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Abstract

Electromagnetic fields inside the conducting spherical cavity and
segment are derived and analyzed in this thesis. The geometry of the
problem is composed of the conducting spherical cavity, the concentric
conducting spherical cavity enclosed by the conducting conical surface
and the conducting spherical segment. The field expression in case of the
source and the source-free region are formulated. The wave equation in
the source-free region is solved using variable separation technique and
the particular solutions in each configuration are obtained by applying
the boundary condition. The electromagnetic field in the source region is
derived via the dyadic Green’s function. In the method of magnetic
dyadic Green’s function, the solenoidal vector wave function is used and
can be written in the form of scalar eigenfunction expansion which is
derived from the event of the source-free region. By using the orthogonal
relationship, the electric and magnetic dyadic Green’s function can be
determined. Integrating the product of that dyadic Green’s function and
the source expression throughout the source-configuration domain, the
electromagnetic fields are obtained. Numerical results of the eigenmodes
and electromagnetic field distribution in case of the source-free region
are also demonstrated. Further application can be applied to the
concentric conducting spherical cavity-backed slot array antennas such
as the so-called circularly polarized conical beam spherical slot array
antenna.
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Chapter 1

Introduction

Enclosed within this chapter is composed of the background of the
spherical slot antennas which is the literature cited of the slot radiator
imposed on the spherical surface, the purpose and the scope of the thesis
and the outline of the remaining chapters which summarize the

information of the succeeding chapters.

1.1 Background of the Spherical Slot Antennas

Since most of substantial amount of works have been done in the
analysis of the slot on plane [1-1]-[1-4], cylindrical [1-5]-[1-6] and
conical [1-7] surfaces but study of slot on sphere is few. Noticeably, the
use of the spherical slot antennas is of particular importance in stationary
structures and mobile vehicles, particularly those have portions of their
bodies with the spherical shape. In addition, for radar applications which
requires the constant radiation pattern in any direction, the spherical
array antenna has long been employed [1-8]. At present, mobile satellite
communication is maturing. The antenna on the mobile unit must have
the capability of tracking satellite in a similar fashion as that of the radar
system. Some spherical array antennas have been developed to serve
such a system [1-9]-[1-10]. However, the development of the element of
the spherical array that is cost effective is significant. To do so, we

propose to cut the slot as the array elements on the spherical conductor



instead of mounting the array elements on the spherical surface. These
slots are supported by a cavity or a segment that is excited by the feed
network. The field inside this cavity or segment plays a key role in the
investigation of this cavity-backed slot antenna. This fact has motivated
the presentation of this thesis.
1.2 Purpose and Scope of the Thesis

The purpose of this thesis is to derive and analyze the
electromagnetic field of the conducting spherical cavity and segment.
The electromagnetic field expression is derived for both cases; source
and source-free. The scope of this presentation is comprised of three
categories by means of the configuration of the problem, they are

1. the conducting spherical cavity which the geometry under
consideration is the a whole sphere made of conductor,

2. the concentric conducting spherical cavity which is a concentric
conducting sphere enclosed by the conducting conical surface, and

3. the conducting spherical segment which is the axially
partitioned in the azimuthal plane of the concentric conducting spherical
cavity .

Furthermore, the practical applications in each case are also

discussed.

1.3 Outline of the Remaining Chapters
As mentioned in the previous section that the objective of the
presentation of this thesis is concerning about the derivation and analysis

of the electromagnetic field of the conducting spherical cavity and



segment. The details of the derivation procedure which are in the
remaining chapters will be summarized as follows:

Chapter 2 describes the starting point of the derivation procedure
by begining with the Maxwell’s equations and the continuity equation.
To solve for the analytical solutions, the Maxwell’s equations are raised
its order to keep away from the coupled property. By this fashion the
wave equation is derived. The separation of the variables technique is
utilized to determine the analytical solution by separating the
eigenfunction into three uncoupled variables in spherical coordinate. The
general expression of the scalar eigenfunction and the vector potential
after some lengthy manipulations are included in this chapter.

Chapter 3 presents the electromagnetic field expression of the
spherical geometry in case of the source-free region. The problems under
consideration consists of the conducting spherical cavity, the concentric
conducting spherical cavity enclosed by the conducting conical surface
and the conducting spherical segment, respectively. The electromagnetic
field in the particular cases are obtained by imposing the boundary
conditions correspond to the configuration in each cases and solving for
the unknown scalar coefficients.

Chapter 4 discusses the theory of dyadic analysis, by that theorem
we can write the Maxwell’s equations and the wave equation in dyadic
form. Electric and magnetic types dyadic Green’s function of the first,
second and third kinds and their properties are also discussed. The free
space dyadic Green’s function will be derived to demonstrate the
derivation procedure. The results of the free space dyadic Green’s

functions consist of the electric and magnetic types. Additionally, the



concentric conducting spherical cavity and the conducting spherical
segment are proposed in this chapter. The dyadic Green’s functions of
this geometries are derived.The electromagnetic field inside the cavity
and segment due to the electric and magnetic sources region are obtain,
subsequently.

Chapter 5 demonstrates the numerical results of eigenmodes and
electromagnetic fields inside the conducting spherical cavity and the
concentric conducting spherical cavity in various modes to verify the
derivation.

Chapter 6 proposes the concentric conducting spherical cavity-
backed slot array antenna namely the circularly polarized conical beam
spherical slot array antenna, to demonstrate the practical application of
the electromagnetic field which is derived in the preceding chapters.

Chapter 7 summarizes the consequence of the preceding chapters
together with the discussion of the future studies.

Subsequently, vector analysis in the spherical coordinate system,
spherical Bessel function and associated Legendre function are reported

in the appendices.
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 Chapter 2
Wave Equation and Its Analytical Solutions

Maxwell’s equations are set of basic equations which were
formulated according to experiments by many scientists such as Faraday,
Ampere, Gauss, Lens, Coulomb, Volta and others and were summarized
in the compact form by James Clerk Maxwell, a scottish physicist and
mathematician [2-1]-[2-4]. Maxwell’s equations can be classified into
two forms by means of their operations, they are differential or point
form and integral form. The differential form is most widely used for
solving the boundary value problem. In case of the source, lossy regions
and time harmonic e’ form, Maxwell’s equations in the differential

form can be written as

VXE = ~M; + joB (2.1a)
VxH = Ji+J.— joD (2.1b)
V-D = dev (2.1¢)
V-B = gy (2.1d)

Another equation which is frequently used together with the Maxwell’s

equations is the continuity equation:



V-Tic = jox,, 2.1e)

where

E : electric field intensity (volts/meter),

H: magnetic field intensity (amperes/meter),

D : electric flux density (coulombs/square meter),

B: magnetic flux density (webers/square meter),

J; : impressed (source) electric current density (amperes/square
meter),

J ¢ : conduction electric current density (amperes/square meter),

H,- : impressed (source) magnetic current density (volts/square
meter),

g. : electric charge density (coulombs/cubic meter),

gy - Mmagnetic charge density (webers/cubic meter),

J : imaginary unit and

@ : operating angular frequency which equals to 27 times the
frequency. The three medium relations which the expressions are

referred to as the constitutive relations are

D= ¢E (2.2a)

B = uH (2.2b)

J.= OE, (2.2¢)



where g L, o denote, respectively, the permittivity, the permeability and

the conductivity of the medium.
E=EE (2.3a)

U= Ul (2.3b)

&, U, are the relative permittivity and permeability which depend on the
electrical properties of the materials. &, is the free space permittivity and
equals to 8.854x1 0% or about 10°/36x farads per meter. In the same
manner, L, is the free space permeability which equals to 47X 0”7 henries

per meter. For free space the conductivity vanishes.

2.1 Wave Equation Construction

Generally, because of their first order coupled partial differential
equation property of the Maxwell’s equations, it is not convenient to
solve analytically except by numerical techniques such as finite
difference or finite volume time domain methods [2-5]-[2-9]. To solve
the equation by an analytical method, that problem can be formulated by
raising their order which leads to the second order uncoupled partial
differential equation. It is referred to as the wave equation. The
derivation is started by taking the curl of both sides of (2.1a) and (2.1b)

with the homogeneous medium. By using the vector identity that

VXVXF = V(V-F)-V?F, (2.4)



substituting (2.1c) and after reafranging, (2.1a) can be written as

— — -~ 1 — —
V?E = VXM, — joul; +;quv—ja)u0'E—a)2u£E.

2.5)

In the same fashion, substituting (2.1d) into (2.1b), the magnetic wave

equation can be represented as
— f 4 5 NCAR. — —
VZH = —-VXJ;+0oM~— joeM; +Equv — jwuoH—a)z,ueH.(Zﬁ)

Equation 2.5 and 2.6 are referred to as the vector wave equations for the

electric and magnetic fields, respectively.

2.2 Solutions of Wave Equation in the Spherical Coordinate
In case of the source-free region (J; = —Mi =qey = Gy = 0)
and lossless (o = 0) media, the vector wave equation can be written in

the simplest form as

V2E = —-0? UeE _ 2.7)

V?H = -0’ ueH. (2.8)

This simplification leads to an easiest way to solve. For the source

region and lossy media, this solution can also be applied to the
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eigenvalue problem. The details will be discussed in the succeeding
chapters.

For the problems that involve spherical geometries such as
electromagnetic fields inside the spherical cavity and segment the vector
wave equation can not be separated into three uncoupled scalar wave
equations in each orthogonal coordinates which is different from the
rectangular coordinate. To solve this problem, it is advisable to use the
scalar function (¢). This scalar function satisfies the scalar wave equation

that

V20(R,0,0)+k’p(R,0,¢) = 0, (2.9)

where k = w\/ﬁ is the phase constant of the medium. The scalar
function can be represented as the scalar field or the vector potential
component which is used as the eigenvalue.

