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CHAPTER 1

INTRODUCTION

1.1 Importance and Inception

Operator theory has many applications. Most applications arise as follows.
We have a problem that is formulated in a certain space, in which we have few
theorems to apply to our problem. One way out to use an operator to map the
space, and the problem into a new space (and a new problem) in which there are
more theorems to apply. Then we solve the transformed problem in the new space
and transform the solutions back to get solutions from our original problem.

Here are some examples of important spaces in operator theory.

1. R" is n-dimensional Euclidean space.
2. C" is unitary space.

3. £7 where 1 < p < oo is the set of all complex sequences = = {z;}%,, where
z € P if and only if Y oo | z; [P< oo.

i=]

4. £* is the set of all complex sequences z = {z;}{2,, where £ € £ if and
only if there exists M, such that | z; |< M, for all i.

5. Cla,b] is the set of all real-valued functions defined and continuous on the
closed interval [a, b].

6. LP[a,b] is the set of all Lebesgue measurable functions f on [a, b] such that
L1 f@) P dz < oo

We call the spaces in 3 and 4 sequence spaces because every element in the spaces
is a sequence. We call the spaces in 5 and 6 function spaces because every element
in the spaces is a function.

Given an operator, we will study its properties. For example, is the operator
linear? What are necessary or sufficient conditions for it bounded? compact? In
case of bounded operator we will consider the norm of the operator or approxi-
mations of the norm of the operator. And in the case that the operator acts on a
Hilbert space, we will try to determine conditions for it to be self-adjoint, normal
or unitary.

Operator theory has been an active field of research for many years. Many
interesting spaces are sequence spaces and most operators for sequence spaces
form infinite dimensional matrices.



Two famous matrices in this field are Toeplitz and Hankel and these matrices
have special forms that are different from general matrices.
A Toeplitz matrix T has the form

to -1 t_o
1 to t-
T = 1 0 1 ,

ta Lt

and a Hankel matrix H has the form

ho hi ho
hy hy h
H = 1 2 3

In this thesis, we are interested in properties of Toeplitz matrices that are also
bounded linear operators on £2 and Hilbert-adjoint operators.

1.2 ‘Main objectives

The main objectives of the research are the following :

1. Find sufficient conditions, necessary conditions and necessary and sufficient
conditions for a Toeplitz matrix to be a bounded linear operator on £2.

2. Compare the results that are obtained with the other results.

3. Study properties about Hilbert-adjoint operators of Toeplitz matrix on £2.

1.3 Steps of research

1. To study the related research.
In this step, we study research about Toeplitz matrices (both infinite and
finite dimensions). The objectives of this step are to find out what did the
people do and look for topics that are interesting.

2. Create the problems.
Find an interesting problems to work on.

3. Solve the problems.
Try to solve the problems that we have from (2). The problems may have
been previously solved but we will look at it from a different point of view.
The problems may need different assumptions to make it possible to solve.



4. Compare results.
After the problems have been solved, we compare our results with the pre-
vious ones.

5. Conclusions.
In this step, we conclude our results, obstructions and suggestions for some
one who wants to improve our results or interested in this field.

1.4 Convention

In this thesis, we almost exclusively consider operator on £2, so the symbol
| - |l is norm in £2 (]| - ||2). Norms of other spaces we will mention and give the
notation, for example norm of £ is denoted by || - ||,.

1.5 Benefits

1. Obtain simple conditions for checking any Toeplitz matrix is a bounded
linear operator on £2, is not it?

2. Obtain properties about Hilbert-adjoint operators of Toeplitz matrix on ¢2.



CHAPTER 2

DEFINITIONS, THEOREMS AND
LITERATURE REVIEWS

2.1 Basic Definitions

In this section we present some important definitions that will be used through-
out the thesis. These definitions refer to [1-5].

Definition 2.1.1 (Toeplitz matriz).
Let {t,}32._ . be any sequence of complez numbers. The Toeplitz matriz T induced
by this sequence is

to t-1 t_g
ty to -
T = 1 0 1

Definition 2.1.2 Let {a.}32; be a sequence of complez numbers. 3% a, is
convergent provide that there exists a such that Zﬁ=1 an — @ as k — o0.

Definition 2.1.3 A series is said to be divergent when it does not converge. This
means that there are two ways in which a given series > a,, might diverge:

1. % a.may have no limit(finite or infinite) as k — oo.

2. ZLlan—»ioo as k — oo.

Definition 2.1.4 A series ) a,, is said to converge absolutely if the series

> | an | converges.

Definition 2.1.5 A convergent series that is not absolutely convergent is said to
be conditionally convergent.

Definition 2.1.6 A series ) b, is said to be a rearrangement of a series Y ay,
if there is a one to one function p from N onto N such that for every natural
number n we have

bn = apm)-

Axiom 2.1.7 (Aziom of completeness).
Every nonempty set of real numbers which is nonempty and bounded above has a
least upper bound.



Definition 2.1.8 (Vector space).

A vector space (or linear space) over a field K is a nonempty set X of elements
,Y,. . . (called vectors) together with two algebraic operations. Theses operations
are called vector addition (denoted by + ) and multiplication of vectors by scalars
(denote by -) such that + : X x X — X and - : Kx X — X. For all scalars
o, B € Kand for all vectors z, y, z € X we have

1. z+y =y+ua,

2. (z+y)+z=a+(y+2),

3. there ezists 8 € X such that z+6 = z,

4. there exists -z € X such that z+(-z) = 0,
5. 1.z =1,

6. a-(z+y) = a-z+a-y,

7. (a+B)z = a-z+f-1,

8. a-(B-z) = (af)=.

Definition 2.1.9 (Metric space).
A metric space is a pair (X, d), where X is a nonempty set and d is a metric on
X, that is, a function defined on X x X such that for all z, y, z € X we have

1. d(z,y) > 0,

2. d(z,y) = 0 if and only if T =y,
3. d(z,y) = d(y,3),

4. d(zy) < d(z,2) + d(2y).

Definition 2.1.10 (Convergent sequence).
A sequence {z,}2., in a metric space X is said to be convergent if there ezists T
in X such that lim, .o d(,z,) =0, and we say that {z,}, converges to z.

