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ABSTRACT

In this thesis we will introduce the new formulas of iterative methods for solving
systems of nonlinear equations which use to approximate the derivative in the
Jacobian matrix of systems of nonlinear equations from finite difference method. The
new iterative methods should use to solve the system of nonlinear equations which is
difficult to find derivative in the Jacobian matrix. A system of nonlinear equations is

of the form

fx)=0

where x €R", f is a function from a subset of R” to a subsetof R".
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CHAPTER 1

INTRODUCTION

A system of nonlinear equations is a #- equation and 7 - unknowns, which one
or more of the equations are nonlinear and two or more independent variables. System

of nonlinear equations can be put in the general from

S x,,00x )=0
f (x] 2 2) )xn) = O
f (xl 2 2 2 n) = 0
or f(x)=0 (1.1
(%%, xn) X,
where f(x)= . and X =
f (x17 22" ’xn)_ _xn_
A vector [x,,x,,...,x_ )" that satisfies f(x) =0 will be called a root or solution

of the system f(x)=0. We need to know how to find approximate value of x, when
f is real function. The method for solving systems of nonlinear equations is very
important in the study of applied mathematics.

There are two groups of Numerical method for finding the root or solution of the
system (1.1). First, Nonmemory method, we have iterative methods for solving the
system (1.1) base on Newton method which uses only one initial vector i.e. Newton
method, Newton-Like method, Modified Newton method. Another is Memory
method, we can find new data by using more than one initial vector i.e Multivariate

secant method.



They are complicated for some systems of nonlinear equations which derivative
are not available or are difficult to calculate for finding Jacobian matrix. The purpose
of this thesis is to find the new iterative method which can solve the systems of
nonlinear equations which derivative are not available or are difficult to calculate. It is
not popular, but it is a good and appropriate method to solve such systems.

In this thesis, we will find formulas of the same type as the Modified Newton
method for solving systems of nonlinear equations. In chapter 2, we will discuss the
important theorems concern with the Modified Newton method. We will introduce
the new iterative methods that are developed from the Modified Newton method for
solving systems of nonlinear equations in chapter 3. In chapter 4, we will find the
approximating solution of examples including application problem. Finally, we will
make a conclusion and suggestions in chapter 5.

Many problems require the method for solving the systems of nonlinear
equations. The following examples.

The plane x+y+z~-12=0 intersects the paraboloid z= x? +y* in an ellipse
(Figure 1.1). Find the highest and lowest point on this ellipse by Lagrange Multipliers

with two constraints.

Figure 1.1 The plane and paraboloid intersecting in the ellipse



The height of the point (x,y,z) is z, so we want to find the maximum and

minimum values

f(x,p,2)=z2
subject to the two conditions
g(x,y,2)=x+y+z-12=0
and
h(x,y,z)=x2+y?—z=0.
By Lagrange Multipliers with two constraints, we have

L(x,y,2, A, )=z + A(x +y+z—12) + u(x* + y* — 2)
and the system of nonlinear equations

L (x,y,z,A,)=A+2ux=0
Ly(x,y,z,/l,,u):2.+2,uy:0

L (x,y,z,A,)=1+A-pu=0

L, (x,y,z2,A,u)=x+y+z-12=0
Lﬂ(x,y,z,/l,,u):x2 +y?—z=0



The next application is taken from the Bohr theory of the hydorgen spectrum in
atomic physics. A certain constant known as the Rydberg constant, usually denoted
by R_, plays an important part in that theory, but it cannot be measured directly The
value must be inferred from measurements of other constants. Approximate values
R, and R, can be determined from measurements of the spectrum of hydrogen and
helium, respectively. If we knew the exact mass M, of the nucleus of a hydrogen
atom and the exact mass m of an electron, then theoretically. We could determine

R_ from the equation

Suppose, for the moment, that m and M, are unknown (because even our best
values are inferred from other measured variables). The atomic weight AH of
hydrogen can be measured. Also, A, =M, +m. Similar equations hold for the

helium atom. So we have a system of four equations:



In this system, the numbers 4 H,A He,RH and R, can be taken as known because
their values can be determined from laboratory measurements. The number R and
masses m, M, and M, wil be regarded as unknown. Their values can be
determined by solving the system of four equations.

The work is simplified if we first make some algebraic changes in the system. Let

x =R_,x,=mx, =M

,; and x, =M, . Then our system becomes

Since x,=R_ and R_ is approximated by the measured number R, , we have an

initial estimate of x . Similarly, since x, is the mass of the electron and we know

that the value is somewhere around of a unit of atomic mass, an initial estimate

2000
of 0.0005 for x, seems reasonable. We need values of 4,4, ,R, and R, to
perform the calculations. Suppose laboratory measurements produced the following
values: 4, =1.00812, 4, =4.00388, R, = 109677.68, and R, = 109722.34. What
are the corresponding values for Rydberg constant R_ and masses m, M and
M, 7. A machine implementation of the iterations suggested here produced the

following results.

In order to find the solutions of this problem, we need to solve the systems of

nonlinear equations and their numerical solution that will be stated in chapter 4.



CHAPTER 2

LITERATURE REVIEWS

In this chapter, we will consider multivariable problems by discussing the

systems of nonlinear equations in real variable. It is

Given f: X—> X
find x € X for which f(x)=0 (2.1

where X =R”" is n-dimensional real vector space, and f is assumed to be

continuously differentiable.

Of course, (2.1) is just the standard way of denoting a system of »-nonlinear
equations in 7 -unknowns, with the convention that right-hand side of each equation

is zero, and throughout this study we let

D c X denotes the domain of f(x),
D, denotes closed convex subset of D,
N(x, 1) denotes the open neighborhood of radius 7 around x ,i.e.
N@x,0)={yeX |x=)|<1)
L(X,Y) denotes a real Banach space,
f elip, (D) if ” f(x) - f(y)|| < K||x - y” for some constant X ,
{x,} denotes sequence of vectors in R”,
B(x) = f'(x) - 4(»),
and M) = f'(x)-H(x).

In the analysis of Newton’s method, it will be necessary to assume that the

Jacobian matrix,



fn f12 ) fln-l
Jy=|Tn Tn T 2.2)
fnl fn2 fnn

where fij denotes the partial derivative of f (x) with respect to the j* variable and

evaluated at x, is at least continuous at the solution x * ; that is
lf'Ge*+m)— £/ (x*)| =0 as h—o0.

On occasion, it will also be useful to assume, instead of continuity of f' that the

derivative satisfies the following property.

Definition 2.1 The mapping f : R” — R" is (Totally or Frechet) differentiable at x

if the Jacobian matrix (2.2) exists at x and

i I/t + )~ fx)~ f | g

30 1A 23

Note that if m=1, Definition 2.1 reduces to the wusual definition of
differentiability. Note also that if f is differentiable at x, then f is continuous at x;

this follows from the inequality

Lf e my— £ <) f e+ )= £(x) = £Co)h| + | (o). 2.4)

One of the basic tools of nonlinear analysis is the mean value theorem. If f isa

differentiable function from R' to R', this state that

F&®)-fO)=71"(@)x-)) 2.5



for some point z between x and y. Unfortunately, this result does not extend
verbatim to mapping from R” to R”. However, we are able to prove some results
which are often just as useful. First, we define the integral f: g (nDdl,i=12,...n
where g,,g,,...,g, are the components of G. Thus, for example, if f : R” - R”

the relation

FOY - 1) =, £+ 1y = X))y —x)d 2.6)

is equivalent to

[0)-£m=], i}f,., (x+1(y - D), - x )t @7
j:
fori=0,12,...,n

For n=1, (2.6) is simply the fundamental theorem of the integral calculus. Hence the

next result extension of the theorem to n - dimensions.

Lemma 2.1 Assume that f : R” — R” is continuously differentiable on a convex set

D c R". Then forany x,y €D, (2.6) holds.
Proof: For fixed x,y € D define the functions g :[0,]]c R' — R by

g (t)=fi(x+t(y—x)), tef0l1],i=12,...,n. (2.8)

By the convexity of D, it follows that g is continuously differentiable on [0,1] and

thus fundamental theorem of the integral calculus implies that

g(M-g =] g@®ad (2.9)
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But a simple calculation shown that
8/0)=2 £, (=00, %)) 2.10)
j:

so that (2.9) is equivalent to (2.7).
For the next result, we first need a lemma on integration.

Lemma 2.2 Assume that G : {a,b]c R' = R”" is continuous. Then

2 G@yar| < LlGela @11

proof : Since any norm is a continuous function on R”, both integrals of (2.11) exist

and therefore any & > 0 there is a partition a <7, <...< 1, < b of [a,b] such that

J: Gyar —i_il Gt )t~ )|<¢€ (2.12)
and

I lolr- 2 Joe e, -1y <
Hence

”j: G(t)dt" <

P P b
IR DIRTAN (T2 I, —1. ) +e <l |Gt +2¢

and, since & was arbitrary, (2.11) must be valid.

By means of Lemma 2.1 and 2.2 we can prove the following useful alternative of

the mean value theorem.
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Theorem 2.3 Assume that f : R” — R" is continuously differentiable on the convex

set D c R". Then forany x,y €D,

HORNIO EET 1 TACSED I 1. (2.13)

Proof : By Lemma 2.1 and Lemma 2.2, we have
7= 1ol =l £/e+ 10y =00 - e

<[+ 1= x|y = at

< sup "f "(x+1(y~- x))“_f(: "y - x"dt

0<t<1

which is (2.13).

Lemma 2.4 Let f' € Lip,(D,) and let x,y € D, then
1 2
lf») - 7@ - 0=l s 5Kl -] (2.14)
Proof : From f : R" — R" is differentiable and satisfied f' € Lip, (D), that means

f'(x)-f ’(y)” < K”x - y“ forall x,y in closed convex subset D of D.

Since f'(x)(y—x) is constant with respect to the integration, we have
O~ F)= D -x) = | [(f'(x+Hy =)y =x) - F /() - x)lat

= o Lf'(x+1(y-x)~ £/ (0))y - x)dt
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Hence, the result follows by taking norms of both sides,

lr o) - 7= 7 @0-0] =l U e+ 1 —2) - 71N~ )|
<[y I e+t =)= £/l - et
<! Ko1)oy
= J; Kty -0y~ o a
= Iy Kl |y - a
= K]y - x| [y rat

1
Lo

Definition 2.2 Let 7, and ¢’ be non-negative real numbers, g be a continuously

differentiable real function on [f +¢'] and G a continuously differentiable

0o
operator on N(x ,f)c X into X . Then the equation 7=g(s) will be said to
0

majorize the equation x = G(x), or g majorize G,on N(x,1') if

IIG(xO)—xOHSg(to)-—tO (2.15)
and

“G’(x)” < g'(?) where ”x—xou <t-t <t (2.16)
Definition 2.3 Let 7, and 7" be non-negative real numbers, g be a real function on
[4,,1, +1'] and G an operator sending N(x,7") into X . Then the equation /= g

will be said to weakly majorize the equation x = G(x), or g weakly majorize G, if

(2.15) holds and in addition

IG(G() - G(x)| < g(g(®) - &) 2.17)

when le—xoust—to<t'
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and "G(x) - x“ <g(H-t.

We remark that Lemma 2.4 and Lemma 2.5 are known results in mathematical

analysis and Lemma 2.6 is given by Ortega [4].

Lemma 2.5 (The Banach Lemma) Let M € L(X, X) and | - J|< 8 <1,then J™'
exists in L(X,X) and J7' <(1-6)".

Lemma 2.6 Let {x } beasequencein X and {t,} asequence of non-negative real

numbers such that
"xk-l-l —xkl‘Sik.ﬂ _tk) k :0;1727‘” (218)

and f, — 1* <. By these conditions, there exists a point s € X such that x, —s

and
Js=x,|<ex-r,, k=012, (2.19)

Proof . The proof is immediate from

|

p
X —x“SZ’
=

k+p

S xk+i—ln
*_
St*-t,,
which show that {x, } is a Cauchy Sequence.

We shall say that {7, } majorizes {x }if “xkﬂ -x, “ <t -1, k=012, holds.
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The following theorem is Kantorovich Theorem. It is one of the fundamental

theorems in numerical mathematics. The idea for proof this theorem in [5].

Theorem 2.7 (The Kantorovich Theorem) Let x, bein D and let I') =[f"(x, ™!

exist with ') e Lip (D,),

I,/ x| <7 and h=Kn< % . (2.20)
Define r ()= %(1 Y YA 2.21)

r(h) = %(1 ++1-2h)7. (2.22)
Then if N(x,,r,(h)c D, the sequence of iterates defined by Newton’s method

exists, remains in N(x ,r (h)) and converges to s in N(x ,r,(h)) such that
1 1
f(s)=0.1f h<5, s is the only root in N(x,,r (?))~D,, and if h:a, s is

unique in N(x,,r, (k) N D, . Furthermore, the sequence of the iterates satisfy the

error bounds

173
< ;Z—m(l—\/l—Zh)z'" n. (2.23)

|s—x
m

The following theorem is given by Kantorovich [5]. This theorem together with
Lemma 2.6 and Definition 2.2 give the convergence of the sequence{x, } in X when

the sequence of {7, } converges.
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Theorem 2.8 If g majorizes G on ]V(xo,t') and g has a fixed point in [7,7, +1'],

then G bas a fixed point s in ﬁ(xo,t’). Furthermore, x, , =G(x,) and

k

l,,,=80,), k=012, .. convergesto s and  * respectively with the real sequence

majorizing the vector sequence.
Next lemma uses the weakly majorizing property and it is given by Dennis [6].

Lemma 2.9 If g(1) e(t,¢,+1") when (7,7, +1") and g weakly majorizing G

on N(x,,1"), then there are elements 1* €[t 1, +1'],5 € ﬁ(xo, t") such that

Xy = G(x) (2.24)
and t,.,=81), k=012, .. (2.25)
converge to s and ¢ * respectively with the ¢/ sequence majorizing in x sequence.

Theorems 2.10-2.12 in this section are given by Dennis [6]. These theorems give

the convergence of Newton-like method.

Theorem 2.10 Let A be a function on N(x,,r) such that A(x) € L(X,Y) for each x
and A(x) is invertible for each x in N(x,,r) and that there is a real, nonvanishing,

nonincreasing function a(¢) on [0,r) such that
“A"l (x)” < a("x - xoll)'l (2.26)
If f'elip, (N (x,,7)) thenif o >1 and 6> 0 are real numbers such that

a(t) + okt 2.27)



is isotonic on (0,7, and

1B <adx —x, ) + ok - x, | - & (2.28)
for every x € N(x,,r)
then g(t) =1 +(a(t) ™ 050k = & - a(O(ACx, )™ - £ (x,) (2.29)
weakly majorizes G(x) = x — (A(x))™ f(x) on N(x,,7).

Theorem 2.11 Let f' eLip, (N (x,,7)) and [4(x, )]—l exist and be bounded in the
norm by [a(0)]™, if “B(xo)“<a(0) and

&

(O)lI[A(x 0 £ - ([Bes,)l) <3 .30
ond 1y = (13 fat0) - B ) =7 231

Then if f has a unique zero s € ]V(xo,ro’) ,and

x! =x —[A(x)] f(x ), m=0]12,..

converges to s from any x| eN (x,,r,) such that

le(’) - xo“ <r= %(1 —«/i—-z—h_’)(a(O)—”B(xo)h) '

If, in addition, o,d and a satisfy the conditions of theorem 2.10 and
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_ EIZ—O'K“[A(xO)]“I 7x,)ac0) s% (2.32)
and
7, =;1E(1—\/1——2;{)5<r, (2.33)
then
x o =x! —[Ax ) f(x)), m=0l2,.. (2.34)

converges to .

In the following theorem, we impose one more condition on A(x) and one

condition on B(x) instead of B(x ).

Theorem 2.12 Let f' eLip, (D) where x, €D and D is an open convex subset of

X . Assume that

4G fxp)| <@ 2.35)

lace <8 (2.36)

|4 - acx)| s 7 + 7, |, vxeD 237)

1B <8, +6,}c~x,|, vxeD. 2.38)
Then

po, <1, h'=(l—_’8—{;-§:7£%

and N(x,,7;) © D where



v
r?m'nﬂam{arme NITLBUNAIANTEAN 17

1-1-2h
ré:——-;K—-(l—,Bc?o)

implied that f has a solution r € N(xo,ro’) which is unique in D n N(x,r;) where

11720’
rl’:-——E;—(l—ﬂéo)

Furthermore x! L =xl —[AE)T f(x])

m+l
converges to s from any x; € D " N(x,r)).

- ofKa
(l“ﬂ% —ﬁ50)2

If, in addition, B(6,+7,)<1 and < where

1
2

6 +m
o = max| |, ,and N(x. ,r.)c D,

K

0’r0

1-v1-2h
= =P, =8,

then

x =% =4I )
converges to s.

Main Results
The following theorem will ensure that the convergence of the Modified Newton
method for solving systems of nonlinear equations which is a special kind of the

Newton-like method. The proof of this theorem in [7].

B
pond
)]
Co
e}
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Theorem 2.13 Let D be an open convex subset of the space X and f' e Lip, (D).
Assuming that f(x) and H(x) satisfy all the conditions of the previous theorems,
then there exists a unique zero s in D so that for any point x in D the sequence

{x } where
xm+l = xm _[H(xm)]—lf(xm)
convergesto §.
The last theorem of this section, Theorem 2.14, shows that the order of the
convergence of the Modified Newton method for solving a system of nonlinear
equations which is of second order. The proof of this theorem in [7].

Theorem 2.14 Let the conditions of Theorem 2.12 be satisfied and 50 =0, thatis

|a1)] < 6, - x,

VxeD (2.39)

Then the order of the convergence of the method is equal to 2.



CHAPTER 3

SOLVING SYSTEMS OF NONLINEAR EQUATIONS

In this chapter, we will introduce iterative method for solving systems of
nonlinear equations.

The systems of nonlinear equations is

f(x)=0 (3.1)
x, ] EACNIYs 2%
x, fz(xl,xn,...,xn)
where x=| |, and f(x)= i
X, | Ve&/ %7\ #y)

First, we can find the solution of systems of nonlinear equations (3.1) by the

Newton method which iterative equation is

B = xE I (xR, k=0,12,... (3.2)

where J(x) is Jacobian matrix of f(x) defined by

fo Joo o
Joyo| S A
fnl fn2 fnn

where fij (x) are partial derivative of f (x) with respect to the j" variable and

evaluated at x.
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Second, we can find the solution of systems of nonlinear equations (3.1) by the

Modified Newton method which iterative equation is

¥ = xF D [HEH)! (Y, k=012, ... (3.3)

where H(x) is the diagonal matrix defined by

f]1 0 0

0 0

H(x): f22 0
0N 10/ e T

where f (x) are partial derivative of f (x) with respect to the i variable and

evaluated at x.

Next, we will introduce new iterative method for solving systems of nonlinear
equations which do not use any derivative and developed from the Modified Newton

method which iterative equation is
X U=k [HEDOT F(Y), k=0]12,... (3.4)
where H(x) is the diagonal matrix with value (from upper left to lower right) of

f’_,_ (x) , i=12,...,n which approximate from The Numerical Analysis by next

theorem.
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3.1 Definition and theorem

Theorem 3.1 Let (x,y),(x;,»,) and x;=x, x, =X + h. The first derivative at

X, =X is
£y = L) G.5)
k+1
and [ " )~f( k+1) A, (3.6)
X —x

when i=123,... nand k=123 ...

Proof : From Lagrange Interpolating polynomial, we can find polynomial degree n

such that approximation y = f(x).

Let n+1 order pairs, (x;,5,),(x,,¥,),(%,,0,)-, (x,,y, ) wehave

(x=x)x=x)...(x—x_)x—x,). .(x-x)
/x)= Z Yk Q& %, JENT I X 05, ~dyAx, —x,)

3.7

(x—x )(x=x,).(x-x)
f(x) =y, (x, = X,)(x, = %,)..- (¥, = X,)
, (x xo)(x xz),_,(x xn)
Vi (x, _xo)(xl - x2)_,_(x1 —x")

or

+...

. (x=x,)(x - x,).. (x—x,_ 1)(x X, 1) (x=x)
Ve (e, Zx ), = %) 0~ ), — X, ), —X,)

+...



(x=x)x=x)..(x=x,_)
"o(x, - x )x, —x).(x, - x, )

Yy

In this case, let (x,,y,),(x,,y,) we have

N x—xl) (x—x,)
T=r G ) T e — vy
(x—x) (x—x,)
S ey e
and
S(x,) JKXJ
S@E
f(x)  f(x)
- xl—x0+xl—x0
FGe)-f(x,)
g G 3%
at x, we have (x)—f(x) f(X)
R Y

assume that x  =x,x, =x+ h

fry= Lt

Therefore, we can approximate £, (x) from

£y - fi(x )
k o~
fii (x")= xk+1 x*

i i

22

(3.8)
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Definition 3.1 The method is called 2-point forward method if we approximate the

derivative in Jacobian matrix from

NG ACS!
£,y = i ’ i=123,..,nand k=123, .

k i ’
i xi

Theorem 3.2 Let (x,,),(x,»,) and x; =x~ h, x, =x. The first derivative at

X, =X 1S
f,(x)zf(x)—;:(x—h) (3.9)
kN k-1
and £, (x*)~ J, (xxk) /: ik(’f ) (3.10)

i i
when i=123,...,nand k=123, ...

Proof : Since, the proof of theorem 3.1 we have

£5) =7 Cxp)
P=Tis

1 0

S (%)= f(xy)

at x, we have fi(x)= .

1 T %o

assume that x, =x - h,x =x

—f(x—h
R CE(CE)
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Therefore, we can approximate f, (x) from

RPACOEFACES
f“. (x*)= F _ k-l :

! 1

Definition 3.2 The method is called 2-point backward method if we approximate the

derivative in Jacobian matrix from

/i ) f,x*h
f,(x*)= (, > i=123,...,nand k=123, ...
x - X

i i

Theorem 3.3 Let (x,,,).(x,,»,)(x,,y,) and X,=x=h, x, =x, x,=x+h.

The first derivative at X =X 1S

Jx+m)-fx-h)

f'(x)= v 3.11)
k+1 k-1
and f”(x )~f( k+1)_fk(—1 ) (3.12)
when i=123,...,n and k=123, ...
Proof: Let (x,y,),(x,,¥,),(x,,y,) and equation (3.8) we have
P = (x—x )(x x,) (x—xo)(x—x2) .\ (x=x,)(x=x)
Yo (xy =% )(x, = x;) ike (x, =% )(x, — x,) 2 (x, = x,)x, = x,)
NG oD (x - x,)(x~ x,)
SO G Ty — ) T G ) )

(x—xo)(x—xl)
(x, - x,)(x, -x,)

+7(x,)

and
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o [(x—x )+ (x—x,)] [(x—xg) +(x—x,)]
S')= 1 x) (x, =%, )(x, = X,) HI) (x, = x0)(x, = x,)
[(x=xg) + (x = x))]

(x2 —xo)(x2 _xl)

+/(x,)

at x, we have

27O v S Rk SR S e B i

x)= f(x x

: ° (xo—xl)(xo—xz) : (xl_xo)(xl_XZ)
X —X

+£(x,) VS

(x2 N xo)(x2 = xl)

assume that xO:x—h, X, =X, x2=x+h

JG+h) - f(x—h)
2h 3

f'x)=
Therefore, we can approximate f, (x) from

FACID T A C Ay
O e

i xi

Definition 3.3 The method is called 3-point central method if we approximate the

derivative in Jacobian matrix from

JACHOENACa
k i i .
S, (x )= T , i=123,...,nand k=123, ..

. - X
i i
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Theorem 3.4 Let (x,y,),(x,,»),(x,,y,) and x =X, X, =x+h, x,=x+2h.

