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CHAPTER 1
INTRODUCTION

1.1 Importance and Inception

Sequence spaces have been investigated many fields. The examples of
sequence space are geometry property, summability and matrix transforma-
tions. Matrix transformations have been studied an infinite matrix mapping
between two exact sequence spaces. In the past, most sequence spaces were
scalar-valued. Afterwards, matrix transformations concerned with vector-
valued sequence spaces. A well- known scalar-valued sequence space is Mad-
dox sequence space. Maddox sequence space is defined by :

co(p) = {z = (z4) : lim |z, =0},
c(p) = {z = (zx) : klim |z — a|P* = 0 for some a},

boo(p) = {z = (1) : bR |z [* < oo},

€p) = {z = (z1) : )_ |zl < 00}
k=1

where p = (p) is a bounded sequence of positive real numbers.

A sequence space is a linear subspace of W = CV of all sequences. A
matrix space is a linear subspace of the space W(N?) = C¥” of all (complex)
matrices. For a matrix A = (@) and a sequence z = (z), we put Az =
(3 ore; anki); if the series Y 02 aniy converges for alln € N. If E and
F' are sequence spaces, we say that A maps F into F if for each z € E, Az
exists and Az € F. The metric space (E, F) is defined as

(E,F) ={A € W(N?) : Amaps FE into F}.

Let (X,]||-]|) be a Banach space with a scalar field K, the space of all se-
quences in X is denote by W(X') and let (X') denote the space of all finite se-
quences in X. When X = R or C, the corresponding spaces are written as W
and ®. Let N be the set of all natural numbers, we write z = (z,) with z; €
X for all k € N. A sequence space in X is linear subspace of W(X). Let p =
(px) be a bounded sequence of positive real numbers, the X-valued sequence
space CO(X7P): C(Xap)1 Zoo(Xap)a E(X7p), C@S(X,p), MO(X7P)7 MOO(X7P)7
£ (X,p), E.(X,p) and F.(X,p) are defined by:

o(X,2) = { = (@) : fim [lulP™ = 0},
o(X,p) ={z = (z) : klim Iz — a||P* = 0 for some a € X},
—00

boo(X,p) = {z = (zx) : sup [l |"* < oo},



6X,p)={z = (2) : )_ llzallP* < 00},
k=1

o0 k
1
Ces(X,p) ={z = (24) : - z,.|)?* < oo},
es(X,p) = {z = (24) ;knz:lll () }
My(X,p) = {z = (=) : Zn;_kl”xkll < oo for some n € N},
k=1
My (X,p) ={z = (zk) : aniﬂxk” < oo for some n € N},
k=1

Lo(X,p) = {x = (1) : klg& |[0xzk]] =0 for each (6;) € o},

E.(X,p) ={z = (=) : supk~"||zx||”* < oo}and
k

F.(X,p)={z=(z¢): Zk’"xk”’"‘ < 00}.
k=1

When X = K, the scalar field of X, the corresponding spaces are written
as ¢o(p), €(p); £oo(p), Ces(p), Mo(p), Moo (p), Lo (p), Er(p) and F (p) respectively.

1.2 Initial Idea

In 1993, F.M. Khan and M.A.Khan[5] gave characterization of infinite
matrices in the classes Cesaro sequence space (Ces(p, s)) into the space of
convergent series (cs) and the space of bounded series (bs). Ces(p, s) defined
by:

Ces(p,s) = {2 = (21): () (3 2wl < oo}

where ¥ denotes as a sum over the ranges 2" < k < 27+,

This paper, Cesaro sequence space Ces(p, s) is an scalar-valued and that
brought 3-dual to proved conditions of matrix transformations. However,
their paper[5] have not presented the proof of S-dual.

1.3 Involved Research

Grosse and Erdmann, [2-3] investigated and gave characterization of
infinite matrices to transform between Maddox sequence space and Mad-
dox sequence space. Wu and Liu [16] gave the matrix transformations from
X-valued sequence spaces ¢y(X,p), oo(X,p) and £(X,p) into scalar-valued
sequence spaces co(g) and £ (g). S.Suantai [12-14] gave characterization of
infinite matrices mapping Nakano vector-valued sequence £(X,p) into any



BK-space, £s and £o(g). In [1] C. Sudsukh characterized an infinite ma-
trix to tranform Maddox vector-valued sequence space into Nakano sequence
space and Nakano vector-valued sequence space into Maddox sequence space.
In [8] S. Kongnual characterized an infinite matrices mapping bounded vari-
ation vector-valued sequence space into Maddox sequence space.

1.4 Process of the study

1.4.1 Study research about matrix transformations.

1.4.2 Consider structure of Cesaro vector-valued sequence space
[Ces(X,p)] and prove some properties of Ces(X,p).

1.4.3 Prove the condition of S-dual of Ces(X,p), using direct proof and
proposition in S. Suantai[15].

1.4.4 Use the condition of 3-dual and Lemma 2.2.2.9 to prove conditions
of matrix transformations of Ces(X,p) into Maddox sequence space.

1.4.5 Apply the results of 1.4.4 to prove conditions of matrix
transformations of Ces(X, p) into £x(q), M(q), E.(q) and F.(q).

1.5 Main Objective

The aim of this thesis is to study matrix transformations of Cesaro
vector-valued sequence space Ces(X,p) into Maddox sequence space. The
main purposes of this thesis are
(1) to study about structure of Cesaro vector-valued sequence and space
(2) to characterize infinite matrices such elements of the matrix are bounded
linear functional on the vector space which mapping vector-valued sequence
space of Cesaro into scalar-valued sequence space of Maddox, Mo (), £so(q),

E.(q) and F.(q).



CHAPTER 2

DEFINITIONS AND LITERATURE
REVIEWS

2.1 General Concepts and Definitions

In this part, we give some general concepts which are important to
discuss and prove conditions.

2.1.1 Metric space, Fre’chet space and Norm space

Definition 2.1.1.1. (Vector space(linear space))

A vector space over a field K is a nonempty set X with an operator + on
X x X into X and an operator @ on X x X into X such that for all scalars
a, B and elements(vectors) z,y,z € X we have

(1) xFy=y+x,

(2) (xhy) o=t (7-+2),

(3) there exists § € X such that z + 6 = z,

(4) there exists -x€ X such that z + (—z) =6,
(5) 1.z ==z,

(6) o 1Y) Hlawshia:

(7) (a + B)z = az + Bz,

(8) aBz) = (af)z.

Definition 2.1.1.2. (Metric space(semimetric))

A metric(semimetric) space is a pair (X,d), where X is a set and d is a
metric(semimetric) on X, that is, a function defined on X x X such that for
all z,y,z € X we have:

Metric

(M1) d is real-valued, finite and nonnegative.
(M2) d(x,y)=0 if and only if x=y

(M3) d(x,y)=d(y,x)

(M4) d(x,y)< d(z,2) +d(z,y)

Semimetric

(M1) d is real-valued, finite and nonnegative.
(M2) d(x,x)=0

(M3) d(x,y)=d(y,x)

(M4) d(x.y)< d(z, 2) + d(z,)



Definition 2.1.1.3. (Normed space)

A normed space X is a vector space with a norm defined on it. A norm is
a real-valued function on X whose at z € X is defined by ||z]| and has the
properties

(N1) [|=]| > 0
(N2) |lz] =0&z=0
(N3) lloz]| = af|=]]

(N4) [l + 9l < fi=]l + ligll-

A norm on X defines a metric d on X which is given by d(z,y) = |l —y||
for all z,y € X, and is called the metric induce by the norm. The norm
space X is denoted by (X, ||.||)-

Definition 2.1.1.4. (Paranorm space, Seminorm space)
A paranorm (X, g) is a linear space together with a paranorm g on it. A
paranorm g : X — R, satisfies

(1) g(0) =0,

(2) g(x)=g(x),

(3) g(x+y)< g(x) + g(y) and

(4) A = A,z = x imply Az — zpho.

A seminorm p on a linear space X, is a function p : X — R such that
(1) p(Az) = [Alp(z)  ,(2) p(z +y) < p(z) +2()

By (1) and (2) we also have p(f) = 0 and p(x) > 0. Paranorm becomes
seminorm.

Definition 2.1.1.5. (Translation invariance)
A metric d is induced by a norm on a norm space X satisfies

(a) d(x+ay+a)=d(xy)  ,(b) d(az,ay) =|ald(z,y).