Definition 2.1.11 (Cauchy sequence).
A sequence {z,}32, in a metric space X is said to be Cauchy sequence if for every
€ > 0 there exists N, € N such that

d(Tm,Tn) <€ for all mn> N..

Definition 2.1.12 (Complete space).

A metric space X is said to be complete if every Cauchy sequence in X converges
in X.



Definition 2.1.13 (Normed space).

A normed space X is a vector space with norm defined on it . A norm is a real-
valued function on X whose value at an x € X is denoted by ||z|| and for all z,
y € X, a € K has the following properties;

L |lz| = 0,

2. ||lz|| = 0 if and only if z = 4,
3. llez| =| a | {=l,

4 Mz +yll < llll + ligll-

Definition 2.1.14 ().
 is a sequence space of complezr numbers where x = {z;}2, € P, if and only if
Yooy | i [P< 00, where 1 < p < o00.

Definition 2.1.15 (£=).
£ is a sequence space of compler numbers where z = {z;}2, € £, if for all
i=1,2,... we have |z;| < ¢, where ¢, is a real number which may depend on z,

but does not depend on i.

A mapping (or function) from a vector space to vector space is called an oper-
ator.

Definition 2.1.16 (Linear operator).
A linear operator T is an operator such that

1. the domain D(T) of T is a vetor space and range R(T) of T lies in a vector
space over the same field,

2. for all z,y € D(T) and for all scalar o
T(z +y) =T(z) + T(y),
T(az) = oT(z).
Definition 2.1.17 (Bounded linear operator).
Let X and Y be normed spaces and T : D(T) — Y a linear operator, where
D(T) C X. The operator T is said to be bounded if there is a real number ¢ such

that for all z € D(T)
[Tz < cllll,

and we define

T
1Tl = sup 122l
zeD(T) ”-’L'"

z#0



Definition 2.1.18 (Linear functional).
A linear functional f is a linear operator with domain in a vector space X and
range in the scalar field K of X; thus,

f:D(f) — K.

Definition 2.1.19 (Bounded linear functional).

A bounded linear functional f is a bounded linear operator with range in the scalar
field of the normed space X in which the domain D(f) lies. Thus there erists a
real number ¢ such that for all z € D(f),

| f(2) |< cll=]]

and we define

1l = sup F&

sy ol
z#0

Definition 2.1.20 (Algebraic dual space).

The set of all linear functionals defined on a vector space X can itself be made
into a vector space. This space is denoted by X* and is called the algebraic dual
space of X.

Definition 2.1.21 (Dual space).
Let X be a normed space. Then the set of all bounded linear functionals on X
constitutes a normed space with norm defined by

171 = supacy ”l]( ”"

which is called dual space of X, and is denoted by X'.

Definition 2.1.22 (Inner product space).

An inner product space is a vector space X with an inner product defined on it.
An inner product on X is mapping of X x X into the scalar field K of X such
that for all 7,y € X and o € K the inner product of z and y, denoted by (z,y),
has the properties

1. (z+y,2) =(z,2) + (y,2),
2. {az,y) = afz,y),

3. (z,9) =(y, ),

4. (z,z) 2 0,

5. {(z,z) = 0 if and only if x = 0.



An inner product on X defines a norm on X given by |z|| = \/(z,z). Hence
inner product spaces are normed spaces.

Definition 2.1.23 (Hilbert space).
A Hilbert space X is a complete inner product space with metric

d(z,y) = ||z —yll = Viz —y,z - y).

Definition 2.1.24 (Hilbert-adjoint operator).
Let T : HH — H, be a bounded liner operator, where H, and Hy are Hilbert
spaces. Then the Hilbert-adjoint operator T* of T is the operator

T :Hy, — H,,
such that for all z € Hy and y € H,
(Tz,y) = (z, T"y)-

Definition 2.1.25 (Self-adjoint, unitary and normal operators).
A bounded linear operator T : H — H on Hilbert space H is said to be

self-adjoint or Hermitian if T* =T,
unitary if T is bijective and T* = T 1,

normal if TT* =T*T.



2.2 Basic Theorems

In this section we present important basic theorems that will be used in this
research.

Theorem 2.2.1 Suppose that {a,} and {b,} are sequences, c is a real number
and both series > an and > b, converge. Then

1. The series > (an +b,) also converges, and we have

o0} o0 o}
D (an ) =D ant ) b
n=1 n=1 n=1

2. The series Y ca, converges, and we have

=) =)
E Chyp = C E Qay
n=1 n=1

Proof. See [1].

Theorem 2.2.2 Suppose that ) a, converges absolutely, and that b, is a re-
arrangement of Y a,. Then Y b, also converges absolutely and has the same
sum.

Proof. See [1].

Theorem 2.2.3 If Y a, is a convergent, but not an absolutely convergent series,
then there are rearrangements that diverge.

Proof. See [7).

Theorem 2.2.4 Every absolutely convergent series is convergent. Furthermore,
if 3 a, is absolutely convergent, then

[ o] o0
1D onl<) lanl.
n=1 n=1

Proof. See [1].

Proof. See [2].
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Theorem 2.2.6 (Auziliary inequality). If o, 3 are any positive numbers then

af q 1 1
of < —+— where p>1 and -+-=1.
Y2 q P q

Proof. See [3].

Theorem 2.2.7 (Hélder’s inequality ).
For all sequences {z,} and {y,} in C. We have,

00 00 1, oo
Slewls (M lar ) (X lwl)
i=1 i=1 i=1

whemp>1and%+%=1.

1
q

Proof. See [3].

Theorem 2.2.8 (Minkowski’s inequality).
For all sequences {z,} and {y,} in C we have,

(i“‘fﬂ/ﬁ I") < (gm |p>‘l°+ (gly.- I")%

i=1
00

Z | z: |p,z | % [P< oo.
i=1

i=1

o

where

Proof. See [3].
Theorem 2.2.9 Forq>1, 2 >0, and k < N,

N q N N q-1
(Z zn) < qzzn (sz)

n=k n=k Jj=n

(Here, N may be oc)

Proof. See [8].

Theorem 2.2.10 ¢2 is a normed space with norm given by
ad 1
lzll = Q12 %)z
i=1
for allz € £2.

Proof. See [3].
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Theorem 2.2.11 2 is a Hilbert space, with inner product given by
<x7 y) = z xigi
i=1

forallz,ye .