The first dertvative at X, =X is

=3f(x)+4f(x+h)— f(x+2h)

JACE >
_3L(xk)+4f;(xk+l)_/}(xk+2)
and 1) = X+ xk
when i=123,...,n and k=123,...
Proof : Since, the proof of theorem 3.3 we have
[(x=x))+(x—x,)] [(x—x,)+(x—x,)]
frx)=fx,) l VY, ; ;

(xo _xl)(xo 3 x2) 4
[(x=x,)+(x—x)]
+f(x2) (x2 —xo)(x2 _xl)

(xl _xO)(xl =%,)

at x, we have

2x, —Xx, — X X —X

Fr)E )T+ f(x))

(xo _xl)(xO . x2)

+f(x,)

0 2
(xl ” xO)(xl - xz)

X —xl

0
(x2 —xo)(x2 _xl)

assume that x0=x,xl:x+h, x2=x+2h

=3f(x)+4f(x+h)— f(x+2h)
2h '

f'é)=

(3.13)

(3.14)
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Therefore, we can approximate f, (x) from

—'3fi(xk) +4j'i(xk+l) _ L(xk+2)
fﬁ(xk)z k+2 k )

X, - X
i i

Definition 3.4 The method is called 3-point forward method if we approximate the

derivative in Jacobian matrix from

-3/,(F)+41,(*) - £,(x"?)
f,xF)yx— e , o i=123...nand k=123,...

X, = X
i i

Theorem 3.5 Let (x,,y,),(x,,» ),(x,,»,) and x;=x—-2h, x| =x-h, x,=x.

The first derivative at X, =X is

f(x=2h)+4f(x—h)+3f(x)
2h

f(x)= (3.15)

(x4 3 (xF
and fﬁ(xk)zf'(x ) kf,(xk_2)+ A0 ) (3.16)

X5 —X
i i

when i=123,...,n and k=123, ..

Proof : Since, the proof of theorem 3.3 we have

[(x—xl)+(x—xz)]+ (x)[(x—xo)+(x—x2)]
(xo—xl)(xo—xz) : (xl—xo)(xl_x2)
+f(x2)[(x—x°)+(x_xl)]

(x2 —xo)(x2 —xl)

J'x)=f(xy)

at x, we have
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. - 2~ N 2 0
f (xo):f(xo) (x0 —xl)(xo —xz) +f(x‘)(xl —xo)(xl —x2)
2x. —x, —X

+f(x2) 270 i

(x, —xo)(x2 B xl)

assume that xO:x—Zh, X, =x-h,x,=x

flx—2m)+4f(x—-h)+3f(x)
2h '

f')=

Therefore, we can approximate £, (x) from

fi(xk_z)—4fi(xk") +3f,(x")
I (xk) z N4 €] '

Definition 3.5 The method is called 3-point backward method if we approximate the

derivative in Jacobian matrix from

LR -4, +31,( )
fii(xk)z K k=2 - »

X — X
i i

i=123,..,nand k=123,...
X, =x—-h,x,=x,X, =x+h, x, =x +2h . The first derivative at x, = x is

f(x-2h)-8f(x—h)+8f(x+h)— f(x+2h)
12h

f(x)= (3.17)

_f’- (xk-—2 ) _ 8_]‘; (xk—l) + 8]‘] (xk+l) _ _f; (xk+2)
12(x*? — xF*) G189

and f,G5)=~

when i=123,...,nand k=123, ...
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Proof': Let (x,,5,),(x,,7,),(X;,%,), (x,,¥5)(x,,,) and equation (3.8) we have

(x - x)(x X, )(x - X, )(x - X,).
Sy, (xy = x, )(x, = x,)(x, = x,)(x — x,)
vy (x = x,)(x —x, )x - x, )(x —x,)
(e, = xg )0y =X, )(x) - x (X - x,)
iy (x—x )(x - x )(x - x, )(x - x,)
2 (x, =x,)(x, = x)(x, = x,)(x, —X,)
(x—x,)(x - x)(x x)(x x,)
5~ 1) )08 — 5,006, —%,)
(x-x )(x xz)(x—x3)(x—x4)
(xo - xl)(xO ¥ xz)(xo - xs)(xo - x4)
(x—xo)(x—xz)(x—xS)(x—x4)
O G ), T, ) —5y)
(x—xo)(x——xl)(x—x3)(x—x4)
(e, = xy)(x, _xl)(x2 ~x3)(x2 -x,)
(x—xo)(x—xl)(x—x2)(x—x4)
(x3 —xo)(x3 \ xl)(x3 e xz)(x3 Y x4)

= f(x,)

+f(x,)

+ f(x,)

and

S = S (%)

(xy = x)0xg =X, )Xy —x3)(x, =%,)
+(x—xl)(x—xz)(x—x4)+(x—xl)(x—x3)(x—x4)+(x—x2)(x—x3)(x-—x4)]
. J(x)

(5, %)%, = ,)(5, = %)%, —%,)
+(x—x0)(x—x2)(x-x4)+(x—xo)(x—x3)(x—x4)+(x—xz)(x—xa)(x—x4)]
. J(x,)

(2~ %0)0x, 305, —%,)(¥, — %)
(X=X )= x ) )(x—x,) + (x = x )(x = x; )r —x, )+ (x —x Jx—x, )(x - x,)]
. S (x5)

(55— %)% ~ 3% 3%, %,)

+(x—xo)(x—xl)(x—x4)+(x—xo)(x—xz)(x—-x4)+(x—xl)(x—x2)(x—x4)]

[(x—xl)(x—xz)(x—x:;)

[(x—xo)(x—xz)(x—x:;)

[(x_xo)(x'—xl )(x_x3)

[('x—xo)(x—xl)(x_xz)
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fx,)
. [ %) =%, )(x - )

RS ORENOEEN RN
+ (= x )0 —x ) —x;) + (x = x )(x = x,)(x - x;) +(x —x )(x = x, )(x = x,)]

at x, we have

fi(x,)= /%) (x, —x,)(x, ~x,)(x, ~ ¥,)
2 (xo—xl)(xo—xz)(xo_x3)(x0._x4) 27 M\t T 3 g
f(x))
" (3, = x, )(x, =%, )(x, = x;)(x, —x,) (e, =% )(x, =%,)(x, =%,)
f(x,)
. (2, =% )(x, =2, )(x, =x,)

" (%, =x6)(x, =x)(x, —x;)(x, —x4)[
+(x, = x )(x, = x )(x, —x,) +(x, = x )(x, ~x, )%, —x,)

+(x, —=x )(x, —x,)(x, — %, )]

+ f(xa) (x, —x )(x, =x)(x, -x,)
(r, = x o, =X )0, X ), =~ x,), 2 [O00F, TR e
f(x4) (x2 = )Co)()c2 — xl)(xz - x3)

T x5 )y — ) - ), — %)

assume that x, =x—2h, x, =x—h, x, =x, X, =x+h, X, =x+2h

Flx—2R)~8F(x — )+ 81 (x +h) — f(x+2h)
/=)= 124 '

Therefore, we can approximate £, (x) from

xk—Z) _ SL(xk-l) + 8j'i(xk+l) _f'i(xk+2)

A
£, )=
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Definition 3.6 The method is called 5-point central method if we approximate the

derivative in Jacobian matrix from

F(F) =81, + 87, (xF) - f,(x**)
AN | i i i
f,,-(x )= ]2(x1k+2 _xk+1)

i

when i=123,...,nand k=123,...

Theorem 3.7 Let (xo,yo),(xl,yl),(xz,y2),(x3,y3),(x4,y4)and X,=x,Xx =x+h,

X, =x+2h, x, =x+3h, x, = x +4h . The first derivative at x, =x is

—25f(x) +48f(x +h) =361 (x +2h) +16f (x +3h) -3 f(x + 4h)

F1x) = 7 (3.19)
and

_ k k+1y k+2 k+3N k+4
fﬁ(xk)z 25/ (x )+48fi(x ) —36f (x )+16f,(x") 3fi(x ) (320

k+1 k
B € )

when i=123,...,nand k=123,...

Proof : Since, the proof of theorem 3.6 we have

S (x,)
(2 — )k %, )(X — X )% —%,)
+(x—xl)(x—xz)(x-—x4)+(x—x1)(x—x3)(x—x4)+(x—xz)(x——x3)(x—x4)]
S(x))
(5, — %)%, = 3,)(x, %, )(%, - %,)

+(x—xo)(x-x2)(x—x4)+(x—xo)(x—x3)(x—x4)+(x-x2)(x—x3)(x—x4)]

J'(x)= [(x—x))(x —x, (¥ =~ x5)

[(x_xo)(x—xz)(x-'x:;)
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) f(xy)

(o, =) 0x, =3, )0, =X, )(x, = X,)

+(x—x0)(x—xl)(x—x4)+(x—x0)(x—xs)(x—x4)+(x—xl)(x——x3)(x—x4)]
7(x)

' (g =g )0 = x))(x5 =%, (%, _x4)[(x—x°)(x_xl)(x—x2)

[(x_xo)(x_xl)(x_x:;)

+(x—x0)(x—x1)(x—x4)+(x—x0)(x-x2)(x—x4)+(x—xl)(x—x2)(x—x4)]
S(x,)

(x, = xo)(x, —x)(x, —x,)(x, _x3)[(x‘x0)(x—xl)(x_x2)

+(x — xo)(x—xl)(x— x3) +(x —xo)(x—xz)(x— x3) +(x—x )(x - xz)(x— x,)]
at x, we have

S (x,)

(g =, )mg ~ )5y ) (g =2 0~ TR0 =200 75

S(xy) =

+(x, —x, )(xg = x,) (g =%, )+ (g —=x, )(xg =%, )(x) —x,)
+(x, —x, )(x, =X, )(x, -x,)]

S(x,)

(B FEE e e T g™
f(x,)

* x, =)y~ %)%, = %, )X, —%,) (¢ = %,)(x = %3)(% =%,)
F(x;)

" (xy =2, )(0x, —x, )%, =%, )(x; —X,) (g =)0 =%, )%y = %,)
fx,)

(x, = x,)(x, =x)x, —x,)(x, - x3)(x0 )% = %)% = x3)

assume that x; =x, X, =x+h,x, =x+2h, x3:x+3h, X, =x+4h

—25F(x) +48F (x +h) — 36 (x + 2h) + 16 (x + 3K) — 3.f (x + 4h)
fx)= 27 -

Therefore, we can approximate £, (x) from

~25f,(x*) + 481, (x*") - 36f,(x***) + 167, () = 3£, (")

120" - xf)

[, (")~
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Definition 3.7 The method is called 5-point forward method if we approximate the

derivative in Jacobian matrix from

~25f (x*) +48f,(x**") - 36/, (x**?) + 16£,(x*) =31, (x***)
12(xik+1 —x¥)

i

£,y

when 71=123,...,nand k=123, ...

X, =x-3h,x, =x-2h,x, =x—h,x, = x. The first derivative at x = x is

3f(x —4h) - 16f (x —3h) + 361 (x —2h) —48f(x = h) +25f (x)

f'(x)= T (3.21)
and
Py 3f (x4 - 16f,(x*2) + 361, (x*?) ~ 487, (Fy+ 25 (x*) 522

12(x’,k - xik"l)
when i=123,...,nand k=123, .

Proof : Since, the proof of theorem 3.6 we have

S (x,)
(xo _xl)(xo —xz)(xo —x3)(x0 -—x4)
+(x—xl)(x—xz)(x—x4)+(x—xl)(x—x3)(x—x4)+(x—xz)(x—x3)(x—x4)]
S(x))
(x, = %), = %), = %,)(x, —%,)

+(x—xo)(x—xz)(x—x4)+(x—-xo)(x—x3)(x—x4)+(x—x2)(x—x3)(x—x4)]

f’(X)E [(x_x])(x—xg)(x_x:;)

[(x = x )(x = %, )(x - x,)
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1(x,)
e ey e Lt L K
+(x—x0)(x—xl)(x—x4)+(x—xo)(x—x3)(x—x4)+(x~x1)(x—x3)(x—x4)]

@)
(55~ %)%, — )%, = 3,)(¥, = %,)
+(x—xo)(x—xl)(x—x4)+(x—x0)(x—x2)(x—x4)+(x—xl)(x~x2)(x—x4)]
fxp)
Gy 290, — )5, ), 5

+ (0 —x, ) —x )(x - x;) +x = x ) (x = x, )(x —x,) + (x —x, )(x — x,)(x = x;)]

[(x —xg)(x —x )(x = %,)

(x—x,)(x - xl)(x -x,)

at x, we have

S (xy)
(kg )0 — 2, )5 )% — %,)
f(x))
(5, ~x )08, 5 )3, — %)%, —%,)
f(x,)
0 = %) 08 3,5, ~ %,)(x, = %,)
. J(x,) o
Ty 2y = 1) 70— %)
J(x,)
(x4 —xo)(x4 - xl)(x4 —xz)(x4 —x3)
+(x, - x )x, —xl)(x4 =x)+(x, =X, )(¥, - x, )(x, ’F,)

+(x, —x )x, (B 7%, )]

fi(xy) =

(x4 —xl)(x4 —xz)(x4 —x3)

(x4 —xo)(x4 —xz)(x4 —x3)

(x, =% )(x, = %)%, —%3)

=X )(x, = x)(x, ~ %,)

[(xg —xp)(x, = %), —%,)

assume that x, =x —4h, x, =x-3h,x, =x-2h, x, =x-h,x, =x

37 (x — 4h) = 16f (x — 3h) + 36 f (x — 2h) — 48 f (x — h) + 25 (x)

Jrx)= 12

Therefore, we can approximate f, (x) from

37,(xF ) - 16£,(x* ) + 36/, (x¥72) - 48fi(xk_1)+25fi(xk)
12(x,,k - xik“l) '

[, ()=
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Definition 3.8 The method is called 5-point backward method if we approximate the

derivative in Jacobian matrix from

P (xk)~3fl(xk'4)—l6fl(xk"3)+36fi(xk’2)—48]'1_(xk'1)+25fl(xk)
" ) 12(xi"' —xlk_l)

when i=123,...,nand £=123,...

Thus, we have new eight iterative methods for solving systems of nonlinear

equations.



CHAPTER 4

SOME EXAMPLES AND APPLICATION PROBLEMS

OF SYSTEMS OF NONLINEAR EQUATIONS

In this chapter, we shall find the solutions by using new method obtained from

chapter 3 for solving systems of nonlinear equations.

Example 4.1 Find the solution of system

f(x,y)=05cosx + 0.35cos(x+y)—02=0
g(x,y)=05sinx + 0.35sin(x + y) - 04=0. 4.1)

Iterative equation is

and the matrix H is

s gy | D
x“ yF) = )
g 0 g,("y

We can find the matrix H from theorem 3.1-3.8



2-point forward method, we have

FOE Yy = f(xF,p5)

k+l xlc

INCAN ST
X

k k+1 k k
gx",y " )—g(x",y")
and g},(xk,}’k)z yk+1__ k

y

2-point backward method, we have

SRy - )

k k
x 2
S.500) F kel
k Lk ko k-1
k .k Ng(x » Y )_g(x 2y )
and gy(x Y )N k k-1

X %7
3-point central method, we have

k+1 k k-1 k
k _k f(x > )_f(x ) )
AR et

k k+1 k k-1
glx*,y" ) —g(x",y")
and gy(xk’yk)z JE kT

3-point forward method, we have

=37 (K ) +4fF YY) - (L Y)

ok
fx(x S K2 _ Lk

k+1 k+2 )

~3g(xk,y*) +ag(x*, y*) - g(x*,y
yk+2 _yk

and g, (", y )=

37
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3-point backward method, we have

; ) (k—2, k -4 'k—-l, k)+3f( k’ k
fx(xk’yk)zfx ') fk(Y k_yz X", ")

X —X

ko k-2 ko k-1 kook
o gxTL Yyt —4g(x",y ) +3g(x", ")
and g,(x*,y" )~ =

5-point central method, we have

FFE2yEy = 8£ (L yF) +8F (Y yF) - F (L")
12(xk+2 L xk+1)

[ 5)=

k+1 k+2)

gk y* )~ 8g(x* y* ) + 8g(x*, y*) - g(x*,y

12(yk+2 2 yk+l)

and g (x*,y%)=
5-point forward method, we have

[.(5y5)~ ” [25/(, yF) + 487 (", y*) - 36/ ("2, ")

(xk+1 N xk)

+16£ (x5, pF) =37 ("4, y*)]

and  g,(x", ")~ — [-25g(x*, y¥) + 48g(x*, y**!) - 36g(x*, y**?)

O -y5)

+16g(x*, ) = 3g(x*, y*)]

5-point backward method, we have

[(5 )= = [Bf(F*,p%) =16/ (x*2, y¥) +36 £ ("%, )

—48f (x* L yF )+ 25 (x*, "))
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and [Bg(x®,y ) —16g(x*,y*) +36g(x*, y*?)

1
2% -y
—48g(x",yF 1y + 25g(x*, y*)]

ko kN
8,(x".y") =7

Table 4.1 The result of example 4.1

Number
Method Initial vectors of Solutions
iterations
2-point forward (0.6,0.6) 15 x=1.8562334
and Ax=0.1, Ay=0.1 y =-2.0861669
2-point backward | (0.6,0.6) 14 x =1.8562344
and Ax=0.1, Ay=0.1 y =-2.0861669
3-point central (0.6,0.6) 14 x = 1.8562342
and Ax=0.1, Ay =0.1 y =-2.0861672
3-point forward | (0.6,0.6) 14 x = 1.8562338
and Ax=0.1, Ay =0.1 y =-2.0861675
3-point backward | (0.6,0.6) 14 x=1.8562340
and Ax=0.1, Ay =0.1 y =-2.0861672
5-point central 0.6,0.6) 14 =1.8562341
and Ax=0.1, Ay=0.1 y =-2.0861673
5-point forward (0.6,0.6) 15 x = 1.8562336
and Ax=0.1, Ay=0.1 y =-2.0861675
5-point backward | (0.6,0.6) 15 x = 1.8562334
and Ax=0.1, Ay=0.1 y =-2.0861674

4.1 in appendix.

Repeat the method until the error less than 0.0000005. Showing the iterations of table
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Example 4.2 Find the solution of system

J(x.y)=e" +xp-1=0
glx,y)=sin(xy)+x+y—-1=0. 4.2)

Iterative equation is

and the matrix H is

1,505 0

H(x* y*y = |
Y <gtr D

We can find the matrix H from theorem 3.1-3.8

2-point forward method, we have

FOE Y5y~ f(x*,9")
xk+l __xk

AN Y

k k+1 k k
g(x",y" " )—g(x",y")
and g},(xk,)’k)z kel _

2-point backward method, we have

ko ky k-1 _k
fx(xk’yk)zf(x ,yxk) fg Y")

- X



4]

g(x*,yF) - gx*,y*™)

and g, (", y )~ e
y yk __yk 1

3-point central method, we have

K+l K k=1 _k
ok STy =TTy )
S Ly )= HH k]

g(x*, yF Ty — g(x*, y* ™)

Kok
and g,0(x",y )= SR ]

-

3-point forward method, we have

VA A B Y AC e 1 e ACHES S

k k
x",y" )~
S (x707) R
—3g(x*, y*) +ag(x®, y*h) - g(x*, y**?)
and gy(xk,yk)’“ yk+2 oy

3-point backward method, we have

k=2 kN k-1 _k k Kk
fx(xk,yk)zf(x :y) 4fk(x_xk’_); )+3f(x ’y)

g(x* yF )y —ag(x*, y* ) +3g(x*, y*)

and g,(x*, )= i

5-point central method, we have

f k—2’ k —8f k—l’ k)+8f( k+l’ k)_f( k+2’ k
f,c(xka}’k)z (x y) < 12(})}ck+2 _xkfl) 4 : y)
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g yF )y —8g(xk, y* ) + 8g(xF, y ) — g(x*, y**?)

and g (x",y")=

S-point forward method, we have

f.(505) ahvys [-257(x*, y*) +48f(x*, y*) =36 (x**2, y*)

(xk-H _ xk)

+161 (x*2, y) =37 (", y)]

and g (x*,y")= [-25g(x*,y*) +48g(x*, y*"') - 36g(x*, y**?)
y 12

1
(yk+l _ yk)
+16g(x*, y*) = 3g(x*, y**)]

5-point backward method, we have

YRCHSIOL ; B,y ) =16/ ("7, yF) +36 £ (x* 7, %)

@
2xF — D)
—48f(xk_1)yk)+25f(xk7yk)]

1 - - q -
TREY=I _yk_l)[3g(xk,y" Y- 16g(x*,y ) +36g(x*, y*?)

= 48g(x"*, y* Ny +25g(x*, y")]

and g, ()=

Table 4.2 The result of example 4.2

Number
Method Initial vectors of Solutions
iterations
2-point forward | (1.5,2.0) 6 x = 0.0000000
and Ax=0.5, Ay=1.0 y = 1.0000000
2-point backward | (1.5,2.0) 6 x = 0.0000000
and Ax=0.5, Ay=1.0 y = 1.0000001




Table 4.2 (cont.)
Number
Method Initial vectors of Solutions

iterations |
3-point central (1.5,2.0) 5 x = 0.0000000
and Ax=0.5, Ay=1.0 y =0.9999998
3-point forward (1.5,2.0) 5 x = 0.0000000
and Ax=0.5, Ay=1.0 y = 1.0000000
3-point backward | (1.5,2.0) 6 x =0.0000000
. and Ax=0.5, Ay=1.0 y = 1.0000000
5-point central (1.5,2.0) 5 x=0.0000000
and Ax=0.5, Ay=1.0 y = 1.0000000
5-point forward | (1.5,2.0) 6 x = 0.0000000
and Ax=0.5, Ay=1.0 y = 1.0000000
5-point backward | (1.5,2.0) 6 x = 0.0000000
and Ax=0.5, Ay=1.0 y =0.9999998

4
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Repeat the method until the error less than 0.0000005. Showing the iterations of table

4.2 in appendix.
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Example 4.3 Find the solution of system

1 1
f(x,y>=5sin<xy>—{;—5x=o

g(x,y):(l—::;j(ex —e)+%—2ex= 0. 4.3)

Iterative equation is

LS 7G5
= FEHEEYOT T k=012,
Uy g(*,y")

and the matrix H is

£, 0

H(x*,y*) = -
0 gy

We can find the matrix H from theorem 3.1-3.8

2-point forward method, we have

k+1 kN k _k
fx(xk,yk)zf(x ’);}:c+l)_.)}:l§x » Y )

k k+1 k k
g(x*,y")-g(x",y")
and gy(xk,yk)z Bk

2-point backward method, we have

ko ky k-1 )k
fx(xk,yk)zf(x 7yxk) fk(—xl ) )

-X
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ey gty —g(xk Lyt
and O =

3-point central method, we have

k+1 k k-1 k
A DL I )
fx(x Y )z xk+1 __xk—l

ko k+l ko k-1
k _k g(x Y )— g(x Y )
and gy(x Y )= yk+1 __yk.-l

3-point forward method, we have

—3f (", Y ) +Af M YR - FxF00)

JACARIST

R
[ —3g(x*, yF) +ag(x*, v - gx*,y* )
k k ] ) »
and gy(x V)R yrT gk

3-point backward method, we have

VICH D BRI ACAS IO R TACHP D)
kK _ k=2

JACANIT
X

k k-2 k k-1 k k
k k Ng(x Y )—4g(x » Y )+3g(x » Y )
and gy(x Y )~ yk __yk-2

5-point central method, we have

G Bk VACHNS A R A C 4 RV ACi
lz(xk+2 = xk+l)

JACHRE
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k+1 k+2)

g(xF Yy —8g(xF,y* ) +8g(x* ,y ) - g(x*, y

and g (x,y")=
5-point forward method, we have

[y~ 5 [-257 (x*,pF) + 487 (x**, y*) =36/ (x**%, y")

(xk+l - xk)

+167 ("2, ) =37 ("4, y*)]

. 1 . - _
and g, (<", y")~ [-25g(x*,y*) +48g(x", 1) - 36g(x", y**?)

(yk+l _ yk)
+16g(x*, y**) = 3g(x*, y***)]

5-point backward method, we have

YRGS : [B7 (x5, p5) =16/ ("7, y*) +36 £ (x* 72, ")

120G - x*Y)
—48f(x* 1y )+ 25f(x*, "))

1 <) y _
"mﬁg(xk,yk Y)=16g(x*, y* ) +36g(x*, y*7?)

~48g(x*, y* ) +25g(x*, )]

and g, () e

Table 4.3 The result of example 4.3

Number
Method Initial vectors of Solutions
iterations
2-point forward 0.5,2.5) 11 x = 0.4999999
and Ax=0.5, Ay=0.5 y =3.1415927
2-point backward | (0.5,2.5) 11 x = 0.5000004
and Ax=0.5, Ay=0.5 y =3.1415927




Table 4.3 (cont.)