Definition 2.1.1.6. (Convergent sequence)

A sequence (z,) in a metric space X = (X, d) is said to converge or to be
convergent if there is an € X such that lim,., d(z,y) = 0, we say that
(z,) convergent to x, imply z, — . If (x,) is not convergent, it is said to
be divergent.

Definition 2.1.1.7. (Cauchy sequence)
A sequence (z,) in a metric space is said to be Cauchy if for every € > 0
there is an N, € N such that

d(Zm,2z,) <€  forall m,n> N.



Definition 2.1.1.8. (complete)
A metric space X is said to be complete if every Cauchy sequence in X
converges.

Definition 2.1.1.9. (Fre’chet space)

A vector space X is said to be a linear metric space if X is a metric space
such that both of mapping (z,y) - =+ y and (a,z) = az are continuous.
A linear metric space is called a Frre/chet space (F-space) if the metric d on
X is complete and translation invariance.

Definition 2.1.1.10. (K-space)

If the X-valued sequence space F is called a K-space if for each n € N
then n** coordinate mapping p, from E into X, defined by p, (z) = z, is
continuous on F.

Definition 2.1.1.11. (FK-space)
If the X-valued sequence space F is an Fre'chet and K-space then F is
called FK-space.

Definition 2.1.1.12. (Banach space)

A Banach space X is a complete normed linear space. Completeness means
that if ||z, — z,]| = 0 (m,n = o0), where z,, € X, then there exists € X
such that [z, — z]| = 0 (n = 00).

Definition 2.1.1.13. (Equivalent norms)
A norm [|.|| on a vector space X is said to be equivalent to a norm ||.||p on
X if there are positive numbers a and b such that for all z € X we have

allz|l < llz]| < bjllo

2.1.2 Sequence spaces

Definition 2.1.2.1. A sequence space is a vector space whose elements are
sequences.



Definition 2.1.2.2. Scalar sequence space of Maddox are following:
co(p) = {z = (21) : lim |z, = 0},
c(p) = {z = (zx) : klim |z — a[P* = 0 for some a},
—$00

Loo(p) = {x = (4) : sup |z [P* < 00},

p) ={z = (zr) : Y_ Jmel™ < 00}
k=1

When p = (p;) is a bounded sequence of positive real numbers.

Definition 2.1.2.3. Let (X, ||.||) be a Banach space with a scalar field K
and p = (pi) be a bounded sequence of positive real numbers. The Cesaro
vector-valued sequence space is

Ces(X,p) = {o = (2x) : 3 (3 S lanl)™ < c}.

Definition 2.1.2.4. Let E be an X-valued sequence space. For z € F we
write £ = (), k € N. For k € N denote e by the sequence (0,0,0,...,0,1,0, ...
with 1 in the k™ position and e by the sequence (1,1,1,...). For z € X and
k € N, let e®)(2) be the sequence (0,0,0,...,0,2,0,...) with z in the k**
position and let e(z) be the sequence (z, 2, z, ...).

Definition 2.1.2.5. Let (X, |.||) be a Banach space with scalar field K. E
be any X-valued sequence space. For a fixed scalar sequence u = (u;) the
sequence space FE, is defined by

E, ={z = (zx) € W(X) : (urz:) € F}.

Definition 2.1.2.6. (AK-property)

Suppose that E contains ®(X). Then F is said to have property AB if
the set {E7_,ef(z;) : n € N} is bounded in E for every z = (z;) € E. It
said to have property AK if &7_ ef(z;) = z € E as n — oo for every
z=(xx) € E.

Definition 2.1.2.7. Let X C w, then

XP={a= (a) Ew: Z az) converges for all z € X'}
k=1

is called B-dual or generated Kothe-Toeplitz dual of X.



2.1.3 Matrix and Transformations

Definition 2.1.3.1. Let A = (f7) with 7 in X', the topological dual of X.
Suppose that E is a space of X-valued sequences and F' a space of scalar-
valued sequences. Then A is said to map F into F, written A: B = F if
for each z = (z3) € E, An(z) = T2, f*(z) converges for each n € N and if
the sequence Az = (A,(z)) € F.

Definition 2.1.3.2. Let (E, F) denote for the set of all infinite matrices
mapping F into F. If u = (ui) and v = (v) are scalar sequences, let

“(E’F)v = {A = (fl:l) : (unkal?)n,k € (E-)F)}
If uy, # 0 for all k € N, we write u=! = (L1).

U

Definition 2.1.3.3. (weak*convergence)
Let(f,) be a sequence of bounded linear functional on a norm space X. Then
weak*convergence of (f,) means that thereis an f € X’ such that f,(x) —
f(z) , Vz € X. This written f, —"" f.

2.2 Literature Reviews

2.2.1 Transformations between Scalar-Valued Sequence
Spaces

The followings are some literature reviews of matrices transformations
which are concerned in this thesis. In 1993, F.M.Khan and M.A.Khan[5] gave
characterization of the matrices in the classes (Ces(p, s), cs) and (Ces(p, s), bs).
The results are as follows:

Theorem 2.2.1.1. Let 1 < p, < sup, p, < 00. Then A € (Ces(p,s),cs) if
and only if

(1) there exists an integer E > 1 such that T=sup,(U,) < 00
where U, = 3% (max, |bue|-27) (27)* @~ VE~% and 51; + 'qu =1,
r=0,1,2,...

(2) limyp o0 bk = ug for all k.

Theorem 2.2.1.2. Let 1 < p, < sup, p, < 00. Then A € (Ces(p, s),cos) if
and only if

(1) there exists an integer E > 1 such that T'=sup,(U,) < 00
where U, = 3220 (max, |byg|-27)% (27)* @ DVE~% and pir +o=1,
r=0,1,2,...

(2) lityseo bo = 0.



Theorem 2.2.1.3. Let 1 < p, < sup, p, < 00. Then A € (Ces(p,s),bs) if
and only if there ezists an integer E > 1 such that T = sup, (U,) < co where
Un = > o2 o (max, |by|.27) (27) e~ ) B~ gnd er + 'q'l: =1,r=0,1,2,...

N

2.2.2 Transformations between Vector-Valued Sequence
Space

In [16], Wu and Liu gave the matrix characterizations of X-valued
sequence spaces co(X,p), (X,p) and £(X,p) into scalar valued sequence
spaces ¢o(q) and £o(q). The results are as follows:

Theorem 2.2.2.1. Let p = (p;) and ¢ = (q) be bounded sequence of positive
real numbers with p, < 1 for all k € N and A = ( f&) an infinite matriz.
Then A : UX,p) — L(q) #f and only if there ezists M € N such that

2l < Mt foralln,k € N.

Theorem 2.2.2.2. Let p = (pi) and ¢ = (qi) be bounded sequence of positive
real numbers with p;, > 1 and pik - i =1 forallk € N and A = (f7) an
infinite matriz. Then A : £(X,p) — €o(q) if and only if there ezists M € N

such that sup, () re; ||f,:‘”t’°M—T:»h)q" < 00.

~

Theorem 2.2.2.3. Let p = (pi) be bounded sequence of positive real numbers
with pp < 1 for all k € N and A = (f?) an infinite matriz. Then A :
U X,p) = ¢ if and only if

(1) for each ke N, f? —*" 0 asn — oo and
(2) there exists Me N such that ||f2||P* < M for alin,k € N.

S.Suantai and C.Sudsukh [13] gave necessary and sufficient condition
of infinite matrices which are mapping Nakano vector-valued ¢(X, p) and
My (X,p) into sequence space E,(r > 0).

Theorem 2.2.2.4. Letr > 0 and let p = (pi) be bounded sequence of positive
real numbers with p, < 1 and A = (f7) an infinite matriz. Then A €
(¢(X,p), E,) if and only if there is mg € N such that

-1

supmg* n”"|| 7]l < oo.
n,k

Theorem 2.2.2.5. Letr > 0 and let p = (p;,) be bounded sequence of positive
real numbers with pr < 1 and A = (f}}) an infinite matriz. Then A €
(My(X,p), E,) if and only if for each s € N such that

sup 571" || f7| < oo.
n,k
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C.Sudsukh [1] characterized an infinite matrix transformations between
Maddox vector-valued sequence space and Nakano sequence spaces. These
are useful results

Theorem 2.2.2.6. Let p = (pi) and ¢ = (i) be bounded sequence of positive
real numbers with p;, > 1 and plk + i =1landg > 1 foralk € N and
A = (ff) an infinite matriz. Then A : £(X,p) — £(q) if the following two
conditions hold;

(1) for each n€ N there exists M, € N such that) ., ”f,’:“tkM;(tk“l) < 00
(2) there exists M,, € N such that

sup (3 My < oo

n=1 keK

where supremum 1s taken over all finite subsets K of N.

