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ABSTRACT

The objectives of this thesis is to find the numerical methods for solving the

iterative partial differential equations of this form

o"u(x)
ox,dx, -+ ox,

< f(x, u(x),u*(x), -, u" (x)), xeZ 1)
where Z €[0,4,1x[0,a,]x--x[0,a,] with the initial conditions

IR SPRe PR S RPIIEIS ) B2 JH1 6 78 IS AN SURTRS 4 X

i=12,---,n

u(xnxz”"’xi-l’o,x'nv""xj-l’O’xju’""xn)
= 84 (X Xy s Xpy Xy Xy Xjgs 005 X))
i#j,i,j=123,n
(2)
u(x,,0,0,--,0) = g, ,,;..,(x)
#0,%,,0,-:,0) = g, 115...(%5)

u(0,0, ot 90’ x,,) = g"-|'|'2'...,,,_| (xn)
u(OaO,O"“’O) =c = [Clrcz"”’cn]T

v



or the compatibility initial condition

& (x)

g, (x)

g(x) = 3)

g,(x)

= (“1)2(31,1 (xz’x:&""’xn) +eeet gl,n(xnxz""9xn-l))

+("1)3(gz.1,2(x3»x4""xn) +eeet gz,n—x.n(xvxz""’xn—z))

+(-D" (gn—1,2,3.---n x)+--+g k2l Xy ))

+(=D)"¢
where m is a positive integer greater than 1 and

xl ul (x) .fl (xv u(X), u2 (.X), et 3 u" (x))

2 m
e 2] ww =[P, g = | HEHRDED @)

i u,(x) [, u(x), u*(x),+, u" (x))
and

ul(ul(X),uz(x),...,u"(x»
42 (%) = u(u(x)) = u, (u, (x)_’“z(j‘)r",u,,(x))

u, (u,(x), u,(x),-+-, u,(x))

u? (x) = u(u®(x))

u"(x) = u@@™ ' (x)).



By using the following three numerical methods.

1.

The first method is the Backward Finite Difference Approximation and the
Two Points Newton’s Divided Difference Method.

The second method is the Backward Finite Difference Approximation and the
k Points Newton’s Divided Difference Method.

The third method is the Backward Finite Difference Approximation and the

Lagrange Interpolation Method.
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CHAPTER 1

INTRODUCTION

Iterative Differential Equation is one type of the functional differential
equations. The study of the functional differential equations of this type was started
more than 90 years ago. There are many mathematicians around the world who gave
their efforts in the study in this field. We may classify the study of the iterative

differential equations into two main types.

1.Iterative Ordinary Differential Equations.
Iterative ordinary differential equation in the following form is used

extensively as a reference in many studies.

y(x) = G(x,y(x),yz(x),---,y"'(x)) (1.1)
where
yix) = y(y(x)

Y (x) = yO@&)) = y(»*(x)
E (1.2)

y'(x) = y(y"(x)).

This type of differential equation is used as a basis in much research.
One such study is the work of G Barba [1], which was presented in 1930. The aim of

her work is to find the solution of the ordinary differential equation of the form
F@f'(x) = f(f(x). (1.3)

In another study, presented in 1968 — 1971 , A.Pelczar [2—4] presented the proof of

the uniqueness theorem of the solution of the problem in following form



Y'(x) = f(x, y(x), y(y(x))) (1.4)

with the initial condition

y(0) = c. (1.5)

In 1992, M. Podisuk [5] studied the existence and uniqueness for the solution of the

iterative ordinary differential equations of the form

y®) = fl5y(2),5* @, 3" (®) ,  xe[0.d] (1.6)
with initial condition

¥(0) ; c ,celod] 1.7m
where y*(x) denotes k” iteration of the (unknown) function y(x) which satisfies
equation (1.6) — (1.7).

In 1999, P.Pataranavik[6] discussed the existence and uniqueness for the solution of

the simple iterative ordinary differential equations of the form

Y@ = y"(» , xel0,d] (1.8)
with the initial condition

y0) =c¢ ,cel0,4] (1.9)

where a is positive real number,

¢ is positive real number in interval [0, a],



m is positive integer greater than 1 and
yi(x) = y(y(x)
Y (x) = yoO&)) = y(y*(x)
Y = Yo o)

y (x) = y(y"(x)) .
In 2001, C.Pornchai [7] studied the numerical methods for solving an iterative

ordinary differential equations of form
Y = fl6y@,y2 @, y"®) . xela,b] (1.10)

with the initial condition
y@a=c (1.11)
where m is positive integer greater than 1 and
y () = y(y(x))
Y (@) = ypOe) = ¥y ()
Y x) = ¥’ (=)

y (x) = y(y" ' (x)) .

2. Iterative Partial differential Equations.
In 1992, M.Podisuk studied the existence and uniqueness for the solution of

iterative partial differential equation of the form

0" u(x)

_ = 2 eee ™
ox,0x, -0, o uC), w2 (), u" (%) , xeZ (1.12)



where Z €[0,4,1x[0,a,]1x---x[0,a,] with the initial conditions

WXy Xy s X0y X ooy X,) = 81 (X Xty Xip Xiypat 50 X))

i=12,---,n

u(xl’x29'"’xi_|’o’-xi+]1”"xj_]’09xj+|"”9xn)
= 82 (X Xgs s X X5 5 Xy X s 5 X))

i, j=123-n

(1.13)
u(x,,0,0,---,0) = g,123..4(%) _
u(0, x,,0,---,0) = &, 113....(X2)
u(0,0, ot ’0’ X n ) =8 n-1,1,2,--,n-1 (xn )
u(090909"'90) =C = [61’029""cn]1-
or the compatibility initial condition
& (x)
8,(x)
gx) =|"% (1.14)
8, (%)

= (D, By Xy ey X, ) + o 8 (X Xy o0 X, )

+(—1)3(g2','2(x3,x4,-—-x,,) +eeet gz.n-l.n(xnxz""’xn-z))

+ (_1)" (gn-I,Z.B;--n (xl ) +eoert gn—l,l,z.---n-l (xu ))

+ (_l)n+l ¢



where m is a positive integer greater than 1 and

X, u,(x)
x= x:2 , u(x) = uz.:(x) ,
X, u,(x)

fi e u(x), u? (x),++,u™ (%))

2 coe m
Fx) = Jo (6, u(x), u fx), U (%))

£, (x,u(x), u*(x),-, u" (x))

and

u, (uy (x), Uy (x),---, u, (X))
U, (uy (x),u,(x), -+, 4, (x))

u? (x) = u(u(x)) =

w, (U (X), U, (), -+, u, (X))

u? (x) = u(u® (x))

u" (x) = u(u"" (x))
and
Z =[0,a,]1%[0,a,]x---x[0,a,]
u,:Z—->R, [i:ZxR™ >R, i=12,---,n
u:Z->R", f:ZxR™ > R".

When f and g are continuous then the problem (1.12)-(1.13) is equivalent to

the problem of the continuous solution of the integral equation

u(x) = g(x) + ]f(t, u(t), u (1), u’ @), u" ))dr . (1.15)
0



In fact, this equation is very difficult to find the exact solutions. Many
mathematicians according to research in this field. One of many methods that they use,
are numerical methods.

In this thesis, we shall study the numerical methods for solving an iterative

partial differential equation of the form

0"u(x)
ox,0x, -+ X,

= flou@), (@), 0" @),  xez (1.16)
where Z € [0,4,]1x[0,a,]x+--x[0,a,] with the initial conditions
WX, Xy 5 X130, X0 s Xn) = 8y (Xs Xgamens Ky Kinyat o2 Xp) s
i=12,---,n
U, X5 X 00X 50005 X4,0, X ,00, X,)
= Gt i g s Xy Kits 5 X s Xt s X))
i#j,i,j=123,n
(1.17)
u(x,,0,0,---,0) = g,433...(%))
u(0,x,,0,---,0) = &, 113...(%3)

u(0,0, ot ’0’ xn ) = gn-1,|,2.~--,n-l (xn)
u(0’090,"',0) =C = [019029"'9cn]r

where u*(x) denotes the k” iteration of the (unknown) function u(x) and satisfies
equation (1.16) — (1.17) and find the best numerical method for solving it when we can
not find the exact solution.

In this thesis, we study the numerical methods for solving an iterative partial

differential equation, especially, in two dimensions.



CHAPTER 2

DEFINITIONS AND THEOREMS

In this chapter we will discuss the uniqueness and the existence of the solutions

of the iterative partial differential equations of the form

0"u(x)
ax,ox, - ox,

= flrux), w2 @), um (%)), xeZ 2.1
where Z €[0,4,]1x[0,a,]x---x[0,a,] with the initial conditions
WXy, Xy s X305 X p5oos X,) = 81y (Xps Xgsm s X Xipyymee0 X))

i=12,.--,n

u(xpxzs"',xl_po’xup"',x 09xj+p'"s-xn)

e
= 824 (X Xa s s Xy Xigs 0 X s X jaga o5 X, )

i#j,i,j=123,n

2.2)
u(x1 ’0,09 eee ,O) R n-1,2,3;-.n (x 1 )
u(09 X, 0, ’O) = 8a-1130m (xz )
u(090, ce ’0’ x" ) = gn-l.l,Z.---,n—l (xn )
u(0,0,0,---,O) =C= [CI,CZ,“',C"]T
or the compatibility initial condition
8 (x)
X
g0 =| 8 (2.3)

8,(x)



= (—1)2(gl,l(x2,x3,“',x,,)+"'+g;,n(xpxz,"',x,,_1))

+(—1)3(g2,l,2 (X35 X5 X,) +o+ 8y pin (xnxz"“’xn—z))

+ ("l)n (gn-l,2.3,-~n (xl) +ot g 12 (xn ))

+(=D"c

where m is a positive integer greater than 1 and

X, u, (x)
X, u,(x)

f; (x’ u(x)’ u2 (X), € 2 um (x))

2 ces @
Flxy = | 2B U U fx), U (X))

£, Gu(x), u* (x),»+,u" (%))

and

U, (ul (X), U, (X), e U, (x))

W2 (x) = u(u(x)) = uz(u,(x),uz(:x),...,un(x»

un (ul (X), uz (X), e U, (x))

w’(x) = u(u®(x))

U™ (x) = u(u™" (x))
and
Z =1[0,a,1x[0,a,]x---x[0,a,]
u,:Z—>R, [i:ZxR™ >R, i=12,---,n
u:Z —->R", f:ZxR™ —> R".