Number
Method Initial vectors of Solutions
iterations
3-point central (0.5,2.5) 11 x =0.5000003
and Ax=0.5, Ay=0.5 y =3.1415929
3-point forward (0.5,2.5) 10 x =0.5000004
and Ax=0.5, Ay=0.5 y =3.1415929
3-point backward | (0.5,2.5) 11 x = 0.5000004
and Ax=0.5, Ay=0.5 y =3.1415929
5-point central (0.5,2.5) 12 x =0.5000001
and Ax=0.5, Ay=0.5 y = 3.1415930
5-point forward { (0.5,2.5) 12 x = 0.5000001
and Ax=0.5, Ay=0.5 y =3.1415930
5-point backward | (0.5,2.5) 10 x =0.5000004
and Ax=0.5, Ay=0.5 y =3.1415928

47

Repeat the method until the error less than 0.0000005. Showing the iterations of table

4.4 in appendix.
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Example 4.4 Find the solution of system

f(x,y,2)=x>-10x+y-z+3=0

g(x,y,2)=y* +10y —2x-2z-5=0

h(x,y,z2)=x+y—10z+2sinz+5=0. 4.4)
Iterative equation is
xk+l xk f(xk ’yk ,Zk)
Y = |- THGE Y2 g (et yE, )
zk+l Zk h(xk,yk,zk)
and the matrix H is
oY ez ) 0 0
H(x*,y* %)= 0 g, (x*,y",2°) 0
0 0 hz(xk,yk,zk)

We can find the matrix H from theorem 3.1-3.8

2-point forward method, we have

f(xk+l)yk>zk)_f(xkaykazk)
£ 5 )~ =

g(x*, 2%y — g(x* ¥, 2%)
YE Lk

g,(x*,y",2")~

h(x*,y*, 2 - h(x*, y*,2%)

k+1 k
—Z

and hz(xk,yk,zk)z p
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2-point backward method, we have

and

f(xkaykazk)_f(xk_l’yk’zk)

k k _k
fx(x :y >Z )z xk_xk—l

k k k k k-1 k
o gxtLy ") —-g(x",y" ,20)
g,(x*, " 2" = =

h(x®, y*,25) = hie*, y* 2
~ kK _ k-l

h(x*,y",2%)
V4

3-point central method, we have

and

FEE Ly 25~ f T, yR )

k k _k
fx(x S IE | )z xk+1_xk—l

g,y 2¥) gty 2")

k .k _k
g,(x .y 27 )= i
y yrE
h(xk yk Zk+l)__h(xk yk Zk—l)
k k k 3 > ) »
h(x",y",27)= SR ok

3-point forward method, we have

and

k k _k N'—3f(xk>ykrzk)+4f(xk+1>yk>zk)_f(xk+27yk>zk)
fx(x :y ’Z )N xk+2_xk

o r e —3g(FyE ZF)+ag(xt, i 2F) - g(xF, yH?, 2F)
gy(x o,z ) yk+2__yk

_3h(x* y* 2+ ah(x® Yk, 2 —h(xk, y 24
Y Y

k k _kN
hz(x Y 5,2 )N Zk+2'—Zk




3-point backward method, we have

VG A S T AC U A A R R VA CHD AP

k k _k
fx(x WV 52 )z xk__xk—2

g(x*,y* 2,2y~ ag(x*,y* 2" ) +3g(x*, y*,2")
yE 2

h(x*,y*,25%) — ah(x*, y*, 2 1) + 3n(x*, y*,2*)

k k-2
zZ —Z

and hz(xk,yk,zk)z

5-point central method, we have

1 X A
12(xk+2 _xk+1)[f(xk Zayk)zk)_gf(xk l,yk,zk)

+81 (M, y*,25) = f (P yE 2]

VR CAR Y

1
12(yk+2 I\ yk+l)

+8g(x*, y* " 2") - g(x*, y*%,2")]

1
(Zk+2 _ Zk+l)

+8h(x*, Yk, 2y — n(xF, k254

and hz<x",y",zk)z12 [h(x*,y*,252) = 8h(x", y* 25y

S-point forward method, we have

RCUR L [-25F (x*, y*,2) + 48 £ (1, y¥  2%)

50

=36£ (2, )8, )+ 16 (x*2, yF 25y 31 (4, ) 24)]

g (F 5 ) m [ 25g(xF, ¥, 2F) + 48g(x*, y* 2F)

y 12(yk+l ___yk)

—36g(x*,y**2,2%) +16g(x* , y*2,2F) = 3g(x*, y***,2%))
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and A (x*,y* %)=~ 5 [-25h(x*, y* 2% ) + 48h(x*  y*  2**)

(Zk+1 _ Zk)

_ 36h(xk ’yk ,Zk+2) + 16h(xk ’yk ,Zk+3) _ 3h(xk ,yk ,Zk+4 )]
5-point backward method, we have

1 g _
[ G5y 2 m B (R ) - 16/ (67 2
12(x" = x*7)

+367(x"2, y*, 28) - a8 (x*T, y* 2*) v 25 £ (x5, ¥, 2)]

g,(x",y",25) = [Bg(x*, ¥, 2") ~16g(x",y*7,2%)

12(0* - y* )
+36g(x*, y* 2,2y — 48g(x*, y* 7, %) + 25g(x*, y¥,2*)]

I o
and  h (x*,y" 2% 5 [3h(*, y*, 257 — 16h(x", y*,2" )

(Zk _zk—l)
+36h(x*, y*,2F2) - 48h(x*  y¥ , Z* Ny + 25K(x*, y*  2F)]

Table 4.4 The result of example 4.4

Number
Method Initial vectors of Solutions
iterations
2-point forward | (2.5,2.5,2.5) 9 X =2.9950562
and Ax=1.0, Ay=1.0, y = 1.1790406
Az=1.0 z=1.0952150
2-point backward | (2.5,2.5,2.5) 11 x =2.9950562
and Ax=1.0, Ay=1.0, y = 1.1790406
Az=1.0 z=1.0952150
3-point central (2.5,2.52.5) 10 x =2.9950562
and Ax=1.0, Ay=1.0, y = 1.1790406
Az=10 z=1.0952150




Table 4.4 (cont.)

Number
Method Initial vectors of Solutions
iterations
3-point forward (2.52.5,2.5) 10 x =2.9950562
and Ax=1.0, Ay=1.0, y = 1.1790406
Az=10 z=1.0952150
3-point backward | (2.5,2.5,2.5) 10 x =2.9950562
and Ax=1.0, Ay=1.0, y =1.1790406
Az=1.0 z=1.0952150
5-point central (2.525,2.5) 10 x =2.9950562
and Ax=1.0, Ay =1.0, y = 1.1790406
Az=1.0 z=1.0952150
5-point forward | (2.5,2.5,2.5) 10 X =2.9950562
and Ax=1.0, Ay =1.0, y =1.1790406
Az=1.0 z=1.0952150
5-point backward | (2.5,2.5,2.5) 10 x =2.9950562
and Ax=1.0, Ay=1.0, y = 1.1790406
Az=1.0 z=1.0952150

4.4 in appendix.

Repeat the method until the error less than 0.0000005. Showing the iterations of table
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Example 4.5 Find the solution of system

f(x,y,z)=sinx+Inx+Iny—e® -187073=0
g(x,y,z)=cosx+siny+e * —~39.93815=0

h(x,y,z)=Inx—e” +sinz+13.09764=0. 4.5)

Iterative equation is

xk+1 xk f(xk,yk,zk)

Y= YA STHGE Y 2T 8y 2)

Zk+l Zk h(xk,yk,zk)
and the matrix H is

Fatgfainesy 0 0
H(x*,y*,25) = 0 g, (", y"2%) 0
0 0 h (x*,y*,2%)

We can find the matrix H from theorem 3.1-3.8

2-point forward method, we have

Fx 1 yE by - (b, yF,2h)
JRCAS U TR

g(xk, y**, 2y - g(x*,y*,2F)
yk+1 _yk

g,(x",y" 2"~

h(x*,y*, 25~ h(x*, y*,2")
and h (x*,y*,2")~ e

z
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2-point backward method, we have

NACS W EN (AN W)

k k _k
.fx(x ¥V »Z ) xk_xk—l

£k _k E k-1 _k
ok ok 8T YR 2T ) —gxtyt )
gy(xk>ykazk)z yk _yk—-l

k kK _k
and h(x",y",z") PR
z —2Z

3-point central method, we have

k+1 _k _k k=1 k _k
k k _k f(x sV 5,2 )_f(x Y,z )
ot F e

g(xk:yk+1>zk)_g(xk:yk~lazk)
yk+1 W\, =k

y

g, (k)

h(xk,yk,ZkH) —h(xk,yk,zk_l)
and hz(x",yk,zk)z St kel

3-point forward method, we have

f k k _k ~_3f(xk7yk:zk)+4f(xk+17yk)zk)—f(xk+2:ykrzk)
x(x Y 2 )N xk+2_xk

k k _k —'3g(xk:yk)zk)+4g(xk)yk+1:zk)—g(xkryk+2azk)

_3h(xk yk Zk)+4h(xk yk zk+l) ___h(xk yk Zk+2)
k k Lk > > b 3 2 >
and A (x",y",z )= JECR:
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3-point backward method, we have

k k _k f(xk—z)ykazk)'—4f(xk_])yk>zk)+3f(xkayk>zk)
fx('x Y 2 )z xk—xk—2

xb yFt 2Ry —ag(x® yF 2Ry + 3g(x*, y* 2F)
N

b ky . 8C

h(xk,y*, 2577 = ah(xF, y*, 25 + 3R(x", y* 2F)

k k-2
z —2Z

and hz(xk,yk,zk)z

5-point central method, we have

1 = . \
S m e ) ey )

+81 (M Yk, 25 - F(M, pE,2F)]

1
12(yk+2 L yk+1)

+8g(x*, y** ¥y~ g(x*, y**?, 2]

[g(x*, y*72,2") - 8g(x*, y*7,2%)

g, (x*,y5,2") =

1
12(Zk+2 = Zk+l)

+8h(xk, y*, 25y — h(xE, y*,25)]

and  h (x*,y",2")~ [h(x¥,y*,2"7%) = 8h(x*, y*,2"7)

5-point forward method, we have

1
k k _k

X, ,Z ~—
fx( y ) 12( k+1 k)

=361 (x**, y¥,25) + 16 £ (x**3, yF,2%) = 37 (™, y",21)]

[-25f(x*,y*,2) + 48 (x**, y¥,2%)

1
gy(xk,yk,zk)“m[*ﬁg(xk,yk,zk) +48g(x*,y*,z%)

~36g(x*,y**?, 25 ) +16g(xk, y¥*3, 2% ) - 3g(x*, y***,2F)]
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1
12(Zk+l _ Zk)
—36h(x*,y*,2F7) +16h(x* , y*,2F%) = 3h(xF y¥ 2]

and A& (x*,y* 2"~ [-25h(x*, y*, 2" ) + 48h(x*, y* 2Fh)

5-point backward method, we have

1
12(x* - x*™1)
+36F(xF2, y% 2F) - a8 F(xF T yF 2Ry 4 25 £ (xF yF, 25

[GF Y )= [Bf(F4,p%,25) =167 (72, 5, 2%)

1
120% -y
+36g(x*,y* 2, 25 ) — 48g(x*  y* ! 2F )+ 25g(x*,y*,2%)]

g, (" ") [3g(x*,y**,2*) = 16g(x*,y*7,2")

1

and A (x* Y )y ————
z( Y ) 12(Zk _Zk—l)

[Bh(xk:ykazk-4) = l6h(xk>ykazk—3)

+ 36h(xk ,yk ,zk'z) - 48h(xk ,yk ,zk'l) + 25h(xk ,yk ,zk)]

Table 4.5 The result of example 4.5

Number
Method Initial vectors of Solutions
iterations
2-point forward | (3.0,3.0,-3.5) 8 x =3.4996749
and Ax=0.5, Ay =0.5, y =2.7000279
Az=0.5 z =-3.7000015
2-point backward | (3.0,3.0,-3.5) 7 x =3.4996746
and Ax=0.5, Ay=0.5, y =2.7000279
Az=0.5 z=-3.7000015
3-point central (3.0,3.0,-3'.5) 9 X =3.4996748
and Ax=0.5, Ay=0.5, y =2.7000279
Az=0.5 z=-3.7000015




Table 4.5 (cont.)

Number
Method Initial vectors of Solutions
iterations
3-point forward (3.0,3.0,-3.5) 8 x = 3.4996748
and Ax=0.5, Ay =0.5, y =2.7000280
Az=0.5 z=-3.7000015
3-point backward | (3.0,3.0,-3.5) 7 x =3.4996751
and Ax=0.5, Ay =0.5, y =2.7000280
Az =05 z=-3.7000015
5-point central (3.0,3.0,-3.5) 8 x =3.4996748
and Ax=0.5, Ay =0.5, y =2.7000279
Az=0.5 z=-3.7000015
5-point forward | (3.0,3.0,-3.5) 8 X =3.4996748
and Ax=0.5, Ay=0.5, y =2.7000280
Az=05 =-3.7000015
5-point backward | (3.0,3.0,-3.5) 8 x=3.4996748
and Ax =0.5, Ay =0.5, y =2.7000280
Az=05 z =-3.7000015

4.5 in appendix.

Repeat the method until the error less than 0.0000005. Showing the iterations of table
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Example 4.6 Find the solution of system

f(x,y,2z)=3x—cos(yz) - 05=0
g(x,y,z)=x* =81(y +0.)* +sinz+106=0
107 -3
72 0. 4.6)

h(x,y,z)=e? +20z +

Iterative equation is

xt f&*,pk,2")
el BT B Ve (CAS ) e P CAN R A

Zk+l Zk h(xk,yk,zk)

and the matrix H is

[ G 0 0
H(x*,y",2") = 0 g,(",y".2") 0
0 0 hz(xk,yk,zk)

We can find the matrix H from theorem 3.1-3.8

2-point forward method, we have

k+1 _k _k k k _k
k k _k f(x Y 2 )—f(x 2V 52 )
fx(x Y 2 )z xk+1 _xk

g(x* y**, 2%y — g(x*,y*,z")
Y R

g, (", y", )=

h(xk yk zk+l) _h(xk yk Zk)
k .k _k 5 ] > >
and h(x",y",2")=~ Sk _
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2-point backward method, we have

f(xk)yk:zk)_f(xk—layk’zk)

k k _k
fx(x Y 52 )z xk~xk"l

k k _k k k-1 _k
: q g(x Y .2 )_g(x Y »Z )
gy(xka)’kazk)z Y -y

- h(xk yk Zk) . h(xk yk Zk-—l)
k k _k > > > 5
and hz(x izt )= bk

3-point central method, we have

PO 2 fE Ty )

k+1 k-1
- X

JACRUR D
b4

g(xk, y* 2Fy — g(x®, y* 7 2F)
yk+1 _yk—l

g, (", y", 2=

ko k ok Y P
and h(x",y",z°)= SR ke

3-point forward method, we have

e ICU AR A RE I LCANS A A P A C A Y20

k _k _k
IRGRAEDE T

_3g(xk)ykazk)+4g(xk’yk+1’zk)—g(xkayk+2:zk)

gy(xk)yk,zk)z yk+2_yk

_3h(xk:ykazk)+4h(xk>yk)zk+l) _h(xk:ykazk+2)

k
+2_zk

and hz(xk,yk,zk)z ;
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3-point backward method, we have

. FOF2yE 2Ry —ar () + 3£ (2
IRCANANLS =

X

k k _k g(xk,yk—2,zk)_4g(xk’yk—1,zk)+3g(xk’yk’zk)
g,(x",y",z7 )~ JF i

h(x*,y*,25%) - an(x*, ¥, 2" 1) + 3h(x", y* 2*)

k ok _k
and A (x",y ,z")~ R

V4
S5-point central method, we have

. Al & 1 3 \ :
JRCAS DT 125 _xk+,)[f(xk LyE )-8 (25

+8F (T YR 2E) = f (M R 2]

1
(yk+2 _yk+l)
+8g(x*, y ' 2 ) - g(x*, ¥ 12, 2")]

g,y 25 ) v — [g(x*,y"*,2") - 8g(x*,y* 7, 2")

]
(Zk+2 _ Zk+l)

and hz(x",y",zk)z12 [h(x*, y%,252) ~ 8h(x*, y* 2 7)

+8h(x*, y¥, 2y — h(xk, ¥, 254
S-point forward method, we have
1

lz(xk+l _ xk)
—36f(x*2,yk XY+ 167 (P, y* 2F ) = 3£ (x*, 5 2]

£ %25y = (257 ek, yF,2%) + 48 £ (x**) ¥ 2¥)

1
k k _k kK k _k ko k+l _k
x",y",z" )= - -25g(x",y",z" ) +48g(x", 4

—36g(x*,y 2 2% +16g(x* , y**,2F) - 3g(x*, "4, 2%))
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and hz(x",y",z")z12 [=25h(x*, y*,2z") + 48h(x*  y* ,z**)

(zk+l _ Zk)

- 36h(xk ,yk ,Zk+2) + 16h(xk ,yk ,Zk+3) _ 3h(xk ’yk ,Zk+4 )]
5-point backward method, we have

1 - o S
fx(xk,yk,zk)zmpf(xk 4y F) 16 (xF, y0,25)

+367(x*2, y* 2F)— a8 7 (xF, yF, 2F) + 25 £ (x5, yF )]
1

12(* - y*)
+36g(x*, y*2, 2% )~ a8g(x*, y*F !, 2F) +25g(x*, y*,2*)]

g, (" y* 25 Bg(x*,y*=*,2*) ~ 16g(x*, y*>,2%)

1

and h xk, k,Zk e P\
z( | ) 12(Zk _zk—l)

Bh(x*,y*, 257 = 16h(x", y",27)

+36h(x*, y* ,25%) = 48h(x* , y* ,21) + 25K(x ", y* , 2*)]

Table 4.6 The result of example 4.6

Number
Method Initial vectors of Solutions
iterations
2-point forward (1.0,1.0,2.0) 8 x=0.5000000
and Ax=0.5, Ay=02, y = 0.0000000
Az=0.5 =-0.5235988
2-point backward | (1.0,1.0,2.0) 10 x = 0.5000000
and Ax=0.5, Ay =0.2, y = 0.0000000
Az=0.5 =-0.5235988
3-point central (1.0,1.0,2.0) 9 x = 0.5000000
and Ax=0.5, Ay=0.2, y = 0.0000000
Az=0.5 z =-0.5235988




Table 4.6 (cont.)

Number
Method Initial vectors of Solutions
iterations
3-point forward | (1.0,1.0,2.0) 9 x = 0.5000000
and Ax=0.5, Ay=0.2, y =0.0000000
Az=05 z=-0.5235988
3-point backward | (1.0,1.0,2.0) 9 x = 0.5000000
and Ax=0.5, Ay=0.2, y =0.0000000
Az=05 z=-0.5235988
5-point central (1.0,1.0,2.0) 9 x =0.5000000
and Ax=0.5, Ay =0.2, y = 0.0000000
Az=0.5 z=-0.5235988
5-point forward | (1.0,1.0,2.0) 9 x = 0.5000000
and Ax=0.5, Ay=0.2, y =0.0000000
Az=0.5 z=-0.5235988
5-point backward | (1.0,1.0,2.0) 9 x=0.5000000
and Ax =0.5, Ay =0.2, y = 0.0000000
Az=0.5 z=-0.5235988

4.6 in appendix.

Repeat the method until the error less than 0.0000005. Showing the iterations of table




Example 4.7 Find the solution of system

Ji(x,x,,x,,x :137x1+55x2+20x3—76=0
Sy (x 5%y, %,,%,) =76, -2lx,x, -19=0

S (x 5%y, %5, x,)=x +x, +x, -1=0

Sy (x,x,,x,,x,) =76x +6lx x, -38=0.

Iterative equation is

_ -
s £
k
x2+l x; [H( )] f(xl’ n
= x x
1?2 2’ 3’ 4
o s A
k+1 k
<~ § Sy (xl’ 27
and the matrix H is
SAVN 4
0 f22 0 0
H(x, ,x A PE

12%95 %3 %y -7 L

We can find the matrix H from theorem 3.1-3.8

k
x|

k
3’x

k
3 7
k

3’x
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@.7



2-point forward method, we have

k+1
fl(x +a 2: 3:x4)

k
f(xla 2> 37

k 1
fll(x]’ 2,x3,x4)~ L
1

kl
JACHR R

k

f (xl ’x23x3 ’x4

k
._x2

f(xl 7x2)x37x4

k 1 7%
f22(x1’ 2,x3,x4)~ k+1
X,
k+l
k f(xlj 2) 3+ ’x )
f33(x1’ 2,x3,x4)~ k+1
*3

k+1
f (xl ’xz :x3 :x4+ )

k
x3

f(xl7 27x37x4)

and f44(x1, 2> 3,x4)~ Kt
x4

2-point backward method, we have

k
_x4

f“(xla 92 37x )N

Y et § =
k
1

X

f (x]’ 2, 3)x4

k-1 k _k
T 40 2%, » X4 o4
xkl

Xkl bk
(xl’ 2 %3:%,)

) -
f22(xl’ 2° 3,x4)~ k
X2 X

f(xl’ 27 3’x4)
f33(xl: 27 3:x )~ k
3

X

f(x]’ 2’ 3’x4)

xkl
bl ok
(xl7 27 3 )x4)
k-1
3

- X

k-1

and f44(x1, 2 3,x4)~ Xk _
4

k 1
x

64
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3-point central method, we have

k+1 k-1 ko k

k k ~f1(x1 ’ 2’ 3,x4) G 2’ *3,%,
fll(xl’ 2,x3,x4)~ k+1 k-1
X

k+l _k k _k

k f(x1,2+,3,x4) f(x1’2 ,3,x4)
fzz(x1> 2° 3,x )N k+1 k-1
X, 7%

k+1 ko kel ok
f(x]) 27 3+ )x ) f(xl) 2’ 3 ,x4)
f33(x1, 2,x3,x4)~ k+1 k-1
X *3

k+1 k-1
an f (x1,2,3,x )“' k+1 kl
W S

3-point forward method, we have

k+1 k _k
f”(xla zax3’x4)~ k+2 [ 3f (xla 2>x3 :x4)+4f (x - ] 27x3:x4
l l

k+2 _k
~ AP e 0N

k k+1 _k _k
f22(xl’ 2:x3:x4)~xk+2_ [3f (xl’ 2 3)x4)+4f (xlﬁ 2+> 3>x4)
2 2

k+2
_f (xl’ 2+ > 3)x4)]

k k+1 _k
f33(x1) 27x37x4)~xk+2 [ 3f (xl ’x2: 37x4)+4f (xl )x27x3+ ax4)
3 3

k+2 _k
—f(x]7 2> 3+ :x4)]

k+1
andf (xI) 2 3>x4)~xk+2 [ 3f (xl> 20 3’x4)+4f (xl 7x2:x37x4+)

4 4

k+2
—f4('x1 1x2 7x3 ’x4+ )]
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3-point backward method, we have

k-2 k-1 k
f“(xla 2> 3)x )~ k xLQ[f(x s2) 37x4) 4f(x 72> 3,x
1 1
k2 k-1 _k _k
fzz(x), 22 3:x )~x k2[f (xla 2 3:x4) 4f (xla 2 :x3:x4)
2
kl k
f33(x1; 7 3:x )~x xkz[f (xl) 2) 3 ’x ) 4f (xl7 2 3 :x4)
3
+3f(x17 22 3:x4)]
and f (xl) 9 37x )N k 2[f (xl :x2)x37x4 ) 4f (xl)x2:x3)xf l)

4

IACHE )

5-point central method, we have

k _k

1
k+1)[f(xk 2’ 2) 37x4) 8f(xk l: 2: 3)x

k N
fll(xl’ 2,x3,x4) lZ(x{‘”

k+1 k+2
+8f1(x1+7 727 3ax4) f(x+ > 2: 3:x4)]

1
ko _k k-2 k _k
f22(xl’ 2’x3’x = k+2 k+1 [f (xl’ 2 3’x4) 8f (xl’ 2 2 3’x4)
12():2 -
k i k 2
1
kN kl k
f33(x1: 2:x3:x4)~12(x;c+2_x:[:+1)[f (x13 9 3 ’x ) 8f (xl: 27 3 :x4)

k+2 k )]

k _k+1
+8f(x1, 2 3+ » X ) f(xla 27 3 ;x4
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1

o k-1
f44(x Xy 3’x4)~12(xk+2 k+l [f (x],xz,x3,x4 ) 8f (x],xz,x3,x4 )
4

k+1 k+2
+8f (xl 1x27x3 ;x4+) f (xl )xzax3 :x4+ )]

5-point forward method, we have

1

k+l
l2(xl x| )

Sy oxg x5, x)) = [-25f,(xF,xk, x¥ xf) +481, (e[ ] x5, %,

2 27 3)

1

k k+l _k Kk

zlz k+1 k\[ 25f (x17 27?2 3:x4)+48f (xl) 2 :x3’x4)
(x2 2/

=361, (xF x5 xk )Y 1161, (xF 6B xE xE) =31, 00y 0 x))

f22(xl7 2’ 3’x

1 k+1 _k
fin(xF xk, 3,x4)~1—(—,;1—‘3[ <251, (¥ b xk xE) 4487, (xf %), %y X))
k+2 k+3 k+4 k
f ~——1——— -25f, 48, k4l
4

k k+3
—36f (xl 7x2 9x3 )x4+2)+16f (xl ’x»z >x3 )x4+ ) 3f (x] rxz :x3 :x:+4)]

5-point backward method, we have

XX, ,x ~——————3 xk4, k, k, -16 xk3, ,x,xk
fn(] 2 ) 4) 12(x1 x:cl)[f( Xy5%g f( X5 0%,

+36,(xF2,xk xk xky—as g, (ef L xd xE) 257, () xy x5, %))

1
kY o k=4 gk _ k3 kL k

+361, (xl, . 3,x4) 481, (xl, ;‘1, ;‘,x4)+25f (x*,x* x* x4)]

12722732
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1 g
k — _ k3 ok
f33(x1’ 2°? 3’x4)~ k l)[3f (xl> 21 3 ) ]'6f (x17 2 3 7x4)

12(x¥
+36,(xk x5 xE2 xby a8, (xF xf x5 ) + 257, () g g, %)
1
k k-4 k-3
foa el x5y, x5 x, zmﬁf LGF s x x T~ 161, GeFoxd xd %))

1 ’x2 ’x3 ’x4

Table 4.7 The result of example 4.7

Number
Method Initial vectors of Solutions
iterations
2-point forward | (0.1,1.0,-0.2,2.5) 31 x,= 0.1545897
and Ax, =0.1, Ax, =0.2, x,=1.0832286
Ax, =01, Ax, =01 x,=-0.2378183
x,=2.7838020
2-point backward | (0.1,1.0,-0.2,2.5) 31 x,=0.1545897
and Ax, = o.'i',.sz =02, — 1.0832286
Ax,=0.1, Ax, =0.1 x,=-0.2378183
x,=2.7838020
3-point central (0.1,1.0,-0.2,2.5) 31 x,=0.1545897
and Ax, =0.1, Ax, =0.2, x,=1.0832286
Ax,=0.1, Ax, =0.1 x,=-0.2378183
x, = 2.7838020
3-point forward | (0.1,1.0,-0.2,2.5) 31 x,=0.1545897
and Ax, =0.1, Ax, =0.2, x,=1.0832286
Ax,=0.1, Ax, =0.1 x,=-0.2378183
x,=2.7838020




Table 4.7 (cont.)

