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Notation

The real numbers.
The complex numbers.

A field (usually R or C).

T T O X

n by n complex matrices M nn (C).

—

[dentity matrix in M (F).

A Matrix of complex conjugates of entriesof A € M (C).

A Transpose of A € M (F).

A Hermitian adjointof A € M _(C), (AL .

A Inverse of a nonsingular A € M _ (F).

A% Unique positive (semi)definite square root of a positive definite Ae M, (F).
det A Diterminantof Ae M (F).

A Eigenvalue of A € M (F).

lll, 7, (Frobenius) matrix normon M.

trA traceof Ae M_(F).

Vil



Chapter 1

Introduction

1.1 Motivation and Inception

Recently the trace inequality of two powered Hermitian matrices was given in [2]

as follows:

2" 2 ok
tr(AB) <trA” B, A, B are Hermitian matrices. (1.1)

Furthermore, the following two results were proved in [16] when n(21), A, B are

positive semidefinite, then

0 < wAR? < wA e AH)" trB?)” (1.2)

2n+1
and 0 &

A

tr(AB) < (A B)trAY) trB%)". (1.3)

Another two results appeared in [19, theorem 1] and [4, theorem 1]. When A, B are

positive definite, the following inequalities hold:

1 1
rAB)” < wA*)2urB?")2 ‘neN (1.4)

and tr(AB) 1 < (trAB) : ,ne N. (1.5)

The above results (1.1), (1.2), (1.3), (1.4) and (1.5) are related to the work of
Bellman. In 1980, Bellman [12] proved:

rAB)2 < tAa’B? (1.6)

and proposed the conjecture whether



r(aB)” < tr(A"B"), neN. (1.7)

holds when A, B are positive semidefinite.

Since then, many authors have proved that the conjecture (1.6) is correct. In [9], it
was pointed out that the inequality (1.6) was also proposed by Lieb and Thiring in 1976,
and a similar inequality was proposed also in [1]. R.A. Brualdi [10] commented further
,work of the inequality (1.6) that was constructed by Lieb and Thiring in [9] and [1].

Whether or not the inequality (1.7) as a conjecture at that time, the condition in [2]
was different from that in (1, 4, 9, 16, 12, 19] which dropped the demand of “semi-
definite property” for matrices in [2], and examined the trace inequality on the general
Hermitian matrix powers. Of course, it increases inevitably the discussed difficulty. In
1992 Zhengming Jiao [15] generalised inequality (1.6) for Hermitian matrix A , skew
Hermitian matrix B and A,B are skew Hermitian matrix, and also presented to questions

as follows:
tr(AB)'7 > tr (Aan) , A is Hermitian, B is skew Hermitian,n € N (1.8)?
and tr(AB) "<t (An B") , A, B are skew Hermitian, n € N. (1.9)?

Zhong Peng Yang and Xiao Xia Feng [21] gave the resolution for above questions

hold, as follows: if A is Hermitian matrix and B is skew Hermitian, then
n 2 2.2 n_n
tr(AB) < t(A"B7)2 < tr(A'B) , n=4t, te N. (1.10)

n
and t(AB)" > t(A’BH2 > t(@A"B") , n=4t+2,te N.  (1.11)

if A and B are skew Hermitian , then

n
rAB)” < [(aB)"] < t(A’B%)2 <t (A"B") ., n=2tte N. (1.12)



We will improve and further inequality (1.7) , (1.8) and (1.8) concerning the power
index is a nonnegative number for obtain upper bound and answer completely
mentioned in [15]. Thereby the results in [21] can be obtain and improve. Moreover a
simpler proof for the inequality (1.7) which condition A and B are Hermitian matrices

and the new trace inequalities may be presented.

1.2 Initial Idea
In 1980, R. Bellman [12] gave the trace inequality as follow ;
tr(aB)° < trA°B?
, when A and B are Hermitian matrices and m is nonnegative integer.
Many authors[2, 12, 21] have presented Bellman's Inequality still holds with higher

order ,when order index is even number. However above authors [2, 12,21] have not

present the proof of order index is odd number.

1.3 Objectives

This thesis we interested to .study the matrix trace inequality of certain positve
definite matrices, Hermitian matrices and skew Hermitian matrices. The main purpose
of this thesis is

(1.) To show that Bellman’s Inequality ;

tr(AB)" < t(a"B8"), ne N.

holds for any nonnegative integer m.
(2.) Further upper bound(or lower bound) of Bellman's Inequality.
(3.) Give new Inequality involving the trace and the determinant of the product and the

power of Hermitian matrices.

1.4 Scope of study
In this thesis ,new inequalities were presented and prove are involving the trace and
the determinant of the product and the power for certain positive definite matrices,

Hermitian matrices and skew Hermitian matrices. Through out this thesis | worked with



square matrices on a finite dimentional Hilbert space and work with order index is

nonnegative integer.

1.5 Process of study

1.5.1 Find and study researches and document that concern about trace inequality
of Hermitian matrices.

1.5.2 Consider character and property of Hermitian matrices, skew-Hermitain
matrices and Hermitian matrices with condition positive definite.

1.5.3 Show the Bellman's inequality of Hermitian matrices with higher order does
not holds by counterexample.

1.5.4 Prove the Bellman's inequality of Hermitian matrices with higher order holds
when add some conditions, direct proof and used the Arithmetic and Geometric Mean
Inequality.

1.5.5 Used the Arithmetic and Geometric Mean Inequality , Theorem 2.1.2.2
,Theorem 2.2.2.3 , property of determinant to prove Theorem 4.1.4 -4.1.7.

1.5.6 Further upper bound of Beliman's inequality concern about product of
Hermitian matrices and skew-Hermitian matrices. Direct proof and used character of

those matrices.



Chapter 2

Basic Knowledge and Literature Reviews

2.1 Definition
In this part, we gave some definitions and some concepts which important to proof

any inequalities
2.1.1 Matrices

Definition 2.1.1.1 (Matrix operations) Matrix addition is defined entry-wise for arrays of
the same dimensions and is denoted by + (“A+ B"). It corresponds to addition linear
transformations (relative to the same basis), and it inherits commutativity and
associativity from the scalar field. The zero matrix (all entries zero) is the identity under
addition, and M mn (F) is itself a vector space over F. Matrix multiplication is defined in
the usual way, is denoted by juxtaposition, AB, and corresponds to the composition of
finear transformations. As such, it is defined only when Ae M, (F), Be M p.q (F), and
p = n; it is associative. It is not, in general, commutative. There is an identity under
matrix multiplication, the matrix

le M (F) of the form

L 1
This matrix and all scalar multiples of it (called scalar matrices) commute with all other
matrices in M, (F) and are the only matrices with do so. Matrix multiplication is

distributive over matrix addition.We note here that the symbol 0 is used throughout to

denote each of the following: the zero scalar, the zero vector (all components equal to



the zero scalar), and the zero matrix(all entries equal to the zero scalar). We also used

the symbol / to denote the identity matrix of any size.

Definition 2.1.1.2 (The transpose and the Hermitian adjoint) f A = laiiJ € M, .(F)

the transpose of A, denoted AT , is that matrix in M m.n (F) whose entries are a it that is
T T

, rows are exch anged for columns are vice versa. Of course (A ) = A. The Hermitian

adjiont A ( or A¥) of Ae M__(C) is denote by A"= (A), where A the

component-wise conjugate.
2.1.2 Determinants

Definition 2.2.2.1 Let A be a square matrix of order n. The determinant of A,

denoted by det A , is denoted by

< t(y)

detA = Zj: (-1) ay, 8y, 8y (2.1)

where t(j) is the number of inversions in the permutation j=(j,,j,, ....j,) and j
varies over n! permutations of 1,2, ...,n.

Definition 2.1.2.2 (The trace) Let A be a square matrix of order n.The trace of A,
denoted by trace A (or tr A), is denote by

n
tr A= Xa, (2.2).
i=1
2.1.3 Nonsingularity

Definition 2.1.3.1 A linear transformation or matrix is said to be nonsingular if it
produce the output 0 only for input 0. Otherwise, it is singular . If Ae M m.n (F) and m
< n,then A is necessarily singular. If Ae M_(F) ,Ais called invertible if there is a
matrix A €M_(F) called the inverse of A suchthat AA™ = IfAe M, (F)and A

A~1 =/, then AP A= A_1 is unique whenever it exists.



2.1.4 The usual inner product

Definition 2.1.4.1 The scalar ytx is an inner product ( scalar product ) of x and y

*

e ¢" and is often denoted <x,y)s y X .

Definition 2.1.4.2 (Orthogonality) Two vectors x , y € c" are called orthogonal if

<x, y) =0.
2.1.5 The special type of matrix.

Definiton 2.1.5.1 (Diagonal matrices ) The matrix D = (dij)e M, is called
diagonal if d i = 0 whenever j# i. Conventionally, we denote such a matrix as D

=diag(d 1, d 99, . - ., d

nn )

2.1.6 Eigenvalued, Eigenvactors and Similarity

Definition 2.1.6.1 (The eigenvalue-eigenvector equaltion) If A e M_ and x € c” we

consider the equation
Ax = Ax , x#0 (2.3)

Where A is a scalar. If a scalar 4 and a nonzero vector x happen to satisfy this
equation, then A is called an eigenvalue of A and x is called eigenvector of A

associated with 4.

