of absolute error is 0.0064015767.




Table 4.20 The result of example 4.8 from the forth method.

i X Approximate value Exact value Absolute error
0 0.00000 0.5000000000 0.5000000000 0.0000000000
1 0.12500 0.4325262590 0.4375000000 0.0049737410
2 0.25000 0.3670084330 0.3750000000 0.0079915670
3 0.37500 - 0.3034606656 0.3125000000 0.0090393344
4 0.50000 0.2418796364 0.2500000000 0.0081203636
5 0.62500 0.1822628408 0.1875000000 0.0052371592
6 0.75000 0.1246161447 0.1250000000 0.0003838553
7 0.87500 0.0689190819 0.0625000000 0.0064190819
8 1.00000 0.0153338411 0.0000000000 0.0153338411

The arithmetic mean of absolute error is 0.0063887715.




1.1

1 ]
—*—y(x)
—&— 1{gt

0.9
2nd
s —¢ 3rd
—%— 4th

0.7

0.6

¢ 01 02 03 04 05 06 07 08 09 1 11

Figure 4.5 Graph of the result from the four numerical methods of example 4.8

compare with exact solution.
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Example 4.9 Find the solution on the interval [0,1] of the equation

Y@ = yiw - E -2 @21)

with the initial condition

»(0)=0.5. (4.22)
The exact solution is y = I—Tx We shall divide the interval [0,1] into 8

equally subintervals and repeat the methods until the error, E, less than 0.000005.

We obtain the result as follows in the table 4.21-4.24.

Table 4.21 The result of example 4.9 from the first method.

i X Approximate value Exact value Absolute error
0 0.00000 0.5000000000 0.5000000000 0.0000000000
1 0.12500 0.4374999537 0.4375000000 0.0000000463
2 0.25000 0.3749998870 0.3750000000 0.0000001130
3 0.37500 0.3124997863 0.3125000000 0.0000002137
4 0.50000 0.2499996292 0.2500000000 0.0000003708
5 0.62500 0.1874993801 0.1875000000 0.0000006199
6 0.75000 0.1249989784 0.1250000000 0.0000010216
7 0.87500 0.0624983270 0.0625000000 0.0000016730
8 1.00000 -0.0000027280 0.0000000000 0.0000027280

The arithmetic mean of absolute error is 0.0000007504.




Table-4.22 The result of example 4.9 from the second method.
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i X Approximate value Exact value Absolute error
0 0.00000 0.5000000000 0.5000000000 0.0000000000
1 0.12500 0.4374999566 0.4375000000 0.0000000434
2 0.25000 0.3749998951 ~0.3750000000 0.0000001049
3 0.37500 - 0.3124998038 0.3125000000 0.0000001962
4 0.50000 0.2499996646 0.2500000000 0.0000003354
5 0.62500 0.1874994469 0.1875000000 0.0000005531
6 0.75000 0.1249991047 0.1250000000 0.0000008953
7 0.87500 0.0624985618 0.0625000000 0.0000014382
8 1.00000 -0.0000025306 0.0000000000 0.0000025306

The arithmetic mean of absolute error is 0.0000006525.

Table 4.23 The result of example 4.9 from the third method.

i X Approximate value Exact value Absolute error
0 0.00000 0.5000000000 0.5000000000 0.0000000000
1 0.12500 0.4400924607 0.4375000000 0.0025924607
2 0.25000 0.3790959835 0.3750000000 0.0040959835
3 0.37500 0.3169996112 0.3125000000 0.0044996112
4 0.50000 0.2538082429 0.2500000000 0.0038082429
5 0.62500 0.1895141887 0.1875000000 0.0020141887
6 0.75000 0.1241125408 0.1250000000 0.0008874592
7 0.87500 0.0576039057 0.0625000000 0.0048960943
8 1.00000 -0.0099844082 0.0000000000 0.0099844082

The arithmetic mean of absolute error is 0.0036420499.




Table 4.24 The result of example 4.9 from the forth method.

i X Approximate value Exact value Absolute error
0 0.00000 0.5000000000 0.5000000000 0.0000000000
1 0.12500 0.4387583399 0.4375000000 0.0012583399
2 0.25000 0.3770174955 0.3750000000 0.0020174955
3 0.37500 0.3147784427 0.3125000000 0.0022774427
4 0.50000 0.2520431610 0.2500000000 0.0020431610
5 0.62500 0.1888153152 0.1875000000 0.0013153152
6 0.75000 0.1250984049 0.1250000000 0.0000984049
7 0.87500 0.0608966550 0.0625000000 0.0016033450
8 1.00000 -0.0037984898 0.0000000000 0.0037984898

The arithmetic mean of absolute error is 0.0016014438.
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Figure 4.6 Graph of the result from the four numerical methods of example 4.9

compare with exact solution.
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Example 4.10 Find the solution on the interval [0,1] of the equation

, 5 x 27
= + — - =
Y'(x) =y (x) 2 1

(4.23)
with the initial condition

¥(0)=0.5. (4.24)

The exact solution is y = I—Tx We shall divide the interval [0,1] into 8

equally subintervals and repeat the methods until the error, £, less than 0.000005.
We obtain the resuit as follows in the table 4.25-4.28.