When f and g are continuous then the problem (2.1)-(2.2) is equivalent to the

problem of the continuous solution of the integral equation
u(x) = g(x) + [ ft,u(), % (1), (2), - u™ ()t . (24)
0

2.1 Uniqueness.

Let f(x,u(x),u*(x),---,u™(x)) be defined and continuous in the setZ x R™ ,
say D, and g be defined and continuous in Z and

let

| f(x2,252,) | < K @2.5)

" f(x,zpzz,""zm)_f(x’z-l,zzo"',zm) II < M]" Zl —22"""
M2" 22 "22I|+"'+Mm" Zm '—Zm"

(2.6)
e |<L<k @.7)

for all (X,2,,25,,2,)s (%,ZsZp-+»Z,) in D and for x in Z and K, L, M,,

M,,---,M, arein R*.Thenorm | .| is the Euclidean norm.

We are looking for the solution u(x) of the problem (2.1)-(2.2) or (2.4) where
u(x) belong to Z forall x inZ (2.8)

| w(x)—u(y)| < Njx-y| forall x andy in Z and N in R*. (2.9)

Let S, =M, +M,N+M,N*>+---M_N™"

S, =M, + M,N + M,N* +---M_ N

S, =M, +MN
S

m

=M

m



10

d=(5)" ,d>0
a=aa,a,-a,
b=S,+8;+---+8S,
h=2L+2K

A=h

B=ab

C=a +a,+-+a,

thus we have the following theorem.

Theorem 2.1 If Be® <1 and f and g satisfy the above conditions then there

exist at most one solution to the problem (2.1)-(2.2) .

Proof. Suppose that u(x) and v(x) are two solutions of the problem (2.1)-(2.2) and

let

p(x) ={ u(x) —v() |.
Thus

Py =| [ @u0,12 @), 4" 0) = £,V O, v (et |
< :ﬂl Fleu®, w2 @, u" ) = fle,v@), v @, " )] at
< M, :j|| u(t) - v(t) | @t + M, oj" WO -v:@e) | de + -

+M, j|| u" (6) - v" () | dt
but B

| w@) - v* @) | = | wu@) - vy |
= | u(u(e)) - u(v@®) + u(v(e) - v @) |
( From triangular inequality )
< | w(u@)) - u(v@)) | + ] w@) - ve@) |
< N | u(e) - v(e) | + pv(©))
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= Np(1) + p(v(#))
and
| @@ -y’ @) | = | w @) - w? ) + u? @)

—u(v* (1) + u(v? (1) - v’ @) |

u? () - w @) | +] w0 0) - uv* @) |
+| u? @) -verr @y |
@) - u? V@) | + | w@v(e)) - @) |
+| w0 @) - v )
< N u(e) = v(o) | + Nj u(v(e)) - v(v(e)) |
+ | #(v* @) - v(* ()
= N* p(t) + Np( (1)) + p(0*(1)).

In the same way, we get

IA

=|u

| @)~ v* )| < N°p(s) + N? p(v(e) + Np(v* (9)) + p(v* (1))

u(©) =) | < N*p() + N>p(v(0)) + N*p(v* (9)) + Np(v* (1)) + p(v*(2))

U () =y @) | < N7 p@) + N™2p(v() + N™* pv> (1)) +

=+ Np™ (1) + pv™ 2 (2))

| 4”@ =v"@) | < N p@) + N™2pw(e) + N™ p(v () + N"™* p(v* () +
o+ Np(v™ 2 (1)) + pv™™ (1)).

Thus we have
) < [[M,p(t) + M, (Np(r) + pOo(e0) + My (N* p(e) + Np() + p(v* (1)) +
0

et M, (N™2p(t) + N™2 pw(0)) + N™* p(v2(t)) +
o+ p" (1)
+ M, (N™ p(t) + N p(v(®)) + N"2p(v* (1)) + N™* p(v* (1)) +
«++ Np(v" 2 (1)) + p(v™™ (1)) dt
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= [[M, + M,N + MUN? 4o M, N 4 M N pe)a
0
+ (M, + M,N + MN? 4+ M, N™ + M N2 poeypar

+ [[My + MN + MN? 44 M, N+ M, N"] pov? (e

]
/

+] et + M, N p(v™ 2 (0))dt
]

+ j M, p(v™(t)dr .
0
Thus we have
p(x) < S, ;fp(t)dt +8S, ;[p(v(t))dt +5S, ::"p(v2 )+ +8, ;[p(v"’" O)dt.  (2.10)
But for j =0,1,2,---,m -1, we have
PO @) = | w0 @) - v () |

<2L+2K
thus

p(x) < 8, [p(t)t + 2L +2K)S, [de+ 2L +2K)s, [de+-:+@L+2K)s, far
0 0 0 0

=S, J'p(t)dt +(a,a,a,---a,)(2L + 2K)S, + (a,a,a,+-a,)(2L + 2K)S, +---
0
+(aya,a,-+-a,)2L + 2K)S,,

= Sl Ip(t)dt+alaza3 "'an(2L+2K)(Sz +S3 +...Sm)
0

then

p(x) <d™ [p(¢e)dt + abh
(V]

SO

p(x) < abh(e“"e“‘ze“": S )

or P(x) < abhe®1+32++) 2.11)
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and

P(x) < abhe @+ (2.12)
and

p(x) < ABe“. (2.13)
From (2.10)-(2.13), we have

p(x) < A[Be“ T (2.14)

and by induction we have

p(x) < A[Be™1 , k=123,
thus by the hypothesis that Be? <1 then p(x) tends to zero as k tends to infinity.
Therefore u(x) = v(x). This ends the proof of the theorem 2.1.

2.2 Existence.
Let us suppose that
|g(x)|+aK <a forall xinZ and (2.15)
alM, + (N+DM, +(N* + N+ DM, +--+(N" ' + N"? ..+ N+ DM, 1 <1

(2.16)
and let coﬂsider the following sequences
ul,k+| (x) = g(x) + If(t’ ul,k (t)» u12,k (t), \'e u,’f‘,, (t))dt (2171)
0 N
Uy (%) = g(x) + I S u,, (0), uik (£),+--uzy (N u;";’ (U1 (B))at (2.17.2)
0

Us gy (X) = g(x) + _[f (2, 1y, (2), uaz.x (£),--- ugy (), Uy (u, k(D3 " (s, (1))t
0

(2.17.3)

um+l,k+l (x) = g(X) + If(t’ um+l.k+l (t)’ um+l,k (um+l,k+| (t»’ u:ﬂ K (um+l,k+l (t»
0

m+l X (um+l k+1 (t)))dt (217 m+ 1 )
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where U, (x), U, o(X), ", U, ,(x) are fixed functions of the class C' map Z to Z
such that

0"u; 4 (x)
0x,, 0%y, ++, OX

<k , =123 m+1

n

Hence we have the following theorem.

Theorem 2.2 Let the condition of theorem 2.1 holds and the conditions (2.15) and
(2.16) be satisfied then the sequences (2.17.1) ,--+, (2.17.m +1) converge uniformly
to the (unique) solution # = u(x) of the problem (2.1)-(2.2).

Proof. We put
Uy, = Iiléazx" Uy (X))~ () "

Upe = I?éazx" Upy (X) = Uy 41 (X) "

Upox = @fg‘" Ut (X) = Uy, () |
where k£ =0,12,:--
It can be shown by induction & on that
Uy < W)U,
U,y < (W)U,

Um+l,k < (Wm+l )k Um+l.0
where
W, = a[ M +(N+DM, + (N> +N+DM, +--+(N™ + N™2 +... ¢ N+1)Mm]
WZ

W,

> |
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N

m+1

]

m+1

A =alM+(N+DM, +--+(N"? +--+ N+ DM, , + (N™? + ... 4 N+1)M, , +M,)
Ay =alM, +(N+DM, +-+(N"" +- + N+ DM, +(N"> + -+ N+ 1)(M,_, + M,,_,)

+(N"™? +--+ N+ )M, ]

Ay =al M + M)+ (N+ DMy + (N> + N+ DM, + -+ (N2 + -+ N+ )M,

B, =1-aN""'M,
By =1-aN">M, , —~aN™'M

B, =1-aNM, —aN*M, —---—aN""'M,, .

Since W, <1 then W1 for i =12,3,---,m+1.

Thus for i=12,3,-.-,m+1, W,tends to zero as k tends to infinity then U ix tends
to zero ask tends to infinity. This mean that if { U, () } is subsequence of {u,,()}
tending uniformly to some #;() then %(-) is a solution of the problem (2.1)-(2.2).
Since the family {u#,,} is an Arzela — Ascoli family , thus for every subsequence
{“u,} of {u,} there exist a subsequence {”i,k,} uniformly convergent and the
limit needs to be a solution of the problem (2.1)-(2.2) as it was mentioned above. Thus
the sequence {u;,} tends uniformly to the (unique) solution of the problem (2.1)-

(2.2). This ends the proof of the theorem 2.2.



CHAPTER 3

NUMERICAL METHODS FOR SOLVING
ITERATIVE PARTIAL DIFFERENTIAL EQUATIONS

In this chapter we shall look for a numerical method for solving the iterative

partial differential equation of the form

o"u(x)

—_— = 2 ces m
oy Flrue), w2, u" ),  xez 3.1)

where Z €[0,4,]x[0,a,]x-+-x[0,a,] with the initial conditions
WX X500 Xi 0 Xign o na X)) = 81X Xg 0oty Xy Xyags®oo5 X,) 5

i=12,---,n

u(x,,xz,---,x,_,,0,xm,--',xj_,,O,xm,-",x,,)
= 8oy (Kis Xy s Xy Xpyps s Xy X g5 X,)

i#f,i,j=123-n

(3.2)
u(-xl ’ans °cr 90) = gn—l,2.3,---,n (xl )
u(0,x,,0,---,0) = &, 113....(X3)
u(0,0,---,0,x,) = 8, 112,.01(X,)
u(0,0,0,”‘,O) =cCc= [chz,"'acn]T
by using the integral equation
U, (x)=gx)+ J'f(t, u, (), ul (@), u) (1), uy (t))dt . (3.3)
0

The formula (3.3) already proved to be converged by the theorem 2.2.1.
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In general, The existing numerical methods for solving the partial differential
equations can not solve the iterative partial differential equations. The reason is that
to find the value of u(x + h), we need to use the values of u*(x), u(x),...,u" (x)
which may involve in using the unknown values of u(r) where r is not equal to x; as
show in Figure 1 and Figure 2. We must use their approximating values instead. The
author has devised the three methods to find the approximating values. Then we will
combine them with the Backward Finite Difference Approximation to solve our
problems. The three methods use the same idea which include the iteration technique,
the combination of Backward Finite Difference Approximation for solving partial
differential equation and interpolation. For each iteration, we shall solve the value of
u(x) for the hold interval [0, a;]. After that we partition the closed interval [0,4;] in
to k; partitions at x,,,=0,x; = h,...,x; = jh,...,x, =k, =a, where h, = 1/k,

fori=12,...,n.

ur)

X

Figure 3.1 Show the unknown value of u(r) in two dimensions.

