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ABSTRACT

The contents of this thesis will be study and improving of the multivariate

secant method for solving the system of nonlinear equations of the form

fx)=0
—xl— —fl(xll‘x2"""xn)—
X, fz(xxrxz:---rxn)
where x=| and fx)=
X FACAENNE N

We study and impose the condition of then + 1 initial vectors and we will state the
new alternatives, which include 2 methods for improving the multivariate secant
method will has a better convergence. We also find some examples and solve their
solution from the multivariate secant method and the new methods, then their the

number of iterations are compared.
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CHAPTER 1

INTRODUCTION

A system of nonlinear equations is a set of nonlinear equations, which may be
algebraic functional, ordinary differential, partial differential etc, in otherwise systems
of nonlinear equations that involve two or more independent variables. Nonlinear
systems are used to described a variety of phenomena i.e. astronomy, in the social and
life sciences as well as the physical, earth sciences and engineering. Many problems of

branches in science and technology are of the form of system of nonlinear equations

fx =0 (L.1)
X fl(-xl,xz,...,xn)
where X = 12 and f(x): fz(xl,x?,...,x,,) .
X, Fu (X, X0,.005%,)

We need to know how to find approximated value of x, that is a root of the
system (1.1), when f is real function. We also say that x is a zero of the system (1.1).

There are two groups of numerical methods for finding the root of the system,
first, the method by using memory, this method has two kinds i.e. a one point and
multipoint iteration function with memory. For a one point iteration function with
memory, the best-known is the secant method. So, we can find new data from old data
are reused. Finally, the method, which does not use memory.

We have many iterative methods for solving the system (1.1) base on Newton
method i.e. the Newton-Raphson Method, the Newton-like method and the Modified
Newton method. With these methods use only one initial vector and have to find the
Jacobian matrix or others kind of matrices of the system (1.1), that may be complicated

for some system which is difficult in finding such matrices.



So, the purpose of this thesis is to study and improve the multivariate secant
method will has a better convergence. Although the multivariate secant method is not
very popular, but it is a good and appropriate method to solve the systems of nonlinear
equations, which are difficult to find the Jacobian matrices .

In this thesis, by leaming the multivariate secant method described by Janina
Jankowska in [10]. We will study and impose more conditions on the n+1 initial
vectors, x© , x® ..., x™  Then we obtain the new alternatives, that are two methods,
the first method is called the modified multivariate secant method, and the second
method is called the mid modified multivariate secant method. So the new methods
will have a better convergence, thus we consider from comparing their the number of
iterations.

Many problems that are above-mentioned, where it is necessary to be solved by
a nonlinear system of equations. We examine some examples, first, let us consider
from astronomy [3], which is the example 4.6 in chapter 4. A binary or double star
system is a pair of stars that are orbiting around each other. If one star is much more
massive than the other, we can say that the smaller star is in orbit around the larger
one, as shown in Figure 1.1. the mean distance between the stars will be denoted by a,
and this distance is measured in AU (astronomical units), where 1 AU is the mean

distance from the earth to our sun. Hence 1 AU is approximately 92,900,000 miles.

Figure 1.1 A double star system.



As seen from the earth, the stars appear very close in the sky, with some
angular separation « that will be measured in seconds of arc. Typical values for some
well-know systems range from a few seconds of arc to a few thousandths of a second
of arc. Let us assume that the stars have masses y;and u, measured in multiples of
the sun’s mass. For example, a star with a mass of 2 solar masses has twice the mass of
our sun. Each binary system has an orbital period T that is the length of time for each
member to complete revolution about the other member. The period T is measured in
earth years. If the star is observed from the earth, its apparent direction changes as the
earth revolves around the sun. The angular difference between positions measured at
six month intervals is called the parallax of the star and is denoted by p. Using the
diameter of the earth’s orbit and simple trigonometry, it is possible to compute the
distance of a star from its parallax. For nearby stars, the parallax can be measured
directly, even though the values are very small factions of second of arc. For the more
distant stars, however , unable values are not obtainable by direct measurement, so
indirect methods are needed.

In the case of binary systems, a method know as the method of dynamical
parallaxes is used. The method rests on the fact that certain theoretical relations exists
between visual magnitudes (apparent brightness as seen from earth) m; and m, of the
component stars in the system, the parallax p, and the individual masses x4y and u, .
These relations provide us with a nonlinear system to solve for the three unknowns
Uy and p after observable values of m;, m,,a and T are given. Detail of these

relationship are supplied in most introductory astronomy texts. They are as follows:

3

3 (24
. S— (1.2)
T (i + 1)
M, =my+5+5logp and M, =m, +5+5logp (13)

0.4(My - M) = 3.5logy; and 0.4(My - M,) = 35logu,.  (14)



The usual textbook procedure for determining p, x4 and u,is to begin by
assuming that the sum of the masses is 2. We substitute that in Equation (1.2) and
solve for p(we know a and T ). We substitute this value of pin Equation (1.3) to
determine M; and M,, the absolute magnitudes of the stars. In Equation (1.4), the
number M, is the absolute magnitude of the sun, which is about 4.8. We use this
value of Myand the values of M; and M, found from Equation (1.3) to compute
and 4, from Equation (1.4). Now we substitute these values in Equation (1.2) to
recompute p. We continuous this iterative procedure until the new value of p agrees
well with the preceding one. In this case, we have five equations and five unknowns.
We can improve on this procedure by substituting the values of the absolute magnitude

M; and M, from Equation (1.4). We obtained the equations

My-my -5 =>5logp+8.75log 1y (1.9

My—-m, -5 =>5logp+8.75log u,. (1.6)

Substituting M, = 4.8 and combining these Equation (1.2), we obtained the system

of three equations

3

p? =
T2y + 1)
—my —0.2= 5log p +8.751og 14 a.7n

-m, —0.2 = Slog p +8.751log u,

to solve for the three unknowns p, yyand y, .



The second example [1], which is example 4.5 in chapter 4, that is the
relationship between the surface area M and the greatest volume V of bucket are

given by the formulas
M = n(sx + sy + x%) (1.8)

V= f’3-(x2 +xy+y)h (1.9)

where x,y,h and s are shown in Figure 1.2.

7]

Figure 1.2 Model of a bucket.

We want to find the bucket which has the greatest volume V™ for the given
surface area M = 7, where the radii of this bucket are denoted by x"and y*, SO we

obtained the radii from the following system

442 _9y3 2,.2 4
Fix.y) - (1= 4x2)(x +2y - 29%) + dxy? (% - 1) + 3y } (110

2x(1 - x2)% + y(1 - 2x% + 4x*) + 6xy% (x® — y%) - 3y°

then we can compute the optimal radii by using iterative methods, those radii which
give the greatest volume under the condition x = y (cylindrical bucket; what is its
volume?). Determine x°, y* and the corresponding volume V" and height h* . What is
the percentage gain compared with the cylindrical bucket? This is useful, which we

obtained from nonlinear systems.



Let us consider the Largrange mutiplier method [S] to the problem of
maximizing a function f(x,y,z) subject to one constraint of the g(x,y,z) =0, i.e.
the third example, which is the problem 4.8 in chapter 4, we want to find the maximum

value of rectangular box inscribed in the ellipsoid

2 2 2
x—+17+% =1 (1.11)
a b c

with its face parallel to the coordinate planes. From (1.11), we see that it is a nonlinear

equation subject to the constraint

2 2 2
g(x,y,z)=x—2+y—2+z—2—1 = 0. (1.12)

a

S
9}

Let (x, y, z) be the vertex of the box that lies in the first octant (where x,y and z are
all positive). We want to maximize the volume V(x,y,z) = 8xyz subject to (1.12),
then from Theorem for the method of Lagrange multipliers [5], we obtained the

system of four nonlinear equations, for four unknowns A ,x, yand z

2 2 2

xt ¥yt oz
LD S S T (113
a> b2 )
8yz- 22X = 0 (1.14)

a
sxz- 22 = 0 (115)

b

2
8xy—c—/l'z = 0 (1.16)

then we can compute four unknowns by iterative methods.



In order to find the solutions of three problems and other problems, we need to
solve the systems of nonlinear equations and their numerical solution that will be show

in chapter 4.



CHAPTER 2

LITERATURE REVIEWS

We shall review in this chapter about definitions, lemma, theorem and
corollary, that are support this thesis. We shall consider the problem of solving a

system of nonlinear equations

fx)=0 (2.1)

for f:D; cC" - C" , where C"denotes n - dimensional complex vector space
and D is an open and convex subset in C " . The system (2.1) could be solved by
iteration, of course in this thesis solved by multivariate secant method. So that we
construct a sequence {Zi}?:o of complex vectors which converges under certain

assumption to a zero @ € Dy of the function f .

Definition 2.1 Let z4,z4_1,...,24_,; be sufficiently close approximations to simple

zero «, the standard information 3 defined by

Bzai f) = Bza:24-10--12d-m3 f)
={fk(2j)1j=d,d—l,...,d—m ;k=01,...,s } ,

where f* denotesthe k™ Frechet derivative of f .

The evaluation cost of f k(xj) in general increases quickly with k, (for
n > 2). Therefore the most common iterations use the standard information with small
s, usually s =0 or s =1. For instance the Newton method uses f(z,), f'(z4) in
every iterative step, which show that s =1 and m = 0. The multivariate secant

method uses f(zy) , f(zg-1) »-.-, f(z4_,) perstep,thatare s=0 and m=n.



In this thesis we restrict ourselves to s = 0 which means, that § contains only

the values of function, i.e.

By f) ={f(z;):j=d,d~1,...,d-m}.

One can prove that the convergence of stationary iterative methods using this
information is at most linear and does not depend on the number m of forming point

(see [15]). To get better convergence we have to assume suitable positions of the
forming points z,, d =0,1,...,m. We shall show that for the multivariate secant
method z; —24_y5--.,24_n41 — Z4-, Must be sufficiently linearly independent. It leads
us to the definition of a set of admissible approximations x for the multivariate secant

method (see [16]).

Definition 2.2 A set of admissible approximations x is defined as

K(c,5)={ (20 215-+224):

4~ 2o Zp = 2yt ;
det . >dz. ~z ’
lel “ 2] fen - z,.-ln} b = 2ol }

where ||-| denotes an Euclidean norm of vectors.

In this thesis we assume that f in the problem (2.1) satisfies the following

conditions

) there exists a simple zero a = a(f) € D;

ie. fla)=0 , M=M()

1l

|r@i | ¢+, 22)
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(i)  The Frechet derivative f' of f is Lipschitz function on Dy witha

constant L = L(f),i.e.

| x)-rO), < Ljx-y| forx,yeD,,

where || denotes the Buclidean norm of vectors and |- |, the spectral norm of
matrices. We shall briefly say that f has property (2.2) and we shall use Dy, M, L in

the above meaning.

We solve the system (2.1) by one step of the multivariate secant method, is

defined as follows. Let

0 By )={f(x;):j=d,d-1,..,d-n},

xl _xo x" - X

(ii) = (X, Xp,.en, X,) : det yeers "’1}¢0 ,
v { 0 e{nxl—xon P — %] }

(i)  (x4,X4_15---»X4_n) € K be approximations of «,
(iv) W be interpolatory polynomial of f of at most first degree, such that

W(xg_r) = f(x4-) for k=0,1,2,...,n, and let ¢z, denote the

multivariate secant method.

The next approximation of a in ¢4 , is the unique zero of the polynomial W, which

is defined as

W(x) = f(xg)+ F; X7 (x - x4),
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where
Xy = [Xaons1 = XdaonreeerXa = X}
Fy =[fann = facnr-osfa = faa),
and fe = fx) Vk
Hence

0px(xas f) = Xg = XaF7' f(xg) 2.3)

provided F, isa nonsingular matrix.
Let us consider two lemmas, which are necessary for prove the first theorem of
the multivariate secant method. In lemma 2.1 we estimate the Schur norm of the
matrix A~Y in terms of the norm of the column of A . The Schur norm of matrices is

denoted by |- |

Lemma 2.1 Let A be a nonsingular complex matrix 7 x n and let

AV =[by, by, b, I IE
@  |deta|=d[]|a] .0 ,
j=1

) O(ay, < "aj“ <a.. »Jj=12,...,n,

then



@) a,:ax s||bj||sd;/—:n Jj=12,....n,

(i)

Let X=[x1—xo,xz—xl,...,x,,—x,,_l],

F = [fl _vafZ _flv-"afn _fn—l]-

If xg, Xq,..., X, are sufficiently good approximation of « then the matrix J = XF -1

is the approximation of [f’(a)]™". We shall next denote

. X1~ Xp X3 —X Xn ~— Xn-1
d(xg, X1,-..,X,) = det ooy .
R [lel = xo| ey — x| —xn_lll}

Lemma 2.2

Let
() f hasproperty (2.2)
@) Xouxyertn €Dyt xo — @22 | 1, — ]
(i) X =[x =Xy Xy = Xnq],
F=[fi~ for fo = fireeor fu = fuaa,

where f, = f(xz), k=0,1,...,n,

12



Gv) d=d(xg,Xp,..., %) >0, (d <),

W) M-L-n-Jnlx, -a|fd <1.
Then

® F is nonsingular,

(i) F=f(a)-(I+B) X, where [|B[|S_A£__L7”__‘/_’7_"

xo —a <1,

@ P X -0- F@f, whes ] <

W | -lr@r] slcl-|lir@r

Theorem 2.3

Let
(@) f has property (2.2)
(i) X0, X),...,%, € Dy, where |xo —of 2|x -] >...2|x, -] ,
(i)  d=d(xg, X1,-..,X) >0, (d <L),

(v) M-L-n-njx-alfd<1.

13
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Then

%M-L-n-«/;"xo—a"
M-L-n-Jn
d

0.1 (5 ) -] < x, - al.

aa- I5n -

The assumptions of theorem 2.3 mean that xg, Xx;,...,Xx, are close enough to a and
moreover the vectors x; — Xg,..., X, — X,_; are sufficiently linearly independent (see

Ortega [12], Bamnes [2]),sothat d> M-L-n- «/;"xo —al.

Corollary 2.4

Let
6)) f has property (2.2)
() Yo, ¥1»+-+» Ynoy ate fixed points of D, such that
[yo —al 2|y -a] .. 2 |yn1 -~ ],
ML nfaly, —a] <7 <1,
Ad(YgsYis-eorsYn-1,Q) > % for some s € (n,1),
(i) S={xeD;:dYo, Y Yn-1,X) 2 %}

(iv) g6 f) = (XY, 152 Y0 BG Yp150-, Y0, F))

where an operator ¢ is defined as in (2.3)

and f(% Yyo1s-es Y03 f) = B(x; ) = {f(X)},



then
®  lmpsxf)=a, xS,
xX—=>a
. 3/2
(i) ||¢ﬂ_s(x; f)- a” < 1/__—::”x —af forxeS.
Corollary 2.5
Let

® S has property (2.2)

(i) T(x)={(¥0sY1s-++rYn-1):¥; € D;,i=0,],...,n~1,

bo-al 2l el 2...2 s -a

M.L-n.\/;”yo—a" <7

<1},
d()’o,)’xv--,)’n—l,x)

(i) xr = U({x}xT(x)),

.TED/'

Ppur (G ) = @ (X, 5,1 (X),..0,Y0(X); f)

where y;(x),i =0,1,...,n—1 are some functions of x such that

(Yo (X),ee0s¥u1(x))€ T(x) Vx e Dy.
If |x ~ @] < || yo(x) - a| Vx e Dy then

O lim g () =a,

15
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3/ 2 z'(x)

@ Jop (s N-a] < T Tle-al, vxeD;

M-L-n-ﬁ“yo(x)—a"
d(yO(x)v“’yn—l (X),X) .

where 7(x) =

Theorem 2.6
Let

® f has property (2.2),
(i) J={x:||x—a]|sf}ch,

Gii)  {x; }2, < J is of ¢” orderin x (¢,1-¢) ,c=0,

(iv) Hi Z;—MLH—%_E , Where d '"d(xn Xi- n)

i
Then for at will small ¢ ) 0

() limsupp;|x_, —a] =0

i>=

(i) ,ll,nl Poxiei-a)Xis f) = 5 Oper-a(Xis f) €T for iz,

(iii) H P oriel-e) (x,-;f)—a” S Bl xi,—al||x-a| forizi,.



CHAPTER 3

MULTIVARIATE SECANT METHOD FOR SOLVING
SYSTEMS OF NONLINEAR EQUATIONS

In this part, we shall introduce multivariate secant method for solving a system
of nonlinear equations.

Let us consider the system of nonlinear equations is of the form

f(x)=0 (3.1)

for f:D; c R" — R" is a vector function from the open subset and convex of the
real Euclidean space R" to R". We solve the system (3.1) by iteration, that is, we
construct a sequence {z,- }:-”:0 of real vectors which converges under certain
assumptions to a zero & € D on the function f .

Given a set of n+1 initial vectors, x@,x® x® ... x™  the multivariate

secant method for solving the system (3.1) is defined by
x(k+n+l) = x(k+n) _ X(k+n)(F(k+n))‘1f(k+n) k= 0’1’2’.“ (32)
where
f(m) = f(xm)’
df) = ) _ p0)
A = xU+) —x(j),

x® = [aclm-m), axmD] s,

Fm = grmn  grmd]  map
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X™ and F™ are nxn nonsingular matrices for all m > n, having as column

vectors dx® and df ? respectively. We can write X**™ and F**™ are in form

xl(k+1) _ xl(k) xl(k+2) _xl(k+1) x1(k+n) _ xl(k+n—l)
(k+1) (3] (k+2) (k+1) (k+n) (k+n-1)
X - X X - X e X - X
X(k+n) — 2 2 2 2 2 2 , (33)
XD x® X+ XD L x’(1k+n) — xUetn=D
[ pCk+1 k k+2 k+1 k+ k+n-1
fl(+)__fl() fl( )'"fl( )y ... fl( n)_fl( n )1
f(k+1) ek p(k+2) _ f(k+1) ... fle+n) _ p(k+n-1)
F(k+n) |72 2 2 ] 2 2 2 : (3.4)

k+1 k k+2 k+1 k k+n-1
L,,(+)_fn() fn(+)—'fn(+) ... fn(+n)_fn(+n )—

where k=0,1,2,...

Hence, the equation (3.2) could be written in form

xl(k+n+l) xl(k+") xl(k+l) _ xl(k) xl(k+2) _ xl(k+l) . xl(k+n) _ xl(k+n—1) 7]
xé"’”'“) x§k+") x§k+l) _ xgk) x§k+2) _ x§k+l) x§k+n) _ x§k+n—1)
= - °
(k+n+1) (k+n) (k+1) k) (k+2) (k+1) (k+n) (k+n-1)
Xn 1 [ %n 1 % = X Xn — Xy Xy - Xy N

[ p(k+1) k k+2 k+1 k k+n-1 ™ p(k+n) ]
fl( + _fl( ) fl( +2) _fl( +1) fl( +n) _fl( +n-1) fl( +n)
(k+1) (k) (k+2) _ (k+1) . (k+n) (k+n-1) (k+n)
2 —J2 2 2 ° 2 "fz . 2
k+1 k k+2 k+1 k k+n~1 k
h.fn(+)_.fn() _fn(+)_fn(+) e fn( +n)_fn( +n=-1) | _fn( +n)-

where kK =0,1,2,...

In this thesis, we will modify the multivariate secant method by study the strict

condition for the next iteration.
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3.1 Definitions

Definition 3.1 The value [f(x)] of a vector function

Fx) = (%), f2(%),..., £, (X))

is defined by the formula

Fol= A+ (0 +...+ f,(x).

Definition 3.2 The set of n + 1vectors, {x(i), x@D } issaidto bea

mixture if [f (x(i))], [f(x(i+1))] -~ [f (x(”"))] have both nonnegative and negative

values.
Definition 3.3 The ordered set of n + 1vectors,
{x(i),x(i+l), x(i+2)’ o x(i+n)},

is said to be well-ordered provide that

[ = a0 2. 2] s

Definitions 3.4 The ordered set of n +1 vector is said to be primary if it is both

mixture and well - ordered.

3.2 Algorithms
In this part we shall show algorithms for solving the systems of nonlinear

equations, which include the following three algorithms and we use absolute error is

£=10"".
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3.2.1 Algorithm of Multivariate Secant Method
Step 1 Using formula (3.2) to find x"*.
fn +1

Step 3 Delete x°, then set x* = x**'and go to step 1.

Step 2 If |

l <é&, go to step 4, else go to step 3.

Step 4 Stop, the approximated solution of the system (3.1) is x”" *

3.2.2 Algorithm of Modified Multivariate Secant Method

2 ...,x"}, of the initial

For any given £>0 and the primary set, 4 = {xo, xtx
n+1 vectors. We will modify the multivariate secant method described by Janina
Jankowska in [10] by doing the iterations by the following steps.

Step 1 Compute || f(x)|, then arrange initial vectors along the norm of

functions.

Step 2 Using formula (3.2) to find x"*!. If ’

f"“” <g, go to step 5, else go

to step3.

Step 3 Set A = {x°, x', x2,...,x", x"*1}. Choose the first i for which the set
A =00 xh g ™Y i=01,2,...,n, P means that X' is
deleted, is a mixture. There must be at least one value of #,i € {0,1,2,...,n}, for which
A; is a mixture since the initial set A is primary. Then go to step 4.

Step 4 Rearrange A4; to obtain the set A; , which is primary. Set 4 = A; and go
to step 1.

n+l

Step 5 Stop, the approximated solution of the system (3.1) is x

3.2.3 Algorithm of Mid Modified Multivariate Secant Method

2 ...,x"}, of the initial

For any given £ > 0 and the primary set, 4 = {xo, x!, x
n +1 vectors.
Stepl Compute | f(x)|, then arrange initial vectors along the norm of

functions.
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Step 2 Using formula (3.2) to find x"*!. If |

i " <€, go to step 4, else go

to step 3.
Step 3 Delete x°, then set x' = x**'and go to step 2.

Step 4 Stop, the approximated solution of the system (3.1) is x"*!.



CHAPTER 4

SOME EXAMPLES AND APPLICATION PROBLEMS OF
SYSTEMS OF NONLINEAR EQUATIONS

In this chapter, we shall solve the systems of nonlinear equations by using the
multivariate secant method, the modified multivariate secant method and the mid
modified multivariate secant method. The examples and the results of method are

compared.
Example 4.1 Find a solution of system [4]

0.5 sin(xy) - 22 _0.5x=0
/A

“4.1)
0.25

(1-22)e? )+ D —2ex =0
T w

We choose following initial vectors

N e L)

Repeat the method until “ F(x™h

I < 1077. We obtain the results from the

multivariate secant method, the modified multivariate secant method and the mid

modified multivariate secant method in the table 4.1.



Table 4.1 Give the results with initial vectors of example 4.1.
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Number of iterations (k)
Initial vectors | Multivariate Modified Mid modified
(x°,y°) |secantmethod | multivariate Multivariate Solutions
secant method secant
Method
X = 0.2994487
A 21 16 8
y = 2.8369278
x = 0.2994487
B 30 16 30
y = 2.8369278
Xx = 0.2994487
C 17 12 9
y = 2.8369278

Estimate values are x = 0.2994487 and y = 2.8369278. Let us consider the

most initial vectors, we see that the mid modified multivariate secant method has the

number of iteration less than the modified multivariate secant method and the

multivariate secant method, respectively. Showing the iterations of table 4.1 in

appendix.

Example 4.2 Find the solution of the system [9]

0.5cosx+0.35cos(x+y)—-0.2 =

We choose following initial vectors

0.5sin x + 0.35sin(x + y) — 0.4

4.2)




a{E

Repeat the method until“ f(x™1)

I}

1.5

0.25]’ [—ol]m}
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< 1077. We obtain the results from the

multivariate secant method, the modified multivariate secant method and the mid

modified multivariate secant method in the table 4.2.

Table 4.2 Give the results with initial points of example 4.2.

Number of iterations (k)
Initial vectors | Multivariate Modified Mid modified
(x°, y° ) secant method multivariate Multivariate Solutions
secant method secant
method
X = 0.3580637
A 12 8 8
y = 2.0861667
X = 1.8562337
B 12 10 9
y = -2.0861667
X =1.8562337
C diverge 10 9
y =-2.0861667

We obtain two results are different, that are x = 0.3580637, y = 2.0861667

and x=1.8562337, y = -2.0861667 . Let us consider the most initial vectors, we see

that the mid modified multivariate secant method has the number of iteration less than

or equal to the modified multivariate secant method and less than the multivariate

secant method, respectively. Showing the iterations of table 4.2 in appendix.
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Example 4.3 Find the solution of the system [4]

x-50 x-y
+ = 0
Je=50 k-]
y-X Y2 = 0 4.3)
Jy-4 -1

0.9v2(z-50) 0.9v2z 3.2(z-y)

+ + = 0
Je=500 ] yle-)]

We choose following initial vectors

311371715 31137[51[7
a=4202L 218, 8=14201212}]1 [},
1]14]|3]4 1]]4]]4]]3
11721711[s AIRIIE
c={8}|4]|2}|4|  andD=13]4||8}[2)]4
5116/16]1 6l1s]|6]]1

Repeat the method until“ fx™)

l < 1077. We obtain the results from the
multivariate secant method, the modified multivariate secant method and the mid

modified multivariate secant method in the table 4.3.
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Table 4.3 Give the results with initial points of example 4.3.

Number of iterations (k)
Initial vectors | Multivariate Modified Mid modified
(x°,¥°,z°%) |secant method multivariate Multivariate Solutions

secant method secant

method
X = 45.8978764
A 87 16 27 y = 43.8468146
Z =41.7957528
X = 45.8978764
B 27 16 27 y = 43.8468146
Z =41.7957528
X = 45.8978764
C 23 15 22 y = 43.8468146
Z =41.7957528
X = 45.8978764
D 35 12 15 y = 43.8468146
Z =41.7957528

Estimate values are x = 45.8978764, y = 43.8468146 and z = 41.7957528.
Let us consider all initial vectors, we see that the modified multivariate secant method
has the number of iteration less than the mid modified multivariate secant method and

the multivariate secant method. Showing the iterations of table 4.3 in appendix.



Example 4.4 Find the solution of the system

2logx+e’ -2z +1

Xy—siny+z-2

logxcosy-z+1

We choose following initial vectors

117 177271 1
A= 1|-1l1}|0]},B=4-1.1
1Ll 21 2(]1 3
171371

andC=1 (15|24,

1]{1]]3

Repeat the method until"f(x"'“)

27

=0

=0 4.9
=0

1M 15772573

s —.l ) 1 ) 2

JLojl o]]|3

[2

1

_1

I < 1077. We obtain the results from the

multivariate secant method, the modified multivariate secant method and the mid

modified multivariate secant method in the table 4.4.



Table 4.4 Give the results with initial points of example 4.4.

28

Number of iterations (k)
Initial vectors | Multivariate Modified Mid modified
(x°,y°, 2% | secant method multivariate Multivariate Solutions

secant method secant

method
X =2.7182818
A 13 12 22 y =0.0000000
z =2.0000000
X =2.7182819
B 20 13 13 y =0.0000000
2 =2.0000000
X =2.7182818
C 21 16 16 y = 0.0000000
Z =2.0000000

Estimate values are x = 2.718282818 , y = 0.0000000 and z = 2.0000000.

Let us consider the most initial vectors, we see that the modified multivariate secant

method and the mid modified multivariate secant method have the same number of

iteration and they have the number of iteration less than the multivariate secant

method. Showing the iterations of table 4.4 in appendix.
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Example 4.5 The greatest volume of bucket. [1]
In this example is relationship between the surface area M and the volume V

of bucket are given by the formulas
M = n(sx+sy+ x2) 4.5)

V= %(x2 +xy+yH)h (4.6)

where x, y,h and s are shown in Figure 4.1.

0

Figure 4.1 Model of a bucket.

We want to find the bucket which has the greatest volume V* for the given
surface area M = x, where the radii of this bucket are denoted by x and y* , SO We
obtained the radii from the following system

2 3 2,2 4
F(x,y):[ (1= 4x2)(x + 2y - 2y%) + 4xy? (x? = 1) + 32y } “

2x(1 - x2)? + y(1 - 2x% + 4x*) + 6xy2(x? — y?) - 3y°

then we can compute the optimal radii by using iterative methods, those radii which
give the greatest volume under the condition x = y (cylindrical bucket; what is its
volume?). Determine x*,y* and the corresponding volume V* and height h*. So we

choose following initial vectors



S i

Repeat the method until ll f(x™)

0.05 1.0
,B=
1.50}} {[ 3.0

Haova)=

| < 1077 . We obtain the results in the table 4.5.

Table 4.5 Give the results with initial vectors of example 4.5 .

-3}
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ool 20)f

Number of iterations (k)
Multivariate Modified Mid modified
Initial vectors | secant method multivariate Multivariate Solutions
(x°, y%) secant method secant
Method
x = 0.4033783
A 10 8 8
y = 0.7353084
X = 0.4033783
B 13 13 13
y = 0.7353084
= 0.4033783
C 16 14 14
y = 0.7353084

Estimate values are x =0.4033783 andy =0.7353084. Let us consider all

initial vectors, we see that the modified multivariate secant method and the mid

modified multivariate secant method have the same number of iteration and they have

the number of iteration less than the multivariate secant method. Showing the

iterations of table 4.5 in appendix.

Hence the bucket which has the greatest volume V*, where the radii of this

bucket are x"=0.4033783 and y* = 0.7353084 for the given surface area M = . So

from equation (4.5) we obtain equation sx + sy + x> =1, substituting x*=0.4033783

and y*= 0.7353084, then compute s from this equation, we obtain s =0.7353084 .
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From Pythagorean proposition, h® is computed and h* = 0.6561256. Thus the bucket

which has the greatest volume V' = %:—(Jc2 +xy + y*)h = 0.6871 unit cubic.