Table 4.25 The result of example 4.10 from the first method.

i X Approximate value Exact value Absolute error
0 0.00000 0.5000000000 0.5000000000 0.0000000000
1 0.12500 0.4374999999 0.4375000000 0.0000000001
2 0.25000 0.3750000019 0.3750000000 0.0000000019
3 0.37500 0.3125000101 0.3125000000 0.0000000101
4 0.50000 0.2500000319 0.2500000000 0.0000000319
5 0.62500 0.1875000719 0.1875000000 0.0000000719
6 0.75000 0.1250001022 0.1250000000 0.0000001022
7 0.87500 0.0624999470 0.0625000000 0.0000000530
8 1.00000 -0.0000009500 0.0000000000 0.0000009500 -

The arithmetic mean of absolute error is 0.0000001357.




Table 4.26 The result of example 4.10 from the second method.

i X Approximate value Exact value Absolute error
0 0.00000 0.5000000000 0.5000000000 0.0000000000
1 0.12500 0.4375000004 0.4375000000 0.0000000004
2 0.25000 0.3750000025 0.3750000000 0.0000000025
3 0.37500 - 0.3125000076 0.3125000000 0.0000000076
4 0.50000 0.2500000168 0.2500000000° 0.0000000168
5 0.62500 0.1875000193 0.1875000000 0.0000000193
6 0.75000 0.1249999666 0.1250000000 0.0000000334
7 0.87500 0.0624996937 0.0625000000 0.0000000363
8 1.00000 -0.0000012819 0.0000000000 0.0000012819

The arithmetic mean of absolute error is 0.0000001853.

Table 4.27 The result of example 4.10 from the third method.

1 X Approximate value Exact value Absolute error
0 0.00000 0.5000000000 0.5000000000 0.0000000000
1 0.12500 0.4366315837 0.4375000000 0.0008684163
2 0.25000 0.3736290018 0.3750000000 0.0013709982
3 0.37500 0.3109930856 0.3125000000 0.0015069144
4 0.50000 0.2487249259 0.2500000000 0.0012750741
5 0.62500 0.1868242718 0.1875000000 0.0006757282
6 0.75000 0.1252905537 0.1250000000 0.0002905537
7 0.87500 0.0641260027 0.0625000000 0.0016260027
8 1.00000 0.0033297928 0.0000000000 0.0033297928

The arithmetic mean of absolute error is 0.0012159423.




Table 4.28 The result of example 4.10 from the forth method.
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it X Approximate value Exact value Absolute error
0 0.00000 0.5000000000 0.5000000000 0.0000000000
1 0.12500 0.4365742662 0.4375000000 0.0009257338
2 0.25000 0.3735127873 0.3750000000 0.0014872127
3 0.37500 0.3108159301 0.3125000000 0.0016840699
4 0.50000 0.2484840578 0.2500000000 0.0015159422
5 0.62500 0.1865177242 0.1875000000 0.0009822758
6 0.75000 0.1249178651 0.1250000000 0.0000821349
7 0.87500 0.0636848375 0.0625000000 0.0011848375
8 1.00000 0.0028205269 0.0000000000 0.0028205269

The arithmetic mean of absolute error is 0.0011869704.
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Figure 4.7 Graph of the result from the four numerical methods of example 4.10

compare with exact solution.
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Example 4.11 Find the solution on the interval [0,1] of the equation

Yx) = 9@ +1-x2 (4.25)

with the initial condition
»0)=0. (4.26)
The exact'solution is y = x. We shall divide the interval [0,1] into 8 equally

subintervals and repeat the methods until the error, E, less than 0.000005.
We obtain the result as follows in the table 4.29-4.32.

Table 4.29 The result of example 4.11 from the first method.