41537
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\
\
\
\
\
\
\
\

(k) Pl —*

y(j) /’;.:. ..... , ;_’.g|(-.._.‘..._.

Figure 3.2 Show the unknown value of u(r) in three dimensions.

3.1First Method.

In this method, we solve the problem (3.1)(3.2) by using the Backward Finite
Difference Approximation and the Two Points Newton’s Divided Difference Method,
especially, in two dimensions.

We consider the Backward Finite Difference Approximation to find the value

of u(x,y).
Since ou(x,y) _ ¥ (x,y)—u,(x - h,y) (3.4)
ox h
ou (x,y) _ou(x-hy)
2
and then Tuxy) __ % »
oxdy h
=l(u,(x,y)—u,(x,y—h) _ ul(x—h,y)—u,(x*h,y-h))
h h h
_ MmOy mu @y R -wGE-hy)+wG-hy-h) 3.5)

h2
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Form equation (3.1) we write o ;f,(x), o, in form of two dimensions as follow
o%u,(x,y)
Qulx,y) | axdoy | | Ay, 6l (x ), 8 (X))
Fuxy _ | - 2 ] (3.6)
Oxdy 0wy | LAy, (6 y), 85 (%, ), 45 (%, 7))
Ox0y
form=1273,....

From equation (3.5) and (3.6), we get

£y, 4,06, ), 42 (%, ), 0 (X, ) =
“n(x,)’)‘ul(x,}’—h)—ul(x—h,}’)+un(x—h,y—h)
h? '

3.7
Therefore

u,(x,y) = > f,(x, y, u; (%, ), 4} (%, 9),..., u]" (x, ) +
u(x,y—h)y+u(x-hy)—u(x—hy-h).

(3.8)
In the same way, we get

u, (x,y) = B (0, 3, 6, (x, ), 43 (X, )., Uy (X, Y)) +
u(x,y—-h)+u,(x-h,y)-u,(x—h,y—h).

3.9

From (3.8) and (3.9), we get the solution of u(x,y). We have to know the value of
function f(x, y,u(x,y),u4*(x,¥),...,u™ (x,y)).
In order to find the value of f ,we have to know the values of u(x, y), u*(x, y),...,
u™ (x,y) which we use the Two Points Newton’s Divided Difference Method to find
them.

First, from initial function u,(x,y) = g(x, y)that satisfies the conditions of
theorem 2.2.2 and use the values of k, f(x,y,u(x,y),u*(x,y),...,u"(x,y)),
u(x,y —h),u(x —h,y) and u(x —h,y — h) to find u’(x, y) at each point as follow .
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Since
2 U, (ul (x, y)"uz (x, }’))]
> = 3.10
) l:uz(u, (%, ), 4, (%, )) (3-10
and letting ¥, (x, ) =x", w,(x,y) =y . (3.11)
So W(xy) =uEE',y") = [“‘ oy .)} - ["‘ (’)} (3.12)
uU,(x,y) u, (r)
where
* (x' == x,.)
S R OR  ra et 3;) = ux0 )]
u(x’, Vi) = u(x;,y;,)+ ((xxm :);")) [u(xl.ﬂ,yjﬂ ) —u(x;, ¥ )] (3.13)
. . . (y. _'y,-) s *
ux,y) = ulx,y;) +m[u(x s Yjay) — u(x ,yj)] )

In the same way, we use the values of u*(x, y)to find #(x,y)... and use u™(x, y)
to find u™(x,y). Then we use u"(x,y) to find u'®(x, y) and continue this process
until

=k

> a0 e ) = 4 (x,y) | <& and 370 us*P(x,y) - uf (x, ) <&

for a sufficiently small ¢.

3.2 Second Method.
This method uses the Backward Finite Difference Approximation and the
k Points Newton’s Divided Difference Method to solve the problem (3.1) —(3.2).
First, we use the Backward Finite Difference Approximation to find the values
of u(x, y) . The same way as the first method but instead of two points, we will used &

points .
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Second, we use the k Points Newton’s Divided Difference Method to find the

value of

(5, y) P@m»%qu

uy (u, (2, ), 1, (x, )|

Let u(x,y)=x", ,(x,y)=y".

R v R e
2 2

From the Newton’s Interpolation Polynomials of degree k ,P/(x) , for
j=012,... k,that

P/(x)=a,+a,(x" —xp) +-+a,(x" =x)(x" =x,)-(x" =x,,) (3.14)
where
a, = u(x},y)

u(xi’9y{) _u(x6i9 y(')’)
X —Xp

a, =ulx],x)]=

ulx], x{}—ulx!,x31
X, =X

a, =ulx;,x/,x}]1=

w(x), y3) = uCx, y))  wxl, ) — u(xg, y9)
X, — X, X, — X,

(3.15)

ulx], xi_ioe. X} 1—ulx)_, x) s x5]
Xy — X

a, =ulx),x],,....x},xj]1 =

and then

Py )=by +b,(y" = y)+-+b,(y" =y ) =3) ¥ =y.) (3.16)
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where

b, =u(x",y,)

= BH1: Vo) — 4y, Yo)

by = uly,, y, Yy
1 0

u(y,, Y, 1-uly,, y,]
Y2 =Y

b, = uly,, », %] = 3.17)

]= u[yk’yk—l"'-’yl]_u[yk-lsyk—z,-'wyo]

by = ulyis Yersees Y1 Yo Y, =Y
x ~ Yo

~

In the same way, we use the values of u*(x, y) to find #°(x,)... and use u™"'(x, y)
to find 4" (x,y). Then we use u"’(x,y) to find u®(x,y)and continue this process
until

Sl -0 <o amd T 4005 | <o

for a sufficiently small ¢.

3.3 Third Method.

This method uses the Backward Finite Difference Approximation and
Lagrange Interpolation Method to solve the problem (3.1) (3.2).

First, we use the Backward Finite Difference Approximation to find the value
of u(x,y). The same way as the first method. Then we will use the Lagrange
Interpolation Method used to find the values of u(x, y), u*(x, y),...,u™ (x,y).

Second, we use the Lagrange Interpolation Method to find

the value of u*(x,y) = [”1 (4, (x, y), u, (x, y))]

u, (u, x,y), U, (x, y)) .
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Let u(xy)=x", u(xy)=y.

So  W(x,y) =u@x',y)) = [u,(x',y‘)} _ l:ul(r)]'
uy(x7,y") u, (r)

From the Lagrange’s Interpolation Polynomials of degree k, P/(x"), for i, jand
g=012,...,k that

PIr) = FILG) + LG + -+ FILG) =Y L") (3.18)

where
e X=X =Xy X D =) (- x
Ly - SR X)) 3O e G x)
(% —x0)(xg = x)) o+ (xg = x5 ) (x5 = x7,4) -+ (x; —x)
and
x) =u(xl, y]) (3.20)

3 |
and then P.(Y) = fLaO" )+ L")+ + [, L () =D, L,(x") (3.21)

g=0
where
Lo = O =Y)0 =30 =)0 — Vo) - Y,) (3.22)
Oy = Y000 =)V = Y0 )Py = Vo) 2 (¥ = ¥,)
and
y, =u(x",y,). (3.23)

As before, we use the values of #?(x, y) to find ¥’ (x,y)... and use #™'(x, y) to find

u" (x,y) . Then we use 4 (x, y) to find u®(x, y) and continue this process until

=k

Tl Emn-uo@n|<e md FL|u 0wy -] <a

for a sufficiently small ¢.



CHAPTER 4

EXAMPLES OF THE ITERATIVE

PARTIAL DIFFERENTIAL EQUATIONS

In this chapter, we shall find the analytic solutions and numerical solutions by
using the three methods obtained from chapter 3 to solve some iterative partial

differential equations.

4.1 Analytical Solutions.

From chapter 2, we can find the analytical solutions of iterative partial differential

equations

o"u(x)
ox,0x, -+ 0%,

= flru(x), @?@),-,u"®),  xez @4.1)
where Z €[0,a,1x[0,a,]x---x[0,a,] with the initial conditions
16 9 SUCTEVS A1 X5 SSPPLILIS ) BE-I- 1 € 7 ARTLIS A JELTIS 2 B
i=12,---.n
Uy X505 X050, X0 X000, X 0,000, X,)
S AN 6 A RIS A UG S R
i#j,i,j=123,--,n
4.2)
u(x,,0,0,---,0) = g,,23....(%))
w0, x,,0,-,0) = 8,113...(X2)

u(OQOQ o !07 xn ) = gn—l,l,z,---,n—l (xn)
u(0,0,0,“',O) =c = [cpcz""’c,.]r



by letting
u(x) = limu,, (x)
Uuy(x) = g(x)

where

uk+l(x) = g(-x) + If(t9uk(t),u:(t)’°°'ru}?(t))dt ak=0’1’2:"°-
0

Example 4.1 Find the solution, in Z = [0,1]x [0,1], of the equation

0
d’u(x, y) Xy 2
Tty = O Tu(x,)’) + U (x,y)
2 8
with the initial conditions

T
u(x,0) = u(0, y) = u(0,0) = [% 0] .