Number
Method Initial vectors of Solutions
iterations
3-point backward | (0.1,1.0,-0.2,2.5) 31 x,=0.1545897
and Ax =0.1, Ax, =0.2, x,=1.0832286
Ax, =0.1, Ax, =0.1 x,=-0.2378183
x,=2.7838020
5-point central (0.1,1.0,-0.2,2.5) 29 x,=0.1545897
and Ax =0.1, Ax, =0.2, x,=1.0832286
Ax,=0.1, Ax, =01 x,=-0.2378183
x,=2.7838020
5-point forward | (0.1,1.0,-0.2,2.5) 31 x,=0.1545897
and Ax =0.1, Ax, =0.2, x,= 10832286
Ax, =0.1, Ax, =0.1 x,=-0.2378183
x,=2.7838020
5-point backward | (0.1,1.0,-0.2,2.5) 31 x, = 0.1545897

and Ax, =0.1, Ax, =02,
Ax,=0.1, Ax, =01

x,=1.0832286
x,=-0.2378183
,=2.7838020

4.7 in appendix.
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Repeat the method until the error less than 0.0000005. Showing the iterations of table
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Example 4.8

The plane x + y+z~—12=0 intersects the paraboloid z= x? +y?* in an ellipse
(Figure 4.1). Find the highest and lowest point on this ellipse by Lagrange Multipliers

with two constraints.

Figure 4.1 The plane and paraboloid intersecting in the ellipse

Solution The height of the point (x,y,z) is z, so we want to find the maximum and

minimum values of

fxy,2)=z

subject to the two conditions

glx,y,2)=x+y+z-12=0

and

h(x,y,z)=x*+y*-z=0.



By Lagrange Multipliers with two constraints, we have Lagrange function

L(x,y,z, A, y=z+A(x+y+z— 12) + p(x* + y* - 2)

and a system of nonlinear equations

L (59,2, 2, 1) = 2+ 2456 = 0

L (x,y,2,A,)=1+A—pu=0

L (xy,z,A,p)=x+y+z-12=0
L,(xy,z,Am=x"+y*-z=0.

Iterative equatio

nis

xk+x1 'xﬂ
yk+l yk
P P
lkﬂ lk
,ukﬂ_ _’ukd

and the matrix H is

~[HF, yF, 24,25 1!

Hx,y,z,A,m=| 0 0

We can find the matrix H from theorem 3.1-3.8

_Lx(xk’yk)zk7lk7#k)-
L,(x*,y* 25, 25, ")

L, (x*,y% 25,25, u¥)

71

2, (5, y% 25,20 )




2-point forward method, we have

72

L (" %25 25 ") - L, y" 2" 25, )

L (x*,y*, 2525 4 )~

X

kvl _ _k

X

A T M D

L (", y%, 25,2 u") =

Y

k+l _ kK

Y

Lz(xk,yk,zkﬁ'l’]’k’/llk)—Lz(xk’yk’zk)lkﬂﬂk)

Lzz(xk,yk,zk,/lk,yk)w

k+1 k

z

-2z

L, (%, ", 25 25y )=

lk-*-l _ lk

A CAS LV NS N M CaS e T

2-point backward method, we have

k

,u“—,uk

TALCAN P T B A C LR A LV D

L_(x*,y*,2%, 25 u*)=

X

kel

L%, y% 25 A )= Ly 25 2 )

L, (", ", 25,25 u") =

Y

k_ k-1
-y

R A L AR AR

Lzz(xk7yk7zk72‘k’ﬂk>z

z

k k—1
-z

L, G*,y%, 25 25 pf) =

lk _ ﬂk_l

and L, (x*,y" 2k 2 )~

k k-1

M-
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3-point central method, we have t

L ok g g LR R AR ) - L 6 A )
xx(x :y ,Z b 7# )N k+1_xk—l

X

AN L 7 T A C Ul A LI L TLp
L (F,y* 25 28wy~ = ;

yE kel

A S TS T A C LR )

k k _k 1k k
Lzz (x YV »Z ’ﬂ’ 2 )z k+1 k-1
¥4 -z

L, b 2% 2 k) - L (68, % 25,2 )

k Lk _k 1k Lk
Lu(x Y »Z aﬂ’ » M )z ﬂ,k-H—ﬂ,k_l

L (*,y% 25 28 oY~ L (F 5,25 25, 05
and L (x*,y*,2" 25, pF) =~ z

k+1 k-1

pr - p

3-point forward method, we have

y 1 ;
L_(x*,y5, 2% 25 u®) z;,:2—_?‘[—31Jx(xk,yk,Zk,/’»k,/il‘)
+AL (MR 2R 2E R - L (P 2,25 i)
1
Lyy(xk,yk,zk,lk,,uk)zm[—?’Ly(xk,yk,zk,ﬂk,#k)

1
Lz(xk,yk,zk,lk,#k)z;,;7_—;7[—3Lz(xk,yk,zk,lk,ﬂk)

+4L (xF,y*, 2 A i) - L, yE, 22 )]

1
k Lk _k 1k Kk
LM(X Y 52 ’/1 » M )z /1k+2 _Ak

+4Ll(xk7yk’zk:/lk+luuk)_L,q_(xkayk)zk:lk-‘-z’luk)]

[-3L, (x*,»*, 2%, 4%, ")
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and LW(X",yk,zl‘,/1",ﬂk)zm[—%#(ﬁck,,Vk,zk,l",#k)

I ARV AN AD B A CAN R AV VD)
3-point backward method, we have
L k Lk Kk ﬂ,k ky o 1
n(x >y ,Z > ’/u )ka

——_73[Lx(xk'2,yk,zk,ﬂk,#k)

—aL _(x* Ly uF) 3L (xFyE 2R AR )

. , . 1 .
Lyy(x",yk,zk,l",#‘)z;k—:k_—z[Ly(x",yk 2228 pb)

—4L (F, 5 2R 25 M) 3L (Y2 AR )]

. I 1
Lzz(x'”,yk,zk,/1",ﬂk)zm[Lz(xk,yk,zk_z,lk,#k)
—4L (x*,y* A ) +3L (kR 25,25, )

. 1 s

_Z’k—2
'—4Ll(xk>ykyzkrﬂ'k—lnuk) +3Ll(xk7yk:zk:/1‘knuk)]

: : 1 "
and L‘,ﬂ(x",y",Z",/l",u")zmﬁ[h(x",y",zk,i",ﬂ""z)

4L (5 yFF 28 uF) # 3L (8 2 2R )]

5-point central method, we have

1

(xk+2 _ xk+l)
~8L (x*7,pk, 2k AF uF) + 8L (xFH Y 28 AR )
— L (x¥2,y%, 25,25, M)

L_(x*,y*,z5, 2" u*) =~ - [L (x*2, %, 2%, 25 ")
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1
(yk+2 __yk+l)
8L (x*,y* 2 A, uh) + 8L (5,25 A )

k ok _k qk kv . k k=2 _k a1k k
Lyy(x izt AN )~12 [Ly(x Yozt AN e

- L (x*,y, 28, A5 )]

. S 1 .k ke S
Lzz(xlt:yk)zk)lL?/lk)z 12(zk+2 _zk.'.))[Lz(xk’yk,Zk z)lkaﬂk)

- L, (x*, %, 2,25, uh)]

1
12(1k+2 i lk+l)
—8Ll(xk7ykazk)ﬂ’k_lnuk)+8Ll(xk:yk’zk:ﬂ’k+l:/uk)
& L;L(xkaykazk:ﬂ’k"’z::uk)]

AN CUR AV T

(L, (x*,p%, 25 272 0"y

1 S
and L xk’ k,Zk,ﬂ..k, k S L xk, k,Zk,lk, k-2

~8L (x*,y* 25 25, Y+ 8L (2 A0
1, REyE e

5-point forward method, we have

k k _k k k k o 3 k k
L_(x",y",z",4",u )zm[—%h(x Vo2t A, )

+48L (x*1,y*, 25,25, p*) - 36L (<", %, 2%, 2%, )
+16L (x*,y* 25,25, 1) = 3L (0, y* 2%, A5 1)

. 1
L (x*y*, 2% 2 10"y s — =
yy 12(yk+1 _yk)

[-25L (x*,y*, 2", 2%, u")

F16L (x*, Y52, 25 25, k) = 3L (5%, yH 28 2, b))
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L_(x*,y* 2% 25 u*)~ - ~25L_(x*,y*, 2%, A%, u¥)

(Zk+1 _Zk)[
+a8L (x*,y*, 25 A8 uF) - 36L (xF, y*, 2525 pt)
+16L (x*, y*, 2, 4 uF) 3L (xF,y* 25,25, )]

1
12(2k+1 _ Ak)
+48L, (¥, y*, 25, A u* ) -36L, (x*,yF, 25 A )
+16L, (x*,y*, 25, 25 u¥y =31, (x*,pF, 25, 27, 1)

L, (<5 yF, 25 25 uF)~ [-25L, (x*,y*, 2%, 2%, 1*)

1 . .
(/Jk+1 _ Iuk)[—'ZSL#(xk,yk,Zk ,/’{‘knuk)
FABL (5,28 25, i) <36L (x5, 2 2, )

HI6L, (5, p" 2 20, ) =3, 8,2 A0 i)

5-point backward method, we have

1
L xk, k,Zk,lk’ k . 3L xk—4’ k,Zk’lk’ k
XLy L) —_—_12(x"—x""‘)[ ( y u)

—16L, (¥, % 25, 25, ") +36L ("7 55 2", 25 )
- 481 (x*7'y", 25,25ty +2SL (5,20 20 )]

1 :
k k _k 1k kN o k k-4 _k k k
Lyy(x ay »Z ,ﬂ, > M )le(yk_yk_l)[?’l‘y(x »V 32 )A‘ ' H )
_16Ly(xk7yk_3:zk:/lknuk)+36Ly(xk,yk—2:zk>/lk:,uk)

—48L (xF,y* 2", 28, p) v 25 (xF, %25, A0 1)

1
L_(x*,y*, 2%, 25, u") zE;ZT,H—)[3Lz(xk,}’k,-’fk—“,ﬂvk,#k)

—16L (x*,y*, 27, 25, wF ) +36L (x*,y" 2572, 25, b))
—48L (x*,y%, 2" A5, uf) + 250 (xF, yF 2 A 1)
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1
12(4F - 27
—a8L, (x*,y* 2 A p) +25L, (0,25 20 )]

Ly, 5y, 25 i)~ 3L, (x*, ", 25, 274 1)

1
2 - ')
~16L, (x*,y* 25 A 5 P) +36L, (xF, p*, 25, 25, 1)

k k _k qk kN o a k k _k 1qk k-4
Ly#(x Y »Z :ﬂ' S M )~1 [JL#(X sV 52 ,)\« SH )

—48L (x*,y*, ¢, AF pt ) 4 2SL (6, 2 2 )]

Table 4.8 The result of example 4.8

Number
Method Initial vectors of Solutions
iterations
2-point forward | (-2.5,-2.5,16.0,1.0,5.0) 19 x.=-3.0000000
and Ax=0.1, Ay=0.1, y =-3.0000000
Az=02, AA=0.1,Au=0.32 z=17.9999999
A=-1.2000000
4 =-0.2000000
2-point backward (-2.5,-2.5,16.0,1.0,5.0) 18 x =-3.0000000
and Ax=0.1, Ay=0.1, y =-3.0000000
Az=02, A2=0.1,Au=0.32 z=17.9999998
A=-1.2000000
4=-0.2000000
3-point central (-2.5,-2.5,16.0,1.0,5.0) 19 x =-3.0000000
and Ax=0.1, Ay=0.1, y =-3.0000000
Az=02, AA=0.1,Au=0.32 z=17.9999999
A=-1.2000000
4 =-0.2000000
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Table 4.8 (cont.)
Number
Method Initial vectors of Solutions
iterations

3-point forward (-2.5,-2.5,16.0,1.0,5.0) 19 x =-3.0000000
and Ax=0.1, Ay=0.1, y =-3.0000000

Az=02, A1=0.1,Aun=032 z2=17.9999999
A=-1.2000000
4=-0.2000000

3-point backward | (-2.5,-2.5,16.0,1.0,5.0) 19 x =-3.0000000
and Ax=0.1, Ay=0.1, y =-3.0000000

Az=02, A1=0.1,An=032 z=17.9999999

A=-1.2000000
4#=-0.2000000

5-point central (-2.5,-2.5,16.0,1.0,5.0) 19 x =-3.0000000
and Ax=0.1, Ay=0.1, y =-3.0000000

Az=02, A1=0.1,Au=032 z2=17.9999999

A=-1.2000000

1 =-0.2000000

5-point forward | (-2.5,-2.5,16.0,1.0,5.0) 19 x =-3.0000000

and Ax=0.1, Ay=0.1, y =-3.0000000

Az=02, AA=0.1,Au=032

z=17.9999999
A=-1.2000000
1= -0.2000000
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Table 4.8 (cont.)

Number
Method Initial vectors of Solutions

iterations

5-point backward | (-2.5,-2.5,16.0,1.0,5.0) 19 x =-3.0000000

and Ax=0.1, Ay=0.1, y =-3.0000000

Az=02, A1=0.1,Au=032 z=17.9999999

A=-1.2000000

4=-0.2000000

Repeat the method until the error less than 0.0000005. Showing the iterations of table

4.8 in appendix.
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Example 4.9

The application is taken from the Bohr theory of the hydorgen spectrum in
atomic physics. A certain constant known as the Rydberg constant, usually denoted
by R_, plays an important part in that theory, but it cannot be measured directly The
value must be inferred from measurements of other constants. Approximate values
R, and R, can be determined from measurements of the spectrum of hydrogen and
helium, respectively. If we knew the exact mass M, of the nucleus of a hydrogen
atom and the exact mass m of an electron, then theoretically. We could determine

R_ from the equation

Suppose, for the moment, that m and M, are unknown (because even our best
values are inferred from other measured variables). The atomic weight 4, of
hydrogen can be measured. Also, 4, =M, +m. Similar equations hold for the

helium atom. So we have a system of four equations:

AH=MH+m

Ay, =M, +m
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In this system, the numbers A H,A He,RH and RHe can be taken as known because
their values can be determined from laboratory measurements. The number R_ and
masses m, M, and M, will be regarded as unknown. Their values can be
determined by solving the system of four equations.

The work is simplified if we first make some algebraic changes in the system. Let

x =R_,x,=mx, = M, and x, = M,,. Then our system becomes

Since x =R_ and R_ is approximated by the measured number R, , we have an

initial estimate of x,. Similarly, since x, is the mass of the electron and we know

that the value is somewhere around of a unit of atomic mass, an initial estimate

2000

of 0.0005 for x, seems reasonable. We need values of 4 H,AHe,RH and R, to

perform the calculations. Suppose laboratory measurements produced the following
values: 4, =1.00812, 4, =4.00388, R, =109677.68, and R, = 109722.34. What
are the corresponding values for Rydberg constant R and masses m, M, and
M, 7. A machine implementation of the iterations suggested here produced the

following results.
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2-point backward method, we have
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3-point central method, we have
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3-point forward method, we have
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k-1
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5-point central method, we have
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1
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Table 4.9 The result of example 4.9

&7

and Ax, =0.5, Ax, =035,
Ax, =05, Ax, =05

Number
Method Initial vectors of Solutions
iterations
2-point forward | (0.5,0.5,0.5,0.5) 41 x,=109737.3715400
and Ax =05, Ax, =0.5, x,=0.0005484
Ax, =05, Ax, =05 ,= 1.0075716
x,=4.0027833
2-point backward | (0.5,0.5,0.5,0.5) 40 x,=109737.3715400
and Ax, =0.5, Ax, =05, x, = 0.0005484
Ax, =05, Ax, =05 x,=1.0075716
x,=4.0027833
3-point central (0.5,0.5,0.5,0.5) 40 x,=109737.3715400
and Ax =05, Ax, =025, x,=0.0005484
Ax, =05, Ax, =05 x,=1.0075716
x,=4.0027833
3-point forward (0.5,0.5,0.5,0.5) 42 X, = 109737.3715400
and Ax, =05, Ax, =0.5, x,=0.0005484
Ax, =0.5, Ax, =05 x,=1.0075716
x,=4.0027833
3-point backward | (0.5,0.5,0.5,0.5) 40 x,=109737.3715400
and Ax =0.5, Ax, =0.5, x,=0.0005434
Ax, =05, Ax, =0.5 x,=1.0075716
x,=4.0027833
5-point central (0.5,0.5,0.5,0.5) 40 x,=109737.3715400

x, = 0.0005484
,=1.0075716
x, = 4.0027833




88

Table 4.9 (cont.)
Number
Method Initial vectors of Solutions
iterations
5-point forward (0.5,0.5,0.5,0.5) 42 X, = 109737.3715400
and Ax =05, Ax, =0.5, x,=0.0005484
Ax, =05, Ax, =05 x,=1.0075716
x,=4.0027833
5-point backward | (0.5,0.5,0.5,0.5) 42 x,=109737.3715400
and Ax, =0.5, Ax, =0.5, x,=0.0005484
Ax, =05, Ax, =05 x,= 1.0075716
x, = 4.0027833

Repeat the method until the error less than 0.0000005. Showing the iterations of table

4.9 in appendix.



CHAPTER 5

CONCLUSION AND SUGGESTIONS

5.1 Conclusion
In this thesis, we found the new iterative methods that do not use any derivative

that can solve systems of nonlinear equations. The iterative equation is
¥ = ¥ C[HEOT (), k=012,... .1)

where H(x) is the diagonal matrix with values (from upper left to lower right) of
f,(®),i=12,...,n which approximate from The Numerical Analysis. We have new
eight iterative methods for solving systems of nonlinear equations are

2-point forward method with approximate derivative from

KLy g ook
£, (e} PR N 52
X -1 X

i i

2-point backward method with approximate derivative from

- k)_ ( k—l)
f, (x")zf'(xxk f,{: (53)

. — X
i i

3-point central method with approximate derivative from

fi(xk+1) -f (x5 1)
S (x*)= ke (5.4

i i
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3-point forward method with approximate derivative from

' __3j‘i(xk)+4f*i(xk+l)__f'i(xk+2)
fii(xk)z AT _ Lk (5.5)

H 1

3-point backward method with approximate derivative from

() 47,64 +37,65)
£ty S AT T 56)

X,
i i

5-point central method with approximate derivative from

_f,- (xk—Z) JA 8_f' (xk-—l) 7, 8}; (xk+l) (4 f‘i(xk+2)

S (x*)= 12(xik+2 F xik+1) 5.7
5-point forward method with approximate derivative from
L —25£,(F) +48f,(x*) =367, (x*7) + 161, (") - 37, (x*)
Sy ()= 12(xik+l - xlk) .8)
and 5-point backward method with approximate derivative from
/() 3f,(x**) - 161,(x*) +36/, (x*7) - 481 (x* ") +25f,(x*) 59

k_ k-1
12(x;] —x, )

The new eight iterative methods can use to solve systems of nonlinear equations
that is difficult to find derivative or are difficult to calculate. However, the number of
iteration of the new iterative method may be more than the number of iteration of the

other methods because we do not use any derivative.
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For all new eight methods, I thought that the 2-point method is probably the best
method because it has the number of iteration equal to the other methods or it may be
less than the other methods in some example. and it is easy for writing algorithms.

The important problem is technique to choose the initial value. In order to solve
the systems of nonlinear equations, guessing an initial value is easier than using
theorem to find an initial value. Thus, sometimes, we choose the initial value that can
obtain the solution and sometimes, we choose the initial value that cannot obtain the
solution, though in actually this system has a solution. However, the systems may
have many solutions or have a unique solution or have no solution.

For our algorithms, when do we stop the iteration?. We set an absolute error &

n

and iterated until either Y, fi(xj)— /; (xj_l) <¢g, or we reached a maximum
ij=1

number of iterations. It may happen that if we set an absolute error too small then we
may need initial value that closed to its solution. In this thesis, we will consider an

absolute error is £ = 0.0000005 and the number of iterations of our methods from

assuming for all examples.

5.2 Suggestions
For solving systems of nonlinear equations, in order to solve complicated
functions or the functions that are difficult to find derivative or are difficult to

calculate its derivative. We can modify by using

£, - £, 5)
[, 6F)m R (5.10)

£,y - £,5h
f,6F)== xxk _x’,: (5.11)
J J




f (xk+l) _fi(xk—-l)

ky i
f',j(x )= K+ k-l

J J

"3fi(xk)+4f,-(xk+l) _fi(xk+2)

k o~
fij(x )= xf+2 _ x;-

[ = af (Y +3f,(x5)

ky .t
Sy Ge)= ok k2

J J

f (xk—z) _ 8f,~ (xk—l) +8f’(xk+]) _fi(xkﬂ)

-fij(xk)z i

k+2 _ _k+l
12(xj X )

—25F,(x*) + 48, (x**") - 36, (xF*2)+161, (x*2) - 3£, (x**)

OB

k+1 k
12(xj - X; )

3f.(x¥*) =167, (x* ) + 36£,(x"*) - 481, (F Ny + 251, (xF)

JACHE

12(x;‘ -—x;‘”')
11 f12 fln
f21 f22 f

for the Jacobian matrix J(x)=| :

.

fnl fnZ

2n

o f’m

in Newton method.
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(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)
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APPENDIX

The iterations of table 4.1

The result from 2-point forward method

: k
k x* y error

1 1.1350784 -1.2903270  0.3576566
2 1.8136535 -1.2841867  0.2802647
3 1.7866196 -2.1534242  0.0567633
4 1.8411997 -1.9960591  0.0400987
5 1.8694665 -2.0759363  0.0106707
6 1.8583161 -2.0939485  0.0036941
7 1.8546380 -2.0873661 ~ 0.0012697
8 1.8559954 -2.0852296  0.0004417
9 1.8564200 -2.0860265  0.0001484
10 1.8562617 -2.0862760  0.0000516
11 1.8562119 -2.0861831  0.0000174
12 1.8562304 -2.0861539  0.0000060
13 1.8562363 -2.0861648  0.0000020
14 1.8562341 -2.0861682  0.0000007

15 1.8562334  -2.0861669  0.0000002

Estimates values are x= 1.8562334 and y=-2.0861665 after 15 iterations.