Definition 2.1.6.2 Thesetofall A € C thatare eigenvalues of A € M_ is called the

spectrum of A and is denoted by o (A) .
2.1.7 Similarity

Definition 2.1.7.1 A matrix B e M nis said to be similar to a matrix A € M if there

exists a nonsingular matrix S € M such that

B= S 'AS



The transformation A — S—1AS is called a similarity transformation by the
transformation by the similarity matrix S. The relation “Bis similarto A" is sometimes

abbreviated B ~ A.

Definition 2.1.7.2 If the matrix A € M is similar to a diagonal matrix, then A is said to

be diagonalizable. Sometimes the term diagonable is used.

2.1.8 Hermitian matrices

Definition 2.1.8.1 A matrix A = [aij] € M is said to be Hermitianif A=A , where

A' =(Z)T=[5i_/.]. it is skew - Hermitian if A=—A‘.

Remark 2.1.8.2 ltis know that A = [a I./.] is Hermitian matrix if the matrix A have the
following property
(1) Ais asquare matrix.
(2) Elements above the main diagonal of A are real.
(3) Two elements are positioned symmetrically with respect to the main diagonal of
A, they are mutually complex conjugate.

See example:

Remark 2.1.8.3 ltis know that A ={a I./.] is skew-Hermitian matrix if the matrix A have
the following properties
(1) Ais a square matrix.
(2) Elements above the main diagonal of A are pure imaginary or zero.
(3) Two elements are positioned symmetrically with respect to the main diagonal of
A , they are mutually inverse addition of its complex conjugate.

See example:



3i i 2+i

-2+ =2 0

2.1.9 Positive definite matrices

Definition 2.1.9.1 An n-by-n Hermitian matrix A is said to be positive definite if

-

x Ax > 0 forall nonzero x €Cn, (2.4)

If the strict inequality required in (1.5.9.1) is weakened to x Ax 2 0, then Als said to
be positive semidefinite. Implicit in these defining inequality is the observation that if A
is Hermitian, the left- hand side of (1.5.9.1) is always a real number. Of course, if A

is positive definite , then it is also positive semidefinite.
2.1.10 Nonnegative matrices

Definition 2.1.10.1 (Inequalities and generalities) Let B ={b ,.j] e M, and A=[a ,.j]

€ Mn . We write

B =20 if all bij =20
B > 0 if all bl.j >0
A 2 B if all A-B=20
A > B if all A-B >0

The reverse relation £ and < are defined similarly. We define |A| = [la/.jl]. if A =2 0,

we say A is nonnegative matrix, and if A >0, we say that A is a positive definite matrix.
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2.2 General Properties and Theorems

In this part, we give some general concepts which important to discuss and proof

any inequalities.
2.2.1 Properties

Property 2.2.1.1 (The Trace) For A, B € M_(F)and a , B € F,then

(1.) tr(aA+BB) = atr A+ BB (2.5)
(2. tr(AB) = tr(BA) (2.6)
3.) tr(A” ) = tr(A) (2.7)
(4.) tr A = (A) (2.8)

(5.) trA = tr(C—1AC) , if Cis invertible squre matrix dimensionas A (2.9)
s . n
(6.) rA A=tAA = Xa, (2.10)
SN

Property 2.2.1.2 (Determinant) The most crucial and important property of the

determinant function is that it is multiplicative: For A, B € M_(F)
det (AB) = (det A)(det B) = (det B)(det A) = det(BA) (2.11)

Property 2.2.1.3 (Positive definite matrices) If A = [a i ] € M, is positive definite,

thensoare A, A, A A .
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2.2.2 Theorems

Theorem 2.:2.2.1 (The arithmetic — Geometric Mean Inequality (or (A-G) inequality)).
if x,, X, o oo Xp are positive real numbers and if 8,, 6,, . . ., 8, are positive

numbers whose sum is one, then

n 8/ n
[Ix) < X3 (2.12)
i=1 i=1
with equality in (A-G) ifand onlyifx, = x = ... =X,
Theorem 2.1.2.2 If A, A,, . . ., A, areeigenvaluesof A € M (F) ,then
n
rA = XA (2.13)
i=1
n
and detA = JI\, (2.14)
i=1

Theorem 2.2.23 LetA B € M, (F). if Bis similar to A, then the characteristic

polynomial of B is the same as that of A.

Corollary 2.2.2.4 If A, B € M_(F)andif Aand B are similar, then they have the

same eigenvalues , counting multiplicity.

Theorem 2.2.2.5 If the matrix A € M (F). Then A is diagonalizable if and only if

there is a set of n linearly independent vectors, each of which is an eigenvector of A.

Theorem 2.2.2.6 If the matrix A € M_(F) has n distinct eigenvalues, then A is

diagonalizable.

Theorem 2.2.2.7 LetAe M nbe Hermitian. Then
(a) x*Ax is real forall x € Cn,'
(b) All the eigenvalues of A are real ; and

(c) S.AS is Hermitian forall S € M.
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Theorem 2.2.2.8 If A is symmetric matrix (or Hemitian) , then:

(a) the matrix A is positive definite(ressp. Negative definite) if and only if all the
eigenvalues of A are positive real number(resp. negative);

(b) the matrix A is positive semidefinite(ressp. Negative semidefinite) if and
only if all the eigenvalues of A are nonnegative real number(resp.
nonpositive);

(c) the matrix A is in definite if and only if A has at least one positive

eigenvalue and at least one negative eigenvalue.

Theorem 2.2.2.9 If 4 € M be Hermitian. Then 4 is positive definite if and only if detA4
; >0 for i=1,2,. ,n More generally, the positive of any nested sequence of principal.
minors of A(not just the leading principal minors) is necessary and sufficient for 4 to be positive

definite.

Theorem 2.2.2.10 (Hadamard’s inequality) If A = [ a P ] eM, is positive

semidefinite, then

n

detA < Ila.

i

(2.15)

=

Furthermore, when A is positive definite, then equality holds if and only if A is diagonal.

2.3 Literature Reviews

2.3.1 The trace inequalities for Hermitian matrices.
These are some literature reviews of trace inequalities for Hermitian matrices
which concern this thesis. In 1980, Bellman [11] had proved the trace inequality for

products of Hermitian matrix, results that:

Theorem 2.3.1.1 For Hermitian matrices A and B of the same order, then

waB)? < wa’B’ (2.16)

Further he asked: “Does the above inequality hold for higher order?
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In 1999, Da-Wei Chang [2] had proved the inequality also partly answers a conjecture in

Bellman[12], the results that :

Theorem 2.3.1.2 For Hermitian matrices A and B of the same order, then

k k k

raB)? < trA’ B (2.17)

where k is an integer.

In 2002, Zhong Peng Yang and Xiao Xia Peng [21] had proved inequality for the
products and the powers on Hermitian matrices and skew Hermitian matrices ,results of

them are:

Theorem 2.3.1.3 For Hermitian matrices A and B of the same order, then

B> < tra¥B* (2.18)

where k is an integer

Theorem 2.3.1.4

For Hermitian matrix A and skew Hermitian matrix B ,then when m = 4t or m=4t+2,
teN, tr(AB)m and trA" B™ are all real numbers, and

m
2

ifm =4t , te N: wag)™ < wAa’8%)z < wA"B" (2.19)

m
2

fm=at2 teN: a8 > wa’BY)2 = wA"B8" (2.20)

Theorem 2.3.1.4
For skew Hermitian matrices A and B ,then when m =2t , teN, tr(AB)m and trAa" 8™

are all real numbers, and
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m
2

waB)” < wa’B%)2 < tA"B" (2.21)

2.3.2 The trace inequalities for Positive (semi)definite matrices.
These are some literature reviews of trace inequalities for (semi)definite
matrices which concern this thesis. In 1980, Bellman [12] had already proved(very

neatly) the stronger results that:

Theorem 2.3.2.1 For positive semidefinite matrices A, B of the same order ,then
2 2
2tr(AB) < tr(A- + B ) (2.22)

r(AB) < (tr A”)

O I

1
trB°)2 (2.23)
w(AB)? < r(A%B%) (2.24)

In 1992, Heinz Neudecker [6] gave inequality for the product of positive (semi)definite

matrices which different method of Yang's[20] . Result of them are:

Theorem 2.3.2.2 If A and B are two positive semidefinite matrices of the same order

Jthen

tr(AB) = 0 (2.25)

1
- 1
and (rAB)2 < E(tr A +trB). (2.26)

In 1994, 1.D. Coope[7] gave some trace inequalities, about alternative proofs of some
simple of Bellman[12], Neudecker[6] and Yang[20] are considered and further
properties of products of Hermitian and positive (semi)definite matrices are investigated.

Result of him is:
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Theorem 2.3.2.3 For positive semidefinite matrices A and B of the same order, then
0 < tr(AB) < tr(A)tr(B) (2.27)
if A and B are both positive definite then inequalities (2.17) be strengthened to

0 < tr(AB) < tr(A)tr(B). (2.28)

Theorem 2.3.2.4 If A, B are positive definite then AB has positive eigenvalues.

Theorem 2.3.2.5 The trace of a product of two Hermitian matrices of the same order is

real.