We have g(x,y) =

O N =

Solution. Let Uy(x,y) =g(x,y).
Then by the equation (4.4), we get

X

1 (x,y) = g(x,y) + y“f (5, 06 (5, ), 82 (x, y) Jixdy
0

0

25

4.3)

(4.4)



yx
Hence u,(x,y) = g(x,y)+ ij (X, v, u (x,y),ul (x, )’)) dxdy .
0

0

Since u}(x,y) = u,(u,(x,))

Lo 2y Yo x5 (1.9 25\ (w Y
1 272 32 02 16 ) 272 T2 2 T
|2 2 32
2 2
1Ly Yy ) (1 o 2 (o x%
27273 \2 16 ) 272 7 T2 12 T
B 2 16 i
[1 1 35 2.5 55 5., 0 5.5 25
oy +—xy - xPy h ——_xfyt xSyt -
2783752t Y T2048T Y T3t Y Taiet Y 2601
+ ' N33 x8y8
524288 7 3388608 " °
1 27 .., 31 3,4 9 44 5 5.5 25 4.6
—xy+—x'y ———xy - xyt xSy~ x
87 7256”7 1008 "Tessa” ) ta096* Y "ot
1
+ 7,7 _ £Byt
262144~ 7 " 21043047 >
or
1 + L Xy + 5—5x2 y* + higher power terms_
2737 512

1 27 1.2 :
—Xy +-——x"y” + higher power terms
8x)' 256 y gher p |

xSy

3

6

26



Thus

1 2.,2 1 3,,3
—xy+—x’y* -—x
8xy Y 128 Y
|-

8 lxzyZ__l_x:!yS

1
0 —
8

1
U, (%, ) =| 2 +,” 1
o] °°\[2

8 64 §

(1 1 35 5. ..
—+—Xy+——x"y" + higher power terms
2 8xy 512 Y Blerp

1

27T 5.4 ..
—Xy+—=Xx"y” + higher power terms
8x}’ 256 y gher p

I 119
2 512

1y,
2]+ 7]
0 00

2 256

L1 —Ey- + —l—lix3y3 + higher power terms

—+——=x"y* + higher power terms

AN y? + higher power terms

|

dxdy

dxdy

2 4608
e ST y> + higher power terms
| 2 2304 i
12
Thus we obtain u,(x,y) tendsto as k tends to infinity.
a4
2

Therefor the solution of the given equation is

N[
+
[\

ux,y) =

0 |&



Example 4.2 Find the solution, in Z = [0,1]x [0,1], of the equation

7 x2 2 1 A
2 —a - 4';, Eul(x,y) + u (U, u,)
Ou(x,y) _
oxoy 1 x%y? 1
5" s T g™ + w,u,)

with the initial conditions

u(x,0) = u(0, y) = u(0,0) = [% 0] :

We have g(x,y)=

S N

Uy (%, )
Solution. Let uy,(x,y) =

[gl (x, y)
Uy (X, ¥)

=g8(x,y).
8, (%, y)}

Then by the equation (4.4), we get

yx
u (%) = 8C6 )+ [ e, 3, (x, ), 43 x, y) iy
00

7 Xy (%)

T 0 + Uy o (U o (%, y), 4, 0(x, )
=g(x,y)+ | L m(e) drdy
00 X u, X,y
= 7;’ - ”10 + Uy o (U o (X,Y), 4, 0(x, ¥))
~| xs 45
=|2[+ ] 3 dxdy
1 x%y?
0 oofjl x7y
5 75
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17 (22| (Lo Xy
2 3 405 2 3 405
= =+ =
o| [®_¥ y_xy
5 75 5 675

yY=x
Hence #,(x,y) = 8(x,y)+ | [ £(x,y,,(x, ), 42 (x, ) dudy
00

7 x*y* u,(xy)
_.66_ 4? — l'llo +um(ul,l(xvy),uz,l(x’y))

dxdy .

l
© N

y x
* I 2,2

00 | P ” u,,(x,y)
g - 7‘}5’ 50 l10 Y, (ul.l (xa }’), Uy, (.x, y))

. 2 ul.l (ul,l (x» y)’ uz.l (x, y»
Since  u; (x,y) = u,(u (x,y)) =
Uy (1, (X, y),u,,(x, ¥))

2
11 «gy x'y si): x*y* + higher power terms

2 45 32886000

X\, % 'y* __101 x*y® + higher power terms
50 75 675000

Thus, we have

1 _l__xzyz 1+xy ﬁ

=1 % 60 45 112 3 405
(%) =2+ [ =y s s
ol °o° l_xy Xy Xy
5 75 5 675

1. o x’y? 8201
N 2 3 45 32886000

2,,2
Xy Xy 101 x’y> + higher power terms
50 75 675000

x*y® + higher power terms

dxdy
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1 3 8111 5 5 ..
1 ———xy+—————x"y" + higher power terms
3 +’I’]. 3 10 36540000
3,,3
o oo|fL__*Y + higher power terms
5 675000

L3 x%y? + st higher power terms
3 40 584640000

1

2

xy  xy .

—= + higher power terms

5 10800000
=
Thus we obtain u,(x,y) tends to as k tends to infinity.
Xy
5

Therefor the solution of the given equation is

VA B
2 3

u(x,y) =
35
5

Example 4.3 Find the solution, in Z = [O, 12-]x [0, 1|, of the equation

2
oux,y) - _ W ()

oxoy
with the initial conditions

u(x,0) = (0, y) = #(0,0) = [-;- ﬂ .

Solution. Let u,(x,y)=g(x,y).
By the equation (4.4), we get

Yy x
u,(x,y) = g(x,y) + [ [ (x, y) dxdy
00



y=x
8(x, )+ [ [uty(ttg (ty (x, y) iy
00

1 1
8 Y| 8
=PI (e
IRt
16 16
1.2
1378
1.
16 16
yx
Hence Uy (%, ) = g% Y) + f [, (u, (i, (x, YY) drdy .
00
Since
2.2
1102294 0 sxlyz y J1to;4
U, (ul (x, y)) =
129 . » +x2y2
2048 1024 2048
and
[ Susasiel | I XY DAL XY b I
+ TR 1Y | s &Y M s XY’
+ e X F T XY

u,(u,(u,(x,y)) =

+
+

567418074268161 +
9007199254740992

272679297, + 276973447
1125899906842624 xy 2251799813685248

2150179 44 301 5,5
s05996273704% X Yt Timamsoesazeas X Yt oo

1 74,7 1 8,,8
1125899906842624 x y + 900719925474992 x y

yx
so ,we find the value of I Iu, (U, (u,(x, y)) dxdy , we get
00

135

99813685248

2147591

2.2
XY + Tr35s00006843628

xGy6

x3y3

x3y3
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I _56741874268161 272679297 2,2 276973447 3,3 214759 4,,4
4503599627370496 xy + 2251799813685248 X'y + 10133099161583616 Xy + 9007199254740992 Xy
74,7
135 X y

s 55 3oL 606 15
* Semmasossansizn * Y T wcesemienn X VY T SSieonsin28e576

1 BB 1 9.9
+ eeErgronsesoes X Yt seamoiseosizoiorg X Y

567418074268161 NN 42,2 276973447 3,3 2147591 4.4
Xy + XY + mssiossmierzn X Y T+ Teiarssosions X Y

9007 199254740992 45035996273849
2150179 54,5 391 6.,6 135 747
* Tizcaosoeszezae * Y T wssmssscarimaes ¥ Y 1 Tiosozeosostisz X Y

y 8.8 ! 9.9
+ Tsissaomerose X Yt Tsmieeaasz £ Y ]

and then
1
8 rr
w(xy) = |+ [ JuGaGa(xy)) dady.
1] o0
16
[ 56741874268161 272679297 2,,2 276973447 3,,3 2147591 4,47
T+ Tonwanimg X + moansa X Y. + oraseseic X Y + srrmasz XY
2150179 b I 391 6,6 135 747
+ Semanssenizn X Yt mmesesienz ¥ Y T Sieoesenzeasis £ Y

I 8.8 ) 9.9
+ meose X Y T Samiseoarsoiors X

L 4 _567418074268161 2712679297 2,2 276973447 3,3 2147591 4.4
16 + soom199254140992 X + F5o3599673896 X ¥+ Tomeersesmieranz X Y T Taviarssomsioss X Y

2150179 595 .1 6.6 138 7.7
+ Tizsisooceizezaoe * Y T s X Yt Ti060z7o0870577152 * Y

1 8,8 1 9,9
_+ 72057594037927936 Xy + T2958313963474352 Xy

Thus, we use u,(x, y) as the approximating solution for the problem.

Example 4.4 Find the solution, in Z = [0,1]x [0,1], of the equation

X
o%u(x,y) _ yu, (4, (x, y), u,(x,¥)) — xu, (4, (x, y), 4, (x, y)) + >
oy yuy(x,y) — xu, (x,y) + %

with the initial condition

0
and u(0,0) = ol

© pln

0
u(Oa }’) = _X ’ u(x’O) =
4



Thus we have g(x,y) =

Pl A=

Solution.

Let uy(x,y) = g(x,y)
then by (4.4), we get

Bl Bw
+
=
-QIQN &|\<~
_

ul(x’y)=
+
x, 2y
nay =4 4
2 L )y
4 4
and
x Xy
) ={2 | for k=0123....
PN 2
4 4
2
2 e
Thus u,(x,y) tends to 4 42 as k tends to infinity.
y, o
4 4

Hence the solution of the given equation is

+
=
<

u(x,y) =

e bw
+
oft+|
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4.2 Numerical Solutions.

We shall find the solution of the iterative partial differential equation using the
three numerical methods in chapter 3. Then we shall compare them with the exact

solution.

Example 4.5 Find the solution, in Z = [0,1]x [0,1], of the equation

0

o’u(x,y) — 2
oy Xy 4u(x,y) + u(x,y)

1
2 8
with the initial conditions

u(x,0) = u(0, y) = u(0,0) = B— 0] .

o
The exact solution is u(x, y)= 4 . We shall divided the interval [0,1], for y-axis

Xy

2

and x-axis, into 4, 8, and 16 equally subintervals and repeat the methods until the error,

N |

g, less than 0.000005. ’

We obtain the results as follows in table 4.1-4.9.



Table 4.1 The mean of error, u(x,y), fork=h=4.

First Method
U (x,y) U, (x,y)

Iteration Mean of Error Mean of Error

1 0.0766906738 0.0766906738

2 0.0048587225 0.0048587225

3 0.0004749587 0.0004749587

4 0.0000375245 0.0000375245

5 0.0000025612 0.0000025612

6 0.0000001594 0.0000001594

Table 4.2 The mean of error, u(x, y), fork=h=4.