Let us consider the greatest volume of the bucket under the additional

condition x = y (cylindrical bucket). Since surface area equal to z, so we have

2 1—)‘2
ar® +2nmrh=n, then h=

P Thus the formula for finding the volume is
r

_ (- r?)

14 and from Ordinary Differential Equation, we have r = L for the

V3

greatest volume, hence the greatest volume of the bucket under addition x=1y is

V = zr2h = 0.6046 unit cubic.

Example 4.6 The problem of a double star system. [3]

A binary or double star system is a pair of stars that are orbiting around each
other. If one star is much more massive than the other, we can say that the smaller star
is in orbit around the larger one, as shown in Figure 4.2. The mean distance between
the stars will be denoted by a, and this distance is measured in AU (astronomical
units), where 1 AU is the mean distance from the earth to our sun. Hence 1 AU is

approximately 92,900,000 miles.

Figure 4.2 A double star system.

As seen from the earth, the stars appear very close in the sky, with some
angular separation a that will be measured in seconds of arc. Typical values for some

well-know systems range from a few seconds of arc to a few thousandths of a second
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of arc. Let us assume that the stars have masses y; and u, measured in multiples of
the sun’s mass. For example, a star with a mass of 2 solar masses has twice the mass of
our sun. Each binary system has an orbital period T that is the length of time for each
member to complete revolution about the other member. The period T is measured in
earth years. If the star is observed from the earth, its apparent direction changes as the
earth revolves around the sun. The angular difference between positions measured at
six month intervals is called the parallax of the star and is denoted by p. Using the
diameter of the earth’s orbit and simple trigonometry, it is possible to compute the
distance of a star from its parallax. For nearby stars, the parallax can be measured
directly, even though the values are very small factions of second of arc. For the more
distant stars, however , unable values are not obtainable by direct measurement, so
indirect methods are needed.

In the case of binary systems, a method know as the method of dynamical
parallaxes is used. The method rests on the fact that certain theoretical relations exists
between visual magnitudes (apparent brightness as seen from earth) 7, and m, of the
component stars in the system, the parallax p, and the individual masses y; and x, .
These relations provide us with a nonlinear system to solve for the three unknowns
U, and pafter observable values of m;, m,,a and T are given. Detail of these

relationship are supplied in most introductory astronomy texts. They are as follows:

3
a
p3=——2-——-——-— (4.8)
T%(y + 12)
M;=m;+5+5logp and My =m, +5+5logp 4.9

0.4(My — M;) = 3.5log sy and 0.4(Mg—M,) = 35logu,.  (4.10)

The usual textbook procedure for determining p, 4; and y,is to begin by

assuming that the sum of the masses is 2. We substitute that in Equation (4.8) and
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solve for p(we know & and T ). We substitute this value of pin Equation 4.9 to
determine M; and M,, the absolute magnitudes of the stars. In Equation (4.10), the
number M, is the absolute magnitude of the sun, which is about 4.8. We use this
value of Mand the values of M; and M, found from Equation (4.9) to compute 4
and y, from Equation (4.10). Now we substitute these values in Equation (4.8) to
recompute p . We continuous this iterative procedure until the new value of p agrees
well with the preceding one. In this case, we have five equations and five unknowns.
We can improve on this procedure by substituting the values of the absolute magnitude

M, and M, from Equation (4.10). We obtained the equations

My-my -5 = 5log p +8.75log 1 4.11D)

Mg —-my—-5=5logp+8.75logu,. (4.12)

Substituting M =4.8 and combining these Equation (4.8), we obtained the system of

three equations

P S
T2y + fa)
-my —0.2= 5log p+8.75log y 4.13)

-my—-0.2 =5logp+8.75log u,

where
a is the angle separation
p s the parallax of the star
m, is visual magnitude of the first star

m, is visual magnitude of the second star
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My is the mass of the first star
Mo is the mass of the second star

T istime in year on the earth

to solve for the three unknowns p, yyand u, . Given values T = 88,a= 4.6, m;=4.2,
m,= 6.0 for a certain double star system, then find dynamical parallax. We choose the

following initial vectors

0.0310.05|(0.05{ | 1.00 0.1{10.2]0.01|] 1.0
A =4(4.00||10.0 [,{ 5.00(,|10.00 |;,B=4| 2.0}{4.0},]3.00 |,| 8.0
4.00|15.00|5.00{ |20.00 5.0]6.0|]3.00]10.0

0.04]( 0.02( (0.20|]0.03
and C= 114.75{,| 2.501,|2.20 |,| 3.65
34211240 [1.45(|1.45

Repeat the method until" f(x™)

| < 107, We obtain the results from the
multivariate secant method, the modified multivariate secant method and the mid

modified multivariate secant method in the table 4.6.



Table 4.6 Give the results with initial vectors of example 4.6.
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Number of iterations (k)
Initial vectors | Multivariate Modified Mid modified
(ThHa Ll(z), p°) | secant method multivariate multivariate Solutions
secant method secant
method
441 = 0.0251253
A 15 10 10 Mo =4.9640298
p = 4.041061
1 =0.0251253
B 18 15 15 Mo =4.9640298
p = 4.041061
#1=0.0251253
c 11 10 10 4o = 4.9640298
p = 4.041061

Hence we estimate vatues are g, =0.0251253, 1, =4.9640298 and p=4.041061.

We also see that the modified multivariate secant method and the mid modified
multivariate secant method have the same number of iterations and they have the
number of iterations less than the multivariate secant method. Showing the iterations

of table 4.6 in appendix.

Example 4.7 The hydrogen spectrum in atomic physics.[3]

This application is taken from the Bohr theory of the hydrogen spectrum in
atomic physics. A constant known as the Rydberg constant, usually denoted by R,
plays an important part in that theory, but it cannot be measured directly. The values
Ry and Ry, can be determined from measurements of the spectrum of hydrogen and

helium, respectively. If we knew the exact mass My of the nucleus of a hydrogen
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atom and the exact mass m of an elettron, then theoretically, we could determine R,

from the equation

m
R _=|1+—IR
” ( MH)H

Suppose, for the moment, that m and My are unknown (because even our best values
are inferred from other measured variables). The atomic weight Ay of hydrogen can
be measured. Also, Ay = My +m . Similar equations hold for the helium atom. So

we have a system of four equations:

m
R,=|1+"|R 4.14
( MHJ H @19
m
R ={1+ R 4.15
( MHej He ( )
AHe = MHe +m (417)

In this system, the numbers Ay, Ag., Ry and Ry, can be taken as known because
their values can be determined from laboratory measurements. The number Ry and
masses m, Mgy and Mp,will be regarded as unknown. Their values can be determined
by solving the system of four equations. From the system of equations (4.14), (4.15),
(4.16) and (4.17), we make some algebraic changes in the system. Let w= R,

x=m,y= Mpgand z = Mg, . Then system becomes
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w—|{1+Z|Ry =0
y

w—(ni)RHe =0
Z

(4.18)

y+x—-AH =0
2x+z—AHe=0

Since w= R,, and R, is approximated by the measured number Ry, we have an

initial estimate of w. Similarly, since x is the mass of the electron and we know that

the value is somewhere around of a unit of atomic mass, an initial estimate of

0.0005 for x seems reasonable. We need values of Ay, Ay, , Ry and Ry, to perform
the calculations. Suppose laboratory measurements produced the following values:
Ay = 1.00812, Ap, =4.00388, Ry =109677.68, and Rp,=109722.34. What are the
corresponding values for Rydberg constant R,, and masses m, My, and Mp,?

Then we find the solution of the system by multivariate secant method, the
modified multivariate secant method and mid modified multivariate secant method,

then we choose the following initial vectors

N

10900 |[10871 | {10800 ||10753 |[10725
0.0005 | | 0.0003 | | 0.0004 | | 0.0003 || 0.0002
1.0075 ['{1.0020 |’|1.0300 ||1.0050 {|1.0000 || ’
| 4.0000 | | 3.0000 | | 3.5000 | | 4.0000 | | 3.2000

—

(71073 7 [1080 7 [1087 1[1075 7 [1090
0.002 | |0.004 | | 0.003 | | 0.003 | | 0.005
1.000 || 1.025 |’|1.015 | 1.040 |’{1.007 | |’
| [3:200] {3.500 |3.000] [ 4.000 | |4.000
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102200 | (106200 | [103500 | | 104200 | | 103000
0.0035 | |0.005 0.0015 {{0.002 0.0025
1.2000 |’{1.200 |’|1.2000 [|1.500 |’|1.6000
3.005 3.025 3.0050 {13.500 3.0500

Repeat the method until “ f(x™h

| < 1077 . We obtain the results in the table 4.7.

Table 4.7 Give the results with initial vectors of example 4.7.

Number of iterations (k)
Initial vectors | Multivariate Modified Mid modified
w°,x°,y°, z0) | secant method multivariate Multivariate Solutions
secant method secant
Method
w =109737.37154
A 10 5 5 x =0.0005484
y = 1.0075716
Z = 4.0027833
w =109737.37154
B 16 11 il X =0.0005484
y = 1.0075716
Z = 4.0027833
w =109737.37154
Xx =0.0005484
C 11 7 7
y = 1.0075716
Z = 4.0027833

Showing the iterations of table 4.7 in appendix.
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Hence from the table 4.7 we obtain

R, = 10973737

electron mass : m = 0.0005484

mass of helium nucleus : My, =4.0027833
mass of hydrogen nucleus : My = 1.0075716

hydrogen mass / electron mass : My /m=183741.

The value of one atomic mass unit is 1.6599 x 10™2*g. So the computed mass of the
electron in this case is equivalent to 0.0005484 x 1.6599 x 1072 =9.103x107 28 g,
The accepted value is 9.11 x 10728 g.

Moreover, we also see that the modified multivariate secant method and the
mid modified multivariate secant method have the same number of iterations and they

have the number of iteration less than the multivariate secant method.

Example 4.8 The problem of maximizing a function. [5]
We want to find the maximum value of rectangular box inscribed in the

ellipsoid

f(x,5,2) =£2—+—+ > =1 (4.19)
a

with its face parallel to the coordinate planes. From (4.19), we see that it is a nonlinear

equation subject to the constraint

x2 2
8(x,y,2) = —+
at b

y2
o451 =0, (4.20)

C\IN
(&}

Let (x, y,z) be the vertex of the box that lies in the first octant (where x,y and z are

all positive). We want to maximize the volume V(x,y,z) = 8xyz subject to (4.20),
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then from Theorem for the method of Lagrange multipliers [5], we obtained the

system of four nonlinear equations, for four unknowns A,x,y and z

2 2 2
X y V4
—_—tc—t+=——-1 =0
a? b? c?
8z—-¥ =0
a
2y
8 —?- =0
22z
8xy-— =0
c2
i
| _al_
¢ //- b

Figure 4.3 The rectangular box inscribed in the ellipsoid.

(4.21)

4.22)

(4.23)

(4.24)

In this problem, the numbers a@,b and ¢ can be given, then suppose that a =6, b =3

and ¢ = 1. Then the system becomes

x? +4y? +3622-36 = 0

144yz = Jx = 0
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36xz—y =0 (4.25)

dxy—-Az =0

We can compute four unknowns by iterative methods. We choose the following initial

vectors

([35.027 [38.507 [30.07 [33.17 [38.01
3.00 | | 3.40 | | 4.3 | |3.60] | 4.30
0.25 |’|0.05 || 0.6 |’|0.85|’| 0.75
1020 | [0.31 || 0.4 ] [0.45] | 0.49

-

29.07 [33.0] [32.07 [28.0] [30.0
25||20|{15]|30|]|10
20 (| 1.5 05|10 [’
104 ][10]]|10]] 04 |00

g
o

-

(727.07 [35.0] [22.07 [25.07 [30.0
1.5 ({1.0(]20]|25 |10
1.0 'l 1.0 [’ 1.5 '] 1.5 |’] 0.5
0.5]|1.0]]03]]045]|1.0

L L .

-

Repeat the method until” f(x™! )" <1077, We obtain the results from the multivariate

secant method, the modified multivariate secant method and the mid modified

multivariate secant method in the table 4.8.



Table 4.8 Give the results with initial vectors of example 4.8.

42

Number of iterations (k)

Multivariate Modified Mid modified
Initial vectors Solutions
secant method multivariate Multivariate
(*%,x°,»°,z%
secant method secant
Method

A=415692194
X =3.4641016

A 18 13 5
y =1.7320508
Z =0.5773503
A=41.5692194
X =3.4641016

B 24 16 16
y =1.7320508
Z =0.5773503
A=41.5692194
X =3.4641016

C 13 12 11
y =1.7320508
Z =0.5773503

Showing the iterations of table 4.8 in appendix. Therefore, the box of maximum

volume has volume

V = Vyax = 8xyz =27.7128 unit cubic.

In this example, let us consider the number of iterations for each initial vector,

we see that, the modified multivaniate secant method and the mid modified

multivariate secant method are the most appropriate method more than the multivariate

secant method.
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Example4.9 The problem of hanging chain.[8]

This problem has been used to test the minimizer. Given a chain of 8 sticks of
unit weight and unit length, we are required to find the shape it will assume when
suspended between 2 points spaced 6 units horizontally apart. In other words, we must
find the angles a, #,7 and ¢ . Solving this by the energy method involves finding an
expression for the chain’s energy, depending on «,f and y let the nonlinear
minimizer do the rest. A different approach comes from statics. We introduce a 5™
unknown, the horizontal component x of the force going though the chain, which is in

all joints. Then there is a system of equations for a, f,y, d and x:

2xsina—-Tcosa =0 (4.26)

2xsin f-5cos f =0 4.27)

2xsiny -3cosy =0 (4.28)

2xsind —cosa =0 (4.29)

cosa +cos ff+cosy +cosd -3 =0 (4.30)

Figure 4.4 Model of a hanging chain.



Equations (4.26) to (4.30) arise from the requirement that, in the state of
equilibrium, the torque on each stick equals 0. Equation (4.30) is purely geometric,
stating that the horizontal length of the chain is 6 units.

Next we choose the following initial vectors for solving the system by
multivariate secant method, modified multivariate secant method and mid modified

multivariate secant method

0.507 [0.407 [0.807 [0.407 [0.357 [1.507]
0.50| (0.80| |1.10| |1.20 | |0.50| |2.00
A=1/0501,]0.63{,/0.45],{1.00|,]1.00 |,|1.00 |},
0.50|10.15](0.20] {0.10| |0.50{ |1.00
1.00 | |[1.50 | [1.70 | [1.30] |1.00 | {2.00 ||

[0.507 [0.607 [0.807 [0.407 [0.357 [1.50 7]
0.50110.98| |1.00 | {1.00 { |0.50 | 2.00
B=140.50,/0.63,/0.45,{1.00 {,|1.00 |,|1.00 |},
0.50] 10.15] |0.20{ |0.10| {0.50] |1.00
2.00] {2.00] [2.20] |2.00] |1.50 | [2.00 ||

71.007] [2.007 [0.507 [1.507 [0.757 [0.65]
1.00| |1.00 | |1.00 | |0.60{ |0.50{ |0.60
C=4/1.001,/1.00 |,|0.50,/0.40{,{ 0.30 |, 0.40 |}.
1.00{ |0.50| |0.10| |0.20| [0.50| |.0.15
1.50 | 2.00 {1.00 | |1.50 | [1.00 | |1.00 |

Repeat the method until “ (™)

| < 1077 . We obtain the results in the table 4.9.



Table 4.9 Give the results with initial vectors of example 4.9.

as

Initial vectors

(aoiﬂo’yoié‘o’xo)

Number of iterations (k)

Multivariate

secant method

Modified
multivariate

Secant method

Mid modified
Multivariate
secant

method

Solutions

37

11

12

= 1.0071538
B =0.8464150
¥ =0.5958635
5 =0.2222919
x=2.2121240

55

a=1.0071538
B =0.8464150
¥ = 0.5958635
& =0.2222919
x=2.2121240

diverge

14

17

a = 1.0071538
B =0.8464150
¥ = 0.5958635
5 =0.2222919
x= 22121240

Estimate the values are a=1.0071538 , f= 0.8464150, y= 0.5958635,

6=0.2222919 and x=2.2121240. In this example, we see that the multivariate secant

method is so slow or divergence. Otherwise, the number of iterations of the modified

multivariate secant method and the mid modified multivariate secant method are not

much different or mostly the same. Showing the iterations of table 4.9 in appendix.
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Example 4.10 An alligator -filled moat problem.[5]

This problem shows an alligator —filled moat of width w =10 ft bounded on
cach side by a wall of height 4 =6 ft. Soldiers plan to bridge this moat by scaling a
ladder that is placed across the wall as indicated and anchored at the ground by handy
boulder, with the upper end directly above the wall on the opposite side of the moat.

What is the minimal length L of a ladder that will suffice for this purpose?

Boulder

Il L | Ry S

Figure 4.5 An alligator -filled moat problem.

Given z = L for the length of the ladder, observe directly from Figure 4.4 that we

need to minimize the function

fxy,2) =2z

subject to the two constrains

8(x,y,2) =xy-60 =0

hx,y,z) = (x+10)2 +(y+6)2 =22 = 0 .
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This leads to a system of five equations in five unknownx,y,zand two Lagrange

multipliers, then the system is
xy-60=0
(x+10)2+(y+6)2-2z> =0
my+2n(x+10) =0 4.31)
mx+2n(y+6) =0

2nz+1=20

Next we choose the following initial vectors for solving the system by multivariate
secant method, modified multivariate secant method and the mid modified multivariate

secant method

[ 0.067] 0701 0.05][ 0.087[ 0.227[ 0.12]]
-0.01| |-0.01||-0.02||-0.03 ] |-0.04| | -0.02
A=1| 6.90],| 9.10|,| 8.45|,| 920 |,| 6.85|,| 9.50};,
8.22|| 7.23|| 621|| 6.60 || 6.50|| 6.25
18.22 | | 17.10 ] | 20.51 ] | 21.25] | 21.20] | 22.00

([0.00 717 0.037 [0.01 ][0.007 [0.027 [0.02 ]
0.50 || 0.35]10.30 {025 | |0.40 | |0.25
B=1|7.85 |, 5.20 |,{5.10 |,|6.50 |,|4.45 |,13.90 |},
9.50 | | 9.60 | |9.23 | |10.25| |10.21] |9.22

15.20 | [13.00] [15.10] |18.25] [16.51] | 20.22 ]




([0.45 ]
0.02
6.90
9.22
20.22

[0.507 [0.55]
0.01 | | 0.02
5.10 |,| 4.45
9.23 | | 8.21
15.10 | |16.51]

[0.657 [0.50 ]
0.03 | |0.10
| 5.20 |,{7.85
9.60 | | 9.50
13.00 [15.20 |

[0.25 ]
0.35
,1 6.50 | 3.
7.25

23.25 |
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Repeat the method until “ ™! )|| < 1077 . We obtain the results in the table 4.10.

Table 4.10 Give the results with initial points of example 4.10.

Initial vectors

0 0 0 0 0
(m-°,n",x",y",2°)

Number of iterations (k)

Multivariate

secant method

Modified
multivariate

secant method

Mid modified
Multivariate
secant

method

Solutions

15

10

11

m = 0.0906309
n =-0.0223332
x =7.1137866
y = 8.4343266
7 =22.3881995

106

20

106

m = 0.0906309
n =-0.0223332
x =7.1137866
y = 8.4343266
7 =22.3881995

166

13

19

m = 0.0906309
n =-0.0223332
x =7.1137866
y = 8.4343266
7 =22.3881995
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"Estimate values are m=0.0906309, n =-0.0223332, x=7.1137866,
y = 8.4343266 and z =22.3881995. We see that the multivariate secant method is so
slow for convergence. Otherwise, the modified multivariate secant method and the mid
modified multivariate secant method are not much different for the initial vector at A,
but the mid modified multivariate secant method is so slow for convergence at initial
vector at B. Thus the modified multivariate secant method is appropriate method for

this example. Showing the iterations of table 4.10 in appendix.



CHAPTER 5

CONCLUSION AND SUGGESTIONS

In this part, we will conclude and suggest of the results from some examples

and application problems in chapter 4.

5.1 Conclusion

In this thesis, we found the methods that can solve systems of nonlinear
equations f(x) =0 in the iterative fashion. We used three methods for solve the
systems in chapter 4, the first method is multivariate secant method. The second
method is modified multivariate secant method and the last method is mid modified
multivariate secant method.

The method, that we used for solving the systems of nonlinear equations in this
thesis is one-point stationary iterative method with memory and the order of
convergence of the multivariate secant method is not less than (1 + J5 )/2 and does
not depend on n.

Whether or not the iteration procedure converges quickly, or in deed at all
depends on the choice of the function f , as well as the initial vectors. In this thesis we
will consider the number of iterations of methods from assuming that the absolute

error is £ =107 for all examples, and iterated until " f(x™h “ (e.

From the results of most examples in this thesis, as well as we expected, and
they are consistent of theorem 2.3. We can see that the convergence of the modified
multivariate secant method and the mid modified multivariate secant method are faster
than the multivariate secant method. Moreover we can see that arranging in order of
norm of function have effect for convergence i.e. in example 4.2, number of iterations
ofthe modified multivariate secant and the mid modified multivariate secant method at
the initial vectors of B and C are 10 and 9 respectively, otherwise number of iterations

of the multivariate secant at the initial vectors of B and C are 12 and divergence



51

respectively. The other notice, we see that the number of iterations of the modified
multivariate secant method and the mid modified multivariate secant method are not
much different or mostly the same. Hence we can say that the modified multivariate
secant method has in one step more operation than the mid modified multivariate
secant method. In many problems, in order to get the solutions of the system of
equations the arranging of initial vectors is very important. The other important thing
is that technique to choose the initial vectors, we have to choose the initial vectors,
which is close to the root or say that by guessing. But guessing initial vectors must be
efficacious, that is, we need to understand the mathematical modeling of real problem,
we roughly know the solution, hence we can easily guess initial vectors.

The nonlinear systems have more than one solution, which all obtained
solutions do not satisfy the real world problem. In this case, engineers or scientists who
model the problem need to resolve or improve upon a better model and the
mathematics create new method and guess initial vectors to solve the systems of

nonlinear equations.

5.2 Suggestions

The arrangement of initial vectors in order to norm of functions can do only in
first step is enough, so the mid modified multivariate secant is appropriate method.

Furthermore, we have technique to choose the initial vectors, that is, we can
use the Modified Newton method to find n initial vectors, so we have n+1 initial
vectors, then using the modified multivariate secant method or the mid modified
multivariate secant method to solve the systems of nonlinear equations.

Also, we think that may be have an new alternative, that is interested method
for solving the system of nonlinear equations, that is the multivariate secant method,

which is multipoint stationary iterative method with memory.
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APPENDIX

The iterations of table 4.1 at the initial vectors of A

The result from multivariate secant method.

k x* }’k ER
0 0.25 3.00 0.2532182
0 0.00 0.00 1.5815453
0 1.00 1.00 0.3151753
1 0.1016793 2.7458345 0.4679571
2 -1.2143499 3.2051506 6.9887932
3 2.4030082 -2.2653504 94.9918787
4 -0.1304954 2.890305 1.4596357
5 -0.5697475 3.1698229 3.660937
6 1.5925808 1.5514936 12.4449239
7 4.3798353 -0.2421945 5838.42162
8 -6.9790651 7.9678114 42.4596563
9 0.2480273 2.5571023 0.1300933
10 0.1795285 2.6083714 0.1205558
11 0.2378555 2.5647227 0.1016459
12 0.127621 2.6483518 0.3039026
13 0.1187649 2.6329709 0.319222
14 0.2817257 2.8615431 0.0598142
15 0.7398164 17354328 0.9809641
16 0.3124714 2.8361292 0.0278151
17 0.3034119 2.838338 0.007206
18 0.3002926 2.8368519 0.0018601
19 0.2994118 2.8368822 0.0000413
20 0.2994501 2.8369294 0.0000015
21 0.2994487 2.8369278 0.0000000

Estimates values are x =0.2994487 and y = 2.8369278 after 21 iterations.



The result from modified multivariate secant method.

k x* y* ER
0 0.00 0.00 1.5815453
0 1.00 1.00 0.3151753
0 0.25 3.00 0.2532182
1 0.1016793 2.7458345 0.4679571
2 0.5369764 2.5939086 0.4831767
3 0.0754188 3.3571425 1.0781419
4 0.2367777 3.3360509 0.5759456
5 0.6107322 2.4365338 0.5918149
6 0.421642 2.9310124 0.1224063
7 0.3900113 2.9531149 0.0649254
8 0.3209017 2.7735767 0.0982799
9 0.2467904 2.7683751 0.065785
10 0.357959 2.9139067 0.0483677
11 0.3101679 2.8505451 0.011249
12 0.3018085 2.8397796 0.0026637
13 0.301113 2.8391793 0.001697
14 0.2993731 2.8368323 0.0000829
15 0.2994492 2.8369284 0.0000006
16 0.2994487 2.8369278 0.0000000

Estimates values are x =0.2994487 and y = 2.8369278 after 16 iterations.

The result from mid modified multivariate secant method.

k x* y* ER

0 0.00 0.00 1.5815453
0 1.00 1.00 0.3151753
0 0.25 3.00 0.2532182
1 0.1016793 2.7458345 0.4679571
2 0.5369764 2.5939086 0.4831767
3 0.3551335 2.8946049 0.0590367
4 0.3263886 2.8668034 0.0300290




k x y* ER

5 0.2935799 2.8282340 0.0055785
6 0.2981519 2.8351787 0.0013404
7 0.2994877 2.8369780 0.0000418
8 0.2994486 2.8369277 0.0000001

Estimates values are x =0.2994486 and y = 2.8369277 after 8

The iterations of table 4.1 at the initial vectors of B

The result from multivariate secant method.

iterations.

k x* }’k ER

0 0.00 0.00 1.5815453
0 1.00 1.00 0.3151753
0 0.35 3.00 0.0487849
1 0.4201999 2.760628 0.2664144
2 0.4254766 2.767108 0.266889

3 -0.1314738 2.3167192 0.9631599
4 1.8419657 4.5856527 28.1005179
5 0.3902191 2.7426712 0.2428707
6 0.3626558 2.7239138 0.2165338
7 0.3034879 2.6882595 0.1370156
8 -0.1421122 23288675 1.0167946
9 0.9323755 2.8981409 1.0021391
10 0.0914918 2.562493 0.3495812
11 -0.0780372 2.5314766 0.9370356
12 -0.0875352 2.4801204 0.9299264
13 0.4906188 3.9216672 0.6851686
14 0.3120207 1.6209288 1.0786897
15 0.6745881 3.7578399 0.7209942
16 0.3710258 3.0584417 0.0650847
17 0.3818027 2.9812054 0.0345239
18 0.4050527 3.014392 0.0381262
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k x* yk ER

19 -0.0226702 2.3574632 0.5775533
20 -19.2558988 -24.7637001 81.5418528
21 0.369533 2.9589313 0.0334132
22 0.3411921 2.9146835 0.0216569
23 0.2809484 2.8203678 0.0269104
24 0.2059412 2.7039597 0.120302

25 0.2745333 2.80942 0.0326284
26 0.2909954 2.829486 0.0120931
27 0.3008824 2.8380195 0.0021385
28 0.2994538 2.8369354 0.0000048
29 0.2994495 2.8369288 0.000001

30 0.2994487 2.8369278 0.000000

Estimates values are x =0.2994487 and y = 2.8369278 after 30 iterations.

The result from modified multivariate secant method.

k x* y* ER
0 0.00 0.00 1.5815453
0 1.00 1.00 0.3151753
0 0.35 3.00 0.0487849
1 0.4201999 2.7606280 0.2664144
2 0.4254766 2.7671080 0.2668890
3 -2.9565980 0.0321271 13.6768385
4 0.5311861 2.1886650 0.8332690
5 0.5907961 1.5872257 1.3404685
6 0.8674402 7.8461046 4.8559776
7 04117837 2.0021097 0.9110329
8 0.3189618 2.3198489 0.4868677
9 0.1703355 2.6455263 0.1735431
10 0.2148694 2.7305350 0.1172826
11 0.2884527 2.8359266 0.0230238
12 0.3048804 2.8354312 0.0127355
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k Xk A ER

13 0.2994226 2.8369347 0.0000614
14 0.2994491 2.8369282 0.0000004
15 0.2994489 2.8369280 0.0000002
16 0.2994487 2.8369278 0.0000000

Estimates values are x = 0.2994487 and y = 2.8369278 after 16 iterations.

The result from mid modified multivariate secant method.

k x¥ y* ER
0 0.00 0.00 1.5815453
0 1.00 1.00 0.3151753
0 0.35 3.00 0.0487849
1 0.4201999 2.760628 0.2664144
2 0.4254766 2.767108 0.266889
3 -0.1314738 23167192 0.9631599
4 1.8419657 4.5856527 28.1005179
5 0.3902191 2.7426712 0.2428707
6 0.3626558 2.7239138 0.2165338
7 0.3034879 2.6882595 0.1370156
8 -0.1421122 2.3288675 1.0167946
9 0.9323755 2.8981409 1.0021391
10 0.0914918 2.562493 0.3495812
11 -0.0780372 2.5314766 0.9370356
12 -0.0875352 2.4801204 0.9299264
13 0.4906188 3.9216672 0.6851686
14 0.3120207 1.6209288 1.0786897
15 0.6745881 3.7578399 0.7209942
16 0.3710258 3.0584417 0.0650847
17 0.3818027 2.9812054 0.0345239
18 0.4050527 3.014392 0.0381262
19 -0.0226702 2.3574632 0.5775533
20 -19.2558988 -24.7637001 81.5418528
21 0.369533 2.9589313 0.0334132
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k X y* ER
22 0.3411921 2.9146835 0.0216569
23 0.2809484 2.8203678 0.0269104
24 0.2059412 2.7039597 0.120302
25 0.2745333 2.80942 0.0326284
26 0.2909954 2.829486 0.0120931
27 0.3008824 2.8380195 0.0021385
28 0.2994538 2.8369354 0.0000048
29 0.2994495 2.8369288 0.000001
30 0.2994487 2.8369278 0.000000

Estimates values are x = 0.2994487 and y = 2.8369278 after 30 iterations.

