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ABSTRACT

This thesis presents characteristics of a single horizontal slot, inclined single slot
and slot pair on a conducting sphere which is essential to the study of a spherical slot
array antenna. The antenna is excited directly by a coaxial transmission line at the center
of a slot. The tangential component of the electric field on a slot is assumed. The Lorentz
reciprocity theorem is used in solving the boundary value problem. Then, the coordinate
transformation can be applied to transform the fields from a single horizontal slot to an
arbitrary inclined slot. Radiation from a slot pair that provides the circular polarization is
investigated. Numerical results of directivity, half-power beamwidth and radiation pattern
are illustrated. The antenna is fabricated and the measurement is set up to verify the

numerical results.
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CHAPTER 1
INTRODUCTION

1.1 Literature of the Spherical Slot Antennas

Recent years have rapidly grown of wireless communication systems. In these
systems, an antenna plays an important role in establishing a communication link between
different destination points. With diversified applications of wireless communications, the
demand of complicate antenna has increased. On the other hand, they must fulfill a
number of additional requirements. Such antennas must feature improved performance,
including attracting the commercial market. For a number of years, parabolic reflector
antennas have been used in a variety of communication systems. These antennas are
relatively easy and inexpensive to manufacture. However, their inconvenience is that they
occupy a substantial volume, which makes them obtrusive in appearance. In order to
attract a wider commercial market, there has been a significant more to replace parabolic
antennas by low profile, light weight and more aesthetic antennas. One possible candidate
is the microstrip array antenna. It has a number of the desired features such as low profile,
light weight and relatively low cost to develop. However, one problem of this antenna is
that it performs poor bandwidth and radiation efficiency when the required gain value is
high. This is due to the lossy feed network that accompanies the array. In the search for
new antennas, the concept of radial line slot array antenna (RLSA) was demonstrated and
further extended by Goto and Yamamoto [1-2]. The advantages of the RLSA antenna
include high radiation efficiency, low profile and easy for installation, due to its flat

surface. However, it was found that the beam direction was about 30° from broadside,
making the elevation angle of the beam relatively high. To lower the elevation angle,
Takada et al. [3-4] proposed a rotating mode generator to feed the slot array antenna but
the gain degradation and a more complicated feeding structure occurred. This will be
affected to the subscriber located far from the equator in mobile satellite communication.
To overcome the beam coverage problems, the spherical array antenna was proposed. It is
one of the conformal array antenna which provides a large scanning angles with a
constant gain and beamwidth. There are many types of the element which are considered
to be located on the spherical surface. The turnstile dipole was proposed and optimized by
Horiguchi[5-6]. Furthermore, the steerable spherical array antenna [7] used a microstrip
antenna as a radiating element was also investigated. However, it is apparent that these
array elements are suffered from the complicated feeding structure and the gain
degradation. From these reasons, Krairiksh et al. [8-9] presented the spherical slot array
antenna. The advantage of this antenna type is that the structure is expected to be suitable
for mass production as well as the feeding structure is simple. Additionally, the cost
effective of the antenna is very significant. However, the derivations of a radiation
characteristic of a fundamental element have not been revealed. The general solutions of
an arbitrary aperture were derived by Bailin and Silver [10]. Some results of a slot on
sphere were shown by Mushiake and Webster [11]. In addition, the applications of
coordinate relations derived by Sengupta [12-13] and Hoffman [14] are revised and
assisted in a straightforward application. As all the reasons mentioned above, in this
thesis, the rigorous formulations of a half-wave slot on sphere are demonstrated.
Furthermore, the circular polarization properties of a slot pair will be discussed.
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antenna as a radiating element was also investigated. However, it is apparent that these
array elements are suffered from the complicated feeding structure and the gain
degradation. From these-reasons, Krairiksh et al. [8-9] presented the spherical slot array
antenna. The advantage of this antenna type is that the structure is expected to be suitable
for mass production as well as the feeding structure is simple. Additionally, the cost
effective of the antenna is very significant. However, the derivations of a radiation
characteristic of a fundamental element have not been revealed. The general solutions of
an arbitrary aperture were derived by Bailin and Silver [10]. Some results of a slot on
sphere were shown by Mushiake and Webster [11]. In addition, the applications of
coordinate relations derived by Sengupta [12-13] and Hoffman [14] are revised and
assisted in a straightforward application. As all the reasons mentioned above, in this
thesis, the rigorous formulations of a half-wave slot on sphere are demonstrated.

Furthermore, the circular polarization properties of a slot pair will be discussed.

1.2 Objective of the Thesis

The objective of this thesis is to analyze the characteristics of the half-wave slots
on a conducting sphere. Firstly, the characteristics, such as radiation pattern, directivity,
half-power beamwidth, of a single horizontal slot on sphere are analyzed. The parameter
is the effective radius of a conducting sphere. Next, consideration of the radiation for
various inclination angles of a single inclined slot on a conducting sphere by utilizing the
coordinate transform is discussed. Consequently, the analysis of the circular polarization
of two orthogonal slots can be tractable via the coordinate transform. The numerical
results, such as co- and cross-polarization patterns and the axial ratio, are displayed. The
interested parameters are the separation distances between the center of slots and the axis.
Ultimately, the experiments of radiation and circular polarization characteristics of the

fabricated antenna are set up to verify the theory.



Furthermore, the derivations of the vector analysis in the spherical coordinate
system are shown in Appendix A. The brief of the special functions in spherical
coordinate and useful series expansions are summarized in Appendix B.



CHAPTER 2

EXTERIOR ELECTROMAGNETIC FIELD FOR
ARBITRARY APERTURE ON A SPHERE

In this chapter, the boundary value problems for exterior electromagnetic
fields of a sphere are derived. It is shown that, outside the source region, the
electromagnetic fields for spherical geometry can be decomposed into two types of

modes: TER (transverse electric field to R mode) and TM R (transverse magnetic field
to R mode). The organizations in this chapter are as follows. Maxwell’s equations in
the differential form are presented first. Next, we determine the component of the

electric and magnetic fields for TE® and TM® modes. Finally, the application of
Lorentz reciprocity theorem is applied to determine the fields in the region exterior to
a sphere.

2.1 Maxwell’s Equations

The fundamental equations for electromagnetic field are Maxwell’s
equations. The equations were formulated through experiments carried out by many
scientists such as Faraday, Gauss, Lenz, Coulomb, Volta and others and were led to
theoretical conclusion by James Clerk Maxwell (1831-1879), a scottish physicist and
mathematician. Maxwell’s equations were originally written as a set of coupled, time
dependent integral equations. However, only the differential forms are suitable to use
in this thesis. Therefore, the differential form of Maxwell’s equations with time-

harmonic e’** will be expressed here

VXE =-M, — joB (2.1a)

VxH=T,+7T,+ joD (2.1b)

V.D=gq, (2.1c)

V-B=gq,, (2.1d)
with the continuity equation

V.-J =—jayg,, (2.1e)

wheie

: electric field intensity (volts/meter)

: magnetic field intensity (amperes/meter)

: electric flux density (coulombs/square meter)

: magnetic flux density (webers/square meter)

: impressed (source) electric current density (amperes/square meter)

Al ReiBeJio|



M : impressed (source) magnetic current density (volts/square meter)
4., : €lectric charge density (coulombs/cubic meter)
q,., - magnetic charge density (webers/cubic meter)

The relationships among D,E,B,H and J depend on the characteristics of the
medium and they are expressed by the constitutive parameters. Then, they can be
expressed as

D =¢E (2.2a)
B=uH (2.2b)
J.=0E (2.2c)

where €,1,0 denote the permittivity, the permeability and the conductivity of the
medium, respectively.

E=EE, (2.3a)

1=, (2.3b)

€,,1, are the relative permittivity and permeability which depend on the electrical
properties of the medium. g, is the free space permittivity and equals to

8.854x107'2 or about 1077 /367r farads per meter. In the same manner, p, is the

free space permeability equals to 47 x1 0~ henries per meter. For free space the
conductivity vanishes. .

2.2 Wave Equation

Maxwell’s equations are the coupled first-order differential equations which
are difficult to solve as the boundary value problem. This problem is overcome by
numerical methods such as Finite Difference Time Domain (FDTD), Finite Element
Method (FEM), Method of Moments (MoM) [15-16]. The numerical methods have
advantage in solving the complex geometry without higher mathematics but generally
give approximate solutions. To solve the Maxwell’s equations by analytical method,
the Maxwell’s equations are raised to the uncoupled second-order differential
equations which are referred to as the wave equation. By taking the curl for both sides
of (2.1a) and (2.1b) with the property of vector identity

VxVxA=V(V-A)-V?A (2.4)

After rearranging (2.1a) and substituting (2.1c), the electric vector wave equation can
be represented as

V2E =VXM, + jol, +éVq,v + jouoE — o’ pek (2.5)



In the same manner, substituting (2.1d) into (2.1b), we can write that
VZI?'=—VxJ—,.+oﬁ,.+jwaA7,.+dimv+jwuof1_—a)2uefl— (2.6)
7}

For the source-free (J; =M; =q,, =q,, =0) and losses (¢ =0) medium, the vector
wave equation (2.5) and (2.6) reduce, respectively, to

V?E =-w?ueE (2.7a)
V2H =-w?ueH (2.7b)

These equations represent three vector field components, each of which satisfies the
Helmbholtz or scalar wave equation.

Vi +kiy =0 (2.8)
Both (2.72)-(2.7b) and (2.8) represent the simplest forms for the wave equation.

2.3 Hertz Vector Potential

The electromagnetic fields in orthogonal coordinate systems can be
determined by using the hertz vector potential as aid in obtaining the solutions for
electric and magnetic fields. The hertz vector potential can be classified into two types

by means of the mode generated. They are the I1, magnetic hertz vector potential for

transverse magnetic (TM) mode and I1°, electric hertz vector potential for transverse
electric (TE) mode.

Since the spherical coordinate system does not possess an axis with constant
direction, the vector wave equation can not be separated into three uncoupled scalar
wave equations. It is necessary to devise the different method which is based on the
selection of the Lorentz condition and the configurations are subjected to the
transverse field to radial direction. After the assembly, it can be written to

Transverse magnetic to R mode: TM ¥

Eq =VxVx(rID (2.92)
82

E, =—a—2(rH,)+k2 (rI1,) (2.9b)
r
1 9°

E,== _

6 =300 (rIl,) (2.9c)
1 9

By = rsin@ 9rd¢ rIl;) (2.54)



Hyy =—jouv x(rTI)

H, =0
_ jwe 0

7 rsin 98¢(H)

Jwea

Hy ==L (1)

and for the transverse electric to R mode: TER
Ep =—jouvx Il
E =0

r

—jopu d

% rsing 3¢( LD

B, =122

Hy =VxVx(ID)

H _32 Ht kz Ht
r_-a-;-z—(r r)+ (r r)

1 9?

Ho =755 11

1 9?2
¢ rsind orog

where [1, and [T, satisfy the scalar wave equation in (2.8), that is

V2II,+k2T1, = V2 IT" +k2 11, =0

1)

(2.10a)

(2.10b)

(2.10c)

(2.10d)

(2.11a)

(2.11b)

(2.11¢)

(2.114d)

(2.12a)

(2.12b)

(2.12¢)

(2.12d)

(2.13)

The solution can be constructed by the method of separation variables [17-18]. By

assuming the product of solution

1Y = £(r)g(6)h(9)

(2.14)



Which (2.13) can be reduced to the three scalar differential equations and can be
written to

e

sinf do sin?

1 df. . d m? | o
{——[81n9-5)+|:n(n+1)- - J}g(B)—O (2.15b)
and
4 s ) =0 (2.15¢)
d¢?

Each of above equation is a second-order differential equation, and the solution is
represented by a combination of two independent solutions.

Let us first consider (2.15a). This is a spherical Bessel equation and its
solutions is given by

Lyj,(kr)+ My, (kr) (2.16a)

f(n=
N, B (kr) + PRSP (kr) (2.16b)

where L,,M,;,N,;,P, are the arbitrary constants. In (2.16a), j,(kr) and y,(kr) are
referred to, respectively, the spherical Bessel functions of the first and second kinds.
They are represented to the standing wave in the radial direction. In (2.16b), k" (kr)

and h,‘,Z) (kr) are referred to, respectively, the ordinary spherical Hankel function of

the first and second kinds. They are represented to the travelling wave in the radial
direction.