The arithmetic mean of absolute error is 0.0000000481.

i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1250000000 0.1250000000 0.0000000000
2 0.25000 0.2500000000 0.2500000000 0.0000000000
3 0.37500 0.3750000000 0.3750000000 0.0000000000
4 0.50000 0.5000000000 0.5000000000 0.0000000000
5 0.62500 0.6250000000 0.6250000000 0.0000000000
6 0.75000 0.7499999995 0.7500000000 0.0000000005
7 0.87500 0.8749999771 0.8750000000 0.0000000229
8 1.00000 0.9999995908 1.0000000000 0.0000004092




Table 4.30 The result of example 4.11 from the secord method.

i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1250000000 0.1250000000 0.0000000000
2 0.25000 0.2500000000 0.2500000000 0.0000000000
3 0.37500 0.3750000000 0.3750000000 0.0000000000
4 0.50000 0.5000000000 0.5000000000 0.0000000000
5 0.62500 0.6250000000 0.6250000000 0.0000000000
6 0.75000 0.7500000000 0.7500000000 0.0000000000
7 0.87500 0.8749999931 0.8750000000 0.0000000069
8 1.00000 0.9999997471 1.0000000000 0.0000002529

The arithmetic mean of absolute error is 0.0000000289.

Table 4.31 The result of example 4.11 from the third method.

i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1250000000 0.1250000000 0.0000000000
2 0.25000 0.2500000000 0.2500000000 0.0000000000
3 0.37500 0.3750000000 0.3750000000 0.0000000000
4 0.50000 - 0.5000000000 0.5000000000 0.0000000000
5 0.62500 0.6250000000 0.6250000000 0.0000000000
6 0.75000 0.7499999999 0.7500000000 0.0000000001
7 0.87500 0.8749999940 0.8750000000 0.0000000060
8 1.00000 0.9999998984 1.0000000000 0.0000001016

The arithmetic mean of absolute error is 0.0000000120.




Table 4.32 The result of example 4.11 from the forth method.
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i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1250000000 0.1250000000 0.0000000000
2 0.25000 0.2500000000 0.2500000000 0.0000000000
3 0.37500 0.3750000000 0.3750000000 0.0000000000
4 0.50000 0.5000000000 0.5000000000 0.0000000000
5 0.62500 0.6250000000 0.6250000000 0.0000000000
6 0.75000 0.7499999999 0.7500000000 0.0000000001
7 0.87500 0.8749999855 0.8750000000 0.0000000145
8 1.00000 0.9999995820 1.0000000000 0.0000004180

The arithmetic mean of absolute error is 0.0000000481.




0.9 -

0.8

0.5 1

0.4

0.3 1

( 01 02 03 04 05 06 07 08 09 1 111

0 T l T T T | T T X

Figure 4.8 Graph of the result from the four numerical methods of example 4.11

compare with exact solution.

49



50

Example 4.12 Find the solution on the interval [0,1] of the equation

Y'(x) = (%) + 1 - x? (4.27)

with the initial condition
»0)=0. (4.28)
The exact solution is y = x. We shall divide the interval [O,l] into 8 equally

subintervals and repeat the methods until the error, E, less than 0.000005.
We obtain the result as follows in the table 4.33-4.36.

Table 4.33 The result of example 4.12 from the first method.

i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1250000000 0.1250000000 0.0000000000
2 0.25000 0.2500000000 0.2500000000 0.0000000000
3 0.37500 0.3750000000 0.3750000000 0.0000000000
4 0.50000 0.5000000000 0.5000000000 0.0000000000
5 0.62500 0.6250000000 0.6250000000 0.0000000000
6 0.75000 0.7499999998 0.7500000000 0.0000000002
7 0.87500 0.8749999927 0.8750000000 0.0000000073
8 1.00000 0.9999998945 1.0000000000 0.0000001055

The arithmetic mean of absolute error is 0.0000000126.




Table 4.34 The result of example 4.12 from the second method.

i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1250000000 0.1250000000 0.0000000000
2 0.25000 0.2500000000 0.2500000000 0.0000000000
3 0.37500 0.3750000000 0.3750000000 0.0000000000
4 0.50000 0.5000000000 0.5000000000 0.0000000000
5 0.62500 0.6250000000 0.6250000000 0.0000000000
6 0.75000 0.7500000000 0.7500000000 0.0000000000
7 0.87500 0.8749999990 0.8750000000 0.0000000010
8 1.00000 0.9999999518 1.0000000000 0.0000000482

The arithmetic mean of absolute error is 0.0000000055.

Table 4.35 The result of example 4.12 from the third method.

i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1250000000 0.1250000000 0.0000000000
2 0.25000 0.2500000000 0.2500000000 0.0000000000
3 0.37500 0.3750000000 0.3750000000 0.0000000000
4 0.50000 0.5000000000 0.5000000000 0.0000000000
5 0.62500 0.6250000000 0.6250000000 0.0000000000
6 0.75000 0.7499999997 0.7500000000 0.0000000003
7 0.87500 0.8749999810 0.8750000000 0.0000000190
8 1.00000 0.9999997537 1.0000000000 0.0000002463

The arithmetic mean of absolute error is 0.0000000295.