The result from 2-point backward method

; k
k x* y error

1 1.1847591 -0.8591939  0.4950244
2 1.9941400 -1.9700451  0.1197998
3 1.8399032 -2.2012911  0.0472889
4 1.8249952 -2.0780470  0.0168118
5 1.8579660 -2.0669426  0.0076799
1.8598639 -2.0871607  0.0019160
1.8560367 -2.0882854  0.0008524
1.8558087 -2.0860508  0.0002248

v W =N

1.8562569 -2.0859171  0.0001003
10 1.8562835 -2.0861803  0.0000263
11 1.8562310 -2,0861959  0.0000117
12 1.8562279 -2.0861651  0.0000031
13 1.8562340 -2.0861633  0.0000014
14 1.8562344 -2.0861669  0.0000004

Estimates values are x= 1.8562344 and y=-2.0861664 after 14 iterations.

The result from 3-point central method

k
k x* y error

1 1.1588167 -1.0470138  0.4452414
2 1.8965719 -1.5086959  0.2421013
3 1.8313832 -2.1679140  0.0339988
4 1.8355850 -2.0621795  0.0141431
5 1.8608370 -2.0737617  0.0060540
6 1.8586163 -2.0888289  0.0015971
7 1.8557006 -2.0875609  0.0006831
8 1.8559545 -2.0858533  0.0001876
9 1.8562962 -2.0860028  0.0000803
10 1.8562664 -2.0862033  0.0000219
11 1.8562264 -2.0861859  0.0000094
12 1.8562299 -2.0861624  0.0000026
13 1.8562346 -2.0861644  0.0000011

14 1.8562342 -2.0861672  0.0000003




Estimates values are x= 1.8562342 and y=-2.0861672 after 14 iterations.

The result from 3-point forward method

k x* yk error

1 1.1559163 -1.0398758  0.4472917
2 1.7723678 -1.2504848  0.2676603
3 1.7767795 -2.1081442  0.0531315
4 1.8531840 -2.0433077  0.0184218
5 1.8637136 -2.0841391  0.0050188
6 1.8566482 -2.0905101  0.0019116
7 1.8553565 -2.0864079  0.0005893
8 1.8561858 -2.0856513  0.0002263
9 1.8563363 -2.0861385  0.0000689
10 1.8562393 -2.0862269  0.0000265
11 1.8562217 -2.0861700  0.0000081
12 1.8562331 -2.0861596  0.0000031
13 1.8562351 -2.0861663  0.0000009

14 1.8562338 -2.0861675  0.0000004

Estimates values are x=1.8562338 and y=-2.0861675 after 14 iterations.



The result from 3-point backward method

k
k xk y error

1 1.1561615 -1.0377786  0.4479472
2 1.8239301 -1.2798129  0.2910131
3 1.7889883 -2.1507731  0.0548461
4 1.8414309 -2.0631523  0.0125931
5 1.8605837 -2.0772704  0.0049630
6 1.8579623 -2.0886913  0.0014080
7 1.8557276 -2.0871789  0.0005674
8 1.8560313 -2.0858693  0.0001655
9 1.8562930 -2.0860478  0.0000666
10 1.8562574 -2.0862015  0.0000194
1 1.8562268 -2.0861806  0.0000078
12 1.8562309 -2.0861626  0.0000023
13 1.8562345 -2.0861651 0.0000009

14 1.8562340 -2.0861672  0.0000003

Estimates values are x=1.8562340 and y =-2.0861672 after 14 iterations.

The result from 5-point central method

k xt yk error

1 1.1578877 -1.0442756  0.4460387
2 1.8601147 -1.3852780  0.2706078
3 1.8106612 -2.1541819  0.0429619
4 1.8399308 -2.0554116  0.0161219
5 1.8619298 -2.0763669  0.0060158
6 1.8581339 -2.0894683  0.0017694
7 1.8555703 -2.0872788  0.0006878
8 1.8560112 -2.0857768  0.0002085
9 1.8563114 -2.0860361  0.0000807
10 1.8562598 -2.0862123  0.0000244
11 1.8562246 -2.0861820  0.0000094
12 1.8562307 -2.0861614  0.0000029
13 1.8562348 -2.0861649  0.0000011

14 1.8562341 -2.0861673  0.0000003




Estimates values are x=1.8562341 and y=-2.0861673 after 14 iterations.

The result from 5-point forward method

k x* yk error

1 1.1578985 -1.0442885  0.4460353
2 1.8775865 -1.1991576  0.3748078
3 1.7618270 -2.2866729  0.0924283
4 1.7870394 -2.0511454  0.0335943
S 1.8640776 -2.0422279  0.0167138
6 1.8638691 -2.0904973  0.0034350
7 1.8553766 -2.0906079  0.0017001
8 1.8553360 -2.0856603  0.0004066
9 1.8563348 -2.0856393  0.0002015
10 1.8563387 -2.0862260  0.0000475
11 1.8562219 -2.0862283  0.0000235
12 1.8562214 -2.0861598  0.0000056
13 1.8562351 -2.0861595  0.0000028
14 1.8562352 -2.0861675  0.0000007
15 1.8562336 -2.0861675  0.0000003

Estimates values are x=1.8562336 and y=-2.0861675 after 15 iterations.



The result from 5-point backward method

k xk yk error

1 1.1578952 -1.0443166  0.4460265
2 1.8543025 -1.1919008  0.3591753
3 1.7615338 -2.2619611  0.0892884
4 1.7995857 -1.9916868  0.0503107
5 1.8713760 -2.0503824  0.0188939
6 1.8626355 -2.0947031  0.0048779
7 1.8545034 -2.0898930  0.0020055
8 1.8554824 -2.0851465  0.0005792
9 1.8564368 -2.0857253  0.0002371
10 1.8563216 -2.0862858  0.0000677
11 1.8562100 -2.0862183  0.0000277
12 1.8562234 -2.0861528  0.0000079
13 1.8562365 -2.0861607  0.0000032
14 1.8562349 -2.0861683  0.0000009
15 1.8562334 -2.0861674  0.0000004

Estimates values are x=1.8562334 and y=-2.0861674 after 15 iterations.
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The iterations of table 4.2

The result from 2-point forward method

k
k xk y error

[

0.6705810  24.2597321  40.6224863
-0.0025097  1.1844212 0.1844181
0.0003583  1.0050322 0.0064692

HWwW W

0.0000003  0.9992836  0.0007164
5 -0.0000000  0.9999994  0.0000006

6 -0.0000000  1.0000000 0.0000000

Estimates values are x=0.0000000 and y=1.0000000 after 6 iterations.

The result from 2-point backward method

k
k x* y error

1 0.3272288  -16.3889964  21.2418564
2 -0.0346417 0.0441515  1.0275977
3 -0.0051900 1.0698291  0.0698157
4 0.0000433 1.0104342  0.0106081
5 -0.0000001 0.9999135  0.0000868
6 -0.0000000 1.0000001  0.0000001

Estimates values are x= 0.0000000 and y=1.0000001 after 6 iterations.

The result from 3-point central method

k
k x* y error

1 0.5283453 -209.5019847 319.2973236
2 -0.0016761  -0.9128542 1.9131449
3 -0.0005874 1.0032927 0.0032925
4 0.0000001 1.0011755 0.0011758
5 0.0000000 0.9999998 0.0000002
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Estimates values are x= 0.0000000 and y=0.9999998 after 5 iterations.

The result from 3-point forward method

k
k x* y error

1 04067200  4.5716032  7.2982219
2 -0.0011912  -1.8931742  2.8931749
3 -0.0000533 1.0023852  0.0023852
4 0.0000000 1.0001066  0.0001066
5 -0.0000000  1.0000000  0.0000000

Estimates values are x=0.0000000 and y = 1.0000000 after 5 iterations.

The result from 3-point backward method

k
k x* y error

1 0.4580386 5.3717432  8.5008863
2 -0.0849069  -2.1851027  3.1896700
3 -0.0107933 1.2216515  0.2215938
4 0.0000346 1.0218210  0.0219607
5 -0.0000000  0.9999309  0.0000691
6 0.0000000 1.0000000  0.0000000

Estimates values are x= 0.0000000 and y = 1.0000000 after 6 iterations.

The result from 5-point central method

k
k x* y error

1 0.4985138 11.0018098  15.9147485
2 0.0113947 0.0534873 0.9465778
3 0.0000406  0.9774675 0.0225325
4 0.0000000  0.9999188 0.0000812

5 0.0000000 1.0000000 0.0000000

Estimates values are x=0.0000000 and y = 1.0000000 after 5 iterations.
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The result from 5-point forward method

k x* yk error

1 04788573  4.1679854  7.1679502
2 00215243 -1.0059536  2.0061852
3 00123744 09578677  0.0422095
4 00000392  0.9755540  0.0244460
5 0.0000000  0.9999216  0.0000784
6  0.0000000  1.0000000  0.0000000

Estimates values are x= 0.0000000 and y=

The result from 5-point backward method

1.0000000 after 6 iterations.

k x* yk error

1 0.4960794 3.8848091 6.8874989
2 -0.2526204  -1.7558100  2.7995948
3 -0.0635452 1.8203181 0.8185990
4 0.0007057 1.1357732 0.1387878
5 0.0000001 0.9985896  0.0014104
6 0.0000000 0.9999998  0.0000002

Estimates values are x=0.0000000 and y = 0.9999998 after 6 iterations.
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The result from 2-point forward method

The iterations of table 4.3

k x* yk error

1 0.5300391 3.1415927 0.0256330
2 0.506139%4 3.1512877 0.0099095
3 0.4978111 3.1444435 0.0042978
4 0.4996379 3.1404705 0.0010832
5 0.5001752 3.1414109 0.0003061
6 0.5000294 3.1416801 0.0000846
7 0.4999861 3.1416074 0.0000246
8 0.4999977 3.1415857 0.0000067
9 0.5000011 3.1415915 0.0000020
10 0.5000002 3.1415932 0.0000005
11 0.4999999 3.1415927 0.0000002

Estimates values are x=0.4999999 and y =

The result from 2-point backward method

3.1415927 after 11 iterations.

k 5 yk error

1 0.4430969 3.1415927 0.0607064
2 0.5000000 3.0951059 0.0437871
3 0.5108557 3.1415927 .0.0098211
4 0.5000000 3.1463340 0.0044812
5 0.4992862 3.1415927 0.0006670
6 0.5000000 3.1412328 0.0003400
7 0.5000575 3.1415927 0.0000536
8 0.5000000 3.1416214 0.0000271
9 0.4999954 3.1415927 0.0000043
10 0.5000000 3.1415904 0.0000022
11 0.5000004 3.1415927 0.0000003

Estimates values are x= 0.5000004 and y=3.1415927 after 11 iterations.
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The result from 3-point central method

k xt y’-f error

1 0.6272571 3.1415927 0.1363733
2 0.5331612 3.1030882 0.0573011
3 0.5088465 3.1516707 0.0107829
4 0.4988864 3.1455606 0.0041617
5 0.4993696 3.1410287 0.0005721
6 0.5000923 3.1412752 0.0003355
7 0.5000505 3.1416388 0.0000470
8 0.4999927 3.1416179 0.0000267
9 0.4999960 3.1415890 0.0000037
10 0.5000006 3.1415906 0.0000021
11 0.5000003 3.1415929 0.0000003

Estimates values are x= 0.5000003 and y=3.1415929 after 11 iterations.

The result from 3-point forward method

k x* yk error

1 0.5579660 3.1415927 0.0448459
2 0.5108072 3.1503706 0.0099798
3 0.4992446 3.1463159 0.0044183
4 0.4992483 3.1412117 0.0004062
5 0.5000639 3.1412135 0.0003575
6 0.5000603 3.1416246 0.0000343
7 0.4999949 3.1416228 0.0000284
8 0.4999952 3.1415901 0.0000027
9 0.5000004 3.1415903 0.0000023
10 0.5000004 3.1415929 0.0000002

Estimates values are x=0.5000004 and y=3.1415929 after 10 iterations.
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The result from 3-point backward method

k x* y* error

1 04430069  3.1415927 00607064
2 05362283  3.0951050  0.0655559
3 05102954  3.1519297 00113483
4 04989948  3.1461231  0.0045019
S 04992793  3.1410842  0.0005248
6 05000841  3.1412293  0.0003639
7 05000578  3.1416347  0.0000436
8 04999933  3.1416215  0.0000289
9 04999954  3.1415893  0.0000035
10 05000005  3.1415904  0.0000023
11 05000004  3.1415929  0.0000003

Estimates values are x= 0.5000004 and y=

The result from S-point central method

3.1415929 after 11 iterations.

k x* yk error

1 06928628  3.1415927  0.3145533
2 0.5595251  2.9923675  0.1569787
3 0.5281044  3.1500261  0.0177064
4 0.5019810  3.1509902  0.0090621
5 04985623  3.1425604  0.0021074
6 04998542  3.1408619  0.0007000
7 0.5001166  3.1415196  0.0001661
8  0.5000117  3.1416509  0.0000558
9  0.4999907  3.1415985  0.0000132
10 04999991  3.1415880  0.0000044
11 0.5000007  3.1415922  0.0000011
12 05000001  3.1415930  0.0000004

Estimates values are x= 0.5000001 and y=3.1415930 after 12 iterations.
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The result from 5-point forward method

k x* yk error

1 04292772 3.1415927  0.0775563
2 05788107  3.0786223  0.1013000
3 05227450  3.1431139  0.0186935
4 05018848  3.1499274  0.0080453
5 04987231  3.1425145  0.0019202
6 04998597  3.1409448  0.0006214
7 05001034  3.1415224  0.0001516
8 05000112  3.1416443  0.0000496
9 04999918  3.1415983  0.0000121
10 04999991  3.1415885  0.0000039
11 0.5000007  3.1415922  0.0000010
12 0.5000001  3.1415930  0.0000003

Estimates values are x=0.5000001 and y= 3.1415930 after 12 iterations.

The result from 5-point backward method

k xk yk error

1 05595471 3.1415927  0.0457897
2 05109513 3.1500210  0.0096803
304993255  3.1463696  0.0044703
4 04992398  3.1412528  0.0004433
5 0.5000574  3.1412092  0.0003584
6  0.5000610  3.1416213  0.0000344
7 04999955  3.1416231  0.0000285
8 04999951  3.1415904  0.0000027
9 0.5000004  3.1415902  0.0000023
10 0.5000004  3.1415928  0.0000002

Estimates values are x= 0.5000004 and y=3.1415928 after 10 iterations.
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The iterations of table 4.4

The result from 2-point forward method

iterations.

108

k x* yk z* error

1 28695652 14843750 13399342  7.6486334
2 29762198  1.1808460  1.0967788  0.4032192
3 29941884  1.1761305  1.0932612  0.0599036
4 29951044 11785853  1.0947999  0.0090313
5 29950585  1.1789811  1.0951702  0.0010260
6 29950570  1.1790337  1.0952087  0.0001391
7 29950562 11790397  1.0952144  0.0000151
8 29950562  1.1790405  1.0952149  0.0000021
9 29950562  1.1790406  1.0952150  0.0000002

Estimates values are x= 2.9950562, y= 1.1790406 and z = 1.0952150 after 9
The result from 2-point backward method

k x* yk z* error

1 53333333 13392857 12217080  105.7463965
2 2.6645487  1.5505350 13484336  11.7276076
3 27783847 11716667 - 1.1027437  3.8871039
4 3.0457140  1.1459469  1.0713774  1.5657408
5 29893928  1.1834152  1.0971340  0.1733242
6 29947648 11784214  1.0950684  0.0125959
7 29950851  1.1789695  1.0951148  0.0021223"
8 29950544 11790290  1.0952104  0.0001949
9 29950566  1.1790395  1.0952136  0.0000306
10 2.9950561  1.1790404  1.0952149  0.0000029
11 29950562  1.1790406  1.0952150  0.0000005

Estimates values are x= 2.9950562, y= 1.1790406 and z = 1.0952150 after 11

iterations.



The result from 3-point central method
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k xk yk z* error

1 3.1538462 14166667  1.2836872  6.6117939
2 3.0075535  1.2375593  1.1427082  1.1928444
3 29945112 1.1889327  1.1031936  0.1779681
4 29949431  1.1802496  1.0962488  0.0231337
5 29950458 11791897  1.0953357  0.0027265
6 29950545  1.1790584 10952303  0.0003419
7 29950560  1.1790428  1.0952168  0.0000402
8 29950561  1.1790408  1.0952152  0.0000050
9 29950562  1.1790406  1.0952150  0.0000006
10 29950562  1.1790406  1.0952150  0.0000001

Estimates values are x= 2.9950562, y= 1.1790406 and z = 1.0952150 after 10

iterations.

The result from 3-point forward method

k xt yk z* error

1 34444444 14166667 13705479  12.8952036
2 30468055  1.2963841  1.1595272  2.6030109
329924863  1.1985671  1.1139227  0.4052982
4 29950120  1.1816748  1.0971079  0.0434774
5 29950123 11793402  1.0955004  0.0062834
6 29950553  1.1790797  1.0952432  0.0006494
7 29950555  1.1790450  1.0952192  0.0000927
8 29950561  1.1790411  1.0952154  0.0000096
9 29950561  1.1790406  1.0952151  0.0000014
10 29950562  1.1790406  1.0952150  0.0000001

Estimates values are x= 2.9950562, y= 1.1790406 and z = 1.0952150 after 10

iterations.



The result from 3-point backward method
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k x* yk z* error

1 34444444 14166667 13217761  12.5755265
2 3.0447570 12887833  1.1799700  2.6041125
3 29940027  1.2013784  1.1131574  0.3981787
4 29947968  1.1818042  1.0975793  0.0529163
5 29950326  1.1793817  1.0954911  0.0062350
6 29950523  1.1790814  1.0952500  0.0007825
7 29950558  1.1790456  1.0952191  0.0000921
8 29950561 11790412  1.0952155  0.0000115
9 2.9950561 1.1790406 1.0952151 0.0000014
10 2.9950562  1.1790406  1.0952150  0.0000002

Estimates values are x= 29950562, y= 1.1790406 and z = 1.0952150 after 10

iterations.

The result from 5-point central method

k xk yk z* error

1 32285714 14166667 13054348  8.0638049
2 3.0179989  1.2525940  1.1498289  1.5732529
3 29942373 11918771  1.1060175  0.2368588
4 29949361  1.1806663  1.0965466  0.0299977
S 2.9950388  1.1792368  1.0953809  0.0037198
6 29950544  1.1790646  1.0952347  0.0004439
7 2.9950559  1.1790435  1.0952175  0.0000549
8 29950561  1.1790409  1.0952153  0.0000065
9 29950561  1.1790406  1.0952151  0.0000008
10 29950562  1.1790406  1.0952150  0.0000001

Estimates values are x= 2.9950562, y= 1.1790406 and z = 1.0952150 after 10

iterations.



The result from 5-point forward method
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k x* yk z* error

1 3.2285714 1.4166667 1.2917197 7.9751744
2 3.0173542 1.2504566 1.1562391 1.5769658
3 29947152 11927791 11057752  0.2347517
4 2.9948682 1.1807060 1.0966977 0.0329839
5 2.9950454 1.1792503 1.0953778 0.0037032
6 2.9950534 1.1790652 1.0952369 0.0004871
7 2.9950560 1.1790437 1.0952174 0.0000547
8 2.9950561 1.1790409 1.0952153 0.0000072
9 2.9950562 1.1790406 1.0952151 0.0000008
10 2.9950562 1.1790406 1.0952150 0.0000001

Estimates values are x= 2.9950562, y= 1.1790406 and z = 1.0952150 after 10

iterations.

The result from 5-point backward method

k xk yk z* error

1 32285714 14166667 13332211  8.2444813
2 3.0193052 12569244  1.1381998 = 1.5743753
3 29933507  1.1902708  1.1065451  0.2420910
4 29950636  1.1806056  1.0962738  0.0258892
s 29950262  1.1792133  1.0953882  0.0037850
6 29950562 1.1790637  1.0952307  0.0003825
7 29950557  1.1790431  1.0952176  0.0000558
8  2.9950562  1.1790409  1.0952152  0.0000056
9 29950561  1.1790406  1.0952151  0.0000008
10 29950562  1.1790406  1.0952150  0.0000001

Estimates values are x= 2.9950562, y= 1.1790406 and z = 1.0952150 after 10

iterations.



The iterations of table 4.5

The result from 2-point forward method
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k xk yk z* error

1 3.6475409  2.7874698  -3.7943830  5.2841587
2 3.5047705  2.7026602  -3.7172882  0.7297952
3 35018938 27010394  -3.6994957  0.0365244
4 35002316  2.7000414  -3.7000095  0.0008983
5 3.4996829  2.7000391  -3.6999970  0.0003588
6  3.4996810 27000278  -3.7000017  0.0000170
7 3.4996748 2.7000281 -3.7000015  0.0000044
8 34996749 27000279 ~ -3.7000015  0.0000003

Estimates values are x= 3.4996749, y= 2.7000279 and z = -3.7000015 after 8

iterations.

The result from 2-point backward method

k xt yk z* error

1 37952156 26495969  -3.6785523 _1.6610905
2 34921589  2.6964912  -3.6970489  0.1700580
3 34980311  2.6997965  -3.7000186  0.0042995
4 34995415  2.6999977 ~ -3.7000106  0.0008411
5 34996579 27000259  -3.7000020  0.0000515
6  3.4996737 27000276  -3.7000016  0.0000088
7 3.4996746  2.7000279  -3.7000015  0.0000004

Estimates values are x= 3.4996746, y= 2.7000279 and z = -3.7000015 after 7

iterations.



The result from 3-point central method
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k xk yk z* error

1 37138206  2.7354172  -3.7222831  1.5509053
2 34769430 27060602  -3.6989027  0.1721525
3 35033033 2.6995495  -3.7003284  0.0258926
4 34994111  2.7001164  -3.6999593  0.0035103
5 34997235 27000205  -3.7000058  0.0003592
6  3.4996707  2.7000291  -3.7000009  0.0000486
7 34996755  2.7000278  -3.7000016  0.0000052
8  3.4996748  2.7000280  -3.7000015  0.0000007
9 34996748  2.7000279  -3.7000015  0.0000001

Estimates values are x= 3.4996748, y= 2.7000279 and z = -3.7000015 after 9

iterations.

The result from 3-point forward method

k x* yk z* error

1 3.5904901 2.6854384 -3.7459885  2.2940210 !
2 3.5013194 2.7050157 -3.6987400  0.1306812
3 3.5024593 2.6999996 -3.7001008  0.0081403
4 3.4996608 2.7000870 -3.6999767  0.0019983
5 3.4997075 2.7000263 -3.7000030 - 0.0001288
6 3.4996739 2.7000287 ~3.7000012  0.0000259
7 3.4996752 2.7000279 -3.7000015  0.0000021
8 3.4996748 2.7000280 -3.7000015  0.0000003

Estimates values are x= 3.4996748, y= 2.7000280 and z = -3.7000015 after 8

iterations.



The result from 3-point backward method
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k x* yk z* error

1 3.5931805  2.7072007  -3.7642716  2.7979589
2 35187450 27053065  -3.7000890  0.0892659
3 3.5026683  2.7004101  -3.6999500  0.0080582
4 3.4998891 27000825  -3.6999840  0.0015674
5 34997052 27000311  -3.7000009  0.0000748
6  3.4996766 27000285  -3.7000013  0.0000165
7 34996751  2.7000280  -3.7000015  0.0000005

Estimates values are x= 3.4996751, y= 2.7000280 and z = -3.7000015 after 7

iterations.