Next consider (2.15b). This is Legendre differential equation and its
solutions are given by

L,P"(cos8)+N ,Q." (cosb) n =integer (2.17a)
g0)=
M ,P"(cos@)+ P,P," (—cos8) n #integer (2.17b)

where L,,M,,N,,P, are the arbitrary constants. In (2.17a) and (2.17b) P,"(cos8)

and Q) (cos8) are referred to, respectively, the associated Legendre functions of the

first and second kinds.
In (2.15c), this is a generally second order differential equation and the
solutions are given by



L, cos(m@) + M ; sin(m) (2.18a)

h(¢) =
N,e im0 4 p,e*im? (2.18b)

where L;,M;,N;,P; are the arbitrary constants.
The appropriate solution forms of f,gand & will depend on the geometry

of the problems. For representing a field outside a sphere, they may take the form as
can be written to

19 =[L;h" (kr) + M 12 (n)][L, B, (cos 6) + M, 07 (cos 6)]

. (2.19)
[L; cos(m@)+ M ; sin(m¢)]

To form outward traveling waves and the boundary condition at infinite
distance. The spherical Hankel function of a second kind k. (kr) is chosen and for

the finite field at any value of 6, including 6 =0,7 where 0, (cosB) possesses
singularity. So that (2.19) can be reduced to

19 =1 (kr)P)" (cosB)[A,, cos(m@) + B, sin(m@)]  (2.20)

where A, and B,, are normalized coefficients to be determined. Each of field

components, due to hertz vector potentials TI and IT', is derived by the superposition
of the fields from TE and TM modes. By substituting (2.20) to (2.9a)-(2.12d). Thus,
we can write

n(n +1)

= 22 == 1D (kr)P (cos6)[ A, cosm@ + B, sinm¢] (2.21a)
E, = ZZ— (P =2 4, cosmp + B, sinmo]
dg (2.21b)
— jouy S P Uy SO e Gnmg—D,,, cosme]
o m sin@ dob
-m d 2 m .
Ey=33%— 3 ;l-[rh,. (kr)JB," (cos0)[A,, sinm¢ — B, cosmg]
n m rsin6 dr (2.21c)
+ jouY Y P (kr)ﬂ-‘%eﬂ[cnfm cosm¢ + D, sinm@]

H, =330 n (" n 4D 4D () P (008 0)(C i COSMG + D, sinmg] (2:21d)
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= ZZ']‘ [rh? (kr )]Mg-s-e—)[ ., cosm@ + D, sinmg]
vrar 2.21¢)
= JORE = b (k)P €050) Ay Sinm ~ B, , 059}
ZZ [rh(z) (kr)IP (cos8)[C,,, sinm¢ — D, cosm¢]
" m rsiné 2216
- jou S T e L 00 4, cosmp+ B, sinmg]

where n? ,m are the wave number in TM (TE) mode.

Finally, we completely derived the exterior electromagnetic fields in the
spherical coordinate. However, they also have the unknown coefficients which can be
easily solved from the enforcement of the boundary condition.

2.4 Lorentz Reciprocity Theorem

The Lorentz reciprocity theorem is useful for deriving the reciprocal
property of the antenna [18], for deriving the orthogonal property of wave modes and
so forth. Now we will discuss the property of reciprocity theorem and apply it to solve

our boundary problem. Suppose that the distributions of impressed current T, M,
give rise to field components E, H,. Similarly, source current J;;,M,, give rise to

EZ,H ,. The individual fields satisfy Maxwell’s equations as shown in (2.22a) to
(2.22b).

VxE, =-M; — jouH -

) .waﬂl for source J;;,M;; (2.22a)
VXHI=J”+J(0#E1
VXE, =~M ;- jopH,

N for source J,,, M, (2.22b)
VXH, =1, + jOUE,

The following scalar and dot products of (2.22a) and (2.22b) are valid.

Ez'VXﬁI=E2'f”+jqu2'El (2.233)
and

H,-VXE,=-H, M, - jouH, -H, (2.23b)
or

and
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H, VxE,=-H,-M,; - jouH, -H, (2.23d)
Now by using vector identity
E, - VxH,-H, -VXE,=-V-(E,xH,) (2.24a)
and
E,-VxH,-H, VXE,=-V-(E,xH,) (2.24b)
Subtracting (2.24b) from (2.24a) reduces to
V.(E,xH,-E,xH,)=-E, - Ty +E, Ty +H, My -H, M, 225)

We now integrate both sides of (2.25) over a volume V . Then using the divergence
theorem, we get

S 14
(2.26)

where 7 is a unit vector directed along the outward normal to close surface S. It is
clear that the surface integral in (2.26) is zero, if the enclosed volume contains no
sources. -

Next, we will consider a special case by giving S to be a close surface
composes of S, and S,,. S, is arbitrary closed surface that encloses all the sources.
We also consider another surface S, extended to spherical surface with infinite
radius. This event is shown in Figure 2.1. The corresponding to surface integral in
(2.26) over the volume enclosed by S, and S, is zero because there are no contained

source. Thus, (2.26) can be reduced to

[[(E;xH, - E, xH,)-fids =0 (2.27)

S,+S.

[[(E,xH,—E,xH,)-fds+ [[(E, xH, —E, xH,) - ids =0 (2.28)
S See

From the radiation conditions at infinite point, we now apply the Sommerfeld
radiation condition over S, which satisfies the following equations.

12
lim | F, xﬁ)+(%) E}:o (2.292)

52
lim 7| B —(%] G xf)} =0 (2.29b)

r—c
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Fig. 2.1 Close surface S, encloses all sources J and M and exterior spherical
surface S with infinite radius

When we expand each component that satisfies both conditions, then, they can be
written that

i wI/Z (8 1/2
£ \1/2 /8 /2

Both of fields represent outgoing plane wave. Then, we expand each component in a
second term on the left-hand side of (2.28) by replacing a unit vector i with a
radially outward unit vector. Therefore, we can write that

J.J(EI XH—Z —Ez XHI)'ﬁdS+J‘I(E91H¢2 _E¢}H92 —E92H¢I +E¢2H91)ds=0
S, Se

(2.31)

Substituting (2.30a) and (2.30b) to the integration over S, in (2.31). Thus it follows
that the integration over infinitely spherical surface S, will vanish. Finally, (2.31)
reduces to

[[(E,xH,-E,xH,)-ids=0 (2.32)
S,

where S, as indicated in Figure 2.1, enclosed all sources.
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2.5 Boundary Value Problem of a Sphere

In this section, we will consider the boundary value of a conducting sphere
of radius “a” with a radiating aperture designated by S,, on the surface as shown in

Figure 2.2. On the assumption of perfectly conducting sphere with vanishing
thickness, the tangential components on the surface are not zero over the radiating
aperture. Thus, the boundary conditions of the electric fields are

EO (a’9’¢) = f] (e,¢) (2.33&)
and

E4(a,6.0) = £,(0,0) (2.33b)

Fig. 2.2 Geometry of a sphere with arbitrary radiating aperture

To determine the unknown coefficients A,,,,B,,,,C,,and D, in (2.21a)-(2.21f), we

apply the Lorentz reciprocity theorem in the previous section. From the Lorentz
reciprocity theorem for a source-free region, (2.32) can be rewritten as

[J(E,xH))-ids = [[(E, xH,)-Ads (2.34)
Sap Sap
where in this case 7 is the radially inward unit vector normal to the closed surface
and S,, is an aperture area represented in Figure 2.2. When we expand each

component of (2.34), it can be written as

[[(Eq1Hy, —Ey Hoy)ds =[[(Eg,H ,y — EyyHog, ds (2.35)
S

sap ap
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In order to determine the unknown coefficient A,,,B,,,C,, and D, , we separate
the problem into 2 cases:

1. TM mode to determine A4,,,,B,,,
2. TE mode to determine C,,,,D,,,

From the integral equation in (2.35), the given boundary value f,(6,¢) and f,(6,¢)
obviously enter into the integral on left-hand side. We use the series representation,
(2.21e) to (2.21f), for Hy; and H ol in the integral on the right-hand side. By taking

E,,H, to be successively even and odd or TM TE .0y modes and also the

nm(e,0) ?
orthogonal in each wave mode are used to minimize the derivations. For deep
understanding, we will explain in each following case.

Case 1: E,,H, are TM ® mode even and odd

Referring to (2.21a)-(2.21f), the TM R field components can be expressed by

E,, ="0ED @ 0 pi s g)] S €SP (2.36a)
r B,,m sinm@
¥ dP" (cos0) | A,,, cosm¢
E,, B (kr)| ———y 2.36b
r ( )I dé B, sinm¢ ( )
1 P"(cos@) | A,,sinm¢
E h") kr)| ———— 2.36
o2 =Ml )I sin@ { B, cosm¢ (2.36¢)
H,=0 (2.36d)
m A .
Hy, =— joemh@® (kr) 2250 (,°°se){ o SN0 2.36¢)
sin@ |- B, cosm¢
. dP," (cos0) |A,,, cosm¢
H,, =—joeh? (kr)—2—24 " 2.36
2 J n ( ) d6 B,,m smm¢ ( f)

As mentioned previously, we substitute f,(6,¢) and f,(6,¢) in the left-hand side

and use the series representation, (2.21e)-(2.21f), for H,y, and H ¢1 in the right-hand
side of the integral. In order to determine the unknown coefficient A,,, we enter
E,H, by T™™ nm(e0ys (2.36b)-(2.36¢) and (2.36€)-(2.36f), successively. The

procedure is straightforward one and leads to (2.37) after arranging the similar terms.
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If [f;(e ¢)m sm¢—-si% f2(6,¢)l’,,"'(cose)sinm¢]az sin 8d0d¢

- 2
= Aum [rh,(,”(icr)]m K[{dﬂ' ‘(iceose)) Io 0s? m¢d¢+ (P"'(cos))zj' sin m¢d¢] sin 640

(2.37)

Using the orthogonal properties of trigonometric and Legendre functions. These
relations are written to

27 (cos) ? 0 m#0
— h 5 = 2.38
g{g;}m¢w-nuiaﬂ where 0, ﬁ meo 239
and
n m m
j dr, (cose) dky (cosB) 2 P,,"‘ (cos@) P (cos@) ;sinbdo
o do sin 6
0 for n#n
={ 2n(n+ I)(n + m)! ) (2.39)
@n+ D(n—m)!

After some algebraic manipulations, then, it can be found that

dP;"(cos 6) y m ng
@2n+1)(n—-m)! a sﬂ[fl(e 2 de 4 fZ(G &)/ Atk m¢]d9d¢
Aom = 2n(n+D(n+m)! d_{rhf,z’(kr)],:a
r
(2.40)

In the similar manner to 4,,, B,, can be evaluated by substituting 7M., ,, of

(2.36b)-(2.36¢) and (2.36e)-(2.36f) for E,_ and H , Of (2.35). These assemblies will
lead to

in @
dod¢

dP," (co 9)

ﬂﬁwm

_ @n+D(n—m)! as.
2n(n+1)(n+m)' n

¢+-——fz (6,¢)P,)" (cos8)cos m¢]

Q@
i [rh,, (kr)]

r=a

(2.41)
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Case 2: E,,H, are TE® mode even and odd

Referring to (2.21a)-(2.21f), the TE R field components can be expressed by

E,, =0 (2.422)
E,, = joumh® (kr )M{ m SIN MY (2.42b)
in@ D,,, cosm¢

dP," (cos9) |C,, cosm¢
jeoph'? (kr)y—t——= "™ 2.42
= jouh,” (kr) 10 {D"msmm (2.42¢)
5
H,= "(”+1)h‘2’(kr)P"'(cos9){ m COST (2.42d)
D, sinm¢
m C .
H,, I[h(z)(k )| 4 (©088) | Com cOSMO (2.42¢)
do D, sinm¢
-m (&4 Sinm¢
H,y =———|rh? (kr) | P™(cos8){ ™" 2.42
*2" rsing [r A (r)I n (cos ){— D,, cosm¢ (2420

The procedures of TE® case are in the same manner of TM ® case. The coefficient
C, can be determined by substituting E, and H, of (2.35) by TM amie.0)» (2:42D)-

(2.42c) and (2.42¢)-(2.42f). After some algebraic manipulations, it can be found that

B

= Cpp jatth(? (ka) [ [

dP," (cos8)
deé

f1(0,0)P" (cosB)sinme + £,(0,¢) cos m¢]a ? sin 8d6d¢

m 2
& g;os 2 ] Joz " cos? m¢d¢} sin 646

" (cos8)) Io sin m¢d¢+(

(2.43)
By applying the orthogonal properties (2.38) and (2.39), we can reduce (2.43) to
(2.44).

jj[ £1(8,9) P (cos0)sinm¢ + £,(0,0)
_ (2n+D(n-m)! I 5, 5in6

T 2n(n+D(n+m)in jouh'? (ka)

dP," (cos @) sinf
—L———-=cosm¢
de dbd¢

nm

(2.44)



In the similar manner with C,,, D,, can be evaluated by substituting TE,,. .,

(2.49b)-(2.42¢) and (2.42¢)-(2.42f), for E, and H, of (2.35). These assemblies will
lead to

dP," (cos 6) s1nm¢] sin@

ﬂ[————f;(e 9)cosmd — f,(8.9)—"— 466

_ @Cn+D(n—-m)! 1 S
T onn+Dntmw ~ jouh'? (ka)

nm

(2.45)

We can observe that the unknown coefficients A,,,B,,.C,, and D,, are in the

integral form of the field distribution f,;(6,¢) and f,(6,¢) on the aperture. These
formulations can be applied to a slot on sphere and will be discussed in the next
chapter.