The iterations of table 4.1 at the initial vectors of C

The result from multivariate secant method.

k xk y* ER
0 1.00 -1.00 2.1722084
0 0.25 3.00 0.2532182
0 1.00 1.00 0.3151753
1 1.5453753 0.3009905 9.6173669
2 0.1751395 3.1771962 0.6062914
3 -0.2327841 4.1806631 3.0249962
4 0.1617282 3.1903408 0.6571028
5 -4.0081748 -4.2236655 15.7459691
6 0.2920839 3.0746717 0.2212536
7 0.3557754 3.119249 0.1395177
8 0.3878532 3.1837095 0.145563
9 0.0026302 2.3426106 0.4734605
10 -0.1316389 2.149548 0.8184549
11 0.3583733 3.0510454 0.0776689
12 0.3348137 2.9690637 0.0474375
13 0.2859016 2.8089553 0.0081886
14 0.2922192 2.8249588 0.0060015




k x* y* ER

15 0.2981371 2.8351219 0.0013277
16 0.2994392 2.8369157 0.0000104
17 0.2994487 2.8369278 0.0000000

Estimates values are x =0.2994487 and Y = 2.8369278 after 17 iterations.

The result from modified multivariate secant method.

k x* y* ER

- 0 1.00 -1.00 2.1722084
0 1.00 1.00 0.3151753
0 0.25 3.00 0.2532182
1 1.5453753 0.3009905 9.6173669
2 0.1751395 3.1771962 0.6062914
3 -0.2327841 4.1806631 3.0249962
4 0.1617282 3.1903408 0.6571028
5 0.15627 3.1806362 0.6651534
6 0.1834434 2.6342229 0.1285051
7 0.229323 2.715493 0.0690916
8 0.2895593 2.8343239 0.0192392
9 0.2928374 2.8339115 0.0117205
10 0.2990018 2.8364378 0.0005487
11 0.2994567 2.8369376 0.000009
12 0.2994487 2.8369277 0.0000000

Estimates values are x = 0.2994487 and Y = 2.8369277 after 12 iterations.

The result from mid modified multivariate secant method.

k
k x* y ER
0 1.00 -1.00 2.1722084
0 1.00 1.00 0.3151753
0 0.25 3.00 0.2532182
1 1.5453753 0.3009905 9.6173669




k xk y* ER

2 0.1751395 3.1771962 0.6062914
3 0.2453946 3.0043730 0.2683160
4 0.2457939 2.9949419 0.2592159
5 0.2834530 2.8103074 0.0136772
6 0.2987952 2.8376126 0.0019761
7 0.2993607 2.8368032 0.0000862
8 0.2994447 2.8369229 0.0000045
9 0.2994487 2.8369278 0.0000000
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Estimates values are x =0.2994487 and y = 2.8369278 after 9 iterations.

The iterations of table 4.2 at the initial vectors of A

The result from multivariate secant method.

k x* yk ER

0 0.20 1.50 0.2492971
0 -1.00 0.00 1.1449880
0 1.00 1.00 03472956
1 0.5377711 0.7598777 0.3770624
2 0.5356033 0.7678641 0.3756543
3 -0.3982829 3.4188427 0.558412
4 -0.0107691 2.6508265 0.2372152
5 0.2773056 2.272625 0.0685841
6 03742376 2.112641 0.0129006
7 0.4703666 22355153 0.0760626
8 03539172 2.0882262 0.0018266
9 0.3546589 2.0878704 0.0015007
10 0.358059 2.0861785 0.0000042
11 0.3580633 2.0861652 0.0000006
12 0.3580637 2.0861667 0.0000000

Estimates values are x =0.3580637 and y = 2.0861667 after 12 iterations.



The result from modified multivariate secant method.

k X y* ER

0 -1.00 0.00 1.144988
0 1.00 1.00 0.3472956
0 0.20 1.50 0.2492971
1 0.5377711 0.7598777 0.3770624
2 0.1513567 2.1834537 0.0888083
3 0.3133917 2.0319906 0.0311468
4 0.3206948 2.1236318 0.0187005
5 0.360442 2.0905277 0.00205
6 0.358304 2.0860221 0.0001077
7 0.3580612 2.0861626 0.000002
8 0.3580637 2.0861667 0.0000000

Estimates values are x =0.3580637 and y = 2.0861667 after 8 iterations.

The result from mid modified multivariate secant method.

k x* y* ER

0 -1.00 0.00 1.1449880
0 1.00 1.00 0.3472956
0 0.20 1.50 0.2492971
1 0.5377711 0.7598777 0.3770624
2 0.1513567 2.1834537 0.0888083
3 0.4741279 1.8817415 0.0758924
4 03217077 2.0975399 0.0157678
5 0.3608109 2.0936619 0.0031388
6 0.3580526 2.0856535 0.0001808
7 0.3580656 2.0861626 0.0000015
8 0.3580637 2.0861667 0.0000000

Estimates values are x =0.3580637 and y = 2.0861667 after 8 iterations.

62



The iterations of table 4.2 at the initial vectors of B

The result from multivariate secant method.

k x* y* ER
0 1.50 0.25 0.4979079
0 -1.00 0.00 1.144988
0 2.00 1.00 0.7617096
1 0.6428289 0.0662055 0.4830121
2 0.9815862 04011722 0.3870189
3 1.1708182 0.3787353 0.4104613
4 1.5073326 -0.9968177 0.3028179
5 3.4930257 -5.8834635 1.2303675
6 2.0402218 -2.5654497 0.1789117
7 1.8082482 -1.986841 0.0358536
8 1.8552737 -2.0961446 0.0036137
9 1.8891904 -2.1247041 0.0175535
10 1.8562124 -2.0857573 0.0001414
11 1.8562325 -2.0861653 0.0000006
12 1.8562337 -2.0861667 0.0000000

Estimates values are x =1.8562337 and y = -2.0861667 after 12 iterations.

The result from modified multivariate secant method.

k x* " ER

0 -1.00 0.00 1.144988
0 2.00 1.00 0.7617096
0 1.50 0.25 0.4979079
1 0.6428289 0.0662055 0.4830121
2 1.1296217 0.5475512 0.4008458
3 2.032723 -2.2174019 0.0805333
4 1.8396192 -1.9135094 0.0585051
5 1.9650267 -2.2678076 0.0720078
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k xk y* ER

6 1.8461851 -2.0872794 0.0045976
7 1.857177 -2.0847876 0.0007111
8 1.8562368 -2.08612 0.0000167
9 1.8562339 -2.086167 0.0000001
10 1.8562337 -2.081667 0.0000000

Estimates values are x = 1.8562337 and y = -2.0861667 after 10 iterations.

The result from mid modified multivariate secant method.

k x y* ER

0 -1.00 0.00 1.1449880
0 2.00 1.00 0.7617096
0 1.50 0.25 0.4979079
1 0.6428289 0.0662055 0.4830121
2 1.1296217 0.5475512 0.4008458
3 2.0327230 -2.2174019 0.0805333
4 1.8396192 -1.9135094 0.0585051
5 1.9650267 -2.2678076 0.0720078
6 1.8461851 -2.0872794 0.0045976
7 1.8553836 -2.0851942 0.0004477
8 1.8562423 -2.0861316 0.0000137
9 1.8562336 -2.0861665 0.0000001

Estimates values are x = 1.8562336 and y = -2.0861665 after 9 iterations.




The iterations of table 4.2 at the initial vectors of C

The result from multivariate secant method.

k xk ¥ ER

0 1.50 0.25 0.4979079
0 2.00 1.00 0.7617096
0 -1.00 0.00 1.1449880
1 0.6428289 0.0662055 0.4830121
2 0.9815862 04011722 0.3870189
3 0.5138228 0.4566343 0.4535766
4 -3.429314 10.5051959 0.4338618
5 -1.8681368 6.2647283 1.2934906
6 -1.3692762 5.2417071 1.1799359
7 -0.5895089 43379425 0.8805134
8 29.6944052 -85.8107744 0.7489152
9 759.2634472 -2271.4944900 0.5120221
10 1602.821928 -4797.5876719 0.2345384
11 1997.600863 -5978.0214110 0.6186411
12 -4870.329844 14578.62219 0.6546886
13 -622.4056035 1862.3241248 0.2955031
14 507.8452711 -1522.353172 0.9735728
15 1524.744471 -4564.962759 0.6134507
16 2751.582275 -8235.257383 0.3729183
17 3254 672737 -9740.949562 0.7368241
18 134.6972414 -3397.357894 0.9706507
19 782.6424007 -2343.346918 1.2360413
20 7936.093938 -23747.75694 0.2052558
21 9710.049308 -29055.6245 0.2804349
22 9881.983458 -29570.16493 1.0788728
23 7458.670978 -22319.23313 0.618984
24 8929.521602 -26720.18035 0.3246479
25 8219.073416 -24594.42183 0.5072667
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k X Y ER

26 7814.196717 -23383.03124 0.6059403
27 9049.454045 -27079.00595 0.6031523
28 9049.069781 -27077.82863 0.3432287
29 10681.44063 -31961.92408 0.6001456
30 9984.528485 -29876.76354 0.5588278
31 8780.049347 -26272.93531 0.3672808
32 8398.187011 -25130.41331 0.7964056
33 9321.785311 -27893.81525 0.5852127
34 7731.684565 -23136.21805 0.7985926
35 16338.51038 -48887.88703 0.8115961
36 -112402.7744 336306.7122 1.051167
37 572184.2341 -1711981.215 0.8781614
38 503016.9958 -1505032.47 0.7397903
39 3575469.154 -10697825.44 1.1391648
40 -4093493.441 12247750.86 0.6483696
41 -3663656.013 10961675 0.7343142
42 -5173200.463 15478239.91 0.7607315
43 -3486758.616 10432397.07 0.3612094
44 -2340124.576 7001662.017 1.2370932
45 622926103.1 -1863798168 0.4621473
46 327988098 -981342111.1 0.3344479
47 407632800.6 -1219639479 0.3761792
48 461835221.9 -1381813407 0.7263241
49 357827721.7 -1070622422 0.6524661
50 367282298.3 -1098910564 0.0252943
51 370143917.8 -1107472545 0.3869211
52 367285511.3 -1098920178 0.8119914
53 367464941.6 -1099457034 0.5463369
54 368921699.7 -1103815662 0.2948749
55 368346082.3 -1102093412 1.1402019
56 368770837.5 -1103364281 0.6699927
57 368792254.6 -1103428362 0.4992933
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k i ¥ ER
58 367827343.8 -1100541343 0.6467228
59 368438555.8 -1102370093 0.2163296
60 368353290.9 -1102114980 0.4629667
61 368438896.2 -1102371111 0.5760246
62 368412571.4 -1102292347 0.8845347
63 368386381.7 -1102213988 0.5774044
64 366371441.7 -1096185277 0.8281705
65 374782276.1 -1121350537 1.1077614
66 248224364.9 -742688602.3 1.0540669
67 437361273.6 -1308587227 0.6643938
68 784049220.6 -2345879385 0.5333258
69 599330559.2 -1793200180 0.2792294
70 719267214.6 -2152051283 0.5888265
71 2028933862 -6070580769 0.6302135
72 978773144.2 -2928494387 0.339027
73 1612708685 -4825232854 0.937769
74 -227524802.6 680755405.8 0.8760804
75 139713974.7 -418024944.6 0.9670409
76 -4887603937 14623736653 0.9526175
77 -8557550512 25604236080 0.7663904
78 -19309660619 57774605996 0.2292894
79 -23443000192 70141579710 1.1559906
80 -18428548392 55138313586 0.7800742
81 -18299469371 54752108476 0.9301371
82 -1687139704 5047930858 0.397756
83 10364940004 -31011954933 0.5086356
84 37268412.88 -111507285.7 0.2114507
85 -62204605284 1.86117E+11 0.3030962
86 -43914114146 1.31391E+11 0.2959653
87 -7775712624 23264973014 1.0702594
88 -1.34204E+11 4.01539E+11 0.8532664
89 1798728937 -5381806426 0.6193203
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68

k k
k X Yy ER
90 5.82424E+11 -1.74262E+12 0.3995872
91 -5.38821E+12 1.61215E+13 0.4472136

We see that the result from secant method is divergence but the result from
modified multivariate secant method and the mid modified multivariate secant method

are convergence, they are shown in below table.

The result from modified multivariate secant method.

k x* yk ER

0 -1.00 0.00 1.144988
0 2.00 1.00 0.7617096
0 1.50 0.25 0.4979079
1 0.6428289 0.0662055 0.4830121
2 1.1296217 0.5475512 0.4008458
3 2.032723 -2.2174019 0.0805333
4 1.8396192 -1.9135094 0.0585051
5 1.9650267 -2.2678076 0.0720078
6 1.8461851 -2.0872794 0.0045976
7 1.857177 -2.0847876 0.0007111
8 1.8562368 -2.08612 0.0000167
9 1.8562339 -2.086167 0.0000001
10 1.8562337 -2.081667 0.0000000

Estimates values are x = 1.8562337 and y = -2.0861667 after 10 iterations.



The result from mid modified multivariate secant method.

k xF ¥ ER

0 -1.00 0.00 1.1449880
0 2.00 1.00 0.7617096
0 1.50 0.25 0.4979079
1 0.6428289 0.0662055 0.4830121
2 1.1296217 0.5475512 0.4008458
3 2.0327230 -2.2174019 0.0805333
4 1.8396192 -1.9135094 0.0585051
5 1.9650267 -2.2678076 0.0720078
6 1.8461851 -2.0872794 0.0045976
7 1.8553836 -2.0851942 0.0004477
8 1.8562423 -2.0861316 0.0000137
9 1.8562336 -2.0861665 0.0000001

Estimates values are x =1.8562336 and y = -2.0861665 after 9 iterations.

The iterations of table 4.3 at the initial vectors of A

The result from multivariate secant method.

k % y* z* ER
3.00 2.00 1.00 12.251052
0 3.00 2.00 4.00 6.5900442
0 7.00 1.00 3.00 5.7900338
0 5.00 2.00 4.00 6.0311568
1 23.3881432 106.4535718 94.2836727 35.380986
2 34.1598663 53.3019436 46.702158 21.8759652
3 40.6655404 57.6930974 50.4504094 26.1355138
4 -5.0915898 23.051463 22.8634257 23.5513112
5 -2471.647568| -1252.052327 | -935.7097356 154.3560734
6 392 8684356 | 199.6913299 152.2378055 61.3486775




k x* y* " ER

7 -513.933057 | -256.7905455 | -189.3222702 71.2292082
8 14839.08532 | 7578.388127 5691.619577 376.5047773
9 4791.113407 | 2453.994342 1845.933493 213.6193702
10 8105.17988 | 4143.576348 3113.800718 278.1062563
11 -28373.32423 | -14468.18022 | -10855.25984 | 521.0946244
12 4978.130272 | 2546.333 134 1914.617807 217.8440887
13 -3680.588409| -1869.536204 | -1399.290294 188.0953785
14 -16011.39462| -8161.104156 | -6121.540055 | 391.5480704
15 66877.28833 | 34128.41161 25618.02795 799.6453077
16 14954.26181 | 7637.306351 5735.489647 377.9443806
17 61488.13159 | 31379.28943 23555.11011 766.7447257
18 44505.57324 | 227154502 17053.21533 652.2939761
19 -54595.73789| -27845.93456 | -20894.48524 | 722.7040162
20 -10907.16553| -5554.552246 | -4162.774902 | 323.1835872
21 137980.4556 | 70408.76245 52851.09033 1148.702888
22 43436.8092 { 22172.97955 16648.92175 644.4512603
23 -20802.68201| -10602.4303 | -7950.532623 | 446.1745388
24 -3054.171875| -1547.15625 | -1154.285156 171.2549467
25 8511.804688 | 4354.064453 3275.079102 285.1234277
26 3126.488281 | 1606.534668 1213.02832 172.604721
27 27699.36328 | 14142.81348 10620.96777 514.57241
28 4957.503418 | 2540.292725 1913.358154 217.4718895
29 -18497.30273| -9425.683533 | -7066.671921 420.7241307
30 2236.235107 | 1151.987671 871.5078125 145.8479436
31 -7657.389404| -3895.594757 | -2916.723663 270.831201
32 -744.5270386| -368.7886047 | -269.9103088 85.1016511
33 -28170.62488] -14360.19159 | -10769.02277 519.1306322
34 -15599.77368| -7946.871826 | -5955.999634 | 386.3651375
35 22546.44934 1 11513.39545 8646.986847 464.2105868
36 -4344 895386| -2205.440094 -1647.9814 204.1161673
37 -8350.464844 | -4248.809204 | -3181.225983 | 282.7782712
38 7248.898621 | 3709.232178 2790.519592 263.0682549
39 -71853.90137| -36643.53253 | -27488.28314 828.9542995
40 35942.74023 18346.2041 13772.625 586.1350594
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k x* o " ER
41 -49491.3125 | -25236.04688 | -18928.71875 687.9923639
42 -8358.564209] -4253.003906 | -3184.433716 282.917008
43 -17508.35059| -8920.528076 | -6686.641602 | 409.3030459
44 -1770.60791 | -892.3032227 | -662.7265625 130.5760362
45 13105.18512 | 6696.164505 5031.102707 353.8183509
46 5812.117188 { 2975.796875 2239.585938 235.4870442
47 -3570.03125 | -1810.260742 | -1351.555176 185.0840848
48 -12824.953131 -6531.421875 -4893.96875 350.3517493
49 -2217.886818| -1120.500622 | -834.0068665 146.041072
50 1200.247803 | 623.1748657 474329895 106.5819605
51 -12772.67529] -6504.764648 | -4873.933472 | 349.6356412
52 1868.038239 | 963.8209839 729.943573 133.2076786
53 908.0369873 | 474.1076202 362.4768829 92.5579883
54 -2227.4804211 -1125.387952 | -837.6579407 | 146.3531811
55 916.4493103 | 478.4037018 365.7108154 92.9926987
56 -279.2244186| -131.5110283 -91.8655529 52.8624712
57 -289.5695835| -136.7862527 -95.8205802 53.7883729
58 -137.9596603| -59.461331 -37.8393735 38.0033454
59 104.1133611 64.0646158 54.9062766 36.6272274
60 383.2114445 | 206.2243893 161.3222194 59.6399306
61 27.817049 25.0285667 25.4851081 74416154
62 46.850554 34.7641122 32.8084276 7.2570965
63 -196.7681325] -89.2896398 -59.9968575 447392568
64 52.1259345 37.528614 34.9813076 9.1057668
65 -56.6416934 | -16.5189258 -3.6371102 23.9042518
66 37.6306463 32.0196867 33.3891199 10.1170679
67 102.1625214 | 64.3014166 56.7676932 33.7302843
68 16.9279731 20.5207194 23.5012099 13.6319333
69 0.6611639 12.9421073 18.7839626 19.5621031
70 63.8733834 40.3168979 32.7650908 17.0929346
71 28.1461712 25.3429816 25.9107001 7.8490612
72 48.989499 34.7216325 31.2528131 9.8141253
73 39.5576191 27.9239991 23.4896991 9.810852
74 61.7806793 76.370128 109.6068092 45.8395703
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k x* ¥ Z* ER
75 425548231 37.7872113 42.0604574 15.9926393
76 41.5221645 36.817806 40.7495137 15.3691712
77 41.3076142 36.6563484 40.6055002 15.3917902
78 35.9080842 35.6795907 36.3438249 10.2059885
79 44.6974498 41.6420597 36.0526454 5.6208322
80 46.0638602 43.4773237 39.6565403 3.0640382
81 45.7718852 43.7472487 41.522422 0.3753044
82 45,785372 43.7586113 41.552515 0.3357748
83 45.8988764 43.847172 41.7941064 0.003958
84 45.8976195 43.8466123 41.7958196 0.0005115
85 458978823 43.8468165 41.7957814 0.0000508
86 45.8978763 43.8468146 41.7957524 0.0000007
87 45.8978764 43.8468146 41.7957528 0.0000000

Estimates values are x =45.8978764, y = 43.8468146 and z =41.7957528

after 87 iterations.

The result from modified multivariate secant method.

k xF y* Z* ER

0 3.00 2.00 1.00 12.251052
0 3.00 2.00 4.00 6.5900442
0 5.00 2.00 4.00 6.0311568
0 7.00 1.00 3.00 5.7900338
1 23.3881432 106.4535718 94.2836727 35.380986
2 34.1598663 53.3019436 46.702158 21.875965
3 88.1268234 89.7281778 77.7952805 17.568645
4 39.5327036 33.6323912 29.9118874 5.5096856
5 45.0588445 51.9222262 47.1882001 10.715592
6 59.167104 43.3978378 40.1265267 10.775416
7 374028117 35.4156745 33.6878809 3.7639646
8 52.2912423 48.3397752 47,1878038 7.4429269
9 44832489 42.8845362 41.1908135 0.6661559
10 47.7990244 45.3531167 43.0377754 0.8944408
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k x* ¥ ¥ ER

11 46.1152683 44.0507728 41,9688462 0.0934258
12 45.8695491 43.8217642 41.7725799 0.0148193
13 45.8966744 43.8457155 41.7946721 0.0007166
14 45.8978572 43.8467989 41,7957334 0.0000191
15 45.8978768 43.8468149 41.7957531 0.0000002
16 458978764 43.8468146 41.7957528 0.0000000

Estimates values are x =45.8978764, y = 43.8468146 and z =41.7957528

after 16 iterations.

The result from mid modified multivariate secant method.

k x* y* ¥ ER

0 3.00 2.00 1.00 12.2510523
0 3.00 2.00 4.00 6.5900442
0 5.00 2.00 4.00 6.0311568
0 7.00 1.00 3.00 5.7900338
1 23.3881432 106.4535718 94.2836727 35.3809860
2 34.1598663 53.3019436 46.7021580 21.8759652
3 40.6655404 57.6930974 50.4504094 26.1355138
4 -1.0739368 26.0931324 25.2856695 24.3994158
5 1122.5085588| 578.1893136 | 434.0810460 102.4301008
6 194.2291805 | 100.4760852 77.7167667 44.6454778
7 -987.6850766| -498.7457017 | -367.2585448 97.2543480
8 122.0432389 | 68.9981204 55.4561049 42.4046637
9 130.8287571 73.6267139 58.9857284 39.6106939
10 -89.5312569 | -22.7147039 -8.7733624 32.3943869
11 -29.8036461 -3.1516948 3.1981947 21.1028536
12 34.5746272 35.9224703 33,7709723 10.0424484
13 -67.0714993 | -13.5476992 -2.6330774 28.1925616
14 -8.0643290 -5.8657627 0.3068148 11.0383525
15 55.9543446 32.0963412 28.5092257 14.3245613
16 63.1340952 32.1906687 29.0687142 16.8441550
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k x* o | oz ER

17 -2.8164563 17.6432537 31.1798763 30.9009371
18 57.7349196 58.6572203 55.0050643 11.5402806
19 42.0963427 37.9972293 36.1188116 2.2293369
20 43.8172728 412910114 39.3082806 1.1705176
21 442756318 41.6595408 39.6835210 0.9449635
22 45.6545878 43,5152355 41.4572023 0.1677763
23 45.9598924 43.9355942 41.8763001 0.0342247
24 45.8877115 43.8338839 41.7839896 0.0053945
25 45.9010929 43.8506756 41.7992633 0.0016731
26 45.8978721 43.8468094 41.7957480 0.0000023
27 45.8978764 43,8468146 41.7957528 0.0000000

Estimates values are x =45.8978764, y = 43.8468146 and z =41.7957528

after 27 iterations.

The iterations of table 4.3 at the initial vectors of B

The result from multivariate secant method.

k ¥ y* z* ER
0 3.00 2.00 1.00 12.251052
0 3.00 2.00 4.00 6.5900442
0 5.00 2.00 4.00 6.0311568
0 7.00 1.00 3.00 5.7900338
1 23.3881432 106.4535718 94.2836727 35.380986
2 34.1598663 53.3019436 46.702158 21.875965
3 40.6655404 57.6930974 50.4504094 26.135514
4 -1.0739368 26.0931324 25.2856695 24399416
5 1122.508559 | 578.1893136 434.081046 102.4301
6 194.2291805 | 100.4760852 77.7167667 44645478
7 -987.6850766{ -498.7457017 | -367.2585448 97.254348
8 122.0432389 1 68.9981204 55.4561049 42.404664
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k xF y* Z* ER

9 130.8287571 73.6267139 58.9857284 39.610694
10 -89.5312569 | -22.7147039 -8.7733624 32.394387
11 -29.8036461 -3.1516948 3.1981947 21.102854
12 34.5746272 35.9224703 33.7709723 10.042448
13 -67.0714993 -13.5476992 -2.6330774 28.192562
14 -8.064329 -5.8657627 0.3068148 11.038353
15 55.9543446 32.0963412 28.5092257 14.324561
16 63.1340952 32.1906687 29.0687142 16.844155
17 -2.8164563 17.6432537 31.1798763 30.900937
18 57.7349196 58.6572203 55.0050643 11.54028
19 42.0963427 37.9972293 36.1188116 2.229337
20 43.8172728 41.2910114 39.3082806 1.170518
21 4.2756318 41.6595408 39,683521 0.944964
22 45.6545878 43.5152355 41.4572023 0.167776
23 45.9598924 43,9355942 41.8763001 0.034225
24 45.8877115 43.8338839 41.7839896 0.005395
25 45.9010929 43.8506756 41.7992633 0.001673
26 45.8978721 43.8468094 41.795748 0.0000023
27 458978764 43.8468146 41.7957528 0.000000

Estimates values are x =45.8978764, y = 43.8468146 and z =41.7957528

after 27 iterations.

The result from modified multivariate secant method.

k xf y* Z* ER

0 3.00 2.00 1.00 12.2510523
0 3.00 2.00 4.00 6.5900442
0 5.00 2.00 4.00 6.0311568
0 7.00 1.00 3.00 5.7900338
1 23.3881432 106.4535718 94.2836727 35.380986
2 34.1598663 53.3019436 46.702158 21.8759652
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k xF y* P ER

3 88.1268234 89.7281778 77.7952805 17.5686445
4 39.5327036 33.6323912 29.9118874 5.5096856
5 45.0588445 51.9222262 47.1882001 10.7155924
6 59.167104 43.3978378 40.1265267 10.7754158
7 37.4028117 35.4156745 33.6878809 3.7639646
8 52.2912423 48.3397752 47.1878038 7.4429269
9 44 832489 42.8845362 41.1908135 0.6661559
10 47.7990244 45.3531167 43.0377754 0.8944408
11 46.1152683 44.0507728 41.9688462 0.0934258
12 45.8695491 43.8217642 41,7725799 0.0148193
13 45.8966744 43 8457155 41.7946721 0.0007166
14 45.8978572 43.8467989 41.7957334 0.0000191
15 45.8978768 43.8468149 41.7957531 0.0000002
16 45.8978764 43 8468146 41.7957528 0.0000000

Estimates values are x =45.8978764, y = 43.8468146 and z =41.7957528

after 16 iterations.

The result from mid multivariate secant method.

k x* )’k zF ER

0 3.00 2.00 1.00 12.2510523
0 3.00 2.00 4.00 6.5900442
0 5.00 2.00 4.00 6.0311568
0 7.00 1.00 3.00 5.7900338
1 233881432 | 106.4535718 | 94.2836727 | 35.3809860
2 34.1598663 | 53.3019436 | 46.7021580 | 21.8759652
3 40.6655404 | 57.6930974 | 50.4504094 | 26.1355138
4 -1.0739368 | 26.0931324 | 252856695 | 24.3994158
5 1122.5085588| 578.1893136 | 434.0810460 | 102.4301008
6 1942291805 | 100.4760852 | 77.7167667 | 44.6454778
7 -987.6850766| -498.7457017 | -367.2585448 | 97.2543480
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k x* y* zF ER

8 122.0432389 | ' 68.9981204 55.4561049 42.4046637
9 130.8287571 73.6267139 58.9857284 39.6106939
10 -89.5312569 | -22.7147039 -8.7733624 32.3943869
11 -29.8036461 -3.1516948 3.1981947 21.1028536
12 34.5746272 35.9224703 33.7709723 10.0424484
13 -67.0714993 | -13.5476992 -2.6330774 28.1925616
14 -8.0643290 -5.8657627 0.3068148 11.0383525
15 55.9543446 32.0963412 28.5092257 14.3245613
16 63.1340952 32.1906687 29.0687142 16.8441550
17 -2.8164563 17.6432537 31.1798763 30.9009371
18 57.7349196 58.6572203 55.0050643 11.5402806
19 42.0963427 37.9972293 36.1188116 2.2293369
20 43.8172728 41.2910114 39.3082806 1.1705176
21 44.2756318 41.6595408 39.6835210 0.9449635
22 45.6545878 43,5152355 41.4572023 0.1677763
23 45.9598924 43,9355942 41.8763001 0.0342247
24 458877115 43.8338839 41.7839896 0.0053945
25 45.9010929 43.8506756 41.7992633 0.0016731
26 45.8978721 43.8468094 41.7957480 0.0000023
27 45.8978764 43.8468146 41.7957528 0.0000000

Estimates values are x =45.8978764, y = 43.8468146 and z =41.7957528

after 27 iterations.