The result from 5-point central method

k x* yk z* error

1 3.6679294 27236612  -3.7321596  1.7496229
2 3.5053057 2.7051551  -3.6993025  0.1081737
3 3.5025633  2.7001089  -3.7000674  0.0057786-
4 34997217  2.7000871  -3.6999782  0.0018764
5 34997076 ~ 2.7000275  -3.7000024  0.0000870
6 34996746  2.7000286  -3.7000012  0.0000234
7 34996752  2.7000279  -3.7000015 - 0.0000015
8 34996748 27000279  -3.7000015  0.0000003

Estimates values are x= 3.4996748, y= 2.7000279 and z = -3.7000015 after 8

iterations.



The result from 5-point forward method
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k x* yk z* error

1 3.6752399 27157422 -3.7329772  1.6790701
2 35020403 27052111  -3.6990419  0.1204765
3 35025869 27000321  -3.7000975  0.0076450
4 34996791  2.7000893  -3.6999763  0.0020272
5 34997088 27000266  -3.7000029  0.0001207
6 34996741 27000287  -3.7000012  0.0000261
7 34996752 27000279  -3.7000015  0.0000020
8  3.4996748  2.7000280  -3.7000015  0.0000003

Estimates values are x= 3.4996748, y= 2.7000280 and z = -3.7000015 after 8

iterations.

The result from 5-point backward method

k x* yk z* error

1 3.6643886 2.7226880 -3.7388125  2.0062827
2 35019702  2.7054072  -3.6995493  0.1028227
3 3.5027177 2.7000606 -3.7001021  0.0075434
4 3.4996953 2.7000921 -3.6999758  0.0020719
5 3.4997103 2.7000269 -3.7000028  0.0001149
6 3.4996743 2.7000287 -3.7000012 - 0.0000266
7 3.4996752 2.7000279 -3.7000015 .0.0000019
8 3.4996748 2.7000280 -3.7000015  0.0000003

Estimates values are x= 3.4996748, y= 2.7000280 and z = -3.7000015 after &

iterations.



The iterations of table 4.6

The result from 2-point forward method
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k xk yk z* error

1 00279511 05111075  -0.4919927  31.6638770
2 0.4895166  0.0117526  -0.5228896  0.2512178
3 04999937 00212111  -0.5233119  0.3846750
4 04999795  0.0025946  -0.5230713  0.0514546
S 04999997  -0.0001939  -0.5235340  0.0045888
6 05000000  0.0000064 -0.5236036  0.0002087
7 0.5000000  -0.0000003 -0.5235986  0.0000076
8 05000000  0.0000000 ~ -0.5235988  0.0000003

Estimates values are x= 0.5000000, y= 0.0000000 and z = -0.5235988 after 8

iterations.

The result from 2-point backward method

k x* yk z* error

1 00279511 04133290  -04919927  22.7718168
2 04931315  0.2545006  -0.5230245  9.4938667
3 04970513  0.1211233  -0.5177015  3.2147603
4 04993449 ~ 0.0535989  -0.5206774  1.1327200
5 04998702 00173869  -0.5222783  0.3232442
6  0.4999863  0.0034852  -0.5231661  0.0640352
7 04999994  0.0002945  -0.5235117  0.0062990
8  0.5000000  0.0000096  -0.5235914  0.0002912
9 0.5000000  0.0000004  -0.5235985  0.0000110
10 0.5000000  0.0000000  -0.5235988  0.0000004

Estimates values are x= 0.5000000, y= 0.0000000 and z = -0.5235988 after 10

iterations.



The result from 3-point central method
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k x* yk z* error

1 00279511 04666627  -0.4919927  27.4303071
2 04912529  0.1897410  -0.5229508  6.0954076
3 04983604  0.0619545  -0.5191488  1.3753448
4 04998276  0.0119348  -0.5220786  0.2286908
5 04999935  0.0006994  -0.5233014  0.0167359
6  0.5000000  0.0000178  -0.5235813  0.0006144
7 0.5000000  0.0000009  -0.5235983  0.0000232
8  0.5000000  0.0000000  -0.5235988  0.0000008
9  0.5000000  0.0000000  -0.5235988  0.0000000

Estimates values are x= 0.5000000, y=

iterations.

The result from 3-point forward method

0.0000000 and z = -0.5235988 after 9

k x* yk z* erTor

1 00279511 04666627  -0.4919927  27.4303071
2 04912529  0.1897410  -0.5229508  6.0954076
3 04983604 00619545  -0.5191483 13753448
4 04998276 00119348  -0.5220786  0.2286908
S 04999935  0.0006994  -0.5233014 . 0.0167359
6  0.5000000 00000178  -0.5235813  0.0006144
7 0.5000000 0.0000009  -0.5235983  0.0000232
8  0.5000000  0.0000000  -0.5235988  0.0000008
9 0.5000000  0.0000000  -0.5235988  0.0000000

Estimates values are x= 0.5000000, y= 0.0000000 and z = -0.5235988 after 9

iterations.



The result from 3-point backward method

118

k x* yk z* error

1 0.0279511 04666627  -0.4919927  27.4303071
2 04912529  0.1897410  -0.5229508  6.0954076
3 04983604  0.0619545  -0.5191488  1.3753448
4 04998276  0.0119348  -0.5220786  0.2286908
5 04999935  0.0006994  -0.5233014  0.0167359
6  0.5000000 0.0000178  -0.5235813  0.0006144
7 0.5000000  0.0000009  -0.5235983  0.0000232
8  0.5000000  0.0000000  -0.5235988  0.0000008
9  0.5000000  0.0000000  -0.5235988  0.0000000

Estimates values are x= 0.5000000, y= 0.0000000 and z = -0.5235988 after 9

iterations.

The result from 5-point central method

k xk yk z* erTor

1 00279511 04666627  -0.4919927  27.4303071
2 04912529  0.1897410  -0.5229508  6.0954076
3. 04983604  0.0619545  -0.5191488  1.3753448
4 04998276  0.0119348  -0.5220786  0.2286908
S 04999935  0.0006994  -0.5233014 - 0.0167359
6  0.5000000  0.0000178  -0.5235813  0.0006144
7 0.5000000  0.0000009  -0.5235983  0.0000232
8  0.5000000  0.0000000  -0.5235988  0.0000008
9  0.5000000  0.0000000  -0.5235988  0.0000000

Estimates values are x= 0.5000000, y= 0.0000000 and z = -0.5235988 after 9

iterations.



The result from 5-point forward method
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k xk yk z* error

1 0.0279511 0.4666627 -0.4919927  27.4303071
2 0.4912529 0.1897410 -0.5229508  6.0954076
3 0.4983604 0.0619545 -0.5191488 1.3753448
4 0.4998276 0.0119348 -0.52207386  0.2286908
5 0.4999935 0.0006994 -0.5233014  0.0167359
6  0.5000000 00000178  -0.5235813  0.0006144
7 0.5000000 0.0000009 -0.5235983  0.0000232
8 0.5000000 0.0000000 -0.5235988  0.0000008
9 0.5000000 0.0000000 -0.5235988  0.0000000

Estimates values are x= 0.5000000, y= 0.0000000 and z = -0.5235988 after 9

iterations.

The result from 5-point backward method

k xk yk z* error

1 00279511 04666627  -0.4919927  27.4303071
2 04912529  0.1897410  -0.5229508  6.0954076
3 04983604  0.0619545  -0.5191488  1.3753448
4 04998276 00119348  -0.5220786  0.2286908
5 04999935  0.0006994  -0.5233014  0.0167359
6  0.5000000  0.0000178  -0.5235813  0.0006144
7 0.5000000  0.0000009  -0.5235983  0.0000232
8  0.5000000  0.0000000  -0.5235988  0.0000008
9  0.5000000  0.0000000  -0.5235988  0.0000000

Estimates values are x= 0.5000000, y= 0.0000000 and z = -0.5235988 after 9

iterations.



The result from 2-point forward method

The iterations of table 4.7

k xlk x;‘ x‘; xf error
1 0.1663020 1.2054545 -0.1000000  2.7142857 174325670
2 0.1573034 1.0039387 -0.3717565  2.8684910 11.5343599
3 0.1514077 1.1251740 -0.1612421  2.7178353 7.2037926
4 0.1571625 1.0633088 -0.2765817  2.8149392 3.5500960
5 0.1534044 1.0909158 -0.2204713  2.7681547 1.5622926
6 0.1551923 1.0798732 -0.2443202  2.7896877 0.6374561
7 0.1543643 1.0840919 -0.2350655  2.7812067 0.2291249
8 0.1546894 1.0827892 -0.2384562  2.7844672 0.0778509
9 0.1545642 1.0832124 -0.2374785  2.7834631 0.0195995
10 0.1546027 1.0831686 -0.2377766  2.7837895 0.0045367
11 0.1545902 1.0831810 -0.2377713  2.7837558 0.0021473
12 0.1545915 1.0832103 -0.2377712  2.7837654 0.0008137
13 0.1545911 1.0832071 -0.2378018  2.7837879 0.0009356
14 0.1545903 1.0832191 -0.2377982  2.7837854 0.0002921
15 0.1545904 1.0832199 -0.2378094  2.7837947 0.0003134
16 0.1545900 1.0832238 -0.2378103  2.7837954 0.0001441
17 0.1545900 1.0832250 -0.2378138 ~ 2.7837983 0.0001232
18 0.1545899 1.0832263 -0.2378150  2.7837992 0.0000729
19 0.1545898 1.0832270 -0.2378162  2.7838003 0.0000521
20 0.1545898 1.0832276 -0.2378169  2.7838008 0.0000340
21 0.1545898 1.0832279 -0.2378174  2.7838012 0.0000230
22 0.1545898 1.0832281 -0.2378177  2.7838015 0.0000154
23 0.1545898 1.0832283 -0.2378179  2.7838017 0.0000103
24 0.1545897 1.0832284 -0.2378180  2.7838018 0.0000069
25 0.1545897 1.0832285 -0.2378181  2.7838019 0.0000046
26 0.1545897 1.0832285 -0.2378182  2.7838019 0.0000031
27 0.1545897 1.0832285 -0.2378182  2.7838020 0.0000021
28 0.1545897 1.0832286 -0.2378183  2.7838020 0.0000014
29 0.1545897 1.0832286 -0.2378183  2.7838020 0.0000009
30 0.1545897 1.0832286 -0.2378183  2.7838020 0.0000006
31 0.1545897 1.0832286 -0.2378183  2.7838020 0.0000004
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Estimates values are x = 0.1545897,x,= 1.0832286,x3=-0.2378183,x4 = 2.7838020

after 31 iterations.

The result from 2-point backward method

k k k k
k X X, X, X, error

1 0.1663020 1.2054545 -0.1000000  2.7142857 17.4325670
2 0.1573034 1.0039387 -0.3717565  2.8684910 11.5343599
3 0.1514077 1.1251740 -0.1612421  2.7178353 7.2037926
4 0.1571625 1.0633088 -0.2765817  2.8149392 3.5500960
5 0.1534044 1.0909158 -0.2204713  2.7681547 1.5622926
6 0.1551923 1.0798732 -0.2443202  2.7896877 0.6374561
7 0.1543643 1.0840919 -0.2350655 2.7812067 0.229124%
8 0.1546894 1.0827892 -0.2384562  2.7844672 0.0778509
9 0.1545642 1.0832124 -0.2374785  2.7834631 0.0195995
10 0.1546027 1.0831686 -0.2377766  2.7837895 0.0045367
11 0.1545902 1.0831810 -0.2377713  2.7837558 0.0021473
12 0.1545915 1.0832103 -0.2377712  2.7837654 0.0008137
13 0.1545911 1.0832071 -0.2378018  2.7837879 0.0009356
14 0.1545903 1.0832191 -0.2377982  2.7837854 0.0002921
15 0.1545904 1.0832199 -0.2378094  2.7837947 0.0003134
16 0.1545900 1.0832238 -0.2378103  2.7837954 0.0001441
17 0.1545900 1.0832250 -0.2378138 ~ 2.7837983 0.0001232
18 0.1545899 1.0832263 -0.2378150  2.7837992 0.0000729
19 0.1545898 1.0832270 -0.2378162  2.7838003 0.0000521
20 0.1545898 1.0832276 -0.2378169  2.7838008 0.0000340
21 0.1545898 1.0832279 -0.2378174  2.7838012 0.0000230
22 0.1545898 1.0832281 -0.2378177  2.7838015 0.0000154
23 0.1545898 1.0832283 -0.2378179  2.7838017 0.0000103
24 0.1545897 1.0832284 -0.2378180  2.7838018 0.0000069
25 0.1545897 1.0832285 -0.2378181  2.7838019 0.0000046
26 0.1545897 1.0832285 -0.2378182  2.7838019 0.0000031
27 0.1545897 1.0832285 -0.2378182  2.7838020 0.0000021
28 0.1545897 1.0832286 -0.2378183  2.7838020 0.0000014
29 0.1545897 1.0832286 -0.2378183  2.7838020 0.0000009

30 0.1545897 1.0832286 -0.2378183  2.7838020 0.0000006




The result from 2-point backward method (cont.)

3 % k %
k X X, Xq X, error
31 0.1545897 1.0832286 -0.2378183 2.7838020 0.0000004
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Estimates values are x, = 0.1545897,x,= 1.0832286, x3=-0.2378183,x4 =2.7838020

after 31 iterations.

The result from 3-point central method

k xlk b ; x;‘ xf error
1 0.1663020  1.2054545  -0.1000000  2.7142857  17.4325670
2 0.1573034 1.0039387 -0.3717565  2.8684910 11.5343599
3 01514077 11251740  -0.1612421 ~ 2.7178353  7.2037926
4 01571625  1.0633088  -0.2765817  2.8149392  3.5500960
5 0.1534044 1.0909158 -0.2204713  2.7681547 1.5622926
6 0.1551923 1.0798732 -0.2443202  2.7896877 0.6374561
7 0.1543643 1.0840919 -0.2350655  2.7812067 0.2291249
8 0.154689%4 1.0827892 -0.2384562  2.7844672 0.0778509
9 0.1545642 1.0832124 -0.2374785 ~ 2.7834631 0.0195995
10 0.1546027 1.0831686 -0.2377766  2.7837895 0.0045367
11 0.1545902 1.0831810 -0.2377713 ~ 2.7837558 0.0021473
12 0.1545915  1.0832103  -0.2377712  2.7837654  0.0008137
13 0.1545911 1.0832071 -0.2378018  2.7837879 0.0009356
14 0.1545903 1.0832191 -0.2377982  2.7837854 0.0002921
15 0.1545904 1.0832199 -0.2378094  2.7837947 0.0003134
16 0.1545900 1.0832238 -0.2378103  2.7837954 0.0001441
17 0.1545900 1.0832250 -0.2378138  2.7837983 0.0001232
18 0.1545899 1.0832263 -0.2378150  2.7837992 0.0000729
19 0.1545898 1.0832270 -0.2378162  2.7838003 0.0000521
20 0.1545898  1.0832276  -0.2378169  2.7838008  0.0000340
21 0.1545898 1.0832279 -0.2378174  2.7838012 0.0000230
22 0.1545898 1.0832281 -0.2378177  2.7838015 0.0000154
23 0.1545898 1.0832283 -0.2378179  2.7838017 0.0000103
24 0.1545897 1.0832284 -0.2378180  2.7838018 0.0000069
25 0.1545897 1.0832285 -0.2378181  2.7838019 0.0000046




The result from 3-point central method (cont.)

k x 1k x ; x;— x ﬁ error

26 01545897 10832285  -0.2378182 27838019  0.0000031
27 01545897 10832285  -0.2378182  2.7838020  0.0000021
28 01545897 10832286  -0.2378183 27838020  0.0000014
29 0.1545897 10832286  -0.2378183 27838020  0.0000009
30 01545897 10832286  -0.2378183 27838020  0.0000006
31 01545897 10832286  -0.2378183 27838020  0.0000004
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Estimates values are x, = 0.1545897,x,= 1.0832286,x, =-0.2378183,x,= 2.7838020

after 31 iterations.

The result from 3-point forward method

k x ,k x ; x;‘ ¥ f error

1 01663020 12054545  -0.1000000 ~ 2.7142857  17.4325670
2 01573034  1.0039387  -0.3717565  2.8684910  11.5343599
3 01514077 11251740  -0.1612421  2.7178353  7.2037926
4 01571625  1.0633088  -0.2765817 28149392  3.5500960
5 01534044 10909158  -0.2204713  2.7681547 15622926
6 01551923 10798732  -0.2443202 27896877  0.6374561
7 0.1543643  1.0840919  -0.2350655 ~ 2.7812067  0.2291249
8 0.1546894 10827892  -0.2384562  2.7844672  0.0778509
9 0.1545642 10832124 ~ -0.2374785 27834631  0.0195995
10 01546027  1.0831686  -0.2377766 27837895  0.0045367
11 01545902  1.0831810  -0.2377713 27837558  0.0021473
12 0.1545915  1.0832103  -0.2377712 27837654  0.0008137
13 0.1545911 10832071  -0.2378018 27837879  0.0009356
14 01545903 10832191  -0.2377982 27837854  0.0002921
15 01545904  1.0832199  -0.2378094 27837947  0.0003134
16  0.1545900 10832238  -0.2378103 27837954  0.0001441
17 0.1545900  1.0832250  -0.2378138 27837983  0.0001232
18 0.1545899  1.0832263  -0.2378150 27837992  0.0000729
19 01545898 10832270  -0.2378162  2.7838003  0.0000521
20 01545898 10832276  -0.2378169  2.7838008  0.0000340




The result from 3-point forward method (cont.)

k x f x f x _f x f error

21 01545898  1.0832279  -0.2378174 2.7838012  0.0000230
227 0.1545898 1.0832281 -0.2378177  2.7838015 0.0000154
23 0.1545898 1.0832283 -0.2378179  2.7838017 0.0000103
24 0.1545897 1.0832284 -0.2378180  2.7838018 0.0000069
25 0.1545897 1.0832285 -0.2378181  2.7838019 0.0000046
26 0.1545897 1.0832285 -0.2378182  2.7838019 0.0000031
27 0.1545897 1.0832285 -0.2378182  2.7838020 0.0000021
28 0.1545897 1.0832286 -0.2378183  2.7838020 0.0000014
29 0.1545897 1.0832286 -0.2378183  2.7838020 0.0000009
30 0.1545897 1.0832286 -0.2378183  2.7838020 0.0000006
31 0.1545897 1.0832286 -0.2378183  2.7838020 0.0000004
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Estimates values are x = 0.1545897,x,= 1.0832286, x,, =-0.2378133,x = 2.7838020

after 31 iterations.

The result from 3-point backward method

k xf xf X Zlf X f error

1 01663020  1.2054545  -0.1000000 27142857  17.4325670
2 01573034  1.0039387  -0.3717565 2.8684910  11.5343599
3 0.1514077 11251740  -0.1612421  2.7178353 ~ 7.2037926
4 01571625  1.0633088  -0.2765817 28149392  3.5500960
5 0.1534044 10909158  -0.2204713  2.7681547  1.5622926
6 01551923  1.0798732  -0.2443202 27896877  0.6374561
7 0.1543643  1.0840919  -0.2350655  2.7812067  0.2291249
8  0.1546894 10827892  -0.2384562  2.7844672  0.0778509
9 01545642  1.0832124  -0.2374785 27834631  0.0195995
10 0.1546027  1.0831686  -0.2377766 27837895  0.0045367
11 01545902 10831810  -0.2377713  2.7837558  0.0021473
12 0.1545915  1.0832103  -0.2377712 27837654  0.0008137
13 01545911  1.0832071  -0.2378018 27837879  0.0009356
14 0.1545903  1.0832191  -0.2377982 27837854  0.0002921
15 0.1545904  1.0832199  -0.2378094 27837947  0.0003134




The result from 3-point backward method (cont.)

k xf x; Xy Xt error

16 0.1545900 1.0832238 -0.2378103  2.7837954 0.0001441
17 0.1545900 1.0832250 -0.2378138  2.7837983 0.0001232
18 0.1545899 1.0832263 -0.2378150  2.7837992 0.0000729
19 0.1545898 1.0832270 -0.2378162  2.7838003 0.0000521
20 0.1545898 1.0832276 -0.2378169  2.7838008 0.0000340
21 0.1545898 1.0832279 -0.2378174  2.7838012 0.0000230
22 0.1545898 1.0832281 -0.2378177  2.7838015 0.0000154
23 0.1545898 1.0832283 -0.2378179  2.7838017 0.0000103
24 0.1545897 1.0832284 -0.2378180  2.7838018 0.0000069
25 0.1545897 1.0832285 -0.2378181  2.7838019 0.0000046
26 0.1545897 1.0832285 -0.2378182  2.7838019 0.0000031
27 0.1545897 1.0832285 -0.2378182  2.7838020 0.0000021
28 0.1545897 1.0832286 -0.2378183  2.7838020 0.0000014
29 0.1545897 1.0832286 -0.2378183  2.7838020 0.0000009
30 0.1545897 1.0832286 -0.2378183  2.7838020 0.0000006
31 0.1545897 1.0832286 -0.2378183  2.7838020 0.0000004
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Estimates values are x = 0.1545897,x, = 1.0832286,x,=-0.2378183, x , = 2.7838020

after 31 iterations.

The result from 5-point central method

k x) o Xy Xy error

1 01663020 12054545  -0.1000000 2.7177419  17.3801357
2 01571662 10039387  -03717565  2.8531760  11.0491535
3 01519734 11255156  -0.1611049  2.7443633  6.3006268
4 01561177 10618498  -0.2774891 28025492  3.1665845
S 01538739 10938484  -0.2179675  2.7732493  1.6164840
6 01549956 10777933  -0.2477223  2.7885955  0.8052723
7 01544061 10858190  -0.2327889 27811650  0.4008851
8 01546910 10818572  -0.2402251  2.7849756  0.2000438
9 01545447 10838516  -0.2365482  2.7831337  0.0988565
10  0.1546154 10828788  -0.2383963 27840790  0.0495338




The result from 5-point central method (cont.)

k x f X ]:; x ; x f error

11 01545791  1.0833749  -0.2374942 27836276  0.0243230
12 01545964 10831372  -0.2379540  2.7838638  0.0122805
13 01545874 10832613  -0.2377336  2.7837545  0.0059669
14 01545916  1.0832037  -0.2378486  2.7838142  0.0030555
15 01545893 10832351  -0.2377953  2.7837882  0.0014559
16 01545903 10832214  -0.2378243 27838036  0.0007654
17 01545897 10832295  -02378116  2.7837977  0.0003515
18 01545899  1.0832263  -0.2378191  2.7838018  0.0001940
19 01545897  1.0832285  -0.2378162  2.7838005  0.0000831
20 01545808 10832278  -0.2378182  2.7838016  0.0000501
21 01545897 10832284  -0.2378176 ~ 2.7838015  0.0000188
22 01545898 10832283  -0.2378182  2.7838018  0.0000140
23 01545897  1.0832285  -0.2378181 27838018  0.0000042
24 01545897 10832285 ~ -0.2378182  2.7838021  0.0000100
25 01545897 10832285  -0.2378182 27838020  0.0000032
26 0.1545897 10832286  -0.2378183 27838020  0.0000011
27 01545897  1.0832286  -0.2378183  2.7838020  0.0000011
28 01545897 10832286  -0.2378183  2.7838020  0.0000006
29 01545897 10832286  -0.2378183 27838020  0.0000005
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Estimates values are x, = 0.1545897,x,= 1.0832286,x3=-0.2378183,x4= 2.7838020

after 29 iterations.