Second Method
u(x,) U, (x,y)

Iteration Mean of Error Mean of Error
1 0.0122070312 0.0122070312

2 0.0012833007 0.0012833007

3 0.0001021547 0.0001021547

4 0.0000065928 0.0000065928
0.0000063645 0.0000003645
6 0.0000000177 0.0000000177




Table 4.3 The mean of error, u(x, y),fork=h=4,

Third Method
w(x,y) U, (x,y)
Iteration Mean of Error Mean of Error
1 0.0766906738 0.0766906738
2 0.0048033703 0.0048033703
3 0.0004296399 0.0004296399
4 0.0000281045 0.0000281045
5 0.0000014371 0.0000014371
6 0.0000000600 0.0000000600

Table 4.4 The mean of error, u(x,y),fork=h=38.

First Method
u(x,y) u,(x,y)
Iteration Mean of Error Mean of Error
1 0.0707731247 0.0707731247
2 0.0030105359 0.0030105359
3 0.0001706412 0.0001706412
4 0.0000067423 0.0000067423
5 0.0000002084 0.0000002084
6 0.0000000055 0.0000000055
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Table 4.5 The mean of error, u(x, y), fork=h=8.

Second Method
u(x,) U, (x,y)
Iteration Mean of Error Mean of Error
1 0.0068664551 0.0068664551
2 0.0004136432 0.0004136432
3 0.0000166168 0.0000166168
4 0.0000005021 0.0000005021
5 0.0000000124 0.0000000124
6 0.0000000003 0.0000000003

Table 4.6 The mean of error, u(x,y),fork=h=8.

Third Method

Iteration

u(x,y)

Mean of Error

u2 (x9 y)

Mean of Error

A W N

0.0707731247
0.0030034875
0.0001647392
0.0000060939
0.0000001712
0.0000000040

0.0707731247
0.0030034875
0.0001647392
0.0000060939
0.0000001712
0.0000000040
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Table 4.7 The mean of error, u(x, y),fork=h=16.

First Method
u (x,y) U (%, )
Iteration Mean of Error Mean of Error
1 0.0675933063 0.0675933063
2 0.0023390272 0.0023390272
3 0.0000952787 0.0000952787
4 0.0000024173 0.0000024173
5 0.0000000443 0.0000000443

Table 4.8 The mean of error, u(x, y), fork=h=16.

Second Method
u, (x,y) u,(x,y)

Iteration Mean of Error Mean of Error

1 0.0049610138 0.0049610138

2 0.0002112379 0.0002112379

3 0.0000054585 0.0000054585

4 0.0000000996 0.0000000996

5 0.0000000014 0.0000000014
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Table 4.9 The mean of error, u(x, y), fork=h=16.

Third Method
U (x,y) U, (x,)
Iteration Mean of Error Mean of Error
1 0.0675933063 0.0675933063
2 0.0023378300 0.0023378300
3 0.0000941629 0.0000941629
4 0.0000023242 0.0000023242
5 0.0000000407 0.0000000407
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Figure 4.1 Graph of the mean error, ¥, (x, y), from the three numerical methods of
example 4.5 for k =h =4.
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Figure 4.2 Graph of the mean error, %,(x, y) , from the three numerical methods of

example 4.5 for k =h =4.
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Figure 4.3 Graph of the mean error, , (x, y), from the three numerical methods of

example 4.5 for k =h =8.
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Figure 4.4 Graph of the mean error, ,(x, y) , from the three numerical methods of

Th

example 4.5 for k =h =8.
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Figure 4.5 Graph of the mean error, &, (x, y), from the three numerical methods of
example 4.5 for k =h =16.
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Figure 4.6 Graph of the mean error, u,(x, y), from the three numerical methods of

example 4.5 for k =h =16.
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Example 4.6 Find the solution, in Z = [0,1]x [0,1], of the equation

B 2,.,2
7 1
_E _x4§ Eul(x’y) + ul(ul’uz)
*u(x,y)
i l——'x—z)—)?——iu(x)+u(uu)
5 75 10 2% Y 28]
with the initial conditions
_1 T
u(x,0) = u(0, y) = u(0,0) = 5 0] .
12
The exact solution is u(x,y)= . We shall divided the interval [0,1],
il 4
\/ N

for y-axis and x-axis, into 4, 8 and16 equally subintervals and repeat the methods until

the error, £, less than 0.000005. We obtain the result as follows in table 4.10 — 4.18.

Table 4.10 The mean of error, u(x,y), fork=h=4.

, - First Method
u (x,y) i, (x, )
Iteration Mean of Error Mean of Error
1 0.0461869982 0.0277121989
2 0.0002443936 0.0001466362
3 0.0000034689 0.0000020814
4 0.0000000446 0.0000000268




Table 4.11 The mean of error, u(x, y), fork=h=4.

Second Method
(X, y) u,(x,y)
Iteration Mean of Error Mean of Error
1 0.0008477105 0.0005086263
2 0.0000115604 0.0000069362
3 0.0000001272 0.0000000763
4 0.0000000012 0.0000000007

Table 4.12 The mean of error, u(x,y),fork=h=4.

Third Method
u(x,) U (%, y)
Iteration Mean of Error Mean of Error.
1 0.0461869982 0.0277121989
2 0.0002417071 0.0001450243
3 0.0000021471 0.0000012883
4 0.0000000137 0.0000000082

Table 4.13 The mean of error, u(x,y),fork=h=38.

First Method

Iteration

ul (x1 y)

Mean of Error

u2 (x’ y)

Mean of Error

1

2
3
4

0.0446754853
0.000146329

0.0000009132
0.0000000046

0.0268052912
0.0000876797
0.0000005479
0.0000000028
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Table 4.14 The mean of error, u(x,y),fork=h=8.

Second Method
u(x,y) U, (x,y)
Iteration Mean of Error Mean of Error
1 0.0003862381 0.0002317429
2 0.0000025131 0.0000015079
3 0.0000000125 0.0000000075
4 0.0000000001 0.0000000000

Table 4.15 The mean of error, u(x,y),fork=h=8.

Third Method
u (x,) Uy (%, )
Iteration. Mean of Error Mean of Error.
1 0.0446754853 0.0268052912
2 0.0001460278 0.0000876167
3 0.0000008407 0.0000005044
4 0.0000000037 0.0000000022
Table 4.16 The mean of error, u(x, y), fork=h=16.
Fifst Method
u (x,y) U, (x,y)
Iteration Mean of Error Mean of Error
1 0.0433743992 0.026024395
2 0.0001083710 0.0000650226
3 0.0000004308 0.0000002585
4 0.0000000012 0.0000000007
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Table 4.17 The mean of error, u(x, y), fork=h = 16.

Second Method
u (x,y) U, (X, y)
Iteration Mean of Error Mean of Error
1 0.0002489120 0.0001493472
2 0.0000010321 0.0000006193
3 0.0000000030 0.0000000018
4 0.0000000000 0.0000000000

Table 4.18 The mean of error, u(x, y),fork=h=16.

Third Method
u(x,y) Uy (x,y)
Iteration Mean of Error Mean of Error.
1 0.0433743992 0.0260246395
2 0.0001083604 0.0000650162
3 0.0000004221 0.0000002533 *-
4 0.0000000012 0.0000000007
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Figure 4.7 Graph of the mean error, %, (x, y), from the three numerical methods of
example 4.6 for k =h =4.

50



0.0900

0.0850 —@— First Method

0.0800

—#— Second Method

0.0750

~ Third Method
0.0700
0.0850
0.0600
0.0550
0.0500

0.0450

0.0400

Mean Error

0.0350

0.0300

0.0250

0.0200

0.0150

0.0100

0.0050

0.0000

-0.0050

Iteration

Figure 4.8 Graph of the mean error, u,(x, y) , from the three numerical methods of
example 4.6 for k =h =4.
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Figure 4.9 Graph of the mean error, &, (x, y), from the three numerical methods of
example 4.6 for k = h =8.
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Figure 4.10 Graph of the mean error, %, (x, y), from the three numerical methods of

example 4.6 for k =h =8.
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_Figure 4.11 Graph of the mean error, %, (x, y), from the three numerical methods of

example 4.6 for k =h =16.
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Figure 4.12 Graph of the mean error, #,(x, y) , from the three numerical methods of

example 4.6 for k =h =16.
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Example 4.7 Find the solution, in Z = [0,1]x [0, 1], of the equation

2
9%(2;1) = 4 y) (4.7.1)
with the initial conditions
1 11"
u(x,0)=u(0,y) =u0,0)=|-— —| . 4.7.2
()()’)u()[gm] (4.7.2)

We do not know the analytical solution of the problem (4.7.1)-(4.7.2). We shall
divided the interval [0,1], for y-axis and x-axis, into 4, 8 and 16 equally subintervals and
repeat the methods until the error, £, less than 0.000005. We obtain the numerical result as

follows in figure 4.13 — 4.18.
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Figure 4.13  Graph of the result, , (x, y), from the three numerical methods of

example 4.7 for k = h =4,
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Figure 4.14 Graph of the result, , (x, ), from the three numerical methods of
example 4.7 for k =h=4.
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Figure 4.15 Graph of the result, u, (x, y), from the three numerical methods of

example 4.7 for k=h=8.
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Figure 4.16 Graph of the result, u, (x, y) , from the three numerical methods of

example 4.7 for k=h=8.
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Figure 4.17 Graph of the result, u, (x, y), from the three numerical methods of

example 4.7 for k=h=16.
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Figure 4.18 Graph of the result, u, (x, y) , from the three numerical methods of

example 4.7 for k =h=16.
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CHAPTER $

CONCLUSION AND SUGGESTIONS

In this chapter, we select the best of the three numerical methods by

considering the mean of error from the examples in chapter 4.

5.1 Conclusion.

From the examples of chapter 4 . We summarize the mean of error for 4, 8 and

16 partitions which shown in table 5.1-5.3 and the ranking of these errors shown in

table 5.4-5.6.

Table 5.1 The mean of errors from examples in chapter 4 for 4 partitions.

Mean of Error

Example 3
First Method Second Method Third Method
Example 4.5 0.0000001594 0.0000000177 0.0000000603
u,(x,y) | Example 4.6 0.0000000446 0.0000000012 0.0000000137
| Example 4.7 0.0000007858 0.0000000476 0.0000007857
Example 4.5 0.0000001594 0.0000000177 0.0000000603
u,(x,y) | Example 4.6 0.0000000268 0.0000000007 0.0000000082
Example 4.7 0.0000003929 0.0000000476 0.0000003929




Table 5.2 The mean of errors from examples in chapter 4 for 8 partitions.