The iterations of table 4.3 at the initial vectors of C

The result from multivariate secant method.

k x* y* z" ER

0 1.00 8.00 5.00 15.63298
0 2.00 4.00 6.00 8.68736
0 1.00 2.00 6.00 8.5145605
0 5.00 4.00 1.00 14.272339
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k x* o Z* ER .

1 63.8305424 51.4671835 6.231362 35.58201

2 56.2517145 47.7323754 15.6403735 27.286561
3 55.4419984 47.2755746 16.6839818 26.320596
4 42.9457993 40.3022677 49.3507668 29.304554
5 10.3553598 7.5341036 65.0861783 57.281441
6 29.5003576 28.1781928 41.4660025 26.80515

7 73.0547923 58.9332141 54.3319042 21.614315
8 99.8536519 90.7443517 53.7256117 39.596507
9 44.0287237 53.4955958 27.1131786 28.436222
10 68.24012 13.7949721 69.8346713 66.598915
11 40.4359763 49.7363949 49.2493746 23.432448
12 43.8358957 25.7038954 31.1952313 18.526476
13 46.5381784 38.5358242 33.5852019 7.4787955
14 50.0199465 41.215723 43.951645 18.197433
15 48.6896912 46.4593918 42.5072677 3.0565862
16 45.6347712 41.2468935 40.2633057 2.7298299
17 45.7013722 44.063945 42.4904407 1.1089339
18 45.9208025 43.8374237 41,8488817 0.1352828
19 45.8968204 43.8609834 41.8221708 0.0312279
20 45.8975654 43.8452106 41.7943768 0.0011801
21 45.8978264 43.8468121 41.795825 0.0001563
22 45.8978762 43.8468147 41.7957527 0.0000005
23 45.8978764 43.8468146 41.7957528 0.0000000

Estimates values are x =45.8978764, y = 43.8468146 and z =41.7957528

after 23 iterations.
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The result from modified multivariate secant method.

k xk y* z* ER
0 1.00 8.00 5.00 15.63298
0 5.00 4.00 1.00 14.272339
0 2.00 4.00 6.00 8.68736
0 1.00 2.00 6.00 8.5145605
1 63.8305424 51.4671835 6.231362 35.58201
2 56.2517145 47.7323754 15.6403735 27.286561
3 50.7203234 44.611845 22.7695453 20.3354
4 47.961687 43.2435045 28.8181038 14.534254
5 46.4914433 42.6536948 33.6295826 9.5184214
6 44707786 42.6418171 44153214 12.731903
7 47.5619767 45.6323682 40.2561557 48548175
8 44.050528 42 3237533 40.535089 0.7350716
9 47.7230082 45.6333505 43.5596932 1.1161447
10 45.8089676 43.7528629 41.6071567 0.2084528
11 45.8737073 43,8213953 41,792133 0.0390103
12 45.8921947 43.8416779 41.7909656 0.0029682
13 45.898098 43.8470269 41.7959609 0.0001264
14 45.8978762 43.8468145 41.7957522 0.0000009
15 45.8978764 43.8468146 41.7957528 0.0000000
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Estimates values are x =45.8978764, y = 43.8468146 and z =41.7957528

after 15 iterations.

The result from mid multivariate secant method.

k x* y* z* ER

0 1.00 8.00 5.00 15.6329801
0 5.00 4.00 1.00 14.2723387
0 2.00 4.00 6.00 8.6873600

0 1.00 2.00 6.00 '8.5145605

1 63.8305424 51.4671835 6.2313620 35.5820097




Y~

k xk y* 2 ER

2 56.2517145 47.7323754 15.6403735 27.2865613
3 34.1755781 35.2781385 44.0933550 24.3394345
4 76.6686591 67.6621585 41.8481869 26.0799971
5 51.9135111 472008181 34,9743082 12.5860898
6 61.2734825 52.6394937 14.8412524 30.3666235
7 36.1832072 35.9500161 53.9995522 36.6508538
8 44.1544993 41.8574702 43.8842967 13.6271650
9 47.8939474 442317158 39.6072074 4.4716617
10 46.3202631 43.0106017 41.4478206 1.6018061
11 45.8113813 42.5416623 422427577 4.5438295
12 50.4986234 50.7823045 32.8997063 16.6683393
13 46,0881779 43.6084850 41,0388935 1.0822156
14 46.1739287 44.0149540 40.7774649 2.0347899
15 45.6401757 44,1590247 41,8648266 0.8510312
16 46.1318974 43,7684733 41.2052251 1.0243101
17 45.8930856 43,8088473 41.8067519 0.0961993
18 45.9109323 43.9320347 41.7614655 0.2270497
19 45.8978546 43.8467485 41.7952386 0.0008591
20 45.8978830 43.8484452 41.8057309 0.0163218
21 45.8978780 43.8468121 41.7957304 0.0000388
22 45.8978764 43.8468146 41.7957528 0.0000000

Estimates values are x =45.8978764, y = 43.8468146 and z =41.7957528

after 22 iterations.
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The iterations of table 4.3 at the initial vectors of D

The result from multivariate secant method.

k xk y* z* ER
0 2.00 4.00 6.00 8.68736
0 1.00 8.00 5.00 15.63298
0 1.00 2.00 6.00 8.5145605
0 5.00 4.00 1.00 14.272339
1 63.8305424 51.4671835 6.231362 35.58201
2 56.243757 47.728454 15.6502526 27277578
3 55.4421555 47.2757192 16.6840709 26.320622
4 42.860438 40.2245423 493040629 29.08917
5 7.7702168 4,6136787 67.4769269 59.178004
6 29.5103737 28.192335 41,9846976 27.47894
7 79.0599046 65.510687 55.8930306 18.912891
8 93.693177 86.0574118 50.5860941 72.060173
9 104.1629519 78.1651693 67.8348628 25.381901
10 122.3749735 88.1855452 77.5007666 29.646372
11 15.3525883 24.7393976 21.3693548 21.239705
12 7.8906543 22.1669427 19.8179574 22.985096
13 192.4393844 108.7630472 100.4199088 48.015711
14 117.9579173 46.3760681 50.2674811 166.28815
15 106.6068586 638.8272432 60.7507088 31.71506
16 70.6834117 55.372656 47.2042809 19.86703
17 15.2353449 28.0109292 18.1043985 28.296178
18 85.4095723 62.7573247 52.6117658 29.340582
19 80.6230172 53.0480426 46.891859 26.858996
20 67.8069162 103.2867027 85.8331092 19.158172
21 79.4789904 71.1147972 71.0418514 27.642643
22 64.5143051 56.7830328 56.1073818 20.661134
23 13.8781161 16.826478 17.6869747 9.9471577
24 24.9891399 22.8947623 22.3871151 6.993155
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k x* » o 2 ER
25 25.3467262 23.3073168 22.7461259 6.944782
26 41.4636467 39.0240094 37.5199467 1.814566
27 48.0462775 45.6967024 43.6708575 1.520173
28 47.7183226 45.4037933 43.3899098 1.306625
29 43.9132067 42.1156194 40.1536695 1.0693801
30 45427455 43 4156919 41.4204974 0.205192
31 45.8097808 43.7701523 41.7297491 0.038387
32 45,9402891 43 8863717 41.8300722 0.018824
33 45.8970479 43.8460861 41.7950876 0.000421
34 45.8981053 43847018 41.7959369 0.000112
35 45.8978764 43.8468146 41.7957528 0.0000000

Estimates values are x =45.8978764, y = 43.8468146 and z =41.7957528

after 35 iterations.

The result from modified multivariate secant method.

k x* yk y k ER
1.00 8.00 5.00 15.63298
0 5.00 4.00 1.00 14.272339
0 2.00 4.00 6.00 8.68736
0 1.00 2.00 6.00 8.5145605
1 -8.1421161 | -14.2057064 | -10.3197795 17.1234
2 36.7827115 | 33.0576332 | 43.6448522 24.10893
3 67.3288497 | 65.8000461 | 59.7288373 13.941624
4 33.2402963 | 31.9077248 | 29.2980856 | 7.0613913
5 409174229 | 389817264 | 36.8842663 2.6875501
6 47.5977086 | 454085536 | 43.1524644 | 0.8079275
7 448598842 | 42.8412865 | 40.8273513 0.5414185
8 459178992 | 43.8646789 | 41.8114823 | 0.0090443
9 458969972 | 43.8459481 | 41.7949717 | 0.0004237
10 458977584 | 43.8467104 | 41.7956593 | 0.0000568
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k
k xF y Z~ ER
11 45.8978775 43.8468155 41.7957536 0.0000005
12 45.8978764 43.8468146 41.7957528 0.0000000

Estimates values are x =45.8978764, y = 43.8468146 and z =41.7957528

after 12 iterations.

The result from mid multivariate secant method.

k o y y* ER

0 1.00 8.00 5.00 15.6329801
0 5.00 4.00 1.00 14.2723387
0 2,00 4.00 6.00 8.6873600

0 1.00 2.00 6.00 8.5145605

1 -8.1421161 -14.2057064 -10.3197795 17.1234001
2 36.7827115 33.0576332 43.6448522 24,1089303
3 67.3288497 65.8000461 59.7288373 13.9416244
4 30.7692534 294509065 27.0921928 7.6389138

5 40.3389623 38.5717702 36.2796981 3.3054485

6 47.7849563 45,5851498 43.3335586 0.9332221

7 47.6806337 45.4870026 43.2413079 0.8717116

8 48.4253058 46.1799759 43.8562287 1.2851753

9 45.2796603 43.2793395 41.2958913 0.2742182

10 458352856 43.7913668 41.7464612 0.0292507

11 45.8750221 43.8264612 41.7775175 0.0108659

12 45.8886967 43.8386806 41.7885264 0.0042891

13 45.8979010 43.8468369 41.7957726 0.0000113

14 45.8978779 43.8468159 41.7957540 0.0000007

15 45.8978764 438468146 41.7957528 0.0000000

Estimates values are x =45.8978764, y = 43.8468146 and z =41.7957528

after 15 iteration.
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The iterations of table 4.4 at the initial vectors of A

The result from multivariate secant method.

k x* y* z ER

0 1.00 1.00 1.00 1.9132605
0 1.00 -1.00 2.00 2.8201401
0 2.00 1.00 2.00 1.7185799
0 1.00 0.00 1.00 1.0000000
1 1.7254820 0.0177785 1.2716996 0.9521400
2 2.2883038 -0.2709204 1.9335399 0.6287005
3 2.9957632 -0.2057793 2.2857351 0.6146735
4 3.3926851 0.0074428 2.2591061 0.2874808
5 3.0762749 -0.0001527 2.0911186 0.1163576
6 3.6291633 0.0431719 2.4376687 0.6248093
7 2.7478561 -0.0147725 2.0109366 0.0210584
8 2.6897320 -0.0016886 1.9911620 0.0128821
9 2.7199524 0.0000096 1.9996687 0.0021464
10 2.7184043 -0.0000108 1.9998672 0.0004166
11 27182813 0.0000000 2.0000004 0.0000014
12 2.7182818 0.0000000 2.0000001 0.0000002
13 27182818 0.0000000 2.0000000 0.0000000
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Estimates values are x =2.7182818, y = 0.0000000 and z =2.0000000 after

13 iterations.

The result from modified multivariate secant method.

k

k

k

k X y Z ER

0 1.00 -1.00 2.00 2.8201401
0 1.00 1.00 1.00 1.9132605
0 2.00 1.00 2.00 1.7185799
0 1.00 0.00 1.00 1.0000000
1 1.7254820 | 0.0177785 1.2716996 0.9521400




k x* y* 7k ER

2 2.0270876 -0.1369298 1.6263673 0.5209520
3 2.7572465 -0.1635607 2.1553078 0.4786127
4 3.1523607 -0.0296189 2.2244699 0.2545385
5 2.9029965 0.0007472 2.0376188 0.0745909
6 2.8686701 -0.0246098 2.0884990 0.1085946
7 2.6060540 0.0143159 1.9720593 0.0206461
8 2.7187757 -0.0003059 2.0005187 0.0010362
9 2.7182849 0.0000032 1.9999846 0.0000410
10 2.7182900 -0.0000004 2.0000022 0.0000022
11 2.7182825 0.0000000 2.0000002 0.0000002
12 2.7182818 0.0000000 2.0000000 0.0000000

Estimates values are x =2.7182818, y = 0.0000000 and z =2.0000000 after

12 iterations.

The result from mid modified multivariate secant method.

k x* ¥ Z* ER

0 1.00 -1.00 2.00 2.8201401
0 1.00 1.00 1.00 1.9132605
0 2.00 1.00 2.00 1.7185799
0 1.00 0.00 1.00 1.0000000
1 1.7254820 0.0177785 1.2716996 0.9521400
2 2.0270876 -0.1369298 1.6263673 0.5209520
3 2.7572465 -0.1635607 2.1553078 0.4786127
4 3.1523607 -0.0296189 2.2244699 0.2545385
5 2.9029965 0.0007472 2.0376188 0.0745909
6 2.8686701 -0.0246098 2.0884990 0.1085946
7 2.6060540 0.0143159 1.9720593 0.0206461
8 2.7187757 -0.0003059 2.0005187 0.0010362
9 2.7182849 0.0000032 1.9999846 0.0000410
10 2.7182900 -0.0000004 2.0000022 0.0000022
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k
k x* y z* ER
11 2.7182825 0.0000000 2.0000002 0.0000002
12 27182818 0.0000000 2.0000000 0.0000000

Estimates values are x =2.7182818, y = 0.0000000 and z =2.0000000 after

12 iterations.

The iterations of table 4.4 at the initial vectors of B

The result from multivariate secant method.

k x* y* Z* ER
0 1.00 -1.10 3.00 5.1388813
0 1.50 -1.00 0.00 3.6470713
0 2.50 1.00 0.00 5.7588134
0 3.00 2.00 3.00 8.0105169
1 1.7436480 0.1037902 1.4504749 0.5797248
2 1.8592062 0.5356728 1.7386570 0.5610865
3 1.8788756 1.6356810 1.9401146 4.1681100
4 2.0220193 -0.3269548 1.5344987 0.8184677
5 1.5725676 0.6086190 1.5600741 0.6533754
6 2.3345133 -0.2510106 1.9196423 0.5099404
7 12.5680019 -7.0343940 5.8499709 84.1184900
8 22412988 -0.0982778 1.7738446 0.3505926
9 2.2381094 -0.0508427 1.7897791 0.2741756
10 2.2229003 0.0217108 1.8079355 0.1658156
11 22236385 0.0339930 1.8121385 0.1471284
12 2.5044337 0.0451057 1.9397620 0.0240431
13 2.7886238 -0.0382760 2.0289316 0.0595371
14 23676255 0.0094777 1.8881412 0.1109933
15 2.7742535 -0.0040895 2.0180581 0.0110621
16 2.7190652 0.0004922 1.9989188 0.0035170
17 2.7208883 0.0000615 2.0001753 0.0018280
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k x* oo 2k ER

18 2.7180092 0.0000038 1.9999554 0.0001271
19 2.7182835 0.0000000 2.0000003 0.0000007
20 2.7182818 0.0000000 2.0000000 0.0000000

Estimates values are x =2.7182818, y = 0.0000000 and 7 =2.0000000 after

20 iterations.

The result from modified multivariate secant method.

k x* }’k 2k ER

0 3.00 2.00 3.00 8.0105169
0 2.50 1.00 0.00 5.7588134
0 1.00 -1.10 3.00 5.1388813
0 1.50 -1.00 0.00 3.6470713
1 17436480 | 0.1037902 1.4504749 0.5797248
2 1.9098405 | 0.7249114 1.8649302 0.9401762
3 1.8766911 | 0.5134086 1.7678363 0.5112341
4 2.1764628 | 0.3650038 1.8384834 0.4363790
5 2.1260077 | 0.2143845 1.7939578 0.1735263
6 24747827 | -0.0599960 1.9236030 0.1903533
7 2.5480370 | 0.0005343 1.9418819 0.0590219
8 2.6918988 | -0.0059891 1.9950894 0.0222498
9 26932274 | 0.0035609 1.9929171 0.0025484
10 27145152 | -0.0027817 1.9972381 0.0076551
11 27180010 | -0.0000183 2.0000553 0.0003719
12 27182857 | 0.0000005 2.0000024 0.0000037
13 2.7182819 | 0.0000000 2.0000000 0.0000000
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Estimates values are x =2.7182819, y = 0.0000000 and z =2.0000000 after

13 iterations.



The result from mid modified multivariate secant method.

k x* y* zF ER

0 3.00 2.00 3.00 8.0105169
0 2.50 1.00 0.00 5.7588134
0 1.00 -1.10 3.00 5.1388813
0 1.50 -1.00 0.00 3.6470713
1 1.7436480 0.1037902 1.4504749 0.5797248
2 1.9098405 0.7249114 1.8649302 0.9401762
3 1.8766911 0.5134086 1.7678363 0.5112341
4 2.1764628 0.3650038 1.8384834 0.4363790
5 2.1260077 0.2143845 1.7939578 0.1735263
6 24747827 -0.0599960 1.9236030 0.1903533
7 2.5480370 0.0005343 1.9418819 0.0590219
8 2.6918988 -0.0059891 1.9950894 0.0222498
9 2.6932274 0.0035609 1.9929171 0.0025484
10 2.7145152 -0.0027817 1.9972381 0.0076551
11 2.7180010 -0.0000183 2.0000553 0.0003719
12 2.7182857 0.0000005 2.0000024 0.0000037
13 2.7182819 0.0000000 2.0000000 0.0000000
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Estimates values are x =2.7182819, y = 0.0000000 and z =2.0000000 after

13 iterations.

The iterations of table 4.4 at the initial vectors of C

The result from multivariate secant method.

k xk y* z* ER

0 1.00 1.50 1.00 3.5170527

0 3.00 2.00 1.00 9.5219263

0 1.00 4.00 3.00 49.9711643
0 2.00 1.00 1.00 3.1310991

1 1.3511566 1.4865573 0.7808885 4.4734729




k xk ¥ z* ER

2 0.6861392 2.5101483 -0.1947358 13.0726365
3 1.8159828 0.9126070 1.0836798 2.5328665
4 1.9401570 0.4972941 1.4079503 1.1716782
S 2.0217227 0.3514350 1.5498775 0.7424085
6 2.1453214 0.1892256 1.7096085 0.3263701
7 2.0917610 0.1353320 1.7749786 0.1133832
8 1.5773400 0.3392125 1.5679104 0.3226488
9 2.3521995 0.0274239 1.8846066 0.0891620
10 2.3572204 0.0260349 1.8865418 0.0892839
11 3.0535898 -0.0413886 2.1220421 0.0641827
12 2.2081789 0.0446676 1.8311066 0.1257767
13 24163985 0.0082392 1.9296845 0.1147978
14 5.3227362 -0.0754792 2.6243599 0.3019224
15 3.0096772 -0.0056169 2.0584832 0.1033536
16 2.7530047 -0.0001648 2.0040514 0.0195414
17 2.7558989 -0.0002736 2.0052810 0.0192857
18 2.7328453 -0.0001560 2.0025725 0.0064794
19 2.7182467 -0.0000002 2.0000025 0.0000348
20 2.7182867 0.0000000 2.0000002 0.0000035
21 2.7182818 0.0000000 2.0000000 0.0000000

Estimates values are x =2.7182818, y = 0.0000000 and 7 =2.0000000 after

21 iterations.

The result from modified multivariate secant method.

k

k

k

k X y Z ER

0 1.00 4.00 3.00 49.9711643
0 3.00 2.00 1.00 9.5219263
0 1.00 1.50 1.00 3.5170527
0 2.00 1.00 1.00 3.1310991
1 13511566 | 1.4865573 0.7808885 4.4734729
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k x* y* Z* ER

2 1.9347119 0.5883524 1.6370024 0.8795290
3 1.9501958 0.5487492 1.6503681 0.7956923
4 2.1109981 0.1665709 1.7735404 0.1396728
5 2.0893998 0.1810141 1.7710453 0.1414453
6 2.1067553 0.1736402 1.7761281 0.1379458
7 2.4067397 0.0400970 1.8975739 0.0502241
8 2.5269422 0.0135679 1.9412071 0.0432526
9 2.7991825 -0.0102973 2.0295229 0.0153000
10 23212573 0.0538800 1.8508939 0.0871496
11 2.7428100 -0.0009097 2.0063034 0.0070170
12 2.7298452 -0.0004024 2.0028888 0.0034615
13 2.7287898 -0.0003712 2.0026427 0.0031185
14 2.7182192 0.0000005 1.9999913 0.0000327
15 2.7181607 0.0000008 1.9999835 0.0000638
16 2.7182818 0.0000000 2.0000000 0.0000000

Estimates values are x =2.7182818, y = 0.0000000 and z =2.0000000 after

16 iterations.

The result from mid modified multivariate secant method.

k x* y* Z* ER
0 1.00 4?00 3.00 49.9711643
0 3.00 2.00 1.00 9.5219263
0 1.00 1.50 1.00 3.5170527
0 2.00 1.00 1.00 3.1310991
1 1.3511566 1.4865573 0.7808885 44734729
2 1.9347119 0.5883524 1.6370024 0.8795290
3 1.9501958 0.5487492 1.6503681 0.7956923
4 2.1109981 0.1665709 1.7735404 0.1396728
5 2.0893998 0.1810141 1.7710453 0.1414453
6 2.1067553 0.1736402 1.7761281 0.1379458
7 2.4067397 0.0400970 1.8975739 0.0502241
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k x* y* zF ER

8 2.5269422 0.0135679 1.9412071 0.0432526
9 2.7991825 -0.0102973 2.0295229 0.0153000
10 2.3212573 0.0538800 1.8508939 0.0871496
11 2.7428100 -0.0009097 2.0063034 0.0070170
12 2.7298452 -0.0004024 2.0028888 0.0034615
13 2.7287898 -0.0003712 2.0026427 0.0031185
14 2.7182192 0.0000005 1.9999913 0.0000327
15 2.7181607 0.0000008 1.9999835 0.0000638
16 2.7182818 0.0000000 2.0000000 0.0000000

Estimates values are x =2.7182818, y = 0.0000000 and z =2.0000000 after

16 iterations.

The iterations of table 4.5 at the initial vectors of A

The result from multivariate secant method.

k x* y* ER

0 0.40 0.60 0.6345680
0 0.50 1.20 11.1837160
0 0.05 1.50 22.9524324
1 0.3906385 0.6242453 0.5630385

2 0.3794180 0.6435164 0.5012710
3 0.3904237 0.6321898 0.5354834
4 0.3926777 0.7859716 0.3944590
5 0.4076187 0.7140357 0.1371020
6 0.4036816 0.7325008 0.0190743

7 0.4035828 0.7333228 0.0135239

8 0.4033772 0.7353062 0.0000164
9 0.4033784 0.7353078 0.0000041

10 0.4033783 0.7353084 0.0000000

Estimates values are x =0.4033783 and y = 0.7353084 after 10 iterations.



The result from modified multivariate secant method.

xF y* ER
0.05 1.50 22.9524324
0.50 1.20 11.1837160
0.40 0.60 0.6345680
0.3906385 0.6242453 0.5630385
0.5087156 0.4214498 0.9175099
0.3887071 0.7170133 0.1357868
0.4001892 0.7287171 0.0473900
0.4031768 0.7385051 0.0221328
0.4033631 0.7353656 0.0003895
0.4033780 0.7353096 0.0000078
0.4033783 0.7353084 0.0006000

The result from mid modified multivariate secant method.

Estimates values are x =0.403378 and y = 0.7353084 after 8 iterations.

x* )’k ER
0.05 1.50 22.9524324
0.50 1.20 11.1837160
0.40 0.60 0.6345680
0.3906385 0.6242453 0.5630385
0.5087156 0.4214498 0.9175099
0.3887071 0.7170133 0.1357868
0.4006792 0.7292166 0.0435591
0.4031849 0.7384482 0.0217378
0.4033661 0.7353533 0.0003057
0.4033780 0.7353094 0.0000062
0.4033783 0.7353084 0.0000000

Estimates values are x =0.4033783 and y = 0.7353084 after 8 iterations.
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The iterations of table 4.5 at the initial vectors of B

The result from multivariate secant method.

k x* y* ER

0 1.00 3.00 12143146215
0 0.00 2.00 94.7628619
0 0.50 1.00 3.9375000
1 0.5151440 0.9667809 3.1869532
2 0.5500050 0.8924682 1.8201143
3 0.5266873 0.9243437 2.3480014
4 0.3628844 0.8596266 1.1461961
5 0.3253343 0.7952338 0.4578779
6 0.7082320 0.5941564 1.9643676
7 0.3575580 0.7483158 0.1530072
8 0.3829036 0.7372535 0.0659757
9 0.3826192 0.7372965 0.0668614
10 0.4039165 0.7351670 0.0019273
11 0.4032867 0.7353281 0.0003179
12 0.4033790 0.7353083 0.0000026
13 0.4033783 0.7353084 0.0000000

Estimates values are x =0.4033783 and y = 0.7353084 after 13 iterations.

The result from modified multivariate secant method.

k x* y* ER

0 1.00 3.00 1214.3146215
0 0.00 2.00 94.7628619
0 0.50 1.00 3.9375000

1 0.5151440 0.9667809 3.1869532
2 0.5500050 0.8924682 1.8201143

3 0.5266873 0.9243437 2.3480014
4 0.3628844 0.8596266 1.1461961
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k xk y* ER
0.3286666 0.8009483 0.5037446
6 0.6735273 0.6171477 1.6513478
7 0.3605352 0.7495596 0.1502623
8 0.3856825 0.7377060 0.0576031
9 0.3896849 0.7367883 0.0446871
10 0.4033821 0.7352456 0.0004312
11 0.4033595 0.7353124 0.0000649
12 0.4033787 0.7353083 0.0000015
13 0.4033783 0.7353084 0.0000000

Estimates values are x =0.4033783 and y = 0.7353084 after 13 iterations.

The result from mid modified multivariate secant method.

k x* y* ER

0 1.00 3.00 1214.3146215
0 0.00 2.00 94.7628619
0 0.50 1.00 3.9375000
1 0.5151440 0.9667809 3.1869532
2 0.5500050 0.8924682 1.8201143
3 0.5266873 0.9243437 2.3480014
4 0.3628844 0.8596266 1.1461961
5 0.3253343 0.7952338 0.4578779
6 0.7082320 0.5941564 1.9643676
7 0.3575580 0.7372535 0.0659757
9 0.3826192 0.7372965 0.0668614
10 0.4039165 0.7351670 0.0019273
11 0.4032867 0.7353281 0.0003179
12 0.4033790 0.7353083 0.0000026
13 0.4033783 0.7353084 0.0000000

Estimates values are x = 0.4033783 and y = 0.7353084 after 13 iterations.




The iterations of table 4.5 at the initial vectors of C

The result from multivariate secant method.

k xk y* ER

0 0.50 1.00 3.9375000
0 1.00 0.60 5.7320590
0 2.00 3.00 1750.8592176
1 1.1315075 0.5089156 8.4582204
2 0.6355153 0.8492571 1.2935444
3 2.1387396 -0.1378536 55.3421459
4 0.5009753 0.9452978 2.7232072
5 0.9090452 0.6464691 4.1299593
6 -0.6691821 1.8668610 26.7707757
7 0.6814758 0.8079869 1.2120292
8 0.6775695 0.8063076 1.1962187
9 0.3729527 0.6779859 0.3619271
10 0.3756831 0.6761859 0.3668996
11 0.3885602 0.7438212 0.0701613
12 0.4041488 0.7323561 0.0199633
13 0.4032038 0.7356329 0.0022255
14 0.4033818 0.7353065 0.0000165
15 0.4033783 0.7353084 0.0000005
16 0.4033783 0.7353084 0.0000000

Estimates values are x =0.4033783 and y =0.7353084 after 16 iterations.

The result from modified multivariate secant method.

k xk y* ER

0 2.00 3.00 1750.859218
0 1.00 0.60 5.732059
0 0.50 1.00 3.9375000




k xk ¥ ER

1 1.1315075 0.5089156 8.4582204
2 0.7295159 0.7847555 1.5152061
3 0.7374634 0.7824665 1.5776545
4 0.9361782 0.9091996 1.6768347
5 1.1897176 1.2239017 11.1643291
6 0.9393323 0.9732387 0.8388388
7 0.9981002 0.9393992 1.7859562
8 0.9787589 0.9783803 0.4759756
9 0.9884929 0.9878182 0.2793486
10 1.0011639 1.0011532 0.0278077
11 0.9998139 0.999834 0.0040092
12 0.9999886 0.9999894 0.0002554
13 1.0000000 1.0000000 0.0000005
14 1.0000000 1.0000000 0.0000000

Estimates values are x = 1.000000and y =1.0000000 after 14 iterations.