Table 4.36 The result of example 4.12 from the forth method.
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i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1250000000 0.1250000000 0.0000000000
2 0.25000 0.2500000000 0.2500000000 0.0000000000
3 0.37500 - 0.3750000000 0.3750000000 0.0000000000
4 0.50000 0.5000000000 0.5000000000 0.0000000000
5 0.62500 0.6250000000 0.6250000000 0.0000000000
6 0.75000 0.7499999999 0.7500000000 0.0000000001
7 0.87500 0.8749999821 0.8750000000 0.0000000179
8 1.00000 0.9999995929 1.0000000000 0.0000004071

The arithmetic mean of absolute error is 0.0000000472.
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Figure 4.9 Graph of the result from the four numerical methods of example 4.12

compare with exact solution.
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Example 4.13 Find the solution on the interval [0,1] of the equation
Y(x) = ptx) +1 - x? (4.29)
with the initial condition
»0)=0. (4.30)
The exact solution is y = x. We shall divide the interval [0,1] into 8 equally

subintervals and repeat the methods until the error, E, less than 0.000005.
We obtain the result as follows in the table 4.37-4.40.

Table 4.37 The result of example 4.13 from the first method.

i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1250000000 0.1250000000 0.0000000000
2 0.25000 0.2500000000 0.2500000000 0.0000000000
3 0.37500 0.3750000000 0.3750000000 0.0000000000
- 0.50000 0.5000000000 0.5000000000 0.0000000000
5 0.62500 0.6250000000 0.6250000000 0.0000000000
6 0.75000 0.7499999997 0.7500000000 0.0000000003
7 0.87500 0.8749999808 0.8750000000 0.0000000192
8 1.00000 0.9999997598 1.0000000000 0.0000002402

The arithmetic mean of absolute error is 0.0000000289.




Table 4.38 The result-of example 4.13 from the second method.

i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1250000000 0.1250000000 0.0000000000
2 0.25000 0.2500000000 0.2500000000 0.0000000000
3 0.37500 - 0.3750000000 0.3750000000 0.0000000000
4 0.50000 0.5000000000 0.5000000000 0.0000000000
5 0.62500 0.6250000000 0.6250000000 0.0000000000
6 0.75000 0.7500000000 0.7500000000 0.0000000000
7 0.87500 0.8749999993 0.8750000000 0.0000000007
8 1.00000 0.9999999153 1.0000000000 0.0000000847

The arithmetic mean of absolute error is 0.0000000095.

Table 4.39 The result of example 4.13 from the third method.

i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1250000000 0.1250000000 0.0000000000
2 0.25000 0.2500000000 0.2500000000 0.0000000000
3 0.37500 0.3750000000 0.3750000000 0.0000000000
4 0.50000 0.5000000000 0.5000000000 0.0000000000
5 0.62500 0.6250000000 0.6250000000 0.0000000000
6 0.75000 0.7499999996 0.7500000000 0.0000000004
7 0.87500 0.8749999573 0.8750000000 0.0000000427
8 1.00000 0.9999995131 1.0000000000 0.0000004869

The arithmetic mean of absolute error is 0.0000000589.




Table 4.40 The result of example 4.13 from the forth method.
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i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1250000000 0.1250000000 0.0000000000
2 0.25000 0.2500000000 0.2500000000 0.0000000000
3 0.37500 0.3750000000 0.3750000000 0.0000000000
4 0.50000 0.5000000000 0.5000000000 0.0000000000
5 0.62500 0.6250000000 0.6250000000 0.0000000000
6 0.75000 0.7500000000 0.7500000000 0.0000000000
7 0.87500 0.8749999827 0.8750000000 0.0000000173
8 1.00000 0.9999996289 1.0000000000 0.0000003711

The arithmetic mean of absolute erroris 0.0000000432.
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Figure 4.10 Graph of the result from the four numerical methods of example 4.13

compare with exact solution.
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Example 4.14 Find the solution on the interval [0,1] of the equation

YO = 0(x) +1-x? (4.31)

with the initial condition
¥»(0)=0. (4.32)
The exact'solution is y = x. We shall divide the interval [0,]1] into 8 equally

subintervals and repeat the methods until the error, E, less than 0.000005.
We obtain the result as follows in the table 4.41-4.44,

Table 4.41 The result of example 4.14 from the first method.