In 1995, Xin Min Yang [17] gave a new proof of Y.Yang's result and generalize it to a

generalized positive definite matrix. Result of him is:

Lemma 2.3.2.6 If Ais a positive semidefinite matrix, then

r (A%) < (tr A (2.29)

Lemma 2.3.2.7 If A and B are two positive definite matrices of the same order, then

tr(AB) 2 0 (2.30)
1 1

and (trAB)2 < E(tr A+1trB) (2.31)

Lemma 2.3.2.8 LetAe Ran , S(A) = %(A+AT), and T (A) := %(A-AT) , then

trS(A) = trA (2.32)

andtr T(A) = 0 (2.33)
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Lemma 2.3.29 LetAe Rnxn be a symmetric matrix, Be Ran , then
tr (AB) = tr A[ S(B)] (2.34)
and trALTB)] = 0 .(2.35)

Theorem 2.3.2.10 Let Ae Ran is a positive semidefinite (symmetric) matrix and

X
Be R""isa generalized positive semidefinite matrix, then

tr(AB) = 0 (2.36)

a
d 1
and (rAB)2 S (A +tB) (2.37)

Remark If A and B are two generalized positive semidefinite matrices of the same

order, Theorem 2.2.2.10 is not true.
In 2000, Xiaojing Yang[16] had proved inequalities, which is a continuation of the work
of Bellman[12] , Coope[7], Neudecker[6], Yang[20] and Cheng[2]. Resuits of him is:

Lemma 2.3.2.11 If A and B are positive semidefinite matrices of the same order , then

forn=1,2,.., (AB)"B and (BA)"B are positive semidefinite matrices.

Theorem 2.3.2.12 If A and B are positive semidefinite matrices of the same order ,

thenfor n=1,2, ...

0 < wAB® < wAa)iw AT ws?)" (2.38)

and 0 < wAag*™ < waw Brra’) ws®)". (2.39)
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Corollary 2.3.2.13 If A and B are positive semidefinite matrices of the same order ,

thenfor n=1, 2, ...
0 < wAB)" < wrA) s (2.40)

In 2001, Xin Min Yang[17] had proved the trace inequality which improves the results

given by Yang, results of him is:
Theorem 2.3.2.14 LetA eC™"and B € C™" be positive semidefinite matrices, then

1
wAB)™ < )" wB)’" 2 (2.41)

where m is an integer.
In 2001, Fozi M. Dannan{4] gave certain inequalities involving matrices on the Hilbert
space. In particular inequalities involving the trace and the determinant of the product of
positive definite matrix. Results of him is:
Theorem 2.3.2.15 If A and B are positive definite matrices, then
m m

0 < tr (AB) < [tr (AB) ] (2.42)
for any integer m > 0.
Theorem 2.3.2.16 If A and B are positive definite matrices , then

0 < upB" < [tr(AB)°1s (2.43)

provided that m and s are positive integerand m > s.

Theorem 2.3.2.17 If A, and B, are positive definite for i=1, 2, ..., k then
n n 2 n 2
tr YAB)? < (r ZA )tr ZB;) (2.44)
i=1 i=1 i=1

44513
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if A, B, are positive definitefor i =1, 2, ...,k then
2 2 & 2 & 2
(tr 2AB) " < (r Z1A,. )(tr 218,) (2.45)
i=1 j= =

Theorem 2.3.2.18 If A, and B, are positive definiteand 0< A, £ B for

!

i=1, 2 then

,- (2.46)

Theorem 2.3.2.19. If Aand B are positive definite , then

I3

n(det A det B) n < ™8™ (2.47)

Corollary 2.3.2.20 If Aand X are positive definite nxn matrices such that det X = 1

, then

-
n(det A) n < tr(AX) (2.48)

Theorem 2.3.2.21 If A and B are positive semidefinite and AB = BA , then

(m—1)n m m

2 det( A” + 8™) > [detta+8)" (2.49)

m

and 2V caA™ + BT > tr(a+8)" (2.50)



Chapter 3
Research Methodology

3.1 Research Methodology

This thesis is an Exploratory Research. | have prove new trace inequality
concerning about product and power of Hermitian matrices and skew-Hermitian
matrices with order index is nonnegative integer and consider about Bellman's
inequality of Hermitian matrices with order index is nonnegative integer as well as further

the upper bound of that inequality.
3.2 Steps of Study

The steps of study and made this thesis as follows;
3.2.1 Find and Study researches and document that concern about trace inequality

of Hermitian matrices.

| have found researches involving a matrix trace inequality base on Bellman's
inequality ;
m
)

tr(AB)" < trA"B" (3.1)

from internet, and | have found relate document from the library

3.2.2 Consider structure and property of Hermitian matrices, skew —Hermitain

matrices and Hermitian matrices with condition positive definite.

| study definition , properties and characterize of Hermitian matrices , skew-
Hermitian matrices and positive definite as well as study definition , properties and
characterize of eigenvalues and eigenvector of positive definite matrices. Then |
consider about character of power and product of those matrices with order index is

nonnegative integer and comparison with order index is odd number and even number.
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3.2.3 Show the Bellman’s inequality of Hermitian matrices with higher order does
not holds by counterexample.
In this thesis | used Math Lab version 6.1 to calculate solutions of
counterexample(see example 4.1.2) to show that Bellman's inequality can not generalize

to general Hermitian matrices for higher order .

3.2.4 Prove the Bellman’s inequality of Hermitian matrices with higher order holds
when add some conditions, direct proof and used the Arithmetic and Geometric Mean

Inequality.

After | can find the counterexample to show that Bellman's inequality does not
holds for higher order .But when | add some conditions that can make inequality (3.1)

holds ,step of prove as follows;

(a) Find and prove Lemma 4.1.1 to prove Theorem 4.1.2 .Because it is know that
the character of product and powers of Hermitian matrices is hard to verify but diagbnal
is to easy . | prove Lemma 4.1.1 by used definition 1.6.7.1(similarity) , characterize of

eigenvalues and eigenvectors , Diagonalization of a matrix, and property of trace(2.2).

(b) Prove Theorem 4.1.2 , direct prove by used Lemma 4.1.1 and used Theorem
2.1.2.1(Arithmetic and Geometric Mean Inequality ).In this step | add conditions positive

definite and X p(i >0 (see Theorem 4.1.2) for consistent conditions to used Theorem

2.1.21.

(c) Give Corollary 4.1.3 for special case of Theorem 4.1.2; Corollary 4.13 still
have the condition positive definite but replace condition Xpi) >0 by Aand B is

nonnegative matrices because that also give x_,, =0.Then direct prove Corollary

p(i)
4.1.3 by the same way Theorem 4.1.2.

(d) Give some example(see example4.1.1) to support Theorem 4.1.1-4.1.2 and

Corollary 4.1.3. Used Math Lab version 6.0 to calculate solutions of that example.
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3.2.5 Used the Arithmetic and Geometric Mean Inequality , Theorem 2.1.2.2

Theorem 2.2.2.3, property of determinant to prove Theorem 4.1.4 -4.1.7.

In this step | have found and prove new inequality involving trace and
determinant . Consider about product and power of positive definite step of prove those

theorem as follows;

(a) Direct prove Theorem 4.1.4. First of all | used definition 1.6.7.1(similarity) ,
characterize of eigenvalues and eigenvectors and Diagonalization of a matrix, property

of trace(2.2) to show det AB is equal to the product of eigenvalues of A and B . Then

1
consider about (det AB)n and used Theorem 2.1.2.1(Arithmetic and Geometric Mean

1
Inequality ) , Theorem 2.2.2.3 and Theorem 2.1.2.2 to compare with ;(trA)(trB) .S0

obtain the result of Theorem 4.1.4.

(b) Prove Theorem 4.1.5 by the same way in step 3.2.5(a) by replace A and B
by AT and B" respectively because A and B are positive definite matrices such that

A"and B™ are also positive definite matrices , then | obtain the result of Theorem
4.1.4 with higher order and further upper bound by used Theorem 2.2.2.3 ,then | obtain

the result of Theorem 4.1.5.

(c) Direct prove Theorem 4.1.6. First of all | used definition 1.6.7.1(similarity) ,
characterize of eigenvalues and eigenvectors and Diagonalization of a matrix, property

of trace(2.2) to show det AB is equal to the product of eigenvalues of A and B . Then

1
consider about (det AB)2n and used Theorem 2.1.2.1(Arithmetic and Geometric Mean

1
Inequality ) , Theorem 2.2.2.3 and Theorem 2.1.2.2 to compare with -2—;,-(trA +1trB) .so

obtain the result of Theorem 4.1.6.

(d) Prove Theorem 4.1.7 by the same way in step 3.2.5(a) by replace A and B
by A"and 8" respectively because A and B are positive definite matrices such that

AT and B™ are also positive definite matrices , then | obtain the result of Theorem
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4.1.6 with higher order and further upper bound by used Theorem 2.2.2.3 ,then | obtain

the result of Theorem 4.1.7.

(e) Give some example(see example4.1.2) to support Theorem 4.1.4 -4.1.7.

Used Math Lab version 6.0 to calculate solutions of that example.

3.2.6 Further upper bound of Bellman's inequality concern about product of
Hermitian matices and skew-Hermitian matrices. Direct proof and used structure of

those matrices.

After | obtain Theorem 4.1.2 , then | further the upper bound of that result ,
consider in three case first case consider about product of skew-Hermitian matrices ,
second case consider about product of Hermitian and final case consider about product

of Hermitian matrices with skew-Hermitain matrices . Step of proof as follows;

First case uct of skew-Hermiti atri Aan

(a) Consider the character of (A - B) is skew — Hermitian , such that used that

character obtain that tr(A— B)2 < 0 .Then by direct prove | obtain Theorem 4.2.3.