Proof. See [3] .

Theorem 2.2.12 The dual space of &P is isometric to 7 where 1 > p and %+% =
1, with the convention é =0.

Proof. See [3].

Theorem 2.2.13 Let A be a bounded linear operator on a Hilbert space H and
let A* be the Hilbert-adjoint of A.

1. A is normal if and only if (A(z), A(y)) = (A*(z), A*(y)) for all z,y in H.

2. A is unitary if and only if (A(z), A(y)) = (z,y) = (A*(z), A*(y)) for all z,
yin H.

Proof. See [4].

Theorem 2.2.14 Let A be a bounded linear operator on a Hilbert space H and
let A* be the Hilbert-adjoint of A.

1. Let A be a self-adjoint. If (A(z),z) =0 for all z € H then A=0.

2. If K=C, then A is self-adjoint if and only if (A(z),z) €R for allz € H.
IfK=R, then A is self-adjoint if and only if (A(z),y) = (A(y),z) for all
z,y€ H.

3. A is unitary if and only if |A(z)| = ||z|| for allz € H and A is onto.
4. A is normal if and only if || A(z)|| = |A*(z)|| for allz € H.

Proof. See [4].

Theorem 2.2.15 The adjoint of matriz operator is its conjugate transpose.

Proof. See [3].
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2.3 Literature Reviews

Many references about Toeplitz matrices have been included in [5]. Here is list
of theorems that will be used in this thesis.

Theorem 2.3.1 Let
ay a1 Qa9
ai Qg a._.y

A=
a a Qg

where {a,}32 _ is a sequence of complex numbers. The matriz A defines a
bounded operator on €2 if and only if the numbers {a,} _., are the Fourier
coefficients of some function a € L*°(T)

1 2m

- i6) ,—inf
=%, a(e”)e™""do, n € N.

Qn
A is denoted by T(a). In this case the norm of A equals ||a||co-

Theorem 2.3.2 The only compact Toeplitz operator is the zero operator.

Theorem 2.3.3 The Toeplitz operator T(a) is self-adjoint if and only if a is a
real-valued function.

Maddox [6] proved the following theorems :

Theorem 2.3.4 Let A be an infinite matriz. A is bounded linear operator on £
if and only if sup, >, | @nk |< 00. And ||A|lee = sup,, 3 i | ank |< 00

Theorem 2.3.5 Let A be an infinite matriz. A is bounded linear operator on ¢
if and only if sup, Y, | ank |< 00. And ||Ajly =sup, Y, | @k [< 00

Theorem 2.3.6 Let A be an infinite matriz and let 1 < p < oo . IfA is a
bounded linear operator on £*° and £*, then A is a bounded linear operator on ¢P.

Proof. Consider,

D i
k

where © + 1 = 1. By Holder’s inequality,

1 1
<Y lankl? |ank|e |24l
k

()

=
Q=

1 1
D lankl? lank]e 2| < (Z | @] |-"3k|p)

k k
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and so

< (Z o] mr) (Z |ank|)E .

k k

_S_ : Akl
k

Hence
P

AzlP = Y1) amze
n k
< 5 lewdd [ 1415
n k

< JA1E S el Y lan
k n

2
< lAllsllPllAlls-

1
Therefore ||Az| < || A||&||AllI7]|z||, whenever = € ¢7.
O

Next we will present literature about finite dimensional normal Toeplitz ma-
trices. Let T be the (N + 1) x (N + 1) Toeplitz matrix where N € N, as follows.

tO t——l t.~2 . t—N

t to t_1 e toNt1
T=|t t to ... t_ni2

ItN tn-1 IN—2 ... to

T is called normal if TT* — T*T = 0 where T* is transposed conjugate of T.
Farenick and Lee [9], Ito [10], Farenick,Krupnik,Krupnik and Lee [11] and Ari-
moto [12] classified T as follows :
1. T is called type I, if [t_q,t_2,...,t_N] = ap[t1, 22, . . ., EN] for some ap such
that | ap |= 1. That is

to aofl 00{2 RPN aofN

tl to aoi-l ven aofN_l
T = t2 t1 to . aofN_z

IN tn-1 tN_2 .o to

2. T is called type IL, if [t_1,t_2,...,t_N] = Bo[tN,tN-1,---,t1] for some Gy
such that | G, |= 1. That is

to Botn Botn-1 ... Doty
ot Botn ... Dotz

T= to 131 to FN ﬁot;;

IN tn-1 Il .ot
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3. T is called symmetric, if [t_1,t_,...,t_n] = [t1,t2, .- ., tn]. That is

to 121 ta ... tn

1 to t; oo tN—
T=| ta 2] to vee tn_2

tn tn-1 tn—2 ... to

4. T is called skew-symmetric, if [t_1,t_,...,t_n] = —[t1,%2,...,tx]. That

is
to —1h1 -ty ... —tN
t1 to —t; ... ~—in—1
T = t2 t1 tO [ —tN_2
tn tn-1 IN—2 ... to

5. T is called circulant, if [t_1,t_o,...,t_n] = [tN§,EN-1,--.,t1)- That is

to tn tn-1 ... T1
(2] to tn ... 1o
T=1]| ¢t ty to ... I3
tn tn_1 tN-2 ... Ip

6. T is called skew-circulant, if [t_q,t_a,...,t_N] = —[tN,EN—1,- .-, t1]. That

1S
to —tn —tn-1 ... —11
tl to —t N "'t2
T=]t t; to —t3
i In-1 tN—2 . to

Farenick and Lee [9] proved the following theorems :

Theorem 2.3.7 For 1 < N < 4 every normal Toeplitz matriz Ty is either of
type I or of type 11.

T. Ito [10] extended this result to arbitrary order, that is

Theorem 2.3.8 Every normal Toeplitz matriz Ty with N > 5 is either of type
I or of type II .

The following are results of Farenick, Krupnik, Krupnik and Lee [11].

Theorem 2.3.9 Ewvery finite complex normal Toeplitz matriz is a generalized cir-
culant or rotation and translation of a Hermitian Toeplitz matriz. In particular,
every finite real normal Toeplitz matriz is symmetric, skew-symmetric, circulant
or skew-circulant.