To solve the second order partial differential equation analytically,
the separation of variables method [2-10]-[2-11] is used. In this way, the
scalar function is separated into three uncoupled variable in the spherical

coordinate as

P(R,0,0)= R(R)OO)D(¢). (2.10)

After expanding (2.9) in the spherical coordinate system, by
substituting (2.10), dividing both sides of the equation by RO,
multiplying by R’sin6 and replacing the partials by the ordinary

derivatives, thus the scalar wave equation (2.9) can be written as
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. do. 1 d*® s
{sin6 d9}+<l>2d¢2 = —(kRsinB)“.

sin’@ d
R dR

dR. sin6 d

2
(R R 0 qo

(2.11)

The ¢ - function is uncoupled so it can be isolated and set to

2
é—j—(pg—) = —m?, (2.12)
or
)
% = —mPd, (2.13)

where m is the constant. This equation is well-known as the second order
homogeneous equation with the constant coefficients [2-11].
By substituting (2.12) into (2.11), dividing the both sides by sin’6
and adding by (kR)?, the scalar equation can be reduced to
1 d

1d g2 dR | m)? e
RdR'" 4R

4a
Osind 4o

ng 29y M 2 _
{sin@ 20 }- {sinO 1 =0. (2.14)
In the same manner, 0 - function can be set equal to — n(n + 1)

1 d . _do m
Osinf E{sm@ dG}—{sinO }2 = —nlntl), 2.15)
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where 7 is the constant. The (2.15) is the associated Legendre differential
equation [2-2]-[2-4], [2-12]-[2-14] of the cosine function. The R-function
after substituting (2.15) into (2.14) can be reduced to

ii{RZ%}+(kR)2 —n(n+1) = 0. (2.16)

This equation is referred to as the ordinary spherical Bessel differential
equation [2-2]-[2-4].
The analytical solutions of (2.13), (2.15) and (2.16), can be

written, respectively as follows:

R(R) = 3 A1In(kRB1yn(kR) (2.17a)
(R) =3 0 )

2hy "(kR)+Bahy, " (kR) (2.17b)

Q@) = {CIan(cos9)+D1Q,',” (cos6) n=Integer (2.17c¢)

= L CyP(cos8)+Dy P (—cosH) n#Integer (2.17d)

_ JEjemimt 1 Fieimé (2.17¢)

9) = {Ezcos(m¢)4-lesin(m¢) 2.179)

where A], B}, C], D], E], F], Az, Bz, Cz, Dz, Ez and Fz are the arb1trary
constants. In (2.17a), j,(kR) and y,(kR) stand for, respectively, the
ordinary spherical Bessel function of the first and second kinds which

correspond to the standing wave in the radial direction of the spherical

coordinate. In (2.17b), h,(l” (kR) and h,({?) (kR) stand for, respectively, the
ordinary spherical Hankel function of the first and second kinds. They
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represent the traveling wave in the radial direction of the spherical

coordinate. In (2.17¢) and (2.17d) PJ*(cos@) and Q,’Z’(cose) stand for,
respectively, the associated Legendre function of the first and second
kinds of the cosine function. The following solutions can be chosen
according to the appropriate spherical configuration of the problem.
Another spherical Bessel function which is usually used in the boundary
value problems, this function was initially introduced by Schelkunoff [2-
3]1,[2-15], denoted by I§n (kR) and satisfies the Schelkunoff spherical

Bessel differential equation

1 , d*B, (kR) 2 5
én(kR){R = J+(kR)? —=n(n+1) = 0, (2.18)

én (kR) is either the Schelkunoff spherical Bessel ( J 2(kR)) Hankel
functions
( H n(kR)) or their linear combinations.

The electromagnetic fields inside the spherical cavity and segment
can be determined via the vector potential by using the scalar
eigenfunction which has been derived in the previous paragraph. The
vector potential is classified into two types by means of the mode
configurations, they are magnetic vector potential (A) for the transverse
magnetic mode and the electric vector potential (-F) for the transverse
electric mode. In the analysis of the spherical geometry, the transverse
mode field is subjected to the configuration is the transverse to the radial

direction of the spherical coordinate (TE to R or TE® and TM to R or
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TM™). The electric and magnetic fields after some lengthy derivations can
be written in terms of the vector potential as follows:

Transverse electric to R mode (TE®)

Ep = —2VxF (2.19)
or
ER =0 (2198)
XD 09K
Eg = ~ & Rsin@ 09 (2.195)
1 1 0Fg
Eo = R0 (2.15¢)
and
_ 1 —
F o= jco,ueVXVXF i (2.20)
or

Hp = ——|—5+k*
R = Toue (QRZ +k JFR (2.202)



1 103°Fg
Hg = = —
joue R oRI6
1 1 9%Fg
H¢ = - ;
joue Rsin® dRI¢
where Fgr=RQ..

Transverse magnetic to R mode (TMD)

& Ji y.!
Eys = jquVXVXA

or

13) oA (€05
ER = ——|——+k
o Jw#E(aRZ ~ }AR

1 19%Ag
Eg = =
joue R dRIO
g1 1 I Ag
¢ = jwue Rsin® dRIP

or

15

(2.20b)

(2.20¢)

(2.21)

(2.22)

(2.22a)

(2.22b)

(2.22¢)
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Hy = Q—éVxZ (2.23)
Hp = 0 (2.23a)
Hy = é Rsfn 5 %’-‘1 (2.23b)
Hy = _%%a;_g (2.23¢)
where Agr = Ro,. (2.24)

¢. and ¢, designated for the electric and magnetic scalar function which
correspond to the transverse electric and transverse magnetic modes,
respectively.

The vector potential can be obtained by substituting the scalar
eigenfunction (2.10) in (2.21) for TE mode and (2.24) for TM mode. The

solutions for the two kinds vector potential can be summarized as

A

#r.0.0)= RRIOO)IND) 2.25)
— Aljn(kR)"'B]f;(kR)

R(R) = {AZﬁr(;”(kR)+Bzfi,(,2)(kR) (2.26)

For the ©(6) and ®(¢) functions, they are still identical to (2.17¢), (2.17
d) and (2.17e), (2.171), respectively.
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2.3 Conclusions

To determine the electromagnetic fields of the geome@ under
consideration such as the conducting spherical cavity and segment, we
would start by solving the wave equations instead of the Maxwell’s
equations. Since the wave equations are the second order uncoupled
partial differential equations whereas the Maxwell’s equations are the
first order coupled partial differential equation which are not convenient
to solve analytically. The separation of variables method is utilized to
solve the scalar wave equation of the scalar function instead of the
electromagnetic field function because of its coupled property of their
components in the spherical coordinate.

The derived scalar functions consist of

1. The spherical Bessel function of the first and second kinds
(ju(kR) and y,(kR)) for the standing wave and spherical Hankel function

of the first and second kjnds(h,(,l) (kR) and h,(lz) (kR)) for the traveling
wave in the radial direction of the spherical coordinate.

2. The associated Legendre function of the first and second kinds
of order (n,m) of the cosine function (B}"(cos8) and Q" (cos6)) for the
wave in the 6 - direction.

3. The complex exponential functions (e’ and &™) and the
cosinusoidal functions (cos(m¢) and sin(m¢)) for the wave in the ¢ -
direction.

The vector potentials are obtained by using that scalar
eigenfunctions. The expression of the vector potential are identical to the

scalar eigenfunctions in 6 and ¢ components. Alternatively, for the R

031524
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omponent the ordinary spherical Bessel and Hankel functions become the
Schelkunoff spherical Bessel and Hankel functions. The electromagnetic

fields can be determined via these vector potentials.
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Chapter 3

Electromagnetic Field Expression of the Spherical

Geometry in Source-Free Region

As the materials of the preceding chapters, the solutions of the
wave equation in the spherical coordinate system are obtained and used
as the scalar eigenfunction. The vector potentials are derived from that
eigenfunction and the electromagnetic fields can be determined,
subsequently. The general expressions of the electric and magnetic field
in the spherical coordinate are also presented in the previous chapters.
For the particular geometry, the solution is chosen and by applying the
boundary condition which is satisfied the configuration problem, the
unknown coefficients can be determined and the complete solution of
that particular geometry is obtained. In this chapter the problem under
consideration is comprised of the conducting spherical cavity, the
concentric conducting spherical cavity enclosed by the conducting

conical surface and the conducting spherical segment.

3.1 A Conducting Spherical Cavity
Let us consider the conducting whole sphere of the radius R,
located at the origin of the spherical coordinate system (R, 6,¢) which is

depicted in fig.1.
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Fig.1 A Conducting Spherical Cavity

The linear, homogeneous, lossless and isotropic medium are
assumed. The boundary of the problem is at R=R,, 0<6<7, 0<¢<27. The
general expression of the solution of the vector potential in the spherical

coordinate system is
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‘;ﬁ}(R,O,d;) = [AJn(kR)+ BiY,(kR)][C; By (cos6 )+ DiQp'(cos6 )]
X [Ejcos m@ + Fisin mé ].
(3.1)

By using the restriction that the field must be finite at anywhere
i.e., at R=0 thus B;=0 due to the singularity property of the second kind
spherical Bessel function. In the similar way, in 6 - direction, the second
kind associated Legendre function possesses the singularity at 6=0 and
6=m radians, therefore D;=0. The solution after considerating the
restriction of the field in case of the transverse electric and transverse

magnetic mode, respectively can be reduced to
ZR(R.0,9) = Al Ju(kR)BM(cos0 fSi¥mo,  (3.2)

where Zy is either Ag or Fp depend on the transverse mode of the field,

A, and A;, are the normalized TE and TM mode coefficients,

respectively and $%Sm¢ denotes the linear combination of the cosine and

the sine functions. By substituting the vector potentials in (2.19) and
(2.22) for TE and TM mode, respectively, the three components of the
electric and magnetic fields in the spherical coordinate system for the

case of the transverse electric mode can be written as [3-1]-[3-3]

Ep =0 (3.32)

m 1 A .
By = %73 Tsing AnmIn(kR)B (cos6 fiime (3.3b)



dP*(cosO
Bp = 2% ApndofiR) 205 fcos
Hg = 201 5 kR)BM(coso Nsesme
R = ja),us nvn n Sin

cos
sin

1 1 dJ,(kR)dB™(cos6 ){

Hy = joue R T aR a6

y/ dl,(kR)
Hy = 500 Reing mn ™ gR

B(cos6 {3 mg

and for the transverse magnetic mode

n(n+])
ER = — =iz AnnIu(R)BY(cosd f§him
11 dT,(kR)dPY(cosO ) cos
Eo = Soue RAmn ™ gR dé {Si”
_oaom 1, da(kR)
Ep = %5z o Amn g B'(cos® {&ime
Hp =0

m 1
Hp = % foro AnnJn(kR)BI(cosO }Simg
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(3.30)

(3.3d)
(3.3e)

(3.39)

(3.4a)

(3.4b)

(3.4¢)
(3.4d)

(3.4¢)
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dP*(cos0O ){Cos

1 ~
E Ar,nn J n (kR) d6 sin m¢ . (3.4f)

o]~

Hy =

From the configuration of the problem, by using the boundary
condition that the tangential electric field at the boundary must be

vanished. For TE mode
at R=R,, Ef R=R,, 0<6<m, 0<¢<2x) =0

m

1 N
b Rosing A du(kB JB(cosO {Eimg = 0 (3.5)

and Ey R=R,, 0<0<m, 0<¢<2m) = 0

dB* 7,
i e0s0) feasg = o, . (3.6)

Ra == AmnIn(kRy )
these equations lead to the characteristic equation

Ju(kR, ) = 0. (3.7

However, for the case of the TM mode

at R=R,, E¢( R=R,, 0<0<m, 0<¢<2r) =0

1 nk ab, )
e A DRI R ) ey o (3)
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and Ey R=R,, 0<0<7, 0<¢<27) = 0

m 1 . dl(kRy)
ija)ue R,sinf Amn dR

B™(cosO ){ﬁlo’gmd) =0. 39

In the same manner as the TE mode, the characteristic equation becomes

din(kRy)
e IR 0. (3.10)

The complete expression of electromagnetic fields inside the
conducting spherical cavity is derived by using these characteristic
equations. The numerical results of the field aspects are illustrated in the

suceeding chapter, chapter 5.

3.2 A Concentric Conducting Spherical Cavity Enclosed by

the Conducting Conical Surface
The geometry of the problem is the conducting sphere of the inner
and outer spherical radii of R, and R,, respectively. This structure is

enclosed by the conducting conical surface at an angle 6, as illustrated in

ﬁg.2.
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Fig.2 A Concentric Conducting Spherical Cavity

Again, the general expression of the vector is considered as

W HR,6,0) = [ATa(kR)+ Bi%,(kR)[C1 B (cosO )+ DyQf(cosO )]
X [Ejcos m¢ + Fisinm¢ ].