Theorem 2.2.2.7. Let p = (pi) and ¢ = (qx) be bounded sequence of positive
real numbers with pr > 1 and ka + % =1 for allk € N and A = (ff) an
infinite matriz. Then A : £(X,p) = co(q) if and only if

(1) for allm,ke N, mElFf,:' —¥" 0 asn — 0o and

(2) for each me N, (3 p2, m%"f,z‘”"‘r“(""‘l)) — 0 as r — oo uniformly
for n> 0.

.

Theorem 2.2.2.8. Letp = (pi) and ¢ = (qi) be bounded sequence of positive
real numbers with py > 1 and -+ & =1 for allk € N and A = (f7) an

infinite matriz. Then A : £(X,p) — c(q) if and only if there is a sequence
(fx) with fi, € X' for all k € N such that

(1) there erists ME N such that 3 oo || 2|t M~®—1 < oo,
(2) for allmke N, maw (f — fi) —*" 0 as n — 00 and

(3) for each me N, (312, m%”f,;' — fe|ltr %) 3 0 asr — 00
uniformly for n> 1.

Lemma 2.2.2.9. Let E C W(X) be an FK-space with AK property and F
an FK-space of scalar sequences. Then, for an infinite matriz A = (f7),A :
E - F if and only +f

(1) for each ne N,> 72, fi(zi)converges for all z = (z;) € E,
(2) for each ke N, (f(2))2, € Fforall z € X,and
(3) A:®(X) — Fis continuous when ®(X)is considered as a subspace of E.
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S.Suantai [11] gave the matrix characterizations of Nakano vector-valued
sequence space £(X,p) and F,.(X,p) into the sequence spaces E,,{w,
£5(g),bs and cs.

Theorem 2.2.2.10. Let p = (pi) be bounded sequence of positive real num-
bers with pr. > 1 and ;71: + 31; =1 forallk € N and let r > 0. For an infinite
matriz A = (f2), A € ({(X,p), E,) if and only if there is my € N such that

[ o)
sup ) _ || f7l|%n "% my ™ < oo.
" k=1

Theorem 2.2.2.11. Let p = (pi) be bounded sequence of positive real num-
bers with pr > 1 and pik+qik =1forallk€ N,r >0 ands > 0. Then for an
infinite matriz A = (f), A € (F.(X,p),E,) tf and only if there is my € N
such that

n

o0
sup Z(k_"fhllfz? [|#n™*%*my ™) < oo.
k=1

Theorem 2.2.2.12. Let p = (p;) be bounded sequence of positive real num-
bers with py > 1 and let -+ = =1 for all k € N. Then for aninfinite
matriz A = (f7), A € (¢(X,p),4s) if and only if there is mg € N such that

oo
sup 3" [ 2%y < oo.
k=1

n

Theorem 2.2.2.13. Let p = (pi) be bounded sequence of positive real num-
bers with p;, > 1 and let ,,1_,, + qlk =1 for all k € N. Then for an infinite
matriz A = (), A € (F.(X,p),€=) tf and only if there is mg € N such that

e o]
sup 3 (k7 || f7][%mp %) < co.
n k=1

Theorem 2.2.2.14. Let p = (pi) and ¢ = (qx) be bounded sequence of
positive real numbers with pr, > 1 and let pik + & =1 forallk € N. Then
for an infinite matrizc A = (f7}), A € ({(X,p),4x(q)) if and only if for each
r € N, there is m, € N such that

o0
sup Y rax | fE||+my* < oo,
L
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Theorem 2.2.2.15. Let p = (p) and ¢ = (qk) be bounded sequence of
positive real numbers with p, > 1 and let + ; L —=1forallk e N. Then

for an infinite matriz A = (f7), A € (F,(X p) ___( )) if and only if for each
i € N, there is m; € N such that

e —rt
sup Y iawk e |7 mi* < oo.
B k=1

Theorem 2.2.2.16. Let p = (pi) be bounded sequence of positive real num-
bers with pr, > 1 and let ;}-1; + ;1; =1 for all k € N. Then for an infinite
matrizc A = (f7), A € ({(X,p),bs) if and only if there is my € N such that

supz ||Zf‘||""m & < o0.

k=1 i=1

Theorem 2.2.2.17. Let p = (pi) be bounded sequence of positive real num-
bers with p, > 1 and let pl,, qik =1 for all k € N. Then for an infinite
matriz A = (f2), A € (¢(X,p),cs) if and only if

(1) there ismg € N such that sup, > oo, || S, fil[%mg® < oo and
(2) for eachk€ N andz € X,>">  fr (x) converges.



CHAPTER 3
STRUCTURE AND PROPERTY

In this chapter we give general form of matrix transformations and explain
about the relationship of this thesis. Then we consider structure and some
properties of Ces(X, p) which are useful for the later chapter.

3.1 General Form of Matrix Transformation

By definition 2.1.3.1 is the general matrix transformations. We first give
a basic examples of matrix transformations.

Example 3.1.1. Let infinite matriz A= (ff) = 5 and z, = e = (1,1,...).
Then A: E — F, if for each z = (¢) € E, F and F are any sequence space

Az =" fr(z) =Z:—2.(e Z— €F.
k=1 k=1

Previous example if we specified sequénce space, that E = Ces(X, p) and
F = Maddoz (£(q),25(q),co(q),c(q)). we can consider the similar of general
example but we must be aware of the condition of each sequence space.

Example 3.1.2. Let infinite matriz A = (ff') = 5 end z; = ¢; = (0,0,1,0,...)
with 1 in the k™ position. Then A : Ces(X,p) = £(q), if for each
z = e, € Ces(X,p),

Am-sz xk>—22n = e tle) = Z|-%<oo

Example 3.1.3. Let infinite matriz A = (f7') = 5= and 2, = e, = (0,0,1,0,...)
with 1 in the k™ position. Then A : Ces(X,p) = £o(q), for each z, = e} €
Ces(X,p),

=1 1 1
Az = Z Q—n.(ek) = 5 € eoo(Q) = Slrl‘pl'ézlq" < 00.
k=1

By example, we define an infinite matrix with scalar members and con-
sider simple elements of sequence space. In complicate case, we study any
element of infinite matrix and any sequence that belong to sequence space.
In definition 2.1.2.7, 3-dual is important for matrix transformation between
sequence space and sequence space. We must prove the condition of 8-dual
of Ces(X,p) for finding condition of matrix transformation later.
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3.2 FK and AK properties

In this section we give and prove consequence properties will be mentioned
and related in the next chapter.

Proposition 3.2.1. Ces(X,p) contains &(X).

Proof. Let x = (x;) € ®(X), this means there exists Ny € N such that

2 =0, Vk > No. Then 3722, (3 Yo llall)™ = 30, (2 05y s )P < oo
Therefore Ces(X,p) contains ®(X 5' O

Proposition 3.2.2. (332, [|G+msllPi)w < (552, 1¢17) ¥+, lImslP) %,
when M = max(1,sup; p;).

Proof. For this proof, we can see in [8, Proposition 3.1.2]. a

Proposition 3.2.3. Ces(X,p) is an Fre'chet space whenp = (py) be bounded
sequence of positive real number and pr > 1 for allk € N.

Proof. Let (z,,)%_; be Cauchy sequence in Ces(X, p) such that z,, = (r{™, r{™, ).
Since Ces(X, p) have paranormed, that is defined by

(Z Z Irj1)7*)

k=1 J—l

when M = supy pr, pr > 1 then the semimetric, which is induced by norm
g(z) is

oo k

d(z,9) = glw—9) = (1 > lrs= wl )

k=1 =1

when z = (r;) and y = (u;). Since (z.,) is Cauchy sequence in Ces(X,p).
Let e, >0, IN(e1) D n,m > N(g)

(T, T) Z( Zn P < (3)

=1
oo 1 k
D (G2l =) < e
k=1 j=1
k
fixed for each k (- Z ”r(m) (")”)”" <e™
]—1

LY ) = o) <

i=1
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M M inM
since 1 < pMk < M then 6,7 < gi7¢ < g "Px when €; < 1. Let

M
l= mm— L= ma,x~ then £;* < €17¢ < &;! hence

M
an‘"" il < e <ef
]...1

Tk
Z ]Irj(-m) - rJ(-") | < ket

j=1
fixed for each j, ||r§-m) - rj(-") | < key'.
We want to show that (rJ(-m)) is Cauchy sequence.