1 X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1250000000 0.1250000000 0.0000000000
2 0.25000 0.2500000000 0.2500000000 0.0000000000
3 0.37500 0.3750000000 0.3750000000 0.0000000000
4 0.50000 0.5000000000 0.5000000000 0.0000000000
5 0.62500 0.6250000000 0.6250000000 0.0000000000
6 0.75000 0.7499999994 0.7500000000 0.0000000006
7 0.87500 0.8749999599 0.8750000000 0.0000000401
8 1.00000 0.9999995432 1.0000000000 0.0000004568

The arithmetic mean of absolute error is 0.0000000553.




Table 4.42 The result of example 4.14 from the second method.

i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1250000000 0.1250000000 0.0000000000
2 0.25000 0.2500000000 0.2500000000 0.0000000000
3 0.37500 - 0.3750000000 0.3750000000 0.0000000000
4 0.50000 0.5000000000 0.5000000000 0.0000000000
5 0.62500 0.6250000000 0.6250000000 0.0000000000
6 0.75000 0.7500000001 0.7500000000 0.0000000001
7 0.87500 0.8750000017 0.8750000000 0.0000000017
8 1.00000 0.9999999082 1.0000000000 0.0000000918

The arithmetic mean of absolute error is 0.0000000104.

Table 4.43 The result of example 4.14 from the third method.

1 X “Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1250000000 0.1250000000 0.0000000000
2 0.25000 0.2500000000 0.2500000000 0.0000000000
3 0.37500 0.3750000000 0.3750000000 0.0000000000
4 0.50000 0.5000000000 0.5000000000 0.0000000000
5 0.62500 0.6250000000 0.6250000000 0.0000000000
6 0.75000 0.7499999993 0.7500000000 0.0000000007
7 0.87500 0.8749999100 0.8750000000 0.0000000900
8 1.00000 0.9999990490 1.0000000000 0.0000009510

The arithmetic mean of absolute error is 0.0000001158.




Table 4.44 The result of example 4.14 from the forth method.
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i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.1250000000 0.1250000000 0.0000000000
2 0.25000 0.2500000000 0.2500000000 0.0000000000
3 0.37500 ° 0.3750000000 0.3750000000 0.0000000000
4 0.50000 0.5000000000 0.5000000000 0.0000000000
5 0.62500 0.6250000000 0.6250000000 0.0000000000
6 0.75000 0.7500000000 0.7500000000 0.0000000000
7 0.87500 0.8749999834 0.8750000000 0.0000000166
8 1.00000 0.9999996404 1.0000000000 0.0000003596

The arithmetic mean of absolute error is 0.0000000418.
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Figure 4.11 Graph of the result from the four numerical methods of example 4.14

compare with exact solution.
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Example 4.15 Find the solution on the interval [0,1] of the equation

Y(x) = y3(x) - x*y2(x) + 2x (4.29)
with the initial condition
¥(0)=0. (4.30)

The exact solution is y = x2. We shall divide the interval [0,1] into 8 equally

subintervals and repeat the methods until the error, E, less than 0.000005.
We obtain the result as follows in the table 4.45-4.48,

Table 4.45 The result of example 4.15 from the first method.

i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.0156250001 0.0156250000 0.0000000001
2 0.25000 0.0625000080 0.0625000000 0.0000000080
3 0.37500 0.1406250688 0.1406250000 0.0000000688
4 0.50000 0.2500003048 0.2500000000 0.0000003048
5 0.62500 0.3906259814 0.3906250000 0.0000009814
6 0.75000 0.5625027467 0.5625000000 0.0000027467
7 0.87500 0.7656325833 0.7656250000 0.0000075833
8 1.00000 1.0000231188 1.0000000000 0.0000231188

The arithmetic mean of absolute error is 0.0000038680.




Table 4.46 The result of example 4.15 from the second method.

i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.0156250001 0.0156250000 0.0000000001
2 0.25000 0.0625000080 0.0625000000 0.0000000080
3 0.37500 0.1406250687 0.1406250000 0.0000000687
4 0.50000 0.2500003044 0.2500000000 0.0000003044
5 0.62500 0.3906259810 0.3906250000 0.0000009810
6 0.75000 0.5625027478 0.5625000000 0.0000027478
7 0.87500 0.7656325843 0.7656250000 0.0000075843
8 1.00000 1.0000209933 1.0000000000 0.0000209933

The arithmetic mean of absolute error is 0.0000036320.

Table 4.47 The result of example 4.15 from the third method.

i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.0156290773 0.0156250000 0.0000040773
2 0.25000 0.0625874829 0.0625000000 0.0000874829
3 0.37500 0.1403369205 0.1406250000 0.0002880795
4 0.50000 0.2495457834 0.2500000000 0:0004542166
5 0.62500 0.3934492682 0.3906250000 0.0028242682
6 0.75000 0.5741033197 0.5625000000 0.0116033197
7 0.87500 0.7965139554 0.7656250000 0.0308889554
8 1.00000 1.0862104930 1.0000000000 0.0862104930

The arithmetic mean of absolute error is 0.0147067658.