(3.11)
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From the configuration under consideration, the solution of the vector
potential in the radial direction includes the spherical Bessel function of
the second kind which is different from the case of the conducting
spherical cavity. However, the singularities occur in the 6 - direction
which is the same as the conducting spherical cavity because of the field
must be finite at 6=0 radian. The vector potential in this case can be

written as
ZR(R,0,0) = [BL)Tu(R)+ Con %, (kR)IBI (cosO fSZmp,  (3.12)

where the unprimed and the primed coefficients stand for TE and TM
mode, respectively.

The general expression of the electromagnetic field can be found
by using the vector potential and in case of the transverse electric mode,

that electromagnetic field can be written as [3-1]-[3-3]

Egr =0 (3.13a)

] |
Eg = += B (kR)BI(cos6 St mg (3.132)

— & Rsinf Bn

11~ dP™(cos0O
Ey = 24 8,0m 2200 conyy (3.130)
+1
Hp = _”5.’;“8) B (KR)BJ"(cos6 {35 m¢ (3.13d)



28

_ 1 1dBy(kR)dB*(cosB ) ey
Ho = jaue R dR do L G13¢

., . m 1 dBy(kR) sin
Hy = ijw,us Rein _dR B,*(cos6 ){cosm(i) (3.13%)

and for the transverse magnetic mode

n(n+])
ER = " “EL B (KR)BJ(cos6 S35 m (3.14a)
1 1dBy(kR)dB(cosB ) ps
Eg = o =R 4R = {sosm (3.14b)

m 1 dB,(kR)

=L m sin
Eg = ~ o Toimb g Falcosd Nsinme (3.14c)

Hg =0 (3.14d)
m 1
Hy = *_ s Bu(kR)B(cos6 NS me (3.14e)
11 dB™(cos8 )
Hy = o Ba(kR)—"—2=={ % mg, (3.14f)

where I§n (kR) denotes the linear combination of the Schelkunoff

spherical Bessel function of the first and second kinds.
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Bu(kR) = BLh T (kR)+ Co T (KR) (3.15)

The particular solution in case of the concentric conducting spherical
cavity enclosed by the conducting conical surface can be obtained by
applying the boundary condition and solving for the unknown
coefficients. From the boundary condition that the tangential electric
field at the boundary is vanished.

for TE mode,

at R=R,, Eo R=R,, 0<6<6,, 0<¢<2m) = 0

Bu(kR, )P (cosO N $nmg = 0 (3.16)

and Ey R=R,, 0<6<6,, 0<¢<21) = 0

AN & dP™(cos8 )
T BulkRa ) g mg = 0 (3.17)
one obtain
B,(kR,) = 0 (3.18)

and at R=R;, Eo( R=R,, 0<6<0,, 0<¢<21) =0

m 1
E

+
~ & Rpsin6

By (kRy By (cos6 {Ehme = 0 (3.19)
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and E, R=R,, 0<6<6,, 05¢<27) = 0

11 dP"(cos0 )
& Ry BalkRy )= sEme = 0, (3.20)
one obtains
B, (kRp ) = 0. (3.21)

From (3.18) and (3.21), the simultaneous equation which corresponds to

the two characteristic equations:

B Jn(kRy )+ Coun Y (kR, ) = 0 (3.22a)
Buundn(kRp )+ CounFn(kRp ) = 0, (3.22b)

which may be written in a matrix form

~

[ J kR, ) Y(kRaﬂFBmﬂ [0]
Lf (kRy) YRy )] G ) = LOJ

(3.23)
The non-trivial solution of the linear equation system is
Jn(kRy )Yy (kRp )= T (kRy, )%, (KR, ) = 0 (3.24)

or



In(kRy) _ Jn(kRp )
Y,(kR,) ~ Y,(kRy)

By substituting this (3.25) in (3.22a) or (3.22b), it is found that

Con _ In(kRq) _ In(kRp)
B Yn(kRg) — Yu(kRp)'

This characteristic equation gives the solution

kR; = x¢ o
and
kR 22 5
such that
k(Rg -Rp) = x¢ y,
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(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

where x denotes the roots of zero of Bessel function ratio, & and S are the

upper and the lower roots, respectively, yis the interval between o and f3

which equals to a-f3 corresponds to the order of the root interval.

Additionally, for the case of the TM mode,
at R=R,, E R=R,, 0<0<6,, 05¢<27%) =0
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1 1 dB,(kR, )dP(cos )
joue R, ndR e 40 {??rf'mp =0 (3.30)

and Ey R=R,, 0<6<0,, 0<¢<2m) =0

m 1 dB,(kR;)

toue Rysind dR n (€058 Riome = 0,3.31)

one obtains

dBu(kRy)
<G T LY (3.32)

and at R=R;,, Eo( R=Ry, 0<6<6,, 0<¢<27) = 0

1 1 dB,(kRy, )dB(cosO )
joue Ry iR : 6 {$65mo = 0 (3.33)

and E, R=R,, 0<6<6,, 0<¢<27) = 0

m 1 dB,(kRy)

GoliE Rysin® dR 1 (cos® Nsnme = 0,(3.34)

one cbtains

dBy(kRy) _

iR (3.35)
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From (3.32) and (3.35), the simultaneous equation which corresponds to

the two characteristic equations are

or
i) BRI
| dj (kR,) dY(kR;,)L vl = L0]

L ~ar dR

The non-trivial solution of the linear equation system is

Aln(kRy ) dYy(kRy)  diy(kRy, ) A%, (kR ) _

dR dR dR dR

or

di,(kR,)  dJ,(kRp)

dR___ __dR
dYn (kRa ) dYn (ka )
dR dR

By substituting (3.39) in (3.36a) or (3.36b), it is found that

(3.36a)

(3.36a)

(3.37)

(3.38)

(3.39)
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diy(kRy)  din(kRy)

S ____dR 4R (3.40)
By  dY,(kR,) dY, (kRy )
4R dR

This characteristic equation gives the solution

kRy = x¢ o (3.41)
and

kRy = xt B (3.42)
such that

k(Ry = Rp) = x¢ (3.43)

where x” denotes the roots of zero of derivative of Bessel function ratio
and ¢, B, yare the same as declared before.

Additionally, since the concentric conducting sphere is enclosed
by the part of the conducting conical surface at 6, so the boundary
condition should be applied. For TE mode
at 0=0,,, Ey( Ry, <R<R,, 6=0, 0<¢<27) =0

11 A dp* 6
n(0s0)  feosmp = 0, (3.44)

e R ()5

6=0,
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the characteristic equation which corresponds to the above equations

dp,"(cos6 )

= 0. 3.45
10 (3.45)

=6,

For TM mode
at 0=6,,, Ef R,<R<R,, 6=0,, 0<¢<21) = 0

om 1 dB,(kR)
~ joue Rsin6, dR

B'(cost ) y: ec{gf,’zmgb = 0, (3.46)
the characteristic equation 1s

P (cos6 )l 0. (3.47)

L
It can be seen that after the boundary condition is applied, the unknown
coefficient is determined and the complete expression of the
electromagnetic field in such configuration of the problem is obtained,

subsequently.

3.3 A Conducting Spherical Segment
A segmented in the azimuthal plane of the concentric conducting
spherical cavity enclosed by the conducting conical surface will be

considered in this section. The configuration of the problem is shown in

fig.3.
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Fig.3 A Conducting Spherical Segment

Again, let us consider the concentric conducting spherical cavity
of the inner and the outer spherical radii R, and R,, respectively. This
structure is circumferential shorted between that radii at an angle 6, and
the azimuthal plane is bounded by two conducting axial half-planes at
¢=0 and ¢=¢,. The general expression of the vector potential under

consideration is
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BRYR.0,0) = [ATu(kR)+ BiFy(kR)I[C1 B (cos6 )+ DyQi(cos )]
X [Ejcos m¢ + Fisin m@ ].
(3.48)

The general expression and the boundary condition iﬁ case of the
spherical segment is identical to the concentric conducting spherical
cavity but included the boundary condition in the azimuthal plane
direction. The boundary condition for TE mode
at ¢=0, Eo R,,<R<R,, 0<0<6,, ¢=0) = 0

m 1

% Rsin@ En(kR)an( c0$0 )[—Dpypsin m(0) + Eypcos m(0)] = 0 (3.49)

G N q (3.50)
at ¢=¢d> EG( RaJSRSRb: 056590: ¢=¢d) =0

1
Rsin6

_% B, (kR)P(cosO )[—~Dyysinmdy ] = 0 (3.51)

sinm@y =0 (3.52)

T
m = %1— ;p =012, (3.53)
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For TM mode,
at ¢=0, Eo R,,<R<R,, 0<6<6,, ¢=0) =0

1 1dB,(kR)dB(cosH )
joue R dR dab

[Dyncos m(0) + E,,,sin m(0)] = 0 (3.54)

oD =0 (3.55)

at =@y, Eo R, <R< Ry, 05650, ¢=¢,) = 0

1 1dBu(kR)dB(cosH) )

[Epnsinméz] = 0 (3.56)

joue R dR dé
sinm@, =0 (3.57)
R LAY | Y, (3.58)
O

From these characteristic equations the electromagnetic field
inside the conducting spherical segment for TE and TM modes can be

obtained

3.4 Conclusions
Electromagnetic fields in the source-free region of the spherical
geometry such as the spherical cavity and segment are derived by using

the vector potential as dictated in the previous chapter. The general
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solutions of the vector potential after the restriction of the singularities
are considered will be substituted to determine the electromagnetic field.
The unknown coefficients can be found by enforcing the boundary
condition that the tangential electric field at the boundary equal to zero.
These particular solutions in each case can be applied to solve for the
electromagnetic field of the source region which will be presented in the
next chapter. The numerical results of the electromagnetic field inside the
conducting spherical cavity is demonstrates to verify the derivation in the

suceeding chapter, chapter5.
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Chapter 4

Dyadic Green’s Functions of the Concentric

Conducting Spherical Cavity and Segment

Green’s function was first known in 1828 by George Green* [4-1]
with his essay entitled “On the application of mathematical analysis to
the theories of electricity and magnetism” in which he developed a
method for obtaining solutions of Poisson’s equation in potential theory.
This method uses of a potential function that is the potential from a point
or line source of unit strength.

The Green’s function is the mathematical technique which is
applied as a driving function of a unit source (unit impulse function or
Dirac delta function) to determine the solution of the partial differential
equation. The solution of the actual driving function can be obtained by
superposition of the Green’s function and the driving function.
Following this reason, the Green’s function is well-known as an impulse

response or the transfer function in system or circuit theory [4-3].

*George Green ’1793-1841, a self-educated English mathematician who
started out as a baker and his dead was fellow of Caius College,
Cambridge. His work concerned with potential theory in connection with
electricity and magnetism, vibrations, waves and elasticity theory. It

remained almost unknown, even in England, until after his death [4-2].
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Dyadic Green’s function is a very useful tool [4-4]-[4-9] for
obtaining the electromagnetic field in the arbitrary source region such as
free space and the bounded configurations [4-4]. This chapter
summarizes the meaning and the concept of the various kinds of the
dyadic Green’s function and its application to the electromagnetic
problems such as the dyadic Green’s function of concentric conducting

spherical cavity and segment.