The result from 5-point forward method

k xf x l:; xf x f error

1 01663020 12054545  -0.1000000  2.7142857  17.4325670
2 01573034 10039387  -0.3717565  2.8684910  11.5343599
3 01514077 11251740  -0.1612421  2.7178353  7.2037926
4 01571625 10633088  -0.2765817 2.8149392  3.5500960
5 01534044 10909158  -0.2204713 27681547  1.5622926
6 01551923 10798732  -0.2443202  2.7896877  0.6374561
7 01543643 10840919  -0.2350655  2.7812067  0.2291249
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The result from 5-point forward method (cont.)
k k K k
k X X, X, X, error

8 0.1546894 1.0827892 -0.2384562  2.7844672 0.0778509

9 0.1545642 1.0832124 -0.2374785  2.7834631 0.0195995
10 0.1546027 1.0831686 -0.2377766  2.7837895 0.0045367
11 0.1545902 1.0831810 -0.2377713  2.7837558 0.0021473
12 0.1545915 1.0832103 -0.2377712  2.7837654 0.0008137
13 0.1545911 1.0832071 -0.2378018  2.7837879 0.0009356
14 0.1545903 1.0832191 -0.2377982  2.7837854 0.0002921
15 0.1545904 1.0832199 -0.2378094  2.7837947 0.0003134
16 0.1545900 1.0832238 -0.2378103  2.7837954 0.0001441
17 0.1545900 1.0832250 -0.2378138  2.7837983 0.0001232
18 0.1545899 1.0832263 -0.2378150  2.7837992 0.0000729
19 0.1545898 1.0832270 -0.2378162  2.7838003 0.0000521
20 0.1545898 1.0832276 -0.2378169  2.7838008 0.0000340
21 0.1545898 1.0832279 -0.2378174  2.7838012 0.0000230
22 0.1545898 1.0832281 -0.2378177  2.7838015 0.0000154
23 0.1545898 1.0832283 -0.2378179  2.7838017 0.0000103
24 0.1545897 1.0832284 -0.2378180  2.7838018 0.0000069
25 0.1545897 1.0832285 -0.2378181  2.7838019 0.0000046
26 0.1545897 1.0832285 -0.2378182  2.7838019 0.0000031
27 0.1545897 1.0832285 -0.2378182  2.7838020 0.0000021
28 0.1545897 1.0832286 -0.2378183  2.7838020 0.0000014
29 0.1545897 1.0832286 -0.2378183  2.7838020 0.0000009
30 0.1545897 1.0832286 -0.2378183  2.7838020 0.0000006

31 0.1545897 1.0832286 -0.2378183  2.7838020 0.0000004

Estimates values are x = 0.1545897,x,= 1.0832286, x, =-0.2378183, x, = 2.7838020

after 31 iterations.



The result from 5-point backward method

P}

k x 1k x I; x ; x i error

1 01663020 12054545  -0.1000000 27142857  17.4325670
2 01573034 10039387  -0.3717565  2.8684910  11.5343599
3 01514077 11251740  -0.1612421 27178353  7.2037926
4 01571625  1.0633088  -02765817 2.8149392  3.5500960
S 01534044 10909158  -0.2204713 27681547  1.5622926
6 01551923 10798732  -0.2443202 27896877  0.6374561
7 01543643 10840919  -0.2350655  2.7812067  0.2291249
§ 01546894 10827892  -0.2384562 27844672  0.0778509
9 01545642 10832124  -0.2374785 27834631  0.0195995
10 01546027 10831686  -0.2377766 27837895  0.0045367
11 01545902 10831810  -0.2377713 ~ 27837558  0.0021473
12 01545915 10832103  -02377712 27837654  0.0008137
13 01545911 10832071  -0.2378018 27837879  0.0009356
14 01545903 10832191 ~ -0.2377982  2.7837854  0.0002921
15 01545904 10832199  -0.2378094 27837947  0.0003134
16 01545900 10832238  -0.2378103 27837954  0.0001441
17 01545900  1.0832250  -0.2378138  2.7837983  0.0001232
18 01545899  1.0832263  -0.2378150  2.7837992  0.0000729
19 01545898  1.0832270  -0.2378162 27838003  0.0000521
20 01545898 10832276  -0.2378169 ~ 2.7838008  0.0000340
21 01545808 10832279  -0.2378174  2.7838012  0.0000230
22 01545898 10832281  -0.2378177 27838015  0.0000154
23 01545898 10832283  -0.2378179 27838017  0.0000103
24 01545897  1.0832284  -0.2378180 27838018  0.0000069
25 01545897 10832285  -0.2378181  2.7838019  0.0000046
26 0.1545897 10832285  -0.2378182 27838019  0.0000031
27 01545897 10832285  -0.2378182 27838020  0.0000021
28 01545897 10832286  -0.2378183  2.7838020  0.0000014
29 01545897 10832286  -0.2378183  2.7838020  0.0000009
30 01545897 10832286  -0.2378183  2.7838020  0.0000006
31 01545897  1.0832286  -0.2378183  2.7838020  0.0000004
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Estimates values are x = 0.1545897,x,= 1.0832286, x, =-0.2378183,x = 2.7838020

after 31 iterations.



The iterations of table 4.8

The result from 2-point forward method

k xk y* z* A* ut error

1 28571429  -2.8571429  17.0000000 -1.4285714  -0.2500000  1.5663265
2 -2.9126050 -2.9126050  17.7142857 -1.2356506  -0.2121212  0.8822032
3 29761819  -2.9761819  17.8252101 -1.2335968  -0.2072449  0.2633983
4 -2.9853154  -2.9853154  17.9523638 -1.2056123  -0.2019238  0.1501037
5 -2.9960305  -2.9960305  17.9706307 -1.2054931  -0.2011817  0.0439747
6 -2.9975492  -2.9975492  17.9920610 -1.2009265  -0.2003181  0.0251041
7 -2.9993384  -2.9993384  17.9950985 -1.2009126  -0.2001963  0.0073312
8 -2.9995914  -2.9995914  17.9986769 ~ -1.2001542  -0.2000529  0.0041864
9 -2.9998897  -2.9998897  17.9991829 -1.2001520  -0.2000327  0.0012219
10 22.9999319  -2.9999319  17.9997795  -1.2000257  -0.2000088  0.0006978
11 -2.9999816  -2.9999816 17.9998638  -1.2000253  -0.2000054 0.0002037
12 -2.9999887  -2.9999887  17.9999632  -1.2000043  -0.2000015  0.0001163
13 -2.9999969  -2.9999969  17.9999773  -1.2000042  -0.2000009  0.0000339
14 -2.9999981  -2.9999981 17.9999939  -1.2000007  -0.2000002  0.0000194
15 -2.9999995  -2.9999995  17.9999962  -1.2000007  -0.2000002  0.0000057
16 29999997  -2.9999997  17.9999990  -1.2000001  -0.2000000  0.0000032
17 -2.9999999  -2.9999999  17.9999994  -1.2000001  -0.2000000  0.0000009
18 -2.9999999  -2.9999999  17.9999998  -1.2000000  -0.2000000  0.0000005
19 -3.0000000  -3.0000000  17.9999999  -1.2000000  -0.2000000  0.0000002
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Estimates values are x=-3.0000000, y=-3.0000000, z =17.9999999, 1=-1.2000000

and u=-0.2000000 after 19 iterations.



The result from 2-point backward method

k xk y* z* A* ut erTor

1 28431373 -2.8431373  17.0000000 -1.4215686  -0.2500000  1.6909842
2 -2.9211009  -2.9211009  17.6862745 -1.2466623  -0.2133891  0.8098139
3 -2.9749340  -2.9749340  17.8422018 -1.2287526  -0.2065176  0.2716384
4 -2.9869537  -2.9869537  17.9498680 -1.2068822  -0.2020256  0.1349791
5 -2.9958505  -2.9958505 17.9739074  -1.2046266  -0.2010492  0.0450382
6  -2.9978284  -2.9978284  17.9917010 -1.2011250  -0.2003325  0.0224989
7 -2.9993092  -2.9993092  17.9956568 -1.2007667  -0.2001739  0.0075000
8 -2.9996381  -2.9996381 17.9986184 -1.2001869  -0.2000553  0.0037499
9 -2.9998849  -2.9998849  17.9992763  -1.2001277  -0.2000290  0.0012498
10 -2.9999397  -2.9999397  17.9997698  -1.2000311  -0.2000092  0.0006250
11 -2.9999808  -2.9999808  17.9998794  -1.2000213  -0.2000048  0.0002083
12 -2.9999899  -2.9999899  17.9999616 -1.2000052  -0.2000015  0.0001042
13 -2.9999968  -2.9999968  17.9999799 = -1.2000035  -0.2000008  0.0000347
14 -2.9999983  -2.9999983 17.9999936 -1.2000009  -0.2000003  0.0000174
15 -2.9999995  -2.9999995  17.9999966  -1.2000006  -0.2000001  0.0000058
16 -2.9999997  -2.9999997  17.9999989  -1.2000001  -0.2000000  0.0000029
17 -2.9999999  -2.9999999 17.9999994  -1.2000001  -0.2000000  0.0000010
18 -3.0000000  -3.0000000  17.9999998  -1.2000000  -0.2000000  0.0000005
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Estimates values are x=-3.0000000, y=-3.0000000, z =17.9999998, 1=-1.2000000

and u=-0.2000000 after 18 iterations.
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The result from 3-point central method

3 k k
k x* y z* A 7 error

1 -2.8500000  -2.8500000  17.0000000  -1.4250000  -0.2500000  1.6300000
2 22.9162281  -2.9162281  17.7000000  -1.2409481  -0.2127660  0.8518660
3 29754851  -2.9754851  17.8324561 -1.2314587  -0.2069341  0.2684719
4 -2.9860240  -2.9860240  17.9509701 -1.2062379  -0.2019806  0.1436270
5 29959278  -2.9959278  17.9720479  -1.2051082  -0.2011244  0.0446730
6 -2.9976703  -2.9976703  17.9918555  -1.2010244  -0.2003263  0.0239847
7 -2.9993217  -2.9993217  17.9953405  -1.2008477  -0.2001866  0.0074435
8 -2.9996117  -2.9996117  17.9986433  -1.2001703  -0.2000543  0.0039987
9 -2.9998870  -2.9998870  17.9992234  -1.2001412  -0.2000311  0.0012405
10 -2.9999353  -2.9999353  17.9997739  -1.2000284  -0.2000090  0.0006665
11 229999812  -2.9999812  17.9998706  -1.2000235  -0.2000052  0.0002068
12 .2.9999892  -2.9999892  17.9999623  -1.2000047  -0.2000015  0.0001111
13 -2.9999969  -2.9999969  17.9999784  -1.2000039 ~ -0.2000009  0.0000345
14 -2.9999982  -2.9999982  17.9999937  -1.2000008  -0.2000003  0.0000185
15 -2.9999995  -2.9999995  17.9999964  -1.2000007  -0.2000001  0.0000057
16 -2.9999997  -2.9999997  17.9999990  -1.2000001  -0.2000000  0.0000031
17 -2.9999999  -2.9999999 17.9999994  -1.2000001  -0.2000000  0.0000010
18 -3.0000000 -3.0000000  17.9999998  -1.2000000  -0.2000000  0.0000005
19 -3.0000000  -3.0000000  17.9999999  -1.2000000  -0.2000000  0.0000002

Estimates values are x=-3.0000000, y=-3.0000000, z =17.9999999, A=-1.2000000
and = -0.2000000 after 19 iterations.
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The result from 3-point forward method

: : : k k
k x* yF z* A u error

1 -2.8500000 -2.8500000  17.0000000 -1.4250000  -0.2500000  1.6300000
2 29162281  -2.9162281  17.7000000  -1.2409481  -0.2127660  0.8518660
3 2.9754851  -2.9754851  17.8324561 -1.2314587  -0.2069341  0.2684719
4 -2.9860240  -2.9860240  17.9509701  -1.2062379  -0.2019806  0.1436270
5 -2.9959278  -2.9959278  17.9720479  -1.2051082  -0.2011244  0.0446730
6 -2.9976703  -2.9976703  17.9918555 -1.2010244  -0.2003263  0.0239847
7 22.9993217  -2.9993217  17.9953405  -1.2008477  -0.2001866  0.0074435
8 29996117  -2.9996117  17.9986433  -1.2001703  -0.2000543  0.0039987
9 -2.9998870  -2.9998870  17.9992234  -1.2001412  -0.2000311  0.0012405
10 2.9999353  -2.9999353  17.9997739  -1.2000284  -0.2000090  0.0006665
11 -2.9999812  -2.9999812  17.9998706  -1.2000235  -0.2000052  0.0002068
12 -2.9999892  -2.9999892  17.9999623 -1.2000047 ~ -0.2000015  0.0001111
13 -2.9999969  -2.9999969  17.9999784  -1.2000039  -0.2000009  0.0000345
14 22.9999982  -2.9999982  17.9999937 = -1.2000008  -0.2000003  0.0000185
15 -2.9999995  -2.9999995 ~ 17.9999964  -1.2000007  -0.2000001  0.0000057
16 -2.9999997  -2.9999997  17.9999990  -1.2000001 -0.2000000  0.0000031
17 -2.9999999  -2.9999999  17.9999994  -1.2000001 ~ -0.2000000  0.0000010
13 -3.0000000  -3.0000000  17.9999998  -1,2000000  -0.2000000 ~ 0.0000005
19 -3.0000000  -3.0000000  17.9999999  -1.2000000  -0.2000000  0.0000002

Estimates values are x=-3.0000000, y=-3.0000000, z =17.9999999, 1=-1.2000000
and p=-0.2000000 after 19 iterations.
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The result from 3-point backward method

. k k
k x* yE z* A 7 error

1 -2.8500000  -2.8500000  17.0000000 -1.4250000  -0.2500000  1.6300000
2 229162281  -2.9162281  17.7000000 -1.2409481  -0.2127660  0.8518660
3 -2.9754851  -2.9754851  17.8324561 -1.2314587  -0.2069341  0.2684719
4 -2.9860240  -2.9860240  17.9509701  -1.2062379  -0.2019806  0.1436270
5 29959278  -2.9959278  17.9720479  -1.2051082  -0.2011244  0.0446730
6 2.9976703  -2.9976703  17.9918555 -1.2010244  -0.2003263  0.0239847
7 -2.9993217  -2.9993217  17.9953405 -1.2008477  -0.2001866  0.0074435
8 -2.9996117  -2.9996117  17.9986433  -1.2001703  -0.2000543  0.0039987
9 -2.9998870  -2.9998870  17.9992234  -1.2001412  -0.2000311  0.0012405
10 -2.9999353  -2.9999353  17.9997739  -1.2000284  -0.2000090  0.0006665
11 -2.9999812  -2.9999812  17.9998706 ~ -1.2000235  -0.2000052  0.0002068
12 -2.9999892  -2.9999892  17.9999623  -1.2000047  -0.2000015  0.0001111
13 -2.9999969  -2.9999969  17.9999784  -1.2000039  -0.2000009  0.0000345
14 -2.9999982  -2.9999982  17.9999937 -1.2000008  -0.2000003  0.0000185
15 -2.9999995  -2.9999995  17.9999964  -1.2000007  -0.2000001  0.0000057
16 -2.9999997  -2.9999997  17.9999990  -1.2000001  -0.2000000  0.0000031
17 -2.9999999  -2.9999999 17.9999994  -1.2000001  -0.2000000  0.0000010
18 -3.0000000  -3.0000000  17.9999998  -1.2000000  -0.2000000  0.0000005

19 -3.0000000  -3.0000000  17.9999999  -1.2000000  -0.2000000 ~ 0.0000002

Estimates values are x=-3.0000000, y=-3.0000000, z =17.9999999, 1=-1.2000000
and = -0.2000000 after 19 iterations.



The result from 5-point central method

k xk y* z* A u* error

1 -2.8500000 -2.8500000  17.0000000 -1.4250000  -0.2500000  1.6300000
2 -2.9162281  -2.9162281 17.7000000 -1.2409481 -0.2127660  0.8518660
3 -2.9754851  -2.9754851 17.8324561 -1.2314587  -0.2069341 0.2684719
4 22.9860240  -2.9860240  17.9509701  -1.2062379  -0.2019806  0.1436270
S 229959278  -2.9959278  17.9720479 -1.2051082 -0.2011244  0.0446730
6 -2.9976703  -2.9976703 17.9918555 -1.2010244  -0.2003263  0.0239847
7 22.9993217  -2.9993217  17.9953405 -1.2008477  -0.2001866  0.0074435
8 229996117  -2.9996117  17.9986433 -1.2001703  -0.2000543  0.0039987
9 -2.9998870  -2.9998870  17.9992234 -1.2001412  -0.2000311  0.0012405
10 .2.9999353  -2.9999353  17.9997739  -1.2000284  -0.2000090  0.0006665
11 -2.9999812  -2.9999812  17.9998706  -1.2000235  -0.2000052  0.0002068
12 229999892  -2.9999892  17.9999623  -1.2000047  -0.2000015  0.0001111
13 -2.9999969  -2.9999969  17.9999784  -1.2000039  -0.2000009  0.0000345
14 -2.9999982  -2.9999982  17.9999937 -1.2000008  -0.2000003  0.0000185
15 -2.9999995  -2.9999995  17.9999964  -1.2000007  -0.2000001  0.0000057
16 -2.9999997  -2.9999997  17.9999990  -1.2000001  -0.2000000 ~ 0.0000031
17 -2.9999999  -2.9999999 17.9999994  -1.2000001  -0.2000000  0.0000010
18 -3.0000000 -3.0000000  17.9999998  -1.2000000  -0.2000000  0.0000005
19 -3.0000000  -3.0000000 17.9999999  -1.2000000  -0.2000000 ~ 0.0000002
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Estimates values are x=-3.0000000, y=-3.0000000, z =17.9999999, A =-1.2000000

and u=-0.2000000 after 19 iterations.
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The result from 5-point forward method

k - k k
k x* y z* A T error

1 -2.8500000  -2.8500000  17.0000000 -1.4250000  -0.2500000  1.6300000
2 -2.9162281  -2.9162281  17.7000000 -1.2409481  -0.2127660  0.8518660
3 -2.9754851  -2.9754851  17.8324561 -1.2314587  -0.2069341  0.2684719
4 -2.9860240  -2.9860240  17.9509701  -1.2062379  -0.2019806  0.1436270
5 -2.9959278  -2.9959278  17.9720479  -1.2051082  -0.2011244  0.0446730
6 -2.9976703  -2.9976703  17.9918555 -1.2010244  -0.2003263  0.0239847
7 -2.9993217  -2.9993217  17.9953405 -1.2008477  -0.2001866  0.0074435
8 -2.9996117  -2.9996117  17.9986433  -1.2001703  -0.2000543  0.0039987
9 -2.9998870  -2.9998870  17.9992234  -1.2001412  -0.2000311  0.0012405
10 -2.9999353  -2.9999353  17.9997739  -1.2000284  -0.2000090  0.0006665
11 -2.9999812  -2.9999812  17.9998706  -1.2000235  -0.2000052  0.0002068
12 -2.9999892  -2.9999892  17.9999623 -1.2000047  -0.2000015  0.0001111
13 -2.9999969  -2.9999969  17.9999784  -1.2000039  -0.2000009  0.0000345
14 2.9999982  -2.9999982  17.9999937 -1.2000008  -0.2000003  0.0000185
15 -2.9999995  -2.9999995  17.9999964  -1.2000007  -0.2000001  0.0000057
16 -2.9999997  -2.9999997  17.9999990  -1.2000001  -0.2000000  0.0000031
17 -2.9999999  -2.9999999 17.9999994  -1.2000001  -0.2000000  0.0000010
18 -3.0000000  -3.0000000  17.9999998  -1.2000000  -0.2000000  0.0000005
19 -3.0000000  -3.0000000  17.9999999  -1.2000000  -0.2000000  0.0000002

Estimates values are x=-3.0000000, y=-3.0000000, z =17.9999999, 1=-1.2000000
and u=-0.2000000 after 19 iterations.



The result from 5-point backward method

k xk yF zF A* uk error

1 -2.8500000 -2.8500000  17.0000000 -1.4250000  -0.2500000  1.6300000
2 29162281 -2.9162281  17.7000000 -1.2409481  -0.2127660  0.8518660
3 29754851 -2.9754851  17.8324561 -1.2314587  -0.2069341  0.2684719
4 20860240 -2.9860240  17.9509701 -1.2062379  -0.2019806  0.1436270
s -2.9950278  -2.9959278  17.9720479 -1.2051082  -0.2011244  0.0446730
6  -2.9976703 -2.9976703  17.9918555 -1.2010244  -0.2003263  0.0239847
7 29993217  -2.9993217  17.9953405 -1.2008477  -0.2001866  0.0074435
8 -2.9996117 -2.9996117  17.9986433 -1.2001703  -0.2000543  0.0039987
9 -2.9998870 -2.9998870  17.9992234  -12001412  -0.2000311  0.0012405
10 -2.9999353  -2.9999353  17.9997739  -1.2000284  -0.2000090  0.0006665
11 -2.9999812  -2.9999812  17.9998706 ~ -1.2000235  -0.2000052  0.0002068
12 -2.9999892  -2.9999892  17.9999623  -1.2000047 ~ -0.2000015  0.0001111
13 -2.9999969  -2.9999969 = 17.9999784  -1.2000039  -0.2000009  0.0000345
14 -29999982 -2.9999982  17.9999937 -1.2000008  -0.2000003  0.0000185
15 -2.9999995  -2.9999995  17.9999964  -1.2000007  -0.2000001  0.0000057
16 -2.9999997 = -2.9999997  17.9999990  -1.2000001  -0.2000000  0.0000031
17 -2.9999999  -2.9999999  17.9999994 -1.2000001  -0.2000000  0.0000010
18 -3.0000000 -3.0000000  17.9999998  -1.2000000  -0.2000000  0.0000005
19 -3.0000000 -3.0000000 ~ 17.9999999  -1.2000000  -0.2000000 ~ 0.0000002
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Estimates values are x=-3.0000000, y=-3.0000000, z =17.9999999, 1=-1.2000000

and u=-0.2000000 after 19 iterations.



The iterations of table 4.9

The result from 2-point forward method

k x f x é x ; x f error

1 219444 6800000 -0.4999977  0.5081200 3.0038800 345680.1790300
2 91458.9873040 0.5085338 1.5081177 5.0038754 84618.9918470
3 120873.2009300 -0.2505153  0.4995862 2.9868124 86548.8703150
4 100519.5117900  0.0509960 1.2586353 4.5049105 24047.7723620
5 110964.4079900 -0.1050970  0.9571240 3.9018879 17527.7815860
6 106766.9790600  0.0112289 1.1132170 4.2140740 7265.0842873
7 110014.7078300 -0.0295433  0.9968911 3.9814222 4694.0363165
8 108908.1683400  0.0030633 1.0376633 4.0629666 1990.2933139
9 109805.0669600  -0.0072804 1.0050567 3.9977533 1204.4385757
10 109522.5229800  0.0011673 1.0154004 4.0184407 512.9625346
11 109754.2138700  -0.0014364  1.0069527 4.0015453 304.2616792
12 109682.9525500  0.0007027 1.0095564 4.0067529 129.6996375
13 109741.5818600  0.0000485 1.0074173 4.0024747 76.5314689

14 109723.6704500  0.0005870 1.0080715 4.0037829 32.6263975

15 109738.4253000  0.0004227 1.0075330 4.0027061 19.2287654

16 109733.9273000  0.0005580 1.0076973 4.0030346 8.1965633

17 109737.6353500  0.0005168 1.0075620 4.0027639 4.8299316

18 109736.5060400  0.0005508 1.0076032 4.0028464 2.0585013

19 109737.4375900  0.0005404 1.0075692 4.0027784 1.2131091

20 109737.1540700  0.0005490 1.0075796 4.0027991 0.5169330

21 109737.3880800  0.0005464  1.0075710 4.0027821 0.3046849

22 109737.3169000  0.0005485 1.0075736 4.0027873 0.1298100

23 109737.3756800  0.0005479 1.0075715 4.0027830 0.0765245

24 109737.3578100  0.0005484 1.0075721 4.0027843 0.0325974

25 109737.3725800  0.0005482 1.0075716 4.0027832 0.0192200

26 109737.3680900  0.0005484 1.0075718 4,0027835 0.0081858

27 109737.3718000  0.0005483 1.0075716 4.0027832 0.0048274

28 109737.3706700  0.0005484 1.0075717 4,0027833 0.0020556

29 109737.3716000  0.0005484 1.0075716 4.0027833 0.0012125

30 109737.3713200  0.0005484  1.0075716 4.0027833 0.0005162

31 109737.3715500  0.0005484 1.0075716 4.0027833 0.0003043
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The result from 2-point forward method (cont.)

k x IL x l; xf x f error

32 109737.3714800 0.0005484  1.0075716  4.0027833  0.0001292
33 109737.3715400 0.0005484  1.0075716  4.0027833  0.0000763
34 109737.3715200 0.0005484 10075716  4.0027833  0.0000327
35 1097373715400 0.0005484  1.0075716  4.0027833  0.0000191
36 1097373715400 0.0005484  1.0075716  4.0027833  0.0000076
37 109737.3715400 0.0005484  1.0075716  4.0027833  0.0000044
38 109737.3715400 0.0005484  1.0075716  4.0027833  0.0000019
39 109737.3715400 0.0005484 10075716  4.0027833  0.0000012
40 1097373715400 0.0005484  1.0075716  4.0027833  0.0000007
41 109737.3715400 0.0005484  1.0075716  4.0027833  0.0000004

Estimates values are x,=

X, = 4.0027833 after 41 iterations.