Theorem 2.3.10 A Toeplitz matriz T of the form

0 by by ... by

ai 0 b1 e bN-—l

T = Qo ai 0 ‘e bN_2
ay any-1 anN-2 ... 0

is normal if and only if for each p and q the following equalities hold :

aqap + aN—q+laN—p+1 = bqbp + bN—q+1bN-—p+1-

15

Arimoto [12] presented a new and much simpler proof of the result of Ito and

the previous theorem (in the real number case).



CHAPTER 3

PROCESS OF RESEARCH

In this research we conclude the following 7 steps.

1. We use theorem 2.3.4, 2.3.5 and 2.3.6 to find sufficient conditions for Toeplitz
matrix to be a bounded linear operator on 2. Results of this step are the-
orem 4.1 and corollary 4.2.

2. We find a necessary condition for a bounded linear Toeplitz matrix on £2.
We define a functional by multiplication between each row of matrix and z
in £2, then using theorem 2.2.11, we have the first property of theorem 4.5.
Next we study property of the norm of Te, where e, is the sequence with
1 in the n'* position and 0 everywhere else. We have the second property
of theorem 4.5.

3. In this step, we find necessary and sufficient conditions for a bounded linear
Toeplitz matrix on £2. Since the conditions in step one and two are not the
same, we will add the following assumptions.

e we add some assumptions for theorem 2.2.9, we have lemma 4.7,

e we use lemma 4.7 and results in step 1 and 2, we have theorem 4.8
which are necessary and sufficient condition.

4. We find examples to guarantee that our conditions in theorem 4.8 are make
sense, they are theorem 4.9, proposition 4.10, corollary 4.11 and corollary
4.12.

5. We study properties of Hilbert adjoint operator of Toeplitz matrix on £2.

e Unitary. We have necessary and sufficient conditions, in theorem
4.16. Furthermore, we give examples that one that is consistent the
theorem and one that is not consistent.

e Normal. We study in general case and the real case. In the gen-
eral case, we have sufficient conditions (theorem 4.19) and necessary
conditions (theorem 4.20). For the proof of real case, we use result
in general case, we have necessary and sufficient conditions(theorem
4.22).
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6. In this step, we compare our results and related results (in literature re-

views).

e Compare sufficient conditions (theorem 4.1 and corollary 4.2) with
theorem 2.3.1.
The aim of this step is to decide what conditions are weaker. We found
that conditions of theorem 4.1 are weaker than those of theorem 2.3.1,
for a proof, we give a function that satisfies the conditions of theorem
2.3.1, but its fourier coefficients are not in ¢!. This proof appears in
section 5.2.1.

e Compare our conditions in the normal case (theorem 4.19 and 4.22)with
theorem 2.3.7-2.3.9. The aim of this step is to decide what types of
Toeplitz matrices are normal in both in finite and infinite dimension,
you can see the details in section 5.2.3.

7. Finally, we conclude our results and give some suggestions to improve our
results.

44506



CHAPTER 4

MAIN RESULTS

In this chapter we present results of this research and we give some illustrations

for the results.

Theorem 4.1 Let {tx}2 _ be any sequence of compler numbers and T be a
Toeplitz matriz induced by this sequence.

Yl ol te|< 00 and %2, | te |< 00, then T is a bounded linear operator on
2.
Proof.
to t1 too
ty, to t-
r_ |t b 1

Consider each row of T we have

row 1:
-1 [
lto |+ 1t |+ ta ]+ < ) [l +Y tl<oo
k=—00 k=0
row 2:
-1 [
[+t ]+t ]+ < Y ]+ [tel<oo
k=—o00 k=0
row 3:

-1 [e%)
o+t [+t +... < Y [tel+3 [tal<oo
k=~—w k=0



19

That is 300, | tai IS Sore oo |tk |+ 0g |tk |< 00 for all n = 1,2,... By
the axiom of completeness we have sup,, > oo, | tn—i |< 00. Similary we will have
sup; O ooy | ta-i |< 00, so by theorem 2.3.6 and lemma 4.1, T is a bounded linear

operator on £2.

O

Corollary 4.2 Let {t,}2_., be any sequence of complex numbers and T is a
Toeplitz matriz induced by this sequence. If {tx}2_., € €%, then T is a bounded
linear operator on £2.

Proof.

Since {te}2 oo € & D e oo | tr |< 00.

Therefore 3"r-_ |tk |< 0o and 352, | t |< oo.

By Theorem 4.1, we have T is a bounded linear operator on £2.

The next examples are illustative of the previous results.
Example 4.3

Let

t = ]

_2—"_]:FT 7n=0$1a27"'
=n ,n=-—1,—2,...

So the Toeplitz matrix T" induced by this sequence is

1 1 1
2 4 8
-1 1 1
T=|_1 .1 1
4 2 2
i" | = L iely 1
n — - o - cee =
—~ 2 4 8
-1
1 1 1
Yo ltal = |—5l+I-7l+I-gl+..=1

n=-—oo

So T is a bounded linear operator. Suppose z = {%, %,0,0, .. } . It easy to
see that = € £2.
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1

b (3)

_1 1 1 2

Tz = f 21 ‘11 0

-1 2 3 0

3

1 1 1

srdny (D

“»i a3 | V2| S}

. 8

\ 1)

Consider
3 |2 3 |? 3 2 9 9 9

hd 02 +|-2 - e = — — = 4.
rila l+’ 1 +| g |t TR

That is Tz € £2. Suppose y = {71-2-, %, T } :

So ye£2

~—

o N NI

DOl DI b
DOt = GO
R N N

-

> ot T
_ 1 +Zw 1
m n=2 2(n—1)i\/§5"
1 _ 1 +Z°° 1
w2 2/4 n=3 32 (V)"
[o ] 1
(L

L
2 on=3 [T

\
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consider
=1 =1 < 3 | 4
2| e IR T G

That is, Ty € £2.