2.6 Conclusions

From Maxwell’s equations, electromagnetic waves TE R and TM® in the
source free region of the spherical structure are derived by using auxiliary Hertz
vector potential. Since the radial component of Hertz vector potential satisfies the
scalar wave equation, it can be solved by separation of variables method, analytically.
The general solutions are in the product of

(1). The spherical Bessel function of the first and second kinds ( j, (kr) and
y, (kr)) for a standing wave and the spherical Hankel function of the first and second

kinds (h,(,I )(kr) and h,(,z) (kr)) for a traveling wave.
(2). The associated Legendre function of the first and second kind
(P (cos6) and Q, (cosB)) for the wave in € direction

(3). The exponential function (e and e*/™) and the trigonometric
functions (cos(m¢) and sin(m¢) ) for the wave in ¢ direction

To determine the unknown coefficient of exterior electromagnetic boundary
value problem, we apply the Lorentz reciprocity theorem when the considered region
is closed by an infinite spherical surface and a finite sphere with the assumed
tangential fields on the surface. Then, the radiation conditions on the infinite spherical
surface dre utilized with the orthogonal properties of trigonometric and associated
Legendre function. Finally, the unknown coefficients can be obtained in the integral
form.



CHAPTER 3

A HORIZONTAL SLOT ON A SPHERE

As the discussion on the exterior boundary value problem in the preceding
chapter, general expressions of electromagnetic fields outside a sphere has been
derived in term of the tangential field distributions. Now if we consider a radiating
slot instead of arbitrarily radiating aperture, the general problem of a slot on a sphere
can be extract the essential radiation characteristics. The work in this chapter will start
from a conducting sphere with a narrow zonal slot. After that a half-wave slot on a
sphere will be considered by using the expression from the previous case. The
characteristics of a half-wave slot such as radiation pattern, directivity, half power
beamwidth are obtained. Numerical results of half-wave slot case are illustrated and
compared with the experimental results.

o

3.1 Formulation for a Narrow Zonal Slot on a Sphere

Let us now consider a perfectly conducting sphere with a narrow zonal slot
as illustrated in Fig. 3.1. The spherical coordinate (r,0,¢) system is chosen. “a” is

the radius of a sphere, 6 = 6, is the position of the slot and 2« is the width of the slot

with respect the angle 6 . By assuming the narrow slot, the distribution of the electric
fields on each wave mode is defined by

2a P(r,6,¢)
>y
X
Fig. 3.1 Geometry of a sphere with a narrow zonal slot
E 0 —a<8<6,+a
B y(a,0.0)=1"" cosmo \—ax<8<6, (3.1a)
0 ,0€0<6,-0,0,+a<0<r
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E,(a,0,¢)= 0 all over a sphere  (3.1b)

where E, is an unknown constant to be determined. Under this condition the

electromagnetic fields exterior to a sphere are easily obtained by substituting (3.1a)-
(3.1b) into (2.41)-(2.42) and (2.46)-(2.47). Thus we can write that

28 e,+a dP (cos 9)
_ (@n+D(n—m)! aE, o Jy-glcos’ mp—r—-—=sin61d6d¢
mn 2n(n +D(n+m)! =« ;[rh’('z) (kr)]r=a
_ @n+D(n—-m)! ak,, :,:,adP,,’" (cos ) sin 946 (3.22)
2n(n+])(n+m) d L) h(z)(kr)] 1= do
d r=a
. T 00,4+ 3 de
_ (@n+D(n-m)! aE,, )" Joalcos mg sinmg "“;,(‘?—SG—) n61dode
"™ 2n(n+Dn+m)! w g; [rh,‘,z)(kr)],=a
=0 (3.2b)
_ (zn +1)(n _m)' mEm J’:x j:’j:[cosmq) sinm¢P,,'" (COSG)]dOd(P
™ 2n(n+Dm+m)! & jour'? (ka)
=0 (3.3¢)
_ (2n+D(n—m)! mE, b fo'm[ws mgF," (cos 6)1d6d¢
™ 2n(n+D(n+m)! 1 - jouh'? (ka)

(2n+1(n—m)! mE,,

2n(n + I)(n+m)! quh(z)(ka)J: P (cos0)do (3.3d)

Therefore by substituting (3.2a)-(3.2d) to (2.21a)-(2.21f) the electric and magnetic
field components of mth mode can be expressed as

o (2)
E, (r,0,0)=—E ™ n(n+1) kah,” (kr)
(r ¢) mn§m mn kr [kah,(xZ) (ka)]

- P," (cos@) cosm¢ (3.4a)

LT h® (kr) mP"’(cosG)+LTM a [krh® (kr))’ dP (cos6)

,0,0)=—E,, 0
Ene (1,04) ,,§,,{ ™ h® (ka)  sinb T kah@ (ka)]  dO Jeosmé

(3.4b)
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h® (kr) d w (cos6) | ™ & [krh® (kr)) mPy" (cos6)

0,0)=E, S{LE
Em¢ (r ¢) mngm{ 'mn h’{'Z)(ka) d9 [kah(z)(ka)] sm9 } m¢
(3.4c)
— e n(n+1) KD kr) . )
Hmr(r,9,¢)—-J\/;E 'E'L b h )P (cosO)sinm¢ (3.44d)
_ . e [T tkrh® (kr)Y dP" (cosO) gy a lkrh!? (kr)] mP) (cos6)
mé (r’O ¢)_ ]J»E ngm{ [k hf)(ka)] de Lmn r [kah(z) (ka)] sin@ } nm¢
(3.4e)
L [T [krhf? (kr))’ mP," (cos6) i [kah!? (kr)} dP]" (cos8)
e (7:6,9)= J\rE ng,'n{ " k@ (ka)]  sin® ™ [kah®(ka)] 4O Jeosmg
(3.49)
where
[rn® ()] = =2 fern® k) (3.5)
o(kr)
TE 2n+1 (n—m)! -
=-— P 6)de 3.6
™ = 2n(na D) (n+m)‘Eam e G0
and
' m
™ 2n+1 (n—-m)! I_mdP (cos9) in 640 37)

e n(n+1) (n+m)! a do

The total electromagnetic fields outside a sphere is obtained from the summation all
of mth mode contribution. By doing this, it can be shown that

Er = iEmr EB = iEmO E¢ = iqup (383)
m=0 m=0 m=0

H-SH, H=$H, H=5H, 630
m=0 m=0 m=0

Then it is reasonable to define the amplitude of mth mode of the voltage gap along
the narrow slot. So it can be written that

)
VvV, = jel’:’;EmadO =2a0k,, (3.9)

When the observer is at infinite distance, the far zone fields radiate from a sphere can
be evaluated. It is clever to replace the spherical Hankel function with an asymptotic
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expression for large parameter. The asymptotic expression of the spherical Hankel
function can be approximated by

n+l

K (kr) ~L—e ¥ (3.10a)
kr

and
fern® (kr)I ~ j™! [———("; h_ j]e“i"' (3.10D)
r

In the far zone the total fields of (3.4a) through (3.4f) can be reduced, by replacing the
spherical Hankel function with its asymptotic form (3.10a)-(3.10b) to (3.4a)-(3.4f). So
that the radiated fields will be written to

E, . (r,0,9)=0 (3.11a)
: eryv o . lzf, 1 mP(cosB) L,’:,,’ ka dP"(cos9)
E 0y PO . N n n i n
o (126,9) = —— =2 2, (1) {J 20 K00 s 20 k)] do o
(3.11b)
ey = 115 1 dP"(cosB) L,’,?’ ka mP"(cos0)| .
E .0, —-——m n 'mn n n a
m’(r 9 ¢) M ka n§" (j) {J 20 h,(,z)(ka) dG + 2a [kah’(’z)(ka)]’ sinO sin m¢
(3.11¢)
H,,(r,0,¢)=0 (3.11d)
Hme(r99’¢)g_J—£"Em¢(ra99¢) (3.116)
u

Hm’(r’9’¢)zJ;£:Em9(rv9v¢) (3.11f)
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3.2 Formulation for a Half-Wave Slot on a Sphere

To analyze the radiation of a half-wave slot on a sphere, the theoretical
investigation for such slot is not easy. However if the aperture field distribution along
the slot is assumed, the calculations of radiation pattern are not difficult because all
the formulations are already derived in the preceding section.

P(r.6,¢)
v

Fig. 3.2 A half-wave slot on a sphere

Now, Let us consider a horizontal half-wave slot located on the equator of a sphere as
illustrated in Fig. 3.2. In this case a sinusoidal voltage distribution reasonably
expressed by the following equation.

. 2T
P V51n[7(1-a|¢[)] lag|<1 5.12)

0 |a¢| >l

In the other way, the voltage at the aperture can be obtained by the fourier expansion
of the voltage modes.

V$)= 3V, cosme (3.13)
m=0

To find the magnitude in each voltage mode, the orthogonal property is necessary. So
the multiplying the cosine function and integrating both sides are done. Therefore we
can write that

%V'" | 02 " cosme cosngdg = V_[_I{} sin[—z—;-E (- a]¢|)] cosngdd (3.14)



23

and because
2 0 m#n
co - (3.15)
gcosmtp sngd¢ {71.' e 20
then it can be é'hcvm}n that
2V !/a 2r
= — sinf—(l —a@)]cosm 3.16
= Tao gn o Sl (-adlcosmodo (3.16)
or
sintkazmi - o (ka+m)l
sin ki L B— a +
-m ka+m
v, =1_2;’__ NN, (3.17)
( + m)n' COSM—I cosﬂ_l
coskl ) + a
-m ka+m
(v
—— (I —coskl) m=0
mka
AV 2 reostmy—cosk]  mka,m#0 (3.18)
T (ka)*~m a - -
Kisinkl m=ka
\T a

From (3.18), we can find the coefficient of each voltage mode. By substituting (3.18)
to (3.11a)-(3.11f), one can find the radiated fields of a half-wave slot on a sphere.

3.3 Directivity, Half-power Beamwidth and Front-to-back Ratio

One very important radiation characteristic of an antenna that described
how much it can concentrate energy to the desired direction over the other directions
is called directivity. It is defined as the ratio of the radiation intensity in a certain
direction to the average radiation intensity, or

_ 47U
P

rad

D (3.19)

where D is directivity, U, represents the maximum radiation intensity, P,,, is the
total radiation power. The radiation intensity can be expressed by

~
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vO.9=7(E@9f +|E 00 | (3.20)

where
" 1) =intrinsic impedance of the medium (for free space 1, =1207 Q )

Ey,E, = far-zone electric field components of the antenna

The total radiated power is obtained by integrating the radiation intensity over all
angles around the antenna, defined by

271'£
Py=] TU(9,¢)sined9d¢ (3.21)
00

The other two parameters describing the radiation patterns of the antenna are Half-
power beamwidth (HPBW) and front-to-back ratio.

Half-power beamwidth (HPBW) is the angle subtended by the half-power
points of the main lobe.

Front-to-back ratio is the ratio between the peak amplitudes of the main and
back lobes, usually expressed in decibels.

3.4 Numerical Results

The numerical results of radiation characteristic of a half-wavelength slot
on sphere are demonstrated in this section by using the expressions that are
formulated in the preceding sections. The radiation characteristics which will be
revealed consist of radiation pattern, directivity, half-power beamwidth and front-to-
back ratio at various spherical radii.

3.4.1 Radiation Pattern

From the radiated field derived in the preceding section, the radiation in H
plane and E plane for the effective radius(ka) from I to 100, which corresponding

to a equal 10/n, 20/r, 30/x, 40/r and 50/m of the operating wavelength, are
illustrated in Fig.3.3 and Fig.3.4, respectively. Consider now the radiation
characteristics, we assume the slot length is a half-wavelength and slot width is
narrow. It is possible to approximate only E, in (3.8a) exist and is plotted for the

various effective radii. They are saw that, for the H-plane pattern, the larger the
effective radius the narrower the beamwidth and the lower the back lobe. At ka =1,
the radiated field is very close to the omnidirection and the change in ka = 20 become
significantly observable. The estimation 3 dB beamwidth of 82 degree and 1/ dB
front-to-back ratio has been obtained. After ka = 20, it can be seen that the patterns
are a little change. However, the front-to-back ratio is substantially larger from 15 dB
at ka =40 to 22 dB at ka =100. In another plane, similar results are also obtained
for various ka. As can be seen, at ka =1 the radiation pattern is still close to
omnidirection. For a larger ka, the results are not significantly changed. However,
the ripples of the back lobe are higher when the effective radius is larger.
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Fig. 3.3 Radiation pattern in H-plane of a half-wave slot on a sphere with various sizes of ka
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3.4.2 Directivity

Fig.3.5 illustrates the directivity as the function of the effective spherical
radius. The directivity of 2.5/ dBi can be accomplished at the effective radius of I
and rapidly increase to 4.0 dBi at ka =40 after this the directivity is slightly
increasing.