Table 4.48 The result of example 4.15 from the forth method.
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i X Approximate value Exact value Absolute error
0 0.00000 0.0000000000 0.0000000000 0.0000000000
1 0.12500 0.0156250000 0.0156250000 0.0000000000
2 0.25000 0.0624999998 0.0625000000 0.0000000002
3 0.37500 - 0.1406249282 0.1406250000 0.0000000718
4 0.50000 0.2499959781 0.2500000000 0.0000040219
5 0.62500 0.3905455678 0.3906250000 0.0000794322
6 0.75000 0.5616944876 0.5625000000 0.0008055124
7 0.87500 0.7608380838 0.7656250000 0.0047869162
8 1.00000 0.9856693078 1.0000000000 0.0143306922

The arithmetic mean of absolute error is 0.0022229608.
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Figure 4.12 Graph of the result from the four numerical methods of example 4.15

compare with exact solution.



Example 4.16 Find the solution on the interval [0.1,0.9] of the equation

Y(x) = 2x) +1-x?

with the initial condition

»(0.1)=0.1
The exact solution is y = x. We shall divide the interval [0.1,0.9] into 8

(4.31)

(4.32)

equally subintervals and repeat the methods until the error, E, less than 0.000005.
We obtain the result as follows in the table 4.49-4.52.

Table 4.49 The result of example 4.16 from the first method.

i X Approximate value Exact value Absolute error
0 0.10000 0.1000000000 0.1000000000 0.0000000000
1 0.20000 0.2000000000 0.2000000000 0.0000000000
2 0.30000 0.3000000000 0.3000000000 0.0000000000
3 0.40000 0.4000000000 0.4000000000 0.0000000000
4 0.50000 0.5000000000 0.5000000000 0.0000000000
{5 0.60000 0.5999999999 0.6000000000 0.0000000001
6 0.70000 0.6999999996 0.7000000000 0.0000000004
7 0.80000 0.7999999897 0.8000000000 0.0000000103
8 0.90000 0.8999997950 0.9000000000 0.0000002050

The arithmetic mean of absolute error is 0.0000000680.




Table 4.50 The result of example 4.16 from the second method.

i X Approxintate value Exact value Absolute error
0 0.10000 0.1000000000 0.1000000000 0.0000000000
1 0.20000 0.2000000000 0.2000000000 0.0000000000
2 0.30000 0.3000000000 0.3000000000 0.0000000000
3 0.40000 0.4000000000 0.4000000000 0.0000000000
4 0.50000 0.5000000000 0.5000000000 0.0000000000
5 0.60000 0.6000000000 0.6000000000 0.0000000000
6 0.70000 0.6999999999 0.7000000000 0.0000000001
7 0.80000 0.7999999981 0.8000000000 0.0000000019
8 0.90000 0.8999999381 0.9000000000 0.0000000619

The arithmetic mean of absolute error is 0.0000000206.

Table 4.51 The result of example 4.16 from the third method.

i X Approximate value Exact value Absolute error
0 0.10000 0.1000000000 0.1000000000 0.0000000000
1 0.20000 0.2000000000 0.2000000000 0.0000000000
2 0.30000 0.3000000000 0.3000000000 0.0000000000
3 0.40000 0.4000000000 0.4000000000 0.0000000000
4 0.50000 0.5000000000 0.5000000000 0.0000000000
5 0.60000 0.5999999999 0.6000000000 0.0000000001
6 0.70000 0.6999999997 0.7000000000 0.0000000003
7 0.80000 0.7999999961 0.8000000000 0.0000000039
8 0.90000 0.8999999123 0.9000000000 0.0000000877

The arithmetic mean of absolute error is 0.0000000291.




Table 4.52 The result of example 4.16 from the forth method.
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i X Approximate value Exact value Absolute error
0 0.10000 0.1000000000 0.1000000000 0.0000000000
1 0.20000 0.2000000000 0.2000000000 0.0000000000
2 0.30000 0.3000000000 0.3000000000 0.0000000000
3 0.40000 - 0.4000000000 0.4000000000 0.0000000000
4 0.50000 0.5000000000 0.5000000000 0.0000000000
5 0.60000 0.6000000000 0.6000000000 0.0000000000
6 0.70000 0.6999999999 0.7000000000 0.0000000001
7 0.80000 0.7999999894 0.8000000000 0.0000000106
8 0.90000 0.8999997080 0.9000000000 0.0000002920

The arithmetic mean of absolute error is 0.0000000969.
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Figure 4.13 Graph of the result from the four numerical methods of example 4.16

compare with exact solution.
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CHAPTER 5
CONCLUSION

In this chapter, we select the best of the four numerical methods by consider

the arithmetic mean value of errors from the examples in chapter 4. In order to

achieve the result, we consider the table 5.1-5.2.