(b) Direct prove Theorem 4.2.7 by used character of (A - B) is skew — Hermitian ,
such that used that character obtain that tr(A —B)2 < 0 and used property 2.1.1(1-

2) as well as theorem 4.2.3 ,} obtain theorem 4.2.7.

(c) Prove that Theorem 4.2.9 holds , direct prove by used character of
(Am —-Bm) .Fort eN., consider m=2t+1 , character of (Am —Bm) is skew-Hermitian
matrices, obtain that tr(Am —Bm)2 < 0.. Used that character and prove by the same

way theorem 4.2.3 ,then | obtain Theorem 4.2.9(4.15). Consider m= 2t , character of
(Am—Bm) is Hermitian matrices, obtain that tr(Am —Bm)z =20 Used that

character and prove by the same way theorem 4.2.4 ,then | obtain Theorem 4.2.9(4.16).

(d) Prove that Theorem 4.2.12 holds , direct prove by used character of

(Am —Bm) .Fort eN., consider m=2t+1 , character of (Am —Bm) is skew-Hermitian
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matrices ,obtain that tr(Am —Bm)2 < 0. Used that character and prove by the same
way theorem 4.2.7 then | obtain Theorem 4.2.12(4.19). Consider m= 2t , character of
(Am —Bm) is Hermitian matrices, obtain that tr(Am —Bm)2 2> 0 .. Used that character

and prove by the same way theorem 4.2.8 ,then | obtain Theorem 4.2.12(4.20).
econd case, product of Hermitian matrices A and B,

(e) Consider the character of (A - B) is Hermitian , such that used that

character obtain that  tr(A- 8)2 < 0 .Then by direct prove | obtain Theorem 4.2.4.

(f) Direct prove Theorem 4.2.8 by used character of (A - B) is Hermitian , such
that used that character obtain that tr(A—-B)2 >0 and used property 2.1.1(1-2) as

well as theorem 4.2.4 ,| obtain theorem 4.2.8.

(g) Prove that Theorem 4.2.10 holds , direct prove by used character of

(Am —Bm) , when m eN. , character of (Am —Bm) is Hermitian matrices, obtain that

tr(Am —Bm)2 > 0... Used that character and prove by the same way theorem 4.2.4

,then 1 obtain Theorem 4.2.10 .

(h) Prove that Theorem 4.2.13 holds , direct prove by used character of

(Am —Bm) . Form eN. , character of (Am -—Bm) is Hermitian matrices , obtain that

tr(Am —Bm)2 > 0.. Used that character and prove by the same way theorem 4.2.8

;then | obtain Theorem 4.2.13(4.21).

Third Case. product of Hermitian matrices A and skew-Hermitian matrices B:

(i) Used character of tr AB (see [4, lemma 2.5]) to show that tr AB can not

compare with each other .Such that | obtain Theorem 4.2.5.

() Prove that Theorem 4.2.11 holds for , direct prove by used character of

(Am —Bm) _Fort eN. , consider m=2t+1 , Used Lemma 2.5 (see [4]) to show that

tr A"B8™  can not compare with each other . Consider m= 2t , character of
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(Am - Bm) is Hermitian matrices, obtain that tr(Am -g8" )2 2> 0... Used that character

and prove by the same way theorem 4.2.4 ,then | obtain Theorem 4.2.11(4.18).

(k) Prove that Theorem 4.2.14 holds , direct prove by used character of

(Am —Bm) . Fort eN. , consider m=2t+1 , used Lemma 2.5 (see [4]) to show that

)

is Hermitian matrices, obtain that tr(Am —Bm)2 > 0 . Used that character and prove

tr A"B" can not compare with each other. Consider m= 2t , character of (Am -g"

by the same way theorem 4.2.8 ,then | obtain Theorem 4.2.14(4.22).

() Give some example(see example4.2.1-4.2.6) to support Theorem 4.2.3-

4.2.14 . Used Math Lab version 6.0 to calculate solutions of that example.
3.2.7 Summarize main results

| shall summarized what | obtain from our study trace inequality of .the product of
Hermitian matrices and skew-Hermitian matrices .And give our results reach the

objective of this thesis.

3.2.8 Write thesis

| used Microsoft Word to wrote this thesis. This thesis contains of 5 chapters. The
first chapter is introduction. The importance and inception , objectives , scope of study
, and process of study are contain in this chapter. Chapter 2 contents about some
relate basic definitions involving with the study and proof of this research, properties ,
relate theorem and literature reviews. In this chapter contains some relate properties ,
relate theorem involve the prove of main result of this Thesis as well as contains some
researches involve with trace inequality of the product and the powers Hermitian
matrices . Chapter,3 contains research methodology and steps of study , that is about
how to make this thesis .Chapter 4 is the main results , in this chapter contains some
Theorem involving Trace inequality of product and power of Hermitain matrices and
skew-Hermitian matrices with a finite dimensional Hilbert space and with order index is
nonnegative integer, and contain the prove of above Theorems and also contain some

examples to support that Theorems. Chapter 5, contains conclusion , suggestions and
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application , In this chapter | concluded results in chapter 4 , application and

suggestions about trace inequality of Hermitian matrices.



Chapter 4

Main results

4.1 Trace inequality of power on Hermitian matrices
In this part, inequalities are presented involving the trace of Hermitian matrices. In
particular inequalities involving the trace and the determinant of certain positive definite

matrices.

Lemma 4.1.1 For positive definite matrices A and B of the same order n x n, then

(a) trAB = trDX (4.1)

(o) tr(ABY" =tr(DX)" 4.2)

and(c) tr (AmBm ) =g (Dm 74 ) 4.3)
proof  Let A=PpP,  x=P B8P,

D = dig(hy, Ay, Agyt tA L) and P=[u,,uy, Uz, U]
when A, are eigenvalue of A and u; are eigenvactor of A.

consider DX ppP' BP

Il

1P BP

!

= P'PDP BP

= P ABP
such that trDX = trPTABP

= {rAB giving (4.1)
Consider tr( DX ) Tz ¥ (P " aBP )m
tr(PT( AB)" P)

= tr(AB)" giving (4.2)

T.m_m

Consider tr(AmBm) = tr((PDP - )



Theorem 4.1.2 For positive definite matrices A and B of the same ordern x n,

if X (i)

Then r( ABY™ <

holdsform=1,2,3, ...

pli) = {i =(i1, e A )| Vi, e(1, 280X n) ,j=1,2,---,m}

When X o) = x,.1,.2xl.2,3x,3,.4 TR K
90 =di1 di2 di3 g
m
Tpit,) =%k
and

proof Let A= PDPT

Let

X4

Xy | X1

Xo | X21

and

oo

20

A" B "™

i

m

, X =P BP =(x,j)nx"

Im=1'm

giving (4.3)

X,
fmiq

and Y=DX

27

(4.4)

p(tk) = {t"—'(t1 =K, t2. t3' .'.'tm ) |k,VtI 6(1, 2,3, ..., n)'j-_-_-2'...’m}



1.1 diXqy diXgp

Yo [ daXay  doXpy

d X0

From lemma 4:1.1(b) we have

tr(AB)" =tr(DX)"

Then ,consider

(2)

W A

;
2 Y2. <Y2.'Y.1
Y = ¢
(2) T T
] ) Ao
and
(3) 3)
Y3 Y2
(3) T (2 T (2
v @) (v
3) T ., (2) T ,(2)
PUICEORESS

By the same fashion , we have

(3

T @\
(v v )

T,
<Y2.'Y.n >

T (2
<yn.'y.n >

28



Y.1 Y.2 y.n
(m) T ., (m1) T . (m—1) T . (m1)
O (™) (s
m) T . (m—1) T ., (m—1) T . (m1)
ym _Y2. <Y2 Y > <Y2. V2 > <Y2. -
(m) T . (m—1) T ., (m—1) T . (m—1)
Yn. L<Yn. 'Y1 > (Yn. ’Y2 > <Yn 'Y.n
Then tr(AB)™ = tr(DX)"

T (m—)
= (% v")

i=1
£)dp(,)xp(,)
‘%)(d“d,z d ++d; X

p(i)

And from lemma 4.1.1(c) we also have

tr(A’"B”’) = tr(D’"x”’)

Then, consider

R T DX
@f/,7 T T ]
Ty () o ()

2 i T T
b ) e ()

(2) T T T
Xn. L__<Xn.'x.1> <Xn.'x.2> <Xn.'X.n>

then

(3)

(3
X2

.1
@[/ T L@ T (2 T (2
Xy <X1.'X1 > <X1.'X.2 > <X1.'X.n

(3) T (2 T (2 T (2
s X2 <X2.'X.1> <X2.'X.2> <X2.’X.n

X

T (2 T (2) T (2
n, <Xn.'x.1> <Xn.’x.2> <Xn.'x.n

V]
)

)

29

(*)



By the same fashion , we have

{m)

(m)

X.1 X.2
ATl (e
N e M
X = . .
(m) T (m—1) T (m—1)
Xn. (Xn.'x.1 > <Xn.'x.2 >
Let D = dig(d,,dy, g, **.d,)
- 4D L B
O L7/ \0
Then DX T=} 0 04 dg,
0 0 0
£
" m T . (m—1) m T . (m—1)
A (x] XTY gn(xT )
m T (m—1) m {m—1)
_ d2< 2% 1 > d, <X2-X2
{m—1) m {m—1)
_dn <Xn 'X1 > dn <Xn ’X.2
Such that

dx
(t)"

=% =

=1 p(tk) m

plty)

—2—(d +d +d +eeetdl

ptiym N

)x

pti)

30

(dk(n i) T F im) Xop, )

(%)
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From (*),(**) and Theorem 2.1.2.1 [(A-G) inequality]

m
Such that r(ABY" = 2(d; 0y, dy, t T, Xy
1, m m , ,m m
: Pz(%);(dﬁ +d’2 +di3 +”.+dim )Xp(i)
= tr(AmBm)
giving (4.4) g

Corollary 4.1.3 For positive definite matrices A and B of the same ordern x n,

If A and B are Nonnegative matrices (4.4) hoids foranym=1,2,3, ...