Ve >0, 3N(e) 3 n,m > N(e) such that ||ri™ — (|| < ¢. Let &; < ()1 for
fixed k and since

||r](.m) - rJ(.")N < key! Vo,m > N(e)
m n .1
™ = o < ket < ()Y =<
SO Hrﬁm) — rJ(-")” <e.

Hence (r(m)) is Cauchy sequence in Banach space X for each j = 1,2, ...

Slnce X is any Banach space thus it converges, say (r;) (r(m)) — (r;), m —

Using these infinite limits r;,79,73, ..., we define z = (r,ry,...) = (r;)
and we want to show that z € C’es(X,p) and z, — z. From (3.1) with
n — 0o we have

d(m, z) Z an‘"‘) )P < e (32)
2

oo k 00
1 1 1 m m A
QoG lmslhP)s = (D liry = ri™ + ™))
k=1 j=1 k=1 j=1
o] 1 k
< QG D liry =™+ llrg™ 1Py e
k=1 j=1
Z( Z lIrj = 7§ + 1 Z ™ )Py 3
_7—1
- 1 m m
anr, — )P +(Z( Zn ok
k_l j=1 j=1
<e + Ky by (3.2) and Ky < 00

<0
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00 k
G Il < co.

k=1 j=1
This show that z = (r;) € Ces(X,p) and from (3.2) represents d(z,, ).
Since d(z,z) = 0, m — oo, (rJ(-"') — 1, Y5 € N) hence z,, + = and (z,,)
was any Cauchy sequence in Ces(X, p), this prove completeness of Ces(X, p).
Since the semimetric d is induced by the paranorm g(z) so that semimetric d
is translation invariance thus we have Ces(X,p), when p; > 1 is a Fre'chet
space. O

Proposition 3.2.4. Ces(X,p) is an K-space when p = (p;) be bounded
sequence of positive real number and pr > 1 for allk € N.

Proof. For each n € N, n'® coordinate mapping p, : Ces(X,p) — X, define
by pn(z) = z,, is continuous on Ces(X,p).

Since we have Y2 (L3570 [lzi )P < 00 then limnoo(2 Y0, [lzall)P =
0 this implies lim,_oo(: Y k= [|2k]l) = 0. Then there exists kg € N such

that (% 30k, llzell) <1, Vn > k. We have (4 2k el < (3 kg lzell),
pn > 1for Vn > ko. For each 1<n <ky, if (2Y ;. llze]l) <1 implies

1 1) ST
(;Z lze )™ < (;Z llz&l)®, pn > 1. (33)
k=1 k=1

If (137 llz]]) > 1 we have
(=3 el Z ol %:; i

L (LT, )
= L,(= o) S Ln= 1SR
G 2 l=l) A Tl

because max,, L, < 00, max,, L, > 1 and L,, > 1 thus

1 P
(Y el < (= )
k=1 k=1
when (£ 7, [lall) > 1

Z llz4ll)"* < max La(= lexkll)”" (34)

k=1

From (3.3) and (3.4) we obtain

1 ¢ 2 1o
(=D Nzl < L= > llall) , L= max(1,max L)
k=1 k=1
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Z lewkﬂ “"‘<LZ lexkll : (35)

n=1 n=1

Since 3021 (5 L=t lzell)" < 00, p > 1

fixed for each n =1,2,... (% Z llzk])P* < o0

1 n
LS ol < o0
k=1
let LS i = Lo
n —

Z lzx]l = n.Lo < 00, for n fixed

SO Z |zell = Ly, Ly = n.Lp and n fixed (3.6)

k=1

. (5 2s llell)
l1n(2)]] = ll2all < Z lze]] = 2=

_ G lmel) G Eea el
% (% 2kl

- 1
Z"’”"”) T (5, el

= Znun)% =1

= ((l)?%"-T Y ER )
= (% >l () Z el

I|$kll)”" ((~ )’"“lefv Iy

1

2

1.2 - 2 d
< sup(()7A7 el 3 (2 LS el 5 labl < suptZla| (3.7)
k=1

n=1 k 1
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Because supn(( )I’n-1 Sr . lzkl)* 7" can find supremum. This to show,

from (1 )555—1 < 1 when p, > 1 and by (3.6) we have
2ok=1 "-’L'k” = Ly, Ly = n.L for n fixed hence

)""”‘lexk!l P < (L)', byl —pR <1
and so
sup pn-l Z |z )t~ ~7, < sup(Ll)1 ;.

Since (3.7) we have

< sup(Ly) N Pnz Z”xk”

n=1

0 1 n
< sup(L) L3 S flmulen ; from (3.5)
7 n=1 k=1

o0 1 n 2
= . Pn : — 1-ra
vgn;nxkln : V= Loup(Ly)
= V]jz| ,nxu—Z( ankn)""

n=1

lIpn(@)| = llzall < Vilel| , V = Lsgp(Ll)l"’" » L = max(1, max L,)

Hence p,, is bounded linear operator and continuous linear operator and
we have p,(z) = z, is continuous coordinate. Therefore, Ces(X,p) is K-

space.

(]

Corollary 3.2.5. Ces(X,p) is an FK-space when p = (p;) be bounded

sequence of positive real number and p > 1 for allk € N.

Proposition 3.2.6. Ces(X,p) has property AK.

Proof. By definition, Ces(X, p) has property AK if Y ;_, ef(z)) = =, Vz €

Ces(X,p) as n — oo. Let z = () be any sequence in Ces(X,p). Since

z =3 € (), 0 limnoo flo — 34 e¥(@i)ll = llz — 3002, e*(ma)l =

Hence we have that > p_, ef(z;) = z, Yz € Ces(X,p) as n — oo.

]
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3.3 Kothe-Toeplitz dual of Ces(X, p)

This section we first give useful results that concern with S-dual of
Ces(X,p). We present two ways to prove S-dual, direct proof and used
the proposition in S.Suantai [15]. Following definition 2.1.2.7 (8-dual) we
obtained direct proof.

Proposition 3.3.1. Let (fi) be a sequence of continuous linear functional
on X and p = (pi) be a bounded sequence of positive real numbers with
pr > 1 and pl—k + ;1- =1 forallk € N. Then > 2, fi(zk) converges for all
x = (zp) € Ces(X,p) if and only if 3 1o, (sup, | foll-k)* B~* < oo for some
BeN.

Proof.  Suppose that Y 7 (sup, || full.k)%* B~ < oo for some B € N then
for each z = () € Ces(X,p)

o0 oo 1
YoMl <D llfkll-k-BﬂlB-;”xk"
k=1 k=1

o tr

k
< DU B + B (2l sab< 2o+ 2 < g 4
k tr Dk

k=1
Z[(SUP (| fell-E)* B~ + B”"( ll )] I ell < supflfil
k=1
Z(SUP I fall k)% B~ + ZB”" Zlee]l)P
k=1 k=1

<Y p [l BBt 4 B S (Ll B < B
k=1 k=1
Z(SUP 1 £all-5)"* B~ + BGZ Z[]xk”)“ el < lexkll
k= k=1

< o0

Thus Y 72, fr(zx) converges.