Table 5.1 The arithmetic mean value of errors from the examples in chapter 4.

The arithmetic mean value

Example First Second Third Forth
Method Method Method Method
y'(x) = yZ(x) on [0’0_5] 0.0011147330 | 0.0011146681 | 0.0015003485 | 0.0011147814
y(x) = y3(x) on [0’0_5] 0.0019305164 | 0.0019306020 | 0.0023992959 | 0.0023670336
) = 11 . 1 0.0000499698 | 0.0000171800 | 0.0196105441 | 0.0000137167
Y L+2x  1+x 1+ x)?
+2y2(x) - yon [0,]]

, 2 X e 13 0.0000010835 | 0.0000008777 | 0.0000002834 | 0.0000008040
y() =y @ = 7= < on o]

, 3 x 7 0.0000004671 | 0.0000006151 | 0.0050653312 | 0.0063887715
Y@ = Y@ + 2 -2 o o]

) 4( ) x 13 | 0.0000007540 | 0.0000006525 | 0.0036420499 ! 0.0016014438

x) = x) - — - —=
Y= 16 16
on [0,1]

) 5( ) x 27 0.0000001357 | 0.0000001853 | 0.0012159423 | 0.0011869704

= X))+ — - =

yi =7 32 32
on [0,1]
Y(x) = xyz(x) +1—x2 0.0000000481 | 0.0000000287 | 0.0000000120 | 0.0000000480
on [0,1]
y(x) = xy3(x) +1-x2 0.0000000126 | 0.0000000055 | 0.0000000295 { 0.0000000473
on [0,1]
y(x) = xy4(x) +1— 2 0.0000000289 | 0.0000000095 { 0.0000001611 | 0.0000000432
on [0,1]
V@) = 5 + 1 - 5 0.0000000553 | 0.0000000104 | 0.0000001158 | 0.0000000418
on [0,1]
V) = ) = 2y + 2x 0.0000038680 | 0.0000036320 | 0.0147067658 | 0.0022229608
on [0,1]
V@) = 2 + 1 2 0.0000000680 | 0.0000000206 | 0.0000000291 | 0.0000000969

on [0.1,0.9]




7

Table 5.2 The order of arithmetic mean value of errors from table 5.1.

. The arithmetic mean value
Example First Second Third Forth
Mett:jod Method Method Method

y'(x) = y2 (x) on [0,0.5] 2" 1 4% 34
¥(x) = y*(x) on [0,0.5] 1* 2 4% 3"

, _ 1 _ 1 1 3l’d . 2nd 4th 18{
YO = T x T U

+ 2y2(x) - yon [0,1] )
th rd st nd
Y =y () - % - % on [0,1] 4 3 ! 2
st nd rd th

yx) = Y@+ -;5 - % on [0,]] : 2 : 4

, 4 _ x _ E 2nd ' lst 4th 3rd
Y'(x) = y'(x) 6 16

on {0,1]

, ~ 5 _i / 2_7 lst 2nd 4[h 3l‘d
Y(x) =y (x)+ 77 12

on [0,1]
y'(x) - xyZ(x) 1§ = xz 4th 2nd lst 3l'd
on [0,1]
y'(x) - xy3(x) I = x2 2nd 15?. 3rd 4ﬂ1
on [0,1]
y'(x) _ xy4(x) \  Z x2 2nd lst 4th 3rd
on [0,1]
y'(x) - xys(x) ALY xz 3l'd lst 4th 2nd
on [0,1]
YG) = P - xH2) + 2x 2 1 4% 3¢
on [0,1]
y'(x) _ xyz(x) +1- xz 3l‘d 1St 2nd 4tﬁ
on [0.1,0.9]

Where, the first method is the Forth-order Runge-Kutta Method and the Four
Points Newton Divided Difference Method. The second method is the Forth-order
Runge-Kutta Method and the Cubic Hermite Interpolation. The third method is the
Simpson's Rule and the Four Points Newton Divided Difference Method. And the
forth method is the Simpson's Rule and the Cubic Hermite Interpolation.

In all of the above examples, we use the similarity condition by dividing to 8
subintervals and the error less than 0.000005. We observe that the second method has
the minimum arithmetic mean value of error 7 times from 13 examples. And when it

is not be the minimum, it has the least differentiate from the minimum value. From
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this reason, we shall choose the second method that uses the forth-order Runge-Kutta
method and the cubic Hermite interpolation for solving the iterative ordinary
differential equations. Otherwise the first method and the forth method can also solve
this problem satisfactorily.