\

Directivity (dBi)

2 — - -
1 ............
0 1 1
0 20 40 60 80 100

Effective radius (ka)

Fig. 3.5 Directivity of a slot on a sphere
3.4.3 Half-power Beamwidth

The half-power beamwidth is defined to specify the merit of the antenna.
Fig.3.6 illustrates the half-power beamwidth versus the effective radius. It is obvious
that for the effective radius is equal to /, the half-power beamwidth is /46 degree
and decrease rapidly until to 79 degree at the effective radius of 40. For the larger
effective radius than 40, the half-power beamwidth become a constant at 78 degrees.

175 T T 1

150

125 \— - - - .

100
75 ———® * %

HPBW (degrees)

0 20 40 60 80 100
Effective radius (ka)

Fig.3.6 Half-power beamwidth of a slot on a sphere
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3.4.4 Front-to-back Ratio

In the investigation, the front-to-back ratio is the significant parameter to
select the spherical radius. From Fig.3.7, it can be seen that the front-to-back ratlo is
low for the small radius and increase as the large size of the sphere.

25 :
20 B
g 15
2 10 .
5
0 i L
0 20 40 60 80 100

Effective radius (ka)

Fig.3.7 Front-to-back ratio of a lot on a sphere
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3.5 Experimental Results

To verify the theoretical results, the antenna prototype is composed of 2
hemispheres which are contacted by aluminium foil around the outer circumference.
Respectively, the slot length and width are 2.69 cm and /.50 mm. The antenna is
excited by probe at the bottom of a sphere and perpendicular to a slot length. The
experiment is set up at the operating frequency of 5.58 GHz for ka =8.57 (a=7.34
cm). This antenna has SWR of 1.8. The photograph of the prototype antenna is
shown in Fig. 3.8. The antenna far-field test site is set up with the distance of /.70 m
which is greater than twice of the far field range. The antenna under test is connected
to port 1 of the HP-8510C network analyzer to transmit the waves and is rotated at 2
degrees per step. A conical horn is connected to port 2 of the network analyzer to
measure the received signal strength. The radiation pattern from experiment is plotted
and compared with the calculation as illustrated in Fig.3.9.

We find generally good agreement, except for some discrepancies in the
relative magnitudes of minor lobe region. These may be come from some imperfect
fabrications or the effect of multipath waves due to imperfect free space test site.

Fig.3.8 Photograph of the prototype antenna with ka =8.57
3.6 Conclusions

From the theoretical aspects as derived in the previous chapter by assuming
the tangential field components on the aperture, the theoretical formulation of a slot
on a sphere can be investigated. The numerical results of radiation characteristic such
as radiation pattern, half-power beamwidth, front-to-back ratio and directivity are
demonstrated. It is apparent that the narrower the half-power beamwidth the higher
front-to-back ratio and the higher the directivity can be obtained by using the larger
the effective radius of a sphere at a constant slot dimension. However, the size of a
sphere can be chosen according to the cost effective and the radiation property
requirement. Finally, the experiment is set up to confirm the theoretical ones.



— Calculation

xxxxx Experiment

= (Calculation

+++++ Experiment

E-Plane (xz cut,¢ = 0°)
(b)

30

Fig.3.9 Radiation pattern comparison between theoretical and experimental results of

a slot on a sphere for ka =8.57.
(a) H-plane
(b) E-plane



CHAPTER 4

AN INCLINED SLOT ON A SPHERE

In this chapter we explained the radiation characteristics of an inclined slot
on a sphere. From the theoretical aspects of a half-wave slot on a sphere in the
preceding chapter, the relations between a half-wave horizontal and inclined slot on a
sphere are explained in a comprehensive derivation. The contents are divided into two
parts, the first deals with using the Euler angle rotation to rotate an object in the space
and transform the component from one to other coordinate systems. The second part,
we develop the governing coordinate transform for an inclined slot on a sphere.
Finally, the numerical results of radiation pattern are presented at the various inclined
angles and the experiment is set up to validate the numerical results.

4.1 The Euler Angle

In general the calculation of radiation characteristics of a spherical array
antenna faces some difficulties because the antenna pattern and the feed element
coordinate do not coincide. Consequently, the idea of an array factor times the
element pattern collapses. However the pattern can be obtained by rotating pattern
direction into the coordinate of each element pointing in a difference directions. In
many designs and measurements for example mechanics, robotics, image processing
etc., they are necessary to use a coordinate transformation that relates the Cartesian
and spherical components each other.

This obstruction can be achieved by using the Euler rotation angle. It
composes of Cartesian and spherical Euler angles. The Cartesian Euler angle is
utilized to obtain the rotation matrix of the unit components between antenna and
rotated coordinate system. The spherical Euler angle is applied to calculate the
position angle in the space with different coordinate systems. The definitions for each
case are explained in the subsequent sections.

4.1.1 The Cartesian Euler Angle

Let us consider two Cartesian coordinate systems, triple primed system
(x",y",z") and unprimed system (x,y,z) as shown in Fig.4.1. These Cartesian
systems are related via three rotations that involve the use of matrix of cosines and the
rotating angle are so called Cartesian Euler angle [19-21]. The final coordinate system
(x*,y",z") is developed in three steps. We start from unprimed system (x, y,z) then
sequential rotating through angle L, M and N to the triple primed system. All of the
operations will be described step by step.
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Fig. 4.1 Cartesian Euler angle

1. The x'-,y’— z’—axes are rotated about the z-—axis through an angle L
counterclockwise relative to x,y,z. (The z—and z’—axes coincide.) as shown in
Fig.4.2.

2,z
A

Fig. 4.2 Rotation about z”-axis through angle L
The transformation equation can be shown that

[&1=°T°1e] (4.1a)
or equivalent to

X coslL, sinL Ofx
y'|=|-sinL cosL Oy (4.1b)
Z/ 0 0 1|z
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2. The x"—,y"—,z"—axes are rotated about the y’—axis through an angle M
counterclockwise relative to x’,y’,z’. (The y’-~and y"—axes coincide.) as
shown in Fig.4.3.

YLy

Fig. 4.3 Rotation about y’-axis through angle M
The transformation equation can be shown that

[&1=(“T &) (4.22)
or equivalent to

x cosM 0 —sinM|x’
yii=f 0 1 0 [y (4.2b)
20 sinM 0 cosM ||z’

3. The x"—,y"—,z"—axes are rotated about the z”—axis through an angle N
counterclockwise relative to x”,y”,z”. (The z”-and z” - axes coincide.) as shown
in Fig.4.4.

ol

Fig. 4.4 Rotation about z’-axis through angle N
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The transformation equation can be shown that

[&"1=[C T 11e") (4.3a)
or equivalent to
x” cosN sinN Of x*
y"|=|-sinN cosN 0 y° (4.3b)
Pl 0 o 1|z

After successively performing three rotations, we arrive to the following
transformation equation (4.4a) among the unit components of Cartesian coordinate
system. ’

™= T AT T NE] =1 TENE] (4.42)
or equivalent to
X cosN sinN OjcosM O -—sinM | cosL sinL Ofx
y"|=|-sinN cosN Of 0 I 0 —sinL cosL O] y|(4.4b)
z" 0 0 IfsinM 0 cosM 0 0 1)z

where

cosNcosM cosL—sinNsinL
[€T¢)=|-sin N cosM cosL - cos NsinL
sinM cosL

cosNcosMsinL+sinNcosL —cosNsinM
—~sinNcosMsinL+cosNcosL sinNsinM
sinM sin L cosM
(4.4¢)

Note that if Euler angle changes the coordinate system representation, but
does not rotate the object. So, it means that the pointing direction still be the same in
both coordinates. The applications of constant direction are the main point of
coordinate transformation and will be discussed in the succeeding sections.

4.1.2 The Spherical Euler Angle

The spherical Euler angle [22-23] is different from Cartesian Euler angle
because they are easy to visualize. In addition no matrix operations are required to
convert angle from one coordinate system to other systems. We will start to consider
two right-handed Cartesian coordinate systems with a common origin. We point out
that the primed meridian runs from + z-axis through the + x-axis to the — z-axis, as
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shown in Fig.4.5. A point in the space can be described by (x,y,z) or (r,6,¢)
coordinate system.

Prime Meridian

Fig.4.5 Spherical coordinate and the primed meridian

We start from the system, as shown in Fig.4.6, where the space angle in
(r,6,9) or (x,y,z) is known. The (r,6°,¢") or (x”,y’,z") is the target system. The
prime and unprimed systems are related by the spherical Euler angle &, B and y that
rotate the prime system to coincide with the unprimed system.

4 6’,¢) Prime Meridian

(9, Pole

Line of nodes

(6,¢) Prime Meridian
Fig. 4.6 Prime and unprimed coordinate a sphere, showing coordinate system and
Euler angle ¢, 8 and y
To derive the relationship between primed and unprimed coordinate, we
apply some spherical trigonometry properties and the geometry is shown in Fig.4.7.
By the law of cosine yields

cosB =cos@’cos B +sin@’sin B cos(¢p’ — ox) 4.5)

The angle ¢” is redefined by
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¢ =~ (@-7) (4.6)

(6".¢) Prime Meridian

Line of nodes

(6,¢) Prime Meridian
Fig. 4.7 Derivation geometry of a spherical Euler angle
Again applying the law of cosines
cos@’=cos fcosf +sin B sinB cosp” 4.
Applying the law of sine yields

sing” _ sin(¢’— o)

= 4.8
sin@’ sin@ (48)

From (4.6), we find that

cos¢”=—cos(p+7) (4.9a)

sing” =sin(¢ +7) (4.9b)
Therefore, from (4.8), we write

sing” =sin(p + ) = S0 sin@" - @) (4.10)

in6@

From (4.7), we write

_COS¢,=COS(¢+y)=cosBcosﬂ—cosO @11

sin@sin 8

Dividing (4.11) by (4.10) gives
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sin@’sin(¢’ — o) sin B

t +y)= 4.12
an(@+7) cos@ cos f —cos8’ (12)
By substituting (4.5) into (4.12) yields
sin@’sin B sin(¢p’ — &)
t +7)= 4.13
an(g +7) cos Blcos8’cos B +sin@’sin B cos(p”— a)] —cos B’ (4.13)
This will be simplified to
tan(¢ +7) = sin6’sin(¢ — ) (4.14)

cos fBsinB”cos(¢’— a) —sin B cos 6’

Using (4.5) and (4.14) the unknown (6’,¢") can be evaluated when the

other parameters are defined. Visualizing the Euler angle may be confusing and it is
important to rotate the angle o, and ¥ in the correct order of the right-hand

direction. To transform an angle from (8°,¢") to (6,¢), it can be described by

1. Rotating the sphere an angle of o until the prime meridian crosses the +z-
axis.

2. Moving an angle of B along the Line of Nodes until +z'- and +z-axes
coincide. X

3. Rotating an additional angle ¥ until the two prime meridians coincide.

4.2 Coordinate Transformation of a Spherical Array Antenna

Having derived the Euler angle rotation both Cartesian and sphere in the
preceding sections, we next will apply all materials to calculate the radiation pattern
of array elements on a sphere. Firstly, we introduce the global and local coordinate
system. The global coordinate system will be designated by unprimed Cartesian
(x,y,2), or unprimed spherical coordinate (r,6,9) and the local coordinate system
will be designated by primed Cartesian (x’,y’,z") or primed spherical coordinate
(r’,6°,0") system. While calculating an antenna pattern, we hold the space direction
constant in unprimed coordinate system and iterating calculation over the element
array, local or primed coordinate, to calculate the total electromagnetic waves. In the

following section, we will apply the Euler angle to evaluate the relations between the
unit vectors in global and local coordinates with the same and different origins.

4.2.1 The Global and Local Coordinates with the Same Origin

Let us consider two primed and unprimed coordinate systems with the same
origin as depicted in Fig.4.8. We assume the element as a slot and the orientation of a
slot can be described by angle A, B and C that are employed to define the Cartesian
Euler angle. Angle A describes a counterclockwise rotation about the z-axis, then
angle B defines a counterclockwise rotation about the y -axis. Sequentially, angle C
is rotated about the x’-axis which will take the unprimed coordinate coincide with
primed coordinate system. After complete rotating the three transformation matrices,
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we arrive to the transformation equations among the unit Cartesian components. From
section 4.1, we can write the transformation matrix as

" Fig. 4.8 Geometry of global and local coordinates locate on the same origin showing
the Cartesian Euler angle A, B and C

X 1 0 0 WcosB 0O -sinBj cosA sinA Ofx
$’{=10 cosC sinCQ 0 1 0 ~sinA cosA O 5| (4.15)
3’| |0 -=sinC cosCljsinB 0 cosB 0 0 1z

or it can be alternately written by

[@1=[T*1[&] (4.16)
where
cosBcos A cos Bsin A —-sin B
[€T¢]= sin Csin Bcos A sin Csin Bsin A+cosCcosA sinCsinB

cosCsinBcosA+sinCsinA cosCsinBsin A-cos AsinC cosCcos B

After multiplication and expansion (x’, y’,z”) in term of (+/,8",¢") then (4.15) yields

r’sin8’cos¢ cosBcos A cos Bsin A —sinB
r'sin@’sing’ [= sin Csin Bcos A sinCsinBsinA+cosCcosA sinCsinB
r’cos8’ cosCsinBcosA+sinCsinA cosCsinBsin A—cosAsinC cosCcosB
rsin@ cos ¢ .
-| rsin@sin¢ 4.17)

rcos@
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In calculating the radiation pattern, the far field condition can be written as
r=r'=oo (4.18)
Then we expand each component in (4.17) by applying the condition in

(4.18). The relation between primed and unprimed coordinate can be obtained as
shown in (4.19a) through (4.19c).