Assume that ) 72, fi(zi) converges Vz = (z;) € Ces(X,p) for each
z = () € Ces(X,p). Choose scalar sequence (¢;) with |tx| = 1 such that
fe(texe) = |fe(zi)], VE € N. Since (t;z) € Ces(X,p) by assumption we
have > 77, fr(trzi) converges then

i |fe(zi)| < 00 forall z = (z) € Ces(X,p) (3.8)
k=1

We want to show that 3B € N such that Y 2, (sup, ||fa]]-k)*B™* < oo.
On contrary, suppose that

Z(sup I fall- k)07 =00, VbeN (3.9)
k=1
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By (3.9) implies that for each kg € N

> (sup || fullk)*b ™ =00, VBiEN (3.10)

k>ky "

From (3.10) we can choose by > b; and by > 22 and kg > k; such that

Y (suplifall-B)*be~" > k. (3.11)

ky <kSk2

Doing in this way go on, we have sequence 1 = kg < k1 < k2 < ... and
by < by <,...,b; > 2¢ such that

Z (sup || full-K) ™07 > K2
ki <k<k; "
Choose zi in X with [[z¢]| = 1 such that 37,y (sup, |fa(zn)|-k)% byt
>k, Vi€ N. Let a; =3, pcr. (5UPn | (). K)*0% and y = (ys),
yr = a; '(sup, |fa(xa)|-k)* | fe(ze)|'zk. Then y € Ces(X,p). Let o =
(sup, |fu(2.)|) and G = sup, px, we can separate two cases.
Case a < 1;

Y Gl =l X Ot e

kici<k<k; = j=1 kio 1 <k<k; j=1
1 ek )
=[ Y Qe ifi(e) e sl =1
ki1 <k<k; j=1
1 k
o) . 1 y
<U Y Qo a1l )e b <a<l t>1
ki1 <k<ki Jj=1
1 k
<UD, Qo e LR fi(e))| TS 535 S BY < kPt Yk € N
ki1 <k<k; j=1

Let K and Ky are partitions of {1,2,...,k}, if j € Ky then |f;(z;)] < 1
and if j € Ky then |f;j(z;)| > 1 for all j =1,2,..., k. So we have

=[ ) k%( PR 1C2 I S o fj(:cj)l"l)”k]tli;L:st,:ptk

kioy <k<Zk; JEK) & JEKz
1 - - 1
<U Y (2 e RHsa)Iye
ki <k<k; JEK, k

Y (X )

ki1 <k<k; JEKak

U Y (X G Y ol X e ke

ki1 <k<k; JEK ki1 <k<k; JEK2 1
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N files)| ™t < max |fi(z;)| ™ = C;

SUY (X o Y (Y ek

ki1 <k<k; JEK, 1 ki 1<k<k; JEKy .
i)™ <1

<l > 3 Za—lkLc Pl Y 1 Z a7 kR 1)P]E
ki-1<k§k ki 1<L<k, j=1
k

;Z+ZSZ+§;

JEK x  JEK:  j=1

I L e L S BN T DL

kioy <k<k. ki y <k<k;
k
(>0 = ey
j=1

= Z a;‘PkkL(Pk)C;’k]é_i‘[ Z ai—pkkL(pk)]é

ki1 <k<k; ki—1<k<k;
< Z a:lkkaC;?k]é'l‘[ Z a;‘PkkLPk]é‘ ca; P < a;-l
ki <k<k; ki <k<k;
< Z a] kLo ””C}”‘]'é'+[ Z a; P kL”"]é sk LPe < pLsups v
ki1 <k<k; ki1 <k<k;
<IEF Y o'KRCeH Y oPkIE SO < CFH, G = supps
ki 1 <k<k; ki3 <k<k; k
_ e = 1 . .
G DS B IR kG < BEC
ki1 <k<k; ki1 <k<k;
—114 xr L . -
<[CPkC Z a7+ Z a; kP ja; ™ <ot
kioy <k<k; ki1 <k<k;
a — L
g (D W L N Sy S LAY KEUPLE, G = sup py
ki1 <k<k; ki1 <k<k;
<[CFRFC Y o' HEC Y of's  KEC < KPS
ki1 <kZk; ki <k<k;
1.1 1.1
G 1.L. = . L - -
LAY k—z]GkaLG >, @l ;0 > k2 = a7t <k
ki1 <k<k; ki1 <k<k;
1
CGkLG ( Z kLG) ( Z 76_5)—(‘;-
k.—1<k<k ki1 <k<k;

= (G Y ,j—2>%

ki1 <k<k;
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1.1
=[HCHDI Y )
ki1 <k<k;
Hence [Zk‘, 1<k<k,( Z]:l ”yJ”)pk]G < ﬂl(Zk' l<k<k kz)G then
Ek,_1<k<k( 2; gl < T zk,_1<k<k 72+ Therefore,

Pt (3 g lwsl)™ < T 1Ek—1 3 <00, where Ty = [k7(C; +1)].
Case a > 1;

1 1
> Zny,u Pre=0 3 kkalla ot f(z;) |z )]

ki—1 <k<k; J—‘l k.—1 <k<k;
— 1
=l ) 3 (Ea Lt 5| £ ;)| el =1
ki—1<k<k j=1

<[ Z (Za Lopupet gt £.(z)[1)PE] & ol < P g > 1

_1<k<k i=1
S [ Z Z a—lasupk i ksupk t];lf ( )I-—l)pk]é ;j‘t] S ktj S ksupk tr
k,-__1<k§k Jj=1

Now doing same as case a < 1, which separate by partition. We have

=1 Y (S S = et ey

ki1 <k<k; JEK JEK
1 A, i L
<[ > e ( > aitat k(e T
ki_y <k<k; JEK 1k
1 » - L
A D I A L
ki1 <k<k; JEKy
LY Y ety
ki 1<k<kl JGKII:

HOY 515?( Y M (enk) I f(m)TIE 5 f(e) |t < mf"x|fi(”i)|—l =

ki1 <k<k; JEK> i

<L Y et ekt

kx'—1<k<kl j=1
k k k
H Y at @R sE@) T s Y+ Y <Y+
ki—1<k5kz Jj=1 JEK k.  jEKak =1 j=1

k

k
<t ) E%Zla (ack)"Cy) pk]G""[k > k%(zafl(a.k)’“.l)p"]é

ki <k<k; i1 <k<k; Jj=1
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iz < L1 f(z5)] > 1
1

[ Y S entorid Y i anh

ki <k<k; ki g <k<k;
k
(o = oy
Jj=1
=1 3 @k RCPIEH] Y aak)t s
ki1 <k<k; ki <k<k;
<L) o' @k PCPIsH] Y P (ak)tr)s ;a; ™ <o)t
ki <k<k; ki1 <k<k;

<UD o @k OCrEa+H Y, a™(ak) e (k)b < (auk)BC

ki1 <ksk, k'_1<k<k'

S [CJG Z —l(a k)LSUpkpk]G+[ Z —Pk(a k ka]G Cp" < CG

ki_y <k<k; ki1 <k<k;

<Cf Y aflak) Ol Y at(ak)iegd k<

kio1<k<k; ki_1<k<k;

<[CH@k) Y o'EH Y ot (ek) e e <o)

ki_1 <k<k; ki1 <k<k;

<[CFak)™ Y a B Y ot (ak)i

ki <k<k; ki <k<k;

S[C,G(Ot-ki)L'G Z afl]é+[(a.k;)L'G Z ai_llé

ki—1 <k<k; ki1 <k<k;

CG(ozk Z k2]6‘+[ak v Z k"‘r"é

ki <k<k; ki1 <k<k;

= [(a.k:)"(C;+1)] Z k)6

ki <k<k;
Thus, [32,, 1<k<k.(k Yo i)yl < Tia(Cu,_,<hei; ) then
Zk._1<k<k( E,—l llw;ll)Pe < C';Ek' L <k<k; - Therefore,

S} i Il < TETR, & < oo, where Tip = [(aki)*(C; + 1))
We obtained y € Ces(X,p).

For each ¢ € N, we have

Y = Y Ifler {(sup | fa(@n)-kI)* 1 fi(20) | 2)]

ki1 <k<ki ki oy <k<k;
=ga;! Z (SUp | fn(n)-k|)™ .0 b5 ;b7 b =1
by <k<k; "

Y (suplfalza) kD57 b8 > 1,6 > 2

ki1 <k<k;



24

=1.

Then , > .2, |fe(yx)| = oo which is a contradiction. The proof is complete.
d

Remark 3.3.2. For each T;; and T}, in Proposition 3.3.1 that are bounded.

Ty = [kf(C+1)] = [k (max|£(z;)| ™" +1)]

Tiz = [(eks) (Cy+ D] = [(sup | fuon) ) k"™ * (max |y ()| + D)

Proof.  Since (fi) be a sequence of continuous linear functional and in the
proof we choose sequence z; in X with ||zx|| = 1, so |fe(ze)| < || fell-llzell =
| fxll-1 < co. We have | fi(z)| bounded, thus max; | f;(z;)|~" and (sup,, | fa(2n)|)
are bounded for all j = 1,2,...k. Therefore, T;; and T}, are bounded for all
i€N. O

Another way, we use proposition in [15] that give a relationship between
vector-valued and scalar-valued sequence spaces. If we know B-dual of Ces(p)
then we obtain 8 — dual of Ces(X,p).