4.1 Dyadic Analysis
Some essential formulas in dyadic analysis will be formulated in

this section. In class, a vector function is represented as the expression F
that [4-4]

N/ b
F = _ZJFiﬁi, 4.1)
=

where Fj(i=1,2,3) is defined as the three scalar components of F and a;
are the three unit vectors directed along the i direction.

For the dyadic function or a dyadic ?, it is defined as
3
,ZI F;a;d;, 4.2)

where F; (i=1,2,3,j=1,2,3) denotes the nine scalar components of ? and

a;dj is the nine unit dyadics or dyads. It is noted that the anterior and the

posterior position of the unit dyadics can not be commutatived.
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The transpose of the dyadic function (7)’ is defined by

—_ 3
(F)’— g F;id jd;. 4.3)

i Mw

It is obvious that the transpose operation in dyadic analysis is identical to

the aspect of the matrix analysis, that is the members in rows and

columns are interchanged. A symmetrical dyadic F s 1s the dyadic that
the upper and lower triangular elements are identical. The characteristic

of the symmetrical matrix is
= (F). 4.4)

An antisymmetical dyadic ?a is the dyadic that the upper and the lower
triangular elements are the same value but the opposite signs, therefore

the diagonal elements vanished, and can be characterized by
(Fa) = -F,. (4.5)

Idem factor or the unit dyadic, denoted by 1 is the identity dyadic which

1s the same as the identity matrix [4-5].

&
S

(4.6)

~
1
n
NML»

1

In terms of the scalar components, the idem factor can be written as



43

F;= 6, 4.7

where J; denotes the Kronecker delta function and equal unity if i equals
Jj and vanishes at elsewhere.
The product of the vector and the dyadic can be classified into two forms

by means of the position of the vector multiplier. They are the anterior

and the posterior scalar products. The anterior scalar product }C—F, is

defined by

— = = /K Y

bk FPEmY | (0, \FiARRE (4.8)
and the posterior scalar products F. 7, is defined by

3
E LrByde 4.9)

Rl
“hl
II Muo

In case of the vector product of the vector and the dyadic, it is the same

as the scalar product. The anterior vector product is defined by

Il
Muw
—
~ |
X
'MW
e
S
N
Q>
L

X F

~|

(4.10)

and the posterior vector product is defined by
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_ _ 3 3
FXf = Z](

(X Fyti @ xf)- (4.11)

=

The result of the scalar product is vector whereas the vector product is

dyadic.

4.2 Maxwell’s equations and Wave Equation in Dyadic Form

As mentioned in Chapter 2, it is known that the Maxwell’s
equations are not appropriate to be solved analytically. The wave
equation is derived to achieve the uncouple between the electric and
magnetic fields. In that previous chapter, the electromagnetic field is
obtained via the vector potential by using the boundary eigenvalue
problem. However, by that way, the wave equation is simplified by
assuming the medium is source-free and lossless. In case of the source
region, the Maxwell’s and the wave equations must be formulated in
dyadic form, and then use the dyadic Green’s function as the impulse
response function. Integrating that dyadic Green’s function and the
source function throughout the source configuration domain, the
electromagnetic field can be obtained.

We are now considering again, the Maxwell’s equations in time
harmonic e’® form after the constitutive relations are used, by

juxtaposing the unit vector d; at the posterior position arid summing the

three sets of equations with j, they can be written in dyadic form as [4-4]

VXE = jouH (4.12a)
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VxH = Ji.— jocE (4.12b)
V-@€E) = q,, (4.12¢)
V.(uH) = 0. (4.12d)

Next, the source term functions is considered. The Dirac delta
function is used to represent the infinitesimal electric dipole. For the
three dimensions, 8 (R— R’) is designated for that three infinitesimal

dipoles located at the source point R=R’as
Jj=¢;j§(R-R)4j, : (4.13)

where ¢; denotes the current moment of the dipoles.

Since the source function is the impulse function which the
expression is the Dirac delta function, the electric and magnetic fields
intensity become the dyadic Green’s function of the electric and
magnetic types, respectively. The relationships of these fields and the

Green’s functions are defined as follows:

t

= G, (4.14a)
jouH = Gy, (4.14b)

joul = IS(R- R (4.14c)



46

— 8 — JE—
q,, = —?VS(R—R') (4.14d)

By substituting (4.14a) to (4.14d) in (4.12a) to (4.12d), the Maxwell’s

equations in dyadic form can be written as

VxG, = Gp, (4.152)
VXGyy = IS(R-R)+k%G, (4.15b)
VEe:—éva('ﬁ-E’) (4.15¢)
ViGy'= 0 (4.15d)

We have discussed in chapter 2 that it is not convenient to solve the
Maxwell’s equations analytically. For this reason, the wave equations
were derived. From Maxwell’s equations, by the same procedure as
described in chapter 2, the wave equations in dyadic form can be derived
as

VxVxG,-k?G, = I6(R-R’) (4.162)

VXVXGpy—k?G, = VX[IS(R-R')] (4.16b)
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4.3 Various Kinds of Dyadic Green’s Functions and Their

Properties

Dyadic Green’s functions can be classified into three categories by
using the boundary condition which the problems are satisfied. Those
boundary conditions are Dirichlet and Neumann boundary conditions [4-
4). The dyadic Green’s function which is subjected to the Dirichlet
boundary condition is called dyadic Green’s function of the first kind. On
the other hand, for the Neumann boundary condition, it is called dyadic
Green’s function of the second kind. For the region of more than one
medium such as two media the dyadic Green’s function involved are of
the third kind. By means of the third kind dyadic Green’s functions, the
field functions are considered in each medium due to the source function.
The electric and magnetic types dyadic Green’s function of the first and

second kinds are summarized in Table 1.

Table 1 Electric and magnetic types dyadic Green’s function of the first

and second kinds

Boundary condition— Dirichlet boundary | Neumann boundary

Source 4 condition condition

Electric current source V % Z e] =0 VxVx E m2 =0

Magnetic current source V x Em ;=0 VXV x Eez =0
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4.4 Dyadic Green’s Function of the Free Space

The dyadic Green’s function of the free space is very important to
obtain the electromagnetic field involving radiation in the free space. The
method of the vector potential is one of the methods to determine the
dyadic Green’s function of the free space. From the vector potential in

the previous chapter, the magnetic vector potential can be written as
[4-4]

1

A(R) = j—wGo('R-'R")a,- : (4.17)

By using (2.22) and electric field becomes electric type dyadic Green’s

function, one obtains

_ iy SO = ] 2. s |
G.,(R-FR’) = (I+k—2-VV)G0(R—R’) (4.18)
e of b kR=F"
where G,(R-R )= ————
of ) 47|R—R]
4.19)

represents the scalar Green’s function of the free space. Magnetic type
dyadic Green’s function of the free space can be determined by

substituting (4.18) into (4.15a) and can be written as

Gm(R-R') = VG,(R-R')x1 (4.20)
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4.5 Eigenfunction Expansion and Solenoidal Vector Wave

Function

From the structure of the concentric conducting spherical cavity in
the spherical coordinate system (R, 6,¢) which is illustrated in fig.2. The
cavity consists of two parts of concentric conducting spheres where the
inner and outer spherical radii are R, and Ry, respectively. This structure
is enclosed by a part of a conducting cone which the conical angle is 6,.
For the conducting spherical segment, it is the concentric conducting
spherical cavity as described aboved, in addition the azimuth plane is
bounded by the two conducting axial half-planes at ¢=0and ¢ = @,

The eigenfunction expansion method is used for determining the
electromagnetic field in the source region. A lossless homogeneous
medium is considered and the time convention ¢’ is omitted. The scalar

eigenfunction (qoem £ ( K¢ ) ), as derived in chapter 3, which is a solution
0o

of the homogeneous Helmholtz equation [4-4]
Vo +xr2p =0 4.21)
in the spherical coordinate system is considered in the form

Oe e (K7) = b (kg R)LE(cosO){Sime (4.22)
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where bg (K‘C R) denotes the linear combination of the spherical Bessel

function of the first kind (je(k;R)) and second kind (ye(kzR)) of order &
which satisfies the spherical Bessel differential equation [4-4]

d? I
;[xbé (x)]+[1—€(i; )]xbé: (x) = 0, (4.23)

where x is kR, with the unknown normalized coefficient Ag (K‘é’ ):
bé(K‘CR) =j€(K§R)+A§(K§)y§(K’CR). (4.24)

K¢ is either K, or K, corresponds to TE and TM mode, respectively.
By applying the boundary condition that the tangential electric field in

the radial direction vanishes, the unknown coefficient Ag (K‘é’) can be

determined from the characteristic equation as derived in chapter 3. For

TM mode

JE(KERy) (KL Rp)
Ye(KgRy) — YE(KgRy)

Ag(Kg) == (4.25)

where the prime denotes the differentiation with respect to the argument.

This characteristic equation gives the solution

KRy = X7 o (4.26)
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and

k¢ Ry = xf 5 (4.27)

such that

kg (Ry-Rp) = X¢ s (4.28)

where x” denotes the roots of zero of derivative of the ordinary spherical
Bessel function ratio and yis the interval between the roots ¢ and 3. The

¥ equals to a-f3 corresponds to the order of the root interval. For TE

mode counterpart, the characteristic equation becomes

A (Kkg) = —é’éig—ﬁz; . —éi—%% . (429)
The solution of the above equation are
K¢Ry = x¢ g (4.30)
and
KeRp = x¢ p 4.31)

such that
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k¢ (Rg-Rp) = x¢ 4, ' (4.32)

where x denotes the roots of zero of the ordinary spherical Bessel

function ratio and «, 3, yis the same as declared before.

The function L?(cos@) denotes the linear combination of the
associated Legendre function of the first kind ( Pgm (cos0)) and second

kind (Qé" (cos@)) of order (&,m) which satisfies the associated Legendre
differential equation [4-4]

1 d d m’
——[sin@ — I£ (cos)] + [£(§ +1) 47

m —
sin@ do de 1Lg (cos8) = 0 (4.33)

with the unknown normalized coefficient Bé" :
L’Z:l(cose) = Pgm(cose) e Bg’Qg’ (cos0). (4.34)

The unknown coefficient Bg' can be obtained by enforcing the finite

condition of the dyadic at 8 equal 180° as[4-10]

Bg’ = —%tan[n(lj+m)] . (4.35)
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In the event of the concentric conducting spherical cavity enclosed

by the conducting conical surface at 8 = 0 and 6,, because of 6 = 0 is
contained, hence Bg‘=0 due to the integer of &.

The eigenvalues m is determined from the dimension in the azimuthal

direction of the cavity. & is either 4 or A and can be determined from the

auxiliary equation [4-4]
dL%(cos0)
4o 0=0, = 0 (4.36)
and
h(cos)g=o, = 0 s

They satisfy the field in the TE and TM modes, respectively.

The eigenvalues kyis K, or k; that after being multiplied by the
certain radii of concentric conducting spheres of the spherical coordinate

system are the roots of the indical equation [4-4]

bé(KpR) R=R, = bé(KpR) R=R, = 0, (4.38)

for TE mode, and

d[Kqué(K‘qR)] _ d[Kqué(K‘qR)]
d(,R)  1F=Ra™ a(,R)

Reg, = 0 (4.39)
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for TM mode.