Thorough study of this thesis, we find that we will unable solve some Iterative
Ordinary Differential Equations. This case will happen when the solution y(x) maps

from [a, b] to [c, d] as [c,d] & [a, b] that it causes the numerical solutions tend to

infinity. Therefore, it is suggested that further research should focus on this problem.
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APPENDIX
ALGORITHM

Algorithn} is given in this Appendix for the following procedures.
Al Iterative Ordinary Differential Equations

Al.l Forth-order Runge-Kutta Method
Al.2 Simpson's Rule

A2 Interpolations

A2.1 Four Points Newton's Divided Difference Method
A2.2 Cubic Hermite Interpolation

Al Iterative Ordinary Differential Equations
We shall use these algorithms to solve the Iterative Ordinary Differential

Equation y' = f(x,y, y2,..., y™) where x € [a,b] and y(a) = ¢ in n equally

subintervals then xy = @ and x; = a + ik for i = 1,2,...,n where h = — ?.
n
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Al.1 Forth-order Runge-Kutta method
The algorithm is

fori=0tondo

y0; = ¢

S _ prime; = f(x;, ¥0;,0,...,0)
endfor
Repeat

error =0

fori=0ton-1do

Kl = £(x;, ¥0i i(00; )ys Y 71(30,))

h h* kl h*kl
k2 = f(x; + E,yoi A (»0; + )
- h* kl
P00, + =)
2
h h*k2 h*k2
k3 = f(Xi +5:y0i + D) s Vi (yOl +T)’---:
0} h*k2
o0, + ))

k4 = f(x; + h,y0; + h* k3, y, (90; + h * k3),...,
P 0 + h* k3Y)

Yigl = y,-+§(k1+2*k2+2*k3+k4)
error = error + |y0,-+1 - yi+1|
f0; =kl

endfor

fori=0tondo
Y0 = i
f _ prime = f0,
endfor
until error < 0.000005.

Notice We find y,{‘(value) in kL k2, k3, k4 from Interpolations and use

f _ prime, f0; for A2.2 Cubic Hermite Interpolation.
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Al.2 Simpson's Rule

The algorithm is
fori=0tondo

y0; =¢

[ _ prime; = f(x;, ¥0;,0,...,0)
endfor

fori=1tondo

h
Xi/2 =xi*‘2‘

endfor
Repeat
error=10

fori=0ton-1do
fL= f(xi 04 Y30 Doy Y110,
y _hdlf = yi(x;;2)
f2.= fGi12,y 2 half, y;(y _ half),.., v~ _ half))

f3 = f a1 Y0ia1s Y0, Dsvees Y 301410

h
BT Vil 878
error = error + lyO,-_H = J’i+1l
f0; = 11

endfor

fori=0tondo
¥0; = i
f _ prime = f0;
endfor
until error < 0.000005.

Notice We find y,k (value) in y _hdlf, f1, 2, f3 from Interpolations and use

S _ prime, f0; for A2.2 Cubic Hermite Interpolation.



77

A2 Interpolations ‘

We shall use these algorithm to find y,k (value) from Al.

A2.1 Four Points Newton's Divided Difference Method

This algorithm uses the four points of x to find y,k (value) that when
xj_1 < value < x;, we uses the points x;_,, x;_1, X7, X;4] for x| < value < x,_.
If value < x| then we uses the points x, x), x;, x3 and if value > x,,_; then we
uses the points x,,_3, X,_72, X,_1, X, -

The algorithm is
forj =1 to k do

I =2

while ((value > x;.1) and (! < n - 2)) do

I =1+1
endwhile

pl = value — x;_»
p2 = value — x;_3
p3 = value - x;

£ 1\ Y011 = ¥0;-2

h
Y0, = y0;_1
2 = 2RI L
/- h
f_2-f_1
2==2="_J-"
/- 2*h
Y0141 — Y0,
3 = 2ixl T
/- h
f_ 3-f_2
23 = L= -
/- 2% h
7 123:f_23-f_12
- 3% ) -

value = Y0, + f _1*pl+ f _12* p2 + f 123 * p3
endfor

y,k (value) = value .



A2.2 Cubic Hermite Interpolation
The algorithm is
forj=1tokdo
I =0

while ((value > x;,1) and (I < n - 2)) do

I =1+1
endwhile
cl = yOI

c2 = f _ prime
ca = L _primeyy €2 2F (¥0141 — y0))

h? h2 W
03:____y01+12—y01 —%2——04*}1
h

value = cl + ¢2 * (value — x;) + ¢3 * (value — x,)2 + c4 * (value — x1)3

endfor

y,k (value) = value .
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