Proposition 3.3.3. Let (ax) be a sequence in the space of all sequence w
and p = (pi) be a bounded sequence of positive real numbers with p, > 1 and
ﬁ + & =1 forallk € N. Then ) ;2 arxi converges for all z = (z3) €
Ces(p) if and only if 3 72 | (sup,, |a.|-k)*.B~* < 0o for some B € N.

Proof.  Suppose that Y > (sup,, |a,|.k)* B~% < oo for some B € N then ™
for each z = () € Ces(p).

oo

1
Z |aka:k| = Z Iak k.B~ 176. B. x,,]

k=1 k=1

> (akk.B~H)%  (3.B.xi)P*
<
< Zl e

<Z|a kB4 4 (B:ck)”"l

8

< Z [(ar-k.B~1)| + |(%.B.xk)pk|

k=1

= " |(axk.B" ‘)"‘|+ZI( Bz )|

k=1

8

8

Z(la‘kl k)th—'tk +ZBP)¢ ]]; lxkl)m
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8

< Z sup lag|-k) B~ + ZB”" e ])P

=1 k=1

<Y euplan B+ 3 B (L
=1 k=1

< Z sup lan|.k) B~ +BGZ( Z |, ])P

<0 -

Thus Y72, arxi converges.

Conversely, assume that ) ;2| arzi converges Vz € Ces(p). We want to
show that 3B € N such that > ;2 (sup, |a.|.k)* B~%* < 0o. On contrary,
suppose that

o

D (supla,|.k)4b~% =00, VbeN (3.12)
k=1 "

For each kg € N

Z (sup |an|-k)* b7 = oo (3.13)

k>kg n

by (3.13), let by = 1 we have k; € NV such that ., (sup, |an|.k)%b "% > 1.
From (3.13), we can choose by > by and kg > &, such that

Z (sup |an|.k)* b5 > 1. (3.14)

ki <k<ks

Doing this way go on, we have sequence 1 = kg < k; < ky < ... and b; <
by < ...,b; > 2 such that

D (suplan|k)®b 7t > 1. (3.15)

kioy<k<k; "

Let ¢ = 324, | cher, (SUD, |an|-k)%b; 7% and 2 = (z4), 71 = (sgn ax)|as| a7t
We want to show that z € Ces(p).

k
D le,.|>"= Y e,

ki—1 <k<k; n=1 ki1 <k<k;

Let K, and K, are partition of 1,2,..., %, if n € K,; then |a,| < 1 and if
n € K, 5 then |a,| > 1forall n =1,2,...,k. So we have

= > chT( D laal™+ 37 faal ™)

k;_ 1<k<k "EK,-. 1 YIEK,, 2
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< ¥ -,;;-1— > (max o)+ 3 faal )
i1 <k<k;

ki G n€Kn 1 n€Ky 2
<Y EEE e E o

ki1 <k<k; neKy 1 neKy 2
< 1L 1 (i(max]a I +Zl)”"
= kpe c;P* "

ki) <k<k; n= n=1

1 1 -1 -

= k——-——(k(mgxlanl )+ )

ki <k<k;

Z kmc ciPk (k {(maxla,,l )+ 13y

k._1<k<k.
< (ki{(max |a,|™) 4- 1})5oPs P Z N
-\ p’ n kpk'cipk

ki <k<k;

< (if(maxlan ) +1)° o

ki1 <k<k;
ll'l 1
(k {(ma‘xlaﬂl T +1} kmf;,pk ’ g 1o kinfe pr = —];;;
ki1 <k<k;
=M; Z 1nfpk, L>1, M; = (k{(max|a,|™) + 1})°.

k._1<k<k

Hence 3000, (1 55 |2a))?* < MiY2, 7% < 00. Then z € Ces(p). Since

x = (xk), Tk = (sgn ax)|a,|” I -1 for each 1 € N we have

Z arlp = Z lak|.|ak|”lcf1

ki_y <k<k; ki1 <k<k;

1
D r

C,
ki1 <k<k; a

1
2 D e

ki1 <k<k;

1
=5 2, 1 iG=swn
ki1 <k<k;

Hence, Y12, ark > 5o _pey 1 = 00 which is a contradiction. The proof is
complete. a

The next proposition give a relationship between the S-dual of vector-
valued and scalar-valued sequence spaces which obtained from S.Suantai [15].
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Proposition 3.3.4. Let X be Banach space and F a normal scalar-valued
sequence space and define F(X) = {(zx) € W(X) : (||lzx]|) € F}. Then for
(fr) C X', the topological dual of X, (fi) € F(X)? if and only if (|| fil|) € F~.

We used previous proposition to prove S-dual of Ces(X,p) as follows.

Proposition 3.3.5. Let X be Banach space and Ces(p) a normal scalar-
valued sequence space and define Ces(X,p) = {(zx) € W(X) : (||lz]|) €
Ces(p)}. Then for (fi) C X', the topological dual of X, (f) € Ces(X,p)? if
and only if (|| fi]l) € Ces(p)®.

Proof. If (||fell]) € Ces(p)?, then Y oo, (supy || fi]]-k)*B~% < oo. For
z = (z) € Ces(X,p), we have

[e0]

D\ fu(zi)) < Z | fell-llmell
k=1
= Z I fx]|-k.B~".B. —Ilwkll
k_
i((llfkll k)™ BT +/ B, ( Nl ]l)™) b 2 2
k=1 R
= (I fell-K).B~% + Z B ( lekli)”*
k=1
< Z(Sup || fill-K)®.B~%* + Z B ( llzkll)”" el < sup || &l

ol
1l
[

k=1

< Z(Sup [ fall-£)%. B~ + Z B Z ;P lleall < D sl
k=1 k=1 k=1 k=1

Z(Sup ”f ” k 9% B9 + ZBsquPk ( Z ”.’l:] ” Bpk S BsquPk
k=1

k=1

= Z(Sup | fll-K)%. B~ BGZ Z ||;][)7* ;G = SUp P

k=1 k=
<0

;S0 that  (fi) € Ces(X,p)?.

On the other hand, suppose that (fi) € Ces(X,p)? and a = (a;) €
Ces(p). Since Ces(p) is normal, (|ar|) € Ces(p). We assume that f, # 0 for
all k € N. Choose a sequence () C X such that ||z;|| = 1 and fi(xz) # 0
for all K € N. Let y = (arz), then y € Ces(X,p). Choose a sequence (¢)
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of scalars such that [tz| < 1 and fi(tiyx) = || felllax| for all £ € N. Since
Ces(p) is normal, (tryx) € Ces(X,p), so we have that

o1 fety)) < Y I full-Niteunl
k=1 k=1

o _ 1
= el kBB litewi]

k=1

- 1 alk brk
< D_((Ufull ey B + B (Clleel)™) - 5ab< ——+ -
=1

= Z(kall k)®.B™% + Z BP.( ltkykll)" *

< Z(Sl;p il e B Z Bl 5l < sup el

k k
< Z(Sup (| fal|-B)®*.B™% +ZB"" Z s 1D 5 tewell <D Mt
k=1 k=1

k=1

k
= Z(sup [ all-)?*. B +>: Bs“p"”"-(}ls > gl ; B < Bwers
k=1 " k=1 k=1

oo oo k
2 1
=D _(sup [l fall K)™.B7% + B3 () Ml ;G = supme
b & k=1 " k=1 k
<00

Thus, Y g [fe(teyr)| converges. This implies that S 0o || filllax] < oo,
therefore (|| f&]|) € Ces(p)®. O

Proposition 3.3.6. If p = (pi) is a bounded sequence of positive real num-
bers with pr, > 1 for all k € N, then

Ces(X,p)? = {(fi) C X' : Z(sup | £ll-k)* B~ < oo for some B € N}
k=1

where ﬁ+;1;=1forallkEN.

Proposition 3.3.7. A norm ||z||ces(x,p) on a Banach space X is said to be
equivaent to 6 norm ||z|lcespr) on X if there are positive numbers a and b
such that for all x € X we have

“‘v“Ces(p) < llx“CeS(X,P) < b”x“Ce.s(p)

where b = (max, [t,|)¢, G = sup; p:.