In the method of magnetic dyadic Green’s function (Em), for the
configuration of the conducting spherical cavity, the eight sets of
solenoidal spherical vector wave functions with discrete eigenvalues are

required. They are
Mome(xg) = VX9, . (K(R], (4.40)
/A 1 -
Nemg(Ke) = EVXVX[(pgmé(KC)R]' (4.41)

Where & and { can be either p or A and p or g, respectively. Both of these

functions are the solutions of the vector wave equation
VxVxF-x;F= 0, (4.42)
where F is M or N and satisfies the symmetrical relationships
Neme(ip) = iVxMemg(;cg) (4.43)
K¢ 0
and

— 1 —
Mepg(Ke)= ;EVXNgmg(K;) : (4.44)
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By substituting the eigenfunction into (4.40) and (4.41), the complete

expressions of the vector wave function can be written in the form

Msmg (k) = F sT";:%bf (xz R)Lff‘(cos@){if,’fgmq)é

(4.45)
ILE (cosO)
— b (kg R )—L{ﬁ?pfmfﬁfﬁ,
'N 5(6 cos A
eme(kr) = 22D b (0 RY B (cos0){StmoR
1 8[Rb§(K§R)] BLz‘(cose) A\
NV Vo {¢0mg6 (4.46)
{Enmo .

4.6 Dyadic Green’s Functions of the Concentric Conducting

Spherical Cavity and Segment
To derive the dyadic Green’s function of the structure under

consideration, the method of Em approach will be applied. The magnetic

type of dyadic Green’s function was first derived by using [4-4]
VXV XGnm2(RR)—=k2Gmy(R,R) = VX[IS (R-R))], (4.47)

where Emg denotes the magnetic dyadic Green’s function of the second

kind that satisfies the boundary condition
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nxXVXGma(R,R) = 0 (4.48)

at R equals R, and R;, 0 equals 0 and 6, for the concentric conducting
spherical cacity and for the conducting spherical segment, ¢=0 and ¢ =
¢4 is included. k is the propagation constant of the medium which equals

./ U€ , @ is the operating angular frequency, y, € are the permeability

and permittivity of the medium, respectively, 1 is the Idem factor and
8 (R—R’) is the three dimensional delta function.

According to Ohm-Rayleigh method [4-4], the source function in
case of the concentric conducting spherical cavity is expanded in the

form of solenoidal vector wave functions

VXIS (R=R) = ZIZ Cemn(Kp)Nemalicy)
frp Nk . (4.49)
+ %ng,u (Kg) M &y (Kg)]

where the integer [ represents the discrete eigenvalues k, and k.

Eg ma( K'p) and 52 mu(icq) are two unknown vector coefficients to be
determined. By taking the anterior scalar product of (4.49) with
ﬁ'g m ,y(lc;,)and H’g mu'(lc(']), respectively, integrating the resultant

equation throughout the cavity configuration domain and using the

orthogonal relationship between the vector wave function, one obtains

(2 —50)1(‘1,
anﬂp

Coma(xp) = M’ ¢ ma(Kp) (4.50)
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and
— (2-00)x, —
Dempu(ky) = Tﬂqulgmu(Kq), 4.51)
where
leg = K¢ K‘C fﬁb{éz(g +])216(KCR)Jé(KCR)[Pgm(COSG)]Z
J[R R&R K¥ R 8P(cos€)
[J.fa(RKg )] [Jga(Rg )][ .f"ae 2 @52

mP;
é b PRRR
+ (sinG) 1}sin6dRd0 .

When &¢'is Ap and ug, respectively and &, represents the Kronecker delta

function. To find Emz, we will expand Emz by using the same
expression of the source function as shown in (4.49), but the two

different scalar unknown coefficients E(x,) and F(x,) as

0 Kp - —
T [E I3 E(xp) M’ emp(Kp)N €mp(Kp)

GmzRR)=3X
Im 2

K‘
+ Z—F(x ) N’e e my (Kg )Memﬂ(lc )] (4.53)
PRy

By substituting (4.53) in (4.47), the unknown coefficients E( K,) and
F(x,) can be determined



58

1

S (4.54)
(k5 — k%)

E(Kp) =

1

— (4.55)
(i — k%)

F(rcq) =

and G,,» can be written in the form

G RE)=322%s 2 5p. AKRIN € ma (i)
m > Im 27 #(Kz_kz)l/lp oM P oM p

Kq

XTITS22

XNemy (K)Memp ()1 (456)

After Emz was derived, by considering the singularities of the source
point and using the Maxwell’s coupled differential equation in dyadic

form,
VXGmz = I6(R-R)+k2G,, (4.57)

where Ee 1 denotes the electric dyadic Green’s function of the first kind

that satisfied the boundary condition

nxGe(R,R) = 0. (4.58)
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G.1(R,R) could be derived as [4-11]

= —— 1= = — 1 2-8
Ga(RR)==—7I8R-F)+-7 X

2

K - -
) £ M’e Me, (K 4.59
[u(rcf,—kz)l,qp emA(Kp) M ema(Kp) (4.59)
2
K
+§'(1<2—ZZ)I
q Hq

Nemp (KN g ()]

Based on the electric dyadic Green’s function of the first kind, the
primed functions ( M’and N’ ) are the excitation functions and the

unprimed functions ( M and N ) are the field functions. The former and
the latter term correspond to the transverse electric and transverse
magnetic mode, respectively.

Alternatively, by using the symmetrical relationship between the
electric and magnetic dyadic Green’s functions, the electric dyadic Green
’s function of the second kind and the magnetic dyadic Green;s function

of the first kind can be expressed as

- D= — — 1 _2-6,
R,R)=——I5(R-R)+—5
GeZ( ) k2 16 (R R )+ k2 l%n o

2
Kp

2
” (x5 - k%),
2

ﬁ’gml(’(p )ﬁgml(’cp)

Kq
+§(x2 — kI
q Hq

M sy (1) M &paps (5]

(4.60)
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and
. —_ 2_50 K'p —_ —_—
G (R,R) = 2. » X Nepa (K, )M epmr(K,)
m]( ) I,m 275 # (Kg—kz)llp om D om D
Kq

+ X

X M’ ey (K, )N €y (K,)]

(4.61)

Additionally, the expression of the dyadic Green’s function of the
conducting spherical segment can be derived by using the same method
as the concentric conducting spherical cavity and adding the boundary in
the azimuth plane. The complete expressions of the dyadic Green’s
function of the conducting spherical segment are summarized as follows:
[4-12]

— - K
G2 (R,R) = 23 P

M’ e 5 (K, )N eyr (i
Ly u (k2= kD), s Kp )N 5o ()

K — _
+ X 9 N’ey, (K YMey, (K 4.62
A(Kg—kz)lv#q cop (Kg) M &y (x,)] (4.62)
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— — 1= — 1
GeI(R,R’)=—k—215(R—R’)+k—22

L
Kp? .
Y M e (K, )M epp(K,)+ 4.63
[# (K'Iz,—kz)lvgp ,,v/l( p) ,,UA( p) ( )
K,”
Y N’e Ne
A(Kg_kz)lqu cop (Kg )N ey (5]

] = i
—IS(R-R)+—= 2,
k2 ( ) k2 0o
2 — —
[ P N'e 2 (K. )N ey (K. )+ 4.64
u(rcj—kz)lv;{p coA(Kp )N e (k) (4.64)
2

G2 (R.R)=—

Kq

PRCHETSS) S

Mo (Kg) M 0y (5]

= — 4 K | b, | 8
G R,R") = X2 2 N'e K YMe
m1(R,R’) l,v[u (Kg "kz)luap coa(Kp) M v (Kp)

K

+ X

e _
M’ K, )N e K 4.65
Gt cou (KN eyu (k)] (4.65)

where

1 ¢4 6. R ' . )
het = (J:gR{{éz(é+1)21§(K'§R)J§(K§R)

J[Rjg (ky R) A[Rjg (K} R)]
JOR OR
‘UPév

sin@

[P (cos8)) + (4.66)

PP (cosB)
[(—)?

)t )21}R% 5inOdRA6d.
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and v is the same variable as m in the concentric conducting spherical
cavity but in case of the conducting spherical segment the eigenvalue
must be satisfied the boundary condition in the azimuth direction of TE

and TM modes as

mrnr

v = —  ;m=12,.. for TM mode 4.67)
¢4
T

o= ';— 3 = 008 ot TEmosd (4.68)
d

Knowing the dyadic Green’s function, integrating the product of
that dyadic Green’s function and the source current density throughout
the source configuration domain, the field inside the cavity and segment
excited by the electric current source such as the linear electric probe can

be analyzed as

ER = ioullG(RR)-T(RY AV, (4.69)

whereas the cavity and segment excited by the magnetic current source

such as the aperture or slot in its wall can be analyzed as

E(R) = —f#; [VXG.(RR)]-[#XE"(R)lds (4.70)

where E(E) denotes the electric field intensity inside the cavity as a

function of the field point, J(R’) is the electric current density and E(R")
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is the electirc field distribution along the aperture as the function of the

source point.

4.7 Conclusions

This chapter describes the theory and concept of the dyadic
analysis and dyadic Green’s function in electromagnetic theory such as
various kinds of dyadic Green’s functions and their properties. The free
space dyadic Green’s function which is very useful in calculating of the
radiation in free space is derived and extend to derive the dyadic Green’s
function of the concentric conducting spherical cavity and segment. The
electromagnetic fields in the source region are derived by using the
expression of the dyadic Green’s function. Numerical results of the
electromagnetic field in the source region of the concentric conducting

spherical cavity and segment are left for the further study.
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Chapter 5
Numerical Results of the Eigenmodes and
Electromagnetic Field of the
anducting Spherical Cavity

Numerical results of the eigenmodes and the electromagnetic fields
of the conducting spherical cavity and the concentric conducting
spherical cavity are demonstrated to verify the derivation . The electric
and magnetic fields of the source-free region, which the expressions are
derived in chapter 3, in case of the transverse electric and transverse

magnetic modes are illustrated.