_sinCsin Bsin6 cos(¢ ~ A) + cos Csin8 sin(¢ — A) + sin Acos Bcos 6
sin@’

sing’
(4.192)

_ cos Bsin8 cos(¢ — A) —sin Bcos 6
sin@’

os¢’

(4.19b)

cos 6’ =cos Csin Bsin 8 cos(¢ — A) — sin Csin @ sin(¢p — A) + cos C cos Bcos 8
(4.19¢)

Our next task is to derive the relation between unit component (i"',é',(ff') and
(7, 8, q?) which can be represented by (4.20).

Fl=t T N T NT NS (4.20)

After substituting the transformation matrix [“T¢],[ST¢] and [°T*], it can be
explicitly written as follow

#7] [sin@’cos¢’ sin@’sing’ cos@’
6’ |=|cos@’cos¢’ cosf’sing’ ~sin@’
¢ | —sing’ cos ¢’ 0
[ cos Bcos A cos Bsin A —-sinB
sin Csin Bcos A sinCsinBsinA+cosCcosA sinCsinB

| cosCsinBcos A+sinCsin A cos Csin BsinA—cos AsinC cos Ccos B
sinfcos¢ cosOcos¢ -—sing| #

| sinf@sing cosfsing cos¢ 6 (4.21)

cosf —sin@ 0 ¢

We finally expand (4.21) to determine the 6’ and ¢’ in term of 6, ¢ via the

applications of (4.19a) through (4.19c) with a condition of constant radial direction.
After taking a laborious derivation, we obtain (4.22a) and (4.22b).
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-~ %sin C sin 2Bsin 26 cos? (¢ — A) — sin C cos® Bcos? 6 cos(¢ — A)

—~2 cos(45 - ¢)(:]l- sin Csin 2B sin Asin 26 cos(¢ — A) —sinC sin? Bsin Acos? 6)
— cos Csin Bsin(¢ — A) — sin Csin? 8 cos(¢ — A)

sin@’
%sin Csin2Bsin 2(¢ — A)sin@ + cos C cos Bsin 8

+ —JZZ sin(45 — ¢) sin Csin 2B sin Asin 6 cos(¢ — A)

—cosCsinBcosB cos(¢ — A) +sinC cos? Bcos@ sin(¢ — A)

.

4
sin@’
(4.222)

ésin Csin2Bsin 2(¢ — A)sin @ + cos Ccos Bsin 0

+ —{2——% sin(45 — ¢)sin Csin 2B sin Asin 8 cos(¢ — A)
—cos C'sin B¢cos 0 cos(¢ — A) +sin C cos? Bcos® sin(¢ — A)

\ /
sin@’

D>
-

Il

D>

- :Il-sin Csin 2Bsin 26 cos? (¢ — A) — sin C cos® Bcos? 0 cos(¢ — A)

~ 2 cos(45 - ¢)(§ sin C'sin 2B sin Asin 20 cos(¢ — A) —sin C sin? Bsin Acos? 9)

— cos C'sin Bsin(¢ — A) — sin Csin? 8 cos(¢ — A)

\ /
sin@’

(4.22b)

In summary, expression (4.22a) and (4.22b) are useful to calculate the
radiation field of the inclined slot on a sphere that will be concentrated in the
succeeding sections. Observing that the unknown parameter 6 can be successfully
archived from spherical Euler angle in section 4.1.2.

4.2.2 The Global and Local Coordinates with the Different Origin

In some cases, the global and local coordinates are not located in the same
origin [13] because the feed element and its origin are located on the surface of a
sphere. Hence, not only the rotation is involved but also the translation. As depicted in
Fig.4.9, the antenna element on the surface of a sphere is located at (a,{,€) with the

field point is designated by P(r’,0’,¢") and the polar axis z” is oriented along the

S
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radial direction, also the x”-axis is taken in the z -z plane. These are related through
two rotations and one translation by using the Cartesian Euler angle.

P r',9', ,
¥ (r,6.,¢)

P(r,6,9)

X
Fig. 4.9 Geometry of global and local coordinates locate on a different origin

Next, we will theoretical investigate the transformation procedure. For the
rotation processes, we firstly rotate about z-axis through an angle & in a
counterclockwise sense. Then, the y-axis is rotated through an angle { in a
clockwise sense. As the results, the Fig.4.10 can be obtained.

-
- N
~

| A

»
Fig. 4.10 Rotation about z-and y -axis through an angle & and {

With two aforementioned rotations, from the Cartesian Euler section 4.1.1, the
transformation equation can be written by

x'| |cos¢ 0 —sing] cosé siné O x
yl=| 0 1 0 |-siné cosé Ofy (4.23a)
Z'| |sing 0 cosg 0 0 1]z
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After some multiplications yield

x'| [cosgcosé cosgsiné -sing |l x
y'|=| -siné cosé 0 y (4.23b)
z'| |singcosé singsiné cosg || z

or equivalent to
[&1=(°T€][e] (4.23¢)
Another important transformation is translation concerns the move of origin

from one position to others. Hence, the global and local coordinate systems will have
a different location. By considering Fig.4.11, if the observation point P(r,08,¢) in

unprimed coordinates and P(r’,0’,¢") in primed coordinate are the same point then
the relationship of radial direction between two coordinates can be given by (4.24).

P(r,8,¢)

2 P(r,6',¢")
- A y/'
. 7

Y=<

X

Fig. 4.11 Derivation geometry when global and local coordinate have a different
origin

[F1=[€T°[F-a] (4.24)

Expanding the radial component to Cartesian component, then (4.24) can be written to
(4.25).

r’sin8’cos¢ cosgcosé cosgsiné —sing | rsin@cos¢ —asingcosé |
r'sin@’sing’ |=| —siné cosé 0 rsinf@sing —asingsiné
r’cosf’ singcosé singsiné  cosg rcos@ —acosg
(4.25)

The Cartesian component of 7' can then be written separately, this means that for the
x” component
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r’sin@’cos¢’ = cos¢ cos&(rsin 6 cosp —asing cosé)
+cos¢gsiné(rsinfsing ~asingsiné)
—sin¢(rcosf —acosg) (4.26a)

and the y’ component

r’sin@’sing’ = —siné&(rsin@ cos¢ —asin¢ cos&)
+cos&(rsin@sing —asingsiné) (4.26b)

and finally, the z” component

r’cos8’ =sin¢ cosé(rsin@ cos ¢ — asing cos&)
+singsin€(rsin@sing —asingsiné)
+cos¢(rcos@—acosg) (4.26¢)

In the far field observation, we can assume the condition (4.27), this is
r=r'=c 4.27)

With the applications of (4.27) and applying to (4.26a) through (4.26c) with some
algebraic manipulations give (4.28a)-(4.28c).

_ cosgsin@ cos(¢ — &) —sing cosé

cos’ o (4.28a)
sin@
sing’ = s’“osf“(‘p,"g) (4.28b)
sin@
cos@’ =sin¢sin@ cos(¢ — &)+ cosg cos (4.28¢)

So far we have been able to write out the relative angle between primed and
unprimed coordinates. We shall now use the matrix notation to describe the relations
between unit components. Starting with the matrix notation as can be written to

1= TEUCTEAT 18] (4.29)

Expansion of each terms in (4.29), then becomes to

#] [sin@’cos¢’ sin@’sing” cos@’ Jcosgcosé cosgsiné —sing
6’ |=|cosB’cos¢’ cosf’sing’ —sin@’| —siné cosé 0
¢’ —sing’ cos¢’ 0 | singcosé singsiné cosg

[sin@cos¢ cos@cos¢p —sing

-| sin@sing cosfsing cos¢ (4.30)

> O w»

cosf —sin@ 0
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7

We finally expand (4.30) to determine the §’,¢’ in terms of 6 and ¢ via the

applications of (4.28a) through (4.28c) with a condition of constant radial direction.
After taking a laborious derivation, we obtain (4.31a) through (4.31b).

- g SOsOsing cos(¢ —~&) ~sinf cosg 6
sin@’
+ smgsm(q)-—é)é @310

sin@’

§r=_singsin@-8) 5
sin@

_cos@ smgcos@ —l;':) —sinf cosg é (4.31b)
sin@

In a similar way with the previous section, the expression (4.31a) and
(4.31b) are useful to calculate the radiation field via spherical unit vector. Observing
that the unknown parameter 6" can successfully be archived from spherical Euler
rotation in section 4.1.2 as well.

4.3 Radiation Characteristics of an Inclined Slot on a Sphere
Here, there is sufficient information to apply the relationship in the

preceding section to derive the radiation characteristics of an inclined slot on a sphere
as illustrated in Fig. 4.12. The slot is rotated about x-axis through an angle 8 in a

clockwise sense. The spherical Euler angle o and ¥ are — 90" and 90°, respectively.
For mapping point from primed to unprimed coordinate, we can solve from (4.5) and
(4.14) that is for the x-y plane (fixed 8 = 90°), we obtain
¢’ =tan™" (cos f tan 9) (4.32a)
6’ =tan™ (cot B cscd”) (4.32b)
and the x-z plane (fixed ¢ =0° or ¢ =180")

6’ =cos ™ (cos @ cos B) (4.33a)

¢’=sin"[ —tanf ) , (4.33b)

tan9’




45

Fig. 4.12 Geometry configuration of an inclined slot on a sphere showing a spherical
Euler angle &, B and ¥

Due to the symmetry of the structure, the patterns can be calculated in the x-
z plane only. Note that the value of (4.33a) and (4.33b) in each quadrant can be
obtained from Table 4.1.

Table 4.1 Formulation to evaluate 8 and ¢ in the x-z plane

6 (degree),¢ =0° 0’ (degree) ¢’ (degree)

° o f 4 nind tan
0" =90 =d cos™ Jcos @ cos B] tan™ [—En—al,i]
90" —180° . i sin Bsind

0" +sin™ [sind sin

=90" +d 90" +sin=Jsind cos ] [cos[sin“’ (—sind cos ﬁ)]]
6 (degree),¢ =180° 6’ (degree) ¢’ (degree)

o ° ° - - t
0" —90" =d cos™ [cos O cos B] 90° +cos™ [ﬁ]

° ° °© o =] . . .

90 — 180 90" —sin™ [~ sind cos B 180° —sinl Slln Bsind
=90 +d cos[sin™ (—sind cos )]

When comparing with the rotation angle in section 4.2.1, we obtain C =—-f
with A and B equal to zero. Thus (422a) and (4.22b) can be reduced to (4.34a)-

(4.34b).
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' sin@ cos C + cos @ sinCsin¢ 6+ sinCcos¢ »
sin@’ sing’

<D>

é (4.34a)

(5, —schosq)e sin@cosC +cos@sinCsing »
sin@’ sin@’

é (4.34b)

It is evident from the above that the E, and E, in the unprimed coordinate
system can be determined by multiplying (4.34a) by E, and (4.34b) by E; in the
primed coordinate. The total field structures can be expressed as

sin@ cos C +cos 8 sin C sin sin C cos

Ey(r,0,0) =2 CSING g (67,0~ S1ESP e (17 97 %)
sin@’
(4.35a)
sin C cos ’ oy sin@cosC+cos@sinCsing _, . , .., .,
E,(r,0,0)=220 £r (1 67,0 + CosOsInCsing - 1,6,4")
sin@

(4.35b)

We note that even though our solutions consist of only one rotating step. However,
they can be accounted for the higher rotating step as well.

4.4 Numerical Results

Calculation of the radiation pattern of a half-wave inclined slot on a sphere
is performed by utilizing the formulation in chapter 3 with (4.35a) and (4.35b), also
thé mapping angle from primed and unprimed coordinates can be determined from
Table 4.1. Only x-z plane pattern will be considered in this case since the symmetry
of the structure. The separation into individual field components is chosen to compare
the theory. As shown in Fig.4.13, the numerical patterns at ka =10 show that by

stepping C from 0° to 45°, only E,-component exist at C = 0" . While the stepping
C is higher, E,-component is gradually increasing until C =15" the different
strength between E, and E,-components will be 1/.349 dB and become 0 dB at
C=45" in the broadside. After passing 45, E, -component will become a dominant
and E, will be steadily decreased. At C =75, E, -component will be 11.349 dB

over Ey-component and until C = 90° E, -component only exists.