0O
Example 4.4
Let _
t,.={ (L) _om=0,1,2,
(—2—;:}1) = _11_21 .
Forn=0,1,2,...
lim { 1+4)" = lim § L+4]"
n—oo 3 - n—oo 3
. 1141
= nli.oo' 3
V2
= — <1
3 <
By the root test we have,
i (1+z')" -
n=0 3
Forn=-1,-2,...
i 2 NS S 9 B 71
= \-2n+1 IR EN I N
= i (_k___)kzk
P 2k+1
Consider
E\* k
3 k _n k . 1 .
kIL“JoJ (2k+1) ’ H,o‘zkﬂ g
_ k
T noo|2k+1
1
= §<1
Therefore

-1

’>

-n
-n i_n
( —2n + 1)
n=--00

Hence the Toeplitz matrix induced by this sequence is a bounded linear operator

on 2.

< 00.

O
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Theorem 4.5 Let {tx}32_, be any sequence of complex number and T be the
Toeplitz matriz induced by {t:}._ . If T is a bounded linear operator on £2,
then

1. sup (T2, | tacs ) < oo,
2. sup (T2, | taes [} < 0.

Proof.
Let z = {;}2, € £2.

(to t_l t_g e I
ti to t-p ... T
Ty =— 1 0 1 2

t2 t1 to ‘e I3
( > oio1 b
> ior ta—ii
Yooy t3—ii

Define T,,(z) = 3 o) tn—izi. Hence T,, : # — C.
Let {y:}2;, € 2 and a € C,

T.(z +y)

o0

Z tn-i(zi +ui)

i=1
o0

= Z(tn—ixi + tneiti)
i=1
[o o] o0

= D (ta-iz) + ) (tn-iti)
i=1 i=1

= Tﬂ(x) + Tﬂ(y)1

and

o0

Tolaz) = Zt,,_,-(az)

i=1

= aZtn_g(x,-)
= afl::(x)

So T, is a linear functional for all n = 1,2,....



oo

| Ta(2) P = 1) taizi

i=1
00 00

< E I Etn—ixi lz

n=1 =1

ITz||?
< (T 1)

It
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Hence | Tn(z) |< ||T|| l=||- That is, T, is a bounded linear functional and ||T;|| <
Tl for all n, T, € (£2)', where (¢2)" is the set of bounded linear functionals on
£2. By proof of the theorem 2.2.11 we will have A : #' — (2, defined by

A(f) = {fi ?il

where
f = fler), e1 = {1,0,0,...}
f2= flea), e = {0,1,0,...}
and we have
I = Il AGHI-
Therefore
ITall = AT

Suppose A(T,) = {«}2,, from above we have

21 = T,,(el) = (tn—l X 1) + (tn_z X 0) + (tn_3 X 0) +--

2y = T,,(eg) = (tn-—l X 0) + (tn_z X 1) + (tn_3 X 0) + -

That is A(T;) = {tn-i}2;, from (4.1) we have

- 1
ITall = O I ta—s )7 < |17 for all n.

Therefore

1
0o 2
(Y lnif) <TI0
" \i=1

(4.1)

s =1tn

s =tn
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Consider
to to t_g ...\ /1 to
t1 tp t_, 0 1
T(el) = =

Since T : 132 — 62, T(el) = {to,tl,tg,...} € 32, T(ez) = {t_l,to,tl,...} S 132
and so on. Since T is a bounded linear operator, ||Tz| < ||T|| for all z € €2 and

=l = 1.
Hence .
oo 3
1T (es)|| = <Z | tns |2> <7 for all 4.
n=1
Therefore

% 7
sup (Z | i |2> < 0. (4.3)

n=1

This proof is complete.

Corollary 4.6 By the hypothesis of theorem 4.5, we will have {ta}2_ € 2.

Proof.
By theoremd4.5, we have rows and columns of T are in £2. So

o 3
(Z | tj |2) < o0,
=0
and )
-1 2
> 1t |2> < 0.
=—00

And we have

(i ltnl2>%.<_ ‘gwltﬂz)i(ilt,-l?) < 0.

n=—o0o 3=0

2=

Therefore {t,}2._., € £.
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Lemma 4.7 Let {ax}2, be in £2.
Vk, if | ar |2 35040 | an | then (202, [ an ) S 203552, | an P)3.

Proof.
By theorem 2.2.9, we will have,

(iu) < zz[lan|(z;|aj|)]

= 2[a|(la|+]az|+..)+|az|(az|+]as|+...)+..]
=2[(|a1|2+|a1||a2|+..) (laz?+|azllas|+.. )+ ]
= 2[(la P +az >+ )+(|a1|la2|+|a1||a3|+ D+ ]
= 2[(la P+ ] a2 |+ ...)+|a1|(|a2|+|a3|+. .

UIP-'

Since | ax |> o4y | @n | . Therefore we have | a1 [>| a2 | + | a3 | +...,
[az|>|as|+|a¢|+...,. SoSo

i

o 2
(Zlan|) < 2[(laP+lalP+...)+ alla|+]az|laz | +...]

n=1

= 22|a P+2]a|*+..]
= 4[[a1 |2+|(l2 |2+...].

(élaA)sz(glanlz)%

Theorem 4.8 Let {tx}2_., be any sequence of complex numbers, T a Toeplitz
matriz induced by {ta}o o and Y22, | ta |<| & | for alln = 1,2,... and
Zn___oo | to |<| tx | for alln = —~1,-2,.... Then the following statements are
equivalent.

Therefore

a

1. T is a bounded linear operator on £2.

2. {tk}l?;—oo € 2.

3. {tk}zo:_oo e

Proof.

(1 = 2) By corollary 4.6.

(2 = 3) Since {te}X _, € &, > 1o |tk |>< 00.
So S il o |tk <00 and 3752, |t [?< co.
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By lemma 4.7 we have

1
-1 -1 2
> |tk|§2<z ]tk|2> < 00

k=—00 k=—o0
1
(o} oo 2
thklgz(zu,c[?) <o
k=0 k=0

Hence {tx}2 _. € .
(3 = 1) By corollary 4.2 we have T is a bounded linear operator on £2.