5.1 A Conducting Spherical Cavity

According to the characteristic equation, as described in chapter 3,
of both cases, TE and TM modes, the characteristic parameters consist of
the operating mode number (n), the phase constant expression (k) which
also implied the meaning of the frequency (f) and the radius or the size of
the conducting spherical cavity (R,), respectively. These parameters have
to satisfy the characteristic equation, e.g., for the specified operating
mode, n, the operating frequency and the constant radius of the cavity
must be chosen according to that mode. On thi§ viewpoint, the
relationship between the Schelkunoff spherical Bessel function of the

first kind and its derivative with respect to the argument versus their



abscissas for TE and TM modes, respectively where n=1-3 are illustrated
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to help in finding the root of the characteristic equation in fig.4 and fig.5.
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Fig.4 Graphical characteristic in the radial direction for TE mode
1.0 ’

0.5

3. &R) o:

-0.5

Fig.5 Graphical characteristic in the radial direction for TM mode
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To solve for the root of the characteristic equation in both cases of
TE and TM modes, the secant method [5-1] is used. The characteristic

equation for TE mode is

Jn(kR,) = 0 (5.1)
kR, = Gyl (5.2)
= ol (5.3)

a

_ Snl
O\ HE = R, 54)

b R 2
TE _ Snl

* o fmnl = 275—\//.78— Ra . (5.5)

This frequency is referred to as the resonant frequency for the TE,,,
mode. By the same procedure, for TM,,, mode the characteristic equation

becomes

Jp(kRy ) = 0 (5.6)

kRa = §7’11 (5.7)
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_ Snl
k = R, (5.8)
Gnl
= 5.
WA/ LLE R, (5.9

S pI I Gp
mnl 2 /,LLE R,

(5.10)

where ¢,; and g,; denote, respectively the root and its derivative of the
Schelkunoff spherical Bessel function of the first kind which can be
found by using the secant method as dictated before. The relation
between the operating mode and the root of the characteristic equation
for TE and TM modes for n = 1-10 and [ = 1-10 are tabulated in Tables 2

and 3, respectively.
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Table 2 The relation between the operating mode (n) and the root of the

characteristic equation (/) for TE mode

In I— 1 2 3 4 5
1 4.493 7.725 10.904 14.066 17.221
2 5.763 9.095 12.323 15.515 18.689
3 6.988 | 10417 13.698 16.924 20.122
4 8.183 11.705 15.040 18.301 | 21.525
5 9.356 | 12.967 16.355 19.653 22.905
6 10.513 | 14.207 17.648 20.984 24.263
7 11.657 | 15431 18.923 22.295 25.603
8 12.791 | 16.641 20.183 23.591 26.927
9 13.916 | 17.839 21.429 24.873 28.237
10 15.034 | 19.026 22.663 26.143 29.535
In I— 6 7 8 9 10
1 20.371 | 23.520 26.666 29.812 32.956
2 21.854 | 25.013 28.168 31.320 34.471
3 23.304 | 26477 29.643 32.804 35.961
4 24.728 | 27.916 31.094 34.256 37.432
5 26.128 | 29.333 32.525 35.708 38.884
6 27.508 | 30.730 33.937 37.123 40.319
7 28.870 | 32.111 35.333 38.541 41.739
8 30.217 | 33.477 36.715 39.636 43.145
9 31.550 | 34.829 38.083 41.318 44.539
10 32.871 | 36168 | 39.438 42.688 45.921
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Table 3 The relation between the operating mode (n) and the root of the

characteristic equation (/) for TM mode

In I- I 2 3 4 5
1 2.744 6.117 9.317 12.486 15.644
2 3.870 7.443 10.713 13.921 17.103
3 4.973 8.722 12.064 15.314 18.524
4 6.062 9.968 13.380 16.674 19.915
5 7.140 | 11.189 14.670 18.009 | 21.281
6 8.211 12.391 15.939 19.321 22.626
7 9.275 | 13.579 17.190 20.615 23.953
8 10.335 | 14.753 18.425 21.894 25.263
9 11.391 | 15917 | 19.649 23.159 26.560
10 12.443 | 17.072 20.860 24.411 27.844

In - 6 7 8 9 10
1 18.796 | 21.946 25.093 28.239 34.529
2 20.272 | 23.434 26.591 29.744 32.895
3 21.174 | 24.891 28.060 31.224 34.383
4 23.128 | 26.322 29.505 32.680 35.848
5 24.518 | 27.731 30.929 34.117 37.296
6 25.887 | 29.121 32.335 35.536 38.726
7 27.239 | 30.492 33.723 36.938 40.141
8 28.575 | 31.849 35.097 38.326 41.542
9 29.897 | 33.192 36.457 39.701 42.929
10 31.206 | 34.522 37.805 41.064 44.306
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where n stands for the cardinal number of the operating mode and [
stands for the ordinal number of the root.
From the characteristic equation, it is apparent that for the known
operating mode and the frequency, the size (radius) of the cavity can be
chosen to provide the field distribution. On the other hand, for the
specified operating mode and the cavity size, the resonant frequency can
be calculated.

To clarify, the field distribution inside the conducting spherical
cavity at the fundamental (TM);;) and the first three higher order (TMy,.,
TMy,; and TE,;;) modes are revealed. In case of TM,, m=0, n=1,2,

I=1,2 and the characteristic equation which satifies these modes are

Ji(kR,) = 0 (5.11)

kR, = ¢ (5.12)
0 anl

k = R, (5.13)

o\ E = %’;’ (5.14)

] ’
Il = S R (5.15)
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The expressions of electric and magnetic fields in this case are

n(n+] )
Er = =g An) T (kR)P(cos® ) (5.16)
1 1, dl(kR)dP%(cos6)
Eq = jooue Toue R 00 4R de 5.17)
Ey/&0 (5.18)
Hp =0 (5.19)
Hg =0 (5.20)
d 0
Hy = AonJ (kR)M. (5.21)
For TE);; mode, the expression of the electromagnetic fields are
Egr =0 (5.22)
Eg =0 (5.23)
1 I dPP(cos6 )
Ey = J](kR)IT (5.24)
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2 A
Hp = =50 J(kR)P?(cos ) (5.25)

o 1 1dJ(kR)dP(cos8 )
= joue R dR do

(5.26)

Hy =0 (5.27)

The aspect of these fields are realized by plotting the electric and
magnetic fields in each component versus the orthogonal variables in the

spherical coordinate.
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From the field distribution, it can be found the position of the maximum
and minimum field. By this viewpoint, the cavity can be designed

correspond to the practical application.

5.2 A Concentric Conducting Spherical Cavity

From the structure of the concentric conducting spherical cavity
enclosed by the conducting conical surface, it is obvious that the
boundary condition in the radial and the elevation angle direction must
be imposed and after that the characteristic equation is obtained.

To solve for the solution of the characteristic equation in the radial
direction, one method is to solve by graphical method which could be
done by plotting the ratio of the Schelkunoff spherical Bessel function of
the first and second kinds versus their abscissas. The solution will be
obtained from the point of intersection. The lower abscissa represents the
solutiog of the inner spherical radius whereas the greater one for the
outer spherical radius.

The parameters in this configuration are the inner and the outer
spherical radii (R, and R), the angle of the conical surface (6,), the phase
constant (k) and the operating mode (n), respectively. The relationship
between the ratio of the Schelkunoff spherical Bessel function of the first
kind and the second kind and its derivative ratio versus the abscissas for
TE and TM modes are illustrated to find the root of the characteristic

equation where n=1-3 in fig.14 and fig.15.

For TE mode
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The resonant frequency for TE and TM mode can be derived by
using the same method as the conducting spherical cavity, after some

manipulations it can be written, for TE mode as

E _ _ 1 Xy
Jmnl = Tz Ry —R) (5.28)

and for TM mode as

™ 1 /C,Y 9
— . . 5-2
fmnl 27Cw/ UE (Rb - Ra) ( )

Another method to solve for the solution of the characteristic
equation could be achieved by using the secant method which is

determining the point that the non-trivial solution become zero, for TE

mode as
In(kRg )Y (kRy )= Ty (kRy, )%, (kR ) =0 (5.30)
and for TM mode, counterpart as

dfy(kRy ) dY,(kRy, ) dly(kRy ) d¥,(kR; )
dR dR dR drR

0. (5.31)

Similarly, to determine the characteristic equation in the elevation
angle direction, the boundary condition in that direction must be
enforced as estimated in (3.45) and (3.46) for TE and TM modes,

respectively. Accordingly, the parameters in this direction consists of the
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order of the modes n,m and the conical angle (6,). These parameters must
be satisfied the field distribution inside the cavity. The graphical
characteristic for the TE and TM modes in the elevation angle direction.
Fig.16 and fig.17 show the graphical characteristic in the elevation angle
direction of TM mode for fixed m=0, varied n=1,2,3 and varied m=0, 1,2,

fixed n=2 ,respectively whereas fig.18 and fig.19 are for TE mode.
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Fig.16 Graphical characteristic in the elevation angle direction for TE

mode (fixed m=0, varied n=1,2,3)
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The relation between that mode (m,n) and the conical angle (6,)
could be accomplished by using the graphical method which is shown
above or the sacant method which the results after some lengthy
manipulations are summarized for m=0,1,2 and n=0,1,2 in table 4 for

TM mode and table 5 for TE mode.
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Table 4 Relationship between the mode number TM,,,; and the conical

angle (6,)
m n 0(°)
0 1 90.00
0 2 54.74
125.26
0 3 39.23
90.00
140.77
1 2 0.00
90.00
180.00
2 2 0.00
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Table 5 Relationship between the mode number 7E,,, and the conical

angle (6,)

m n 6(°)

0 1 0.00

0 2 0.00
90.00

0 3 0.00
63.43
116.57

1 /. 45.00
135.00
180.00

2 2 0.00
90.00

Eventually, the electric and magnetic field of the fundamental

TMy;; mode and the higher order (TMy,; and TM;,;;) are
The electric and magnetic fields for the concentric condu

cavity are summarized as follows:

+1 , ,
Bp =~ (BT, 0 + AT, ORI cosO {sgimo

COS
sm

1 _I_d[B (kR)+ C,(n'{,Y,',(kR)] dP’"(cosG ){
joue R dR

demonstrated.

cting spherical

(5.28)

(5.29)
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m 1 d[BJ.(kR)+CY(kR)]

_ m sin
Ey = &= = Rsind e P™(cosO Snme (5.30)
Hgr =0 (5.31)
m 4
Hy = 2 B3, (kR)+ UL, (R)IEM(cos® fimo  (5.32)
I 1 . : dFp cosG
Hy = % (B Ju0R)+ 8, kR) 200 feony, (533)

The aspect of these fields are realized by plotting the electric and
magnetic fields in each component versus the abscissas in the spherical

coordinate.
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5.3 Conclusions

Numerical results of the eigenmodes and electromagnetic fields of
the conducting spherical cavity and the concentric conducting spherical
cavity are realized by using the expression which is derived in chapter 3.
By this powerpoint, the futher application of these fields can be applied
to determine the position of the slot orientation on the spherical surface
such as the concentric conducting spherical cavity-backed slot array

antenna which will be presented in the next chapter.
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Chapter 6

A Concentric Conducting Spherical

Cavity-Backed Slot Array Antenna

Electromagnetic field inside a concentric conducting spherical
cavity, which is formulated in the preceding chapters, is utilized in
designing a concentric conducting spherical cavity-backed slot array
antenna such as a circularly polarized conical beam spherical slot array
antenna. The details of such typical antenna will be presented in this
chapter.

A circularly polarized conical beam spherical slot array antenna is
proposed for a low elevation angle land mobile satellite communication
subscriber. The structure of this antenna type is very simple to fabricate
i.e., the ring of the perpendicular slot pairs cut on an outer surface of a
concentric conducting spherical cavity. From the assumption of the weak
coupling of the slots from the cavity, the conical beam pattern can be
obtained. However, the circular polarization characteristic must be
improved by using traveling wave design of the exciting structure which
is left for further study. Experimental results, that verify the conical beam

radiation are in good agreement with the design.
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6.1 A Circularly Polarized Conical Beam Spherical Slot

Array Antenna

Conical beam antenna is widely used in a low bit rate or a low G/T
land mobile satellite communication subscriber [6-1] in addition to the
wireless LAN basestation [6-2]. Recently, Takada, et.al., [6-3] developed
the so-called circularly polarized conical beam radial line slot antenna
which a circular array of slot pairs was excited by a radial line
waveguide. This antenna radiated a circularly polarized conical beam
pattern. However, it was found that the beam direction was about 30°
from broadside. Therefore, the elevation angle of the beam is relatively
high. To lower the elevation angle, to apply this antenna to the land
mobile satellite subscriber located far from the equator, Takada, et.al.,
[6-4]-[6-6] proposed the rotating mode generator to feed the slot array
antenna. The requirement was accomplished at some expenses of gain
degradation and more complicated feeding structure.