29

Proof. For each £ € X we have

lzllcestr) = Z lenl P > 1

k=1
o0 1 o o]
< Z(Ez llzall)™  ;lzal < ||2n]]
k=1 n=1
= ||zl ces(p)-
Thus,
[[#llcesr) < l|%llces(x,p)- (3.16)

Since [|z||ces(x,p) = Doy (3 >k llzall)?t. Choose scalar sequence ()
in Banach space X with ||¢,]| = 1 such that [|z,]| = |z.t.|-

S S lall?s = 32 (It
n=1 k=1 n=1

k=1

ikimaxu]Zp e
k=1

(es) k
1
< (max [t )2 D (=D faal)™
k=1 n=1

= bl|zllcesiyy  3b = (max|ta])®, G= SUp .
Hence,
lzllcesix.p) < Bl|2|ces(p)- (3.17)

By (3.16) and (3.17) we obtained |[z|[ces(r) < [[Z]lcesxp) < bllZ]|Cesp). O



CHAPTER 4
MAIN RESULTS

4.1 Mapping into Maddox Sequence Spaces

In this chapter, we use Lemma 2.2.2.9 and Proposition 3.3.1 to character-
ize matrix transformations of Ces(X,p) into Maddox sequence spaces. We
obtained these theorems.

Theorem 4.1.1. Let p = (pi) and ¢ = (qi) be bounded sequences of positive
real numbers such that p;, > 1 and ;1; + & =1 forallk € N, and A = (ff)
an infinite matriz. Then A : Ces(X,p) — €(q) if and only if

(1) for each ne N there exists B,, € Nsuch that

o]

S (sup 771K By <o,
k=1 7

(2) for each k € N, Y > |fi(z)|"™ < o0 for every z € X and
(3) for each r € N there exists B, € N such that

k o
Z(%Z llz; )™ < -B;: = ZlZf,:‘(a:k)lq" < %

keK j=1 n=1 keK
for all z = (z4) € ®(X) and all finite subsets K of N.

Theorem 4.1.2. Let p = (pi) and ¢ = (g) be bounded sequences of positz've\
real numbers with p;, > 1 and plk + Tl,,' =1 for allk € N and A = (f)

an infinite matriz. Then A : Ces(X,p) = L(q) if and only if there exists

B € N such that

o0

sup() _(sup||f}]|-k)* B~*)* < oo.
"=

Proof. By Proposition 3.3.1, we have 3 2, (sup; || f;[|.k)* B™* < oo for all
r = (zx) € Ces(X,p). Since A = (fi) : Ces(X,p) — £w(g) and definition of
£ualg), we have that sup, (2 (sup; |7 ]4)4 B-) < co. 0

Theorem 4.1.3. Let p = (pi) and ¢ = (qi) be bounded sequences of positive
real numbers with pr, > 1 and ;}: + t‘l; =1land g > 1 forallk € N and
A = (ff) an infinite matriz. Then A : Ces(X,p) = £o(q) if the following
two conditions hold;
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(1) for each ne N there exists B, € N such that

> (sup | f}1lK)*.B;* < o0, and
k=1

(2) for each ne N,

s?{pZ(Z I fell-k)* < oo,

n=1 k€K
where supremum is taken over all finite subsets K of N.

Proof.  Suppose that two conditions hold. Then by Proposition 3.3.1, con-
dition (1) implies condition (1) of Lemma 2.2.2.9. Since condition (2), we
have that there exists L € N such that

SO lfellk)® < L (4.1)

n=1 keK

for all the finite subsets K of N. Then for each z € X — {0} and (1) we have
that

D@ < (AR el

o0
n=1 n=1

<Y ENR=le IRl < kA7 =l YR e N

n=]

< el (1f2]-£)"

n=1

<llzf.L.  B= SUP

< 00.
Thus, we have (f7}(2))52; € £(q) for all z € X and k € N. Hence condition

n=1

(2) of Lemma 2.2.2.9 holds. We shall now show that condition (3) of Lemma
2.2.2.9 is satisfied. Let ¢ > 0 and z = (zx) € ®(X). Recall that ||z| =
(& Sk, llznll)?*) % ,where M = sup, ps. If ||z|| < 1, then for all k € N
we have

Fllzell < el < ell = ol < klal (42)

Since £ = (zx) € ®(X), there is a finite subset Ky of N such that

[o,o]

fol@e) = fr(z) forall neN. (4.3)

k=1 k€KY
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Therefore, we have (1),(2) and (3) that

Azl = Q1Y fe(w)l*) ;G =max{1,supgn} = supg.
=1 k=1 n "

=001 fra))E

n=1 k€Ky

< OO Ielzel)™) e

n=1 k€K

<o RN kllz))=)E

n=1 k€K
< (U=l D27 I 1-E))
n=1 keKy
< (fle).L)%. (4.4)

By (4.4) that implies A : (X) — £(¢g). Choose § = min{l, ’-“’-f—} and follows
by (4.4) that

Q=

sl < =l

z]| < = ||Az| <e.

Hence, we obtain A : ®(X) — £(g) is continuous. Thus, by Lemma 2.2.2.9
we have that A : Ces(X,p) — £(q). O

Theorem 4.1.4. Let p = (pi) and ¢ = (gi) be bounded sequences of positive
real numbers with pr > 1 and 171; + % =1 forallk € N and A = (f?) an
infinite matriz. Then A : Ces(X,p) = ¢y(q) if and only if

(1) for all mk€ N, min f* —¥" 0 asn — 00 and
(2) for each me N,

(Z m?;f(sup WF7 )™ k% r=*) = 0 as T — oo uniformly forn > 1.
k=1 j

Proof. By [1, Proposition 2.3(i)], we have ¢y(q) = o, Copms)” By [1,
Proposition 2.2(ii),(iv) and Theorem 1.6}, we have
A:Ces(X,p) = co(q) & A: Ces(X,p) = Com®)
m=1
& A:Ces(X,p) — Comdry forallme N

& (qunf,:') :Ces(X,p) 2 ¢y , forallme N
& the conditions (1) and (2) hold.

a
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Theorem 4.1.5. Let p = (pi) and ¢ = (qx) be bounded sequences of positive
real numbers with pr > 1 and ka + ;—1; =1 forallk € N and A = (f7) an
infinite matriz. Then A : Ces(X,p) — c(q) if and only if there is a sequence
(fi) with fi, € X' for all k € N such that

(1) there ezists BE N such that Y o (sup, || fall-k)*.B~* < 00
(2) for allmk € N, ma_lrf(f,’:‘ ~ fr) =% 0 asn — oo and
(3) for each mg N,

(Z mis (sup W77 — fill)* k™) = 0 as 7 = 0o uniformly forn > 1.
k=1 J

Proof. If A:Ces(X,p) = c(g), we have A : Ces(X,p) = (co(q)® < e >),
since c¢(q) = (co(q)® < e >). It follows from [1, Theorem 3.1.2] that A =
B + C, where B : Ces(X,p) = c(g) and C : Ces(X,p) =< e >. Let
C = (h}). Since ®(X) C Ces(X,p), we have

(hg(2))32; €<e> forallz € X and k € N,

which implies that 7 = h7*! for all n,k € N. For each k € N, let f, = h}.
Then we have B = (ff = fi)ar : Ces(X,p) = co(g). Thus the conditions (2)
and (3) are hold by Theorem 4.1.4 and the condition (1) holds by Proposition
3.3.1.

Conversely, assume that there is a sequence (fi) with fi € X' for all
k € N such that the conditions (1),(2) and (3) hold. Let B = (ff — fr)uk
and C = (fx)nk. The condition (1) implies by Proposition 3.3.1 that C :
Ces(X,p) =< e >. The conditions (2) and (3), by Theorem 4.1.4, imply
that B : Ces(X,p) — cy(g). By [1, Theorem 3.1.2], we obtain that A :
Ces(X,p) = c(g). This completes the proof. O

4.2 Mapping into My(9), £x(9), E-(g) and F.(q)

We give characterization of the infinite matrix transformations of Ces(X, p)
into Mw(q), £x(q),E:(q) and F.(q).

Theorem 4.2.1. Let p = (pi) and ¢ = (qi) be bounded sequences of positive
real numbers such that p; > 1 and ;lk- + & =1 forallk € N, and A= (f)
an infinite matriz. Then A : Ces(X,p) = Mx(q) if and only if

(1) for each m,n€ Nthere exists B € Nsuch that
o~ &
3 mi (sup | 7)) K4 B4 < o0
k=1 !