Proof Let A=PDP"  and X=P BP= (x,.,. )an

Since A and B are Nonnegative matrices. So we have know that (1) = 0.

By Theorem 4.1.2 we get the result. O
Example 4.1.1
1 1 3211
Let A = and B =
1 4 1512
4 3 5 37 39
itis k th B = : (AB)” =
is know that A > S (AB) 91 102
) 2 5 : 10 5 A 45 35
A = BU = - (ATB7) =
5 17| 2@ s 5| AB) =l 110
Such that

tr(AB)? = 139 < 155 =tr(A°B°)

Remark 4.1 Inequality tr ( AB ) "< tA"B™ cannot generalize to

generalized Hermitian matrix for any integer m .The following counterexample show.
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Example 4.1.2
—2 i 1 2
Let A = . and B = .
i -1 =-2i 1
Then raB)° = —132 > -458 = tAB° [

Theorem 4.1.4 For positive definite matrices A and B of the same order nx n, then

1
n(det AB} < (trA)(rB) (4.5)

proof Let A=PDP , B=SCS
D=dig(Ay, Ay, Ag,eoA,) C=dig(B,.B,.Bg.>:".B,)
P=[u,, u,, u3,---,un] and C=[v,, v,, v3,-~,vn]
when 7&,- and B, are eigenvalue of A and Brespectively

P and Sare eigenvactorof A and B respectively.

(det A)(detB )

Consider det AB

det(PDP’ ) det(SCS' )
det(DP' P) det(CS’S)
det(DI) det(C/)

( I, X TIB,)
i=1 i=1

(1A,

such that
;

( I=I17»,-B,- )n

;
(det AB)n

IA

n
%(Z?»,-B,) (by Theorem 2.1.2.1)
=1

(tr D )tr C) (by Theorem 2.2.2.3)

(tr A )tr B ) (by Theorem 2.1.2.2)

giving (4.1). D
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Theorem 4.1.5 For positive definite matrices A and B of the same order nx n, then

1
n(detAmBm): < (trA’")(trB”’) < (A" (B)" (4.6)

holds foranym=1,2, 3,...

proof Since A and B are positive definite matrices. Such that A™ and B are also
positive definite matrices. By Theorem 4.1.4 giving

1
n (det A"B" )? < (trA’" )(trB’" )

< (tA) T trB) ™ (By Theorem 2.2.2.3)

giving (4.6) D

Theorem 4.1.6 For positive definite matrices A and B of the same order nx n , then

1
2n (det AB)’z? < trA +UB 4.7)

proof Let A=PDP' , B=SCS'
D=dig(ky, Ay, Aguwih,) . C=dig(By.By.B5.-.B,)
P=lu,, uy, ug,"~*u,] and C=[v,, vy, V3,700V, ]
when )"i and B, are eigenvalue of A and B respectively

P and S are eigenvactor of A and B respectively.

(det A)(detB )

I

Consider det AB
det(PDP" ) det(SCS’ )

I

det(DP' P) det(CS’S)

Il

det(DI) det(Cl)

n n

= ( ITx; )IIBi;)
=1 i=1

/

such that

1 n
(det AB)2n = [( ITA,; )]

n 1
, D
i=1 =1

n

n
%(Zki + 2B, ) (by Theorem 2.1.2.1)

i=1 i=1

IA



= —1—(trD + trC)
2n

1 (trA + trB)
n
giving (4.7).

34

(by Theorem 2.1.2.2)

[

Theorem 4.1.7 For positive definite matrices A and B of the same order n x n, then

1
2n (det A"B" )5 <

holds foranym=1,2, 3,...

tAT +tB™ < (HA) T +(tB) " (4.8)

proof Since A and B are positive definite matrices. Such that A" and B" are also

positive definite matrices. By Theorem 4.1.6 giving

;
2n (det A"g™ )27 <

<" o+ (8"

trA” +tB8™

giving (4.6)
Example 4.1.2
1 1 3 1
Let A = and B =
10)"4 7 BV
4 3
Itis know that AB =
7 9
2 5 10 5
A = and B® =
5 5 5
and n=2
1
so that 2(detAB)2 = 7.746 < 25 = (trA)trB)

(By Theorem 2.2.2.3)

[

1
2(detA?8Y)2 =30 < 285 = (tAX)tB®) < 625 =(trA)’ (tB)’

and
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1
4(detAB)4 = 7.872< 10= (trA + trB)

2 2.t 2 2 2 2
4(detA“B )4 = 15.4919< 34= (rA” + trB”) < 50 =(trA)" +(trB)

4.2 Trace of the power on the Hermitian matrix and skew Hermitian Matrix
In this part inequalities are presented involving the trace of Hermitian matrices

and skew Hermitian matrices.

Lemma 4.2.1 For Hermitian matrix A = [a ,.j] axn o+ then

trA® > 0 (4.9)
Proof Consider Its power ;
A/ S A,
A lan 8 a4
Let Aylay a8xn -t 3,
A= . . .
An. an1 an2 S ann |

A=A,
_ %
A, = Ay
_ *
A3. - A.3
An. = An

such that A=A, for i=1,2,..,n (%)
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Consider A =

(o) i) - )

Then
n
rA® = Z<A,.T.A,.>
=\
n n
= T Xa;2; from(*)
i=j=1
x\0
giving (4.9) O

Lemma 4.2.2 For skew-Hermitian matrix A = [a ij] nxn o+ Ihen

A’ < 0 (4.10)
Proof Consider Its power ;
A 1 A.2 A n
Al 8 3 84
Let Ayl8xn 8p 8sn
A= . . . .
An. an1 an2 ann
L -

Since A is skew-Hermitian matrix , we have know that
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AL = T A,
_ %
Az. - ‘Az
_ 3
A3. - _A.a
Am = -A
such that A,.T_ =—(A_J) fori=1,2,...n (*)

Consider A =

Then

n
trA” Z(AI.T.,AJ.>

i=1

n n
2 216,-1-8],- from(*)
i=j=

IA
o

giving (4.10) 0O

Theorem 4.2.3 For skew Hermitian matrices Aand B of the same order , then

tr(AB) 2 %tr(Az + B?) (4.11)

Proof Since A and B are skew Hermitian matrix.
Such that (A - B) is skew Hermitian matrix .From lemma 4.2.2, It is known that
tr(A-B)2 < 0 (*)

Consider
tr(A-B)> = tr(A2+B?-AB - BA)
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= tr{A%)+tr(B?*)- tr(AB) - tr(BA)

tr(A2)+tr(B?)- tr(AB) - tr(AB)
tr(A2)+tr(B?)- 2tr(AB)

From (*),such that
2(AB) = t(A’+ B?)
tr( AB) > %tr(Az + B?)
giving (4.11) D

Theorem 4.2.4 For Hermitian matrices Aand B of the same order , then
l 2 2
tr(AB) < > tr(A*+ B*) (4.12)

Proof Since A and B are Hermitian matrix.
Such that (A - B)is Hermitian matrix .From lemma 4.2.1,it is known that

r(A-B)> 2 0 (*)
Consider ‘ '

tr(A-B)*

tr(A2+B%-AB - BA)
= tr(A2)+tr(B?)-tr(AB) - tr(BA)

tr(A%)+tr(B?)- tr(AB) - tr(AB)
tr(AZ)+tr(B?)- 2tr(AB)

From (*),such that

Ar(AB) < tr(A*+ B?)
tr(AB) < %tr(A2+ B?)

giving (4.12) D

Theorem 4.2.5 A and B are Hermitian matrix and skew Hermitian matrix respectively
tr AB are zero or pure imaginary numbers can't be compared with each other.
Proof Since Aand B are Hermitian matrix and skew Hermitian matrix respectively, tr

AB are zero or pure imaginary numbers (see [4, Lemma 2.5]) . g
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Remark 4.2.6 From Example 4.2.1 we have trAB =—-3<-2=trA*trB  ,then
Example 4.2.1 indicates that 0 < trAB < trAtrB  for positive definite matrices (see[6])

cannot be generalized to general skew —~Hermitian matrices.