The result from mid modified multivariate secant method.

k x* yk ER

0 1.00 2.00 181.1215062
0 1.50 1.00 29.6875000
0 1.50 0.50 23.5835036
1 1.4415957 0.8182208 23.5120915
2 0.1132927 2.9754433 750.0381281
3 1.3250912 1.2732314 19.3509309
4 13752011 1.0118822 18.0009298
5 1.3458195 1.0564464 15.4803168
6 1.0176564 1.1531101 6.7675652

7 10349972 1.0103582 0.7100829

9 1.0120890 1.0015352 0.2634546

10 1.0006947 0.9995999 0.0279850




k X ¥ ER

11 0.9997755 0.9999141 0.0039104
12 0.9999901 0.9999985 0.0002051
13 1.0000000 1.0000000 0.0000001
14 1.0000000 1.0000000 0.0000000

Estimates values are x = 1.000000 and y = 1.0000000 after 14 iterations.

The iterations of table 4.6 at the initial vectors of A

The result from multivariate secant method.

k x* y* ZF ER

0 0.03 4.00 4.00 1.2810544

0 0.05 10.00 5.00 10.9405912
0 0.05 5.00 5.00 6.3568098

0 1.00 10.00 20.00 50.5287781
1 0.0264596 5.3069910 3.8230634 0.8731733

2 0.0274244 4,5093907 3.8712677 0.4074767

3 0.0272411 4,7570053 3.8621488 0.0325239

4 0.0272140 4,7468531 3.8608169 0.0078496

5 0.0265059 2.1318489 3.8470591 7.1301477

6 0.0273981 3.3847309 3.8458167 2.9177494

7 0.0290808 2.5125767 3.7074129 5.2269911

8 0.0250558 4.6097570 4.0257359 0.6633843

9 0.0252679 4.6734511 4.0209511 0.4997373

10 0.0250683 5.1959128 4.0560021 0.3886884

11 0.0251147 4.9830096 4.0424824 0.0313065

12 0.0251260 4.9634836 4.0409816 0.0008239

13 0.0251252 4.9640711 4.0410483 0.0000690

14 0.0251253 4.9640321 4.0410463 0.0000036

15 0.0251253 4.9640298 4.0410461 0.0000000
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Estimates values are x =0.0251253, y =4.9640298 and z =4.0410461 after

15 iterations.



The result from modified multivariate secant method.

k xk y* z* ER

0 1.00 10.00 20.00 50.5287781
0 0.05 10.00 5.00 10.9405912
0 0.05 5.00 5.00 6.3568098
0 0.03 4.00 4.00 1.2810544
1 0.0297722 4.8568968 3.9887954 0.9859636
2 0.0275265 4.7712947 3.87646 0.1436636
3 0.0270115 4.740412 3.850715 0.0730556
4 0.026899 4.7422807 3.8446974 0.1115219
5 0.0268344 4.7346812 3.8496044 0.1278467
6 0.0248572 4.990602 4.0622708 0.0104138
7 0.0251076 4.9677892 4.0440851 0.0043552
8 0.0251238 4.9644761 4.0414068 0.0006834
9 0.0251253 4.964028 4.0410446 0.0000038
10 0.0251253 4.9640297 4.041046 0.0000001
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Estimates values are x =0.0251253, y =4.9640298 and z =4.0410461 after

10 iterations.

The result from mid modified multivariate secant method.

k Xk ¥ z* ER

0 1.00 10.00 20.00 50.5287781
0 0.05 10.00 5.00 10.9405912
0 0.05 5.00 5.00 6.3568098

0 0.03 4,00 4.00 1.2810544

1 0.0297722 4.8568968 3.9887954 0.9859636

2 0.0275265 4.7712947 3.87646 0.1436636

3 0.0270115 4,740412 3.850715 0.0730556

4 0.026899 4.7422807 3.8446974 0.1115219

5 0.0268344 4.7346812 3.8496044 0.1278467

6 0.0248572 4.990602 4.0622708 0.0104138




k x* y* Z* ER

7 0.0251076 4.9677892 4.0440851 0.0043552
8 0.0251238 4.9644761 4.0414068 0.0006834
9 0.0251253 4.964028 4.0410446 0.0000038
10 0.0251253 4.9640297 4.041046 0.0000001
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Estimates values are x =0.0251253, y =4.9640297 and z =4.041046 after 10

iterations.

The result from multivariate secant method.

The iterations of table 4.6 at the initial vectors of B

k x* y* ¥ ER
0.10 2.00 5.00 8.8320432

0 0.20 4.00 6.00 16.2251088
0 0.01 3.00 3.00 11.5438869
0 1.00 8.00 10.00 39.0989906
1 0.1037927 4.3326544 4.1795402 94557684
2 0.0347417 4.0399858 3.0528339 0.8530829
3 0.0447180 3.9833903 3.2536137 1.3739516
4 0.0307323 3.8159481 3.0657639 1.9136918
5 0.0379676 3.8944348 3.1661715 0.0920028
6 0.0361316 3.8660353 3.1445110 0.5299096
7 0.0362236 3.8652279 3.1443658 0.5134853
8 0.0311000 4.2405696 3.4493372 0.4457116
9 0.0258879 4.7530683 3.8687238 0.3268879
10 0.0410072 1.9629478 1.5920047 8.0398150
11 0.0251091 4.8815449 3.9735345 0.2124784
12 0.0250560 4.9030618 3.9911009 0.1729224
13 0.0250645 4.9061558 3.9936380 0.1626913
14 0.0251223 4.9581282 4.0362121 0.0155995
15 0.0251251 4.9640609 4.0410715 0.0000392




k x* ¥ " ER

16 0.0251253 4.9640275 4.0410442 0.0000035
17 0.0251253 4.9640334 4.0410490 0.0000056
18 0.0251253 4.9640298 4.0410461 0.0000000

Estimates values are x =0.0251253, y =4.9640298 and z =4.0410461after

18 iterations.

The result from modified multivariate secant method.

k i ¥ Z* ER

0 1.00 8.00 10.00 39.0989906
0 0.20 4.00 6.00 16.2251088
0 0.01 3.00 3.00 11.5438869
0 0.10 2.00 5.00 8.8320432
1 0.1074984 3.1561328 4.6962672 9.1973135
2 0.0497764 4.1280708 3.2920696 2.4283379
3 0.0405298 3.9711384 3.1848117 0.5351844
4 0.0378293 3.9086030 3.1599305 0.1154022
5 0.0408512 3.9753647 3.1920997 0.6096497
6 0.0361964 3.9105575 3.1857092 0.3658483
7 0.0242624 4.8192072 3.9151178 0.6263072
8 0.0220995 5.2559169 4.2755913 0.2048260
9 0.0239845 5.2057916 4.2376032 0.2595166
10 0.0243867 5.1273922 4.1737462 0.1892783
11 0.0250966 4.9626293 4.0398419 0.0116604
12 0.0251315 4.9629556 4.0401752 0.0009118
13 0.0251252 4.9640708 4,0410794 0.0000854
14 0.0251253 4.9640123 4.0410318 0.0000374
15 0.0251253 4.9640298 4.0410461 0.0000000
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Estimates values are x =0.0251253, y =4.9640298 and z =4.0410461 after

15 iterations.



The result from mid modified multivariate secant method.

k x* ¥ zF ER

0 1.00 8.00 10.00 39.0989906
0 0.20 4.00 6.00 16.2251088
0 0.01 3.00 3.00 11.5438869
0 0.10 2.00 5.00 8.8320432
1 0.1074984 3.1561328 4.6962672 9.1973135
2 0.0497764 4.1280708 3.2920696 2.4283379
3 0.0405298 3.9711384 3.1848117 0.5351844
4 0.0378293 3.9086030 3.1599305 0.1154022
5 0.0408512 3.9753647 3.1920997 0.6096497
6 0.0361964 3.9105575 3.1857092 0.3658483
7 0.0242624 4.8192072 3.9151178 0.6263072
8 0.0220995 5,2559169 4.2755913 0.2048260
9 0.0239845 5.2057916 4.2376032 0.2595166
10 0.0243867 5.1273922 4.1737462 0.1892783
11 0.0250966 4.9626293 4.0398419 0.0116604
12 0.0251315 4.9629556 4.0401752 0.0009118
13 0.0251252 4,9640708 4.0410794 0.0000854
14 0.0251253 4.9640123 4.0410318 0.0000374
15 0.0251253 4.9640298 4.0410461 0.0000000
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Estimates values are x =0.0251253, y =4.9640298 and z =4.0410461 after

15 iterations.

The result from multivariate secant method.

The itérations of table 4.6 at the initial vectors of C

k xF y* zF ER

0 0.04 4,75 3.42 2.1235353
0 0.02 2.50 2.40 9.1380319
0 0.20 2.20 145 3.5420785
0 0.03 3.65 145 8.2804919




k xF y* * ER

1 0.0342720 4.3136726 3.3561112 0.3316119
2 0.0327800 4.2578366 3.4069905 0.1641958
3 0.0320450 4.2783829 3.460439%4 0.1641605
4 0.0253262 4.8477501 4.0237836 0.1675961
5 0.0246983 5.0178577 4.1004044 0.0427782
6 0.0247353 5.0145541 4.0963210 0.0419622
7 0.0253621 4.9115540 3.9961105 0.0686742
8 0.0251263 4.9639699 4.0410167 0.0001801
9 0.0251252 4.9640425 4.0410584 0.0000115
10 0.0251253 4.9640298 4.0410460 0.0000001
11 0.0251253 4.9640298 4.0410461 0.0000000
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Estimates values are x =0.0251253, y =4.9640298 and 7z = 4.0410461 after

11 iterations.

The result from modified multivariate secant method.

k Xk y* 2k ER

0 0.02 2.50 240 9.1380319
0 0.03 3.65 145 8.2804919
0 0.20 2.20 145 3.5420785
0 0.04 4.75 342 2.1235353
1 0.0341365 4.2784589 3.0683275 0.9071959
2 0.0322192 4.2381289 3.2876043 0.5792211
3 0.0315877 4.3277488 3.5039986 0.1173578
4 0.0287190 4.5193979 3.7453527 0.1527087
5 0.0253977 4.8848578 4.0040475 0.0907357
6 0.0249401 4.9908539 4.0632539 0.0149457
7 0.0250931 4.9706595 4.0468437 0.0080918
8 0.0251360 4.9613267 4.0389986 0.0034979
9 0.0251253 4.9640222 4.0410427 0.0000118
10 0.0251253 4.9640298 4.0410461 0.0000001
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Estimates values are x =0.0251253, y =4.9640298 and z =4.0410461 after

10 iterations

The result from mid modified multivariate secant method.

k Xk y* % ER

0 0.02 2.50 2.40 9.1380319
0 0.03 3.65 145 8.2804919
0 0.20 2.20 1.45 3.5420785
0 0.04 4.75 3.42 2.1235353
1 0.0341365 4.2784589 3.0683275 0.9071959
2 0.0322192 4.2381289 3.2876043 0.5792211
3 0.0315877 4.3277488 3.5039986 0.1173578
4 0.0287190 4,5193979 3.7453527 0.1527087
5 0.0253977 4.8848578 4.0040475 0.0907357
6 0.0249401 4.9908539 4.0632539 0.0149457
7 0.0250931 4,9706595 4.0468437 0.0080918
8 0.0251360 4.9613267 4.0389986 0.0034979
9 0.0251253 4.9640222 4.0410427 0.0000118
10 0.0251253 4.9640298 4.0410461 0.0000001

Estimates values are x =0.0251253, y =4.9640298 and z =4.0410461 after

10 iterations.

The result from multivariate secant method.

The iterations of table 4.7 at the initial vectors of A

k wk x* }’k z* ER

0 10900.0000 0.0005 1.0075 4.0000 139772.5006
0 10871.0000 0.0003 1.002 3.0000 139796.3055
0 10800.0000 0.0004 1.03 3.5000 139904.7207
0 10753.0000 0.0003 1.005 4.0000 139961.1735
0 10725.0000 0.0002 1.000 3.2000 139992.1629




k wk x* y"* 2 ER

1 111492.28398 0.0152309 0.9928891 3.9734182 1355.811934
2 109488.93560 -0.00179 1.00991 4.0074599 184.4828545
3 109736.74910 0.0005087 1.0076113 4.0028627 3.7317981
4 109737.49338 0.0005561 1.0075639 4,0027677 0.7305723
5 109737.37882 0.0005488 1.0075712 4.0027823 0.0436693
6 109737.37490 0.0005486 1.0075714 4.0027828 0.0201849
7 109737.37154 0.0005484 1.0075716 4.0027833 0.0000212
8 109737.37154 0.0005484 1.0075716 4.0027833 0.0000083
9 109737.37154 0.0005484 1.0075716 4.0027833 0.0000003
10 109737.37154 0.0005484 1.0075716 4.0027833 0.0000000

Estimates values are w =109737.37154, x =0.0005484, y =1.0075716 and

z2 =4.0027833 after 10 iterations.

The result from modified multivariate secant method.

k wk X ¥ ¥ ER

0 10725.0000 0.0002 1.0000 3.2000 139992.1629
0 10753.0000 0.0003 1.0050 4.0000 139961.1735
0 10800.0000 0.0004 1.0300 3.5000 139904.7207
0 10871.0000 0.0003 1.0020 3.0000 139796.3055
0 10900.0000 0.0005 1.0075 4.0000 139772.5006
1 111492.28398 0.0152309 0.9928891 3.9734182 1355.811931
2 109735.43966 0.0003044 1.0078156 4.0032712 25.0879079
3 109737.30655 0.0005442 1.0075758 4.0027916 0.3892297
4 109737.37148 0.0005484 1.0075716 4.0027833 0.0003690
5 109737.37154 0.0005484 1.0075716 4.0027833 0.0000000

Estimates values are w =109737.37154, x =0.0005484, y =1.0075716 and

z =4.0027833 after S iterations.
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The result from mid modified multivariate secant method.

k wk x* y* z* ER

0 10725.0000 0.0002 1.0000 3.2000 139992.1629000
0 10753.0000 0.0003 1.0050 4.0000 139961.1735300
0 10800.0000 0.0004 1.0300 3.5000 139904.7207400
0 10871.0000 0.0003 1.0020 3.0000 139796,3054800
0 10900.0000 0.0005 1.0075 4.0000 139772.5005600
1 111492.2839800 0.0152309 0.9928891 3.9734182 1355.8119312
2 109735.4396600 0.0003044 1.0078156 4.0032712 25.0879079

3 109737.3065500 0.0005442 1.0075758 4.0027916 0.3892297

4 109737.3714800 0.0005484 1.0075716 4.,0027833 0.0003690

5 109737.3715400 0.0005484 1.0075716 4.0027833 0.0000000

Estimates values are w =109737.37154, x =0.0005484, y =1.0075716 and

z =4.0027833 after 5 iterations.

The iterations of table 4.7 at the initial vectors of B

The result from multivariate secant method.

k w¥ x* y* ¥ ER

0 1073.000 0.002 1.000 3.200 153825.4076
0 1080.000 0.004 1.025 3.500 154003.3174
0 1087.000 0.003 1.015 3.000 153908.8472
0 1075.000 0.003 1.040 4.000 153900.9227
0 1090.000 0.005 1.007 4.000 154080.0181
1 119205.65361 -0.1519294 1.1600494 4.3077388 27370.50798
2 109878.87047 -0.0145068 1.0226268 4,0328936 1841.49125
3 109777.17948 0.0032855 1.0048345 3.9973089 261.5156972
4 109738.57885 0.0006344 1.0074856 4.0026112 8.2445529
5 109737.99366 0.0005927 1.0075273 4.0026946 4.2467409
6 109737.33786 0.0005459 1.0075741 4.0027881 0.2319582
7 109737.36985 0.0005483 1.0075717 4.0027835 0.0101383
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k wk x* yk z¥ ER

8 109737.37152 | 0.0005484 1.0075716 4.0027833 0.0000948
9 109737.37155 | 0.0005484 1.0075716 4.0027833 0.0000586
10 10973737152 | 0.0005484 1.0075716 4.0027833 0.0000156
11 109737.37152 | 0.0005484 1.0075716 4.0027833 0.0000154
12 109737.37153 | 0.0005484 1.0075716 4.0027833 0.0000031
13 109737.37154 | 0.0005484 1.0075716 4.0027833 0.000001
14 109737.37154 | 0.0005484 1.0075716 4.0027833 0.0000001
15 109737.37154 | 0.0005484 1.0075716 4.0027833 0.0000001
16 109737.37154 | 0.0005484 1.0075716 4.0027833 0.0000000

Estimates values are w =109737.37154, x =0.0005484, y =1.0075716 and

z =4.0027833 after 16 iterations.

The result from modified multivariate secant method.

k wk xF ¥ ¥ ER

0 1090 0.005 1.007 4.0 154080.0181
0 1080 0.004 1.025 3.5 154003.3174
0 1087 0.003 1.015 3.0 153908.8472
0 1075 0.003 1.040 4.0 153900.9227
0 1073 0.002 1.000 3.2 153825.4076
1 119205.65361 -0.1519294 1.1600494 43077388 27370.50797
2 109896.51567 -0.0147668 1.0228868 4.0334136 1891.958865
3 109777.93217 0.0033265 1.0047935 3.9972271 265.2612901
4 109738.69492 0.0006425 1.0074775 4,002595 9.0160025
5 109737.32474 0.000545 1.007575 4.00279 0.3221451
6 109737.37141 0.0005484 1.0075716 4.0027833 0.0007625
7 109737.37157 0.0005484 1.0075716 4.0027833 0.0001763
8 109737.37157 0.0005484 1.0075716 4.0027833 0.0001761
9 109737.37153 0.0005484 1.0075716 4,0027833 0.0000333
10 109737.37154 0.0005484 1.0075716 4.0027833 0.0000001
11 109737.37154 0.0005484 1.0075716 4.0027833 0.0000000
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Estimates values are w =109737.37154, x = 0.0005484, y =1.0075716 and

z =4.0027833 after 11 iterations.

The result from mid modified multivariate secant method.

k wk x* y* z* ER

0 1050.0000 0.0050 1.0070 4.0000 154080.0180800
0 1080.0000 0.0040 1.0250 3.5000 154003.3174400
0 1087.0000 0.0030 1.0150 3.0000 153908.8471800
0 1075.0000 0.0030 1.0400 4.0000 153900.9226800
0 1073.0000 0.0020 1.0000 3.2000 153825.4076300
1 119205.6536100 | -0.1519294 1.1600494 4.3077388 27370.5079730
2 109896.5156700 | -0.0147668 1.0228868 4.0334136 1891.9588652
3 109777.9321700 0.0033265 1.0047935 3.9972271 265.2612901

4 109738.6949200 0.0006425 1.0074775 4.0025950 9.0160025

5 109737.3247400 0.0005450 1.0075750 4.0027900 0.3221451

6 109737.3714100 0.0005484 1.0075716 4.0027833 0.0007625

7 109737.3715700 0.0005484 1.0075716 4.0027833 0.0001763

8 109737.3715700 0.0005484 1.0075716 4.0027833 0.0001761

9 109737.3715300 0.0005484 1.0075716 4.0027833 0.0000333

10 109737.3715400 0.0005484 1.0075716 4.0027833 0.0000001

11 109737.3715400 0.0005484 1.0075716 4.0027833 0.0000000

Estimates values are w =109737.37154, x = 0.0005484, y =1.0075716 and

z =4.0027833 after 11 iterations.

The iterations of table 4.7 at the initial vectors of C

The result from multivariate secant method.

k wk x* y* zk ER

0 102200.0000 0.0035 1.2000 3.0500 10922.35738
0 106200.0000 0.0050 1.2000 3.0250 5403.611724
0 103500.0000 0.0015 1.2000 3.0050 8903.848571




k wk Xk y* 2 ER

0 104200.0000 0.0020 1.5000 3.5000 7925.976072
0 103000.0000 0.0025 1.6000 3.0500 9660.052535
1 109692.35447 -0.0002987 1.0084187 4.0044774 51,9555576
2 109747.75991 0.0007344 1.0073856 4.0024112 11.2035949
3 109737.36510 0.0005481 1.0075719 4,0027838 0.0207519
4 109737.37159 0.0005484 1.0075716 4,0027833 0.0003194
5 109737.37155 0.0005484 1.0075716 4.0027833 0.0000854
6 109737.37159 0.0005484 1.0075716 4.0027833 0.0003160
7 109737.37154 0.0005484 1.0075716 4.0027833 0.0000001
8 109737.37154 0.0005484 1.0075716 4.0027833 0.0000001
9 109737.37154 0.0005484 1.0075716 4.0027833 0.0000003
10 109737.37154 0.0005484 1.0075716 4.0027833 0.0000002
11 109737.37154 0.0005484 1.0075716 4.0027833 0.0000000

Estimates values are w =109737.37154, x =0.0005484, y =1.0075716 and

z =4.0027833 after 11 iterations.

The result from modified multivariate secant method.

k w¥ x* )’k z* ER

0 102200 0.0035 1.2000 3.0500 10922.35738
0 103000 0.0025 1.6000 3.0500 9660.052535
0 103500 0.0015 1.2000 3.0050 8903.848571
0 104200 0.002 1.5000 3.5000 7925.976072
0 106200 0.005 1.2000 3.0250 5403.611724
1 109692.35457 | -0.0002987 1.0084187 4.0044774 51.9555578
2 10974775991 | 0.0007344 1.0073856 4.0024112 11.203595
3 109737.35837 0.000548 1.007572 4.002784 0.0274219
4 109737.37169 | 0.0005484 1.0075716 4.0027833 0.0003168
5 109737.37154 | 0.0005484 1.0075716 4.0027833 0.0000055
6 109737.37154 | 0.0005484 1.0075716 40027833 0.0000059
7 109737.37154 |  0.0005484 1.0075716 4.0027833 0.0000000
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Estimates values are w =109737.37154, x =0.0005484, y =1.0075716 and

z =4.0027833 after 7 iterations.

The result from mid modified multivariate secant method.

k w¥ xk y* ¥ ER

0 102200.0000 0.0035 1.2000 3.0500 10922.3573840
0 103000.0000 0.0025 1.6000 3.0500 9660.0525352
0 103500.0000 0.0015 1.2000 3.0050 8903.8485713
0 104200.0000 0.0020 1.5000 3.5000 7925.9760716
0 106200.0000 0.0050 1.2000 3.0250 5403.6117244
1 109692.3544700 -0.0002987 1.0084187 4.0044774 51.9555578
2 109747.7599100 0.0007344 1.0073856 4.0024112 11.2035950
3 109737.3582700 0.0005480 1.0075720 4.0027840 0.0274219
4 109737.3715%00 0.0005484 1.0075716 4.0027833 0.0003168

5 109737.3715400 0.0005484 1.0075716 4.0027833 0.0000055

6 109737.3715400 0.0005484 1.0075716 4.0027833 0.0000059
7 109737.3715400 0.0005484 1.0075716 4.0027833 0.0000000

Estimates values are w =109737.37154, x =0.0005484, y =1.0075716 and

z =4.0027833 after 7 iterations.

The iterations of table 4.8 at the initial vectors of A

The result from multivariate secant method.

k A x* y" 2 ER

0 35.02 3.00 0.25 0.20 101.9715732
0 38.50 3.40 0.05 0.31 135.717557
0 30.00 430 0.60 0.40 104.6756825
0 33.10 3.60 0.85 0.45 72.0403307
0 38.01 4.30 0.75 0.49 120.5544957
1 52.0293769 2.8611366 24811962 0.7791258 140.1964202
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k P x* y* zF ER

2 11.6389745 5.164294 -0.0408106 0.0473247 61.8040371
3 17.5689429 4.8342706 0.622196 0.2282533 71.6663803
4 27.6698808 4.2587612 1.1199392 0.3758875 64.1818976
5 29.1872968 4.1670117 1.1833968 0.3969875 60.4912464
6 30.0636803 4.1155161 1.2212853 0.4094787 57.9540019
7 478837756 3.0839237 - 1.9962834 0.6653606 49.537077
8 25.2518466 4.4498037 1.0492954 0.3499456 67.5596414
9 38.3617704 3.6596552 1.5983708 0.5327916 20.1919045
10 38.7170115 3.6378747 1.6131486 0.5377201 18.1200187
11 39.8130749 3.5711102 1.6588462 0.5529507 11.4725814
12 41.6380277 3.4598997 1.7349166 0.5783056 04701914
13 41.5657261 3.4643152 1.7319054 0.5773018 0.0238315
14 41.5691083 3.4641084 1.7320462 0.5773487 0.0007577
15 41.5691409 3.4641064 1.7320475 0.5773492 0.0005356
16 41.5692313 3.4641009 1.7320513 0.5773504 0.0000815
17 41.5692194 3.4641016 1.7320508 0.5773503 0.0000005
18 41.5692194 3.4641016 1.7320508 0.5773503 0.0000000

Estimates values are 4 =41.5692194, x =3.4641016, y =1.7320508 and

z =0.5773503 after 18 iterations.

The result from modified multivariate secant method.

k Ak x* y* ZF ER

0 38.50 3.40 0.05 0.31 135.717557
0 38.01 4.30 0.75 0.49 120.5544957
0 30.00 4.30 0.60 0.40 104.6756825
0 35.02 3.0 0.25 0.20 101.9715732
0 33.10 3.6 0.85 0.45 72.0403307
1 52.0293769 2.8611366 2.4811962 0.7791258 140.1964202
2 25.2041966 4.3907726 0.806212 0.293102 81.9600600
3 49.2085074 3.0046239 2.4081667 0.7719359 126.4127897
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k a* Xk ¥ ¥ ER

4 35.2651772 3.8033839 1.3992245 0.4672329 43.2451392
5 51.2135823 2.8931515 2.0883806 0.6934997 70.9344474
6 42.6068096 3.4088188 1.8130752 0.6039532 13.0107360
7 40.5901735 3.5205687 1.6886875 0.5628948 6.7507841

8 41.5305279 3.4669622 1.7306284 0.5768971 0.2555987

9 41.5195963 3.4670002 1.7298704 0.5766249 0.3488758

10 41.5708126 3.4640078 1.7321189 0.577373 0.0109673

11 41.5689627 3.4641169 1.7320400 0.5773467 0.0017574

12 41.5692382 3.4641005 1.7320516 0.5773505 0.0001287

13 41.5692194 3.4641016 1.7320508 0.5773503 0.0000000

Estimates values are 1=41.5692194, x =3.4641016, y =1.7320508 and

z =0.5773503 after 13iterations.

The result from mid modified multivariate secant method.

k A x* y* ¥ ER

0 38.50 3.40 0.05 0.31 135.717557
0 38.01 4.30 0.75 0.49 120.5544957
0 30.00 4.30 0.60 0.40 104.6756825
0 35.02 3.00 0.25 0.20 101.9715732
0 33.10 3.60 0.85 045 72.0403307
1 52.0293769 2.8611366 2.4811962 0.7791258 140.1964202
2 25.2041966 4.3907726 0.8062120 0.2931020 81.9600600
3 34.8285767 3.8350048 1.4485058 0.4850875 37.0106634
4 36.0654145 3.7631349 1.4837192 0.4963150 33.2601369
5 34.4910631 3.8512240 1.4088222 0.4717268 414513722
6 40.2731087 3.5312473 1.6698575 0.5571346 9.1403314
7 40.5270574 3.5271665 1.6883947 0.5628261 6.9371620
8 41.6677725 3.4584445 1.7362817 0.5787556 0.6753658
9 41.6157543 3.4613541 1.7340275 0.5780070 0.3188744
10 41.5684900 3.4641462 1.7320204 0.5773401 0.0049759
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k A xk ¥ Z* ER

11 41.5690597 3.4641113 1.7320441 0.5773480 0.0010900
12 41,5692196 3.4641016 1.7320508 0.5773563 0.0000018
13 41.5692194 3.4641016 1.7320508 0.5773503 0.0000000
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Estimates values are A =41.5692194, x = 3.4641016, y = 1.7320508 and

z = 0.5773503 after 13 iterations.

The iterations of table 4.8 at the initial vectors of B

The result from multivariate secant method.

k A x* y* Z* ER

0 290 2.5 2.0 04 49 4134607
0 330 2.0 1.5 1.0 153.6757951
0 32.0 1.5 20 1.0 241.7293166
0 28.0 3.0 0.5 04 65.8511777
0 28.0 3.0 0.5 04 65.8511777
1 441489847 -0.2530566 -0.2530566 0.5651414 233.2261354
2 93.5757964 -19.3935160 3.8905865 -0.0459648 1886.7610051
3 22,3797444 -1.5659412 0.0562900 -0.8288846 57.2566680
4 23.3648093 -1.9073520 -0.0313287 -0.9401180 84.4836862
5 39.3448230 1.4285175 1.0182523 0.0622199 66.8385575
6 41.8266324 0.1613569 0.4749110 -0.3347850 50.2238319
7 42.5636141 2.1941030 1.5587268 0.3092644 51.5446394
8 38.6744726 2.2095244 1.6227288 0.3031503 44.8589210
9 474177140 0.7826781 1.0309729 -0.0667988 76.0894221
10 62.6359896 2.0271858 0.7339886 0.1578527 119.1564942
11 25.5113787 4.7478805 2.2683527 0.8294372 176.0068730
12 642.5102237 -24.0836320 -12.5256023 -4.2650740 |26335.8766010
13 39.5110508 3.9231818 1.8466934 0.6675705 324119252
14 42 5384886 3.2519330 1.7110883 0.5371712 12.0473212
15 42.7893330 3.4348397 1.7217097 0.5725061 5.8858255




k A x* ¥ ¥ ER

16 43.0121711 3.4431078 1.7177449 0.5741288 6.7591495
17 43.1995073 3,4223555 1.7157170 0.5705485 7.9979227
18 40.4271311 3.5575198 1.7515151 0.5930542 7.9403848
19 41.7922080 3.4603345 1.7293472 0.5767222 1.1012400
20 41.6163226 3.4633910 1.7314615 0.5772323 0.2323894
21 41.5693776 3.4640997 1.7320480 0.5773500 0.0008292
22 41.5692229 3.4641016 1.7320508 0.5773503 0.0000161
23 41.5692194 3.4641016 1.7320508 0.5773503 0.0000002
24 41.5692194 34641016 1.7320508 0.5773503 0.0000000

Estimates values are 4 =41.5692194, x =3.4641016, y =1.7320508 and

z =0.5773503 after 24 iterations.