Also shown in Fig.4.14 is the radiation characteristic of an inclined slot on a
sphere at ka =20. The results of comparison E,- and E,-components at C =15 °,

45° and 75  are the similar way with the previous case except the more ripples are
significantly observed at the back lobes.
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Fig. 4.14 Radiation pattern in x-z plane of a half-wave inclined slot on a sphere

at ka=20 with various inclined angles
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4.5 Experimental Results

The prototype of an inclined slot on a sphere in the measurement of this
chapter are used the same specification that was already explained in chapter 3. The
antenna under test is rotated to an inclined angle with the measurement being taken in
the Fresnel zone. The electric field components E, and E, are measured and the

relative values of each other are calculated at the inclined angle 15,45  and 75°.

From the comparison results of the radiation pattern at C=15 °, it is shown
in Fig.4.15. It should be noted that the E,-component agrees reasonably well with the

computation. However, the experimental result of E,-component demonstrates the

asymmetric patterns as predicted by the theory. This may be come from some
imperfect fabrications or the effect of multipath waves due to imperfect free space test
site. However, it should be to point out that in the main beam direction, the

measurement of Eg-component differs as much as 12./3 dB from the E,-
component that is close to the theory.

In Fig.4.16 shows the comparison of a radiation pattern at C =45 *. Good
agreement is obtained for both E,- and E, -components. The pattern of theory and

experiment are similar except ripples at the back lobes.

Fig.4.17 compares the results at C=75" from the theory and experiment.
However, it is also good to point out that the difference between E, and E,

components is approximately 7/2.45 dB at the main beam and well agreement with
the theory.

As the results are reported in this section, the radiation patterns have been
plotted versus angle. There are some discrepancies of the minor component at

C=15" and 75" . This will be searched to improve in the future work.
4.6 Conclusions

This chapter has described the radiation characteristics of a half-wave
inclined slot on a sphere utilizing the formulations that have been derived in chapter
3. We have seen that the coordinate transformation plays an important role in rotated
antenna radiation pattern. It composes of Cartesian and spherical Euler coordinate.
The numerical results presented have been compared with the corresponding result
from the measurement and are in well agreement in the strong components and some
discrepancies in weak component. The comparisons of electric field components at
various inclined angles are illustrated. It is evident that the variably field strength is
obviously observed when the inclined angle is changed and also it is not depend on
the effective radius(ka). Subsequently, the experiments are set up to verify the

theoretical principle.
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Fig. 4.15 x-z plane radiation pattern comparison between theoretical and experimental

results of a slot on a sphere for ka =8.57 at C=15 C

Ee Calculation

E, Calculation
E¢ Measurement
E, Measurement

Fig. 4.16 x-z plane radiation pattern comparison between theoretical and experimental

results of a slot on a sphere for ka=8.57 at C=45 ’
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Fig. 4.17 x-z plane radiation pattern comparison between theoretical and experimental

results of a slot on a sphere for ka =8.57 at C=75"



CHAPTER 5

A SLOT PAIR ON A SPHERE

The purpose of this chapter is to study the theoretical expressions and
measurement of circularly polarized characteristics of a slot pair on a sphere. The
study is undertaken to evaluate the merits of two perpendicular slots providing
circularly polarized radiation and the beam coverage ares. The mutual coupling effect
between the slots is neglected. In addition, the individual slot is assumed the
tangential field distribution on the aperture. The applications of coordinate
transformation in the previous chapter are useful. At the end of the chapter, the
discussion on the effects of amplitude and phase error on the co- and cross-
polarization and the axial ratio will be addressed. Finally, the measurement results are
presented to demonstrate the usefulness of the proposed antenna configuration.

5.1 Antenna Structure

Fig 5.1 Geometry of a slot pair on a sphere

The fundamental structure of a slot pair on sphere with radius of “a” consists
of two orthogonal slots. The narrow edge of each slot has a dimension “2a” and the
wide edge has a length of *“2/”. Having seen that all of the parameters are the same
with the prototype in preceding chapters. In addition, 77 is the separation between the
center of slot and the x-axis. A circular polarization is obtained by adding linearly
polarized slot placed perpendicular to each other, exciting them with a quadrature
phase and equal amplitude [24-26]. The equal amplitude is produced by 2 way power
divider and a quadrature phase is provided by adjusting an extra quarter-wavelength
(A, /4 where A, is the wavelength in a transmission line) section from a common

transmission line before exciting the slots.
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With the application of coordinate transformation in the previous chapter, the
relations between the rotated and antenna coordinate system are accomplished by the
spherical Euler angle ¢, § and y. The rotation paths of slot 1 are shown in Fig. 5.2

where only the y -axis is rotated through an angle 77 in a clockwise sense. The Euler

angle are ¢=0", y=0" and B=mn. It appears that the structure of problem is

symmetry, so that only the x-z plane will be considered. We note that the value of
(4.33a) and (4.33b) in each quadrant can be obtained from Table 5.1.

Fig. 5.2 Rotation path of slot 1 showing =7

Table 5.1 Formulation to evaluate 6° and ¢’ of slot 1 in the x-z plane

6 (degree),¢ =0" 6’ (degree) ¢’ (degree)
. . _[ —tan
0" — 180" =d B+d tan ’[ 'B]
tan @
6 (degree),¢ = 180° 6’ (degree) ¢’ (degree)
° o - ° - - tan
0 — 180" =d cos ™ [cos @ cos B] 90 +cos 1[ tanel's’]

For the slot 2 the rotating procedures are displayed in Fig.5.3. The rotation
process, we firstly rotate about x axis through 90 degrees in a counterclockwise
sense. Then, the y axis is rotated through an angle 77 in a clockwise sense until the
primed and unprimed coordinate systems are coincided. The relations between the
rotated and antenna coordinate system are accomplished by the spherical Euler angle
o, B and y. In this case, the Euler angle &=90", B=0" and y=-90" +n. We

note that the value of (4.33a) and (4.33b) in each quadrant can be obtained from Table
5.2.
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Fig. 5.3 Rotation path of slot 2 showing o¢=90", B =0" and ¥ =-90" +7

Table 5.2 Formulation to evaluate ” and ¢” in the x-z plane

6 (degree),p =0 6“(degree) ¢” (degree)
90" + cos™
0" 90" =d L/ AT e ol d] sin”? cogd
- N i
A s \ﬁ:osz n+sin?ncos? d
90" — 180° 90" +cos™ .
- [\/ ] ° o =] s
2 E B2y 360 —sin
=90" +d eos” MEs(rpRIg \/cos2 n+sin’nsin? d
6 (degree), ¢ = 180° 6" (degree) ¢” (degree)
.| [cos®n
. . sin 0 _ cosd
0 -9 =d +sin’ncos?@ | | 90 +cos > > >
- = \ﬁ:os n+sin‘“ncos‘d
° o [ 2 .
20 o_) 180 sin™ JCOS 72' 2 180° -sin sind
=90 +d i +sin“ 7 sin d_ Jcos2n+sin2nsin2d

In general the definition of right-hand circular polarization (RHCP) and left-
hand circular polarization (LHCP) are simply defined by the rotating of the electric
field may be observed at a given position in space as a function of increasing time.
The fields may be either a right-hand and left-hand rotation, corresponding to the
direction of the finger with respect to the right or left hand when the thumb is pointing
in the direction of propagation of the wave.
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In this chapter, we consider the right-hand circular polarization (RHCP) as a
reference polarization. In this case the excited phase of slot 1 will lead slot 2 by 90°,

then the total components of the electric field from a pair of slots can be written that

E,,0,0)=[Eo;(8.0) + jEg,8,0)B +[E,1(6.8)+ iEy,0.0)B (5.1)

where

By (r,0,0)= sin @ cosn — cos f sin7) cos @ E) (0", ¢") —mE;(r',e’,qb')

sin@’

(5.2a)
in7 sin s sin@ cosn —cos@sinncosP ., . » ~r .
Eyi(r0,6)= 301508 (7 g1, g7 4 RO = S0 ? 1 (,09")
(5.2b)

sin@ cosn + cos@ sinn cos v, mAm .  SINMSIN P
E92(r’09¢)= - A . ¥ d ¢E9(r ,0 ’¢ )+—.n_p¢LE¢(r 96 ’¢’)

sin@ sin@

(5.2¢)

sin? sin s sin@ cosn +¢cos@sin”ncos® .o, » ~»
E,;(r,0,9)=— 220509 0 67,6%) + 1+ oSO 5NT €SP e 1%, 6%,9%)

sin@ sin@

(5.2d)

Where

E,, E, for the wave components in prime coordinate

Eg, E, for the wave components in double prime coordinate

5.2 Co- and Cross-polarization Pattern

With the advent of the large communications satellites which employ
frequency re-use to increase the channel capacity. There has become a need for an
accurate determining the cross-polarization performance of polarization diversity
antennas [27-28]. The levels of isolation between orthogonal channel of both the
ground antenna and the satellite antenna are critical parameter for frequency reuse
systems, and the antennas are designed to have low cross-polarization characteristics.
For this reason, the main point in this section is devoted to consider the co- and cross-
polarization pattern characteristics of a slot pair on a sphere.

For RHCP when the wave propagating in the r-direction, we defined the co-
polarization by a co-polar unit vector of the form

5(9"”):(0«}% 5.3)

and correspondingly for LHCP the cross-polar unit vector of the form
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E(9,¢)=59%ﬂ (5.4)

The co- and cross-polarization far-fields functions Eco(6,¢) and —E—xp 6,9)
are found by dot operation of the E,, and the complex conjugate of co- and cross-

polarfzation unit vectors -55(6 ,¢) and ;;(9,4)) as can be written by

E. (6,0)=Ewx(6,0)-co"(6,0) (5.5)

E, (6,0)=Ew(6,0)- 1p"(6.9) (5.6)

After substituting (5.1) and (5.3)-(5.4) in (5.5) and (5.6), we can write that

[Ee,<e,¢>+fEez<e,¢>]+jlE¢,<9,¢>+jE¢z(e,¢>J

E.,(8.9)= 7 NG &)
L [E4,(6.9) ;;E,,z(e,@]_ [Ea® JEJ'EM ©.0] g

5.3 Polarization of Electromagnetic Waves

In general, any electromagnetic wave can be envisioned as having polarization
components. The two field components are relatively independent of one another in
amplitude and phase. It is not possible to sum the vectors into a single direction
containing the entire signal power because the vectors are not mutually in phase. The
magnitude and phase are changed rapidly with time, so the sum vectors traces out an
ellipse whose eccentricity and the orientation depend on the relative magnitudes and
phases of the components. The electric field traces an ellipse around the axis occur the
maximum value E_, and minimum value E_; one-quarter period later, as shown in

Fig.5.4. The axial ratio for a desired circular polarization of the electromagnetic wave
is defined by [29-30] and can be written to

AR(dB) = 20log,,

Emax
o (5.9)

min

In addition to the magnitude of the polarization ellipse, the sense of polarization
(RHEP and LHCP) also may be synthesized. By using the circular components the
axial ratio may be defined by

E
AR(dB) = 20log | LRHce ¥ E wsce| (5.10)
ERHCP - EZHCP
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Fig. 5.4 General case of elliptical polarization

Each component of the circular polarization are expressed as

f51 M =%(E§ +E;)=EyE, sinA¢ (5.11)
E: ——I-(E2+E2)+E E,sinA¢ (5.12)
RHCP"Z 7] ¢ 6+~¢ .

Where A¢ is a relative phase difference between E, and E, . Substituting (5.11) and
(5.12) to (5.10), then we obtained [31]

12
|Eo|* +|E¢,|2 +(|Ee|4 +|E¢|4 +2|Ea|2|E¢|2 cos 2A¢ )1/2
AR(dB) = 1010g,,

| +|E,|” —[|E9|4 +|E, | +2E, |’ |E, | cos 229 )”2

(5.13)
where
Ey4(0,0)=Ey(0,0)+ jEy,(6,0) (5.14)
and
E¢ (9’¢)=E¢1(9’¢)+ jE¢2(9,¢) (5.15)

We note that for an ideally circularly polarized wave the axial ratio is unity
(0dB).