64

Mean of Error

Example

First Method Second Method Third Method

Example 4.5 0.0000000055 0.0000000003 0.0000000040

u(x,y) Example 4.6 0.0000000046 0.0000000001 0.0000000037
Example 4.7 0.0000000773 0.0000000047 0.0000000773

Example 4.5 0.0000000055 0.0000000003 0.0000000040

u,(x,y) Example 4.6 0.0000000028 0.0000000000 0.0000000022
Example 4.7 0.0000000387 0.0000000024 0.0000000386

Table 5.3 The mean of errors from examples in chapter 4 for 16 partitions.

Mean of Error

Example

First Method Second Method Third Method

Example 4.5 0.0000000443 0.0000000014 0.0000000407

u(x,y) Example 4.6 0.0000000012 0.0000000000 0.0000000000
Example 4.7 0.0000000085 0.0000010777 0.0000000085

Example 4.5 0.0000000443 0.0000000014 0.0000000407

w,(x,y) Example 4.6 0.0000000007 0.0000000000 0.0000000007
Example 4.7 0.0000000426 0.0000005388 0.0000000043




Table 5.4 The ranking of mean of errors from table 5.1 for 4 partitions.

Mean of Error
Example -
First Method Second Method Third Method
Example 4.5 3rd Ist 2nd
u(x,y) Example 4.6 3rd Ist Zx;d
Example 4.7 3rd 1st 2nd
Example 4.5 3rd Ist 2nd
u,(x,y) Example 4.6, 3rd Ist 2nd
Example 4.7 3rd Ist 2nd

Table 5.5 The ranking of mean of errors from table 5.2 for 8 partitions.

Mean of Error
Example
First Method Second Method Third Method
Example 4.5, 3rd Ist 2nd
u (x,y) |Example4.6 3d 1st 2nd
Example 4.7 3rd Ist 2nd
Example 4.5 3rd Ist 2nd
w,(x,y) Example 4.6} 3rd Ist 2nd
Example 4.7 3rd Ist 2nd

Table 5.6 The ranking of mean of errors from table 5.3 for 16 partitions.

Mean of Error
Example
First Method Second Method Third Method
Example 4.5 3rd 1st 2nd
u,(x,y) |Example4.6 3rd Ist 2nd
Example 4.7 3rd Ist 2nd
Example 4.5 3rd 1st 2nd
u(x,y) Example 4.6 3rd Ist 2nd
Example 4.7, 3rd Ist 2nd
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Where, the first method is the Backward Finite Difference Approximation and
the Two Points Newton’s Divided Difference Method. The second methods is the
Backward Finite Difference Approximation and the k points Newton’s Divided
Difference Method. The third methods is the Backward Finite Difference
Approximation and the Lagrange Interpolation Method.

We can conclude that the above three numerical methods are accepted to solve
the iterative partial differential equation and the more partitions, the more accuracy.
However, the second method give minimum mean of error in all examples and the
time used for solving the problem is more than the others because this method used
operations in calculation more than the others. Moreover the first method used the

time in solving the problem less than the others.

5.2 Suggestions.

We suggest to extend from two dimensions to three or more dimensions for
further study.

Example, we show only three dimensions and solve this kind of problem by
using only the Backward Finite Difference Approximation and the Newton’s Divided
Difference Method and the other two methods are kept for further study. .

First, we consider the Backward Finite Difference Approximation to find the

value of u(x,y,2).
ou(x,y,2) _ 4 (x,5,2) - (x—h,y,2)

Si 5.1
ince pe P (5.1
au] (x’ Y Z) _ au] (x — h, Y Z)
2
and d*u(x,y,2) _ 9y 54
Ox0y h

=l(ul(alc,y,z)—u.(x,y—h,z) _u,(x—h,y,z)—u.(x—h,y—h,z)J
h h h
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- ul(x’y’z)—ul(xhy—hsz)—ul(x_h7y92)+ul(x—h’y_h9z) 59
- h2 (-)

3 —
andthen ~ 2H¥%%D _ L(au,(x,y,z) _owm(xy-hz)

Ox0yoz h? 0z oz
_owmGx-hy2) 6u,(x—h,y—h,z))
oz oz

=L(u1(xay,z)_u1(x,)’,z—h) _u;(x,y—h,z)—ul(x,}"‘h,z—h)“_

h? h h
_mOe-hy-uG-hyz-h w&-hy-h)-ux-hy-hz-h
h h )
. (5.3)
. . 0"u(x) . . .
Form equation (5.1) we write in form of three dimensions as follow
oy, 0x,,..., 0%,
[ 5%u,(x,7,2)]
o, 1
3 3 T [ x50, 2,0,(%, Y, 2), 847 (X, 9, 2),.., 8" (X, Y, 2))
oux,y2) _ M:f(xyzu(xyz)u’(xyz)...u’"(xyz))
&a.yaz &a.y& 29”[’!9:”’9'2”’9
63u3(x, y, Z) f3(x’ )’, Z, u] (-xa }’, 2)9 u3 (x9 )’, Z),.:.,u3 (xs }’, Z))
Ox0yoz
for m=123,.... (5.4)

From equation (5.3) and (5.4), we get
L 1
fl(x,}’,,Z’u;(X,}’,Z),“?(x,)’,Z).---,ul (x,y,Z)) = "?;'[ul(x’yaz)—ul(x’y’z_h)

—u(x,y-h2)+u(x,y-hz-h)-u(x-hy2)+u(x-hyz-h)
+u(x-hy-h2)-u(x-hy-hz-h). (5.5)

Therefore

u (x,5,2) = B f,(x,5,, 2,4, (%, ¥, 2, 4} (X, ¥, 2),..., 4" (X, ¥, 2)) —u,(x,y — h,z — h)

-u(x-hyz-h)-u(x-hy-hz)+uxy,z-h+uxy—-hz)
+u(x—h,y,2)+u(x-hy—-hz-nh). (5.6)
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In the same way, we get &, (x, y,2) and u,(x, y, z) Wwith respectively as follows

Uy (%, 9, 2) = B (5, 9,, 2, Uy (%, 9, 2), 85 (%, 9, 2),- 47 (%, Y, 2)) — 4y (%, y = B, 2~ h)
—uz(x—h,y,z—h)—uz(x—h,y—h,z)+u2(x,y,z—h)+u2(x,y—h,z)
+u,(X—h,y,2)+u,(x—h,y—h,z—h) (5.7

and

Uy (%, 9, 2) = B £,06, 30, 2, Uy (X, 5, 2, U3 (X, 3, 2D, Uy (5,9, 2)) — U (X, Y = B, 2~ h)
—u3(x—h,y,z—h)—u3(x—h,y—h,z)+u3(x,y,z—h)+u3(x,y—h,z)
+u(x-h,y,2)+u(x—hy—h,z-h). (5.8)

From (5.6) - (5.8), we get 'the solution of u(x,y,z). We have to know the value of
function f(X, ¥, Z, u(x, ¥, 2), 4> (X, ¥,2),..., #" (X, ¥,2)) -

In order to find the value of f , we have to know the values u(x, y, 2), U2 (X, Y, 2)yeens
u™ (x,y,z) which we use the Newton’s Divided Difference Method to solve.

First, we use the Newton’s Divided Difference Method to find the value of

(11, (%, ¥, 20, 4, (%, 7, 2), 43 (%, 3, 2))

w(x,y,2) = uZEul (x, ¥, 2), U, (%, y,2), (X, ¥, z)g- (5.9)
u, (1, (%, ¥, 2), Uy (X, Y, 2), U5 (%, ¥, 2)

Let u(x,y,2)=x", u,(x,9,2) =y ,u(%,5,2) = 7, (5.10)
u(x',y,2") u,(r)

So w(x,y,2) =u@x’,y,2) = u,(x',y,2)| = || (5.11)
w,(x',y,z2") u,(r)

From the Newton’s Interpolation Polynomials of degree n ,P,,"j (x) , for
k,j=0,12,...,n that

PY(x" ) =ay +a,(x" — )+ +a,(x" = x)(x" = x) - (x" = x,,) (5.12)

where

ay = u(xg,¥s)



u(x¥,y¥) — u(xf, y¥)
X — X

a, =ulx?,xJ1=

_ ulxd, %1 - ulx?, x]
X2 = %o

a, =ufx¥, x¥, x¥1=

n-1*

a, =u[x¥,x5,,....x8 xf1=

ulx¥, x¥ . x81-ulx,,x¥ .. xf]

X, — X,

and

PEy" ) =by, +b,(y" = yp) +-+ 50,0 =y =3) (" = Yut)

where

by = u(x’,ys)
u(xf, yt) — u(xs, ys)
Y=o
ulys, yi1-uly!, ye]
Y2 = Yo

b, =u[ylk’y(l)‘]=

b, = uly;, ¥, y51=

£y ULy Yatoe-os Y 1= WY p1s Yaane-w Yo

b, =u[}’:r}’:—n »)’1’)’0 .=y
0

and then

P(2)=dy+d,(2" —20) +-+d, (2" =z, )" —2))

where

dO = u(x.’ }",zo)
u(xpypzo) "u(xo’ yO’ZO)

d, =ulz,,2,] =

=%

ulz,,z,]1—ulz,,2,]

d2 =u[ZZ’Z|,ZO]= 2 ‘] [l 0
2%

u[zn’zn—l""’zl]— u[zn—l’zn—2"'

@ -z,.,)

d, = UZ,,2,15--22,20] =
Z,, —ZO

)
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(5.14)

(5.15)

(5.16)

(5.17)
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In the same way, we use the values of u*(x,y,z) to find ¥’(x,5,2)... and use
u"'(x,y,2) to find u"(x,y,z). Then we use #(x,y,z) to find u®(x,y,z)and
continue this process until

> | 4y, 2) - 4P (%, y,2) |<e,

Yol w0 -y | <& and

Z:‘: " u(x,y,2) - s (x,y,2) " < ¢ for a sufficiently small .
We will give you some examples in finding solution of problem for three dimensions.

5.2.1 Analytical Solution.
!
Example 5.1 Find the solution, in Z = [0,1]x [0,1]x [0,1], of the equation

"1 23 1
Z+—9Exyz—%x2yzzz +u1(u19u2’u3)—ul(x’y’z)
Qu(x,,2) _ 0
oxoyoz
% 1 23 1 222

with the initial conditions

u(0,y, 2) = u(x,0, 2) = u(x, y,0) = u(0,0, ) = u(0, y,0) = u(x,0,0)

T
= 1(0,0,0) = [% % 0] .