The result from modified multivariate secant method.

k ﬂ,k xk yk Zk ER
0 320 1.5 20 1.0 241.7293166
0 33.0 20 1.5 1.0 153.6757951
0 28.0 3.0 0.5 0.4 65.8511777
0 28.0 3.0 0.5 0.4 65.8511777
0 29.0 2.5 2.0 0.4 49.4134607
1 44.1489847 -0.2530566 -0.2530566 0.5651414 233.2261354
2 29.6457886 5.3632845 1.9225133 0.7444569 104.2434020
3 19.6071566 6.8864179 2.4445644 1.1730331 381.2974556
4 29.8454422 4.4749486 1.9254412 0.7651624 105.0683158
5 24.8874919 4.8819192 1.9409429 0.8420617 154.9045839
6 29.6503251 4.4276330 1.8714371 0.7536582 98.8905513
7 25.0519572 4.8605334 1.9083712 0.8342215 148.9745109
8 38.8828484 3.5855277 1.7740495 0.5942025 14.9331434
9 40.4644194 3.5855186 1.7414363 0.5991013 8.8212735
10 41.7562329 3.3605855 1.7410863 0.5587968 5.2758172
11 41.6814689 3.4656013 1.7277090 0.5773767 0.8157249
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k /Ik xk yk Zk ER
12 41.5917062 3.4647943 1.7314036 0.5774792 0.1316252
13 41.5699234 3.4640249 1.7320393 0.5773377 0.0052985
14 41.5690024 3.4641329 1.7320549 0.5773553 0.0018900
15 41.5692195 3.4641018 1.7320508 0.5773503 0.0000079
16 41.5692194 3.4641016 1.7320508 0.5773503 0.0000000

Estimates values are 1=41.5692194, x =3.4641016, y =1.7320508 and

z =0.5773503 after 16 iterations.

The result from mid multivariate secant method.

k A xk y* zF ER

0 32.00 1.50 2.00 1.00 2417293166
0 33.00 2.00 1.50 1.00 153.6757951
0 28.00 3.00 0.50 0.40 65.8511777
0 30.00 1.00 1.00 0.00 52.6972485
0 29.00 2.50 2.00 0.40 49.4134607
1 441489847 | -0.2530566 | 2.3689914 | 0.5651414 | 233.2261354
2 29.6457886 | 53632845 | 1.9225133 | 0.7444569 | 104.2434020
3 -6.7720733 | 10.8888643 | 3.8163955 | 2.2992334 | 1670.5363677
4 347711939 | 34524429 | 1.6719733 | 05222704 | 10.5905585
5 364230276 | 3.6858185 | 1.7381699 | 0.5877507 | 20.0790498
6 377786521 | 3.6381448 | 17783600 | 0.5985678 | 19.8752455
7 394298915 | 3.5994942 | 17787130 | 0.6018750 | 14.8983734
8 405029118 | 3.5230606 | 17516512 | 0.5868936 | 6.5365859
9 415004483 | 34650219 | 1.7324469 | 05773274 | 0.2620500
10 415532802 | 3.4643611 17321968 | 05773912 | 0.0751227
1 415668595 | 3.4641575 | 17320810 | 0.5773592 | 0.0119590
12 415688043 | 3.4641126 | 17320562 | 0.5773519 | 0.0020967
13 41.5692186 | 3.4641016 | 1.7320508 | 0.5773503 | 0.0000040
14 415692194 | 34641016 | 1.7320508 | 0.5773503 | 0.0000000

Estimates values are 1=41.5692194, x =3.4641016, y =1.7320508 and

z =0.5773503 after 16 iterations.
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The iterations of table 4.8 at the initial vectors of C

The result from multivariate secant method.

k a x* y* * ER

0 27.00 1.50 1.00 0.50 38.4585816
0 35.00 1.00 1.00 1.00 113.4372073
0 22.00 2.00 1.50 0.30 313403510
0 25.00 2.50 1.50 0.45 37.5276445
0 30.00 1.00 0.50 1.00 54.7083175
1 18.1911633 | 1.9359805 | 1.3819714 0.5415571 | 74.9748787
2 450399335 | 3.9697885 |  1.6894900 0.5745040 | 39.6195178
3 03744935 | -1.1408969 |  2.5152707 03593577 | 132.1236944
4 343289473 | 2.8784532 |  1.9229352 04920317 | 40.8912705
5 37.2367935 | 3.1114923 | 17657797 0.5486186 | 24.2617336
6 42.0960390 | 3.5022906 | 1.7362663 0.5763894 3.3610575
7 393225492 | 32805251 |  1.7704693 0.5566609 | 13.6446292
8 420175092 | 3.5012180 |  1.7199898 0.5826634 3.0759802
9 41.5864634 | 3.4655265 | 1.7316957 0.5775006 0.1169866
10 | 415718030 | 34643174 | 1.7319391 0.5773987 0.0189665
11 415693241 | 34641103 | 1.7320476 0.5773516 0.0007291
12 | 415692230 | 3.4641019 | 1.7320507 0.5773503 0.0000253
13 41.5692194 | 3.4641016 | 1.7320508 0.5773503 0.0000000

Estimates values are 1=41.5692194, x =3.4641016, y =1.7320508 and

z =0.5773503 after 13 iterations.

The result from modified multivariate secant method.

k i xk y* Z* ER

0 35.00 1.00 1.00 1.00 113.4372073
0 30.00 1.00 0.50 1.00 54.7083175
0 27.00 1.50 1.00 0.50 38.4585816
0 25.00 2.50 1.50 0.45 37.5276445
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k P x* ¥ z* ER

0 22.00 2.00 1.50 0.30 31.3403510
1 18.1911633 1.9359805 1.3819714 0.5415571 74.9748787
2 30.5764449 2.8741719 1.5238291 0.5567554 36.7474320
3 37.6644612 3.1489796 1.8246056 0.4882125 17.6379511
4 40.1908743 3.2980676 1.8430270 0.5011136 15.3715443
5 41.6158805 3.4571973 1.7005472 0.5892190 2.7844432
6 41.6478790 3.4719739 1.7188705 0.5843211 1.5293393
7 41.5497936 3.4623056 1.7323073 0.5771077 0.1142583
8 41.5569470 3.4629951 1.7321762 0.5771980 0.0677787
9 41.5860310 3.4656039 1.7318576 0.5775631 0.0935072
10 41,5692193 3.4641016 1.7320510 0.5773502 0.0000151
11 41.5692193 3.4641016 1.7320508 0.5773503 0.0000002
12 41.5692194 3.4641016 1.7320508 0.5773503 0.0000000

Estimates values are 1=41.5692194, x =3.4641016, y =1.7320508 and

z =0.5773503 after 12 iterations.

The result from mid modified multivariate secant method.

k P x* y ¥ ER
0 35.00 1.00 1.00 1.00 113.4372073
0 30.00 1.00 0.50 1.00 54.7083175
0 27.00 1.50 1.00 0.50 38.4585816
0 25.00 2.50 1.50 045 37.5276445
0 22.00 2.00 1.50 0.30 31.3403510
1 18.1911633 1.9359805 1.3819714 0.5415571 74.9748787
2 30.5764449 2.8741719 1.5238291 0.5567554 36.7474320
3 39,0235661 3.2016731 1.8822786 0.4750697 20.1769769
4 42.9023951 3.5222276 1.7439614 0.5650567 9.7454197
5 41.4261965 3.4542602 1.7182553 0.5875132 3.0116267
6 41.7424672 3.4774727 1.7347059 0.5760927 1.2898931
7 41.5513333 3.4626675 1.7320985 0.5772174 0.0953676
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k i x* y* z* ER
41.5690137 3.4640842 1.7320468 0.5773501 0.0010841
9 41.5697552 3.4641468 1.7320661 0.577349 0.0029408
10 41.5692223 ! 3.4641019 1.7320509 0.5773503 0.0000160
11 41.5692194 3.4641016 1.7320508 0.5773503 0.0000000

Estimates values are 1=41.5692194, x =3.4641016, y =1.7320508 and

z =0.5773503 after 11 iterations.

The iterations of table 4.9 at the initial vectors of A

The result from multivariate secant method.

k a* B* y* 5* x* ER

0 0.50 0.50 0.50 0.50 1.00 6.4578358
0 0.40 0.80 0.63 0.15 1.50 5.5260837
0 0.80 1.10 0.45 0.20 1.70 2.8482445
0 0.40 1.20 1.00 0.10 1.30 5.5504628
0 0.35 0.50 1.00 0.50 1.00 6.8201150
0 1.50 2.00 1.00 1.00 2.00 7.8145131
1 0.9883986 0.7363378 0.8145528 0.2832113 2.3183622 1.4809611
2 1.0565268 0.8502888 0.6049266 0.2507006 2.1123621 0.2904906
3 1.0082294 0.8696901 0.5771588 0.1889538 2.2016337 0.2365989
4 0.9921614 0.8444250 0.5731279 0.2150507 2.2594938 0.1058162
s 1.0012003 0.8361182 0.6060135 0.2314706 2.2277802 0.1009999
6 1.0133783 0.8448529 0.6050460 0.2287992 2.1953705 0.0573655
7 1.0103061 0.8503858 0.5943234 0.2190132 2.2031205 0.0314806
8 1.0052744 ’ 0.8477141 0.5913584 0.2192455 2.2175943 0.0281688
9 1.0053919 0.8449622 0.5958331 0.2230205 2.2170540 0.0104644
10 1.0076529 0.8455834 0.5977188 0.2237633 2:2107238 0.0130072
11 1.0079769 0.8468738 0.5962374 0.2222388 2.2098016 0.0034661
12 1.0070981 0.8468482 0.5951418 0.2216676 22122929 0.0055728
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k a* p* r* s* x* ER

13 1.0067935 0.8462999 0.5955758 0.2221975 2.2131394 0.0016311
14 1.0071118 0.8462102 0.5961151 0.2225396 2.2122400 0.0022369
15 1.0072982 0.8464259 0.5960318 0.2223770 2.2117161 0.0009176
16 1.0071982 0.8465035 0.5957879 0.2222029 2.2120003 0.0008343
17 1.0071009 0.8464266 0.5957785 0.2222395 2.2122737 0.0004957
18 1.0071254 0.8463796 0.5958798 0.2223199 2.2122038 0.0002874
19 1.0071710 0.8464036 0.5959024 0.2223191 2.2120753 0.0002469
20 1.0071690 0.8464278 0.5958637 0.2222850 2.2120813 0.0000919
21 1.0071494 0.8464221 0.5958471 0.2222791 2.2121367 0.0001139
22 1.0071466 0.8464108 0.5958604 0.2222924 2.2121444 0.0000308
23 1.0071544 0.8464112 0.5958699 0.2222974 2.2121223 0.0000491
24 1.0071570 0.8464160 0.5958660 0.2222926 2.2121150 0.0000142
25 1.0071542 0.8464167 0.5958613 0.2222897 2.2121230 0.0000197
26 1.0071525 0.8464148 0.5958620 0.2222911 2.2121276 0.0000080
27 1.0071534 0.8464142 0.5958642 0.2222926 2.2121250 0.0000074
28 1.0071543 0.8464149 0.5958642 0.2222923 2.2121226 0.0000043
29 1.0071541 0.8464153 0.5958633 0.2222916 2.2121233 0.0000026
30 1.0071537 0.8464151 0.5958632 0.2222916 2.2121244 0.0000022
31 1.0071537 0.8464148 0.5958635 0.2222919 2.2121243 0.0000008
32 1.0071539 0.8464149 0.5958636 0.2222920 2.2121239 0.0000010
33 1.0071539 0.8464150 0.5958635 0.2222918 2.2121238 0.0000003
34 1.0071538 0.8464150 0.5958634 0.2222918 2.2121240 0.0000004
35 1.0071538 0.8464149 0.5958635 0.2222918 2.2121240 0.0000001
36 1.0071538 0.8464149 0.5958635 0.2222919 2.2121240 0.0000002
37 1.0071538 0.8464150 0.5958635 0.2222919 2.2121239 0.0000001

Estimates values are a=1.0071538, 8 =0.8464150, y = 0.5958635,

6 =0.2222919 and x=2.2121239 after 37 iterations.




The result from modified multivariate secant method.
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k a* Bk ¥ sk xk ER

0 1.50 2.00 1.00 1.00 2.00 7.8145131
0 0.35 0.50 1.00 0.50 1.00 6.8201150
0 0.50 0.50 0.50 0.50 1.00 6.4578358
0 0.40 1.20 1.00 0.10 1.30 5.5504628
0 0.40 0.80 0.63 0.15 1.50 5.5260837
0 0.80 1.10 0.45 0.20 1.70 2.8482445
1 0.9883986 0.7363378 0.8145528 0.2832113 2.3183622 1.4809611
2 1.1939181 1.0800888 0.1821823 0.1851378 1.6969305 2.5223519
3 1.0450493 0.8972149 0.4891865 0.1878266 2.1423462 0.7255058
4 1.0193842 0.8605525 0.5638415 0.2127495 2.1937510 0.2198338
5 1.0058360 0.8458620 0.5992346 0.2229138 2.2124335 0.0215593
6 1.0072165 0.8464856 0.5961417 0.2224575 2.2115092 0.0011946
7 1.0072179 0.8464764 0.5961172 0.2224428 2.2115545 0.0010771
8 1.0071748 0.8464334 0.5958888 0.2222958 2.2120508 0.0000890
9 1.0071580 0.8464188 0.5958705 0.2222952 2.2121025 0.0000193
10 1.0071542 0.8464153 0.5958642 0.2222922 2.2121218 0.0000019
11 1.0071538 0.8464150 0.5958635 0.2222919 2.2121240 0.0000000

Estimates values are = 1.0071538, 5= 0.8464150, y = 0.5958635,
6 =0.2222919 and x=2.2121240 after 11 iterations.
The result from mid modified multivariate secant method.

k a* B r" s* x* ER

0 1.50 2.00 1.00 1.00 2.00 7.8145131
0 0.35 0.50 1.00 0.50 1.00 6.8201150
0 0.50 0.50 0.50 0.50 1.00 6.4578358
0 0.40 1.20 1.00 0.10 1.30 5.5504628
0 0.40 0.80 0.63 0.15 1.50 5.5260837
0 0.80 1.10 0.45 0.20 1.70 2.8482445
1 0.9883986 0.7363378 0.8145528 0.2832113 2.3183622 1.4809611
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k a* Bk y* s* x* ER

2 1.1939181 1.0800888 0.1821823 0.1851378 1.6969305 2.5223519
3 1.0229576 0.8700769 0.5347450 0.1882256 2.2084446 0.4149202
4 1.0242922 0.8743566 0.5239638 0.1773168 22134322 0.4942767
5 1.0034265 0.8435547 0.6066211 0.2258843 2.2130170 0.0698820
6 1.0073952 0.8463578 0.595749%4 0.2224473 2.2117017 0.0020345
7 1.0072106 0.8464939 0.5958107 0.2222076 2.2120108 0.0007503
8 1.0071915 0.8464642 0.5958388 0.2222494 2.2120263 0.0004132
9 1.0071630 0.8464195 0.5958612 0.2222921 22121018 0.0000554
10 1.0071500 0.8464133 0.5958643 0.2222915 2.2121325 0.0000229
11 1.0071538 0.8464149 0.5958635 0.2222919 2.2121240 0.0000003
12 1.0071538 0.8464150 0.5958635 0.2222918 2.2121240 0.0000000

Estimates values are a=1.0071538, 8= 0.8464150, y = 0.5958635,
5 =0.2222918 and x=2.2121240 after 9 iterations.
The iterations of table 4.9 at the initial vectors of B
The result from multivariate secant method.

k a* B r" s* xk ER

0 0.50 0.50 0.50 0.50 2.00 5.0802871
0 0.60 0.98 0.63 0.15 2.00 3.5860277
0 0.80 1.00 0.45 0.20 2.20 2.1465076
0 0.40 1.00 1.00 0.10 2.00 5.2679085
0 0.35 0.50 1.00 0.50 1.50 6.3760863
0 1.50 2.00 1.00 1.00 2.00 7.8145131
1 0.8940353 0.6834760 0.6909786 0.2785635 2.3569161 1.3863723
2 1.3823037 1.4011573 0.4169787 0.1533756 1.5191779 3.2457894
3 0.9092118 0.6923691 0.6134555 0.2139780 2.4685876 0.9156974
4 1.0988670 1.0255087 0.5065261 0.2046659 2.1422113 1.3728326
5 0.9498762 0.7615652 0.6202219 0.2280016 2.3097371 0.5985270
6 1.0578931 0.9310182 0.5620815 0.2137543 2.1413411 0.6076158
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k ak B y* sk x* ER

7 09749918 | 0.7958137 | 0.6114100 | 0.2255865 22684719 | 0.3499747
8 10331055 | 08895609 | 0.5792776 | 02183317 | 2.1740986 | 03081293
9 09895906 | 08184742 | 0.6051087 | 02243708 | 22413744 | 0.1955182
10 10206393 | 08685300 | 0.5876861 | 02203559 | 2.1915449 | 0.1570077
11 0.9977185 | 0.8312773 | 0.6010340 | 0.2234725 22275109 | 0.1063094
12 10142149 | 08579269 | 05916924 | 02213132 | 2.2011423 0.0814893
13 1.0021233 | 0.8383091 | 0.5986791 02229401 | 2.2202255 0.0570512
14 10108679 | 08524506 | 05937010 | 02217869 | 2.2062908 | 0.0426576
15 1.0044821 | 08421000 | 05973753 | 02226413 22163980 | 0.0304041
16 1.0091123 | 08495923 | 0.5947319 | 0.2220283 2.2090323 0.0224379
17 10057377 | 08441251 | 05966694 | 02224785 | 22143812 | 0.0161448
18 10081880 | 08480913 | 0.5952684 | 02221535 | 22104870 | 0.0118325
19 1.0064040 | 08452017 | 05962915 | 0.2223911 22133169 | 0.0085567
20 10077003 | 08473004 | 0.5955497 | 02222189 | 22112577 | 0.0062483
21 1.0067570 | 08457727 | 0.5960904 | 0.2223445 22127546 | 0.0045305
2 10074427 | 08468829 | 05956978 | 02222534 | 22116657 | 0.0033019
23 1.0069439 | 0.8460751 0.5959836 | 02223197 | 22124574 | 0.0023975
24 10073066 | 08466623 | 05957759 | 02222715 | 22118816 | 0.0017455
25 1.0070428 | 0.8462352 | 0.5959271 02223066 | 2.2123003 0.0012684
26 1.0072346 | 08465458 | 0.5958172 | 0.2222811 22119958 | 0.0009230
27 10070951 | 08463199 | 05958971 | 0.2222997 | 22122172 | 0.0006709
28 1.0071965 | 08464841 | 0.5958390 | 0.2222862 | 22120562 | 0.0004881
29 10071228 | 08463647 | 05958813 | 02222960 | 2.2121733 0.0003549
30 10071764 | 0.8464515 | 0.5958506 | 0.2222888 | 2.2120881 0.0002581
31 1.0071374 | 08463884 | 0.5958729 | 0.2222940 | 22121501 0.0001877
32 10071658 | 08464343 | 05958567 | 02222903 | 22121050 | 0.0001365
33 1.0071451 | 0.8464009 | 0.5958685 02222930 | 22121378 | 0.0000993
34 10071601 | 08464252 | 0.5958599 | 02222910 | 22121139 | 0.0000722
35 1.0071492 | 0.8464075 | 0.5958661 02222925 | 22121313 0.0000525
36 1.0071572 | 08464204 | 05958616 | 0.2222914 | 2.2121187 0.0000382
37 10071514 | 08464110 | 05958649 | 02222922 | 22121278 | 0.0000278
38 10071556 | 08464178 | 05958625 | 02222916 | 22121212 | 0.0000202
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k a* B* y* s* Xk ER
39 1.0071525 0.8464129 0.5958642 0.2222920 2.2121260 0.0000147
40 1.0071548 0.8464165 0.5958630 0.2222917 2.2121225 0.0000107
41 1.0071531 0.8464139 0.5958639 0.2222919 2.2121250 0.0000078
42 1.0071543 0.8464158 0.5958632 0.2222918 2.2121232 0.0000056
43 1.0071535 0.8464144 0.5958637 0.2222919 2.2121245 0.0000041
44 1.0071541 0.8464154 0.5958633 0.2222918 2.2121236 0.0000030
45 1.0071536 0.8464146 0.5958636 0.2222919 22121243 0.0000022
46 1.0071540 0.8464152 0.5958634 0.2222918 2.2121237 0.0000016
47 1.0071537 0.8464148 0.5958636 0.2222919 2.2121241 0.0000011
48 1.0071539 0.8464151 0.5958635 0.2222918 2.2121239 0.0000008
49 1.0071538 0.8464149 0.5958635 0.2222919 2.2121241 0.0000006
50 1.0071539 0.8464150 0.5958635 0.2222918 2.2121239 0.0000004
51 1.0071538 0.8464149 0.5958635 0.2222919 2.2121240 0.0000003
52 1.0071538 0.8464150 0.5958635 0.2222918 2.2121239 0.0000002
53 1.0071538 0.8464149 0.5958635 0.2222919 2.2121240 0.0000002
54 1.0071538 0.8464150 0.5958635 0.2222918 2.2121240 0.0000001
55 1.0071538 0.8464149 0.5958635 0.2222919 2.2121240 0.0000001
Estimates values are a= 1.0071538, #=0.8464149, y =0.5958635,
6 =0.2222919 and x=2.2121240 after 55 iterations.
The result from modified multivariate secant method.
k ak B k 7k sk ok ER
0 1.50 2.00 1.00 1.00 2.00 7.8145131
0 0.35 0.50 1.00 0.50 1.50 6.3760863
0 0.40 1.00 1.00 0.10 2.00 5.2679085
0 0.50 0.50 0.50 0.50 2.00 5.0802871
0 0.60 0.98 0.63 0.15 2.00 3.5860277
0 0.80 1.00 0.45 0.20 2.20 2.1465076
1 0.8940353 0.6834760 0.6909786 0.2785635 2.3569161 1.3863723
2 1.0013862 0.8412658 0.6307369 0.2510396 2.1727306 0.2321070
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k ot B 7" sk xF ER
0.9919189 0.8322157 0.6415333 0.2613807 2.1818166 0.3467264
4 1.0112117 0.8492041 0.5952338 0.2213819 2.2083756 0.0320421
5 1.0070010 0.8462678 0.5954483 0.2220602 2.2133812 0.0016510
6 1.0070462 0.8463295 0.5957418 0.2222337 2.2125941 0.0003183
7 1.0071391 0.8464040 0.5958532 0.2222879 2.2121715 0.0000501
8 1.0071538 0.8464149 0.5958634 0.2222918 22121242 0.0000002
9 1.0071538 0.8464150 0.5958635 0.2222919 2.2121240 0.0000000
Estimates values are @=1.0071538, 5= 0.8464150, y = 0.5958635,
8 =0.2222919 and x=2.2121240 after 9 iterations.
The result from mid modified multivariate secant method.
k a® B* y* sk x* ER
0 " 150 2.00 1.00 1.00 2.00 7.8145131
0 0.35 0.50 1.00 0.50 1.50 6.3760863
0 0.40 1.00 1.00 0.10 2.00 5.2679085
0 0.50 0.50 0.50 0.50 2.00 5.0802871
0 0.60 0.98 0.63 0.15 2.00 3.5860277
0 0.80 1.00 0.45 0.20 2.20 2.1465076
1 0.8940353 0.6834760 0.6909786 0.2785635 2.3569161 1.3863723
2 1.0013862 0.8412658 0.6307369 0.2510396 2.1727306 0.2321070
3 1.0199854 0.8590451 0.6095266 0.2307240 2.1548806 0.0344304
4 1.0136642 0.8514922 0.5916566 0.2180491 2.2075673 0.0641119
5 1.0059773 0.8454953 0.5959597 0.2226423 2.2141384 0.0081370
6 1.0069871 0.8462860 0.5958508 0.2223218 2.2124832 0.0009788
7 1.0071478 0.8464102 0.5958639 0.2222938 22121362 0.0000394
8 1.0071534 0.8464146 0.5958635 0.2222920 2.2121248 0.0000030
9 1.0071538 0.8464150 0.5958635 0.2222919 2.2121240 0.0000000

Estimates values are = 1.0071538, £ =0.8464150, y = 0.5958635,

65 =0.2222919 and x=2.2121240 after 9 iterations.




The iterations of table 4.9 at the initial vectors of C

The result from multivariate secant method.
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k a® ik y* 5* x* ER

0 1.00 1.00 1.00 1.00 1.50 2.6589038
0 2.00 1.00 1.00 0.50 2.00 7.0426686
0 0.50 1.00 0.50 0.10 1.00 5.6064746
0 1.50 0.60 0.40 0.20 1.50 3.8584102
0 0.75 0.50 0.30 0.50 1.00 5.5913096
0 0.65 0.60 0.40 0.15 1.00 5.7191859
1 16704649 | 0.6224276 | -03323411 | 05328270 | 0.4360257 5.0219145
2 0.9226391 | 0.9040003 1.1190995 0.0805760 2.2097323 2.8774917
3 08272192 | 07667725 | 03288387 | 0.9743701 2.7834332 4.2340586
4 0.9860218 | 0.8915709 | 07191547 | -0.3363672 | 2.2565269 2.5685167
5 0.6721122 | -0.1718414 | -0.5819194 | 2.6991145 48042259 | 11.4421994
6 1.4312325 10879114 | 0.5751908 03973353 | -0.0364863 | 3.8253836
7 0.9148943 | 0.8179601 0.5714457 | 0.0591121 2.2192001 1.0825166
8 0.9971901 0.7808677 | 0.5243395 0.3791701 2.4157186 0.9287584
9 0.9959271 0.8807789 | 0.6373055 0.0604698 2.1914217 0.7950415
10 1.0008579 | 0.7789104 | 0.5191844 | 0.4233092 2.3405761 1.0967161
11 09980707 | 08901329 | 0.6500686 | 0.0294819 | 2.1737491 0.9449824
12 0.9985048 | 0.7599157 | 0.4978835 0.4789228 2.3765376 1.4131310
13 09943480 | 08981733 | 0.6613565 | -0.0167540 | 2.1740088 1.1640039
14 0.9920843 | 0.7268376 | 04609980 | 0.5641150 2.4486488 1.9262414
15 0.9870592 | 0.9079765 0.6766782 | -0.0865695 | 2.1848729 1.4931377
16 0.9768186 | 0.6616118 | 0.3882953 0.7229686 2.5983095 2.9324903
17 09703234 | 09210756 | 0.7020886 | -0.2138494 | 2.2270422 2.0971722
18 09198017 | 04558948 | 0.1588807 1.1942707 3.0953865 6.0476372
19 08861983 | 09372332 | 07790416 | -0.6391356 | 2.5362606 | 4.2762934
20 1.6448479 | 2.6833015 2.6647866 | -3.5682170 | -2.6288279 | 7.8701368
21 1.0454498 | 09404974 | 0.5895037 | 0.5789042 1.8295335 1.3209692
22 1.0437334 | 009121606 | 07136891 | -0.0253762 | 2.0221798 1.1813980
23 0.9867409 | 0.7059354 | 04320066 | 0.7019462 | 2.4823445 2.6080516
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k

k

k

k a Vi /4 5* x ER

24 0.9788148 | 09196594 | 0.6973946 | -0.1796216 | 2.1930632 | 1.9183223
25 0.9403686 | 05204331 | 0.2322011 10511540 | 2.9325580 | 5.0962731
26 09194404 | 09355503 | 0.7529488 | -0.4927420 | 24031449 | 3.4904321
27 -4.5305161 | -16.7463576 | -19.1184300 | 38.4122612 | 46.7438286 | 1414679087
28 0.8394029 | 03998776 | 05203513 | 04440532 | 22441874 | 3.3570177
29 08876021 | 09573782 | 0.6466005 | -0.0453745 | 2.5433539 1.9562363
30 1.0008266 | 0.6984169 | 0.4481880 | 0.5262381 2.4720111 1.8738340
31 0.9814517 | 09074577 | 0.6722238 | -0.0719992 | 2.2055263 1.4484911
32 0.9810864 | 0.6787872 | 0.4076018 | 0.6753231 2.5585016 | 2.6395077
33 09753175 | 09176777 | 0.6949053 | -0.1771974 | 22138189 1.9232823
34 0.9418208 | 0.5327905 | 02445310 | 1.0209837 | 2.9074767 | 4.9099567
35 09254863 | 09344537 | 07481835 | -04657570 | 23822852 | 3.3500802
36 -0.5239716 | -4.1178235 | -4.9664068 | 11.1233082 | 14.6771289 | 52.8327013
37 0.7116750 | 3.4778528 | 3.7730926 | -5.7208888 | -1.3235932 | 10.5632646
38 1.0335282 | 0.7614261 0.3242045 1.2876487 | 2.0388944 | 4.0682795
39 0.8549939 | 0.8810099 | 0.7966710 | -0.7580577 | 2.6281505 | 4.7780118
40 14095112 | 18252701 17397914 | -1.7757855 | -0.6092916 | 4.4551307
41 1.0631929 | 0.9163541 0.5485832 | 0.7504319 1.7899956 1.9035072
42 1.0254799 | 0.9302369 | 0.7514739 | -0.1623053 | 2.0507947 1.7956561
43 09197957 | 0.4675464 | 0.1612973 1.2939244 | 3.0498233 6.2119432
44 0.8687709 | 0.9319266 | 0.7862782 | -0.7012967 | 2.5961050 | 4.5982844
45 14939075 | 2.1976093 | 2.1222594 | -2.5108437 | -1.4201931 | 6.4865053
46 10645675 | 09212904 | 0.5536198 | 0.7636748 1.7843371 1.9301508
47 10242313 | 09311686 | 07552358 | -0.1705906 | 2.0523277 1.8350991
48 09113661 | 04416427 | 01311106 | 13599784 | 3.1144868 | 6.5722621
49 0.8467804 | 0.9295685 | 0.7992391 | -0.7795412 | 2.6864359 | 5.0449692
50 1.4065631 19181989 | 18120717 | -1.9018063 | -0.7205913 | 4.9005817
51 1.0649608 | 09179487 | 0.5497408 | 0.7607117 1.7837907 1.9280038
52 10244677 | 09313012 | 07547483 | -0.17007%0 | 2.0524168 1.8325188
53 09122106 | 04435187 | 01335480 | 1.3543245 3.1088661 6.5430276
54 0.8486396 | 09298735 | 0.7981479 | -0.7729483 | 2.6785511 5.0070996
55 1.4119371 1.9356542 18313226 | -1.9398212 | -0.7638792 | 5.0221746
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k o* B* y* sk x* ER
56 1.0651929 0.9179015 0.5494882 0.7642955 1.7833245 1.9389684
57 1.0239347 0.9315072 0.7554928 -0.1729319 2.0535908 1.8456334
58 0.9095290 0.4350375 0.1237943 1.3748194 3.1299267 6.6555682
59 0.8410138 0.9290035 0.8025462 -0.7992825 2.7101432 5.1593762
60 1.3917819 1.8710692 1.7598890 -1.7982271 -0.6031066 4.5655460
61 1.0641415 0.9182637 0.5507680 0.7484918 1.7854011 1.8901948
62 1.0262519 0.9305529 0.7522185 -0.1603681 2.0485587 1.7879998
63 0.9207932 0.4709085 0.1650057 1.2880697 3.0410729 6.1705727
64 0.8707648 0.9320073 0.7849528 -0.6937676 2.5877498 4.5555302
65 1.5061006 2.2363633 2.1654142 -2.5950381 -1.5180525 6.6259237
66 1.0638521 0.9223612 0.5553808 0.7558217 1.7857936 1.9041827
67 1.0254255 0.9306099 0.7535327 -0.1638199 2.0495462 1.8040611
68 0.9174192 0.4610427 0.1533513 1.3132491 3.0666304 6.3115113
69 0.8629962 0.9312250 0.7896882 -0.7222697 2.6196868 4.7166388
70 1.4644026 2.1030698 2.0171920 -2.3054313 -1.1831909 6.0586763
71 1.0656473 0.9192262 0.5504713 0.7750668 1.7822617 1.9688105
72 1.0223935 0.9319723 0.7576999 -0.1807914 2.0568001 1.8819550
73 0.9015605 04103767 0.0952764 1.4348617 3.1917467 6.9763662
74 0.8161835 0.9257473 0.8164460 -0.8823201 2.8139314 5.6446941
75 1.3466762 1.7261865 1.6005317 -1.4780176 -0.2456094 3.5744081
76 1.0597757 0.9208509 0.5568414 0.6879450 1.7938302 1.6987689
77 1.0341923 0.9259848 0.7397648 -0.1135638 2.0333651 1.5756391
78 0.9528622 0.5774450 0.2867962 1.0280423 2.7810287 4.6152616
79 0.9323048 0.9327827 0.7427750 -0.4401686 2.3464703 3.1909691
80 0.0594728 -2.2985191 -2.9181027 7.1697034 10.0555342 20.1290897
81 1.3717276 1.2205000 1.3353682 0.1691272 -0.6156110 4.6394335

We see that the iteration is diverge for initial vector at C.