(2) for allmke N,> 0, mq—ln'lf,:'(:c)| < 00 for every xz € Xand
(3) for each m,r€ N there exists S € Nsuch that

k o0
YTl <z = SomE Y <,

keK  j=1 n=1 k€K
Jor all z = (zi) € ®(X) and all finite subsets K of N.
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Proof. By [1, Proposition 2.3(vii)],we have M.(q) = ooy £, o .. By

m=1 (min)

[1, Proposition 2.2(ii) and (iv)] and Theorem 4.1.1, we have

o8}

A:Ces(X,p) = My(q) & A: Ces(X,p) = ﬂ E(m;\;)

m=1

& A:Ces(X,p) o Z(m#) ,forallmeN

& (maw f7),, : Ces(X,p) = ¢, forallm € N
& the conditions (1),(2) and (3) hold.
g

Theorem 4.2.2. Let p = (pi) and g = (qi) be bounded sequences of positive
real numbers such that p, > 1 and plk+& =1 forallk € N, and A= (f) an
infinite matriz. Then A : Ces(X,p) = Lw(q) #f and only if for each m € N
there exists B,, € N such that

sup(y_ 57+ (sup | f7 ) K* B ) < o0,
? k=1 7

Proof. By [1, Proposition 2.3(vi)], we have f£x(q) = (2; Em(ﬁ%) and

[1, Proposition 2.2(ii) and (iv)], we have

A:Ces(X,p) = Lbo(q) & A: Ces(X,p) = m z“(aﬁr)

s=1

& A:Ces(X,p) = Eoo( cu g forallse N

& (57 ff)on: Ces(X,p) & Lo, foralls € N
&> the condition holds.
0

Theorem 4.2.3. Let p = (pi) and q¢ = (qx) be bounded sequences of positive
real numbers such that p;, > 1 and ka + 'tlf =1 forallk € N, and A = (f})

an infinite matriz. Then A : Ces(X,p) — E.(q) if and only if there exists
B € N such that

o0
sup(} " n7 (sup ||f7]l.k)*.B~*)* < oo
n k=1 J
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Proof. By [1, Proposition 2.3(viii)], we have E.(q) = Zoo(q)(n =X By [1,

Proposition 2.2(iv)], we have

A:Ces(X,p) = E.(q) & A: Ces(X,p) = £o(q)

(nem)

& (@ ff)ap : Ces(X,p) = Loo(q)
& the condition holds.

Theorem 4.2.4. Let p = (pi) and q = (qx) be bounded sequences of positive
real numbers such that p;, > 1 and pi,, + i =1 forallk e N, and A = (f})
an infinite matriz. Then A : Ces(X,p) — F,(q) if and only if

(1) for each ne N there ezists B, € N such that
S nin (sup | £7]1k)*. BT < oo,
k=1 X

(2) for each ke N, Y27, n|f2(z)|™ < o0 for everyz € X and
(3) for each re N, there exists M, € N such that

k o0
! 1 S0 1
Z(EZ““’J'”)“ et Z" 'ka (zp)|™ < .
kek  j=1 fi n=1 keK
Jor all z = (z1) € ®(X) and all finite subsets K of N.

Proof. By [1,Proposition 2.3(ix)], we have F,(q) = £(q) (a5’ By [1, Propo-
sition 2.2(iv)], we have

A:Ces(X,p)— F(q) & A:Ces(X,p) = Z(Q)(na’;)

& (nin fM)ax : Ces(X,p) = £(q)

and we have the Theorem 4.1.1, A : Ces(X,p) — £(q). Therefore the condi-
tions (1)-(3) hold. O



CHAPTER 5
CONCLUSION AND SUGGESTIONS

In this chapter we conclude the results from chapter 4, then an appli-
cations and suggestions about matrix transformations.

5.1 Conclusion

In this thesis, we let p = (p), pr > 1 and ¢ = (gx) be bounded sequences
of positive real numbers. A = (f) be an infinite matrix of continuous
functional and 7,7,s > 0. The main result can be concluded as follows:

(5.1.1) A:Ces(X,p)— £(q) if and only if
(1) for each n € N there exists B, € N such that

o0

> (sup || f7]|-k)* B;# < oo,
k=1 7

(2) for each k € N, 37, |ff(z)|" < oo for every z € X and
(3) for each r € N there exists B, € N such that

Z(%Z”x;‘ll)”" < l—;: = YOI film)e < ;1:

keK j=1 n=1 keK
for all z = (z;) € ®(X) and all finite subsets K of N.

(5.1.2) A: Ces(X,p) = £o(q) if and only if there exists B € N such
that

sup() _(sup || f}||.k)* B~%)* < oo.
e T

(5.1.3) A:Ces(X,p) = €o(q) if and only if the following two
conditions hold,

(1) for each n € N there exists B, € N such that

Y _(sup |7 lI-0)*.B;% < 00, and
k=1 7
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(2) for each n € N, supg 32021 (P ke I FE]-F)™ < oo,
where supremum is taken over all finite subsets K of N.

(5.1.4) A:Ces(X,p) = co(q) if and only if

(1) for all m,k € N, qunf,? —%" (asn — 00 and
(2) for each m € N,

o0
» mis (sup I 71)*k*%r~*) — 0 as r = 0o uniformly for n > 1.
k=1 i

(5.1.5) A:Ces(X,p) = c(q) if and only if there is a sequence (fi) with
fr € X' for all k € N such that

(1) there exists B € N such that Yz (sup, |[fa]l-k)*.B™"* < 00
(2) for all m,k € N, m#(f,:' - fi) =% 0asn— o0 and
(3) for each m € N,

o0
(Z m'q‘f(sup N7 - filD™.k*.r~*) — 0 as r — 00 uniformly for n > 1.
k=1 i

(5.1.6) A:Ces(X,p) = Mx(q) if and only if
(1) for each m,n € N there exists B € N such that

> m%(sgp IFRI) kB < oo
k=1

(2) for all m,k € N, Zlemfﬂff(x)l < oo for every z € X and
(3) for each m,r € N there exists S € N such that

k oo
Gl <s = SomEI Y e <

keK j=1 n=1 keK
for all x = (z) € ®(X) and all finite subsets K of N.
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(5.1.7) A:Ces(X,p) = €x(q) if and only if for each m € N there
exists B,, € N such that

sup(Y" s (sup | ;7 I)* K B*) < co.
n k=1 J

(5.1.8) A:Ces(X,p) — E.(q) if and only if there exists B € N such
that

o0
-rt
sup(Y_n7e" (sup || f7]l.k)*.B~*)™ < oo
n k=1 J

(6.1.9) A:Ces(X,p) > F.(q) if and only if
(1) for each n € N there exists B, € N such that

o0

}:n?f(s?p I7Nk)tE.B~H) % < oo,

k=1

(2) for each k € N, Y > n°|f2(z)]? < 00 for every z € X and
(3) for each r € N, there exists M, € N such that

k 0
Y Nl < o = SRS frlm)le < 7
1 r

kex  j= n=1 kex
for all x = (z4) € ®(X) and all finite subsets K of N.

5.2 Applications of Infinite Matrix Transfor-
mations

Most applications of matrix transformations, the elements of matrix are fi-
nite matrix. There are applied in many fields. For example, the matrix trans-
form chip (MTC) [9], wavelet matrix transform approach for the solution of
electromagnetic integral equations [4] and matrix methods for switched ca-
pacitor filter design [10]. Another part are sequence spaces. The example of
sequence spaces are theory on sequence spaces and shift register generators
[6]and applications of sequence space and SRG theories to distributed sample
scrambling [7]. In this thesis, we consider elements of matrix are an infinite
matrix and sequence space in Banach space.

Hopefully, the applications of infinite matrix transformations between
sequence space will arise in the future. We expect that many educators will
be interested in applying this knowledge.
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5.3 Suggestions

Research about matrix transformations between sequence spaces are
study and define new sequence space. For example, concern with differ-
ence sequence space. When a new sequence space will arise that can study
some properties, S-dual and matrix transformations. And we can extend
the knowledge of any scalar-valued sequence space to vector-valued sequence
space. Finally, there are many open problems about matrix transformations
for further study.
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