58

5.4 Polarization Measurement

There are several techniques for measuring the polarization characteristics of
an antenna [32-35]. Some techniques measure amplitude only but some measure both
amplitude and phase relative between the field components. Nevertheless, One
technique is suitable for some antennas than for others, and there is no best method
for measuring polarization. It is common to use the antenna under test to transmit and
to use certain standard antennas, or one antenna whose polarization is known, as
receivers. In this experiment, the polarization pattern method is selected because it is
a rapid testing. Only the amplitude will be recorded and the accuracy is acceptable. In
this method, a rotating linearly polarized antenna, such as half-wavelength dipole
antenna, is connected to a receiver to measure the field intensity. Let the wave be
approaching (out of page). Then, the receiving antenna is spun in the plane of the
page, the field intensity observe at each position is proportional to the maximum
component of electric fields in the direction of the antenna. Such measurements of the
incident wave with a linearly spinning dipole do not yield the polarization ellipse of
the wave but rather its polarization pattern, as shown in Fig.5.5. Thus, if the tip of the
electric field describes the polarization ellipse shown in Fig.5.5 (dashed line), the
variation measured with a linearly polarized receiving antenna is given by the
polarization pattern in Fig.5.5 (solid line). The maximum (r,,, ) and minimum (7,)
and the tilt angle (7 ) of the polarization ellipse are used in the calculation of the
polarization pattern properties.

Polarization
Pattern

_-—’-‘

Polarization
Ellipse

Fig. 5.5 Polarization pattern for measuring axial ratio and tilt angle of the polarization
ellipse

To determine the direction of the rotation of electric field an auxiliary
measurement is necessary. Such as, the output of two circularly polarized antennas
with equal gain, opposite sense could be compared. The rotation direction of electric
field then corresponds to the polarization of the antenna with the larger response. The
axial ratio of the antenna under test is proportional to the ratio of maximum and
minimum amplitude of filed components. The axial ratio of the polarization ellipse of
Fig.5.5is
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AR =D (5.16)

Thus, by specifying AR, T and the rotation direction of electric field the polarization
characteristics of Fig.5.5 are completely described.

5.5 The Effects of Amplitude and Phase Deviation

In this section, we will consider the effects of amplitude and phase deviation
[36-38]. In the single polarized system, the impurity of polarized wave reduced the
system performance. Also, in the dual-polarized applications polarization
imperfection leads to isolation degradation. As shown-in the preceding sections, the
circular polarization is generated by using two linearly polarized slots. It is important
to known how accurate the two linear excitations need to relative to each other.

Consider 6 -polarized plane wave of a unit amplitude and ¢ -polarized plane
wave of a amplitude jAe’*?, both propagating in the positive r-direction. The
combined wave can be written by

E,=Ef+E;p=0- jAe™™¢ (5.17)

Observing that it is a right hand circular polarization when A=17 and A¢ =0. When

we define the RHCP as a co-polarization, the co- and cross-polarization are evaluated
and written by

E., =(+Ae™)/J2 (5.18a)
E,, =(I-Ae/)[V2 (5.18b)

We then define the relative cross-polar level (RCL) as a ratio of the cross-polarized
component to the co-polarized component of the wave.

(5.19)

For a desired circular polarization the axial ratio (AR) in dB and the amplitude of the
co- and cross-polarization are related by

- 2
E_|+|E
————l col + "”] (5.20)
ool = |E,|

(AR) 5 =10log

or

(AR) ;5 =20log

(5.21)

"1+RCL
| 1-RCL



60

5.5.1 Amplitude Deviation

The effects from the amplitude error are discussed in this subsection.
We consider the case that there are only amplitude deviation and A¢=0. By
assuming the amplitude deviation is small. Then, by using one of the series
expansions in Appendix B, we get

A=10Wal? = o (Aalnl0f20 _ | +%(A) p =1+0115(8) 5  (522)

Substituting (5.22) into (5.19), RCL is expressed in dB as
(RCL) g5 =25+ 2010g|(A) 45| (5.23)
The axial ratio is found by using (5.9) with E_,, =1 and E_; = A or opposite. Thus
(AR) sz =|(AR) | (5:24)

The graphs represent (5.23) and (5.24) are illustrated in Fig. 5.6 and Fig. 5.7,
respectively.

—30

Relative crosspolar level (dB)

I I
0 2 4 6 8 10

Amplitude error (dB)

—40

Fig. 5.6 Amplitude error of circular polarization excitation versus relative cross-polar
level
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Fig. 5.7 Amplitude error of circular polarization excitation versus axial ratio

5.5.2 Phase Deviation
The effects from the phase error are discussed in this subsection. We
consider the case that there are only phase deviation and A=1. By assuming the

phase deviation is small. Then, by using one of the series expansions in Appendix B,
we get

Aei™ = o 14 j(A@). =1+ jl%(mpf (5.25)

Using (5.25) in (5.19), the RCL can be reduces to

= j0) et | (A 7;0(A¢)° (5.26)

24 jAa| Jr 2%, 3

(5.26) is then expressed in dB. Then, we can write that

RCLzIE""U
|Eeo| |

(RCL) ; =20log XP =—41 +201og]A¢°| (5.27)

The axial ratio in dB due to the phase errors can rapidly be calculated by substituting
(5.27) in (5.21) and the series expansions in Appendix B, we get

(AR) p = ZOIOg[I +2 /6.6 (5.28)

E, - .
— ]zzoaoge)mlmhl(w)

co



62

The graphs represent (5.27) and (5.28) are illustrated in Fig. 5.8 and Fig. 5.9,
respectively

-10 P
e

Relative crosspolar level (dB)

l
0 10 20 30 40 50

Phase error (degrees)

Fig. 5.8 Phase error of circular polarization excitation versus relative cross-polar level

10 |
5 67 /A
~ .
: 37
=
&
Z 3.3 //

. l
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Phase error (degrees)

Fig. 5.9 Phase error of circular polarization excitation versus axial ratio
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5.6 Numerical Results

For the results presented in this section, the co- and cross-polarization patterns -
and the axial ratio of a slot pair on sphere at ka =10 and 20, the radius (a) of a
sphere is equal to 7.64 cm and the three cases of the separation angle 7 are

considered.
5.6.1 Co- and Cross-polarization Patterns

The co-polar (RHCP) and the cross-polar (LHCP) in x-z plane radiation
patterns for two values of ka are shown in Fig. 5.10 and 5.11. The results are
normalized with respect to the maximum value of the co-polarization (RHCP), which

for all cases consider here occurs at 8 =90",¢ =0". In general, the higher effective

radius (ka ) will increase in the relative cross-polar level (RCL). When the value of @
close to broadside direction, the lower value of RCL is achieved. As expected, for

8 =90°, there is no cross-polar radiation and so (RCL) a8 —> —oo dB.
Fig. 5.10 shows the co- and cross-polarization patterns as a function of 7 and

for ka=10 and various values of 6 in degrees. The results illustrate that the
increment of 1) will slightly arise in the RCL. Moreover, these variations will be

significantly observable when ka=20. As shown in Fig. 5.11 where the positive
(RCL);5 can be achieved over the range 48" <@<130° for n=2 cm and

60° <6 <123 forn=2.5 cm.

5.6.2 Axial Ratios

The demonstrations of the axial ratio being plotted versus the observation
angle 6 in x-z plane are shown in Fig. 5.12 and 5.13. It is seen that at 8 =90",¢ =0°
has a minimum axial ratio both in ka=10 and 20. At close to the broadside
direction, the rapid degradation in the axial ratio of ka=20 is significantly
observable than ka = 10. In each case, the larger 7} the faster change of the circular to
elliptic polarization. This may be due to the symmetry of the structure is destroyed. In
Fig. 5.12, at ka =10, the 3 dB pattern bandwidth at 7=1.5,2.0 and 2.5 cm are
found to be 47,33 and 25 degrees, respectively. In addition, at ka =20 as shown in
Fig. 5.13, the 3 dB pattern bandwidth at 1=1.5,2.0 and 2.5 cm are found to be
22,16 and 12 degrees, respectively. These results indicate that higher ka will lower
the axial ratio pattern bandwidth.
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Co-Pol.
Cross-Pol.

Fig. 5.10 Radiation pattern in x-z plane of a slot pair on a sphere at ka=10 (a=7.64 cm)
with various parameter 7

@n=15cm
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Fig. 5.11 Radiation pattern in x-z plane of a slot pair on a sphere at ka=20 (a=7.64 cm)
with various parameter 1

@n=15cm

®d)N=2.0cm

©)n=25cm
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Fig. 5.12 Axial ratio in x-z plane of a slot pair on a sphere at ka =10 (a=7.64 cm)
with various parameter 7
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Fig. 5.13 Axial ratio in x-z plane of a slot pair on a sphere at ka =20 (a =7.64 cm)
with various parameter 7
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5.7 Experimental Results
5.7.1 Co- and Cross-polarization patterns

An experimental validation of the antenna design is performed. The helix
antenna is used as a receiving antenna. In order to determine the cross-polarized
isolation, three helix antennas are fabricated, two of them are LHCP and another one
is RHCP antenna. In the measurement, the LHCP helix antennas are used as the
reference then by replacing one of them with a RHCP helix antenna and the received
signal is recorded. With this data, the comparison of the co- and cross-polarization
can be achieved. As the method mentioned above, the result of the cross-polarized
isolation from the measurement is in the order of 14 dB.

The antenna under test is a slot pair on a sphere excited by two coaxial lines at
the apertures. For the reason to generate a RHCP, an extra quarter-wavelength section
of transmission line is excited at slot 2. The RG-223/U coaxial lines are used in the
measurement and the wave velocity is approximately 86 % of wave propagation in
the free space. The antenna prototype is built at the operating frequency of 5 GHz for
ka=8 (a=7.64 cm) with the slot length and width are 3.0 ¢cm and .50 mm,
respectively. The equal amplitude is obtained by trying to match SWR of each slot as
close as possible. The figure of this prototype is displayed in Fig. 5.14.

Fig. 5.14 Photograph of a slot pair on a sphere excited by coaxial line with radius 7.64
cmand 1=2.5 cm

Then, the antenna far-field test site is set up at the testing distance 7.0 m
which is greater than a far-field distance. The antenna under test is connected to port 1
of the HP-8510C network analyzer to transmit the waves and is rotated 2 degrees per
step. The co- and cross-polarization helix antennas are connected to port 2 of the
network analyzer to measure the received signal strength. After that the antenna under
test is rotated to transmit the signal to a receiving antenna. This measurement setup is
shown in Fig. 5.15. Consequently, the co- and cross-polarization patterns are plotted
and compare with the calculation as illustrated in Fig.5.16.
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Fig. 5.15 Experiment setup to measure the radiation pattern of a slot pair on a sphere

Fig. 5.16 and 5.17 show the normalized electric far-field component co- and cross-
polarization radiated by a slot pair on a sphere in the x-z plane. One can observe that,
in the co-polar pattern, the computed pattern follows closely the measurement from

6=30"to 170" atn=2.5 cmand @ =20" to 140° at n =3.0 cm. In the cross-polar

pattern, it shows that the discrepancy of the theoretical and experimental data is still
high. This error may be due to the effects of the mutual coupling between the
radiating slots are not taken into account and the multipath waves due to the imperfect
free space test site.

Z
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Fig. 5.16 Radiation pattern comparison in the x-z plane between theory and experiment
at ka=8 (a=7.64 cm)withn=2.5 cm
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Fig. 5.17 Radiation pattern comparison in the x-z plane between theory and
experiment at ka =8 (a=7.64 cm) with n=3.0 cm

5.7.2 Axial Ratios

Instead of helix antenna, the half-wave dipole is placed as a receiving antenna
in the experiment. A dipole antenna with conductor thickness of 0.1 cm is showing in
Fig.5.18. The antenna under test rotated /0 degrees per step to transmit the waves. At
each step, the dipole antenna is rotated 360 degrees to record the received signal
strength. The maximum and minimum signals are utilized to calculate the axial ratio.
In addition, the measurement setup is shown in Fig. 5.19.

Fig. 5.18 Photograph of a half-wave dipole antenna perform as a receiving antenna in
axial ratio measurement
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Fig. 5.19 Experiment setup to measure the axial ratio of a slot pair on a sphere

From the comparison results in the x-z plane of an axial ratio at ka =8 with n=2.5
and 3.0, as shown in Fig.5.20 and 5.21. The range of measurement starts from

0 =50" to 130° because the range in the main beam direction is interested. As
expected, the best axial ratio is occurred closely to 6 =90° where at 1=3.0,

(AR) 5= 2.4 dB, also at n=3.0, (AR) ;= 2.1 dB and deteriorates on both sides of
this point. The trend of the results for larger 77, the rapid change of axial ratio can be

significantly observed. Moreover, the discrepancy of the theoretical and experimental
results has been observed because the cross polarization is still high. This may be
occurred from the deviation from excitation phase and amplitude and also an
imperfect fabrication of a prototype. In addition, the imperfect of free space test site
will occur the reflected waves and disturb the accuracy of measurement resuits.
However, the trend of measurement is in the similar way with the calculation.
Reasonably, it is well to guarantee the accuracy of the theory.
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Fig. 5.20 Axial ratio comparison in the x-z plane between theory and experiment at
ka=8(a=7.64 cm)with n=2.5 and 3.0cm

5.8 Conclusions -

This chapter presents a theoretical approach for the analysis of a slot pair on a
sphere. For the computation of the radiated fields, we used a coordinate transform
from a previous chapter. The circular polarization has been obtained by exciting two
orthogonal slots with 90 degrees phase difference. In addition, the derivation of the
co- and cross-polarization and the axial ratio are presented. The prototype is
constructed and measured the radiated wave. The experimental results have confirmed
that for 17 become large, the cross-polarization increases proportionally with

degrading the axial ratio. It should be pointed out that the best axial ratio is indicated
at 8 = 90 degrees. Since the antenna under test still has high cross-polarization, many
problems still remain such as the mutual coupling between the radiated slots, the cut-
and-try to match the excitation. This problem will be left for further investigation and
improvement.