We have 2(x,y,2) =
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Solution. Let uy(x,y,z)=8(x,5,2) =

O W=

Then by the equation (4.4), we get

f (x, Y1 2, Uy (X, 3, 2), g (X, Y z)) dxdydz

Oq_.'h

u(x,y,2) = 8(x;y,2) + zﬁ
00

1 _
1 1 23 WP
—+ = xyz - —x*y’z
‘1‘ e B LS o2 s
= /3 +j” 0 dxdydz
0 000 l—-z_sxyz—ixzyzzz
2728 48 y
[ 1 1 23 5,32 O £ J
T 7o N 768 ST L 68 &
_ 1
3
1 23 2.2.2 1 3,,3,,3
—XyZ———X N
223V T3y Yt

u,(x,5,2) = g(x,y,2) + zj"ﬂ f (x, % 2,8 (X, Y, 2), 45 (%, ¥, z)) dxdydz .
000

Since u, (4, (4,(x,y,2))) =

11 4079 o 5, 1519 454 . T
— e ——XyZ + x +————x"y’z" + higher power te
2 96 T aases T T Taoaerazg T Y ¢ T B POVELEAE
1
3
1 4033 5., 2065 5.5 .
—xyz — x*y*z* - x’y’z” +  higher power terms
| w87 221184 Y ¢ 7077888 ) FEp |




Thus
L ~ 1
_...+_ ——
4 2796 96 Yt
1 zZyx
u,(x,y,2) = 5 + _[“ 0
0 000 1—2—3- z—i zyzzz
2 487 48
L \L _
[ 1 1 2.2.2 579 3.3.3 .
—+—XxyZ+ x‘y*z® + ————x"y 7" + higher power term
296 " aa2368” 0 % T anaem328” 0 gerp ;
]
+ A4
3
—_— - - X +  highe wer t
B s Y Y 70718887 7t gher power ferms
11 23 1 7
Y1 Ll Eosagea | 248,38
4 (o523 ¢ BBati| *~Y) gaaities
- a dedydz.
3
1 23 2..2,.2 1 3..3.3
—XyZ———x -——x%y’z
| 2Tyt Y Ta? i
We obtain
11 13777 555 S6875 4 44 ..
- _—X X + higher power term
2277 T 11943936 2717908992~ 0 ¢ TEETP ;
1
3
1 23 222 3.3.3 16367 4 4.4 , 1.
p—d __16367 + high
2% 7127 7 T5o71068 " 252984823~ 0 ¢ +igher power terms
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Thus we obtain #,(x,y,z) tendsto

Therefor the solution of the given equation is

u(x,y,2) =

5.2 Numerical Solutions.

Example 5.2 Find the solution, in Z = [0,1] X [0,1] x[0,1], of the equation

’u(x,y,2) _

ox0yoz

M>223

with the initial conditions

u(0, y, 2) = u(x,0, z) = u(x, y,0) = (0,0, z) = u(0, y,0) = u(x,0,0)

= u(0,0,0) = [

L

11

T
——o].
4 3

1,2 ]
4 4

Nl\g W |-

1,0
4" 4

ng W | =

.—+_. ——
4796 56"
= B\ 06
27287 1

as k tends to infinity.

.
2}’222 + (g, uy, 45) — U (X, Y, 2)

0

2}'222 + Uy Uy, Uy, Uy) — Uy (X, Y, 2)

-
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The exact solution is u(x, y, z) = . We shall divided the interval [0,1],

for x-axis, y-axis and z-axis, into 4 equally subintervals and repeat the methods until
the error, £, less than 0.000005.
We obtain the results as follows in table 5.7 and in taiale Al.l - A1.3 of

appendix A.

Table 5.7 The result, u(x, y), of example 5.2.

ul (x’ y’ Z) uz(x: y’ Z) uB(x’ y’ Z)

The number of iterations 25 25 25
Mean of Error 0.0 0.0 0.00000000001
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APPENDIX A

NUMERICAL SOLUTIONS

Table A1.1 The result, #,(x, ¥), of example 5.2..

X y z Approximate value Exact value Absolute value
0.2500 0.2500 0.2500 0.2539063 0.2539063 0.0000000
0.2500 0.2500 0.5000 0.2578125 0.2578125 0.0000000
0.2500 0.2500 0.7500 0.2617188 0.2617188 0.0000000
0.2500 0.2500 1.0000 0.2656250 0.2656250 0.0000000
0.2500 0.5000 0.2500 0.2578125 0.2578125 0.0000000
0.2500 0.5000 0.5000 0.2656250 0.2656250 0.0000000
0.2500 0.5000 0.7500 0.2734375 0.2734375 0.0000000
0.2500 0.5000 1.0000 0.2812500 0.2812500 0.0000000
0.2500 0.7500 0.2500 0.2617188 0.2617188 0.0000000
0.2500 0.7500 0.5000 0.2734375 0.2734375 0.0000000
0.2500 0.7500 0.7500 0.2851563 0.2851563 0.0000000
0.2500 0.7500 1.0000 0.2968750 0.2968750 0.0000000
0.2500 1.0000 0.2500 0.2656250 0.2656250 0.0000000
0.2500 1.0000 0.5000 0.2812500 0.2812500 0.0000000
0.2500 1.0000 0.7500 0.2968750 0.2968750 0.0000000
0.2500 1.0000 1.0000 0.3125000 0.3125000 0.0000000
0.5000 0.2500 0.2500 0.2578125 0.2578125 0.0000000
0.5000 0.2500 0.5000 0.2656250 0.2656250 0.0000000
0.5000 0.2500 0.7500 0.2734375 0.2734375 0.0000000
0.5000 0.2500 1.0000 0.2812500 0.2812500 0.0000000
0.5000 0.5000 0.2500 0.2656250 0.2656250 0.0000000
0.5000 0.5000 0.5000 0.2812500 0.2812500 0.0000000
0.5000 0.5000 0.7500 0.2968750 0.2968750 0.0000000
0.5000 0.5000 1.0000 0.3125000 0.3125000 0.0000000
0.5000 0.7500 0.2500 0.2734375 0.2734375 0.0000000
0.5000 0.7500 0.5000 0.2968750 0.2968750 0.0000000




Table A1.1 (Cont.)

x y z Approximate value Exact value Absolute value
0.5000 0.7500 0.7500 0.3203125 0.3203125 0.0000000
0.5000 0.7500 1.0000 0.3437500 0.3437500 0.0000000
0.5000 1.0000 0.2500 0.2812500 0.2812500 0.0000000
0.5000 1.0000 0.5000 0.3125000 0.3125000 0.0000000
0.5000 1.0000 0.7500 0.3437500 0.3437500 0.0000000
0.5000 1.0000 1.0000 0.3750000 0.3750000 0.0000000
0.7500 0.2500 0.2500 0.2617188 0.2617188 0.0000000
0.7500 0.2500 0.5000 0.2734375 0.2734375 0.0000000
0.7500 0.2500 0.7500 0.2851563 0.2851563 0.0000000
0.7500 0.2500 1.0000 0.2968750 0.2968750 0.0000000
0.7500 0.5000 0.2500 0.2734375 0.2734375 0.0000000
0.7500 0.5000 0.5000 0.2968750 0.2968750 0.0000000
0.7500 0.5000 0.7500 0.3203125 0.3203125 0.0000000
0.7500 0.5000 1.0000 0.3437500 - 0.3437500 0.0000000
0.7500 0.7500 0.2500 0.2851563 0.2851563 0.0000000
0.7500 0.7500 0.5000 0.3203125 0.3203125 0.0000000
0.7500 | 0.7500 0.7500 0.3554688 0.3554688 0.0000000
0.7500 0.7500 1.0000 0.3906250 0.3906250 0.0000000
0.7500 1.0000 0.2500 0.2968750 0.2968750 0.0000000
0.7500 1.0000 0.5000 0.3437500 0.3437500 0.9000000
0.7500 1.0000 0.7500 0.3906250 0.3906250 0.0000000
0.7500 1.0000 1.0000 0.4375000 0.4375000 0.0000000
1.0000 0.2500 0.2500 0.2656250 0.2656250 0.0000000
1.0000 0.2500 0.5000 0.2812500 0.2812500 0.0000000
1.0000 0.2500 0.7500 0.2968750 0.2968750 0.0000000
1.0000 0.2500 1.0000 0.3125000 0.3125000 0.0000000
1.0000 0.5000 0.2500 02812500 0.2812500 0.0000000
1.0000 0.5000 0.5000 0.3125000 0.3125000 0.0000000
1.0000 0.5000 0.7500 0.3437500 0.3437500 0.0000000
1.0000 0.5000 1.0000 0.3750000 0.3750000 0.0000000
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Table Al1.1 ( Cont.)

X y z Approximate value Exact value Absolute value
1.0000 0.7500 0.2500 0.2968750 0.2968750 0.0000000
1.0000 0.7500 0.5000 0.3437500 0.3437500 0.0000000
1.0000 0.7500 0.7500 0.3906250 0.3906250 0.0000000
1.0000 0.7500 1.0000 0.4375000 0.4375000 0.0000000
1.0000 1.0000 0.2500 0.3125000 0.3125000 0.0000000
1.0000 1.0000 0.5000 0.3750000 0.3750000 0.0000000
1.0000 1.0000 0.7500 0.4375000 0.4375000 0.0000000
1.0000 1.0000 1.0000 0.5000000 0.5000000 0.0000000

The 25" iteration.
The mean of error is 0.0000000.
Table A1.2 The result, ¥, (X,y),of example 5.2.