The objective of this presentation is to propose a simple structure
circularly polarized conical beam antenna which provides a pattern in an
elevation plane directs toward a low angle direction. The design of this
antenna are discussed and experimental results which demonstrate the

conical beam pattern with low elevation angle are included.

6.2 Antenna Structure

A circularly polarized conical beam spherical slot array antenna
consists of a number of perpendicular slot pairs cut on an outer surface of
a concentric conducting spherical cavity. They are arranged as a ring

along an azimuthal circumference of the spherical surface at the positions
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that the adjacent pairs are out of phase to form a conical beam. Fig.26a
shows the local coordinate of the slot element. Each slot on a pair is
separated, along an elevation plane, at a distance so that the phase
quadrature is obtained to provide a circularly polarized radiation. Fig.26b
shows the perspective view of a circularly polarized conical beam
spherical slot array antenna. One of the slots in a pair is oriented at 45°
counterclockwise with respect to the horizontal line of the spherical
surface whereas the perpendicular counterpart is oriented at an angle of

135°.
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Fig.26 Geometry of a circularly polarized conical beam spherical slot
array antenna
a) local coordinate of the slot element
b) perspective view

C) Cross section view
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Fig.26¢ shows the cross section view of the antenna. The inner and
outer radii of the concentric conducting spherical cavity are R, and R, ,
respectively. These spherical conductors are closed by a conical
conductor at an angle 6,. The cavity is excited by a linear probe oriented
along a radius at the position
R, <R <R, 6= 6, ¢ = 0. The center of each slot pair is located at the
position where maximum surface current density occurs and it is denoted
by an angle 6,. Each slot in a pair is offset from this position in different
direction so that phase quadrature between these slots is obtained. By this
way, the weak couplin'g of the slots from the cavity is assumed.

From the antenna configuration in this case, the linear probe places
along the radial direction. By considering the electric dyadic Green’s
function and the source function, it is obvious that the transverse
magnetic mode was excited only [6-7]. It was found from [6-8] that the

spherical radii can be determined from the characteristic equation

JnGeRy) _ Jn(kRp)
yn(kR,)  yL(kRy) '

(6.1)

where j/(*)and y. (*)denote the derivative with respect to the argument of
the spherical Bessel functions of the first and second kinds of order n,
respectively and k represents the propagation constant of the medium
inside the cavity.

We can find the conical angle 6, by using the relation that the

electric field in radial direction at the boundary vanishes, thus
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B (cosb )|9 0 = 0, (6.2)

[

where P'(cos@ ) denotes the associated Legendre function of the first
kind of order (n,m). Moreover, m represents the number of cycle of field
variation in ¢ direction.

The position of the slot pair excitation 6, is chosen where the

surface current density is maximum. It can be found by maximizing that

max dan(COSG )
Vb oy G- (6.3)

The probe is located at an angle 6 where
6, m;’x P™(cos6 ) (6.4)

is satisfied.

To obtain the right-hand circular polarization, we employ two
perpendicular slots which are equally amplitude and quadrature phase
excited. Since the surface current density that excites the slots is
proportional to Egand H, which are proportional to the derivative of the

associated Legendre function of cosine of angle 0 [6-9] that is

dP™(cos6
Eg,Hy o< Tl, (6.5)
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therefore, the orientation of these slots are 45° and 135 ° with respect to
the horizontal line where the surface current density is maximum. The
spacing between the center of these two slots along the elevation plane is
adjusted so that phase difference of E4is 90°. The slot array consists of a
number of slot pairs arranged in the same manner as described above at
the position so that the spacing between the center of each slot pair is

equal to 2ms/N (N is the number of slot pairs).

6.3 Radiation Characteristics

Agcording to fig.26b, the slot number / and 2 in a slot pair are
oriented so that the inclination with the horizontal level are % and 7,
respectively. Let us consider the half wavelength slot which is shown in
fig.26a. The radiation pattern of each slot is manipulated by [6-10] and
denoted by f{Rs,§ (), where (R, () is the local coordinate of each slot.
To provide the right-hand circular polarization from N slot pairs, the total

eleétric field of the spherical slot array is formulated as [6-11]-[6-13]

. N 2 _ —
E(0,9)= L[ 2 (fRy6.¢ Nagsinym—agcosyy)

x e Ml(arapm ¥ 1 17

(6.6)



105

where ¥, is the phase of the slot number m of the pair number n. It is

noted that the phase difference of the two slot is 90°. a, and a pm are the

position vectors of the field point and the position of the slot number m,

respectively, and are given by

ar = (sinbcosd,sinbBsing,cosO ) (6.7)

apm = Ry(sinc,,cosP,,sint,sinf,,cose,, ) (6.8)

To analyze a six slot pairs circularly polarized conical beam
spherical slot array antenna, directivity was calculated as a function of
outer spherical radius (R,) and the slot position (8,,). Fig.27a illustrates
patterns in an elevation plane of the antenna when R, equals 1.43A. It is
apparent that the conical beam is obtained and the elevation angle is
lowered when 6,, is small. The contour of directivity when R, equals A is
shown in Fig.27b. We can observe that the antenna provides a 9 dB;
directivity in the elevation angle direction 55 ° when the slot position is at
50°. For the desired directivity 8 dB;, on the 8 dB; contour, an appropriate
slot position that lower the elevation angle to 70° at an angle 6, is equal
to or less than I8° can be chosen. Fig.27c shows the contour of
directivity when 6,, is fixed at 40°. If one chooses the spherical radius
equals A, a 8 dB; directivity can be obtained at the angle of 70°. The

contour of directivity illustrates that for the proper slot position and

spherical radius, the directivity at particular direction can be designed.
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Relative Amplitude (dB)

— - — O equals 20° (theory)
—-=—- Op, equals 30" (theory)
———=- em equals 40’ (theory)
em equals 50’ (theory)
A A A O equals40’ (experiment)

Fig.27 Radiation characteristics of a circularly polarized conical beam

spherical slot array antenna

a) patterns in elevation.plane
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Fig.27(continued)

b) contour of directivity when R, equals 4
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Elevation Angle (degrees)

20, ] . J &5 ) : g . A
0.4 0.8 1.2 1.6 2.0
Spherical Radius, Ry, (wavelengths)

Fig.27(continued)

¢) contour of directivity when 8,, is fixed at 40.00°

Let us consider a pattern in the azimuthal plane of a conical beam
spherical slot array antenna which has R, equals 1.434 in fig.28. The
broken line shows the pattern of the antenna which has six slot pairs and
are excited at 6, equals 40°. We can find that it is not uniform, the ripple
of the pattern is in excess of 30 dB. When the number of slot pairs is
increased to eight slot pairs as shown by the dashed line, the ripple is
noticeably decreased to 4 dB. The uniform pattern can be achieved when

the number of the slot pairs is twelve as illustrated by the solid line.
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— - — 6 slot pairs array (theory)

————- 8 slot pairs array (theory)

12 slot pairs array (theory)

A A A 6slot pairs array (experiment)

Fig.28 Patterns in the azimuthal plane

6.4 Antenna Design

For a specified directivity, the number of slot pairs, the outer

spherical radius and the slot position will be determined. To design a
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circularly polarized conical beam spherical slot array antenna, the
concentric conducting spherical cavity is designed to excite the slot array
first. When the number of slot pairs is fixed, the mode number m (the
number of cycle along the tangential circumference of the cavity) can be
determined to be one half of the number of slot pairs. We found from
(6.1) that the spherical radii depend on the mode number 7, therefore, n
must be appropriately chosen for a particular directivity. Since the field
distribution in the cavity depends on the mode of the cavity, hence the
dimension, the slot position and the feed probe position are different.
Fig.29 and fig.30 show the graphical characteristic in the radial and the
elevation angle direction of the TM,,, mode for fixed m = 3 and varied n
= 6, 7, 8 and varied m = 3,6, fixed n = 8. To estimate the orientation of
the slot and the probe position, the electric and magnetic fields are

revealed as depict in fig.31 and fig.32, respectively.
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Table 6 summarizes the aforementioned quantity for four different mode
cavities. In case of TM;s, for instance, the ratio of outer radius to inner
radius is 9:8 and the outer spherical radius is 1.43A. The conical angle can
be at 43.96°, 67.34° or 90.00° while the feed probe position is either at
29.08° or 55.42°. The slot position is either at 16.19°, 42.77° or 64.94°.
Let us compare the quantities of 7M3s and TMes modes surrounded by
dashed lines, we can realize that eventhough they are somewhat different
but the outer radius and the slot position (6,) are not significantly
different. In this case, we can excite the different mode cavities with
similar dimension of the outer radius and slot position. Therefore, the
number of slot pairs can be increased to provide uniform azimuthal

pattern by using the same size antenna.
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Table 6 Dimensions of a concentric conducting spherical cavity, the feed

probe position and the slot position

mode Ry:R, Ry/A 6.°) 64(°) 6.(°)
TM3s 7:6 1.11 58.52 38.83 24.45
90.00 74.12 57.26

121.48 90.00

TM;; 8:7 1.27 50.16 33.22 20.91
76.93 63.34 48.91

103.07 76.64

TM;s 9:8 1.43 43.96 29.08 16.19
| .67.34 55.42 42.77.1

90.00 64.94
TMs 9:8 1.43 | 75.04 56.79 41.13 ]
104.96 90.00 74.05

In the design, any values of those parameters can be chosen so that

the antenina has the appropriated dimensions and slot position. After the

cavity is designed and the probe position is set at R, <R <R,, 0 = 6,0 =

0 then the first slot pair is cut at a position ¢ equals ma/N from the

probe. The second slot pair which is at the position 2mm/N .The

arrangement of the progressive slots are in the same as described above.
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6.5 Experimental Results

From the design procedure as described in the previous section, for
simplicity, the ring of six slot pairs circularly polarized conical beam
spherical slot array antenna was designed to provide 7 dB; directivity to
verify the characteristics of the proposed antenna. The dimensions of this
antenna is summarized in table 7. An antenna far-field test site was set up
with the distance of I m (about twice of far field range). A 10-turn helix
was connected to HP 8720C network analyzer to transmit a right-hand
circular polarized wave and the antenna under test was rotated to receive
the transmitted wave at a l0° per step. An output of antenna was
connected to an HP8566B spectrum analyzer via a low noise block down
converter. The pattern in the elevation plane is plotted and compared
with the calculation as illustrated in fig.27. Fig.28 shows the azimuthal
pattern in the beam peak direction. We can realize that the measured
results in both planes are in good agreement with the predictions. The
cross polarization patterns have been measured and found that it was
rather high, the level is -3 dB below the co-polar level. This might due to
the radiated field is rather the linear polarization since quadrature phase
between the slots in a pair is not realized. For impedance characteristic,
the return loss is -14 dB at the design frequency. It seems to be much

better than one expected from weak coupling assumption.