. - -CHAPTER 6

CONCLUSIONS

6.1 Summary of the Preceding Chapters

This thesis concerns with the analysis of a horizontal slot, an inclined slot and
a slot pair on a sphere. The purpose of this study is to characterize the half-wave slot
on a conducting sphere. The reason we consider this problem is to provide a
fundamental theory of a slot as an array element of a spherical array antenna. Some
principle backgrounds and the literature review on a slot antenna are addressed in
chapter 1. The fundamentally analytical formulations of the electromagnetic waves of
the spherical geometry are described in chapter 2. The derivation procedure is started
with the Maxwell’s equations and the continuity equation and then derived to the
wave equation. The solutions are formulated via the Hertz vector potential by
combining the TE and TM wave modes. In addition the method of separation of
variables is used for solving the partial differential equations. The application of
Lorentz reciprocity theorem is applied to solve the boundary value problem of an
arbitrary aperture on a sphere. Then, the general solutions of the arbitrary aperture can
be utilized to a slot on a sphere when the aperture is assumed to be a slot. The details
of the derivation of a half-wave slot on a sphere are focused in chapter 3. It then starts
from a narrow zonal slot by assuming the tangential field distribution on the aperture
and applied to the half-wave slot on a sphere. The calculation results show the
radiation patterns, directivity and front-to-back ratio. It is apparent from the results
that the narrower the half-power beamwidth, the higher front-to-back ratio and the
higher the directivity can be realized by selecting the larger effective radius. Next in
chapter 4, the analysis in this chapter involves the radiation characteristics of an
inclined slot on a sphere. Base on the application of the coordinate transformation, the
space position in a difference coordinate system can be evaluated. This approach is
expressed by the Euler rotation angle both on Cartesian and spherical coordinate
systems. The relations between these coordinate systems are utilized to compute the
radiation fields at various inclined angles. From the theoretical aspects as mentioned
above, the investigation of a slot pair on a sphere is revealed in chapter 5. Two slots
are perpendicularly located on the surface of a sphere to produce a circularly
polarized radiation. Again, the contribution of coordinate transform is considered in
the derivation. The plots of co- and cross-polarization pattern in addition to the axial
ratio are demonstrated. In order to confirm the validity of the theoretical results, the
experiment for some cases are set up and measured.

Finally, the summary of the material in this thesis and the discussion for the
future works is included in chapter 6, the last chapter. Appendices consist of the
vector analysis, the mathematical function in spherical coordinate. Additionally, the
useful series expansions are presented at the end.
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6.2 Remark for Future Research
Remarks for the further investigations are listed below :

- 1.) The improvement of the summation error in the numerical computation
will be considered. The truncation and rounding error caused the
unpredictable effects in computational results. The number of loops in
each program will be equaled to mxn, for example when ka =10 the
maximum m will be 14 and n will be up to 27, a number of loops-is 378
but when ka =100, m will become 98 and n will be maximized to 203,
the number of loops will be 19,894 . This may be one factor that effects to
the accuracy of the results.

2.) For ka larger than 100, the capacity of the computer is limited. In this
work, we run program on Sun Ultra 10 workstation with Fortran 90
compiler. To overcome this obstruction, the ray techniques can be applied
to reduce the summation of the program and will be continued in the future
work.

3.) With the assumption of a tangential field distribution on the aperture, the
analysis of electromagnetic wave in a sphere is neglected. For the rigorous
investigation, the Method of Moment and the dyadic Green’s function will
be studied to combine the wave between the inner and outer of a sphere.

4.) In the model of a slot pair, it is assumed that the slot coupling is weak for
reducing the complexity of the problem. However, to achieve the strong
coupling, the model of the exciting structure must be considered to provide
the exact solution.

5.) To form the spherical slot array antenna, the optimization of an
arrangement and the dimension of the slots along the circumference of a
sphere will be investigated. :
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Appendix A

Vector Transformations and Operators in
Spherical Coordinate

A.l1 Vector Transformations

A.1.1 Vector Transformation between Rectangular and Spherical
Coordinate

In this thesis, it required that the transformation be performed from

rectangular-to-spherical components many times. The relation between rectangular and

spherical coordinates can be written by

x=rsinfcos¢ (A.1)
y=rsinfsin¢g (A.2)
z=rcosf (A.3)

where

r=1/x2 +y2 +7? (A4)

6 = tan~! % (A.5)
2 +y
¢=tan~! 2 (A.6)
X

The transformation matrix from rectangular-to-spherical components are accomplished by

A, sinfcos¢ sinfsing cos@ [ A,
Ay |=|cosfcos¢ cosOsing —sinb | A, (A.7)
Ay —sing cos¢ 0 A

Z

and the spherical-to-rectangular components are related by



A, | |sinOcos¢ cosf cos¢p —sing| A,
A, |=|sinfsing cosf sing cos¢ || A (A.8)
A, cosf —sin@ 0 A,

A.1.2 Vector Transformation between Cylindrical and Spherical

Coordinate

We can write the relation between cylindrical and spherical components by

p=rsin@ (A.9)
¢=9¢ (A.10)
z=rcos@ (A.11)

where
r=ayp? +22 (A.12)

6=tan~' £ (A.13)
Z

¢ (A.14)

¢

The transformation matrix from rectangular-to-spherical components are accomplished by

A, sin@ 0 cosf | A,
Ay [=|cosf@ 0 -—sinf| A, (A.15)
A, e 0 A

Z
and the spherical-to-cylindrical components are related by

A, sin@ cos® O] A,
A, |=| 0 0 zJ A (A.16)

A cos@ -—-sinf 0 A¢,

Z

Note that the component A, and coordinate ¢ are the same in both systems.
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A.2 Vector Differential Operators in Spherical Coordinate

Gradient:
.oy . loy . 1 oy
Vy= +d, ———+ A.17
Vet T % T30 T % sing 9¢ a.17)
Divergence:
—_19 2 d . 1 aA¢
V- A=——\rA, |+ —(sinBA4, )+ e A.18
r? Br(r ') rsin@ 90 (sin64,) rsin 9¢ (A-18)
Curl:

— 4, [ay, . v 0A | dg[ 1 04, 9 dy [0 oA
VXA=—~r|— g ) LN B U eI (Al el | XN (4 ) =L
rsine[ae (4 sine) a¢] r [sine 39 5 ")] r [ar(' o) aa]
(A.19)
Laplacian of a scalar:
1 9( ;0w 1 3. , ow 1 %y
Viy =——|r? =% |+————|sind + A20
v r? ar(r ar) r2sin089(sm 89) r?sin? @ 9¢? (420)
Laplacian of a vector:
VZA=V(V-A)-VxVxA (A.21)
2 2 2
aA,+£ai_iAr+iaA,+coteaA,+. 1 9°A, 294
V2T—a or? ror r? r?2 962  r? 960 r?sin?0 9¢* r? 00
r_2cot9 2 0A,

2 % 2ine 9¢
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(324, L2044 1974 cotfdly I 324,
or2  r or r%sin®@ r? 962 r2 00 r’sin’@ 09’
+_g_8A, _ 2cotf 94,
. r? 98  r’sinf 09

(324, LN LA A o0, 1 34
or r or rsin?0 ° 12 002 7 36 r*sin?6 99’

2 OA, + 2cotf 04,

+
| r’sin@ 9¢ r*sin® 9¢
(A.22)
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Appendix B

Special Function in Spherical Coordinate and
Useful Series Expansions

B.1 Spherical Bessel and Hankel Functions

The spherical Bessel and Hankel functions is another set of the Bessel and Hankel
functions which satisfied the spherical Bessel’s differential equation that can be written
that

2
i—?(xzv (x))+ [1 N n(’;-; ]) ]xzv (x)=0 (B.1)

where z, (x) are
Jn (x): Spherical Bessel function of the first kind of order n,

¥, (x) : Spherical Bessel function of the second kind of order n,
h{P (x) : Spherical Hankel function of the first kind of order n,

h,(,z) (x) : Spherical Hankel function of the second kind of order n.

The spherical Bessel and Hankel functions of order n are relate, respectively, to

the regular Bessel and Hankel of order n+1/2 by

Jn(x)= ‘[%an.]/z (x) B.2)

Yn (%) =J‘?_XY,.+1/2 (x) (B3)

Deye= [T g
hi? (x)= ZH;H/z(x) (B.4)



D | X g2
hP (x)= \‘_Z—;H n+1/2 (%)

Recurrence Relation and Differentiation Formulas:

Zy-1 (x)+ 2yl (x)= ‘2_‘%1 2y (x)

, 1
z,(x)= 3V_+_1 [Vzv—l (x)=(v+1D)z,,, (x)]

Small-Argument Approximations:

xn

1-3:5---(2n+1)

Jn(x)=

y,(x)=—1-3-5--(2n~D)x~"*D
R (x) = j () + jy, ()

B (x) = j, ()= jy, (%)

Large-Argument Approximations:

. 1 nw
Y (%) = =cos(C=—x)
X 2

j-—(n+1) .
B (x) = ——e*
X
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B.5) -

(B.6)

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)
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.n+l )
B (x) =L —e 5 (B.15)
X

B.2 Associated Legendre Functions

The associated Legendre functions are the functions that satisfied the associated
Legendre’s differential equation as

2Ym de mz
1- -2 o+ +1)— Y™ =0 B.16
(I-x7) PR s n(n+1I) 7 (B.16)

I-x
Its general solution is of the form
Y, (x)=A,,P" (x)+B,,07(x) (B.17)

Where n and m is the nonnegative integer values. P,"(x) and Q,'(x) are called the
associated Legendre functions of the first and second kind, respectively. The associated
Legendre functions P,"(x) and Q,'(x) are related to the first kind Legendre functions
P, (x) and the second kind Q, (x) by

, d" P, (x)

P™(x)=(I~x*)™ - (B.18)
or(x)=(-xym? 472 ) (B.19)
dxm
where
- 1 in 2 _q\n
P"(x)—z"n![dx) (x*=D (B.20)
_ _1_ I1+x N D" (n+m)! 1-x "
Q,,(x)—P,,(x){zl [1 x) ()} 2_’,1———(”2') 7 m)'u/(m)[ 3 ] (B.21)
where
1 1 1
w(n)—1+—2-+§+...+; (B.22)

Note that the Legendre functions Q, (x) of the second kind are singular at x =+]/ .



Properties and Identities of Associated Legendre Functions are :

Special Value when n» and m are integers:

P*(x)=0, m>n
P (=x)=(=D""P(x)

P (x)=P,_;(x)

Differential Formulas:
ipm(x)_(n+m)P"',(x) —nxP," (x)
dx " >
d m [ m-1 m+l ]
EP (x)= —(n—m+l)(n+m)P,, (x)=P;"" (x)
A pm(xy=—(1-x?)12 L prx)
do dx
4 pm (¥)= m.xP'”(x) Ly )'"/2[2]( —D¥*(2n—2k) x"-2k-m-1
dx " I-x? 2% o kl(n=Kk)!(n-2k=-m)!
Recurrence Formulas:
P’"(x)-(zn DxP (x)-(n+m—-1)P",(x)
%y n—m
P™(x)= %P”"(x) (n—m+2)n+m—DP™2(x)
Integrals:
t omr o pm 2 (n+m)
P =
.I; 7 OB (s =6

an'"(x)P,,"(x) e 1 (n+m)!
oS 1-x? m(n—m)! "™
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(B.23)

(B.24)

(B.25)

(B.26)

(B.27)

(B.28)

(B.29)

(B.30§)

(B.31)

(B.32)

(B.33)
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B.3 Useful Series Expansions

L lxex? when x << ] (B.34)
l+x
j” =14+ 2x+2x° when x<<1 (B.35)
-X
x 1 2
e ==1+x+5x when x <</ (B.36)
e M =] jkA—-é-(kA)z when kA << 1 (B.37)
I,
In(I+x)= x—Ex when x<<1 (B.38)
log(]+x)=(loge)ln(1+x)=loge(x—--§x2) . when x<<1 (B.39)
9 Iz 1N 2 2
Z°+A =z+-2--—- when A° <<z (B.40)
2z
10* =10 =~ (] + xIn 10) when x<< 4 (110=043 (B4l
A=10%10 = g4nl01010 _ 14 A 1n10/10=1+0.23A, when Ay, <<4.3

(B.42)
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