Theorem 4.2.7 For skew-Hermitian matrices A and B of the same order, then
1 2.1 2 2
trAB 2 Ztr(A+B) ZEtr(A +B7) (4.13)

Proof Since (A—B) is skew-Hermitian matrix .From lemma 4.2.2, it is know that

tr(A—B)* <0 (*)
. 2 2 2
Consider tr(A—B)" = tr(A” +B" —AB-BA)
= tr(A? +B®)—trAB—trBA (by (2.1))
= (A% +B%)—2tAB (by (2.2))

tr(A% + B%)—2trAB +(2trBA — 2trAB)

tr(A% 3 B?) + 2rAB - 4trAB

= tr(A+B)° — 4tAB

from (*) we have

trAB = %tr(A+B)2 ()
Consider (A+B)° = (A> +B° +AB+BA)
Then %tr(A+B)2 E %(trA2 + trB2 + 2trAB)
2> %(trA2 +trB2 -l-trA2 +tr82) (by Theorem4.2.3)
=%(trA2 +1rB°) (3 )
On combining (** ) with (*+*) giving (4.13) O

Theorem 4.2.8 For Hermitian matrices A and B of the same order, then

1
rAB < — tr(A+B)° < -2-tr(A2 +8%) (4.14)

il
4
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Proof Since (A—B) is Hermitian matrix and from lemma 4.2.1, it is know that

trA-B)? 20 (*)
. 2 2 2
Consider tr(A-B) = tr(A” +B —AB—BA)
= tr(A® +B®)—trAB—trBA (by (2.1))
= (A% +B%)-2trAB (by (2.2))

ir(A2 + B%) = 2trAB + (2trBA — 2trAB)

tr(A% + B%) + 2trAB —AtrAB

tr(A+B)* — 4trAB

from (*) we have

trAB < %tr(A+B)2 (%)
Consider (A+B)° = (A2 +B°+AB+BA)
Then -}tr(A+B)2 = %(trAz +1rB° + 2trAB)
1 2 2 2 2
< -Z(trA +trB” +trA” +trB”) (by Theorem4.2.4)
=%(trA2 +tr82) (#x)
On combining (#*) with (**+) giving (4.14) o
Example 4.2.1
i — 147 i -1
Let A= . and B =
1+ 0 1 i
and so from
—24i —1-2i , -9  -3-6i
AB = , (A+B) =
T R ( el I P,
-3 —1—i -2 =2i
A 22 . and B 2=
—1+i -2 2f -2

It follows that

1
rAB = -3 > -3.75=%tr(A+B)2 > 45 = Etr(Az + B?)



41

Example 4.2.2
-1 —1—i -1 =i
Let A= . and B =
-1+ 0 i -1
and so from
2—i 1+2i , 9 3+6i
AB = ,(A+B) =
1—i 1+ ( ) 3—6i 6
3 1+ 2 2i
A2= and 82= )
1—i 2 -2i 2

It follows that

rAB = 3 < 3.75=%tr(A+B)2 < 45 = %tr(Az + B2

Example 4.2.3
i -1+ 1 i
Let A= \ and B = -
1+ 0 —i 2
and so from
1+2i —=3+2i
AB = ] )
1+ =1+
It follows that trAB = 3i.

Theorem 4.2.9 For skew-Hermitian matrices A and B of the same order,

If m=2t,
m_m 9 2m 2m
then rA B < Etr(A +B7) (4.15)
and if m=2t+1,
1
then r A"B" > Etr(Azm +8°™) (4.16)

When t is nonnegative integer.
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Proof

Case m=2t+1 ; it is know that A" and Bm also skew-Hermitian matrices.
Then by Theorem 4.2.3 giving (4.15).

Case m=2t; it is know that A'77 and Bm are Hermitian matrices.
Then by Theorem 4.2.4 giving (4.16). O

Theorem 4.2.10 For Hermitian matrices A and B of the same order, then

2m

1
rA"B" < Etr(Azm +B°™) (4.17)
foranyintegerm=1,2,3, .......

Proof Since A and B are Hermitian matrices, it is know that Am and Bm are Hermitian

matrices.Then by Theorem 4.2.4 giving (4.17). 0

Theorem 4.2.11 For Hermitian matrix A and skew-Hermitian matrix B of the same

order, If m = 2t ,then

2m 2m
)

1
rA"B" Soir(AT +8 (4.18)

When t is nonnegative integer. Further, when m= 2t+1 |, tr A"B™ are all zeros or pure

imaginary numbers cannot be compared with each other.

Proof

Case m=2t+1,

It is know that trA™B" are zero or pure imaginary numbers (see [4,Lemma 2.5]) .

Case m=2t,

Since A and B are Hermitian matrix and skew-Hermitian matrix respectively. Then A"
and B™ are Hermitian matrices, from lemma 4.2.1.

m_Bm

Such that tr(A )2 >0

Hence by Theorem 4.2.4 giving (4.18)
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Theorem 4.2.12 For skew-Hermitian matrices A and B of the same order,

If m=2t,

then tr A"B" < %tr(Am +8")’ < %tr(Azm +8°") (4.19)
and If m=2t+1,

then ir A"B" > %tr(Am +8™)°> %tr(Azm +8°") (4.20)
When t is nonnegative integer.

Proof

s =2t+1,

itis know that A™ and B" is skew-Hermitian matrices and from lemma 4.2.2.

So that tr(A™ =8")° <0

Hence by Theorem 4.2.7 and Theorem 4.2.9(4.16) giving (4.20).

Case m=2t ,

itis know that A™ and B™ is Hermitian matrices and from lemma 4.2.1 .
So that tr(A™ —=B8")% 20

Hence by Theorem 4.2.8 and Theorem 4.2.9(4.15) giving (4.19) o
Theorem 4.2.13 For Hermitian matrices A and B of the same order, then
tr A"8" < %tr(Am +B") < %tr(Azm +8°") (4.21)

For any nonnegative integert=1,2,3, ...

Proof Since A and B are Hermitian matrices, it is know that A™ and B" are also
Hermitian matrices and from lemma 4.2.1.

So that tr(A" -8")? 20

Hence by Theorem 4.2.8 and Theorem 4.2.10 giving (4.21) O
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Theorem 4.2.14 For Hermitian matrix A and skew-Hermitian matrix B of the same
order,
fm=2t,

2m 2m

then ir A"B™ < —tr(A" +B™ )2 < =tr(A2" +B°") (4.22)

1 1
4 2
when t is nonnegative integer. Further, when m= 2t+1 | tr A"B™ are all zeros or pure

imaginary numbers cannot be compared with each other.

Proof

Case m=2t+1,

Itis know that tr A" 8" are zero or pure imaginary numbers (see [4,Lemma 2.5]) .
Case m=2t,

itis know that A” and B™ is Hermitian matrices and from lemma 4.2.1.

So that tr(A” =B™) 20

Hence by Theorem 4.2.8 and Theorem 4.2.11 giving (4.22) g

Example 2.2.4(Product of skew-Hermitian matrices)

Let A= h% S\N B= ) .
-2 2i —3+i i

And so from

~1179+414i —207+1035/

(AB)° = . .
—414-1656i —1386— 414/
—1385+286i —221+41345j
(a°8%) = . .
—-364—-1774i —1726— 286/
—-6194 —1391+ 6527i
(A° +8%) =

—1391-6527/ - 7371



6 -~ 3424 — 860+ 3408i
(A% +8%) = .
—- 806 — 3408/ - 3919
161189—-5670/ 28354-14175i
(aB)" =

5670+ 22680/ 18954 — 5670/

20117 ~3432i 2684 — 20610
a's’y= . .
| 4400+ 25758i 26396 +3432)
95320 21250 — 101430
A +8%) = ,
| 21250+1014301 114160
55086 14168 — 55062
(A8 + BB) = .
14168 + 550621 61365

it follows that

tr(AB)® =—2565> tr(A°B>)==3111
> %tr(A3'+ B%)? = -3391.3

> %tr(AG +B8%)=-36715

and

ir(AB)* =35073 < tr(A*B%) = 46513

< %tr(A4 +B*)? = 52370

1
< Etr(Aa +8%) =58225

45
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Example 2.2.5(Product of Hermitian matrices)

-1 2i -1 -1+ 3i
Let A= . . B= )
-2i =2 —1-3i -1

It follows that

ir(AB)* =35073 < tr(A*B")=46513
< %tr(A4 +8")%2 =52370

1
< Etr(AB +8°%) =58225

Example 2.2.6(Product of Hermitian matrices and skew-Hermitian matrices)

-1 2i i 3+i
Let A= I ) B - .
-2i =2 -3+ i

1t follows that

ir(AB)* =35073 < tr(A’B%) = 46513

< %tr(A4 +8")% =52370

< %tr(As +8°%) =58225

and

ir(AB)> =2565i and tr(A°B>)=3111i

can not compare with each other.



Chapter 5

Conclusion and Suggestion

{
In this part | concluded the resultes in Chater 4 , application and suggestion about

trace inequality of Hermitian matrix

5.1 Conclusion

in this thesis | let A and B are square matrices on a finite dimentional Hilbert

space,m = 1 and t > 1. We have the main resultes;

(5.1.1) For positive definite matrices A and B of the same ordern x n,

X i) =z 0

Then r(ABD”" < wA"B"

holdsform=1,2, 3, ...

When ¥t =X 2 g o 2 i o A
dp(i)=di1 di2 di3 e 'di,,,
m
Yot ) =%
pli) = {i :(i1, Y 3, T )l Vij " ( 152, 340 n) J=12,00m }
and

p(tk) = {t:(t1 =k,t2, t3.-.-'tm ) |k,th 6(1, 2,3, .., n),j=2'...'m}

(5.1.2) For positive definite matrices A and B of the same ordern x n If A and B

are Nonnegative matrices ,then
rAaBY" < tA"B"

holds foranym=1, 2, 3, ...