The result from 2-point backward method

109737.3715400, x

2
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= 0.0005484, x,= 1.0075716,

k x 1k % g x;‘ xf error

1 219444.6800000 -0.4999977  0.5081200  3.0038800  345680.1790300
2 91458.9873030  0.5085338 ~ 1.5081177  5.0038754  84618.9918470
3 120873.2009300 -0.2505153 04995862  2.9868124  86548.8703160
4 1005195117900  0.0509960  1.2586353  4.5049105  24047.7723620
5 1109644079900 -0.1050970  0.9571240  3.9018879  17527.7815860
6 1067669790600 00112289 11132170 42140740  7265.0842871
7 1100147078300 -0.0295433  0.9968911  3.9814222  4694.0363160
8 108908.1683400 0.0030633  1.0376633  4.0629666  1990.2933136
9 1098050669600 -0.0072804  1.0050567  3.9977533  1204.4385756
10 109522.5229800 0.0011673  1.0154004  4.0184407  512.9625344
11 1097542138700 -0.0014364 10069527  4.0015453  304.2616791
12 109682.9525500 0.0007027  1.0095564  4.0067529  129.6996375
13 109741.5818600  0.0000485 1.0074173  4.0024747  76.5314689

14 109723.6704500  0.0005870  1.0080715  4.0037829  32.6263975

15 109738.4253000 00004227 10075330  4.0027061  19.2287654

16  109733.9273000  0.0005580  1.0076973  4.0030346  8.1965632




The result from 2-point backward method (cont.)
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k x 1k x : x;‘ x f error

17 109737.6353500 0.0005168  1.0075620  4.0027639  4.8299316
18 109736.5060400 0.0005508  1.0076032  4.0028464  2.0585013
19 109737.4375900 0.0005404 10075692  4.0027784  1.2131093
20 109737.1540700 0.0005490  1.0075796  4.0027991  0.5169333
21 1097373880800 0.0005464  1.0075710 40027821  0.3046852
22 1097373169000 0.0005485  1.0075736  4.0027873  0.1298101
23 109737.3756800 0.0005479  1.0075715  4.0027830  0.0765243
24 1097373578100 0.0005484  1.0075721  4.0027843  0.0325974
25 109737.3725800 0.0005482  1.0075716  4.0027832  0.0192200
26 109737.3680900 0.0005484  1.0075718  4.0027835  0.0081858
27 1097373718000 0.0005483  1.0075716  4.0027832  0.0048274
28 109737.3706700 00005484  1.0075717  4.0027833  0.0020556
29 1097373716000  0.0005484  1.0075716  4.0027833  0.0012124
30 109737.3713200 0.0005484 ~ 1.0075716  4.0027833  0.0005164
31 1097373715500  0.0005484  1.0075716 40027833  0.0003048
32 109737.3714800 0.0005484  1.0075716 ~ 4.0027833  0.0001298
33 1097373715400 0.0005484 10075716 ~ 4.0027833  0.0000768
34 109737.3715200 00005484  1.0075716  4.0027833  0.0000327
35 109737.3715400 0.0005484  1.0075716  4.0027833  0.0000191
36 109737.3715400 0.0005484  1.0075716  4.0027833  0.0000079
37 1097373715400 0.0005484  1.0075716  4.0027833  0.0000046
38 109737.3715400 00005484  1.0075716  4.0027833  0.0000017
39 109737.3715400  0.0005484 ~ 1.0075716  4.0027833  0.0000010
40  109737.3715400 0.0005484  1.0075716  4.0027833  0.0000005

Estimates values are x = 109737.3715400, x,= 0.0005484, x

xX,= 4.0027833 after 40 iterations.

,= 1.0075716,



The result from 3-point central method

k x 1L x ; x;" x f error

1 219444.6800000 -0.4999977  0.5081200 3.0038800 345680.1790300
2 91458.9873040 0.5085338 1.5081177 5.0038754 84618.9918480
3 120873.2009300 -0.2505153  0.4995862 2.9868124 86548.8703130
4 100519.5117900  0.0509960 1.2586353 4.5049105 24047.7723610
) 110964.4079900 -0.1050970  0.9571240 3.9018879 17527.7815860
6 106766.9790600  0.0112289 1.1132170 4.2140740 7265.0842869
7 110014.7078300 -0.0295433  0.9968911 3.9814222 4694.0363159
8 108908.1683400  0.0030633 1.0376633 4.0629666 1990.2933136
9 109805.0669600 -0.0072804 1.0050567 3.9977533 1204.4385757
10 109522.5229800  0.0011673 1.0154004 4.0184407 512.9625349
11 109754.2138700 -0.0014364 1.0069527 4.0015453 304.2616794
12 109682.9525500  0.0007027 1.0095564 4.0067529 129.6996375
13 109741.5818600  0.0000485 1.0074173 4.0024747 76.5314689

14 109723.6704500  0.0005870 1.0080715 4.0037829 32.6263975

15 109738.4253000  0.0004227 1.0075330 4.0027061 19.2287654

16 109733.9273000 0.0005580  1.0076973 4.0030346 8.1965632

17 109737.6353500  0.0005168 1.0075620 4.0027639 4.8299316

18 109736.5060400  0.0005508 1.0076032 4.0028464 2.0585013

19 109737.4375900  0.0005404 1.0075692 4.0027784 1.2131091

20 109737.1540700  0.0005490 1.0075796 4.0027991 0.5169331

21 109737.3880800  0.0005464 1.0075710 4.0027821 0.3046849

22 109737.3169000  0.0005485 1.0075736 4.0027873 0.1298101

23 109737.3756800  0.0005479 1.0075715 4.0027830 0.0765243

24 109737.3578100  0.0005484 1.0075721 4.0027843 0.0325971

25 109737.3725800  0.0005482 1.0075716 4.0027832 0.0192200

26 109737.3680900  0.0005484 1.0075718 4.0027835 0.0081856

27 109737.3718000  0.0005483 1.0075716 4.0027832 0.0048269

28 109737.3706700  0.0005484 1.0075717 4.0027833 0.0020550

29 109737.3716000  0.0005484  1.0075716 4.0027833 0.0012122

30 109737.3713200  0.0005484 1.0075716 4.0027833 0.0005162

31 109737.3715500  0.0005484 1.0075716 40027833 0.0003046

32 109737.3714800  0.0005484 1.0075716 4.0027833 0.0001298

33 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000768

:.34 109737.3715200  0.0005484 1.0075716 4.0027833 0.0000331
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The result from 3-point central method (cont.)
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k x 1k x ,:; x ; x f error

35 1097373715400 0.0005484  1.0075716  4.0027833  0.0000198
36 109737.3715400 0.0005484  1.0075716  4.0027833  0.0000085
37 109737.3715400 0.0005484  1.0075716  4.0027833  0.0000051
38 109737.3715400 0.0005484  1.0075716  4.0027833  0.0000023
39 109737.3715400 0.0005484  1.0075716  4.0027833  0.0000012
40 109737.3715400 0.0005484  1.0075716  4.0027833  0.0000005

Estimates values are x = 1097373715400, x,= 0.0005484, x.= 1.0075716,
x,=4.0027833 after 40 iterations.
The result from 3-point forward method
k xf xf xf xf error
1 219444.7323200 -0.4999977 0.5081200  3.0038800  345680.2836700
2 91458.9873040  0.5085340  1.5081177  5.0038754  84619.0147910
3 1208732062500 -0.2505153  0.4995860  2.9868119  86548.9091200
4 100519.5102900  0.0509960  1.2586353 4,5049105 24047.7752880
5 110964.4079800 -0.1050970 = 0.9571240  3.9018879  17527.7839980
6  106766.9785800  0.0112289 ~ 1.1132170 42140740  7265.0852167
7 1100147078300 -0.0295433  0.9968911  3.9814222  4694.0370400
8 108908.1682000 ~ 0.0030633 1.0376633 4.0629666 1990.2936001
9  109805.0669500 -0.0072804  1.0050567  3.9977533  1204.4387683
10 109522.5229400  0.0011673  1.0154004  4.0184407  512.9626113
11 109754.2138700 -0.0014365  1.0069527  4.0015453  304.2617283
12 109682.9525400  0.0007027  1.0095565  4.0067529  129.6996569
13 109741.5818600  0.0000485  1.0074173  4.0024747  76.5314812
14 109723.6704500  0.0005870  1.0080715  4.0037829  32.6264025
15 1097384253000  0.0004227  1.0075330  4.0027061  19.2287685
16 109733.9273000  0.0005580  1.0076973 4,0030346 8.1965641
17 109737.6353500  0.0005168  1.0075620 4.0027639 4.8299324
18  109736.5060400  0.0005508  1.0076032  4.0028464  2.0585021
19 109737.4375900  0.0005404  1.0075692 40027784 1.2131096
20 109737.1540700  0.0005490  1.0075796  4.0027991  0.5169330
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The result from 3-point forward method (cont.)

k k k k
k X, X, X3 X, error

21 109737.3880800  0.0005464 1.0075710 4.0027821 0.3046849
22 109737.3169000  0.0005485 1.0075736 4.0027873 0.1298100
23 109737.3756800  0.0005479 1.0075715 4.0027830 0.0765245
24 1097373578100  0.0005484 1.0075721 4.0027843 0.0325971
25 109737.3725800  0.0005482 1.0075716 4.0027832 0.0192200
26 109737.3680900  0.0005484 1.0075718 4.0027835 0.0081858
27 109737.3718000  0.0005483 1.0075716 4.0027832 0.0048274
28 109737.3706700  0.0005434 1.0075717 4.0027833 0.0020554
29 109737.3716000  0.0005484 1.0075716 4.0027833 0.0012124
30 109737.3713200  0.0005484 1.0075716 4.0027833 0.0005164
31 109737.3715500  0.0005484 1.0075716 4.0027833 0.0003046
32 109737.3714800  0.0005484 1.0075716 4,0027833 0.0001298
33 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000768
34 109737.3715200  0.0005484 1.0075716 4.0027833 0.0000327
35 109737.3715400  0.0005484 1.0075716 40027833 0.0000193
36 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000079
37 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000044
38 109737.3715400 0.0005484 1.0075716 4.0027833 0.0000019
39 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000012
40 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000011
41 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000006
42 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000000

Estimates values are x = 109737.3715400, x

X, = 4.0027833 after 42 iterations.

,= 00005484, x,= 1.0075716,



The result from 3-point backward method

k x lk x ﬁ_ x ; x f error

1 219444.6800000 -0.4999977  0.5081200 3.0038800 345680.1790300
2 91458.9873030  0.5085338  1.5081177  5.0038754  84618.9918530
3 120873.2009300 -0.2505153  0.4995862 2.9868124 86548.8703080
4 100519.5117900  0.0509960  1.2586353 4.5049105 24047.7723590
5 110964.4079900 -0.1050970  0.9571240 3.9018879 17527.7815840
6 106766.9790600  0.0112289  1.1132170  4.2140740 7265.0842866
7 110014.7078300 -0.0295433  0.9968911 3.9814222  4694.0363157
8 108908.1683400  0.0030633  1.0376633 4.0629666 1990.2933132
9 109805.0669600  -0.0072804  1.0050567 3.9977533 1204.4385754
10 109522.5229800 0.0011673  1.0154004  4.01384407 512.9625346
11 109754.2138700  -0.0014364  1.0069527  4.0015453 304.2616792
12 109682.9525500  0.0007027  1.0095564  4.0067529 129.6996375
13 109741.5818600  0.0000485 ~ 1.0074173  4.0024747  76.5314689

14 109723.6704500  0.0005870 = 1.0080715 4.0037829 32.6263977

15 109738.4253000  0.0004227 ~ 1.0075330  4.0027061 19.2287654

16 109733.9273000  0.0005580 ~ 1.0076973 4.0030346 8.1965633

17 109737.6353500  0.0005168  1.0075620 4.0027639  4.8299316

18 109736.5060400  0.0005508  1.0076032 ~ 4.0028464  2.0585013

19 109737.4375900  0.0005404  1.0075692  4.0027784 1.2131091

20 109737.1540700  0.0005490  1.0075796  4.0027991 0.5169333

21 109737.3880800  0.0005464  1.0075710  4.0027821 0.3046849

22 109737.3169000  0.0005485  1.0075736 4.0027873 0.1298100

23 109737.3756800  0.0005479  1.0075715 4.0027830 0.0765243

24 109737.3578100  0.0005484  1.0075721 4.0027843 0.0325971

25 109737.3725800  0.0005482  1.0075716  4.0027832 0.0192200

26 109737.3680900  0.0005484  1.0075718 4.0027835 0.0081856

27 109737.3718000  0.0005483  1.0075716  4.0027832  0.0048271

28 109737.3706700  0.0005484  1.0075717 4.0027833 0.0020552

29 1097373716000  0.0005484 10075716  4.0027833  0.0012124

30 109737.3713200  0.0005484  1.0075716  4.0027833 0.0005158

31 109737.3715500  0.0005484  1.0075716  4.0027833 0.0003041

32 109737.3714800  0.0005484  1.0075716  4.0027833  0.0001292

33 1097373715400  0.0005484  1.0075716  4.0027833 0.0000763

34 109737.3715200  0.0005484  1.0075716  4.0027833 0.0000324
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The result from 3-point backward method (cont.)

i k k 3
k X, x, Xy X, error

35 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000193
36 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000079
37 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000044
38 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000019
39 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000012
40 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000004

Estimates values are x = 109737.3715400, x, = 0.0005484, x.= 1.0075716,

3
X, = 4.0027833 after 40 iterations.

The result from S-point central method

k k k k
k X, X, X3 X4 error

1 2194446887200  -0.4999977  0.5081200 3.8353640 341719.9791900
2 95418.3730970 0.5085338  1.5081177 4.8405728 77076.2486340
3 121249.3896700  -0.1960719  0.4995862 3.3416609 72583.5305260
4 103284.3827000  0.0527096  1.2041919 4.2305847 18999.6698060
5 111089.3897900  -0.0701944  0.9554104 3.9478009 12788.0738620
6 107771.4077900 ~ 0.0122975  1.0783144 4.1131298 5436.2766741
7 110050.3898000 -0.0187418  0.9958225 4.0008958 3278.9993313
8 109208.3556600 ~ 0.0033840  1.0268618 4.0353756 1436.8250587
9 109814.3522400  -0.0043941  1.0047360 4.0036392 828.7831862
10 109601.9176500  0.0012520  1.0125141 4.0113566 366.0692016
11 109756.5866300 -0.0006994  1.0068680 4.0031317 208.5149081
12 109703.1696000  0.0007244  1.0088194 4.0049690 92.2843283
13 109742.1855700  0.0002345  1.0073956 4.0028841 52.3999549
14 109728.7665800  0.0005925  1.0078855 4.0033352 23.2007798
15 109738.5787300  0.0004695  1.0075275 4.0028099 13.1644228
16 109735.2085600  0.0005594  1.0076505 40029222 5.8287616
17 109737.6743300  0.0005285  1.0075606 4.0027901 3.3070631
18 109736.8279700  0.0005511  1.0075915 4.0028182 1.4641121
19 109737.4474900  0.0005434  1.0075689 4.0027850 0.8307601
20 109737.2349400  0.0005491  1.0075766 4.0027921 0.3677506




The result from 5-point central method (cont.)
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k Xy X3 X5 X, empr

21 109737.3905900  0.0005471  1.0075709 4.0027837 0.2086925
22 109737.3372100  0.0005485  1.0075729 4.0027855 0.06923692
23 109737.3763200  0.0005481  1.0075715 4.0027834 0.0524252
24 109737.3629100  0.0005484  1.0075719 4.0027838 0.0232007
25 109737.3727400  0.0005483  1.0075716 4.0027833 0.0131694
26 109737.3693700  0.0005484  1.0075717 4.0027834 0.0058277
27 1097373718400  0.0005483  1.0075716 4.0027833 0.0033085
28 109737.3709900  0.0005484  1.0075717 4.0027833 0.0014636
29 109737.3716100  0.0005484  1.0075716 4.0027833 0.0008310
30 109737.3714000  0.0005484  1.0075716 4.0027833 0.0003680
31 109737.3715600  0.0005484  1.0075716 4.0027833 0.0002091
32 109737.3715000  0.0005484  1.0075716 4.0027833 0.0000924
33 109737.3715400  0.0005484 ~ 1.0075716 4.0027833 0.0000523
34 109737.3715300  0.0005484 ~ 1.0075716 4.0027833 0.0000230
35 109737.3715400  0.0005484 ~ 1.0075716 4.0027833 0.0000132
36 109737.3715400  0.0005484 ~ 1.0075716 40027833 0.0000061
37 109737.3715400  0.0005484  1.0075716 4,0027833 0.0000035
38 109737.3715400  0.0005484  1.0075716 4.0027833 0.0000015
39 109737.3715400  0.0005484  1.0075716 4.0027833 0.0000008
40 109737.3715400  0.0005484  1.0075716 4,0027833 0.0000002

Estimates values are X\=

x,, = 4.0027833 after 40 iterations.

1097373715400, x,= 0.0005484, x

3

= 1.0075716,



The result from 5-point forward method

k x f x f x ; x f error

1 219444.5753600 -0.4999977  0.5081200 3.0038800 345679.9697500
2 91458.9873040 0.5085333  1.5081177 5.0038754 84618.9459590
3 120873.1903000 -0.2505153  0.4995867 2.9868134 86548.7926960
4 100519.5147700  0.0509960  1.2586353 4.5049105 24047.7665050
S 110964.4080200 -0.1050970  0.9571240 3.9018879 17527.7767600
6 106766.9800200  0.0112289  1.1132170 4.2140739 7265.0824277
7 110014.7078400  -0.0295433  0.9963911 3.9814222  4694.0348684
8 108908.1686400  0.0030633  1.0376633  4.0629666 1990.2927414
9 109805.0669600 -0.0072804  1.0050567 3.9977533 1204.4381913
10 109522.5230600  0.0011673  1.0154004 4.0184407 512.9623821
11 109754.2138700  -0.0014364  1.0069527 4.0015453 304.2615812
12 109682.9525700  0.0007027  1.0095564 4.0067529 129.6995980
13 109741.5818600  0.0000485 ~ 1.0074173 4.0024747 76.5314441

14 109723.6704600  0.0005870 ~ 1.0080715 4.0037829 32.6263877

15 109738.4253000  0.0004227  1.0075330 4.0027061 19.2287592

16 109733.9273000  0.0005580 ~ 1.0076973 4.0030346  8.1965605

17 109737.6353500  0.0005168 ~ 1.0075620 4.0027639  4.8299300

18 109736.5060400 ~ 0.0005508  1.0076032 ~ 4.0028464  2.0585008

19 109737.4375900  0.0005404  1.0075692  4.0027784 1.2131088

20 109737.1540700  0.0005490  1.0075796  4.0027991 0.5169333

21 109737.3880800  0.0005464  1.0075710 4.0027821 0.3046852

22 109737.3169000  0.0005485  1.0075736 4.0027873 0.1298101

23 109737.3756800  0.0005479  1.0075715 4.0027830 0.0765243

24 109737.3578100  0.0005484  1.0075721 4.0027843 0.0325975

25 109737.3725800  0.0005482  1.0075716  4.0027832  0.0192194

26 109737.3680900  0.0005484  1.0075718 4.0027835 0.0081858

27 109737.3718000  0.0005483  1.0075716 4.0027832 0.0048274

28 109737.3706700  0.0005484  1.0075717 4.0027833 0.0020556

29 109737.3716000  0.0005484  1.0075716 4.0027833 0.0012124

30 109737.3713200  0.0005484  1.0075716 4.0027833 0.0005158

31 109737.3715500  0.0005484  1.0075716 4.0027833 0.0003043

32 109737.3714800  0.0005484  1.0075716 4.0027833 0.0001298

33 109737.3715400  0.0005484  1.0075716 4.0027833 0.0000765

34 1097373715200  0.0005484  1.0075716  4.0027833 0.0000327
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The result from 5-point forward method (cont.)

k x ,k x 5 x’; xf error

35 109737.3715400 0.0005484  1.0075716  4.0027833  0.0000193
36 1097373715400 0.0005484 10075716  4.0027833  0.0000089
37 109737.3715400 0.0005484  1.0075716  4.0027833  0.0000055
38 109737.3715400 0.0005484  1.0075716  4.0027833  0.0000024
39 109737.3715400 0.0005484 10075716  4.0027833  0.0000012
40 109737.3715400 0.0005484  1.0075716  4.0027833  0.0000014
41 1097373715400 0.0005484 10075716  4.0027833  0.0000006
42 109737.3715400 00005484 10075716  4.0027833 0.0000000

Estimates values are x = 109737.3715400, x,= 0.0005484, x,= 1.0075716,
x,=4.0027833 after 42 iterations.
The result from 5-point backward method
k xl" xé’ x‘; x:' error
1 219444.9550400 -0.4999977  0.5081200  3.0038800  345680.7371100
2 91458.9873030  0.5085351  1.5081177  5.0038754  84619.1142010
3 1208732292800 -0.2505153  0.4995849  2.9868098  86549.0773190
4 100519.5038200  0.0509960  1.2586353  4.5049105  24047.7879850
5 110964.4079200 -0.1050971  0.9571240  3.9018879 ~ 17527.7944630
6  106766.9764900  0.0112289  1.1132171  A.2140742  7265.0892492
7 110014.7078000  -0.0295433  0.9968911 ~ 3.9814222  4694.0401792
8  108908.1675600  0.0030633  1.0376633  4.0629667  1990.2948413
9 1098050669500 -0.0072804  1.0050567  3.9977533  1204.4396014
10 109522.5227700  0.0011673  1.0154004  4.0184408  512.9629428
11 109754.2138600 -0.0014365  1.0069527  4.0015453  304.2619408
12 109682.9525000  0.0007027  1.0095565  4.0067529  129.6997411
13 109741.5818600  0.0000485  1.0074173  4.0024747  76.5315347
14 109723.6704400  0.0005870  1.0080715  4.0037829  32.6264239
15 109738.4253000  0.0004227  1.0075330  4.0027061  19.2287820
16  109733.9272900  0.0005580  1.0076973  4.0030346  8.1965698
17 109737.6353500  0.0005168  1.0075620  4.0027639  4.8299358
18 109736.5060400  0.0005508  1.0076032  4.0028464  2.0585025
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The result from 5-point backward method (cont.)

k xlk x;‘ x;‘ xi‘ error

19 109737.4375900  0.0005404 1.0075692 4.0027784 1.215099
20 109737.1540700  0.0005490 1.0075796 4.0027991 0.5169332
21 109737.3880800  0.0005464 1.0075710 40027821 0.3046847
22 109737.3169000  0.0005485 1.0075736 4.0027873 0.1298097
23 109737.3756800  0.0005479 1.0075715 4.0027830 0.0765243
24 109737.3578100  0.0005484  1.0075721  4.0027843  0.0325974
25 109737.3725800  0.0005482 1.0075716 4.0027832 0.0192198
26 109737.3680900  0.0005484 1.0075718 4,0027835 0.0081853
27 109737.3718000  0.0005483 1.0075716 4.0027832 0.0048269
28 109737.3706700  0.0005484 1.0075717 4.0027833 0.0020554
29 109737.3716000  0.0005484 1.0075716 4,0027833 0.0012125
30 109737.3713200  0.0005484 1.0075716 4.0027833 0.0005164
31 109737.3715500  0.0005484 1.0075716 4.0027833 0.0003046
32 109737.3714800  0.0005484 1.0075716 4.0027833 0.0001292
33 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000758
34 109737.3715300  0.0005484 1.0075716 4.0027833 0.0000318
35 109737.3715400  0.0005484  1.0075716 4.0027833 0.0000188
36 109737.3715400  0.0005484 1.0075716 40027833 0.0000076
37 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000046
38 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000024
39 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000014
40 109737.3715400  0.0005484 1.0075716 4,0027833 0.0000011
41 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000006
42 109737.3715400  0.0005484 1.0075716 4.0027833 0.0000004

Estimates values are x = 109737.3715400, x,= 0.0005484, x

X,= 4.0027833 after 42 iterations.

3
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= 1.0075716,
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