0

Next we will study the norm of special Toeplitz matrices, upper and lower
triangular matrix, denoted by

(to t1 to
0 to t_g

T = d
0 0 ¢ an
\: P
(to 0 0
ty t 0

TL — 1 0

ta 1 1o
Theorem 4.9 Let {t,}2, be a sequence that satisfies the hypothesis of lemma

4.7. If Toeplitz matriz T_ is induced by the sequence, then T_ is bounded linear
operator on 2 and

%(ium)slltll.ﬁ(im')'

k=0 k=0

Proof. From the proof of theorem 2.3.6 we have

< (5003 Vs 1) F (5003 T 1)
n=0

i=0
We know ‘oo - -
(squItn_;I)= (supzltn_il)=zltk|-
' n=0 " =0 k=0
Therefore -
I < (D 141). (4.4)
k=0

| S0

<

Since T- is bounded linear operator on €2, by (4.2) sup, (3.2, | ta—i [
[T-]| < oo.
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And we know
1
oo 2 00 1
2
sup(§j|tn_i|2) =(X1ur)’
"o \i=1 k=0

Therefore

(i | e [? ) < T (4.5)

k=0
By lemma 4.7 we have

Ylul < 2(Z|tk|2)%.
k=0 k=0
So
oo 00 1
s lul < (Tlupe) (4.6
k=0 k=0

From (4.4), (4.5), (4.6), we have

s lul< I < (X 1ul).
k=0

k=0
(|
This theorem also holds for 7.
Proposition 4.10 For all geometric sequences {ar*}32, such that | r |< 3,
Z lar¥| < |a™|, Yn=0,12,....
k=n+1
Proof.
We will prove this by induction .
Forn = 0 :
[o ] [o ]
dolar*| = jal) |k
= la| ) Ir[¥
=1
_ |7
- |a|(1_|r|). (4.7)
From | r |< 3, we have
|r] < 1-|r]|

Kl
1-|r| —

A
—
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Hence, Y oo, |ar®| < |a| = |ar®|.
Forn = m,if
oo
> larf| < Ja™]. (4.8)
k=m+1

Then for n = m + 1, we have from (4.8),

|ar™t | +|ar™2 [ +... < |ar™|
7| (ar™ |+ [ar™2|+..) < |r]|lar™|
lar™2 |+ ar™3 | +... < |ar™|
o0
Z lar*| < |ar™].
k=m+2

Therefore, .2 .., | ar* |[<| ar™ | for all n.

O

Corollary 4.11 If T is a lower( or upper ) triangle Toeplitz matriz induced by
{t,}2, and T satisfies the assumption of proposition 4.12, then T is bounded
linear operator on £2.

Every Toeplitz matrix T can be written in form,

T=T +T.-T,

where
to 0 O
0 t O
T, = 0

0 0 %

Corollary 4.12 If a Toeplitz matriz T is written in term of T~ and T as above
and T~ and T satisfy the hypothesis of theorem 4.10, then T is bounded linear
operator on £2.

Proof. Let z € 2

17|

(T~ + T- - Ty)z||
= T z+T-z — Tuz||
1T~ z|| + | T-z|| + || Tuz]|
7=+ T + o))l
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Example 4.13

1 o1 1
7 Tx3 7Tx3%
0o 1 L
T = T
0 o0 1
o0
That is, the Toeplitz matrix is induced from the sequence {%;}k , and we

have |r| = % < 3, so T~ is bounded linear operator.

Example 4.14

1
3 0 O

1 1
7 = | &5 s O
- = 1 11
8

o0
That is, the Toeplitz matrix is induced from the sequence {ﬁ}k-o’ and we
have |r| = 1 < 3, so T_ is bounded linear operator.

O
Example 4.15
i i 1
2+2i  (2+2i)2
i Z H
2431 2+2i
T= i i i
@37 2431

Both |575| and |575] are less than 2, so by corollary 4.13, we have this Toeplitz
matrix is bounded linear operator on £2.
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Theorem 4.16 Let T, a Toeplitz matriz, be a bounded linear operator on £2. T

s unitary if and only if T is of the form,

and |tol =1.

to 0 O
0 t O

T— S

0 0 ¢t

Proof. We recall that T is unitary if TT* = T*T = I where I is identity and T*
is conjugate transpose of T'.

Suppose T is unitary.

(TT*)C]_ =

In the same way,

T(T"e;)
/to t_1
t1 to
2 4

\:
(to t_
131

ta 14

\ :

\

(T"T)el =

t_o \( to bt t2
1 ... i1 4
to ... to to to
SEVANE

t_o \ (_to

t_1 ... t_1

to ) t_o

P )\

(tot_o +t_ g1+t ot o+...
tifo+tof_1 +t_1ta+...
tofo +tif_y +tol_a +...

[ Ital® + ftcal” + ol + ..
tifo+tot_1 +t it o+...
toto + tlt_._l + tof_z +...

ltol? + [taf® + |t2* + ...
{]_to + fot_1 + f_lt_z +...
toto +f1t_1 +tot_2+...

Since T is unitary, (4.10) = (4.11) = e;. That is

lto|? + [t + [t2l> + ... = [tol® + [P+ [t2* + ... = 1.

We replace e; by ez, so we will obtain

[t + [t + (=12 + ... = [t P+ [t + [t + ... = 1.

By this fashion, we have

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)
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tol® + |t—1> + |t—2> + ... lto|* + [ta]* + [t + . ...
6+ [t + [taP ... = [toaf>+ It + [ +... =

. (4.14
ol + |6+t ... = [tal + [tal?+ Jtol + ... (4.14)

We can conclude that |to] =1 and ¢, = 0,k € I — {0}.
Conversely, let = € 2.

(TT")z = T(T'z)

(’to 0.0 ..\ [(f 0 0 ..\ [m
— 0 to 0o ... 0 t_o 0o ... )

0 0 to 0 0 to T3
0 to 0 t_oiL‘z
0 0 to t_oiL‘g

-
o~
o
oo
O e

And similarly, we will have (T*T)z = z. That is TT* =TT = I.



Example 4.17 Let

1 i
iy 0 0
1
- 0 0 1 i
V2T V2
So 1 i
7§+7§ ) 0 0
]
T 0 7zt 1 0 '
- ]
0 0 st
And it is easy to see that
v R 1 0 0
" 0 WY, 1 0 .
0 0 VARV,

That is T* = T!, T is unitary.

Now we will show example in which T is not unitary.

Example 4.18 Let T, a bounded linear operator on €2, be in form

to 0 0
1 t o ...
T = 7‘20 0 ,
Tto Tto to
to#0
Define 1
L 0 0
0
e 1
= L 9
A= t(g o
T t

We will show that A is the inverse of T'.