(5.1.3) For positive definite matrices A and B of the same order nx n, then

;
n(detA”’B’")7 < (trA’”)(trB’")s A" (rB)"

holds foranym=1,2, 3,...

(5.1.4) For positive definite matrices A and B of the same order n x n, then

]
2n(detA’”B’")5 < A" #B™ < (A" +(trB) "

holds foranym=1,2, 3,...

(5.1.5) For skew-Hermitian matrices A and B of the same order,

If m=2t,then

2m

(1) rA"B™ < ~tr(A” +B™)2 < %tr(Azm B30

BN N

and If m = 2t+1 ,then

1 1
2) trA"B™ > Ztr(Am +8™M?%> -2-tr(A2m +8°™)

(5.1.6) For Hermitian matrices A and B of the same order, then

1 1
trA"B™ < Ztr(Am +B8™?< —2-tr(A2m +8°™)

For any nonnegative integert=1,2,3, ...
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(5.1.7) For Hermitian matrix A and skew-Hermitian matrix B of the same order,

if m=2t,

2m 2m
)

1 1
then trA"B™ < Ztr(Am +B™) < Sir(A™" +B (4.20)

when t is nonnegative integer. Further, when m= 2t+1 , tr A"B™ are all zeros or pure

imaginary numbers cannot be compared with each other.

Main results and the comparison with another author have been present in table

5.1-56.3
5.2 Application

Most application of Trace inequality Hermitian matrices be finite dimensional, which
to be powerful tool in mathematics and to applied in many fields. For example, in
modeling error analysis for filtering and estimation problems, in adaptive stochastic
control and for investigation of guantum mechanical Hamiltonians [3, 8, 13, 14]

Hopefully, application of trace inequalities of Hermitian matrices have prove in this
thesis will arise in the future. | will expect that have the educators interested to study and

apply knowledge in this thesis.
5.3 Problem

Bellman's Inequality with order index is nonnegative odd number is so hard for
verify and give certain character of that inequality . Because we can not explain certain
character of (AB)m and A"B™ when m is odd number, so that we can not used the
basic property , definition and characterize to matrices to proof that inequality.

In this thesis author choose to used property, definition and characterize of

eigenvalues and eigenvector to give and prove character of Bellman’s Inequality, But

that condition can explain for some case of Hermitian matrices.
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5.4 Suggestion

The research about a matrix trace inequality of the product and power of Hermitian
matrices has been widely studied. Furthermore, mathematicians are study , generalize
Bellman's inequality to general Hermitians matrices and define new inequality with for

better upper bound (or lower bound ) and check equality .
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Appendix A
An Application to Data Fitting. .

I.D.Coope and P.F. Renaud have presented an application of a matrix trace

inequality as follow;

Suppose that data is available as a set of m points in R" represented by the

columns of the n x m matrix A and it is required to find the best k-dimensional linear
manifold L, € R" approximating the set of points in the sense that the sum of squares

of the distances of each data point from its orthogonal projection onto the linear manifold

is minimized. A general pointin L, can be expressed in parametric form as
x()=z+Z,t, teR" (1)

where z is a fixed pointin L, and the columns of the n x k matrix Z, can be taken to

be orthonormal . The problem is now to identify a suitable z and Z, . Now the

orthogonal projection of a point a e R” onto L, can be written as
3 T
proj(a,L, )=2+2Z,Z, (a—2),

and hence the Euclidean distance from a to Lk is

dist(a,L, )=”a —proj(a,L, )"2 = ”(/ - ZkZZ a— Z)“z’

Therefore, the total least square data-fitting problem is reduced to finding a suitable z

and corresponding Z, to minimize the sum-of ~squares function

m 2
SS = Z”(/—zkz,f)(a/. —z)ll .
=1 2
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where a; is the jth data point(th column of A) . A necessary condition for SS to be

minimized with respectto z is

0=2(/ —ZkZZ Na; —2)=(l —ZkZZ ) Z(al. -2).
= =1

m
Therefore, Z(aj —z) lies in the null space of (I—ZkZZ) or equivalently the column
=1

space of Z, . The parametric representation (1) shows that there is no loss of generality
k

m
in letting Z(ai -z)=0or
j=1

1 m
z=—Zai. (2)
m j=1

Thus, a suitable z has been determined and it should be noted that the value (2) solves

the zero-dimensional case corresponding to k=0. It remains to find Z, when k>0,

which is the problem
m T 2
min Z“(I <Z.Z, )(a/. - z)" , (3)
J=1 2

subject to the constraint that the columns of Z, are orthonormal and z satisfies equation

(2) . Using the properties of orthogonal projections and definition of vector 2-norm, (3)

can be rewritten

min ,gn:,(al.—z)T(/—ZkZZ)(a/. -2z), (4)
=1

Ignoring the terms in (4) independent of Z, then reduces the problem to
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. %’: T, T
min —(aj—z) Z, k(aj—z),
=
or equivalently

’z": T_ _T
max tr (a}. -2z} Z,Z, (aj -2). (5)
J=

The introduction of the trace operator in (5) is allowed because the argument to the
trace function is a matrix with only one element . The commutative property of the trace

then shows that problem (5) is equivalent to

e T TasT
max tr 22, (al.—z)(a/.—z) Z, =maxtrZ, AA Z, (6)

j::
where A is the matrix
A=[a,~z,8,-2....2

m_'z:|

Again, the commutative property of the trace then shows that problem(6) is equivalent to

max terAATZk = max trMTZkZZ 7)

Since AeR™" and ZkeRn then AAT and ZkZI are Hermitian matrices. Such

that

- LN LN 2
wAA 2,20 < —tr(AA +2,2])° < —trl(AA ) (2,2, )]
4 2
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It remains to find Z, when k>0, which is the problem

aaT T
maxitrAA Zka

s.t.

1. The columns of Zk are orthonormal

1 m
2. z=—Za]..
m j=

or

1 ..
max—tr(AAT +ZkZ,:)2
4

1 .-
max—tr[(AAT)2 +(ZkZ,Z)2]
4

Because the problem is required to find the best k-dimensional linear manifold L, € R"

(from Z, )



60

Appendix B

Direct proof of Theorem 4.1.2 with for some case.

In this part we give the direct proof of Theorem 4.1.2 with case Hermitian matrices A

and B of the order 2x 2, and power index is 2.

Example Direct proof for some case of Theorem 4.1.2

84y 8y by, by,
Let A= =
851 8p byy by

A=PDP’ , D= diagld,,d, ]

x=PBp =[x, |, Land v =DX
Consider
dy 0 WXy Xy diXyy  diXqp
Y = DX = =
0 d, Lx21 X22 dyXp  dpXp
2
(dyd)xqy +did,y (X4X5) 004 (Xq4X4p) + 0105 (X 15X 5)
then Y = 2
00 (XpyXqq) + dp0, (XpoXa)  dpdy(xgyXyp) +(dd5)X5,
. 2 2 2
Hence tr(DX) =(d1d1)x11+(d1d2)x12x21+(d2d1)x21x12 +d,d,)Xy (*)

And consider

2 2
5 Xy4F X4pX5 X44X12 T X42X9 2 d, 0
X = 5 and D" = )
XorXqy T XpXgy  XgpXgp TXz 0 d;

such that
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2 2
5 9 d, (x11+x12x21) dy (X49X1p +X40X2)
DX =
42 42 2
2 (Xg9Xqq FXg9X ) o (Xg9X1p +X5))

2 2
d1 +d1 2
_ '_2__)("11""‘12"21) d, (X11X12 +Xy2X95)

d+d

2 2
d (XgqXqq +XppX5q) 5 )(x21x12 +Xp)

Hence

2 42 d2 +d2
2.2 2
trD X~ = (—1—5—1—)(x11 + X1pXoqy) + (%—2

2
W XpXyp +X55)
dZ+a’ ,  di+d] d2 +d: d+ds
= (P XX (R g+ (T g

2
o +d? o’ da’ d; d; da +d:

2
= (=g + 21 WigXp (5~ WXipXor ¥ (5 )X21X12+ (- )x21x12+(

2 ) X22
df fré¥ o pai d? d2 d2 dy+dy o
T Wy TS XX (XXt (5 (CExxpt (o )X21X12 + (—)xzz
d2+d’ 5, d d; d; d2 d: +d:

2
= (5 x4 +(—é1—)x12"21 s 5 MagXor + (5 )x21x12+ Sy )x21x12+( >

2)%;

2 2 2 2
d, +d d, +d d +d d +d
1 16,07 1 2 2 1 2 2, .2
5 )X11 + ("“"_'2 )X12X21 + ( 2 )X21X12 + ( 2 )X22

Therefore

o +d? 5 di+dl dz +d? d+ds

1 2
5 X11 + —2_)X12X21+ (_T—)xmxm'*‘( 2

)Xo

(**)

trsz2 = (

By Arithmetic and Geometric Mean Inequality , we have



2 2
dd. < d1 +d1
1 2

a?+q?
1 2
dd, < (=
2 2
d, +d
2 1
dyd; < (5
2 2
d, +d
2 2
dyd, < (2

and from (*) and (**).Such that
tr(AB)* < trA’B?

2 2
X110 Xq2Xop XgiXgo, Xpp 20

62
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Appendix C

Example of the main results.

In this part we give some example to support the main results , as follow;
Let A and B are square matrices on a finite dimentional Hilbert space, m 2 1 and

t = 1. We have the main resultes;

(1) Example of inequality (Theorem 4.1.2) ;

Xp(i) 20

Then r(aBY" < wtA"B"

When A and B are positive definite matrices of the same order n x n, and

nonnegative integer m.