X y 4 Approximate value Exact value Absolute value'
0.2500 0.2500 0.2500 0.3333333 0.3333333 0.0000000
0.2500 0.2500 0.5000 0.3333333 0.3333333 0.0000000
0.2500 | 0.2500 0.7500 0.3333333 0.3333333 0.0000000
0.2500 0.2500 1.0000 0.3333333 0.3333333 0.0000000
0.2500 0.5000 0.2500 0.3333333 0.3333333 0.0000000
0.2500 0.5000 0.5000 0.3333333 0.3333333 0.0000000
0.2500 0.5000 0.7500 0.3333333 0.3333333 0.0000000
0.2500 0.5000 1.0000 0.3333333 0.3333333 0.0000000
0.2500 0.7500 0.2500 0.3333333 0.3333333 0.0000000
0.2500 0.7500 0.5000 0.3333333 0.3333333 0.0000000
0.2500 0.7500 0.7500 0.3333333 0.3333333 0.0000000
0.2500 0.7500 1.0000 0.3333333 0.3333333 0.0000000
0.2500 1.0000 0.2500 0.3333333 0.3333333 0.0000000
0.2500 1.0000 0.5000 0.3333333 0.3333333 0.0000000
0.2500 1.0000 0.7500 0.3333333 0.3333333 0.0000000
0.2500 1.0000 1.0000 0.3333333 0.3333333 0.0000000
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Table A1.2 ( Cont.)

b y z Approximate value Exact value Absolﬁte value
0.5000 0.2500 0.2500 0.3333333 0.3333333 0.0000000
0.5000 0.2500 0.5000 0.3333333 0.3333333 0.0000000
0.5000 0.2500 0.7500 0.3333333 0.3333333 0.0000000
0.5000 0.2500 1.0000 0.3333333 0.3333333 0.0000000
0.5000 0.5000 0.2500 0.3333333 0.3333333 0.0000000
0.5000 0.5000 0.5000 0.3333333 0.3333333 0.0000000
0.5000 0.5000 0.7500 0.3333333 0.3333333 0.0000000
0.5000 0.5000 1.0000 0.3333333 0.3333333 0.0000000
0.5000 0.7500 0.2500 0.3333333 0.3333333 0.0000000
0.5000 0.7500 0.5000 0.3333333 0.3333333 0.0000000
0.5000 0.7500 0.7500 0.3333333 0.3333333 0.0000000
0.5000 0.7500 1.0000 0.3333333 0.3333333 0.0000000
0.5000 1.0000 0.2500 0.3333333 0.3333333 0.0000000
0.5000 1.0000 0.5000 0.3333333 0.3333333 0.0000000
0.5000 1.0000 0.7500 0.3333333 0.3333333 0.0?00000
0.5000 1.0000 1.0000 0.3333333 0.3333333 0.0000000
0.7500 0.2500 0.2500 0.3333333 0.3333333 0.0000000
0.7500 0.2500 0.5000 0.3333333 0.3333333 0.(;000000
0.7500 0.2500 0.7500 0.3333333 0.3333333 0.0000000
0.7500 0.2500 1.0000 0.3333333 0.3333333 0.0000000
0.7500 0.5000 0.2500 0.3333333 0.3333333 0.0000000
0.7500 0.5000 0.5000 0.3333333 0.3333333 0.0000000
0.7500 0.5000 0.7500 0.3333333 0.3333333 0.0000000
0.7500 0.5000 1.0000 0.3333333 0.3333333 0.0000000
0.7500 0.7500 0.2500 0.3333333 0.3333333 0.0000000
0.7500 0.7500 0.5000 0.3333333 0.3333333 0.0000000
0.7500 0.7500 0.7500 0.3333333 0.3333333 0.0000000
0.7500 0.7500 1.0000 0.3333333 0.3333333 0.0000000
0.7500 1.0000 0.2500 0.3333333 0.3333333 0.0000000
0.7500 1.0000 0.5000 0.3333333 0.3333333 0.0000000

80



Table A1.2 ( Cont.)

X y z Approximate value Exact value Absolute value
0.7500 1.0000 0.7500 0.3333333 0.3333333 0.0000000
0.7500 1.0000 1.0000 0.3333333 0.3333333 0.0000000
1.0000 0.2500 0.2500 0.3333333 0.3333333 0.0000000
1.0000 0.2500 0.5000 0.3333333 0.3333333 0.0000000
1.0000 0.2500 0.7500 0.3333333 0.3333333 0.0000000
1.0000 0.2500 1.0000 0.3333333 0.3333333 0.0000000
1.0000 0.5000 0.2500 0.3333333 0.3333333 0.0000000
1.0000 0.5000 0.5000 0.3333333 0.3333333 0.0000000
1.0000 0.5000 0.7500 0.3333333 0.3333333 0.0000000
1.0000 0.5000 1.0000 0.3333333 0.3333333 0.0000000
1.0000 0.7500 0.2500 0.3333333 0.3333333 0.0000000
1.0000 0.7500 0.5000 0.3333333 0.3333333 0.0000000
1.0000 0.7500 0.7500 0.3333333 0.3333333 0.0000000
1.0000 0.7500 1.0000 0.3333333 0.3333333 0.0000000
1.0000 1.0000 0.2500 0.3333333 0.3333333 0.0000000
1.0000 1.0000 0.5000 0.3333333 0.3333333 0.0000000
1.0000 1.0000 0.7500 0.3333333 0.3333333 0.0000000
1.0000 1.0000 1.0000 03333333 0.3333333 0.0000000

The 25" iteration.

The mean of error is 0.0000000.

Table A1.3 The result, 4,(x, y), of example 5.2.

X y z Approximate value|  Exact value Absolute value
0.2500 0.2500 0.2500 0.0078125 0.0078125 0.0000000
0.2500 0.2500 0.5000 0.0156250 0.0156250 0.0000000
0.2500 0.2500 0.7500 0.0234375 0.0234375 0.0000000
0.2500 0.2500 1.0000 0.0312500 0.0312500 0.0000000
0.2500 0.5000 0.2500 0.0156250 0.0156250 0.0000000
0.2500 0.5000 0.5000 0.0312500 0.0312500 0.0000000
0.2500 0.5000 0.7500 0.0468750 0.0468750 0.9000000




Table A1.3 (Cont.)

X y z Approximate value|  Exact value Absolute value
0.2500 0.5000 1.0000 0.0625000 0.0625000 0.0000000
0.2500 0.7500 0.2500 0.0234375 0.0234375 0.0000000
0.2500 0.7500 0.5000 0.0468750 0.0468750 0.0000000
0.2500 0.7500 0.7500 0.0703125 0.0703125 0.0000000
0.2500 0.7500 1.0000 0.0937500 0.0937500 0.0000000
0.2500 1.0000 0.2500 0.0312500 0.0312500 0.0000000
0.2500 1.0000 0.5000 0.0625000 0.0625000 0.0000000
0.2500 1.0000 0.7500 0.0937500 0.0937500 0.0000000
0.2500 1.0000 1.0000 0.1250000 0.1250000 0.0000000
0.5000 0.2500 0.2500 0.0156250 0.0156250 0.000(;000
0.5000 0.2500 0.5000 0.0312500 0.0312500 0.0000000
0.5000 0.2500 0.7500 0.0468750 0.0468750 0.0000000
0.5000 0.2500 1.0000 0.0625000 0.0625000 0.0000000
0.5000 0.5000 0.2500 0.0312500 0.0312500 0.0000000
0.5000 0.5000 0.5000 0.0625000 0.0625000 0.0000000
0.5000 0.5000 0.7500 0.0937500 0.0937500 0.0000000
0.5000 | - 0.5000 1.0000 0.1250000 0.1250000 0.0000000
0.5000 0.7500 0.2500 0.0468750 0.0468750 0.0000000
0.5000 0.7500 0.5000 0.0937500 0.0937500 0.0000000
0.5000 0.7500 0.7500 0.1406250 0.1406250 0.0000000
0.5000 0.7500 1.0000 0.1875000 0.1875000 0.0000000
0.5000 1.0000 0.2500 0.0625000 0.0625000 0.0000000
0.5000 1.0000 0.5000 0.1250000 0.1250000 0.0000000
0.5000 1.0000 0.7500 0.1875000 0.1875000 0.0000000
0.5000 1.0000 1.0000 0.2500000 0.2500000 0.0000000
0.7500 0.2500 0.2500 0.0234375 0.0234375 0.0000000
0.7500 0.2500 0.5000 0.0468750 0.0468750 0.0000000
0.7500 0.2500 0.7500 0.0703125 0.0703125 0.0000000
0.7500 0.2500 1.0000 0.0937500 0.0937500 0.0000000
0.7500 0.5000 0.2500 0.0468750 0.0468750 0.0000000
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Table A1.3 (Cont.)
X y z Approximate value Exact value Absolute value
0.7500 0.5000 0.5000 0.0937500 0.0937500 0.0000000
0.7500 0.5000 0.7500 0.1406250 0.1406250 0.0000000
0.7500 0.5000 1.0000 0.1875000 0.1875000 0.0000000
0.7500 0.7500 0.2500 0.0703125 0.0703125 0.0000000
0.7500 0.7500 0.5000 0.1406250 0.1406250 0.0000000
0.7500 0.7500 0.7500 0.2109375 0.2109375 0.0000000
0.7500 0.7500 1.0000 0.2812500 0.2812500 0.0000000
0.7500 1.0000 0.2500 0.0937500 0.0937500 0.0000000
0.7500 1.0000 0.5000 0.1875000 0.1875000 0.0000000
0.7500 1.0000 0.7500 0.2812500 0.2812500 0.0000000
0.7500 1.0000 1.0000 0.3750000 0.3750000 0.0000000
1.0000 0.2500 0.2500 0.0312500 0.0312500 0.0000000
1.0000 0.2500 0.5000 0.0625000 0.0625000 0.0000000
1.0000 0.2500 0.7500 0.0937500 0.0937500 0.0000000
1.0000 0.2500 1.0000 0.1250000 0.1250000 0.0000000
1.0000 0.5000 0.2500 0.0625000 0.0625000 0.0000000
1.0000 0.5000 0.5000 0.1250000 0.1250000 0.0000000
1.0000 0.5000 0.7500 0.1875000 0.1875000 0.0000000
1.0000 0.5000 1.0000 0.2500000 0.2500000 0.0000000
1.0000 0.7500 0.2500 0.0937500 0.0937500 0.0000000
1.0000 0.7500 0.5000 0.1875000 0.1875000 0.0000000
1.0000 0.7500 0.7500 0.2812500 0.2812500 0.0000000
1.0000 0.7500 1.0000 0.3750000 0.3750000 0.0000000
1.0000 1.0000 0.2500 0.1250000 0.1250000 0.0000000
1.0000 1.0000 0.5000 0.2500000 0.2500000 0.0000000
1.0000 1.0000 0.7500 0.3750000 0.3750000 0.0000000
1.0000 1.0000 1.0000 0.5000001 0.5000000 0.0000001

The 25" iteration.

The mean of error is 0.0000000156.
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