The result from modified multivariate secant method.
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k a* B* y* sk x* ER
0 2.00 1.00 1.00 0.50 2.00 7.0426686
0 0.65 0.60 0.40 0.15 1.00 5.7191859
0 0.50 1.00 0.50 0.10 1.00 5.6064746
0 0.75 0.50 0.30 0.50 1.00 5.5913096
0 1.50 0.60 0.40 0.20 1.50 3.8584102
0 1.00 1.00 1.00 1.00 1.50 2.6589038
1 1.6704649 0.6224276 -0.3323411 0.5328270 0.4360257 5.0219145
2 0.9122949 0.9078951 1.1391763 0.0743203 2.2342668 3.0316025
3 0.9173677 0.8966244 1.0788414 0.1267815 2.2405180 2.7050763
4 1.0783673 0.9663390 0.4683522 0.0398512 1.8819474 1.3218358
5 1.0362598 0.8647265 0.5946674 0.2014654 2.1111255 0.1977812
6 1.2342559 0.8688713 0.4410534 0.1633192 1.6900506 1.7358636
7 1.0088131 0.8497798 0.6052716 0.2283031 2.1935573 0.0407473
8 1.0097420 0.8511028 0.6067964 0.2294661 2.1872923 0.0447490
9 1.0073682 0.8465711 0.5956322 0.2218935 2.2117310 0.0028598
10 1.0071556 0.8464306 0.5958950 0.2223308 2.2120254 0.0002182
11 1.0071543 0.8464168 0.5958701 0.2223006 2.2121077 0.0000461
12 1.0071536 0.8464148 0.5958628 0.2222910 2.2121256 0.0000040
13 1.0071542 0.8464152 0.5958645 0.2222932 2.2121216 0.0000061
14 1.0071538 0.8464150 0.5958635 0.2222919 2.2121240 0.0000000
Estimates values are = 1.0071538, £=0.8464150, y = 0.5958635,
6 =0.2222919 and x=2.2121240 after 14 iterations.
The result from mid modified multivariate secant method.
k a* B* y* sk x* ER
0 2.00 1.00 1.00 0.50 2.00 7.0426686
0 0.65 0.60 0.40 0.15 1.00 5.7191859
0 0.50 1.00 0.50 0.10 1.00 5.6064746
0 0.75 0.50 0.30 0.50 1.00 5.5913096
0 1.50 0.60 0.40 0.20 1.50 3.8584102
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k ak p* r* s* x* ER

\ 0 1.00 1.00 1.00 1.00 1.50 2.6589038
1 1.6704649 0.6224276 -0.3323411 0.5328270 0.4360257 5.0219145
2 0.9122949 0.9078951 1.1391763 0.0743203 2.2342668 3.0316025
3 0.9040588 0.9261943 1.2371363 -0.0108559 2.2241173 3.5599984
4 1.0067321 0.9390296 0.7506312 0.1032462 2.0274969 0.9400938
5 1.0472926 0.8529637 0.5988375 0.2672457 2.0902301 0.2667514
6 1.0408828 0.8329929 0.5960424 0.2833807 2.1388740 0.3549962
7 0.7848621 1.0714323 0.6737703 -0.3790526 2.4706574 3.7509800
8 0.8718435 0.9692709 0.6334950 -0.1270974 2.3937492 2.1638871
9 1.0102135 0.8497774 0.5996948 0.2287599 2.1970630 0.0243858
10 1.0095083 0.8484395 0.5978895 0.2242618 2.2016370 0.0072801
11 1.0073726 0.8472129 0.5966620 0.2223034 2.2098644 0.0036338
12 1.0070288 0.8463217 0.5956221 0.2217610 2.2128570 0.0022402
13 1.0072039 0.8463724 0.5958675 0.2224779 2.2119961 0.0009506
14 1.0071561 0.8464147 0.5958655 0.2222993 2.2121169 0.0000341
15 1.0071537 0.8464151 0.5958635 0.2222917 22121239 0.0000018
16 1.0071539 0.8464149 0.5958635 0.2222919 2.2121240 0.0000003
17 1.0071538 0.8464150 0.5958635 0.2222919 2.2121240 0.0000000

Estimates values are o= 1.0071538, = 0.8464150, y = 0.5958635,
S =0.2222919 and x =2.2121240 after 17 iterations.
The iterations of table 4.10 at the initial vectors of A
The result from multivariate secant method.

k mk nk xk yk Zk ER
0 0.06 -0.01 6.90 8.22 18.22 155.8859804
0 0.70 -0.01 9.10 7.23 17.10 247.6210830
0 0.05 -0.02 8.45 6.21 20.51 69.2382814
0 0.08 -0.03 9.20 6.60 21.25 75.8439860
0 0.22 -0.04 6.85 6.50 21.20 18.0585262
0 0.12 -0.02 9.50 6.25 22.00 46.3214430
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k m* n* x* y* z* ER

1 0.1169264 -0.0209820 6.3104959 9.4049129 22.3015085 6.0368923

2 0.0916086 -0.0221725 7.5004908 8.3511616 22.8045838 8.2587870

3 0.0906396 -0.0223783 7.1602725 8.2851002 22.2729674 2.5455622

4 0.0905961 -0.0223540 7.0860734 8.4413483 22.3634839 0.4052280

5 0.0906016 -0.0223286 7.1111089 8.4449446 22.3966823 0.1731965

6 0.0906356 -0.0223320 7.1153954 8.4339565 22.3896552 0.0234992

7 0.0906328 -0.0223335 7.1139800 8.4336822 22.3877264 0.0096645

8 0.0906307 -0.0223333 7.1136936 8.4343358 22.3881015 0.0016344

9 0.0906308 -0.0223332 7.1137726 8.4343661 22.3882260 0.0005487

10 0.0906310 -0.0223332 7.1137920 8.4343270 22.3882061 0.0001130

11 0.0906310 -0.0223332 7.1137876 8.4343242 22.3881981 0.0000311

12 0.0906309 -0.0223332 7.1137863 8.4343266 22.3881991 0.0000076

13 0.0906309 -0.0223332 7.1137865 8.4343268 22.3881996 0.0000017

14 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881996 0.0000005

15 0.0906309 -0.0223332 7.1137866 8.4343266 22.3881995 0.0000001

Estimates values are m = 0.0906309, n =-0.0223332, x=7.1137866,
y =8.4343266 and z =22.3881995 after 15 iterations.
The result from modified multivariate secant method.

k mk nk xk yk Zk ER
0 0.70 -0.01 9.10 7.23 17.10 247.6210830
0 0.06 ° -0.01 6.90 8.22 18.22 155.8859804
0 0.08 -0.03 9.20 6.60 21.25 75.8439860
0 0.05 -0.02 8.45 6.21 20.51 69.2382814
0 0.12 -0.02 9.50 6.25 22,00 46.3214430
0 0.22 -0.04 6.85 6.50 21.20 18.0585262
1 0.1169264 -0.0209820 6.3104959 9.4049129 22.3015085 6.0368923
2 0.0867722 -0.0223999 7.7278150 8.1498640 22.9006861 | 10.3847765
3 0.0924286 -0.0222594 7.0504548 8.3548301 22.1880612 4.6012534
4 0.0908627 -0.0223470 7.1033164 8.4199428 22.3588326 0.5733544
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k m* n* x* yk zF ER
5 0.0905235 -0.0223219 7.1148880 8.4420493 223971105 0.1525599
6 0.0906333 -0.0223334 7.1135220 8.4345915 22.3881666 0.0003580
7 0.0906309 -0.0223332 7.1138032 8.4343245 22.3882134 0.0001713
8 0.0906309 -0.0223332 7.1137964 8.4343163 22.3882003 0.0000090
9 0.0906310 -0.0223332 7.1137847 8.4343280 22.3881988 0.0000086
10 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000000
Estimates values are m = 0.0906309, n =-0.0223332, x=7.1137866,
y =8.4343267 and z =22.3881995 after 10 iterations.
The result from mid modified multivariate secant method.
k mk nk xk yk zk ER
0 0.70 -0.01 9.10 7.23 17.10 247.6210830
0 0.06 -0.01 6.90 8.22 18.22 155.8859804
0 0.08 -0.03 9.20 6.60 21.25 75.8439860
0 0.05 -0.02 8.45 6.21 20.51 69.2382814
0 0.12 -0.02 9.50 6.25 22.00 46.3214430
0 0.22 -0.04 6.85 6.50 21.20 18.0585262
1 0.1169264 -0.0209820 6.3104959 9.4049129 22.3015085 6.0368923
2 0.0867722 -0.0223999 7.7278150 8.1498640 229006861 | 10.3847765
3 0.0906562 -0.0223035 7.2626967 8.2906066 22.4113529 0.2190053
4 0.0907475 -0.0223592 7.1006456 8.4256962 22.3664912 0.3226120
5 0.0905920 -0.0223328 7.1110366 8.4373822 22.3881722 0.0049460
6 0.0906392 -0.0223330 7.1140883 8.4343761 223885779 0.0059403
7 0.0906316 -0.0223332 7.11393%4 8.4340876 22.3881331 0.0013656
8 0.09063 14 -0.0223332 7.1138985 8.4341524 223881517 0.0009862
9 0.0906310 -0.0223332 7.1137874 8.4343255 22.3881993 0.0000059
10 0.0906309 -0.0223332 7.1137866 8.4343266 22.3881995 0.0000001
11 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000000

Estimates values are m = 0.0906309, n =-0.0223332, x =7.1137866,
y =8.4343267 and z =22.3881995 after 11 iterations.



The iterations of table 4.10 at the initial vectors of B

The result from multivariate secant method.
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k mk nk xk }’k Zk ER
0 0.00 0.50 7.85 9.50 15.20 329.4053600
0 0.03 0.35 5.20 9.60 13.00 306.1288542
0 0.01 0.30 5.10 9.23 15.10 232.8919515
0 0.00 0.25 6.50 10.25 18.25 203.9388312
0 0.02 0.40 445 10.21 16.51 200.7947457
0 0.02 0.25 3.90 9.22 20.22 32.6768262
1 0.0987484 -0.0264314 5.2609144 10.6560791 20.9610277 | 71.0664824
2 0.1362995 -0.0407654 5.0155519 11.8417313 23.5970215 13.1006006
3 0.1557007 -0.0345320 4.2725370 14.1240612 26.3168412 | 83.9095763
4 0.4464784 -0.0302597 -12.1072950 64.4582149 72.8636715 | 907.2215829
5 0.0604749 0.0409728 3.9057158 3.3398564 128746465 | 124.1019377
6 0.1528280 -0.0871761 6.7824977 5.8355328 19.8535044 | 34.4728553
7 0.1223584 -0.0473427 7.1857211 8.1785146 22.1708946 5.1640938
8 0.1090879 -0.0289504 7.0581210 8.4834212 224091841 1.4614627
9 0.1035931 -0.0255568 7.0669698 8.4899621 22.4734954 3.8204500
10 0.0992174 -0.0241774 7.0986872 8.4518048 224596497 3.2172801
11 0.0960923 -0.0234692 7.1244806 8.4194365 22.4326704 2.0574790
12 0.0940512 -0.0230705 7.1395499 8.4007759 22.4114157 1.1257963
13 0.0927786 -0.0228317 7.1461481 8.3928454 22.3979399 0.5243896
14 0.0920004 -0.0226828 7.1474677 8.3914650 22.3902600 0.1761158
15 0.0915259 -0.0225869 7.1459325 8.3935672 22.3862390 0.0280243
16 0.0912342 -0.0225234 7.1430645 8.3972699 22.3843607 0.1084509
17 0.0910518 -0.0224799 7.1397316 8.4015140 22.3836784 0.1460380
18 0.0909350 -0.0224490 7.1363950 8.4057407 22.3836335 0.1551017
19 0.0908581 -0.0224264 7.1332797 8.4096787 22.3839060 0.1494285
20 0.0908056 -0.0224093 7.1304797 8.4132152 22.3843172 0.1368943
21 0.0907686 -0.0223959 7.1280192 8.4163225 22.3847701 0.1218251
22 0.0907416 -0.0223853 7.1258868 8.4190159 223852141 0.1065059
23 0.0907212 -0.0223767 7.1240551 8.4213303 22.3856250 0.0920698
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k mk nk xk yk Zk ER

24 0.0907053 -0.0223657 7.1224504 8.4233080 22.3859931 0.0790118
25 0.0906927 -0.0223639 7.1211588 8.4249917 223863163 | 0.0674824
26 0.0906826 -0.0223591 7.1200281 8.4264219 22.3865966 | 0.0574540
27 0.0906743 -0.0223550 7.1190695 8.4276349 22.3868376 | 0.0488144
28 0.0906674 -0.0223516 7.1182575 8.4286626 223870438 | 0.0414174
29 0.0906616 -0.0223488 7.1175701 8.4295329 223872196 | 0.0351099
30 0.0906569 -0.0223464 7.1169883 8.4302696 223873692 | 0.0297458 |
31 0.0906528 -0.0223443 7.1164960 8.4308931 22.3874961 0.0251919
32 0.0906494 -0.0223426 7.1160795 8.4314207 223876038 | 0.0213304
33 0.0906466 -0.0223412 7.1157271 8.4318672 22.3876951 0.0180582
34 0.0906442 -0.0223399 7.1154289 8.4322450 223877724 | 0.0152868
35 0.0906421 -0.0223389 7.1151766 8.4325647 223878379 | 0.0129402
36 0.0906404 -0.0223380 7.1149631 8.4328353 22.3878934 | 0.0109536
37 0.0906390 -0.0223373 7.1147824 8.4330643 22.3879403 0.0092720
38 0.0906377 -0.0223367 7.1146295 8.4332581 22.3879801 0.0078486
39 0.0906367 -0.0223361 7.1145001 8.4334222 223880138 | 0.0066438
40 0.0906358 -0.0223357 7.1143906 8.4335610 22.3880423 0.0056240
41 0.0906351 -0.0223353 7.1142979 8.4336785 22.3880664 | 0.0047608
42 0.0906344 -0.0223350 7.1142194 8.4337780 22.3880868 | 0.0040301
43 0.0906339 -0.0223347 7.1141530 8.4338622 223881041 0.0034116
44 0.0906334 -0.0223345 7.1140967 8.4339334 223881188 | 0.0028881
45 0.0906331 -0.0223343 7.1140492 8.4339938 22.3881311 0.0024449
46 0.0906327 -0.0223341 7.1140089 8.4340448 223881416 | 0.0020698
47 0.0906325 -0.0223340 7.1139748 8.4340881 22.3881505 0.0017522
48 0.0906322 -0.0223338 7.1139459 8.4341247 22.3881580 | 0.0014834
49 0.0906320 -0.0223337 7.1139215 8.4341557 22.3881644 | 0.0012558
50 0.0906319 -0.0223337 7.1139008 8.4341819 22.3881698 | 0.0010631
51 0.0906317 -0.0223336 7.1138833 8.4342041 223881743 | 0.0009000
52 0.0906316 -0.0223335 7.1138684 8.4342229 22.3881782 | 0.0007620
53 0.0906315 -0.0223335 7.1138559 8.4342388 22.3881815 0.0006451
54 0.0906314 -0.0223334 7.1138453 8.4342523 22.3881842 | 0.0005461
55 0.0906313 -0.0223334 7.1138363 8.4342637 22.3881866 | 0.0004623
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k m* n¥ x* y* z* ER

56 00906313 | -0.0223334 | 71138286 | 84342734 | 223881886 | 0.0003914
57 00906312 | -00223333 | 7.1138222 | 84342815 | 223881903 | 0.0003314
58 00906312 | -00223333 | 7.1138167 | 84342885 | 223881917 | 0.0002805
59 00906312 | -0.0223333 | 7.138121 | 84342943 | 223881929 | 0.0002375
60 00906311 | -0.0223333 | 7.1138082 | 84342093 | 223881939 | 0.0002011
61 00906311 | -0.0223333 | 7.1138049 | 84343035 | 223831948 | 0.0001702
62 0.0906311 | -00223333 | 71138021 | 84343070 | 223881955 | 0.0001441
63 0.0906311 | -00223332 | 71137997 | 84343100 | 223881961 | 0.0001220
64 0.0906310 | -0.0223332 | 7.137977 | 84343126 | 223881966 | 0.0001033
65 00906310 | -00223332 | 71137960 | 84343147 | 223881971 | 0.0000874
66 00906310 | -0.0223332 | 7.137946 | 84343166 | 223881975 | 0.0000740
67 00906310 | -0.0223332 | 71137933 | 84343181 | 223881978 | 0.0000627
68 0.0906310 | -0.0223332 | 71137923 | 84343194 | 223881980 | 0.0000531
69 0.0906310 | -0.0223332 | 71137914 | 84343205 | 223881983 | 0.0000449
70 0.0906310 | -0.0223332 | 71137907 | 84343215 | 223881985 | 0.0000380
7 0.0906310 | -0.0223332 | 71137901 | 84343223 | 223881986 | 0.0000322
7 00906310 | -0.0223332 | 71137895 | 84343229 | 223881988 | 0.0000273
73 00906310 | -0.0223332 | 71137891 | 84343235 | 223881989 | 0.0000231
74 00906310 | -0.0223332 | 7.1137887 | 84343240 | 223881990 | 0.0000195
75 0.0906310 | -0.0223332 | 71137884 | 84343244 | 223881991 | 0.0000165
76 0.0906310 | -0.0223332 | 7.1137881 | 84343247 | 223881991 | 0.0000140
77 0.0906310 | -00223332 | 71137879 | 84343250 | 223881992 | 0.0000119
78 0.0906310 | -0.0223332 | 7.1137877 | 84343253 | 223881992 | 0.0000100
79 00906310 | -0.0223332 | 71137875 | 84343255 | 223881993 | 0.0000085
80 00906310 | -0.0223332 | 7.1137874 | 84343257 | 223881993 | 0.0000072
81 00906310 | -0.0223332 | 71137873 | 8.4343258 | 223881994 | 0.0000061
82 0.0906310 -0.0223332 7.1137872 8.4343260 22.38819%4 0.0000052
83 0.0906310 | -0.0223332 | 7.1137871 | 84343261 | 223881994 | 0.0000044
84 0.0906310 -0.0223332 7.1137870 8.4343261 22.3881994 0.0000037
85 0.0906310 -0.0223332 7.1137869 8.4343262 22.3881994 0.0000031
86 00906310 | 00223332 | 71137869 | 84343263 | 223881995 | 0.0000026
87 0.0906310 | 00223332 | 71137868 | 84343263 | 223881995 | 0.0000022
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k mk nk xk yk Zk ER
88 0.0906310 -0.0223332 7.1137868 8.4343264 22.3881995 0.0000019
89 0.0906310 -0.0223332 7.1137868 8.4343264 22.3881995 0.0000016
90 0.0906310 -0.0223332 7.1137868 8.4343265 22.3881995 0.0000014
91 0.0906309 -0.0223332 7.1137867 8.4343265 22.3881995 0.0000012
92 0.0906309 -0.0223332 7.1137867 8.4343265 22.3881995 0.0000010
93 0.0906309 -0.0223332 7.1137867 8.4343265 22.3881995 0.0000008
94 0.0906309 -0.0223332 7.1137867 8.4343266 22.3881995 0.0000007
95 0.0906309 -0.0223332 7.1137867 8.4343266 223881995 0.0000006
96 0.0906309 -0.0223332 7.1137867 8.4343266 22.3881995 0.0000005
97 0.0906309 -0.0223332 7.1137867 8.4343266 22.3881995 0.0000004
98 0.0906309 -0.0223332 7.1137866 8.4343266 22.3881995 0.0000004
99 0.0906309 -0.0223332 7.1137866 8.4343266 223881995 0.0000003
100 0.0906309 -0.0223332 7.1137866 8.4343266 223881995 0.0000003
101 0.0906309 -0.0223332 7.1137866 8.4343266 22.3881995 0.0000002
102 0.0906309 -0.0223332 7.1137866 8.4343266 223381995 0.0000002
103 0.0906309 -0.0223332 7.1137866 8.4343266 22.3881995 0.0000002
104 0.0906309 -0.0223332 7.1137866 8.4343266 223881995 0.0000001
105 0.0906309 -0.0223332 7.1137866 8.4343266 22.3881995 0.0000001
106 0.0906309 -0.0223332 7.1137866 8.4343266 22.3881995 0.0000001
Estimates values are m = 0.0906309, n =-0.0223332, x=7.1137866,
y =8.4343266 and z =22.3881995 after 106 iterations.
The result from modified multivariate secant method.
k mk nk xk yk Zk ER
0 0.00 0.50 7.85 9.50 15.20 329.4053600
0 0.03 0.35 5.20 9.60 13.00 306.1288542
0 0.01 0.30 5.10 9.23 15.10 232.8919515
0 0.00 0.25 6.50 10.25 18.25 203.9388312
0 0.02 0.40 445 10.21 16.51 200.7947457
0 0.02 0.25 3.90 9.22 20.22 32.6768262
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k mk n* x* y" z* ER

1 0.0987484 -0.0264314 5.2609144 10.6560791 20.9610277 | 71.0664824
2 0.1362995 -0.0407654 5.0155519 11.8417313 | 23.5970215 | 13.1006006
3 0.1388934 -0.0399320 49162118 12.1468758 | 23.9606579 | 22.3497933
4 0.1401603 -0.0415726 4.6088379 12.9069986 | 243467851 | 21.9308239
5 0.1699471 -0.0555760 2.8401685 17.4088893 | 27.3337103 | 36.0267235
6 0.1065709 -0.0226535 6.5917757 7.4580050 20.6813123 | 30.6676165
7 0.1039099 -0.0203964 6.9777570 6.4344142 19.9940256 | 45.6681728
8 0.1017054 -0.0246843 6.0716678 8.7806623 21.5395988 | 14.4530458
9 0.0992703 -0.0243258 6.0402662 8.8786090 21.6003669 | 13.6644984
10 0.1128658 -0.0273067 6.3725127 8.5916592 21.7482085 | 9.5636122
11 0.1863629 -0.0437388 4.5170044 8.1031488 193213064 | 43.2200998
12 0.0858848 -0.0218955 6.9161023 8.7373447 224620954 | 1.2771185
13 0.0911823 -0.0223383 7.0963359 8.4403975 223736567 | 0.2518703
14 0.0912649 -0.0224044 7.1252178 8.4112387 223787214 | 0.1645575
15 0.0900968 -0.0222694 7.1010766 8.4585480 223972432 | 0.1544102
16 0.0906365 -0.0223333 7.1137710 8.4343540 223881971 | 0.0003753
17 0.0906315 -0.0223333 7.1138201 8.4342789 223881912 | 0.0001532
18 0.0906310 -0.0223332 7.1137879 8.4343251 223881995 | 0.0000009
19 0.0906310 -0.0223332 7.1137871 8.4343261 22.3881995 | 0.0000006
20 0.0906309 -0.0223332 7.1137866 8.4343266 22.3881995 | 0.0000000

Estimates values are m =0.0906309, n =-0.0223332, x=7.1137866,
y =8.4343266 and z =22.3881995 after 20 iterations.
The result from mid modified multivariate secant method.

k m* n* x y* z* ER

0 0.00 0.50 7.85 9.50 15.20 329.4053600
0 0.03 0.35 5.20 9.60 13.00 306.1288542
0 0.01 0.30 5.10 9.23 15.10 232.8919515
0 0.00 0.25 6.50 10.25 18.25 203.9388312
0 0.02 0.40 4.45 10.21 16.51 200.7947457
0 0.02 0.25 3.90 9.22 20.22 32.6768262
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k mk nk xk yk Zk ER
1 0.0987484 -0.0264314 5.2609144 10.6560791 20.9610277 | 71.0664824
2 0.1362995 -0.0407654 5.0155519 11.8417313 23.5970215 | 13.1006006
3 0.1557007 -0.0345320 4.2725370 14.1240612 26.3168412 | 83.9095763
4 0.4464784 -0.0302597 -12.1072950 64.4582149 72.8636715 | 907.2215829
5 0.0604749 0.0409728 3.9057158 3.3398564 12.8746465 | 124.1019377
6 0.1528280 -0.0871761 6.7824977 5.8355328 19.8535044 | 34.4728553
7 0.1223584 -0.0473427 7.1857211 8.1785146 22.1708946 5.1640938
8 0.1050879 -0.0289504 7.0581210 8.4834212 22.4091841 1.4614627
9 0.1035931 -0.0255568 7.0669698 8.4899621 22.4734954 3.8204500
10 0.0992174 -0.0241774 7.0986872 8.4518048 224596497 3.2172801
11 0.0960923 -0.0234692 7.1244806 8.4194365 22.4326704 2.0574790
12 0.0940512 -0.0230705 7.1395499 8.4007759 224114157 1.1257963
13 0.0927786 -0.0228317 7.1461481 8.3928454 22.3979399 0.5243896
14 0.0920004 -0.0226828 7.1474677 8.3914650 22.3902600 0.1761158
15 0.0915259 -0.0225869 7.1459325 8.3935672 22.3862390 0.0280243
16 0.0912342 -0.0225234 7.1430645 8.3972699 22.3843607 0.1084509
17 0.0910518 -0.0224799 7.1397316 8.4015140 22.3836784 0.1460380
18 0.0909350 -0.0224490 7.1363950 8.4057407 22.3836335 0.1551017
19 0.0908581 -0.0224264 7.1332797 8.4096787 22.3839060 0.1494285
20 0.0908056 -0.0224093 7.1304797 8.4132152 22.3843172 0.1368943
21 0.0907686 -0.0223959 7.1280192 8.4163225 223847701 0.1218251
22 0.0907416 -0.0223853 7.1258868 8.4190159 22.3852141 0.1065059
23 0.0907212 -0.0223767 7.1240551 8.4213303 22.3856250 0.0920698
24 0.0907053 -0.0223697 7.1224904 8.4233080 22.3859931 0.0790118
25 0.0906927 -0.0223639 7.1211588 8.4249917 22.3863163 0.0674824
26 0.0906826 -0.0223591 7.1200281 8.4264219 22.3865966 0.0574540
27 0.0906743 -0.0223550 7.1190695 8.4276349 22.3868376 0.0488144
28 0.0906674 -0.0223516 7.1182575 8.4286626 22.3870438 0.0414174
29 0.0906616 -0.0223488 7.1175701 8.4295329 22.3872196 0.0351099
30 0.0906569 -0.0223464 7.1169883 8.4302696 22.3873692 0.0297458
31 0.0906528 -0.0223443 7.1164960 8.4308931 22.3874961 0.0251919
32 0.0906494 -0.0223426 7.1160795 8.4314207 22.3876038 0.0213304
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k m* n* x¥ y* z* ER