Let z € £2.
[t 0 0 ...\ [ = 0 0
T(A _ Tto to 0o ... % t_](; 0
( z) B K’I‘z.to 1‘?0 t.o / \ 0 % %
(to 0 0 \ ( %} ay
. Tto to 0 __::L'f'% _ a2
- Tz-to T?o to ) \—Tr:z + %: - 0:3

I
]
T3

32
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Consider {an}, where

T:Bl —TTy £L‘3 —TTp-1  Tp
L+ =,

to to
That is T(Az) = z, a.nd 81m11arly we can show that A(Tz) = z. Therefore
A=T"1.

a, = r""1t0—+r""2to( )+ "‘3t0( )+ Ao

But o ——
to Tto T2t0

0 t i

T — 0 0

0 0 %
Hence T* # T, so T is not unitary.
(|

Theorem 4.19 Let T be a bounded linear Toeplitz matriz on . T is normal, if
T is Hermitian matrix.

Proof. Since T is Hermitian,

to t1 to
t, to t ...
T= 1oon , to €R.

SoT*=T, that is T*T =TT*.
Therefore T is normal.

a
Theorem 4.20 If T is normal, then |ty| = |t_i| for all k.
Proof. Since T is normal, TT*(e,) = T*T'(e,). From(4.14), we have
[tol® +[t-af* + [tal® + .. = ftol® + [haf* + [taf* + ..
b+t + [P+ = P F ol + [+ (415)

o2 + [t2 + Jtol? + ... = [t_al2+ [t + [t +. ..

If we subtract the second equation with the first equation, then we have |t;|* =
lt_1|? that is, |t1| = |t_1]. Similarly, we have |t;|* = [t_i|* for all k, that is,
|tk| = lt—kl for all k.
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Corollary 4.21 Let T be the Toeplitz matriz T induecd by {t:}2 _ € . IfT
is normal, then ||T| < 2 (32, Ite])-

Proof. |
7 < (i ltk|>§ ( > |tk|)%

k=—00 k=-—00

(&)

coe Jtoa] [t + ] +--2)
e Jtoa] F ol + to] + 1]+ )
2\to] +2|ta] +...)

(£

Theorem 4.22 Let T be real Toeplitz matriz and ty = 0. T is normal if and
only if T is a symmetric or skew-symmetric matriz.

(
< |
(

Il

]

Proof. Let T be normal. By theorem 4.20 we have |t,| = |t_,|. Since T is a real
matrix, t, =t_, or t, = —t_,. Hence T is symmetric or skew-symmetric matrix,
from the classification of Toeplitz matrix in literature reviews.

Conversely,

Case 1 : T is symmetric matrix, in this case T is Hermitian, so T' is normal, by
theorem 4.19.

Case 2 : T is skew-symmetric. Let z € £.

(0 -—-tl —-t2 \ ( 0 tl t2 I
t 0 -t -t 0 t ... T
TT*z = 1 1 1 1 2
\tz t1 0 ) —tz —tl o ... T3
(0 —tl —tz \ ( 0+t1$2+t2$3+...
_ t1 0 —tl —4H1T1 +0+t1$=+...
- t2 tl 0 ) —t2$1+—t1$2+0+...
( 0 -t -l .. \ 1 2_‘;—21 tj$1+j
I B SR Yoo —taiTi + D32 tiTay
I P 0o ... ) Zi:ll —tl3_iT; + 2;11 tiT3y;
( 0 —tl —t2 . \ (0,1
_ t1 0 —t1 e as
- t2 tl 0 e as ’

\:o1oo )\



where

where

Consider,

T™Tx

where

Therefore

oo

[» o]
Ej:l tiTnyj n =1

-1
i

Tz =

bnz{

)
Il

T Tx

,{z;;
" >

- .
i taejTi 2000 ~tiZays m > 1

it

n—1 t

j=1

t
0
—t;

—tn i@ + Yoo tiTar; m > 1

> o1 —tiant;
Sl taniai + 300, —tany
i1 tamili + Yooy —ti34
\ )
z
b2
bs |’

\ :

—tjn+t; n =1
n—jaj + Z;il ~tjtny; n >1 '

t2 \ (0 —t1 —t2 I

tl . e tl 0 -—tl e )
0o ... } t2 tl 0 e I3
o ... \ ( - Do —tiT1e
t1 ... E_g_:l t2-—jmj + E;.il —tj$2+j
-1
0 .. ) Ej:l t3—;T; + 2;11 —1i %344
t2 . \ (a’l
tl e a'2
0 ... } aj
—1iTnj n =1

n—1 t

o0 '
/ Ej:l tjayy;

2—1 ! o) /
2o —t2ja; + Ej:l 0o, ;
3-1 ! 00 !
Ej:l —l3-ja; + Ej:l tjagy

bl
1
(0

2
/ b
3

\ :

35



where
Y { 31t n =1

We will have a], = —a,. Replace o], = —a, in b,
¥ = > g1 ti(—an4s) n
= -1
" Yo —taj(=a5) + 272 ti(—any;) 1
_ { Z;il —tjan+j n =1

Y ta-it;  + Lo —tiany; n > 1
= b,.

That is TT* = T*T, thus T is normal.

n-1 ! 00 ' :
Dim1 ~tn—i@y + Xl tian,; no > 1

=1
>1

36



CHAPTER 5

CONCLUSIONS AND SUGGESTIONS

In this chapter we summarize the results from chapter 4. The explanation and
the future research are also presented.

5.1 Conclusions

5.1.1

Let {tx}2_o, be any sequence of complez numbers and T be a Toeplitz matriz
induced by this sequence.

Il o lte|< oo and g, | t |< 00, then T is a bounded linear operator on
2.

5.1.2
Let {tx}2_., be any sequence of complex numbers and T is a Toeplitz matriz
induced by this sequence. If {t;}2_., € €', then T is a bounded linear operator
on 2.
5.1.3

Let {tx}32 _ be any sequence of complex number and T be the Toeplitz matriz
induced by {t,}2_., - If T is a bounded linear operator on 2. then

1. SuPn(E?:—-l I tni |2)% < 0.

2. sup, (22, | tami )} < co.