Example 1.1 Let

3 -1 5 2
A= and B=
T, 2 25 1
2 2 2
Then tr(AB)" =144 < 204 =tA B
Example 1.2 Let
5 1 2 7 1 2

A=[1 3 1 and B=|1 4 3

2 1 3 2 3 3
L - L -

Then tr(AB)° = 2.1311x10° < 2.1495%10° = tra°B°

tr(AB)° = 4.4714x10™ < 45916%10'"° = 1ra°8°

15 15

)15 =4.2271%x10%° < 4.6027 X107 =1A"B

tr(AB
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Example 1.3 Let
(20 1 2 3 1 10 1 2 1 1

1 10 1 2 2 1 10 3 2 2

Then

ir(AB)° =2.3275X10" < 2.4528%X10" = tra°B°

tr(AB)® = 4.5046%X 10" < 6.1673% 10" = 1a°B°

tr(AB)"° = 4.4417%x10%° < 2.3851%10% = tra"°8"

ir(AB)® =7.3012x10" < 5.9180% 10" = tra?B%

(2) Example of inequality (Theorem 4.2.12);
If m=2t,then

1 1
(1) rAT8™ < Ztr(Am +B™)< Etr(Azm +8°™)

and If m = 2t+1 ,then

2) tr A"B™ > ~tr(A™ + B™)? 2m

> %tr(Azm +8%™)

PR

When A and B are skew-Hermitian matrices of the same order, and m is nonnegative

integer.
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Example 2.1 Let

2i —-2+2i 2i -2
= . and B= )
2+ 2i 0 2 2i
Then
1 2
trAB=—12 > —15 =—tr(A+B)
4
1
>—18= —tr(A° +B°)
2
Example 2.2 Let
_ T . -
3i 1+2i i 4j 4 1+
A=|—-14+2i 2i 2 and B =| -4 3i 2i
i -2 i -1+i 2 2i
L _ L .
Then

1
tr(a%B%) =—5.2005x 10" > ~11,3995x 10" =—tr(A° +8°)°
4

1
> —17.5087x10" =—tr(A° + B%)
2

1
tra™°8"%) =14.3203x 10" < 6.1933 x10" =—tr(A'° +8")°

4
1w b 20 20
< 12.5299%x10 =—tr(A" +B" )
2
Example 2.3 Let
[ 5 4j 3 2420 1+i]
4j 4 2i i 1
A= -3 2i 3i -1+ —i
—-2+4+2 i -1+ 2i 2
| -1+ - -1 -2 i

and



10/ 5i 2 i 4]
5i 7i 4 3
g=|-2 4 2 1+i =i
i=3 =1+ i

-2 3 -2+ i

Then

1
tr(A°8%) =—-3.6370x10° > —5.5460x10° =—tr(a° +B°)°

4
6 1 & 6
> —7.4551x10° =—tr(A® +B®)
2
1
r(a°8') =6.5621x 102" < 15.8182 x 107 =—tr(a'® +B8')*
4

1
<3.0081x10% =—1r(a% + BY)
2

(3) Example of inequality(Theorem 4.2.13);

1 1
tr A"B™ < Ztr(Am +83)k¢ Etr(Azm +8°™)
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When A and B are Hermitian matrices of the same order, and t is nonnegative integer.

Example 3.1 Let
-2 —-2-2i -2 =2i
A= , and B = )
—2+2i 0 2i -2
Then

1
rAB=12 > 15 =—tr(A+B)°
4

1
> 18= —tr(A° +8%)
2



Example 3.2 Let

3 2-i 1 4 —ai 1-i]
A=|2+i 2 —2i| anad B=|4 3 2
1 201 1+ 2 2
Then
ir(A°B%) = 5.2005x 10" < 11.3995x 10" LA + 8%
4
<17.5087x10° =—1r(4° + 8%
2
tr(A"°B'®) =14.3203x 10" < 6.1933x10" =itr(A1° +8'%)?
< 12,5209 10" = 1r(4% +8%)
7
Example 3.3 Let
[ 5 4 —3i 2-2i 1-i]
4 4 2 1 i
A= 3i 2 3 T+i -1
25002\ QiS22
1N 2y~ 1
and < /
(10 5 —2i 1 —2i]
5 7 4 -3i 3
g=|2 4 2 1—i  1-=-2i
13 1+ 1 1
2i 3 14+ 2f 1 1
Then ] ]

1
ir(A°B%) =3.6370x10° < 5.5460x10° =—tr(A° +B°)°
4

1
< 7.4551x10° =—tr(A® + B®)
2
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1
r(A"°8") =6.5621x 102" < 15,8182 x 107 =—tr(A" +B™)°

4

1
<3.0081x 10> =—tr(a% + 8%)

(4) Example of inequality(Theorem 4.2.14) ;

2

if m=2t,

1 1
then rA"8™ < Ztr(Am +B™< -2—tr(A2m +B2™)
if m=2t+1 |

tr A"B" are all zeros or pure imaginary numbers cannot be compared with each other.

when Hermitian matrix A and skew-Hermitian matrix B of the same order,

t is nonnegative integer.

Example 4.1 Let

2i
[ Zed
Then
Example 4.2 Let
3 2—i
A= 2+] 2
1 2i

Then

—-2+2i
and B =
0
IrAB=12i
- _
1 4i
—2i and B =| -4
1 -1+
| L

ir(A%B8°%) = 5.2905i x 10

3i

2i

1+
2i

2i




1
ir(A°8') =-14.3203x10"° <6.1933x10" =—tr(A"° +B'°)?
4
17 1 20 20
< 12.5299%x10  =—tr(A" +B")
2
Example 4.3 Let
[ 5 4 =3i 2-2i 1-i]
4 4 2 1 i
A= 3i 2 3 1417 —1
2421 1 A+i 2 =2i
N A 1
L -
and
T10i  5i 2 i 2 ]
s~CA/ VG, N =y
LN ok \ (Al gt
iy AAVRAAATA i
N SRS % f i
Then tr(A°B>) =~ 4.2481x10°
1
1r(A'°8") == 15.1376x10%" < 14.7455x 1022 =—tr(A"° +B")?

4

1
< 31.0040x10% =—tr(a% + B%)

2
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(5) Example of inequality(Theorem 4.2.15) ;

1
n(detAmBm); < (trAther)S (A" (B

When A and B are positive definite matrices of the same order nx n, and m is

nonnegative integer.

Example 5.1 Let
2 2 3 1
A= and B=
2 4 1 2
Then
1§
2(det AB)2 = 15.492 < 50 = (tr A)(trB)
1
2(det AB%) 2= 120 < 1140 = (tr A>)(tr B)
2 2
< 2500=(tr A)(trB)
Example 5.2 Let
5 1 2 7 1 2
A=|1 3 1 and |\ B=|l44 3
2 1 3 2 3 3
B i i i
Then

1
3(det A%8%) 3= 1.2180x10° < 2.7040%10° = (trA°)(tr B°)
< 36523%10° = (r A (trB)°

1
3(det A°B%) 3= 4.9451x10° < 4.8003%10"° = (tr A%)(tr B®)

< 1.3338x10" =(r A’ (trB)°



71
Example 5.3 Let

'2012311 10 1 2 1 1] A

A=l2 1 15 1 1| g B=[2 3 5 3 1

1
5(det A°B°) 5= 1.8173x10° < 5.8343X10° = (trA°)(trB8%)

< 5.0530%10° = (trA)’ (trB)°
1
5(det A°B%) 5= 6.5790x10° < 1.1824X10'° = (tr A°)(tr B%)

< 25533%10"° = (tr A’ (tr B)°
1

5(detA"°B8'%) 5= 5.4996x10% < 32719%10% =(tr A" )tr8")

< 32043%10™ = (r A (rB)"*°
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(6) Example of inequality(Theorem 4.2.16) ;

1
2n(detA’"B’")§ < A" +B" < (AT + (B

When A and B are positive definite matrices of the same order nx n, and m is

nonnegative integer.

Example 6.1 Let

Then

4(det AB)4 =11.13 < 15 =(tr A) +(trB)
1
D] 2 2
4(detA"B")4=230.9838 < 91=(trA")+(trB")

< 125=(tr A +(trB)*

Example 6.2 Let

Then

1
6ldet A°B%) 6=1.2000x10° < 1.1410%10° = (trA°)+ (tr B°)

< 4.0750%10° = (tr A)® + (tr B)®
1
6(det A°B%) 6= 2.4360%10° < 6.0028X10° = (tr A°) + (tr B°)

< 9.3010%10° = (tr A)° +(tr B)®
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Example 6.3 Let
20 1 2 3 1] 10 1 2 1 1]
1 10 1 2 2 1 10 3 2 2

A=l2 1 15 1 1| 44 B=[2 3 5 3 1

1
10(det A°B%) 10= 1.9046x10° < 1.8502%10* = (tr %)+ (tr B°)

< 1.7654x10° = (ir A)® + (tr B)’
id
10(det A°B%) 10=3.6274x10° < 1.2525%10° = (tr A°) + (tr B®)

< 2.1062%10" = (tr A)° +(trB)®
s

10(det A™°B"°) 10=3.3165%x 10" < 1.1225%10%° =(trA") + (trB")

< 55020%10" =(trA)'° +(trB)"°
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