33 0.0906466 -0.0223412 7.1157271 8.4318672 22.3876951 0.0180582
34 0.0906442 -0.0223399 7.1154289 8.4322450 22.3877724 0.0152868
35 0.0906421 -0.0223389 7.1151766 8.4325647 22.3878379 0.0129402
36 0.0906404 -0.0223380 7.1149631 8.4328353 22.3878934 0.0109536
37 0.0906390 -0.0223373 7.1147824 8.4330643 22.3879403 0.0092720
38 0.0906377 -0.0223367 7.1146295 8.4332581 22.3879801 0.0078486
39 0.0906367 -0.0223361 7.1145001 8.4334222 22.3880138 0.0066438
40 0.0906358 -0.0223357 7.1143906 8.4335610 22.3880423 0.0056240
41 0.0906351 -0.0223353 7.1142979 8.4336785 22.3880664 0.0047608
42 0.0906344 -0.0223350 7.11421%4 8.4337780 22.3880868 0.0040301
43 0.0906339 -0.0223347 7.1141530 8.4338622 22.3881041 0.0034116
44 0.0906334 -0.0223345 7.1140967 8.4339334 223881188 0.0028881
45 0.0906331 -0.0223343 7.1140492 8.4339938 22.3881311 0.0024449
46 0.0906327 -0.0223341 7.1140089 8.4340448 22.3881416 0.0020698
47 0.0906325 -0.0223340 7.1139748 8.4340881 22.3881505 0.0017522
48 0.0906322 -0.0223338 7.1139459 8.4341247 22.3881580 0.0014834
49 0.0906320 -0.0223337 7.1139215 8.4341557 22.3881644 0.0012558
50 0.0906319 -0.0223337 7.1139008 8.4341819 22.3881698 0.0010631
51 0.0906317 -0.0223336 7.1138833 8.4342041 22.3881743 0.0009000
52 0.0906316 -0.0223335 7.1138684 8.4342229 22.3881782 0.0007620
53 0.0906315 -0.0223335 7.1138559 8.4342388 22.3881815 0.0006451
54 0.0906314 -0.0223334 7.1138453 8.4342523 22.3881842 0.0005461
55 0.0906313 -0.0223334 7.1138363 8.4342637 223881866 0.0004623
56 0.0906313 -0.0223334 7.1138286 8.4342734 22.3881886 0.0003914
57 0.0906312 -0.0223333 7.1138222 8.4342815 22.3881903 0.0003314
58 0.0906312 -0.0223333 7.1138167 8.4342885 22.3881917 0.0002805
59 0.0906312 -0.0223333 7.1138121 8.4342943 22.3881929 0.0002375
60 0.0906311 -0.0223333 7.1138082 8.4342993 22.3881939 0.0002011
61 0.0906311 -0.0223333 7.1138049 8.4343035 22.3881948 0.0001702
62 0.0906311 -0.0223333 7.1138021 8.4343070 22.3881955 0.0001441
63 0.0906311 -0.0223332 7.1137997 8.4343100 22.3881961 0.0001220
64 0.0906310 -0.0223332 7.1137977 8.4343126 22.3881966 0.0001033
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k m* n* xk y* z* ER

65 0.0906310 | -0.0223332 | 7.1137960 | 84343147 | 22.3881971 | 0.0000874
66 0.0906310 | -0.0223332 | 7.1137946 | 84343166 | 22.3881975 | 0.0000740
67 0.0906310 | -0.0223332 | 7.1137933 | 84343181 | 223881978 | 0.0000627
68 0.0906310 | -0.0223332 | 7.1137923 | 84343194 | 22.3881980 | 0.0000531
69 0.0906310 | -0.0223332 | 7.1137914 | 84343205 | 223881983 | 0.0000449
70 0.0906310 | -0.0223332 | 7.1137907 | 84343215 | 223881985 | 0.0000380
7 0.0906310 | -0.0223332 | 7.1137901 | 84343223 | 223881986 | 0.0000322
72 0.0906310 | -0.0223332 | 7.1137895 | 84343229 | 223881988 | 0.0000273
73 0.0906310 | -0.0223332 | 7.1137891 | 84343235 | 223881989 | 0.0000231
74 0.0906310 | -0.0223332 | 7.1137887 | 84343240 | 22.3881990 | 0.0000195
75 0.0906310 | -0.0223332 | 7.1137884 | 84343244 | 223881991 | 0.0000165
76 0.0906310 | -0.0223332 | 7.1137881 | 84343247 | 22.3881991 | 0.0000140
77 0.0906310 | -0.0223332 | 7.1137879 | 84343250 | 22.3881992 | 0.0000119
78 0.0906310 | -0.0223332 | 7.1137877 | 84343253 | 22.3881992 | 0.0000100
79 0.0906310 | -0.0223332 | 7.1137875 | 8.4343255 | 22.3881993 | 0.0000085
80 0.0906310 | -0.0223332 | 7.1137874 | 84343257 | 22.3881993 | 0.0000072
81 0.0906310 | -0.0223332 | 7.1137873 | 84343258 | 22.3881994 | 0.0000061
82 0.0906310 | -0.0223332 | 7.1137872 | 84343260 | 22.3881994 | 0.0000052
83 0.0906310 | -0.0223332 | 7.1137871 | 84343261 | 223881994 | 0.0000044
84 0.0906310 | -0.0223332 | 7.1137870 | 84343261 | 22.3881994 | 0.0000037
85 0.0906310 | -0.0223332 | 7.1137869 | 84343262 | 22.3881994 | 0.0000031
86 0.0906310 | -0.0223332 | 7.1137869 | 84343263 | 223881995 | 0.0000026
87 0.0906310 | -0.0223332 | 7.1137868 | 84343263 | 22.3881995 | 0.0000022
88 0.0906310 | -0.0223332 | 7.1137868 | 84343264 | 22.3881995 | 0.0000019
89 0.0906310 | -0.0223332 | 7.1137868 | 84343264 | 223881995 | 0.0000016
90 0.0906310 | -0.0223332 | 7.1137868 | 84343265 | 223881995 | 0.0000014
91 0.0906309 | -0.0223332 | 7.1137867 | 84343265 | 223881995 | 0.0000012
92 0.0906309 | -0.0223332 | 7.1137867 | 84343265 | 223881995 | 0.0000010
93 0.0906309 | -0.0223332 | 7.1137867 | 84343265 | 22.3881995 | 0.0000008
94 0.0906309 | -0.0223332 | 7.1137867 | 84343266 | 22.3881995 | 0.0000007
95 0.0906309 | -0.0223332 | 7.1137867 | 84343266 | 22.3881995 | 0.0000006
96 0.0906309 | -0.0223332 | 7.1137867 | 84343266 | 223881995 | 0.0000005
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k m¥ n* x* y* zF ER

97 0.0906309 -0.0223332 7.1137867 8.4343266 22.3881995 | 0.0000004
98 0.0906309 -0.0223332 7.1137866 8.4343266 22.3881995 | 0.0000004
99 0.0906309 -0.0223332 7.1137866 8.4343266 22.3881995 | 0.0000003
100 0.0906309 -0.0223332 7.1137866 8.4343266 22.3881995 | 0.0000003
101 0.0906309 -0.0223332 7.1137866 8.4343266 22.3881995 | 0.0000002
102 0.0906309 -0.0223332 7.1137866 8.4343266 22.3881995 | 0.0000002
103 0.0906309 -0.0223332 7.1137866 8.4343266 22.3881995 | 0.0000002
104 0.0906309 -0.0223332 7.1137866 8.4343266 22.3881995 | 0.0000001
105 0.0906309 -0.0223332 7.1137866 8.4343266 22.3881995 | 0.0000001
106 0.0906309 -0.0223332 7.1137866 8.4343266 22.3881995 | 0.0000001

Estimates values are m = 0.0906309, n =-0.0223332, x=7.1137866,
y =8.4343266 and z =22.3881995 after 106 iterations.
The iterations of table 4.10 at the initial vectors of C
The result from multivariate secant method.

k mk nk xk yk Zk ER

0 0.45 0.02 6.90 9.22 20.22 108.6561674
0 0.50 0.01 5.10 9.23 15.10 232.3860495
0 0.55 0.02 4.45 8.21 16.51 140.2600495
0 0.65 0.03 5.20 9.60 13.00 305.6856453
0 0.50 0.10 7.85 9.50 15.20 328.3618024
0 0.25 0.35 6.50 7.25 23.25 96.7683841
1 0.1688342 -0.0475569 6.5671699 9.2795791 23.5026935 | 44.4684002
2 0.0955782 -0.0271154 6.5766859 9.1316322 227854914 | 15.4289304
3 0.0856298 -0.0225742 6.6188860 9.0274230 22.5889351 8.2537298
4 0.0830446 -0.0215162 6.6729028 8.9490770 22.5242163 5.8873766
5 0.0828790 -0.0212518 6.7235468 8.8818026 22.4930525 4.8015370
6 0.0833394 -0.0212497 6.7691510 8.8247532 22.4737802 4.1024030
7 0.0839819 -0.0213198 6.8092997 8.7759393 22.4599996 3.5796183
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k m* nk x* . y* 2 ER

8 0.0846335 | -0.0214093 | 6.8444716 | 8.7340956 | 224493097 | 3.1500994
9 0.0852457 | -0.0214989 | 6.8752506 | 8.6980551 | 224406774 | 2.7848379
10 0.0858037 | -0.0215827 | 6.9022238 | 8.6668832 | 224335466 | 2.4684818
11 0.0863066 | -0.0216593 | 6.9259093 | 8.6398101 | 224275747 | 2.1921396
12 0.0867578 | -0.0217285 | 6.9467533 | 8.6162098 | 224225246 | 1.9494673
13 0.0871618 | -0.0217908 | 6.9651350 | 8.5955686 | 224182225 | 1.7356233
14 0.0875234 | -0.0218467 | 6.9813760 | 8.5774627 | 22.4145352 | 1.5466914
15 0.0878469 | -0.0218969 | 6.9957500 | 8.5615401 | 224113589 | 1.3794267
16 0.0881365 | -0.0219419 | 7.0084910 | 8.5475060 | 22.4086104 | 1.2310937
17 0.0883956 | -0.0219823 | 7.019799%4 | 8.5351118 | 224062229 | 1.0993624
18 0.0886277 | -0.0220185 | 7.0298482 | 8.5241471 | 22.4041420 | 0.9822325
19 0.0888354 | -0.0220509 | 7.0387870 | 8.5144319 | 224023226 | 0.8779767
20 0.0890215 | -0.0220801 | 7.0467456 | 8.5058124 | 22.4007276 | 0.7850958
21 0.0891882 | -0.0221062 | 7.0538374 | 8.4981557 | 22.3993260 | 0.7022836
22 0.0893376 | -0.0221296 | 7.0601611 | 84913472 | 223980917 | 0.6283978
23 0.0894714 | -0.0221506 | 7.0658037 | 8.4852873 | 223970025 | 0.5624363
24 0.0895913 | -0.0221694 | 7.0708414 | 8.4798890 | 22.3960399 | 0.5035182
25 0.0896988 | -0.0221863 | 7.0753411 | 8.4750766 | 22.3951878 | 0.4508667
26 0.0897951 | -0.0222014 | 7.0793623 | 84707838 | 22.3944324 | 0.4037960
27 0.0898814 | -0.0222150 | 7.0829571 | 8.4669521 | 223937620 | 0.3616993
28 0.0899588 | -0.0222272 | 7.0861720 | 8.4635303 | 223931663 | 0.3240388
29 0.0900282 | -0.0222381 |- 7.0890480 | 8.4604731 | 223926365 | 0.2903374
30 0.0900904 | -0.0222479 | 7.0916216 | 8.4577405 | 223921650 | 0.2601714
31 0.0901462 | -0.0222567 | 7.0939251 | 8.4552971 | 223917448 | 0.2331637
32 0.0901962 | -0.0222646 | 7.0959873 | 84531116 | 223913703 | 0.2089789
33 0.0902411 | -0.0222716 | 7.0978340 | 8.4511562 | 223910362 | 0.1873181
34 0.0902813 | -0.0222780 | 7.0994878 | 8.4494063 | 223907380 | 0.1679148
35 0.0903174 | -0.0222837 | 7.1009692 | 84478398 | 223904717 | 0.1505312
36 0.0903497 | -0.0222888 | 7.1022964 | B8.4464372 | 223902338 | 0.1349552
37 0.0903787 | -0.0222934 | 7.1034855 | 84451812 | 223900211 | 0.1209973
38 0.0904047 | -0.0222975 | 7.1045510 | 8.4440562 | 223398310 | 0.1084880
39 0.0904280 | -0.0223011 | 7.1055060 | 8.4430485 | 223896609 | 0.0972761
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k m* nk xk ' ¥k * ER

40 0.0904489 | -0.0223044 | 7.1063619 | 8.4421456 | 223895088 | 0.0872262
41 0.0904677 | -0.0223074 | 7.1071290 | 8.4413366 | 223893726 | 0.0782172
42 0.0904845 | -0.0223101 | 7.1078167 | 8.4406116 | 223892507 | 0.0701407
43 0.0904996 | -0.0223124 | 7.1084332 | 8.4399618 | 223891416 | 0.0628999
44 0.0905132 | -0.0223146 | 7.1089859 | 84393795 | 22.3890439 | 0.0564080
45 0.0905253 | -0.0223165 | 7.1094814 | 8.4388575 | 223889564 | 0.0505872
46 0.0905362 | -0.0223182 | 7.1099257 | 8.4383895 | 22.3888780 | 0.0453679
47 0.0905460 | -00223198 | 7.1103241 | 84379700 | 22.3888077 | 0.0406878
48 0.0905547 | -0.0223211 | 7.1106813 | 8.4375939 | 223887448 | 0.0364911
49 0.0905626 | -0.0223224 | 7.1110016 | 84372567 | 223886884 | 0.0327276
50 0.0905696 | -0.0223235 | 7.1112888 | 8.4369543 | 223886378 | 0.0293527
51 0.0905759 | -0.0223245 | 7.1115464 | 8.4366832 | 223885925 | 0.0263261
52 0.0905816 | -0.0223254 | 7.1117774 | 8.4364401 | 223885519 | 0.0236119
53 0.0905867 | -0.0223262 | 7.1119846 | 8.4362221 | 223885155 | 0.0211776
54 0.0905912 | -0.0223269 | 7.1121704 | 8.4360267 | 22.3884829 | 0.0189945
55 0.0905953 | -0.0223276 | 7.1123370 | 84358513 | 22.3884536 | 0.0170365
56 0.0905990 | -0.0223281 | 7.1124864 | 8.4356941 | 223884274 | 0.0152805
57 0.0906023 | -0.0223287 | 7.1126204 | 84355531 | 22.3884039 | 0.0137055
58 0.0906053 | -0.0223291 | 7.1127406 | 84354267 | 223883828 | 0.0122930
59 0.0906079 | -0.0223296 | 7.1128484 | 84353133 | 22.3883639 | 0.0110261
60 0.0906103 | -0.0223299 | 7.1129451 | 8.4352116 | 223883470 | 0.0098897
61 0.0906124 | -0.0223303 | 7.1130318 | 8.4351204 | 223883317 | 0.0088706
62 0.0906143 | -0.0223306 | 7.113109 | 84350386 | 223883181 | 0.0079565
63 0.0906160 | -0.0223308 | 7.1131794 | 84349652 | 223883059 | 0.0071366
64 0.0906176 | -0.0223311 | 7.1132420 | 84348994 | 22.3832949 | 0.0064012
65 0.0906189 | -0.0223313 | 7.1132981 | 8.4348404 | 223882851 | 0.0057416
66 0.0906202 | -0.0223315 | 7.1133484 | 8.4347874 | 223882763 | 0.0051500
67 0.0906213 | -0.0223317 | 7.1133936 | 84347399 | 223882684 | 0.0046193
68 0.0906223 | -0.0223318 | 7.1134341 | 84346974 | 22.3882613 | 0.0041433
69 0.0906232 | -0.0223320 | 7.1134704 | 8.4346592 | 223882549 | 0.0037164
70 0.0906240 | -0.0223321 | 7.1135030 | 8.4346249 | 22.3882492 | 0.0033335
71 0.0906247 | -0.0223322 | 7.1135322 | 8.4345942 | 223882441 | 0.0029900
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k m k nk xk yk z k ER

72 0.0906253 -0.0223323 7.1135584 8.4345666 22.3882395 0.0026820
73 0.0906259 -0.0223324 7.1135819 8.4345419 22.3882354 0.0024056
74 0.0906264 -0.0223325 7.1136030 8.4345197 22.3882317 0.0021578
75 0.0906269 -0.0223326 7.1136219 8.4344998 22.3882284 0.0019355
76 0.0906273 -0.0223326 7.1136389 8.4344820 22.3882254 0.0017361
77 0.0906277 -0.0223327 7.1136541 8.4344660 22.3882227 0.0015572
78 0.0906280 -0.0223327 7.1136678 8.4344516 22.3882203 0.0013968
79 0.0906283 -0.0223328 7.1136800 8.4344387 22.3882182 0.0012528
80 0.0906286 -0.0223328 7.1136910 8.4344272 22.3882163 0.0011238
81 0.0906288 -0.0223329 7.1137008 8.4344168 22.3882145 0.0010080
82 0.0906291 -0.0223329 7.1137097 8.4344075 22.3882130 0.0009041
83 0.0906293 -0.0223329 7.1137176 8.4343992 22.3882116 0.0008110
84 0.0906294 -0.0223330 7.1137247 8.4343917 22.3882104 0.0007274
85 0.0906296 -0.0223330 7.1137311 8.4343850 22.3882092 0.0006525
86 0.0906297 -0.0223330 7.1137368 8.4343790 22.3882082 0.0005853
87 0.0906299 -0.0223330 7.1137419 8.4343736 22.3882073 0.0005250
88 0.0906300 -0.0223330 7.1137465 8.4343688 22.3882065 0.0004709
89 0.0906301 -0.0223331 7.1137507 8.4343644 22.3882058 0.0004224
90 0.0906302 -0.0223331 7.1137544 8.4343605 22.3882052 0.0003789
91 0.0906302 -0.0223331 7.1137577 8.4343571 22.3882046 0.0003398
92 0.0906303 -0.0223331 7.1137607 8.4343539 22.3882041 0.0003048
93 0.0906304 -0.0223331 7.1137633 8.4343511 22.3882036 0.0002734
94 0.0906304 -0.0223331 7.1137657 8.4343486 22.3882032 0.0002452
95 0.0906305 -0.0223331 7.1137679 8.4343463 22.3882028 0.0002200
96 0.0906305 -0.0223331 7.1137698 8.4343443 22.3882025 0.0001973
97 0.0906306 -0.0223331 7.1137716 8.4343425 22.3882022 0.0001770
98 0.0906306 -0.0223331 7.1137731 8.4343409 223882019 0.0001588
99 0.0906307 -0.0223331 7.1137745 8.4343394 22.3882016 0.0001424
100 0.0906307 -0.0223332 7.1137757 8.4343381 22.3882014 0.0001277
101 0.0906307 -0.0223332 7.1137769 8.4343369 22.3882012 0.0001146
102 0.0906307 -0.0223332 7.1137779 8.4343358 22.3882011 0.0001028
103 0.0906308 -0.0223332 7.1137788 8.4343349 22.3882009 0.0000922
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k mk n* x* y* 2 ER

104 0.0906308 | -0.0223332 | 7.1137796 8.4343340 | 22.3882008 | 0.0000827
105 0.0906308 | -0.0223332 | 7.1137803 8.4343333 | 223882006 | 0.0000742
106 0.0906308 | -0.0223332 | 7.1137809 8.4343326 | 22.3882005 | 0.0000665
107 0.0906308 | -0.0223332 | 7.1137815 8.4343320 | 223882004 | 0.0000597
108 0.0906308 | -0.0223332 | 7.1137821 8.4343314 | 223882003 | 0.0000535
109 0.0906308 | -0.0223332 | 7.1137825 8.4343309 | 22.3882002 | 0.0000480
110 0.0906309 | -0.0223332 | 7.1137829 8.4343305 | 22.3882002 | 0.0000431
111 0.0906309 | -0.0223332 | 7.1137833 8.4343301 | 22.3882001 | 0.0000386
112 0.0906309 | -0.0223332 | 7.1137837 8.4343298 | 22.3882000 | 0.0000346
113 0.0906309 | -0.0223332 | 7.1137840 8.4343294 | 223882000 | 0.0000311
114 0.0906309 | -0.0223332 | 7.1137842 8.4343291 | 223881999 | 0.0000279
115 0.0906309 | -0.0223332 | 7.1137845 8.4343289 | 223881999 | 0.0000250
116 0.0906309 | -0.0223332 | 7.1137847 8.4343287 | 223881999 | 0.0000224
117 0.0906309 | -0.0223332 | 7.1137849 8.4343285 | 223881998 | 0.0000201
118 0.0906309 | -0.0223332 | 7.1137851 8.4343283 | 223881998 | 0.0000180
119 0.0906309 | -0.0223332 | 7.1137852 8.4343281 | 22.3881998 | 0.0000162
120 0.0906309 | -0.0223332 | 7.1137854 84343280 | 22.3881997 | 0.0000145
121 0.0906309 | -0.0223332 | 7.1137855 8.4343278 | 223881997 | 0.0000130
122 0.0906309 | -0.0223332 | 7.1137856 8.4343277 | 22.3881997 | 0.0000117
123 0.0906309 | -0.0223332 | 7.1137857 8.4343276 | 223881997 | 0.0000105
124 0.0906309 | -0.0223332 | 7.1137858 8.4343275 | 223881997 | 0.0000094
125 0.0906309 | -0.0223332 | 7.1137859 8.4343274 | 22.3881997 | 0.0000084
126 0.0906309 | -0.0223332 | 7.1137860 8.4343273 | 22.3881996 | 0.0000076
127 0.0906309 | -0.0223332 | 7.1137860 8.4343273 | 22.3881996 | 0.0000068
128 0.0906309 | -0.0223332 | 7.1137861 84343272 | 223881996 | 0.0000061
129 0.0906309 | -0.0223332 | 7.1137861 8.4343271 | 22.3881996 | 0.0000055
130 0.0906309 | -0.0223332 | 7.1137862 8.4343271 | 223881996 | 0.0000049
131 0.0906309 | -0.0223332 | 7.1137862 8.4343270 | 22.3881996 | 0.0000044
132 0.0906309 | -0.0223332 | 7.1137863 8.4343270 | 22.3881996 | 0.0000039
133 0.0906309 | -0.0223332 | 7.1137863 8.4343270 | 22.3881996 | 0.0000035
134 0.0906309 | -0.0223332 | 7.1137863 8.4343269 | 22.3881996 | 0.0000032
135 0.0906309 | -0.0223332 | 7.1137864 8.4343269 | 22.3881996 | 0.0000028
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k m* n* x* y* 2F ER

136 0.0906309 -0.0223332 7.1137864 8.4343269 223881996 0.0000025
137 0.0906309 -0.0223332 7.1137864 8.4343269 22.3881996 0.0000023
138 0.0906309 -0.0223332 7.1137864 8.4343268 22.3881996 0.0000021
139 0.0906309 -0.0223332 7.1137865 8.4343268 22.3881996 0.0000018
140 0.0906309 -0.0223332 7.1137865 8.4343268 22.3881996 0.0000017
141 0.0906309 -0.0223332 7.1137865 8.4343268 22.3881995 0.0000015
142 0.0906309 -0.0223332 7.1137865 8.4343268 22.3881995 0.0000013
143 0.0906309 -0.0223332 7.1137865 8.4343268 22.3881995 0.0000012
144 0.0906309 -0.0223332 7.1137865 8.4343267 22.3881995 0.0000011
145 0.0906309 -0.0223332 7.1137865 8.4343267 22.3881995 0.0000010
146 0.0906309 -0.0223332 7.1137865 8.4343267 22.3881995 0.0000009
147 0.0906309 -0.0223332 7.1137865 8.4343267 22.3881995 0.0000008
148 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000007
149 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000006
150 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000006
151 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000005
152 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000004
153 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000004
154 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000004
155 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000003
156 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000003
157 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000003
158 0.0906309 -0.0223332 7.1137866 8.4343267 223881995 0.0000002
159 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000002
160 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000002
161 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000002
162 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000002
163 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000001
164 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000001
165 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000001
166 0.0906309 -0.0223332 7.1137866 8.4343267 223881995 0.0000001




Estimates values are m = 0.0906309, n =-0.0223332, x=7.1 137866,

y =8.4343267 and z =22.3881995 after 166 iterations.

The result from modified multivariate secant method.
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k m* nk x* yk z* ER

0 0.50 0.10 7.85 9.50 15.20 328.3618024
0 0.65 0.03 5.20 9.60 13.00 305.6856453
0 0.50 0.01 5.10 9.23 15.10 232.3860495
0 0.55 0.02 445 8.21 16.51 140.2600495
0 045 0.02 6.90 9.22 20.22 108.6561674
0 0.25 035 6.50 7.25 23.25 96.7683841
1 0.1688342 -0.0475569 6.5671699 9.2795791 23.5026935 44.4684002
2 0.1148978 -0.0325064 6.5741762 9.1706499 22.9746376 22.9903330
3 0.0972368 -0.0251356 6.6296998 9.0235585 22.6594567 11.1996321
4 0.0849542 -0.0221554 6.9054433 8.6696318 224308116 2.1542477
5 0.0910850 -0.0221259 7.2189659 8.2823795 22.3481986 1.0585664
6 0.0894758 -0.0223684 7.0569130 8.5123608 224111446 0.7162613
7 0.0904971 -0.0223251 7.1127974 8.4365248 22.3898023 0.0428029
8 0.0906269 -0.0223313 7.1145071 8.4336291 22.3881707 0.0059210
9 0.0906306 -0.0223331 7.1138382 8.4343196 223882442 0.0005821
10 0.0906309 -0.0223332 7.1137895 8.4343385 223882142 0.0002428
11 0.0906310 -0.0223332 7.1137870 8.4343236 22.3881970 0.0000421
12 0.0906309 -0.0223332 7.1137865 8.4343271 22.3881999 0.0000056
13 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000000

y =8.4343267 and z =22.3881995 after 13 iterations.

Estimates values are m =0.0906309, n = -0.0223332, x=7.1137866,




The result from mid modified multivariate secant method.

146

k mk nk xk yk Zk ER
0 0.50 0.10 7.85 9.50 15.20 328.3618024
0 0.65 0.03 5.20 9.60 13.00 305.6856453
0 0.50 0.01 5.10 9.23 15.10 232.3860495
0 0.55 0.02 4.4s 8.21 16.51 140.2600495
0 0.45 0.02 6.90 9.22 20.22 108.6561674
0 0.25 0.35 6.50 7.25 23.25 96.7683841
1 0.1688342 -0.0475569 6.5671699 9.2795791 23.5026935 444684002
2 0.1148978 -0.0325064 6.5741762 9.1706499 22.9746376 22.9903330
3 0.0490863 -0.0050402 6.7810774 8.6225335 21.8001586 20.2515364
4 0.0574298 -0.0124763 7.1042656 8.3247353 22.1033789 9.2457732
5 00837114 -0.0201001 7.4342248 8.0287699 22.2835861 4.2137528
6 0.0771146 -0.0183094 7.2926505 8.1805301 22.2549486 4.8562623
7 0.0834955 -0.0200050 7.2482420 8.2431909 22.3063438 2.8109155
8 0.1036221 -0.0271227 6.7595749 8.8984258 22.5252385 4,5491011
9 0.0891963 -0.0220000 7.1507882 8.3959623 22.3847187 0.3203046
10 0.0907503 -0.0223039 7.1231369 8.4240351 22.3890912 0.0180036
11 0.0907676 -0.0224216 7.1073645 8.4431745 22.3910929 0.0943631
12 0.0906996 -0.0223509 7.1132989 8.4351047 22.3888390 0.0229258
13 0.0906502 -0.0223401 7.1134501 8.4348115 22.3884397 0.0083068
14 0.0905545 -0.0223058 7.1151191 8.4324060 22.3872438 0.0330753
15 0.0906309 -0.0223332 7.1137873 8.4343257 22.3881993 0.0000092
16 0.0906310 -0.0223332 7.1137866 8.4343267 22.3881996 0.0000016
17 0.0906310 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000008
18 0.0906310 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000008
19 0.0906309 -0.0223332 7.1137866 8.4343267 22.3881995 0.0000000

Estimates values are m = 0.0906309, n =-0.0223332, x=7.1137866,

y =8.4343267 and z =22.3881995 after 19 iterations.
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