119

Table 7 Dimensions of the antenna which is utilized in the experiment

operating frequency(f) 3 GHz

slot length(l) 0.5A4

operating mode TM3g

outer:inner spherical radius(R,:R,) 9:8

outer spherical radius(R}) 1.43A
inner spherical radius(R,) 1.27A
conical angle(6,) 67.34°
center of slot array angle(6,,) 42.77°
feed probe angle(6y) 29.08°

6.6 Conclusions

A circularly polarized conical beam spherical slot array antenna is
proposed for applying to the land mobile satellite subscriber located far
from the equator. The antenna consists of a ring of the perpendicular slot
pairs cut on an outer surface of a concentric conducting spherical cavity
which is very simple to fabricate. The design of the dimension of the
concentric conducting spherical cavity, probe position and slot

orientation on the spherical surface are obtained by using the electric
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field inside the spherical cavity as derived in the previous chapter.
Ho&ever, since the purpose of this presentation is to demonstrate the
practical application of the derivation and analysis of the electromagnetic
field inside the concentric conducting spherical cavity, so the rigorous

analysis of the complicate structure antenna is left for the further study.

It is found that the elevation pattern depends on the spherical radii
and the position of the slot array on the spherical surface. The uniformity
of the azimuth pattern depends on the number of the slot pairs. In this
thesis, the slot coupling is assumed to be weak. This makes the phase
quadrature to provide circularly polarized not realizable. The rigorous

analysis of traveling wave in the exciting structure is under investigation.
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Chapter 7

Conclusions and Discussions

Synopses of this thesis and discussions of the future studies are

included in this chapter.

7.1 Summary of the Preceding Chapters

As mentioned in the preceding chapters that the aim of this thesis
is to derive and analyze the electromagnetic field of the spherical
geometry. The further application of this study is to use in the spherical
cavity-backed slot array antenna as described in chapter 1. The coverage
of this thesis is comprising of three configurations of the problem under
consideration, they are the conducting spherical cavity, the concentric
conducting spherical cavity enclosed by the conducting conical surface
and the conducting spherical segment. The scope of the analysis includes
the source and the source-free region. The derivation procedure is started
with the Maxwell’s equations and the continuity equation and then
derived for the wave equations, subsequently. The details of the
derivation are described in chapter 2. The general expression of the
solution in the spherical coordinate system after the method of separation
of variable is used for solving that partial differential equation consists of

1. linear combination of the spherical Bessel function of the first

kind (j, (kR)) and the spherical Bessel function of the second kind
O'n(kR)),
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2. linear combination of the associated Legendre functions of the

first and second kinds of order (n,m) of the cosine function( B;" (cos6) and

(0 (cos8)),

3. linear combination of the cosine and sine functions (§{; m¢).

After that, the vector potential is derived to obtain the electric and
magnetic fields in both cases of the transverse electric and transverse
magnetic fields. The solutions of the scalar eigenfunction, the difference
is the solution in the radial direction, the spherical Bessel function. In
chapter 3, electromagnetic field can be derived via the magnetic and
electric vector potentials. The particular solutions in each cases as
reported before can be obtained by applying the boundary conditions
which are subjected to that geometry. The particular solution of the
conducting spherical cavity is reduced by eleminating the second kind
spherical Bessel function due to the restriction of the field at the origin
and the second kind associate Legendre function from the singularities at
6 equals 0 and 7 radians. The unknown coefficient was solved by using
the boundary condition that the tangential electric field vanishes at that
certain radius of the conducting spherical cavity. Based on the same
fashion, the particular cavity solution of the éoncentn'c conducting
spherical cavity enclosed by the conducting conical surface, the solution
excludes the associated Legendre function of the second kind and the
unknown coefficient was determined in the same way as desribed before.
Similarly, for the event of the conducting spherical segment, the
particular solution is similar to the case of the concentric conducting
spherical cavity except the boundary condition at the azimuth plane is

also included. Chapter 4 explains the theory of the dyadic Green’s
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function in electromagnetic problem, especially to consider the
electromagnetic field in the source region, e.g., the radiation from the
electric or magnetic current source inside the cavity. First, Maxwell’s
equation in dyadic form is derived and the order will be risen to keep
away from the coupled property. Eventually, the dyadic Green’s function
is sub-divided into three categories by means of the boundary conditions
which the field is satisfied. The first kind dyadic Green’s function
satisfies the Dirichlet boundary condition whereas the second kind
satisfies the Neumann boundary condition. In the analysis of the
multilayer media, the third kind dyadic Green’s function is utilized to
find the fields in each medium. The dyadic Green’s function of the free
space is determined to demonstrate the derivation. Electromagnetic field
inside the concentric conducting spherical cavity in the source region is
considered, subsequently. The dyadic Green’s function in this case is
derived by using the eigenfunction expansion which is obtained from the
vector potential in the event of the source-free region. Accordingly, the
electromagnetic field can be obtained by integrating the inner product of
that dyadic Green’s function and the source under consideration such as
the electric current source, i.e., the linear electric probe or the magnetic
current source, i.e., the linear slot on the conducting plane throughout the
entire source configuration domain.

In chapter 5, the numerical results of the eigenmodes and the
electromagnetic field inside the conducting spherical cavity are
demonstrated to verify the calculation in various modes. Subsequently,
the further practical application is revealed by proposing the concentric

conducting spherical cavity-backed slot array antenna nafnely, the
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circularly polarized conical beam spherical slot array antenna which is
realized in chapter 6 by using the numerical results of the
electromagnetic fields inside the cavity.

Finally, the summary of the material in this thesis and the
discussion for the future studies are included in chapter 7, the last
chapter. Appendices consist of, the first, includes the vector analysis in
spherical coordinate system, the second, describes the spherical Bessel
function and the last, the associated Legendre function is also presented.
These two functions are very useful in the derivation of the problem

involving the spherical configuration.

7.2 Remark for Future Studies

As mention before that the objective of the presentation of this
thesis is to derive and analyze the electromagnetic field inside the
concentric conducting spherical cavity, the concentric conducting
spherical cavity and the conducting spherical segment. The expression of
the electromagnetic fields are derived in both cases; source and source
free. However, the numerical results are demonstrated only for the case
of the source-free region due to an easy way in calculation. This
simplification cannot be applied to the cavity in the source region such as
the linear electric fed probe, accurately. To solve this problem, the dyadic
Green’s function can be applied. The expression of the electric and
magnetic dyadic Green’s function of the first and second kinds are
presented in this thesis. Numerical results in this case are left for the

further study.
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The circularly polarized conical beam spherical slot array antenna
is proposed by using the concentric conducting spherical cavity as the
exciting structure. In this model, the weak slot coupling [6-1]-[6-2] is
assumed. However, to achieve the strong coupling, the model of the
excting structure must be modified to provide the traveling wave

propagation [6-3].
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Appendix A

Vector Analysis in Spherical Coordinate System

A.1 The transformation of the vector in the spherical

coordinate

A.1-1 Vector transformation from rectangular <>spherical

The relation between rectangular and spherical coordinate system

x = RsinBcos@ (A.1)
y = RsinOsing (A.2)
Z = Rcos@ (A.3)
and
R = x?+y2+72 (A4)
0 = tan! ——e (A.5)
x? +y?
¢ = tan! X (A.6)
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In matrix form, rectangular to spherical transformation matrix

A [sin Ocos¢ sinOsing cos6 1T A, 1
| A | = | cos6cos¢ cosOsing -sind i A, |
tAd, J L -sing cos¢ 0 J LAZ J

(A.7)

In the vice versa, spherical to rectangular transformation matrix

I—Ax 1 [sin Bcos¢ cosBcos¢ -sing 1 |_A R ]
| Ay | = | sinBsing cosBsing cosO I Ag | (A.8)
‘_ _| '_ cos0 cos 0 JLA¢J

A.1-2 Vector transformation from cylindrical <>spherical

The relation between cylindrical and spherical coordinate system

p = RcosB (A.9)
¢d=¢ (A.10)
z = Rcosf (A.1D)
and
R=+p?+27? (A.12)
6 = tan! X .
tan o (A.13)

¢ =9 (A.14)



In matrix form, cylindrical to spherical transformation matrix

}—AR_} {_sm9 0 cosO_H_Ap—l
A cos® 0 -sinf i A
) Lo 1 0 s

In the vice versa, spherical to cylindrical transformation matrix

{_A 1 I-sme cos6 O_H—AR—I
0 1| Ag
L J Lcos@ —sin6 O_HA(I,J

A.2 Vector differential operator in spherical coordinate

Gradient : V

dp . 19y, 1 8qu

Ve = JR4R TR0 T Rsing dp *¢
Divergence : V-
V.F = L LR ! ‘GF )
R20 REER) T Rng 39 56 (5in0Fe) + g ¢
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(A.15)

(A.16)

(A.17)

(A.18)
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Curl : Vx

1
Rsin6
1 1 JFp 0 .

RUsing 20 ~ o (RFe)lde + (A.19)

1 0 oFg ...
E[EE(RFQ )— ﬁ]aq;

VXF = [%(F¢sin6)—%%]&R+

Laplacian : V2

1 0 290 Ny é ) 1 d%

2,0 — LUV, .
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Appendix B

Spherical Bessel Functions

One set of the Bessel and Hankel functions which are refered to as
the ordinary spherical Bessel and Hankel functions are satisfied the

ordinary spherical Bessel’s differential equation

2

de

n(n+1)
i

[xb, (x)]+ [1- Jxb,(x) = 0, (B.1)
where b, (x) are
Jn(x) : ordinary spherical Bessel function of the first kind of order n,

yn(x) : ordinary spherical Bessel function of the second kind of order n,
h,(;’ )x) - ordinary spherical Hankel function of the first kind of order n
and h,(,z) (x) ordinary spherical Hankel function of the second kind of

order n.
The ordinary spherical Bessel and Hankel functions are related to

the regular (cylindrical) Bessel functions as

b,(x) = \/;%Bn+l(x), (B.2)

2

where B, (x) is the regular Bessel function of order n.
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Another set of the Bessel and Hankel functions which are usually
used in determining the electromagnetic field in the spherical geometry
are refered to as the Schelkunoff spherical Bessel and Hankel functions

are satisfied the Schelkunoff spherical Bessel’s differential equation

1
én (x)

d*B,(x)

2 J+x2—nn+l) = 0, (B.3)

{x?

where Bn (x) are
J n(x): Schelkunoff spherical Bessel function of the first kind of order n,
I?n(x): Schelkunoff spherical Bessel function of the second kind of
order n,
1 (1)(x) : Schelkunoff spherical Hankel function of the first kind of
order n
and I?,(,Z) (x) : Schelkunoff spherical Hankel function of the second kind

of order n.

The Schelkunoff spherical Bessel and Hankel functions are related
to the regular Bessel functions and the ordinary spherical Bessel

functions as

&m=@%#m=mm. (B.4)
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Appendix C

Associated Legendre Functions

Associated Legendre functions are the functions which satisfied

the associated Legendre’s differential equation as

dL™(x) m?
N + [n(n+1)— =13

2rm
(1-x2)% ;x‘"z(x) ~2x (%) = 0, (C.1)

where the solution L7 (x) is

Ly (x) = AP (x)+ B;Q(x), (C.2)

where P)"(x) : the associated Legendre function of the first kind of order

(n,m) and Q,(x) : the associated Legendre function of the second kind of

order (n,m)

The relationship between the associated Legendre function and the

ordinary Legendre function is

X2 /2 d™ Ly(x)

L(x) = (-1)"(I- v

) (C.3)
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where L, (x) are F,(x) : the ordinary Legendre function of the first kind
of order n and Q,(x) : the ordinary Legendre function of the second kind

of order n.
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