5.1.4
By the hypothesis of 5.1.8, we will have {t,}2_., € .

5.1.5

Let {ax}2, be in £2 .
Vk if | a |2 30 i1 | an | then (202 [ an ) <2301 | an [2)

[
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5.1.6

Let {tx}2 _., be any sequence of complez numbers, T be a Toeplitz matriz induced
by {tn} 2 oo and 300 4 |t S|tk | foralin=1,2,... and S0l | ta |<| te |

n=-00
for alln = —1,-2,.... Then the following statements are equivalent

1. T is a bounded linear operator on £2,
2. {tk}z?_——oo € gZ’

3. {tk}l?;—oo € 2,

5.1.7

Let {tx}32, be a sequence that satisfies the hypothesis of lemma 4.8. If Toeplitz
matriz T_ is induced by the sequence, then T_ is bounded linear operator on (2

and
%(Z:'t"') <Iri< (S leel).

k=0

5.1.8

For all geometric squences {ar*}2, such that | r |< 1, they have property

o
Z lar*| < |ar®| Vn=0,12,....
=n+1

5.1.9
If T is a lower( or upper ) triangle Toeplitz matriz induced by {tx}2, and T

satisfies the assumption of 5.1.8, then T is bounded linear operator on £2.

5.1.10

If a Toeplitz matriz T is written in term of T~ and T- as above and T~ and T
satisfy the hypothesis 5.1.8, then T is bounded linear operator on ¢Z.
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5.1.11

Let T, a Toeplitz matriz, be a bounded linear operator on 2. T is unitary if and
only if T is of the form,

to 0 O
T 0 to O ,

0 0 ¢
and |to] = 1.
5.1.12
Let T be a bounded linear Toeplitz matriz on £2. T is normal, if T is Hermitian
matriz.
5.1.13

If T is normal, then |tx| = |t_x| for all k.

5.1.14

Let T be the Toeplitz matriz T induced by {tx}2. _, € €. If T is normal, then
1T < 2 (3R [tl)-

5.1.15

Let T be real Toepliz matriz and ty = 0. T is normal if and only if T is a

symmeltric or skew-symmetric matriz.

5.2 Related with previous results

5.2.1 Sufficient condition

Let a(z) = -z we will show that a(z) € L°(T) where T is unit circle on complex.
So °
z=¢€% 0<0<2r

a(z) = a(e¥)




By the definition f(z) € L*(T), if

(flloo = ess sup |f(2)] = inf{B : u(f (8, 0]) =0} < oco.

Since0<;1;$1,030§27r,

that is

Therefore,

a(z) <1,
pa™'(1,00]) = 0.

lalloo £ 1 < 0.
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Hence, a(z) € L*(T). By calculating compute Fourier coefficients of a(z) we have

for n € N,

On

1 21 ) )
o a(e’®)edo
0
i 2 e—i‘n.e do
2 Jo €
1 2 .
_2_; e—me—edo
0
1 2r )
_2_ e(—l—zn)Ode
T Jo
1T e(—l—in)e

2
or | -1—inlo ]
1 ’e(—l-—in)21r — €]
| -1-in |
1 [e-2meg—i2nm _ 1]
or | -1 +in) |
1 [1— e2mg—i2nm]

1 1 — e~2"(cos(—2n) +isin(—2n7r))]
2r (1 +in)

1 [l—e?1—in
27 | (14+in)1—in
1 "(1—e-2">)(1—in)]

or | 1+ n?
1 [1-in e (1 —in)
27 |1+ n? 1+n?

1[( 1 _in 1 in_\ o
2r [\n2+1 n?+1 n?+1 n?2+41

1/ 1 e Y = ne=2r
2r [\n?2+1 n?2+1 n2+1 n241/|°
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Hence

2

o = 5o |V =)+ G+ )
n=1

5 V()

>
| 2T
1 | —-n —2r
ST 5 B .
27rn=1 n24+1 n?2+1
_ ‘l“i n(-1+e"%)
- 27rn=1 n?+1
_ |—1+e‘2"|§: n
- 2r n=1 n2+1
l-14+e 2|~ n
> .
- 2m gn"’-l—l

. —14e 2"
Since 3,2 -7 = 00 and LTl > 0, therefore

o0 o0
| -1+ 72| n
> = 00.
n=1 n=1
So
o0
Y lanl = o0,
n=-00

that is {a,}2._, ¢ €.

n=—oo

This means that our conditions are weaker than the conditions in theorem 2.3.1.

5.2.2 Conditions for Normality

In this thesis we consider several types of Toeplitz matrix in literature reviews

which are known as typel, symmetric and skew-symmetric. Others types are not
to be considered because the last term of sequence.
In the general case, as in 5.1.13, our condition is special case of Typel, in which
oy is zero. That mean Toeplitz matrix which in form hermitian is normal not
only finite but also infinite dimension. In real case, as in 5.1.16, Toeplitz matrix
is normal if and only if it is symmetric or skew-symmetric. In both case the
Toeplitz matrix is normal in both the finite and infinite dimensional case.
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5.3 Suggestions

In this section, we give some future works to improve the results of this research.

1. You can improve necessary and sufficient condition, in theorem 4.9, by
finding other conditions which imply that if z is in £2, then x is in £!.

2. You can improve theorem 4.10, by finding the best approximation for the
norm of Toeplitz operator.

3. You can improve theorem 4.20, by finding other sufficient conditions for the
normal operator.

Remark : Since this research concern infinite series. When rearrange them, We
are sure that they converge absolutely. For example, let T : £2 — ¢2. Consider
< Tz,y > and < z,T*y >, where

tg t1 t_o
tl to t_l N . - . .
T = , and T™* is conjugate and transpose matrix of T.
t tv to ...
We have
00 [o ]
<Tz,y> = Z (Z tn-ixi) Un
n=1 \i=l
= (t0$1 +t 325+ .. )171 + (tl.’Bl + tozo + .. )‘yg +... (51)

and
oo 0o
<5,Ty> = ) om (Z tj—myj)
m=1 j=1
= .’Bl(t(ﬂh + 4G+ .. ) + 1L'2(t..1@71 +toYa + .. ) +.... (52)

If < Tz,y > = < z,T*y >, we can not conclud that the equations (5.1) and
(5.2) are equal by rearrangement from (5.1) to (5.2) or (5.2) to (5.1). Because
the equations may be not absolute convergence.
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